Documenta Math. 121

E_n-Regularity Implies E_{n−1}-Regularity

Gonçalo Tabuada

Received: December 12, 2012 Revised: July 1, 2013

Communicated by Lars Hesselholt

Abstract. Vorst and Dayton-Weibel proved that K_n-regularity implies K_{n−1}-regularity. In this article we generalize this result from (commutative) rings to differential graded categories and from algebraic K-theory to any functor which is Morita invariant, continuous, and localizing. Moreover, we show that regularity is preserved under taking desuspensions, fibers of morphisms, direct factors, and arbitrary direct sums. As an application, we prove that the above implication also holds for schemes. Along the way, we extend Bass’ fundamental theorem to this broader setting and establish a Nisnevich descent result which is of independent interest.

2010 Mathematics Subject Classification: 14A15, 16D90, 18D20, 18E30 Keywords and Phrases: Algebraic K-theory, localizing invariants, regularity, dg categories 1 1. Introduction

Let n ∈ Z. Following Bass [1, §XII], a (commutative) ring R is called K_nregular if K_n(R) ≃ K_n(R[t_1, . . . , t_m]) for all m ≥ 1. The following implication

(1.1) R is K_n-regular ⇒ R is K_{n−1}-regular

was proved by Vorst [29, Cor. 2.1] for n ≥ 1 and latter by Dayton-Weibel [9, Cor. 4.4] for n ≤ 0. It is then natural to ask the following: Question: Does implication (1.1) holds more generally ?

1The author was partially supported by the NEC Award-2742738 and by the Portuguese

Foundation for Science and Technology through PEst-OE/MAT/UI0297/2011 (CMA)

Statement of results. A differential graded (=dg) category A, over a base commutative ring k, is a category enriched over complexes of k-modules; see §2. Every (dg) k-algebra A gives naturally rise to a dg category A with a single object and (dg) k-algebra of endomorphisms A. Another source of examples is provided by k-schemes since, as explained in [7, Example 5.5], the derived category of perfect complexes of every quasi-compact separated k-scheme X admits a canonical dg enhancement perf(X).

A functor E : dgcat → M defined on the category of (small) dg categories and with values in a stable Quillen model category (see [12, §7][18]) is called:

(i) Morita invariant if it sends Morita equivalences (see §2) to weak equivalences;

(ii) Continuous if it preserves filtered (homotopy) colimits; (iii) Localizing if it sends short exact sequences of dg categories (see [13, §4.6]) to distinguished triangles

0 → A → B → C → 0 → E(A) → E(B) → E(C)^∂→ ΣE(A)

in the triangulated homotopy category Ho(M).

Thanks to the work of Thomason-Trobaugh, Schlichting, Keller, Blumberg- Mandell and others (see [3, 15, 16, 20, 22, 28]), examples of functors satisfying the above conditions (i)-(iii) include (nonconnective) algebraic K-theory (K), Hochschild homology, cyclic homology (and its variants), topological Hochschild homology, etc. As proved in loc. cit., when applied to A (resp. to perf(X)) these functors reduce to the classical invariants of (dg) k-algebras (resp. of k-schemes). Making use of the language of Grothendieck derivators, the universal functor with respect to the above conditions (i)-(iii) was constructed in [21, §10]

(1.2) U : dgcat → Mot ;

in loc. cit. U was denoted by U_l and Mot by M^{loc}_{dg} . Any other functor E : dgcat → M satisfying the above conditions (i)-(iii) factors through U via a triangulated functor E : Ho(Mot) → Ho(M); see Proposition 2.1. Because of this universal property, which is reminiscent from motives, Ho(Mot) is called the triangulated category of noncommutative motives; consult the survey article [24]. Moreover, as proved in [6, Thm. 7.6][21, Thm. 15.10], U(k) is a compact object and for every dg category A we have the isomorphisms

Hom_{Ho(Mot)}(Σ^nU(k), U(A)) ≃ K_n(A) n ∈ Z .

(1.3)

Given a dg category A, an integer n, a functor E : dgcat → M, and an object b ∈ Ho(M), let us write E^b_n(A) for the abelian group Hom_{Ho(M)}(Σ^nb, E(A)). For instance, when A = A, E = U and b = U(k), E^b_n(A) identifies, thanks to (1.3), with the n^{th} algebraic K-theory group K_n(A) of A. Following Bass, a dg category A is called E^b_n-regular if E^b_n(A) ≃ E^b_n(A[t_1, . . . , t_m]) for all m ≥ 1, where A[t_1, . . . , t_m] := A ⊗ k[t_1, . . . , t_m]. Our main result, which answers affirmatively the above question, is the following:

Theorem 1.4. Let A be a dg category, n an integer, E : dgcat → M a functor satisfying the above conditions (i)-(iii), and b a compact object of Ho(M). Under these notations and assumptions, the following implication holds:

(1.5) A is E^b_n-regular ⇒ A is E^b_{n−1}-regular .

Note that Theorem 1.4 uncovers in a direct and elegant way the three key conceptual properties (= Morita invariance, continuity, and localization) that underlie Vorst and Dayton-Weibel’s implication (1.1). Along its proof, we have generalized Bass’ fundamental theorem and introduced a Nisnevich descent result; see Theorems 3.1 and 4.2. These results are of independent interest. The above implication (1.5) shows us that regularity is preserved when n is replaced by n − 1. The same holds in the following five cases:

Theorem 1.6. Let A, n, E, b be as in Theorem 1.4.

(i) Given an integer i > 0, we have: A is E^b_n-regular ⇒ A is E^{Σ−i b}_n -regular. (ii) Given a distinguished triangle c → c^′ → c^{′′} → Σc of compact objects in Ho(M), we have:

(1.7) A is E^{c′}_n -regular and E^{c′′}_n -regular ⇒ A is E^c_n-regular .

(iii) Given a direct factor d of b, we have: A is E^b_n-regular ⇒ A is E^d_nregular.

(iv) Given a family of objects {c_i}_{i∈I} in Ho(M), we have: A is E^{ci}_n -regular for every i ∈ I ⇒ A is E^{⊕i∈I ci}n -regular.

(v) Consider the k-algebra Γ of those N × N-matrices M which satisfy the following two conditions: (1) the set {M_{ij} | i, j ∈ N} is finite; (2) there exists a natural number n_M such that each row and column has at most n_M non-zero entries. Let σ be the quotient of Γ by the two-sided ideal consisting of those matrices with finitely many non-zero entries. Under these notations, we have: A is E^b_n-regular ⇒ σ(A) := A ⊗ σ is E^b_{n+1}-regular.

