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1 Introduction

Let h(x,y), fi(x,y) : R" xR" — R, i = 1,...,N+1, be C'-functions, r > 2, bounded on
R" x R™ together with their derivatives, and c; < ¢, < ... < cy < cn41 be real numbers.

In this paper we study the problem of existence of continuous, piecewise smooth, bounded
solutions of a singularly perturbed equation like

x=f(x,y)
) 1.1
y=eg(xy,¢e) (1)
where x e R", y € R", e € R, e > 0 and
fi(x,y) ifci1 <h(x,y) <c,
f(x,y) = i=1,...,N (1.2)
fna(xy) ifh(x,y) > con
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where we take for notational simplicity cg = —oco. It is assumed that for all y € R", the frozen
system

1= f(xy) (1.3)

has hyperbolic fixed points x = w4 (y) with an associated piecewise C’, heteroclinic solu-
tion u(t,y) intersecting transversally the manifolds S;(y) = {x | h(x,y) = ¢;}. We intend to
give a Melnikov like condition guaranteeing that the perturbed system (1.1) has a solution
(x(t,€),y(t,e)) such that sup, p |x(t,€) — u(t,y(t,e))| — 0 as ¢ — 0. This paper has been
motivated by [10,11] where the authors considered a perturbation of a smooth, Hamiltonian,
three-dimensional system. The main result of our paper (Theorem 6.2) concerns higher di-
mension, discontinuous and not necessarily Hamiltonian systems. Moreover the approach in
[10,11] is basically geometrical, while in this paper it is based on Lyapunov-Schmidt reduc-
tion.

This paper is a continuation of series of our works [3-6] on the study of existence of
bounded solutions for slowly varying discontinuous differential equations. Papers [3-5] deal
with the persistence of periodic solutions in case of existence of either a single or a family of
periodic solutions for the frozen system (1.3). Next, in [6] generic conditions have been given
for persistence of an isolated homoclinic-heteroclinic solution for the frozen system. Thus it
is a natural step to study the case when the frozen system possesses a parametric system of
bounded-homoclinic-heteroclinic solutions, which is the purpose of this paper.

To prove Theorem 6.2 we use a general result in [6] concerning the characterization of
bounded solutions on both the positive and the negative line for the perturbed equation,
Then, in [6], this result is used, jointly with a Lyapunov-Schmidt reduction, to write down a
bifurcation equation which is the scalar product of certain vectors with the difference at t = 0
of the value of these solutions. Now, in [6] the case is considered where this function has a
simple zero at ¢ = 0, while in this paper it is identically zero at e = 0. This fact makes a big
difference and indeed the Melnikov functions obtained in the two cases are quite different.

We now briefly sketch the content of this paper. For the reader convenience and also for
the completeness of this paper, we recall necessary results from [6] in Sections 2-5. Namely,
Section 2 provides basic assumptions and defines the piecewise smooth heteroclinic solution
of the unperturbed system. Section 3 recalls the definition of exponential dichotomy and
extends this notion to discontinuous, piecewise linear, systems with jumps at some points;
moreover some results concerning existence of bounded solutions on either t > 0 and t < 0
are extended to these systems. In Section 4 we construct families of bounded solutions and
describes them in terms of some parameters. These solutions are continuous and piecewise
smooth and give the bounded solutions we look for, when they assume the same value at
t = 0. Section 5 defines the discontinuous variational equation.

Our main results are proved in Section 6 where we obtain a Melnikov-type condition
assuring that the bifurcation function has a manifold of solutions. Motivated by [8], Section 7,
is devoted to the construction of an example of application of the main result of this paper.
Although the equation is three-dimensional and Hamiltonian, the vector field is discontinuous
and then the results in [8,10,11] do not apply.

Finally, in Section 8 we show that the Melnikov function given here extends to the hetero-
clinic case with finitely many discontinuity points, the Melnikov function given in [5] for the
periodic case with two discontinuity points.

In the whole paper we will use the following notation. Given a vector v or a matrix A with
T, AT we denote the transpose of v, A.
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2 Notation and basic assumptions

Let O C R” be a bounded domain, ¢; < ... < cyy+1 be real numbers and 4 : () x R” — R be
a C"-functions, r > 2, with bounded derivatives. For / =1,..., N + 1, we set

Q= {(x,y) € AxR" | ¢;_1 < h(x,y) <},

where we set for simplicity, cc = —co. Then let f, : (3 x R" — R" be C"-functions, bounded
together with their derivatives in (2 x R™.

First we give the definition of solutions of equation
¥ =filx,y), (xy)e,i=1...,N+1 (2.1)
we are considering in this paper.

Definition 2.1. A continuous, piecewise smooth function u(t, y) is a solution of equation (2.1)
on t > 0 intersecting transversally the sets S;(y) = {x € Q | h(x,y) = ¢}, i =1,..., N, if there
exist # > 0 and C"-functions bounded together with their derivatives 0 < t;(y) < ... < tx(y)
such that the following conditions hold for 1 < i < N (note that we set to(y) = 0)

a) u(ty) = fi(u(t,y),y) for ti 1 (y) <t <ti(y) and u(t,y) = fnna(u(t,y),y) for t > tn(y);
az) h(u(ti(y),y),y) =ci, and  he(u(ti(y),y), y)uti(y)=,y) > 2n;
az) ci1 < h(u(t,y),y) <cj, for ti_1(y) <t < t;(y) and h(u(t,y),y) > cn, for t > tn(y).

Similarly, a continuous, piecewise smooth function u(t,y) is a solution of equation (2.1) on
t < 0 intersecting transversally the sets S;(y), if there exist # > 0 and C"-functions bounded
together with their derivatives t_n(y) < ... < f_1(y) < 0 such that the following conditions
hold forany 1 <i < N:

ay) u(ty) = fiu(ty),y) for ti(y) <t < t_ina(y) and u(t,y) = fn1(u(ty),y) for t <
t-n(y);

ay) h(u(t-i(y),y),y) =ci, and  he(u(t-i(y),y),y)i(ti(y)*,y) < =27;
ay) ci1 < h(u(t,y),y) <cj fort_;(y) <t <t_ir1(y) and h(u(t,y),y) > cn, for t < t_n(y).

In this paper we assume that a continuous, piecewise smooth solution u(t,y) of equation
(2.1) exist, for t € R, such that the following conditions hold.

A1) wo(y) := u(0,y) and its derivatives are bounded functions on R” and wy(y) belongs to
an open and bounded subset B C R" such that B x R™ C ().

Ay) There exist smooth and bounded functions w4 () and uo > 0, such that

fnw(ws(y),y) =0,
h(w(y),y) —eN > po,

for any y € R" and
lim u(t,y) —w+(y) =0

t—+oo

uniformly with respect to y € R™.
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Figure 2.1: The piecewise C! bounded solution of (1.3). For simplicity we write w]jE

instead of w]jE (y).

Az) For any y € R"™, fyi1x(w+(y),y) have k eigenvalues with negative real parts and n — k
eigenvalues with positive real parts, counted with multiplicities and there exists 6y > 0
such that all these eigenvalues satisfy

[ReA(y)] > do.

We set
to(]/) =0, V]/ e R™.

So, we are considering solutions of (2.1) which are contained in C x R" C ) x R", where
C is a compact subset of (). Then we may and will assume that () = R".

Remark 2.2. i) As in [6], all results in this paper can be easily generalised to the case where
the solutions exit transversally (); and enter into either ();; or ();_; transversally. We can
formalize all of this as follows: there exists (jo,...,jm) such that given j; then j;;q is either
ji—1lorji+1and for t;(y) <t < ti;1(y) we have

ci—1 < h(u(t,y),y) <cj.

