/ Electronic Journal of Qualitative Theory of Differential Equations
(;J;La%ﬁj?/ 2024, No. 2, 1-19; https://doi.org/10.14232/ejqtde.2024.1.2 www.math.u-szeged.hu/ejqtde/

Exponential decay for a Klein-Gordon-Schrodinger
system with locally distributed damping

Marilena Poulou™"!, Michael Filippakis® and Janaina Zanchetta®

!Department Mechanical Engineering, University of West Attica, Athens, Greece
2Department of Digital Systems, University of Piraeus, Piraeus, Greece
3School of Natural Sciences and Engineering, Sao Paulo State University (Unesp),
Ilha Solteira, 15385-000, Brazil

Received 11 December 2022, appeared 3 January 2024

Communicated by Vilmos Komornik

Abstract. A coupled damped Klein-Gordon-Schrodinger equations are considered
where Q) is a bounded domain of R?, with smooth boundary I' and w is a neigh-
bourhood of d() satisfying the geometric control condition. The aim of the paper is to
prove the existence, uniqueness and uniform decay for the solutions.

Keywords: Klein-Gordon-Schrodinger, localized damping, exponential stability,
asymptotic behavior, existence and uniqueness.

2020 Mathematics Subject Classification: 35B40, 35B45, 35Q55.

1 Introduction

The aim of this paper is to study the following KGS system defined in () which is a bounded
domain in R?

i + kA +iab(x)P = pypx(w) € Q x (0, +00)
Prt — AP+ ¢ + A(x)pr = —Re Vipx(w) € Q x (0, +00) (1.1)
p=¢=0, onT x(0,+00)

with locally distributed damping and where I' is a smooth boundary and w is an open subset
of O such that meas(w) > 0 and satisfying the geometric control condition. Let « > 0 and
X(w) to represent the characteristic function, thatis y = 1in w and x = 0in Q\ w. We also
consider b, A € L*(Q)) to be nonnegative functions such that

b(x) >byp>0 ae inw and A(x) >Ag>0 ae. inw,
in order for the nonlinearity ¢ to exist where the damping terms

inb(x)1, A(x) ¢y
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are effective and reciprocally. If the damping is effective in the whole domain, i.e. b(x) > by >
Oae. in Qand A(x) > Ap > 0 a.e. in Q) we can consider x, = 1 a.e. in (). The variable (com-
plex) ¢ stands for the dimensionless low frequency electron field, whereas (real) ¢ denotes
the dimensionless low frequency density. This system describes the nonlinear interaction be-
tween high frequency electron waves and low frequency ion plasma waves in a homogeneous
magnetic field, adapted to model the UHH (Upper Hybrid Heating) plasma heating scheme.

UHH is the dominant branch of the general Electron Cyclotron Resonance Heating (ECRH)
scheme, which, for tokamaks and stellarators, constitutes a basic method of plasma build-up
and heating. Moreover, ECRH is an attractive method to study transport mechanisms, since
it allows for a very localised power deposition, thus influencing temperature and current
profiles. The UHH scheme consists in injecting electromagnetic waves in the range 100 —
200GHz, from the high field side towards the core of the device. Within this frequency range,
the incident wave takes on the character of a longitudinal oscillation for the resonant electrons,
which become highly energetic. With respect to the physical mechanism involved in the
energy damping of the waves, UHH comprises of two stages:

1. Collisionless damping. The energy of the waves is transferred to the resonant electrons,
through collisionless mechanisms, e.g. Landau damping. Subsequently, the electrons
gain excessive kinetic energy, thus heated.

2. Collisional damping. The excessive electron energy is distributed over electrons and
non-resonant ions, through Coulomb collisions, producing bulk heating of the plasma
(equipartition).

Collisional damping is very crucial for the success of UHH. If collisions are infrequent, non-
thermal distributions will occur, which may result in a reduction in the power delivered to
the plasma. Therefore, it is important to determine the operational conditions for the device,
under which UHH becomes effective, namely the collisions manage to distribute the excessive
electron energy over the species at an exponential rate. The term ReV4 is a consequence of
the different low frequency coupling that was considered, i.e. the polarization drift instead of
the ponderomotive force. The system focuses on the vital role of collisions by considering the
non-homogeneous polarization drift for the low frequency coupling (see [12]).

