Documenta Math. 1215

Evidence for a Generalization

of Gieseker’s Conjecture on Stratified Bundles

in Positive Characteristic

Lars Kindler

Received: March 25, 2013

Communicated by Takeshi Saito

Abstract. Let X be a smooth, connected, projective variety over an algebraically closed field of positive characteristic. In [Gie75], Gieseker conjectured that every stratified bundle (i.e. every O_X -coherent D_{X/k}- module) on X is trivial, if and only if π^{ét}_1 (X) = 0. This was proven by Esnault-Mehta, [EM10]. Building on the classical situation over the complex numbers, we present and motivate a generalization of Gieseker’s conjecture, using the notion of regular singular stratified bundles developed in the author’s thesis and [Kin12a]. In the main part of this article we establish some important special cases of this generalization; most notably we prove that for not necessarily proper X, π^{tame}_1 (X) = 0 implies that there are no nontrivial regular singular stratified bundles with abelian monodromy.

2010 Mathematics Subject Classification: 14E20, 14E22, 14F10 Keywords and Phrases: Fundamental group, coverings, stratified bundles, D-modules, tame ramification

1 Introduction and statement of the conjecture

Let X be a smooth, separated, connected scheme of finite type over an algebraically closed field k, and fix a base point x ∈ X(k). For readability, we write Π^{ét}_X ∶= π^{ét}_1 (X, x), and we denote by Repf^{cont}_k Π^{ét}_X the category of continuous representations of the profinite group Π^{ét}_X on finite dimensional k-vector spaces equipped with the discrete topology.

If k = C, then Π^{ét}_X is the profinite completion of the abstract group Π^{top}_X ∶= π^{top}_1 (X(C), x), and if we write Repf_C Π^{top}_X for the category of representations of Π^{top}_X on finite dimensional C-vector spaces, then Repf^{cont}_C Π^{ét}_X can be considered as the full subcategory of Repf_C Π^{top}_X having as objects precisely those representations which factor through a finite group. Since Π^{top}_X is finitely generated, the category Repf_C Π^{top}_X is controlled by Repf^{cont}_C Π^{ét}_X , according to the following theorem:

Theorem 1.1 (Grothendieck [Gro70], Malcev [Mal40]). If ϕ ∶ G → H is a morphism of finitely generated groups, then the following statements are equivalent:

(a) The induced morphism ̂G → ̂H is an isomorphism, where ̂(−) denotes profinite completion.

(b) The induced ⊗-functor

Repf_C H → Repf_C G

is a ⊗-equivalence.

(c) The induced ⊗-functor

Repf^{cont}_C ̂H → Repf^{cont}_C ̂G

is a ⊗-equivalence.

Accordingly, if f ∶ Y → X is a morphism of smooth, connected, complex varieties, then the induced morphism Π^{ét}_Y → Π^{ét}_X (with respect to compatible base points) is an isomorphism if and only if Repf_C Π^{top}_X → Repf_C Π^{top}_Y is a ⊗-equivalence. This consequence was already noted in [Gro70]. To study the category Repf_C Π^{top}_X , we invoke the Riemann-Hilbert correspondence as developed in [Del70]: It states that the choice of a base point x ∈ X(C) gives a ⊗-equivalence ∣_x of Tannakian categories between the category of regular singular flat connections on X and the category Repf_C Π^{top}_X . Theorem 1.1 then translates into the following completely algebraic statement, in which we suppress the choice of base points from the notation:

Corollary 1.2. If f ∶ Y → X is a morphism of smooth, connected, separated, finite type C-schemes, then the following are equivalent:

(a) The morphism Π^{ét}_Y → Π^{ét}_X induced by f is an isomorphism.

(b) Pull-back along f induces an equivalence on the categories of regular singular flat connections.

(c) Pull-back along f induces an equivalence on the categories of regular singular flat connections with finite monodromy.

In particular: Π^{ét}_Y = 0 if and only if every regular singular flat connection on Y is trivial.

This article is devoted to the study of analogous statements in positive characteristics. Let k be an algebraically closed field of characteristic p > 0, and X a smooth, connected, separated, finite type k-scheme. In general, neither the category of vector bundles with flat connection, nor the category of coherent O_X -modules with flat connection are Tannakian categories over k. Instead, we consider left-D_{X/k}-modules which are coherent (and then automatically locally free) as O_X -modules, where D_{X/k} is the ring of differential operators relative to k, as developed in [EGA4, §16]. Following [Gro68] and [SR72], we call such objects stratified bundles, and we write Strat(X) for the category of stratified bundles on X. Recall that in characteristic 0, giving a stratified bundle is equivalent to giving a vector bundle with flat connection. In positive characteristic, these notions are not equivalent. A stratified bundle is called trivial if it is isomorphic to O^n_X with the canonical diagonal left-D_{X/k}-action. In [Kin12a] (see also [Kin12b]), a notion of regular singularity for stratified bundles is defined and studied, generalizing work of Gieseker ([Gie75]); for a summary see Section 2. We write Strat^{rs}(X) for the full subcategory of Strat(X) with objects regular singular stratified bundles; after choosing a base point, it is a neutral Tannakian category over k.

Using the theory of Tannakian categories, there still is a procedure to attach to a stratified bundle a monodromy group and a monodromy representation at the base point x ∈ X(k). The main result of [Kin12a] states that this procedure induces a ⊗-equivalence between the category of regular singular stratified bundles with finite monodromy and Repf^{cont}_k Π^{tame}_X , where Π^{tame}_X ∶= π^{tame}_1 (X, x) is the tame fundamental group as defined in [KS10]. This result suggests the following conjecture, completely analogous to Corollary 1.2:

Conjecture 1.3. Let k be an algebraically closed field of characteristic p > 0. If f ∶ Y → X is a morphism of smooth, connected, separated, finite type kschemes, then the following are equivalent:

(a) The morphism Π^{tame}_Y → Π^{tame}_X induced by f is an isomorphism.

(b) Pull-back along f induces an equivalence on the categories of regular singular stratified bundles.

(c) Pull-back along f induces an equivalence on the categories of regular singular stratified bundles with finite monodromy.

In particular: Π^{tame}_Y = 0 if and only if every regular singular stratified bundle on Y is trivial.

For a slightly different exposition of this conjecture, see [Esn12]. Note that by the main result of [Kin12a] we always have (b)⇒(c)⇔(a).

The main part of this article is concerned with establishing special cases of and evidence for the validity of Conjecture 1.3, i.e. for the direction (a)⇒(b). We give a brief summary: Gieseker’s original conjecture from [Gie75] corresponds to Conjecture 1.3 for a projective morphism f ∶ Y → Spec(k). His conjecture was proven by Esnault-Mehta, [EM10]. Thus Conjecture 1.3 generalizes

Gieseker’s conjecture in two “directions”: It allows non-projective varieties by using the notion of regular singularity, and it gives a relative formulation. The main result of this article, proven in Section 4, is the following:

Theorem 1.4 (see Theorem 4.2). In the situation of Conjecture 1.3, assume that X = Spec(k), and that Y admits a good compactification. If Π^{ab,(p′)}_Y = 0 and if Π^{tame}_Y does not have a quotient isomorphic to Z/pZ, then every regular singular stratified bundle with abelian monodromy is trivial. In other words: The abelianization of the pro-algebraic group associated with Strat^{rs}(Y ) (and the choice of a base point) is trivial.

Here a good compactification of Y is a smooth, proper k-scheme Y containing Y as a dense open subscheme, such that Y ∖ Y is the support of a strict normal crossings divisor, and (−)^{ab,(p′)} denotes the maximal abelian pro-prime-to-p-quotient. This quotient is independent of the choice of the base point. Theorem 1.4 is a consequence of the fact that under the given assumptions there are no nontrivial rank 1 stratified bundles, and no nontrivial regular singular extensions of two rank 1 stratified bundles. Hence we establish these facts first: in Section 3 we study stratified bundles of rank 1, and we prove a relative version of Conjecture 1.3 for stratified line bundles:

Theorem 1.5 (see Theorem 3.10). Let X and Y be smooth, connected, separated, finite type k-schemes, which admit good compactifications X and Y over k. If f ∶ Y → X is a map extending to a morphism f̄ ∶ Y → X such that f induces an isomorphism Π^{ab,(p′)}_Y^≅�→ Π^{ab,(p′)}_X and such that the cokernel of the induced map H^0(X, O^×_X ) → H^0(Y, O^×_Y ) is a p-group, then pull-back along f induces an isomorphism

Pic^{Strat}(X)^≅�→ Pic^{Strat}(Y )

where Pic^{Strat} denotes the group of isomorphism classes of stratified line bundles.

Note that contrary to the situation over the complex numbers, a stratified line bundle in our context is always regular singular (Proposition 2.7). The assumption on the cokernel of H^0(X, O^×_X ) → H^0(Y, O^×_Y ) is trivially fulfilled if Y and X are proper. For further comments see Remark 3.11. In particular we obtain:

Corollary 1.6. Let Y, X be proper, smooth, connected k-schemes. If f ∶ Y → X is a morphism such that f induces an isomorphism Π^{ab,(p′)}_Y^≅�→ Π^{ab,(p′)}_X , then f induces an isomorphism Pic^{Strat}(X)^≅�→ Pic^{Strat}(Y ).

