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Abstract

This paper is concerned with a non-autonomous impulsive neutral integro-differential equation with
time-varying delays. We establish a novel singular delay integro-differential inequality, which enables
us to derive several sufficient criteria on the positive invariant set, global attracting set and stability.
An example is given to demonstrate the efficiency of proposed results.
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1 Introduction

Due to the plentiful dynamical behaviors, integro-differential equations with delays have many appli-
cations in a variety of fields such as control theory, biology, ecology, medicine, etc [1, 2]. Especially,
the effects of delays on the stability of integro-differential equations have been extensively studied
in the previous literature (see [3]-[9] and references cited therein).

Besides delays, impulsive effect usually exist in many evolution processes in which the states
exhibit abrupt changes at certain moments, such as threshold phenomena in biology, bursting rhythm
models in medicine and frequency modulated systems, etc. In recent years, the theory of impulsive
integro-differential equations with delays has attracted wide attention and lots of significant results
on existence, initial (boundary) value problems and stability have been reported [10]-[20]. Some
results for impulsive neutral differential equations with delays have been published. For instance,
n [21], the exponential stability for impulsive neutral differential equations with finite delays has
been studied by using differential inequality technique. In [22, 23], some stability conditions based
on Lyapunov-Krasovkii functional method have been established for impulsive neutral differential
equations with finite delays. In [24], authors studied the exponential stability for impulsive neutral
integro-differential equations with delays by developing a singular integro-differential inequality.
However, in general, the results about impulsive neutral differential equations with delays are still
scarce due to some theoretical and technical difficulties.

Additionally, it worth noting that those results in previous literature [21]-[24] have only focused
on the stability of the equilibrium point for autonomous impulsive neutral differential equations
with delays. However, under impulsive perturbation, the equilibrium point sometimes does not exist
in many real physical systems, especially in nonlinear and non-autonomous dynamical systems.
Therefore, an interesting and more general issue is to discuss the invariant set and attracting set of
non-autonomous impulsive systems. Some important progress has been made in the techniques and
methods for determining the invariant and attracting sets of delay differential equations [25, 26],
impulsive differential equations with delays [27] and neutral differential equations [28]. Until now
the corresponding problems for impulsive neutral differential (or integro-differential) equations with
delays have not been considered.

Motivated by the above discussion, we will investigate the asymptotic behaviors of solutions for
a non-autonomous impulsive neutral integro-differential equation with time-varying delays in this
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paper. As shown in [20, 21, 24|, differential inequalities are very important tools to investigate
dynamical behaviors of differential equations. We shall develop a novel singular delay integro-
differential inequality in Section 3. Compared with those existing results such as (7) in [20], (8)
n [21] and (16) in [24], the presented inequality (formulated by the later inequality (6)) has the
following improvements.
(a) All of those key inequalities established in [20, 21, 24] are autonomous. That is to say the
involved coefficients are constants. However, in this paper, the presented singular integro-differential
inequality is non-autonomous, which means the coefficients are time varying.
(b) In the proposed inequality (6), the additional input term J is very novel and crucial for our
studying. If J # 0, we can use the inequality to estimate the positive invariant set and global
attracting set explicitly. If J = 0, inequality (6) can cover those inequalities in [20, 21, 24] and
enable us to investigate the stability of the equilibrium point.

In Section 4, by using the transform technique similar to [21, 24], we derive some sufficient criteria
on the global attracting set, positive invariant set and stability. In Section 5, an example and its
simulations are given. Finally, we make some conclusions.

2 Notations and Model Description

Let R™ be the space of n-dimensional real column vectors and R™*"™ be the class of m x n matrices
with real components. The inequality “ <7 (“ > ") between matrices or vectors such as A < B
(A > B) means that each pair of corresponding elements of A and B satisfies the inequality “ <7
(“>"7). A€ R™" ig called a nonnegative matrix if A > 0 and z € R"™ is called a positive
vector if z > 0. 2T and A~! denote the transpose of a vector z and the inverse of a square matrix
A, respectively. I denotes the identity matrix with appropriate dimensions. N = {1,2,...,n},

zt ={1,2,---}.
For A e RWX" and function x(t) = (x1(¢), - ,,(t))T € R" defined on R, we use notations
[A1 = (laijl)mxn, (2O = (21®)],-- lea))T,
[®)]r = (21 @), - [on )] [x(t)] = [l=®]"],
[z = ([21(D]ocs - - - [2n ()] ) T,

ZL't Jr}oo’

[[a(
[z:(t)], = sup xi(t +38), [Ti(t)]oo = sup w(t+s),i€N.
—7<5<0 —00<s<0

C[X,Y] denotes the space of continuous mappings from the topological space X to the topological
space Y.

PC[J.Q] = {1/1 o J — Q(s) is continuous for all but at most countable points s € J and at
these points, ¥(sT) and ¥(s™) exist, ¥(s) = (sT) and sup[vp(s)]T < —i—oo}. Here J C R is an

seJ
interval and Q C R™, ¢(s*) and (s~ ) denote the right-hand and left-hand limits of the function

1 (s), respectively.

