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Abstract. We are concerned with the global bifurcation of positive solutions for semi-
linear elliptic systems of the form

—Au=Af(u,v) inQ,
—Av = Ag(u,v) inQ,
u=0v=0 on (),

where A € R is the bifurcation parameter, () C RN, N > 2 is a bounded domain with
smooth boundary d(). We establish the existence of an unbounded branch of positive
solutions, emanating from the origin, which is bounded in positive A-direction. The
nonlinearities f, ¢ € C!(R x R, (0,0)) are nondecreasing for each variable and have
superlinear growth at infinity. The proof of our main result is based upon bifurcation
theory. In addition, as an application for our main result, when f and g subject to the
upper growth bound, by a technique of taking superior limit for components, then we
may show that the branch must bifurcate from infinity at A = 0.
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1 Introduction
Let B be the unit ball in RN. D. D. Joseph and T. S. Lundgren [12] considered

—Au = Aé", B,
{ u e, x¢e (11)

u=20, X € dB

and found a very interesting phenomenon that the behaviour of the connected component of
positive solutions of (1.1) heavily depends on the dimension N, see Figure 1.1 below.
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Figure 1.1: Global continua for (1.1) depend on N
Fourth order analogue of (1.1), a biharmonic elliptic problem

A2 = Aé, B,
{ u=Ae x € 12)

u=|Vu|=0, x€coB

has been extensively studied by several authors, see G. Arioli, F. Gazzola, H.-C. Grunau, E.
Mitidieri [2] and A. Ferrero, H.-C. Grunau [8] and the references therein.

For elliptic systems, Ph. Clément, D. G. de Figueiredo and E. Mitidieri [7] investigated the
existence of positive solution of a Dirichlet problem for

— Au = f(v), —Av = f(u) (1.3)

in a bounded convex domain Q) of RN with smooth boundary. Furthermore, the authors
considered the existence of nontrivial solutions for the biharmonic equation subject to Navier
boundary conditions. Namely

ANu=g(u) inQ, u=~Au=0 onodQ.

This problem is a special case of (1.3) when f(v) = v.
Recently, M. Chhetri, P. Girg [6] considered the elliptic system

—Au=Af(v) inQ,
—Av=Ag(u) inQ), (1.4)
u=v=20 on o),

where A € R is the bifurcation parameter and () C RN, N > 2, is a bounded domain with C%"-
boundary 0Q) for some 1 € (0,1). The nonlinearities f, ¢ : R — (0,+c0) are nondecreasing
continuous functions and have superlinear growth at infinity, i.e.

8(s)

lim @ = 400 = lim 2.

s—+400 S s—+4o00 §

Then the authors established the global structure of positive solutions for system (1.4).
Of course the natural question is whether or not we may show the global structure of
positive solutions for the more general system

—Au = Af(u,v) inQ,
—Av = Ag(u,v) inQ, (1.5)
u=v=20 on d(),



Global bifurcation of positive solutions for elliptic systems 3

where A € R is the bifurcation parameter. We make the following assumptions throughout
the paper.

(H1) f, ¢ € C}(R x R, (0, +0o0)) are nondecreasing for each variable and there exists a T >
0, satisfy

min {gjsf(s,t),?)j:(s,t)} > fs(itt) for (s,£) € R\Bs,

. [9g g g(s,t) 2
mln{as(s’t>’81f(s't)} Z et t for (s, ) € R*\By,

where By := {(s,t) € R?: |s]2 + [t|> < T};

= lim <"~ = 4o
s+t——+oco S+t s+t—+oo S5+t

i) (T DR (CY)

Notice that the functions satisfying (H1)-(H2) are easy to illustrate, for example f(s,t) =
(s+1)°+1,¢(s,t) = (s+1t)>+2.

For system of equations with A = 1, see [9-11] for N = 2 and [1,3,4] for N > 3, where
existence results were discussed, but no any information about the Connectivity Properties of
positive solution set are provided. In fact, these positive solutions of (1.5) may not lie on one
bifurcating set.

It is the purpose of this paper to show the existence of a unbounded component of pos-
itive solutions of (1.5) by use bifurcation theory and a technique of taking superior limit for
components, see [15,16].

In order to better state our result, we will briefly introduce the following notations that
were defined in more detail in [6] and extend the use of these definitions to all systems
throughout the paper.

Let

E:= [W,*(Q)NW>(Q)]* and X := [L'(Q))

be Banach spaces endowed with norms
[ (w1, w2)[|E == |lw1llwer(q) + [[w2llwerq) and  [|(w1, w2)|x := w1l ) + w2l ).

respectively for r > N. By assumption r > N, W*'(Q) is continuously imbedded into
CM1(Q) for some 77 € (0,1). Thus there exists &, > 0 such that [|w||j~(q) < &l|w]lw2r(q) holds
for all w € W?'(Q). By a solution of (1.5) we mean (A, (u,v)) € R x E which solves (1.5)
in the strong sense, that is, (1,v) € W2"(Q) x W?"(Q) and (A, (u,v)) satisfies (1.5) almost
everywhere in Q). Now define S := {(A, (1,v)) € R X E : (A, (u,v)) solution of (1.5)}.

