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1. Introduction

Differential equation with fractional order have recently proved valuable tools in the mod-
eling of many phenomena in various fields of science and engineering [1-5]. Recently, many
researchers paid attention to existence result of solution of the boundary value problems for
fractional differential equations at nonresonance, see for examples [6-15]. But, there are few
papers which consider the boundary value problem at resonance for nonlinear ordinary differ-
ential equations of fractional order. In [16], N. Kosmatov studied the boundary value problems
of fractional differential equations at resonance with dimKerZ = 1. More recently, Jiang [17]
investigated the existence of solutions for the fractional differential equation at resonance with
dimKerL =2 :

Diu(t) = f(t,ut), D> tu(t), ae. tel0,1],

m n
w(0) =0, D tu(0) = a; D tulgy),  Diu(l) = Y biDgy *u(ny),
j=1 j=1
where 2 < a0 <3,0< & <& < <& <1, 37" a =1, Z?:1bj =1, Z;L:lbjnj =1,
f:[0,1] x R x R — R satisfies Caratheodory condition.
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To the best of the author knowledge, the solvability of resonance boundary value problems
for impulsive fractional differential equations has not been well studied till now. We will fill
this gap in the literature. Motivated by the excellent results of [17], [18], [19] and [20], in
this paper, we investigate the existence of solutions for boundary value problems of nonlinear

impulsive fractional differential equation at resonance

Dgu(t) = f(t,u(t), D tu(t), te€(0,1), t#t, i=1,..,k (1.1)
Jm 2u(t) = Y au(éy), u(l) = bju(ny), (1.2)
j=1 i=1

Au(t;) = Li(u(t), Dy tuty),  ADST u(t:) = Ji(u(t:), DSyt ulty)), (1.3)

where D, is the standard Riemann-Liouville fractional derivative, 1 < a <2, f : [0,1] x R? -
R, and I;, J; : Rx R — R are continuous, k is a fixed positive integer, t; (i = 1,2, ..., k) are fixed
points with 0 < t; <o < --- <t <1, Au(t;) = u(t; +0) —u(t; — 0), ADG u(t;) = D‘Oﬂu(ti +
0) — D&u(t; —0), i = 1,.,k, §,m5 € (0,1) (j = 1,..,n) be given 0 < & < --- < &, < 1,

n
O<m<--<mu<liand &m #t 1<j<nl<i<k), ) ai&f? = Zbﬂ?j
j=1

n n
Z ajfjo»‘*l =0, and Z bjnjoffl =1
7=1 7=1

The BVP (1.1)-(1.3) happens to be at resonance in the sense that its associated linear

homogeneous nonimpulse boundary value problem

Dgiu(t) =0, 0<t<l1, (1.4)

lim £27%u(t) = Y au(§), w(l) =Y bu(n)), (1.5)
=1 j=1

t—0+
has u(t) = hit® ! + hot® 2, hy, he € R as a nontrivial solution.
By the way, the theory of impulsive differential equation may be seen in [21] and [22].

The rest of this paper is organized as follows. In Section 2, we give some notations and
lemmas. In Section 3, we establish an existence theorem for boundary value problem (1.1)-(1.3)

at resonance case.
2. Preliminaries

For the convenience of the reader, we first briefly recall some fundamental tools of fractional

calculus and the coincidence degree theory.

EJQTDE, 2011 No. 89, p. 2



The Riemann-Liouville fractional integral of order a > 0 of a function u : (0,00) — R is
given by

IS u(t) = ﬁ/o (t — s)* tu(s)ds

provided the right side is pointwise defined on (0, c0). The Riemann-Liouville fractional deriva-

tive of order @ > 0 of a function u : (0,00) — R is given by

1 d\" [* u(s)
Dfu(t) = —— | — —d
o ult) I'n—a) <dt> /0 (t — s)a—ntl %
where n = [a] 4+ 1, provided the right side is pointwise defined on (0, c0).

