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ABSTRACT. For any Hermitian Lie group G of tube type we give a
geometric quantization procedure of certain Kc-orbits in pg to ob-
tain all scalar type highest weight representations. Here K¢ is the
complexification of a maximal compact subgroup K C G with cor-
responding Cartan decomposition g = ¢ + p of the Lie algebra of G.
We explicitly realize every such representation m on a Fock space con-
sisting of square integrable holomorphic functions on its associated
variety Ass(m) C pg.

The associated variety Ass(m) is the closure of a single nilpotent K¢-
orbit OKc C p¢ which corresponds by the Kostant—Sekiguchi corre-
spondence to a nilpotent coadjoint G-orbit O C g*. The known
Schrédinger model of 7 is a realization on L2(O), where O C O¢
is a Lagrangian submanifold. We construct an intertwining operator
from the Schrodinger model to the new Fock model, the generalized
Segal-Bargmann transform, which gives a geometric quantization of
the Kostant—Sekiguchi correspondence (a notion invented by Hilgert,
Kobayashi, Orsted and the author).

The main tool in our construction are multivariable I- and K-Bessel
functions on Jordan algebras which appear in the measure of OX¢,
as reproducing kernel of the Fock space and as integral kernel of the
Segal-Bargmann transform. As a corollary to our construction we
also obtain the integral kernel of the unitary inversion operator in the
Schrodinger model in terms of a multivariable J-Bessel function as
well as explicit Whittaker vectors.
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INTRODUCTION

The unitary highest weight representations of a semisimple Lie group G were
classified by Enright—-Howe—Wallach [I3] and Jakobsen [29] independently (see
also [I4]). Among them are the scalar type representations which were first
completely described by Berezin [6] for the classical groups and by Wallach
[51] in the general case and are parameterized by the so-called Wallach set
(sometimes also referred to as the Berezin—Wallach set). There are various
different realizations of these representations, e.g. on spaces of holomorphic
functions on a bounded symmetric domain. Rossi—Vergne [48] gave a realization
which can by the work of Hilgert—Neeb—Orsted [25] 26| 27] be understood as the
geometric quantization of a nilpotent coadjoint G-orbit. More precisely, their
model lives on the space L?(O) of square integrable functions on a Lagrangian
submanifold @ C O% of a nilpotent coadjoint G-orbit 0% C g* in the dual of
the Lie algebra g of G. We refer to this realization as the Schrédinger model.

The Kostant—Sekiguchi correspondence asserts a bijection between the set of
nilpotent coadjoint G-orbits in g* and the set of nilpotent Kc-orbits in pg,
where K¢ is the complexification of a maximal compact subgroup K C G of G
with corresponding Cartan decomposition g = € + p. Under this bijection O¢
corresponds to a nilpotent Kc-orbit O%¢ in pe. Harris-Jakobsen [19] obtained
a realization of each scalar type unitary highest weight representation of g on
regular functions on the corresponding associated variety in p (see also [30]).
However, their construction is not explicit and of purely algebraic nature. They
neither give a geometric construction of the invariant inner product nor do they
analytically describe the representation space for the group action.

However, for the special case of the even part of the metaplectic representation,
which is a highest weight representation of scalar type of g = sp(k, R), a geomet-
ric quantization of the corresponding Kc-orbit is well-known. It gives the even
part Feven(CF) of the classical Fock space, consisting of even holomorphic func-
tions on C* which are square integrable with respect to the Gaussian measure
e~1*1” dz. In this case also the intertwining operator between the Schrodinger
model on L2 (R¥), the space of even L2-functions on R, and the Fock model
Feven(CF) is explicit. It is given by the classical Segal Bargmann transform
which is the unitary isomorphism B : L2, (R¥) 5 Feven(CF) given by

By(z) = e 2% /}R i 27T~y (z) da. (0.1)

For Hermitian groups of tube type, we construct in a completely analytic and
geometric way analogues of the Fock space and the Segal-Bargmann transform
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for any unitary highest weight representation of scalar type. The general-
ized Fock space consists of holomorphic functions on O%¢ which are square
integrable with respect to a certain measure. This establishes a geometric
quantization of the nilpotent Kc-orbit @%c. We further find explicitly the in-
tertwining operator between this new Fock model and the Schrodinger model,
the generalized Segal-Bargmann transform. This integral transform can be un-
derstood as a geometric quantization of the Kostant-Sekiguchi correspondence,
a notion invented in [23]. We remark that the special case of the minimal
nilpotent Kc-orbit was treated in [23] which was in fact the starting point of
our investigations.

Although some of our proofs are obvious generalizations of the proofs in [23]
for the rank 1 case (the minimal scalar type highest weight representation),
the general case requires new techniques. Whereas in [23] it was possible to
work with classical one-variable Bessel functions, we have to use multivariable
J-, I- and K-Bessel functions on Jordan algebras in the general case. These
were studied before in [8] [L0] [T1] [12] [16], partly in a different context. We sys-
tematically investigate them further, proving asymptotic expansions, growth
estimates, invariance properties, differential equations, integral formulas and
their restrictions to the Kc-orbits OFc. We then use the K-Bessel functions in
the construction of the measures on the orbits @%¢ and the I-Bessel functions
as reproducing kernels of the Fock spaces and as integral kernels of the Segal—-
Bargmann transforms. Additional results not studied in [23] involve a detailed
analysis of corresponding Kc-orbits and rings of differential operators on them
(Section [H]), the intertwining operator to the bounded symmetric domain
model (Section [5.2), Whittaker vectors in the Schrédinger model (Section [6:2))
and applications to branching laws (Section [). We further believe that our
more general construction extends the known realizations of unitary highest
weight representations in a natural and organic way.

We now explain our results in more detail. Let GG be a simple connected Hermi-
tian Lie group of tube type with trivial center. Then G occurs as the identity
component of the conformal group of a simple Euclidean Jordan algebra V. Its
Lie algebra g acts on V' by vector fields up to order 2. More precisely, we have
a decomposition

g=n+I[+mn, (0.2)

where n & V acts on V' by translations, [ = ste(V) is the structure algebra
of V acting by linear transformations and n acts by quadratic vector fields.
There is a natural Cartan involution ¥ on G given in terms of the inversion in
the Jordan algebra. Denote by K = GV the corresponding maximal compact
subgroup of G and by g = ¢ + p the associated Cartan decomposition. Then ¢
has a one-dimensional center Z(¥) = RZy. Let K¢ be a complexification of K,
acting on pc. Then pc decomposes into two irreducible Kc-modules p* and
p~ and Zy € Z(£) can be chosen such that p* is the +i eigenspace of ad(Zp)
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on pc. We have the well-known decomposition
gc=p +ec+pt (0.3)

There is a Cayley type transform C' € Int(gc) (see (LH) for the precise defini-
tion) which interchanges the decompositions (I.2]) and (@3] in the sense that

C(p™) =nc, C(tc) = Ic, C(p*) =Tc.

UNITARY HIGHEST WEIGHT REPRESENTATIONS

Let (7,H) be an irreducible unitary representation of the universal cover G
of G' and denote by (dm, Hz) its underlying (g,f()—rnodule7 K CG being
the universal cover of K. We say that (w,H) or (dm, Hy) is a highest weight
representation if

HE = {v € Hye + dn(pT)v =0} £ 0.

The space ’H'}: is an irreducible £-representation. If further dim ’H'}: =1 we
say that (m,H) is of scalar type. In this case only the center Z () = RZj of ¢
can act nontrivially on ”H% and the scalar type highest weight representations

of G are parameterized by this scalar. More precisely, we define the Wallach

set
W{O,g,...,(rl)g}u ((r1)g,oo>,

where d is a certain root multiplicity of g and r denotes the rank of the Hermi-

tian symmetric space G/K. Then for each A € W there is exactly one scalar
~ +

type highest weight representation H of GG in which Zj acts on ”H% by the

rA

scalar -5

NILPOTENT ORBITS

We identify g* with g and pg with pc via the Killing form of gc. By the
Kostant—Sekiguchi correspondence the nilpotent adjoint G-orbits in g are in
bijection with the nilpotent Kc-orbits in pc. For a certain class of orbits we
make this correspondence more precise. The analytic subgroup L of G with
Lie algebra [ acts on V' = n via the adjoint representation. It has finitely
many orbits, among them an open orbit & C V (the orbit of the identity
element in the Jordan algebra) which is a symmetric cone. Its boundary has a
stratification into lower dimensional orbits Oy, ..., O,_1 with Oy C Opy1. Put
O, := Q. These orbits in n generate nilpotent adjoint G-orbits

0¢.=G- -0 Cy, k=0,...,r
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Via the Kostant—Sekiguchi correspondence these G-orbits correspond to nilpo-
tent Kc-orbits Oé(‘c, ..., OKc in p* C pc. Under the Cayley type transform
C' € Int(gc) these Kc-orbits map to

Xy, = C(Of°) Cie = Vg, k=0,....r

Since C'(fc) = l¢ each X} is an L¢ orbit in Vi, where L¢ is a complexification
of L, acting linearly on V¢. Under the identifications described above Oy C X},
is a totally real submanifold.

THE SCHRODINGER MODEL

Rossi—Vergne [48] showed that the scalar type unitary highest weight represen-
tation corresponding to the Wallach point A € VW can be realized on a space
of L?-functions on the orbit O, for A = k%, k=0,...,7r—1, and on the orbit
O, =Qfor A > (r — 1)%. For convenience we put Oy := Oy where either
A=k2,0<k<r—1ork=rfor \>(r—1)%. For each A € W there is a
certain L-equivariant measure dpuy on Oy (see Section for details). Then
the natural irreducible unitary representation of L x exp(n) on L?(Oy, duy)
extends to an irreducible unitary representation my of G which is the scalar
type highest weight representation belonging to the Wallach point A € W. The
differential representation dmy of g in this realization was computed in [22]
and is given by differential operators on Oy up to order 2 with polynomial
coefficients. A special role is played by the second order vector-valued Bessel
operator By which gives the differential action of T (see Section [0l for its def-
inition). This operator was first introduced by Dib [10] and studied further in

[22].