In the case that X = Spec k, the assumption on the existence of a good compactification of Y is not necessary:

Proposition 1.7 (see Proposition 3.16). Let Y be a smooth, connected, separated, finite type k-scheme, such that Π^{ab,(p′)}_Y = 0. Then Pic^{Strat}(Y ) = 0.

In Section 4 we study regular singular extensions of rank 1 stratified bundles, and prove Theorem 1.4.

For regular singular stratified bundles with not necessarily abelian monodromy, we establish the following two special cases of Conjecture 1.3: It is well-known that π^{tame}_1 (A^n_k ) = 0 and in Section 5 we give a short proof of:

Theorem 1.8 (see Theorem 5.1). Every regular singular stratified bundle on A^n_k is trivial.

This was already sketched in [Esn12] using a slightly different approach.

If f ∶ Y → X is a universal homeomorphism, then f induces an isomorphism Π^{tame}_Y^≅�→ Π^{tame}_X ([Vid01]), and in Section 6 we show:

Theorem 1.9 (see Theorem 6.6). If f ∶ Y → X is a universal homeomorphism, then pull-back along f is an equivalence Strat^{rs}(X) → Strat^{rs}(X).

In Section 2 we gather a few general facts about regular singular stratified bundles which will be needed in the course of the text.

Acknowledgements: Large parts of the contents of this note were developed while the author wrote his doctoral dissertation under the supervision of Hélène Esnault. Her influence is undeniable, and the author is immensely grateful for her support. The author also wishes to thank Oliver Bräunling and Jakob Stix for helpful discussions, the referee for carefully reading the manuscript, and Brian Conrad for pointing out a helpful result by Lang; see the discussion after Proposition 3.16.

This work was supported by the Sonderforschungsbereich/Transregio 45 “Periods, moduli spaces and the arithmetic of algebraic varieties” of the DFG and the European Research Council Advanced Grant 0419744101

2 Generalities on stratified bundles

Let k be an algebraically closed field of characteristic p > 0, and fix a smooth, separated, connected, finite type k-scheme X.

Definition 2.1. A stratified bundle on X is a D_{X/k}-module which is O_X - coherent. A morphism of stratified bundles is a morphism of D_{X/k}-modules. A stratified bundle E is called trivial if it is isomorphic to O^n_X with its canonical diagonal D_{X/k}-action. Here D_{X/k} is the ring of differential operators on X, see [EGA4, §16].

We write Strat(X) for the category of stratified bundles.

Remark 2.2. The name “stratified module” goes back to Grothendieck: In [Gro68] he defines the notion of a stratification relative to k on an O_X -module E as an “infinitesimal descent datum”, and since X is smooth over k, such a datum is equivalent to the datum of a D_{X/k}-action on E, compatible with its O_X -structure, see e.g. [BO78, Ch. 2]. As in characteristic 0, one shows that a O_X -coherent D_{X/k}-module is automatically locally free, [BO78, 2.17]. Hence the name “stratified bundle”.

The following result of Katz gives a different perspective on the notion of a stratified bundle:

Theorem 2.3 (Katz, [Gie75, Thm. 1.3]). Let F ∶ X → X denote the absolute Frobenius. The category Strat(X) is equivalent to the following category: Objects: Sequences of pairs E ∶= (E_n, σ_n)_{n≥0} with E_n a vector bundle on X and σ_n ∶ E_n^≅�→ F^∗E_{n+1} an O_X -linear isomorphism.

Morphisms: A morphism ϕ ∶ (E_n, σ_n) → (E^′_n, σ^′_n) is a sequence of morphisms of vector bundles ϕ_n ∶ E_n → E^′_n, such that (F^∗ϕ_{n+1})σ_n = σ^′_nϕ_n.

The functor giving the equivalence assigns to a stratified bundle E the sequence (E_n, σ_n)_{n≥0}, with

E_n(U) = {e ∈ E(U)∣D(e) = 0 for all D ∈ D^{≤pn}_{X/k}(U) with D(1) = 0}

and σ_n ∶ E_n → F^∗E_{n+1} the isomorphism given by Cartier’s theorem [Kat70, §5]. This functor is compatible with tensor products.

In the sequel we will freely switch between the two perspectives on stratified bundles. The description by the above theorem is especially nice when X is proper over k:

Proposition 2.4 ([Gie75, Prop. 1.7]). If X is proper over k, then the isomorphism class of a stratified bundle E = (E_n, σ_n)_{n≥0} only depends on the isomorphism classes of the vector bundles E_1, E_2, . . ..

2.1 Regular singular stratified bundles We recall from [Kin12a] the definition of regular singular stratified bundles. Definition 2.5. Let X be a smooth, separated, finite type k-scheme.

(a) If X is a smooth, separated, finite type k-scheme containing X as as an open dense subscheme such that X ∖X is a strict normal crossings divisor, then the pair (X, X) is called good partial compactification of X. If X is also proper, then (X, X) is called good compactification of X.

(b) If (X, X) is a good partial compactification, then D_{X/k}(log X ∖ X) is by definition the sheaf of subalgebras of D_{X/k} spanned over an open U ⊂ X by those differential operators in D_{X/k}(U), fixing all powers of the ideal of the divisor (X∖X)∩U. Lets make this explicit: If x_1, . . . , x_n ∈ H^0(U, O_U ) are coordinates on U, i.e. if they define an étale morphism U → A^n_k , then D_{U/k} is spanned by operators ∂^{(m)}_{xi} , i = 1, . . . , r, m ≥ 0, which “behave” like^1_{m!} ∂^m/∂x^m_i . If U ∩ (X ∖ X) is defined by x_1 ⋅ . . . ⋅ x_r, then the subring D_{X/k}(log X ∖ X)∣_U is spanned by δ^{(m)}_{xi} ∶= x^m_i ∂^{(m)}_{xi} , i = 1, . . . , r, ∂^{(m)}_{xi} , i > r, m ≥ 0.

This ring can also be defined intrinsically as the ring of differential operators associated with a morphism of log-schemes, which, for example, is studied in [Mon02].

(c) If (X, X) is a good partial compactification, then a stratified bundle E ∈ Strat(X) is called (X, X)-regular singular if E extends to an O_X - torsion free, O_X -coherent D_{X/k}(log X ∖ X)-module.

We write Strat^{rs}((X, X)) for the full subcategory of Strat(X) with objects the (X, X)-regular singular stratified bundles.

(d) A stratified bundle E is called regular singular if E is (X, X)-regular singular for every good partial compactification (X, X) of X. We write Strat^{rs}(X) for the full subcategory of Strat(X) with objects the regular singular stratified bundles.

Remark 2.6. The notion of (X, X)-regular singularity for stratified bundles first appeared (to the author’s knowledge) in [Gie75] for good compactifications (X, X). Gieseker attributes some of the ideas used in [loc. cit.] to Katz. In [Kin12a] and [Kin12b] this notion of regular singularity is extended to varieties for which resolution of singularities is not known to hold, and its connection with tame ramification is studied.

For the purpose of this article, the following facts are of importance:

Proposition 2.7. Let X be a smooth, separated, finite type k-scheme.

(a) If X admits a good compactification (X, X), then a stratified bundle E on X is regular singular if and only if it is (X, X)-regular singular.

(b) If E is a stratified bundle of rank 1, then E is regular singular.

(c) If ι ∶ Strat^{rs}(X) → Strat(X) denotes the inclusion functor, then for every object E ∈ Strat^{rs}(X), ι induces an equivalence ⟨E⟩_⊗^≅�→ ⟨ι(E)⟩_⊗.

Proof. Statement (a) is [Kin12a, Prop. 7.5], (c) is [Kin12a, Prop. 4.5], and (b) is [Gie75, Lemma 3.12]. We recall some arguments for (b) from [loc. cit.] for convenience: Let A be a finite type k-algebra with coordinates x_1, . . . , x_n, and M a free rank 1 module over A[x^{−1}_1 ⋅ . . . ⋅ x^{−1}_r ], 1 ≤ r ≤ n. Assume that M carries an action of D_{A[x}−1_{1 ,...,x}−1_{r ]/k}, and that e is a basis of M. With the notation from Definition 2.5, (b), it suffices to show that δ^{(m)}_{xi} (e) ⊂ eA for every m > 0 and every 1 ≤ i ≤ r. By Theorem 2.3, for N ∈ N there exists a nonzero section s ∈ A such that ∂^{(m)}_{xi} (se) = 0 for all m ≤ p^N . But then in Frac A we have

δ^{(m)}_{xi} (e) = δ^{(m)}_{xi} (s^{−1}se) = δ^{(m)}_{xi} (s^{−1})se

and δ^{(m)}_{xi} (s^{−1})s ∈ A.

Remark 2.8. Recall that the analogous statement to (b) in characteristic 0 is false.

We recall the definition of the monodromy group of a stratified bundle:

Definition 2.9. If E ∈ Strat(X), then ⟨E⟩_⊗ is the Tannakian subcategory category of Strat(X) generated by E. If ω ∶ ⟨E⟩_⊗ → Vectf_k is a fiber functor, then the associated k-group scheme is called the monodromy group of E (with respect to ω). By [dS07], the monodromy group of a stratified bundle is always smooth.