In items (iii)-(iv) the assumptions of Theorem 1.4 are not necessary.

Roughly speaking, item (v) shows us that the converse of implication (1.5) also holds as long as on the right-hand-side one tensors A with σ. Let us denote by ⟨Σ^nb|^{♮,⊕} the smallest subcategory of Ho(M) which contains the object Σ^nb and which is stable under taking desuspensions, fibers of morphisms, direct factors, and arbitrary direct sums. Thanks to the above items (i)-(iv) we have:

A is E^b_n-regular ⇒ A is E^c_n-regular ∀ c ∈ ⟨Σ^nb|^{♮,⊕} .

(1.8)

Moreover, in the particular case where A is E^b_n-regular for every n ∈ Z one can replace ⟨Σ^nb|^{♮,⊕} in the above implication (1.8) by the smallest thick localizing (=stable under arbitrary direct sums) triangulated subcategory ⟨b⟩^{♮,⊕} of Ho(M) which contains b. When E = U and b = U(k), (1.8) reduces to

A is K_n-regular ⇒ A is U^c_n-regular ∀ c ∈ ⟨Σ^nU(k)|^{♮,⊕}

(1.9) and that in the particular case where A is K_n-regular for every n ∈ Z (e.g. A = A with A a noetherian regular k-algebra) one can replace ⟨Σ^nU(k)|^{♮,⊕} by the triangulated category ⟨U(k)⟩^{♮,⊕}. Here is one example of the above implication (1.9):

Proposition 1.10. Consider the following distinguished triangle in Ho(Mot)

fib(l) −→ U(k)^{·l}−→ U(k) −→ Σfib(l) , where l ≥ 2 is an integer and ·l stands for the l-fold multiple of the identity morphism. Under these notations, U^{fib(l)}n (A) identifies with Browder-Karoubi [5] mod-l algebraic K-theory K_n(A; Z/l). Consequently, the above implication (1.9) with c := fib(l) reduces to: A is K_n-regular ⇒ A is K_n(−; Z/l)-regular.

Remark 1.11. In the particular case where A is a k-algebra A such that 1/l ∈ A, Weibel proved in [30, 31, 32] that A is K_n(−; Z/l)-regular for every n ∈ Z.

Intuitively speaking, Proposition 1.10 shows us that mod-l algebraic K-theory is the simplest replacement of algebraic K-theory (using fibers of morphisms) for which regularity is preserved. Many other replacements, preserving regularity, can be obtained by combining the above implication (1.9) with the description (1.3) of the Hom-sets of the category of noncommutative motives. Following Bass, a (quasi-compact separated) k-scheme X is called K_n-regular if K_n(X) ≃ K_n(X × A^m) for all m ≥ 1, where A^1 stands for the affine line. As mentioned above, all the invariants of X can be recovered from its derived dg category of perfect complexes perf(X). Hence, let us define E^b_n(X) to be the abelian group E^b_n(perf(X)) and call a k-scheme X E^b_n-regular if E^b_n(X) ≃ E^b_n(X × A^m) for all m ≥ 1. Making use of Theorems 1.4 and 1.6 and of Proposition 1.10 one then obtains the following result:

Theorem 1.12. Let X be a quasi-compact separated k-scheme, n an integer, E : dgcat → M a functor satisfying the above conditions (i)-(iii), and b a compact object of Ho(M). Under these notations and assumptions, the following implications hold:

X is E^b_n-regular ⇒ X is E^b_{n−1}-regular

(1.13)

X is E^b_n-regular ⇒ X is E^c_n-regular ∀ c ∈ ⟨Σ^nb|^{♮,⊕}

(1.14)

X is K_n(−; Z/l^ν )-regular ⇒ X is K_{n−1}(−; Z/l^ν )-regular ,

(1.15) where in (1.15) l^ν is a prime power; see Thomason-Trobaugh [28, §9.3].

Remark 1.16. As in the above Remark 1.11, Weibel proved that in the particular case where 1/l ∈ O_X the k-scheme X is K_n(−; Z/l^ν )-regular for every n ∈ Z.

When E = U and b = U(k), (1.13) reduces to K_n-regularity ⇒ K_{n−1}-regularity. Chuck Weibel kindly informed the author that this latter implication was proved (in a totally different way) by Cortiñas-Haesemeyer-Walker-Weibel [8, Cor. 4.4] in the particular case where k is a field of characteristic zero. To the best of the author’s knowledge all the remaining cases (with k an arbitrary commutative ring) are new in the literature. On the other hand, (1.14) reduces to the implication

X is K_n-regular ⇒ X is U^c_n-regular ∀ c ∈ ⟨Σ^nU(k)|^{♮,⊕} .

Moreover, in the particular case where X is K_n-regular for every n ∈ Z (e.g. X a regular k-scheme) one can replace ⟨Σ^nU(k)|^{♮,⊕} by the triangulated category ⟨U(k)⟩^{♮,⊕}. Finally, to the best of the author’s knowledge, implication (1.15) is also new in the literature.

Remark 1.17. Theorem 1.4 admits a “cohomological” analogue. Given a dg category A, an integer n, a functor E : dgcat → M, and an object b ∈ Ho(M), let us write E^{−n}_b (A) for the abelian group Hom_{Ho(M)}(E(A), Σ^nb). The dg category A is called E^{−n}_b -regular if E^{−n}_b (A) ≃ E^{−n}_b (A[t_1, . . . , t_m]) for all m ≥ 1. Under these notations, the following implication

(1.18) A is E^{−n}_b -regular ⇒ A is E^{−n+1}_b -regular

holds for every functor E which satisfies the above conditions (i)-(iii). Moreover, and in contrast with implication (1.5), it is not necessary to assume that b is a compact object of Ho(M). The proof of (1.18) is similar to the proof of (1.5). First replace NE^b_n(A) by the cokernel CE^{−n}_b (A) of the group homomorphism E^{−n}_b (id ⊗(t = 0)) : E^{−n}_b (A) −→ E^{−n}_b (A[t]) , then replace (5.2) by the group isomorphism lim CE^{−n}_b (B[x]) ≃ CE^{−n}_b (B[x, x^{−1}]), and finally use the new key fact that the contravariant functor Hom_{Ho(M)}(−, Σ^nb) sends colimits to limits.

