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WeintroduceadatastructurecalledSOURgraphsandpresentanefficientKnuth-Bendixcompletionprocedurebased
on it. SOURgraphsallow for amaximalstructuresharingof termsin rewriting systems.Thetermrepresentationis
a dagrepresentation,exceptthatedgesarelabelledwith equationalconstraintsandvariablerenamings.Therewrite
rulescorrespondto rewrite edges,theunificationproblemsto unificationedges.TheCritical Pair andSimplification
inferencesarerecognizedaspatternsin thegraphandareperformedaslocal graphtransformations.Our algorithm
avoids duplicatingterm structurewhile performinginferences,which causesexponentialbehavior in the standard
procedure.This approachgives a basisto designothercompletionalgorithms,suchasgoal-orientedcompletion,
concurrentcompletionandgroupcompletionprocedures.
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1 Introduction
Knuth Bendix Completion[1] is an efficient procedurefor solving the word problemand equational
unification problem. The objective of the procedureis to take a set of equationsand convert it into
anequivalentsetwhereword problemsandequationalunificationproblemscanbe solved by applying
equationsin anorderedfashion. Completiondoesnot alwayshalt, but whenit does,the word problem
becomesdecidable,sinceit is only necessaryto reduceequationsinto anormalform andcomparenormal
forms to solve the problem. In Completion,we definean orderingand unify a maximal side � of a
renamingof oneequation���
	 with a subtermof a maximalsideof anothersubterm.Thenwe replace
thesubtermwith 	 , andapplyaconstraintrepresentingtheunificationproblem.

Knuth BendixCompletionis not asefficient asit couldbe. Many termsappearingin differentplaces
have thesameancestor, so it would bebeneficialif oneinferencewereappliedto all theoccurrencesat
thesametime. For instance,supposewe have equations�
��������� and ����� . Completionunifies � in������� with � in ����� , andthenreplaces� in �
����� with � . Theresultis a new equation����������� , made
upof piecesof thetwo old equations– � appearsin both ����������� and ��������� � , etc. Furtherinferences
spreadthesepiecesaroundmoreandmore.Notethatevery equationthat is createdis madeupof pieces
of theinitial equations.If it waspossibleto keeptrackof all thepiecesof thesameancestor, aninference!

Most of thework wasdonewhile thefirst authorwasvisiting thePROTHEOgroupat INRIA LorraineandCRIN.
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procedurecouldperformmany inferencesat thesametime. In this paper, we introducea new graphdata
structure,calledaSOURgraph,whichallowsusto do that.Whentermscontainvariables,eachinference
involvesarenamingandaconstraint.It is still truethatall of theequationscreatedareformedfrompieces
of theinitial ones,but someof theequationshave renamingsandconstraintsappliedto them.

We usethe BasicCompletion[2, 3] inferencerules. The ideaof BasicCompletionis thatwhenever
weperformaninference,insteadof applyingthemostgeneralunifier to theconclusionof theinference,
wesave theunificationproblemasanequationalconstraint.This is thefirst ideanecessaryfor theSOUR
graphphilosophy. Whenunifiersareapplied,new piecesarecreated.But with equationalconstraints,old
piecesarejustcombinedtogetherin new waysandconstrained.

Our work is basedon earlierwork [4], whereit wasshown how to performtheoremproving usinga
graphdatastructure.This is whereit wasfirst shown how new objectsarecreatedfrom existing pieces.
When an inferenceis performed,we just add new relationshipsbetweenthe existing pieces. Instead
of combiningconstraintsas in BasicCompletion,we keepthemseparateandassociatethemwith the
new relationshipsthatarecreated.We alsoassociaterenamingscreatedby an inferencewith thesenew
relationships.

In this paperwe instantiatetheideasfrom Lynch[4] to createa new datastructurefor theCompletion
Procedure.A dagrepresentationof a setof equationsis created.Nodesin the graphinitially represent
subtermsof the initial problem.However, thecompletionprocedurewill makethenodesrepresentnew
terms.Thedagrepresentationhasedgescalledsubtermedgesfromanoderepresentingatermto thenodes
representingeachof its subterms.It alsohasedgescalledrewrite edgesbetweenthenodesrepresenting
thetermsoneithersideof anequation.Wecanalsoaddaunificationedgebetweentwo nodesrepresenting
unifiableterms,andanorientationedgefrom a noderepresentinga termto a noderepresentinga smaller
term.We call thegraphsSOURgraphs,for Subterm,Orientation,UnificationandRewrite edges.

SOURgraphsareclosertoanimplementationthantheParamodulationwithoutDuplicationof Lynch[4].
Inferencesareperformedby graphtransformations.We look for certainpatternsin the graph,eachof
which causesa new edgeto be addedto the graph,andan old edgeto be possiblydeleted.Thereare
two kindsof patterns:a SURpatternis a sequenceof edgesrepresentingthata subtermof a termunifies
with onesideof anequation.In thatcasewe canadda new equationwherethatsubtermis replacedby
the othersideof the equation. We only needto adda new subtermedgeto the graphto representthe
new term, labelledwith a unificationconstraintanda renamingassociatedwith the inference.We also
have RUR patterns,representingthat two sidesof equationsunify. Sowe adda new rewrite edgeto the
graph,representinganequationbetweentheothertwo sidesof theequations.Thecompletionprocedure
on SOURgraphsis thena seriesof graphtransformations.Themostimportantpoint is to know which
constraintsandrenamingsto labelthenew edgeswith.

The paperis organizedasfollows. In the next sectionwe give the preliminaries.We follow by giv-
ing someexamplesof thecompletionprocedureon SOURgraphsanda definitionof thesyntaxandthe
semanticsof the SOURgraph. Thenwe give the graphtransformations,which determinethe inference
procedure.After that,weprovethesoundnessandcompletenessof thesystem.Wegivesomeexperimen-
tal resultsfor an implementationof SOURgraphcompletion,andalsoshow how this techniquehasled
to thesolutionof otheropenproblemsdealingwith completion.Finally, weshow therelationshipof our
work with otherwork.
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2 Definitions
We usethegraphformalismto expressrewriting systems.A graph #����%$'&)(*� is thepair composedof
thesetof verticesor nodes$ andthesetof edges( . Eachedge+�,-( is associatedwith apairof vertices
by a surjective function ./��0�1�23(
45$ 67$ . Directededgesareordered,andundirectededgesarenot.

For eachdirectededge+ thefirst componentof .8��0�1���+�� , denotedby 0�9:0;	���+�� , is calledthe initial vertex
of + , andthesecondcomponent,denotedby �80�9'��+<� , is calledthefinal vertex of + . Wesaythat + goesfrom0�9:0=	���+<� to �/0�9'��+�� . If + is anundirectededgethen.8��0�1���+<� canbeviewedasa multiset >?0�9:0;	���+��@&)�/0�9'��+��BA .

Let C beanenumerablesetof functionsymbolsand D bea setof variables.Let ��1E0;	)F bea function
from C to the setof non-negative integers.Thenthesetof terms G���GH�IC�&JDH� is thesmallersetsuch
thatK D�LMG ,

KON �7,�CP&'��1E0;	)FQ���/�R�
9�2S���=	�T3&�U<U<UI	WVX�Y,�G if 	�T?&<U�U<UZ	WVH,�G .

Termswithout variablesare called ground. A position . is a sequenceof integers. We define the
subterm	?[ \ of term 	 at position. suchthatK 	?[ ]^�_	 , wherè is theemptysequence,

K if 	R�a�
�;	�T3&<U<U�UZ	WVX��&/.H�a0:b for
��c 0 c 9 , then 	?[ \d�_	WeB[ f .

We write �hg 	%i \ to indicatethat � is a term containing	 at position . , i.e. ��[ \ ��	 . After using that
notation,wewill write �hg 	Wjki \ to indicatethetermobtainedby replacementof 	 by 	Wj in � atposition. .

A substitutionl is amappingfrom D to G , givenin postfixnotation,which is theidentityeverywhere
excepton a finite numberof variables.This mappingcanbe homomorphicallyextendedto a mapping
from G to G . Theset m���9'��l:�n��>?o/lp[ o8lrq��o�&pos,tDuAvLwG is calledthe rangeof thesubstitutionl .
A compositionl:x of substitutionsl and x is thesubstitutionsuchthat 	)l:xH���;	)l:�yx for each	d,MG . A
substitutionl is more general thana substitutionx if thereexists a substitutionz suchthat l:z-�{x . A
renamingsubstitution| is aninjectivesubstitutionfrom D to D . A renamingsubstitution| is freshif the
variablesfrom the m���9'��l:� have notappearedsomewhereelse.Wedenoteby 0�} thesubstitutionsuchthatm��~9'��0�}��p�
� . A groundsubstitutionis a substitutionl suchthat m��~9'��l:� is a setof groundterms.If 	 is
a termthen #d1E�E�/9:}8�=	)� is thesetof all terms	)l suchthat l is a groundsubstitution.If � is asetof terms,
then #d1E�E�/9:}/�I�S� is thesetof all terms	Wj suchthat 	Wj is in #d1E�E�/9:}/�;	)� for some	 in � .

An equationon G is an expression����	 , where �3&�	�,�G . The symbol � is a binary predicate
symbol, representedin infix notation. Let (db be a setof equations.The congruenceclosure (dbE� of(db is thesmallestsetsuchthat (dbE�v��(db , (dbE� is reflexive, transitive,symmetricand ����� T &<U�U<UJ&)� V �S����=	 T &<U<U�UZ	 V ��,�(dbE� whenever ��1E0=	)FX���/����9 and � e �w	 e ,�(*bE� �dc 0 c 9 . We write (dbH[ ���d�
	 if f��l��_	)l{,���#d1E�E�89:}/��(dbE�W�y� for all ground l .

