Documenta Math. 551

Morita Theory for Hopf Algebroids,

Principal Bibundles, and Weak Equivalences

Laiachi El Kaoutit, Niels Kowalzig^1

Received: December 21, 2016 Revised: January 17, 2017

Communicated by Andreas Thom

Abstract. We show that two flat commutative Hopf algebroids are Morita equivalent if and only if they are weakly equivalent and if and only if there exists a principal bibundle connecting them. This gives a positive answer to a conjecture due to Hovey and Strickland. We also prove that principal (left) bundles lead to a bicategory together with a 2-functor from flat Hopf algebroids to trivial principal bundles. This turns out to be the universal solution for 2-functors which send weak equivalences to invertible 1-cells. Our approach can be seen as an algebraic counterpart to Lie groupoid Morita theory.

2010 Mathematics Subject Classification: Primary 16D90, 16T15, 18D05, 18D10; secondary 14M17, 22A22, 58H05 Keywords and Phrases: Hopf algebroids, weak equivalences, Morita equivalence, principal bundles, bicategories, categorical groups, orbit spaces, Lie groupoids.

Contents

1. Introduction 552 1.1. Aims and objectives 552 1.2. Main results 553 2. Abstract groupoids and principal bisets revisited 556 2.1. Principal bisets and orbit sets 556 2.2. Natural isomorphisms and functors between groupoid-sets 560 2.3. Monoidal equivalence between groupoid-sets versus principal bisets 561 3. Hopf algebroids and comodule algebras 563

1L. El Kaoutit was partially supported by grants MTM2013-41992P from the Spanish Ministerio de Educación y Ciencia and P11-FQM-7156 from the Junta de Andalucía and acknowledges hospitality and travel support granted by the INdAM. The research of N. Kowalzig was funded by an INdAM-COFUND Marie Curie grant.

3.1. Hopf algebroids 563 3.2. Comodules, bicomodules and cotensor product 564 3.3. Comodule algebras 566 3.4. The coinvariant subalgebra for the tensor product of comodule algebras 568 3.5. Bicomodule algebras and two-sided translation Hopf algebroids 568 4. Principal bibundles in the Hopf algebroid context 570 4.1. General definitions 570 4.2. Comments on local triviality of principal bundles 577 4.3. Natural comodule transformations 578 5. Principal bibundles versus weak equivalences 579 5.1. The case of trivial principal bibundles 579 5.2. The case of general principal bibundles 582 6. The bicategory of principal bundles as a universal solution 583 6.1. The cotensor product of principal bundles 583 6.2. The bicategory of principal bundles 586 6.3. Invertible 1-cells 587 6.4. The 2-functor P and principal bundles as universal solution 591 7. Principal bibundles and Morita equivalences of categories of comodules 596 7.1. Principal bibundles versus monoidal equivalence 596 7.2. Symmetric monoidal equivalence versus principal bibundles 597 7.3. The categorical group of monoidal symmetric auto-equivalences 603 Appendix A. Some observations on coinvariant subalgebras 605 References 607

1. Introduction

1.1. Aims and objectives. The two fundamental concepts around which this article is orbiting are those of weak equivalence and Morita equivalence. Recall from, e.g., [MoeMr, §5] that two Lie groupoids G and G^′ are called weakly equivalent if there exist weak equivalences ϕ : H → G and ϕ^′ : H → G^′ for some third Lie groupoid H (see again op. cit. for the precise definition of a weak equivalence ϕ). For instance, the groupoids associated to two atlases of a manifold (or two transverse atlases of a foliated manifold) are weakly equivalent; each groupoid associated to a principal bundle of a Lie group G and base manifold M is weakly equivalent to the unit Lie groupoid U (M).

As a definition of Morita equivalence of two (Lie) groupoids might serve reversing the (classical) Morita theorem, that is, the requirement that their categories of representations (quasi-coherent G -sheaves of k-modules) are equivalent as symmetric monoidal categories. This leads to a quite general idea of equivalence which can be applied to any mathematical object that allows for the notion of “representation”, or, more generally, (co)modules.

That the two notions of weak equivalence and Morita equivalence are essentially the same and also imply the presence of a principal bibundle (in an appropriate sense) is a well-known fact for (Lie) groupoids (in fact, the terminology varies and often coincides, which adds somewhat to the confusion), see [MuReWi, Hae, Mr1]. Note, however, that in the first of these references the respective concept of principal bundle slightly differs from the latter two. Taking Lie groupoids as objects, one constructs, together with the isomorphism classes of principal bundles (as morphisms, sometimes called Hilsum-Skandalis maps) and equipped with the tensor product, a category, sometimes called the Morita category. Moreover, there is a functor from the category of Lie groupoids to this Morita category which transforms weak equivalences to isomorphisms that establishes a universal solution for functors having this property. Roughly speaking, commutative Hopf algebroids can be seen as presheaves of groupoids on affine schemes: the datum of a flat Hopf algebroid is equivalent to the datum of a certain stack with a specific presentation [Na, FCh]. In this perspective, one can establish an equivalence between (right) comodules over a Hopf algebroid and quasi-coherent sheaves with a groupoid action [Ho, Thm. 2.2]. Hopf algebroids were introduced in algebraic topology (see, e.g., [Ra]) as a cogroupoid kind of object, which motivates the following definitions taken from [HoSt, Def. 6.1] resp. [Ho]. For the necessary ingredients and notation used therein we refer to the main text.

Definition 1.1. Let (A, H) and (B, K) be two flat Hopf algebroids.

(i ) A morphism (A, H) → (B, K) is said to be a weak equivalence if and only if the respective induction functor Comod_H → Comod_K establishes an equivalence of categories. The Hopf algebroids (A, H) and (B, K) are said to be weakly equivalent if there is a diagram

(C, J)

(A, H) � � (B, K) � � of weak equivalences of Hopf algebroids.

(ii ) Two flat Hopf algebroids are said to be Morita equivalent if their categories of (right) comodules are equivalent as symmetric monoidal categories.

For instance, the existence of a weak equivalence implies Morita equivalence since induction functors are always symmetric monoidal functors.

In the context of Hopf algebras, the second part in the above definition appeared in [Sch3, Def. 3.2.3] baptised monoidal Morita-Takeuchi equivalence therein but also before in [Sch2, Def. 5.6], where such a property was called monoidal co-Morita equivalence. Let us also mention that a Morita theory for certain cocommutative Hopf algebroids (so-called étale Hopf algebroids) was developped in [Mr2] using a different notion of bundles (called principal bimodules). Furthermore, the idea of describing Morita theory in the language of bicategories was explained, for example, in [La] for various contexts, such as rings, C^∗-algebras, von Neumann algebras, Lie groupoids, symplectic groupoids, and Poisson manifolds.

1.2. Main results. Transferring the above statements from Lie groupoids to the case of commutative Hopf algebroids will be the main task (and result) of this article, summarised as follows:

Theorem A. Let (A, H) and (B, K) be two flat Hopf algebroids. The following are equivalent:

(1) (A, H) and (B, K) are Morita equivalent.

(2) There is a principal bibundle connecting (A, H) and (B, K). (3) (A, H) and (B, K) are weakly equivalent.

One might be tempted to think that these results can be obtained by simply dualising the usual techniques in the groupoid case (which we recall in §2, Theorem 2.9) but things turn out to be more intricate: one of the main obstacles in mimicking the groupoid case is the construction of orbit spaces which correspond to quotients of affine schemes, which is a subtle concept with its own challenges. In contrast to that, our arguments make large use of cotensor products of comodule algebras in correspondence to these quotients of affine schemes, which might seem technical at first sight but proves useful in this context.

The subsequent picture shows all implications between (1), (2), and (3) in the above theorem that we will explore in the main text: (1) Proposition 7.9

� (2) Theorem 7.1

�

�_{Proposition} 7.2 � (3)

trivial �

Figure 1. Paths in the proof of Theorem A

In particular, the step (1) ⇒ (3) in the above Theorem A was conjectured in [HoSt, Conj. 6.3]: more precisely, Hovey and Strickland conjectured that in case the category of H-comodules is equivalent to the one of comodules over K, then the two Hopf algebroids (A, H) and (B, K) are connected by a chain of weak equivalences, and we show that this chain can be taken to be of length 2.

By a chain of weak equivalences of length n ≥ 2 we mean a zig-zag of weak equivalences in the sense of [Hi, Def. 7.9.1], up to the equivalence transformations given in [Hi, §14.4]. The key here is Proposition 6.3, which shows that any zig-zag of weak equivalences of the form • • �

� • can be completed to a diagram of weak equivalences having the form ∘ • � � • � �

• � � � � � which is commutative up to a 2-isomorphism (a property dual to condition (BF3) in [Pr, p. 254]).

In this way, any chain of weak equivalences (in the above sense) between two flat Hopf algebroids (A, H) and (B, K) can be transformed to one of the form

Z_{k+2} : (D_1, I_1 ) (D_2, I_2 ) ·················· (D_k , I_k ) (D_{k+1}, I_{k+1} )

(A,H) � �_{(C1 , J1)} � � � (C2 , J2) � ·················· (Ck−1 , Jk−1) � �_{(Ck , Jk )} � � � (B,K) �

of length 2(k +1), which, in turn, can be completed to the following isosceles triangle

(Ck1, Jk1 )

(C(k−1)1, J(k−1)1) � � (C(k−1)2 , J(k−1)2) � �

(C11, J11) ... (C1k , J1k )

(D1, I1 ) � �_{(D}

2, I2 ) � �_{(D}

k , Ik ) � � (Dk+1 , Ik+1 ) � � (A, H) � �_{(C}

1, J1 ) � � � � ... (Ck , Jk ) � � � (B, K) � � of (k + 2) vertices on each side. Such a triangle is obtained by constructing k(k + 1)/2 new flat Hopf algebroids being essentially two-sided translation Hopf algebroids built from trivial principal bundles.

The notion of (quantum) principal bundle that appears as a crucial ingredient in Theorem A is a relatively straightforward extension of the corresponding concept for Hopf algebras as introduced in [BrzMa], see also [Brz]. In [Sch3, §3.2.4], again in the realm of Hopf algebras, these objects were called bi-Galois objects and the corresponding implications (1) ⇔ (2) of Theorem A were shown. As a matter of fact, in many examples constructing bi-Galois objects or principal bundles has turned out to be a practicable way to establish monoidal equivalences between comodule categories; as a concrete illustration, see, for example, [Mas, Bi]. Analogous objects in sheaf theory are known under the name of (bi)torsors, see [DemGa].

In fact, we gather flat Hopf algebroids and principal bundles along with their morphisms in a bicategory. More precisely, in Proposition 6.5 we prove that the data given by

• flat Hopf algebroids (as 0-cells), • left principal bundles (as 1-cells), • as well as morphisms of left principal bundles (as 2-cells)

define a bicategory, denoted by PB^ℓ . The bicategories of analogously constructed right resp. two-sided principal bundles (or bibundles) are denoted by PB^r and PB^b, respectively. As in classical situations, for two 0-cells (A, H) and (B, K), the category PB^ℓ (H, K) turns out to be a groupoid. This leads to the structure of a bigroupoid on the bicategory PB^b, and hence to a categorical group (or bigroup) structure on each category PB^b(H, H), see, for instance, [No].

Applying Theorem A above to a single flat Hopf algebroid yields the following result:

Theorem B. Let (A, H) be a flat Hopf algebroid and denote by U (H) its associated principal unit bibundle. Then the category � Aut^⊗ (A, H), ∘, id_{ComodH} � of symmetric monoidal auto-equivalences of right H-comodules with morphisms given by natural tensor transformations forms a categorical group, and the functors � Aut^⊗(A, H), ∘, id_{ComodH} � −→ � PB^b(H, H), □_H , U (H) � , F −→ F (H) � PB^b(H, H), □_H , U (H) � −→ � Aut^⊗ (A, H), ∘, id_{ComodH} � , (P, α, β) −→ − □_H P

establish a monoidal equivalence of categorical groups.

Moreover, it turns out that there is a 2-functor

P : 2-HAlgd −→ PB^{ℓ co}

from the 2-category of flat Hopf algebroids to the conjugate of PB^ℓ , which sends any 1- cell ϕ : (A, H) → (B, K) to its associated trivial left principal bundle P(ϕ) = H ⊗_ϕ B, that is, the pull-back of the unit bundle U (H). A 1-cell ϕ in 2-HAlgd is a weak equivalence if and only if P(ϕ) is an invertible 1-cell in PB^{ℓ co} , i.e., is part of an internal equivalence. We then present the pair (PB^ℓ , P) as the universal solution with respect to this property:

Theorem C. Let F : 2-HAlgd → B be a 2-functor which sends weak equivalences to invertible 1-cells. Then, up to isomorphism (of 2-functors), there is a unique 2- functor F̃ such that the diagram

2-HAlgd F � � � � P � PB^{ℓ co} F̃ � B commutes up to an isomorphism of 2-functors.

We finally want to mention that this universality leads to a kind of calculus of fractions in the 2-category 2-HAlgd with respect to weak equivalences in a sense “dual” to the approach in [Pr].

Acknowledgements. It is a pleasure to thank Alessandro Ardizzoni, Federica Galluzzi, and Fabio Gavarini for stimulating discussions and useful comments. We are also grateful to the referee for careful reading and useful comments.

2. Abstract groupoids and principal bisets revisited

In this section we expose some basic results on abstract groupoids which are going to serve as a sort of motivation for the forthcoming sections dealing with flat Hopf algebroids. The exposition we follow here is parallel to [MoeMr] dealing with Lie groupoids, as well as to [Kao].

2.1. Principal bisets and orbit sets. A groupoid (or abstract groupoid) is a small category where each morphism is an isomorphism. That is, a pair of sets G := (G_1, G_0) with a diagram G_1^s �_t � G_0^ι� , where s and t are the source resp. the target of a given arrow, and where ι assigns to each object its identity arrow; together with an associative and unital multiplication G_2 := G_{1 s}×_t G_1 → G_1 as well as a map G_1 → G_1, which associates to each arrow its inverse.

Recall that for a groupoid G one can define its set of orbits as follows: for any a ∈ G_0, one considers either the set O_a = t � s^{−1}(a) � , or O_a = s � t^{−1}(a) � . An equivalence relation on G_0 is now defined by setting a ∼ b if and only if O_a = O_b. The set of orbits of G is the quotient set G_0/ ∼, which is often denoted by G_0/G . In other words this is the set of all connected components of G . A more general situation arises when a groupoid acts on a set, which we will refer to as groupoid-set. Specifically, recall that a left G -action of a groupoid G on a set X consists of two maps α : X → G_0 (the structure map) and λ : G_{1 s}×_α X → X, (g, x) → gx (the action map), satisfying

α(gx) = t(g), ι_{α(x)} x = x, g^′(gx) = (g^′g)x.

The pair (X, α) is called a left G -set. In this way, one can define the left translation groupoid G � X with G_{1 s}×_α X as set of arrows and X as set of objects. This is the so-called semi-direct product groupoid, see [MoeMr, p. 163]. The orbit set X/G of the left G -set (X, α) is by definition the orbit set of the translation groupoid G � X. For a given object x ∈ X, the equivalence class, that is, the orbit of x, will be denoted by Orb_G (x).

Morphisms between left G -sets (or G -equivariant maps) are defined in the obvious way, and the category so-obtained is denoted by G -Sets and called left groupoid-sets. The category Sets-G of right groupoid-sets is similarly defined. These categories are in fact symmetric monoidal categories, and one can observe that G -Sets is isomorphic to Sets-G . Explicitly, the tensor product of two objects (X, α) and (X^′, α^′) in G -Sets is given by the object

(X, α) ×_{G0} (X^′, α^′) := � X_α×_α′ X^′, αα^′ � , where αα^′ : X_α×_α′ X^′ → G_0, (x, x^′) → α(x) = α^′(x^′). The identity object is the left G -set (G_0, 1_{G0} ) with the action G_{1 s}×_α G_0 → G_0, (g, a) → g. a = t(g). The isomorphism of categories between left G -sets and right G -sets is obviously constructed by using the inverse map G_1 → G_1, g → g^{−1}. Moreover, the forgetful functor O : G -Sets → Sets_{/G0} , where the latter denotes the category of objects over G_0 (the comma category), admits a left adjoint functor G_{1 s}×_• − : Sets_{/G0} → G -Sets, which is defined on objects as follows. If (M, γ) is an object in Sets_{/G0} , then (G_{1 s}×_γ M, t ∘ pr_1) is a left G -set with action given by the multiplication on the first component.

Consider a left G -set (X, α) and let x ∈ X. Then clearly the pair (Orb_G (x), α_x), where α_x is the restriction of α, inherits from (X, α) the structure of a left G -set with G - equivariant monomorphism τ_x : (Orb_G (x), α_x) → (X, α), the canonical injection. It turns out that the disjoint union

(2.1) (X, α) = � x ∈ rep(X/G )

(Orb_G (x), α_x ),

where rep(X/G ) is a set of representatives of the equivalence classes, coincides with the coproduct of the discrete system {(Orb_G (x), α_x), τ_x}_{x ∈ rep(X/G )} in the category of left G -sets.

Let G and H be two groupoids and (X, α, β) a triple consisting of a set X and two maps α : X → G_0 and β : X → H_0. The following definitions are abstract formulations of those given in [MoeMr] for topological and Lie groupoids.

Definition 2.1. The triple (X, α, β) is said to be an (G , H )-biset if there is a left G -action λ : G_{1 s}×_α X → X and right H -action ρ : X_β×_t H_1 → X such that (i ) For any x ∈ X, h ∈ H_1, and g ∈ G_1 with α(x) = s(g) as well as β(x) = t(h), we have β(gx) = β(x) and α(xh) = α(x).

(ii ) For any x ∈ X, h ∈ H_1, and g ∈ G_1 with α(x) = s(g) as well as β(x) = t(h), we have g(xh) = (gx)h.

Given a (G , H )-biset (X, α, β), we denote by (X^{op}, β, α) the so-called opposite biset of (X, α, β), that is, the (H , G )-biset whose underlying set is X and whose actions are interchanged: hx^{op} = (xh^{−1})^{op} and x^{op}g = (g^{−1} x)^{op}, whenever the action between parentheses is permitted.

Remark 2.2. For a left resp. right G -set (X, α) and (Y, ϑ) over the same groupoid G , the fibred product Y_ϑ×_α X carries a left G -action given by g(x, y) := (xg^{−1}, gy), and one can consider its orbit space, i.e., the orbit of the left translation groupoid G � � Y_ϑ×_α X � , denoted by Y ⊗_G X in [MoeMr, p. 166]. This product can be termed as the tensor product over the groupoid G . The universal property of this tensor product is summarised in the following coequaliser:

(2.2) Y_ϑ×_t G_{1 s}×_α X

ρ×1_X �

1_Y ×λ

� Y ϑ×α X � � Y ⊗G X.

Obviously, there are natural isomorphisms G ⊗_G X � X and Y ⊗_G G � Y in the categories of left G -sets and that of right G -sets, respectively. Moreover, taking another two groupoids H and K and assuming Y to be (the underlying set) of an (H , G )- biset along ς : Y → H_0 , and X that of a (G , K )-biset along β : X → K_0. Then Y ⊗_G X inherits, in a canonical way, the structure of an (H , K )-biset along the maps ς : Y ⊗_G X → H_0, y ⊗_G x → ς(y) and β : Y ⊗_G X → K_0, y ⊗_G x → β(x).

The two-sided translation groupoid associated to a given (G , H )-biset (X, α, β) is defined to be the groupoid G � X � H whose set of objects is X and whose set of arrows is given by

G_{1 s}×_α X_β×_s H_1 = � (g, x, h) ∈ G_1 × X × H_1 | s(h) = β(x), s(g) = α(x) � . Its structure maps are as follows. Source and target read as

s(g, x, h) = x, t(g, x, h) = gxh^{−1} and ι_x = (ι_{α(x)}, x, ι_{β(x)}),

whereas multiplication and inverse are given by

(g, x, h)(g^′, x^′, h^′) = (gg^′, x^′, hh^′), (g, x, h)^{−1} = (g^{−1}, gxh^{−1}, h^{−1}).

Associated to a given (G , H )-biset (X, α, β), there are two canonical morphisms of groupoids:

Σ : G � X � H −→ H , � (g, x, h), y � −→ � h, β(y) � , (2.3) Θ : G � X � H −→ G , � (g, x, h), y � −→ � g, α(y) � . (2.4) The following concept (and its analogue notion of principal bibundles for flat Hopf algebroids in Definition 4.1) will be the crucial ingredient when it comes to defining equivalences:

Definition 2.3. Let (X, α, β) be a (G , H )-biset. We say that (X, α, β) is a left principal (G , H )-biset (or left principal (G , H )-bundle) if it satisfies the following conditions:

(P-1) β : X → H_0 is surjective; (P-2) the canonical map

(2.5) ∇^l : G_{1 s}×_α X −→ X_β×_β X, (g, x) −→ (gx, x)

is bijective.

Condition (P-2) allows us to define δ^l := pr_1 ∘ (∇^l)^{−1} : X_β×_β X → G_1. This map clearly satisfies: s � δ^l(x, x^′) � = α(x^′)

(2.6) δ^l(x, x^′)x^′ = x, for any x, x^′ ∈ X with β(x) = β(x^′);

(2.7) δ^l(gx, x) = g, for g ∈ G_1, x ∈ X with s(g) = α(x).

(2.8) Equation (2.8) shows that the action is in fact free, that is, gx = x only when g = ι_{α(x)}. Left principal bisets can now be characterised as follows: a (G , H )-biset is left principal if and only if H_0 is, up to a bijection, the left orbit set X/G and the left action is free.

Right principal bisets are defined in an obvious manner and the corresponding map from above will be denoted by δ^r . The following result will turn out to be useful in the sequel.

