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Abstract. In this paper, we study the existence of nodal solutions of some nonlinear
boundary value problems for ordinary differential equations of fourth order with a
spectral parameter in the boundary condition. To do this, we first study the global bi-
furcation of solutions from zero and infinity of the corresponding nonlinear eigenvalue
problems in classes with a fixed oscillation count. Then, using these global bifurcation
results, we prove the existence of solutions of the considered nonlinear boundary value
problems with a fixed number of nodes.
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1 Introduction

In this paper, we consider the existence of nodal solutions to the following nonlinear boundary
value problem for ordinary differential equations of fourth order

Uy) = (p(x)y"(x))" = (q(x)y'(x))" = xr(x)h(y(x)), x € (0,1), (1.1)
(0

y'(0) cosa — (py”")(0) sina = 0, (1.2)

y(0)cos B+ Ty(0)sinB =0, (1.3)
/(1) cosy + (py") (1) siny = 0, (14)
(aA+b)y(l) — (cA+d)Ty(l) =0, (1.5)

where Ty = (py”)’ —qy/, p is a positive twice continuously differentiable function on [0, 1],
is a non-negative continuously differentiable function on [0,], x is a positive number, (x)

5=

™ Corresponding author. Email: z_aliyev@mail.ru


https://doi.org/10.14232/ejqtde.2024.1.25
https://www.math.u-szeged.hu/ejqtde/

2 Z. S. Aliyev and Y. N. Aliyeva

a positive continuous function on [0,!], a, B, v, a,b,c,d are real constants such that «, B,y €
[0, 1/2] and ¢ = bc —ad > 0. The nonlinear term / has the form f + g, where f and g are
real-valued continuous on R functions that satisfy the following conditions:

io’ %’ ioo/ 700 € R WIth io # 70’ ioo ;é 700’ (16)
whee 0 6
. S - . S

io = llrsr‘l_zglfT , fo= hr‘rsllj(;p — (1.7)

= lim inf& , f., = lim sup Ls); (1.8)
EAS) |s|>4+c0 S |s| =+ 0o S

sg(s) >0 forse R\{0}; (1.9)

there exist positive constants gp, g € (0, + o) such that

go = lim @, oo = lim @ (1.10)
|s|—0 S [s|>+o0 S

The subject of this paper is to determine the interval of x, in which there are solutions to
problem (1.1)—(1.5) that have a fixed number of simple zeros in (0, ).

It is well known that boundary value problems for ordinary differential equations arise in
the study of many different processes of natural science, see [9,10,12,14,17] and the references
therein. For example, problem (1.1)—(1.5) arises when studying of bending (of deformation)
of a homogeneous rod, in the cross sections of which a longitudinal force acts and at the right
end of which the mass is concentrated or on this end a tracking force acts.

Problems similar to (1.1)—=(1.5) for ordinary differential equations of second and fourth
orders have been considered before in, for example, [8,11,13,16,18-22,26-28]. In [8,11,18-
21,26], the authors using the global bifurcation results of [1,2,7,8,11,18,23-25] show that
there are nontrivial solutions of the considered nonlinear problems, which have the usual
nodal properties (unfortunately, there are gaps in the proofs of the main assertions in [11,
Theorems 2.2 and 3.1] and [18, Theorem 3.1]). Similar results were obtained in the paper
[22] by analytical methods involving the Priifer angular functions. Should be noted that in
[13,26,27], problems with local and nonlocal boundary conditions are considered and the
existence of positive solutions of these problems is established.

In the present paper, using the global bifurcation results from [1-4,6] and removing the
above gaps (see the proof of Steps 1-3 of Theorem 3.1), we prove the existence of two different
solutions to problem (1.1)-(1.5) with a fixed number of nodal points.