Let
U� bea binaryinfix predicate.Theexpression� U�r	 , where �h&�	R,-G is calleda unificationproblem

on G . An (unification)equationalconstraint � is aconjunction� T U�_	 T~� U�U<U � � V U�_	 V . If 9���� wewrite�M��� . A pair �hg g)��i i composedof a term � andanequationalconstraint� is calleda constrainedterm.
A pair �v��	�g g)��i i composedof anequality �v��	 andanequationalconstraint� is calleda constrained
equation. A setof constrainedequationsis aconstrainedequationalsystem. A substitutionl is asolution

K of a unificationproblem � U��	 , denotedby l�,t�'�<�W��� U��	)� , if �<lM��	)l . We alsosaythat l is a
unifierof � and 	 ;
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K of a constraint��T U�_	�T � U<U<U � �@V U��	WV if l7,u�'�<�W����e U�_	We�� �Sc 0 c 9 .
l is a unifier of two constrainedterms �hg gJ��i i and 	�g gJ�*i i if it is a solutionof � U��	 � � � � . l is a most
general unifier (solution), written ����� (resp. ����� ), if l is a unifier (resp.solution)andfor eachunifier
(resp.solution) x wehave that l is moregeneralthan x . A constraintis satisfiableif it hasa solution.An���X� andan ����� is uniqueup to compositionwith avariablerenaming.

It is quiteimportantto understandouruseof renamingsin thispaper. To begin with, thereareindividual
renamings.We will alwaysrepresenttheseusingtheGreekletter z or | . It is helpful to think of theseas
syntacticobjects,suchthat o8z e is thesamevariableas o/z%� if andonly if 0��r� , and o8z e is never thesame
variableas F3z%� if oaq�{F . In general,a renamingis a list of individual renamings.We alwaysrepresent
theseusingtheGreekletter � . We alsothink of theseassyntacticobjects.In otherwords, o/� e is thesame
variableas o8�@� if andonly if � e and ��� arethesamelist of individualconstraints,and o8� e is neverthesame
variableas F3��� if o
q��F . Whenwe talk aboutrenamings,oneshouldvisualizesucha list of individual
renamings.

A term 	)l is aninstanceof aconstrainedterm 	�g gJ��i i if l7,u�'�<�W���'� . An equation��l��_	)l is aninstance
of a constrainedequation�S�_	�g gJ��i i if l�,-�'�<�W���'� .

A constrainedterm �hg g)��i i basicmatchesa constrainedterm 	�g gJ�*i i if thereis a renaming| suchthat��|���	 and �����h���'�%|H�
���X�3���p� .
An irreflexive antisymmetrictransitive infix binaryrelationon G is calledanordering. An ordering  

is total if for every pair of distinct terms � and 	 , either �� 
	 , or 	¡ �� . Theordering   is well founded
if thereis no infinite decreasingsequence	 T  �	)¢£ �U<U<U: 
	 e  �U�U<U in G . It is monotonicwith respect
to substitutionif for all substitutions l andterms � and 	 , �7 �	 implies �<l
 �	)l . The ordering   is
monotonicwith respectto context if for all terms � and 	 andcontexts � , �� �	 implies �
g �Bi \  ���g 	%i \ for
every position . . An orderingis a reductionordering if it is well-founded,andmonotonicwith respect
to substitutionandcontext. In this paperwe assume  is a reductionorderingtotal on groundterms.
We compareequationsby consideringan equation���{	 asthe multiset >?�h&%	�A andidentifying ¤ with
its multisetextension. For instance,if ��TE&%	�T�&J� ¢ &�	 ¢ aregroundterms,suchthat �7  	 and �� �¥ , then�����_	)��  ���H��¥3� if andonly if (i) �* _� or (ii) ����� and 	S �¥ . In thenon-groundcase,if ¦nT and ¦ ¢
areequationsthen ¦nT� _¦ ¢ if andonly if ¦nTBx* t¦ ¢ x for all x .

If �
gk��j§i is a term,and (*b is asetof equations,wewrite ��gk�@jki¨45��g 	)lQi andsaythat �
gk��j§i rewritesin one
stepto ��g 	)lQi if thereis anequation����	S,©(*b anda substitutionl suchthat �<lO M	)l , and ��j:����l . We
write �8ª�4��«� V andsaythat �/ª rewrites to � V if thereis a a setof terms >E� T &�¬<¬�¬J&J� VQ­�T A suchthat for
all 0 , �*c 0 c 9 , � e�­�T 4®� e . A setof equations(db is canonicalif   is a well-foundedorderingandfor
every term � , 	 and � , if � rewritesto 	 and � rewritesto � , thenthereis a term ¥ suchthat 	 rewritesto ¥
and � rewritesto ¥ .

Theinferencerule thatweareimitatingwith SOURGraphsis thebasiccritical pair inferencerule.

Basic critical pair

���S�_	�g g)x T i i��Wz �
g �@jki:��¥ng g)x<¢Qi i��g 	)zhi8�
¥Sg gJ�<z U��� j � x T z � x<¢/i i
where�@j is notavariable,z is a freshrenamingsubstitution,andthereis no l7,-�'�<�W���<z U�
��j � xET�z � x ¢ �
suchthat �<l7¤M	)l or �
gk��j¯i�l�¤a¥3l .

This inferenceis calledbasicbecauseinsteadof applyingthesubstitution,it is savedasaconstraintand
inheritedin futureinferences.Standardpresentationsassumethatat leastoneof thepremisesis renamed
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beforethe inferenceis performed.We assumethat the left premiseis renamed,andwe explicitly show
therenamingin theinferencerule. Thereasonwehave chosento givetherenamingexplicitly is because
it helpsto understandwhat is happeningin theSOURGraphs.We call theleft premisea fromequation,
andtheright premiseis calledaninto equation. In certaincases,thefrom equationsimplifiesall instances
of theinto equation,andtheinferenceis calleda simplification. We give known completenessresultsfor
this inferencerule in Sect.6.

3 Examples
In this section,we give an informal descriptionof a SOURgraphandits associatedinferencerules, to
giveanideaof how they work. In thenext section,wegive amoreformalpresentation.

1 2

rewrite edges

1

b)a) 1 2

1

1

subterm edges
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²

°

±

²

³

Fig. 1: SOURrepresentationof a) ´¨µ;¶~µI·3¸y¹%¶�µI·3¸%¸ andb) ´/µ;¶~µI·3¸y¹�¶�µI·3¸%¸'ºO»8µ;¶�µI·3¸%¸y¼
Every termcanberepresentedwith a dagrepresentation.For instance,Figure1(a)is thedagrepresen-

tationof the term �
�;�:������&��¨�����W� . As usualin dagrepresentations,thesametreeis usedto representlike
subterms,i.e. �:����� is thesametreeboth timesit appears.Theedgesusedin thedagrepresentationof a
termarecalledsubtermedges, andarelabelledby theindex number. They areconsideredto bedirected
from a termto its subterm.Equationsarerepresentedby a rewrite edgebetweenthedagrepresentingthe
termon the left sideof the equationto the dagrepresentingthe term on the right sideof the equation.
Rewrite edgesareundirected.½ SeeFigure1(b) for therepresentationof ���=�¨���~�@&%�:�����W����¾
�;�¨�����W� . Like
subtermson differentsidesof the equationsarerepresentedby the sametree. Like termsin different
rewrite rulesarealsorepresentedby the sametree. In this way, a setof equationsis representedby a
SOURgraphwith subtermedgesandrewrite edges.

Necessaryinferencesarefoundby detectingpatternsin thegraph,andperformedby adding(andsome-
timesremoving) anedgeto (from) thegraph.For instanceconsidertheequations�
��������� and �v��� as
in Figure2(a). Thereis a critical pair inferencebetweenthetwo rules,becausethesubterm� of ������� is
identicalto the left handsideof theequation����� . To performthe inference,we mustcreatethenew
rule �������d��� by addinga new rule identicalto �
�����d��� , exceptthat the subterm� hasbeenreplaced
by � . To detectthis inferencein the SOURgraph,we needto detectthat � is a subtermof ������� , and �
is alsothe left handsideof an equation.In otherwords,to detectan inference,we noticethat thereis¿

It is possibleto presentSOURgraphswith directededgesrepresentingrewrite rules,but thatcreatesmorecomplexity. We have
chosenthis format,becauseit allowsasimplerrepresentation.
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Fig. 2: Inferencebetweeń̈ µI·3¸�ºOÄ and ·¡ºOÅ .

a nodein thegraphwhich hasan incomingsubtermedgeandanoutgoingrewrite edge.To performthe
inference,we mustadda new subtermedgefrom the sourceof that subtermedgeto the target of that
rewrite edge. Furthermore,sincethis is a simplification,we may remove the subtermedgefrom �
�����
to � (seeFigure2(b)). In the groundcase,every critical pair is a simplification. Sincewe needto find
a patterncontaininga Subtermanda Rewrite edgeto performthe inference,we call the patternan �'m
configuration.

We have just givenanexampleof a groundinference.Whathappensin thenon-groundcaseis more
complicated.Considertheequations�
�;�:��o/�W����¾
��o/� and �¨��Æ:��o/�W�Y��Æ:��o/� asin Figure3(a). To perform
a critical pair, we couldapplya renaming| to �¨��ÆÇ��o/�W�S��Æ:��o/� . We get �:��Æ:��oX|��W�S��Æ:��oQ|~� , andwe can
performthefollowing inference:

�¨��Æ:��oQ|~�y�R�aÆÇ��oQ|~� �
�;�¨��o8�y�R�
¾
��o/�����Æ:��oQ|~�y�R�
¾
��o/�:g g%�:��Æ:��oX|��W� U�_�¨��o/�hi i
This inferencehasthesamestructureasthegroundinference,exceptthat

K weunify thesubtermwith theleft handsideof anequation,insteadof justfinding identicalterms,

K wemustrenametheleft premisebeforeperformingtheinference,and

K theconclusionis constrainedby theunificationproblem.