Definition 1.1 ([6]).
(1) By a continuum of solutions of (1.5) we mean a subset of S which is closed and connected.

(2) By a component of solutions set S we mean a continuum which is maximal with respect
to inclusion ordering.

(3) A € R is a bifurcation point from infinity if the solution set S contains a sequence
(A, (uy,vy)) such that A, — As and || (4, v,)||g — +00 as n — 4o0.

The main result of the paper is the following.
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Theorem 1.2. Let (H1)-(H2) hold, then there exists an unbounded component C C S satisfying the
following:

(a) Forany A € (0,A"), (A, (u,v)) € C is positive, i.e. u > 0 and v > 0.
(b) If A =0, then (0, (0,0)) is the unique element belonging to C.
(c) Projycg o) € 1= {A € [0, +00) : 3 (1,0) € Ewith (A, (u,v)) € C} C [0,A%).

(d) There exists a sequence of positive solutions {(Ay, (un,vn))} € C satisfying A, € (0,A*) for all
n € N and limy,_ 1« || (ttn, vn) || — +o0.

Remark 1.3. In the special case () is convex, M. Chhetri, P. Girg [6] show that the only
bifurcation point of positive solutions of (1.4) from infinity with f(v) = o?, §(u) = u? at
A = 0 under the critical hyperbola condition

1 1 N-2

p+1+q+1> N (16)

The proof of this result in [6] is deeply depend on the uniform priori bound. For system
(1.4), condition (1.6) is optimal for obtaining the priori estimate when f(v) = v¥, ¢(u) = u.
But for the more general system (1.5), the conditions for obtaining a priori bound are more
complicated, and the proof will be more difficult if we want to obtain the similar results. We
give the specific proof in Section 5.

The rest of paper is arranged as follows: In Section 2 we present the nonexistence result of
(1.5). Section 3 is devoted to asymptotically positively homogeneous system by using a global
continuation principle. In Section 4, we prove Theorem 1.2. In final section, as an application
of Theorem 1.2, by applying some priori estimates, see [17], we attempt to understand the
structure of the resulting continua of positive solutions.

2 Statement of the nonexistence result

Let 1 > 0 be the principal eigenvalue of

—Ap=up inQ,
=0 on 0Q),

and @1 € W&’Z(Q) be the corresponding eigenfunction, then g% < 0 on Q, where 7 is the
outward unit normal on 9Q). Without loss of generality, we normalize the eigenfunction such
that ¢; > 0in Q).

We shall prove the nonexistence result.

Theorem 2.1. Suppose there exist a1, a, a1, ap > 0 such that

f(s,t) >a1(s+1t) +ay, g(s,t) > ax(s+1t) + ay, Y (s,t) € R% (2.1)
Then for A > A* := L, there are no solutions for (1.5), where a* := min{ay, a5 }.

Remark 2.2. We notice that in order to obtain the nonexistence result of solutions for (1.5), it
suffices to show that f and g satisfy (2.1), which is weaker than (H2).
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Proof. By (H1), since f, g are positive functions, all solutions (A, (u
0 must satisfy u,v > 0 in Q) by the maximum principle. Let (A, (
(1.5) with A > 0. Then

,0)) of (1.5) with A >
u,v)) be a solution of

—Au+0) > AMay(u+9) +a1) +Alax(u+0v) + az)
> 2Aa" (u + ) + 220" = 2Aa" (u+ 0 + ‘;‘—) in Q,
where a* := min{ay,a2}, a* := min{ay,a; }. Therefore, we have
—A(u+v+a—*) > 2Aa*(u+v—|—w—*) in Q.
a a
Denoting w := u + v + ‘;‘—i, we see that w > 0 on Q) and

—Aw > 2Aa*w  in Q.

Since —A¢1 = p1¢1 in O, @1 = 0 on ). We have

/Q((mAw — wA@q)dx < /Q(—Z/\a*qu + wpr@r)dx = (—2Aa* + pq) /Q(wq)l)dx. (2.2)

On the other hand, since ¢; = 0 on 00}, ia%fw > 0 and g%} < 0 on 002, we get

Aw — wA d:/ Vo — wV -—>dsz—/ Vo, 7dS. 23
[ (ot —wngdx = [ (V- wVg) Tis =~ [ wve s (3)

Then we have

) 091
- Vi 7dS > —inf s > 0. 2.4

/aow P - B%W agﬁ @4)
It follows from (2.2), (2.3) and (2.4) that for (u,v) to be a solution of (1.5) for A > 0, we must
have A < 2’;1*. Therefore, (1.5) has no solution for A > A* := £ O

- 2a*

3 Asymptotically positively homogeneous system

In order to discuss the auxiliary result, we mention some properties of the following eigen-
value problem

—Awy = Aag (x)wy + app(x)wy]  in Q,
—Awy = Aay (x)wy + axn(x)w,] in Q, (3.1)
w=wy, =0 on d(),

where a;; : Q — (0,00) are continuous function(i, j =1, 2). It follows from [14, Theo-
rem 4.1] that (3.1) has exactly one positive principal eigenvalue A; and associated eigenfunc-
tion (1, 1) is positive in Q.

Remark 3.1. If a;; = constant (i, j = 1, 2), the principal eigenvalue of (3.1) and the corre-
sponding eigenfunction are related to y; and ¢ (111 and ¢; are defined in the Section 2.)