PCJ,Q] = {1/1 : JJ — QJip(s) is continuously differentiable for all but at most countable points
s € J and at these points, ¥(sT),¥(s7),9'(sT) and ¢'(s7) exist, ¥(s) = ¥ (sT), ¢ (s) := ¢/ (sT) and
SIEJIJ)[w(s)]+ < +o00, SlelIJ)[w/(S)]+ < —l—oo}. Y’ (s) denotes the derivative of ¥(s).

+oo
L(op) = {1/1 : [0, 400) — R[ep(s) is piecewise continuous and satisfies [ [¢(s)[e7*%ds < 400 for
0

some constant g > 0

For ¢ € PC := PC|(—00,0],R"], ¢ € PC! := PC'[(—00,0],R"] and 2 € R, we use the following

norms

161100 = max {[6:(E} . ¥lhoe = max {[u(): WIIL ) llall = max{lal).
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Consider a non-autonomous impulsive neutral integro-differential equation with time-varying
delays

zi(t) = B(t)| — dixi(t) + En: (aij fij (x5 (t)) + bijgij (2 (t — 7ij (1)) + cizhi (2 (¢ — ri;(t)))

Jj=1
t
1
b kgt = $)pas(s)ds) + LB, ¢ = t0,t £, o
zi(t) = ;i (t7) = Li(@1(t7), ..., za(t7)), t=tg,
with the initial condition
zi(to + 8) = ¢i(s), —oo0<s<0, (2)

where
(Hv) fij, 9ij, hijs Dij, Tijs Tij, L and 8 € C[R,R]; 0 < 3(t) < B and 0 < {7ij (), ri;(t)} < 7 for all
t

t>to andz',jGN;tliEl J B(u)du = +oo.
el OOO

(Hs) B>0,7>0,d; >0, aij, bi; and ¢;; are constants.
(H3) For all k € Z*, the jump functions Iy, = (I1,...,I.x)T € C[R",R"] and the fixed impulsive
moments satisfy tx < tgy1, klim tp, = +o0.

— 400

(H,) The initial condition ¢ = (¢1(s), ..., dn(s))T € PC*.
Remark 2.1. Clearly, (1) is a general form of many popular systems studied extensively in [20]-[22],
[24]-[28].

For any initial condition ¢ € PC*, we always assume that (1) has a solution denoted by (¢, to, @)
or z¢(to, @) (simply x(t) or z; if no confusion occurs), where z;(to, ) = z(t + s, to, @), —00 < s < 0.
We know z(t) is continuously differentiable for ¢ > ¢y and ¢ # t,. Moreover z(t) has discontinuities
of the first type at the fixed impulsive moments ¢;. Namely, z; € PC'. For convenience, we denote
o' (ty) = o' ().

Let 2/(t) = y(t). The model (1) be transformed to an 2n-dimensional non-autonomous singular
impulsive integro-differential equation as follows

NE

1(% fij (@5 (8)) + bijgij (25 (t — 735(1))) + cijhij(y;(t —7ij (8)))

2y()ds) L], 2 t0,t £ .

2(t) = B(t) [ —das(t) +
+ j kij(t — s)pij

yi(t) = B(t) [ = diwi(t) + 3 (aij fij (25(t) + bijgij (w; (¢t — 73;(1))) + cijhij (y; (E —ri5(1)) ()

Jj=1

/\Q

3

+ j k”(t — S)p”(x](s))ds) + lz(t)_ y t Z to,t 7é tk,

() = 2 (tF) = (@1 (6 ) an(t)), £ = b,
i) = yi(th) = 2} (tF), t=t,

with the initial condition

zi(to +5) = ¢i(s), —o00<s<0, .
yi(to +s) = ¢l(s), —oo<s<O0. (4)

Remark 2.2. Recalling the definition of PC' and the properties of derivative function, x; € PC*
implies that y(t) has discontinuities of the first type at the fixed impulsive moments ¢, and y(t) is
continuous on [t;_1,t;) for k € ZT. Therefore, studying the asymptotic behaviors of (1) in PC! is
equivalent to those for (3) in PC[(—o0, 0], R?"].

Some definitions and lemma will be employed in this paper.
Definition 2.1. A set A C PC! is called a positive invariant set of (1), if for any initial condition
¢ € A, the solution z:(tg, ¢) € A for ¢t > to.
Definition 2.2. A set B C PC! is called an attracting set of (1), if B possesses an open neighborhood
U, such that for any initial condition ¢ € U, the solution x(t,to, ¢) satisfies

lim infB dist (z(¢, to, ¢), [] L) =0,

t—+oo e
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where dist(z,y) denotes the distance of z to y in R™. Particularly, if &/ = PC?, then B is called a
global attracting set of (1).

Definition 2.3. The zero solution of (1) is called to be globally asymptotically stable in PC*, if
for any initial condition ¢ € PC?, the solution w(t,to, ¢) satisfies

Jim [z (t,to, 6)]| = 0.