We make use of two relationships between Dfj, u and I, u that are stated in the following

lemma (see [3, 9]).
Lemma 2.1. Assume that u € C(0,1) N L'(0,1). Then
(1) IS DSu(t) = u(t) + et 4 eat® 2 4 oo ept™",
for some ¢; € R, i =1,2,...,n, where a > 0 and n = [a] + 1.
(2) DY ISu(t) = I8 u(t), a>p>0.
(3) D t* =0, i=1,2,..[a]+1
Consider an operator equation
Lz = Nz, (2.1)

where L : domL N X — Z is a linear operator, N : X — Z is a non-linear operator, X and
Z are Banach spaces. If dimKerL = dim(Z/ImL) < +oo and ImL is closed in Z, then L
will be called a Fredholm mapping of index 0, and at the same time there exist continuous
projectors P : X — X and @ : Z — Z such that ImP = Ker@. It follows that L|pomrnKerp :
domZL N KerP — ImL is invertible. We denote the inverse of this map by Kp. Let 2 be an
open bounded subset of X. The map N will be called L-compact on Q if QN (Q) is bounded
and Kp(I — Q) : Q — X is compact. Since Im@Q is compact. Since ImQ is isomorphic to KerL

there exists an isomorphism : Im@) — KerL.

Theorem 2.2 ([23]). Suppose that L is a Fredholm operator of index 0 and N is L-compact

on Q, where Q is an open bounded subset of X. If the following conditions are satisfied:

(i) Lx # ANz for every (z,\) € [(domL \ KerL) N 9Q] x (0,1);
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(ii) Nz ¢ ImL for every x € KerL N 0S);

(iii) deg(QN |kerr, 2NKerL,0) # 0, where Q : Y — Y is a projection such that ImL = Ker(@.

Then the equation Lx = Nx has at least one solution in domL N €.

In the following, in order to obtain the existence theorem of (1.1)-(1.3), we use the classical

Banach space
PC0,1] ={z : x|y, 1,,,] € C(tistiv1], there exist
z(t;) and z(t]) with z(¢;) = z(t:), i =1,2,...,k}
with norm
lellpe = sup{lz(t)] - ¢ € [0, 1)
Let uq(t) = t>=®u(t). Take
X = {ulus, D7 u € PCI0,1]}, Y = PC[0,1] x R**.

It is easy to check that X is a Banach space with norm |Ju|| = max{||u.| rc, HDS‘;lquC}, Y

is a Banach space with norm

lylly = max{||zllpc, [}, Vy=(zc)eY.

Define operator L = D, with

n

domL = {u € X| Jim, 27 %(t) =Y au(g), u(l) =Y bu(n)}.
j=1 J=1

Let
L:domL —Y, u— (Dgs,Au(ty),..., Au(ty), ADS‘:lu(tl), vy ADS‘;lu(tk)),
N:X =Y, u—(f(t,u, D w), Li(u(ty), Dgs ultr)), - D (ulty), Do tulty)),
Ji(u(ty), DS u(t), oo, Je(u(te), DS u(ty)).
Then problem (1.1)-(1.3) can be written as
Lu= Nu, u € domlL.
In this paper, we will always suppose the following conditions hold.

(H1)0<£1<£2<---<£n<1,O<771<772<---<nn<1,aj,bj(1§j§n)are
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non-negative real constant numbers, and

n n n
D ai =) b = ) et = me? =L (22)
j=1 j=1 j=1

n

1
b oz-‘,—l _ o+l
(a+1 Z i » 02 a(a+1)za]£] ’

J=1

j 1

n
o3 = Z Z bing |, oa= é Zl ;&5
j=

Remark 2.1. If (H;) holds, then the BVP (1.4), (1.5) has a nontrivial solution u(t) =
hltafl + hgta72, where hi, ho € R.

Lemma 2.3. If (Hy) and (Hs) hold, then mapping L : domL C X — Y is a Fredholm mapping

of index zero. Moreover,
KerL = {hit“ ' + hot® 2 : hy, hy € R}, (2.3)
and
ImL = {(z,¢1, ..., ¢k, di, ..., di) - Dgyu(t) = 2(t), Au(t;) = ¢,
ADS‘;l(ti) =d;, i=1,2,...,k, for some u(t) € domL}

= (27017---,0k,d17---, Za] /gj —S a 1 ds+Za]§a 1 Z d

£ <&;

