
Electronic Journal of Qualitative Theory of Differential Equations
2024, No. 63, 1–29; https://doi.org/10.14232/ejqtde.2024.1.63 www.math.u-szeged.hu/ejqtde/

Uniform approximation of a class of impulsive
delayed Hopfield neural networks on the half-line

This paper is dedicated to the memory of István Győri
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Abstract. In this work, we investigate a uniform approximation of a nonautonomous
delayed CNN-Hopfield-type impulsive system with an associated impulsive differential
system where a partial discretization is introduced with the help of piecewise constant
arguments. Sufficient conditions are formulated, which imply that the error estimate
decays exponentially with time on the half-line [0, ∞). A critical step for the proof
of this estimate is to show that, under the assumed conditions, the solutions of the
Hopfield impulsive system are exponentially bounded and exponentially stable. A
bounded coefficients case is also analyzed under simplified conditions. An example is
presented and simulated in order to show the applicability of our conditions.
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1 Introduction

Cellular Neural Networks (CNNs) are widely used as mathematical models of the interactions of
the neurons in the human brain. For its construction, electrical and chemical properties have
been considered. The synapses correspond to the connections of the neurons (excitatory and
inhibitory) and are modeled by positive and negative weights. The weighted neural inputs
are added up. Then, the so-called activation function defines the amplitude of the response
signal of the neuron.
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In [16], John Hopfield proposed a novel type of CNN in order to find how human memory
works. They were called Hopfield cellular neural network, and it is represented by the following
nonlinear system:

x′i(t) = −ai(t)xi(t) +
m

∑
j=1

bijgj(xj(t)) + ci(t), i = 1, . . . , m, (1.1)

This model corresponds to a mesh of linked neurons, where every neuron is connected to all
other neurons without self-connection. The states of the neurons are of binary type, and it
depends on whether the neuron’s input exceeds a fixed value. This type of CNN has been
applied in psychology and combinatorics, among others (see [22]). Since the signals travel
at a finite speed between the neurons, time delays are natural to introduce in the models.
Without completeness, we refer to [3, 6, 7, 18, 20, 23, 27] for investigations of different classes
of delayed CNN models.

In [19], A. D. Myshkis introduced differential equations of the form

x′(t) = f (t, x(t), x(τ(t))),

where τ(t) corresponds to a deviated argument (a discontinuous piecewise constant function).
These type of equations are called Differential Equations with Piecewise Constant Arguments (DE-
PCA). The research in this new field started in the 80’s with the works of S. Busenberg and
K. L. Cooke with a model of vertically transmitted diseases (see [8, 26]). There are many fields
where this type of equations have been applied (see [5, 10, 17]).

In [2], M. U. Akhmet investigated systems of the form

y′(t) = f (t, y(t), y(γ(t))), (1.2)

where γ(t) is a piecewise constant argument of generalized type. More precisely, given (tn)n∈Z

and (ζn)n∈Z such that tn < tn+1 , ∀n ∈ Z with lim
n→±∞

tn = ±∞ and tn ≤ ζn ≤ tn+1, then

γ(t) = ζn, if t ∈ In = [tn, tn+1) .

When such a function γ is introduced, it generates advanced and delayed arguments in the
equation, dividing the interval In into two pieces In = I+n

⋃
I−n , where I+n = [tn, ζn] corresponds

to the advanced, and I−n = [ζn, tn+1] to the delayed interval. These equations are known
as Differential Equations with Piecewise Constant Argument of Generalized Type (DEPCAG). In
this class of differential equations, the solutions are continuous functions, although γ is a
discontinuous function. Integrating (1.2) from tn to tn+1 we obtain a difference equation,
giving the character of hybrid to this kind of equations (see also [21]).

The following example will be important for the rest of the work (when k = 0). Consider
γ(t) =

[ t+k
h

]
h with 0 ≤ k < h, where [·] is the greatest integer function. We have[

t + k
h

]
h = nh, when t ∈ In = [nh − k, (n + 1) h − k).

Hence, γ (t)− t ≥ 0 ⇔ t ≤ nh and γ (t)− t ≤ 0 ⇔ t ≥ nh, that implies

I+n = [nh − k, nh], I−n = [nh, (n + 1) h − k].

Now, if additionally a jump condition is applied at the endpoints of the intervals In =

[tn, tn+1), it defines the class of Impulsive differential equations with piecewise constant argument of
generalized type, (IDEPCAG) (see [1]),

y′(t) = f (t, y(t), y(γ(t))), t ̸= tn

∆y(tn) := y(tn)− y(t−n ) = Jn(y(t−n )), t = tn, n ∈ N. (1.3)
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Definition 1.1 (IDEPCAG solution). A piecewise continuous function y(t) is a solution of (1.3)
if:

(i) y(t) is continuous on In = [tn, tn+1) with discontinuities of the first kind at tn with n ∈ Z,
where y′(t) exists at each t ∈ R with the possible exception of the points tn, where the
lateral derivatives exist.

(ii) On each interval In, the ordinary differential equation

y′(t) = f (t, y(t), y(ζn))

holds, with γ(t) = ζn.

(iii) For t = tn, the following impulsive condition holds:

∆y(tn) = y(tn)− y(t−n ) = Jn(y(t−n )),

i.e., y(tn) = y(t−n ) + Jn(y(t−n )), where y(t−n ) denotes the left-hand limit of the function y
at tn.

I. Győri used first DEPCAG to approximate linear delay equations with constant delays
in [12]. He defined three variants of approximating DEPCAG and proved the convergence
of each method on compact time intervals. See also [14] for further generalization of this
approach for other classes of differential equations.

In [9], Cooke and Győri proposed an approximation of a linear delay differential equation

x′(t) =
N

∑
i=1

qix(t − τi), t ≥ 0, (1.4)

x(t) = ϕ(t), t ∈ [−τ, 0], (1.5)

where qi ∈ R, τi > 0, and ϕ ∈ C([−τ, 0], R). Here C([−τ, 0], R) denotes the space of real-
valued continuous functions defined on [−τ, 0]. In order to approximate (1.4)–(1.5), they
proposed the following DEPCAG

y′(t) =
N

∑
i=1

qiy([t/h − [τi/h]]h), t ≥ 0, (1.6)

y(nh) = ϕ(nh), n = k, . . . , 0. (1.7)

In this case, the approximation considered was uniform over the non-compact interval [0, ∞).
The main assumption is a condition of asymptotic stability of the trivial solution of (1.4).
Note that in [13] I. Győri and F. Hartung extended this result for linear neutral differential
equations.

Recently, in [15] F. Hartung investigated the numerical approximation of the following
scalar delay differential equation with impulsive self-support condition

x′(t) = αx(t) + βx(t − τ), a.e t ≥ 0

x(t) = c + d, if x(t−) = c (1.8)

with the initial condition
x(t) = φ(t), if t ∈ [−τ, 0],
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where c, d > 0, α + |β| < 0, τ > 0, c < φ(t), for t ∈ [−τ, 0], and φ : [−τ, 0] → R a Lipschitz
continuous function. The approximating equation is an associated DEPCA with a self-support
condition

y′(t) = αy([t/h]h) + βy([t/h]h − [τ/h]h), a.e t ≥ 0

y(kh) = c + d, if y(kh−) ≤ c (1.9)

with the initial condition
y(t) = φ(t), if t ∈ [−τ, 0].

The convergence of (1.9) was proved at every point except the impulsive time moments.
In [24], R. Torres et al. considered the following impulsive Hopfield-type CNN system

with impulses

x′i(t) = −ai(t)xi(t) +
m

∑
j=1

bij(t)gj(xj(t)) + ci(t), t ≥ 0, t ̸= tk,

∆xi(tk) = −pi,kxi(t−k ) + ei,k + Ji,k(xi(t−k )), t = tk, (1.10)

xi(t0) = x0
i ,

and the following IDEPCA system

y′i(t) = −ai(t)yi(t) +
m

∑
j=1

bij(t)gj(yj(γ(t))) + ci(t), t ≥ 0, t ̸= γ(tk)

∆yi(γ(tk)) = −pi,kyi(γ(tk)
−) + ei,k + Ji,k(yi(γ(tk)

−)), t = γ(tk), (1.11)

yi(t0) = y0
i ,

where γ(t) = [t/h]h. Assuming an ergodic stability condition over the corresponding lin-
ear homogeneous system associated with (1.10), the uniform approximation of (1.10) by the
IDEPCA (1.11) was concluded over [0, ∞), where the error of approximation was given by

|xi(t)− yi(t)| ≤
|x0

i − y0
i |

1 − θc
+

oi(h)
1 − θc

,

with oi(h) → 0 as h → 0, and 0 < θc < 1 were defined in [24].

In [11], M. Elghandouri and K. Ezzinbi, using resolvent operators theory, obtained an
approximation of the mild solutions of the delayed semilinear integro-differential equation

x′(t) = A(t)x(t) +
∫ t

0
G(t − s)x(s)ds + f (t, x(t − r)), t ≥ 0,

x(t) = φ(t), t ∈ [−r, 0], (1.12)

using an integro-differential equation with piecewise constant arguments

x′h(t) = A(t)xh(t) +
∫ t

0
G(t − s)xh(s)ds + f (t, xh(γh(t − r))), t ≥ 0,

xh(0) = φ(0), xh(t) = φ(kh), t ∈ [kh, (k + 1)h), (1.13)

with k = −l, . . . ,−1, and γh(t) = [t/h]h, on the Banach space (X, ∥ · ∥). The approximation
was done over compact and unbounded intervals. They also obtained an exponential error
decay by using the stability of the resolvent operator and the Halanay’s Inequality.

The interested reader in approximation of solutions of differential equations by using
piecewise constant argument can see [25] for an elementary and simple introduction to the
subject.
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1.1 Aim of the work

In this paper, we use γ(t) = [t/h] h as the piecewise constant argument function, where [·] is
the greatest integer part function, and h > 0 is a fixed discretization parameter. We note that
γ depends on the selection of h, but for simplicity, this dependence is not indicated explicitly
in the notation, but it always should be kept in mind.