Note that if E is regular singular, then by Proposition 2.7, (c), we get the same result whether we compute the monodromy group of E as an object of Strat^{rs}(X) or Strat(X).

Moreover, note that since k is algebraically closed, the isomorphism class of the monodromy group does not depend on the choice of the fiber functor.

To finish this subsection, we briefly recall the notion of exponents of regular singular stratified bundles. For more details see [Kin12a] or [Kin12b].

Proposition 2.10. Let (X, X) be a good partial compactification of X with D ∶= X ∖ X is irreducible. Let E be a D_{X/k}(log X ∖ X)-module, which is O_X - locally free of finite rank. Then the following are true:

(a) ([Gie75, Lemma 3.8]) There exists a decomposition

E∣_D = ⊕_{α∈Z} p F_α,

with the property that if x_1, . . . , x_n are local coordinates around the generic point of D, such that D = (x_1), then e + x_1E ∈ F_α if and only if

δ^{(m)}_{x1} (e) = ( α m )e + x_1E.

For the definition of δ^{(m)}_{x1} , see Definition 2.5, (b). Write Exp(E) ⊂ Z_p for the set of those α ∈ Z_p for which rank F_α ≠ 0.

(b) ([Kin12a, Prop. 4.12]) If E^′ is a second O_X -locally free, finite rank, D_{X/k}(log X ∖ X)-module, such that the stratified bundles E∣_X and E^′∣_X are isomorphic, then the sets Exp(E) and Exp(E^′) have the same image in Z_p/Z.

Definition 2.11 ([Kin12a, Def. 4.13]). If (X, X) is a good partial compactification, E an (X, X)-regular singular stratified bundle and D an irreducible component of X ∖ X, then we define the exponents of E along D as follows: Let U be a sufficiently small open neighborhood of the generic point of D, such that there exists an O_U -locally free D_{U/k}(log U ∖ X)-module extending E∣_{U ∩X} . Then the set of exponents of E along D is the image of the set Exp(E) in Z_p/Z from Proposition 2.10. This construction is well-defined by Proposition 2.10.

Having all exponents equal to 0 mod Z is a stronger condition in characteristic p > 0 than in characteristic 0. In particular there are no regular singular stratified bundles with nontrivial “nilpotent residues”:

Proposition 2.12 ([Kin12a, Cor. 5.4]). Let (X, X) be a good partial compactification and E an (X, X)-regular singular stratified bundle. If the exponents of E along all components of X ∖ X are 0 in Z_p/Z, then there exists a stratified bundle E on X extending E.

3 Special case I: Stratified line bundles

We continue to denote by k an algebraically closed field of characteristic p > 0, and by X a smooth, separated, connected, finite type k-scheme. We start with a group theoretic definition.

Definition 3.1. If G is an abelian group, write (G)_p for the projective system

G^{⋅p}←� G^{⋅p}←� . . . . (1)

This defines an exact functor from the category of abelian groups into the category of pro-systems of abelian groups. We write lim←�_pG ∶= lim←�((G)_p), and R^1lim←�_pG ∶= R^1 lim←�((G)_p). This construction defines a left exact functor lim←�_p from the category of abelian groups to itself, and for a short exact sequence

0 → A → B → C → 0

of abelian groups, we have the long exact squence

0 → lim←�_pA → lim←�_pB → lim←�_pC → R^1lim←�_pA → R^1lim←�_pB → R^1lim←�_pC → 0.

Definition 3.2. We write Pic^{Strat}(X) for the set of isomorphism classes of stratified bundles of rank 1. The tensor product of stratified bundles gives this set an abelian group structure.

By Theorem 2.3 we can associate with every stratified line bundle a sequence of elements L_n ∈ Pic X, such that L^p_{n+1} = L_n. This gives a group homomorphism Pic^{Strat}(X) → lim←�_p Pic X.

Definition 3.3. Denote by I(X) the subgroup of Pic^{Strat}(X) of isomorphism classes of stratified line bundles (L_n, σ_n) with L_n ≅ O_X for all n.

We clearly have the following:

Proposition 3.4. The morphisms described above fit in a functorial short exact sequence

0 → I(X) → Pic^{Strat}(X) → lim←� p Pic(X) → 0.

Moreover, it is not difficult to describe the group I(X) concretely:

Proposition 3.5. There is a functorial exact sequence

0 � k^× � H^0(X, O^×_X )^Δ � lim←�_n H^0(X, O^×_X )/H^0(X, O^×_X )^{pn} � I(X) � 0

where the morphism k^× → H^0(X, O^×_X ) is the canonical inclusion, and Δ the diagonal map.

Proof. Since the base field k is algebraically closed of characteristic p > 0, the sequence is exact at H^0(X, O^×_X ). Indeed, H^0(X, O^×_X )/k^× is a finitely generated free abelian group, because of the exact sequence

0 � H^0(X, O^×_X ) � H^0(X, O^×_X ) � ⊕i DiZ � Cl(X) � Cl(X) � 0,

where X is any normal compactification of X, and D_i the irreducible components of X ∖ X. This shows that the kernel of Δ is precisely k^×. Thus we only need to construct the morphism

ϕ ∶ coker(Δ) → I(X),

and show that it is a natural isomorphism.

Given an element α ∶= (α_1, α_2, . . .) ∈ lim←�_n H^0(X, O^×_X )/H^0(X, O^×_X )^{pn} , take any sequence of lifts a ∶= (a_1, a_2, . . .) ∈ H^0(X, O^×_X )^N, and define the stratified bundle Ψ(a) ∶= (Ψ_n(a), σ^a_n)_{n≥0} by setting Ψ(a)_n = O_X , and by defining the transition isomorphisms σ^a_n ∶ Ψ(a)_n → F^∗Ψ(a)_{n+1} as follows: σ^a_0 is multiplication by a_1, and σ^a_n = (a_{n+1}a^{−1}_n )^{1/pn} , n > 0. This works, since by definition a_{n+1} ≡ a_n mod p^n. We have to check that this construction gives a well-defined map Ψ: If we pick a different sequence of lifts a^′ ∶= (a^′_1, a^′_2, . . .) of α = (α_1, α_2, . . .), then the resulting stratified line bundle Ψ(a^′) is isomorphic to Ψ(a). Indeed, if b^{pn}_n = a^′_na^{−1}_n , then the sequence of isomorphisms ϕ_0 = id, ϕ_n ∶ Ψ(a)_n^{⋅bn}�→ Ψ(a^′)_n, n > 1, defines an isomorphism of stratified bundles. We write Ψ(α) for the isomorphism class of the stratified bundle Ψ(a) It is readily checked that this map is surjective: If the stratified bundle L = (L_n, σ_n)_{n≥0} is given by L_n = O_X and the transition morphisms σ_n, then σ_n ∈ H^0(X, O^×_X ), and L = Ψ((σ_0, σ_0σ^p_1 , σ_0σ^p_1 σ^{p2}_2 , . . .)).

To compute the kernel, note that a stratification L on O_X which is given by transition morphisms σ_n, is trivial if and only if there exists a sequence ϕ_0, ϕ_1, . . . ∈ H^0(X, O^×_X ) such that σ_nϕ^p_{n+1} = ϕ_n, n > 0. By recursion, this means that ϕ_0 = σ_0σ^p_1 ⋅ . . . ⋅ σ^{pn}_n ϕ^{pn+1}_{n+1}

for every n. In other words: L = Ψ(Δ(ϕ_0)), so the kernel of Ψ is precisely H^0(X, O^×_X ). This completes the proof.

Remark 3.6. (a) The description of I(X) in Proposition 3.5 was inspired by a similar description for stratified bundles line bundles on k((t)) in [MvdP03].

(b) Note that the abelian group lim←�_n H^0(X, O^×_X )/H^0(X, O^×_X )^{pn} is just the p-adic completion of the free finitely generated abelian group H^0(X, O^×_X )/k^×, and the map Δ induces the canonical map from H^0(X, O^×_X )/k^× into its p-adic completion.

Corollary 3.7. The group I(X) is trivial if and only if H^0(X, O^×_X ) = k^×.

Proof. This follows from Proposition 3.5 and Remark 3.6, (b), because the map from Z^r into its p-adic completion is surjective if and only if r = 0.

Corollary 3.7 allows us to exhibit a class of examples of varieties X such that I(X) is trivial:

Proposition 3.8. If k is an algebraically closed field, and if X is a connected normal k-scheme of finite type, such that the maximal abelian pro-ℓ-quotient π_1(X)^{ab,(ℓ)} is trivial for some ℓ ≠ char(k), then H^0(X, O^×_X ) = k^×. In particular, if k has positive characteristic, then I(X) = 0.