Zaﬁo‘ 2 Z c,t2 @ Za]§a 2 Z dit; =0 and

;<& ;<&

/01( s)ds — Z b2~ / (15 — 51 2(5)ds

n

Z% 3 d+Zb 3 citfo‘—ﬁzw S diti =0

n;<t; <1 = n;<t; <1 j=1 n;<t;<1

(2.4)

Proof. It is easy to see that (2.3) holds. Next, we will show that (2.4) holds. If (z,¢1, ..., ¢k, d1, ..., di)
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€ ImL, then there exists v € domL such that

Dgu(t) = =(t),
Au(t) =¢, 1=1,2,..,k, (2.5)
ADSTH ) =di, i=1,2,..k

has solution u(t) satisfying

Jlim, 2u(t) =) aju(g)), (2.6)
j=1
and .
1) = bju(n). (2.7)
j=1

From (2.5) and Lemma 2.1, we obtain

u(t) = ﬁ/o (t— 5)7 12 (s)ds + (hl + ﬁ Zd@) s

t;<t
<h2+2czt2 a——Zdt)ta 2 (2.8)
t; <t t; <t

where hq, hy are two arbitrary constants. Substitute the boundary condition (2.6) into (2.8),

one has

Zog/gj ) ds—i—Zaij‘lZd

i <&;

Za]ga >3 Za]ga > S a0, (2.9
t,<fj t1<£]
Moreover, substitute condition (2.7) into (2.8), we obtain

1 n 7 -
/o<1—s)“‘1z(s)ds—zba‘ /0 (nj =) 2(s)ds + 3 by~ Y di
j=1 J=1

7 <t;<1

a)fjb]n]a Y citffa—f:bjn;f*? > diti=0. (2.10)
7j=1

n;<t; <1 7j=1 n;<t; <1

Conversely, if (2.9) and (2.10) hold, setting

U(t):ﬁ/ot(t—s) ds—i——Zdta 1y (Zcth a__)zdm) po2,

t <t t; <t t; <t
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then it is easy to check that wu(t) is a solution of (2.5) and satisfies (2.6), (2.7). Hence, (2.4)
holds.

For convenience, let Z = (z,c1, ..., ¢k, dq, ..., d)). Define operators 77,75 : Y — Y as follows :

TWZ = Za]/gj — )Ly ds—i—Zaﬁalzd

ti<€j

Zajga 2 Z citi Zajga 2 Z dit;, 0, .. , (2.11)

t1<fj t1<£]
1 n n; n
ThZ = / (1—s)*tz(s)ds — Z b / (nj — s)* 2(s)ds + Z bjn;-lfl Z d;
0 j=1 0 7=1 n;<t;<1
n
T I Zb] * Y 40,00
7=1 n;<t;<1 nj<t;<1
(2.12)
From (2.4), we have
ImL = {Z € Y| Z = TZ = 0}. (2.13)

Define operator ) : Y — Y as follows :

QZ = Z+ Q27 - t,
where

Q17 = (O'1T1Z—O'2T2Z) (21,0,...,0),

1
Q2Z = ——(03T"Z — 04TxZ) = (21,0, ..., 0),
(o

and 0,0; (i =1,...,4) are as in (Hy). Then
1 n
QlZ Za]§] z1, 7"'70 = azajé.]a(gh()a?())
j=1

1 n
= > a;& - QiZ =04- Q7
i=1
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n

1 - -
Zb]n] 2,0,..,0 | =~ 1—2@77;“ (21,0, ...,0)
]:

Th(hZ) =

1 n
1= | @ Z =032
- ing | Q12 = o3 - Q17,

j=1
1 n
Ti(Q27 - 1) = +1 Zajfa 21,0,...,0 —m;aﬁ? (21,0, ...,0)
- #Zn:afqﬂ Q22 =09-Q2Z
a(a+1) = 757 )
To(Q2Z - t) = ( ij atl ) 2% 0,..,0
— a+1
_ (a+1 ij (2%,0,...,0)
1 n
= —— 1 - b o+l Z - * Z-
ala £ 1) ; i1 Q2 o1-Q2