We consider a delayed CNN system with impulses

x′i(t) = −ai(t)xi(t) +
m

∑
j=1

bij(t)gj(xj(t − τj)) + ci(t), t ≥ 0, t ̸= tk,

∆xi(tk) = −pi,kxi(t−k ) + ei,k + Ji,k(xi(t−k )), k ∈ N, (1.14)

xi(t) = φi(t), t ∈ [−τ, 0].

Similar delayed CNN systems (without impulses) were investigated, e.g., in [7, 18, 20].
For a fixed discretization parameter h > 0 we associate to (1.14) the IDEPCA system

y′i(t) = −ai(t)yi(t) +
m

∑
j=1

bij(t)gj(yj(γ(t)− γ(τj))) + ci(t), t ≥ 0, t ̸= γ(tk),

∆yi(γ(tk)) = −pi,kyi(γ(tk)
−) + ei,k + Ji,k(yi(γ(tk)

−)), k ∈ N, (1.15)

yi(t) = ψi(t), t ∈ [−τ, 0],

where i = 1, 2, . . . , m, k ∈ N = {1, 2, 3 . . .}, tk, pi,k, ei,k are real sequences, ai, bij, ci are real-
valued locally integrable functions on [0, ∞), Ji,k ∈ C(R, R) and gj ∈ C(R, R) for all i, j =

1, . . . , m and k ∈ N; the constant delays satisfy τi ≥ 0 and τ = max{τ1, . . . , τm} > 0, and the
initial functions φi, ψi : [−τ, 0] → R are continuous for i = 1, . . . , m.

We note that the initial time in system (1.14) is fixed to be 0. This does not affect the gen-
erality of the problem, but it simplifies the definition of the approximation in (1.15), since, in
this way, the initial time is a member of the mesh points of the piecewise constant approxima-
tion, and γ(t) ≥ 0, and hence γ(t)− γ(τj) ≥ −τj ≥ −τ for t ≥ 0 and j = 1, . . . , m. Also, the
impulse times tk form a strictly monotone increasing sequence of positive reals, and they are
approximated by γ(tk) for k ∈ N for the sake of easier computation of the numerical scheme.

For simplicity of the notation we introduce t0 = 0, so the sequence tk is defined for k ∈
N0 = {0, 1, 2, . . .}.

The main goal of this manuscript is to show that the solutions of (1.15) approximate that
of (1.14) uniformly on [0, ∞), i.e.,

sup
t∈[0,∞)

|xi(t)− yi(t)| → 0, as h → 0+, i = 1, . . . , m,

assuming also φi = ψi for i = 1, . . . , m, and we show that, under certain conditions, the error
estimate goes to 0 as t → ∞ with an exponential speed.

Remark 1.2. This paper extends the work of [24] for the case when τi > 0 in (1.14). Moreover,
in this work, we assume a different set of conditions and we use M-matrix technique to get
our main results. Another improvement corresponds to the exponential error decay of the
approximation, see Theorem 3.1 below. A key step to obtain the main result is to show
that, under the assumed conditions, the solutions of (1.14) are exponentially bounded (see
Lemma 2.2) and are exponentially stable (see Lemma 2.4, below).
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1.2 Hypotheses and main assumptions

In this manuscript, we will use the following assumptions on the parameters of problem (1.14):

(H1) Let gj ∈ C(R, R) be such that gj(0) = 0, and there exist constants Lj ≥ 0 such that∣∣gj(u)− gj(v)
∣∣ ≤ Lj |u − v| , u, v ∈ R, j = 1, 2, . . . , m.

(H2) Let Ji,k ∈ C(R, R) be such that Ji,k(0) = 0, and there exist constants li,k ≥ 0 such that

|Ji,k(u)− Ji,k(v)| ≤ li,k |u − v| , u, v ∈ R, i = 1, . . . , m, k ∈ N.

(H3) There exist positive constants p∗i , l∗i , e∗i , δ and real constants p
i

for i = 1, . . . , m such that

(i) p
i
≤ pi,k ≤ p∗i < 1, k ∈ N, i = 1, . . . , m;

(ii) 0 ≤ lik ≤ l∗i , k ∈ N, i = 1, . . . , m;

(iii) |ei,k| ≤ e∗i , k ∈ N, i = 1, . . . , m;

(iv) 0 < δ ≤ tk+1 − tk, k ∈ N0.

(H4) There exist positive constants σi, Λij, c∗i for i, j = 1, . . . , m and ε0 such that 0 < ε0 < σi for
i = 1, . . . , m, and

(i) σi(t − s) ≤
∫ t

s
ai(u) du − ∑

j∈J(s,t)
ln(1 − pi,j), 0 ≤ s < t, i = 1, . . . , m, where

J(s, t) = {j ∈ N : s ≤ tj < t};

(ii)
∫ t

0
e−(σi−ε0)(t−s)|bij(s)| ds ≤ Λij, t ≥ 0, i, j = 1, . . . , m;

(iii) |ci(t)| ≤ c∗i , t ≥ 0, i = 1, . . . , m.

(H5)
m

∑
j=1

(1 − p−
i
)ΛijLj +

(1 − p−
i
)l∗i

(1 − p∗i )(1 − e−σiδ)
< 1, i = 1, . . . , m, where p−

i
= min{0, p

i
}.

(H6) There exist positive constants β1 and β2 such that

|ei,k| ≤ e−β1tk e∗i , k ∈ N, and |ci(t)| ≤ e−β2tc∗i , t ≥ 0, i = 1, . . . , m.

(H7) There exist positive constants a∗i for i = 1, . . . , m such that ai(t) ≤ a∗i , t ≥ 0, i = 1, . . . , m.

(H8) There exist positive constants b∗ij for i, j = 1, . . . , m and Lφ such that

|bij(t)| ≤ b∗ij, t ≥ 0, and |φi(t)− φi(t̄)| ≤ Lφ|t − t̄|, t, t̄ ∈ [−τ, 0]

for i, j = 1, . . . , m.

Remark 1.3. We comment that (H6) and (H8) yield (H3) (iii), (H4) (iii) and (H4) (ii) with

Λij =
b∗ij

σi−ε0
, but they are not assumed in Lemmas 2.2 and 2.4.
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2 Auxiliary results

Recall that tk is a strictly monotone increasing sequence which tends to +∞ as k → ∞. We
denote the set of time moments by T = {tk : k ∈ N}. Throughout this manuscript, we use the
notation ℓ(t) for the uniquely defined nonnegative integer with the property that

t ∈ [tℓ(t), tℓ(t)+1), t ≥ 0. (2.1)

Note that if t ̸∈ T , then tℓ(t) < t, otherwise tℓ(t) = t.
We use the vector notation x(t) = (x1(t), . . . , xm(t))T throughout the manuscript. For a

norm of vector x = (x1, . . . , xm)T ∈ Rm we use the infinity norm |x|∞ = max{|x1|, . . . , |xm|}.
The corresponding induced matrix norm is denoted by ∥A∥∞ for A ∈ Rm×m. For con-
tinuous functions ψ : [−τ, 0] → R and ψ : [−τ, 0] → Rm we use the supremum norm
|ψ|C = max−τ≤t≤0 |ψ(t)| and |ψ|C = max−τ≤t≤0 |ψ(t)|∞, respectively.

The notation x ≤ y is used for x = (x1, . . . , xm)T ∈ Rm and y = (y1, . . . , ym)T ∈ Rm if the
componentwise comparisons xi ≤ yi hold for all i = 1, . . . , m. We note that 0 ≤ x ≤ y implies
|x|∞ ≤ |y|∞. We say that a matrix A ∈ Rm×m is monotone if Ax ≤ Ay yields x ≤ y for every
x, y ∈ Rm. Let I ∈ Rm×m denote the identity matrix. We say that the matrix I − A ∈ Rm×m is
a nonsingular M-matrix if ρ(A) < 1, where ρ(A) is the spectral radius of A. We refer to [4] for
50 equivalent definitions of a nonsingular M-matrix.

The following variation of constants formula was formulated in [24] for the system (1.14)
without delays. It is straightforward to extend it for (1.14).

Lemma 2.1. The solution x(t) = (x1(t), . . . , xm(t))T of (1.14) satisfies

xi(t) = e−
∫ t

0 ai(u)du

(
ℓ(t)

∏
j=1

(1 − pi,j)

)
φi(0)

+
ℓ(t)

∑
r=1

(
k(t)

∏
j=r

(1 − pi,j)

) ∫ tr

tr−1

e−
∫ t

s ai(u)duGi(s, x(s))ds

+
ℓ(t)

∑
r=1

(
k(t)

∏
j=r+1

(1 − pi,j)

)
e−
∫ t

tr
ai(u)du(Ji,r(xi(t−r )) + ei,r)

+
∫ t

tℓ(t)
e−
∫ t

s ai(u)duGi(s, x(s))ds, i = 1, . . . , m, t ≥ 0, (2.2)

where

Gi(t, x(t)) =
m

∑
j=1

bij(t)gj(xj(t − τj)) + ci(t). (2.3)

Next we show that under conditions (H1)–(H5) the solutions of (1.14) are bounded on
[0, ∞). Moreover, if assumption (H6) holds, the solutions are exponentially bounded.

Lemma 2.2. Suppose (H1)–(H5) hold. Then all solutions of (1.14) are bounded on [0, ∞). Moreover,
if (H6) holds too, then for every solution x(t) of (1.14) there exist positive constants α0 and K0 such
that

|x(t)|∞ ≤ K0e−α0t, t ≥ −τ, (2.4)

i.e., every solution of (1.14) is exponentially bounded.
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Proof. 1. First, we prove the boundedness of the solutions. Let x(t) = (x1(t), . . . , xm(t))T be
the solution of (1.14) corresponding to initial condition φ = (φ1, . . . , φm)T. Then xi satisfies
the variation of constant formula (2.2), where Hi is defined by (2.3).