Proof. This argument is due to Hélène Esnault. Assume f ∈ H^0(X, O^×_X ) ∖ k^×. Then f induces a dominant morphism f^′ ∶ X → G_{m,k} ≅ A^1_k ∖ {0}, as f^′ is given by the map k[x^{±1}] → H^0(X, O_X ), x ↦ f, which is injective if and only if f is transcendental over k. Thus f^′ induces an open morphism π_1(X) → π_1(G_{m,k}), see e.g. [Sti02, Lemma 4.2.10]. But under our assumption, the maximal abelian pro-ℓ-quotient of the image of this morphism is trivial, so the image of π_1(X) cannot have finite index in the group π_1(G_{m,k}), as in fact π_1(G_{m,k})^{(ℓ)} ≅ ̂Z^{(ℓ)} = Z_ℓ.

Remark 3.9. We can modify the argument of Proposition 3.8 slightly to obtain: If k has positive characteristic p, and π_1(X)^{ab,(p)} = 0, then H^0(X, O_X ) = k. A consequence is a proof of the folklore fact that over a field k of positive characteristic, unlike in characteristic 0, no normal, connected, affine, finite type k-scheme X of positive dimension is simply-connected, or even has π_1(X)^{ab,(p)} = 0.

Indeed, if f ∈ H^0(X, O_X ) is nonconstant, then f induces a dominant morphism X → A^1_k and hence an open morphism π^{ab,(p)}_1 (X) → π^{ab,(p)}_1 (A^1_k). But by [Kat86, 1.4.3, 1.4.4] we have H^2(π_1(A^1_k), F_p) = 0, so π_1(A^1_k)^{(p)} is free pro-p of rank dim_{Fp} H^1(A^1_k, F_p) = #k. Thus the image of π^{ab,(p)}_1 (X) in this group can only have finite index if π_1(X)^{ab,(p)} ≠ 0.

Recall that a good compactification of a smooth k-scheme X is a proper, smooth, finite type k-scheme X, with a dominant open immersion X ↪ X, such that X ∖ X is the support of a strict normal crossings divisor. The main goal of this section is to prove the following theorem:

Theorem 3.10. Let X, Y be smooth, separated, finite type k-schemes, and let f ∶ Y → X be a morphism such that the following conditions are satisified:

(a) There exist good compactifications X and Y of X and Y , such that f extends to a morphism f̄ ∶ Y → X.

(b) f induces an isomorphism

f_∗ ∶ π^{ab,(p′)}

1 (Y ) → π^{ab,(p′)}_1 π_1(X), (2)

(c) The cokernel of the morphism

H^0(X, O^×_X ) → H^0(Y, O^×_Y ). (3)

induced by f is a p-group.

Then pull-back along f induces an isomorphism

Pic^{Strat}(X)^≅�→ Pic^{Strat}(Y ).

Remark 3.11. (a) The morphism (3) is an isomorphism in the following two situations:

(i) X, Y proper over k. (ii) π^{ab,(p′)}

1 (Y ) = π^{ab,(p′)}_1 (X) = 1 (e.g. (2) is an isomorphism and X = Spec(k)). See Proposition 3.8.

Thus in these two cases, the theorem establishes that f induces an isomorphism of abelian groups Pic^{Strat}(X) → Pic^{Strat}(Y ), if (2) is an isomorphism.

(b) If (2) is an isomorphism, then (3) is always injective. Indeed, if α ∈ H^0(X, O^×_X ) is a global unit, then α induces a morphism X → G_m, which is dominant if and only if α is non-constant. Hence the induced continuous morphism π^{ab,(p′)}_1 (X) → ̂Z^{(p′)} is open if and only if α is non-constant. If (2) is an isomorphism, then f^∗α is non-constant whenever α is. In particular, it follows that (3) is injective.

(c) Clearly (3) is not necessarily an isomorphism, even if (2) is: Just take the purely inseparable morphism G_m → G_m defined by taking the p-th root of a coordinate on G_m.

(d) The question whether (3) has a p-group as cokernel whenever (2) is an isomorphism, belongs to the area of Grothendieck’s anabelian geometry: The cokernel of (3) is finitely generated by [Kah06, Lemme 1], so we can split off the p-power torsion. If α ∈ H^0(Y, O^×_Y ) is a global unit of order prime to p in the cokernel of (3), and if (2) is an isomorphism, then α comes from a global unit on X if and only if the induced morphism on fundamental groups

π^{ab,(p′)}

1 (X)^≅�→ π^{ab,(p′)}_1 (Y )^{α∗}�→ π^{ab,(p′)}_1 (G_m) = ̂Z^{(p′)}

is induced by a morphism of k-schemes X → G_m. The author does not know whether the condition that (2) is an isomorphism always implies that the cokernel of (3) is a p-group.

We need a few lemmas to prepare the proof of Theorem 3.10.

Lemma 3.12. If G is a finitely generated abelian group, then the functor lim←�_p is naturally isomorphic to the functor which assigns to G its subgroup G[p^′] of torsion elements of order prime to p.

If G is a finite abelian group or an abelian group (not necessarily finitely generated) on which multiplication by p is surjective, then R^1lim←�_pG = 0.

Proof. In a finitely generated abelian group, an element is infinitely p-divisible if and only if it is torsion of order prime to p. Moreover, an element x ∈ G[p^′] admits a unique p-th root in G[p^′]. It follows that the map lim←�_pG → G[p^′], (x_1, x_2, . . .) ↦ x_1 is an isomorphism.

For the second claim, if G is finite or if multiplication by p on G is surjective, then the projective system (1) satisfies the Mittag-Leffler condition, so R^1lim←�_pG = 0.

Lemma 3.13. Consider the following morphism of short exact sequences of abelian groups 0 � D1 � f � G_1 � g � F_1 � h � 0

0 � D2 � G2 � F2 � 0

with F_1, F_2 finitely generated, and such that multiplication by p on D_1, D_2 is surjective (e.g. D_1, D_2 divisible).

Assume that the following conditions are satisfied:

(a) f is surjective with finite kernel.

(b) ker(g) contains no torsion elements of order prime to p.

(c) The restriction h∣_{F1 [p}′_] ∶ F_1[p^′] → F_2[p^′] is surjective.

Then the induced morphism lim←�_pG_1 → lim←�_pG_2 is an isomorphism.

Proof. Since R^1lim←�_pD_i = 0 for i = 1, 2 by Lemma 3.12, we get the following morphism of short exact sequences:

0 � lim←�_pD^1 �

lim←�_pf � lim←�_pG_1 �

lim←�_pg � lim←�_pF_1 �

lim←�_ph � 0

0 � lim←�_pD^2 � lim←�_pG^2 � lim←� F2 � 0

By the left-exactness of lim←�_p, we have lim←�_p(ker g) = ker(lim←�_pg). But by assumption (a), ker g is an extension of two finitely generated groups, and hence finitely generated itself. It has no prime-to-p torsion by (b), so by Lemma 3.12, lim←�_p(ker g) = 0. Thus lim←�_pg is injective.

Next, by (a), f is surjective with finite kernel, which implies that lim←�_pf is surjective, since R^1lim←�_p(ker(f)) = 0 by Lemma 3.12.

Finally, by Lemma 3.12 we know that lim←�_ph = h∣_{F1[p}′_] ∶ F_1[p^′] → F_2[p^′]. This morphism is surjective by (c). It follows that lim←�_pg is also surjective, which completes the proof.

Lemma 3.14. If f ∶ Y → X is a morphism of connected, smooth, separated, finite type k-schemes, such that f induces an isomorphism π_1(Y )^{ab,(p′) ≅}�→ π_1(X)^{ab,(p′)}, and if X, Y are smooth compactifications of X, Y , such that f extends to f̄ ∶ Y → X, then the map

π_1(Y )^{ab,(p′)} → π_1(X)^{ab,(p′)}

induced by f̄ is surjective with finite kernel.

Proof. The surjectivity is clear, as π_1(X)^{ab,(p′)} and π_1(Y )^{ab,(p′)} surject onto π_1(X)^{ab,(p′)} and π_1(Y )^{ab,(p′)}, respectively. We use the theory of the Albanese variety: After choosing a base point x ∈ X(k), there exists a unique semiabelian variety Alb_X , together with a map alb_{X,x} ∶ X → Alb_X , such that alb_{X,x}(x) = 0, and such that any map g ∶ X → A from X to a semi-abelian variety A with g(x) = 0 factors uniquely through alb_{X,x}. For more details, see e.g. [SS03]. The Albanese variety classifies abelian coverings of X in the following sense: For ℓ a prime different from p, there exists a canonical isomorphism

hom(H^1(X, Z_ℓ), Q_ℓ/Z_ℓ) ≅ Alb_X (k){ℓ}, see [SS03, Cor. 4.3], where Alb_X (k){ℓ} is the the subgroup of Alb_X (k) of all ℓ-power torsion elements. As a semi-abelian variety, Alb_X can be written uniquely as an extension of an abelian variety by a torus. The unique abelian variety appearing in this description of Alb_X is canonically isomorphic to Alb_X . By Chevalley’s structure theorem for algebraic groups, the connected component of the origin (with its reduced structure) K^0_{red} of the kernel of the morphism of group schemes Alb_Y → Alb_X is a semi-abelian variety, and since every map from an abelian variety into an affine variety is constant, it follows that the unique abelian variety quotient of K^0_{red} is precisely the connected component of the origin (with its reduced structure) of the kernel of Alb_Y → Alb_X . With that in mind, we see that the assumption that π_1(Y )^{ab,(p′) ≅}�→ π_1(X)^{ab,(p′)} is an isomorphism implies that the map Alb_Y (k) → Alb_X (k) is an isomorphism on prime-to-p torsion, and hence K^0_{red} is the trivial semi-abelian variety. Then ker(Alb_Y → Alb_Y )^0_{red} is the trivial abelian variety, which shows that the kernel of Alb_Y (k) → Alb_X (k) is a finite group.