Theorem 1.12 also admits a “cohomological” analogue. In items (i)-(iv) replace E^?_n by E^{−n}_? and in item (v) replace the above implication by: A is E^{−n}_b -regular ⇒ σ(A) is E^{−n−1}_b -regular. As a consequence we obtain:

A is E^{−n}_b -regular ⇒ A is E^{−n}_c -regular ∀ c ∈ ⟨Σ^nb|^{♮,⊕} .

In the particular case where A is E^{−n}_b -regular for every n ∈ Z we can furthermore replace ⟨Σ^nb|^{♮,⊕} by the thick localizing triangulated category ⟨b⟩^{♮,⊕}.

Acknowledgments: The author is very grateful to Denis-Charles Cisinski, Lars Hesselholt and Chuck Weibel for useful e-mail exchanges, as well as to the anonymous referee for all his comments that greatly allowed the improvement of the article.

2. Preliminaries

Dg categories. Let k be a base commutative ring and C(k) the category of complexes of k-modules. A differential graded (=dg) category A is a category enriched over C(k) (morphism sets A(x, y) are complexes) in such a way that composition fulfills the Leibniz rule: d(f ∘ g) = d(f) ∘ g + (−1)^{deg(f )}f ∘ d(g). A dg functor A → B is a functor enriched over C(k); consult Keller’s ICM survey [13]. In what follows we will write dgcat for the category of (small) dg categories and dg functors.

A dg functor A → B is called a Morita equivalence if the restriction functor induces an equivalence D(B)^∼→ D(A) on derived categories; see [13, §3]. The localization of dgcat with respect to the class of Morita equivalences will be denoted by Ho(dgcat). Note that every Morita invariant functor E : dgcat → M descends uniquely to Ho(dgcat).

The tensor product of k-algebras extends naturally to dg categories, giving rise to a symmetric monoidal structure − ⊗ − on dgcat with ⊗-unit the dg category k. As explained in [13, §4.2], this tensor product descends to a derived tensor product −⊗^L− on Ho(dgcat). Finally, recall that a dg category A is called k-flat if for any two objects x and y the functor A(x, y) ⊗ − : C(k) → C(k) preserves quasi-isomorphisms. In this particular case the derived tensor product A ⊗^L B agrees with the classical one A ⊗ B.

Schemes. Throughout this article all schemes will be quasi-compact and separated. By a k-scheme X we mean a scheme X over spec(k). Given a dg category A and a k-scheme X, we will often write A⊗^L X instead of A⊗^L perf(X). When X = spec(C) is affine we will furthermore replace A ⊗^L spec(C) by A ⊗^L C.

Noncommutative motives.

Proposition 2.1. Given a functor E : dgcat → M which satisfies the above conditions (i)-(iii), there exists a triangulated functor E : Ho(Mot) → Ho(M) such that E ∘ U = E.

Proof. The category dgcat carries a (cofibrantly generated) Quillen model category whose weak equivalences are precisely the Morita equivalences; see [26, Thm. 5.3]. Hence, it gives rise to a well-defined Grothendieck derivator HO(dgcat); consult [7, Appendix A] for the notion of derivator. Since by hypothesis M is stable and the functor E satisfies conditions (i)-(iii), we then obtain a well-defined localizing invariant of dg categories HO(E) : HO(dgcat) → HO(M) in the sense of [21, Notation 15.5]. Thanks to the universal property of [21, Thm. 10.5] this localizing invariant of dg categories factors (uniquely) through HO(Mot) via an homotopy colimit preserving morphism of derivators HO(Mot) → HO(M). By passing to the underlying homotopy categories of this latter morphism of derivators we hence obtain the searched triangulated functor E : Ho(Mot) → Ho(M) which verifies E ∘ U = E. □

3. Nisnevich descent

In this section we prove the following Nisnevich descent result, which is of independent interest. Its Corollary 3.4 will play a key role in the next section.

Theorem 3.1. (Nisnevich descent) Consider the following (distinguished) square of k-schemes

(3.2) U ×_X V � � V p � U_j � X ,

where j is an open immersion and p is an étale morphism inducing an isomorphism of reduced k-schemes p^{−1}(X − U)_{red} ≃ (X − U)_{red}. Then, given a dg category A and a Morita invariant localizing functor E : dgcat → M, one obtains a homotopy (co)cartesian square

(3.3) E(A ⊗^L X)^{E(id ⊗}

Lj^∗) �

E(id ⊗^Lp^∗)

�^□

E(A ⊗^L U) � E(A ⊗^L V ) � E(A ⊗^L (U ×_X V ))

in the homotopy category Ho(M); see [19, Def. 1.4.1].

Proof. Consider the following commutative diagram in Ho(dgcat)

0 � perf(X)Z ∼ � � perf(X)

p^∗ �

j^∗ �

perf(U) � � 0

0 � perf(V )Z^′ � perf(V ) � perf(U ×X V ) � 0 ,

where Z (resp. Z^′) is the closed set X − U (resp. p^{−1}(X − U)) and perf(X)_Z (resp. perf(V )_Z′ ) the dg category of those perfect complexes of O_X -modules (resp. of O_V -modules) that are supported on Z (resp. on Z^′). As explained by Thomason-Trobaugh in [28, §5], both rows are short exact sequences of dg categories; see also [13, §4.6]. Furthermore, as proved in [28, Thm. 2.6.3], the induced dg functor perf(X)_Z^∼→ perf(V )_Z′ is a Morita equivalence and hence an isomorphism in Ho(dgcat). Following Drinfeld [10, Prop. 1.6.3], the functor A ⊗^L − : Ho(dgcat) → Ho(dgcat) preserves short exact sequences of dg categories. As a consequence, we obtain the commutative diagram in Ho(dgcat)

0 � A ⊗^L perf(X)_Z ∼ � � A ⊗L perf(X)

id ⊗^Lp^∗ �

id ⊗^Lj^∗ �

A ⊗^L perf(U) � � 0

0 � A ⊗^L perf(V )_Z′ � A ⊗^L perf(V ) � A ⊗^L perf(U ×_X V ) � 0 ,

where both rows are short exact sequences of dg categories. Recall that by hypothesis E sends (in a functorial way) short exact sequences of dg categories to distinguished triangles. Consequently, by applying E to the preceding commutative diagram we obtain the following morphism between distinguished triangles:

E(A ⊗^L perf(X)Z ) � ∼ � E(A ⊗^L X)

E(id ⊗Lp∗) � E(id ⊗Lj∗)�

E(A ⊗^L U) � ∂ � ΣE(A ⊗L perf(X)_Z ) ∼ � E(A ⊗^L perf(V )_Z′ ) � E(A ⊗^L V ) � E(A ⊗^L (U ×X V ))_∂ � ΣE(A ⊗^L perf(V )_Z′ ).