For example, let a;1 = 2, a;p = 9, ax = 4, axp = 2, the principal eigenvalue of (3.1) is
i and the associated eigenfunction is (391, ¢1). The detailed calculation method is shown in
Appendix 2 of [5].
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Now, let us consider an asymptotically positively homogeneous system

—Au = Afay (x)ut + ap(x)ot] + Af(u,0) inQ,
—Av = Alay (x)u™ + an(x)vT] + Ag(u,v) inQ, (3.2)
u=v=>0 on 0(),

where s* := max{s, 0}, a;;(i, j =1, 2) are as in (3.1) and A € R is the bifurcation parameter.
f, g:R xR — R satisfy the following assumptions:
(F1) f, § are continuous and bounded functions;

(F2) a115+ + a12t+ +f(S, t) >0, 0215+ + a22t+ +§(S, t) > 0 for all (S, t) eR xR.

By a solution of (3.2) we mean (A, (4,v)) € R x E which solves (3.2) in the strong sense. Now
let 7 := {(A, (4,v)) : (A, (u,0)) solution of (3.2)}. We shall prove the following bifurcation
result.

Theorem 3.2. Let (F1)—(F2) hold. Then Ay is the only bifurcation point from infinity for (3.2).
Moreover, there exists a component X C T bifurcating from infinity at Ay and satisfies:

(i) for A > 0and (A, (u,v)) € X, then u > 0and v > 0;
(ii) for A =0, (u,v) = (0,0) is the unique solution of (3.2) and (0, (0,0)) € X;

(iii) Proj, X := {A € R: 3 (u,v) € Ewith (A, (u,v)) € X'} is bounded from above and unbounded
from below.

To prove this theorem, we use a variant of Krasnoselskii’s necessary condition for bifur-
cation from infinity (Lemma 3.4), Theorem 2.1 and the global continuation principle of Leray
and Schauder (Lemma 3.3) below.

Lemma 3.3 ([19]). Let Y be a Banach space with Y # {0} and let F : Y — Y be compact. Then the
solution component C C R x Y of the equation

x = AF(x)
which contains (0,0) € R x Y is unbounded as are both subsets
C.:=(Cn (Ry xY),

where Ry := [0, +00) and R_ := (—o0,0].

System (3.2) is equivalent to

(u,0) = AL" (u,v) + AH(u,v), (3.3)
where L* : E — E is defined by
(u,0) = (=A) Han (x)u™ + ap(x)o", a0 (x)ut +axn(x)vh)

and H : E — E is defined by

(,0) = (=8)71(f(u,0), §(u,0)).
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Notice that L" is not linear but both L™ and H are continuous and compact. Moreover, since
f and g are bounded, H satisfies

lim [H(w,0)|[e _ 0. (3.4)
(o) le—+eo || (1, 0)|
For asymptotically linear problem, a necessary condition for bifurcation from infinity was
established in [13]. Inspired by this work, we prove the following lemma to show that the
unique possible bifurcation point from infinity for (3.3) is A;.

Lemma 3.4. If A is a bifurcation point from infinity for (3.3), then Ao = Ay. Moreover, for any
sequence (Aj, (uj,v;)) € R x E with Aj — Ay and ||(uj,vj)||[g — +o0 as j — +oo. There exists a
subsequence (A, (u;,,v;,)) of (Aj, (uj,v;)) such that

. (1), 0j,) (X1, 1)
) _ ) 3.5
jkirfoo (v )lle [, 1) lle o

where the convergence is in C*1(Q)) x CY1(Q) for some 7 € (0,1).

Proof. Now by the same argument in the proof of [6, Proposition 3.1], with obvious changes,
we may deduce the desired results. Let (A;, (uj,v;)) € R x E be solutions of (3.2) such that
(ll]',vj)

satisfies
[l (ujoi) e

| (uj,v;)||lg — +o0 and A; = Aeo. Then (i}, 0;) =

1//1\] = /\]‘(—A)fl <all(x)1//l\;r + 6112(.%){)\7F + f(uj/ Uj) >,

AN
~ _ g(uj,vj)
0 =Ai(—A) 1(a21(x)LT7L +ag(x)0 + ),
=% S (e
or equivalently satisfied
H(uj,v;)
05 = ML 5)) 4 A\
(i1;,0;) = AL (u],v])+)»]|‘(uj,vj)”E.

It then follows from (3.4) that the right hand side is bounded in X (independent of j).
Hence |/ifj||w2(q) and [|j||w2(q) are bounded (independent of j) and so are |[ifj[|c1y ) and

19jllc11(q) for some ;7 € (0,1). Since CU7'(Q)) = CV1(Q)) compactly for 5’ € (0,7), passing to
subsequences, it; — i, 0j — 7 in CYI'(Q)). Therefore, (Ao, (i, 7)) satisfies

— Al = Awolagy (x) U + a12(x)0"] in Q, (3.6)

U=0v=0 onadO.

Suppose Ao < 0. Since ™ > 0 and o7 > 0, it follows by applying the maximum principle
to (3.6) that i = 0 and hence repeating the same argument using (3.7) we get v = 0 as well.
This leads to a contradiction since ||(iZ,0)||g = 1.