Definition 2.4. The zero solution of (1) is called to be globally exponentially stable in PC?, if
there exist positive constants « and A, such that for any initial condition ¢ € PC?, the solution
x(t, to, @) satisfies

llz(t,to, @)l < allglloce ), ¢ > 1.

Definition 2.5.[20] For A = (aj)mxn, B = (bij)mxn € R™*", define A o B as follows
A oB:= (aijbij)an.

Ao B is called the Hadamard product or Schur product of A and B.
Definition 2.6.[29] A matrix A = (aij)nxn € R™*™ is called an M-matrix if A has non-positive
off-diagonal elements (i.e., a;; < 0 for i # j), and one of the following conditions holds:
(i) there exists a positive vector z such that Az > 0;
(ii) A~1 exists and A=! > 0.
For an M-matrix A, we define

Qm(A) ={z e R"|Az > 0,z > 0}. (5)

Obviously, Definition 2.6 leads to the following lemma.
Lemma 2.1.[21] If A is an M-matrix, then Qa(A) C R™ is a nonempty cone without conical
surface.

3 Singular Integro-differential Inequality

In what follows, we shall develop a novel non-autonomous singular delay integro-differential inequal-
ity, which is a useful tool to study impulsive delay differential equations.

Theorem 3.1. Assume u € C[[tg,b), R"] satisfies the non-autonomous singular delay integro-
differential inequality

+oo
ADTu(t) < B(t) | Pu(t) + Qu(t)], + / U(s)u(t —s)ds+J|, te€lto,b), (6)
0

with initial condition us, € PC[(—o0,0],R"]. Let

(C1) A =diag{\1,..., A}, where \; > 0 for i e Nff CN*:={1,2,...,r} and \; =0 for i € N3 :=
N* = N

(C2) P = (pij)rxr with pi; > 0 for i # j; Q@ = (qij)rxr = 0; W(s) = (¢3;(8))rxr = 0 with ;5 € L(00)
fori,5 € N* and J = (Jy,...,J)T > 0;

(C5) there exist a positive vector z € R” and a positive constant ¢ such that

—+oo
oA+ P+ Qe"BT + / \If(s)e”ﬁsds z < 0. (7)
0
If the initial condition .
—o [ B(u)du N
() <hze © £ DLJ te(—ooto) (8)
then .
—o [ B(u)du
u(t) <rze 0 £ DL telftyb), (9)
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—+o0
where k > 0 is a constant and D = — (P +Q+ [ \Il(s)ds)
0

—+oo
Proof. Recalling the definition of L(o¢) and ¢;; € L(o9), we know [ 1;;(s)ds < oo for i, j € N*.
0
Then
“+o0
D=—-|P+Q+ / U(s)ds | € R™*"
0
is well defined. Moreover, condition (C2) shows D has non-positive off-diagonal elements.
Denote z := (21, ,2,)T. We rewrite (7) as
kA +OO
Z Pij + qijeaﬁ‘r + / wij (s)e"ﬁsds zj < —oNizi, 1€ N*, (10)
j=1 0

which implies for any i € N*

T

+o0 r +oo
Z Dij + qij —+ / "/)z'j (S)dS Zj < Z Pij + Qijedﬂ‘r 4 / 1/)” (S)eUﬁSdS Zj < 0.
0 j=1 0

j=1
That is
+oo
P—l—Q—l—/‘I’(s)ds z2<0or Dz>0. (11)
0

Consequently, by Definition 2.6, it is easy to deduce D is an M-matrix, and D! exists with D~! > 0.
For simplicity, we denote
T=D'J:=(,...,T)".

Of course, we can see T' > 0 and

T

+oo
0

j=1
Under assumption (8), we claim that for any small enough € > 0,

—Ufﬁ(u)du
wi(t) < (k+€)zie 0 +T;:=wv(t), tElto,b),ie N (13)

Let us prove claim (13) by contradiction. Define
M* = {i € N¥|u;(t) > v;(t) for some t € [to,b)},
t: = inf{t S [to,b)|’ui(t) > ’Ui(t),’t' S M*}

If claim (13) is false, then M* is certainly a nonempty set and there must be an integer m € M* C
N* such that t}, = min {t:} € [to, D).
e M*

Case 1: If m € Ny, then by notations of M*, ¢F and assumption (8) we conclude

U (65) = v (65,),  ui(t) < vi(t) for all ¢ € (—o0,t7,],1 € N*, (14)
and
D um(ty,) > v, (t,)- (15)
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On the other hand, it follows from (6) and (14) that

T

—+00
AmDVulty,) < Bt) D (ijuj(tfn) + amj[u;(t,)]- + / V(8w (b, — S)d8> + I,
LJ=1 0

j=1

r —0o fnﬁ(u)du
< B(tn) mej (k+€)zje o +T;
j=1
r —o mfiﬂ—ﬁ(u)du
+ D dmg <(H+€)Zj€ o +Tj>
j=1
ro —o 77}7 B(u)du
+Z/1/ij(s) (k+e)zje o + T |ds + Jpm
j=1 0
—o fnﬁ(u)du r P oo 5
< Btk e 0 S (bt ame ™ [ (e s |2,
0