The rest of this article is organized as follows. Section 2 provides, which we need in the
future, known facts about the unilateral global bifurcation of solutions from zero and infinity
of nonlinear eigenvalue problems for fourth-order ordinary differential equations. In Section
3, we determine an interval for a parameter y, in which there are nodal solutions to problem
(1.1)—(1.5). In this case, the proof of the main theorem, i.e. Theorem 3.1 consists of 4 steps. In
Step 1, using (1.6), (1.7) and the first condition from (1.10), we find bifurcation intervals from
zero and prove the existence of two families of unbounded components of the solution set
of problem (1.1)—(1.5) bifurcating from these intervals and contained in classes with a fixed
number of nodes. In Step 2, using (1.6), (1.8) and the second condition from (1.10), we find
bifurcation intervals from infinity and prove the existence of two families of unbounded com-
ponents of the set of solutions bifurcating from these intervals and contained in classes with a
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fixed number of nodes in the neighborhood of these intervals, which either intersect another
bifurcation interval, or intersect the line of trivial solutions, or have unbounded projections
onto the line of trivial solutions. In Step 3, it is established that the global components of
solutions to problem (1.1)—(1.5) bifurcating from intervals infinity are also contained in the
corresponding classes with a fixed number of nodes and coincide with the corresponding
components of solutions bifurcating from intervals of the line of trivial solutions.

2 Preliminary

We consider the following linear eigenvalue problem

{f(y)(x) = Ar(x)y(x), x € (0,1), @.1)

VAS (b.C.)A,

where A € C is a spectral parameter, (b.c.), is a set of functions satisfying the boundary
conditions (1.2)—(1.5).

The spectral properties of (2.1) were studied in [15], where, in particular, it was shown
that the spectrum of this problem is discrete and consists of an infinitely increasing sequence
{Ak}2, of real and simple eigenvalues. Moreover, if ¢ = 0, then eigenfunction y(x), k € IN,
corresponding to the eigenvalue Ay has exactly k — 1 simple zeros in (0,1); if ¢ # 0, then there
exists N € IN such that the eigenfunction yy(x) corresponding to the eigenvalue Ay has for
k < N exactly k — 1 and for k > N exactly k — 2 simple zeros in (0, ).

Remark 2.1. Throughout what follows we will assume that the coefficients of boundary con-
ditions are chosen such that the first eigenvalue of problem (2.1) is positive.

Let E be a Banach space C3[0,1] N BCy with the norm [|y|[3 = Y2, || ¥**) || o, where ||y||co =
max,c(o,7 [y (x)| and BCy is a set of functions which satisfy the boundary conditions (1.2)~(1.4).

From now on v will denote an element of { +, — } that is, either v = + or v = —.

In a recent paper [4, §2, pp. 4-5], using the Priifer type transformation for each k € IN
and each v, the authors constructed sets §; of functions y € E, which have the oscillatory
properties of eigenfunctions of the linear problem (2.1) and their derivatives. Note that the
sets S,:’ , S and & = S,:’ U S, are pairwise disjoint open subsets of E. Moreover, it was
shown in [1, Lemma 2.2] that if y € dS} (dS), then y has at least one zero of multiplicity 4 in
(0,1).

To study the existence of solutions to problem (1.1)—(1.5) with a fixed number of nodes,
consider the following nonlinear eigenvalue problem
Uy) = Ar(x)y +h(x,y,y, ", y", M), x € (0,1), (2.2)

VAS (bc) A- '

Here & has a representation f + §, where f and § are real-valued continuous functions on
[0,]] x R® that satisfy the following conditions: there exist constants M > 0 and sufficiently
small 19 > 0 such that

fovs o)l < M, (x,y,s5,0,w) € [0,1] x RE, 0 < |y| + |s| + [o] + [w] < 10,

2.3)
y#0, AeR;
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8y s,0,w,A) = o(ly| + Is| + [o] + |w]) as |y| +[s| + [0 + [w] = 0, (24)
uniformly in x € [0,/] and A € A for each bounded interval A C R, or there exist constants
M > 0 and sufficiently large » > 0 such that

flensow)| < 1, (x,y,5,0,0) € [0,1] x RY, |yl + |s| + o] + [w] > 50,

y#0, AeR;
§(x, y, 5,0, w, A) = o(lyl +Is| + o] + |w]) as [y|+ || + |o] + [w] = o, (2.6)
uniformly in x € [0,/] and A € A.