BESSEL FUNCTIONS ON JORDAN ALGEBRAS

For each A\ € W we construct Bessel functions J)(z,w) and Z)(z,w) for
z,w € Xy := L¢ - Oy (see Sections Bl and B2). Both J)\(z,w) and Z)(z,w)
can be extended to functions on Ve x Xy which are holomorphic in z and
antiholomorphic in w. They solve the differential equations

(Br) I (z,w) = =0T\ (2, w), (BA):2Zx(z,w) = WIy\(z,w).

For w = e the identity element and A > (r— 1)% the corresponding one-variable
functions Jy(z) = Jx(z,e) and Zx(x) = Zx(z,e) on Q were first studied by
Herz [21] for real symmetric matrices and later for the more general case in
[10] 111 12] 15, [16]. We further define a K-Bessel function Ky (z) on O for every
A € W which solves the same differential equation as Zy(x), but has a different
asymptotic behaviour (see Section B.3]). These functions were introduced by
Dib [10] and studied further in [8] [15].
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THE FOCK SPACE

The closure of A =2 Ofc is an affine algebraic variety and hence the space
C[X)] of regular functions on X}, equals the space P(X}) of restrictions of
holomorphic polynomials on V¢ to X,. We construct measures on A} in two
steps. Fix A € W. First the L-equivariant measure duy on Oy C &) gives rise
to an Le¢-equivariant measure dvy on Xy for every A € W. In the second step
we extend the function

wa(z) = K <(§)2> z €Oy,

uniquely to a positive density on X\ = L¢-O, which, under the identification of
X with a Kc-orbit, is invariant under the action of K. Then every polynomial
F € P(X)) is square integrable on X with respect to the measure wy dvy and
we let Fy be the closure of P(X)) with respect to the inner product

(F,G)r, := const / F(2)G(2)wa(z) dva(2), F,G € P(Xy).

X

THEOREM A (see Proposition[41& Theorems LI0& B.T). For each A € W the
space Fy is a Hilbert space of holomorphic functions on X\ with reproducing
kernel

KA(’Z7U}):IX (37%>7 Z,'LUGX)\.
We further have the following intrinsic description:

Fy = {F|XA : F . Ve — C holomorphic and/
X

A

|F(2)2wa(2) dva(2) < oo} .

In Section we prove that the inner product on F) can also be expressed as
a Fischer type inner product involving the Bessel operator 5.

UNITARY ACTION ON THE FOCK SPACE

Complexifying the differential operators dmy(X), X € g, in the differential rep-
resentation of the Schrodinger model one obtains a Lie algebra representation
dﬂ'g of g on holomorphic functions on X\ by polynomial differential operators
(see Section for details). We define a g-module structure on P(X)) by
composing this action with the Cayley type transform C € Int(gc):

dpa(X) = dn§(C(X)), Xeg
THEOREM B (see Propositions [L.9] & ET7 & Theorem [LIT)). For each

A € W the g-module (dpx,P(Xy)) is an irreducible (g, K)-module which is
infinitesimally unitary with respect to the inner product on Fy. It integrates to
an irreducible unitary representation px of G on Fx with associated variety

Ass(pa) = OF,
where k € {0,...,r} is such that X\ = Xj.
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The group action of K in the Fock model is induced by the geometric action of
K¢ on the orbits Xy = O,f © up to multiplication with a character (see Proposi-
tion[£12)). Therefore the K -type decomposition of p) equals the decomposition
of the space of polynomials on O,f © C p* with respect to the natural Kc-action
which is essentially the Hua—Kostant—Schmid decomposition (see Proposition
[L3]).

In Section we use the Fock model to give explicit generators for the
rings D(X}) of differential operators on the singular affine algebraic varieties
X, CVe,k=0,...,7 — 1, in terms of the Bessel operator By.

Although there are already known explicit realizations for highest weight rep-
resentations on spaces of holomorphic functions our construction has a certain
advantage. In the realization on holomorphic functions on the corresponding
bounded symmetric domain G/K the group action is quite explicit, but the
representation space as well as the inner product are defined in a rather ab-
stract way, at least for the singular highest weight representations. In our
Fock model the representation space is by Theorem [A] explicitly given by holo-
morphic functions on V¢ which are square integrable with respect to a certain
measure on the orbit X). Although our group action is less explicit we still have
a useful expression of the Lie algebra action in terms of the Bessel operators
which allows e.g. the study of discrete branching laws as done in Theorem [E]

THE SEGAL-BARGMANN TRANSFORM

The unitary representations (my, L2(Oy, duy)) and (py, Fy) are isomorphic and
we explicitly find the integral kernel of the intertwining operator which resem-
bles the classical Segal-Bargmann transform (LI). For this let tr € V* denote
the Jordan trace of the complex Jordan algebra V¢ and recall the I-Bessel
function 7, (z, w).

THEOREM C (see Proposition Bl & Theorem BA). Let A € W, then for
Y € L?(Oy, duy) the formula

Bath(z) = e ¥ o) / Ti(zo)e "@p(e)dus(a), 2 € X,
Ox

defines a function By €  Fy. This gives a wunitary isomorphism
By : L?(Ox, duy) — Fr which intertwines the representations w and
PX-

The t-finite vectors in the Fock model and in the bounded symmetric domain
model have the same realization as polynomials on V¢ and therefore also the
intertwiner between these two models is worth studying. In Theorem we
find an explicit formula for it in terms of its integral kernel.

We remark that Brylinski-Kostant [7] construct a Fock space realization for
minimal representations of non-Hermitian Lie groups as geometric quantization
of the minimal nilpotent Kc-orbit in p¥ (see also [2]). Apart from the fact
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that their cases are disjoint to ours they do not construct an intertwining
operator between the known Schrodinger model and their Fock model such
as our generalized Segal-Bargmann transform. Further their measure on the
Kc-orbit is not positive whereas our measure is explicitly given in terms of
the K-Bessel function and hence positive. Moreover, the Lie algebra action in
their picture is given by pseudodifferential operators while in our model the Lie
algebra acts by differential operators up to second order.

Recently Achab [I] also constructed a Fock space realization for the minimal
representation of Hermitian groups. Her construction looks different from ours
and it would be interesting to find a connection between her model and our
model.

THE UNITARY INVERSION OPERATOR

The explicit integral formula for the Segal-Bargmann transform can be used to
find the integral kernel of the unitary inversion operator Uy in the Schrodinger
model. This operator Uy is a unitary automorphism on L?(Oy, duy) of order
2 (see Section [0l for its precise definition). The action of Uy together with the
relatively simple action of a maximal parabolic subgroup generates the whole
group action in the Schrodinger model. To describe its integral kernel recall
the J-Bessel function Jy(z, w).

THEOREM D (see Theorem[G.3). For each A € W the unitary inversion operator
Uy 1is given by

Untp(z) =27 ; Iz, y)(y) dpa(y), P € C(0y).

In various special cases Theorem [D] was proved earlier. Ding—Gross [T, Theo-
rem 4.10 (iii)] and Faraut—Koranyi [I5] Theorem XV.4.1] established Theorem
for the relative holomorphic discrete series, i.e. A is contained in the con-
tinuous part of the Wallach set and is ‘large enough’. (In fact Ding—Gross
proved an analogous version of Theorem [D] for all holomorphic discrete series
representations.) For g = su(k, k) and A in the discrete part of the Wallach
set Theorem [D] was proved by Ding—Gross—Kunze-Richards [I2] Theorem 5.7].
For g = s0(2,n) and A the minimal non-zero discrete Wallach point Kobayashi—
Mano gave two different proofs for this result (see [33, Theorem 6.1.1] and [34]
Theorem 5.1.1]). The case of the minimal non-zero discrete Wallach point was
systematically treated in [23]. The proof we present for the general case is
quite simple, once the Bargmann transform is established, and works in the
same way for all scalar type unitary highest weight representations.

In Section we use the integral kernel of Uy to construct explicit algebraic
and smooth Whittaker vectors in the Schrodinger model.
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APPLICATION TO BRANCHING LAWS

We demonstrate the use of our Fock model in one specific example, the branch-
ing s0(2,n) N\, 50(2,m) ® so(n — m) of the minimal unitary highest weight
representation of s0(2,n). Note that the subalgebra b := s0(2,m) @ so(n — m)
of g = s0(2,n) is symmetric and of holomorphic type, i.e. the corresponding
involution of g acts as the identity on the center of ¢£. Kobayashi [32] proved
that any highest weight representation of scalar type if restricted to a holo-
morphic type subalgebra is discretely decomposable and the decomposition is
multiplicity free. He further determined the explicit decomposition for rep-
resentations in the relative holomorphic discrete series. For arbitrary highest
weight representation he gives a general algorithm to find the explicit branch-
ing law. We find the explicit decomposition for the non-zero discrete Wallach
point by an easy computation in the Fock model. For j = m,n we denote
by dﬂ§°(2’] ) the unitary highest weight representation of so(2, j) of scalar type
with Wallach parameter )\ as constructed above. Further we let H*(R"~™) be
the irreducible representation of so(n —m) on the space of spherical harmonics
on R®"™™ of degree k.

THEOREM E (see Theorem [[2)). The unitary highest weight representation of
g = 50(2,n) belonging to the minimal non-zero discrete Wallach point A = "7_2
decomposes under restriction to the subalgebra h = s0(2,m) @ so(n — m) as

follows:
(o)
dry? " = @ dni’F™ R AR,
k=0

We remark that for odd n the representation dﬂ§°(2’n) cannot be obtained via

the theta correspondence and hence also the branching law cannot be obtained
in this way.