Since the outer left and right vertical maps are isomorphisms we conclude that the middle square (which agrees with the above square (3.3)) is homotopy (co)cartesian. This achieves the proof. □

Corollary 3.4. (Mayer-Vietoris for open covers) Let X be a k-scheme which is covered by two Zariski open subschemes U, V ⊂ X. Then, given a dg category A and a Morita invariant localizing functor E : dgcat → M, one obtains a Mayer-Vietoris triangle

E(A ⊗^L X) → E(A ⊗^L U) ⊕ E(A ⊗^L V )^±→ E(A ⊗^L (U ∩ V ))^∂→ ΣE(A ⊗^L X) .

Proof. This follows from the fact that when the morphism p in the square (3.2) is an open immersion, U ×_X V identifies with U ∩ V ; recall also from [19, §1.4] that every homotopy (co)cartesian square has an associated distinguished “Mayer-Vietoris” triangle. □

4. Generalized fundamental theorem

The following theorem was proved by Bass [1, §XII-§7-8] for n ≤ 0 and by Quillen [11] for n ≥ 1.

Theorem 4.1. (Bass’ fundamental theorem) Let R be a ring and n an integer. Then, we have the following exact sequence of abelian groups

0 → K_n(R)^Δ→ K_n(R[x]) ⊕ K_n(R[1/x])^±→ K_n(R[x, 1/x])^{∂n}→ K_{n−1}(R) → 0 .

In this section we generalize it as follows:

Theorem 4.2. (Generalized fundamental theorem) Let A be a dg category, n an integer, E : dgcat → M a Morita invariant localizing functor, and b and object of M. Then, we have the following exact sequence of abelian groups (4.3)

0 → E^b_n(A)^Δ→ E^b_n(A[x]) ⊕ E^b_n(A[1/x])^±→ E^b_n(A[x, 1/x])^{∂n}→ E^b_{n−1}(A) → 0 .

Remark 4.4. A version of (4.3) for k-schemes can be found in Remark 8.6.

Proof. Let P^1 be the projective line over spec(k) and i : spec(k[x]) ⊂ P^1 and j : spec(k[1/x]) ⊂ P^1 its standard Zariski open cover. Since spec(k[x]) ∩ spec(k[1/x]) = spec(k[x, 1/x]), one obtains from Corollary 3.4 the following distinguished triangle (4.5)

E(A⊗^LP^1)^{(E(id ⊗Li∗),E(id ⊗Lj∗))}

−→ E(A[x])⊕E(A[1/x])^±→ E(A[x, 1/x])^∂→ ΣE(A⊗^LP^1). Note that since k[x], k[1/x] and k[x, 1/x] are all k-flat algebras, the derived tensor product agrees with the classical one. Let us now study the object

E(A ⊗^L P^1). As explained by Thomason in [27, §2.5-2.7], we have two fully faithful dg functors ι_0 : perf(pt) → perf(P^1) O_{pt} → O_P1 (0) ι_{−1} : perf(pt) → perf(P^1) O_{pt} → O_P1 (−1) .

Moreover, ι_{−1} induces a Morita equivalence between perf(pt) and Drinfeld’s dg quotient perf(P^1)/ι_0(perf(pt)) (see [13, §4.4]). Following [21, §13], we obtain then a well-defined split short exact sequence of dg categories

(4.6) 0 � perf(pt)_{ι0} � perf(P^1)_s � r� perf(pt)

ι_{−1}�

� 0 ,

where r is the right adjoint of ι_0, r∘ι_0 = id, ι_{−1} is right adjoint of s, and ι_{−1} ∘s = id. As explained in the proof of Theorem 3.1, the functor A⊗^L − : Ho(dgcat) → Ho(dgcat) preserves split short exact sequences of dg categories. Moreover, every localizing functor sends split short exact sequences to split distinguished triangles, i.e. to direct sums in Ho(M). Therefore, by first applying A ⊗^L − to (4.6) and then the functor E we obtain the following isomorphism (4.7) (E(id ⊗^Lι_0), E(id ⊗^Lι_{−1})) : E(A ⊗ k) ⊕ E(A ⊗ k)^∼−→ E(A ⊗^L P^1) . Recall that the line bundles O_P1 (0) and O_P1 (−1) become isomorphic when restricted to spec(k[x]) and spec(k[1/x]). Hence, we have the commutative diagrams

perf(pt)

ι_0 �

ι_{−1}

� perf(P^1)^{i∗} � perf(spec(k[x]))

perf(pt)

ι_0 �

ι_{−1}

� perf(P^1)^j ∗ � perf(spec(k[1/x]))

and consequently we obtain the equalities: E(id ⊗^Li^∗) ∘ E(id ⊗^Lι_0) = E(id ⊗^Li^∗) ∘ E(id ⊗^Lι_{−1})

(4.8)

E(id ⊗^Lj^∗) ∘ E(id ⊗^Lι_0) = E(id ⊗^Lj^∗) ∘ E(id ⊗^Lι_{−1}) .

(4.9) Now, apply Lemma 4.11 to isomorphism (4.7) and then compose the result with (E(id ⊗^Li^∗), E(id ⊗^Lj^∗)). Thanks to (4.8)-(4.9), we obtain a morphism (4.10) Ψ : E(A ⊗ k) ⊕ E(A ⊗ k) −→ E(A[x]) ⊕ E(A[1/x]) which is zero on the second component and ( E(id ⊗i^∗) ∘ E(id ⊗ι_0), E(id ⊗j^∗) ∘ E(id ⊗ι_0) ) on the first component; note once again that since k, k[x] and k[1/x] are k-flat the derived tensor product agrees with the classical one. Making use of (4.10), the above distinguished triangle (4.5) identifies with

E(A) ⊕ E(A)^Ψ→ E(A[x]) ⊕ E(A[1/x])^±→ E(A[x, 1/x])^∂→ ΣE(A) ⊕ ΣE(A) .