By setting 0 = ¢ + e where € is a real positive constant to be specified later, the system
(1.1) becomes

i + kAP + iab(x)p = px(w), (1.2)
¢ +ep =0, (1.3)
0+ (A(x) —€)0 — AP+ (1 —e(A(x) —€))p = —Re Vipx(w) (1.4)

satisfying the following initial conditions

P(x,0) = ¢o(x),  @(x,0) = o(x), 0(x,0) = bo(x). (1.5)

Therefore, one may set the energy equation of the problem by

1
E(t) := 2{’|¢H%2(Q) + x|Vt +/w4”¢’2+ ¢l 72 + IVlT20r) + H‘Pt”izm)}- (1.6)
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Assumption 1.1. We denote by w the intersection of Q) with a neighborhood of 9Q) in R? and we will
call it a neighborhood of the boundary of Q). We assume that b, A € L*®(Q)) are nonnegative functions
such that

b(x) >byp>0, ae inw, Alx) > Mg >0, ae inw.

In addition, if b(x) > by > 0 a.e. in Q) then we can consider x, = 1 in Q, and if A(x) > Ay >
0 a.e. in Q), then we can consider x, =1 in Q).

Definition 1.2 (Geometric control condition). Let w geometrically control (), i.e there exists
To > 0, such that every geodesic of () travelling with speed 1 and issued at t = 0, which enters
the set w in a time t < Tp. So, the couple (w, Ty) satisfies the geometric control condition (GCC,
in short) if every geodesic of (), traveling with speed 1 and issued at ¢ = 0 enters the open set
w before the time Tj.

Assumption 1.3. We assume that w satisfies the geometric control condition. The standard example
is when w is a neighbourhood of T'(xg) where

[(xg) :={xeT;(x—x0) v(x) >0}
and v(x) is the unit outward normal at x € T.

As a consequence of the previous assumption it follows that there exists a couple (w, Tp), with
To > 0, such that the following observability inequalities occur:

T
9ol < [ [ 19(e, )Pt 1.7)
for the following problem

i+ Ap=0€Qx(0,T),
p=0 onT x(0,T), (1.8)
$(0) = yo € LX(Q)
and
2 2 T 2
9112+ [V ¢0ll2aiey <€ [ [ 1gu( )Pt (1.9)

with regards to the following problem

b —Ap =0 Qx (0,T),
¢=0 onT x(0,T),
$(0) = o € Hy(Q),

¢:(0) = ¢ € L*(Q)

for some positive constant C = C(w, Tp) and for all T > Tp. The proof of (1.8) can be found in
[13] and [18] while the proof of (1.10) is established in [3] and [15].

The aim of this work is to generalize the previous results of [21] by considering the damped
structure iab(x)y instead of inyp for the Schrodinger equation following the ideas of [1,2].
Due to the right-hand side of the wave equation, i.e. —Re Vi{x(w) the energy functional of
the system depends upon the integral [ ¢|i|> which introduces a time that is required by the
damping to smooth out the differences between the kinetic energies of the resonant electrons

(1.10)
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and non resonant ions. The presence of the damping terms in both equations of the system
does not necessary guarantee that the energy E(t) associated to the system is a non increasing
function of the parameter t. Indeed in [12] where b(x), A(x) are effective in the whole of Q) and
in [21] where A(x) is effective in w the energy exponential rate depends upon the parameters
of the system and t*.

Our main task is to investigate the parametric energy decay for the system. Specifically, we
seek necessary conditions, dependent on the parameters of the system by, Ao, so that energy
decay occurs at an exponential rate and therefore improve previous results by focusing on the
w. This ensures that, under specific plasma conditions, the energy of the coupled ion-electron
wave is effectively dissipated to the plasma. In fact in Section 3 we will prove that the energy
ia a non increasing function. For this purpose, we make use of the observability inequality for
both, the wave and the Schrodinger equations. It is important to mention that the use of the
observability inequality instead of the multiplier technique allows us to consider sharp regions
w satisfying the geometric control condition. Indeed, the inequalities given in (1.7) and (1.9)
are proved by means of microlocal analysis and produce sharp regions when compared with
the multiplier method. The main results of this paper are the following;:

Theorem 1.4. Let (1o, o, 60) € {Hy(Q) NH*(Q)}* x Hy(Q) and assuming that (Ao — €) > zar-,
(Ao —€), (1 —e(Ag—€)) > 0 hold then there exists a unique regular solution of (1.2)—(1.4) such that

¥ € L®(0,00; H}(Q) N H*(Q)), P € L(0,00; L2(Q))),
¢ € L™(0,00; H} (Q) N H>(QQ)), ¢r € L®(0,00; H} (Q)),
dn € L®(0,00; L2(Q)).