Moreover
e (uti(y), y), y) fi(u(ti(y), v), y)| > 27.

forany i =1,...,N. A similar generalization can be made for t < 0 and all other assumption
will be changed accordingly.
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ii) From a,) and a5) it follows that, fori =1,..., N:

0
8th< (t/y)'y)h‘:ti(y) >0,

d
51t Y)Y =0 2 0

that is
he (uti(y), ), y) fia (u(ti(y), y) y) 2 0,
ha(u(ti(y), y), ) fiu(ti(y), y) y) = 0.
Similarly
hae(u(t—i(y), y), y) fiu(t-i(y), y) y) < O;
T (u(t—i(y), ), y) fisa (u(t-i(y), y),y) < 0.
So a;) and aj) are a kind of transversality assumption on u(t,y).
Let wy (y) = u(0,y) and set, fori =1,...,N:
wi (y) = u(tsi(y),y) € Siy)- 2.2)

The following result has been proved in [6]

Lemma 2.3. wl.jE (y) are C'-functions bounded together with their derivatives. Moreover u(t,y) and
its derivatives with respect to y are bounded uniformly with respect to y, on both t > t}(y) and

t<ty(y).

Leti =1,...,N+1. Fort > 0, let u;r(t,y) be the solution of ¥ = fi(x,y) such that
u (i (y),y) = w(y). Similarly, let u; (t,y) be the solution of x = f;(x,y) such that
u; (t1-i(y),y) = w;_,(y). Note that u:"(t,y) is defined for t € R and
Jou(ty) fort_j(y) <t<tii(y),i=1...N+1,
u(t,y)—{ wH(ty) fortia(y) <t<t(y)i=1,...,N+1 23)
where, for simplicity, we set t_n_1(y) = —oo and tyn41(y) = oo. Note that

uf (ti(y),y) = u(ti(y),y) = wf (y) = uf, (t(),v)

and similarly,

w; (ti(y)y) = u(t-i(y),y) = w; (y) = u; (t-i(y),y).

3 Exponential dichotomy for piecewise discontinuous systems

A basic tool in this paper is the notion of exponential dichotomy, whose definition we recall
here. Let | be either [a,00),(—00,a], or R and A(t), t € ], be a n x n continuous matrix. We
say that the linear system

x=A(t)x, xeR" (3.1)
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has an exponential dichotomy on | if there exist a projection P : R” — IR" and constants
0 > 0 and K > 1 such that the fundamental matrix X(t) of (3.1) satisfying X(a) = I, when
] = [a,00),(—00,a], or X(0) =T when | = R, satisfies

IX(£)PX(s)"1 < Ke?t3), fors < tste],
1X(s)(I—P)X ()" < Ke™%t=%), fors <t,s,te].

K and ¢ are called the constant and the exponent of the exponential dichotomy.
In [6] the notion of exponential dichotomy has been extended to systems with discontinu-
ities.
Let t) < f; < ... < ty be real numbers, By, ..., By be invertible n x n matrices and A(t),
t > to be a piecewise continuous matrix with possible discontinuity jumps at t = ty,...,n,
that is
Ai(t) ift; 1 <t<t,
Alt) = i=1,...,N (3.2)
Ansi(t) ift >ty
where A;(t) is continuous for t; | <t <'t;, Ayy1(t) is continuous for t > ty. Note that A(t)
is continuous for t > to, t # t;,i # 1,...,N and right-continuous at t = t;, i = 1,..., N with
possible jumps at t = t;, i = 1,..., N given by the matrix A;;1(t;) — Ai(t;).
For t > t( the fundamental matrix of the linear, discontinuous, system

x = A(t)x,

3.3
x(tj):B,‘X(f?), 121,,N ( )
is defined as
Ui (1) if0<t<t,
X, () = Ui (D) Ui () 1B X () ift; <t <tipq,
* i=1...,N—1
UN+1(t)uN+1(tN)_lBNX+(tR]> if t > ty,
where U;(t) is the fundamental matrix of the linear systems
X = Ai(t)x
on R, that is U;(t) = A;(+)U;(t), t € R, and U;(0) = T.
Similarly, if t_y < ...t_1 < tpand
Anp(t) ift <t_y,
A(t) = ¢ Ai(t) ift ; <t<t.ip, (3.4)

i=1,...,N

where A;(t) is continuous for t ; | <t < t_; and Any1(t) is continuous for t < f_y, the
fundamental matrix, for t < ty, of the linear, discontinuous, system

x = A(t)x,

B (3.5)
x(t7,) = Bix(t7;)
is
Ul(t) ift 1 <t<0,
X () = U1 (F) Ui (t-7) 1B X () ift ;4 <t<t,
_(t)_ i=1,..., N—1

UN+1(t)UN+1 (t,N)leIQlX_F(flLN) ift<t_n.
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Note that, on t < t, A(t) is continuous for t < to, t #t_;, i #1,...,N and left-continuous
att =t_;, i =1,...,N with possible jumps att = t_;, i = 1,...,N given by the matrix
Ai(t) — A (t).

Remark 3.1. As a matter of facts, for t > t;, we will consider
A;(t) ift; 1 <t<t,
A(t) = i=1,...,N
Anpa(t) if >ty
and similarly for t < tg. This may cause a duplicate definition of A(t) at t = t;, however it

will be always clear which one among the functions A;(f) will be taken into account at that
point.

Without loss of generality we may and will assume that ty = 0.

Note that X (t) is continuous for t # fy,...,ty and right-continuous at t = ty,...,ty and
X_(t) is continuous for t # t_4,...,t_y and left-continuous at t =t _1,...,t_y.

Itis clear that X4 (t) = A(t)X.(t), forany +t > 0, t # tiq,...,ten, X+ (0) =1, the identity
matrix, and

i (3.6)
X_(t) = BX_(t)
foranyi=1,...,N. Actually we can write

Xi(t) = BiXy(t7), X (t) =B 'X_(t5)
since X (t) is right-continuous and X_ (t) is left-continuous.

Remark 3.2. Let T > 0 be a fixed number. For t > 0, x(t) = X, (t)X;(t)"'% is the right-
continuous solution of

x(t7) = Bix(t;") (3.7)

X:A(t)x, fOI'tZO,t#tl,...,tN
x(th) = £.

Indeed, it is obvious that %(t) = A(t)x(t) for t > 0, t # t1,...,ty and that x(t]") = Bix(t;),
since X (") = B;X(t;). Moreover, for any T > 0 we have x(t") = X, (t7)X;(1)"1% =
X4 (1) X4 (1) 71% = %, since X (t) is right-continuous at any ¢ > 0.

Similarly, for t+ < 0 and any fixed T < 0, x(t) = X_(t)X_(7)"!% is the left-continuous
solution of

x=A(t)x, fort<0,t#t_q,...,t_N
x(t~,) =B 'x(th) (3.8)
x(17) =%
The following results have been proved in [6]:
Lemma 3.3. Suppose that the linear system
X = AN+1<t)x

has an exponential dichotomy on t > ty (resp. t < t_y) with constant K, exponent & and projection
P, (resp. P_ when t < t_y). Then, the linear system (3.3) (resp. (3.5)) with A(t) as in (3.2) (resp.
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(3.4)) has an exponential dichotomy on R, (resp. R_) with the same exponent &, constant K > K and
projection
Po = X (1) TP X4 (1),

Po=X_(ty) TP-X_(ty) ()

Lemma 3.4. Let A(t) be either as in (3.2) or (3.4). Suppose that the condition of Lemma 3.3 holds and
let Py be as in (3.9). Then &, € RPy if and only if the solution of the discontinuous system (3.3)
such that x(0) = & is bounded for t > 0. Similarly, ¢_ € N'P_ if and only if the solution of the
discontinuous system (3.5) such that x(0) = ¢_ is bounded for t < 0.