By applying to it the functor Hom_{Ho(M)}(Σ^nb, −) we obtain then a long exact sequence

· · · → E^b_n(A) ⊕ E^b_n(A)^{Ψn} � E^b_n(A[x]) ⊕ E^b_n(A[1/x])^± � E^b_n(A[x, 1/x]) −−−− ∂n → E^b_{n−1}(A) ⊕ E^b_{n−1}(A)^{Ψn−1}� E^bn−1(A[x]) ⊕ E^bn−1(A[1/x])^± � E^bn−1(A[x, 1/x]) → · · · As explained above, Ψ_n is zero when restricted to the second component. Moreover, since the inclusions k ⊂ k[x] and k ⊂ k[1/x] admits canonical retractions, Ψ_n is injective when restricted to the first component. This implies that the image of ∂_n is precisely the second component of the direct sum. As a consequence, the above long exact sequence breaks up into the exact sequences (4.3). This achieves the proof. □ Lemma 4.11. If (f, g) : A ⊕ A^∼→ B is an isomorphism in an additive category, then (f, f − g) : A ⊕ A^∼→ B is also an isomorphism.

Proof. Since (f, g) is an isomorphism, there exist maps i, h : B → A such that fi + gh = id, if = id, hf = 0, ig = 0, and hg = id. Using these equalities one observes that (i + h, −h) : B^∼→ A ⊕ A is the inverse of (f, f − g). □ Notation 4.12. Given a dg category A, let us denote by NE^b_n(A) the kernel of the surjective group homomorphism (4.13) E^b_n(id ⊗(t = 0)) : E^b_n(A[t]) −→ E^b_n(A) .

Note that the inclusion k ⊂ k[t] gives rise to a direct sum decomposition E^b_n(A[t]) ≃ NE^b_n(A) ⊕ E^b_n(A). Note also that by induction on m, A is E^b_nregular if and only if NE^b_n(A[t_1, . . . , t_m]) = 0 for all m ≥ 0. Corollary 4.14. Under the notations and assumptions of Theorem 4.2, we have the following exact sequence of abelian groups 0 → NE^b_n(A)^Δ→ NE^b_n(A[x]) ⊕ NE^b_n(A[1/x])^±→ NE^b_n(A[x, 1/x])^{∂n}→ NE^b_{n−1}(A) → 0 . Proof. This follows automatically from the naturality of (4.3). □

5. Proof of Theorem 1.4 Consider the following “substitution” k-algebra homomorphism k[x][t] −→ k[x][t] p(x, t) → p(x, xt) .

(5.1) Given a dg category B, let us denote by colim NE^b_n(B[x]) the direct limit of the following diagram of abelian groups NE^b_n(B[x])^{NEbn(id ⊗(5.1))}

−→ NE^b_n(B[x])^{NEbn(id ⊗(5.1))}−→ NE^b_n(B[x])^{NEbn(id ⊗(5.1))}−→ · · · We start by proving that we have a group isomorphism (5.2) colim NE^b_n(B[x]) ≃ NE^b_n(B[x, x^{−1}]) .

Consider first the commutative diagram

(5.3) k[x][t]

(t=0) �

(5.1) �

k[x][t]

(t=0) �

(5.1) �

k[x][t]

(t=0) �

(5.1) �

· · ·

k[x] k[x] k[x] · · ·

Note that the colimit of the lower row is k[x] while the colimit of the upper row is the k-algebra R := k[x] + tk[x, 1/x][t] ⊂ k[x, 1/x][t]. By first tensoring (5.3) with B and then applying the functor E^b_n we obtain the commutative diagram (5.4)

NE^b_n(B[x])^{NE} b n(id ⊗(5.1))�

� NE^b_n(B[x])^{NE} b n(id ⊗(5.1))�

� NE^b_n(B[x])^{NE} b n(id ⊗(5.1))�

� · · ·

E^b_n(B[x][t])^E b n(id ⊗(5.1)) �

(4.13) � E^b_n(B[x][t])^E b n(id ⊗(5.1)) �

(4.13) � E^b_n(B[x][t])^E b n(id ⊗(5.1)) �

(4.13) � · · ·

E^b_n(B[x]) E^b_n(B[x]) E^b_n(B[x]) · · ·

Recall from Notation (4.12) that each column is a (split) short exact sequence of abelian groups. The colimit of the lower row is clearly E^b_n(B[x]). Since the functors B ⊗ − : dgcat → dgcat and E : dgcat → M preserve filtered (homotopy) colimits and b is a compact object of Ho(M), the colimit of the middle row identifies with E^b_n(B ⊗ R). Hence, from diagram (5.4) one obtains the isomorphism

(5.5) colim NE^b_n(B[x]) ≃ Ker ( E^b_n(B ⊗ R)^{(4.13)}−→ E^b_n(B[x]) ) . Now, consider the k-algebras R and k[x] endowed with the sets of left denominators S_1 := {x^n}_{n≥0} ⊂ R and S_2 := {x^n}_{n≥0} ⊂ k[x]. The k-algebra homomorphism

R = k[x] + tk[x, 1/x][t] −→ k[x] t → 0

(5.6)

identifies S_1 with S_2 and moreover induces a quasi-isomorphism

0 � R

(5.6) � � R[S^{−1}_1 ] = k[x, 1/x][t]

(5.6) � � 0

0 � k[x] � k[x][S^{−1}_2 ] = k[x, 1/x] � 0 .

As a consequence, since R and k[x] are clearly k-flat algebras, conditions a) and b) of [14, §4.2] are satisfied. In loc. cit. Keller also assumes that the base ring k is coherent and of finite dimensional global dimension. However, these extra assumptions are only used to prove the localization theorem for model categories; see [14, §5-6]. We obtain then a commutative diagram in Ho(dgcat)

(5.7) 0 � A1 ∼ � � perf(R) � � perf(k[x, x−1][t]) � � 0

0 � A2 � perf(k[x]) � perf(k[x, x^{−1}]) � 0 ,

where moreover each row is a short exact sequence of dg categories and the left vertical map is a quasi-isomorphism (and hence a Morita equivalence) of dg k-algebras; consult [14, §4.3] for further details. By first tensoring (5.7) with B and then applying the functor E we obtain (as in the proof of Theorem 3.1) a homotopy (co)cartesian square

(5.8) E(B ⊗ R) � � □ E(B[x, 1/x][t]) � E(B[x]) � E(B[x, 1/x]) .