For As > 0, we distinguish two cases: 0 = 0 and 0" # 0. In the first case, if #" = 0, from
(3.6), using the maximum principle, a contradiction as before. If ™ # 0, then it follows from
(3.7) and ap; > 0 that > 0 in Q). However, this contradicts 9 = 0.
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In the case 0 # 0, we may get i # 0 in Q) from (3.6) by the maximum principle, which
in turn implies # > 0 and ¥ > 0 in Q) from (3.6) and (3.7) by the maximum principle again.
Thus Ao > 0 and 1, 7 > 0 in ) satisfy the linear eigenvalue problem (3.1). However, we
already discussed that (3.1) has precisely one eigenvalue A; with componentwise positive
eigenfunction ()1,¥1). Therefore, it must be that Ao = A and

~ N (Xl/l/)1>
:0) = T olle -

Now we will complete the proof of Theorem 3.2.

Proof. (3.3) satisfies the hypotheses of Lemma 3.3 with F := L* + H. Then there exist un-
bounded continua

Xe T :={(A (u,0) e RxE: (A (u,0))is a solution of (3.2)}
containing (0, (0,0)). By Theorem 2.1,
X4 C ([0,A") X E)

and thus X, must be unbounded in the Banach space E-direction. Then X := X, UX_ is a
component containing (0, (0,0)). By Lemma 3.4, A; is the only bifurcation point from infinity
from (3.3) and &, is unbounded in the E-direction, hence Xy must bifurcate from infinity at
A1. By similar argument in [6], we will verify that X satisfies the properties (i)-(iii).

It follows from assumption (F2) that #, v > 0 in Q) whenever (A, (14,v)) € X and A > 0.
This implies part (i). For A =0, (u,v) = (0,0) is the only solution of (3.2) and (0, (0,0)) € X.
Hence part (ii) holds. Applying Lemma 3.3, we see that X_ must be unbounded in R x E.
However, by part (ii) and the fact that Ay is the unique bifurcation point from infinity for
(3.3), we see that X_ must be unbounded in the negative A-direction. Hence (—oo, A1) C
Proj, X. O

4 Proof of main result
Forn € N, let
Al ={(s,H) eRE : f(s,t) =n(s+1)},

where R := [0,+0c0). We shall show that A{; contains a curve 1"{; which can be (globally)
parametrized as the graph of a decreasing function.
First, we state and prove several preliminary results.

Lemma 4.1. There exists ny > 0 such that for any n > ny, A{; #+ Q.
Proof. It follows from (H1) and (H2) that there exists 19 > 0 such that for any n > ny, there
exists (s}, s5) € R2 with f(s},s;) = 2ns;. Consequently, Al # . O

For given 0 € [0, +00), let
t=06s, se0,+00).

Obviously, (H1) and (H2) imply that lim fs(i’zz) = oo. For any n > ng, denote
S—00

A£,9 = {(5,95) : (s,0s) € A{;}

Fix n > ng, analogous to proof of Lemma 4.1, it is easy to see A£,9 # Q.
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Lemma 4.2. Fix n > ny, there exists M, > 0 independent of 6 € [0, +o0) such that
sup {s+0s: (s,0s) € A{;} < M,,.

Proof. Suppose on the contrary that there exists a sequence {(sx,6ksk)} € A{; such that
limy o0 (Sk + BkSx) = oo. Then it follows from (H2) that

f (sk, Oksk)

= +OO
(sk+Oesi)—+oo Sk + OkSk

This contradicts the fact that f (s, Oxsx) = n(sk + 6ksk)- O
Fix 0 € [0, +0), define
Yn(0) := max {s € R,y :(s,0s) € A{;G}.

Lemma 4.3. Forany M > 0and 0 € [0, +00), there exists ny > ng > 0 such that (7,(6))? +
(074(0))? > M for any n > ny.

Proof. Suppose on the contrary that there exists a sequence { (0, 7 (0,))} such that (7,(6,))>+
(0,74 (01))? is bounded for any n > ny. After taking a subsequence if necessary, we have

(00, 71 (0n)) = (04, 7+) asn — o
in R?.. Since (71(0x), 0nyn (1)) € A{l, then
fCrn(6n),6271(0n)) = 1 (71 (0n) + 0¥ (On))-
It is easy to verify that
(i 0x74) = (7 +047:) = 00 asn — oo,
this contradicts the fact that f(7y., 0.7.) is bounded since 6. € [0, +0). O

For (s,t) € R?, denote
E(s,t) := f(s,t) —n(s+1t).

Let
s:=sup{s € Ry : (s5,0) € A{;O}.

Then Lemma 4.2 implies s < co.

Lemma 4.4. There exists np > ny; > 0 such that for n > ny, there exists a decreasing function
t= Fz(s)for s € (0,3), which joins the point (3,0) to a point (0,t) for some t < 0.