T

+oo
+6(t5) Z(pmj+qmj+ /wmj(s)ds>Tj+Jm . (16)
0

j=1

Using (10), (12) for i = m and A, > 0, inequality (16) reduces to

t'j:VL
~o [ B(wdu
DFu(t)) < BE)(k+ ) (=ozm)e  © =l (),

which contradicts (15). So, we conclude m ¢ N7
Case 2: If m € N5, then by recalling the notations of M*, ¢* and noting (8), we derive

um (t5,) = vm(ts,) and u;(t) < v;(t) for all t € (—oo, )], € N*. (17)

From (10), (12) for i = m and A, = 0, inequality (6) implies

t
r —o [ B(u)du
0 < 6(t:<n) mej <(H+€)Zj€ to +Tj>
Jj=1

th =T
r —o [ Bu)du
+D dmj ((H +e)ze 0 + Tj)

Jj=1

th —s
—o [ Bu)du

r T
+Z / "/)mj(s) ((Ii+€)2j€ fo +Tj> ds + J,
Jj=1 0

B t]*nﬁ( Y - +oo
< B(t:‘n)(n + 6)6 ‘o Z <pmj + QmjeaﬁT + / ¢mj(5)€gﬁsd8> Zj
Jj=1 0
T too
+6(t,) Z (pmj + gmj + / Wi (s)ds) T + Jm
j=1 )
tm
—o [ Blu)du
< Btk +ee (=0Amzm) = 0.
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This is a contradiction, which means m ¢ N5 .
Hence, M* can only be the empty set, which indicates claim (13) is true. Letting ¢ — 07, we
see

—o'fﬁ(u)du
ui(t) < kzie 'o +Ti, t€ [to,b),i e N”.

The proof is completed .

Remark 3.1. Suppose Nf = N*, A=1,Q=0,J=0and 3(t) =1 for ¢ € [ty,b). Inequality (6)
reduces to the basic inequality (7) in [20] and we can derive the Theorem 1 in [20] as a special case
of the present Theorem 3.1.

Remark 3.2. Let 3(t) = 1 for t € [to,b), pij = 0fori e N*, j € N3, ¢;j(s) =0for s eR, 4,5 € N*
and J = 0. We can easily observe the key inequality (8) and the main result (Theorem 3.1) in [21]
follow from inequality (6) and Theorem 3.1 in present paper, respectively.

Remark 3.3. The inequality (16) in [24] is a special case of (6) with §(t) = 1 for t € [to,b), p;; =0
for i e N*, j € N5 and J = 0. That is to say our Theorem 3.1 covers the Theorem 3.1 in [24].
Remark 3.4. The basic Lemma 1 in [27] is a special case of the present Theorem 3.1 in which
N =N*A=1,5(t)=1fort € [ty,b) and 1);;(s) =0 for s € R, i,j € N*.

4 Attracting Set and Invariant Set

In this section, we will present the main results for the global attracting set, positive invariant set and
stability of (3) by using the improved non-autonomous singular delay integro-differential inequality
in Section 3.

For convenience, we denote u(t) := (27 (t), yT(t))T by the solution of (3) with any initial condi-
tion ¢ := ((bT, ((b’)T)T. Let 25 := (21, ,2n)T and 2y := (2541, -+, 220) T, for any z € R?".

The following assumptions imposed on (3) are needed in later discussion.
(A1) There exist nonnegative constants w;;, vij, wij, vi; and L; such that

| fij ()| < wiglsl,  1gi5(s)] S wiglsl,  [hig(s)] < wigls|,  [pii(s)] < yijlsl,  |li(s)] < Li,

for all s € R and i,5 € V.
(A3) There exist a positive vector z € R?*™ and a positive constant o such that

+oo
a/_X—l—P—i—Qe“éT—i— /I_((s)eaésds zZ <0, (18)
0
where
(T 0\ - [ -Do+]AcU]* 0
A:(o 0)’P:( DOO+[AOU]+ %I)’ (19)
5 _ [ [BeVIT [CoW]T N o o ([ [K(s)el]" 0
o= (mevt o ) EKO=(Geen o) 2
with
Dy = diag{d1,...,dn}, A = (aij)nxn; B = (bij)nxn: C = (Cij )nxns U = (Wij ) nxn, (21)

V = (0i)nxn, W = (Wij)nxn, ' = (Yij)nxn, K(s) = (kij (5))nxn, kij € L(og) fori,j e N.  (22)
(A3) There exist nonnegative matrices Ry, = (rfj)nxn such that

[T (z)]" < Ryfa]?,
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forallz €e R", k€ Z™T.
(A4) There exist constants (i > 1 and ¢ > 0, such that