Now suppose s ∈ [tr−1, tr) for some r ∈ N, s < t and t ̸∈ T . Then we get s < tr < tℓ(t) <
t < tℓ(t)+1, J(s, t) = {r, r + 1, . . . , ℓ(t)} if t > tr, and J(s, t) = ∅ if t ≤ tr, therefore (H3) (i) and
(H4) (i) yield

e−
∫ t

s ai(u) du

(
ℓ(t)

∏
j=r

(1 − pi,j)

)
= exp

−
∫ t

s
ai(u) du + ∑

j∈J(s,t)
ln(1 − pi,j)


≤ e−σi(t−s).

If t = tr0 for some r0 ∈ N, s ∈ [tr−1, tr), s < t, then J(s, tr0) = {r, r + 1, . . . , r0 − 1}, and

e−
∫ tr0

s ai(u) du

(
ℓ(t)

∏
j=r

(1 − pi,j)

)
= (1 − pi,r0) exp

(
−
∫ tr0

s
ai(u) du +

r0−1

∑
j=r

ln(1 − pi,j)

)
≤ (1 − p

i
)e−σi(tr0−s).

Hence

e−
∫ t

s ai(u) du

(
ℓ(t)

∏
j=r

(1 − pi,j)

)
≤ (1 − p−

i
)e−σi(t−s), s ∈ [tr−1, tr), s ≤ t, i = 1, . . . , m, (2.5)

where p−
i
= min{0, p

i
}.

For s ∈ (tℓ(t), t) it follows J(s, t) = ∅, and

e−
∫ t

s ai(u) du = exp

−
∫ t

s
ai(u) du + ∑

j∈J(s,t)
ln(1 − pi,j)

 ≤ e−σi(t−s). (2.6)

For tr < t, t ̸∈ T we get tr < tr+1 ≤ tℓ(t) < t, so J(tr, t) = {r, r + 1, . . . , ℓ(t)}, and therefore
(H3) (i) and (H4) (i) imply

e−
∫ t

tr
ai(u) du

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)
=

1
1 − pi,r

e−
∫ t

tr
ai(u) du

(
ℓ(t)

∏
j=r

(1 − pi,j)

)

≤ 1
1 − p∗i

exp

−
∫ t

tr

ai(u) du + ∑
j∈J(tr ,t)

ln(1 − pi,j)


≤ 1

1 − p∗i
e−σi(t−tr).

Finally, if t = tr0 for some r0 ∈ N and r < r0, then it follows J(tr, tr0) = {r, r + 1, . . . , r0 − 1},
ℓ(t) = r0, and so

e−
∫ tr0

tr ai(u) du

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)
=

1 − pi,r0

1 − pi,r
exp

(
−
∫ tr0

tr

ai(u) du +
r0−1

∑
j=r

ln(1 − pi,j)

)

≤
1 − p

i
1 − p∗i

e−σi(tr0−tr).
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Combining the above two cases, we get

e−
∫ t

tr
ai(u) du

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)
≤

1 − p−
i

1 − p∗i
e−σi(t−tr), t ≥ tr, r ∈ N, i = 1, . . . , m. (2.7)

Then (2.2), (2.5), (2.6) and (2.7) imply for t ≥ 0

|xi(t)| ≤ (1 − p−
i
)e−σit|φi(0)|+

ℓ(t)

∑
r=1

∫ tr

tr−1

(1 − p−
i
)e−σi(t−s)|Gi(s, x(s))| ds

+
ℓ(t)

∑
r=1

1 − p−
i

1 − p∗i
e−σi(t−tr)(|Ji,r(xi(t−r ))|+ |ei,r|) +

∫ t

tℓ(t)
e−σi(t−s)|Gi(s, x(s))| ds

= (1 − p−
i
)e−σit|φi(0)|+

∫ t

0
(1 − p−

i
)e−σi(t−s)|Gi(s, x(s))| ds

+
ℓ(t)

∑
r=1

1 − p−
i

1 − p∗i
e−σi(t−tr)(|Ji,r(xi(t−r ))|+ |ei,r|). (2.8)

The assumed relations (H1)–(H4), (2.8), t ∈ [tℓ(t), tℓ(t)+1),

|Ji,r(xi(t−r ))| ≤ li,r|xi(t−r )| ≤ l∗i |xi(t−r )|, i = 1, . . . , m, r ∈ N

and

|Gi(s, x(s))| ≤
m

∑
j=1

|bij(s)|Lj|xj(s − τj)|+ |ci(s)|, i = 1, . . . , m, s ≥ 0

yield

|xi(t)| ≤ (1 − p−
i
)e−σit|φi(0)|

+
∫ t

0
(1 − p−

i
)e−σi(t−s)

( m

∑
j=1

|bij(s)|Lj|xj(s − τj)|+ |ci(s)|
)

ds

+
1 − p−

i
1 − p∗i

ℓ(t)

∑
r=1

e−σi(t−tr)(l∗i |xi(t−r )|+ |ei,r|), i = 1, . . . , m, t ≥ 0. (2.9)

Using relation δ ≤ tr+1 − tr for r ∈ N0 from (H4) and t ∈ [tℓ(t), tℓ(t)+1), we obtain

ℓ(t)

∑
r=1

e−σi(t−tr) =
ℓ(t)

∑
r=1

e−σi(t−tℓ(t)+(tℓ(t)−tℓ(t)−1)+···+(tr+1−tr))

≤
ℓ(t)

∑
r=1

e−σi(t−tℓ(t))e−σi(ℓ(t)−r)δ

≤
ℓ(t)

∑
r=1

(
e−σiδ

)ℓ(t)−r

≤ 1
1 − e−σiδ

, t ≥ 0. (2.10)

Combining (2.9) with assumptions (H3), (H4), relation (2.10), and the estimate∫ t

0
e−σi(t−s) ds ≤ 1

σi
, t ≥ 0, (2.11)
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we get for t ≥ 0 and i = 1, . . . , m

|xi(t)| ≤ (1 − p−
i
)e−σit|φi(0)|

+
∫ t

0
(1 − p−

i
)e−σi(t−s)

( m

∑
j=1

|bij(s)|Lj sup
−τ≤u≤s

|xj(u)|+ c∗i )
)

ds

+
1 − p−

i
1 − p∗i

ℓ(t)

∑
r=1

e−σi(t−tr)(l∗i sup
0≤u≤t

|xi(u)|+ e∗i )

≤ (1 − p−
i
)|φi(0)|+

m

∑
j=1

(1 − p−
i
)ΛijLj sup

−τ≤u≤t
|xj(u)|+

(1 − p−
i
)c∗i

σi

+
1 − p−

i
(1 − p∗i )(1 − e−σiδ)

(
l∗i sup

−τ≤u≤t
|xi(u)|+ e∗i

)
. (2.12)

Since the right-hand side of (2.12) is monotone increasing in t, and |xi(u)| ≤ |φi|C ≤ (1 −
p−

i
)|φi|C for u ∈ [−τ, 0], (2.12) yields

sup
−τ≤u≤t

|xi(u)| ≤ (1 − p−
i
)|φi|C +

m

∑
j=1

(1 − p−
i
)ΛijLj sup

−τ≤u≤t
|xj(u)|+

(1 − p−
i
)c∗i

σi

+
1 − p−

i
(1 − p∗i )(1 − e−σiδ)

(
l∗i sup

−τ≤u≤t
|xi(u)|+ e∗i

)
, (2.13)

for i = 1, . . . , m and t ≥ 0. Fix a nonnegative parameter α. Then we introduce the correspond-
ing notations

v(α)(t) =
(

sup
−τ≤u≤t

eαu|x1(u)|, . . . , sup
−τ≤u≤t

eαu|xm(u)|
)T

∈ Rm, t ≥ −τ,

a(α) = (a(α)1 , . . . , a(α)m )T ∈ Rm, where

a(α)i = (1 − p−
i
)

(
|φi|C +

c∗i
σi − α

+
e∗i

(1 − p∗i )(1 − e−(σi−α)δ)

)
,

A(α) = (aij) ∈ Rm×m, a(α)ij =

 (1 − p−
i
)ΛijLieατi +

(1−p−
i
)l∗i

(1−p∗i )(1−e−(σi−α)δ)
, i = j,

(1 − p−
i
)ΛijLjeατj , i ̸= j.

(2.14)

Hence (2.13) implies the vector inequality

v(0)(t) ≤ a(0) + A(0)v(0)(t), t ≥ 0.

The definition of a(0) yields v(0)(t) ≤ a(0) for t ∈ [−τ, 0], so

v(0)(t) ≤ a(0) + A(0)v(0)(t), t ≥ −τ.

Assumption (H5) implies ∥A(0)∥∞ < 1, so I − A(0) is a nonsingular M-matrix. Therefore
Theorem 6.2.3 in [4] yields that I − A(0) is monotone, and

(|x1(t)|, . . . , |xm(t)|)T ≤ v(0)(t) ≤ (I − A(0))−1a(0), t ≥ −τ.