Proof. For given 6 € (0, +c0), we know that (y,(6),07.(0)) € Al By (H1), we have

f(rn(6),071(0))
Yn(0) + 07 (0)

min {ft(')’n(g)/ 9’)’n(9))/ fs(')’n(e)f 9')/”(9))} >
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if n sufficiently large. Therefore,

F(7n(0),072(0)) = fir(7n(0), 072 (0)) —
o f(rn(9),07a(6))
Yn(0) + 6074 (0)
n(vn(0) +07n(0))
Yu(6) + 074 (0)

=0

for sufficiently large n. By similar argument, we can obtain F;(y,(6),0v,(6)) > 0 for suffi-
ciently large n. Consequently, applying the implicit function existence theorem, there exists a
unique curve t = FJ,;(S) in (7,(0) — 6, vu(0) + 9) for sufficiently small § > 0, and

Ol R (=

for sufficiently large n. Thus there exists n; > n; > 0 such that for n > ny, F£ (s) is a
decreasing function for s € (v,(0) — 9,7, (0) + &). By the standard extension method, we may
get a decreasing function T/ () defined on (0,5).

By Lemma 4.2, we have {(7,(6),607,(0)) : 6 € (0,+0c0)} C Al is bounded. This together
with the fact that Fﬁ(s) is decreasing, we can deduce that limg_,0 (7,(0),07,(68)) = (5,0) for
§ € (0,400) and limg_, ;oo (7(8),094(8)) = (0,t) for some t < co. Obviously, we have § = 3
by the definition of s. O

It is easy to see that there exists n., n* such that for all n > n,, 1“£ divide IR%r into two
parts
R: =jurjuudl, ofnul=0,
and for all n > n*, I'; divide IR? into two parts
R} =QUTEUUE, Q3NU; =Q,

where Qﬁ, QOf are bounded, and ll,{, U$ are unbounded.

41 Approximation problems
Fix n € N and define f,(t,s), gu(t,s) : R? — (0,00) by

(£, (s,t) € QJ;/
fu(s, t) = {n(s—H)/ (s,t) € U;ZUFJ;/

s, t), s, t) € Q‘};,
i = {860 el
n(s+t), (st)e U, UTy.

Then f,, and g, are continuous functions on R?.
For each n € IN, we consider the following problem

—Au = Afy(u,v) inQ,
—Av = Agy(u,v) in Q), 4.1)
u=v=20 on 0},
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which approaches (1.5) as n — co. We will use Theorem 3.2 to treat (4.1) and thus we rewrite
(4.1) in the form of (3.2) as
—Au = Alnut 4 not] + Afy(u,0) inQ,
—Av = Alnut +not] 4+ Ag,(u,0) inQ, (4.2)
Uu =0 = 0 on aQ,
where
fu(s,t) = fu(s,t) —nst —nt", Su(s, t) :=gu(s, t) —nst —nt™.
We note that ﬁ and g, are bounded in R?. Indeed, since f, is nondecreasing for each variable

and f,(s,t) = f(s,t) > 0 for (s,t) € 5{;, we get

fu(s, )] < sup |fu(s,t) —n(s™ +t7)| < sup |fu(s,t) —n(sT + )|+ £(0,0) = constant,
(s,t)ER2 (s,t)€Q),

where the constant is independent of s, t and depends on n. We can repeat the same
argument for g,. Since fu(s,t), gu(s,t) > 0, it is easy to see that (4.2) satisfies the hypotheses
of Theorem 3.2 with ayy =n, a;p =n, axy =n, ap =n, f = f,, § = gn, and Ay = Ay 4, where

A= (” ”> .
n on
Then by Theorem 3.2, A1 4 is the unique bifurcation point from infinity for (4.2) and there
exists a component C, of positive solutions of (4.2) bifurcating from infinity at A; 4 satisfying

the properties (i)—(iii) of Theorem 3.2. In particular, (0, (0,0)) € C,, C, is bounded above by
A* x E (A* is as in Theorem 2.1) and C, does not cross {0} x E except through the point

(0,(0,0)).
4.2 Passing to the limit

We first state some properties of the superior limit of a certain infinity collection of connected
sets.

Definition 4.5 ([18]). Let X be a Banach space and {C, : n = 1,2,...} be a certain infinite
collection of subsets of X. Then the superior limit D of {C,} is defined by

D :=limsupC, = {x € X : 3{n;} C N and x,, € Cy,, such that x,, — x}.

n—o00

Lemma 4.6 ([15]). Let X be a Banach space and let {C,,} be a family of closed connected subsets of X.
Assume that:

(i) there exist z, € C,,, n=1,2,...,and z* € X, such that z,, — z*;
(ii) ry = sup{||x|| : x € Cy} = o0;
(iii) for every R > 0, (Us—1) N Br is a relatively compact set of X, where Bg = {x € X : ||x|| < R}.

Then there exists an unbounded component C in D and z* € C.
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By means of the corresponding auxiliary equations (4.2), we obtained a sequence of un-

bounded components C,, and this enables us to find an unbounded component C satisfying
C C limsupCy,.
n—oo

It following from the existence of I' / and T that fu(s,t) = f(t,s), gu(s, t) = g(t,s) for
n — oo. Thus (A, (u,v)) € C solves the original problem (1.5) when n — oo. Now we
verify {C,} satisfying the assumptions of Lemma 4.6. By the definition of continuum and
component, C, is closed.

Since all of C, contain (0,(0,0)), we can choose z, € C, such that z, = (0,(0,0)) for
n=1,2,... Clearly, z, — z* = (0,(0,0)), the assumption (i) of Lemma 4.6 is satisfied.