Lemma 3.5. Let B, i = 1,...,N, be invertible n x n matrices and k(t) be a bounded integrable
function for t > 0, (resp. t < 0). Suppose the condition of Lemma 3.3 hold and set

PL =X (1)P+ X4 (1),
Pl =X_(—-1)P_-X_(-1)*

where Py isas in (3.9) and 0 < T € Ris a fixed number. Then, for any &, € RPT (resp. {_ € N'PT)
the linear inhomogeneous system

= Bix(t7), i=1,...,N (3.10)

with t > 0, [resp.
x = A(t)x +k(t),
x(t7) = B x(t),
(I—P)x(—1)=¢_

when t < 0] has the unique right-continuous, [resp. left-continuous when t < 0] bounded solution

K1) = X4 (0P X4 (078 + [ XL (0P X. (5) k(s)ds

o (3.11)
[ X=X () K(s)ds
[resp.
x(t) = X_(HA - P)X_(—7)'&_ + /t X_(H)P_X_(s) k(s)ds
. - (3.12)
- / X_(B)(L— P_)X_(s) " k(s)ds
t
if t < 0]. Moreover such a solution satisfies
sup [x(£)] < K[|+ + 2671 sup [K(t)]] (3.13)
ift > 0 [resp.
sup |x(t)| < K[|g—|+20"" sup [k(t)]] (3.14)
t<—1 t<0

ift < 0],
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4 Bounded solutions on the half lines

From Ajz) we know that the number of the eigenvalues of fyi1.(w+(y),y) with negative
(and then also positive) real parts, counted with multiplicities, is independent of y € R™.
Moreover it also follows that all eigenvalues are bounded functions of y € IR™. Indeed, since
fni1x(we(y),y) is bounded, the matrix T — A~ fy 1, (ws(y),y) is invertible for |A| > R,
sufficiently large and independent of y. Hence all eigenvalues have to satisfy |A| < R.

Let &y be any positive number strictly less than min{|Re A(y)|}, where A(y) are the eigen-
values of fyi1x(w+(y),y). According to [7] the system ¥ = fny1.(w+(y),y)x has an expo-
nential dichotomy on R with exponent Jp and spectral projection (of rank k)

) = 5 [ 1= fusaa(aos (v),y) iz

= ) Res((zI — fnrx(we(y),y) hz = Ay))
ReA(y)<0

where Res(F(z),z = zg) is the residual of the meromorphic function F(z) at zp and T is a
closed curve that contains in its interior all eigenvalues of fn11.(w+(y),y) with negative real
parts, but none of those with positive real parts. Hence |P°(y)| < M, for any y € R™ and
some M > 1.

Now, recalling (2.3), from A;) and the boundedness of tx(y), it follows immediately that

im i () = s ()

uniformly with respect to y € R™.
Let Ty > sup, e tn(y), T- < infyern t-n(y) and take 0 < 6 < do. From the roughness of
exponential dichotomies (cfr. [7, Proposition 2, p. 34]) the linear systems

X = fN—H,x(uﬁ-H(t + Ty, y),y)x (4.1)

and
X = fN+1,x(”1:l+1(t +T-,y),y)x (4.2)

have an exponential dichotomy on Ry, R_ resp., uniformly with respect to y € R, with
projections P4 (y), resp. P_(y), of rank k, constant K and exponent . Moreover, according to
[8, Proposition 2.3], it can be assumed that, for |y — yo| sufficiently small it results: NPy (y) =
NPy (yo), RP_(y) = RP_(yo) and in this case the projections are smooth with respect to y.
Note that, NP, (y) = NP+ (yo) and RP_(y) = RP_(yo) are equivalent to

Pi(y) = P+(¥)P+(yo),  P+(yo) = P+(yo)P+(y)
P_(y) = P-(yo)P-(y),  P-(yo) = P-(y)P-(¥o)-

Let U (t,y) be the fundamental matrix of

(4.3)

* = fix(u (ty) y)x
in R4 resp., that is

U (ty) = fix(ui (L,y), yU (t,y), +t>0,
ut(0,y) =1

1

As in [6] we see that
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Lemma 4.1. For any T € R the linear system

X = fNJrl,x(uJI\rH»l(t/y)Iy)x/ (44)
resp.
X = fN+1,x(u;]+1(t/y)ly)x/ (45)

has an exponential dichotomy on t > T, resp. t < T, with exponent &, constant K independent on y
and projections

Q4+ (y) = U 1 (T, ) U1 (T, y) ' P () Uy (T, ) Uy (1)
Q-(y) = Uy 1 (T, )Un.q (T-,y) ' P_(y) Uy 1 (T, y) Uy, (T,y)

In particular, if T = Ty, resp. T = T_, then Q1 (y) = Py (y), resp. Q_(y) = P_(y), and K = K.

Finally, the following result holds (see [6, Theorems 4.3, 4.5]).

Theorem 4.2. There exist p > 0, bounded C"-functions

(@, m,e) < o<t (8o, ae) <ty(Eo,me) =0 < t(Es,m8) <...<ty(Cs, a€)
such that, foralli=1,...,N,
li (84, n,e) — t =0,
(Q}g\%\ i (Cy o) — ti(a)]
li (o, e) —t =0
(gjg;o' LG me) —toi(w)]
uniformly with respect to & € R™, and continuous, piecewise C’, solutions of (1.1)

(xi(t,Cx, ), ys(t,Cx,m,€))

defined for t > 0 and t < 0 resp., and such that

cio1 < h(xp (8 0,8),y+ (8 m,8)) <ci, for t7 (84, a,8) <t <t;(C4,a,¢€),
h(xy(t,&q,,8),y4+(t ¢4, a,€)) > cn, fort > t3,(¢4, 0, €),

Ciop < h(x_(t,¢_,a,€),y_(t,C_,a¢€)) <c, fort* .(C—,a,e) <t < tii+1(§,,a,e),
h(x_(t,¢_,a,€),y_(t,¢_,a,€)) > cnN, fort <t* y(C-,a,€),

h(xy (8 (v a,8), 8 0,8), Y4 (4 (G, 8), v a,8)) = ¢,

hxe (88—, ), 0 8), y-(E(C - a,8), § - €)) = i

0
ath(er (t/ €+/ u, 5)/ Y+ (t, §+/ &, 8)) [t=t7(C4 m€) > 1,

0
Eh(x—(t/ C_,ﬂc,ﬁ),y_(f, C—I“l 8))|t Y (.

/\
H
i
it
t*
‘m
— e N
I
RS
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where cg = —oo. Moreover

sup ‘x+<t/§+1“/£> - u(t,y+(t,§+,a,€))\ < O,
t>0

(4.6)
sup (1,2, ,€) — ul(t,y- (18-, 0,9))| <
t<
and
sup ]x+(t,(;"+,oc,£) - u(t,y+(t,§+,tx,s))\ —0 as |'§+| + |€’ - 0,
=0 4.7)
sup [x_(t,¢_,a,€) —u(t,y_(t,¢_,a,€))| =0 as|i_|+]e] =0
t<0
uniformly with respect to a as well as
lg%yi (0,8+,a,8) =
uniformly with respect to (S+, ).
Remark 4.3. According to Theorem 4.2 we have
h(xy (8 (Ch ), 8h 0, 8),y+ (H (G4 a8), 8 a,8)) =, (4.8)

B (E (3o ), o )y (E4 (B ), - 1,6)) =
Differentiating (4.8) with respect to §, {—, at ¢ = 0 we obtain a formula for the derivatives

ot* ot*

7 /O/ ! —7 ,0, :1,,N

a§+ (g+ o ) agi (C @ ) 1

However we have to distinguish when t — ({1, «,0)" or t — ({4, a,0)" (resp. t —
t*;(6-,a,0)" or t — t*.({_,a,0)7). For example if t — t/({4+,a,0)%, x4 (¢,¢4,,0) is the
solution of X = fi;1(x,a) and then, differentiating (4.8) with respect to {4, we get, with
t;k = t?(€+,ﬂé,0):

*

ot
hx(X+(t;k, 6"1‘/“/ 0)/ “)[fi+1(x+(t;‘kl §+/lxl 0)10‘)&(54-/“/ 0) + x+,§+(t:‘ﬁ+/ ‘§+;06; O)] =0.