It follows
|x(t)|∞ ≤ |(I − A(0))−1a(0)|∞, t ≥ −τ,
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i.e., x(t) is bounded on [−τ, ∞).
2. Next, we show the exponential boundedness of the solutions under the additional

assumption (H6).
We select a positive constant α0 such that

α0 < min{ε0, β1, β2} and
m

∑
j=1

(1 − p−
i
)ΛijLjeα0τj +

(1 − p−
i
)l∗i

(1 − p∗i )(1 − e−(σi−α0)δ)
< 1 (2.15)

for i = 1, . . . , m. Note that such α0 exists since (H5) holds. Multiplying both sides of (2.9) by
eα0t we get

eα0t|xi(t)| ≤ (1 − p−
i
)e−(σi−α0)t|φi(0)|

+
∫ t

0
(1 − p−

i
)e−(σi−α0)(t−s)

( m

∑
j=1

|bij(s)|Ljeα0τj eα0(s−τj)|xj(s − τj)|+ eα0s|ci(s)|
)

ds

+
1 − p−

i
1 − p∗i

ℓ(t)

∑
r=1

e−(σi−α0)(t−tr)(l∗i eα0tr |xi(t−r )|+ eα0tr |ei,r|)

for i = 1, . . . , m and t ≥ 0. Then (H3), (H4), (H6), α0 < min{ε0, β1, β2}, and (2.10) and (2.11)
where σi is replaced by σi − α0 imply

eα0t|xi(t)| ≤ (1 − p−
i
)|φi|C +

m

∑
j=1

(1 − p−
i
)ΛijLjeα0τj sup

−τ≤u≤t
eα0u|xj(u)|+

(1 − p−
i
)c∗i

σi − α0

+
(1 − p−

i
)l∗i

(1 − p∗i )(1 − e−(σi−α0)δ)
sup

−τ≤u≤t
eα0u|xi(u)|+

(1 − p−
i
)e∗i

(1 − p∗i )(1 − e−(σi−α0)δ)

for i = 1, . . . , m and t ≥ 0. Then the monotonicity of the right-hand side and eα0t|xi(t)| ≤
|φi|C ≤ (1 − p−

i
)|φi|C for −τ ≤ t ≤ 0 imply the vector inequality

v(α0)(t) ≤ a(α0) + A(α0)v(α0)(t), t ≥ −τ. (2.16)

Relation (2.15) yields ∥A(α0)∥∞ < 1, so I − A(α0) is a nonsingular M-matrix, hence I − A(α0) is
monotone. Therefore

(eα0t|y1(t)|, . . . , eα0t|ym(t)|)T ≤ v(α0)(t) ≤ (I − A(α0))−1a(α0), t ≥ −τ,

so (2.4) holds with
K0 = |(I − A(α0))−1a(α0)|∞,

i.e., x(t) is exponentially bounded on [−τ, ∞).

Remark 2.3. Let A(0) be defined by (2.14) with α = 0. We remark that (H5) can be replaced
by the weaker condition ρ(A(0)) < 1, and the statement of Lemma 2.2 remains true.

Our next result shows that every solution of (1.14) is exponentially stable.

Lemma 2.4. Suppose (H1)–(H5) hold. Then there exist positive constants α0 and K1 such that

|x(t)− x̄(t)|∞ ≤ K1e−α0t|φ− φ̄|C, t ≥ 0, (2.17)

where φ(t) = (φ1, . . . , φm)T and φ̄ = (φ̄1, . . . , φ̄m)T are two initial functions in (1.14), and x(t) =
(x1(t), . . . , xm(t))T and x̄(t) = (x̄1(t), . . . , x̄m(t))T are the corresponding solutions of (1.14), respec-
tively, i.e., every solution of (1.14) is exponentially stable.
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Proof. Let (φ1, . . . , φm)T and (φ̄1, . . . , φ̄m)T be the vectors of two initial functions in (1.14), and
(x1(t), . . . , xm(t))T and (x̄1(t), . . . , x̄m(t))T be the corresponding solutions of (1.14). Then the
variation of constant formula (2.2) yields

xi(t)− x̄i(t) = e−
∫ t

0 ai(u) du

(
ℓ(t)

∏
j=1

(1 − pi,j)

)
(φi(0)− φ̄i(0))

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r

(1 − pi,j)

) ∫ tr

tr−1

e−
∫ t

s ai(u) du
(

Gi(s, x(s))− Gi(s, x̄(s))
)

ds

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)
e−
∫ t

tr
ai(u) du

(
Ji,r(xi(t−r ))− Ji,r(x̄i(t−r ))

)
+
∫ t

tℓ(t)
e−
∫ t

s ai(u) du
(

Gi(s, x(s))− Gi(s, x̄(s))
)

ds, i = 1, . . . , m, t ≥ 0.

We have

|Gi(s, x(s))− Gi(s, x̄(s))| ≤
m

∑
j=1

|bij(s)|Lj|xj(s − τj)− x̄i(s − τj)|,

hence, similarly to the derivation of (2.9), we get

|xi(t)− x̄i(t)| ≤ (1 − p−
i
)e−σit|φi(0)− φ̄i(0)|

+
m

∑
j=1

∫ t

0
(1 − p−

i
)e−σi(t−s)|bij(s)|Lj|xj(s − τj)− x̄i(s − τj)| ds

+
1 − p−

i
1 − p∗i

ℓ(t)

∑
r=1

e−σi(t−tr)l∗i |xi(t−r )− x̄i(t−r )|, i = 1, . . . , m, t ≥ 0. (2.18)

We select a positive constant α0 such that (2.15) is satisfied. Note that such α0 exists since (H5)
holds. Multiplying both sides of (2.18) by eα0t we obtain

eα0t|xi(t)− x̄i(t)|
≤ (1 − p−

i
)e(α0−σi)t|φi(0)− φ̄i(0)|

+
m

∑
j=1

∫ t

0
(1 − p−

i
)e−(σi−α0)(t−s)|bij(s)|Ljeα0τj eα0(s−τj)|xj(s − τj)− x̄i(s − τj)| ds

+
1 − p−

i
1 − p∗i

ℓ(t)

∑
r=1

e−(σi−α0)(t−tr)l∗i eα0tr |xi(t−r )− x̄i(t−r )| (2.19)

for i = 1, . . . , m and t ≥ 0. Introduce the functions

vi(t) = sup
−τ≤u≤t

eα0u|xi(u)− x̄i(u)|, i = 1, . . . , m, t ≥ −τ.

Then (2.19) combined with (2.10) where σi is replaced by σi − α0 and

eα0u|xi(u)− x̄i(u)| ≤ eα0u|x(u)− x̄(u)|∞ ≤ |φ− φ̄|C ≤ (1 − p−
i
)|φ− φ̄|C, −τ ≤ u ≤ 0
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imply

vi(t) ≤ (1 − p−
i
)|φ− φ̄|C +

m

∑
j=1

∫ t

0
(1 − p−

i
)e−(σi−α0)(t−s)|bij(s)|Ljeα0τj vj(s) ds

+
1 − p−

i
1 − p∗i

ℓ(t)

∑
r=1

e−(σi−α0)(t−tr)l∗i vi(t)

≤ (1 − p−
i
)|φ− φ̄|C +

m

∑
j=1

(1 − p−
i
)ΛijLjeα0τj vj(t)

+
(1 − p−

i
)l∗i

(1 − p∗i )(1 − e−(σi−α0)δ)
vi(t)

for i = 1, . . . , m and t ≥ 0. Therefore, the vector inequality

v(t) ≤ b + A(α0)v(t), t ≥ −τ, (2.20)

holds, where

v(t) = (v1(t), . . . , vm(t))T ∈ Rm, t ≥ −τ,

b =
(
(1 − q−

1
)|φ− φ̄|C, . . . , (1 − q−

m
)|φ− φ̄|C

)T
∈ Rm, (2.21)

and A(α0) is defined by (2.14). Relation (2.15) yields ∥A(α0)∥∞ < 1, hence I − A(α0) is a nonsin-
gular M-matrix, so I − A(α0) is monotone. Therefore (2.20) gives

v(t) ≤ (I − A(α0))−1b, t ≥ −τ,

and hence

eα0t|x(t)− x̄(t)|∞ ≤ |v(t)|∞ ≤ ∥(I − A(α0))−1∥∞|b|∞ = K1|φ− φ̄|C,

where K1 = ∥(I − A(α0))−1∥∞ max{1 − q−
1

, . . . , 1 − q−
m
}. This completes the proof of (2.17).

Remark 2.5. Let A(α) be the matrix defined by (2.14). We note that ρ(A(0)) < 1 implies
ρ(A(α0)) < 1 for sufficiently small α0 > 0, so assumption (H5) in Lemma 2.4 can be replaced
by the weaker condition ρ(A(0)) < 1.

Next, we prove an estimate which will be important in the proof of our main result in the
next section.

Lemma 2.6. Suppose (H1)–(H5) hold. Let x = (x1, . . . , xm)T be a solution of (1.14), and let α0 > 0
be the corresponding constant from Lemma 2.2. For 0 < α < α0 and u > 0 define

ωα(u) = sup
{

eαt|x(t)− x(t̄)|∞ :
(

t, t̄ ∈ [tr, tr+1), r ∈ N or t, t̄ ∈ [−τ, t1)
)

,

and |t̄ − t| ≤ u
}

. (2.22)

(i) Then
lim

u→0+
ωα(u) = 0, 0 < α < α0. (2.23)
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(ii) Assume further (H6), (H7) and (H8). Then there exist M0 > 0 and u0 > 0 such that

ωα(u) ≤ M0u, 0 < u ≤ u0, 0 < α < α0. (2.24)

Proof. (i) It follows from Lemma 2.2 that x satisfies (2.4). Fix 0 < α < α0, ε > 0 and ū > 0.
Since tk → ∞ as k → ∞, there exists k0 such that

K0eα0ūe(α−α0)t <
ε

2
, t ≥ tk0 .

Then, using (2.4) and the triangle inequality, we get

eαt|x(t)− x(t̄)|∞ < eαt
(

K0e−α0t + K0e−α0 t̄
)
≤ K0e(α−α0)t + K0eα0ue(α−α0)t < ε,

for t, t̄ ≥ tk0 , |t̄ − t| ≤ u and 0 < u < ū.
The function eαtxi(t) is uniformly continuous on the intervals [tk, tk+1) for k = 1, . . . , k0 − 1

and i = 1, . . . , m, and on the interval [−τ, t1) since it has continuous extension to the closed
intervals [tk, tk+1] and [−τ, t1]. Therefore, there exists δ > 0 such that

|eαtx(t)− eαt̄x(t̄)|∞ <
ε

2
and δ < min

{
ū,

ε

2(e − 1)K0α
,

1
α

}
if t, t̄ ∈ [tr, tr+1) for some r ∈ {1, . . . , k0 − 1} or t, t̄ ∈ [−τ, t1), and |t̄ − t| ≤ δ. Then (2.4) and
the estimate

|es − 1| ≤ (e − 1)|s|, |s| ≤ 1 (2.25)

imply

eαt|x(t)− x(t̄)|∞ ≤ |eαtx(t)− eαt̄x(t̄)|∞ + |eαt − eαt̄||x(t̄)|∞
<

ε

2
+ |eα(t−t̄) − 1|eαt̄|x(t̄)|∞

<
ε

2
+ (e − 1)αδK0

< ε,

if t, t̄ ∈ [tr, tr+1) for some r ∈ {1, . . . , k0 − 1} or t, t̄ ∈ [−τ, t1), and |t̄ − t| ≤ δ. Hence ωα(u) ≤ ε

for 0 < α < α0 and 0 < u < δ, which completes the proof of (2.23).
(ii) Note that it follows from the proof of Lemma 2.2 that α < α0 < β2. Since xi(t) is

continuously differentiable on [tr, tr+1), we get from (1.14) that for t, t̄ ∈ [tr, tr+1) for some
r ∈ N0

eαt(xi(t)− xi(t̄)) =
∫ t

t̄
eαt
(
−ai(s)xi(s) +

m

∑
j=1

bij(s)gj(xj(s − τj)) + ci(s)
)

ds.