Thus, we have

Q37 = (UlTl(le) —01h(Q12)) = ! (0104 — 0903)Q1Z = Q1 Z,

Qa(@17) =~ (05T2(Q12) ~ o4Tol@1 7)) = —~ (0501 — 0305)Q1 Z =0,

Q1(Q27 - t) = l(01T1(Q2Z 1) — 0915(Q2Z - 1)) = %(0102 — 0201)Q2Z = 0,

Q

Q2(Q2Z - t) = _%(U3TI(Q2Z 1) = 04T5(Q2Z - 1)) = —%(0302 —0401)Q2Z = Q2 Z.
Hence,

Q’Z =Q(Q1Z+Q2Z 1)+ Q1 Z+ Q2Z - )t = Q1 Z + Q2 Z -t = QZ,
which implies the operator () is a projector.

Now, we show that KerQQ = ImL. Obviously, Ker)Q C Im/L. On the other hand, if Z € ImL,
from QZ = 0, we have
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O'1T1Z - O'QTQZ == 0,
O'3T1Z - O'4T2Z =0.

01

Since o = o 22 #£ 0, weget 11 Z = T57 = 0, which yields Z € Ker@. Hence, Ker@ = ImL.
3 04

For ZeY,set Z=(Z—-QZ)+QZ. Then, Z — QZ € KerQ = ImL, QZ € Im@Q, we have
Y = ImL+ImQ. Moreover, it follows from Ker@Q = ImL and Q?Z = QZ that InQNImL = {0}.
So, Y = ImL & Im@. Since dimKerL = dimIm@) = codimImL = 2, L is a Fredholm map of

index zero.
Define P: X — X by
1
Pu(t) = lim 2~ %u(t) - t*72 + —— D% Mu(0) - t*7 L.
’LL() t_1>%1+ ’LL() +F(a) 0+ ’LL( )

Moreover, we define operator Kp : ImL — X as follows :

Kp(z,e1y .y Cpydyy oy dy)

R L S SR AT (PN SR I
_F(a)/o(t )Lz (s)d +r(a)zd’t +<t;,tz P(a)t;tdltl)t .

ti<t

(2.14)

Lemma 2.4. P: X — X is a linear continuous projector operator and Kp is the inverse of

L | domLNKerP-
Proof. Obviously, ImP = KerL and

. —a a— 1
(PPu)(t) = P(Pu(t) = lim £ Pu(t) - t** + g

1
= lim 2 %u(t) - 272 + ——
t—0t ( ) F(a)

DS Pu(0) - ¢

D u(0) -1 = (Pu)(b),
since

a—1 1 d ! 1-a : 2—a a—2 1
Dy Pu(t) = —5——— [ (t—1) lm ¢ %u(t) -7 + ——
0

a—1 a1
Jim I1(@)DOJr u(0) - 7 >d7’
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Hence, P : X — X is a continuous linear projector. It follows from u = (u — Pu) + Pu that

X = KerP + KerL. Moreover, we can easily obtain that KerL N KerP = {0}. Thus, we have
X =KerL & KerP.

By some calculation, it is easy to check that Kp(ImL) C KerP NdomL. In the following,

we will prove that Kp is the inverse of L|qomrnKerP-

If Z € ImL, then LKpZ = Z. On the other hand, for « € domL NKerP, we have by (2.14)
that

(KPL)u(t) = KP(D8+u(t)7 Cly -y Cl,y dla ey dk)

1 _ a 1 o
= u(t) + <h1 + W Zd,) ol 4 <h2 + Zcit? — W Zditz) t 27 (2.15)

t; <t t; <t t; <t
where ¢; = Au(t;), d; = ADS‘;lu(ti), 1 = 1,2,..,k, and hy,ho are two arbitrary constants.
Noting that Dg‘;lto‘_Q =0 and Dg‘;lto‘_l =I'(a), we get by (2.15) that
Dg KpLu(t) = Dot u(t) + T(a)hs + Y ds. (2.16)
t;<t

From u € KerP and KpLu € KerP, we obtain

. 2 —1
tlir(%t “u(t) = Dgy u(0) =0,

1
lim > *KpLu(t) = lim >~ “u(t) + h A2 N T dit; =0
t—l>%1+ pLu(t) t—l>%l+ u(t) + ha +;cl v I'«) tzq v ’

Dy KpLu(0) = D§ ' u(0) + T(a)hy + Y d;i =0,  (by (2.16))
<t
which imply that
1 1
h1+—zdi:07 h2+Zc,~t?_o‘——Zditi:0.
F(a) t;<t t; <t F(a) t; <t

So, KpLu = u. Thus Kp = (L|qomrnKerP) -

Lemma 2.5. Assume that Q C X is an open bounded subset with domL N Q # (), then N is

L-compact on Q.