Vice versa, when t — t7(&4,a,0)", x4 (t,¢+,a,0) is the solution of X = f;(x, ) and then

*

ot?
hx(X+(t;k, 6—0—/ X, O)ra)[fi(x%—(t:‘ﬁ/ g-‘r/“r 0)/“)8(;_((?4-/0‘/ 0) + x+,§+(t:'k_l é-&-/ zx,O)] =0.

Similarly we get, with t*, = t* .({_, «,0):

ot* .
e (8 6, 0), )i (e (8 6, 0), )5 (2, ,0) 3 (#5,8-,0,0)] =0

and

*

ot* .
(- (E3, 6, 0), ) [fi (4 (#2364, 0), ) 57 (6, 0) 3 (t7,¢-,a,0)] = 0.

We will use this remark in the next section.
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5 The discontinuous variational equation

For any fixed « € R™ and ¢ = +1,...,+£N we define linear operators By(a) : R" — R" as
follows:

ho(u(ty(a),a),a)x
h (u(te(a), a), a)i(te(a)”, a

The following result has been proved in [6, Propositioon 5.1, 5.2].

By(a)x = x —

] [t (@)™, @), &) — u(te(a) ™, ), )] (5.1)

Proposition 5.1. For any a € R™, x — By(«)x are invertible linear maps. Moreover x4 ¢, (t,0,,0)
is a solution of

i=1,...,N
Fevnau(t,a),a)x it > ()
x(ti(a)t) = Bij(a)x(t;(2)”), i=1,...,N

x=A(ta)x =

fip(u(ta),a)x  iftiq(a) <t < t(a),
{ (5.2)

which is C! for t # t;(a), bounded for t > 0 and can be assumed to be right-continuous at t = t;(a).
Similarly x_ ¢ (t,0,a,0) is a solution of

Falulta )y i) <<t a),
XA(t,oc)x:{ i=1,...,N
SN (u(t,a),a)x ift <t n(a)
x(t_ij(&)T) = B_j(a)x(t_;(a)”"), i=1,...,N

(5.3)

which is C! for t # t_;(a),bounded for t < 0 and can be assumed to be left-continuous at t = t_;().
Finally, for t > 0, resp. t < 0, the function

{ uwr(ta)  fortiog(a) <t < tia),
u(t,a) = i=1,...,N
il () fort> Tn(a)

resp.

i=1,...,N
Uyq(ta) fort <T y(a)
is a solution of (5.2) (resp. (5.3)) bounded on t > 0 (resp, t < 0).

u; (ta)  fort_i(a) <t<t_iq(a),
u(t,w) = {

6 Main result

First we recall that P, (y) is the projections of the exponential dichotomy on t > 0, of the linear
system (4.1) with constant K and exponent J. Then, from Lemma 4.1, we see that (4.4) has an
exponential dichotomy on t > ty(y) with exponent § and projection

U (N W), ) U (T, y) T P (W)U (T, ) U (BN () )

Similarly, the linear system (4.5) has an exponential dichotomy on t < t_x(y) with exponent
0 and projection

Uy 1 (t-N (W), Y) Uy 1 (T—, y) TP (y) Uy (T, y) Uy (E-n (), y)

From Lemma 3.3-3.4 we obtain the following
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Proposition 6.1. For any x € R"™, the discontinuous linear system (5.2), resp. (5.3), has an exponen-
tial dichotomy on R, resp. R_, with projections Q4 (), resp. Q_ (), given by
Q@) = X (b (o), 0) MUy (@), W)Uy (T )
Py ()Uy 41 (T, U (tn (@), ) 71X (v (@) ¥, )
Q—(a) = X_(t-n(a)", )" 1UN+1(t N(a), ) N+1(T )7
TP () Uy (T, ) Uy (Fon (@), ) 7 X (tn (), )

where
X (5 (@), &) = By (@)U (tn (o)) Uy (-1 (a), @) 7. Bi (@)U (11 (#), )
X (t-n(@)7,a) = Bon(a) Uy (En () Uy (tnsa (@), 0)7h o By (@) U (Ea(a), ).

Moreover RQ () (resp. N'Q_(«)) is the space of initial conditions of solutions of (5.2), resp. (5.3),
right-continuous, when t > 0 (resp. left-continuous, when t < 0) and bounded on R, (resp, on R_).

We assume the following condition holds:
As) For any a« € R", dim[RQ4 () "N Q_(a)] =d < m.
From Proposition 5.1 we know that (0, &) € RQ4(«) "N Q_(a) so
1 < dim[RQ () + NQ_(a)]* =d.

Next, from Aj) it follows that dimRQ.(x) = k and dimNQ_(a) = n —k, hence d <
min{k,n — k}.
Let 1 (), ..., Ps(a) € R" be such that

[RQ+(a) + NQ-(a)]* = span{yn(a), ..., pala)}.

Without loss of generality we assume that {i;(«),...,¥;(«)} is an orthonormal set.
The purpose of this section is to prove the following

Theorem 6.2. Suppose that Ay)—-As) hold. Suppose further that there exists ag € R™ such that the
vector function

M(a) = ( [ Z gb]-(oa)TG(t,zx)uy(t,oc)g(u(t,oc),oc,O)dt)‘

where » '
G(t,a) = Q_(a)X_(t,a) » zftSO,
(- Qi (@) Xa(ta) ™ ift >0
satisfies M(ag) = 0 and rank M'(xg) = d. Then there exists p > 0 and ey > 0 such that for
0 < & < g system (1.1) has a (m — d)-dimensional manifold of continuous, piecewise C" solutions
(x(t),y(t)) such that

sup |x(t) —u(t,y(t)) <p,

teR

sup [x(t) —u(t,y(t))| = 0

teR

ase — 0.
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Proof. Arguing as in [6, Theorem 6.2] we know that
X (b E4a,€) = ultys (8,84, 0,8)) + X (L 0)Es
[ X (00 @)X (5,00 b (5)ds 61)
s= [ X ()= Qu(w) X (5,0) b (s)ds

where

bi(t) =by(t, ¢t €)
= flxr (88 8),y+ (H G+ ae)) — flult,y+ (8,84, a,8)),y+ (£ 81, 0 €))
— At ) [x4(t, G+, a,8) —ul(t,y+ (£ ¢+, 2 €))]
- euy(t,y+(t, ‘:-ﬁ-/“/e))g(x-i-(tf §+/ a,s),y+(t, ‘:-0—/ “/5)18)
and
& = Qr(@)[x (0,84, a,6) —u(0,y4(0,8+,a,¢))] € RQ: (a).

Moreover, for ¢ sufficiently small, the map (&1, a) — (¢4,y+(0,&4,a,¢)) from RP; (a) x R™
into RQ4 (a) x R™ is linearly invertible.