Lemma 2.4. Let (Y, ς, ϑ) be a right principal (H , G )-biset and let (X, α) be any left G -set. Then there is a natural isomorphism Y_ς×_ς � Y ⊗_G X � −→ Y_ϑ×_α X, (y, y^′ ⊗_G x) −→ � y, δ^r(y, y^′)x � whose inverse is Y_ϑ×_α X −→ Y_ς×_ς � Y ⊗_G X � , (y, x) −→ (y, y ⊗_G x).

Proof. Straightforward. □

A (G , H )-biset (X, α, β) is said to be a principal biset (or principal (G , H )-bibundle) if it is simultaneously a left and a right principal biset. Thus both α and β are surjective and the canonical maps (2.9) ∇^l : G_{1 s}×_α X → X_β×_β X, (g, x) → (gx, x); ∇^r : X_β×_t H_1 → X_α×_α X, (x, h) → (x, xh) are both bijective. It is clear that (G_1, t, s) with the canonical action is a principal (G , G )-set, and that the pull-back of any principal groupoid-set is also a principal groupoid-set.

2.2. Natural isomorphisms and functors between groupoid-sets. Let (X, α, β) be a triple consisting of a left G -set (X, α) and a map β : X → K_0 such that β(gx) = β(x), for every (g, x) ∈ G_{1 s}×_α X. Triples like that form a category (of left G - sets over K_0), which we denote by G -Sets_{/K0} . Clearly, when K_0 is the object set of a groupoid K , then the category of (G , K )-bisets is a full subcategory of G -Sets_{/K0} . In particular, if K = (K_0, K_0) is a trivial groupoid, then both categories coincide. For a functor Φ : G -Sets → H -Sets (which we always assume to transform the empty set to the empty set and which most of the times we just denote by Φ(X) for the image of a left G -set (X, α)), we want to next discuss conditions under which Φ descends to a functor from G -Sets_{/K0} to H -Sets_{/K0} .

Lemma 2.5. Let Φ and (X, α, β) be as above.

(i ) Assume that Φ preserves monomorphisms and coproducts. Then there is a functor Φ^′ which makes the following diagram commutative:

G -Sets^Φ � H -Sets

G -Sets_{/K0}^{Φ′} � � H -Sets_{/K0} , �

where the vertical functors are the forgetful ones.

(ii ) Assume that Φ(G_0) = H_0. Then, for any left G -set (X, α), the structure map of the left H -set Φ(X) = Φ(X, α) is given by Φ(α).

Proof. Part (i): for an object (X, α, β) ∈ G -Sets_{/K0} , using the decomposition (or stratification) of equation (2.1), we obtain a map:

(2.10) β^Φ : Φ(X) = � x ∈ rep(X/G ) Φ � Orb_G (x) � � X^β � K_0.

The triple (X^Φ, α^Φ , β^Φ), where Φ(X, α) := (X^Φ, α^Φ), is easily shown to be an object in the category H -Sets_{/K0} since Φ preserves monomorphisms. This gives the construction of Φ^′ on the objects class; the compatibility of Φ^′ with the arrows of G -Sets_{/K0} is immediate.

Part (ii): we set as before Φ(X, α) = (X^Φ, α^Φ), the associated left H -set. Since the map α : (X, α) → (G_0, 1_{G0} ) is a left G -equivariant, its image Φ(α) gives the structure map of the left H -set (X^Φ, α^Φ), that is, we have α^Φ = Φ(α). □

Consider now an object (X, α, β) in G -Sets_{/K0} and a functor as in Lemma 2.5. We then get two functors: the first one is Φ ∘ (X_β×_• −) : Sets_{/K0} → H -Sets_{/K0} and the second Φ(X, α)_βΦ×_• − : Sets_{/K0} → H -Sets_{/K0} . The subsequent technical lemma shows a natural isomorphism between these two functors.

Lemma 2.6. Let Φ : G -Sets → H -Sets be as in Lemma 2.5. Then, for any object (X, α, β) in the category G -Sets_{/K0} , there is a natural isomorphism

Υ : Φ � X_β×_γ M, α ∘ pr_1 � � � Φ(X)_βΦ×_γ M, α^Φ ∘ pr_1 � for every (M, γ) in Sets_{/K0} . Furthermore if there is a morphism f : (X, α, β) → (X^′, α^′, β^′) in the category G -Sets_{/K0} , then there is a commutative diagram: Φ � X_β×_γ M, α ∘ pr_1

�_Υ �

Φ( f ×1_M ) �

� Φ(X)_βΦ×_γ M, α^Φ ∘ pr_1 � Φ( f )×1_M � Φ � X^′_β′×_γ M, α^′ ∘ pr_1

�_Υ^′ � � Φ(X^′)_β′Φ×_γ M, α^{′Φ} ∘ pr_1 � . An important consequence of the previous lemma is:

Proposition 2.7. Let Φ : G -Sets → H -Sets be an equivalence of categories. Then we have

(i ) For any (G , K )-biset (X, α, β) the triple (X^Φ, α^Φ, β^Φ ) is an (H , K )-biset, where X^Φ denotes the underlying set of Φ(X).

(ii ) There is a natural isomorphism Φ � Φ(G_1) ⊗_G − : G -Sets → H -Sets.

Proof. Part (i): let (X, α, β) be a (G , K )-biset. Using Lemma 2.6, we have a commutative diagram � Φ(X)_βΦ×_t K_1, α^Φ ∘ pr_1 � Υ^{−1} � � � � Φ(X)

Φ � X_β×_t K_1, α ∘ pr_1 � Φ(ϱ) � � � The horizontal map leads to a well-defined right K -action on the set (X^Φ, β^Φ ). Moreover, since each stratum in the stratification (2.1) of the left G -set (X, α) is invariant under the right K -action, the triple (X^Φ, α^Φ , β^Φ) fulfils the conditions of Definition 2.1 for the groupoids H and K . Thus, (X^Φ, α^Φ, β^Φ) is actually an (H , K )-biset. Part (ii): by the previous part, the image of (G_1, t) under Φ is an (H , G )-biset since (G_1, t, s) is a (G , G )-biset. Now, using Remark 2.2, we know that the functor Φ(G_1) ⊗_G − : G -Sets → H -Sets is well-defined. The claimed natural isomorphism is then derived from the commutative diagram

Φ(G_1)_sΦ×_t G_{1 s}×_α X �

Υ^{−1} � Φ(G_1)_sΦ×_α X � �

Υ^{−1} � Φ(G_1) ⊗_G X � � Φ � G_{1 s}×_t G_{1 s}×_α X � � � Φ � G_{1 s}×_α X

� � � Φ � G ⊗_G X � � Φ(X)

as Φ preserves coequalisers. □

2.3. Monoidal equivalence between groupoid-sets versus principal bisets. Let ϕ : H → G be a morphism of groupoids. Then the induced morphism ϕ^∗ : G -Sets → H -Sets which sends any left G -set (X, α) to the left H -set

ϕ^∗(X, α) := (H_{0 ϕ0}×_α X, α ∘ pr_2 = ϕ_0 ∘ pr_1)

with action hx = ϕ_1(h)x, is clearly a symmetric monoidal functor. The morphism ϕ is said to be a weak equivalence if the functor between the underlying categories induces an equivalence of categories, i.e., if ϕ is a full, faithful, and essentially surjective functor. In this way, it is clear that any weak equivalence induces an equivalence of categories between the categories of left groupoid-sets.

Next, we want to discuss the converse, meaning that any monoidal symmetric equivalence between G -Sets and H -Sets can be reconstructed (although in a noncanonical way) from some weak equivalence.

Recall that two groupoids G and H are said to be weakly equivalent if there is a third groupoid K and a diagram K � � � � H G of weak equivalences. One can choose an inverse of one of the morphisms in this diagram in order to construct a weak equivalence connecting H and G . This is almost impossible in the case of topological and/or Lie groupoids and also for flat Hopf algebroids as we will see in the forthcoming sections. However, we have the following lemma analogous to the case of Lie groupoids [MoeMr], and we will later show in §5.2 its analogue for flat Hopf algebroids.

Lemma 2.8. [Kao, Proposition 2.13] Let G and H be two groupoids and let (X, α, β) be a principal (G , H )-biset. Then the canonical morphisms of groupoids

G � X � H Θ � �^Σ � � G H are weak equivalences, where Θ and Σ are as in (2.3) resp. (2.4). In particular, G and H are weakly equivalent.

The main motivation behind Theorem A in the Introduction is the following characterisation of weak equivalences between groupoids and principal bisets (see [MoeMr, Corollary 3.11] for the implication (iii) ⇒ (ii), where groupoid-sets are replaced by sheaves of étale spaces).

Theorem 2.9. Let G and H be two groupoids. Then the following are equivalent:

(i ) G and H are weakly equivalent.

(ii ) There is a symmetric monoidal equivalence of the categories G -Sets and H -Sets.

(iii ) There is a principal (H , G )-biset.

Proof. The proof of (i) ⇒ (ii) is immediate. The implication (iii) ⇒ (i) follows from Lemma 2.8.

As for the implication (ii) ⇒ (iii), let Φ : G -Sets → H -Sets be such an equivalence of categories and denote by Ψ its inverse functor. We set (P, ς, ϑ) as the image of the principal (G , G )-biset (G_1, t, s) by the functor Φ from which we know by Proposition 2.7(i) that it is an (H , G )-biset. Now using the monoidal properties of Φ, we have from one hand that ς = Φ(t) by Lemma 2.5(i), which is a surjective map, and from the other hand we have a chain of isomorphisms

P_ϑ×_t G_1 � Φ � G_{1 s}×_t G_1 � −→ Φ � G_{1 t}×_t G_1 � � P_ς×_ς P, which turns out to be the canonical map ∇^r for P. Therefore, (P, ς, ϑ) is a right principal (H , G )-biset.

Similarly, if we denote by (Q, μ, ν) the image of the principal (H , H )-biset (H_1, t, s) under the functor Ψ, we get a right principal (G , H )-biset. To conclude, one needs to check that there is an isomorphism (P^{op}, ϑ, ς) → (Q, μ, ν) of (G , H )-bisets, where (P^{op}, ϑ, ς) is the biset opposite to (P, ς, ϑ).

To this end, we first apply Lemma 2.4 to (P, ς, ϑ) and (Q, μ) in order to obtain the isomorphism

γ : P_ς×_ς � P ⊗_G Q � −→ P_ϑ×_μ Q, (p, p^′ ⊗_G q) −→ � p, δ^r(p, p^′)q � . Second, we use the isomorphism χ : H_1 → P ⊗_G Q of (H , H )-bisets given by the natural isomorphism of Proposition 2.7(ii) applied to Φ, in order to construct the desired isomorphism

P^{op} −→ Q, p −→ pr_2 � γ(p, χ(ι_{ς(p)}) � of (G , H )-bisets. □

3. Hopf algebroids and comodule algebras

All algebras are considered to be commutative k-algebras, where k is a commutative ground ring. The k-module of all algebra maps from R to C will be denoted by R(C) := Alg_k � R, C � . 3.1. Hopf algebroids. Recall from, e.g., [Ra] that a commutative Hopf algebroid is a pair (A, H) of two commutative k-algebras together with a diagram A^s � t � H ε� of algebra maps, a structure (_sH_t, Δ, ε) of an A-coring with underlying A-bimodule A H_A =_sH_t, along with an isomorphism S :_s H_t →_t H_s of A-corings that fulfils S^2 = id, where the codomain is the opposite A-coring of_s H_t. The map S is called the antipode of H. All the previous maps are asked to be compatible in the following way:

ε ∘ s = id_A , ε ∘ t = id_A,

(3.1) Δ(1_H ) = 1_H ⊗_A 1_H , ε(1_H ) = 1_A,

(3.2) Δ(uv) = u_{(1)}v_{(1)} ⊗_A u_{(2)}v_{(2)}, ε(uv) = ε(u)ε(v),

(3.3) t(ε(u)) = S (u_{(1)})u_{(2)}, s(ε(u)) = u_{(1)}S (u_{(2)}),

(3.4) S (uv) = S (u)S (v), S (1_H ) = 1_H ,

(3.5)

for every a ∈ A, u, v ∈ H, where we used Sweedler’s notation for the comultiplication. As all Hopf algebroids in this article are commutative and flat over the base ring, they are also faithfully flat since both the source and target are (left) split morphisms of modules over the base ring.

A morphism ϕ : (A, H) → (B, K) of Hopf algebroids consists of a pair ϕ = (ϕ_0, ϕ_1) of algebra maps ϕ_0 : A → B and ϕ_1 : H → K that are compatible with the structure maps of both H and K in a canonical way. That is, the equalities

ϕ_1 ∘ s = s ∘ ϕ_0, ϕ_1 ∘ t = t ∘ ϕ_0,

(3.6) Δ ∘ ϕ_1 = χ ∘ (ϕ_1 ⊗_A ϕ_1) ∘ Δ, ε ∘ ϕ_1 = ϕ_0 ∘ ε,

(3.7) S ∘ ϕ_1 = ϕ_1 ∘ S ,

(3.8)

hold, where χ is the obvious map χ : K ⊗_A K → K ⊗_B K, and where no distinction between the structure maps of H and K was made.

Example 3.1 (Scalar extension Hopf algebroid). For a Hopf algebroid (A, H) and an algebra map ϕ_0 : A → B, we can consider the so-called scalar extension Hopf algebroid (B, B ⊗_A H ⊗_A B) in a canonical way such that (ϕ_0, ϕ_1) : (A, H) → (B, B ⊗_A H ⊗_A B), where ϕ_1(u) = 1_B ⊗_A u ⊗_A 1_B, becomes a morphism of Hopf algebroids. In this way, any morphism ϕ : (A, H) → (B, K) of Hopf algebroids factors through the following morphism

(3.9) Φ : (B, B ⊗_A H ⊗_A B) → (B, K), b ⊗_A u ⊗_A b^′ → s(b)ϕ_1(u)t(b^′)

of Hopf algebroids.

Remark 3.2. Notice that the scalar extension Hopf algebroid (B, B ⊗_A H ⊗_A B) is not necessarily flat. This happens, for instance, if ϕ_0 is a flat extension or if B is Landweber exact over (A, H) in the sense of [HoSt, Def. 2.1, Corollary 2.3], which means that either the extension A → H ⊗_A B, a → s(a) ⊗_A 1_B or A → B ⊗_A H, a → 1_B ⊗_A t(a) is flat, see also Remark 5.2. Another important situation is when H is assumed to be flat as an A ⊗ A-module (i.e., the extension s ⊗ t is flat). This happens, for instance, when H is geometrically transitive Hopf algebroid in the sense of Deligne and Bruguières [De, Br], see also [Kao].

3.2. Comodules, bicomodules and cotensor product. This section gathers some standard material on comodules over commutative Hopf algebroids which will be needed in the sequel, see, e.g., again [Ra] for more information. A right H-comodule over a Hopf algebroid (A, H) is a pair (M, ρ^H_M ), where M is an A-module and ρ^H_M : M → M ⊗_{A s}H, m → m_{(0)} ⊗_A m_{(1)} is an A-linear map, written in the usual Sweedler notation, and which satisfies the usual coassociativity and counitary properties. Here, the A-module structure on M ⊗_{A s}H with respect to which the coaction is A-linear is defined by (m ⊗_A u) ◀ a := m ⊗_A ut(a). When the context is clear, we shall also drop sub- and superscripts on ρ^H_M that are sometimes needed to distinguish various coactions.

Morphisms of right H-comodules are defined in an obvious way, and the category of right H-comodules will be denoted by Comod_H , whereas a morphism between two right H-comodules M and N will be denoted as Comod_H (M, N). The category Comod_H is symmetric monoidal, where the coaction on the tensor product is given by the codiagonal coaction, that is,

(3.10) ρ^H_{M⊗A N} : M ⊗_A N → (M ⊗_A N) ⊗_{A s}H, m ⊗_A n → (m_{(0)} ⊗_A n_{(0)}) ⊗_A m_{(1)}n_{(1)}.

The identity object is given by (A, t) and the symmetry is given by the natural transformation obtained from the tensor flip.

Remark 3.3. There are situations where the tensor product M ⊗_A N of the underlying modules of two right H-comodules can be endowed with more than one comodule structure. For distinction, we will from now on denote by M ⊗^A N the tensor product in Comod_H endowed then with the coaction of equation (3.10).

To each right H-comodule (M, ρ) one can define the k-vector space of coinvariants:

M^{coinvH} = � m ∈ M | ρ(m) = m ⊗_A 1_H � . This, in fact, establishes a functor which is naturally isomorphic to the functor Comod_H � A, − � , that is, we have a natural isomorphism of k-vector spaces:

Comod_H � A, M � � M^{coinvH} .

Analogously, one can define the category_H Comod of left comodules, and both categories are isomorphic via the antipode. Explicitly, one can endow a left H-comodule (M, λ^H_M ) with a right H-comodule structure, denoted by M^o,

(3.11) ρ^H_Mo : M^o → M^o ⊗_{A s}H, m → m_{(0)} ⊗_A S (m_{(−1)}),

and referred to as the opposite comodule of M. Since we always have S^2 = id for commutative Hopf algebroids, this correspondence obviously establishes an isomorphism of symmetric monoidal categories.

For an arbitrary algebra R and a right comodule (N, ρ) whose underlying module is also an (A, R)-bimodule such that ρ is left R-linear, i.e., ρ^H_M (rn) = rn_{(0)} ⊗_A n_{(1)}, for r ∈ R, n ∈ N, one can define a functor

(3.12) − ⊗_R N : Mod_R → Comod_H , X → (X ⊗_R N, X ⊗_R ρ).

For two Hopf algebroids (A, H) and (B, K), the category of (H, K)-bicomodules has triples (P, λ^H_P , ρ^K_P ) as objects, where P =_AP_B is an (A, B)-bimodule such that (P, λ^H_P ) is a left comodule with a right B-linear coaction λ^H_P , while (P, ρ^K_P ) is right comodule with a left A-linear coaction ρ^K_P , and both coactions are compatible in the sense that

(3.13) (H ⊗_A ρ^K_P ) ∘ λ^H_P = (λ^H_P ⊗_B K) ∘ ρ^K_P .

In other words, λ^H_P is a morphism of right K-comodules, and ρ^K_P of left H-comodules, where the codomains of both maps are comodules according to the functor of equation (3.12). Morphisms of bicomodules are defined in a canonical way; denote by H Bicomod_K the category of (H, K)-bicomodules.

Next, we recall the definition of the cotensor product. Let (M, ρ) be a right Hcomodule and (N, λ) a left H-comodule. The cotensor product bifunctor is defined as the equaliser

0 � M □_H N � M ⊗_A N^{ρ⊗A N} �_{M⊗A λ} � M ⊗_A H ⊗_A N,

which is a bifunctor from the product category Comod_H ×_H Comod to Mod_A. If we further assume that (N, ρ, λ) is also an (H, K)-bicomodule, the cotensor product lands in the category of right K-comodules since our Hopf algebroids are flat. This way, it is possible to define the bifunctor

(3.14) − □_H − :_J Bicomod_H ×_H Bicomod_K →_J Bicomod_K .

One easily checks that H □_H N � N and A □_H N � N^{coinvH} for every right H-comodule N. The associativity of the cotensor products is not always guaranteed unless one makes more assumptions on the comodules involved. For example, since all our Hopf algebroids are assumed to be flat, if M is a flat A-module along with a flat B-module N^′, one has M □_H (N □_K N^′) ≃ (M □_H N) □_K N^′.

Compare, for example, [BrzWi, §§22.5–22.6] for more situations in which this associativity holds true.

Given a morphism ϕ = (ϕ_0, ϕ_1) : (A, H) → (B, K) of Hopf algebroids, there is a functor (3.15) ϕ_∗ := − ⊗_ϕ B : Comod_H −→ Comod_K ,

called the induction functor, which is defined on objects by sending any right comodule (M, ρ^H_M ) to a right comodule (M ⊗_ϕ B, ρ^K_{M⊗ϕ B} ) with underlying B-module M ⊗_A B and coaction

ρ^K_{M⊗ϕ B} : M ⊗_ϕ B → (M ⊗_ϕ B) ⊗_B K, m ⊗_A b → (m_{(0)} ⊗_A 1_B) ⊗_B ϕ_1(m_{(1)})t(b).

The image of H with the induction functor is, in fact, an (H, K)-bicomodule. In a similar way, we have the induction functor ∗ϕ := B ⊗_ϕ − :_H Comod →_K Comod,

between left comodules, and B ⊗_ϕ H is now an (K, H)-bicomodule. The induction functor has a right adjoint given by (3.16) − □_K (B ⊗_ϕ H) : Comod_K → Comod_H , called the coinduction functor.

3.3. Comodule algebras. Parallel to subsection 2.1, we next want to give the analogue notion of groupoid-sets in the Hopf algebroids context. To this end, recall first that a left H-comodule algebra for a Hopf algebroid (A, H) is a commutative monoid in the symmetric monoidal category_H Comod. That is, a pair (R, σ) consisting of a commutative A-algebra σ : A → R which is also a left H-comodule with coaction λ^H_R : R → H ⊗_A R, satisfying for all x, y ∈ R (3.17) λ^H_R (xy) = x_{(−1)}y_{(−1)} ⊗_A x_{(0)}y_{(0)} and λ^H_R (1_R) = 1_H ⊗_A 1_R.

In others words, the coaction λ^H_R is an A-algebra map, where H ⊗_A R is seen as an A-algebra via A → H ⊗_A R, a → s(a) ⊗_A 1_R. A morphism of left H-comodule algebras is an A-algebra map which is also a left H-comodule morphism. Right H-comodule algebras are analogously defined.

Note that for a left H-comodule algebra (R, σ) the k-vector subspace

R^{coinvH} = {x ∈ R | λ^H_R (x) = 1_H ⊗_A x} of H-coinvariant elements is a k-subalgebra of R that does not necessarily contain the image σ(A), unless one makes more assumptions; for instance, if the source and the target maps are equal. A trivial example of a comodule algebra is the base algebra A of a Hopf algebroid (A, H) itself.