Thesethreepointsmakea non-groundinferencedifferentfrom a groundinference.Let usseehow that
affectswhathappensin a SOURgraph.Thefirst point meansthat to detectan inferencewe mustfind a
subtermof a termthatis unifiablewith therenamedversionof theleft-handsideof a rule. In theSOUR
Graph,we will have anundirectedunificationedgebetweentwo termsthatareunifiablewhenrenamed.
So,in theexample,therewill beaunificationedgebetween�:��o/� and�¨��Æ:��o/�W� (seeFigure3(a)).Therefore,
thepatternwe mustdetectis anSURconfiguration.Theremustbenodes¥ T , ¥E¢ , ¥<È , and ¥<É in thegraph,
suchthatthereis aSubtermedgefrom ¥ T to ¥E¢ , aUnificationedgebetween¥E¢ and ¥<È , andaRewrite edge
from ¥<È to ¥<É . Thenweneedto adda new equationwhich is thesameastheold oneexceptthattheterm
representedby ¥E¢ is replacedby thetermrepresentedby ¥<É . Therefore,weadda new subtermedgefrom¥ T to ¥<É (seeFigure 3). This is analogousto whatwedid in thegroundsituation.Thesubtermedgefrom¥ T to ¥E¢ maybe removedonly if this inferenceis a simplification,but this is not enough.We mustalso
handlethesecondandthird pointsmentionedabove. Thenew edgethat is addedmustbe labelledwith
a renaminganda constraintasgivenin theinference.In theexamplepresentedin Figure 3(b),we label
thenew edgewith theconstraint�¨��ÆÇ��oQ|~�W� U�Ê�¨��o8� andtherenaming| . This meansthatany termusing
thatsubtermedgemustrenameeverythingunderneaththatedgeby | , andmustapplytheconstraintgiven
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in the edgeto the whole term. (Seethe next sectionfor the formal definition.) Notice that the ground
caseis just a specialcaseof this. If thereareunificationedgesbetweenevery nodeanditself, then in
thegroundcasewealsohave SURconfigurationsrepresentingSRinferences.Renamingsandconstraints
donot affect thegroundcase.Renamingsapplyonly to variables,andtheonly constraintsneededin the
groundcasearethosethatevaluateto true.

R

unification edges

U
S

S

a) b)

subterm edges

rewrite edges

³

Ë

±°

±

Ì

³

Ë

±°

±

Ì

Í Í=Î�Ï Ð Ï ÑkÒÔÓ Ó
ÕÖ Î�Ï Ñ Ó × × Ø Ò

Fig. 3: Inferencebetweeń/µ;¶�µIÙX¸%¸�ºO»/µIÙX¸ and ¶�µIÚXµIÙX¸%¸�ºOÚQµIÙ�¸ .
Below we explain whathappenswhenwe performaninferenceat theroot of onesideof anequation.

Inferencesat theroot arerepresentedby a differentkind of configuration.Considerrules �
��o/�����:��o/�
and �������p��¾
���@� asin Figure4(a).We couldperformtheinference:

�
�����p�
¾
����� ����o8�Y�Û�:��o/�����o8�p�
¾
�����:g gJ�
����� U�
����o8�hi i
This inferenceis detectedby noticing that the left-handsideof oneequationunifieswith the left-hand
sideof anotherequation.In theSOURgraph,thismeansthatthereis asetof nodes¥ T , ¥E¢ , ¥<È and ¥<É such
thatthereis a Rewrite edgefrom ¥ T to ¥E¢ , a Rewrite edgefrom ¥<È to ¥<É , anda Unificationedgebetween¥ T and ¥<È . To performthe inference,we needto adda new equationbetweentheright-handsidesof the
previousequations.So,in theSOURGraph,weadda rewrite edgefrom ¥E¢ to ¥<É asin Figure4(b). This
is calledanRUR configuration.As in theSURinference,we mustlabel thenew edgewith a constraint
anda renaming. In the example,the renamingis not useful, but the constraintwill be the constraint������� U���
��o/� , asgiven in the inferencerule. In certaincases,this inferenceis a simplification,andthe
equationrepresentedby therewrite edgebetween¥hT to ¥ ¢ mayberemoved.

a) b)
R

U RR Ü
Ý

Þ
Ý

Ü
ßà

á
â â ÜJã ßyä'åæ ÜJã Ý)äJç ç

Ü
Ý

Þ
Ý

Ü
ßà

á

Fig. 4: Inferencebetweeń̈ µIÙ�¸:º�¶~µIÙX¸ and ´/µI·3¸
º�»/µIÄ)¸ .
For onemoremotivatingexample,considertheequation�
���
��o/�W���r�:���
��o/�W� (seeFigure 5(a)).Com-

pletion of this rule givesan infinite setof equations.The equationsare representedby finitely many
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edgesof theSOURgraph. In othercases,completioncreatesa SOURgraphcontaininginfinitely many
edges;in this case,thereareinfinitely many edgesof thesamekind betweena pair of vertices,but they
have differentlabels.First,notethat thereis a unificationedgebetween����o8� and ��������o8�y� , becausethey
areunifiableafter renaming.Therefore,thereis an SUR configurationbetweenthe nodesrepresenting��������o8�y� , �
��o/� , �
���
��o/�W� , and �:���
��o/�W� (as in Figure5(a)). This resultsin addinga new subtermedge
from thenoderepresenting�
��o/� to thenoderepresenting�¨������o8�y� asin Figure5(b). It correspondsto the
inference: ��������oX| T �W�è�Û�¨������oX| T �W� �
���
��o/�W�Y���:���
��o/�W����=�¨���
��oQ| T �W�y�p���:���
��o/�W�:g gJ�
���
��oQ| T �y� U�
����o8�hi i
Thenew subtermedgewill have theconstraint�
���
��oQ|XT��y� U���
��o/� andtherenaming|XT . Thisgivesusthe
equationin theconclusionof the inference.An equationin thegraphis representedby a rewrite edges.
The termsareformedfrom subtermedgesrootedthe two endsof the rewrite edge. Constraintson the
edgesarecombined.Renamingson the edgesareappliedto anything thatappearsunderneathit in the
tree.(Seethenext sectionfor a formaldefinition.)

Next wefind theSURconfigurationfrom thenoderepresenting�¨���
��o/�W� throughthenodesrepresenting����o8� and ��������o8�y� to the noderepresenting�:���
��o/�W� (seeFigure5(b)). This meanswe mustadda new
subtermedgefrom the noderepresenting�:���
��o/�W� to itself, as in Figure5(c). This correspondsto the
inference:

�
���
��o/zX�y�R�_�¨������o8zX�y� ���=�¨������oX|QT?�W�y�p�_�¨���
��o/�W�Çg g)�
���
��oQ|XTE�W� U�
����o8�~i i���=�¨�;�:���
��o/zX�W�y�W�n���:���
��o/�W�:g gJ��������o8zQ�W� U���
��oQ|XT�� � �
���
��oQ|XT?�y� U���
��o/�hi i
The new subtermedgewill have the constraint �
���
��oQ| ¢ �W� U�é�
��o/� and the renaming | ¢ . The new
rule which we readfrom the graph,containingthe two new subtermedges,is �
�;�:�;�:���
��oQ|~¢h| T �W�y�W�-��¨������o8�y�:g g)�
���
��oQ|~¢�| T �W� U� �
��oQ| T � � �
���
��oQ| T �y� U���
��o/�hi i . Noticethat this is thesameastheconclusion
of theinference,exceptthat z is replacedby |~¢@| T . Therefore,it is a renamedversionof theconclusionof
theinference.

a) b) c)
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â â ÜJãkÜJã ÝWë ê äÔä åæ ÜJã ÝJäJç çkìIë ê
S ê Sí

â â ÜBã ÜJã ÝWë í ä¯ä'åæ ÜJã Ý)äJç ç§ìIë í
Ü
Ý

ÞÜ Ü Þ

Ü
Ý

â â ÜJãkÜJã Ýyë ê ä¯ä åæ ÜJã Ý)äyç çkìIë ê

Fig. 5: Completionof ´/µ�´/µIÙX¸%¸:º7¶�µ�´/µIÙX¸%¸ .

4 Model
In this section,wewill give thesyntaxandsemanticsof theSOURgraph.

Let #�� ��$î&J(d� representtheSOURgraph,with $ beingthesetof nodesand ( thesetof edges.The
nodesandedgesarelabelledasdescribedbelow. It is possibleto have morethanoneedgebetweennodes
of a SOURgraph,aslong astheedgesarelabelleddifferently. A SOURgraphmaycontaincyclesand
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loops.Eachnode ¥ is labelledby a functionsymbol,a constant,or a variable.We write �'F3�H�@�<�W��¥h�S���
if � is thelabelof node ¥ .( is thedisjointunionof sets(Sï , (�ð , (Sñ and (Sò . If +�,©(nï then + is aSubtermedge. If +�,-(Sò then+ is anOrientationedge. If +�,©(Sñ then + is a Unificationedge. If +*,©(�ð then + is a Rewrite edge. For
short,we call themS, O, U, andR edges,respectively. Eachsubtermedge + is labelledby a constraint,
a renaming,andan index. We write ¦*�E9'��+<� to indicatetheparameterizedconstraintof edge+ , m�+�9'��+��
to indicateits parameterizedrenaming,and ó39:}/��+<� to indicatetheindex of a subtermedge.Eachrewrite
edge + is labelledby a constraintand two renamings.We write ¦d�E9'��+�� to indicateits parameterized
constraint,and m¡+<9/ôW��+�� and m�+�9/õ���+<� to indicateits parameterizedrenamings.The S andO edgesare
directed,but theU andR edgesareundirected.

We defineS-treesasan intermediatelevel for definingthesemanticsof a SOURgraph. An S-treeis
a treewhosenodesare labelledwith function symbols,constantsandvariables. Its edgesare labelled
in the sameway as the subtermedgesof a SOUR graph. In other words, eachedge + of an S-tree
will have ¦d�E9'��+<� denotingits constraint,m�+<9'��+<� denotingits renaming,and óh9:}8��+�� denotingits index.
Furthermore,S-treeswill have the following properties.Eachleaf of an S-treewill be labelledwith a
constantor a variable. Interior nodeswill be labelledwith function symbols. If ¥ is a nodesuchthat�'F3�H�@�<�W��¥h�P�ö� and ��1E0;	)FQ���/���÷9 , then ¥ will have 9 edges+�T?&<¬�¬<¬W&J+@V leadingto its children,such
that ó39:}/��+@e%�d��0 for each 0 . �søM	)1E+<+�� arethestandardtreerepresentationof terms,with the addition
of parameterizedconstraintsand renamingson its edges. S-treesareunfoldingsof dagscomposedof
S-edgesin the SOURgraph. The meaningof nodesandedgesin the SOURGraphwill be definedby
mappingthemto a setof S-trees,whichis in turnmappedto a setof terms.

� �

ù ù

�rú�û

¾ ¾

üüIýþ
ÿ���

üüIýþ
ÿ���

ú í
1 2

ú ê

Fig. 6: An S-tree.