(% D)(2)=(2) @

and

tp—1

for all k € Z*, z and o determined by (18).
(A5) There exist constants v, > 1 and v > 0, such that

(595 )= (7). )

and
—+oo
Zlnyk <v, (26)
k=1
for all k € ZT, where
+oo
TZD?lL::(Tla"';TQn)Tszi p+Q+/K(S)d‘S 7L:(L17"'7Ln7L15"'aLn)T'(27)
0

Theorem 4.1. Assume (A4;)-(45) hold. Then

B= {45 € PC[(—o0,0],R*"]

Bl < eVT}

is a global attracting set of (3). B
Proof. At first, we claim T is well defined and T > 0. In fact, from the definition of L(op) and

+oo _
condition (22), we know clearly 0 € L(oy) and ~;;ki; € L(og) for 4,5 € N. So, [ K(s)ds < +o0
0
_ _ . too
and D = — <P +Q+ [ K(s)ds> € R?%2" is well defined. On the other hand, conditions (19)
0

and (20) also show D has non-positive off-diagonal elements. By the argument similar to assertion
(11), it follows easily from inequality (18) that D is an M-matrix. That is, D~! exists and D~ > 0.
Hence, by condition (27), T is well defined and T > 0.

For any i € N and t € [tx_1,1x), calculating the upper right derivative D*|z;(¢)| along the
solution of (3) can give

D¥|zi(t)] < B(b) { — dilzi ()] + ) (|az’jfz’j($j(t))| + [ g3 (x (¢ — 735 (1))

j=1

Heuhiglus(t = rg @)+ [ Ih(o - s>||pz-j<scj<s>>|ds> n |zz-<t>|]

IN

B(t) { — dilai ()] + Z <|aijuz'j||$j O] 4 [bijvij| |2 ( = 735 (1))
Hesgug (¢ = gD+ [ s = sl (el ) + L |-
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Thus, together with conditions (21) and (22), we have a vector form as follows

D¥[z()]" < 6(15)( — Dolz(@®)]" + [Ao UTT[z(t)]" + [Bo VIT[z(t)[f +[Co W] [y(®)]]
400
+ / [K(s) o] [x(t —s)]Tds + EI), t € [ty—1,tk),k €ZT. (28)

Meanwhile, the second equation in (3) together with (A;), implies

()] = Bt } dizi(t) + Z (awfw (1)) + bijgij (x; (t — 735(t))) + cijhis(y;(t —rij (1))

+ /t kij (t — $)pij (zi(s>)d5> " li(t)‘

— 00

< B {dz‘|$z‘(t)| +) <|aijuz'j||$j O] + [bijvij o (8 — 735 ()] + |eijwig|[y; (€ — i (2))]

j=1
/|kw )il (s )|ds) +LZ}, te [thrte) k€ ZF i € N,

Again combined with conditions (21) and (22), we have

0 < —[®I" +8¢) (Do[w(t)]+ + AU [a(®)] + [Bo VITla(t)) +[C o WIT[y(®)]]
+o0

+/Uﬂ)MTT@—®F%+EO

Q% AoW[(ﬂ*%MW*+BOWWMM$+WOWPMWH
+oo
+ [ [K(s) [x(t—s)]Tds+ Ly |, te€ti-1,tr),keZT. (29)
N |
We note that
u = ( i ) € C[[tk_l,tk),RQn]. (30)

Let N* = {1,....2n}, Nf = N and N5 = {n+1,...,2n}. In view of (30) and assumption (4s),
the two inequalities (28) and (29) can be combined into

ADT [u(t)]T < B(t) [P[u(t)] u(t — s)|Tds + L] (31)

o\+

for t € [tg_1,tx), k € ZT, where
A = diag{A1, -+, Ao} with \; =1 >0 for i € N and \; = 0 for i € Ny
P := (Pij)anx2n With ps; > 0 for i # 5 Q = (gij)2anx2n With gi; > 0 for i,j € N'*%;
K(s) = (kij(5))2nx2n With k;;(s) > 0 and k;; € L(og) for i,5 € N*;L > 0.
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This shows inequality (31) satisfies all conditions (C})-(C5) in Theorem 3.1.
From the initial condition (4), we see that z;, = ¢ € PC' C PC, y;, = ¢/ € PC. That is

uy, = ¢ € PC[(—00,0], R?*"].