Theorem 1.5. Let (1o, ¢o,600) € (HL(Q) N H(Q)) x H}(Q) and the assumptions of Theorem 1.4
hold, then there exists positive constant C,v, y such that the following decay rate holds

E,(t) < Ce ™E(0), Vt>0
for every reqular solution of the problem (1.1).
Let us recall the following known results. From Poincaré’s inequality we have
[ull 2 < el Vil forallu € Hy(Q),

and the Gagliardo-Nirenberg inequality for dimension n = 2
1 1
[l sy < cHquz(Q)HVu||iz(Q) for all u € H}(Q). (1.11)

Notation: Denote by H®(Q)) both the standard real and complex Sobolev spaces on (). For
simplicity reasons sometimes we use H®, L° for H*(Q)), L°(Q)), and || - ||, (-,-) for the norm
and the inner product of L?(Q) and || - ||, (-, *)w for the norm and the inner product of L?(w)
respectively as well as f dx denotes the integration over the domain Q). Finally, C is a general
symbol for any positive constant.

2 Existence and uniqueness

In this section we derive a priori estimates for the solutions of the system (1.1). Let {w,}
be a basis of H}(Q)) N H?(Q)) formed by the real eigenfunctions of A such that the sequence
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{wy,} gives a Hilbert basis of L? (i.e. an orthonormal basis of L?) and let V,, be a subset of
H{(Q) N H?*(Q) generated by the first m vectors. Then, let gi,, € C and hjy, ki € R with

m

t) = igim(f)wi/ ou(t) =Y him(Hwi,  Ou(t) = ikim(t)wl

i=1 i=1

such that { (¢ (), pm(t), 0 (t))} is the solution to the following Cauchy problem:

i(Pem, u) + k(A u) + ia(b(X) P, u) = (Pupmx(w),u), ¥V u € Vi,
(Ptm,z) = O, z) — €(Pm,2), YV z € Vyy,
(O, 0) + (A(2) — €)0n,2) — (A, ) + (1~ €(A(x) — ), ) o
— — Re(Vux(w), ) Yo € Vi,
Y (0) = Yom — Yo, ¢m(0) = dom — ¢o € Hy(Q) N H*(QY),
9(0) = Oom — 00 € H}(QY).

Let Y = (Y, pm, 0m) then (2.1) also reads

(P, 1t) = i (A, 1) + & (b(x) P, ) — i(Pupmx (@), u), ¥ 1t € Vi,

(Ptm,2) = (Om,2) — €(Pm,2),¥V 2 € Viy,

(Bum,0) = —((A(x) = )0, 2) + (A, ) = (1= €(A(%) = €))gm,0) .
—Re(Vipux(w),v) Vo € Vy,

Pu(0) = om — Yo, $n(0) = dom — ¢o € Hy(Q) N H*(Q2),

0(0) = 0o — 60 € Hi(Q2).

Then the considered matrix is the identity and therefore one may write Y; = F(Y) with
smooth F. Hence the Cauchy-Lipschitz theorem applies straightforward. Since, the approxi-
mate system (2.1) is a finite system of ordinary differential equations which has a solution in
[0, £ | the extension of the solution to the whole interval [0, T], for all T > 0, is a consequence
of the first estimate we are going to obtain. Let us consider u = ¥, in the first equation of
(2.1). Then by taking the imaginary part we have

> Nl [Nl =0 3)

and because

Jo@lgnl = [ o@lpnl =0 [ 9ul? 4

almost everywhere in w we have

2dt||¢m||2+«xb0|y¢m\|2 <0. (25)

Finally, multiplying by 2 and integrating over (0, f) for t € [0,t,,) concludes in

t
||¢m|\2+20650/0 [ () llds < [lgmol> (2.6)

Then, since ¢,,0 — o in Hé(Q) N H?(Q)) we have

() is bounded in L™(0, c0; L*(Q))) (2.7)
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and for C; = C(]|¢o||) > 0 we also have

| 19ns) s < € = Clgoll): 28)
Next, taking u = —;, in the first equation of (2.1) and considering the real part produces

and similarly with (2.4) we have

Zdtllvme +szolm/ Ymtprm < —Re/wcpmtpmm. (2.10)