By unboundedness of C,, obviously, we have

rn = sup{|A| + ||(n,0) || : (A, (u,0)) € Cy} = +oo.

(iif) in Lemma 4.6 can be deduced directly from the Arzela—Ascoli theorem and the defi-
nition of f,, g». Therefore, the superior limit of C,, contains a component C.

It follows from (H1) that u, v > 0 in Q) for A > 0 whenever (A, (u,v)) € C, which estab-
lishes part (a), Clearly, (0,(0,0)) € C, which together with the maximum principle establish
part (b). Part (c) follows from Theorem 2.1. By construction of C, there exists a sequence
(A, (U, vy)) € C such that 0 < A, < A* (A* is as in Theorem 2.1 ) and u, > 0, v, > 0 for all
n € N, and ||(un,vn)||g — +00 as n — +o0. Thus C is unbounded in the Banach space E. This
establishes part (d) and completes the proof of Theorem 1.2.

5 Application of Theorem 1.2

The unbounded component C from Theorem 1.2 may bifurcate from infinity at any or all
A € [0,A*]. Next, As an application of Theorem 1.2, we will show that, under additional
assumptions on f and g, the component C must approach towards the hyperplane A = 0 as
the norm || (1, v)||g grows large.

5.1 Main result
Theorem 5.1. Let (H1)—(H2) hold. Assume

f(u,v) < Cy(14 0Pt +ub?), u, v>0 x€Q, (5.1)
g(u,v) < Ci(1+uT +0%7), u,v>0 x€Q, (5.2)
flu,0)+g(u,v) > x(u+v)—Cy, u,v>0 xeQ, (5.3)
here p1, g1 > 0, p1g1 > 1, p2, g2 > 1, C1 > 0 and x > yq (yy defined in Section 2). Define
. 2(p1+1) _ 2 +1)
pigi—1’7 pigi—1°
If
max{a,f} > N —1 (5.4)
and N+1
Pz, qz < m (55)

Then Ao = 0 is the unique bifurcation point from infinity in [0, A*], for the component C C S from
Theorem 1.2. More specifically,
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(i) There exists a sequence of positive solutions (Ay, (tn,vy)) € C with Ay € [0,A*) forall n €
IN such that || (un, v,)||g — 400 and Ay — 0T as n — +oo.

(ii) Any sequence (Ay, (ttn,vy)) € C such that ||(uy,vy)||g — +o0as n — oo and A, > 0 must
satisfy Ay — 0% as n — +o0.

It is worth noting that for problem (1.5) satisfying (H1), (H2) and (5.1)—(5.5), the solutions
(A, (u,v)) € R x E.

Lemma 5.2. Assume (5.1)=(5.5) hold. Let A,, € R be a sequence with Ay < A* such that A, \, 07 as
n — +oo. Then for each n € N, there exists C, := C(A,) such that any solution (A, (u,v)) of
(1.5) satisfies

[ullr=(0), 0lle(o) < Cuy forall A € [An, A7)

and C,, — +ooasn — +oo.
Proof. We begin by observing that under above hypotheses uniform a priori bound result
holds [17, Theorem 1.1] for positive solutions of (1.5). By retracing the proof of [17, Theorem

2.1, Proposition 3.1] with Af and Ag (in place of f and g) we will establish the dependence of
the uniform bounds on A.

First, let b* > A*, we consider the system (1.5) with A € [A,, b*] under the assumptions

IAf(u,0)| <b*Ci(|o|Pr + |[u]|P?) +b*ha(x), u, veER, x€Q, (5.6)
|Ag(u,v)| < b Cr(Jul™ + |v|7) + b ha(x), u, veER, x€Q, (5.7)
aAf(u,v) +bAg(u,v) > kA, (au +bv) — b*Cy, u, v>0xeQ, (5.8)

with p1, g1 >0, p1g1 > 1, po, 2 > 1, hy € L7(Q)), v > %, a, b>0,kA, > pj and C; > 0. By
[17, Theorem 2.1, Proposition 3.1], we know any nonnegative solution of (1.5) satisfies

[ull =y, [[0ll=) < Cn,  forall A € [Ay, b7].
The constant C, depends only on p1, 41, p2, 42, v, C1 and the norms of h; in hy € L7(Q)).

Next, we show C, — 4o as n — +oo. In fact, by Theorem 1.2, we know that there
exists a sequence of positive solutions (A, (uy,v,)) € C such that A, € (0,A*) for all n €
N and ||(uy, vn)||g — +00 as n — +oo.

Forn € N, let

sup{||(,0)[| : (A, (1,0)) € C, Ay <A < A} =: By,

then clearly
B, < C,.

For (A, (uy,vy)) € C, we have

Tim (e, 00) £ = e,
therefore,

lim B, = oo,
n——+o00

thus
Iim C,, = oo. O

n—r—+o0



14 R.Ma, Y. Zhu and Y. Zhang

Now we will complete the proof of Theorem 5.1.

Proof of Theorem 5.1. By Lemma 5.2, the component C must bifurcate from infinity at A = 0 and
by construction (0, (0,0)) € C. Part (i) follows from the construction of C and the fact that
C cannot cross the hyperplane {0} x E.