For even n this branching law was proved by Kobayashi-Qrsted in [35, Theorem
A] and, as pointed out to the author by B. Qrsted, their proof actually carries
over also to the case of odd n, although it is not explicitly stated in their paper.
However, the techniques they use are more involved than the computation we
do in Section [7 to prove Theorem [El

In the general case of a Hermitian Lie algebra g Kobayashi-Oshima [36] re-
cently classified all symmetric subalgebras of g such that the restriction of the
minimal scalar type unitary highest weight representation of g is discretely de-
composable. In [42] the explicit decompositions in these cases are determined.

ORGANIZATION OF THE PAPER

This paper is organized as follows: In Section [ we recall the necessary
background of Euclidean Jordan algebras, their corresponding groups and
nilpotent orbits. We also study polynomials and differential operators such
as the Bessel operators on Jordan algebras. Section [ describes three known
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models for unitary highest weight representations of scalar type, the bounded
symmetric domain model, the tube domain model and the Schrédinger model.
We further investigate a natural complexification of the latter one. Section
deals with Bessel functions on Jordan algebras. We introduce J-, I- and
K-Bessel functions and discuss their properties. In Section Ml the Fock model
for unitary highest weight representations of scalar type is constructed. We
calculate the reproducing kernel of the Fock space and investigate rings of
differential operators on the associated varieties. The Segal-Bargmann trans-
form intertwining the Fock model and the Schrédinger model is introduced in
Section Bl Here we also give a formula for the intertwiner between Fock model
and bounded symmetric domain model. In Section [6] we use the Bargmann
transform to obtain the integral kernel of the unitary inversion operator. We
then describe Whittaker vectors in the Schrodinger model in terms of this
integral kernel. Finally we use the Fock model in Section [1 to obtain in a
very simple way the branching law for the smallest non-zero highest weight
representation of s0(2,n) restricted to s0(2,m) @ so(n —m).

ACKNOWLEDGEMENTS: We thank T. Kobayashi and B. Orsted for helpful
discussions on the topic of this paper.

NoratioN: N = {1,2,3,...}, Ng = NU {0}, R* =R\ {0}, Ry = {z € R :
x>0}, C*=C\{0}, T={z€C:|z| =1},

V*: algebraic dual of a vector space V, V': topological dual of a topological
vector space V.

1 PRELIMINARIES

In this section we set up the notation and recall the construction of three known
models for unitary highest weight representations of Hermitian Lie groups of
tube type. For this we use the theory of Euclidean Jordan algebras which
formalizes various aspects in a simple fashion. We mostly follow the notation

of [15].

1.1 SIMPLE EUCLIDEAN JORDAN ALGEBRAS
Let V' be a simple Euclidean Jordan algebra of dimension n = dim V' with unit
element e. For 2 € V we denote by L(x) € End(V') the multiplication by z and
by P(x) = 2L(x)? — L(2?) the quadratic representation. Its polarized version
is given by

P(x,y) = L(x)L(y) + L(y) L(x) — L(zy), z,y V.
For z,y € V we also define the box operator xOy € End(V') by

a0y := L(zy) + [L(x), L(y)]
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and note the identity (z0y)z = P(x, 2)y for z,y,z € V.

The generic minimal polynomial of V' provides the Jordan trace tr € V* and
the Jordan determinant A, a homogeneous polynomial of degree r = rkV,
the rank of V. Both can be expressed in terms of L(z) and P(x) (see [15]
Proposition 111.4.2]):

2n

Tr L(z) = %tr(x), Det P(x) = A(z) ™,

for x € V' (% is always an integer). Here we use Tr and Det for the trace and
determinant of a linear operator. Using the Jordan trace we define the trace
form

(z]y) = tr(zy), z,y eV,

which is positive definite since V' is Euclidean. Both L(z) and P(z) are sym-
metric operators with respect to the trace form (see [15, Proposition 11.4.3]).
For any orthonormal basis (e,)q € V with respect to the trace form we have
the identity (see [15] Exercise II1.6])

n
Zei = e (1.1)

We use the trace form to normalize the Lebesgue measure dx on V. The trace
form also defines a norm on V' by

|| := +/(z|x), zeV.

Let ¢ € V be an idempotent, i.e. ¢> = c¢. The only possible eigenvalues of the

symmetric operator L(c) are 1, 3 and 0. Denote by V(c,1), V(c, 3) and V (c,0)
the corresponding eigenspaces. The decomposition

V=V(1)aV(,3)®V(c0)

is called Peirce decomposition. The subspaces V(c,1) and V(c,0) are them-
selves simple Euclidean Jordan algebras with identity elements ¢ and e — ¢,
respectively. An idempotent ¢ € V is called primitive if it is non-zero and
cannot be written as a nontrivial sum of two idempotents. Further, two idem-
potents c¢1,co € V are called orthogonal if ¢1co = 0. (This implies (¢1]c2) = 0.)
A set of primitive orthogonal idempotents which add up to the identity e is
called a Jordan frame. The cardinality of every Jordan frame is equal to the
rank r of V. Further we say that an idempotent ¢ € V' has rank k if it can be
written as the sum of k primitive orthogonal idempotents. From now on we fix
a Jordan frame c¢q,...,c¢,.. The symmetric operators L(cy), ..., L(c,) commute
pairwise and therefore we obtain the mutual Peirce decomposition

v= P Vi

1<i<j<r
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where
Vii=Vl(e;, 1), (1<i<nw), Vij =V, 3)NV(e;,35), (A<i<j<r).

The spaces V;; are one-dimensional and spanned by ¢; whereas the spaces Vj;,
1 <4 < j < r have a common dimension d. In particular, this implies the
dimension formula

n d
—=1 —1)=.
r +(r )2

1.2 THE STRUCTURE GROUP AND ITS ORBITS

The structure group Str(V') of V' is defined to be the group of g € GL(V') such
that

P(gz) = gP(x)g%, z €V,

where g% denotes the adjoint with respect to the trace form. This is by [I5]
Exercise VIIL.5] equivalent to the existence of a scalar x(g) € R* such that

A(gr) = x(9)A(z), zeV.

The map x : Str(V) — R* defines a character of Str(V') which is on the identity
component L := Str(V)y given by (see [I5l Proposition II1.4.3])

x(g) = Det(g)™, ge L.

Let O(V) denote the orthogonal group of V' with respect to the trace form.
Then K¥ := LNO(V) is a maximal compact subgroup of L, the corresponding
Cartan involution being ¥(g) = (¢7%)#. The group K% coincides with the
identity component of the group of Jordan algebra automorphisms, i.e.

K'={geL:g(x-y) =gz gyVao,y €V}
At the same time KT is the stabilizer subgroup of the unit element e, i.e.
Kl ={geL:ge=¢e}.

The Lie algebra | = ste(V') of L has the Cartan decomposition (see [I5, Propo-
sition VIII.2.6])

[=t'@p

where £' is the Lie algebra of K consisting of all derivations of V and p' is
the space of multiplication operators:

t'={Decgl(V):D(x-y)=Dz-y+x-Dy, Yo,y € V},
p'=L(V)={L(z):z € V}.
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The group L acts on V with finitely many orbits. The orbit 2 := L -e is a
symmetric cone and is isomorphic to the Riemannian symmetric space L/K L.
The Lebesgue measure dz on V clearly restricts to §2. The following integral
formula due to J.-L. Clerc [8, Proposition 2.7] is used in Section[B3]to calculate
K-Bessel functions on boundary orbits:

LEMMA 1.1. Let ¢ € V be an idempotent of rank k and let Q1 and Qg denote the
symmetric cones in the Euclidean subalgebras V(c,1) and V (c,0), respectively.
Further we let A°(z) be the determinant function of the Euclidean Jordan al-
gebra V(e,0). Then the following integral formula holds:

[ fayds =2k [ | /| » / S (expletimy (o1 +0)

Ao(xo)kd dzg dz% dz;.

The boundary 0f2 of the symmetric cone §2 has a stratification into lower di-
mensional orbits. In fact

Q=0,U0;U...UO,, (1.2)
where
O]'S:L'ej Wlth 6]':61+"'+Cj.
(We use the convention eg = 0 here.) Note that O, = Q. Each x € O; has a
polar decomposition z = ka with &k € K% and a = 2321 aici, ai,...,a; >0
(see [I5, Chapter VI.2]). Assuming a; > ... > a; > 0 the element @ is unique.
We define complex powers of z = ka € Oy by z° := ka®, a® = 321 a;jc; for

s € C. Note that for s € N this definition agrees with the usual definition of
powers by the Jordan algebra multiplication. Since every k € K’ is a Jordan
algebra automorphism the identity x° - ' = 2% holds for s,t € C.

The Gamma function of Q is for Re A > (r — 1)% defined by the absolutely
converging integral

Ta(A) = /eftr(m)A(ac))ﬁ% dz
Q

and is extended meromorphically to the whole complex plane by the identity
(see [I5] Theorem VII.1.1])

Fa()) = (2m)°F r_[r (r-G-13).

Using the Gamma function we define the Riesz distributions Ry € S’'(V) by
9rA

(Fa) = o [ o)A@ da, peS(V),
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This integral converges for A > (r — 1)% and defines a tempered distribution
Ry € 8'(V) which has an analytic continuation to all A € C (see [15, Proposi-
tion VIL.2.1 & Theorem VII.2.2]). The distribution R) is positive if and only
if A belongs to the Wallach set (sometimes referred to as the Berezin—Wallach
set, see [I5, Theorem VIIL.3.1])

we {0l 02} o (- o).