Proof. From Lemma 2.4, we know that Kp is the inverse of L|qomrnkerp- By (2.11) and
(2.12), we have
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TyNu = (TyNuD,0,---,0), ToNu= (TeNuD,0,---,0),

where

3
TyNuH = Za]/] & —5) (s, uls), Dgﬁrlu ds+ZaJ£O‘ ! Z Ji

ti<&;

Zajga S Zajga 2y Jiti, (2.17)

;<& ;<&

ToNulH) = / 1(1 —8)*7 f(s,u(s), Do u(s))ds
0

— Z bj / (nj —s)*~ 1f(s,u(s), Dg‘flu(s))ds + ijnjq_l Z Ji
j=1

nj<t;<1

a)ibjn] Z It2 @ ij Z Jltl (218)
7j=1

n;<ti<1 n;<ti<1

Here, I; = Ij(u(t;), DS u(ty))), J; = Ji(u(t;), D37 'u(t;)), i = 1,..., k. Thus, we have

QNu = (u*,0,...,0), (2.19)
where
*_01_J3t S J al a—1 a—1
ut = Z — f(s,u(s), DGT u(s ds—i—Zaﬁ ZJ
ot ti<é;
Za]£a221t2a ZQJ£Q2ZJt
t,<fj t1<£]
_ 1
oat = 02 (/ (1— )L f (s, u(s), DI u(s))ds
o 0
—Zb / (ny — )% f (s, u(s), D2 u(s))ds + 3 b2t S0,
7j=1 7 <t; <l
DD WRLEE S W |
j=1 nj<t1<1 7 <t; <1
and
Kp(I —Q)Nu
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b t — $) (s, u(s), DY tu(s))ds
= 7 | =90 (). D )

+—ZJ 0 4 (me‘”— ZJt)to‘ 2

t <t ti<t t <t

+Zaj§a 'S Ji+T(a Zajga 2y Lt Zajga 2N ity

t;<&; t; <& tz<£]

ey (o) () 0o s, o tues

By /0 (0 — )" (s, u(s), DT (s)ds + S b2 Y U
j=1 J=1

7 <t; <l

)y bt > Lt ijnj > it
j=1

nj<t;<1 n;<t; <1

By using the Ascoli-Arzela theorem, we can prove that QN (Q) is bounded and Kp(I — Q)N

Q — X is compact. Hence, N is L-compact on .

3. Main result

Denote by L'[0,1] the space of all Lebesgue integrable functions on [0,1]. It is well known

that L'[0,1] is a Banach space with norm |julj; = fol lu(t)|dt.
To obtain our main result, we need the following conditions.
(Hs3) There exist positive numbers p;1, pi2, ¢i1,qi2 (i = 1,..., k) such that
[i(z,y)| < pilz| + pizlyl,
[Ji(z, y)| < girlz| + qizlyl.
(H4) There exist functions ¢, 3,y € C[0, 1] such that

[tz ) < 6]+ 7B 2] + [y B)llyl,  ¥(t,2,y) € [0,1] x B2,

(Hs) For u € domL, there exist two constants a* € (0,1] and M™* > 0 such that if [Dg;

M* for all t € [0,a*], then either

Lu(t)| >
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DY u(t) - TiNu >0 or DI tu(t) - TiNuD <0

)

where 71 Nu() is as in (2.17).

(Hg) For u € domL, there exist two constants a, € (0,1) and M, > 0 such that if |u(t)| > M,
for all t € [ax, 1], then either

u(t) - ToNu >0 or  w(t) - ToNu <0,
where ToNu( is as in (2.18).

Remark 3.1. If (Hs) holds, then 71 Nu(t) # (0,0, ...,0), Vt € [0,a*]. And if (Hg) holds, then
Ty Nu(t) # (0,0, ...,0), Vt € [ax, 1].