Let {Ay,, (un,v,)} € C with ||(uy, v,)||f — +00 as n — +oo and A, > 0 for all n € IN.
Suppose to the contrary that A, — A > 0 as n — +co. By Lemma 5.2,

[n =), onlli=ia) < Cx < +o0

forall A € [%,/\*), a contradiction to || (u#,, vy )||g — 400 as n — 4o0. Hence part (ii) follows.
This completes the proof of Theorem 5.1. O

5.2 Examples

Let f(u,0) = (u+0v)"+1, g(u,v) = (u+20)"+1, where T € (1, ¥+).

It is easy to see f, g satisfy (H1) and (H2). When C; is large enough, there exist T <
p2, g2 < N, p1, 1 > T and p1g1 > 1, such that (5.1)=(5.5) hold. Then there exists an
unbounded continuum C and As = 0 is the unique bifurcation point from infinity in [0, A*].

Such as, when N = 3. Let f(1,0) = (u+0)? +1, g(u,0) = (u+20)? + 1, then (H1) and
(H2) hold. We set ps, g2 = 4, p1 = £, q1 = %, then (5.1)-(5.5) hold.

Acknowledgements

The authors are very grateful to the anonymous referee for his or her valuable suggestions.

References

[1] C. O. Arves, D. G. pE FIGUEIREDO, Nonvariational elliptic systems via Galerkin methods,
in: Function spaces, differential operators and nonlinear analysis (Teistungen, 2001), Birkhauser,
Basel, 2003, pp. 47-57. https://doi.org/10.1007/978-3-0348-8035-0_3; MR1984162;
Zbl 1109.35040

[2] G. ArioLs, F. Gazzora, H.-C. GruNav, E. MITIDIERI, A semilinear fourth order elliptic
problem with exponential nonlinearity, SIAM ]. Math. Anal. 36(2005), No. 4, 1226-1258.
https://doi.org/10.1137/30036141002418534; MR2139208; Zbl 1162.35339

[3] ]J. M. BorwelN, J. D. VANDERWERFF, Convex functions: constructions, characterizations and
counterexamples, Encyclopedia of Mathematics and its Applications, Vol. 109, Cambridge
University Press, Cambridge, 2010. MR2596822; Zbl 1191.26001

[4] K. ]J. BRowN, Y. ZHANG, On a system of reaction-diffusion equations describing a pop-
ulation with two age groups, |. Math. Anal. Appl. 282(2003), No. 2, 444-452. https:
//doi.org/10.1016/50022-247X(02)00374-8; MR1989102; Zbl 1031.35057

[6] M. CHHETRI, P. GIRG, Asymptotically linear systems near and at resonance, Bound. Value
Probl. 2014, No. 242, 1-21. https://doi.org/10.1186/s13661-014-0242-z; MR3280138;
Zbl 1304.35263


https://doi.org/10.1007/978-3-0348-8035-0_3
https://www.ams.org/mathscinet-getitem?mr=1984162
https://zbmath.org/?q=an:1109.35040
https://doi.org/10.1137/S0036141002418534
https://www.ams.org/mathscinet-getitem?mr=2139208
https://zbmath.org/?q=an:1162.35339
https://www.ams.org/mathscinet-getitem?mr=2596822
https://zbmath.org/?q=an:1191.26001
https://doi.org/10.1016/S0022-247X(02)00374-8
https://doi.org/10.1016/S0022-247X(02)00374-8
https://www.ams.org/mathscinet-getitem?mr=1989102
https://zbmath.org/?q=an:1031.35057
https://doi.org/10.1186/s13661-014-0242-z
https://www.ams.org/mathscinet-getitem?mr=3280138
https://zbmath.org/?q=an:1304.35263

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Global bifurcation of positive solutions for elliptic systems 15

M. CuHETRI, P. GIRG, Global bifurcation of positive solutions for a class of superlinear
elliptic systems, J. Differential Equations 261(2016), No. 10, 5719-5733. https://doi.org/
10.1016/j.jde.2016.08.005; MR3548268; Zbl 1351.35044

Pa. CLEMENT, D. G. DE FIGUEIREDO, E. MITIDIERI, Positive solutions of semilinear elliptic
systems, Comm. Partial Differential Equations 17(1992), No. 5-6, 923-940. https://doi.
org/10. 1080/03605309208820869; MR1177298; Zbl 0818.35027

A. FERrRERO, H.-C. GRUNAU, The Dirichlet problem for supercritical biharmonic equations
with power-type nonlinearity, . Differential Equations 234(2007), No. 2, 582-606. https:
//doi.org/10.1016/j.jde.2006.11.007; MR2300668; Zbl 1189.35099

D. G. pE FiGuemrepo, J. M. po O, B. Ru, Critical and subcritical elliptic systems in
dimension two, Indiana Univ. Math. ]. 53(2004), No. 4, 1037-1054. https://doi.org/10.
1512/iumj.2004.53.2402; MR2095447; Zbl 1081.35026

D. G. pE FIGUEIREDO, ]. M. po O, B. RUF, Semilinear elliptic systems with exponential
nonlinearities in two dimensions, Adv. Nonlinear Stud. 6(2006), No. 2, 199-213. https:
//doi.org/10.1515/ans-2006-0205; MR2219835; Zbl 1229.35075