Note that the Wallach set consists of a discrete part Wyisc and a continuous
part Weont given by

d d d
Wdisc{o,g,...,(rl)i}, Wcont: <(7’1)§,OO)

For A € Weont in the continuous part the distribution Rj is an L-equivariant
measure dyy supported on € which is absolutely continuous with respect to
the Lebesgue measure dz. Hence the boundary 02 = O,._; is a set of measure
zero. For \ = kg € Wiisc in the discrete part the distribution Ry is an L-
equivariant measure du) supported on Oy, for which 90, = Ok_1 is a set of
measure zero (see [I5] Proposition VII.2.3]). If we put

O forAzk:%,OSkSr—l,
Oy = u
Q forA>(r—1)

2

then we obtain measure spaces (Oy, duy) for A € W. The L-equivariant mea-
sures du) transform by

dpa(gz) = x(9)* dp(), geL.
Note that with this normalization of the measures du) the function
Yo(z) = e~ @) always has norm 1 in L*(Oy, duy). In fact, for A > (r — 1)4
we find

9rA .
)2 duy(z) = /e*Qtr(x)A )2 de
/OA (@) din(e) = o | (x)
1 —tr(z) A
= e A(x)" " rde =1,
oo /. (@)

and the general case follows by analytic continuation.
In terms of the polar decomposition of each orbit O we have the following
integral formula (cf. [22] Proposition 1.8])

o f(@)dux(z) :const~/KL /t1>m>tk f(ke®)J\(t) dt dF, (1.3)

where we use the notation t = (t1,..., ),
~ - ti—t;
et = Zetici, Ja(t) =e® 2i=1ti H sinh? (%), (1.4)
i=1 1<i<j<k

and k € {0,...,r} such that Oy = Oy.
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1.3 CONFORMAL GROUP AND KKT ALGEBRA

For a € V let n, be the translation by a, i.e.
ng(x) =+ a, xeV.

Denote by N := {n, : a € V'} the group of all translations. Further define the
conformal inversion j by

jla) = —a for € V invertible.

The map j defines a rational transformation of V' of order 2. The conformal
group Co(V') of V is defined as the subgroup of all rational transformations of
V' generated by N, Str(V) and j:

Co(V) := (N, Str(V), j)arp-

We let G := Co(V)o be its identity component. G is a connected simple
Hermitian Lie group of tube type with trivial center and every such group
occurs in this fashion (see Table [[l for a classification).

Conjugation with j defines a Cartan involution 9 of G by

¥(g) =jogojy, gedq.

Its restriction to L agrees with the previously introduced Cartan involution
9(g) = (g71)#, g € L. Let K := G be the corresponding maximal compact
subgroup of K.

The Lie algebra g of G is called Kantor-Koecher—Tits algebra. It acts on V' by
quadratic vector fields of the form

X(z)=u+Tz— P(z)v, zeV,
with w,v € V and T € I. For convenience we write X = (u,T,v) € g for short.
In this notation the Lie bracket of X; = (u;,T;,v;), j = 1,2, is given by (see
[15] Proposition X.5.8])
(X1, Xo] = (Tyug — Tous, [T, To] + 2(u10vs) — 2(uglvy), =T vy + T3 vy).
This yields the grading
g=ndldn,
where n = V is the Lie algebra of N and n = Jn. Thus,
n={(u,0,0):ueV}

acts via constant vector fields, [ via linear vector fields and

n={(0,0,v):v eV}
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by quadratic vector fields. Note that the abelian subalgebras n and n together
generate g as a Lie algebra.
On g the Cartan involution ¥ acts via

Y u, D+ L(a),v) = (—v,D — L(a), —u)
and hence gives the Cartan decomposition g = ¢ ® p with
t={(u,D,—u):ucV,Dct}, p={(u,L(a),u): u,a € V}.
The Lie algebra € of K has a one-dimensional center (see [4Il Lemma 1.6.2])
Z(¢) = RZy, Zy = —%(e,0,—e),

and hence the universal cover K of K is the direct product of R with a compact
connected simply-connected semisimple group. Therefore the deck transforma-
tion group of the universal cover G of G is a finite extension of Z.

Under the action of K the space pc decomposes into two irreducible components

pc=p"@p.
In fact, pT is the +i eigenspace of ad(Zp) on pc and is explicitly given by
pt = {(u, £2iL(u),u): u € Vc}.
We set
E :=(e,0,0), H :=(0,21id,0), F :=(0,0,¢).

Then (E,F,H) forms an slo-triple in g. We define a Cayley type transform
C € Int(gc) by the formula

C = exp(—1iad(E))exp(—iad(F)). (1.5)

It is then routine to check the following formulas:

C(G,0,0) = (%aiL(a)aa)a (16)
C(0,L(a) + D,0) = (i, D, —ia), .
C(0,0,a) = ($,—iL(a),a). (1.8)

From these formulas it is easy to see that the transform C' induces isomorphisms
tc > le, (u, D, —u) — D+ 2iL(u),
pt S nc, (w,2iL(u),u) — (0,0, 4u),
p~ > e, (u, —2iL(u),u) — (u,0,0).

Since n and n together generate g as a Lie algebra it is now immediate that
pT + p~ generates gc as a Lie algebra. Hence the real form {(a, L(b),a) :
a,b eV} of pt +p~ generates g.
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| Vv | (V) | ste(V) | n |r ] d |
R sl(2, R) R 1 1] 0
Sym(k,R) (k>2) | sp(k,R) | sl(k,R)&R | k(k+1) [ k| 1
Herm(k,C) (k > 2) | su(k, k) | sl(k,C) &R k2 k|2
Herm(k,H) (k > 2) | so*(4k) | su*(2k)®@R | k2k—1) | k| 4
RUF-1 (K > 3) 50(2,k) | so(L,k—1) @R k 2 | k-2
Herm(3, Q) e7(—25) eg(—26) DR 27 3 8

Table 1: Simple Euclidean Jordan algebras, corresponding groups and structure
constants

1.4 COMPLEXIFICATIONS

The complexification V¢ of V' is a complex Jordan algebra. The Jordan trace
of V¢ is given by the C-linear extension of the Jordan trace tr of V. The same
holds for the trace form which is the C-bilinear extension of the trace form
of V. By abuse of notation we use the same notation tr and (—|—) for the
complex objects. A norm on V¢ is given by

2] =V (2[2), z € V.

Ve can also be considered as a real Jordan algebra and we write W = V¢ for it.
As real Jordan algebra W is simple since V' is simple Euclidean. The trace form
(—=|—)w of W is of signature (n,n) and explicitly given by (see [41] Lemma
1.2.3 (1))

(zlw)w = 2 ((Re(2)| Re(w)) — (Im(2)| Im(w))) = 2Re(z|w), z,w e W.

Note that (—|—)w is not C-linear.

The identity component L¢ := Str(Vg)o of the structure group of the com-
plex Jordan algebra V¢ is a natural complexification of L (see [15] Proposition
VIII.2.6]). As a real Lie group it is the same as Str(W)g, the identity compo-
nent of the structure group of the real Jordan algebra W. Let U C L¢ denote
the analytic subgroup of L¢ with Lie algebra

u:=¢" 4 ip",

then U is a maximal compact subgroup of L¢. The isomorphism C' : € — [¢
introduced in Section restricts to an isomorphism £ = u which integrates
to a covering map 7 : K — U C L¢ with differential

dn(u, D, —u) = D + 2iL(u).

Since uc = I¢ the subgroup U is totally real in L.

For g € Lc we denote by g7 the adjoint of g with respect to the C-bilinear
trace form (—|—) of V¢. Since (—|—)w = 2Re(—|—) this is also the adjoint
with respect to the trace form (—|—)w of W. Further put

g =77, g € Lc.

DOCUMENTA MATHEMATICA 18 (2013) 785-855



802 JAN MOLLERS

Then g — (g~ 1)* defines a Cartan involution of L¢ with corresponding maximal
compact subgroup U.

The determinant function Ay of the real Jordan algebra W is a polynomial of
degree 2r. As in the Euclidean case an element g € Str(W) is characterized by
the property that there exists a scalar yw (g) € R* such that

Aw(g92) = xw(9)Aw(2), zeW.

This defines a real character xw : Lc — Ry.

The group L¢ has only one open orbit L¢ - e (see [31) Theorem 4.2]). Its
boundary again has a stratification by lower-dimensional orbits. More precisely
we have

Ic e=XUX U...UX,,

where X, = L¢ - ex (see [31, Theorem 4.2]). Note that O C X} is totally
real and A}, is closed under conjugation. The closure X} of each Lc-orbit is
an affine algebraic subvariety of V¢ (see [I7, Theorem 2.9]). From [4I] Section
1.5.2] it is easy to deduce the following formula for the dimension of Xj:

dimc X = dimg Oy Zk'-i-k'(Q’l“—k'—l)g. (19)

As in the real case every z € X}, has a polar decomposition z = ua with u € U
and a = Zle a;ci, a1 > ... > ap > 0, the element a being unique with this
property (see [I5l Proposition X.3.2]).

For A € W and k € {0,...,r} such that Oy = O we similarly put Xy := Xj.

PROPOSITION 1.2. For every A € W the measure dvy on X\ defined by

(NI

f(z)dVA(z):/U . fluz?)dpx(z) du (1.10)

X

is the unique (up to scalar multiples) Lc-equivariant measure on X\ which
transforms by X‘/}V.