Define the constant M = a∗i K0 + ∑m
j=1 b∗ijLjeα0τj K0 + c∗i . Then, using eαs|xi(s)| ≤ eα0s|xi(s)| ≤ K0

from (2.4) and eαs|ci(s)| ≤ eβ2s|ci(s)| ≤ c∗i from (H6) and (2.25), we get

eαt|xi(t)− xi(t̄)| ≤
∫ t

t̄
eα(t−s)

(
a∗i eαs|xi(s)|+

m

∑
j=1

b∗ijLjeα0τj eα(s−τj)|xj(s − τj)|+ eαs|ci(s)|
)

ds

≤ M
∫ t

t̄
eα(t−s) ds

= M

(
eα(t−t̄) − 1

α

)
≤ M(e − 1)u, t, t̄ ∈ [tr, tr+1), r ∈ N0,
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for |t − t̄| ≤ u ≤ u0 = 1
α0

.
Assumption (H8) yields

eαt|xi(t)− xi(t̄)| ≤ |φi(t)− φi(t̄)| ≤ Lφ|t − t̄|, t, t̄ ∈ [−τ, 0].

Suppose −τ ≤ t̄ ≤ 0 ≤ t < t1 and |t − t̄| ≤ u < u0. Then combining the above two cases and
u0 = 1

α0
we obtain

eαt|xi(t)− xi(t̄)| ≤ eαt
(
|xi(t)− xi(0)|+ |xi(0)− xi(t̄)|

)
≤ M(e − 1)t + eαu0 Lφ(−t̄)

≤ M0u,

where M0 = max{M(e − 1), eLφ}.
For −τ ≤ t ≤ 0 ≤ t̄ < t1 and |t − t̄| ≤ u < u0 we get

eαt|xi(t)− xi(t̄)| ≤ |xi(t)− xi(0)|+ eαt̄|xi(0)− xi(t̄)| ≤ Lφ(−t) + M(e − 1)t̄ ≤ M0u.

The proof of (2.24) is completed.

3 Main results

In this section, we prove that the solutions of (1.15) approximate that of (1.14) uniformly on
[0, ∞).

Theorem 3.1. Suppose (H1)–(H7) hold. Let x = (x1, . . . , xm)T be the solution of (1.14) corresponding
to initial function φ = (φ1, . . . , φm)T, and y = (y1, . . . , ym)T be the solution of (1.15) corresponding
to h > 0 and an initial function ψ = (ψ1, . . . , ψm)T, and let α0 > 0 be the corresponding constant
from Lemma 2.2.

(i) Then for every 0 < α < α0 and ε > 0 there exist constants K2 > 0 and h∗ > 0, and a function
θ(h) such that θ(h) → 0 as h → 0+, and

|x(t)− y(t)|∞ ≤ e−αtK2

(
|φ− ψ|C + θ(h) + ε

)
, t ∈ [−τ, ∞), 0 < h < h∗. (3.1)

(ii) Assume further (H8). Then for every 0 < α < α0 there exist constants K2 > 0, M > 0 and
h̄ > 0 such that

|x(t)− y(t)|∞ ≤ e−αtK2

(
|φ− ψ|C + Mh

)
, t ∈ [−τ, ∞), 0 < h < h̄. (3.2)

Proof. The variation of constants formula (2.2) applied for problem (1.15) gives

yi(t) = e−
∫ t

0 ai(u) du

(
ℓ(t)

∏
j=1

(1 − pi,j)

)
ψi(0)

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r

(1 − pi,j)

) ∫ tr

tr−1

e−
∫ t

s ai(u) duGi(s, y(γ(s))) ds

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)
e−
∫ t

γ(tr)
ai(u) du(Ji,r(yi(γ(tr)

−)) + ei,r)

+
∫ t

tℓ(t)
e−
∫ t

s ai(u) duGi(s, y(γ(s))) ds, i = 1, . . . , m, t ≥ 0,
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where

Gi(t, y(γ(t))) =
m

∑
j=1

bij(t)gj(yj(γ(t)− γ(τj))) + ci(t), i = 1, . . . , m.

Combining it with (2.2) we get

xi(t)− yi(t) = e−
∫ t

0 ai(u) du

(
ℓ(t)

∏
j=1

(1 − pi,j)

)
(φi(0)− ψi(0))

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r

(1 − pi,j)

) ∫ tr

tr−1

e−
∫ t

s ai(u) du
(

Gi(s, x(s))− Gi(s, y(γ(s)))
)

ds

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)(
e−
∫ t

tr
ai(u) du(Ji,r(xi(t−r )) + ei,r)

− e−
∫ t

γ(tr)
ai(u) du(Ji,r(yi(γ(tr)

−)) + ei,r)
)

+
∫ t

tℓ(t)
e−
∫ t

s ai(u) du
(

Gi(s, x(s))− Gi(s, y(γ(s)))
)

ds

for i = 1, . . . , m and t ≥ 0. Therefore, (2.5), (2.6) and |φi(0)− ψi(0)| ≤ |φ− ψ|C yield

|xi(t)− yi(t)| ≤ (1 − p−
i
)e−σit|φ− ψ|C

+
∫ t

0
(1 − p−

i
)e−σi(t−s)

∣∣∣Gi(s, x(s))− Gi(s, y(γ(s)))
∣∣∣ ds + Ai(t) (3.3)

for i = 1, . . . , m and t ≥ 0, where

Ai(t) =
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)∣∣∣e− ∫ t
tr

ai(u) du(Ji,r(xi(t−r )) + ei,r)

−e−
∫ t

γ(tr)
ai(u) du(Ji,r(yi(γ(tr)

−)) + ei,r)
∣∣∣.

Let α0 and K0 be the constants from (2.4). We select a positive constant α such that

0 < α < min{ε0, β1, β2, α0}

and

eαδ
m

∑
j=1

(1 − p−
i
)ΛijLjeατj +

(1 − p−
i
)l∗i eαδ

(1 − p∗i )(1 − e−(σi−α)δ)
< 1, i = 1, . . . , m. (3.4)
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Note that such α exists since (H5) holds. Multiplying (3.3) with eαt and using (H1) we get

eαt|xi(t)− yi(t)|
≤ (1 − p−

i
)e−(σi−α)t|φ− ψ|C

+
∫ t

0
(1 − p−

i
)eαt−σi(t−s)

∣∣∣Gi(s, x(s))− Gi(s, y(γ(s)))
∣∣∣ ds + eαt Ai(t)

≤ (1 − p−
i
)|φ− ψ|C

+
m

∑
j=1

∫ t

0
(1 − p−

i
)e−(σi−α)(t−s)|bij(s)|Ljeαs

∣∣∣xj(s − τj)− yj(γ(s)− γ(τj))
∣∣∣ ds

+ eαt Ai(t)

≤ (1 − p−
i
)|φ− ψ|C

+
m

∑
j=1

∫ t

0
(1 − p−

i
)e−(σi−α)(t−s)|bij(s)|Ljeαs

(∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))
∣∣∣

+
∣∣∣xj(γ(s)− γ(τj))− yj(γ(s)− γ(τj))

∣∣∣)ds + eαt Ai(t) (3.5)

for i = 1, . . . , m and t ≥ 0. We have

Ai(t) ≤
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

) ∣∣∣e− ∫ t
tr

ai(u) du − e−
∫ t

γ(tr)
ai(u) du

∣∣∣|Ji,r(xi(t−r ))|

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)
e−
∫ t

tr
ai(u) due−

∫ tr
γ(tr)

ai(u) du

×
∣∣∣Ji,r(xi(t−r ))− Ji,r(yi(γ(tr)

−))
∣∣∣

+
ℓ(t)

∑
r=1

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

) ∣∣∣e− ∫ t
tr

ai(u) du − e−
∫ t

γ(tr)
ai(u) du

∣∣∣|ei,r| (3.6)

for i = 1, . . . , m and t ≥ 0. Assumption (H7), estimates 1 − e−t < t for t > 0, the following
direct consequence of |t − γ(t)| < h:

t − h < γ(t) ≤ t, t ∈ R, (3.7)

and (2.7) imply(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)∣∣∣e− ∫ t
tr

ai(u) du − e−
∫ t

γ(tr)
ai(u) du

∣∣∣
= e−

∫ t
tr

ai(u) du

(
ℓ(t)

∏
j=r+1

(1 − pi,j)

)(
1 − e−

∫ tr
γ(tr)

ai(u) du
)

≤
1 − p−

i
1 − p∗i

e−σi(t−tr)(1 − e−a∗i h)

≤
1 − p−

i
1 − p∗i

e−σi(t−tr)a∗i h, t ≥ tr. (3.8)
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Then, combining (H2), (H3) (ii), (3.6), (3.7) and (3.8), we obtain

eαt Ai(t) ≤
ℓ(t)

∑
r=1

e−(σi−α)(t−tr)
(1 − p−

i
)a∗i hl∗i

1 − p∗i
eαtr |xi(t−r )|

+
ℓ(t)

∑
r=1

e−(σi−α)(t−tr)
(1 − p−

i
)l∗i

1 − p∗i
eαtr

×
(
|xi(t−r )− xi(γ(tr)

−)|+ |xi(γ(tr)
−)− yi(γ(tr)

−)|
)

+
ℓ(t)