Note that since R, k[x], k[x, 1/x], and k[x, 1/x][t] are all k-flat algebras, the derived tensor product agrees with the classical one. Note also that the natural inclusions k[x] ⊂ R and k[x, 1/x] ⊂ k[x, 1/x][t] give rise to sections of the vertical maps. As a consequence, since (5.8) is homotopy (co)cartesian, we obtain an induced isomorphism Ker ( E^b_n(B ⊗ R)^{(4.13)}→ E^b_n(B[x])

)_∼

−→ Ker ( E^b_n(B[x, 1/x][t])^{(4.13)}→ E^b_n(B[x, 1/x]) ) . Since the right-hand-side is by definition NE^b_n(B[x, 1/x]) the searched isomorphism (5.2) follows now from isomorphism (5.5).

We are now ready to conclude the proof. As explained in Notation 4.12, a dg category A is E^b_n-regular if and only if NE^b_n(A[t_1, . . . , t_m]) = 0 for any all m ≥ 0. Since A is E^b_n-regular we hence have NE^b_n(A[t_1, . . . , t_m]) = 0 for all m ≥ 0. Using isomorphism (5.2) (with B = A[t_1, . . . t_{m−1}]) we conclude that

colim NE^b_n(A[t_1, . . . , t_{m−1}][x]) ≃ NE^b_n(A[t_1, . . . , t_{m−1}][x, 1/x]) = 0 .

The exact sequence of Corollary 4.14 (with A = A[t_1, . . . , t_{m−1}]) implies that NE^b_{n−1}(A[t_1, . . . , t_{m−1}]) = 0. Since this holds for every m ≥ 0, we conclude finally that A is E^b_{n−1}-regular. This concludes the proof of Theorem 1.4.

6. Proof of Theorem 1.6

Item (i) follows from the combination of implication (1.5) with the equalities

E^{Σ−ib}_n (A) := Hom_{Ho(M)}(Σ^n(Σ^{−i}b), E(A)) = Hom_{Ho(M)}(Σ^{n−i}b, E(A)) =: E^b_{n−i}(A) .

In what concerns item (ii), note that by applying the bifunctor Hom_{Ho(M)}(−, −) to the sequence

Σ^{n−1}c^′ → Σ^{n−1}c^{′′} → Σ^nc → Σ^nc^′ → Σ^nc^{′′} in the first variable and to the morphism E(A) → E(A[t_1, . . . , t_m]) in the second variable, one obtains the following commutative diagram

E^{c′′}_n (A) � � Ec^{′′}_n (A[t_1, . . . , t_m]) � E^{c′}_n (A) � � Ec^′_n (A[t_1, . . . , t_m]) � E^c_n(A) � � Ec_n(A[t_1, . . . , t_m]) � E^{c′′}_{n−1}(A) � � Ec^{′′}_{n−1}(A[t_1, . . . , t_m]) � E^{c′}_{n−1}(A) � E^{c′}_{n−1}(A[t_1, . . . , t_m]) ,

where each column is exact. Since by hypothesis A is E^{c′}_n -regular and E^{c′′}_n - regular the two top horizontal morphisms are isomorphisms. Using implication (1.5) we conclude that the two bottom horizontal morphisms are also isomorphisms. Using the 5-lemma one then concludes that the horizontal middle morphism is an isomorphism. This implies that A is E^c_n-regular. Let us now prove item (iii). Since by hypothesis d is a direct factor of b, there exist morphisms d → b and b → d such that the composition d → b → d equals the identity of d. This data gives naturally rise to the following commutative diagram

(6.1) E^d_n(A) �

� Eb_n(A)

�

� Ed_n(A)

� E^d_n(A[t_1, . . . , t_m]) � E^b_n(A[t_1, . . . , t_m]) � E^d_n(A[t_1, . . . , t_m]) ,

where both horizontal compositions are the identity. By assumption, A is E^b_nregular and so the vertical middle morphism in (6.1) is an isomorphism. From the commutativity of (6.1) and the fact that isomorphisms are stable under retractions, one concludes that the vertical left-hand-side (or right-hand-side) morphism is also an isomorphism. This implies that A is E^d_n-regular. Item (iv) follow from the combination of implication (1.5) with the equalities

E^{⊕i∈I ci} n (A) := Hom(Σ^n(⊕_{i∈I} c_i), E(A)) = ∏ i∈I Hom(Σ^nc_i, E(A)) =: ∏ i∈I E^{ci}_n (A) ,

where we have removed the subscripts of Hom in order to simplify the exposition. Let us now prove item (v). As explained in [23, Thm. 1.2], we have a canonical isomorphism U(σ(A))^∼→ ΣU(A) in Ho(Mot); in loc. cit. σ(A) was denoted by Σ(A) and U by U^{loc}_{dg} . Hence, by applying the triangulated functor E of Proposition 2.1 to the square below (6.6) (with B := A[t_1, . . . , t_m]), one obtains the square (6.2) E(σ(A)) �

∼ � ΣE(A)

� E(σ(A[t_1, . . . , t_m]))_∼ � ΣE(A[t_1, . . . , t_m]) in the homotopy category Ho(M). Since by construction σ(A[t_1, . . . , t_m]) and σ(A)[t_1, . . . , t_m] are canonically isomorphic, (6.2) gives rise to the following commutative diagram (6.3)

Hom_{Ho(M)}(Σ^{n+1}b, E(σ(A))) � ∼ � Hom_{Ho(M)}(Σ^{n+1}b, ΣE(A)) � Hom_{Ho(M)}(Σ^{n+1}b, E(σ(A)[t1, . . . , tm]))_∼ � HomHo(M)(Σ^nb, ΣE(A[t1, . . . , tm])) . Moreover, using the fact that Σ^{−1}(−) is an autoequivalence of Ho(M), we have (6.4)

Hom_{Ho(M)}(Σ^{n+1}b, ΣE(A)) � ∼ Σ−1 (−) �

Hom_{Ho(M)}(Σ^nb, E(A)) � Hom_{Ho(M)}(Σ^{n+1}b, ΣE(A[t1, . . . , tm]))^∼_{Σ−1 (−)}� HomHo(M)(Σ^nb, E(A[t1, . . . , tm])) .

Now, recall that by hypothesis A is E^b_n-regular. Hence, the vertical righthand-side morphism in (6.4) is an isomorphism. Consequently, by combining (6.3)-(6.4), we conclude that the vertical left-hand-side morphism in (6.3), i.e. E^b_{n+1}(σ(A)) → E^b_{n+1}(σ(A)[t_1, . . . , t_m]) is an isomorphism. This implies that σ(A) is E^b_{n+1}-regular and so the proof is finished.