If conditions (2.3) and (2.4) are satisfied, then the bifurcation of nontrivial solutions of
problem (2.2) from the line of trivial solutions R x {0} = {(A,0) : A € R} is considered. In
this case, the global bifurcation of nontrivial solutions of problem (2.2) is studied in [4], where
the following results are obtained.

Lemma 2.2 ([4, Lemmas 3 and 4]). Let conditions (2.3) and (2.4) be satisfied. Then for each k € IN
and each v the set of bifurcation points of (2.2) with respect to the set R x Sy is nonempty and lies in
Iy x {0}, where I, = [Ay — %,)\k + %], ro = mingc(o ) 7(%).

(2.5)

For each k € IN and each v let DY be the union of all the components of the set of nontrivial
solutions to problem (2.2) bifurcating from the points of the interval I; x {0} with respect to
R x S}. Moreover, let DY = DY U (I; x {0}). Note that D} is connected, but D! may not be
connected in R x E.

Theorem 2.3 ([4, Theorem 3]). Let conditions (2.3) and (2.4) be satisfied. Then for each k € IN and
each v the set DY is nonempty, lies in R x S} and is unbounded in R x E.

In the case when conditions (2.5) and (2.6) are satisfied, then we consider the bifurcation of
nontrivial solutions to problem (2.2) from infinity, or rather from the line R x {oo} = {(A, o0) :
A € R}. Global bifurcation of nontrivial solutions of problem (2.2) from infinity with respect
to the set R x S/ was considered in [3] in the case of f = 0. Using the results of [1,3] and [4]
following the corresponding arguments in [6], we can obtain the following results.

Lemma 2.4. Let conditions (2.5) and (2.6) be satisfied. Then for each k € IN and each v the set of
asymptotic bifurcation points of problem (2.2) with respect to the set R x S| is nonempty and lies in
Izk x {oo}, where fk = [Ak — %,/\k + %]

For each k € IN and each v let sz be the union of all the components of the set of nontrivial
solutions to problem (2.2) bifurcating from the points of the interval I x {oo} with respect
to the set R x S¥. Moreover, let DV'* = DY U (I; x {c0}) (in this case we add the points
{(A,00) : A € R} to our space R X E and define an appropriate topology on the resulting set).
Note that D;"* is connected.

Theorem 2.5. For each k € IN and each v the set 5}5 is nonempty and for this set at least one of the
following statements holds:

(i) the set 5}: meets [y x {co} with respect to R x S} for some (k',v') # (k,v);
(ii) the set 1_':)}(’ meets R x {0} for some A € R;
(iii) the projection of 5% on R x {0} is unbounded.

In addition, if cases (ii) and (iii) are not satisfied for the union Dy = f),j U 5,(_ , then case (i) is
satisfied for it with k' # k.
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3 Existence of solutions to problem (1.1)—(1.5) with fixed oscillation
count

In this section we will determine the interval of ), in which there exist nodal solutions of
problem (1.1)—(1.5).

Theorem 3.1. Let g0 > —f , 8o > —f _, and for some k € IN one of the following conditions is
satisfied:

<x< — <x< —.
go+f, Sotfo = 8otf, 8o+ fo

Then there are two solutions §; and i, of problem (1.1)~(1.5) such that ;" € S;" and §, € S, i.e.,

;i has either k — 1 or k — 2 simple zeros in (0,1) and is positive near x = 0, and §, has either k — 1

or k — 2 simple zeros in (0,1) and is negative near x = 0.

Proof. To prove the theorem, consider the following nonlinear eigenvalue problem

{ﬁ(y)(x) = Axr(x)g(y(x)) + xr(x)f(y(x)), x € (0,1),
y e (b.C.)A,
where A € R is an eigenvalue parameter.