∑
r=1

e−(σi−α)(t−tr)
(1 − p−

i
)a∗i h

1 − p∗i
eαtr |ei,r|, i = 1, . . . , m, t ≥ 0. (3.9)

For 0 < h < δ we have tr−1 < γ(tr) ≤ tr, hence (2.22) and (3.7) yield

eαtr |xi(t−r )− xi(γ(tr)
−)| = lim

n→∞
eα(tr− 1

n )
∣∣∣∣xi

(
tr −

1
n

)
− xi

(
γ(tr)−

1
n

)∣∣∣∣ ≤ ωα(h)

for h < δ. Therefore (3.9), (2.10) with σi replaced by σi − α, eαtr |xi(t−r )| ≤ eα0tr |xi(t−r )| ≤ K0,
eαtr |ei,r| ≤ e∗i and eαtr = eα(tr−γ(tr))eαγ(tr) ≤ eαheαγ(tr) imply

eαt Ai(t) ≤
ℓ(t)

∑
r=1

e−(σi−α)(t−tr)
(1 − p−

i
)a∗i hl∗i

1 − p∗i
K0

+
ℓ(t)

∑
r=1

e−(σi−α)(t−tr)
(1 − p−

i
)l∗i

1 − p∗i

(
ωα(h) + eαh sup

0≤u≤t
eαu|xi(u)− yi(u)|

)
+

ℓ(t)

∑
r=1

e−(σi−α)(t−tr)
(1 − p−

i
)a∗i he∗i

1 − p∗i

≤
(1 − p−

i
)(a∗i hl∗i K0)

(1 − p∗i )(1 − e−(σi−α)δ)
+

(1 − p−
i
)l∗i ωα(h)

(1 − p∗i )(1 − e−(σi−α)δ)

+
(1 − p−

i
)a∗i he∗i

(1 − p∗i )(1 − e−(σi−α)δ)

+
(1 − p−

i
)l∗i eαh

(1 − p∗i )(1 − e−(σi−α)δ)
sup

0≤u≤t
eαu|xi(u)− yi(u)|

≤ d∗i h + d̄iωα(h) + d̂i sup
0≤u≤t

eαu|xi(u)− yi(u)| (3.10)

for t ≥ 0, i = 1, . . . , m and 0 < h < δ, where

d∗i =
(1 − p−

i
)(a∗i l∗i K0 + a∗i e∗i )

(1 − p∗i )(1 − e−(σi−α)δ)
, d̄i =

(1 − p−
i
)l∗i

(1 − p∗i )(1 − e−(σi−α)δ)
,

and

d̂i =
(1 − p−

i
)l∗i eαδ

(1 − p∗i )(1 − e−(σi−α)δ)
.

We introduce the functions

ηi(t, h) =
m

∑
j=1

∫ t

0
e−(σi−α)(t−s)|bij(s)|Ljeαs

∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))
∣∣∣ds (3.11)
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for t ≥ 0, h > 0, and

wi(t) = max
−τ≤u≤t

eαu|xi(u)− yi(u)|, t ≥ −τ, h > 0

for i = 1, . . . , m. Then estimate (3.5) together with (3.10), (3.11) and

eαs = eα(s−γ(s)+γ(τj))eα(γ(s)−γ(τj)) ≤ eα(h+τj)eα(γ(s)−γ(τj)) (3.12)

yields

eαt|xi(t)− yi(t)| ≤ (1 − p−
i
)|φ− ψ|C + (1 − p−

i
)ηi(t, h) + eαt Ai(t)

+
m

∑
j=1

∫ t

0
(1 − p−

i
)e−(σi−α)(t−s)|bij(s)|Ljeαs

×
∣∣∣xj(γ(s)− γ(τj))− yj(γ(s)− γ(τj))

∣∣∣ds

≤ (1 − p−
i
)|φ− ψ|C + (1 − p−

i
)ηi(t, h) + d∗i h + d̄iωα(h) + d̂iwi(t)

+
m

∑
j=1

∫ t

0
(1 − p−

i
)e−(σi−α)(t−s)|bij(s)|Ljeα(h+τj)wj(s) ds

≤ (1 − p−
i
)|φ− ψ|C + (1 − p−

i
)ηi(t, h) + d∗i h + d̄iωα(h) + d̂iwi(t)

+
m

∑
j=1

(1 − p−
i
)ΛijLjeα(h0+τj)wj(t) (3.13)

for 0 < h < δ, t ≥ 0 and i = 1, . . . , m.
Define h1 = δ/2, and next we suppose that 0 < h < h1, j ∈ {1, . . . , m} and r ∈ N. Relation

(3.7) implies

tr ≤ (s − h)− τj ≤ γ(s)− γ(τj) ≤ s − (τj − h) < tr+1, s ∈ [tr + τj + h, tr+1 + τj − h).

Therefore

s − τj ∈ [tr, tr+1) and γ(s)− γ(τj) ∈ [tr, tr+1), s ∈ [tr + τj + h, tr+1 + τj − h). (3.14)

Moreover, (3.7) yields

|s − τj − (γ(s)− γ(τj))| = |s − γ(s)− (τj − γ(τj))| ≤ h, s ∈ [tr + τj + h, tr+1 + τj − h).
(3.15)

Hence it follows from (2.22), (3.14) and (3.15) that

eαs|xj(s − τj)− xj(γ(s)− γ(τj))| ≤ eατj eα(s−τj)|xj(s − τj)− xj(γ(s)− γ(τj))|
≤ eατj ωα(h), s ∈ [tr + τj + h, tr+1 + τj − h). (3.16)

Similarly, it is easy to check that

eαs|xj(s − τj)− xj(γ(s)− γ(τj))| ≤ eατj eα(s−τj)|xj(s − τj)− xj(γ(s)− γ(τj))|
≤ eατj ωα(h), s ∈ [0, t1 + τj − h). (3.17)

We define the sets

Aj,h = [0, t1 + τj − h] ∪
∞⋃

r=1

[tr + τj + h, tr+1 + τj − h], Bj,h = [0, ∞) \ Aj,h
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for j = 1, . . . , m and 0 < h < h1. We use relation (3.16) to estimate the function ηi(t, h) defined
by (3.11) for i = 1, . . . , m, t ≥ 0, 0 < h < h1, and for s ∈ Aj,h:

ηi(t, h) =
m

∑
j=1

(∫
Aj,h∩[0,t]

e−(σi−α)(t−s)|bij(s)|Ljeαs
∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))

∣∣∣ ds

+
∫
Bj,h∩[0,t]

e−(σi−α)(t−s)|bij(s)|Ljeαs
∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))

∣∣∣ ds
)

≤
m

∑
j=1

(∫ t

0
e−(σi−α)(t−s)|bij(s)|Ljeατj ωα(h) ds

+
∫
Bj,h∩[0,t]

e−(σi−α)(t−s)|bij(s)|Ljeαs
∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))

∣∣∣ ds
)

. (3.18)

For s ∈ Bj,h we use a different estimate. Let 0 < h < h2 = min{h1, 1/α0}. We have from
Lemma 2.2

eαs|xj(s − τj)− xj(γ(s)− γ(τj))|
≤ eατj eα(s−τj)|xj(s − τj)|+ eα(s−γ(s)+γ(τj))eα(γ(s)−γ(τj))|xj(γ(s)− γ(τj))|
≤ eατj K0e−(α0−α)(s−τj) + eα(s−γ(s)+γ(τj))K0e−(α0−α)(γ(s)−γ(τj))

≤ eατj K0e−(α0−α)(s−τj) + eα(h+τj)K0e−(α0−α)(s−h−τj)

≤ eατj(1 + eα0h)K0e−(α0−α)(s−τj)

≤ eατj(1 + e)K0e−(α0−α)(s−τ), j = 1, . . . , m, s ≥ 0. (3.19)

Fix ε > 0. Then it follows from (3.19) that there exists T = T(ε, α) such that

eαs|xj(s − τj)− xj(γ(s)− γ(τj))| ≤ eατj
ε

M2
, s ≥ T, j = 1, . . . , m, (3.20)

where M2 = maxi=1,...,m ∑m
j=1 ΛijLjeατj . Let k0 ∈ N be the smallest index such that tk0 ≥ T. We

recall that h2 ≤ δ/2. So if 1 ≤ r ≤ k0, then for s ∈ [tr + τj − h, tr + τj + h] and 0 < h < h2 we
have

s − τj ≤ tk0 + h < tk0+1 and γ(s)− γ(τj) ≤ s − τj + h ≤ tk0 + 2h < tk0+1. (3.21)

Similarly, for r > k0, s ∈ [tr + τj − h, tr + τj + h] and 0 < h < h2 we get

s − τj ≥ tr − h > tr−1 ≥ tk0 ≥ T, and γ(s)− γ(τj) ≥ s − h − τj ≥ tr − 2h > tr−1 ≥ tk0 .
(3.22)

Define the sets

Cj,h =
k0⋃

r=1

[tr + τj − h, tr + τj + h] and Dj,h =
∞⋃

r=k0+1

[tr + τj − h, tr + τj + h].