Now wedescribethesemanticsof S-treesandSOURgraphs.
We definethe semanticsof S-treesinductively. Let � bean S-tree,thenwe will define �S+�1E�7�I�S� to

be the constrainedterm that � represents.If � is an S-treewith onenode,labelledby symbol � , then�S+�1E�7�I�S�n� � . Let � beanS-treewith root ¥ ª andedge0 leadingfrom ¥ ª to ¥<e for each0 , ��c 0 c 9 .
Let �'F3� ���<�W��¥ ª �Y��� , ¦d�E9'��+�e%�R���
e , m�+<9'��+@e��Y���Ee and �S+�1E�7��¥<e%�R�r	We/g g � e<i i for each0 . For each0 , letzJe bea freshrenaming.Then �S+�1E�7��¥ ª �R�����=	�TB��TBz<T<&�¬<¬�¬J&�	WVX�EV8zJVX�:g g�� T��/e��8V ���
e%zJe � � e���e��yzJe��~i i . For the
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S-treeshown in Figure6, �'F3�H�@�<�W��¥ ª �p�a� , �S+<1E�-��¥hTB�è�a�S+<1E�-��¥ ¢ �î�
¾
�;�¨� ù �y�:g g ù |«�
F'i i and

�S+<1E�-��¥ ª �'�
����¾��=�¨� ù z<TE�W��&J¾
�;�¨� ù z ¢ �W�y�:g g ù z<TR�aF � ù z ¢ �aF i i
We inductively definehow a nodein the SOUR graphrepresentsa set of trees,and thereforealso

representsa set of terms. We will define �S1E+�+<�3��¥3� to be the set of treesrepresentedby a nodeand�S+�1E� �3��¥3� to be the setof termsrepresentedby the node. If ¥ is labelledby a constantor variable � ,
then �S1E+<+<�3��¥3��� >E¥�A . Let ¥ be labelledby an 9 -ary functionsymbol � . For each 0 from 1 to 9 let +�e
beanS-edgeleadingfrom ¥ to somevertex ¥<e in theSOURGraph,suchthat ó39:}�+<o���+�eW����0 . Let �/e be
anelementof �S1E+�+<�h��¥<eW� . Then �S1E+<+��h��¥h� containsa treewhoseroot is labelledwith � andwhich has 9
edgesleadingto its children.For each0 , oneof theseedgesis labelledthesamewayas + e andleadsto the
rootof thesubtree� e . For all ¥�,u# , wedefine�S+�1E� �3��¥3���
><�S+�1E�7�I�S��[��
,P�S1E+<+<�3��¥3�JA .

a) b)

�

ù

¾

ú�

ë ê
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� ê ë ê ë ê

Fig. 7: Treesrepresentedby aSOURgraph.

For SOURGraphshown in Figure7(a)with m�+�9'��+ T �S�Ê| T theset �S1E+<+<�3��¥3� is representedin Figure
7(b). We have

�S+<1E�H�h��¥3�Y�Ê>?�
��¾
�;�¨� ù |QT?z<T)�y��&J¾��=�¨� ù |XT�z ¢ �y�W�JA
wherez<T and z ¢ arefreshinstancesof renaming|XT .

Next we definehow a rewrite edgein the SOUR graphrepresentsa set of equations. Let + be a
rewrite edgebetweennode ¥hT andnode ¥ ¢ . Let 	�Tîg gJ�pThi iv, �S+<1E�H�h��¥hT�� and 	 ¢ g gJ� ¢ i iv, �S+<1E�H�h��¥ ¢ � .
Let ¦d�E9'��+��Y��� , m¡+<9/ôW��+������ T and m¡+<9/õ���+<�R���3¢ . Then (dbE�/��	)0��E9:�h��+<� containstheequation�=	 T � T �	)¢��3¢'g gJ� T � T�� �'¢<�3¢ � ��i i��yz . If # is a SOURgraph,then (dbE�/�E	)0��E9:�h��#d� �
	���
����d(dbE�/��	)0��E9:�h��+<� .
Therefore,a SOURgraphrepresentsa constrainedrewrite system.

5 Inference System
Completionis performedonSOURgraphsby representinga setof equationsasagraph,andthensaturat-
ing thesetwith respectto a setof graphtransformations(inferencerules)givenbelow.

Thesetof equationsis transformedinto agraphin thenormalwaythatatermis representedasadag.It
canbedefinedinductively. If a term 	 is a constantor variable� , then #d1E�<.8¾
�;	)� is thedagwith onenode,
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which is labelledwith � . If a term 	 is of theform �
�;	�TE&�¬<¬<¬)&�	WVX� , then #d1E�<./¾��=	)� is thedagsuchthatone
node¥Eª is labelledwith � , andthereare 9 subtermedges+ T &<¬�¬<¬J&)+ V leadingout of ¥Eª , suchthatfor each+ e , ó39:}/��+ e ��� 0 , ¦d�E9'��+ e ����� , and m�+<9'��+ e ����0�} . Thedestinationof each+ e is theroot of #d1E�<.8¾
�;	 e � .
As defined,for a term 	 , #d1E�<.8¾
�;	)� is not a uniquedag.It maybea tree.However, if someidenticaltrees
areshared,thenit is no longera tree. Themostefficient representationis whena maximumamountof
structuresharingis performed,asin graphshown in Figure8, representingtheterm ����¾��=�¨� ù �W�@&)¾
�;�:� ù �W�W� .

�

ù

¾
2

�
1

Fig. 8: ���J·��~»/µ�´/µI»/µ;¶�µ��3¸%¸y¹W»/µ;¶~µ��3¸%¸%¸%¸ .
For ourapplication,any amountof structuresharingis allowed.Evenif theinitial graphis createdwith

nostructuresharingatall, theadvantagesof theSOURgrapharestill enjoyed.Thereasonfor thatis that
thestructuresharingis performedautomaticallyby theinferencerules.

For an equation	 T � 	)¢ , let ¥ T be the root of #*1E��./¾��=	 T � and ¥E¢ be the root of #d1E�<.8¾
�;	)¢�� . Then#d1E�<.8¾
�;	 T ��	)¢<� is the graphcontaining #*1E��./¾��=	 T � and #d1E�<.8¾
�;	)¢�� suchthat thereis a rewrite edge +
between¥ T and ¥E¢ , labelledsuchthat m�+�9/ôy��+<�«� 0�} , m¡+<9/õ���+<�«� 0�} and ¦d�E9'��+<���ö� . We may also
performstructuresharingbetweenthesubtermsof 	 T and 	)¢ .

If >?1 T &�¬<¬<¬)&J1 V A is asetof equations,then #*1E��./¾���>?1 T &�¬<¬�¬J&J1 V AE� is thegraphwhichis theunionof graphs
representing#d1E�<./¾���1ET)�@&�¬<¬<¬)&J#d1E�<.8¾
��1@V~� . Theremaybestructuresharingbetweenthesubtermsof each1�e . In addition,thereis a unificationedgebetweenevery pair of vertices¥hTE&)¥ ¢ ,s#*1E��./¾���>?1�T�&<¬�¬<¬W&J1�V/AE�
suchthat �îFh�H���<�y��¥hT?�n� �'F3� ���<�W��¥ ¢ � or �'F3� ���<�W��¥hTE��,�$d�~1 or �îFh�H���<�y��¥ ¢ ��,�$¡��1 . Note that ¥hT and¥ ¢ arenotnecessarilydistinctnodes.

Now we describethe inferencerules. They all correspondto a particularcaseof thecritical pair rule,
simplificationbeinga specialcase:

Basic critical pair

���S�_	�g g)x T i i��Wz �
g �@j¯i \ ��¥�g gJx<¢Qi i��g 	)zhi \ �
¥�g gJ��z U��� j � x T z � x<¢/i i
wherez is a freshrenamingsubstitution.

Therearetwo inferencerules. They areinstancesof theBasicCritical Pair inferencerule, depending
on whetheror not the inferenceis at a root position. Theseinferencesarenecessaryfor completeness.
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Fig. 9: Exampleof SURtransformation.

Thefirst inferencerule is calledanSURtransformationandcorrespondsto a critical pair where. is not
therootpositionof � .

Let us give an exampleof an SUR transformation.Suppose# is a SOUR graphshown in Figure
9(a). Since # containsa subtermedgefrom ¥ T to ¥E¢ , a unificationedgebetween¥ T and ¥E¢ anda rewrite
edgefrom ¥ T to ¥<È , we adda new subtermedge+ V ��� from ¥ T to ¥<È asshown in Figure9(b). This SUR
transformationcorrespondsto theBasicCritical Pair inference° �Ô°!� Ì#"%$&$�' ° � ± � Ì�"%$�$ ° �Ô° � Ì#$&$�' ° � ± � Ì�$�$° �Ô°!� ± � Ì#"%$&$�$�' ° � ± � Ì�$�$!( ( °!� Ì�$ U) °!�Ô° � Ì�"%$�$+* *

Now we definetheSURinferencerule by referringto a figure. Thedefinition is asfollows: Suppose
thatedges+-, , +%. and +�õ exist, suchthat m�+<9'��+-,��Y��� T , m�+�9/ôy��+@õ��R����ô , m�+<9/õ~��+�õE�Y���Eõ , ¦d�E9'��+-,��Y� � T
and ¦*�E9'��+@õ��H� � ¢ , as in Figure10. Further, supposethat terms 	 T g gJ� T i i�,��S+�1E� �3��¥ T � , 	)¢'g gJ�'¢Qi id,�S+�1E� �3��¥E¢E� , 	WÈRg gJ�
ÈXi ip,��S+<1E�H�h��¥<È3� and 	WÉpg gJ�
É/i ip,��S+<1E�H�h��¥<É3� exist asin Figure10. Thenthesubterm
edge+ V ��� is addedto thegraphfrom ¥<È to ¥<É asin Figure10, if

�
is satisfiable,where� � �=	 T � T U�_	)¢���ô;|~� � � T«� � T � T«� � � ¢ � �'¢��Eô��%|

and | is a freshrenaming.
The labelson +�V ��� will beasin Figure10. In otherwords, ¦d�E9'��+@V ��� �n� �

, m�+<9'��+@V ��� �S��� õ | andó39:}/��+@V ��� �p�
ó39:}/��+ , � .
Let us analysethe inferencethat wasperformed.A critical pair inferencewasperformedbelow the

root of someterm in an equation./ The term that the inferencewent into is representedby 	�Tîg gJ�èT3i i�,�S+�1E� �3��¥ T � . Supposethat �'F3� ���<�W��¥<È��7� � and óh9:}/��+-,��-�®Æ , then 	 T g g)� T i i is the Æ10 ³ subtermof���y¬�¬<¬�&�	 T � T z�&�¬<¬�¬ �:g g � T z � � T � T zèi ip,M�S+�1E� �3��¥<È3� , where z is a freshrenaming.This is straightforward
from thedefinitions.In turn, this termis thesubtermof a constrainedequation

¦£g �
�W¬<¬<¬)&�	 T � T z�&<¬�¬<¬ �W��iXg g � T zQ� � � T � T zQ� � ��i i2
It maynot be strictly a critical pair inference,becausethat term is usedfor inferencesinto left-handsidesof equations.These
inferencesmayalsotakeplacein right-handsides.
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Fig. 10: SURtransformation.

for someequation¦ , constraint� andrenaming� , occuringat somenode ¥ of # . This is understoodby
noticingthat in orderto form theequation¦ containingthis term,we addedgesabove ¥ È . Theseedges
will furtherconstraintheequationby conjoininga constraint� , andfurtherrenamewith somerenaming� .