Similarly, for [« — yo| sufficiently small we have
x_(t, & ,a_,e) =u(t,y_(t,&_,a_,e))+ X_(t,a_)¢_
+ f X () Q- ()X (5,-) b (s)ds ©2)
[ X )@= Q)X () Mo (s)ds

where

b_(t) =b_(t,¢_,a_,¢)
= fla (68 ae)y- (L8, a €)= flult,y- (L, a )y (LT, a¢))
At )k (L8 e e —u(ty (LE o e)]
ey (- (6T e, e)glx (L8 a ey (LE ,ae)e)
and
do=[T—Q-(a)][x—(0,¢—, a— &) —u(0,y- (0,4, a—,€))] € NQ_(a).
Moreover, for ¢ sufficiently small, the map (¢_,a_) + (&_,y_(0,¢_,a_,¢e)) from N'P_(a_) x
R™ into N'Q_(a—) x R™ is linearly invertible.

From (6.1)-(6.2) we get, for |« — yo| + |a— — yo| sufficiently small

(0,64 0 8) =x- (0,6, a¢)

= M(O' y+<0/ €+/ o, 8)) - M(O' Y- (O/ —r K- S)) + 5+ - C* (63)
~ [E Q@)X 50 s [ Q ()X (0 )b ()

Then the system
{ 24(0, 84, 4,8) = x- (0,6, ),
Y+ (0/ [y 8) =Y- (0/ f;*'_,tx_,s)
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is equivalent to o
{ §+ - C* = k(§+r g*/“l 0‘*/8)/ (6.4)
y_(o,(?_,ﬁc_,ﬁ)—y+(0,€+,0(,8) =0 .

where
K@ mas,e) = [ (1= Qu()Xe(sa) br(s)ds + [ Om Q- («-)X_(s,a-)""b_(s)ds.

Differentiating b (t) = by (t,¢4,a,¢) with respect to {4 at {4 = 0, ¢ = 0 and also using
x4 (t,0,&,0) = u(t, ), y+(t,0,&,0) = a, we see that, for t;_1(a) < t < t;(«), we have

S (£0,0,0) = [fir(u(t,a),0) — A(t,a))x g, (£,0,a,0) =0
and for t > ty(a):

S (£0,0,0) = [fayra(u(t a),0) — At a)]x g, (£,0,a,0) = 0.

Then 5
2 { / (T— Q. ()X, (s,a)—1b+(s)ds] —0.
¢+ |Jo £4=0,e=0
Similarly we get, for |a_ — yo| sufficiently small,
p 0
2 [/ 0_(a_)X_ (s,zx_)lb_(s)ds] — 0.
ag* — ¢_=0,e=0

As a consequence (6.4) reads:
&t =G = Ri(§+, ¢ ma,e),
w —a=Ry(& ¢ ,a,a_¢)
where
Ry (§+/5*/“r“*18) = k(€+/ C*r“/ “*/8)
&y = Qi (a)[x+(0,&+,a,8) —u(0,y+(0,8+,a,€))]
o =M—Q («)][x-—(0,¢,a, &) —u(0,y— (0,5, a,¢))].

Note that, being (&.,&-) + (&4,¢-) linearly invertible, we derive: Ry(&;, & ,a,a_,e) =
O(|&+? + |E-> + |e|]) and Ra(E+,E—,a,a—,€) = O([e|), uniformly with respect to (&, a_).
Now, as & € NQ_(a_), we have
(I—Q-(w))¢- =¢- —(Q-(a) — Q—(a-))¢-
and hence

SE <1 Q (@) | <20

provided |a_ — yo| and |a — | are sufficiently small. Hence the map & +— (I — Q_(a))&-
from NQ_(a_) into NQ_ («) is linearly invertible. Then, setting

=8y, & =(1-Q (a)i, (6.6)
(6.5) can be written as
é-&- - C— = I?l(éj—i—:éj—;“r“—zs)/ (6 7)
o —a=Ry(¢y, ¢, a,a_,¢)
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with

(C+,8-) € RQ+(a) x NQ_(),
—/S) = Rl(’f-‘rl‘f—r“r“—fg)/
&) =Ro(&4, ¢ a0 ¢)

where (¢,,¢_) is the point corresponding to to (¢4,¢_) through (6.6). Note that it holds
RiE.,E e ,e) = O(E. 2+ 1E P+ [el), Ra(@r & ,aa,e) = Ofle]) uniformly with re-
spect to (&, a_).

Let a,a_ be such that |a — y| and |a_ — yo| are sufficiently small. The map (¢4,¢_) —
¢4 — ¢ is a linear map from RQ4 (a) x NQ_(«) into RQ4(«) + N Q-_(a) whose kernel is
RQ+(a) NNQ_(a) which, by assumption As), is d-dimensional.

Let W(a) C RQ4(a) be a complement of RQ4(a) NN Q_(a) in RQ4 (), so that

RQ+(a) + NQ-(a) = W(a) 8 NQ-(a).
Note that dim W(«a) = k —d and
= [RQ+ () + NQ-(w)] @ span{y1(a), ..., Ya(a) }.

Next, let Q(a) : R" — R”" be the orthogonal projection such that RQ(a) = RQy(a) +
NQ_(a) and NQ(«a) = span{y («), ..., Ps(a)}. Since

(I—-Q(a))x € NQ(a) = span{yy (a),..., Pa(a)}

and (¢1(«),...,Ps(x)) is orthonormal we get

||
M:L

(I'—Q(a))x (Pj(a), (T = Q(a))x) i (a)

|
—_

j

I
AM&
Mm..

(= Q(a))j(a),

[ay
-\.
[ay

j—

Hence we replace (6.7) with

V(E o wal,e),

&+ —¢- =Q(a)R
b—a_ = RZ(g (: oo, 8) (68)
l/JjT(lX)Rl(g_i_,g_,Dc,a_, ) =0.

We solve (6.8) for (&4, ¢—,a,a_) € W(a) x NQ_(a) x R" x R™ in terms of «.
Since dim[RQ+ («) + NQ_(a)] = n — d, we see that for any fixed ¢

i - =0Q( _(C+,C a,a,€)], 6.9)

)Ry
a—a_ =Ro(&:, & ,a,a_,€)

is essentially a system of n — d 4+ m equations in the n — d + 2m variables (¢4,¢_,a, a_) such
that, when ¢ = 0, has the solution

(€+.8-)=(00), a =a
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The Jacobian matrix at this point is

(L 0o o0
“\0 Ipe —Ige

where L : W x NQ_(a) = W@ NQ_(a) is the invertible linear map given by L(¢4,¢_) =
&y —&_. We have
rank] =n—d+m

hence, for € # 0 and sufficiently small (6.9) has a m-dimensional C"-manifold of solutions

where
: (6.10)

uniformly with respect to a. Plugging this solution in the third equation in (6.8) we obtain the
system of equations

I,UjT(ac)Rl(ng(oc,e),f,(oc,e),a,a,(oc,s),e) =0, j=1,...,d.

As R4 (0,0,a,,0) = 0 we see that this equation is identically satisfied when ¢ = 0, so we
replace it with

M(a,e) =0

where M (a, ¢) is the C"~!-function:

el (%T(a)[Rl(@r(lx,s),g_(a,s),oc,a_(oc,s),s)> o fore # 0,

[(gglp}r(“)ﬁl(5+(“/5)/5—(“/5)/“/“—(0‘,8),8)) ‘ } fore = 0.