Writing T_ℓ for the Tate module, we see that if ℓ is a prime different from p, then T_ℓ Alb_Y → T_ℓ Alb_X is injective. Finally, since X and Y are proper and smooth, we get a morphism of short exact sequences

0 � hom(NS(Y ){ℓ}, Q_ℓ/Z_ℓ) � � π_1(Y )^{ab,(ℓ)} � � T_ℓ Alb_Y � � � � 0

0 � hom(NS(X){ℓ}, Q_ℓ/Z_ℓ) � π_1(X)^{ab,(ℓ)} � Tℓ Alb_X � 0.

The groups on the left are finite groups, so we deduce that π_1(Y )^{ab,(ℓ)} → π_1(X)^{ab,(ℓ)} always has a finite kernel, and is injective for all but finitely many ℓ. This implies that the kernel of π_1(Y )^{ab,(p′)} → π_1(X)^{ab,(p′)} is finite.

Proposition 3.15. With the notations and assumptions of Theorem 3.10, pullback along f induces an isomorphism

lim←�_p Pic(X)^≅�→ lim←�_p Pic(Y ).

Proof. By Lemma 3.14 the induced morphism π_1(Y )^{ab,p′} → π_1(X)^{ab,p′} is surjective with finite kernel. Define K_X ∶= ker(Pic(X) → Pic(X)) and K_Y ∶= ker(Pic(Y ) → Pic(Y )). We get a commutative diagram

0 � KX �

� Pic(X)

�

� Pic(X)

�

� 0

0 � KY � Pic(Y ) � Pic(Y ) � 0

with K_X , K_Y finitely generated abelian groups. We have a second exact sequence 0 → Pic^0(X) → Pic(X) → NS(X) → 0 with NS(X) a finitely generated group, according to, e.g., [Kah06, Thm. 3]. Moreover, Pic^0(X) is the set of k-points of an abelian variety, so Pic^0(X) is a divisible abelian group.

Define Pic^0(X) as the image of Pic^0(X) in Pic(X), and NS(X) as Pic(X)/ Pic^0(X). Then Pic^0(X) still divisible, and NS(X) is still finitely generated. Pullback along f induces a morphism Pic^0(X) → Pic^0(Y ), and hence a morphism NS(X) → NS(Y ).

We obtain the following commutative diagram with exact rows:

0 � Pic^0(X) �

� Pic(X) �

� NS(X) � � 0

0 � Pic^0(Y ) � Pic(Y ) � NS(Y ) � 0 (4)

We are now in the situation of Lemma 3.13, and check that the conditions (a), (b) and (c) from the lemma are satisfied for diagram (4).

For Lemma 3.13, (a) we have to show that Pic^0(X) → Pic^0(Y ) is surjective with finite kernel.

For every n prime to p, Kummer theory shows that there a morphism of short exact sequences of abelian groups

0 � H^0(X, O^×_X )/H^0(X, O^×_X )^n

�

� Hom(πab,(p^′)_1 (X), Z/nZ)

�

� Pic(X)[n]

�

� 0

0 � H^0(Y, O^×_Y )/H^0(Y, O^×_Y )^n � Hom(π^{ab,(p′)}_1 (Y ), Z/nZ) � Pic(Y )[n] � 0 (5) where the two left vertical arrows are isomorphisms by the assumptions (b) and (c) of Theorem 3.10, and hence so is the third. Since by Lemma 3.14 the morphism π_1(Y )^{ab,(p′)} → π_1(X)^{ab,(p′)} is surjective with finite kernel, the same argument as above shows that for almost all n prime to p, Pic(X)[n]^≅�→ Pic(Y )[n]. Since Pic^0(X) is divisible, we have a short exact sequence

0 → Pic^0(X)[n] → Pic(X)[n] → NS(X)[n] → 0

which shows that for almost all n prime to p, Pic^0(X)[n]^≅�→ Pic^0(Y )[n]. Since Pic^0(X) and Pic^0(Y ) are sets of k-points of abelian varietes, and since pullback along f induces a morphism of the underlying abelian varieties, it follows that Pic^0(X) → Pic^0(Y ) is surjective with finite kernel. From the morphism of short exact sequences

0 � K_X ∩ Pic^0(X) � � Pic^0(X) � � Pic^0(X) � � 0

0 � K_Y ∩ Pic^0(Y ) � Pic^0(Y ) � Pic^0(Y ) � 0 we see that Pic^0(X) → Pic^0(Y ) is surjective. To prove that its kernel is finite, it suffices to show that coker(K_X ∩ Pic^0(X) → K_Y ∩ Pic^0(Y )) is finite. For this, let ℓ be a prime different from p, and write X ∖ X =∶ D_X = ⋃^{r(X)}_{i=1} D_{X,i} with D_{X,i} smooth divisors. Let M_X ∶= ⊕ D_{X,i}Z be the free Z-module of rank r(X), and similarly for Y . We have the associated Gysin exact sequence in étale cohomology [Mil80, Ch. VI, Cor. 5.3]:

0 � H^1(X, Z_ℓ(1)) �

� H 1(X, Z_ℓ(1))

�

� M_X ⊗ Z_ℓ

�

c^{ℓ,X}_1 �

H^2(X, Z_ℓ(1)) � 0 � H^1(Y , Z_ℓ(1)) � H^1(Y, Zℓ(1)) � MY ⊗ Zℓ^c ℓ,Y 1 � H 2(Y , Z_ℓ(1))

As we have seen, for almost all primes ℓ the two left vertical arrows are isomorphisms, so ker(c^{ℓ,X}_1 )^≅�→ ker(c^{ℓ,Y}_1 ) for almost all ℓ. But by construction, we have a commutative diagram

ker(c^{ℓ,X}_1 ) � � � (K_X ∩ Pic^0(X)) ⊗ Z_ℓ � ker(c^{ℓ,Y}_1 ) � � (K_Y ∩ Pic^0(Y )) ⊗ Z_ℓ

This shows that the finitely generated group coker(K_X ∩ Pic^0(X) → K_Y ∩ Pic^0(Y )) is trivial after tensoring with Z_ℓ for almost all ℓ and hence finite. This finishes the proof that condition (a) from Lemma 3.13, holds for diagram (4).

To show that Lemma 3.13, (b) holds for diagram (4) we note that we have seen below (5) that the kernel of Pic(X) → Pic(Y ) contains no prime-to-p-torsion. Finally, lets check that Lemma 3.13, (c) holds. Since Pic^0(X) is divisible, for every n prime to p we get a commutative diagram

Pic(X)[n] � � ≅ � NS(X)[n] � Pic(Y )[n] � � NS(Y )[n]

with surjective horizontal arrows. This shows that NS(X)[p^′] → NS(X)[p^′] is surjective, so Lemma 3.13, (c) holds for diagram (4).

With Proposition 3.15, the proof of Theorem 3.10 becomes simple:

Proof of Theorem 3.10. By Proposition 3.4, f induces a morphism of short exact sequences

0 � I(X) �

�

Pic^{Strat}(X) � � lim←�_p Pic(X) �

� 0

0 � I(Y ) � Pic^{Strat}(Y ) � lim←�_p Pic(Y ) � 0

By assumption there exist good compactifications X and Y , such that f extends to f̄ ∶ Y → X. Then the right vertical morphism is an isomorphism by Proposition 3.15. We show that Proposition 3.5 implies that the left vertical arrow is an isomorphism under our assumptions: If C ∶= coker(H^0(X, O^×_X ) → H^0(Y, O^×_Y )), then by assumption C is a finitely generated abelian p-group, and hence a finite p-group. It follows that the diagonal map

C → lim←� n C/p^n

is an isomorphism. By the exactness of p-adic completion of finitely generated abelian groups, we have a canonical isomorphism

lim←� n C/p^n ≅ coker(lim←� n H^0(X, O^×_X )/p^n → lim←� n H^0(Y, O^×_Y )/p^n),

so looking at the long exact sequence attached to the morphism of short exact sequences

0 � H^0(X, O^×_X )/k^× �

� lim ←�n H^0(X, O^{×X} )/p^n

lim←�^{f ∗} �

� I(X) �

�

0

0 � H^0(Y, O^×_Y )/k^× � lim←�_n H^0(Y, O^×Y )/p^n � I(Y ) � 0,

we see that I(X) → I(Y ) is surjective. But by Remark 3.11, (b) the two left vertical arrows are injective, so I(X) ≅ I(Y ) as claimed.

To close this section, we show that in the case that X = Spec k, the assumption that Y admits a good compactification is not necessary:

Proposition 3.16. Let Y be a smooth, connected, separated, finite type kscheme, such that π^{ab,(p′)}_1 (Y ) = 0. Then Pic^{Strat}(Y ) = 0.