Thefromequationthatis usedin this inferenceis thatrepresentedby edge+@õ . It is 	)¢���ô¨�_	WÉ���õpg g)�'¢���ô ��
É��Eõ � � ¢/i i . Thisfollowsdirectlyfrom thedefinition.We needto doaninferencebetweenthisequation
andtheonefrom thepreviousparagraph.We needto considera renamingof this equation,suchthatno
variablesarein commonwith theotherone.Considertherenaming|�zX� . Therefore,therenamedequation
is �;	)¢<�EôR��	WÉ?��õpg g)�'¢���ô � �
É��Eõ � � ¢/i i���|~zX� . This hasno variablesin commonwith the otherequation,
becauseof thefreshrenaming| , which theotherequationdoesnot use.It maynot seemobviouswhere
this renamingcomesfrom, but wewill seethatis therenamingthatarisesin theSOURgraph.

Therefore,theinferenceis thefollowing:

�;	)¢���ô¨�_	WÉ?��õpg g)�'¢J�Eô � ��ÉE�Eõ � � ¢/i i���|~zX� ¦vgk�
�W¬<¬�¬J&�	 T � T z�&<¬�¬<¬ �W��iXg g � T zX� � � T � T zX� � ��i i¦vgk�
�W¬<¬�¬J&�	WÉ��Eõ�|�z�&�¬<¬<¬ �W��iXg g � zX� � �
É?��õ�zX� � ��i i
Notethatbeforetheedgewasadded,thenode ¥<È representedtheright premiseof theinference.After

thenew edgeis added,thenode ¥<È representstheright premiseof theinferenceandtheconclusionof the
inference.

We show that theconclusionof this inferenceis representedin thegraphby consideringthedagrep-
resentingthe into equation,suchthat the original subtreeat ¥<È is replacedby a new subtree,consist-
ing of +�V ��� andthe subtreeat ¥ É . We know that 	 É g gJ� É i i�,w�S+<1E�H�h��¥ É � . This is the Æ10 ³ subtermof���y¬�¬<¬�&�	 É � õ z�&�¬<¬�¬ �Çg g � z � � É � õ |~z^i iR,M�S+<1E�H�h��¥ È � , where z is thesamez asabove. In turn this termis
thesubtermof anequation

¦vgk�
�W¬<¬�¬J&�	 É � õ z�&<¬<¬�¬ �W��i�g g � zX� � � É � õ |~zQ� � ��i i
whichis exactly theequationthatis theconclusionof theinference.

The above argumentleadsto the following lemmas.The first lemmawill be usedin our soundness
proof in thenext section.
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Lemma 1 Let # bea graphand let # j betheresultof performingan �XW¡m inferenceon # . Theneach
equationin (dbE�/��	)0��E9:�h��#�jI� is impliedby (dbE�/�E	)0��E9:�h��#d� .
Proof. Let +<b beanequationin (*bE�8��	)0��E9:�3��#�jI� . Wewantto show that +�b is impliedby (dbE�/�E	)0��E9:�h��#d� . If+�b�,©(dbE�/�E	)0��E9:�h��#d� then+<b isobviouslyimpliedby (dbE�8��	)0��E9:�3��#d� . Sosupposethat +<b q,u(dbE�/��	)0��E9:�h��#*� .
Then +�b mustbeanequationformedusingtheedgecreatedby the �XW¡m transformation.Theabove ar-
gumentshows that eachsuch +�b is a resultof an inferencebetweentwo equationsin (dbE�/�E	)0��E9:�h��#d� .
Therefore+<b is implied by (dbE�/�E	)0��E9:�h��#d� . Y

Thesecondlemmawill beusedin thecompletenessproof in thenext section.

Lemma 2 Supposethat +<b T and +<b<¢ are equationsin (dbE�/��	)0��E9:�h��#d� such that there is an inference
between+�b T and +�b<¢ belowtheroot. Let +�b@È betheconclusionof that inference. Thenthere is an �XW¡m
transitionfrom # to some#�j such that +�b@È�,-(dbE�8��	)0��E9:�3��#�jI� .
Proof. Let +<b T betheinto equationand +�b<¢ bethefrom equation.Thenthereis a subterm	 of +<b T which
unifieswith onesideof +<b�¢ . In thegraphtheremustbeaunificationedgebetweenthenoderepresenting	
andthenoderepresentingthesideof +�b<¢ whichunifieswith 	 . Theremustbeasubtermedgebetweenthe
noderepresentingtheimmediatesupertermof 	 andthenoderepresenting	 . Therealsomustbearewrite
edgebetweenthenodesrepresentingthetwo sidesof +�b<¢ . Therefore,thereis an �XW¡m configuration.By
theabove argument,weseethat thenew edgeaddedcreatestheconclusionof theinferencebetween+�b T
and +�b<¢ . Y

Theinferencemustbeperformedfor every possiblevalueof �S+�1E� �3��¥ T � and �S+<1E�H�h��¥E¢E� . Thevalues
of �S+<1E�H�h��¥ T � and �S+<1E�H�h��¥E¢E� aremodifiedwhennew subtermedgesareaddedto the graph. So the
inferenceneedsto bere-performedfor thesenew values.

Thesecondinferencerule is calledanRUR transformationandcorrespondsto a critical pairwhere. is
therootpositionof � in thecritical pair rule.

This is anexampleof anRUR transformation.Let # bea SOURgraphshown in Figure11(a)(every-
thing is thesameasin Figure9(b) excepttheunificationedge).
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Fig. 11: Exampleof RUR transformation.
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Since # containsa rewrite edgefrom ¥hT to ¥ È , a unificationedgebetween¥hT anditself, we adda new
rewrite edge+ V ��� from ¥<È to itself asshown in Figure11(b).

ThisRUR transformationcorrespondsto theBasicCritical Pair inference° �Ô° � Ì#"+c�$�$�' °!� ± � Ì�"%cM$�$ °!�Ô° � ± � Ì�"%$�$�$&' ° � ± � Ì#$&$°!� ± � Ì#" c $�$�' ° � ± � Ì�$�$-( ( °!� Ì#$ U) °!�¯°!� Ì�"%$�$�d °!�Ô° � Ì�" c $�$ U) °!�Ô° � ± � Ì�"%$�$�$+* *
The definition of the RUR inferencerule, referringto Figure12, is as follows. Let +@õ ê be a rewrite

edgebetweennodes¥ T and ¥<È , +�õ í be a rewrite edgebetween¥E¢ and ¥<É and ++. be a unificationedge
betweennodes¥ T and ¥E¢ suchthat m�+�9/ôy��+@õ ê �p�
� T , m�+�9/õ���+@õ ê �î�
�EÈ , m�+�9/ôy��+@õ í �p�
�3¢ , m�+�9/õ���+@õ í �î�
�EÉ ,¦d�E9'��+@õ ê �p� � T and ¦d�E9'��+@õ í �p� � ¢ . Supposethatterms	 T g gJ� T i i�,��S+<1E�H�h��¥ T � , 	)¢pg gJ�'¢Qi i:,P�S+<1E�H�h��¥E¢E� ,	WÈpg g)�
È/i i:,-�S+<1E�H�h��¥<È3� and	WÉpg g)�
É/i i�,��S+�1E� �3��¥<É3� exist. Thentherewrite edge+ V ��� is addedto thegraph
between¥<È and ¥<É asin Figure12, if

�
is satisfiable,where� ���;	 T � T U��	)¢<�3¢B|~� � � T«� � T � T«� � � ¢ � �'¢��3¢<�%|

and | is a freshrenaming.

3 í3 ê

3 � 354
== >?@@ AB?ABe

E �;F F�G��IH H F F�JfH H`L�N;�+L�N 4 PE 4 F F�G 4 H H

E í F F�G í H HE ê F F�G ê H H 3 í3 ê

3 �

+ .

354
== >?@@ AB?ABe

E �;F F�G��IH H E 4 F F�G 4 H H

E í F F�G í H HE ê F F�G ê H H

RTg 8
+ .

UV?UV?
+ V ���

66 7 89
9;:< 8 :
< h

66 7 899 :
< 8 :
< hRTg 8

Fig. 12: RUR transformation.

Thelabelson + V ��� will be ¦d�E9'��+ V ��� �'� �
, m�+�9/ôy��+ V ��� �'�
�EÈ , and m�+�9/õh��+ V ��� �'�
�EÉ�| .

Let usanalysetheinferencethatwasperformedhere.An inferencewasperformedat theroot of some
termin anequation.Thetermthattheinferencewentinto is 	�T'g g)�èThi iî,-�S+<1E�H�h��¥hT�� . This is a partof the
constrainedequation

�=	�TB��TR��	 È � È g g � T � �èT���T � � È � È i i��Wz
whichis representedby edge+�õ ê .