Proof. Except for the integral formula (II0) this is essentially [22] Proposition
1.8]. By [22, Proposition 1.8] a yjy-equivariant measure on X) is given by

ty TW
e /U/t1>...>tk fue®)Jy" (t) dt du,

where e* is as in (4,

. _ _ ti—t; ti—t,
JXV(t) — it H sinh? <—Z 5 J> cosh? <—Z 5 j>,
1<i<j<k
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and k € {0,...,r} such that X, = X). Using sinhz - coshz = %sinh 2z we find

e X2t T sinh? (1) = 27D, (20)
1<i<j<k

4
2

T (1) = 27 M

with Jx(s) as in (TJ). Now note that K~ C U and (ket)2 = kez* for k € K

and hence
/ / fuet) Y (t) dt du
UJty>... >t
= const~/ / / f(uke®)Jx(2t) dt dk du
UJKE Jt1>.. >t
= const~/ / / f(uke%S)JA(s) dsdk du
UJKL Js1>...>5
= const-/ f(ux%)d/u\(ac) du,
U Jo,
where we have used the integral formula (I3)) for the last equality. O

1.5 NILPOTENT ORBITS AND THE KOSTANT-SEKIGUCHI CORRESPONDENCE
NILPOTENT COADJOINT (GG-ORBITS

We identify g* with g by means of the Killing form and view coadjoint G-orbits
on g* as adjoint G-orbits on g. Further we use the embedding

Vg u— (u00)

to identify the L-orbits Oy C V, k =0,...,7, with L-orbits in n 2 V. Since n
is nilpotent, the G-orbits
O =G - (e, 0,0)

are nilpotent adjoint orbits in g. Since further O = L - (e, 0,0) we clearly
have O C O,?. As usual we endow (9,? with the Kirillov—Kostant—Souriau
symplectic form. The following result was proved in [22] Theorem 2.9 (4)]
for the minimal orbit O;. For the general case the author could not find the
statement in the existing literature.

ProrosIiTION 1.3. Of C OkG is a Lagrangian subvariety.

Proof. Since O C n and n is abelian the symplectic form vanishes on O and
it remains to show that dim Of = 2dim O. By (1) we have

d

dimOp =k +k(2r — k — 1)5

To determine dim OkG we note that

0=[(u,T,v), (ex,0,0)] = (Ter, —2e;0v,0)
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if and only if Te, = 0 and v € V (e, 0). Hence
dim Of = dim Oy, + dim(V/V (e, 0))
= dim Oy + dim V(eg, 1) + dim V (e, %)
=dim Oy + (k + k(k — 1)2) + k(r — k)d
= 2dim Ok. O

NILPOTENT Kc-ORBITS

Via the Kostant—Sekiguchi correspondence the nilpotent adjoint G-orbits
OkG C g* correspond to nilpotent Kc¢-orbits Ofc C p¢. Identifying p* with
p by means of the Killing form we view Ofc as Kc-orbits in pc = p™ +p~.
Following [47] we let (Ek, Fi, Hx) be the strictly normal sly-triple in g given by

Ey = (ek,0,0), Hy = (O,QL(ek),O), Fy, = (0,0,Gk).

We form a new sly-triple (B, F, H) by putting

1 ) 1 .
Eg : E(Ek+Fk+ZHk) = 5(6]@,2214(619),6]9),

Hl = i(E), — F},) = i(e, 0, —ep),

1 . 1 .
F]g = i(Ek + F), — ZHk) = 5((%,722[/(6]9),619).

Then E,‘j € pT™ and the K¢ orbit O,f © corresponding to (9,? is given by
Ofc = K¢ - Ef.

Since p* is Kc-stable we have OF¢ C p*.

If we use the embedding Ve < gc, u — (0,0,u) to identify the Lc-orbits
Xy C Ve, k=0,...,r, with Lc-orbits in ng =& V¢ we obtain the following
result:

PROPOSITION 1.4. The Cayley type transform C € Int(gc) is a bijection from
the Kc-orbit O,I:‘C C p™T onto the Le-orbit X, C 0 for every k € {0,...,r}.

Proof. Observe that C(E{) = (0,0,4ey). Since the Lie algebra homomor-
phism C' is a bijection from fc onto [¢ it gives a bijection between the orbits
Ofc = K¢ - Ef and &), = Lc - (0,0, 4ey,) which shows the claim. O
1.6 DIFFERENTIAL OPERATORS

GENERAL NOTATION

For a map f : X — X on a (real or complex) vector space X we write

Df(xz): X — X for its (real or complex) Jacobian at the point € X. For a
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complex-valued function g : X — C we denote the directional derivative in the
direction of a € X by 0,¢:

d
Oug(w) = —|  gla+ta).
t=0

BESSEL OPERATORS - THE REAL CASE

Let J be a real semisimple Jordan algebra with trace form (—|—)s. The gradient
with respect to (—|—); will be denoted by 2. If (eq)a C J is a basis of J
with dual basis (€,)s C J with respect to the trace form then the gradient is
in coordinates x = Za Toeo € J expressed as

0 J
%:;%ea.

In terms of the directional derivative the gradient is characterized by the iden-
tity (a ‘6% )J = 0, for a € J. The Bessel operator By with parameter \ € C is
a vector-valued second order differential operator on J given by

d 0
J . —
Bi="P (030) x+>\6x'

In coordinates it is given by
o2 0
Bf = ———P(éq,€5)x + A —€a-
A az;axaaxg (Cas Bp)w + ;630@ ¢

Denote by ¢ the left-action of Str(J) on functions on J given by
0(g)f(x) = f(g~'x). Then the Bessel operator satisfies the following equivari-
ance property:

U(g)BL(g™") = g* By, g € Str(J), (1.11)

where ¢# denotes the adjoint with respect to the trace form of J. We further
have the following product rule:

of g

B (@)oo = B{S() ) + 2P (55,52 ) o+ 1) Blo(o). (112

For either J =V or J = W = V¢ the operator Bi is tangential to the orbit
Str(J)o - e if A= k%, 0 < k <r —1, and hence defines a differential operator
on this orbit (see [41, Theorem 1.7.5]). On KI-invariant (resp. U-invariant)
functions on V' (resp. W) we have the following formulas:

PrROPOSITION 1.5. (1) ([I5] Theorem XV.2.7]) Let f € C(V) be K-
invariant. Then with F(ai,...,a;) = f(a), a =Y ._, a;c;, we have

T

BY f(a)=> (BY)'F(a,...,a)ci,

i=1
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where

2

, o d\ 8 d 1 d 9
Vi _ — —1)= —= E i -4
(BY)" = ai da? " ()\ r 1)2) da; " 2 S 0 Ay (az da; “ day )

(2) (M3]) Let f € C°(W) be U-invariant. Then with F(as,...,a;) = f(a),
a=>"_,aic;, we have

T

BY f(a) =) (BY)'F(ar,...,ar)c;,

i=1

For J =V we will write By := BX for short.

BESSEL OPERATORS - THE COMPLEX CASE

We also need the Bessel operator of the complex Jordan algebra Vg. It is a
holomorphic vector-valued differential operator on V¢ which is defined in the
same way as the Bessel operator of V. More precisely, if (e4)o C V¢ is a C-basis
of V¢ with dual basis (€,)a € Ve with respect to the trace form (—|—) (which
is C-bilinear) we define the gradient of V¢ by

0 0 0 1 0 0
25 C%%,  wh 2o (i
0z g azae where aza 2 (aza Zaya)

is the Wirtinger derivative and z = ) zq€q With 2o = 24 + iya. The Bessel
operator B;/C of V¢ is then defined by

Be-p(2). a2 oy P pe e aY e
AT 0z 0z _aﬂazaazﬁ ] — 924 o

For a holomorphic function f on V¢ we have
(BYr)|, = BX(F1v)

and hence B;/C is a natural complexification of the Bessel operator By of V.
Therefore, by abuse of notation, we also abbreviate By = BXC.
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1.7 BOUNDED SYMMETRIC DOMAINS OF TUBE TYPE

Let Tq := V +iQ C V¢ be the tube domain associated with the symmetric
cone €). Each rational transformation g € G extends to a holomorphic auto-
morphism of Tq. This establishes an isomorphism between G and the identity
component Aut(7T)o of the group of all holomorphic automorphisms of Tq (see
[15] Theorem X.5.6]). Under this isomorphism the maximal compact subgroup
K C G corresponds to the stabilizer subgroup of the element ie € T so that
To = G/K. We identify an element g € G with its holomorphic extension to
Ta.

Let

p:Tao— Ve, p(2) := (2 —ie)(z +ie) 7t

and define D := p(Tg). Then p restricts to a holomorphic isomorphism
p: To = D with inverse the Cayley transform (see [I5, Theorem X.4.3])

c: D5 To, c(w) =ile +w)(e —w) ™t (1.13)

The open set D C V¢ is a bounded symmetric domain of tube type and every
such domain occurs in this fashion. Clearly G is also isomorphic to the identity
component Aut(D)g of the group of all holomorphic automorphisms of D via
the conjugation map

a:G — Aut(D)g, g pogop ' =clogoec. (1.14)

The stabilizer subgroup of the origin 0 € D corresponds to the maximal com-
pact subgroup K C G and also D = G/K.

Denote by % C 9D the Shilov boundary of D. The group U acts transitively
on ¥ and the stabilizer of e € X is equal to KX C U (see [I5, Proposition X.3.1
& Theorem X.4.6]). Hence ¥ = U/K' is a compact symmetric space. Denote
by do the normalized U-invariant measure on ¥ = U/KL. We write L?(%) for
L?(%, do) and denote the corresponding L2-inner product by (—, —)x.

1.8 POLYNOMIALS

In this Section we recall known properties for the space of polynomials on V¢.

PRINCIPAL MINORS AND DECOMPOSITIONS

Let P(V¢) denote the space of holomorphic polynomials on Vg. The space
P(Ve) carries a natural representation ¢ of L¢ given by

U(g)p(z) = p(g~"2), g€ Le,peP(Ve).