In the proof of Proposition 3.16 we will use Nagata’s theorem on compactifications (see [Lüt93]) to find a normal projective compactification Y of Y . In a preliminary version of this article we used de Jong’s theorem on alterations ([dJ96]) to replace Y with a nice simplicial scheme, and then we studied the attached groups of simplicial line bundles. These arguments were long and technical.

Brian Conrad suggested working directly with the normal projective compactifications instead of using simplicial techniques: He pointed out a theorem by Lang stating that if Y is projective and normal, then the group Cl^{alg}(Y ) of classes of those Weil divisors modulo linear equivalence which are algebraically equivalent to 0 is the group of k-points of an abelian variety; for a modern treatment see [BGS11].

We are grateful to Brian Conrad for bringing this result to our attention.

Proof of Proposition 3.16. By Proposition 3.8, we know that I(Y ) = 0. Hence, according to Proposition 3.4, we only have to show that lim←�_p Pic(Y ) = 0. As in (5), Kummer theory shows that Pic(Y )[n] = 0, whenever n is prime to p. Thus, Lemma 3.12 shows that it suffices to prove that Pic(Y ) is a finitely generated group.

To this end, let Y be a normal projective compactification of Y , and Cl(Y ) the group of Weil divisors on Y modulo linear equivalence. We then have a surjection Cl(Y ) → Pic(Y ), and a short exact sequence

0 � Cl^{alg}(Y ) � Cl(Y ) � NS(Y ) � 0

with NS(Y ) finitely generated by [Kah06, Thm. 3]. By the aforementionend result of Lang, Cl^{alg}(Y ) is the set of k-points of an abelian variety. More precisely, given a point y ∈ Y (k), there is an abelian variety A and a rational map α_y ∶ Y ⇢ A defined around y, such that α_y(y) = 0, and such that every rational map β ∶ Y ⇢ B defined around y, with B an abelian variety and β(y) = 0, factors through α_y. The abelian variety A is the Albanese variety for rational maps, and its dual has the property that A^∨(k) = Cl^{alg}(Y ). For a modern treatment see [BGS11].

Now to finish, note that since the kernel of the surjection Cl(Y ) ↠ Pic Y is finitely generated, it follows that Cl(Y )[n] = 0 for all but finitely many n. This implies that Cl^{alg}(Y )[n] = 0 for all but finitely many n, which shows that Cl^{alg}(Y ) = 0, since the underlying abelian variety must have dimension 0. It follows that Cl(Y ) = NS(Y ) is finitely generated and thus that Pic(Y ) is finitely generated.

4 Special case II: Extensions of stratified bundles of rank 1

We continue to write k for an algebraically closed field of characteristic p > 0.

Lemma 4.1. Let X be a smooth, connected, separated k-scheme of finite type which admits a good compactification, and x̄ a geometric point. If π^{tame}_1 (X, x̄) does not have a quotient isomorphic to Z/pZ, then Ext^1_{Strat}rs_{(X)}(O_X , O_X ) = 0.

Proof. Let X be a good compactification of X and E a regular singular stratified bundle on X, which is an extension of O_X by O_X in Strat^{rs}(X). The aim is to show that E extends to a stratified bundle E ∈ Strat(X); the assumption on π^{tame}_1 (X, x̄) implies that π_1(X, x̄) does not have a quotient isomorphic to Z/pZ, so we can then apply [EM10, Prop. 2.4] to show that E is trivial. To show that E extends to a stratified bundle E on X, by Proposition 2.12 it suffices to show that the exponents of E along every component of the boundary divisor X ∖ X are 0 mod Z. Let x_0 ∈ X be a closed point lying on precisely one component of X ∖ X. Write K_{x0} ∶= Frac( ̂O_{X,x0} ). Then, after choosing coordinates x_1, . . . , x_n, K_{x0} is isomorphic to the fraction field of the ring of formal power series k�x_1, . . . , x_n�. Write ̂E ∶= E ⊗ K_{x0} . The stratification on E gives ̂E the structure of a finite dimensional K_{x0} -vector space with an action of the ring of differential operators k[∂^{(m)}_{xi} ∣i = 1, . . . , n, m ≥ 0], where the usual composition rules hold. Such an object is called an iterative differential module in [MvdP03]. The category Strat(K_{x0} ) of such objects is “almost” a neutral Tannakian category, but there might not exist a k-valued fiber functor (for more details see [Kin12b, Ch. 1]). Fortunately, the sub-tensor category ⟨ ̂E⟩_⊗ ⊂ Strat(K_{x0} ) spanned by ̂E admits a fiber functor ω by [Del90, Cor. 6.20], as k is algebraically closed. Composition of ω with the restriction functor ⟨E⟩_⊗ → ⟨ ̂E⟩_⊗ is a fiber functor for ⟨E⟩_⊗, hence we get a morphism G(⟨ ̂E⟩_⊗) → G(⟨E⟩_⊗) of the associated affine k-group schemes, and this morphism is a closed immersion by [DM82, Prop. 2.21].

Since E is an extension of O_X by O_X , its monodromy group G(⟨E⟩_⊗) is a closed subgroup scheme of G_{a,k}. But E is assumed to be regular singular, so [Gie75, Thm. 3.3] implies that ̂E is a direct sum of rank 1 objects of Strat(K_{x0} ) and thus G(⟨ ̂E⟩_⊗) is a closed subgroup scheme of G^2_{m,k}. We finally conclude that ̂E ≅ K^2_{x0} as an object of Strat(K_{x0} ), since G_{a,k} does not have nontrivial diagonizable subgroups, and then [Gie75, Thm. 3.3] implies that the exponents of E along the component on which x_0 lies are 0 mod Z. We repeat the same argument for every component of the boundary X ∖X, and hence complete the proof.

We can now prove one of the main results of this article:

Theorem 4.2. Let X be a smooth, connected, separated k-scheme of finite type which admits a good compactification, and x̄ a geometric point. If π^{tame}_1 (X, x̄)^{ab,(p′)} = 0, and if π^{tame}_1 (X, x̄) does not have a quotient isomorphic to Z/pZ, then every regular singular stratified bundle on X which has abelian monodromy is trivial.

Proof. Let E be a regular singular stratified bundle on X, and ω ∶ ⟨E⟩_⊗ → Vectf_k a fiber functor. Assume that the associated k-group scheme G(⟨E⟩_⊗ , ω) is abelian. By [Wat79, 9.4] every irreducible object of ⟨E⟩_⊗ has rank 1. By Proposition 3.16 every rank 1 object of Strat(X) is trivial, and by Lemma 4.1 there are no nontrivial extensions between trivial objects of rank 1. It follows that every object of ⟨E⟩_⊗ is trivial.

5 Special case III: Affine spaces

We continue to denote by k an algebraically closed field of characteristic p > 0. It is well known that π^{tame}_1 (A^n_k ) = 0 for all n ≥ 0.

Theorem 5.1. Every regular singular stratified bundle on A^n_k is trivial.

Remark 5.2.

• A slightly different approach to Theorem 5.1 was sketched in [Esn12, 4.4]

• Note that Theorem 5.1 follows directly from Proposition 3.16 and [Gie75, Thm. 5.3], which states that every regular singular stratified bundle on P^n_k ∖ D is a direct sum of stratified line bundles, if D is a strict normal crossings divisor. Unfortunately [loc. cit.] is imprecisely stated (it is false for n = 1) and its proof is very complicated.

Below we give a simple argument to prove Theorem 5.1, which is certainly implicitly contained in [Gie75].

Proof of Theorem 5.1. The case of A^1_k follows from [Gie75, Prop. 4.2] and Proposition 3.16.

We proceed by induction; let n > 1. Then the n-fold product P^1_k ×_k . . . ×_k P^1_k is a good compactification of A^n_k , and if E is a stratified bundle on A^n_k , then E is regular singular if and only if it is (A^n_k , (P^1_k)^n)-regular singular by Proposition 2.7.

We compute the exponents of E along the divisor (P^1_k)^{n−1} ×_k {∞} ⊂ (P^1_k)^n. To this end let E be a free O_An−1_{k ×(P}1_{k∖{0})}-module with D_An−1_{k ×(P}1_{k∖{0})/k}(log A^{n−1}_k × {∞})-action extending E∣_An−1_{k ×Gm} . Choose coordinates x_1, . . . , x_n such that A^{n−1}_k ×_k (P^1_k ∖ {0}) = Spec k[x_1, . . . , x_{n−1}, x^{−1}_n ]. By Proposition 2.10 there exists a basis e_1, . . . , e_r of the free module E, such that

δ^{(m)}_{x−1n} (e_i) = ( α_i m )e_i + x^{−1}_n E

with α_i ∈ Z_p an exponent of E along A^{n−1}_k × {∞}. But the same equation also holds modulo a prime ideal (x_1 − a_1, . . . , x_{n−1} − a_{n−1}), a_1, . . . , a_{n−1} ∈ k, so α_i mod Z is an exponent of the fiber E∣_{(a1 ,...,an−1)×A}1_k along the divisor (a_1, . . . , a_{n−1}, ∞) ⊂ (a_1, . . . , a_{n−1}) × P^1_k.