Assume now that γ : B → R is another algebra map such that λ^H_R is right B-linear, that is, λ^H_R (x γ(b)) = x_{(−1)} ⊗_A x_{(0)}γ(b), for every x ∈ R and b ∈ B. One can easily see that γ(B) ⊆ R^{coinvH} . In this situation, the canonical map

(3.18) can_{H, R} : R ⊗_B R → H ⊗_A R, x ⊗_B y → x_{(−1)} ⊗_A x_{(0)}y

is a B-algebra map, where H ⊗_A R is a B-algebra via γ in the second factor. The canonical map is also left H-colinear, when R ⊗_B R is seen as a left comodule via the coaction λ^H_R ⊗_B R.

We have the following well-known properties:

Lemma 3.4. Assume that R carries a left H-comodule algebra structure with underlying algebra map σ : A → R and that γ : B → R is a morphism of algebras.

(i ) The pair (R, H ⊗_A R) is a Hopf algebroid with the following structure maps:

s := λ^H_R , t := 1_H ⊗_A −, ε(u ⊗_A r) := ε_H (u)r, Δ(u ⊗_A r) := (u_{(1)} ⊗_A 1_R) ⊗_R (u_{(2)} ⊗_A r), S (u ⊗_A r) := S_H (u)r_{(−1)} ⊗_A r_{(0)}.

(ii ) The map (σ, − ⊗_A 1_R) : (A, H) → (R, H ⊗_A R) is a morphism of Hopf algebroids.

(iii ) If λ^H_R is right B-linear, where R is seen as an (A, B)-bimodule, then the canonical map of Eq. (3.18) is a morphism of Hopf algebroids as well as a morphism of left H-comodules.

(iv ) If R is an (H, K)-bicomodule, then the canonical map

can_{H, R} : (R⊗^BR, ρ^K_{R⊗B R}) → (H ⊗_A R, H ⊗_A ρ^K_R )

is also a morphism of right K-comodules.

Proof. These are routine computations. □

In analogy to groupoid terminology as in §2.1, the Hopf algebroid (R, H ⊗_A R) of Lemma 3.4 is termed the left translation Hopf algebroid of (A, H) along σ. Symmetrically, one can define a right translation Hopf algebroid of (A, H) by employing right comodule algebras.

Remark 3.5. In subsection 2.1, we discussed the notion of orbit set of a given left G -set over a groupoid G . In the Hopf algebroid context, the analogous notion is given as follows: for a Hopf algebroid (A, H) and any commutative algebra C, one can consider its underlying presheaf of groupoids, canonically defined by C → (H (C), A(C)) = (Alg_k(H, C), Alg_k(A, C)) is the groupoid H(C) � A(C)� defined by reversing the structure maps of (A, H). This leads then to the orbit presheaf C → O(C) := A(C)/H (C). Clearly, there is a morphism O → Alg_k(A^{coinvH} , −) of presheaves, where A^{coinvH} is the coinvariant subalgebra of A, that is, the set of elements a ∈ A such that s(a) = t(a). Thus, A^{coinvH} can be thought of as the coordinate ring of the orbit space. In case of a general left H-comodule algebra (R, α) and for any commutative algebra C, the groupoid H (C) acts on R(C) via (g, x) → gx given by the algebra map gx : R → C, r → g(r_{(−1)})x(r_{(0)}).

This determines the presheaf O_R : C → R(C)/H (C) of orbits together with a morphism of presheaves O_R → Alg_k � R^{coinvH} , − � . So as before, R^{coinvH} is the coordinate ring of the orbit space. On the other hand, one can easily check that R^{coinvH} = R^{coinv(H⊗A R)} , where (R, H ⊗_A R) is the left translation Hopf algebroid as above.

3.4. The coinvariant subalgebra for the tensor product of comodule algebras. For any two left H-comodule algebras (R, α) and (S, σ), the comodule tensor product S ⊗_AR is an A-algebra by means of the algebra map A → S ⊗_A R, a → σ(a)⊗_A 1_R = 1_R ⊗_A α(a). This algebra clearly admits the structure of a left H-comodule algebra the coinvariant subalgebra of it can be described as follows:

Lemma 3.6. For any two left H-comodule algebras (R, α) and (S, σ), we have an isomorphism (S ⊗_AR)^{coinvH} � S^o □_H R of algebras, where (S^o, σ) is the opposite right H-comodule algebra of (S, σ).

Proof. For an element s ⊗_A r ∈ (S ⊗_AR)^{coinvH} , the equality

(3.19) 1_H ⊗_A s ⊗_A r = s_{(−1)}r_{(−1)} ⊗_A s_{(0)} ⊗_A r_{(0)}

holds in H ⊗_A S ⊗_A R. Applying (id_H ⊗ m_H ⊗ id_R) ∘ τ_{12} ∘ (S ⊗ id_S ⊗ λ^R_H ) to both sides, where τ_{12} denotes the tensor flip and m_H the multiplication in H, we obtain s ⊗_A r_{(−1)} ⊗_A r_{(0)} = s_{(0)} ⊗_A S (s_{(−1)}r_{(−2)})r_{(−1)} ⊗_A r_{(0)} = s_{(0)} ⊗_A S � s_{(−1)} � t � ε(r_{(−1)}) � ⊗_A r_{(0)} = s_{(0)} ⊗_A S � s_{(−1)} � ⊗_A r,

which shows that s ⊗_A r ∈ S^o □_H R. The converse is similarly deduced. □

Remark 3.7. Taking Remarks 2.2 and 3.5 into account, Lemma 3.6 describes the analogue of the tensor product over groupoids in the Hopf algebroid context. That is, the cotensor product of (left and right) H-comodule algebras should be thought of as the orbit space of their tensor product as comodule algebras.

3.5. Bicomodule algebras and two-sided translation Hopf algebroids. In what follows, we give the construction for Hopf algebroids analogous to the two-sided translation groupoid as expounded in §2, and show some corresponding results.

For two Hopf algebroids (A, H) and (B, K), consider an (H, K)-bicomodule P such that (P, α) is a left H-comodule algebra and (P, β) is a right K-comodule algebra. We then say that the triple (P, α, β) is an (H, K)-bicomodule algebra. A morphism of (H, K)-bicomodule algebras is a map which is simultaneously a morphism of left H-comodule algebras and right K-comodule algebras.

Lemma and Definition 3.8. Let (P, α, β) be an (H, K)-bicomodule algebra. Then (P, H ⊗_A P ⊗_B K) with tensor product defined by H � P � K :=_sH ⊗_A P ⊗_{B s}K carries a canonical structure of a flat Hopf algebroid the structure maps of which are given by: (i ) the source and target are given by

(3.20) s(p) := 1_H ⊗_A p ⊗_B 1_K , t(p) := S (p_{(−1)}) ⊗_A p_{(0)} ⊗_B p_{(1)};

(ii ) the comultiplication and counit are as follows:

Δ(u ⊗_A p ⊗_B w) := � u_{(1)} ⊗_A p ⊗_B w_{(1)} � ⊗_P � u_{(2)} ⊗_A 1_P ⊗_B w_{(2)} � , ε(u ⊗_A p ⊗_B w) := α � ε(u) � pβ � ε(w) � ; (iii ) whereas the antipode is defined as: S � u ⊗_A p ⊗_B w � := S (up_{(−1)}) ⊗_A p_{(0)} ⊗_B p_{(1)}S (w).

Furthermore, there is a diagram

(P, H � P � K)

(A, H)

α=(α, α_1) � � (B, K)

β=(β, β_1) � � � of Hopf algebroids, where α_1 and β_1 are the maps h → h ⊗_A 1_P ⊗_B 1_K and k → 1_H ⊗_A 1_P ⊗_B k, respectively. This Hopf algebroid will be termed two-sided translation Hopf algebroid.

Proof. The fact that s : P →_sH ⊗_A P ⊗_{B s}K is a flat extension is clear since_sH and sK are flat; hence_sH ⊗_A P ⊗_{B s}K will give a flat Hopf algebroid over P. Using the source map (3.20), the comultiplication Δ and the counit ε are obviously left P-linear; the right P-linearity follows from ε � (u ⊗_A p^′ ⊗_B w)t(p) � = ε � uS (p_{(−1)}) ⊗_A p^′ p_{(0)} ⊗_B p_{(1)}w

� (3.4) = ε(u ⊗_A p^′ ⊗_B w)p

as well as Δ � (u ⊗_A p^′ ⊗_B w) t(p) � = Δ � uS (p_{(−1)}) ⊗_A p^′ p_{(0)} ⊗_B p_{(1)}w � = � u_{(1)}S (p_{(−1)}) ⊗_A p^′ p_{(0)} ⊗_B w_{(1)} p_{(1)} � ⊗_P � u_{(2)}S (p_{(−2)}) ⊗_A 1_P ⊗_B w_{(2)} p_{(2)} � = (u_{(1)} ⊗_A p^′ ⊗_B w_{(1)}) t(p_{(0)}) ⊗_P � u_{(2)}S (p_{(−1)}) ⊗_A 1_P ⊗_B w_{(2)} p_{(1)} � = � u_{(1)} ⊗_A p^′ ⊗_B w_{(1)} � ⊗_P � u_{(2)}S (p_{(−1)}) ⊗_A p_{(0)} ⊗_B w_{(2)} p_{(1)} � = � u_{(1)} ⊗_A p^′ ⊗_B w_{(1)} � ⊗_P (u_{(2)} ⊗_A 1_P ⊗_B w_{(2)}) t(p).

In order to define a Hopf algebroid, we need these maps to satisfy Eqs. (3.2)–(3.5), which are either clear from definitions or follow by computations similar to the subsequent one proving (3.4): we have

S (u_{(1)} ⊗_A p ⊗_B w_{(1)})(u_{(2)} ⊗_A 1_P ⊗_B w_{(2)}) = S (u_{(1)})S (p_{(−1)})u_{(2)} ⊗_A p_{(0)} ⊗_B p_{(1)}S (w_{(1)})w_{(2)} = t(ε(u))S (p_{(−1)}) ⊗_A p_{(0)} ⊗_B p_{(1)}t(ε(w)) = S � s(ε(u))p_{(−1)} � ⊗_A p_{(0)} ⊗_B p_{(1)}t(b) = t � α(ε(u)) p β(ε(w)) � = t � ε(u ⊗_A p ⊗_B w) � .

The last statement is easily checked as well. □

Finally note that for a morphism f : (P, α, β) → (P^′, α^′, β^′) of (H, K)-bicomodule algebras, Lemma 3.8 leads to a commutative diagram

(3.21) (P, H � P � K)

(f, H⊗_A f⊗_BK) � (A, H) α� � � �

α^′� � � � (B, K) β� � � �

β^′� � � � (P^′, H � P^′ � K)

of flat Hopf algebroids.

Example 3.9. Let (A, H) be a Hopf algebroid, C any algebra, and h : H → C an algebra morphism. Using ϕ := h ∘ s : A → C and ψ := h ∘ t : A → C, construct the scalar extension Hopf algebroids (C, H_ϕ := C ⊗_ϕ H ⊗_ϕ C) resp. (C, H_ψ := C ⊗_ψ H ⊗_ψ C), where we used the notation ⊗_ϕ resp. ⊗_ψ to distinguish between the two A-module structures on C given by either ϕ or ψ. From [HoSt, Lemma 6.4] we deduce that (C, H_ϕ) � (C, H_ψ) as Hopf algebroids; indeed, this isomorphism is explicitly given by: C ⊗_ϕ H ⊗_ϕ C → C ⊗_ψ H ⊗_ψ C, c ⊗_ϕ u ⊗_ϕ c^′ → c h(u_{(1)}) ⊗_ψ u_{(2)} ⊗_ψ h � S (u_{(3)}) � c^′, with inverse d ⊗_ψ v ⊗_ψ d^′ → d h � S (v_{(1)}) � ⊗_ϕ v_{(2)} ⊗_ϕ h(v_{(3)})d^′.

Now, assume that C is of the form C := B ⊗_ϕ H ⊗_ψ B^′ for some extensions B A^ϕ�^ψ � B^′ along with the obvious algebra map h : H → C as well as ϕ : A → C and ψ : A → C. We can consider (C, ϕ, ψ) as an (H_ϕ, H_ψ)-bicomodule algebra in a canonical way; this, in fact, is the bicomodule algebra arising from the cotensor product algebra P^{co} □_H P by considering, respectively, P := H ⊗_ϕ B and P^′ := H ⊗_ψ B^′ as (H, H_ϕ)- and (H, H_ψ)-bicomodule algebras with obvious coactions. Let (C, H_ϕ � C � H_ψ) be the associated two-sided translation Hopf algebroid. Then one can show that there is an isomorphism

(C, H_ϕ) � (C, H_ϕ � C � H_ψ) � (C, H_ψ)

of Hopf algebroids as can be seen by adapting the proof of Proposition 5.3 below.

4. Principal bibundles in the Hopf algebroid context

4.1. General definitions. In this section, we will introduce one of the main notions in this article. Similar concepts in the framework of Hopf algebras appeared under the name quantum principal bundle in [BrzMa, Brz] or bi-Galois extension in [Sch2, Sch3]. In analogy to Definition 2.3, we define principal bundles in the Hopf algebroid context as follows.

Definition 4.1. A left principal (H, K)-bundle (P, α, β) for two Hopf algebroids (A, H) and (B, K) is an (H, K)-bicomodule algebra as in §3.3, that is, P is equipped with a left H-comodule algebra and a right K-comodule algebra structures with respect to the algebra maps α : A → P resp. β : B → P such that

(i ) β is a faithfully flat extension; (ii ) the canonical map

can_{H, P} : P ⊗_B P → H ⊗_A P, p ⊗_B p^′ → p_{(−1)} ⊗_A p_{(0)} p^′ is bijective.

At times, when the context is clear and hence (we think that) no confusion can arise, the subscripts in the notation can of the canonical map are dropped. Maps between principal bundles are defined as follows:

Definition 4.2. A morphism of left principal (H, K)-bundles (P, α, β) and (P^′, α^′, β^′) is a map f : P → P^′ that is a morphism of (H, K)-bicomodule algebras, i.e., simultaneously a morphism of A-algebras, B-algebras, and a morphism of (H, K)-bicomodules. We will also call such a morphism an equivariant morphism. An isomorphism of left principal bundles is a bijective morphism of left principal bundles. The category of left principal (H, K)-bundles will be denoted by PB^ℓ (H, K). Let us denote the inverse of can_{H, P} by a sort of Sweedler type notation, can^{−1}_{H, P} : H ⊗_A P → P ⊗_B P, u ⊗_A p → u_+ ⊗_B u_− p.

where (4.1) τ_P := can^{−1}_{H, P} (− ⊗_A 1_P) : H → P ⊗_B P, u → u_+ ⊗_B u_− denotes the translation map. The following lemma summarises the properties of this map and its compatibility with the Hopf algebroid structure:

Lemma 4.3. Let (P, α, β) be a left principal (H, K)-bundle. One has for all a, a^′ ∈ A, u, v ∈ H, and p ∈ P:

(uv)_+ ⊗_B (uv)_− = u_+v_+ ⊗_B v_−u_−,

(4.2) u_{+(−1)} ⊗_A u_{+(0)} ⊗_B u_− = u_{(1)} ⊗_A u_{(2)+} ⊗_B u_{(2)−},

(4.3) u_+u_− = α(ε(u)),

(4.4) p_{(−1)+} ⊗_B p_{(−1)−} p_{(0)} = p ⊗_B 1_P,

(4.5) u_{+(−1)} ⊗_A u_{+(0)}u_− = u ⊗_A 1_P,

(4.6) (s(a)t(a^′))_+ ⊗_B (s(a)t(a^′))_− = α(a) ⊗_B α(a^′).

(4.7) Furthermore,

u_{+(0)} ⊗_B u_{−(0)} ⊗_B u_{+(1)}u_{−(1)} = u_+ ⊗_B u_− ⊗_B 1_K ∈ P ⊗_B P ⊗_B K,

(4.8) S (u) ⊗_A 1_P = u_{−(−1)} ⊗_A u_{−(0)}u_+,

(4.9) S (u)_+ ⊗_B S (u)_− = u_− ⊗_B u_+,

(4.10)

u_{(1)+} ⊗_B u_{(1)−} ⊗_A S (u_{(2)}) = u_+ ⊗_B u_{−(0)} ⊗_A u_{−(−1)}.

(4.11) Proof. The first six equations are proved along the lines of the proof of [Sch1, Prop. 3.7], where the special case in which P := H is treated. Eq. (4.8) is obtained by the fact that the canonical map (and hence its inverse) is a morphism of right Kcomodules, as follows from Lemma 3.4 (iv). Eq. (4.9) is proven as follows: since P is a left H-comodule algebra and the coaction is A-linear, one has

S (u) ⊗_A 1_P = S (u_{(1)})s(ε(u_{(2)})) ⊗_A 1_P = S (u_{(1)}) � α(ε(u_{(2)}))

�_{(−1)} ⊗_A � α(ε(u_{(2)}))

�_{(0)}

(4.4) = S (u_{(1)})(u_{(2)+}u_{(2)−})_{(−1)} ⊗_A (u_{(2)+}u_{(2)−})_{(0)} (4.3) = S (u_{(1)})u_{(2)}u_{(3)−(−1)} ⊗_A u_{(3)+}u_{(3)−(0)} (3.4) = t(ε(u_{(1)}))u_{(2)−(−1)} ⊗_A u_{(2)+}u_{(2)−(0)}^(

4.7) = u_{−(−1)} ⊗_A u_{−(0)}u_+.

Eq. (4.10) now follows by simply applying the inverse of the canonical map to both sides, using (4.5). Finally, Eq. (4.11) is seen by applying (4.3) to the element S (u), using (4.10) and the fact that the antipode is an anti-coring morphism. □ Right principal bundles use the right K-comodule algebra structure of P and the canonical map:

can_{P, K} : P ⊗_A P → P ⊗_B K, p^′ ⊗_A p → p^′ p_{(0)} ⊗_B p_{(1)}.

In this way, P is said to be a right principal (H, K)-bundle if α is a faithfully flat extension and the canonical map can_{P, K} is bijective. The triple (P, α, β) is said to principal (H, K)-bibundle provided P is both left and right principal. Since we will explicitly use principal bibundles, we also need the notation and the properties for the right translation map. The inverse of can_{P, K} is denoted by P ⊗_B K → P ⊗_A P, p ⊗_B v → pv^− ⊗_A v^+, which fulfils the relations (vw)^+ ⊗_A (vw)^− = v^+w^+ ⊗_A w^−v^−,

(4.12) v^−v^+ = β(ε(v)),

(4.13) p_{(0)} p_{(1)}^− ⊗_A p_{(1)}^+ = 1_P ⊗_A p,

(4.14) v^−v^+_{(0)} ⊗_B v^+_{(1)} = 1_P ⊗_B v,

(4.15) v^− ⊗_A v^+_{(0)} ⊗_A v^+_{(1)} = v_{(1)}^− ⊗_A v_{(1)}^+ ⊗_A v_{(2)},

(4.16) (s(b)t(b^′))^− ⊗_A (s(b)t(b^′))^+ = β(b) ⊗_A β(b^′).

(4.17) With a similar argumentation that lead to (4.8), we have the identity (4.18) v^−_{(−1)}v^+_{(−1)} ⊗_A v^−_{(0)} ⊗_A v^+_{(0)} = 1_H ⊗_A v^− ⊗_A v^+ ∈ H ⊗_A P ⊗_A P. Analogously, one obtains S (v)^− ⊗_A S (v)^+ = v^+ ⊗_A v^−, v_{(2)}^− ⊗_A v_{(2)}^+ ⊗_B S (v_{(1)}) = v^− ⊗_A v^+_{(0)} ⊗_B v^+_{(1)} ∈ P ⊗_A P ⊗_B K, 1_P ⊗_B S (v) = v^+v^−_{(0)} ⊗_B v^−_{(1)}.

In a similar way, one can define a morphism between right principal (H, K)-bundles. The obtained category will be denoted by PB^r (H, K). Morphisms of principal bibundles are simultaneously morphisms of left and right principal bundles. The category obtained this way will be denoted by PB^b(H, K). Remark 4.4.

(i ) For a morphism f : (P, α, β) → (P^′, α^′, β^′) in PB^ℓ (H, K), we have a commutative diagram:

(4.19) H^{τP} �

τ_P′ � � � P ⊗^B P

f⊗_Bf � P^′ ⊗_B P^′,

where τ is the corresponding translation map.

(ii ) The definition above is left-right symmetric: if_H P_K is a left principal (H, K)-bundle, then the opposite bicomodule_K P^{co}_H is a right principal (K, H)-bundle with respect to the canonical map

P^{co} ⊗_B P^{co} → P^{co} ⊗_A H, p^′ ⊗_B p → p^′ p_{(0)} ⊗_A S (p_{(−1)}). Using (4.10), one immediately verifies that

P^{co} ⊗_A H → P^{co} ⊗_B P^{co}, p ⊗_A h → ph_+ ⊗_B h_− defines the inverse of this map. If we denote by α^{co} : A → P^{co} and β^{co} : B → P^{co}, respectively, the corresponding algebra maps, then the correspondence (P, α, β) → (P^{co}, β^{co}, α^{co}) establishes an isomorphism of categories between PB^ℓ (H, K) and PB^r (K, H). The bundle (P^{co}, β^{co}, α^{co}) so constructed is called the opposite bundle of (P, α, β).