Theorem 3.1. Let f: [0,1]x R? — Rand I;,J; : R — R (i = 1,...,k) be continuous. Assume
(H1) — (H4) hold. In addition, suppose that either the first part of (Hs) and (Hg) hold or the
second part of (Hs) and (Hg) hold. Then the boundary value problem (1.1)-(1.3) has at least

one solution in X provided that

BA < (1-A)(1 - B), (3.1)
where
4
=P+ 7 un (L0~ +21072) +22p11<1 (3.2)
=1
B = ﬁ”’YHl + == Z%Q 24 t + 22]9227 (33)
k k
A=2p +2Y qatd 2 B=2|yli +2 g2 < L. (3.4)
=1 =1
Proof. Set

0 ={u € domL \ KerL : Lu = ANu, for some A € (0,1)}.

For u € Q4, we have u ¢ KerL and Nu € ImL. By (2.13), we get that Ty Nu = ToNu = 0.
Thus, from (Hs), (Hg) and Remark 3.1, we obtain that there exist constants ¢, € [a., 1] and
* € ]0,a*] such that

u(t.)] < M., |DEu(t)] < M. (3.5)

It follows from Lu = ANwu that
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D§u(t) = Af(t,u(t), Dy u(t),  t#t, (3.6)
Au(t;) = M;(u(t;), Dy u(t)), i=1,...,k, (3.7)
ADST u(ty) = Mi(u(ts), DO u(t), 0= 1,k (3.8)
From (3.6)-(3.8) and noticing that u € domL, we have by (2.5) and (2.8) that
ot
u(t) = @/o (t — )" f(s,u(s), D37 u(s))ds + <h1 + = Z J) ot

t <t
- <h2 FAY Lt - Z Jiti ) 2, (3.9)
ti<t t <t
From (3.9) and Lemma 2.1, we get
D& u(t) / F(s,u(s), DS u(s))ds + () + A ;. (3.10)
ti<t
By (3.5), (3.9) and (3.10), we have

+*

Lo o
il = ey D6 () = A [ Fs,uls), D us))ds =3 30
0 t,<t*
T <M* / | (s, u(s), DS u(s \ds—i—Z\J!) (3.11)
and
) )\ 9 tx 1 1
ho| = [t %u(ty) — =1« _O‘/ te — 8) f(s,u(s), DY u(s))ds
|hal ()F(a) 0( )47 (s, uls), Dy uls))
—<1+—ZJ>t* )\ZItZO‘—i——ZJt
1 <tx i <tx t1<t*
1 k
a—1 2— a
/ (s, u(s), DO u(s ))]ds+\h1]+r(a)zzu\(1+t —i-;\llt

(3.12)
Substitute (3.11) and (3.12) into (3.9), we have by (Hs) and (Hy) that
1

2% < ——
()| < ¢

2—a ! a—1 a-1
Ok /0 (t = )| (s, uls), D uls))|ds + <|h1| T T Z i |>
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k k
1
Hlho| + ) |GG+ = Y ilt
2 ) 2
< s [ 1) D s+ + Z|J|1+t +|h2|+2|f|t“
4 ! a—1 2 *
) /, |f(s,u(s), D5t u(s))]ds—l—mM + M.,
9 k k
+mZ|J¢|(2+ti)+2Z|Iz’|t?ﬂ
i=1 i=1

< T /1[|¢(5)|—{—s2a|ﬂ(s)||u(s)|—|—|7(s)||Da1u(5)|]ds—|——2 M* + M
(o) Jo 0" I'(a) )
9 k
—F(a > (ginlu(t)| + qiz| Dy ult))(2 + i)

=1

.