Since L and U are both real forms of the complex group L¢ the decomposi-
tions of P(V¢) into irreducible L- and U-representations are the same. This
decomposition can be described as follows:
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For j € {1,...,7} we denote by P; the orthogonal projection V' — V' (e;, 1). Let
Ay (e, 1) be the Jordan determinant of the Euclidean Jordan algebra Vi(ej,1).
We define a polynomial A; on V' by the formula

Aj(z) == Aye,1)(Pjr), zeV,

and extend it to a holomorphic polynomial on V. The polynomials Ay, ..., A,
are called principal minors of V. Note that A, = A is the Jordan determinant
of V. For m € N[y we write m > 0if m; > ... > m, > 0. If m > 0 we define a
polynomial Ay, on V¢ by

Am(2) = Ag(2)™ ™2 o A,y (2)™ =1 AL (2) ™ ze Ve

The polynomials Ay, (2) are called generalized power functions. Define P, (Ve)
to be the subspace of P(V¢) spanned by £(g)Am for g € L. (Equivalently one
canlet g € U or g € L¢.) We write dp, := dim Py, (V) for its dimension.

THEOREM 1.6 (Hua—Kostant—Schmid, see e.g. [15] Theorem X1.2.4]). For each
m > 0 the space Pm(Ve) is an irreducible L-module and the space P(Vg) de-
composes into irreducible L-modules as

P(Ve) = @ Pm(Vo).

m>0

The same spaces Pm(Ve) occur in the decomposition of L*(X) into irre-
ducible U-representations. To make this precise let Z' be the set of all
m € Z" with m;y > ... > m,. For m € Z' we define another tuple
m’ ;= (my —my,...,my—1 —m,,0). Then m’ > 0 and we define

P (E) := {A"p|s : p € Paw (Vi) }-

If m > 0 then Py, (%) coincides with the space of restrictions of polynomials in
Pm(VC) to 2.

THEOREM 1.7 (Cartan-Helgason, see e.g. [15l Theorem XII.2.2]). For each
m € 7' the space Pm(X) is an irreducible unitary U-representation and the
space L*(X) decomposes into the direct Hilbert space sum

(%) = @ Prea ().

rnerr

We now study the restriction of polynomials to the orbits X C Vi and O C V.
Note that for m > 0 and k € {0,...,r — 1} the condition my; = 0 means
M1 = ... =m, = 0. For convenience we also use this notation for k£ =r. In
this case mg41 = 0 should mean no restriction on m.

PRrOPOSITION 1.8 ([24, Proposition 1.7 (vi) (a)]). For x € Xj we have
Aky1(z) = ... = Ap(x) = 0. In particular, Ay vanishes on Xy iff miy1 # 0,
m > 0.
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For 0 < k < r let P(X)) and Pm(X%) be the images of P(Ve) and Pm (V)
under the restriction map C*(Vg) — C*(AX%). Similar we define P(Oy) and
Pm(Ok) to be the images of P(V¢) and Py (Ve) under the restriction map
COO(V([j) — COO(Ok).

COROLLARY 1.9. Let k € {0,...,7} and m > 0. Then Pm(Xy) (resp.
Pm(Ok)) is non-trivial if and only if mi41 = 0. In this case the restriction
from Vi to Xy (resp. Oy) induces an isomorphism Pm(Ve) =2 Pm(Xk) (resp.
Pm(Ve) = Pm(Or)) of L-modules (resp. Lc-modules). In particular we have
the following decompositions:

P)= @B  Pumlt), PO= P  PmlOn.
m>0,mg41=0 m>0,mg41=0

For A € C and m > 0 we define the Pochhammer symbol (A)m by

T

W =T (A= 6-15)

i=1

where (a), = a(a+1)---(a+n—1) denotes the classical Pochhammer symbol
for a € C, n € Ng.

LEMMA 1.10 ([I5] Lemma X1.2.3]). For p € Pm (V) and X € W we have

/o e @ p(z) dua(z) = 2" (N mAy) p(y~1), y €.

SPHERICAL POLYNOMIALS
The representations Pm(Ve) of L (resp. U) are KPE-spherical. The K-
spherical vectors in Py, (Vc) are spanned by (see [I5, Proposition XI.3.1])
D (2) = Am(kz) dE, z € V.
KL
The L?(¥)-norm of these functions are given by (see [I5, Proposition XI.4.1 (i)])

1

1Pl = m > 0. (1.15)

By [15] Corollary X1.3.4] there exists a unique polynomial @y, (z,w) on Ve x V¢
holomorphic in z and antiholomorphic in w such that

q)m(gzaw) - (I)m(Z,g*’LU), Vg S L(C7
Pn(x,2) = P (2?), VoxeV.

LEMMA 1.11. (1) For all z € Vi we have

D (z,e) = P (2).
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(2)

(3)

JAN MOLLERS

Forxz € V and y € Q we have

N

Pm(z,y) = Pm(P(y?)m).

For z,w € V¢ we have

(I)m(zaw) - (I)m(wa Z)

Proof. (1) First let € . Recall the complex powers z°, s € C, defined in

Section [[2 Then
D (x,e) = q)m(P(xi)x%,e) = q)m(x%,P(xi)e) = q)m(x%,ac%) =Py, (x).

Since both sides are holomorphic in x and € C V¢ is totally real, this
also holds for z € V.

Let z € V and y € 2. Then by (1) we obtain
Pin(2,) = Prn(@, P(y%)e) = P (P(y?)z, ¢) = Dm(P(y?)2).
Now both sides are continuous in y € Q and the claim follows.

First let o,y € Q. Then by [I5, Lemma XIV.1.2] there exists k € K%
such that P(yz)z = kP(x2)y. Using (2) and the K E-invariance of ®,
we find that

Pn(2,9) = P (P(y?)a) = B (P(2?)y) = Pum(y, ).
Since O (z,y) € R for x,y € V, we obtain
D (z,w) = Py (w, 2) Vz,we .

Both sides are holomorphic in z and antiholomorphic in w and Q C V¢
is totally real. Hence, the formula also holds for z,w € V. O

LeEMMA 1.12. If m > 0 with my41 # 0, then ®m(2z,w) =0 for all z € Ve and
w € Xg.

Proof. Write w = hey, with g € Lc. Then

Do (z,w) = Pz, ger) = Pm(9*2, er).

Therefore, it suffices to show that ®,(—,ex) = 0 as a polynomial on V.
Since Py, (z, w) is holomorphic in the first variable it suffices to show that
D (—,ex) =0 as a polynomial on V' and since 2 C V is open it is enough to
prove @, (z,e) = 0 for z € Q. But for z € 2 we have by Lemma [[LTT] (2) and

(3)

=

DO (x,er) = P (P(22)eg).
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Now write 22 = ge with g € L, then

=

P(x7)ey, = P(ge)er = gP(e)g¥er = g7 ex

and hence P(:c%)ek € O = L - ex. But by Corollary [L9 we have ®py|0, =0
since my41 # 0 and the proof is complete. O

EXAMPLE 1.13. On the rank 1 orbit &} the spherical polynomials ®p,(z, w)

are non-zero if and only if m = (m,0,...,0), m € Ny, and in this case
P (z,w) = (2)m (z[w)™, z,w € X
dmm!

(This can e.g. be derived from the expansion of tr(x)* into the polynomials
O (), see [I5] Chapter XI1.5].)

THE FISCHER INNER PRODUCT

We equip P(V¢) with the Fischer inner product

[p.q] == p (%) q(2)

where g(z) := ¢(Z), z € V. The action of U on P(V¢) is unitary with respect to
this inner product and hence the irreducible constituents P, (V) are pairwise
orthogonal. Since U also acts unitarily on P(V¢) with respect to the inner
product on L?(¥) the two inner products are proportional on each irreducible
constituent Pm (V) (see [15, Corollary XI.4.2]):

, p,q € P(Ve),

[p,q] = (;)m@,qb P,q € Pm (Vo). (1.16)

Denote by K™(z,w) the reproducing kernel of P, (Vg) with respect to the
Fischer inner product. By [I5 Propositions XI.3.3 & XI.4.1] we have

dm
(%)m
Since by [15] Proposition XI.1.1] the completion of P(V¢) with respect to the

Fischer inner product is a Hilbert space with reproducing kernel K(z,w) =
e(*I®) we obtain the following expansion:

K™(z,w) = D (z,w), z,w € Ve.

_ dm
e(z\w) — Z —(I)m(z,w), z,w € V. (117)

n

LEMMA 1.14. Form,n >0 and p € Pm(Vc), ¢ € Pu(Ve):

/U p(u2)q(aw) dts = Ban(z, ) (P, )5 Ve Ve
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Proof. Using the reproducing kernel property and the Schur orthogonality re-
lations we obtain

/U p(uz)g(uw) du = /U o K™ u2)][g, Ko uw)] du

- /U [0 )p, K™~ 2)[l(a g, K=, w)] du

Iy () Ko w)

With (I8 and

[Km(*vz)vKn(*vw)] - 6mnKm(w7Z) = Omn - q)m(zaw)

(F)m

the claimed identity follows. O

RS

LAGUERRE FUNCTIONS

For m > 0 the polynomial ®,(e + z) is KL-invariant of degree |m| and can
hence be written as a linear combination of the K “-invariant polynomials ®,, ()
for n| < |m|. Following [I5l Chapter XV.4] we define the generalized binomial
coefficients () by the formula

Pmlet+a)= Y (T)@n(z), zeV.

In|<|m]

Using the generalized binomial coefficients we define the generalized Laguerre
polynomials L), () by

Ly@) = Nm Y. (‘;‘) ﬁ@n(—x), reV, (1.18)

[n|<[m]|
and the generalized Laguerre functions ¢ (z) by
() = e @ LA (22), zeV. (1.19)

Both L}, (z) and ¢, (z) are K L-invariant. Note that for A > (r — 1) we have
(AMn # 0 for all n > 0 and hence L), (z) and ¢ (z) are defined on V. For
v € O, k=0,...,7r — 1, we further have ®,(x) = 0 if ngy1 # 0. Therefore
the sum in (CI8]) reduces to a sum over n with ngy; = ... = n, = 0. For
such n we have (A\)n # 0 for A = k% and hence the expression (II8) is defined.
This gives Laguerre polynomials L} () and Laguerre functions £}, (x) on Oy
for each A € W.