(iii ) Since P_B is faithfully flat, we know by the faithfully flat descent theory (see, for instance [KaoGo, Theorem 3.10]) that the subalgebra of H-coinvariants is P^{coinvH} = β(B) as β is injective. Moreover, since α : A → P is a right H-colinear map, we have the following commutative diagram

A^{coinvH αcoinvH} � � � P^{coinvH} � B� � β � A^α � P of algebras. On the other hand, the category of relative left comodules, that is, the category of left (H ⊗_A P)-comodule is (monoidally) equivalent to the category of B-modules, where (P, H ⊗_A P) is the translation Hopf algebroid along α. Conversely, given an (H, K)-bicomodule algebra (P, α, β) such that the functor − ⊗_B P : Mod_B → Comod_{H⊗A P} establishes an equivalence of categories, (P, α, β) carries the structure of a left principal (H, K)-bundle.

(iv ) For the trivial Hopf algebroid (B, K) := (B, B), a left principal (H, B)-bundle is a left H-comodule algebra (P, α) with a faithfully flat extension β : B → P whose H-coaction is a B-linear map and where can_{H, P} : P ⊗_B P → H ⊗_A P is bijective.

Example 4.5 (Unit bundles). The underlying H-bicomodule of any flat Hopf algebroid (A, H) is a left principal (H, H)-bundle. More precisely, H is an H-bicomodule via the algebra maps s, t : A → H and both ring extensions are faithfully flat by assumption. So, we only need to check (ii) in Definition 4.1. In this case we have can_{H, H} : H ⊗_A H → H ⊗_A H, u ⊗_A v → u_{(1)} ⊗_A u_{(2)}v, where the domain tensor product is defined by H_t in both factors, while the codomain tensor product is the standard one from the coproduct of H. The inverse of can_{H, H} is, as for Hopf algebras,

can^{−1}_{H, H} : H ⊗_A H → H ⊗_A H, u ⊗_A v → u_{(1)} ⊗_A S (u_{(2)})v.

This bundle is refereed to as the unit principal bundle and will be denoted by U (H). Note that U (H) is both a left and a right principal (H, H)-bundle, and therefore a principal bibundle.

Example 4.6 (Induced or pull-back bundles). For a morphism ψ = (ψ_0, ψ_1) : (B, K) → (C, J) of Hopf algebroids and a left principal (H, K)-bundle (P, α, β), consider P ⊗_B C with the obvious algebra extensions α̃ : A → P ⊗_B C and β̃ : C → P ⊗_B C. It is clear that β̃ is a faithfully flat extension and that P ⊗_B C is an (H, J)-bicomodule: its left coaction is λ^H_{P⊗BC} := λ^H_P ⊗_B C and its right coaction is defined by the composition

ρ^J_{P⊗BC} : P ⊗_B C^ρ K P ⊗A B � P ⊗

B K ⊗_B C^{P⊗B ψ1⊗BC} � P ⊗_B J ⊗_B C^{P⊗B ξJ} � (P ⊗_B C) ⊗_C J,

where ξ_J : J ⊗_B C → C ⊗_C J, w ⊗_B c → 1_C ⊗_C wt(c). Explicitly, one obtains

ρ^J_{P⊗B C} (p ⊗_B c) = (p_{(0)} ⊗_B 1_C) ⊗_C ψ_1 (p_{(1)})t(c),

and both coactions are algebra maps. Thus, P ⊗_B C is both a left H-comodule algebra and a right J-comodule algebra. The canonical map can_{H, P⊗B C} is bijective since, up to canonical isomorphisms, it is of the form can_{H, P} ⊗_B C. Hence, (P ⊗_B C, α̃, β̃) is a left principal (H, J)-bundle, called the induced bundle of P or pull-back bundle of P, and denoted ψ^∗(P) or ψ^∗ � (P, α, β) � . Of course, this establishes a functor PB^ℓ (H, K) → PB^ℓ (H, J).

Example 4.7 (Restricted principal bundles). For a left principal (H, K)-bundle (P, α, β) and an algebra map τ : B → R, consider the scalar extension Hopf algebroid (R, K_R) := (R, R⊗_B K ⊗_B R), along with the obvious algebra maps α_R : A → P → P_R and β_R : R → P_R, where P_R := P ⊗_B R. It is clear that P_R admits the structure of an (H, K_R)- bicomodule with coactions, up to natural isomorphisms, defined by λ^H_{PR} := λ^H_P ⊗_B R and ρ^{KR}_{PR} := ρ^K_P ⊗_B R. These are clearly algebra maps which convert (P_R, λ^H_{PR} ) and (P_R, ρ^{KR}_{PR} ) into comodule algebras. The canonical maps are, up to natural isomorphism, given by

can_{H, PR} := can_{H, P} ⊗_B R, can_{PR , KR} := R ⊗_B can_{P, K} ⊗_B R.

Obviously, β_R is a faithfully flat extension, hence (P_R, α_R, β_R ) is again a left principal (H, K_R)-bundle, and we have that (P_R)^{coinvH} ≃ R. We refer to this construction as the restricted principal bundle of (P, α, β) with respect to τ. Again, this yields a functor PB^ℓ (H, K) → PB^ℓ (H, K_R).

Remark 4.8.

(i ) If we assume that (P, α, β) in Example 4.7 is only an (H, K)-bicomodule algebra, then it is possible to compute the coinvariant subalgebra (P_R)^{coinvH} of the restricted (H, K_R)-bicomodule algebra (P_R, α_R, β_R) by means of the coinvariant subalgebra P^{coinvH} provided that τ is a flat extension. One then has the following chain of algebra isomorphisms:

(P_R)^{coinvH} � A □_H (P ⊗_B R) � (A □_H P) ⊗_B R � P^{coinvH} ⊗_B R.

(ii ) For a left principal (H, K)-bundle (P, α, β) and a morphism ψ = (ψ_0, ψ_1) :

(B, K) → (C, J) of Hopf algebroids, one can consider the induced left principal (H, J)-bundle ψ^∗((P, α, β)) on the one hand, and the restricted left principal (C, K_C )-bundle (P_C , α_C , β_C ) on the other hand. However, using the canonical morphism Ψ of Hopf algebroids associated to ψ as defined in Eq. (3.9), the bundle (P_C , α_C , β_C ) induced by Ψ coincides with ψ^∗(P), i.e.,

ψ^∗ � (P, α, β) � = Ψ^∗ � (P_C , α_C , β_C ) � . Example 4.9 (Trivial Bundles). An example of an induced principal bundle is the following, which although rather basic will reveal important in subsequent sections; cf. also Example 3.9. For any morphism (ϕ_0, ϕ_1) : (A, H) → (B, K) of Hopf algebroids, consider (4.20) P := H ⊗_ϕ B := H ⊗_A B = H ⊗_k B/span{t(a)u ⊗ b − u ⊗ ϕ_0(a)b | u ∈ H, b ∈ B, a ∈ A},

as a left principal (H, K)-bundle by pulling back the unit bundle U (H). More precisely, consider the following algebra maps:

α : A → P, a → s(a) ⊗_A 1_B, and β : B → P, b → 1_H ⊗_A b.

Obviously, P_B is a faithfully flat module, that is, β is a faithfully flat extension. The algebra P is an (H, K)-bicomodule with left coaction λ^H_P := Δ_H ⊗_A B along with the right coaction

ρ^K_P : P → P ⊗_B K, u ⊗_A b → (u_{(1)} ⊗_A 1_B) ⊗_B ϕ_1(u_{(2)})t(b).

Both left and right coactions are easily seen to be morphisms of algebras. The canonical map is defined as

can_{H, P} : P ⊗_B P → H ⊗_A P, (u ⊗_A b) ⊗_B (v ⊗_A b^′) → u_{(1)} ⊗_A (u_{(2)}v ⊗_A bb^′),

which by Example 4.5 is clearly bijective, and the corresponding translation map reads:

τ_P : H → P ⊗_B P, u → (u_{(1)} ⊗_A 1_B) ⊗_B (S (u_{(2)}) ⊗_A 1_B).

The fact that the subalgebra of H-coinvariant elements is isomorphic to B, see Remark 4.4 (ii), can be deduced directly in this case: from the isomorphisms

A □_H (H ⊗_A B) � (A □_H H) ⊗_A B � B

one obtains that P^{coinvH} � A_H P � B via β. The second canonical map is in this case given by

(4.21) can_{P, K} : P ⊗_A P → P ⊗_B K, (u ⊗_A b) ⊗_A (v ⊗_A b^′) → (uv_{(1)} ⊗_A b) ⊗_B ϕ_1(v_{(2)})t(b^′).

This example motivates the following definition.

Definition 4.10. We say that a left principal (H, K)-bundle P is trivial if it is isomorphic to an induced bundle of the unit bundle U (H) as defined in Example 4.5, i.e., if there is an isomorphism P � ϕ^∗(U (H)) := H ⊗_ϕ B of principal bundles with respect to some Hopf algebroid morphism ϕ : (A, H) → (B, K).

Sufficient and necessary conditions under which a left principal bundle is trivial are given in the subsequent proposition.

Proposition 4.11. Let (P, α, β) be a left principal (H, K)-bundle. The following are equivalent:

(i ) (P, α, β) is a trivial principal bundle;

(ii ) β splits as an algebra map, that is, there is an algebra map γ : P → B such that γ ∘ β = id_B .

Proof. Proving (i) ⇒ (ii) is immediate from the definitions. To prove (ii) ⇒ (i), we first need to construct a Hopf algebroid morphism (ϕ_1, ϕ_0) : (A, H) → (B, K). Here, the algebra map ϕ_0 : A → B will be defined as the composition ϕ_0 = γ ∘ α, whereas ϕ_1 is given by ϕ_1 : H → K, u → s(γ(u_{+(0)}))u_{+(1)}t(γ(u_−)), using the notation in (4.1) for the translation map; a routine computation shows that ϕ = (ϕ_0, ϕ_1) is a morphism of Hopf algebroids, indeed. Consider then the trivial left principal (H, K)-bundle H ⊗_ϕ B = H ⊗_A B as in (4.20). Let us check that f : H ⊗_A B → P, u ⊗_A b → u_+β(γ(u_−))β(b), is a bijection whose inverse will be g : P → H ⊗_A B, p → p_{(−1)} ⊗_A γ(p_{(0)}).

For any p ∈ P, we have f (g(p)) = f � p_{(−1)} ⊗_A γ(p_{(0)}) � = p_{(−1)+}β(γ(p_{(−1)−}))β(γ(p_{(0)})) = p_{(−1)+}β � γ(p_{(−1)−} p_{(0)}) � (4.5)= pβ(γ(1

P)) = p.

On the other hand, for any u ⊗_A b ∈ H ⊗_A B, one computes g( f (u ⊗_A b)) = g � u_+β � γ(u_−)β(b) � = u_{+(−1)} ⊗_A γ(u_{+(0)})γ(u_−)b = u_{+(−1)} ⊗_A γ � u_{+(0)}u_− � b (4.6)= u ⊗

A γ(1_P)b = u ⊗_A b.

Thus, f and g are mutually inverse. It is also clear that g is both an A-algebra and Balgebra map, as well as an (H, K)-bicomodule map. Therefore, g is an isomorphism of left principal (H, K)-bundles. □

The following lemma is an analogue of the respective statement for Lie groupoids in [MoeMr, p. 165]. However, the proof given in this context here is direct and does not rely on local triviality of bundles.

Lemma 4.12. Any morphism between left principal (H, K)-bundles is an isomorphism. In particular, the category of left principal bundles PB^ℓ (H, K) is a groupoid.

Proof. Let f : (P, α, β) → (P^′, α^′, β^′) be a morphism between two left principal (H, K)-bundles. By definition both β and β^′ are faithfully flat extensions; hence, it suffices to check that either f ⊗_B P^′ or P ⊗_B f is an isomorphism as f is an A-algebra and B-algebra map. To this end, consider the following chain

P ⊗_B P^{′ �} � (P ⊗_B P) ⊗_P P^{′can⊗P P′}� (H ⊗_A P) ⊗_P P^{′ �} � H ⊗_A P^{′ can−1} � P^′ ⊗_B P^′

of isomorphisms, where we have used the fact that can_{H, P} is right P-linear, is explicitly given by p⊗_B p^′ −→ (p⊗_B 1)⊗_P p^′ −→ p_{(−1)} ⊗_A p_{(0)} ⊗_P p^′ −→ p_{(−1)} ⊗_A f(p_{(0)})p^′ −→ p_{(−1)+} ⊗_B p_{(−1)−}f(p_{(0)})p^′ which by equation (4.5) is exactly the map p ⊗_B p^′ → f(p) ⊗_B p^′ as f is a comodule morphism. Therefore, f ⊗_B P^′ is an isomorphism and so is f. □

4.2. Comments on local triviality of principal bundles. In the Lie groupoid context, it is well-known that any left principal bundle is locally trivial [MoeMr, p. 165]. Thus, the study of principal bundles in this context can be done locally. In the Hopf algebroid framework, the notion of “local triviality” is not so clear. The perhaps right way to treat local triviality in this context might be to consider the site of all affine schemes over Spec(k) with a certain Grothendieck topology τ, and say that a left principal bundle (P, α, β) is locally trivial if there is a τ-cover Spec(B^′) → Spec(B) such that the pull-back bundle P ⊗_B B^′ is a trivial left principal (H, K_B′ )-bundle. However, as we will see below, when τ is the Zariski topology, any locally trivial left principal bundle is also globally trivial. Also, the local triviality for the fpqc (faithfully flat quasi-compact) topology is tautologically true since for any left principal bundle (P, α, β), the map β : B → P is by definition a faithfully flat extension.

Moreover, the naive approach to local triviality by localisation apparently does not yield anything new: let (P, α, β) be a left principal (H, K)-bundle. Denote by Y := Spec(B) the underlying topological space of the locally ringed space associated to B, and by Ω(B) its subspace of maximal ideals. Take a prime ideal y ∈ Y and consider the localisation B_y at this point (the stalk) with τ_y : B → B_y as the canonical localisation algebra map. Using the notation β_y : B_y → P_y := P ⊗_B B_y and α_y : A → P → P_y, we obtain the restricted left principal (H, K_y)-bundle (P_y, α_y , β_y) with respect to τ_y as defined in Example 4.7. In this way, any left principal (H, K)-bundle (P, α, β) can be restricted to a “local principal bundle” (P_y, α_y, β_y ) for every y ∈ Y . One can say that (P, α, β) is locally trivial if and only if (P_y, α_y, β_y) is trivial for every y ∈ Y . Hence, by Proposition 4.11, this happens if and only if β_y : B_y → P_y splits as an algebra map for every y ∈ Y ; if and only if β_m : B_m → P_m splits as an algebra map for every m ∈ Ω(B); if and only if β : B → P splits as an algebra map, see [Bo, p. 111f.]. In this sense, P would be locally trivial if and only if it is globally so.

In a different direction, assume that there exists for any y ∈ Y an element f � y such that β_f : B_f → P_f splits as an algebra map, which by Proposition 4.11 means that the restricted left principal bundle (P_f , α_f , β_f ) is trivial on the open neighbourhood Y_f := Spec(B_f ) of y in Y : there is a section σ_f : Y_f → Spec(P_f ) → Spec(P), that is,^aβ_f ∘ σ_f = id_{Y f} , where^aβ_f : Spec(P_f ) → Y_f is the associate continuous map of β_f : B_f → P_f . Again, one sees that a left bundle (P, α, β) with this assumption is in fact a (globally) trivial bundle. Indeed, take a maximal ideal m ∈ Ω(B): under the assumptions made, there is an h � m such that β_h : B_h → P_h splits as an algebra map; write σ_h : P_h → B_h for this splitting. Then one can easily check that

P_m = P ⊗_B B_m � P ⊗_B B_h ⊗_{Bh} B_m = P_h ⊗_{Bh} B_m^{σh ⊗B Bh} � B_h ⊗_{Bh} B_m � B_m

is an algebra map which splits β_m. Thus, β_m splits for every m ∈ Ω(B), and so does β. Therefore, (P, α, β) is a trivial bundle.

Now assume that the topology τ is the Zariski one. Then, for a locally trivial left principal bundle (P, α, β) there exists an extension B → B^′ :=

�_{1≤i≤n} B_{fi} for some set { f_i}_{1≤i≤n} of elements in B such that B =

�_{1≤i≤n} B f_i and such that P ⊗_B B^′ is a trivial bundle. For any maximal ideal m ∈ Ω(B), there must be some f_j � m for which the bundle (P_{f j} , α_{f j} , β_{f j} ) is trivial. We then conclude, as above, that (P, α, β) must be also trivial.

On the other hand, it seems that the local triviality property of a given left principal (H, K)-bundle (P, α, β) is already contained in our condition of faithfully flatness of β. More specifically, since β is a flat extension, β_y is also a flat extension for every y ∈ Y . Therefore, also B_y → P_z is a flat extension for every y ∈ Y and z ∈ (^aβ)^{−1}(y), where^aβ : Spec(P) =: X → Spec(B) = Y is the associated continuous map of β. In other words, Y is flat over X [Ha, p. 254]; hence, as mentioned in [Pf, Def. 1.2], this appears to be a good substitute for local triviality, see [Pa, Sec. 3] for a deeper discussion of this point.

4.3. Natural comodule transformations. In this subsection, we explore the Hopf algebroid analogue of natural transformations for groupoid-sets as in Lemma 2.4.

Let (P, α, β) be a left principal (H, K)-bundle. As mentioned before, one can define a functor − □_H P : Comod_H → Comod_K since our Hopf algebroids are all assumed to be flat. We will give some natural transformations involving this functor, which will be useful in the sequel.

Lemma 4.13. One has the following natural transformations:

(i ) for any right H-comodule M, the map

(4.22) ζ_M : (M □_H P) ⊗_B P → M ⊗_A P, (m □_H p) ⊗_B p^′ → m ⊗_A pp^′

is an isomorphism of right K-comodules, where the coaction of the left hand side is the codiagonal one. The inverse of ζ_M is given by ζ̄_M : m ⊗_A p → (m_{(0)} □_H m_{(1)+}) ⊗_B m_{(1)−} p;

(ii ) for any right H-comodule M, the map

(4.23) η_M : M → (M □_H P) □_K P^{co}, m → (m_{(0)} □_H m_{(1)+}) □_K m_{(1)−}

defines a morphism of right H-comodules.

Proof. To prove (i), we proceed as follows: that (4.22) is a morphism of comodules follows from the fact that P is a comodule algebra. Moreover, from (4.3) one deduces that the inverse is well-defined and using the flatness of P over B along with (4.4) and (4.5), one checks that the given maps are mutually inverse: for example, ζ̄_M ∘ ζ_M �(m □_H p) ⊗_B p^′� = (m_{(0)} □_H m_{(1)+}) ⊗_B m_{(1)−} pp^′ =

= (m □_H p_{(−1)+}) ⊗_B p_{(−1)−} p_{(0)} p^{′ (}4.5^)= (m □_H p) ⊗_B p^′, where in the second step we used that m □_H p lies in M □_H P.

As for (ii), since P is flat over B, the inclusion (M □_H P) ⊗_B P → M ⊗_A P ⊗_B P is the kernel of the map M ⊗_A P ⊗_B P → M ⊗_A H ⊗_A P ⊗_B K ⊗_B P given by

m ⊗_A p ⊗_B q −→

m_{(0)} ⊗_A m_{(1)} ⊗_A p_{(0)} ⊗_B p_{(1)} ⊗_B q − m_{(0)} ⊗_A m_{(1)} ⊗_A p ⊗_B S (q_{(1)}) ⊗_B q_{(0)} −m ⊗_A p_{(−1)} ⊗_A p_{(0)} ⊗_B p_{(1)} ⊗_B q + m ⊗_A p_{(−1)} ⊗_A p_{(0)} ⊗_B S (q_{(1)}) ⊗_B q_{(0)}.

Composing this map with M → M ⊗_A P ⊗_B P, m → m_{(0)} ⊗_A m_{(1)+} ⊗_B m_{(1)−}, and applying (4.3) shows that (4.23) is well-defined on the given cotensor products; that it is also a morphism of comodules follows from (4.11). □

5. Principal bibundles versus weak equivalences

Parallel to Lemma 2.8, we will investigate in this subsection how weak equivalences arise from principal bundles. We first analyse the particular case of trivial bundles and then the general case.

As recalled in Definition 1.1, a morphism ϕ : (A, H) → (B, K) of flat Hopf algebroids is said to be a weak equivalence if and only if the induced functor ϕ_∗ : Comod_H → Comod_K of Eq. (3.15) establishes an equivalence of categories (which is, in fact, a monoidal symmetric equivalence).

Let us consider the trivial bundle P = H ⊗_ϕ B associated to a given morphism ϕ. One can easily check that the opposite bundle is P^{co} = B ⊗_ϕ H as defined in Remark 4.4 (ii). The associated functors are, up to natural isomorphisms,

ϕ_∗ � − □_H P and_∗ϕ � − □_K P^{co}.

Moreover, as mentioned before, − □_K P^{co} is a right adjoint to − □_H P.

5.1. The case of trivial principal bibundles. Part of the following proposition was shown in [HoSt, Theorem 6.2] by using a different approach, see also [Ho, Theorem D & 5.5]. In Theorem 7.1 below we give a more general result.

Proposition 5.1. Let ϕ = (ϕ_0, ϕ_1) : (A, H) → (B, K) be a morphism of flat Hopf algebroids, and consider the associated trivial bundle P = H ⊗_ϕ B. The following are equivalent:

(i ) P is a principal (H, K)-bibundle.

(ii ) The canonical morphism

Φ : B ⊗_A H ⊗_A B → K, b ⊗_A u ⊗_A b^′ → s(b)ϕ_1(u)t(b^′) of Hopf B-algebroids is an isomorphism, and α is a faithfully flat extension.

(iii ) The morphism ϕ is a weak equivalence.

Proof. To prove (i) ⇒ (ii), we only need to check that Φ is bijective. By assumption, can_{P, K} is bijective, and denote the translation map here as τ : K → P ⊗_A P, k → (u^k ⊗_ϕ b^k) ⊗_A (v^k ⊗_ϕ c^k),

which means that for every k ∈ K 1_P ⊗_B k = (1_H ⊗_ϕ 1_B) ⊗_A k = � u^kv^k_{(1)} ⊗_A b^k � ⊗_B ϕ_1(v^k_{(2)})t(c^k),

Applying the counit of H we obtain k = s(b^k)ϕ_1 � s(ε(u^k))v^k � t(c^k).