Noting z > 0, T > 0, it is easy to deduce

—o [ Bwydu
()]t < Jlllerzie o + T, te(—oo,to),
PEN*
t
T P I O K b -
ly@®)]" < i (2.7 24 +T,, te(—o0,tg
iEN*
which means
7a'fﬁ w)du _
[u(®)] " < wZe +T, te€(—oo,to), (32)
where g = lgllice — _llélle <

oz mind{z) =

Consequently, under condition (32), applying Theorem 3.1 to inequality (31) for k = 1 gives

[u(®)]™ < Kze ‘o +T, te€lto,t).
Suppose that for any m = 1,2,...,k, we have

t
—o | B(u)du _
[u(®)]™ < Coli+ Cmo1kZe 0 +vovy - Um T, tE [tm—1,tm), (33)

with CO =1y = 1.
For ¢t = ¢, the third equation in (3) together with (A3) yields

[(t)] " = Lr(z( )T < Ri[z(t)]T

We note that conditions (23) and (25) indicate Rz, < {1z, and RipT, < v3T,, respectively. Then
from assumption (33) it suffices to obtain

tr
—o [ Blu)du _
Ry | CoCr- - Cp—1KZge 10 + vy vy

[z (tr)]™

IN

t
o fkﬂ(u)du _
< CoCrc o Cp—1CrRZge 'O + vy VgV Ty (34)

Meanwhile, the fourth equation in (3) together with (A;) implies that for all i € A/
lyi(te)l = |yt = 125(¢))]

= Bltr)| = diwi(tr) + Y (awfw 2 (tr)) + bijgij(@;(te — 7ij (t)))

j=1

tr

teighij(y; (te — ri5 (k) + / kij(te — 8)pij (zj(S))dS) + 1i(tx)

— 00

n

Bt [dm )| Z(mmumx] ()] + [bugloss 2 b — 725 (80))]

IN

+leijlwizly; (b — i (k)| + / ki (tk — ) |vijlz; (s )Ids) +Li].
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Recalling (i > 1, v, > 1 and noting assumption (33) and assertion (34), we have

—Ufkﬁ(u)du _
lyi(te)] < B(te) di<§0"'§kf15¢€ ‘o +Vo~"VkTi)

ty
n —o [ B(u)du B
+Z |agj|uij (Co---Ckmje ‘o —i—l/o---uij)
=1
ty
7crfﬁ(u)du B N
+bijlvi | Co-- - Crrzie o P vy T
tk
B —o [ B(u)du B B
Heijlwig ( Go- - CekZjpne 0 ety v Tyin
o0 t
y —o [ pau i
+/|kij(5)|%j<<om<w%€ oo e S+VO"'Vij>dS + L
0

—0o Tfkﬁ(u)du
Bte) [Co e Qere 10 (

IN

n n
&z + Y laijluiizi + > [bijlvigze”

j=1 =1
n n JFOO

+ ) leilwigZine™ + Y / |kz'j(5)|%j5jeaﬁsd5>
=1 =1}

g v (dz‘Ti + 3 laiglui Ty + Y Ibilvi Ty + Y leilwig Tgn

j=1 j=1 j=1

, 1EN. (35)

+oo
+> / Ikij(S)IVz‘jTde) + Li
=179

n
J=1

Together with conditions (21) and (22), we can easily verify inequality (35) has a compact vector
form

—Utfkﬁ(U)du R
)™ < Bltr)Co---Crre ‘o [(Do +[AoUN)z, +[Bo V]Jregﬁ'r?z

+

oo

+[Co W]Jre"BTZy + [ [K(s)o F]Jreaésdsém] + Btk)vo - - v

o

{(D0 +[AoUNT, + [BoV|TT, + [C o W]|'T,

+

oo

+ [ [K(s) oT|TdsT, + f/y] ) (36)

o

On the other hand, from conditions (18)-(20), we have

oo

(K (s) o T *e"P*dsz, < %zy (37)

+

(Do + [Ao UM )z, + [BoV]Te?? 2, + [C o W]Te"PTz, +

o

In addition, ' = DL is equivalent to DT — L = 0, which means (P +Q+ [ K(s)ds) T+L=0.
0
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In view of conditions (19) and (20), a simple calculation can give

+oo
— — — — - 1
(Do + [Ao U, + [Bo V] T, + [Co WITT, + / [K(s) o T dsTy + L, = =T}, (38)
J B
Substituting (37) and (38) into (36), we can deduce
33
N It [ B(u)du B
y(te)]™ < o QukZye + v Ty (39)
Combination of inequalities (34) and (39) gives
g
—o [ B(u)du _
[u(te)]™ < Co---Cenze o +vo- T (40)
Recalling (i > 1,1, > 1, assumption (33) and assertion (40) show us
—0 ft B(u)du _
[u(®)]™ <o Cewze ‘o +vo-veT, € (—o0,tk]. (41)
Also, it is easy to follow from inequality (31) that
“+o0
AD*[u(t)]* < B(t) | Plu(t)]* + Qu(t)]F + / K(s)[u(t — s)]"ds + v - - v L (42)
0
for all t € [tk, tk+1>.
Under condition (41), applying Theorem 3.1 again to inequality (42) gives
—0c f B(u)du _
[u(t)] " <Co---Cpnze ‘0 +vo vk, tE [t tit).
Therefore, it follows from the mathematical induction that
—0 f B(u)du _
[U(t)]Jr < CO"'Ck*lHEe fo +uvy-vp1T, te [tkfl,tk%k EZJr. (43)
g
¢ [ Blwdu k
Conditions (24) and (26) imply ¢ < e "*-* and [] v < € for any k € Z7, respectively.
m=0
This together with (43) yields
t1 th—1 t
¢ J Bu)du ¢ [ Blwdu  —o [ B(u)du ~
[u@®))™ < etfo coee B2 KzZe ‘o +e'T
trp—1
¢ f B(u)du —Uftﬁ(u)du _
= kze ' e ‘o +e'T
Cfﬁ(u)du 7a'fﬂ(u)du _
< kKze o e ‘o +e’T
(=0 [ Bwdu
= kZze to +e'T, t€[th_1,tr),ke€ZT.
That is
~(0=0) [ Bwdu
[u®)]t < kze fo +e"T, for all t > ty. (44)
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Finally, letting ¢ — +o0o in both sides of (44), we derive