Properties of the generalized Laguerre functions have been studied in [4l [9].
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2 THREE DIFFERENT REALIZATIONS OF UNITARY HIGHEST WEIGHT REPRE-
SENTATIONS OF SCALAR TYPE

We describe three known realizations of highest weight representations of scalar
type: the bounded symmetric domain model, the tube domain model and the
Schrodinger model. We further discuss a complexification of the Schrodinger
model which we use in Section to construct yet another model, the Fock
model.

2.1 THE SCHRODINGER MODEL

The highest weight representation of the universal cover G belonging to the
Wallach point A € W can be realized on L?(Oy, duy). We sketch the construc-
tion here (see e.g. [41] for details). First, there is a Lie algebra representation
dmy of g on C*°(0,) for every A € W given by

dmy(u,0,0) = i(u|x),

rA
dmz(0,T,0) = aT#1+2— Te(T%),

dmx(0,0,v) = i(v|By).
Note that for A = k%, k=0,...,7—1, the Bessel operator B, is tangential to
the orbit Oy and hence defines a differential operator acting on C*°(Oy,) (see
Section [[G). The representation dmy is further infinitesimally unitary with

respect to the L2-inner product on L?(Oy, dpuy).
The subrepresentation of (dmy, C*°(O))) generated by the function

Yo(x) = e*“(z), x € Oy,

defines a (g, K )-module (dmy, W*) whose underlying vector space turns out to
be (see e.g. [15, Proposition XII1.3.2])

WA = P(Oy)e” ).

The (g, K )-module (dmy, W)‘) integrates to an irreducible unitary representa-
tion (my, L?(Oy, duy)) of G. The minimal K- type is spanned by the function
1o which is K-equivariant:

(k)P0 = &x(k)to, kekK,
where &) : : K — T is the character of K with differential
déx(u, T, —u) = iA tr(u).

This implies that the representation 7, descends to a finite cover of G if and
only if A € Q (which holds in particular for A € Wais). For A > 27" — 1 the

representation 7 belongs to the relative holomorphic discrete series of G.
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2.2 THE TUBE DOMAIN MODEL

For \ € C consider the function

—\ —A
To xTqg — C, (Z,UJ)’—)A(Z in) .

It is of positive type if and only if A\ € W (see [15] Proposition XIII.1.2 &
Theorem XII1.2.4]). Denote by H3 (%) the Hilbert space of holomorphic func-
tions on T which has the function A(%)_)‘ as reproducing kernel. For
A > 1+ (r — 1)d this space coincides with the space of holomorphic functions
F on Tq such that

| IF@RAGF dray <.
Ta

where z = z + iy € Tq (see [I5] Chapter XIII.1]). For every A € W there is
an irreducible unitary representation ﬂ';” of G on H3(Ty). Note that G acts
on T by composition of the action of G = Aut(Tq)p on T with the covering

map G — G. Then the representation 7{“ is given by
mE(9F(2) = (g™ 2)F(g "), g€ G,z €Ty,
where the cocycle ufﬂ (g,2) is given by
13" (9. 2) = Det(Dyg(2)) =, geG.z €Ty,

the powers being well-defined on the universal cover G.
The representations H3 (Tq) and L%(O,, du,) are isomorphic, the intertwining
operator being the Laplace transform (see [I5, Theorems XIII.1.1 & XTI1.3.4])

Ly : L¥(Ox, dpy) = H3(Ta), Lrv(z) = /0 el () dps(x).  (2.1)

The Laplace transform £y is a unitary isomorphism (up to a scalar) intertwin-
ing the group actions.
2.3 'THE BOUNDED SYMMETRIC DOMAIN MODEL

The polynomial h(x) := A(e — 22), x € V, is Kl-invariant and therefore by
[15] Corollary XI.3.4] there exists a unique polynomial h(z,w) holomorphic in
z € V¢ and antiholomorphic in w € V¢ such that

h(gz w) = h(z,g"w), Vg€ Lg,
h(z,x) = h(zx), VeV

We also write h(z) := h(z,z) for z € V¢. Consider the powers h(z,w)™* for
A € C as functions on D x D. Then h(z,w)™* is positive definite on D x D
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if and only if A € W (see [I5] Theorem XIII1.2.7]). The corresponding Hilbert
space of holomorphic functions on D with reproducing kernel h(z,w)~* will be
denoted by H3 (D). For A > 1+ (r — 1)d this space coincides with the space of
holomorphic functions f on D such that

/ |f (w)Ph(w)* 5 dudo < oo,
D

where w = u + iv € D (see [I5] Proposition XIII.1.4]). For each A € W there
is an irreducible unitary representation 72 of G on H3 (D). To give an explicit
formula recall the isomorphism « : G — Aut(D) defined in ([LI4) and view it

as a covering map o : G — Aut(D)g. Then the representation 72 is given by
T (9)f (w) = uF (g7 w) flalg) " w), g€G,weD,
where the cocycle u¥ (g, w) is given by
N ~
13 (g, w) = Det(D(a(g))(w)) =, g€ G,weD,

the powers being well-defined on the universal cover G.
The representations H3 (D) and H3 (1) are isomorphic, the intertwining op-
erator being given by

7 HR (To) = HA(D), mF(w) = Ale — w) *F(c(w)),

where c(w) is the Cayley transform defined in ([I3) (see [I5l Proposition
XIIT.1.3 & Theorem XIII.3.4]). The operator 7, is unitary (up to a scalar)
and intertwines the group actions.

2.4 £-TYPE DECOMPOSITIONS

In the bounded symmetric domain model the K -type decomposition is very
explicit. Let A € W and 0 < k < r such that Oy = Oy. Then H3(D)
decomposes into the direct Hilbert space sum

HD) = D Pulo)

m>0, mg11=0

each summand Pp,(Vc) is irreducible under the action 7% (K) and on it the
norm is given by (see [I5, Theorem XIII.2.7])

M

||p||’2}-[§\(D) - ()\)m ”p”%v JZAS Pm(VC) (22)

Further, the £'-spherical vector in each K -type Pm(Ve) is the spherical poly-
nomial ®,,(2z) which has norm

2
[Prall32 (py = PGV
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Correspondingly the underlying (g, K )-module W* of the Schrédinger model
L?(Oy, duy) decomposes into K-types

wr= P W

m>0,my1=0

where W = £ 07y ' (Pm(Vc)). The £'-spherical vector in Wy is given by the
Laguerre function £} (x) defined in Section (see [I5 Proposition XV.4.2])
which has norm (see [I5 Corollary XV.4.3 (i)])

(B)m N

dm

||€1)’\n|‘%2((9x,d,uq) = (2-3)

2.5 COMPLEXIFICATION OF THE SCHRODINGER MODEL

The infinitesimal action dmy in the Schrédinger model is given by second order
differential operators on O, with polynomial coefficients. Hence the action
can be extended to an action dr§ of g on C°° (X)) by holomorphic differential
operators. More precisely, let D be a differential operator on V' with polynomial
coefficients. Choose some basis ey, ..., e, of V and write x = 23;1 xzje; € V.
Then D is in coordinates given by

olel
D= cal®) gar e

aeNy

with polynomials ¢, (x) of which only finitely many are non-zero. The coeffi-
cients extend uniquely to holomorphic polynomials ¢, (z) on Ve. We define the
complexification D of D to a holomorphic differential operator on V¢ by

ol 0 1/ 0 0
D€ .= ca(2) 77> where — = (— - z—)
Oth:g ( 821 < 0za" 8zj 2 &rj 8yj

denotes the Wirtinger derivative for z; = x; + iy; in coordinates
z = 2?21 zje; € V. The operator DC is a complexification of D in the
sense that for a holomorphic function f on Vg we have

(Df)lv = D(flv).
Applying this procedure to dmy(X) for X € g we put
drS(X) == dmy(X)C.

It remains to show that these holomorphic differential operators are actually
tangential to the orbit X and hence define an action dn§ of g on C®(X)).
For this we use the Schrodinger model of certain unipotent representations of
the complex group G¢ = Co(V¢) (the conformal group of the complex Jordan
algebra V), viewed as a real Lie group.
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In [22] Proposition 2.14] the authors construct a representation dr of gc,
viewed as a real Lie algebra, on C°(X)) for each A € W. It is explicitly given
by

dra(u,0,0) = i(ulz)w,
dT)\(Oa T7 0) = 6T#z + % TrW(T#)a
dr(0,0,v) = i(U|BKV)W.

By Tryy we mean the real trace of an operator on the real vector space W.
Note that dr, does not act via holomorphic differential operators, but via
real differential operators up to second order on X). Further, its is shown in
[22] Theorem 1.12] that the representation dry is infinitesimally unitary with
respect to the inner product of L?(Xy, dvy).

We have the following result relating dr to the complexification d7r§:

PrOPOSITION 2.1. For X € g we have
dr(X) = % (dra(X) —idm\(iX)). (2.4)
In particular, for every X = (u,T,v) € g and all F,G € C* (X)) we have
/X dr$(u, T,v)F(z2) - G(2) dva(z) = . F(z)- da$(u, —T,v)G(z) dva(2).
)\ A

REMARK 2.2. The formula (Z4) can be understood as an analog of the
Wirtinger derivative

o 1[0 .0

==zl —iz ).