Define now the map Λ : K → B ⊗_A H ⊗_A B, k → ϕ_0(ε(u^k))b^k ⊗_A v^k ⊗_A c^k.

Using the previous equality, we easily get that Φ ∘ Λ = id. In the opposite direction, we have Λ ∘ Φ(b ⊗_A u ⊗_A b^′) = b ⊗_A u ⊗_A b^′ since k = s(b)ϕ_1(u)t(b^′) is uniquely determined by the equation 1_P ⊗_B k = � 1_H ⊗_ϕ b � ⊗_B ϕ_1(u)t(b^′).

In order to prove (ii) ⇒ (iii), we already know by definition that ϕ_∗ = − □_H P is a symmetric monoidal functor. We need to establish natural isomorphisms (5.1) (− □_H P) ∘ (− □_K P^{co}) � id_{ComodK} , (− □_K P^{co}) ∘ (− □_H P) � id_{ComodH} . First recall that we have a commutative diagram

0 � P^{co} □_H P � � Pco ⊗_A P

0 � B ⊗_A H ⊗_A B^{B⊗AΔ⊗A B} � B ⊗_A H ⊗_A H ⊗_A B.

Hence, the canonical injection P^{co} □_H P → P^{co} ⊗_A P splits in the category of Bbimodules. For a right K-comodule N, we then have a chain of isomorphisms � N □_K P^{co} � □_H P � N □_K � P^{co} □_H P � � N □_K K � N of right K-comodules, where we used the fact that Φ is an isomorphism of Kbicomodules. Clearly, the resulting isomorphism is natural and this gives the first natural isomorphism in (5.1). To establish the second one, we will use the faithfully flatness of P_A , that is, of α. For a right H-comodule M define by means of Eq. (4.23) the following morphism

θ_M : M → � M □_H P � □_K P^{co}, m → � m_{(0)} □_H (m_{(1)} ⊗_ϕ 1_B) � □_K (1_B ⊗_ϕ S (m_{(2)}))

of right H-comodules. Using the natural isomorphisms ζ of (4.22), one can show that θ_M ⊗_A P is an isomorphism, and hence that θ is a natural isomorphism. Therefore, ϕ_∗ is an equivalence of categories.

The step (iii) ⇒ (i) is seen as follows: by Example 4.9, P is a left principal (H, K)- bundle. To check that P is also a right principal (H, K)-bundle, we need to verify that the canonical map can_{P, K} of Eq. (4.21) is bijective as well as that α is a faithfully flat extension. Since ϕ_∗ is an equivalence of categories, there is a natural isomorphism

− ⊗_A ϕ_∗(H) � ϕ_∗ ∘ (− ⊗_A H),

where −⊗_A H : Comod_H → Comod_H is the composition of the forgetful functor with the functor defined as in (3.12), and where P = ϕ_∗(H) is an A-module via the algebra map α : A → P, a → s(a) ⊗_A 1_B. Hence, such a natural isomorphism directly implies that α is a faithfully flat extension.

Let us then prove that can_{P, K} is bijective. Since the counit of the adjunction ϕ_∗ ⊣ � − □_{K ∗}ϕ(H) � is a natural isomorphism (see §3.2), we denote by

ξ_K : K → B ⊗_A H ⊗_A B, k → b^k ⊗_A u^k ⊗_A c^k

its inverse at K, with the help of which we can write

k = s(b^k)ϕ_1(u^k)t(c^k)

for every k ∈ K. Define moreover

Ψ : P ⊗_B K � H ⊗_A K → P ⊗_A P, u ⊗_A k → � uS (v^k_{(1)}) ⊗_ϕ b^k � ⊗_A � v^k_{(2)} ⊗_ϕ c^k � and compute

Ψ ∘ can_{P, K} � (u ⊗_A b) ⊗_A (v ⊗_A b^′) � = Ψ � (uv_{(1)} ⊗_A b) ⊗_B ϕ_1(v_{(2)})t(b^′) � = Ψ � uv_{(1)} ⊗_A s(b)ϕ_1(v_{(2)})t(b^′) � = Ψ � uv_{(1)} ⊗_A Φ � b ⊗_A v_{(2)} ⊗_A b^′ � = uv_{(1)}S (v_{(2)}) ⊗_A b ⊗_A v_{(3)} ⊗_A b^′ = � us(ε(v_{(1)})) ⊗_A b � ⊗_A � v_{(2)} ⊗_A b^′ � = � u ⊗_A b � ⊗_A � v ⊗_A b^′ � , which shows that Ψ ∘ can_{P, K} = id. The opposite direction is verified as follows:

can_{P, K} ∘ Ψ(u ⊗_A k) = can_{P, K} � uS (v^k_{(1)}) ⊗_A b^k � ⊗_A � v^k_{(2)} ⊗_A c^k � = � uS (v^k_{(1)})v^k_{(2)} ⊗_A b^k � ⊗_B � ϕ_1(v^k_{(3)})t(c^k) � = � u ⊗_A ϕ_0(ε(v^k_{(1)})b^k � ⊗_B � ϕ_1(v^k_{(2)})t(c^k) � = u ⊗_A � s � ϕ_0(ε(v^k_{(1)})b^k � ϕ_1(v^k_{(2)})t(c^k) � = u ⊗_A � s(b^k)ϕ_1(v^k)t(c^k) � = u ⊗_A k,

which gives the desired equality. □

Remark 5.2. The statement that α is a flat extension is equivalent to saying that B is Landweber exact over (A, H) in the sense of [HoSt, Def. 2.1], see Lemma 2.2 in op. cit. This, as mentioned before, implies in particular that (B, B ⊗_A H ⊗_A B) is a flat Hopf algebroid.

5.2. The case of general principal bibundles. Let now (P, α, β) be an (H, K)-bicomodule algebra. Consider the two-sided translation Hopf algebroid (P, H � P � K) as in Lemma 3.8. Recall that the tensor product H ⊗_A P ⊗_B K is defined by using the module structures_sH,_AP_B , and_sK, and also that there is a diagram of Hopf algebroids

(P, H � P � K)

(A, H) α � � � (B, K) β � � �

where β and α are the maps as in Lemma 3.8. On the other hand, one can consider the extended Hopf algebroids (P, P ⊗_A H ⊗_A P) and (P, P ⊗_A K ⊗_A P), together with the morphisms of Hopf algebroids:

(5.2) P⊗_B K ⊗_B P → H � P � K, p^′ ⊗_B w⊗_B p → s(p^′)β_1(w)t(p) = S � p_{(−1)} � ⊗_A p_{(0)} p^′ ⊗_B p_{(1)}w,

(5.3) P⊗_A H ⊗_A P → H � P � K, p^′ ⊗_A u⊗_A p → s(p^′)α_1(u)t(p) = uS � p_{(−1)} � ⊗_A p_{(0)} p^′ ⊗_B p_{(1)},

where s and t are the source and the target maps of H � P � K given in Lemma 3.8. The following proposition shows that principal bundles lead to weak equivalences.

Proposition 5.3. We have the following implications:

(i ) If (P, α, β) is a left principal (H, K)-bundle, then β is a weak equivalence. (ii ) If (P, α, β) is a right principal (H, K)-bundle, then α is a weak equivalence. (iii ) If (P, α, β) is a principal (H, K)-bibundle, then β and α are weak equivalences. In this case, (A, H) and (B, K) are weakly equivalent, see Definition 1.1.

Proof. Part (iii) is clearly derived from (i) and (ii). We only prove (i) since (ii) is obtained mutatis mutandum. Using Proposition 5.1, we need to check that the map B → K ⊗_B P is faithfully flat, which is clear from the assumptions, and that the map in Eq. (5.2) is bijective. Denote this map by β̃ and by β̃^′ what is going to be its inverse, given by

β̃^′ : H � P � K → P ⊗_B K ⊗_B P, u ⊗_A p ⊗_B w → pu_+ ⊗_B S (u_{−(1)})w ⊗_B u_{−(0)}.

We compute from one hand

β̃ ∘ β̃^′(u ⊗_A p ⊗_B w) = β̃(pu_+ ⊗_B S (u_{−(1)})w ⊗_B u_{−(0)})

= S (u_{−(−1)}) ⊗_A u_{−(0)}u_+ p ⊗_B u_{−(1)}S (u_{−(2)})w = S (u_{−(−1)}) ⊗_A u_{−(0)}u_+ p ⊗_B w

(4.9)

= u ⊗_A p ⊗_B w.

From the other hand, to check that also β̃^′ ∘ β̃ = id, we first deduce from Eq. (4.5)

(5.4) p_{(0)} ⊗_B p_{(1)} ⊗_B p_{(2)} ⊗_B 1_B = p_{(−1)+(0)} ⊗_B p_{(−1)+(1)} ⊗_B p_{(1)} ⊗_B p_{(−1)−} p_{(0)}, which we use to see that

β̃^′ ∘ β̃(p^′ ⊗_B w ⊗_B p) = β̃^′(S (p_{(−1)}) ⊗_B p_{(0)} p^′ ⊗_B p_{(1)}w)

(4.10)

= p_{(0)} p_{(−1)−} p^′ ⊗_B S (p_{(−1)+(1)})p_{(1)}w ⊗_B p_{(−1)+(0)}

(5.4)

= p^′ ⊗_B t(ε(p_{(1)}))w ⊗_B p_{(0)}

(3.4)

= p^′ ⊗_B w ⊗_B p,

and this concludes the proof. □

Corollary 5.4. Let f : (P, α, β) → (P^′, α^′, β^′) be a morphism in PB^ℓ(H, K). Then the associated morphism

(f, H ⊗_A f ⊗_B K) : (P, H � P � K) → (P^′, H � P^′ � K)

between the two-sided translation Hopf algebroids (see §3.5) is an isomorphism of Hopf algebroids and therefore a weak equivalence.

Proof. This directly follows from Lemma 4.12. That this morphism is a weak equivalence can also be deduced from Proposition 5.3 (i) and the commutative diagram (3.21). □

Remark 5.5. As mentioned in §4.2, in the Lie groupoid context it is well-known that any morphism between principal bundles is an isomorphism [MoeMr, p. 165], and hence induces an isomorphism between the associated two-sided translation groupoids. Corollary 5.4 states an analogous result for the associated two-sided Hopf algebroids attached to flat Hopf algebroids. As a consequence, any two-stage zigzag of weak equivalences, as described in the isosceles triangle in the Introduction, is unique up to an isomorphism.

6. The bicategory of principal bundles as a universal solution

In this section, we introduce the cotensor product of two principal bundles in the Hopf algebroid context, which is the analogue of the tensor product of principal bundles in the framework of Lie groupoids [MoeMr, p. 166], where it is defined as the orbit space of the fibred product of the underlying bundles, see also Remark 2.2 for abstract groupoids. In the case of Hopf algebroids, the cotensor product leads to the orbit space (which is the coinvariant subalgebra as mentioned in §3.4) of the tensor product of the underlying comodule algebras. With this product, principal bundles can be shown to form a bicategory. It turns out that trivial bundles constitute a 2-functor from the canonical 2-category of flat Hopf algebroids to this bicategory, which yields a certain universal solution (or a calculus of fractions with respect to weak equivalences).

6.1. The cotensor product of principal bundles. Consider three flat Hopf algebroids (A, H), (B, K), and (C, J), and let (P, α, β) be a left principal (H, K)- bundle and (Q, σ, θ) a left principal (K, J)-bundle. Recall from (3.14) that P □_K Q carries the structure of an (H, J)-bicomodule. Moreover, it is clear from the definition of a comodule algebra that this is simultaneously an A-algebra and C-algebra via the following commutative diagram

(6.1) A^α �

α̃ � � � � � � �

P^{−⊗B 1Q} � P ⊗_B Q

P □_K Q � � �

0 � � � Q 1_P ⊗_B− �

C. θ̃

�

� � � � � �

θ �

This structure converts the triple (P □_K Q, α̃, θ̃) into an (H, J)-bicomodule algebra. In the subsequent lemma we show that this gives in particular a left principal bundle:

Lemma 6.1.

(i ) The correspondence

PB^ℓ(H, K) × PB^ℓ(K, J) −→ PB^ℓ(H, J), � (P, α, β), (Q, σ, θ) � −→ (P □_K Q, α̃, θ̃), (F, G) −→ F □_K G

gives a well-defined functor.

(ii ) The canonical algebra extension P □_K Q → P ⊗_B Q is faithfully flat.

Proof. Part (i): as we have seen before, the obvious algebra map θ^′ : C → Q → P⊗_B Q factors through

C^{θ̃} �

θ^′ � � � P □_K Q� � P ⊗_B Q,

and θ^′ is a faithfully flat extension since β and θ are so. The faithfully flatness of the map θ̃ : C → P □_K Q is seen as follows: one has a chain of C-module isomorphisms (6.2)

(P □_K Q) ⊗_C Q^� � P □_K (Q ⊗_C Q)_�^{P □K can} � P □_K (K ⊗_B Q)^� � P ⊗_B Q (p □_K q) ⊗_C q^′ � � p □_K (q ⊗_C q^′) � � p □_K (q_{(−1)} ⊗_B q_{(0)}q^′) � � p ⊗_B qq^′,

hence (P □_K Q)⊗_C Q is also faithfully flat over C, and since by assumption Q is so over C, we deduce that P □_K Q is faithfully flat over C. For better distinction, let us denote the involved translation maps as

τ_P : H → P ⊗_B P, u → u_+ ⊗_B u_−, τ_Q : K → Q ⊗_C Q, w → w_{[+]} ⊗_C w_{[−]}.

The canonical map that turns the cotensor product into a bundle is given as

can : (P □_K Q) ⊗_C (P □_K Q) → H ⊗_A (P □_K Q), (p □_K q) ⊗_C (p^′ □_K q^′) → p_{(−1)} ⊗_A (p_{(0)} p^′ □_K qq^′), and what is going to be its inverse is defined by c̃an : H ⊗_A (P □_K Q) → (P □_K Q) ⊗_C (P □_K Q), u ⊗_A (p □_K q) → (u_{+(0)} □_K u_{+(1)[+]}) ⊗_C (pu_− □_K qu_{+(1)[−]}),

which are well-defined maps by the A-linearity of the coaction as well as using (4.7). We then compute (c̃an ∘ can) � (p □_K q) ⊗_C (p^′ □_K q^′) � = c̃an � p_{(−1)} ⊗_A (p_{(0)} p^′ □_K qq^′) � = (p_{(−1)+(0)} □_K p_{(−1)+(1)[+]}) ⊗_C (p_{(0)} p_{(−1)−} p^′ □_K qq^′ p_{(−1)+(1)[−]})

(4.5)

= (p_{(0)} □_K p_{(1)[+]}) ⊗_C (p^′ □_K qq^′ p_{(1)[−]}) = (p □_K q_{(−1)[+]}) ⊗_C (p^′ □_K q^′q_{(0)}q_{(−1)[−]})

(4.5)

= (p □_K q) ⊗_C (p^′ □_K q^′),

where we used the definition of the cotensor product in the fourth step. The opposite verification is left to the reader. To prove part (ii), consider the isomorphism of Eq. (6.2). It is clear that this is an isomorphism of left P □_K Q-modules; since Q is a faithfully flat C-module, (P □_K Q) ⊗_C Q � P ⊗_B Q is a faithfully flat P □_K Q-module as well. □

Remark 6.2. Of course, the construction of the functor in Lemma 6.1 can be adapted mutatis mutandum for right principal bundles as well as for principal bibundles.

An example of the cotensor product construction above arises from the following proposition,

Proposition 6.3. Let (A, H) and (C_i, J_i), i = 1, 2, be flat Hopf algebroids. Then any diagram of weak equivalences (C_1, J_1) (C_2, J_2)

(A, H) θ1 � � �_{θ2} � � � can be completed to the following diagram

(6.3) � P^{co}_1 □_H P_2, J_1 � � P^{co}_1 □_H P_2 � � J_2 �

(C_1, J_1) ζ1 � � � (C_2, J_2), ζ2 � � �

(A, H) θ1 � � � �^θ2 � � � � of weak equivalences, where P_i = H ⊗_{θi} C_i, i = 1, 2, are the respective associated trivial bundles.

Proof. Since θ_i is a weak equivalence, P_i is a principal (H, J_i)-bibundle by Proposition 5.1. Therefore, by Lemma 6.1 (and its right hand side version, see Remark 6.2), the cotensor product P^{co}_1 □_H P_2 is a principal (J_1, J_2)-bibundle as well and the proof is completed using Proposition 5.3 (iii). □

Example 6.4. A particular situation of Proposition 6.3 is the one considered in Example 3.9: let ϕ : B → A ← B^′ : ψ be a diagram of commutative algebras. Assume that α : A → P := H ⊗_ϕ B, a → s(a) ⊗_A 1_B, and α^′ : A → P^′ := H ⊗_ψ B^′ are faithfully flat extensions. This, in particular, means that B and B^′ are Landweber exact. Consider the algebra C := B ⊗_A H ⊗_A B^′ along with the scalar extension Hopf algebroids (C, H_ϕ) and (C, H_ψ), where ϕ : A → C ← A : ψ are the obvious maps constructed from ϕ resp. ψ as in Example 3.9. Now (B, H_ϕ)^α←− (A, H)^{α′}−→ (B^′, H_ψ) is a diagram of weak equivalences by Proposition 5.1. Applying Proposition 6.3, we get a diagram (B, H_ϕ) −→ (C, H ϕ) � (C, H ϕ � C � H ψ) � (C, H ϕ) ←− (B^′, H_ψ) of weak equivalences, where the middle isomorphisms are as in Example 3.9. This, in fact, is part of the proof given in [HoSt, Theorem 6.5].

6.2. The bicategory of principal bundles. In particular, the constructions in the preceding subsection allow for the main observation in this section:

Proposition 6.5. The data given by

• flat Hopf algebroids (as 0-cells), • left principal bundles (as 1-cells), • as well as morphisms of left principal bundles (as 2-cells) define a bicategory.

Proof. The unit 0-cells in this bicategory are the unit bundles of the form U (H) as in Example 4.5. The multiplication of two principal bundles (i.e., their cotensor product) and of their morphisms is given as in Lemma 6.1. The associativity of the cotensor product is not obvious in this case as it does not follow directly from the flatness of the involved Hopf algebroids: let (A, H), (B, K), (C, J), and (D, I) be flat Hopf algebroids, as well as (P, α, β), (Q, σ, θ), and (S, γ, δ) be left principal (H, K)-, (K, J)-, resp. (J, I)-bundles. First of all, we have the following diagram P □_K (Q □_J S )� � � P ⊗_B (Q □_J S )� � � � P ⊗_B Q ⊗_C S,

(P □_K Q) □_J S � � � (P □_K Q) ⊗_C S � � � � where the upper injections result from definitions and the flatness of P over B. The second map of the lower injections follows from the fact that, as in Lemma 6.1 (ii), the injection P □_K Q → P ⊗_B Q is faithfully flat. Using the universal property of kernels, we deduce the desired natural isomorphism

(P □_K Q) □_J S^≃−→ P □_K (Q □_J S ).

The remaining axioms to be verified in a bicategory are left to the reader. □

We denote this bicategory by PB^ℓ and refer to it as the bicategory of (left) principal bundles. The category of 1- and 2-cells from (A, H) to (B, K) then is the category PB^ℓ (H, K), see §4.1.

Similarly, we can introduce the bicategory of right principal bundles PB^r and also the bicategory of principal bibundles PB^b as mentioned in Remark 6.2. On the other hand, by Remark 4.4 (ii) there is an isomorphism PB^ℓ � (PB^r )^o of bicategories, using Bénabou’s terminology [Be, §3]: for a bicategory B, denote by B^o its transpose bicategory, obtained from B by reversing 1-cells. On the other hand, its conjugate bicategory B^{co} is obtained by reversing 2-cells. We will call a morphism between two bicategories in the sense of [Be, §4] a 2-functor.

6.3. Invertible 1-cells. Recall that an internal equivalence between two 0-cells (A, H) and (B, K) in PB^ℓ is given by two 1-cells (P, α, β) and (Q, σ, θ) in PB^ℓ (H, K) resp. PB^ℓ (K, H), such that P □_K Q � U (H), Q □_H P � U (K), holds as 1-cells, respectively, in PB^b(H, H) and PB^b(K, K). Here we are implicitly assuming the triangle property, that is, we assume the following diagrams

(6.4) Q □_H H^� � Q □_H � P □_K Q � � � � � � � � Q � � � � � � � � Q ⊗^A P ⊗^B Q

K □_K Q^� � � Q □_H P � □_K Q � � � � and (6.5) P □_K K^� � P □_K � Q □_H P � � � � � � � P � � � � � � � � P ⊗^B Q ⊗^A P

H □_H P^� � � P □_K Q � □_H P � � � �

to be commutative. In this case, we also say that (A, H) and (B, K) are internally equivalent in PB^ℓ. Internal equivalences are, up to 2-isomorphisms, uniquely determined. More precisely, given a 1-cell P in PB^ℓ, if we assume that there exists Q and Q^′ in PB^ℓ such that Q □_H P � U (K), P □_K Q � U (H), and Q^′ □_H P � U (K), P □_K Q^′ � U (H), then we have Q � Q^′ as 1-cells. As in the general case, this is an easy consequence of the associativity of the cotensor product in PB^ℓ. Such a P is called an invertible left principal bundle.

Examples of invertible left principal bundles are typically obtained by bibundles:

Proposition 6.6. Let (P, α, β) be a left principal (H, K)-bundle and let (Q, σ, γ) be a right principal (K, H)-bundle.

(i ) The translation map τ : H → P ⊗_B P factors through the map τ^′ : H → P □_K P^{co}.