—(0—0) [ Blw)du
to

lim [u(t)]t < kz| lim e +e'T
t——+o0 t——+oo
—(0=¢) dim [ f(u)du _
= Kze to +e’T
= e'T.

We complete the proof.
Theorem 4.2. Assume (A4;)-(A43) with Ry < I hold. Then

A= {¢ € PC[(—o0,0],R?"]

M;ST}

is a positive invariant set and also a global attracting set of (3).
Proof. By the proof similar to Theorem 4.1, we conclude the key inequality (31) holds. For any
initial condition u, = ¢ € A, we see that

W)t <T, te (—oo,to
Under this initial condition, applying Theorem 3.1 with x = 0 to (31) for £ =1 leads to
[wt)]* <T, telto,tr).
For t = t1, Ry < I and assumption (As) yields
[2(t)]" = [L(z(ty

Also, the argument similar to (36), (38) gives

)] s&@ﬂ@mbﬁﬂﬂﬂ+$ﬂ¢ﬂ
+oo
+[CoW]TT, + /[K(S)OF]erSTz + Ly
0
< T,

The above two inequalities means -
[u(t)]t < T.

Thus, we obtain -
[u(®)]T < T, te (—oo,ty].

Clearly, applying Theorem 3.1 with £ = 0 to the basic inequality (31) for k = 2 leads to
[u)t < T, telt,ta).
Repeating this procedure and by the mathematical induction, we have
[u®)T <T, te€l[tp_1,tr),kecZ.

Hence, A is a positive invariant set of (3).

On the other hand, if R, < I, then there must be {(, = vy = 1 fork € ZT and ( = v = 0
satisfying assumptions (A4) and (A4s). It follows from Theorem 4.1 that A is also a global attracting
set of (3).

Remark 4.1. Based on the novel non-autonomous singular delay integro-differential inequality
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established in Section 3, we investigate the global attracting set and positive invariant set for (3),
which have not been considered in [21, 24]. Particularly, if L; = 0 for i € N, then (A;) and (A3)
ensure u* = 0 is an equilibrium solution of (3). Furthermore, we have T = D~'L = 0, which
indicates assumption (As) holds and B = {0}. In this case, the present Theorem 4.1 shows the
following asymptotical stability criterion, which includes Theorem 4.1 in [21] and Theorem 3.2 in
[24] as its special cases.

Corollary 4.1. Assume that (A;)-(A4) with L; = 0 hold for ¢ € A/. Then the zero solution of (3)
is globally asymptotically stable in PC|[(—oco,0],R?"]. In addition, if 3(t) > # > 0, then the zero
solution of (3) is globally exponentially stable and the exponential convergence rate is not smaller

than (o — ()5.

From Remark 2.2, we obtain the following criteria on the global attracting set, positive invariant
set and stability for (1).
Theorem 4.3. Assume that (A;)-(45) hold. Then

B = {qﬁePCl

m;swﬁwwzswﬂ}

is a global attracting set of (1).
Theorem 4.4. Assume that (A;)-(A3z) with Ry < I hold. Then

A = {qﬁePCl

wmgfaw;s@}

is a positive invariant set and also a global attracting set of (1).

Corollary 4.2. Assume that (A;)-(A4) with L; = 0 hold for ¢ € A/. Then the zero solution of (1)
is globally asymptotically stable in PC'. In addition, if 3(t) > (> 0, then the zero solution of (1)
is globally exponentially stable and the exponential convergence rate is not smaller than (o — () 8.
Remark 4.2. Particularly, if 5(s) = 1, p;;(s) = 0 and k;;(s) = 0 for all s € R and 4,5 € N, then
Corollary 4.2 reduces to Theorem 4.2 in [21]. If G(s) = 1, fi;(s) =0, vij = vj, wij = Wj, Vij = 7
for all s € R and 4,5 € N, then Corollary 4.2 reduces to Theorem 3.3 in [24].

Remark 4.3. Corollary 4.2 provides a novel criterion on exponential stability for (1) without
requiring the differentiability of delay function 7;; and the monotonicity of f;;, gi; for all i,j € N,
which were required in [22]. Therefore, our method is applicable to a wider range.