Now, substituting u = abotp,, in the first equation of (2.1), integrating over w and taking the
real part we have

bom | i = axbol [Vl +abo | fulpn
w w

and substituting the expression into (2.10) we obtain

2dtHVl/JmIIZ+ow<bo||VleOZ +abo/ P |pm|* < — Re/ O Pt - 2.11)

Therefore, by taking into consideration that

jt/w‘f’m’l/)m‘z:/w‘f’t,m|l/7m‘2+2/w¢ml/’ml/)t,m

equation (2.11) becomes

3 IVl + [ ulpnl} + axtol| Tl + abo [ gulml? < 3Re [ bl 212)

Continuing with the second equation of the system (2.1), let v = 6y,

210wl + [Vl + (1 = (Ao = ) g2} + (Ao — E)lIBmll3 + € Vel
2dt (2.13)
+e(1=e(ho—€)gnll3 < —Re [ Vb,
Then, adding equations (2.12) and (2.13) produces
2dt{KHVleH2+/ P Y+ 18l |* + Vb |* + (1 — €(Ao — €)) | pml[2}
o+ axbo |V 2+ abo | gulnl? + (Ao = €)lIonll3 + €l Ve (214)
w

1
+e(1—e(ho—€))||omll? < —Re/ VO + ERe/ ol
w w

where

1 1 €
S Re [ gunlpnl? = 3 Re [ 8ulgul — S Re [ gulynl
2 w 2 w 2 w
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and with the use of ||u(|s < c||u||'/? | Vu||*/? we have

oacb
< —2Vyul? +

2
e

(/\o €)

oucbo

< 10mlleo lI¥mll3 . < 16112, + == IV pu 2, + C.

w
1
R

Therefore, equation (2.14) becomes

1d
53 {K|!V¢m||2+/ 4>m|¢m|2+HemH2+HV¢m\|Z+(1—e<Ao—e>>r|¢m||§,}

30c1<b 3(Ap—€ 1 2.15
e R e e S L

+€HV<PmH2 +e(l+e(ro—e))lpmlle, < C

for 3“1776) ZMb > 0. Set Bo = min{ 2% (aby +¢), (3()“2176) — Za}cbo),e, (1—e€(Ao —€))}, with

Bo > 0 and
Ho(t) = x| Vopul|* + /w¢m\1/1m!2 + 10l + 1 Voul® + (1 — (Ao — €)) |5

Hence we have

d

EHQ(t) + ﬁoHo(t) < C. (2-16)

Using Gronwall’s Lemma we obtain

<&

Hy(t) < B

(1= !) + Ho(t)e #

and

Ho(t) < Ho(t)e Pt + <.
Bo

Finally, using (1.11) we estimate the following integral
2 K 2 1 2
[ oulgnl® < S99l + 51V gul +C

then
K 1
Ho(t) > 5Vl + 110 + 5Vl + (1= (Ao — €)) gl —

and finally gives
K 1
IVl + 10l + 59 + (1 = e(ho — €))gml3 < C.

Therefore, we have

() is bounded in L™(0, co; H}(Q))),
(6,) is bounded in L™(0, 00; L2(Q2)), (2.17)
(¢m) is bounded in L*(0, c0; HY(QY)).
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Moving to the next estimate we take the time derivative of the first equation of (2.1) and by
choosing u = ;,, we obtain

(@t Yem) + K (At o) + 10 (b)Yt i) = (PtmPmx (W), Yim) + (Prprmx (@), Prm)-

Taking into consideration the imaginary part we have

3l +a [0l < [ Gt

where since || |lec < || A ||*2||m]|*/? we obtain

ab
<0

< Nl 1mllcollemllo < == lpemlls + *I!A¢m|!2+C(|I4>t,mll,||¢m||)-

‘ | et

Therefore, we have

lxbo

el 2l < AP 2 4+ CCl gl Il (218)

Moving to the next energy estimate by choosing u = Ay, + €Ay, for the first equation of
(2.1) and taking the real part we get

1d
Zdt{K"A¢M"2+2“Im/b )YmBpm — 2Re/ Qbmwmmpm} +xe|| A |®

+2aelm/b(x)lme—2€Re/ PP DYm = aIm/b(x)lpt,mm (2.19)
_ReL}¢t,m¢mT%—ReL}¢m¢t,mm+weIm/b(x)¢mTW—eRe/qul,lerl,tJm_