Step 1. It follows from the first condition of (1.10) that the function g(s), s € R, can be
represented in the following form

g(s) =sgo+p(s), (32)

where p(s) is a real-valued continuous functions on R that satisfies the condition

lim ) _ g, (3.3)
|s| >0 S
Let {(u) = maxy|cp,y |0(s)|- It is obvious that the function {(u) is nondecreasing on
0,+ o).
It follows from (3.3) that for any sufficiently small ¢ > 0 one can find a sufficiently small
J: > 0 such that for any s € R satisfying condition |s| < J, we have |p(s)| < ¢|s|. Then we
have

g(uu) < e forany u € (0,0). (34)
Since the function {(u) is nondecreasing on [0, + o) for any x € [0,1] we get
()l _ 2lvlls) _ &) o5
IIE llls lylls

Let y € E such that ||y||3 < d. Then by (3.4) we have

Zlyl) _,
M

4

and consequently, for any x € [0,1] we get

M <e forany x € [0,]], (3.6)

IE
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in view of (3.5). Therefore, it follows from (3.6) that

leW)lleo = o(llyll3) as [[ylls — 0. (3.7)
Considering (3.2), the problem (3.1) can be written in the following equivalent form
{f () (x) = Axr(x)goy (x) + xr(x) f(y(x)) + Axr(x)p(y(x)), x € (0,1),
y S (bC)/\

Let 9 > 0 be a sufficiently small number. Then it follows from (1.6) and (1.7) that there
exists sufficiently small oy € (0, 1) such that

(3.8)

1) )
L) 8020<f()<f0 80T0 forany s € R, 0 < |s| < 0p. (3.9
Relation (3.9) implies that
‘f(:> <M, foranys€eR, 0<|s| <o, (3.10)

where My = max {|f 8050 + @‘} > 0. Then by (3.7) (see also (3.6)) and (3.10) it
follows from Lemma 2.2 that for each k € IN and each v the set of bifurcation points of (3.8)
(or (3.1)) with respect to the set R x S} is nonempty. If (A*,0) is a bifurcation point of problem
(3.8) with respect to R x Sy, then there exists a sequence {(A},v;;)}5; C R x & such that

{ay:;)( ) = M) () + ()G () + A (el (), v € 0D,
y;”(l € (b'c'))\,ﬁr
and
Ay, yn) = (A%,0) inR x E as n — oo. (3.12)
et fF7(x)
x Bl if 7 (x) #0,
- s B Yn _
7al) { "0 () =0, (319

Then by (3.13) it follows from (3.11) that for each n € IN the pair (A}, y;;) is a solution of the
following linearizable problem

{M}C)go L) (x) + g Pi(x)y(x) = Ay(x) + g Ap(y(x)), x € (0,1), (314)
VAS (bC)A
In view of (3.12) we can choose n € IN so large that
fo G\ _ 1, fo &
=t 5| <—0p,x) <= | === for any x € [0,], 3.15
<g0 3 )< e < (23 yrelol] 315)

in view of (3.9) and (3.13).
It follows from [5, Remark 4.2 and Theorem 4.3] that for each fixed n € IN the eigenvalues
of the linear eigenvalue problem

{x(lm L) (x) + & @n(0)y(x) = Ay(x), x € (0,1),

y e (b, (3.16)
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are real and simple, and form an infinitely increasing sequence {A; , }¢7.; moreover, the eigen-
function y; ,(x), k € N, corresponding to the eigenvalue A , lies in S.
In view of relation (3.15), by following the arguments in Lemmas 5.1 and 5.3 of [1] we get

3 70 50 * 3 IO 50
A — 22— = <A, < Ap— =4+ =, 3.17
KT e 2 bn SA T o TS (3.17)
where Ay, k € N, is a kth eigenvalue of the linear eigenvalue problem
1 _
{X,(x)go U(y)(x) = Ay(x), x € (0,1), (3.18)
y € (b.c.),.