Analogously, the translation map ν : K → Q ⊗_A Q factors through ν^′ : K → Q □_H Q^{co}.

(ii ) Assume moreover that (P, α, β) is a principal (H, K)-bibundle. Then (P^{co}, β, α) is a principal (K, H)-bibundle and the translation maps induce isomorphisms

U (H)^≃−→ P □_K P^{co}, U (K)^≃−→ P^{co} □_H P

of principal (H, H)-bibundles resp. of principal (K, K)-bibundles. Furthermore, (P, α, β) is an invertible 1-cell in PB^ℓ(H, K).

Proof. Part (i): to show that the image of the map τ : u → u_+ ⊗_B u_− lands for every u ∈ H in the cotensor product P □_K P^{co}, we need to show that

u_{+(0)} ⊗_B u_{+(1)} ⊗_B u_− = u_+ ⊗_B S (u_{−(1)}) ⊗_B u_{−(0)} ∈ P ⊗_B K ⊗_B P,

where we used the coopposite comodule structure given in (3.11). This is done by applying the map

P ⊗_B P ⊗_B K → P ⊗_B K ⊗_B P, p^′ ⊗_B p ⊗_B w → p^′ ⊗_B wS (p_{(1)}) ⊗_B p_{(0)}

to both sides of Eq. (4.8). The situation for right bundles is proven mutatis mutandum. Part (ii): by Lemma 6.1 the cotensor product carries the structure of a principal bundle. It is furthermore clear that τ^′ is compatible with the source and target maps of H. The fact that τ^′ is left H-colinear follows directly from (4.3). To show that this map is also right H-colinear one uses (3.11) along with (4.11). To prove that τ^′ is an isomorphism then follows from Lemma 4.12 as it is, by Eq. (4.2), a morphism of principal (bi)bundles. To check the last statement, one only needs to show the triangle property (6.4) (notice that here there is, in fact, only one diagram). Using the notation of §4.1, the commutativity of (6.4) reads in this case:

p_{(0)} ⊗_B p_{(1)}^− ⊗_A p_{(1)}^+ = p_{(−1)+} ⊗_B p_{(−1)−} ⊗_A p_{(0)} ∈ P ⊗_B P ⊗_A P,

for every p ∈ P. To verify this, one first applies the map P ⊗_B can^{−1}_{P, K} to both terms and then uses Eq. (4.5) in order to obtain the same element p_{(0)} ⊗_B 1_P ⊗_B p_{(1)} in P ⊗_B P ⊗_B K. □

Proposition 6.7.

(i ) Let (P, α, β) be a left principal (H, K)-bundle. Assume moreover that (P, α, β) is an invertible 1-cell in PB^ℓ with inverse (Q, θ, σ) ∈ PB^ℓ(K, H). Then (P, α, β) is a principal (H, K)-bibundle and (Q, θ, σ) is a principal (K, H)-bibundle. Furthermore, we have an isomorphism

Q � P^{co}

of principal bundles.

(ii ) Let ϕ : (A, H) → (B, K) be a morphism of flat Hopf algebroids. Then ϕ is a weak equivalence if and only if the trivial bundle P = H ⊗_ϕ B is an invertible 1-cell in PB^ℓ (H, K).

Proof. For better orientation, we recall here that the algebra diagrams defining P and Q are

A^α � P B^β� , A^σ � Q B,^θ� where β and σ are faithfully flat, and also that the canonical maps can_{H, P} and can_{K, Q} are bijective.

Part (i): by assumption, we have the following 2-isomorphisms

χ : H^≃−→ P □_K Q, u −→ p^u □_K q^u, and ζ : K^≃−→ Q □_H P, w −→ q^w □_H p^w,

where χ is, in particular, a morphism of H-bicomodules and ζ is a morphism of Kbicomodules. The triangle properties then say that we have, up to a canonical isomorphism,

(6.6) χ(p_{(−1)}) □_H p_{(0)} = p_{(0)} □_K ζ(p_{(1)}) ∈ P ⊗_B Q ⊗_A P, ζ(q_{(−1)}) □_K q_{(0)} = q_{(0)} □_H χ(q_{(1)}) ∈ Q ⊗_B P ⊗_A Q,

for all p ∈ P, q ∈ Q. On the other hand, we also have an isomorphism

(6.7) P ⊗_B Q^� � (P □_K Q) ⊗_A Q^{χ−1⊗A Q} � H ⊗_A Q

of (H, K)-bicomodules, where the first isomorphism is the natural transformation of Eq. (4.22). Using this isomorphism, we can easily check that α is a faithful extension. Indeed, take a morphism f such that f ⊗_A P = 0; then f ⊗_A H ⊗_A Q = 0 which yields f = 0 since_AH and_AQ are faithfully flat. Now for a monomorphism i : X → X^′ of A-modules, we obtain, using again the isomorphism (6.7), that ker(i ⊗_A P) ⊗_B Q = 0, which by the bijectivity of the canonical map can_{K, Q} implies that ker(i ⊗_A P) = 0 since BK and_AQ are faithfully flat. This shows that α is a faithfully flat extension. We still need to check that the canonical map can : P ⊗_A P → P ⊗_B K is bijective. To this end, we define what is going to be its inverse as

c̃an : P ⊗_B K → P ⊗_A P, p ⊗_B w → pg(q^w) ⊗_A p^w,

where g is simultaneously the A-algebra and B-algebra map given explicitly by

g : Q → P, q → β � ε � ζ^{−1}(q_{(0)} □_H q_{(1)+}) � q_{(1)−}.

This map satisfies

(6.8) p^ug(q^u) = α � ε(u) � , g(q^w)p^w = β � ε(w) � , for every u ∈ H, w ∈ K, which is seen as follows: as for the second one, we have for w ∈ K

g(q^w)p^w = β � ε � ζ^{−1}(q^w_{(0)} □_H q^w_{(1)+}) � q^w_{(1)−} p^w = β � ε � ζ^{−1}(q^w □_H p^w_{(−1)+}) � p^w_{(−1)−} p^w_{(0)}

(4.6) = β � ε � ζ^{−1}(q^w □_H p^w) � = β � ε(w) � . As for the first equation in (6.8), by the right H-colinearity of χ and Eq. (4.3)

p^u ⊗_B (q^u_{(0)} □_H q^u_{(1)+}) ⊗_B q^u_{(1)−} = p^{u+(−1)} ⊗_B (q^{u+(−1)} □_H u_{+(0)}) ⊗_B u_− ∈ P ⊗_B � Q □_H P � ⊗_B P,

holds for any u ∈ H, an equation which can be seen in P ⊗_B Q ⊗_A P ⊗_B P since P_B is flat. Therefore, p^ug(q^u) = p^{u+(−1)} β � εζ^{−1} � q^{u+(−1)} □_H u_{+(0)} � u_−.

On the other hand, by the first equality of Eq. (6.6),

(p^{u+(−1)} □_K q^{u+(−1)} ) □_H u_{+(0)} ⊗_B u_− = � χ(u_{+(−1)}) □_H u_{+(0)} � ⊗_B u_− = � u_{+(0)} □_K ζ(u_{+(1)}) � ⊗_B u_−,

which implies that

p^{u+(−1)} ⊗_B (q^{u+(−1)} □_H u_{+(0)}) ⊗_B u_− = u_{+(0)} ⊗_B ζ(u_{+(1)}) ⊗_B u_−,

from which, in turn, we obtain that

p^ug(q^u) = p^{u+ (−1)} β � εζ^{−1} � q^{u+(−1)} □_H u_{+(0)} � u_− = u_{+(0)}β � ε(u_{+(1)}) � u_− = u_+u_−^{(4.4)}= α(ε(u)),

as claimed. Using Eqs. (6.8), we now compute from one hand,

can ∘ c̃an(p ⊗_B w) = can(p g(q^w) ⊗_A p^w) = p g(q^w)p^w_{(0)} ⊗_B p^w_{(1)} = p g(q^{w(1)} )p^{w(1)} ⊗_B w_{(2)} = p β(ε(w_{(1)})) ⊗_B w_{(2)} = p ⊗_B w,

and from the other side,

c̃an ∘ can(p^′ ⊗_A p) = c̃an(p^′ p_{(0)} ⊗_B p_{(1)}) = p^′ p_{(0)}g(q^{p(1)} ) ⊗_A p^{p(1)}

(6.6)

= p^′ p^{p(−1)} g(q^{p(−1)} ) ⊗_A p_{(0)} = p^′α � ε(p_{(−1)}) � ⊗_A p_{(0)} = p^′ ⊗_A p,

which gives the desired bijection, and so (P, α, β) is a principal bibundle. Similarly, one checks that (Q, θ, σ) is so as well.

To complete the proof of the first part, we also need to check that Q is the opposite bundle of P. For this, we use the following chain of isomorphisms of k-modules

P ⊗_A P � K ⊗_B P � (Q □_H P) ⊗_B P � Q ⊗_A P,

where the last isomorphism is given by Eq. (4.22), which leads to an isomorphism P � Q of A-modules since P is faithfully flat over A (alternatively, one can try to check that g : P → Q is a bundle map and hence an isomorphism by Lemma 4.12). In the same way, using the faithfully flatness of P over B, one shows that this is also an isomorphism of B-modules, and thus that Q is the opposite bundle of P. To prove (ii), assume first that ϕ is a weak equivalence. Then P is a right principal (H, K)-bundle by Proposition 5.1, along with the fact that − □_H P defines an equivalence of categories with inverse − □_K P^{co}. From this it is clear that P □_K P^{co} ≃ U (H) and P^{co} □_H P ≃ U (K), see Example 4.5 for notation. To prove the converse, using Proposition 5.1 again, we only have to show that P = H ⊗_ϕ B is a bibundle, which is a direct consequence of (i). □

Recall that a bigroupoid (see, e.g., [No]) is a bicategory in which every 1-cell and every 2-cell has an inverse (not necessarily in the strict sense for 1-cells).

Corollary 6.8. For two 0-cells (A, H) and (B, K) (that is, flat Hopf algebroids), the full subcategory of invertible 1-cells in PB^ℓ(H, K) coincides with the full subcategory PB^b(H, K) of principal bibundles. In particular, the bicategory PB^ℓ is a bigroupoid.

The last statement follows from Lemma 4.12

6.4. The 2-functor P and principal bundles as universal solution. It is well-known that groupoids, functors, and natural transformations form a 2- category. Adapting this to Hopf algebroids, one can construct a 2-category as observed in [Na, §3.1]. Here, 0-cells are Hopf algebroids (or even flat ones), 1-cells are morphisms of Hopf algebroids, and for two 1-cells (ζ_0, ζ_1), (θ_0, θ_1) : (A, H) → (B, K), a 2-cell c : (ζ_0, ζ_1) → (θ_0, θ_1) is defined to be an algebra map c : H → B that makes the diagrams

(6.9) H^c � B

A ζ_0 � � � � � s � H^c � B

A θ_0 � � � � � t � H^Δ � Δ � H ⊗_A H

m_K (ζ_1 ⊗_Atc) � H ⊗_A H_{mK (sc ⊗A θ1)} � K

commutative, where m_K denotes the multiplication in K. The identity 2-cell for (ζ_0, ζ_1) is given by 1_ζ := ζ_0 ∘ε. The tensor product (or vertical composition) of 2-cells is given as c^′ ∘ c : (ζ_0, ζ_1)^c � (θ_0, θ_1)^{c′} � (ξ_0, ξ_1),

which yields a map

(6.10) c^′ ∘ c : H → B, u → c(u_{(1)})c^′(u_{(2)}).

We denote by 2-HAlgd the 2-category whose 0-cells are flat Hopf algebroids. Examples of 2-cells in this 2-category are described by the following lemma:

Lemma 6.9. Let ϕ : (A, H) → (B, K) be a morphism of flat Hopf algebroids. As in Example 4.9, consider its associated trivial left principal (H, K)-bundle (P := H ⊗_ϕ B, α, β) together with the diagram

(P, H � P � K)

(A, H)

α=(α, α_1) � � ϕ � (B, K)

β=(β, β_1) � � �

of Hopf algebroids, where the top is the two-sided translation Hopf algebroid defined in Lemma 3.8. Then there is a 2-isomorphism α � β ∘ ϕ, that is, the above diagram is commutative up to an isomorphism.

Proof. Consider the following two algebra maps

c : H → P, u → u ⊗_ϕ 1_B, and c^′ : H → P, u → S (u) ⊗_ϕ 1_B.

Let us check that c : α → β ∘ ϕ and c^′ : β ∘ ϕ → α are 2-cells in 2-HAlgd. To this

end, we need to show the commutativity of the diagrams in Eq. (6.9), corresponding

to c and c^′. By definition, it is clear that the triangles

H^c � P

A α � � � � � s � H^c � P

A βϕ_0 � � � � � t � H^c

′ � P

A βϕ_0 � � � � � s � H^c

′ � P

A α � � � � � t �

commute. We only show the rectangle in (6.9) for c^′ since an analogous proof works

for c. Thus, we want to show that m_{H�P�K} ∘ � (β_1 ∘ ϕ_1) ⊗_A (t ∘ c^′) � ∘ Δ = m_{H�P�K} ∘ � (s ∘

c^′) ⊗_A α_1 � ∘ Δ, where the target and source t, s are those of H � P � K. Taking into

account the structure maps of Lemma 3.8, we compute for u ∈ H

m_{H�P�K} ∘ � (β_1 ∘ ϕ_1) ⊗_A (t ∘ c^′) � ∘ Δ(u) = � 1_H ⊗_A 1_P ⊗_B ϕ_1(u_{(1)}) � t � S (u_{(2)}) ⊗_ϕ 1_B � = � 1_H ⊗_A 1_P ⊗_B ϕ_1(u_{(1)}) � u_{(4)} ⊗_A (S (u_{(3)}) ⊗_ϕ 1_B) ⊗_B ϕ_1(S (u_{(2)})) � = u_{(4)} ⊗_A (S (u_{(3)}) ⊗_ϕ 1_B) ⊗_B ϕ_1(u_{(1)})ϕ_1(S (u_{(2)}))

= u_{(3)} ⊗_A (S (u_{(2)}) ⊗_ϕ 1_B) ⊗_B s(ϕ_0(ε(u_{(1)})))

= u_{(3)} ⊗_A � S (u_{(2)}) ⊗_ϕ ϕ_0(ε(u_{(1)})) � ⊗_B 1_K

= u_{(2)} ⊗_A � S (u_{(1)}) ⊗_ϕ 1_B � ⊗_B 1_K

= m_{H�P�K} ∘ � (s ∘ c^′) ⊗_A α_1 � ∘ Δ(u).

Finally, using the vertical composition as defined in (6.10), one can easily check that

c ∘ c^′ = (βϕ_0) ∘ ε and that c^′ ∘ c = α ∘ ε. Therefore c ∘ c^′ = 1_{β∘ϕ} and c^′ ∘ c = 1_α, and this

completes the proof. □

For a non necessarily trivial bundle, one has the following property:

Lemma 6.10. Let (P, α, β) be a 1-cell in PB^ℓ(H, K), and denote by (P, H � P � K)

the two-sided translation Hopf algebroid, together with the diagram

(P, H � P � K)

(A, H)

α=(α, α_1) � � (B, K)

β=(β, β_1) � � � of flat Hopf algebroids. Consider the trivial bundles α^∗ � U (H) � = H ⊗_α P and

β^∗ � U (K) � = K ⊗_β P. Then the map

h : (P, α, β) −→ � α^∗ � U (H) � □_{H�P�K} β^∗ � U (K)

�_{co}

, α̃, β̃ � , p −→ � p_{(−1)} ⊗_α p_{(0)} � □_{H�P�K} � 1_P ⊗_β p_{(1)} � defines an isomorphism of left principal (H, K)-bundles.

Proof. Recall that a generic element of the form (u ⊗_α p) ⊗_P (p^′ ⊗_β w) ∈ α^∗ � U (H) � ⊗_P

β^∗ � U (K)

�_{co}

belongs to the cotensor product α^∗ � U (H) � □_{H�P�K} β^∗ � U (K)

�_{co} if and only if (6.11) (u_{(1)} ⊗_α p)⊗_P � u_{(2)} ⊗_A 1_P ⊗_B 1_K � ⊗_P (p^′ ⊗_β w) = (u⊗_α 1_P)⊗_P � 1_H ⊗_A pp^′ ⊗_B w_{(1)} � ⊗_P (1_P ⊗_β w_{(2)})

holds true in α^∗ � U (H) � ⊗_P (H � P � K) ⊗_P β^∗ � U (K)

�_{co} . Hence, in order to check that h is well-defined, one needs to show this equality for h(p), for all p ∈ P. The left hand side in (6.11) for h(p) reads as

(p_{(−2)} ⊗_α 1_P) ⊗_P � p_{(−1)} ⊗_A 1_P ⊗_B 1_K � ⊗_P (p_{(0)} ⊗_β p_{(1)}),

while the right hand side becomes

(p_{(−1)} ⊗_α 1_P) ⊗_P � 1_H ⊗_A p_{(0)} ⊗_B p_{(1)} � ⊗_P (1_P ⊗_β p_{(2)}).

Using the expression of the target map of H � P � K given in Lemma 3.8, we have that

(p_{(−2)} ⊗_α 1_P) ⊗_P � p_{(−1)} ⊗_A 1_P ⊗_B 1_K � ⊗_P (p_{(0)} ⊗_β p_{(1)}) = (p_{(−2)} ⊗_α 1_P) ⊗_P � p_{(−1)} ⊗_A 1_P ⊗_B 1_K � t(p_{(0)}) ⊗_P (1_P ⊗_β p_{(1)}) = (p_{(−3)} ⊗_α 1_P) ⊗_P � p_{(−2)}S (p_{(−1)}) ⊗_A p_{(0)} ⊗_B p_{(1)} � ⊗_P (1_P ⊗_β p_{(2)})

(3.4)

= (p_{(−2)} ⊗_α 1_P) ⊗_P � s(ε(p_{(−1)})) ⊗_A p_{(0)} ⊗_B p_{(1)} � ⊗_P (1_P ⊗_β p_{(2)}) = (p_{(−1)} ⊗_α 1_P) ⊗_P � 1_H ⊗_A p_{(0)} ⊗_B p_{(1)} � ⊗_P (1_P ⊗_β p_{(2)}),

which shows that h is a well-defined map. Recall now that the algebra maps α̃ and β̃ are given by

α̃(a) = (s(a) ⊗_α 1_P) □_{H�P�K} (1_P ⊗_β 1_K ); β̃(b) = (1_H ⊗_α 1_P) □_{H�P�K} (1_P ⊗_β t(b)).

Clearly, h is simultaneously an A-algebra and a B-algebra map, and the fact that h is an (H, K)-bicomodule map is also clear from the definitions. Thus, h is a morphism of left principal bundles, and so an isomorphism by Lemma 4.12. □

Next we give a further property of the Diagram (6.3) that appeared in Proposition 6.3.

Lemma 6.11. Let θ_i : (A, H) → (C_i, J_i), i = 1, 2, be two weak equivalences. Then the diagram of weak equivalences (6.3) constructed in Proposition 6.3 is commutative up to a 2-isomorphism.

Proof. Denote by P_i := H ⊗_{θi} C_i, i = 1, 2 the respective associated trivial bibundles of θ_i. Up to a canonical isomorphism, the bundle Q := P^{co}_1 □_H P_2 is of the form Q = C_1 ⊗_A H ⊗_A C_2. So, considering the obvious algebra map c : H → Q, u → 1 ⊗_A u ⊗_A 1 and writing ϕ := ζ_1 ∘ θ_1 and ψ := ζ_2 ∘ θ_2, one can use the definition of the maps ζ_i in Lemma 3.8 to show that the diagrams in (6.9) are commutative, and that hence c : ϕ → ψ is a 1-cell in 2-HAlgd. Its inverse is c^{−1} : H → Q which sends u → 1 ⊗_A S (u) ⊗_A 1. □

Denote by PB^{ℓ co} the conjugate bicategory of PB^ℓ, defined by reversing 2-cells.

Proposition 6.12. There is a 2-functor

P : 2-HAlgd −→ PB^{ℓ co}, which sends any 1-cell ϕ : (A, H) → (B, K) to its associated trivial left principal bundle P = H ⊗_ϕ B. Moreover, a 1-cell ϕ in 2-HAlgd is a weak equivalence if and only if P(ϕ) is an invertible 1-cell in PB^{ℓ co} .

Proof. Let c : ϕ → ψ be a 2-cell in 2-HAlgd. Then its image by P is given by P(c) : H ⊗_ψ B → H ⊗_ϕ B, u ⊗_ψ b → u_{(1)} ⊗_ϕ c(u_{(2)})b,

which is easily shown to be a morphism of left principal bundles. The remaining axioms which P is required to fulfil are also easily shown and therefore left to the reader. Nevertheless, notice that for two composable 1-cells ϕ : (A, H) → (B, K) and ϕ^′ : (B, K) → (C, J) one has P(ϕ^′ ∘ ϕ) � P(ϕ) □_K P(ϕ^′), that is, P is contravariant. The last statement is a direct consequence of Proposition 6.7 (ii). □

The following theorem is Theorem C in the Introduction and is our second main result:

Theorem 6.13. Let F : 2-HAlgd → B be a 2-functor which sends weak equivalences to invertible 1-cells. Then, up to isomorphism (of 2-functors), there is a unique 2-functor F̃ such that the following diagram

(6.12) 2-HAlgd F � � � � P � PB^{ℓ co} F̃ � B commutes up to an isomorphism of 2-functors.