Next, choosing v = —A@ in the second equation of (2.1) produces

1d
Zdt{HqunH2 + (1+e)[[Veull® + [ VOul* -2 / )\(x)(pt,mAqu}

+e{Iagl+ 1+ IV + VO -2 [ A@umtn} 220
< —Re/ Al[]mvgm—G/A(x)(Pt,mA‘Pm-

Adding (2.18) with (2.19) and (2.20) produces

liHl( t)+eH; = szm/b(x)l/Jt,mT%

2dt
~Re [ guutpnlin —Re [ guipynipn -+ aetm [ () puiin
_eRe/q,mlpmm_Re/ AP V6n, —e/A(x)cpt,mAqm
b
+ (€= 22 I9ml? + CIV Ol Tl
where
1) = el + ll A | + 20 m [ b(x)BP —2Re | @utpuifn + 16

+ (14 ) [Vl + V0l =2 [ A(x)g1mApn.
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Set
Fi(t) = alm [ 0 1BPm — Re [ G —Re | Guptnlip
+zerm/b(x)lmeW—eRe/(pqumM—Re/ AP, VO,

€K wbg
— Ao+ Il + (=530 ) Ipunl?
+ C(co, R €, %,a,bo, ||0n], [ V)

(2.21)

Evaluating the terms in H; and F; we have

A}(Ptmlﬁm@ < [pmlleollptml [[A¢m] < %ellAleIF+C(K,€,H¢m|!,||¢t,m!|),

KeE 2
| 80nV0u| < 89l + =1 V6, %,

'/b(X)AUmAle <160 ol | APl < exll A ]| + Clex) (], 16(x) loo),
‘/b(X)%mAle <16 oo [t m | [|A¢m || < %IIAAPmIIZ+C(K,€,IIb(X)||c>o)||yPt,m||2

‘/qunbmm/)m < gmllallpmllsl Al < el Apul|* + Cle2) ([l 1 @mll, | Vepll, [ VP,

[ Stinm| < i pullee 91l 155

Ke € aby
< 589l + S1AgnI + =2 + Cx, €, bo,c g,

/A(X)@A% <A@ o llgemll | Ag | < €3]l Agu 1+ Cles) (IAG)lleo, [|p1m]])-
Therefore there exists a constant 81 > 0 such that

PiH1(t) < F1+ C(x, €, @, bo, €1, €2, €3, [|A(x)|oo, [[0(x) l[eo, [|@m |, [|pll IV @, 1V ], NI prm )

and

L) +piH (1) < C. (2.22)

Employing Gronwall’s Lemma we finally obtain
el + 1 APwl|* + | A [1* + VO ]|* < C. (223)
Hence,

() is bounded in L™ (0, c0; H} (Q) N H3(QY)),
(6,) is bounded in L*(0, c0; H} (Q2)),
(¢m) is bounded in L*(0, c0; HY(QY) N H3(QY))

(1) is bounded in L™ (0, co; L*(Q2)).

(2.24)
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Therefore we may extract subsequences {¢,} C {¢wm}, {¢v} C {¢n} and {6,} C {64} such

that
¢, — ¢ for the weak star topology of L®(0, c0; H} (Q) N H3(QY)),

( (@)
0, — 0 for the weak star topology of L®(0, c0; H}(Q))),
¢, — ¢ for the weak star topology of L® (0, c0; Hi (Q2) N H3(Q))
Py — ¢ for the weak star topology of L*(0,00; L*(Q))).

(2.25)

These convergencies are sufficient to pass to the limit (on a standard manner) in (2.1) which
results in

iy + kAP +iab(x)p = ppx(w) in L°(0,00; L*(Q)),

Pr — AP+ ¢+ A(x)pr = — Re Vipx(w) in L¥(0, 00; L*(QY)).

From [22, Lemma 4.1, Chapter II] we may derive that

(2.26)

¢ € C(0,00; HY(Q)NH3(QY)) and ¢; € C(0,00;L2(Q))

and since ¥y = }(—xAyp — iab(x)p + ppx(w)) € L¥(0, 00; L?(Q) using results in [16] we then
obtain that
¥ € C(0,00; Hy(Q) N H3(Q)).

Let (1,¢1) and (32, ¢2) be two solutions of the problem. Then by setting z = ¢; — 1, and
w = ¢1 — ¢ the uniqueness of the solutions follows using the same above analysis.
This concludes the proof of Theorem 1.4. O

3 Uniform decay rates

In order to prove the energy decay of the system we derive some useful estimates.