The case n = 1 now shows that α_i ≡ 0 mod Z, and hence the exponents of E along A^{n−1}_k ×_k {∞} are 0 mod Z. By Proposition 2.12 this means that E extends to an actual stratified bundle on A^{n−1}_k ×_k P^1.

But now we are done: The above argument shows that E extends to a stratified bundle on (P^1_k)^n: First to (P^1_k)^n minus a closed subset of codimension ≥ 2, and then by [Kin12a, Lemma 2.5] to (P^1_k)^n. But there are only trivial stratified bundles on (P^1_k)^n, as it it is birational to P^n_k , so E is trivial ([Gie75, Thm. 2.2]).

6 Special case IV: Universal homeomorphisms

We continue to denote by k an algebraically closed field of characteristic p > 0. Recall that by [EGA4, 18.12.11], a finite type morphism f ∶ Y → X of finite type k-schemes is a universal homeomorphism if and only if it is finite, purely inseparable (i.e. universally injective) and surjective. It is proven in [SGA1, IX.4.10] that f induces an isomorphism π^{ét}_1 (Y )^≅�→ π^{ét}_1 (X) (with appropriate choices of base points); it follows from [Vid01] that the same is true for π^{tame}_1 . In this section we prove that pull-back along f is an equivalence Strat^{rs}(X) → Strat^{rs}(Y ).

For a k-scheme X, we write X^{(n)} for the base change of X along the n-th power of the absolute Frobenius of k, and by F^{(n)}_{X/k} ∶ X → X^{(n)} the associated k-linear relative Frobenius. It follows from Theorem 2.3 that pull-back along F^{(n)}_{X/k} induces an equivalence of categories Strat(X^{(n)}) → Strat(X). This remains true in the regular singular case: We first work with respect to one fixed good partial compactification (X, X).

Proposition 6.1 (“Frobenius descent”). If (X, X) is a good partial compactification, then the pair (X^{(n)}, X^{(n)}) also is a good partial compactification, and F^{(n)}_{X/k} induces an equivalence

(F^{(n)}_{X/k})^∗ ∶ Strat^{rs}((X^{(n)}, X^{(n)})) → Strat^{rs}((X, X)).

Proof. We may assume that n = 1, and write F_{X/k} = F^{(1)}_{X/k}.

Write D ∶= X ∖ X and D^{(1)} ∶= X^{(1)} ∖ X^{(1)}. Since the functor F^∗_{X/k} ∶ Strat(X^{(1)}) → Strat(X) is an equivalence, it suffices to show that the essential image of Strat^{rs}((X^{(1)}, X^{(1)})) in Strat(X) is Strat^{rs}((X, X)), i.e. it suffices to show that a stratified bundle E on X^{(1)} is (X^{(1)}, X^{(1)})-regular singular if F^∗_{X/k}E is (X, X)-regular singular.

Let j ∶ X ↪ X denote the inclusion. Assume that F^∗_{X/k}E is (X, X)-regular singular. Let E^′ be any torsion free coherent extension of E to X^{(1)} and E the D_X (1)_{/k}(log D^{(1)})-module generated by E^′ in the D_X (1)_{/k}(log D^{(1)})-module j^{(1)}_∗ E. We need to show that E is O_X (1) -coherent. Since F_{X/k} is faithfully flat, it suffices to show that F^∗_{X/k}E is O_X -coherent, [SGA1, Prop. VIII.1.10]. Define G to be the D_{X/k}(log D)-module generated by F^∗_{X/k}E^′ in j_∗F^∗_{X/k}E = F^∗_{X/k}j^{(1)}_∗ E. Then G is O_X -coherent by assumption, so the proof is complete if we can show that G = F^∗_{X/k}E.

The O_X (1) -module j^{(1)}_∗ E naturally carries a D_X (1)_{/k}(log D^{(1)})-action, and similarly for j_∗F^∗_{X/k}E. Then we can describe F^∗_{X/k}E as the image of the (pulledback) evaluation morphism

F^∗_{X/k} (D_X (1)_{/k}(log D^{(1)}) ⊗_{OX(1)} E^′) → F^∗_{X/k}j^{(1)}_∗ E,

and G as the image of the evaluation morphism D_{X/k}(log D) ⊗_{OX} F^∗_{X/k}E^′ → j_∗F^∗_{X/k}E = F^∗_{X/k}j^{(1)}_∗ E.

These morphisms fit in a commutative diagram (writing F = F_{X/k} for legibility):

F^∗ (D_X (1)_{/k}(log D^{(1)}) ⊗_{OX(1)} E^′) � F^∗j^{(1)}_∗ E

F^∗D_X (1)_{/k}(log D^{(1)}) ⊗_F −1_{OX(1)} F^{−1}E^′

D_{X/k}(log D) ⊗_F −1_{OX(1)} F^{−1}E^′

γ⊗id �

D_{X/k}(log D) ⊗_{OX} F^∗E^′ � j_∗F^∗E,

where γ ∶ D_{X/k}(log D) → F^∗_{X/k}D_X (1)_{/k}(log D^{(1)}) = O_X ⊗_F −1_{OX(1)} F^{−1}D_X (1)_{/k}(log D^{(1)})

is the canonical morphism coming via restriction from the morphism D_{X/k} → F^∗_{X/k}D_X (1)_{/k}. It follows that G = F^∗_{X/k}E, if γ is surjective.

This is a local question, so we may assume that X = Spec A and X = Spec A[t^{−1}_1 ], with t_1, . . . , t_r local coordinates on A. Then X^{(1)} = Spec A ⊗_{Fk} k, and t_1 ⊗ 1, . . . , t_r ⊗ 1 is a system of local coordinates for A ⊗_{Fk} k. The relative frobenius F_{X/k} then maps t_i ⊗ 1 ↦ t^p_i , for i = 1, . . . , r.

With the notation δ^{(pm)}_{ti} from Definition 2.5, (b), and recalling that δ^{(pm)}_{ti} “behaves like”^{tp} m i p^m ! ∂ p^m /∂tp^m

i , we claim that γ(δ^{(1)}_{ti} ) = 0 and

γ(δ^{(pm)}_{ti} ) = δ^{(pm−1)}_{ti⊗1} for m > 1, (6) which shows that the image of γ contains all the generators of the left-O_X - algebra F^∗_{X/k}D_X (1)_{/k}(log D^{(1)}), and thus that γ is surjective. As for the claim, it suffices to observe that for s ≥ 0,

δ^{(pm)}_{ti} ((t^p_j )^s) = ⎧⎪ ⎪ ⎨ ⎪ ⎩ 0 i ≠ j (^{sp}_{pm} ) otherwise, and finally that ( sp p^m

) ≡ ( s p^{m−1}

) mod p.

Remark 6.2. This proof does not show that all O_X -coherent D_{X/k}(log D)- module descend to O_X (1) -coherent D_X (1)_{/k}(log D^{(1)})-modules. In fact, such a statement is false, due to the failure of Cartier’s theorem [Kat70, §5.] for logarithmic connections. On the other hand, in [Lor00] a version of Cartier’s theorem for log-schemes is developed, which is applied in [Mon02, Ch. 4] to construct a generalization of Frobenius descent to the logarithmic setting. For this however, the rings of coefficients have to be enlarged.

Corollary 6.3. With the notations from Proposition 6.1, if E is a locally free O_X (1) -coherent D_X (1)_{/k}(log D^{(1)})-module with exponents α_1, . . . , α_n ∈ Z_p, then F^∗_{X/k}E is a D_{X/k}(log D)-module with exponents pα_1, . . . , pα_n. Consequently, if E ∈ Strat^{rs}((X^{(1)}, X^{(1)})), with exponents α_1, . . . , α_n ∈ Z_p/Z, then F^∗_{X/k}E has exponents pα_1, . . . , pα_n ∈ Z_p/Z.

Proof. The claim follows directly from the formula (6) and the fact that δ^{(1)}_{t1} acts on F^∗_{X/k}E = O_X ⊗_{F −1 O}(1)_X E via δ^{(1)}_{t1} (a ⊗ e) = δ^{(1)}_{t1} (a) ⊗ e.

Remark 6.4. Note that multiplication by p is an automorphism of the group Z_p/Z.

Theorem 6.5. Let (X, X), (Y, Y ) be good partial compactifications and f̄ ∶ Y → X a universal homeomorphism such that f̄(X) ⊂ Y . If we write f ∶= f̄∣_X then f induces an equivalence

f^∗ ∶ Strat^{rs}((X, X))^≅�→ Strat^{rs}((Y, Y )).

Proof. The morphism f̄ is finite of degree p^n for some n, and thus there is a morphism ḡ ∶ X → Y^{(n)}, such that ḡf̄ = F^{(n)}_{Y /k}, and such that f̄^{(n)}ḡ = F^{(n)}_{X/k}. Moreover, ḡ(X) ⊂ Y^{(n)}. Write g ∶= ḡ∣_X . Then (gf)^∗ is an equivalence by Proposition 6.1, so f^∗ is essentially surjective. But (f^{(n)}g)^∗ also is an equivalence, so f^{(n),∗} is full. This shows that f^∗ is full, and since f is faithfully flat, it follows that f is faithful as well. This finishes the proof.