=] e

Ma,e) =

We have already observed that Ry(&., &, a,a_,e) = O(|¢+]>+ |E-|* + |¢]) uniformly with
respect to (a,a_), then

M(&,0) = (9] (#)R1.(0,0,,2,0)] )

We now compute R ¢(0,0,a,«,0). Since the map (¢.,& ) — (&;,¢_) where & = &, and
& = (I —Q(a))¢- is a linear isomorphism we see that

R1(0,0,a,a,¢) = k(0,0,a,a,¢)
and hence
R1£(0,0,a,2,0) = k(0,0,a,,0)

—/ toc)lag7 (t,0,0,a,a,0)dt

+/O (I — Q+(a))x+(t,a)18;’;(t,0,0,a,a,o)dt
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that is .
M(a,0) = (/ 97 (t,@)be(t,0,0,a, oc,O)dt)
— j=1d
where , )
P (0)Q—(a)X_(t, )~ ift <0,
yi(ta)=q "o 1T o (6.11)
i (@) (1= Qy (a)) X (t,a) ™" if £ >0
and ”
be(t,0,0,a,a,0) = ﬁ(t'olo'a'“'o) ?ft <0,
5-(t,0,0,a,4,0) ift > 0.
Now, it is easy to check that
b .
== (t,0,0,a,2,0) ift <O, L ; 0
{ %(fIO/O,Dé,%O) ift>0 uylt, 2)g(ult ), ,0).
Hence -
M(w,0) = — (/ lleT(t,a)uy(t,a)g(u(t,uc),a,O)dt) = —M(a). (6.12)
—o0 j=1,...d
The thesis follows now from the Implicit Function Theorem. O

Remark 6.3. i) The orthonormal basis (i1(a),...,¥s(x)) of [RQ+(a) + NQ_(a)]* can be
replaced by any independent set (¢1(«), ..., P;(a)) such that

R = [RQ: (1) + N Q- ()] & span{dh (w), .., ala)}.
Indeed, let (-, -) be a scalar product on R” such that
[RQ+ (@) + NQ- ()] = span{§x (), ..., Pa(a)}

and let (Y1 (a),...,Ps(a)) be an orthonormal basis of span{y; («),..., Ps(a)}. Then a smooth,
invertible d x d matrix N(a) exists such that

($1(@) .. Pa(@)) = (Y1 (a) ... pa(@) )N (a).

Set
M(a) = [ [ Z G7 (1 0y (1, @)g(u(t, @), 0, 0)dt L
We have
[ (o) Ty (t, ) g (u(t, @), 2, 0)]j—1,...a
= (Pr(e) ... Pale)) [y (t, ) g (u(t, @), ,0)]
= N(&) (g1 () ... pa(a)) Tuy (£, ) (u(t, ), a,0)
= N(a) [y (@) [y (t, a)g (u(t, @), &, 0)]j=1,...a
that is

M(a) = N(a)TM(a).

Now, assuming that M(ag) = 0 and rank M’(ag) = d, we see that M(ag) = N(ag)"M(ap) =0
and
M,(Déo) = N(Dé())TM/(tX()).
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So M(ap) = 0 and rank M’(ag) = d. The vice versa is proved in the same way using the
equality
M(a) = [N(2)"] 7' M(a).

ii) The adjoint system to (5.2) and (5.3) is given by [1]

W= —AT(t,zx)w ift >0,
w(ti(@)*) = (Bf (@)") " w(ti(w) "), (6.13)
w(t_i(a)") = (Byi(a)") tw(t_i(a)7).

It is easy to check that, if () € [RQ4+(a) + NQ_(a)]*, the function ¢(t, ) defined in (6.11)
is a bounded solution of (6.13). We prove that if

span{y1(a), ..., a(a)} = [RQ+(a) + NQ_(a)]*

then {1(t,a),..., Ps(t, &)} is a basis for the space of the bounded solutions of (6.13). Indeed,
the fundamental matrix of (6.13) on t > 0 is [X; (t,a))T]~!, and the fundamental matrix of
(6.13) on t < 0is [X_(t,&))T]"!. As a consequence (6.13) has an exponential dichotomy on
R. and R_ with projections (I — Q%) and (I — QT) respectively. So, the space of bounded
solutions of (6.13), C! for t # t.;(«), are those whose initial condition belongs to

R(I - QL () NN (I - QL (1) = (RQ+v)" N(NQ-(a))" = (RQ+(a) + NQ-(a))

Then the dimension of the space of solutions of (6.13), bounded on R, is d and vectors

{¢1(t,),...,Ps(t, &)} span this space.
As in [5,9] we see that if x(t,«) and (¢, «) are bounded solutions on R of (5.2)—(5.3) and
(6.13) resp., both continuous for ¢ # t.;(a) then ¢(t,a)Tx(t, &) is constant on R.

7 An example

The simplest case of application of Theorem 6.2 is when d = 1 that is when

RQ+(a) "NNQ_ () = span{u(0,a)}.

This condition is trivially satisfied when n = 2 since in this case k = n — k = 1. Moreover,
when n = 2, we also have dimRQ (a) = dim N'Q_(a) = 1 and hence

RQ. () = NQ_ () = span{u(0,)}. 7.1)

In this section we consider examples of applications of Theorem 6.2 with n = 2, m = 1 and

d=1. Let
0 -1
= 9):

The following result that has been proved in [6]:
Proposition 7.1. Consider the system in R:
X1 = Fi(x1,%2,Y),

X = B (x1,%2,Y), (7.2)
y = eg(x1,x2,Y).
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and suppose that for any « € R, the unperturbed equation

X1 = Fi(x1,x2,a),

(7.3)
Xy = Fo(x1,x2, )
has a solution u(t, «) satisfying assumptions A1) — As). Let
A(t ) = [aj(t, a)l1<jr<a = [Fjx (ua(t), u2(t), &) 1<jx<2,
Bi(«) as in (5.1) and
- —ftﬂll(srﬂl)-ﬁ-ﬂzz(s,a)ds ; - ft 11 (s,0)+axn(s,a)ds _uZ(tr “)
v(t,a) :=e o Ju(t,yo) = e Jo < n(ta) ) (7.4)
Then the space of bounded solution of the adjoint variational system are of the form
u-n(@)o(t,a) fort <t_n(a),
(t,a) = p_i(e)o(t,a), fort_iq(a) <t<t_j(a),
k) = pi(a)o(t, ),  forti(a) <t <ti(a),
un(w)o(t,a)  fort > ty(a)
where p_n(a) # 0 is arbitrary and, foranyi=1,...,N,
poisn (@)o(t-i(@) ", a) = pi(@) [B-i(a) ] Mot (@), ), 75

wi(@)o(ti(a), &) = pi_1 (&) [Bi(a) ] ot (), ).
Remark 7.2. i) From (7.5) we have
poiva(@)Ju(t—i(a)*, 0)) = pi(a) [BL(a)] 7 Ju(t—i(a) ", ),
pi(@) Ju(ti (), &) = pia () [B] ()] Jur(ti(a) ~, )

and then

T~ o~
=
\/
\_/
—
\4
=.
A
/'\
\_/
9
~
~—
~
~

i (eo) |1 (i (o) *, )12 = pag () (T (1
= pi—1(a)([B; (“)] 1]u( i(o ) /“)),]ﬂ(ti(w)+/ﬂé))>
and similarly
poiea (@) it (), @) 1> = pog(@) (Ji(ti(a) ™, a)), Ju(t—i(2) ¥, a))),
= p-i(@)([BL(@)] 7 (ti(a) 7, @), Jui(t—i(a) ", a))).
Hence all y;(«)’s can be computed in terms of #(t;(a)*, a)).

ii) Since p_n(a) # 0 and all B;(«), B_;(«) are invertible, we see that p;(a) # 0 for all
i=0,...,N.

The next Proposition, proved in [6], states that in some circumstances all y;(«)’s are equal.
This case is of particular interest, since then we can take (t,a) = v(t,a) and the Melnikov
condition reads

Alxg) =0, rankA'(ag) =d

where

(o] y T
A((X) — / o fo'an(s,oc)Jrazz(s,oc)ds <—.M2(t, 06)) (ul,oc(t, 06)) g(u(t,ﬂé),“/ O)dt.