Then, clearly, Bj,h = Cj,h ∪Dj,h, j = 1, . . . , m. Define the constants b̃ij = b̃ij(ε) by

b̃ij = max
0≤u≤tk0+1

|bij(u)|, i, j = 1, . . . , m.
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Then (H3), (3.18), (3.19), (3.20), (3.21) and (3.22) yield

ηi(t, h) ≤
m

∑
j=1

(
β∗

ijLjeατj ωα(h)

+
∫
Cj,h∩[0,t]

e−(σi−α)(t−s)|bij(s)|Ljeαs
∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))

∣∣∣ ds

+
∫
Dj,h∩[0,t]

e−(σi−α)(t−s)|bij(s)|Ljeαs
∣∣∣xj(s − τj)− xj(γ(s)− γ(τj))

∣∣∣ ds
)

≤ M2ωα(h) +
m

∑
j=1

ℓ(t)

∑
r=1

∫ tr+τj+h

tr+τj−h
e−(σi−α)(t−s)b̃ijLjeατj(1 + e)K0 ds

+
m

∑
j=1

∫ t

0
e−(σi−α)(t−s)|bij(s)|Ljeατj

ε

M2
ds

≤ M2ωα(h) +
m

∑
j=1

ℓ(t)

∑
r=1

∫ tr+τj+h

tr+τj−h
e−(σi−α)(t−s)b̃ijLjeατj(1 + e)K0 ds + ε (3.23)

for t ≥ 0 and 0 < h < h2. Relation (2.25) gives

et − e−t = e−t(e2t − 1) ≤ (e − 1)2t, t ∈ [0, 1],

hence, using (H7), (2.10) with σi is replaced by σi − α, and (3.23), we get for i = 1, . . . , m

ηi(t, h) ≤ M2ωα(h) + ε

+
m

∑
j=1

b̃ijLjeατ(1 + e)K0

ℓ(t)

∑
r=1

(
e−(σi−α)(t−tr−τj−h) − e−(σi−α)(t−tr−τj+h)

σi − α

)
= M2ωα(h) + ε

+
m

∑
j=1

b̃ijLjeατ

(
(1 + e)K0

σi − α

)(
e(σi−α)(τj+h) − e(σi−α)(τj−h)

) ℓ(t)

∑
ℓ=1

e−(σi−α)(t−tℓ)

≤ M2ωα(h) + ε +
m

∑
j=1

b̃ijLjeατ

(
(1 + e)K0

σi − α

)(
e(σi−α)h − e−(σi−α)h

1 − e−(σi−α)δ

)
≤ M2ωα(h) + ε + g̃ih, 0 < h < h∗, (3.24)

where g̃i = g̃i(ε) is defined by

g̃i =
m

∑
j=1

b̃ijLjeσiτ
(1 + e)K02(e − 1)

1 − e−(σi−α)δ
and h∗ = min

{
h2,

1
σ1 − α

, . . . ,
1

σm − α

}
.

Then (3.13) yields for i = 1, . . . , m, t ≥ 0 and 0 < h < h∗

wi(t) ≤ (1 − p−
i
)
(
|φ− ψ|C + M2ωα(h) + g̃ih + ε

)
+ d∗i h + d̄iωα(h)

+
m

∑
j=1

(1 − p−
i
)ΛijLjeα(h0+τj)wj(t) + d̂iwi(t). (3.25)

Relation (3.25) gives the vector inequality

w(t) ≤ d(h) + Cw(t), t ≥ 0, 0 < h < h∗, (3.26)
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where

w(t) = (w1(t), . . . , wm(t))T,

d(h) = (d1(h), . . . , dm(h))T, where

di(h) = (1 − p−
i
)
(
|φ− ψ|C + M2ωα(h) + g̃ih + ε

)
+ d∗i h + d̄iωα(h),

C = (cij) ∈ Rm×m, cij =

{
(1 − p−

i
)Λi,iLieα(h0+τi) + d̂i, i = j,

(1 − p−
i
)ΛijLjeα(h0+τj), i ̸= j.

(3.27)

Relation (3.4) yields that ∥C∥∞ < 1 for 0 < h < h∗. Then I − C is an M-matrix, hence (3.26)
implies

w(t) ≤ (I − C)−1d(h), t ≥ 0, 0 < h < h∗.

Therefore, the definitions of w(t), d(h) and

wi(t) ≤ max
−τ≤u≤t

|xi(u)− yi(u)| ≤ |φ− ψ|C ≤ di(h), t ∈ [−τ, 0], i = 1, . . . , m

gives
w(t) ≤ (I − C)−1d(h), t ≥ −τ, 0 < h < h∗,

which yields (3.1) with

K2 = ∥(I − C)−1∥∞ max
i=1,...,m

(1 − p−
i
) and θ(h) = (M2 + max

i=1,...,m
d̄i)ωα(h) + h max

i=1,...,m
(g̃i + d∗i ).

(ii) To prove (3.2) we now assume (H8) too.
Let M0 and u0 be the constants defined by Lemma 2.6 (ii). We consider estimate (3.18) of

the proof of part (i). Now, since bij(s) is bounded by b∗ij for all s ≥ 0, we estimate the last
integral similarly to steps used for the set Cj,h in the proof of part (i), but using b∗ij instead
of b̃ij:

ηi(t, h) ≤ M2ωα(h) +
m

∑
j=1

ℓ(t)

∑
r=1

∫ tr+τj+h

tr+τj−h
e−(σi−α)(t−s)b∗ijLjeατj(1 + e)K0 ds.

Then a calculation similar to that used in (3.24) and (2.24) gives

ηi(t, h) ≤ M2ωα(h) + g∗i h ≤ M2M0h + g∗i h, 0 < h < h̄, (3.28)

where

g∗i =
m

∑
j=1

b∗ijLjeσiτ

(
(1 + e)K02(e − 1)

1 − e−(σi−α)δ

)
and h̄ = min {u0, h∗} .

Combining (2.24), (3.13) and (3.28) we get for i = 1, . . . , m, t ≥ 0 and 0 < h < h̄

wi(t) ≤ (1 − p−
i
)
(
|φ− ψ|C + M2M0h + g∗i h

)
+ d∗i h + d̄i M0h

+
m

∑
j=1

(1 − p−
i
)ΛijLjeα(h0+τj)wj(t) + d̂iwi(t),

hence, the vector inequality

w(t) ≤ d̂(h) + Cw(t), t ≥ 0, 0 < h < h̄
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and therefore
w(t) ≤ d̂(h) + Cw(t), t ≥ −τ, 0 < h < h̄ (3.29)

holds, where

d̂(h) = (d̂1(h), . . . , d̂m(h))T,

d̂i(h) = (1 − p−
i
)|φ− ψ|C +

(
(1 − p−

i
)(M2M0 + g∗i ) + d∗i + d̄i M0

)
h.

Then (3.29) implies

w(t) ≤ (I − C)−1d̂(h), t ≥ −τ, 0 < h < h̄,

which proves (3.2) with

K2 = ∥(I − C)−1∥∞ max
i=1,...,m

(1 − p−
i
) and M = M2M0 + max

i=1,...,m
(g∗i + d∗i + d̄i M0).

Remark 3.2. We note that relation (3.1) gives for φ = ψ that

sup
t∈[−τ,∞)

|x(t)− y(t)|∞ ≤ K2(θ(h) + ε),

which yields that the solutions of (1.15) approximate that of (1.14) uniformly on [0, ∞).

Remark 3.3. Let C be the matrix defined by (3.27). Assumption (H5) in Theorem 3.1 can be
replaced by the weaker condition ρ(C) < 1, and the statement of the theorem remains true.

Thanks to our main Theorem 3.1 and Lemma 2.2 we can give the following result con-
cerning the transference of the exponential estimate of the solutions of (1.14) to the approximate
solution.

Proposition 3.4. Suppose (H1)–(H7) hold. Let x = (x1, . . . , xm)T be the solution of (1.14) corre-
sponding to initial function φ = (φ1, . . . , φm)T, and y = (y1, . . . , ym)T be the solution of (1.15)
corresponding to h > 0 and an initial function ψ = (ψ1, . . . , ψm)T, and let α0 > 0 be the correspond-
ing constant from Lemma 2.2.

(i) Then for every 0 < α < α0 and ε > 0 there exist constants K3 > 0 and h∗ > 0, and a function
θ(h) such that θ(h) → 0 as h → 0+, and

|y(t)|∞ ≤ e−αtK3

(
1 + |φ− ψ|C + θ(h) + ε

)
, t ∈ [−τ, ∞), 0 < h < h∗. (3.30)

(ii) Assume further (H8). Then for every 0 < α < α0 there exist constants K3 > 0, M > 0 and
h̄ > 0 such that

|y(t)|∞ ≤ e−αtK3

(
1 + |φ− ψ|C + Mh

)
, t ∈ [−τ, ∞), 0 < h < h̄. (3.31)

Proof. The proof follows immediately from |z(t)|∞ ≤ |z(t)− x(t)|∞ + |x(t)|∞, (2.4), (3.1) and
(3.2) with K3 = max{K0, K2}.
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4 The bounded coefficients case

In the following, we give a practical result concerning the bounded coefficients case for a
CNN delayed impulsive system as a simple consequence of Theorem 3.1. In addition to our
assumptions (H1)–(H3), we suppose that the coefficient functions ai(t) are bounded below
too, and bij(t) are bounded. This will allow to simplify conditions (H4)–(H8), as follows:

(H4’) There exist positive constants ai, a∗i , c∗i , σi for i = 1, . . . , m such that

(i) ai ≤ ai(t) ≤ a∗i for t ≥ 0 and i = 1, . . . , m;

(ii) ai −
1
δ

ln(1 − p−
i
) ≥ σi, i = 1, . . . , m, where p−

i
= min{0, p

i
};

(iii) |bij(t)| ≤ b∗ij, t ≥ 0, i = 1, . . . , m.

(H5’) There exists ε0 such that 0 < ε0 < σi for i = 1, . . . , m, and

m

∑
j=1

(1 − p−
i
)b∗ij

σi − ε0
Lj +

(1 − p−
i
)l∗i

(1 − p∗i )(1 − e−σiδ)
< 1, i = 1, . . . , m.

(H6’) There exist positive constants β1, β2 and c∗i (i = 1, . . . , m) such that

|ei,k| ≤ e−β1tk e∗i , k ∈ N, and |ci(t)| ≤ e−β2tc∗i , t ≥ 0, i = 1, . . . , m.

(H7’) There exists a positive constant Lφ such that

|φi(t)− φi(t̄)| ≤ Lφ|t − t̄|, t, t̄ ∈ [−τ, 0], i = 1, . . . , m.

Note that (H4) (i) was used in the proofs of Lemma 2.2, Lemma 2.4 and Theorem 3.1 to
prove estimates (2.5), (2.6) and (2.7). Now we show that our boundedness assumptions (H4’)
imply the same estimates (2.5), (2.6) and (2.7).