Theorem 6.6. Let f ∶ Y → X be a universal homeomorphism of smooth, separated, finite type k-schemes. Then f induces an equivalence

f^∗ ∶ Strat^{rs}(X)^≅�→ Strat^{rs}(Y ).

Proof. Without loss of generality we may assume that X, Y are connected. The same argument as in the proof of Theorem 6.5 shows that the fact that the relative Frobenius induces an equivalence Strat(X^{(n)}) → Strat(X), implies that the functor f^∗ ∶ Strat(X) → Strat(Y ) is an equivalence.

If follows that we just need to check that f^∗E is regular singular for E ∈ Strat(X), if and only if E is regular singular.

Assume that E is regular singular and let (Y, Y ) be a good partial compactification with Y ∖ Y smooth with generic point η. Using that k(X) ⊂ k(Y ) is purely inseparable, one quickly checks that R ∶= O_{Y ,η} ∩ k(X) is a discrete valuation ring, that O_{Y,η} is the integral closure of R in k(Y ), and hence that the residue field of R has transcendence degree dim X − 1 over k. This means that R is the local ring of a codimension 1 point on some model of k(X). Hence there exists a good partial compactification (X, X), such that f extends to a morphism f̄ ∶ Y → X (after possibly removing a closed subset of codimension ≥ 2 from Y ). This shows that f^∗E is (Y, Y )-regular singular. We repeat this for every good partial compactification (Y, Y ) to conclude that f^∗E is regular singular.

Conversely, assume that f^∗E is regular singular. To prove that E is regular singular we need to show that for every good partial compactification (X, X), such that X ∖ X is smooth with generic point ξ, there exists an open neighborhood U^′ of ξ, such that E is (U^′ ∩ X, U^′)-regular singular.

Let U = Spec A be an affine open neighborhood of ξ. We may assume that U ∶= U ∩ X is also affine, say U = Spec A. Because f is finite, V ∶= f^{−1}(U) is affine, say V = Spec B, and f∣_V is a universal homeomorphism. Let B be the integral closure of A in B, and V ∶= Spec B. Then ḡ ∶ V → U is a finite morphism. By construction V is normal, and ḡ is a universal homeomorphism, because k(X) ⊂ k(Y ) is purely inseparable. We may shrink U around ξ to obtain an open neighborhood U^′ ⊂ U of ξ, such that V^′ ∶= ḡ^{−1}(U^′) is smooth, and ḡ^′ ∶ V^′ → U^′ is a universal homeomorphism. Moreover, writing V^′ ∶= V^′ ∩Y , U^′ ∶= U^′ ∩ X, we see that ḡ^′∣_V ′ = f∣_V ′ ∶ V^′ → U^′. Since (f∣_V ′ )^∗(E∣_U ′ ) is (V^′, V^′)- regular singular by assumption, we can apply Theorem 6.5 to see that E is (U^′, U^′)-regular singular.

References

[BGS11] S. Boissière, O. Gabber, and O. Serman, Sur le produit de variétés localement factorielles ou q-factorielles, preprint, arXiv:1104.1861, 2011.

[BO78] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Princeton University Press, Princeton, N.J., 1978. MR MR0491705 (58 #10908)

[Del70] P. Deligne, Équations différentielles à points singuliers réguliers, Lecture Notes in Mathematics, Vol. 163, Springer-Verlag, Berlin, 1970. MR 0417174 (54 #5232)

[Del90] , Catégories tannakiennes, The Grothendieck Festschrift, Vol. II, Progr. Math., vol. 87, Birkhäuser Boston, Boston, MA, 1990, pp. 111–195. MR 1106898 (92d:14002)

[dJ96] A. J. de Jong, Smoothness, semi-stability and alterations, Inst.

Hautes Études Sci. Publ. Math. (1996), no. 83, 51–93. MR MR1423020 (98e:14011)

[DM82] P. Deligne and J. Milne, Tannakian categories, Hodge cycles, motives, and Shimura varieties, Lecture Notes in Mathematics, vol. 900, Springer-Verlag, Berlin, 1982, pp. ii+414. MR 654325 (84m:14046)

[dS07] J. P. P. dos Santos, Fundamental group schemes for stratified sheaves, J. Algebra 317 (2007), no. 2, 691–713. MR MR2362937 (2008h:14045)

[EGA4] A. Grothendieck, Éléments de géométrie algébrique. IV: Étude locale des schémas et des morphismes de schémas., Publ. Math. IHES 32 (1967).

[EM10] H. Esnault and V. Mehta, Simply connected projective manifolds in characteristic p > 0 have no nontrivial stratified bundles, Invent. Math. 181 (2010), no. 3, 449–465. MR 2660450

[Esn12] H. Esnault, Flat bundles in characteristic 0 and p > 0, to appear in Proceedings of the ECM 2012 in Krakow (2012).

[Gie75] D. Gieseker, Flat vector bundles and the fundamental group in nonzero characteristics, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 2 (1975), no. 1, 1–31. MR MR0382271 (52 #3156)

[Gro68] A. Grothendieck, Crystals and the de Rham cohomology of schemes, Dix Exposés sur la Cohomologie des Schémas, North-Holland, Amsterdam, 1968, pp. 306–358. MR 0269663 (42 #4558)

[Gro70] , Représentations linéaires et compactification profinie des groupes discrets, Manuscripta Math. 2 (1970), 375–396. MR 0262386 (41 #6994)

[Kah06] B. Kahn, Sur le groupe des classes d’un schéma arithmétique, Bull.

Soc. Math. France 134 (2006), no. 3, 395–415, With an appendix by Marc Hindry. MR MR2245999 (2007d:14052)

[Kat70] N. M. Katz, Nilpotent connections and the monodromy theorem: Applications of a result of Turrittin, Inst. Hautes Études Sci. Publ. Math. (1970), no. 39, 175–232. MR MR0291177 (45 #271)

[Kat86] , Local-to-global extensions of representations of fundamental groups, Ann. Inst. Fourier (Grenoble) 36 (1986), no. 4, 69–106. MR 867916 (88a:14032)

[Kin12a] L. Kindler, Regular singular stratified bundles and tame ramification, arXiv:1210.5077, to appear in Trans. Amer. Math. Soc. (2012).

[Kin12b] , Regular singular stratified bundles in positive characteristic, 2012, Dissertation, Universität Duisburg-Essen.

[KS10] M. Kerz and A. Schmidt, On different notions of tameness in arithmetic geometry, Math. Ann. 346 (2010), no. 3, 641–668. MR 2578565 (2011a:14052)

[Lor00] P. Lorenzon, Indexed algebras associated to a log structure and a theorem of p-descent on log schemes, Manuscripta Math. 101 (2000), no. 3, 271–299. MR MR1751034 (2001b:14029)

[Lüt93] W. Lütkebohmert, On compactification of schemes, Manuscripta Math. 80 (1993), no. 1, 95–111. MR MR1226600 (94h:14004)

[Mal40] A. Malcev, On isomorphic matrix representations of infinite groups, Rec. Math. [Mat. Sbornik] N.S. 8 (50) (1940), 405–422. MR 0003420 (2,216d)

[Mil80] J. S. Milne, Étale cohomology, Princeton Mathematics Series, no. 33, Princeton University Press, Princeton, 1980.

[Mon02] C. Montagnon, Généralisation de la théorie arithmétique des Dmodules à la géométrie logarithmique, Ph.D. thesis, Université de Rennes I, 2002.

[MvdP03] B. H. Matzat and M. van der Put, Iterative differential equations and the Abhyankar conjecture, J. Reine Angew. Math. 557 (2003), 1–52. MR 1978401 (2004d:12011)

[SGA1] A. Grothendieck and M. Raynaud, Revêtements Étales et Groupe Fondamental: Séminaire de Géométrie Algébrique de Bois-Marie 1960/61., Lecture Notes in Mathematics, vol. 224, Springer-Verlag, 1971.

[SR72] N. Saavedra Rivano, Catégories Tannakiennes, Lecture Notes in Mathematics, Vol. 265, Springer-Verlag, Berlin, 1972. MR 0338002 (49 #2769)

[SS03] M. Spieß and T. Szamuely, On the Albanese map for smooth quasiprojective varieties, Math. Ann. 325 (2003), no. 1, 1–17. MR 1957261 (2003k:14006)

[Sti02] J. Stix, Projective anabelian curves in positive characteristic and descent theory for log-étale covers, Bonner Mathematische Schriften, 354, Universität Bonn Mathematisches Institut, Bonn, 2002, Dissertation, Rheinische Friedrich-Wilhelms-Universität Bonn.

[Vid01] I. Vidal, Morphismes log étales et descente par homéomorphismes universels, C. R. Acad. Sci. Paris Sér. I Math. 332 (2001), no. 3, 239–244. MR 1817369 (2002f:14003)

[Wat79] W. C. Waterhouse, Introduction to affine group schemes, Graduate Texts in Mathematics, vol. 66, Springer-Verlag, New York, 1979. MR 547117 (82e:14003)

Lars Kindler Freie Universität Berlin Mathematisches Institut Arnimallee 3 14195 Berlin, Germany