Theorem 3.1. Assume that Theorem 1.4 holds and let C* > 0 denote a constant such that |E(0)| < C*.
Then there exists a t* > 0 such that for every t > t*, E(0) > 0.

Proof. Taking into consideration the assumptions of Theorem 1.4 and the result ||| < e* for
all t > t* > 0 we evaluate the integral of the energy functional, that is

[ olorax| < clotvli < 3ol + S5 vyl
Therefore we have
E >1 2 _ CZ(G*)Z v 2 \v4 2 2 f > ¥ 3.1
() = 5 [l VI + IVl + llg:]l7|,  fort >t 3.1
. . 2(~%)2
which completes the proof by choosing x > % O

Proceeding with the analysis we take the inner product of (1.2) with ¢; + aip, adding
equation (2.3) and following similar steps as the ones for the a priori estimates we have

3t LI+ xIT9I2+ [ gly o+ watul| Vol + o [ bl + abo | glyP
=5 [olvk. G2
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Next, taking the inner product of (1.1) with ¢; gives
3o+ 1Vl + 1912} + [ 2@l = Re [ Vo (33)
Adding equations (2.5), (3.2) and (3.3) results in

Ex(t) + aboll9113 + xabol Vo[> + & [ b0l + [ AGx) P

.1 ) (3.4)
+ aby /w(l7|ll)| =5 /wqbtw)’ —f—Re/w Vipg;.
From equation (2.3) we have
2 2
Sl +allgl <0
from which we get
[llo < l[9(0)[lwe™ =€ (3.5)
and therefore since
lim sup [|¢[|o = 0.
Next, evaluating the integrals
€ csz Kab
wbo | olwP| < SRl + SRV,
mﬁwm_%/Arm% V912,
1 2 2 2
3 LolvR| < & [ M@+ IR
Therefore
kaby € ’ » 1 € 2
B < — (550 - ) IVHlE — o [o@lpl — (1- 5 - 52 ) [ A4
2 2 8e (3.6)
L€ cocb '
915 — aboll 5
For p > 0 let us define the perturbed energy
Eu(t) = E(t) + nup(t) (3.7)
where
p(t) = (p(2), (1)) + (Pe(£), () (3.8)

Lemma 3.2. For p, C > 0 we have that
|Eu(t) — E(t)| < uCE(t), forallt>t".

Proof. We have
1 c .
PO] < 1P + 5 llgel* + SVl < CE(t)
which completes the proof. O
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Next, by taking the time derivative of p(t) we obtain
pi(t) = 2Re(¢r, ) + (P11, ¢)w + ¢t,¢t
< 2Re(yr, ) + (¢, ¢) / (x) el
< 2Re(Yr, ) + (¢n,9) + 5 / M)
0
which with the help of (1.1) we can deduce that
plt) < ~ 20 [bIYP = Vgl 912+ 1 [A@Ig ~ [Ax)gig ~Re [ Tyg. (39)
Adding equations (3.6)—(3.9) gives
Bt = Ee(t) + pupe(t)

=0 > V)12 — a(2u+ 1)/b(x)\¢\2

< (3.10)
(1 L) [a@ier |

b
+ S gl — Vol = kgl 1 [ Ax)gup—Rep [ Vo~ atullyl,

where
Cc
[ vve| < FIvulE+ 519l
w

cu||A | oo
20| < P [aiolat + Sl
which concludes in

Ery = Ei(t) + pupi(t)
<~ (550 & =TI - a2u+ D) [ o)y
2 Ao

_ _1_6*_14_CVHAH«>/ 2 etcaby\, 15
(1= 5= g4~ 250 Al — (1= 5o o

P Il

_ 1 _ e p_ M

I =5 =8 7% 7 >0
€*caby

-5 >0

Therefore, choosing « sufficiently large enough such that the following inequality holds
2KkAg > €*acbp(2 + Ao||A||)
we may deduce that there exists a k such that

Eun(t) < k| [ 600lgP + [ Al @11)

and hence E,(t) would be a non increasing function.
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Remark 3.3. The time t* introduced in the energy decay analysis which is present through the
constant €* has a specific physical meaning. This is the time so that the non-collisional integral
[ ¢|9|? is absorbed by the collisional terms (see (3.1)). Therefore, t* roughly signifies the time
required by the collisional damping to smooth out the excessive difference of the kinetic
energies of the resonant electrons and the non-resonant ions (equipartition). It is important
to note that equation (3.6) is a non increasing function due to the positive term ||¢||, which
depends heavily on the t*.