1y (t, ) up o (F )

If, moreover, a1 (f, ) + ax(t,&) = 0 we have

Aa) = /_o:o[ul(t,a)uzla(t,a) — 1 (t, a)uy e (t, a)]g(u(t, &), a,0)dt. (7.6)
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Proposition 7.3. Equations (7.5) are satisfied with y; = 1,i = —N, ..., N, if and only if there exist
vi(oc), i=1,...,N, such that

Jfizr(u(tei(a), a),a) — fi(u(tei (@), a),a)] = vi(a)Thy (u(tei(a), ), a)t. (7.7)

For example, suppose
h(x,y) = x
where either k = 1 or k = 2. Recalling that

. B Fi(xerZIy)
filx,y) = (Fg(xl,xzzy)>

we get, omitting arguments (that can be either (u(f_;), yo) or (u(t;),yo)) for simplicity:
Fi _ Fi+1
Jifirr = fil = < i i)
* Fit' — Fj
and then (7.7) holds if and only if
Fi(u(tei(a)), ) = B (u(tei(a)), a) (7.8)

foralli=1,...,N.

As a concrete example we consider the following two dimensional equation (see [8]):
%= Ap(t)(x)

where A > 1 is a large parameter, p(t) > 0 is a positive, C2, periodic function, and ®(x) is a
piecewise C? function such that

[ D (x) ifx< i,
q’(">_{ O (x) ifx> 1.

Then h(x1,x2) = x; and the discontinuity manifold is S = {x; = 1}.

Taking A = ¢ 2 and changing the time scale t — ¢ 1t, the equation reads

¥ =p(y)o(x),

. (7.9)
y=c¢
or
X1 = X2,
X = p(y)®(x1),
y=e

We assume that x = 0, ¥ = 0 is a hyperbolic fixed point of equation ¥ = ®(x) with an
associated solution (u(t),#(t)), homoclinic to (0,0) and such that

fort <t_ort>ty,

(7.10)



22 F. Battelli, M. Feckan and |. R. Wang

Then (7.9) has the family of homoclinic solutions

(u(t, ), u(t,a)) = (u(ty/p(a)), \/p(a)i(ty/p(a)))

that satisfy assumptions A;)-As). Note that, according to assumption we have

and

7

u(t,w) —5t\/p(a) ~0t\/Pmin
<u(t a))‘ <4 /1+p(a)e < /14 Pmaxe

where 0 < pPmin := min{p(a)} < max{p(a)} := Pmax-
As Fi(x1,x2,¥) = xp is continuous and h(x1,x2,y) = x1 we see that (7.8) is certainly
satisfied. Then

M) = /j; \/@u(t\/@) lz%u(t\/p(oc)) - \/p(“)g(t\/p(a))%]
- P(“)ﬁ(f\/@ﬂ(f\/m)zti\/%dt = %p’(a) /_Zu(tW)Zdt

N AC) I
N qu(t)zdt.

As a consequence A(a) has a simple zero at « = ag if and only if p(a) has a non degenerate
critical point at « = . From Theorem 6.2 we conclude with the following

Proposition 7.4. Let ® (x) be C>-functions and suppose that

L [ @_(x) fo<x<],
t=o0={ 5.0) fas1"

has the hyperbolic fixed point (u,11) = (0,0) together with a homoclinic orbit such that (7.10) holds.
Then, if p(«) is a periodic C*~functions having a non-degenerate maximum (or minimum) at & = wg
then there exists Ag > 1 and a unique, C', a(A) such that limy_,o a(A) = ag and for A > Ag the
perturbed equation

¥ =Ap(t)D(x)

has a solution (x(t,A), x(t, A)) such that

sup [x(t,A) — u(t, tA"2 + a(A))| = 0,
teR

sup |%(t,A) — 1i(t, tA"2 + a(A)))| = 0
teR

as A — oo,

As a concrete example we take

®,(x) =Fx, ply) =2+siny
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so that system (7.9) reads

1
¥=2+sin(y))x, x< 5
1
= —Q2+siny)x, x>, (7.11)
y=c
The homoclinic solution of the frozen system (¢ = 0) is
éet ift <%,
u(t) = %cost if -7 <t<7,
ée_t if t > 7.
Solving p'(a) = cosa = 0, we get a; = 5 and ap = 37” with p”(a12) = —sinayp = F1 # 0.
Now we add some numerical figures of solutions of (7.11) near
o(t) = u (t\/2 +sin(m + st))
and
w(t) =u (t\/Z + sin(ay + st))
for e small, say € = 0.1 and for
y(0) ~ a2, (7.12)
Note .
v(0) = w(0) = u(0) = —, 2(0) = w(0) =u(0) =0
(0) = w(0) = u(0) 7 (0) = w(0) = u(0)
Here we draw some pictures of the solutions of equation (7.11) where we take y(0) = 7 £0.05.

In all these pictures we take e = 0.1. Figures 7.2-7.5 in the paper show the curves of (¢, x(t))

x(t)
x'(t)
I I - T T I

-3 2 - 0 1 2 3 -3 2 -1 0 1
t X(t)

Figure 7.1: The plot of (v(t),o(t)) for t € (—10,10).
and (x(t),x’(t)) corresponding to ¢ = 0.1.

In the case of keeping initial conditions unchanged but taking ¢ = 0.01, we have the
following Figures 7.6-7.9.
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x(t)
X(t)
b bk b b A o 4 now o

b
)
N
w
&
)

-1 0 1
x(t)

Figure 7.2: The plot of (t,x(t)) and (x(t),%(t)) for t = [-3,3] with y(0) = T +
0.05, x(0) = % +0.05, (0) = 0. Note that the solution escapes very quickly from
a neighbourhood of the fixed point x = X = 0 as t — Foco.

07 08
i 06
06
04
0.55
o 02
So4s g o
04 02
0.35
04
03
0.25 08
02 08
10 5 5 10 0.2 03 04 05 06 07

¢ 0

Figure 7.3: The plot of (t,x(t)) and (x(t), %(¢)) for t = [—10,10] with y(0) = § + 0.05,
x(0) = \% —0.05, (0) = 0. Here the solution looks like a periodic solution in the
bounded domain 0.2 < x < 0.7, —0.8 < x < 0.8.

07 0.8
0.65 06
06
0.4
0.55
05 0.2
$045 s 0
04 02
0.35
0.4
03
0.25 08
0.2 0.8
10 5 0 5 10 0.2 0.3 0.4 0.5 0.6 0.7

t x(t)

Figure 7.4: The plot of (t,x(t)) and (x(t),x(t)) for t = [-10,10] with y(0) = 7 — 0.05,
x(0) = % —0.05, x(0) = 0. Also in this case the solution looks like a periodic solution
in the bounded domain 0.2 < x < 0.7, —0.8 < x < 0.8.
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1 5
05 4
3
0
2
05 ;
g $o
1.5 -t
2
2
3
25 4
3 5
3 2 4 0 1 2 3 3 2 1 0 1

t x(t)

Figure 7.5: The plot of (t,x(t)) and (x(t),x(t)) for t = [-3,3] with y(0) = 5 — 0.05,
x(0) = % +0.05, %(0) = 0. For these initial values the solution escapes very quickly
from a neighbourhood of the fixed point x = X = 0 as t — d-co.

1 5
05 4
3
0
2
05 ,
S 4 o
15 -
2
-2
3
25 4
3 5
3 2 A 0 1 2 3 3 2 1 0 1

t x‘(t)

Figure 7.6: Corresponding to the case of ¢ = 0.01 in Figure 7.2.