Proof. For two 0-cells (A, H) and (B, K) and a 1-cell (P, α, β) in PB^{ℓ co} (H, K), from Proposition 5.3 one obtains that β : (B, K) → (P, H � P � K) is a weak equivalence. Then, by assumption, F (β) is an invertible 1-cell in B � F (A, H), F (B, K) � ; denote by F (β)^{−1} ∈ B � F (B, K), F (A, H) � its inverse. Define furthermore F̃ (P, α, β) := F (β)^{−1} ∘ F (α),

which gives a 1-cell in B � F (A, H), F (B, K) � . In particular, the image of the unit bundle (U (H), s, t) then is, by using Lemma 6.9, of the form F̃ �U (H)� � F (id_{(A, H)} ) = 1_{F (A, H)},

the identity 1-cell of the monoidal category B � F (A, H), F (A, H) � . Now, the image of a 2-cell f : (P^′, α^′, β^′) → (P, α, β) in PB^{ℓ co}(H, K) by F̃ is going to be a 2-isomorphism: define

F̃ (f) : F̃ (P^′, α^′, β^′) = F (β^′)^{−1} ∘ F (α^′) −→ F (β)^{−1} ∘ F (α) = F̃ (P, α, β)

as the unique isomorphism in B � F (A, H), F (B, K) � satisfying

F (β^′) ∘ F̃ (f) = 1_{F (α}′_) = 1_{F (f)∘F (α)}

since from Diagram (3.21) follows that f ∘ α = α^′ and f ∘ β = β^′ as 2-cells in 2-HAlgd, where, by abuse of notation, we did not distinguish between the vertical and horizontal composition in B.

The fact that F̃ is compatible with both vertical and horizontal compositions of PB^{ℓ co} is shown as follows: first, as seen above, F̃ � U (H) � � 1_{F (A, H)} for every 0-cell (A, H).

Second, for (P, α, β) ∈ PB^ℓ (H, K) and (Q, σ, θ) ∈ PB^ℓ (K, J) consider their product

(P □_K Q, α̃, θ̃) ∈ PB^ℓ (H � P � K, K � Q � J),

where α̃ and θ̃ are as in Diagram (6.1). Consider the morphism σ : (B, K) → (Q, K � Q � J) of Hopf algebroids as in Lemma 3.8. From the trivial bundles σ^∗(U (K)) ∈ PB^ℓ (K, K � Q � J) and β^∗(U (K)) ∈ PB^ℓ (K, H � P � K) we can construct their product β^∗(U (K))^{co} □_K σ^∗(U (K)), which belongs to PB^ℓ (H � P � K, K � Q � J). On the other hand, an easy verification shows that (P ⊗_B K ⊗_B Q, γ, δ) is also a principal bundle in PB^ℓ (H � P � K, K � Q � J), where

γ : P → P ⊗_B K ⊗_B Q, p → p ⊗_B 1_K ⊗_B 1_Q; δ : Q → P ⊗_B K ⊗_B Q, q → 1_P ⊗_B 1_K ⊗_B q,

and using the canonical bicomodule structure given by the coaction P ⊗_B K ⊗_B Q → (H � P � K) ⊗_P (P ⊗_B K ⊗_B Q), p ⊗_B w ⊗_B q → (1_H ⊗_A p ⊗_B w_{(1)}) ⊗_P (1_P ⊗_B w_{(2)} ⊗_B q)

as well as

P ⊗_B K ⊗_B Q → (P ⊗_B K ⊗_B Q) ⊗_Q (K � Q � J), p ⊗_B w ⊗_B q → (p ⊗_B w_{(1)} ⊗_B 1_Q) ⊗_Q (w_{(2)}S (q_{(−1)}) ⊗_B q_{(0)} ⊗_C q_{(1)}).

Taking into account the canonical isomorphism

β^∗(U (K))^{co} □_K σ^∗(U (K)) = � P ⊗_β K � □_K � K ⊗_σ Q � � P ⊗_B K ⊗_B Q

of bicomodule algebras, we can then identify both principal bundles. The two-sided translation Hopf algebroids associated to (P □_K Q, α̃, θ̃) resp. (P ⊗_B K ⊗_B Q, γ, δ) are now related via the morphism μ : � P □_K Q, H � (P □_K Q) � J � → � P ⊗_B K ⊗_B Q, (H � P � K) � (P ⊗_B K ⊗_B Q) � (K � Q � J) � of Hopf algebroids, sending

(p^′ □_K q^′, u ⊗_A (p □_K q) ⊗_B j) → � p^′_{(0)} ⊗_B p^′_{(1)} ⊗_B q^′, α̃(u) ⊗_P (p_{(0)} ⊗_B p_{(1)} ⊗_B q) ⊗_Q θ̃( j) � , where α̃ and θ̃ are the associated maps to α̃ and θ̃ as in Lemma 3.8, and from which we deduce the following commutative diagram: �_{P □}

K Q, H�(P □K Q)�J � μ � �_{P⊗}

B K⊗B Q, (H�P�K)�(P⊗BK⊗B Q)�(K�Q�J) �

(P,H�P�K) γ � � �_{(Q,K�Q�J)} δ � � �

(A,H) α̃ �

α � � �_{(B,K)} β � � � σ � � �_{(C,J).θ} � � �

θ̃ �

Applying the functor F to this diagram and taking into account that β, δ, θ, and θ̃ are weak equivalences by Proposition 5.3 (while α and σ are not necessarily so since P and Q are just left bundles), we obtain the equality

F (θ̃)^{−1} ∘ F (α̃) = F (θ)^{−1} ∘ F (σ) ∘ F (β)^{−1} ∘ F (α),

which means that F̃ (Q, σ, θ) ∘ F̃ (P, α, β) = F̃ (P □_K Q, α̃, θ̃),

that is, F̃ is contravariant (in the proof of Proposition 6.12 we saw that P is also contravariant, hence F̃ ∘ P is covariant). To show that F̃ is unique up to isomorphism, one uses Lemma 6.10. Finally, to check that the Diagram (6.12) is commutative up to 2-isomorphism, one makes use of Lemma 6.9. □

7. Principal bibundles and Morita equivalences of categories of comodules

In this section, which contains one of our main results (Theorem A in the Introduction), we explore the relationship between bibundles and Morita theory motivated by Theorem 2.9. We remind the reader that, as in Definition 1.1, two flat Hopf algebroids are said to be Morita equivalent if their categories of (right) comodules are equivalent as symmetric monoidal categories.

7.1. Principal bibundles versus monoidal equivalence. The result we want to prove first and which will be part of the main theorem reads as follows:

Theorem 7.1. Let (A, H) and (B, K) be two flat Hopf algebroids and (P, α, β) be a principal (H, K)-bibundle. Then the functor

− □_H P : Comod_H −→ Comod_K

induces a symmetric monoidal equivalence of categories.

Proof. Let us first check that the functor is symmetric monoidal: by Remark 4.4 (ii), there is an algebra isomorphism

A □_H P ≃ P^{coinv} ≃ B

as β is injective. Second, for two right H-comodules M and N define the map

δ : (M □_H P)⊗^B (N □_H P) → (M ⊗^A N) □_H P, (m □_H p)⊗^B (n □_H p^′) → (m⊗^A n) □_H pp^′,

which is a morphism of right K-comodules, where the tensor products are those of comodules as explained in Remark 3.3. In order to show that δ is an isomorphism, we proceed similarly as before and show that δ ⊗_B id_P is an isomorphism since P is faithfully flat over B. Now a straightforward verification proves that the composition

ζ_{M⊗A N} ∘ (δ ⊗_B id_P ) : � (M □_H P) ⊗_B (N □_H P) � ⊗_B P → (M ⊗_A N) ⊗_A P,

using the natural transformation ζ from (4.22), coincides with the following chain � (M □_H P) ⊗_B (N □_H P) � ⊗_B P^{id⊗BζN}−−−→ (M □_H P) ⊗_B (N ⊗_A P)^≃−→ � (M □_H P) ⊗_B N � ⊗_A P

ζ_N ⊗_Aid_N

−−−→ (M ⊗_A P) ⊗_A N^≃−→ (M ⊗_A N) ⊗_A P of isomorphisms, where the last step simply uses the tensor flip and the associativity of the tensor product. Clearly, δ is a natural transformation and compatible with the symmetry of the tensor product of comodules.

Now we check that − □_H P is an equivalence of categories, using the natural transformation η_M : M → (M □_H P) □_K P^{co}, m → (m_{(0)} □_H m_{(1)+}) □_K m_{(1)−} for any right H-comodule M from (4.23). As above, one shows that η_M ⊗_A P is an isomorphism by using the natural transformation ζ_− from (4.22). Explicitly, the inverse of η_M ⊗_A P is given by � (M □_H P) □_K P^{co} � ⊗_A P^{ζM □H P} � (M □_H P) ⊗_B P^{ζM} � M ⊗_A P,

where the first ζ corresponds to the left principal bundle P^{co} while the second one corresponds to P. One therefore has a natural isomorphism

(− □_K P^{co}) ∘ (− □_H P)^≃−→ id_{ComodH} .

Analogously, one obtains a natural isomorphism (− □_H P) ∘ (− □_K P^{co}) → id_{ComodK} , which concludes the proof. □

The converse of Theorem 7.1 will be investigated in the next section; however, we give here a partial answer when two Hopf algebroids are weakly equivalent.

Proposition 7.2. Two flat Hopf algebroids (A, H) and (B, K) are weakly equivalent if and only if there is a principal bibundle connecting them.

Proof. The implication (⇐) directly follows from part (iii) of Proposition 5.3. As for the opposite direction (⇒), assume that there is a diagram

(C, J)

(A, H) φ � � � (B, K) ω � � � of flat Hopf algebroids, where φ and ω are weak equivalences. Denote the associated trivial bundles by P := K ⊗_ω C and Q := C ⊗_φ H. As shown in Proposition 5.1 and explained in Remark 6.2, P ∈ PB^b(K, J) and Q ∈ PB^b(J, H) are trivial bibundles, and we can form the bundle P □_J Q, which is an object in PB^b(K, H), or equivalently (P □_J Q)^{co} ∈ PB^b(H, K), and this finishes the proof. □

7.2. Symmetric monoidal equivalence versus principal bibundles. Starting with two Morita equivalent flat Hopf algebroids, the aim of this subsection is to extract from these data a principal bibundle. To this end, let us first recall some basic facts on monoidal functors, restricting ourselves to the case of monoidal categories of comodules over flat Hopf algebroids.

Let (A, H) and (B, K) be two flat Hopf algebroids, and assume that there is a symmetric monoidal equivalence

F : Comod_H −→ Comod_K with inverse G in what follows. In particular, this means that there is a natural isomorphism

(7.1) ϕ^1_{−,−} : F (−⊗^A−) −→ F (−)⊗^BF (−), ϕ^0 : B^�−→ F (A),

where the latter is an algebra isomorphism, and the notation −⊗^A − stands for the tensor product of comodules as was explained in Remark 3.3. Both ϕ^1 and ϕ^0 should be compatible in a coherent way with the associativity, the commutativity (i.e., the symmetries), and the unitary property of the tensor products of both Comod_H and Comod_K . Notice that, in this case, there also exists a symmetric monoidal equivalence between left comodules.

The inverse natural transformation of ϕ will be denoted by ψ. It is known that the functor G is also a symmetric monoidal functor; its associated natural isomorphism can be computed from that of F by using the natural transformation defining the equivalence.

Now, let M ∈_T Bicomod_H , where T is any commutative algebra, i.e., M is a (T, A)- bimodule and right H-comodule with left T -linear coaction. Then, we have an algebra map λ_l : T → Comod_H (M, M), t → {m → tm}, which is used to get a new algebra map

A^{λl} � Comod_H (M, M)^F � Comod_K � F (M), F (M) � , from which we obtain that F (M) is a (T, B)-bimodule and that its right coaction ρ^K_{F (M)} is left T -linear, that is, F (M) ∈_T Bicomod_K . Moreover, F is restricted to the functor

F :_T Bicomod_H →_T Bicomod_K .

Following [BrzWi, §23 & §39.3], since F is right exact and commutes with inductive limits, there is a natural isomorphism over (right) modules Mod_T

(7.2) Υ_{−,M} : F (− ⊗_T M) −→ − ⊗_T F (M),

which is natural on M as well, and where the functor − ⊗_T M : Mod_T → Comod_H is defined as in (3.12). Furthermore, Υ defines morphisms of right K-comodules. Notice that Υ_{T, M} : F (M) → T ⊗_T F (M) is just the canonical map sending x → 1_T ⊗_T x. For instance, in case M := H with left A-action given by the source s, we obtain an algebra map λ_s : A → Comod_H (H, H), a → {u → s(a)u}.

The composition

A^{λs} � Comod_H (H, H)^F � Comod_K � F (H), F (H) � induces on F (H) an (A, B)-bimodule structure with a left A-linear right coaction ρ^K_{F (H)}. In fact, F (H) becomes an (H, K)-bicomodule with these actions as follows. The structure of a left H-comodule is given by

(7.3) λ^H_{F (H)} : F (H)^{F (Δ)} � F (H ⊗_A H)_�^Υ � H ⊗_A F (H), using the natural isomorphism of Eq. (7.2), which can be shown to be a morphism of right K-comodules. Similar arguments hold true for G. Furthermore, we have natural isomorphisms

(7.4) F � − □_H F (H), G � − □_K G(K).

Since H is a monoid in Comod_H , it follows that F (H) is a monoid in Comod_K . Thus, F (H) is a right K-comodule algebra with respect to the underlying algebra map

(7.5) β : B^ϕ 0 � F (A)^{F (t)}−→ F (H).

Explicitly, the multiplication in F (H) is given by

(7.6) m_{F (H)} : F (H) ⊗^B F (H)^{ψH, H} � F (H ⊗^A H)^{F (mH )} � F (H).

Note that F (H) is commutative since ϕ is so (preserves the symmetries) as well as H. Next, we want to endow F (H) with the structure of a left H-comodule algebra using the left comodule structure of Eq. (7.3). The A-algebra structure on F (H) is given by the linear map

(7.7) α : A → F (H), a → F (λ_s(a))(1_{F (H)}) = a.1_{F (H)},

where 1_{F (H)} is just the identity element of the right K-comodule algebra F (H), which can be identified with F (t) ∘ ϕ^0(1_B) = F (t)(1_{F (A)}). We have:

Lemma 7.3. The map α of Eq. (7.7) is an algebra map. That is, there exists a map which makes the diagram

F (H)⊗F (H) � � F (H)⊗_A F (H) � F (H)

F (H)⊗^B F (H)

ψ �_{F (H⊗}A_{H)}

F (m_H ) � � � � commutative.

Proof. It is clear that α(1_A) = 1_{F (H)} since F (λ_s(1_A)) = id_{F (H)}. Now, for a, a^′ ∈ A compute

m_{F (H)} � α(a) ⊗_B α(a^′) � = F (m_H ) ∘ ψ_{H, H} � F (λ_s(a))(1_{F (H)}) ⊗_B F (λ_s(a^′))(1_{F (H)}) � = F (m_H ) ∘ ψ_{H, H} ∘ � F (λ_s(a)) ⊗^B F (λ_s(a^′)) � � 1_{F (H)} ⊗_B 1_{F (H)} � = F (m_H ) ∘ F � λ_s(a) ⊗^A λ_s(a^′) � ∘ ψ_{H, H} � 1_{F (H)} ⊗_B 1_{F (H)} � = F � m_H ∘ (λ_s(a) ⊗^A λ_s(a^′)) � ∘ ψ_{H, H} � 1_{F (H)} ⊗_B 1_{F (H)} � = F � λ_s(aa^′) ∘ m_H � ∘ ψ_{H, H} � 1_{F (H)} ⊗_B 1_{F (H)} � = F (λ_s(aa^′)) ∘ F (m_H ) ∘ ψ_{H, H} � 1_{F (H)} ⊗_B 1_{F (H)} � = F (λ_s(aa^′)) ∘ m_{F (H)} � 1_{F (H)} ⊗_B 1_{F (H)} � = F (λ_s(aa^′)) � 1_{F (H)} � = α(aa^′).

As the last statement is obvious, this finishes the proof. □

In order to show that the coaction (7.3) is an algebra map with respect to α, we need to introduce the following natural transformations:

(7.8)

Ω_{X,Y} : � X ⊗_A F (H) � ⊗^B � Y ⊗_A F (H) � −→ (X ⊗_A Y) ⊗_A F (H), (x ⊗_A p) ⊗^B (y ⊗_A q) −→ (x ⊗_A y) ⊗_A pq,

(7.9)

∇_{X,Y} : � X ⊗_A H � ⊗^A � Y ⊗_A H � −→ (X ⊗_A Y) ⊗_A H, (x ⊗_A u) ⊗^A (y ⊗_A v) −→ (x ⊗_A y) ⊗_A uv,

where X and Y are A-modules and where we used the multiplication in F (H). Using a functor similar to the one in (3.12), one sees that Ω defines morphisms of right K-comodules since the right K-coaction of F (H) is left A-linear (with respect to the A-action given by α). Analogously, ∇ defines morphisms of right H-comodules. These natural transformations are compatible in the following way:

Proposition 7.4. The diagram F �_{(X⊗A H)⊗A(Y⊗AH)}� F (∇) �_{F ((X⊗AY)⊗AH)}

Υ � F (X⊗A H)⊗BF (Y⊗AH)

Υ⊗BΥ � � � ψ � � � �

�_{X⊗A F (H)}�_{⊗B} �_{Y⊗AF (H)}�_Ω �_{(X⊗AY)⊗AF (H)}

of right K-comodules commutes.

Proof. First, notice that both Υ∘F (∇)∘ψ and Ω∘(Υ⊗^B Υ) are natural transformations on (X, Y). Now, up to the canonical isomorphisms A ⊗_A H � H and A ⊗_A F (H) � F (H), we see that the diagram commutes for X := A and Y := A as this is just the definition of the multiplication m_{F (H)} defined in (7.6). Using the naturality of both paths in the diagram, one can also show that the diagram commutes when X and Y are free A-modules of finite rank. Since the involved functors commute with direct sums, the same holds true when X and Y are free A-modules. Lastly, since all involved functors are right exact, one can use free representations of any A-module to complete the proof. □

Proposition 7.5. The pair (F (H), α) is a left H-comodule algebra with respect to the coaction (7.3).

Proof. We need to check that the map λ = Υ ∘ F (Δ) in (7.3) is an algebra map. First, we prove unitality, that is, λ(1_{F (H)}) = λ(α(1_A)) = 1_H ⊗_A 1_{F (H)}: this follows from the commutative diagram

F (A)

F (t) �

F (t) � F (A)

F (Δ) � F (H)

F (t⊗AH) �

Υ � F (H⊗AH) Υ � A⊗A F (H) t⊗A F (H) � H⊗AF (H),

where the left hand side Υ is just the canonical map y → 1_A ⊗_A y. Now we proceed to check that λ is multiplicative. To this end, we show that the diagram

F (H)⊗F (H) � �_{F (H)⊗}A_{F (H)}^m �_{F (H)}

F (Δ) � F (H)⊗BF (H)

F (Δ)⊗BF (Δ) � ψ �_{F (H⊗}A_{H)}

F (Δ⊗A Δ) �

F (ρ)� � � � �

F (m)� � � � � �

F �_{(H⊗AH)⊗AH}�

Υ

�

F (m ⊗A H) �

F (H⊗AH)

Υ

�

F (H⊗AH)⊗BF (H⊗AH)

Υ⊗B Υ � ψ �_F �_{(H⊗AH)⊗}A_{(H⊗AH)}�

F (∇)� � � �

�_{H⊗AF (H)}�_{⊗B}�_{H⊗AF (H)}�_Ω �_{(H⊗AH)⊗AF (H)} m ⊗_A F (H) �_{H⊗AF (H)}

is commutative, which follows from Lemma 7.3, Proposition 7.4, as well as from the very definitions of all involved maps and natural transformations. □

Our next aim is to show that F (H) is a principal left (H, K)-bundle with respect to α and β. As a start, the subsequent lemma concerns the faithfully flatness.

Lemma 7.6. Assume that there is a symmetric monoidal equivalence

F : Comod_H → Comod_K

with inverse G. Then, for every right H-comodule M whose underlying A-module is faithfully flat, F (M) is a faithfully flat B-module.

Proof. One can easily check that there is a natural isomorphism

O_K (−) ⊗_B F (M)^�−→ F � G(−) ⊗^A M � , where O_K : Comod_K → Mod_B denotes the forgetful functor. Hence, O_K (−) ⊗_B F (M) is a faithful and exact functor. Using the fact that F (M) carries the structure of a left K-comodule (in fact its opposite comodule), we see that − ⊗_B F (M) is a faithful and exact functor. □

With the help of this lemma we can state:

Proposition 7.7. The triple (F (H), α, β) forms a left principal (H, K)-bundle.

Proof. From Proposition 7.5 follows that (F (H), α) is a left H-comodule algebra. Therefore, (F (H), α, β) is an (H, K)-bicomodule algebra since (F (H), β) is a right K-comodule algebra.

As H_t is faithfully flat, F (H)_B is, using Lemma 7.6, also faithfully flat and therefore β is a faithfully flat extension. To complete the proof, we need to check that the canonical map

can_{H, F (H)} : F (H) ⊗^B F (H)^{λ⊗B F (H)}� H ⊗_A F (H) ⊗^B F (H)^{H⊗A m} � H ⊗_A F (H)

is bijective. To this end, using Eqs. (7.3) and (7.6) to express the coaction and the multiplication in F (H), we write down the map can_{H, F (H)} in the diagram

F (H)⊗^B F (H) ψ �

F (Δ)⊗BF (H) �

F (H⊗_A H)⊗^B F (H)^{Υ⊗}

B F (H) �

ψ �

H⊗_A F (H)⊗^B F (H)

H⊗A ψ � F (H⊗^A H)

F (Δ⊗AH) �

F (canH, H ) �

F �_{(H⊗A H)⊗A H}�_{=F} �_{H⊗A (H⊗A H)}�_Υ �

F (H⊗A m) �

H⊗_A F (H⊗^A H)

H⊗A F (m) � F (H⊗_A H)^Υ � H⊗_AF (H).