Lemma 3.4. For all T > Ty there exists a positive constant C = C(t) such that if (1, ¢) is the reqular
solution of the system (1.1) where (o, ¢o, 1) € {HE(Q) N H2(Q)}* x HI(Q) we have

B <c [ | [yl + [Alap|a. 6.12)

Proof. We will prove this lemma by contradiction. Assume (3.12) is not true and let (¢,(0),
$x(0), 1 £(0)) be a sequence of initial data where the corresponding solutions (¢, ¢k, 1 ) with
E, x(0), uniformly bounded in k satisfy

lim E .k (0)

koteo T = oo, (3.13)
Jo | S PO @2+ [ Ax) |l | dt

Since E, x(t) is non increasing and E, x(0) remains bounded we may obtain a subsequence,
denoted again as (¢, ¢x) for which we have

Pr — ¥ weak star in L*(0, T; H} (Q)
¢ — ¢ weak star in L*(0, T; H} (Q)
@1 — ¢r weak star in L®(0, T; L2(Q)
Wix — P weak star in L®(0, T; L2(Q)

)
)

(3.14)
By compactness results, see [14] we get

e — Py strongly in L*(0, T; L2(Q)),

e ) (3.15)
$x — ¢ strongly in L*(0, T; L*(Q2)).
Now, taking into consideration (3.13) and (3.14) we obtain
T

lim / /b(x)y¢k|2dxdt —0,
v o (3.16)

fim / / A(x) e Pt = 0.

k—+o0 Jo

Setting
n 1 o 1
cx == [Eur(0)]? and ¢ = afl’k/ b = a’#k

we infer that
E uk ( t)
c

E%k(t) =

for which we have
Ex(0) =1. (3.17)
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Taking into consideration the following system

iy + kAP + b (%) Pr = driprx(w),

Prej — AP + P+ AM(x)Prx = —Re Virx(w),
Pr=¢=0€T x(0,T),

$(0) = Por, Px(0) = dor, P1x(0) = prxin O,
43t,k —0e€ LZ(O, T; Lz(w))

and since E, x(0) = 1 we may deduce that for a subsequence (¢, §) it is true that

Pr — ¢ weak star in L®(0, T; H} (Q))),
P — ¢ strongly in L*(0, T; L?(Q))),
ik — P weak star in L®(0, T; L2(Q))),
¢r — ¢ weak star in L=(0, T; HA (QY)),
Pix — P weak star in L®(0, T; L2(Q))),
| $r — ¢ strongly in L*(0, T; L?(Q))).

From the (3.19), we obtain

T
lim / /b(x)]l/}k\2dxdt:0,

k—+00 J0

T
lim / / Ax) |G 2dxdt = 0,

k—+o00 JO
and therefore by (3.20) and by the compact embedding H} (Q)) < L*(Q)

T
lim/ /]V¢k|2dxdt:0,
w

k—+o00 J0

T
lim / / ](f)k¢k|2dxdt =0.
w

k—+o00 J0

(3.18)

(3.19)

(3.20)

(3.21)

Taking into consideration (3.20) and letting the limit k — oo for the system (3.18) we get for

the wave equation

G —AP+P=0inQ x(0,T),
p=0eT x(0,T),
pr=0ae €wx(0,T)

and for the Schrodinger equation
i +xAPp=0,inQ x (0,T),
$p=00onT x (0,T).

Setting ¢¢ = v equation (3.22) in the distributional sense becomes

vy —Av=0¢€ D,(Q X (O,T)),
v=0eTx(0,T),
v=0ae €wx(0,T).

(3.22)

(3.23)

(3.24)
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From standard uniqueness results from equation (3.24) we may conclude that v = 0, that is

¢t = 0. Therefore for a.e. t € (0,T)
—Ap=0€Q,
R (3.25)
$=0eT

which multiplying by ¢ implies that ¢ = 0. Following a similar procedure for the Schrédinger

equation the uniqueness theorem concludes that ) = 0 a.e. € Q.
In order to achieve a contradiction it is enough to prove that E%k(O) — 0as k — +oco.