Lemma 6.5. Given a dg functor F : A → B, we have a commutative diagram (6.6) U(σ(A))

U(σ(F )) �

∼ � ΣU(A)

ΣU(F ) � U(σ(B))_∼ � ΣU(B) in the homotopy category Ho(Mot).

Proof. Thanks to [23, Prop. 4.9], we have the diagram in Ho(dgcat) (6.7) 0 � A ⊗ k

F ⊗id � � A ⊗ Γ

F ⊗id � � A ⊗ σ

F ⊗id � � 0

0 � B ⊗ k � B ⊗ Γ � B ⊗ σ � 0 , where both rows are short exact sequences of dg categories. Consequently, by applying the functor U to (6.7) we obtain the following morphism between distinguished triangles:

(6.8) U(A)

U(F ) �

� U(A ⊗ Γ)

�

� U(σ(A))

U(σ(F )) �

∂ � ΣE(A)

ΣU(F ) � U(B) � U(B ⊗ Γ) � U(σ(B))_∂ � ΣE(B) .

As explained in [23, §6], U(A ⊗ Γ) and U(B ⊗ Γ) are isomorphic to zero in Ho(Mot). Hence, the connecting morphisms ∂ are isomorphisms and so the searched commutative square (6.6) is the right-hand-side square in (6.8). This achieves the proof. □

7. Proof of Proposition 1.10

Consider the following distinguished triangle in Ho(Mot)

U(k)^{·l}−→ U(k) −→ U(k)/l −→ ΣU(k) .

As proved in [25, Prop. 2.12], one has the following isomorphisms

Hom_{Ho(Mot)}(Σ^n(U(k)/l), U(A)) ≃ K_{n+1}(A; Z/l) n ∈ Z .

In loc. cit. the author worked with k = Z and with the additive version of Mot where localization is replaced by additivity; however, the arguments are exactly the same. The proof follows now from the fact that U(k)/l ≃ Σfib(l) and from the definition U^{fib(l)}n (A) := Hom_{Ho(Mot)}(Σ^nfib(l), U(A)).

8. Proof of Theorem 1.12

Since by hypothesis X is E^b_n-regular the isomorphism E^b_n(X) ≃ E^b_n(X × A^m) holds for all m ≥ 1. By applying Proposition 8.2 below to X and to the k-flat k-scheme Y = A^m we obtain moreover the following isomorphisms

(8.1) E^b_n(X × A^m)^{(8.3)}≃ E^b_n(perf(X) ⊗ perf(A^m)) ≃ E^b_n(perf(X)[t_1, . . . , t_m]) .

Note that since A^m = spec(k[t_1, . . . , t_m]) is an affine k-flat algebra the derived tensor product agrees with the classical one. By combining (8.1) with the isomorphism E^b_n(X) ≃ E^b_n(X × A^m) we conclude then that the dg category perf(X) is E^b_n-regular. By Theorem 1.4 it is also E^b_{n−1}-regular. Hence, using again the above isomorphisms (8.1) (with n replaced by n − 1) one concludes that the isomorphism E^b_{n−1}(X) ≃ E^b_{n−1}(X × A^m) holds for all m ≥ 1, i.e. that X is E^b_{n−1}-regular. This proves implication (1.13). Implication (1.14) follows automatically from the combination of the above isomorphism (8.1) with implication (1.8). Finally, implication (1.15) follows from the combination of Proposition 1.10 with implication (1.13) and with [25, Example 2.13]. This achieves the proof.

Proposition 8.2. Let X and Y be two quasi-compact separated k-schemes with Y k-flat, n an integer, E : dgcat → M a Morita invariant localizing functor, and b an object of M. Under these notations and assumptions, we have a canonical isomorphism

(8.3) E^b_n(− ⊠^L −) : E^b_n(perf(X) ⊗^L perf(Y ))^∼−→ E^b_n(perf(X × Y )) .

Proof. The proof will consist on showing that the canonical maps

(8.4) E(− ⊠^L −)_{Z,W} : E(perf(Z) ⊗^L perf(W )) −→ E(perf(Z × W )) ,

parametrized by the pairs (Z, W ) of quasi-compact separated k-schemes with W k-flat, are isomorphisms. The above isomorphism (8.3) will follow then from (8.4) (with Z := X and W := Y ) by applying the functor Hom_{Ho(M)}(Σ^nb, −). Let us denote by Sch the category of quasi-compact separated k-schemes and by Sch_{flat} the full subcategory of k-flat schemes. Note that we have two welldefined contravariant bifunctors

E(perf(−) ⊗^L perf(−)) E(perf(− × −))

from Sch × Sch_{flat} to Ho(M). Moreover, the above canonical maps (8.4) give rise to a natural transformation of bifunctors

(8.5) E(perf(−) ⊗^L perf(−)) ⇒ E(perf(− × −)) .

Our goal is then to show that (8.5) is an isomorphism when evaluated at any pair (Z, W ) ∈ Sch × Sch_{flat}. Let us start by fixing W . Thanks to Theorem 3.1 (applied to A = perf(W )) one observes that the functor E(perf(−)⊗^L perf(W )) satisfies Nisnevich descent and hence by Corollary 3.4 Zariski descent. In what concerns E(perf(−×W )) note first that by applying the functor −×W to (3.2) one still obtains a (distinguished) square of k-schemes. Therefore, Theorem 3.1 (applied to A = k) allows us to conclude that E(perf(− × W )) satisfies also Nisnevich descent.

Now, by the reduction principle of Bondal and Van den Bergh (see [4, Prop. 3.3.1]) the above natural transformation (8.5) is an isomorphism when evaluated at the pairs (Z, W ), with W fixed, if and only if it is an isomorphism when evaluated at the pairs (spec(C), W ), with C a commutative k-algebra. By fixing Z and making the same argument one concludes also from the reduction principle that (8.5) is an isomorphism when evaluated at the pairs (Z, W ), with Z fixed, if and only if it is an isomorphism when evaluated at the pairs (Z, spec(D)), with D a k-flat commutative k-algebra. In conclusion it suffices to show that (8.5) is an isomorphism when evaluated at the pairs (spec(C), spec(D)). Note that in this particular case we have the following canonical Morita equivalences

perf(spec(C)) ≃ C perf(spec(D)) ≃ D perf(spec(C) × spec(D)) ≃ C ⊗ D .