Thefromequationthatis usedin thisinferenceis thatrepresentedbyedge+@õ í . It is 	)¢��h¢���	WÉE�EÉpg gJ�'¢��3¢ ��
É��EÉ � � ¢/i i . This followsdirectlyfrom thedefinition.Weneedto doaninferencebetweenthisequation
andtheonefrom thepreviousparagraph.We needto considera renamingof this equation,suchthatno
variablesarein commonwith theotherone.Considertherenaming|~z . Therefore,therenamedequation
is �;	 ¢ � ¢ �{	 É � É g g)� ¢ � ¢ � � É � É � � ¢ i i��%|~z . This hasno variablesin commonwith the otherequation,
becauseof thefreshrenaming| , which theotherequationdoesnot use.
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Thereforetheinferenceis thefollowing:

�=	 ¢ � ¢ �_	 É � É g gJ� ¢ � ¢ � � É � É � � ¢ i i���|~z �;	�T���TR�_	 È � È g gJ�pTW��T � � È � È � � T�i i��Wz�;	 È � È �_	 É � É |Sg g � | � � È � È � � É � É |'i i��yz
We show that theconclusionof this inferenceis representedin thegraphby consideringtheequation

representedby + V ��� . We know that 	WÈpg gJ�
È/i iî,-�S+<1E�H�h��¥<È3� and 	WÉpg gJ��É/i i',©�S+<1E�H�h��¥<É3� . Therefore,+ V ���
representstheequation

�;	WÈE�EÈS�_	WÉ���É�|Sg g � | � �
È���È � �
É���É�|'i i��yz
whichis exactly theequationthatis theconclusionof theinference.

The above argumentleadsto the following lemmas.The first lemmawill be usedin our soundness
proof in thenext section.

Lemma 3 Let # bea graphandlet #�j betheresultof performingan miW¡m inferenceon # . Theneach
equationin (dbE�/��	)0��E9:�h��#�jI� is impliedby (dbE�/�E	)0��E9:�h��#d� .
Proof. Let +<b beanequationin (*bE�8��	)0��E9:�3��#�jI� . Wewantto show that +�b is impliedby (dbE�/�E	)0��E9:�h��#d� . If+�b�,©(dbE�/�E	)0��E9:�h��#d� then+<b isobviouslyimpliedby (dbE�8��	)0��E9:�3��#d� . Sosupposethat +<b q,u(dbE�/��	)0��E9:�h��#*� .
Then +�b mustbeanequationformedusingtheedgecreatedby the miW¡m transformation.Theabove ar-
gumentshows that eachsuch +�b is a resultof an inferencebetweentwo equationsin (dbE�/�E	)0��E9:�h��#d� .
Therefore,+<b is impliedby (dbE�/��	)0��E9:�h��#*� . Y

Thesecondlemmawill beusedin thecompletenessproof in thenext section.

Lemma 4 Supposethat +<bET and +<b ¢ are equationsin (dbE�/��	)0��E9:�h��#d� such that there is an inference
between+�b T and +<b�¢ at the root. Let +<b�È be the conclusionof that inference. Thenthere is an miW¡m
transitionfrom # to some#�j such that +�b@È�,-(dbE�8��	)0��E9:�3��#�jI� .
Proof. Let +�b�T be the into equationand +<b ¢ be the from equation.Thenoneside 	�T of +<bET unifieswith
oneside 	 ¢ of +�b ¢ . In the graphtheremustbe a unificationedgebetweenthenoderepresenting	�T and
thenoderepresenting	 ¢ . Theremustbea rewrite edgebetweenthenodesrepresentingthetwo sidesof+�b�T , andanotherrewrite edgebetweenthenodesrepresentingthetwo sidesof +<b ¢ . Therefore,thereis anmiW¡m configuration.By theabove argument,we seethat the new edgeaddedcreatesthe conclusionof
theinferencebetween+<b T and +<b�¢ . Y

Theinferencemustbeperformedfor every possiblevalueof �S+�1E� �3��¥ T � and �S+<1E�H�h��¥<È3� . Thevalues
of �S+<1E�H�h��¥ T � and �S+<1E�H�h��¥<È3� aremodifiedwhennew subtermedgesareaddedto the graph. So the
inferenceneedsto bere-performedfor thesenew values.

6 Completeness and Soundness
In this section,we show thatSOURCompletionis soundandcomplete.Let m bea setof equations.We
show thatsaturating#d1E�<.8¾
��m�� with respectto thegraphtransformationrulesresultsin agraph#d� which
representsthesaturationof m with respectto theBasicCompletioninferencerules.

We needto modelwhathappensin thecompletionprocess.To do that,wemustfirst definethenotion
of redundancy. A redundantequationis onethat is implied by smallerequations,thereforeit may be
removed.For instance,asimplifiedequationbecomesredundant.Moreformally, if ¦ is agroundequation
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and � is asetof groundequations,then ¦ is redundantin � if thereexist equations¦nT�&<¬<¬�¬J&J¦YVv,u� such
that

1. for all 0 , ¦ e ¤a¦ ,

2. ¦ is truewhenever ¦nTE&<¬�¬<¬W&J¦YV aretrue.

For a non-groundterm, we give a sufficient definition of redundancy, which is an instanceof the one
definedby Bachmairet al. [2]. If ¦Ûg gJ��i i is a non-groundterm,we saythat ¦�g g)��i i is redundantin � if
for all instances¦dl of ¦Mg gJ��i i where l��
���X�3���î� , thereexist ¦nT�g gJ�pT�i iW&<¬�¬<¬W&J¦YVSg gJ�
Vpi i�,-� andinstances¦Ye�lQe of ¦YeXg gJ�
e<i i where lQe8���X�3���
e)� for each0 suchthat

1. for all 0 , ¦Ye%lQe'¤t¦dl ,
2. ¦dl is truewhenever ¦ T l T &�¬<¬<¬)&J¦ V l V aretrue,and

3. for all 0 , every term 	 e ,um���9'��l e � is a subtermof someterm 	�,um���9'��l:� .
In thispaper, wedonot actuallyneedthenotionof redundancy. Normally, it is neededin a completion

proceduretodealwith simplification,but wehavenotpresentedsimplificationin thispaper. Simplification
is basedon orderings,which we alsohave not presentedin this paper. It is possibleto useorderingsand
simplificationin SOURGraphs,but the notationthenbecomeseven morecomplex thanit is now. We
chosenot to includethemto simplify thepaper, but westill includeredundancy to have theframework so
it is possibleto addsimplificationlater. Also, thishasbecomethestandardwayto presentKnuth-Bendix
Completion.

Wedefineacompletionderivationasin Bachmairetal. [2] andNieuwenhuisandRubio‘citeNieuvenhuisR-
ESOP92.A completionderivationfrom m¡ª is a (possiblyinfinite) sequenceof equationsm�ªh&)m T &�¬<¬<¬ such
thatfor 9kj_� , m Vml
T is formedby addinganequation�n�Û	�g g)��i i suchthat m V [ �a�n��	�g gJ��i i or removing
anequation�*�
	�g g)��i i suchthat �d�
	�g gJ��i i is redundantin mnV . Let mon��p	 e�q ª�r�� q8e m � . An equation�-��	�g gJ��i i�, mon is definedto be persistent. A completionderivation is fair if all inferencesamong
persistentequationsareredundantin mon . A sufficientconditionfor fairnessis thatall non-redundantin-
ferencesamongpersistingequationsareeventuallyperformed.A completionderivationis soundif eachmnV is logically equivalentto m ª . A completionderivationis completeif mon is canonical.

A practicalcompletionprocedureis an exampleof a completionderivation,becausecritical pair in-
ferencesaddequationswhich follow from existing equationsand simplificationsaddequationswhich
followsfrom existing equationsandremove redundantequations.

Let óIs ² , eMt bean inferencesystemwhich performsthe basiccritical pair rule andbasicsimplification
rule undersomestrategy. We have the following resultfrom Bachmairet al. [2] andNieuwenhuisand
Rubio‘citeNieuvenhuisR-ESOP92:

Theorem 1 Let m ª &)m*T�&<¬<¬�¬ be a completionderivation from m ª , with the inferencerules ó�s ² , eMt . The
derivation is sound. Furthermore, if the derivation is fair, and all constraints in m ª are � , then the
derivationis complete.

SOURCompletionaccordingto somestrategy alsodeterminesa theoremproving derivation. Givena
setof equationsm , we transformm into thegraph#d1E�<.8¾
��m�� . Thencontinuallyaddedgesto thegraphas
aresultof anSURor RUR, transformation.Call this inferencesystemó ï�ò
ñ:ð . It determinesacompletion
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derivationbecauseeachgraphcreatedcanbeseenasasetof equationsusingthe m¡�Q��+<� function.An edge
in theSOURgraphis persistentif it is addedandnever removed.Wewill defineó ï~ò
ñ:ð to befair if every
transformationamongpersistentedgesis eventuallyperformed.

We startwith a resultto indicatehow thesetof equationschangeswhenaninferenceis performedon
thegraph.Thelemmashows thatevery transformationon thegraphcorrespondsto a seriesof stepsin a
completionderivation.This impliesthatour inferencerulesaresound.

Lemma 5 Let # bea graphandlet #�j betheresultof performinganSURor RUR transformationon # .
Theneach equationin (*bE�8��	)0��E9:�3��# j � is impliedby (dbE�/��	)0��E9:�h��#*� .
Proof. This is immediatelyimpliedby Lemmas1 and3. Y

The next lemmais usedto show thata fair SOURgraphinferencestrategy is alsoa fair completion
derivation.This impliesthatour inferencerulesarecomplete.

Lemma 6 Supposethat +<b T and +<b<¢ are equationsin (dbE�/��	)0��E9:�h��#d� such that there is an inference
between+�b T and +<b<¢ . Let +�b@È betheconclusionof that inference. Thenthere is an �XW¡m transitionfrom# to some#�j such that +<b�È�,©(*bE�8��	)0��E9:�3��#�jI� .
Proof. This followsimmediatelyfrom Lemmas2 and4. Y

We can definea SOURderivation from a graph #dª����%$î&J(d� to be a (possiblyinfinite) sequence
of graphs#dªE&J# T &<¬�¬<¬J& suchthat for 9uj�� , # Vml
T is formedfrom # V by performingan SUR or RUR
transformation.Let each # e �÷��$î&J( e � , anddefine # n � �%$Xª3&J( n � , where ( n � 	 e�q ª r � q8e (è� . A
SOURderivationis fair if all SURandRURtransformationsin # n havebeenperformedin thederivation.
A SOURderivation is soundif (dbE�/�E	)0��E9:�h��#�V8� is logically equivalentto (*bE�8��	)0��E9:�3��# ª � for all 9 . A
SOURderivationis completeif (dbE�/��	)0��E9:�h��#inH� is canonical.

Thecompletenesstheoremfollowsimmediatelyfrom theprevioustwo lemmas.

Theorem 2 Let #dªh&)# T &<¬�¬<¬ bea SOURderivationfrom #dª . Thederivationis sound.Furthermore, if the
derivationis fair, andin #dª all edgeshavea constraint � , thenthederivationis complete.