5 Illustrative Example

Example. Consider non-autonomous impulsive neutral integro-differential equation with delays

21(t) = (3 + 7l cos(t)]) | — Taa(t) + sin(a ()21 (¢ — 701()) — gl (t — ria(1)))]
- f e~ (=3 g (s)ds + ll(t)] ,  t#t,
- r (45)
wh(t) = (3 + 7| cos(t)]) | — 62 (t) — w2(t — 721 (t))| + 7 cos(az(t)) 2] (t — r21(1)))]

, L
— [ e 2t=)qy(s)ds + lg(t)} , b # t,

with impulsive perturbations

z1(te) = aagpz1(ty, ) — Piwza(ty,),
k k (46)
xo(tr) = Borwr(ty, ) + azrz2(ty ),
where a;;, and §;; are nonnegative constants, 7;;(t) = r;;(t) = |sin(t)] < 1 = 7 for i,j = 1,2, the
impulsive moments ¢, (k € Z™) satisfy: to =0 <t < t2 < ... and klim t, = +o0.
——+00
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Clearly,
K (s) = (kij(s))ax2 with ki1(s) = €%, kaa(s) = € >*, k1a(s) = ka1 (s) = 0.

Let 0p = 0.5 such that k;; € L(og) for i,j =1, 2.
Denote 3 =1 > 3(t) = £ + L[ cos(t)|. The parameters of assumptions (A;)-(A3) are as follows

me(38), wer= (3 8). wer-(3 1)

Q
o

=
I
7N
= O
O =
~
I
7N
O =
= O
N~
oy

B

|
7N
™ R
N =
> >
S ™
(Y] -
>~
~~

and
-7 0 0 0 1 00 1Y\ 4o 1000
| o -6 0 0 ~ o1 10 - o i 0o
P=1 7 o 1 o |9~ 100%’/“5)‘“_ 10 00
0 6 0 -1 011 0)/)°0 0 4 00
A simple calculation by Matlab shows
oo 5 0 0 -1
_ _ _ 0 9 ~-1 9
D=—[P+Q+ | K(s)ds| = 2 4 1
-9 0 1 -1
0 0 % i

is an M-matrix. By Lemma 2.1,

15 1 1
QM(D) = {(2’1,22,2’3,24)T > 0‘722 + 12’3 < 24 < 2021,921 + 124 < zz3 < 182’2}

is a nonempty cone without conical surface. It is easy to check that there exist z = (1,1,13,12)T €
Qam(D) and o = 0.15 > 0 satisfying (18). Hence, assumptions (A;)-(As) hold.
Case 1. If [y (t) = cos(5t), l2(t) = sin(4t), tr — tx—1 = 2k and

1
eak 0
Rk:(l% 3%)’
g€ zet

then there is L, = L, = (L1, Ls)™ = (1,1)7 satisfying |I1(t)| < L1, [l2(t)| < Lo and
T =D 'L = (0.6250,0.7083,8.75,8.5)T,

which implies 7, = (0.6250,0.7083)T, T,, = (8.75,8.5)T.
Let (x = v = e for k € 7t ¢ = % and v = 1. It is easy to verify assumptions (A4) and (As)

hold. Thus, by Theorem 4.3,

B = {qﬁePCl

(6] < (0.6250e3,0.7083¢3) T, [¢/]% < (8.75e%,8.5e%)T}

is a global attracting set of (45) and (46). Fig. 1 shows the simulation result of dynamical behaviors
for Case 1.

Remark 5.1. The results in [26, 27] can not be applied to determine the global attracting set for
Case 1 because of the neutral term and integral term. The method proposed in [28] is also invalid
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State trajectory x. 1('t)

-0.2 I I I I I I I
0 5 10 15 20 25 30 35 40

time t
State trajectory xz(t)

0.2 T T

5 10 15 20 25 30 35 40
time t

Figure 1: Simulation for Case 1

for Case 1 due to the impulsive perturbations.
Case 2. Consider [1(t) = l2(t) =0 for t € R, ¢, — tp—1 = 0.5k and

0 60.06k
Rk - ( e0.0Sk 0

for k e Z7. }
Obviously, L; = 0 for i = 1,2. Let ¢ = %" for k € ZT, ( = 0.14 and 3 = &. A simple
calculation implies assumption (Ay) is satisfied. By Corollary 4.2, the zero solution of (45) and (46)

is globally exponentially stable. The simulation result is shown in Fig. 2.

State trajectory x 1(I)

o)

~05 . . . .
0 2 4 6 8 10
time t
State trajectory xz(t)
0.5
S
x
-05 . . . .
0 2 4 6 8 10

time t

Figure 2: Simulation for Case 2

6 Conclusions

This paper is concerned with the asymptotic behaviors of solutions of a non-autonomous impulsive
neutral integro-differential equation with time-varying delays. A novel non-autonomous singular
delay integro-differential inequality plays the crucial role in deriving sufficient criteria on the in-
variant set, global attracting set and exponential stability. The Example illustrates the efficiency
of our results. Future work may focus on non-autonomous impulsive stochastic neutral differential
equations.
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