Since (Af ,,0) is a unique bifurcation point of problem (3.14) with respect to R x &} by
(3.12) we can again choose n € IN so large that

) )
A =DM <A+ 2 (3.19)

’ 2 ’ 2

Then it follows from (3.17) and (3.19) that

Rk—@—50<A,’;<7\k—&+50, (3.20)

80 80

whence, with regard to (3.12), we obtain

Xk—@—(sog)\*gxk—éwo. (3.21)

80 80

As can be seen from (3.18) that A, = )(golk for each k € IN. Consequently, it follows from
(3.21) that

ﬂ—b—&)g)\*ﬁﬁ—&—i—éo. (3-22)
X80 8o X80 8o
Since ¢y is arbitrary small enough, it follows from (3.22) that
ﬂ_&gpgﬁ_é, (3.23)
X80 8o X8 8o

Thus, (3.23) shows that the bifurcation points of problem (3.1) (or (3.8)) with respect to the set
R x S/ are contained in the interval I x {0}, where

X80 8o X80 8o

Then, by Theorem 2.3, for each k € IN and each v there exists a component D,'(’,0 of the
set of solutions of problem (3.1), which contains I x {0}, lies in (R x &}) U (I) x {0}) and is
unbounded in R x E.

Step 2. By the second condition in (1.10) we can represent the function g(s), s € R, as follows:

g(s) = 58 + 0(s), (3.24)
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where
lim @ =0. (3.25)

s[> +o0 S

Let g(u) = maxc(o,u [0(s)[- It is obvious that the function ¢(u) is nondecreasing on
0,4 o).

In view of (3.25), for any sufficiently small ¢ > 0 there exists a sufficiently large A, > 0
such that

1
lo(s)| < Ee\s\ for any s € R, |s| > A,. (3.26)
Let u € [Ag, ) be arbitrary. Then we have
= s)|, S . 3.27
cl) = max { max [e()], max_[o(s)]} 627)

Let Ke = maxs|c(o,a,] |0(s)]- We will choose Ay . > A, so large that Ali < e
Now let u > Aj .. Then by (3.26) it follows from (3.27) that '

u u u
= max &18 < max £1s <1£<8 (3.28)
N u’'2 |~ A2 f =2 '

Since the function ¢(u) is nondecreasing on [0, 4 o) for any x € [0,!] we have

c(u) _ max{Ke maxsje a, u [0(s)[} _ max{K, jeu}

ey()| _ ellylle) _ e(llvls) 69)
1ylls ylla ylla
If ||y|l3 > A1, ¢, then by (3.28) it follows from (3.29) that
lo(y(x))] <e forany x € [0,1],
ylls
which shows that
le)lleo = o(llylls) as [|ylls — ce. (3.30)

Taking into account (3.24), we can rewrite the problem (3.1) in the following equivalent
form

{é(y)(X) = Axr(x)geoy(x) + xr(x) f(y(x)) + Axr(x)e(y(x)), x € (0,1), (331)

VRS (bc)/\

Using [1, Lemma 5.1], Lemma 2.4, relations (1.6), (1.8), (3.30) and following the above
arguments, we can show that if (A%, %) is an asymptotic bifurcation point of problem (3.1) (or
(3.31)), then

A e R = M fo M e

Hence it follows from Theorem 2.5 that for each k € IN and each v there exists a component
Dy ., of the set of solutions to problem (3.1) containing I* x {co} and for which at least one
of the following statements holds:

(i) the set DY _ meets I¥ x {oo} with respect to R x SY for some (kv kv);
k, 0o k P k
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(ii) the set D} , meets R x {0} for some A € R;
(i) the projection of D} _ on R x {0} is unbounded.