Proof. Lemma5 impliesthattheSOURderivationcorrespondsto a completionderivation.Thereforethe
SOURderivation is sound.Lemma6 ensuresthat if theSOURderivationis fair thenall non-redundant
critical pairsin (*bE�8��	)0��E9:�3��#vnv� areperformed.ThereforetheSOURderivationis complete. Y
7 Preliminary Results on an Implementation
We arein theprocessof implementingtheSOURgraphinferencesystem.The implementationis writ-
ten in C++, usingthe LEDA packageof the Max PlanckInstitute[5] to implementthe graphicaldata
structures.Theimplementationis now workingfor thecompletionof groundterms.Wegivesomeimple-
mentationdetailsandexperimentalresultsfor groundcompletionfor our implementation.

In the implementation,we storethe SOURgraphin a graphstructureprovidedby LEDA. The terms
arereadin andstoredin thegraphusingthemaximumamountof structuresharing.Unificationedgesare
addedasthe termsarecreated.All this is donein a bottomup fashion.We performSOURcompletion
by makingseveral passesthroughthe graph. In eachpass,we performsometransformations.We stop
whenall thetransformationshave beendone.A passthroughthegraphconsistsof choosingrewrite edges
oneby one. For eachrewrite edge,we first try to performRUR inferencesinvolving thatedge.Thenall
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SURinferencesusingthatedgeareperformed.As new subtermedgesareadded,new unificationedges
mayalsobeadded.In thegroundcase,thingsaremuchsimpler, becausewe do not needconstraintsor
renamings.Also, simplificationsareeasyto perform.EachSURandRUR transformationcorrespondsto
a simplification,andanedgeis deletedin eachtransformation.This alsomeansthatwe keeporientation
information,which is createdandupdatedat the sametime asthe unificationedgesare. We canalso
collapsetwo nodesto onewhenthey representexactly thesameterm.

First, we notethatgroundcompletionusingSOURgraphsalwaysneedsonly a polynomialspaceto
storethe system. This is easilyseen,becausein the groundcase,without constraintsand renamings,
therecan only be

V � V1l
T $¢ edgesof any type, where 9 is the numberof nodes. This is true, because
therearenever two edgesof the sametype betweenany two nodes¥hT and ¥ ¢ . However, the standard
completionalgorithmmayuseanexponentialamountof space.Considerthesetof rewrite rules � ª 4����� T &J� T ��&<¬�¬<¬J&)� VQ­�T 4 �
��� V &)� V ��&J������ª3&J��ª��p4 � , with theordering ��ªn  ¬�¬<¬h _� V  a�7 �� . Underthis
ordering,thecompletedsystemcontainsanexponentiallylargeequation.w Of course,it couldbeavoided
by structuresharing.But that is whatis soniceabouttheSOURgraphtechnique.Thestructuresharing
is automatic.

Table1 givessomeexperimentalresultsof our implementationcomparedwith OTTER [7]. All the
experimentswereperformedona Sun4Sparcstation.We usedversion2.2of OTTER.All theresultsare
listedin seconds.Thefirst columngivesthenameof theproblem.Thesecondcolumngivesthenumberof
secondsneededfor completionusingoursystem.Thethird columngivesthenumberof secondsOTTER
requiresfor completion.It is difficult to find examplesin theliteraturefor groundcompletion.Therefore,
someof ourexamplesaretakenmostlyat random.This is thecasefor problemsdc2anddata3. Problem
s4is adaptedfrom aproblemof grouptheory, for thesymmetricgroupof degree4. Problemgcd 4 8 10 is
thesetof equations>E� É �����p�
�/&)�yx~�����p�a�/&)� T ª �����p�a�QA . Completingthissystemis equivalentto finding
thegreatestcommondivisorof 4,8 and10,where� is zeroand � is thesuccessorfunction.Problemgnprs
is takenfromGallieretal. [8], wherethey usedit to illustratetheircongruenceclosurealgorithm.Problem
counter5is takenfrom Gallier et al. [8] andPlaistedandSattler-Klein [6], whereit is usedto illustrate
that completioncantakeexponentialtime even with structuresharing,if a properstrategy is not used.
Thestrategy OTTER usesdoesnot have thisbadbehavior. Finally, problemexpf6 is anadaptationof the
examplegivenabove showing thatcompletioncangenerateexponentiallylargeterms.

Table 1: Experimental results
Problem SOUR OTTER
gcd 4 8 10 0.43 0.67
gnprs 0.45 0.91
data3 1.04 1.42
counter5 0.45 1.81
dc2 1.04 2.46
s4 2.12 6.31
expf6 2.98 *

In many otherexamples,SOURcompletionandOTTER hadsimilar runningtimes. Sometimes,OT-
TERwasa little fasterbecauseof its efficient implementation.

z
This exampleis alsogivenin PlaistedandSattler-Klein [6].
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Wedonotclaimtheseresultsasconclusiveevidenceof ourmethod.But weareencouragedby thefact
thatour implementationcomparesfavorablyto OTTER.The‘*’ in thelastrow of thechartindicatesthat
OTTER wasunableto prove this theorembecauseit ran out of memory. This confirmsthe theoretical
resultthatOTTERgeneratesexponentiallylargetermsin thisexample.Ourconclusionis thatour results
comparefavorablywith OTTERin many cases,andthatin somecasesit performsmuchbetter. Sinceour
non-groundmethodis anextensionof thegroundmethod,we expectthat theresultswill continueto be
goodin thenon-groundcase.

8 Perspectives
Oneof ourclaimsis thatSOURgraphsimplementcompletionin amorefundamentalway, therebyallow-
ing usto examinethecompletionproceduremoreclosely. In thissection,wegiveevidencefor thatclaim
by showing how someimportantopenproblemsin the field of completioncanbe solvedusingSOUR
graphs.This includestheproblemof constructinga fine-grainedconcurrentcompletionprocedure,and
the problemof constructinga goal-directedcompletionalgorithm. We alsoexplain how to useSOUR
graph-basedstructuresto completefinitely presentedgroups.

8.1 Fine-Grained Concurrent Completion
Parallelismis an importantproblemin completion,and in theoremproving in general. The goal is to
parallelizethe completionprocedure,so the work is divided amongdifferent processors,making the
proceduremoreefficient. Simplificationis usefulfor keepingthesearchspaceof a completionprocedure
small. In orderto handlesimplification,parallelcompletionproceduresneedto have somekind of global
storeor globalcontrol. In otherwords,theremustbesomegloballocationwhichall processorsaccessin
orderfor anequationat oneprocessorto simplify anequationat anotherprocessor. Or, theremustbea
masterwhocontrolseachof its slaveprocessors.In atrueconcurrentprocedure,eachprocessorwouldbe
ableto acton its own, with only somemessagepassingbetweenit andsomeneighborprocessors.

Anotherquestionaboutparallelismis thegranularityof thepiecesinto which theproblemis divided.
Othercompletionproceduresusecoarsegrainprocedures,whereaprocessorcontrolsawholeequation.A
fine-grainedprocedurewouldbeableto divideup thesearchspacefurthersothateachprocessorcontrols
relatedsubterms,ratherthanawholeequation.

SOURgraphscanbeusedto createa truly fine-grainedcompletionprocedure,with no globalcontrol
or store,andwith thesearchspacebrokendown into fine-grainedpieces.Theideais very simple,andis
presentedby Kirchneret al. [9]. In theSOURgraph,nodesareprocessesandedgesarecommunication
links. This allows for a truly local procedure.Eachprocesshasonly a local view of thegraph. It only
knowsaboutwhichnodesareconnectedto it by anedgein thegraph.Thegraphtransformationsthatare
describedin thispaperarelocalgraphtransformations.In otherwords,only localinformationis necessary
to detectaconfiguration.It is notnecessaryto know whichequationsareinvolved,only thatlocalpatterns
areformedin thegraph.

In theconcurrentprocedure,therearethreekindsof operationsthatmustbeperformed:

K Unificationmustbedetected.

K Orientationmustbedetected.

K SURandRUR configurationsmustbedetectedandprocessed.
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Theseoperationscanall beperformedin parallelby messagepassingbetweennodesof thegraph,along
theedgesof thegraph. To detectthat two termsareunifiable,it is necessaryto know that thesubterms
areunifiable. Therefore,informationmustbepassedfrom thefinal nodeof a subtermedgeto theinitial
node,if the unificationof the subtermsis possible. The initial nodeusesthe information from all its
subtermsto decideif the top termsareunifiable. Orientationis similar. We usethe lexicographicpath
ordering.Supposewe have a node � suchthat the setof subtermedgeswith initial node � have a final
nodein theset >?�ÇT?&<¬<¬�¬y&)�QV/A , andanothernode ¥ suchthat the setof subtermedgeswith initial node ¥
have a final nodein theset >E¥hT?&<¬<¬�¬y&)¥-{*A . Thentheorderingbetweentwo termsat nodes¥hT and ¥ ¢ is a
functionof theorderingsbetweenthe termsat (i) � and >?¥hTE&�¬<¬�¬J&J¥-{dA , (ii) ¥ and >?�ÇT�&<¬�¬<¬J&)�QV/A , and(iii)>?�ÇT�&<¬�¬<¬W&J�XV/A and >E¥hT?&<¬�¬<¬J&)¥-{*A . Nodescandeterminetheirorientationin relationto otheredgesandpass
thatinformationupalongasubtermedgeto its parentedgeto determinetheorientationof thewholeterm.
Finally, configurationscan be detectedby passinginformationamongthe nodesof the configurations,
throughthe subterm,unificationandrewrite edgesthat exist in the configuration.Whena new edgeis
created,this informationis passedfrom thecreatorof thenew edgeto thenodeat theotherend.

Thecompletionprocedureis just a matterof performingthesethreeoperationsin paralleleverywhere
suchan operationexists in the graph. All this would not be possiblewithout the fundamentalview of
SOURgraphs.

8.2 Goal-directed Completion
The main benefitof the completionprocedureis that it is basedon orderings. The orderingsareused
to direct the inferences,so that the conclusionof an inferenceis smallerthanoneof the premises.In
this way, many unnecessaryinferencesareavoided. This resultsin a big reductionof thesearchspace,
suchthat in many casestheprocedurewill halt. In thosecases,the completedsystemformsa decision
procedurefor solvingthewordproblemof theequationaltheorywhichwascompleted.