Once shown that this diagram is commutative, it follows that the canonical map for F (H) is bijective as can_{H, F (H)} = Υ∘F (can_{H, H} )∘ψ, where can_{H, H} is bijective being the canonical map of the unit bundle U (H). To check that the above diagram is commutative, one only needs to show the commutativity of the rectangle in the upper right. This, in fact, forms part of the well-known properties of the natural transformation Υ; for the sake of completeness, we explain how this works: to start with, denote by T , S : Mod_A → Comod_K the functors

T (X) = F (X ⊗_A H) ⊗^B F (H), S(X) = F � X ⊗_A (H ⊗^A H) � . Clearly, ψ_{(−⊗A H), H} : T → S is a natural transformation. Since T and S commute with direct limits, we have for every A-module X:

(X ⊗_A ψ_{(A⊗AH), H} ) ∘ Υ^T_X = Υ^S_X ∘ ψ_{(X⊗AH), H} .

Using this equality for X := A, we deduce the claim since Υ^T_X = Υ^F_X ⊗^B F (H) holds. □

Corollary 7.8. Let (D, I) be another flat Hopf algebroid. Then the functor F restricts to a functor F : PB^ℓ (I, H) −→ PB^ℓ (I, K).

Proof. By Proposition 7.7, the triple (F (H), α, β) defines a principal left (H, K)- bundle; the cotensor product (R □_H F (H), δ̃, β̃), where (R, δ, ω) is a principal left (I, H)-bundle, yields as in Lemma 6.1 a principal left (I, K)-bundle. Then, the first natural isomorphism of Eq. (7.4) leads to R □_H F (H) � F (R), which is an isomorphism of (I, K)-bicomodules, and this proves the claim. □

The following proposition (mentioned in Figure 1 in the Introduction) shows that two Morita equivalent Hopf algebroids are connected by a principal bibundle.

Proposition 7.9. Let (A, H) and (B, K) be two flat Hopf algebroids. Assume that there is a symmetric monoidal equivalence of categories F : Comod_H → Comod_K with inverse G. Then (F (H), α, β) is a principal (H, K)-bibundle whose opposite bundle is G(K).

Proof. Set P := F (H) and Q := G(K). From Proposition 7.7 follows that (P, α, β) is a left principal (H, K)-bundle. Interchanging F with G, we also obtain that (G, σ, θ) is a left principal (K, H)-bundle, where θ : A � G(B) → G(K), and σ is constructed in the same way as was α.

On the other hand, using the equivalences F and G together with the natural transformations F � − □_H P, G � − □_K Q,

of Eq. (7.4), we obtain the isomorphisms

P □_K Q � U (H), Q □_H P � U (K)

of H and K-bicomodules, respectively, which fulfil the triangle properties (6.4) and (6.5). This implies that (P, α, β) is an invertible 1-cell in the category PB^ℓ(H, K) of principal left bundles. Now, conclude the proof by making use of Proposition 6.7 (i). □

To sum up, we can state the main theorem of this article motivated by Theorem 2.9 in the groupoid case:

Theorem 7.10. Let (A, H) and (B, K) be two flat Hopf algebroids. The following are equivalent:

(a) (A, H) and (B, K) are Morita equivalent.

(b) There is a principal bibundle connecting (A, H) and (B, K). (c) (A, H) and (B, K) are weakly equivalent.

Proof. The implication (a) ⇒ (b) is Proposition 7.9, whereas the implication (b) ⇒ (c) is contained in Proposition 7.2. Finally, the step (c) ⇒ (a) is obvious from the very definitions. □

Remark 7.11. As mentioned in Figure 1 in the Introduction, Theorem 7.1 also states the implication (b) ⇒ (a), whereas Proposition 7.2 moreover yields (c) ⇒ (b).

7.3. The categorical group of monoidal symmetric autoequivalences. In this subsection, we combine the results of Theorems 7.10 and 7.1 by taking a single flat Hopf algebroid. More precisely, we show that all symmetric monoidal auto-equivalences of the category of right H-comodules form a categorical group with morphisms given by natural tensor transformations, and conclude that this group is equivalent to the categorical group of principal bibundles. Denote by Aut^⊗ (A, H) the category of monoidal symmetric auto-equivalences of the category of (right) comodules Comod_H over a flat Hopf algebroid (A, H). Morphisms in this category are natural tensor transformations, that is, natural transformations θ : F → F^′ such that the diagrams (7.10) F � X ⊗^A Y

�^ΘX⊗A Y � � ϕ^{1, F} � F^′ � X ⊗^A Y � ϕ^{1, F ′} � � F (X) ⊗^B F (Y)^{ΘX ⊗BΘY} � F^′(X) ⊗^B F^′(Y)

F (A)^{ΘA} � F^′(A)

B � ϕ^{0, F} � � � � ϕ^{0, F ′} � � � � �

commute. Note that this gives a sets-category (in the sense that homomorphisms between two objects form a set) as Comod_H is a Grothendieck category and the involved functors preserve inductive limits. The category Aut^⊗ (A, H) is itself a monoidal category with multiplication given by the composition of functors and identity object given by the identity equivalence id_{ComodH} . On the other hand, as in Subsection 6.1, we are interested in the monoidal category � PB^b(H, H), □_H , U (H) � . Both categories are in fact categorical groups (more precisely, a 2-group and a bigroup) and are equivalent as such.

Proposition 7.12. Let (A, H) and (B, K) be two flat Hopf algebroids, F , F^′ : Comod_H → Comod_K two symmetric monoidal equivalences, and Θ : F → F^′ a natural tensor transformation. Then Θ_H : F (H) → F^′(H) is a morphism of principal (H, K)-bibundles. In particular, Θ is a natural isomorphism and consequently � Aut^⊗(A, H), ∘, id_{ComodH} � is a categorical group.

Proof. By definition, Θ_H is a morphism of right K-comodule algebras. Let us check that it is also a morphism of left H-comodule algebras. Recall that the respective left comodule algebra structure of both F (H) and F^′(H) is given as in Proposition 7.5. That Θ_H is left H-colinear follows from the following diagram: F � H ⊗_A H

� F(Δ) �

ΘH⊗A H �

F (H)

ΘH �

H ⊗_A F (H)^λ � � ΥF � � �

H⊗AΘH � F^′(H ⊗_A H)^{F ′ (Δ)} � F^′(H)

H ⊗_A F^′(H)^λ � � ΥF ′ � � � where the left hand square is commutative by the universal property of the natural isomorphism Υ. The A-algebra structure of F (H) is given by the algebra map α^{F (H)} : A → F (H), a → F (λ_s(a))(1_{F (H)}), and similarly for F^′(H), see Eq. (7.7). Thus, for any a ∈ A, we have

Θ_H ∘ α^{F (H)}(a) = Θ_H ∘ F (λ_s (a))(1_{F (H)}) = = F^′(λ_s(a)) ∘ Θ_H (1_{F (H)}) = F^′(λ_s(a))(1_F ′_{(H)}) = α^{F ′(H)}(a)

since Θ_H is a B-algebra map. Therefore, Θ_H is an A-algebra map as it is multiplicative, and this finishes the proof of the first statement. Now, by Lemma 4.12, Θ_H is an isomorphism and this suffices to show that Θ is a natural isomorphism: using the natural isomorphisms given in Eqs. (7.2) and (7.4), one can see that the diagram

F^Θ � � � F^′ � � − □_H F (H)_{− □H ΘH} � − □_H F^′(H)

of natural transformations commutes, which means that Θ is a natural isomorphism. □ The following is Theorem B in the Introduction:

Theorem 7.13. The functors � Aut^⊗(A, H), ∘, id_{ComodH} � −→ � PB^b(H, H), □_H , U (H) � , F −→ F (H) � PB^b(H, H), □_H , U (H) � −→ � Aut^⊗ (A, H), ∘, id_{ComodH} � , (P, α, β) −→ − □_H P establish a monoidal equivalence of categorical groups.

Proof. This essentially follows from Proposition 7.12, Theorems 7.10 and 7.1, in combination with Corollary 6.8. □

Appendix A. Some observations on coinvariant subalgebras

As our guideline was to mimic the theory of principal bundles in the Lie groupoid context, we include for sake of completeness two results dealing with coinvariant subalgebras. They correspond to the statement that for any G -equivariant submersion Q → P, where P is a principal G -bundle and Q a G -manifold, Q/G is a manifold as well and the canonical projection Q → Q/G yields a principal G -bundle, see [MoeMr, Lemma 2.8].

Proposition A.1. Let (Q, σ) be a left H-comodule algebra, F : P → Q be an Hcolinear injective map of A-rings, and (P, α, β) a trivial left principal (H, K)-bundle of the form P := H ⊗_ϕ B. Consider the algebra Q ⊗_P B, defined by using the splitting of β in the second factor and F in the first one. Then

(i ) there is an algebra isomorphism

T := Q^{coinvH} � Q ⊗_P B, and the canonical monomorphism τ : Q^{coinvH} → Q splits as an algebra map;

(ii ) the triple (Q, σ, τ) is a left principal (H, T )-bundle.

Proof. Denote by γ : P := H ⊗_ϕ B → B, u ⊗_ϕ b → ϕ_0(ε(u))b, the splitting of β, see Example 4.9. To prove (i), define first ω : Q ⊗_P B → Q, q ⊗_P b → q_{(0)}F � S (q_{(−1)}) ⊗_ϕ b � , which via the map (q ⊗_B b, q^′) → ω(q ⊗_B b)q^′ yields a left (Q ⊗_P B)-action on Q. One can easily check that ω is well-defined and has κ : Q → Q ⊗_P B, q → q_{(0)} ⊗_P ϕ_0 � ε(q_{(−1)}) � as a splitting, that is, κ ∘ ω = id_{Q⊗P B}. Since the image of ω lands in Q^{coinvH} , we can use this splitting to establish an isomorphism Q^{coinvH} � Q ⊗_P B of algebras, which also shows that τ is a split monomorphism.

To prove (ii), we already know by part (i) that τ splits, so in order to prove that τ is faithfully flat, we only need to check that τ is flat or, equivalently, that this is true for ω. To this end, we will check that there is a natural isomorphism

− ⊗_{Q⊗P B} Q → − ⊗_A H_t,

where we consider Q ⊗_P B as an A-algebra via the map ϕ_0 in the second factor. This will be sufficient since H_t is flat. Let X be a (Q ⊗_P B)-module and consider the map

ϑ : X ⊗_{Q⊗P B} Q → X ⊗_A H_t, x ⊗_{Q⊗P B} q → � x(q_{(0)} ⊗_P 1_B) � ⊗_A q_{(−1)},

which is well-defined as the following consideration shows: from one hand, we have ϑ � (x(q ⊗_P b)) ⊗ q^′ � = (x(qq^′_{(0)} ⊗_P b)) ⊗_A q^′_{(−1)}.

On the other hand, ϑ � (x ⊗ ω(q ⊗_P b)q^′ � = ϑ � x ⊗ � q_{(0)}F(S (q_{(−1)}) ⊗_ϕ b) � q^′ � = x � q_{(0)} F � S (q_{(−1)}) ⊗_ϕ b � q^′_{(0)} � ⊗_P 1_B � ⊗_A q^′_{(−1)} = x � (q_{(0)}q^′_{(0)}) ⊗_P γ(S (q_{(−1)}) ⊗_ϕ b) � ⊗_A q^′_{(−1)} = x � (q_{(0)}q^′_{(0)}) ⊗_P ϕ_0 � ε(q_{(−1)}) � b � ⊗_A q^′_{(−1)} = x � (q_{(0)}q^′_{(0)}) ⊗_P γα � ε(q_{(−1)}) � b � ⊗_A q^′_{(−1)} = x � (q_{(0)}q^′_{(0)}F � s(ε(q_{(−1)})) ⊗_ϕ 1_B � ) ⊗_P b � ⊗_A q^′_{(−1)} = x � (q_{(0)}q^′_{(0)}σ(ε(q_{(−1)}))) ⊗_P b � ⊗_A q^′_{(−1)} = x � (qq^′_{(0)} ⊗_P b) � ⊗_A q^′_{(−1)} = ϑ � (x(q ⊗_P b)) ⊗ q^′ � , which shows the well-definedness of ϑ. The inverse of ϑ is now given by

ϑ^{−1} : X ⊗_A H_t → X ⊗_{Q⊗P B} Q, x ⊗_A u → x ⊗_{Q⊗P B} F(u ⊗_ϕ 1_B),

and the fact that ϑ is a natural transformation is easily checked from the definition. Let us finally check that the canonical map can : Q ⊗_T Q → H ⊗_A Q is bijective; define

can^{−1} : H ⊗_A Q → Q ⊗_T Q, u ⊗_A q → F � u_{(1)} ⊗_ϕ 1_B � ⊗_T F � S (u_{(2)}) ⊗_ϕ 1_B � q, and we leave it to the reader to check that this is the desired inverse, indeed. □

In case that P is no longer trivial, we can make the following statement:

Proposition A.2. Let (Q, σ), and F : P → Q be as in Proposition A.1 and (P, α, β) any left principal (H, K)-bundle. Then the canonical map

can : Q ⊗_T Q → H ⊗_A Q, q ⊗_T q^′ → q_{(−1)} ⊗_A q_{(0)}q^′

is bijective, where τ : Q^{coinvH} =: T → Q is the canonical monomorphism.

Proof. Define a map

c̃an : H ⊗_A Q → Q ⊗_T Q, u ⊗_A q → F(u_+) ⊗_T F(u_−)q,

and we will explicitly compute that can ∘ c̃an = id_{H⊗A Q} along with c̃an ∘ can = id_{Q⊗T Q}. Since F is an H-colinear morphism of algebras, one sees that

(can ∘ c̃an)(u ⊗_A q) = (F(u_+))_{(−1)} ⊗_A (F(u_+))_{(0)}F(u_−)q = u_{+(−1)} ⊗_A F(u_{+(0)}u_−)q = u ⊗_A q,

using (4.6). On the other hand, (c̃an ∘ can)(q ⊗_T q^′) = F(q_{(−1)+}) ⊗_T F(q_{(−1)−})q_{(0)}q^′ = F(q_{(−1)+})F(q_{(−1)−})q_{(0)} ⊗_T q^′ = F(α(ε(q_{(−1)})))q_{(0)} ⊗_T q^′ = q ⊗_T q^′,

using (4.4) in the third step, and where the second step is justified by the fact that an element of the form q_{(−1)+} ⊗_B F(q_{(−1)−})q_{(0)} ∈ P⊗_B Q actually lies in P⊗_B T = P⊗_B Q^{coinvH} , which we show now:

(id_P ⊗_B λ)(q_{(−1)+} ⊗_B F(q_{(−1)−})q_{(0)}) = q_{(−2)+} ⊗_B q_{(−2)−(−1)}q_{(−1)} ⊗_A F(q_{(−2)−(0)})q_{(0)} = q_{(−3)+} ⊗_B S (q_{(−2)})q_{(−1)} ⊗_A F(q_{(−3)−})q_{(0)} = q_{(−2)+} ⊗_B t(ε(q_{(−1)})) ⊗_A F(q_{(−2)−})q_{(0)} = q_{(−1)+} ⊗_B 1_H ⊗_A F(q_{(−1)−})q_{(0)},

where we used the H-colinearity of F together with (4.11) and (4.4). □

Remark A.3. If one were able to show that τ is a faithfully flat extension, then the triple (Q, σ, τ) became a left principal (H, T )-bundle.

References

[Be] J. Bénabou, Introduction to bicategories, Reports of the Midwest Category Seminar, Lecture Notes in Mathematics, vol. 106, Springer, Berlin, 1967, pp. 1–77.

[Bi] J. Bichon, The representation category of the quantum group of a nondegenerate bilinear form, Comm. Algebra 31 (2003), no. 10, 4831–4851.

[Bo] N. Bourbaki, Éléments de mathématique. Algèbre commutative. Chapitre 1- 4, Actualités Scientifiques et Industrielles, No. 1290, Herman, Paris, 1961.

[Br] A. Bruguières, Thèorie Tannakienne non commutative, Commun. in Algebra 22 (1994), 5817–5860.

[Brz] T. Brzeziński, Translation map in quantum principal bundles, J. Geom.

Phys. 20 (1996), no. 4, 349–370.

[BrzMa] T. Brzeziński and S. Majid, Quantum group gauge theory on quantum spaces, Comm. Math. Phys. 157 (1993), no. 3, 591–638.

[BrzWi] T. Brzeziński and R. Wisbauer, Corings and comodules, London Mathematical Society Lecture Note Series, vol. 309, Cambridge University Press, Cambridge, 2003.

[De] P. Deligne, Catégories tannakiennes. In The Grothendieck Festschrift (P.

Cartier et al., eds.), Progr. Math., 87, vol. II, Birkhäuser, Boston, MA. 1990, pp. 111–195.

[DemGa] M. Demazure and P. Gabriel, Groupes algébriques. Tome I: Géométrie algébrique, généralités, groupes commutatifs, Masson & Cie, Éditeur, Paris; North-Holland Publishing Co., Amsterdam, 1970, Avec un appendice Corps de classes local par Michiel Hazewinkel.

[FCh] G. Faltings and C.-L. Chai, Degeneration of abelian varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), vol. 22, Springer-Verlag, Berlin, 1990, With an appendix by David Mumford.

[Hae] A. Haefliger, Groupoïdes d’holonomie et classifiants, Astérisque (1984), no. 116, 70–97, Transversal structure of foliations (Toulouse, 1982).

[Ha] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics, vol.

52, Springer-Verlag, Berlin, Heidelberg, New York, 1977.

[Hi] P. S. Hirschhorn, Model categories and their localizations, Mathematical surveys and Monographs, vol. 99, American Mathematical Society, 2003.

[Ho] M. Hovey, Morita theory for Hopf algebroids and presheaves of groupoids.

Amer. J. Math. 124 (2002), no. 6, 1289–1318.

[HoSt] M. Hovey and N. Strickland, Comodules and Landweber exact homology theories. Adv. Math. 192 (2005), no. 2, 427–456.

[KaoGo] L. El Kaoutit and J. Gómez-Torrecillas, Comatrix corings: Galois corings, descent theory, and a structure theorem for cosemisimple corings. Math. Z., 244, 887–906 (2003).

[Kao] L. El Kaoutit, On geometrically transitive Hopf algebroids, preprint (2015), arxiv:1508.05761.

[La] N. Landsman, Bicategories of operator algebras and Poisson manifolds, Mathematical physics in mathematics and physics (Siena, 2000), Fields Inst. Commun., vol. 30, Amer. Math. Soc., Providence, RI, 2001, pp. 271– 286.

[Mas] A. Masouka, Cocycle deformations and Galois objects for some cosemisimple Hopf algebras of finite dimension, New trends in Hopf algebra theory (La Falda, 1999), Contemp. Math., vol. 267, Amer. Math. Soc., Providence, RI, 2000, pp. 195–214.

[MoeMr] I. Moerdijk and J. Mrčun, Lie groupoids, sheaves and cohomology, Poisson geometry, deformation quantisation and group representations, London Math. Soc. Lecture Note Ser., vol. 323, Cambridge Univ. Press, Cambridge, 2005, pp. 145–272.

[Mr1] J. Mrčun, Functoriality of the bimodule associated to a Hilsum-Skandalis map, K-Theory 18 (1999), no. 3, 235–253.

[Mr2] , The Hopf algebroids of functions on étale groupoids and their principal Morita equivalence, J. Pure Appl. Algebra 160 (2001), no. 2-3, 249–262.

[MuReWi] P. Muhly, J. Renault, and D. Williams, Equivalence and isomorphism for groupoid C^∗-algebras, J. Operator Theory 17 (1987), no. 1, 3–22.

[Na] N. Naumann, The stack of formal groups in stable homotopy theory. Adv.

Math. 215 (2007), no. 2, 569–600.

[No] B. Noohi, Notes on 2-groupoids, 2-groups and crossed modules, Homology, Homotopy and Applications 9 (2007), no. 1, 75–106.

[Pa] V. P. Palamodov, Deformation of Complex Spaces. In S. G. Gindikin and G. M. Khenkin (Eds.), Several Complex Variables IV. Encyclopaedia of Mathematical Sciences, vol. 10, Springer-Verlag, Berlin, Heidelberg, New York, 1990.

[Pf] M. Pflaum, A deformation-theoretical approach to Weyl quantization on Riemannian manifolds, Lett. Math. Phys. 45 (1998), no. 4, 277–294.

[Pr] D. Pronk, Etendues and stacks as bicategories of fractions, Compositio Math. 102 (1996), no. 3, 243–303.

[Ra] D. Ravenel, Complex cobordism and stable homotopy groups of spheres, Pure and Applied Mathematics, vol. 121, Academic Press Inc., Orlando, FL, 1986.

[Ri] G. Rinehart, Differential forms on general commutative algebras, Trans.

Amer. Math. Soc. 108 (1963), 195–222.

[Sch1] P. Schauenburg, Duals and doubles of quantum groupoids (×_R-Hopf algebras), New trends in Hopf algebra theory (La Falda, 1999), Contemp. Math., vol. 267, Amer. Math. Soc., Providence, RI, 2000, pp. 273–299.

[Sch2] , Hopf bi-Galois extensions, Comm. Algebra 24 (1996), no. 12, 3797–3825.

[Sch3] , Hopf-Galois and bi-Galois extensions, Galois theory, Hopf algebras, and semiabelian categories, Fields Inst. Commun., vol. 43, Amer. Math. Soc., Providence, RI, 2004, pp. 469–515.

Laiachi El Kaoutit Universidad de Granada Departamento de Álgebra and IEMath-Granada Facultad de Educación Economía y Tecnología Campus De Ceuta Cortadura del Valle s/n. 51001 Ceuta España kaoutit@ugr.es

Niels Kowalzig Dipartimento di Matematica Università degli Studi di Roma La Sapienza P.le Aldo Moro 5 00185 Roma Italia kowalzig@mat.uniroma1.it

Documenta Mathematica 22 (2017)