Step 3. By following the arguments in Theorem 3.3 of [25] we can show that for each k € IN
and each v, D} \(If" x {e0}) C R x &, and consequently, alternative (i) above for D}
cannot hold. Moreover, if D}  meets R x {0} for some A € R, then A € IY. Similarly, if Dy,
meets R x {co} for some A € R, then A € I°. Hence we conclude that if Dy ., has a bounded
projection on R x {0}, then D"y = D, and D ( = Dy ..
Now we show that for each k € IN and each v the set Dy  has a bounded projection on
R x {0}. Indeed, otherwise there exists a sequence {(A,,7,)}5>; C (D} o\ k) C (R X &)
such that
lim A, = =4 oo, (3.32)

n—00

where Qy ., is a some neighborhood of If* x {co}.
By (1.6)—(1.10) there exists a positive constants xg, x; and x; such that

K()g&g;q and

X ‘ﬂss)‘ <k, foranysc R, s#0. (3.33)

We define the functions ¢, (x) and ¢, (x), x € [0,1], as follows:

@) [0 e
(Pn(x):{% if 7, (x) #0, n(x):{_yymx) if 7, (x) #0,

(3.34)
0 ify,(x) =0, 0 ify,(x) =

Since 7, € S} by (3.34) it follows from (3.1) that A, for each n € N is kth eigenvalue of the
following linear eigenvalue problem

{m/)(x) +xr(2)9,(x) y(x) = Axr(2)9, () y(x), x € (0,1), (5.35)
y S (bC)/\
By (3.33) from (3.34) we get

ko <@,(x) <x; and |¢,(x)| <xp forany x € [0,]]. (3.36)

It is known (see [1,4]) that problem (3.35) reduces to the spectral problem for the self-
adjoint operator in the Hilbert space H = L,(0,!) & C with corresponding scalar product. In
view of (3.36), by the maximum-minimum property of eigenvalues (see [1,2]) we obtain that
the eigenvalues of problem (3.35) are uniformly bounded from below with respect to n € IN.
Consequently, the relation

lim A, = — o
n—oo

is not possible. Should be noted that the relation

lim A, = + oo,
n—o0

is also impossible, since for a sufficiently large 7, by [5, Theorem 4.3], the number of zeros of
the function y, will be large enough, which contradicts the condition y,, € 5.
Therefore, for any k € IN we have

Diy =D and D, =D, (3.37)
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Step 4. It is obvious that any solution to problem (3.1) of the form (1,y) gives a solution y to
problem (1.1)—(1.5). In order for problem (1.1)—(1.5) to have a solution y which is contained in
Sy for some k € IN, by (3.37) it is sufficient that on the real axis R the interval I,? lies to the left
of 1 and the interval I{° lies to the right of 1, or the interval I lies to the right of 1, and the
interval I}” lies to the left of 1.

Let the conditions go > —f and geo > —f  be satistied. Hence we have go > —f..- If the
Ak

condition —2— < x < is satisfied, then we get
got+f,

A f < Ak f, _ /\k(go—"io) Mefy _

< = — =
X80 8o = k A g0 80 k80 AkS0
and B B B B
/\k _f700> Ak _fioo_)\k(goo—i_foo)_)\kfoo_l
[o°] [o°] A = (o] N A [o0] A (o] N ‘
X8 & o " 7 8o 8 k& 34
The case in which z 1" — <x< go)i(f can be considered in a similar way. The proof of this
® T oo 0
theorem is complete. O

Step 4 of the proof of Theorem 3.1 makes it possible to obtain other conditions for the
existence of solutions to problem (1.1)—(1.5) contained in the sets S,:“ and S, for some k € IN.

Theorem 3.2. Let go > —f , — foo < 8o < —f , and for some k € N the following condition is
satisfied:
Ak Ak

<x< ——.
gO + ]:0 goo + foo
Then the statement of Theorem 3.1 holds.

Theorem 3.3. Let go > —f, oy 8 = —f o, and for some k € N the following condition is satisfied:

Ak
gotf,

X >

Then the statement of Theorem 3.1 holds.

Theorem 3.4. Let —f, < go < — fo 8o > —f, and for some k € N the following condition is
satisfied:
A A
8oo i o 8o+ fo

Then the statement of Theorem 3.1 holds.

Theorem 3.5. Let o < —f,, goo > — f .- and for some k € IN the following condition is satisfied:

Ak

x> —-.
8o T £,

Then the statement of Theorem 3.1 holds.

The proofs of these theorems are similar to that of Step 4 of Theorem 3.1.
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