07 08
065 06
o6 04
0.55
02
o5 .
= g
045
02
04
0.35 0
03 06
025 08
10 5 0 5 10 0.2 03 0.4 05 06 07
t x(t)

Figure 7.7: Corresponding to the case of ¢ = 0.01 in Figure 7.3.
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07 0.8
0.65 0.6
06 0.4
0.55
0.2
__ 05 .
g %0
0.45
0.2
04
0.35 .
03 0.6
0.25 0.8
10 5 5 10 0.2 0.3 0.4 0.5 0.6 0.7

¢ o

Figure 7.8: Corresponding to the case of ¢ = 0.01 in Figure 7.4.

x(t)
X(t)
1< T S N T SR )

-3 2 -1 0 1 2 3 -3 2 -1 0 1
x(t)

Figure 7.9: Corresponding to the case of ¢ = 0.01 in Figure 7.5.

8 Concluding remark

According to the results in [4], with the correction given in [5], the Melnikov function in the
periodic case, with two discontinuity points and a family of periodic solutions u(t,«) of the
unperturbed equation, is

)T (ut t,0,a,0)dt
2 910 0,2), 2)e(0,0,0,0

r e
hxf*

+ it (@), )" e (for = fr) + (7 (@), )

P (F1 = £2).

In the following we prove that —M(a) extends the above expression to the heteroclinic case
(i.e. with oo replacing T («)) with several discontinuity points.

Differentiating u(t,y) = f(u(t,y),y) with respect to y we see that, for t # ty;(a), i =
1,...,N:

iy () = A(t, a)uy(t, 0) + f (u(t,a), a)

and then

Z(uy(t,oc)yg(t, 0,0,0)) = ity (£, &)ye(t, 0, , 0) + 1y (£, )i (£, 0, 2, 0)
= A(t,a)uy(t, a)ye(t,0,a,0) + fy(u(t,a), a)ye(t,0,a,0) 4+ uy(t, a)g(u(t, a),a).
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So

/_oo 9] (8 a)uy(t,a)g(u(t, a), a,0)dt
_/ 97 (1) [ 1y (t, ) ye(£,0,2,0)) — A(t, )1y (£, 2)ye(t, 0, a,0)
— fy(u(t, o), )]/s(tOtx O)}dt

= / 1p] (t,a) dt ,0)ye(t,0,a,0)) +1,lJ] (t, a)uy(t, a)ye(t,0,a,0)
R 000
= [ ST (@) () (0,0,0,0)) — ] (60) (), )y, 0)t.

Then the j-th component of —M(«), say —M;(«), is

~Mj(a) = [ gl (@) fy (u(t, ), el 0,m, 0)
-/ Z jt[lpf (@) ity (1, @) ye(t, 0, 1, 0)] .

Using the continuity of y.(¢,&,«, ) we get:

© d
[ )yt )yt 0,0, 0l

tn(x) 4 T
= [ ST wuy(a)ye(t,0,a,0)dt
+ fg; /t t(i;l(“) ;t[l,bjT (t, )y (£, @)ye(t,0,a, 0)]dt
© g
+ /t o 1T (o0 ()ye(t,0,8, 0l
= ] (tn(a) 7, a)uy (t-n ()™, @)ye(t-n(a),0,a,0)
i (97 ti1 (00 @)y (11 (2) 7 )yt 1 (@), 0,,0)

—¢]< (), @)u <t<a>+,a>ys<ti<a>,o,a,o>]
— 9] (N (o) @)y (I () @)y (n (@), 0,4, 0)

=/ (t-n (@), @)uy (t-n(a) 7, a)ye(t-n(a),0,4,0)
N

+ )y (ti() 7, @)uy(ti(2) 7, a)ye(ti(a), 0,2, 0)

i=—N+1

= Y 9l ()T, a)uy(ti(a)*, @)ye (ti(w), 0,,0)

= (tn (@)™, a)uy (tn ()T, a)ye(tn (), 0,4, 0)
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=/ (t-n(a) ", @)uy (b n(a) ", a)ye(t-n(a),0,4,0)

N-1
+ ) 1] ()7 wuy(ti(@) ™, 0) — g (ti(a) ¥, a)uy (£:(a) T, )]ye(ti(a), 0, 2,0)

——N+1
+ l/)]-T(tN(oc)’,oc)uy(tN(oc)’,uc)yg(tN(oc),O, «,0)
— 9] (ton(0) ", @y (t-n (@) ", @)ye(t-n(), 0,4,0)
- ¢]T(tN(a)+, )iy (En ()™, a)ye(En(a), 0,2, 0)

N
= _Z_:N[%( i)™ a)uy (bi(a) ™ @) — ] (#i(a) ™, a)uy (hi(a) ", @)]ye (f:(w), 0, &, 0)
N
= Y [y (i) @)uy(ti(a) &) — ] (£i(a) ", a)uy (h:(a)*, @)]ye(ti(w), 0, &, 0).
i=—N,i#0

The last equality follows from the fact that ¢;(t, ) and u,(,a) are continuous at t = ty(a) = 0.
Next, from (3.6)—-(6.11) we see that, for any ¢ = +1,..., +N, we have

IP]'T(tZ(“)_I w) = 1,U]'T(tg(1x)+,a)Bé(a)
Hence:
/:O i[lﬁ’f(t,w)uy(t,a)yg(t, 0,a,0)]dt
i i (to(a) ™, @) [Be(a)uy (te(w) ~, &) — y (te(a) ", a)]ye(te(w), 0, &, 0).
(=—N,(£0

From (5.1) we obtain
Bo(a)uy (to() ™, ) — 1 (t0(2) )

el S )y () ) () ).

Differentiating h(u(t,(a),a), &) = c|, with respect to a we get

et (1), ), @)ty () )
= ot (), ), ) (@) ) (o), ), )
and then
By (1o (0) ) — (1o (0) )
ot () ), )t (@) () + Byt @) w))
- (1o (0), ), )1 () ) Cilala) o) ltn(a )
= [+ sttt Gattta) ) — i (w) )

So

By (a)uy (te(a) ™, &) — uy (te(a) ¥, )
= uy(to(@) ™ &) =y (te(@) ", ) + £ (a) [ (te(a) 7, &) — it(te(a) ", )] (8.1)

hy (u(te(w), &), &)

T el (@), ), @) (o) a) (@) ) = (te() ", ).
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Next, for ty(a) < t < t;y1(a) we have:

u(t,a) = u(ty(a)”,a) + t (s, a)ds.

to()
Hence
y (o ()™ o) = (e (@) ™ )ty o) + uay (e (@) 7 o) — k(e (a) 7, )ty ()
and then
y (te(a) ™, @) — wy (o), ) = [te(te(a) ™, ) —ai(t (@)™, )]ty (@), (8.2)
Plugging (8.2) into (8.1) we finally obtain:

[Be(ee)uy (te(a) ™, o) — 1y (te(a) ™, a)]ye(te(a), 0, 4, 0)
hy (u(te(a), @), @)ye(te(a),0,4,0)

- u(ty(a)”, ) —u(te(a)™, o
=t @), ), (e (), a) ) ) @) )

Putting everything together we finally get:

@) = [ ol fy (e ), 0yl 0,m, 0)
N hy (u(t_; e(t_i(a),0,a,0
L () "")hxfu((t( <a(> - ) o )f)z+1((u(( )< ), ) )
(Filu(ti(@), @), @) = froa (u(t_i(a),0), ) (®.3)
LT By (u(t (@), @), @)y (£i(&), 0, ,0)
L I (£ (), ), @) fi (u (£ (), ), )
(fron (u(ti (@), @), @) — filu(ti(a), @), 0)).

This completes the proof that —M(«) extends the Melnikov function for the periodic case with
two discontinuity points to the heteroclinic case with a finite number of discontinuity points.
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