Moreover, since the k-algebra D is k-flat, the derived tensor product C ⊗^L D agrees with the classical one C ⊗ D. By applying the functor E to this latter isomorphism one obtains the evaluation E(C ⊗^L D) ≃ E(C ⊗ D) of the above natural transformation (8.5) at the pair (spec(C), spec(D)). This concludes the proof of Proposition 8.2. □

Remark 8.6. Given a quasi-compact separated k-scheme X, let

X[x] := X × A^1 X[1/x] := X × spec(k[1/x]) X[x, 1/x] := X × spec(k[x, 1/x]) .

Making use of Proposition 8.2 and the k-flatness of k[x], k[1/x] and k[x, 1/x], one observes that Theorem 4.2 applied to A = perf(X) reduces to the following exact sequence of abelian groups

0 → E^b_n(X)^Δ→ E^b_n(X[x]) ⊕ E^b_n(X[1/x])^±→ E^b_n(X[x, 1/x])^{∂n}→ E^b_{n−1}(X) → 0 .

References

[1] H. Bass, Algebraic K-theory. W. A. Benjamin, Inc., New York-Amsterdam 1968.

[2] A. Beilinson, Coherent sheaves on P^n and problems in linear algebra. Funktsional. Anal. i Prilozhen. 12, no. 3, (1978), 68–69.

[3] A. Blumberg and M. Mandell, Localization theorems in topological Hochschild homology and topological cyclic homology. Geometry and Topology 16 (2012), 1053–1120.

[4] A. Bondal and M. Van den Bergh, Generators and representability of functors in commutative and noncommutative geometry. Mosc. Math. J. 3, no. 1, (2003), 1–36, 258.

[5] W. Browder, Algebraic K-theory with coefficients Z/p. Lecture notes in Mathematics 657 (1978), 40–84.

[6] D.-C. Cisinski and G. Tabuada, Nonconnective K-theory via universal invariants. Compositio Mathematica 147 (2011), 1281–1320.

[7] , Symmetric monoidal structure on nonommutative motives. J. of K-Theory 9 (2012), no. 2, 201–268.

[8] G. Cortiñas, C. Haesemeyer, M. Walker, and C. Weibel, Bass’ NK groups and cdh-fibrant Hochschild homology. Invent. Math. 181 (2010), no. 2, 421– 448.

[9] B. Dayton and C. Weibel, K-theory of hyperplanes. Trans. Amer. Math.

Soc. 257 (1980), no. 1, 119–141.

[10] V. Drinfeld, DG quotients of DG categories. J. Algebra 272, no. 2, (2004), 643–691.

[11] D. Grayson, Higher algebraic K-theory. II (after Daniel Quillen). Algebraic K-theory (Proc. Conf., Northwestern Univ., Evanston, Ill., 1976), pp. 217– 240. Lecture Notes in Math., Vol. 551, Springer, Berlin, 1976.

[12] M. Hovey, Model categories. Mathematical Surveys and Monographs 63.

American Mathematical Society, Providence, RI, 1999.

[13] B. Keller, On differential graded categories. International Congress of Mathematicians (Madrid), Vol. II, 151–190, Eur. Math. Soc., Zürich, 2006.

[14] , Invariance and localization for cyclic homology of dg algebras. J.

Pure Appl. Alg. 123 (1998), no. 1-3, 223–273.

[15] , On the cyclic homology of ringed spaces and schemes. Doc. Math.

3 (1998), 231–259.

[16] , On the cyclic homology of exact categories. J. Pure Appl. Alg. 136 (1999), no. 1, 1–56.

[17] V. Lunts and D. Orlov, Uniqueness of enhancement for triangulated categories. J. Amer. Math. Soc. 23 (2010), no. 3, 853–908.

[18] D. Quillen, Homotopical algebra. Lecture Notes in Mathematics 43 Springer-Verlag, Berlin-New York, 1967.

[19] A. Neeman, Triangulated categories. Annals of Math. Studies 148. Princeton University Press, Princeton, NJ, (2001). .

[20] M. Schlichting, Negative K-theory of derived categories. Math. Z. 253 (2006), no. 1, 97–134.

[21] G. Tabuada, Higher K-theory via universal invariants. Duke Math. J. 145 (2008), no. 1, 121–206.

[22] , Generalized spectral categories, topological Hochschild homology, and trace maps, Algebraic and Geometric Topology 10 (2010), 137–213.

[23] , Universal suspension via noncommutative motives. Journal of Noncommutative Geometry 5 (2011), no. 4, 573–589.

[24] , A guided tour through the garden of noncommutative motives.

Clay Mathematics Proceedings, Volume 16 (2012), 259–276. [25] , Products, multiplicative Chern characters, and finite coefficients via noncommutative motives. Journal of Pure and Applied Algebra 217 (2013), 1279–1293.

[26] , Additive invariants of dg categories. Int. Math. Res. Not. 53 (2005), 3309–3339.

[27] R. W. Thomason, Les K-groupes d’un schéma éclaté et une formule d’intersection excédentaire. Invent. Math. 112 (1993), no. 1, 195–215.

[28] R. W. Thomason and T. Trobaugh, Higher algebraic K-theory of schemes and of derived categories. Grothendieck Festschrift, Volume III. Volume 88 of Progress in Math., 247–436. Birkhauser, Boston, Bassel, Berlin, 1990.

[29] T. Vorst, Localization of the K-theory of polynomial extensions. Math. Ann 244 (1979), 33–52.

[30] C. Weibel, Mayer-Vietoris sequences and module structures on NK_∗. Algebraic K-theory, Evanston 1980 (Proc. Conf., Northwestern Univ., Evanston, Ill., 1980), pp. 466–493, Lecture Notes in Math., 854, Springer, Berlin, 1981.

[31] , Mayer-Vietoris sequences and mod p K-theory. Algebraic Ktheory, Part I (Oberwolfach, 1980), pp. 390–407, Lecture Notes in Math., 966, Springer, Berlin-New York, 1982.

[32] , Module structures on the K-theory of graded rings. J. Algebra 105 (1987), no. 2, 465–483.

Gonçalo Tabuada Department of Mathematics MIT, Cambridge MA 02139 USA and Departamento de Matemática e CMA FCT-UNL Quinta da Torre 2829-516 Caparica Portugal tabuada@math.mit.edu

Documenta Mathematica 19 (2014)