£ua0)= 3 { [(@u-+ DI 0P + xITHOR + 6,0+ [Th(x,0) + (0
+ [ 90 0+ 20 | (060} 526
{ [t g0 R+ (x4 5) 996,02 + 5160 0)

- (ue + 1) [V(x, 0P + (1 +1)[$i(x,0)2)} = Ey 3, (0) + E, 4, (0).

Our aim is to prove that E, 5 (0) — 0 and E, 5 (0) — 0 with the help of (1.7) and (1.9). For
this purpose let ) = vy + w; where { is the solution of the system (3.18) and vy, wy are the

solutions of the following systems respectively,

v+ kA, =0€ Qx(0,7T),
u=0€Tx(0,T), (3.27)
0(0) = o € O

and
iwg g + kAw = —iab(x) P + Grpex (w), € Q x (0, T),
(3.28)

we=0eT x(0,T),
we(0) =0 € Q.

Similarly for the wave equation we obtain ¢y = zj + 1 which produces the following problems

zZup+ A0z, =0€ Q% (0,T),

=@ T ,T),
% = gor €T (0,T) (3.29)
zk(0) = Pox € Q,
21 (0) = 431k € Q)
and
U + Ay = —A(x)(f’t,k —Re Vifix(w) € QA x (0,7T),
(3.30)

we=0€eT x(0,T),

0e(0) =0€Q,
1 (0) =0 € Q.
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Therefore, it follows that

T T
Bt < By (0) + By, 0 = Euos O + B @ <1 [ [ ol tea [ [ s

T o T , T o T , (3.31)
<al [ Jeww+ [ [ wl)va([ [ames [ [ m?).
0 0 Jw 0 0 Jw
From equation (3.28) we have the following integral form
T
D (t) = S(£)de(0) + / S(t — T)F(1)dT, (3.32)
0

where S(f) is the semigroup generated by

A:D(A) = H}(Q)NH*(Q) C L*(Q) — L*(Q),
y — Ay = —iAy

and F(t) = @ (t) i (t) x(w) — iab(x) Py (t). Thus, taking into consideration that [|S(¢) | £(12(q)) <
C we have

T 2
el < culfoogl + ca [ IFIAT) < Cllmol? + 1 g )

which with the help of the embedding L*(0,T;L2(Q))) — L'(0,T;L%(Q))) and wy(0) = 0
produces

T
| o < ol iz
T
< ClIFIG 07,2200 < C/O /Wkllfk?((w) — iab(x) e .

Moving onto the wave equation we have the following integral form expression for the system
(3.29)

(3.33)

T
Uy(t) = S(t)UOk—i-/O S(t — T)F(t)dt

where

ar . (0 -1 B 0
”"‘<ut,k) with A‘(—A 0 ) and P‘(—A(x)q%k—Rev@kx(w))'

Evaluating the following integral

T
/0 /w|ut,k!2 < Nwexllioo 112000

. (3.34)
< ClIFI o riz) <€ [ [1=A@)d — Re V(@)
Therefore, from equation (3.31) we obtain
. T . T . ) .
Bual)) < C( [ [0+ [ [ lhoper() - inb(x)
0 0 (3.35)

e[ AN [ [ 1 Re i) - AohE),

which taking into consideration (3.20) and (3.21) produces E%k(O) — 0 as k - +oo and
therefore contradicts the expression (3.17). O
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Proof of Theorem 1.5. Continuing with the proof of Theorem 1.5 and by taking Tp > 0 large
enough from (3.11) we may deduce that

To
E.(Ty) — Eu(0) < —k Uo b(x)|p|* + //\(x) |¢t|2] (3.36)
and from Lemma 3.4 we also have

B0 <c [ Do)

where

D(t) = [bx)lgP+ [A)lgiP.

Therefore, we get

E,(To) < E,(0) < C/OTO D(t) < —%Ey(To) + %EV(O),
SO
<1 T i)Ey(To) < TE(0).
Hence,

E,(To) <vEL(0), O<v<l.

Proceeding in a similar way from T to 2T and eventually to nT we have
E,(nT) < v"E,(0), VT>T,.
Finally, let t > Ty then t = nTo +r for 0 <r < T and
Eu(t) < Eu(t—r) = Ey(nTy) < v"E,(0) = v E,(0) = ™'E,(0).
Moreover, by Lemma 3.2 we have

E,(t) <2E(t) fort>0

therefore
t—r
E.(t) <2E(0)e® ™ fort>0
which completes the proof of Theorem 1.5. O
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