D. G. pE FIGUEIREDO, ]. M. DO O, B. Rur, Non-variational elliptic systems in dimen-
sion two: a priori bounds and existence of positive solutions, ]. Fixed Point Theory
Appl. 4(2008), No. 1, 77-96. https://doi.org/10.1007/s11784-008-0069-2; MR2447963;
Zbl 1155.35345

D. D. Joseps, T. S. LUNDGREN, Quasilinear Dirichlet problems driven by positive sources,
Arch. Ration. Mech. Anal. 49(1972/73), 241-269. https://doi.org/10.1007/BF00250508;
MR0340701; Zbl 0266.34021

M. A. KrasNoOsEL'sK11, Topological methods in the theory of nonlinear integral equations, The
Macmillan Company, New York. 1964. MR0159197; Zbl 0111.30303

J. LoPEZ-GOMEZ, M. MOLINA-MEYER, The maximum principle for cooperative weakly cou-
pled elliptic systems and some applications, Differential Integral Equations 7(1994), No. 2,
383-398. https://doi.org/10.57262/die/1369330435; MR1255895; Zbl 0827.35019

R. M4, Y. AN, Global structure of positive solutions for superlinear second order m-
point boundary value problems, Topol. Methods Nonlinear Anal. 34(2009), No. 2, 279-290.
https://doi.org/10.12775/TMNA.2009.043; MR2604448; Zbl 1200.34017

R. M4, Y. AN, Global structure of positive solutions for nonlocal boundary value prob-
lems involving integral conditions, Nonlinear Anal. 71(2009), No. 10, 4364—4376. https:
//doi.org/10.1016/j.na.2009.02.113; MR2548666; Zbl 1178.34029

P. QUITTNER, PH. SOUPLET, A priori estimates and existence for elliptic systems via boot-
strap in weighted Lebesgue spaces, Arch. Ration. Mech. Anal. 174(2004), No. 1, 49-81.
https://doi.org/10.1007/s00205-004-0323-8; MR2092996; Zbl 1113.35062

G. T. WHYBURN, Topological analysis, Princeton Mathematical Series, No. 23 Princeton Uni-
versity Press, Princeton, 1958. MR0099642; Zbl 0080.15903

E. ZeipLER, Nonlinear functional analysis and its applications. I: Fixed-point theorems,
Springer-Verlag, New York, 1986. MR0816732; Zbl 0583.47050


https://doi.org/10.1016/j.jde.2016.08.005
https://doi.org/10.1016/j.jde.2016.08.005
https://www.ams.org/mathscinet-getitem?mr=3548268
https://zbmath.org/?q=an:1351.35044
https://doi.org/10.1080/03605309208820869
https://doi.org/10.1080/03605309208820869
https://www.ams.org/mathscinet-getitem?mr=1177298
https://zbmath.org/?q=an:0818.35027
https://doi.org/10.1016/j.jde.2006.11.007
https://doi.org/10.1016/j.jde.2006.11.007
https://www.ams.org/mathscinet-getitem?mr=2300668
https://zbmath.org/?q=an:1189.35099
https://doi.org/10.1512/iumj.2004.53.2402
https://doi.org/10.1512/iumj.2004.53.2402
https://www.ams.org/mathscinet-getitem?mr=2095447
https://zbmath.org/?q=an:1081.35026
https://doi.org/10.1515/ans-2006-0205
https://doi.org/10.1515/ans-2006-0205
https://www.ams.org/mathscinet-getitem?mr=2219835
https://zbmath.org/?q=an:1229.35075
https://doi.org/10.1007/s11784-008-0069-2
https://www.ams.org/mathscinet-getitem?mr=2447963
https://zbmath.org/?q=an:1155.35345
https://doi.org/10.1007/BF00250508
https://www.ams.org/mathscinet-getitem?mr=0340701
https://zbmath.org/?q=an:0266.34021
https://www.ams.org/mathscinet-getitem?mr=0159197
https://zbmath.org/?q=an:0111.30303
https://doi.org/10.57262/die/1369330435
https://www.ams.org/mathscinet-getitem?mr=1255895
https://zbmath.org/?q=an:0827.35019
https://doi.org/10.12775/TMNA.2009.043
https://www.ams.org/mathscinet-getitem?mr=2604448
https://zbmath.org/?q=an:1200.34017
https://doi.org/10.1016/j.na.2009.02.113
https://doi.org/10.1016/j.na.2009.02.113
https://www.ams.org/mathscinet-getitem?mr=2548666
https://zbmath.org/?q=an:1178.34029
https://doi.org/10.1007/s00205-004-0323-8
https://www.ams.org/mathscinet-getitem?mr=2092996
https://zbmath.org/?q=an:1113.35062
https://www.ams.org/mathscinet-getitem?mr=0099642
https://zbmath.org/?q=an:0080.15903
https://www.ams.org/mathscinet-getitem?mr=0816732
https://zbmath.org/?q=an:0583.47050

	Introduction
	Statement of the nonexistence result
	Asymptotically positively homogeneous system
	Proof of main result
	Approximation problems
	Passing to the limit

	Application of Theorem ??
	Main result
	Examples