+22 pzl‘u ’+p22’D0+ u( )Dt?_a

4 1 1 = 5 )
= T [”¢H1+/o |B(s)|ds - IluaHpc+/O v(s)|ds - | D& uup(;} MM

k
Z (9" + 260 2)\\uaupc+ Zqzz (2 +t:)IDg  ullpe

ﬂ\

k
+2) " pitlluallpe + 2> pioll Dy ullpe
= Aluallpc + BI|Dy ullpe + C, (3.13)
where A, B are as in (3.2), (3.3), respectively, and C = ﬁ\\qﬁ”l + ﬁM* + M.,.
Moreover, we have

Do u(t)] = [A s), D§i u(s))ds + T(a)hy + A J;

t; <t

<2/ (s u(s), D2 V(s ))|ds+M*+2Z|J|

i=1

< Alluallpe + B|Dg; ullpe + C, (3.14)
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where A and B are as in (3.4), and C = M* + 2||¢||1.
Hence,

(C + Alfual pe).- (3.15)

DYy < —
D5 e <

Substitute (3.15) into (3.13), we obtain
BC +C(1- B)
(1—-A)1-B)—-BA
Therefore, by (3.1) and (3.16), we know that €; is bounded.

[uallpe < (3.16)

Let
Qs ={u € KerL : Nu € ImL}.
For u € Q9, we have u(t) = hit® ! + hot®™2, hy,he € R and TlNu(l) = TgNu(l) = 0. From
(Hg), we get \D‘O)‘Jr_lu(t)] = |h|T(a) < M*, that is |h| < % Moreover, by (Hg), there exists

te € |ax, 1] such that |u(t,)| < M,. Thus, we obtain |hg| < M2~ + |hy|t, < M, + % So,

[ualpc = l[hat + hellpe < M + i(—ﬂi) IDg  ullpe = [D(a)h | < M, (3.17)
which implies that 25 is bounded in X.
If the first part of (Hs) and (Hg) hold, set
Q3 ={ueKerL: AMu+ (1 = AN)QNu=0, X € [0,1]},
here A : KerL — ImQ is the linear isomorphism given by
A(hyt®™t 4 hot?2) = (%(alhl — oohg) + %(—03111 + o4h2)t, 0, o) :

where hq, hy € R. For u, = hit® ! + hot® 2 € Q3, we have

M, + (1= NQNu, = ALY + (1 = \)(Q1Nuy + QoNu, - 1)1, 0, -+, 0)

which implies that

1 1
A <;(O‘1h1 — O'th) + ;(—Ughl + O'4h2)t>

1 1
+(1 — )\) |:—(0'1T1Nu*(1) — UQTQNU*(l)) — —(UngNu*(l) — O'4T2Nu*(1)) -t =0.
o o

EJQTDE, 2011 No. 89, p. 16



Thus, we obtain
Ay + (1 = N Nu, M =0, (3.18)
Mg + (1 = \)TpNu, D = 0. (3.19)

In (3.18), if A = 1, then |hi| =0 < % Otherwise, if |h| > %, that is |D8‘;1u*| > M*,

then we have by the first part of (Hs) that
Dy - TiNw, ™ > 0. (3.20)
Multiplying (3.18) by h;, we have
1—A

A2+ (1= Ay - TyNu, W = A2 + ng;—lu* Ty Nu, M =0
(6%

which contradicts to (3.20). Thus, we obtain that |hq| < % Similarly, by the first part of
(Hg) and (3.19), we can show that |hs| < M, + IMW Thus, Q3 is bounded.

)
If the second part of (Hs) and (Hg) hold, then define the set
Q3 ={ueKerL: —Au+ (1 -=NQNu=0, X €0,1]},

where A as in above. Similar to above argument, we can show that {23 is bounded too.

Finally, set 2 be a bounded open set of X such that Ug’zlﬁi C Q. By Lemma 2.4, N is

L-compact on Q. Then by the above arguments, we have
(i) Lx # ANz for every (z,\) € [(domL \ KerL N9 x (0,1);
(ii) Nz ¢ ImL for every = € KerL N oSQ.

In the following, we need only to prove that (iii) of Theorem 2.2 is satisfied. Let H(u,\) =
+AAu + (1 — A\)QNu. According to the above argument, we know

H(u,\) #0, forall ue KerLNoS,
thus, by the homotopy property of degree
deg(QN |kerr, 2N KerL,0) = deg(H(+,0),Q N KerL,0)
= deg(H(-,1),2NKerL,0) = deg(£A, Q2N KerL,0) # 0.

Then by Theorem 2.2, Lu = Nu has at least one solution in domZL N £, so that the problem
(1.1)-(1.3) has one solution in X. The proof is complete.
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