Themaindisadvantageof thecompletionprocedureis thatif thereis aparticularequationwhichweare
trying to solve (thegoal), thenthereis nowayto usethegoalto determinewhichcritical pairsneedto be
created.Thecompletionprocedureignoresthegoal,andcreatesthesamecritical pairsno matterwhich
goal is trying to besolved. Nobodyhasever beenableto definea procedurewhich usesthegoal in any
way, muchlessdefinea procedurewhichstartswith thegoalandworksbackwardsto initial equations.

Theproblemof defininga goaldirectedcompletionprocedureis the problemof modifying the com-
pletion procedureto be goal directed,suchthat the orderingsarestill usedto restrict the searchspace.
Thereis agoaldirectedprocedurefor solvingE-unificationproblems[10] (calledGeneral E-Unification),
thatdoesnotuseorderings.Thatprocedurestartswith thegoal,andthenusesequationsto createanother
equivalentgoal, until an identity is reached.But the fact that it cannotuseorderingslimits its effec-
tiveness.Supposethe equationaltheoryis >?�
�����«� �QA , andthe goal is �©� � . This procedurewould
createa new goal �
��������� because� equals������� , thenfrom thenew goal it would createanothergoal�����������W�Y��� , etc. It wouldcreateinfinitely many subgoals,andit wouldnever halt,eventhoughtthegoal
is obviouslynottruein thetheory. Wecanalsoconsideranexamplewherecompletionwouldnotperform
well. Supposewe hadtheequationaltheory >?�
���
��o/�W���w�¨���
��o/�W�BA andthegoal �H� � . Thecompletion
of >E��������o8�y�S�
�:���
��o/�W�BA createsinfinitely many equations,eventhoughthegoal �v� � is obviously not
truein thattheory. Thesetwo examplesillustratetheneedfor a goal-directedcompletionprocedure.

In Lynch[11], a goaldirectedcompletionprocedureis given,basedon SOURgraphs.This procedure
usesthe idea that the completionprocedureusingSOUR graphssometimesproducesinfinitely many
edges,but thenumberof nodesneverexpands,sothereareonlyfinitely many nodesin thegraph(actually,
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nomorethanthesizeof theinitial problem).Thismeansthatif we ignoretheconstraintsandrenamings,
thenthereareonly finitely many edgesin thegraph. It is possibleto modify theSOURgraphinference
systemto have a kind of recursive constraints.The constrainton an edgeis definedin termsof which
edgesthe constraintis inheritedfrom, but the actualvalueof the constraintis not calculated.It is not
until all the edgeshave beengenerated,that the proceduretries to calculatethe actualvalueof all the
constraints.The constraintsmay be recursive, becausethe valueof the constrainton edge + T may be
definedin termsof theconstraintof edge+ ¢ , whichis in turndefinedin termsof theconstraintof edge+ET ,
for example.

The goal-directedcompletionprocedurehastwo phases.The first phaseis the compilationphase.
In this phase,all theedgesandtherecursive constraintslabellingeachedgearecreated.This phasealso
takesinto accountthegoalto besolved.Importantly, thisphasetakesonly polynomialtime,becausethere
areonly polynomiallymany edgesin thegraph.Theresultof this phaseis a constrainedtreeautomaton
representingaschematizedversionof thecompletedsystem,andasetof constraintsrepresentingpotential
solutionsto the goal. The constraintsthataregeneratedarethe equationalconstraintsrepresentingthe
unificationproblems,andorderingconstraintsarisingfrom thecritical pair inferences.

Thesecondphaseis thegoalsolving(or constraintsolving)phase.In thisphase,thepotentialsolutions
to thegoalaresolvedin orderto determineif they areactualsolutionsof thegoal. This phasecantake
infinitely long,sincetheconstraintsarerecursive. Stepby step,aconstraintis rolledback,basedonwhich
edgesit is createdfrom, andthe equationalandorderingconstraintsaresolvedalongtheway. In some
cases,the orderingconstraintscausethe recursionto halt, andthereforethe constraintsarecompletely
solved.

Theprocedureis truly goaldirected,becauseonly a polynomialamountof time is spentcompilingthe
setof equations.Therestof the time is spentworking backwardsfrom thegoal to solve theconstraints.
If the procedureis examinedmoreclosely, we seethat the secondphaseof the procedureis exactly a
backwardsprocessof completion.A schematizationof anequationin thecompletedsystemis appliedto
thegoal,stepby stepuntil it rewrites to an identity. At the sametime, theschematizedequationthat is
selectedis workedbackwardsuntil wereachtheoriginalequationsfrom which it is formed.

8.3 Group Completion
Theproblemof definingspecializedprocedurefor completionin particularequationaltheoriesis impor-
tant. Much attentionhasbeengiven to the theory of associativity and commutativity, to give special
unificationprocedures,with the intentionof avoiding critical pairsusingthe associativity or commuta-
tivity axiom. Grouptheoryis anespeciallyimportantequationaltheory, becauseit hasso many natural
applications.In particularthe problemof the completionof groundequationsmodulogrouptheoryis
important. A finite setof groundequationson groupgeneratorsis calleda presentationof a group. A
groupis finitely presentedif it hasa finite presentationandfinitely many generators.Finitely presented
groupsareusedfor problemslike networkrouting.Thewordproblemis undecidablefor finitely presented
groups.Finitegroupsareasubclassof finitely presentedgroups,for whichthewordproblemis decidable,
but thecompletionalgorithmis very inefficient.

The work of Le Chenadec[12] is significant,becauseit shows a way to completefinitely presented
groups,while avoiding critical pairs involving groupaxioms. The work of Le Chenadec[12] can be
implementedby addinga new setof inferencerulesto thecritical pairaxiom,whicharenotasprolific as
critical pairsinvolving groupaxioms.But thesearchspaceis still verybig.

In Lynch andStrogova [13], we give a solutionto the finitely presentedgroupcompletionproblem
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that is inspiredby SOUR graphs,while using a differentdatastructure. The idea of the paperis to
developa specialgraphicaldatastructurefor finitely presentedgroups,thatallows theinferencerulesto
beperformedby local modificationsof thatgraph,exactly asin theSOURgraphapproach.Theresultis
anew graphstructure,calledPatchgraphs.

ThemainideabehindPatchgraphsis thatthetree(or dag)datastructureis not idealfor groups.Group
elementscanberepresentedasstringson a generatingset,but that is not efficient enough,becausethey
havemorestructurethanthat.Theassociativity letsthemberepresentedasstrings.But to takeadvantage
of groupproperties,it is betterto representthemascycles.An equation�S�_	 is equivalentto theequation�J	 ­
T �p| . This canbeshiftedto representmany differentequations,eachrepresentedby thesamecycle.
For Patchgraphs,we takethe inverseapproachto SOURgraphs.In otherwords,edgesarelabelledby
symbols,insteadof nodes.We reada term by concatenatingthe symbolson the edges.Therefore,the
edgesarecalledconcatenationedgesinsteadof subtermedges.Inferencerulesaddnew edges,labelled
by the emptyword, to thegraph. In Figure13(a),we show a cycle representingtheequation���«����} .
Becauseof the groupstructure,the equation���O� ��} is equivalent to equations� ­
T � ­�T � } ­
T � ­�T ,� ­�T ���a�@} ­
T , and � ­
T �*��}�� ­
T . All of theseequationsarerepresentedby thecyclegivenin Figure13(a).
Furthermore,thesecyclesmakethebasicinferencerulesfor finitely presentedgroupcompletionveryeasy
to perform.
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²
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²
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t
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Fig. 13: Patchgraphinference.

Thecritical pair ruleconsistsof matchinga pathin onecycle with apathin anothercycle,andcreating
anew cycleby addinganedgebetweenthebeginningnodesof thematchingpathandtheendingnodesof
thematchingpath.Thissimultaneouslycomputescritical pairsbetweenequivalentequationsrepresented
by the two cycles. In Figure13(b),we show a critical pair between���d��� and ��} � + , resultingin the
new cycle representing��+«����} . Thenew concatenationedgesthatareaddedarelabelledby theempty
word | .
9 Conclusion
In this paper, we have introduceda new graphicaldatastructureto usefor performingcompletion. It
providesmaximalstructuresharing,sothatall termswith thesameancestorarestoredtogether. Therefore,
aninferenceononetermautomaticallyperformsthesameinferenceonall termswith thesameancestor.
We do this by saving equationsin a SOURgraph,andperforminglocal graphtransformationson the
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SOURgraphasinferencerules.Eachtransformationaddsa new edgeto thegraph,andpossiblydeletes
anold one.Thenew edgesarelabelledwith unificationconstraintsandvariablerenamings.

Theearliestrelatedwork onefficient methodsof completionis thethesisof Dexter Kozen[14]. In his
thesis,hegave a methodbasedon congruenceclosureto solve the word problemfor groundequations
in polynomialtime. His methodwasextendedin Gallier et al. [8], which gave a completionalgorithm
that runs in �£��9 È � time. This wasfurther extendedin Snyder [15], which improved the runningtime
of the algorithmto �v��9/���@�¨��9:�W� . However, thesemethodsonly work for the groundcase,andwerenot
extendedto the generalcase.Our work canbe seenasanextensionof the congruenceclosuremethod
to the non-groundcase. It is basedon the resultof Lynch [4], which givesa generaltheoremproving
method,thatis polynomialwhenreducedto thecaseof groundcompletion.This paperwasbasedon the
recentcompletenessresultsfor BasicParamodulation[2, 3]. Our currentpaperis theresultof tailoring
the methodof Lynch [4] for the caseof completion. We have developeda systemwhich caneasilybe
implemented,becausetheinferencerulesarespecifiedasgraphtransformations.Theexperimentalresults
wegive suggestthatthemethoddoeswork well in practice.Recently, PlaistedandSattler-Klein [6] have
shown thatcompletioncanbeperformedin polynomialtimeif structuresharingis usedandtheinferences
areperformedwith a certainstrategy. We have not seenany experimentalresultsof their idea,but we
expectit will alsoperformwell.

WebelievethattheSOURgraphdatastructurewill resultin moreefficientcompletionprocedures,and
wearecurrentlyin theprogressof implementingit. Furthermore,webelievethatSOURgraphsprovidea
methodto examinetheCompletionProceduremorecloselyandwill beusefulin otherapplications.
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