Suppose p
i
< 0, s ∈ [tr−1, tr) for some r ∈ N, and t ≥ tr. Then (H3) (iv), (H4’) and the

estimates (ℓ(t)− r)δ ≤ tℓ(t) − tr ≤ t − s yield

e−
∫ t

s ai(u) du

(
ℓ(t)

∏
j=r

(1 − pi,j)

)
= exp

(
−
∫ t

s
ai(u) du +

ℓ(t)

∑
j=r

ln(1 − pi,j)

)
≤ exp

(
−ai(t − s) + (ℓ(t)− r + 1) ln(1 − p

i
)
)

≤ (1 − p
i
) exp

(
−ai(t − s) +

t − s
δ

ln(1 − p
i
)

)
≤ (1 − p

i
)e−σi(t−s).

If s < t < tr, then ℓ(t) < r, so ∏ℓ(t)
j=r (1 − pi,j) = 1. In the case p

i
≥ 0 we have σi ≤ ai, hence

e−
∫ t

s ai(u) du

(
ℓ(t)

∏
j=r

(1 − pi,j)

)
≤ e−

∫ t
s ai(u) du ≤ e−σi(t−s).

Therefore (2.5) holds. (2.6) and (2.7) can be proved similarly under assumption (H4’).
Using Remark 1.3, we get immediately that (H5’) implies (H5). Hence Theorem 3.1 has the

following corollary.
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Corollary 4.1. Assume (H1)–(H3),(H4’)–(H7’) hold. Let x = (x1, . . . , xm)T be the solution of (1.14)
corresponding to initial function φ = (φ1, . . . , φm)T, and y = (y1, . . . , ym)T be the solution of (1.15)
corresponding to h > 0 and an initial function ψ = (ψ1, . . . , ψm)T, and let α0 > 0 be the corresponding
constant from Lemma 2.2. Then for every 0 < α < α0 there exist constants K2 > 0, M > 0 and h̄ > 0
such that (3.2) holds. Hence, the solutions of (1.14) are approximated by that of (1.15) uniformly over
[0, ∞).

5 An example

Now, we present an example to illustrate the applicability of our conditions.

Example 5.1. Consider the system

x′1(t) = −a1(t)x1(t) +
2

∑
j=1

b1j(t)gj(xj(t − τj)) + c1(t), t ̸= tn

x′2(t) = −a2(t)x2(t) +
2

∑
j=1

b2j(t)gj(xj(t − τj)) + c2(t), t ̸= tn

∆x1(tn) = −p1,nx1(t−n ) + e1,n + J1,n(x1(t−n )), n ∈ N

∆x2(tn) = −p2,nx2(t−n ) + e2,n + J2,n(x2(t−n )), n ∈ N,

(5.1)

where
a1(t) = 2 + sin(

√
3t), a2(t) = 4 + cos(t);

b11(t) = 0.5 sin(t), b21(t) = 0.2 sin(t);

b12(t) = 0.3 cos(t), b22(t) = 0.3 sin(t);

c1(t) = exp(−t), c2(t) = exp(−2t);

p1,n = −0.15, n ∈ N, p2,n = −0.4, n ∈ N;

e1,n = exp(−3tn), n ∈ N, e2,n = exp(−4tn), n ∈ N;

g1(x) = tanh(x), g2(x) = tanh(x);

J1,n(x) = 1
10 tanh(x), n ∈ N, J2,n(x) = 1

10 tanh(x), n ∈ N.

(5.2)

We suppose τ1 = 1, τ2 = 2, τ = max{τ1, τ2} = 2, the initial functions φ1(t), φ2(t), ψ1(t), ψ2(t) :
[−2, 0] → R, defined as φ1(t) = ψ1(t) = 0.5 sin(t) and φ2(t) = ψ2(t) = cos(t). Also, we
consider tn = n for n ∈ N.

System (5.1) is approximated by the following IDEPCA system

y′1(t) = −a1(t)y1(t) +
2

∑
j=1

b1j(t)gj(yj(γ(t)− γ(τj))) + c1(t), t ̸= γ(tn)

y′2(t) = −a2(t)y2(t) +
2

∑
j=1

b2j(t)gj(yj(γ(t)− γ(τj))) + c2(t), t ̸= γ(tn)

∆y1(γ(tn)) = −p1,ny1(γ(tn)−) + e1,n + I1,n(y1(γ(tn)−)), n ∈ N

∆y2(γ(tn)) = −p2,ny2(γ(tn)−) + e2,n + I2,n(y2(γ(tn)−)), n ∈ N,

(5.3)

where γ(t) = [t/h]h and all the coefficients are given in (5.2). Because tanh(x) is a Lipschitz-
type function, with Lipschitz constant 1, we can conclude that Li = 1 and l∗i = li,n = 1

10 ,
i = 1, 2, n ∈ N. We have δ = 1, a1 = 1, a2 = 3, p

1
= p∗1 = −0.15 and p

2
= p∗2 = −0.4, hence
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we get

a1 −
1
δ

ln(1 − p−
1
) ≈ 0.86024, a2 −

1
δ

ln(1 − p−
2
) ≈ 2.66353,

so σ1 = 0.86 and σ2 = 2.66 satisfy (H4’) (ii). Use ε0 = 0.01, b∗11 = 0.5, b∗12 = 0.3, b∗21 = 0.2 and
b∗22 = 0.3. Then

1 − q−
1

σ1 − ε0

m

∑
j=1

b∗1jLj +
(1 − q−

1
)l∗1

(1 − q∗1)(1 − e−σ1δ)
=

1.15
0.85

(0.5 + 0.3) +
0.1

1 − e−0.86 ≈ 0.91748,

and

1 − q−
2

σ2 − ε0

m

∑
j=1

b∗2jLj +
(1 − q−

2
)l∗1

(1 − q∗2)(1 − e−σ2δ)
=

1.4
0.85

(0.2 + 0.3) +
0.1

1 − e−2.66 ≈ 0.31884,

therefore (H5’) is satisfied. Therefore Corollary 4.1 yields that the solutions of (5.3) approxi-
mate that of (5.1) uniformly on [0, ∞) as h goes to 0.

Figures 5.1–5.2 illustrate the solution of (5.1) and its approximation by the solution of (5.3)
corresponding to the discretization parameter h = 0.1. Note that for this value of h and the
definition of tn, we have γ(tn) = tn for all n ∈ N. Both initial value problems are solved
numerically using the function ddesd in Matlab on the consecutive intervals [tn, tn+1]. The
blue curves are the graphs of xi(t), and the red dots are the values of the function yi(t) at the
time values t = 0.1n, n ∈ N0. At the impulse time points, the left-hand limits of yi(t) are
also displayed. Even though the discretization parameter is relatively large for this numerical
experience, we see that the approximation error becomes smaller as time increases. This is a
consequence of estimate (3.2).
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Figure 5.1: Graphs of x1(t), y1(0.1n) (on the left) and x2(t), y2(0.1n) (on the
right) with h = 0.1
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Figure 5.2: The graphs of (t, x1(t), x2(t)) and (0.1n, z1(0.1n), z2(0.1n)) with
h = 0.1.

Acknowledgements

Manuel Pinto thanks for the support of Fondecyt project 1170466. Ricardo Torres thanks for
the support of Fondecyt project 1120709. Ferenc Hartung thanks the support of the Hungarian
National Research, Development and Innovation Office grant no. K139346.

References

[1] M. Akhmet, Principles of discontinuous dynamical systems, Springer, New York, Dordrecht,
Heidelberg, London, 2010. https://doi.org/10.1007/978-1-4419-6581-3; MR2681108;
Zbl 1204.37002

[2] M. Akhmet, Nonlinear hybrid continuous/discrete-time models, Atlantis Press, Amsterdam-
Paris, 2011. https://doi.org/10.2991/978-94-91216-03-9; MR2883822; Zbl 1328.93001

[3] M. Akhmet, M. Tleubergenova, Z. Nugayeva, Unpredictable and Poisson stable oscilla-
tions of inertial neural networks with generalized piecewise constant argument, Entropy
25(2023), No. 4, Paper No. 620, 22 pp. https://doi.org/10.3390/e25040620; MR4581043

[4] A. Berman, R. Plemmons, Nonnegative matrices in the mathematical sciences, Academic
Press, New York, 1979. MR544666; Zbl 0484.15016

[5] F. Bozkurt, Modeling a tumor growth with piecewise constant arguments, Discrete Dyn.
Nat. Soc. 2013, Art. ID 841764, 8 pp. https://doi.org/10.1155/2013/841764; MR3063716

[6] J. Cao, J. Liang, Boundedness and stability for Cohen–Grossberg neural network with
time-varying delays, J. Math. Anal. Appl. 296(2004), 665–685. https://doi.org/10.1016/
j.jmaa.2004.04.039; MR2075194

[7] T. Chen, Global exponential stability of delayed Hopfield neural networks, Neural Netw.
14(2001), 977–980. https://doi.org/10.1016/S0893-6080(01)00059-4

https://doi.org/10.1007/978-1-4419-6581-3
https://www.ams.org/mathscinet-getitem?mr=2681108
https://zbmath.org/?q=an:1204.37002
https://doi.org/10.2991/978-94-91216-03-9
https://www.ams.org/mathscinet-getitem?mr=2883822
https://zbmath.org/?q=an:1328.93001
https://doi.org/10.3390/e25040620
https://www.ams.org/mathscinet-getitem?mr=4581043
https://www.ams.org/mathscinet-getitem?mr=544666
https://zbmath.org/?q=an:0484.15016
https://doi.org/10.1155/2013/841764
https://www.ams.org/mathscinet-getitem?mr=3063716
https://doi.org/10.1016/j.jmaa.2004.04.039
https://doi.org/10.1016/j.jmaa.2004.04.039
https://www.ams.org/mathscinet-getitem?mr=2075194
https://doi.org/10.1016/S0893-6080(01)00059-4


28 F. Hartung, M. Pinto and R. Torres

[8] K. Cooke, S. Busenberg, Models of vertically transmitted diseases with sequential-
continuous dynamics, in: Nonlinear Phenomena in Mathematical Sciences (Proc. Int. Conf.
on Nonlinear Phenomena in Mathematical Sciences, University of Texas at Arlington, June 16–
20, 1980), Academic Press, New York, 1982, pp. 179–187. Zbl 0512.92018
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