0z 2\ 0x dy

Proof of Proposition [Z.1l First note that since n and 1 together generate g as
a Lie algebra it suffices to show (Z4]) for X € n and X € n. Further note that
for z € V¢ we have

1 L
(alz) = B ((alz)w — i(ialz)w), acV. (2.5)
Then ([24) is immediate for X € n. Now let X = (0,0,a) € 7. Let (eq)
be any orthonormal basis of V' with respect to the trace form (—|—). Write
T = Za Tatq. We view W = V¢ as a real Jordan algebra. The vectors
1 1
fo = Ca and Jo i= —=leq

V2 V2

constitute an R-basis of W. Its dual basis with respect to the trace form

(=|=)w is given by (fa := fa)a U (Ga := —Gga)a. We write z = > za€a =
Yo (@afa +baga) With aq,bs € R and 24 = %(aa + iby). Hence,
0 1 0 0 1 0
_—— and —_—=
da, 20z, Obo /2 0Ya
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with zo = Zo + Wa, Ta, Yo € R. With (ZI) we have

(dAr(X) — idra(iX)) = + ((alBY) — i(ial5L)))

N | =

2 2

9 S 9 o

7 (a|P(. + )\Z 9 5
abaab a g()mgﬂ ? b g()é
2

¢ .0
- Z zﬁ: (8:%8:05 a|P(6a,€ﬂ)2) - QZaxaayB (G|P(€a766)2)

———F—(a|P(eaq, = E T Ca —l5—€q
5ya6y5 (a| (e @B)Z)> 2 (()Z’ae Zayae )

[e%

Zﬂ 82[3 (a|P(eq,ep)z Jrz)\Z oo eq = dn§(X).

This shows (Z4) for X € 1 and hence it follows for all X € g.

The stated integral formula now follows from (2Z4]) using the fact that dry(X)
is given by skew-adjoint real differential operators operators on L?(Xy, dvy)
with real coefficients if X = (0,7,0) € g and purely imaginary coefficients if
X = (u,0,v) € g. O

Since dr) restricts to an action on C*° (X)) by differential operators, the same
is true for dwg by the previous proposition. Therefore, dﬂg is a representation
of g on C°(X)) by holomorphic polynomial differential operators of order at
most 2.

3 DBESSEL FUNCTIONS ON JORDAN ALGEBRAS
In this section we study J-, I- and K -Bessel functions on symmetric cones and

their boundary orbits. These functions play a fundamental role in the study of
Schrédinger and Fock models and the intertwining operators between them.

3.1 J-BESSEL FUNCTION

For A € C with (A)m # 0 for all m > 0 and z,w € V¢ we put

Tz w) =Y (—1)'m'(d7m<1> (z,w).

2 ESMGY

(This notation agrees with the one used in [I5] Chapter XV.2].) One problem
is that for a discrete Wallach point A = k%, k=0,...,7—1, we have (A\)m =0
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for all m > 0 with mg;1 # 0. However, by Lemma T2 we find that for z € X},
or w € Xj:

W) — _qyml__Gm
j,\(, ) Z ( 1) ()\)

m>0,mp41=0

In this expression the coefficients are non-singular at A = k% since (A)m # 0
for all m > 0 with mygy; = 0. Therefore we obtain for each A € W a J-Bessel
function Jy(z,w) on Ve x X). It only remains to show convergence of the
defining series.

LEMMA 3.1. For A € W the series for Ia(z,w) converges absolutely for all
z € Vo and w € X and the following estimate holds:
r(2n

|Ta(z,w)| < C(1L + |2] - w]) "5 2 VIl VzeVe,we Xy

for some constant C' > 0 which depends only on the structure constants of V
and \.

Proof. Let z,w € Vg. Then by [I5, Proposition X.3.2] there exist u € U and
a = Z;Zl ajc; with a1 > ... > a, > 0 such that w = ua = uP(a%)e. With

Lemma [[TT] (2) we find
pn(2,w) = P (z,uP(a?)e) = P (P(a?)u"'z, ) = O (Pla?)u'2).

Now suppose further that w € ?k, 0 < k < r, and mg41 i Then

ak+1 = ... = a, = 0 and hence P(a%) projects onto V(ex,1) C Xj. Thus
we find that P(aZ)u~'z € A} and again by [I5, Proposition X.3.2] we can
write

P(a?)u"'z = u'b,
where ' € U and b = Z§=1 bjcj, by > ... > by > 0. Now, by [I5, Theorem
XIIL.1.1 (i)] we obtain

[P (2, W) = [P (w'b)] < b -+ b}
We further have the following obvious inequalities (assuming my41 = 0 for
A= kg)
n+ |m|—1
n—1

dm < dimP‘m‘(VC) = ( ) <O (1+ |m|)n71

< Cl(]. + ml)”*l oo (]. + mk)nil,

(%)m* H(%*(jfl)g)mj > (1)mJ =m!,
k T
Mm =T =G =1, = [[O=E=1)9)m,
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We abbreviate M := A — (k — 1)% > 0. Putting things together gives

dm
Da(zw) < Y W@m(szﬂ
m>0,myq =0 *7/M/m
1—|—m1 n L. (1+mk)”_1 m m
< ... pmE
G Z ! (V) oms - (N o b by,
meNg
(14+m)
el (> —)) .
m=0 m
Now note that mb™ = (b--)b™, so
00 n—1 oo
yo Lemt ”m <1+b%) >
m=0 m m=0 m( )m

d n—1
<1+b%) 0F1(>\/;b),

where (F1(8;z) denotes the hypergeometric function. For ¢F3(5; z) we have
the obvious identity

d

1
P —oF1(B+1;2)

oF1(B;2) = 3

and hence (1 + b%yk1 oF1(N;b) is a linear combination of functions of the
type
bPoFL (N + ks b), k=0,...,n—1.

Now by [3, equations (4.5.2) & (4.8.5)] the asymptotic behaviour of the hyper-
geometric function as z — oo can be estimated by

loF1(B;2)] <

and hence we obtain

< Co(1+ B)PET T e [0,00),

d n—1
‘<1+b5> oF1(\;b)

the constant Co > 0 only depending on n and ). Inserting this into the
estimate for Jy(z,w) gives

k
|j,\(2,w)| < 0105 H ((1 + |bj|)2n724>\ ,162\/5) .

j=1
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Now note that
b = |u'b| = [P(aZ)u 2| < |[P(aZ)| - [u= 2| = | P(a2)] - |2,

where ||[P(a2)||? is the largest eigenvalue of P(a2)#P(az) = P(az)?. Since
P(a%)2 acts on V;; by a;a;, its largest eigenvalue is a?. Hence

0] < arlz] < lal - |2] = |w] - [2].

Altogether we finally obtain

2n—2)"—1
- a

k
|Ta(z,w)| < C1Cy H (1+b;)) Q2B+ V)

< CLCE (L4 by 4+ 4 b)) T 2VVBE T

< C1C§rw(l + b)) We%-\/m
7(71. )

<C(1+ 2] - Jw]) 52Vl

with C' = C} C’§7’7'(27§71) > 0 which gives the claim. O

The estimate obtained in Lemma [3.1]is not sharp, but suffices for most of our
purposes. Recently, Nakahama [44] obtained a sharper estimate which we use
in Section to find explicit Whittaker vectors:

ProOPOSITION 3.2 ([44] Corollary 1.2]). For X € W and k € Ny with
ReA+Ek > 27" — 1 there exists a constant Cy > 0 such that

(2%, )] < Ca(l+ |2 T =l 2 € Xy,
where |z|; = Z;Zl la;|, =z = uZ;ZI ajci, w €U, aj € R.

ExaAMPLE 3.3. On the rank 1 orbit we have, using Lemma [[.T2] and Example
INE

m/!

new) =Y L oy =t eVER). swe
m=0 m

where Jo(z) = (5)"“Ja(z) is the classical renormalized J-Bessel function
which is an even entire function on C.

The following proposition is clear with the results of Section
PROPOSITION 3.4. The J-Bessel function Jx(z,w) has the following properties:

(1) Ia(z,w) = Ta(w, 2) for z € Vg, w € X,
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(2) Talgz,w) = Ja(z, 9" w) for z € Ve, w € Ay, g € Le.

To prove the differential equation for J)(z,w) we use the same method as
Faraut-Koranyi [I5, Theorem XV.2.6] for the one-variable .J-Bessel function
J(z,e). The first step is to calculate the Laplace transform as defined in (21).

LEMMA 3.5. Fiz w € Xy and consider the function J\(—,w) on V given by
x = Ja(xz,w). The Laplace transform of Jx(—,w) is given by

(LATA (= w)) (2) = 22 A (—iz) re 1 @), 2 €Ty

Proof. Let 0 < k < r be such that Oy = O. The we find, using Lemma [[.T0]
and (LCI7):

(=) ()= [ O, o, 0) dps (o)

> it [ ) i)

m>0,mp41=0 (%)m()\)

=2y (71)‘m‘d—mA(7iz)’)‘<I>m(z‘z’1, w) = 27 A(—iz) e ™) O

n
= (F)m

PROPOSITION 3.6. For A\ € W the function Jx(z,w) solves the following dif-
ferential equation:

(Br):Ix(2z,w) = —wWI\ (2, w), 2z € Ve, w € X,

Proof. First note that it suffices to show the differential equation for
A>(r— 1)%7 then the general case follows by analytic continuation. Further,
it suffices to show the differential equation for z € 2 as Jx(z, w) is holomorphic
in z € V. Since the Laplace transform £, is injective on functions on €2 the
differential equation is equivalent to the identity

£)\(B,\J>\(—,w)) = —mﬂ)\j)\(—,w). (3.1)

Let z € Tq, then using the symmetry of the Bessel operator By we find

(Lr(BaTA(—,w))) (2) = /O ei(zlx)(B,\)xJ,\(x,w) dpy ()

= / (By) €19 7y (2, w) dpy (z) = / (P(iz)z + irz)e'1®) 7 (2, w) dpuy (2)
O Ox

=1 <P(z)% + )xz) (LrTIA(—,w)) (2).

Now by Lemma BBl we have (LxJx(—, w)) (z) = 2" A(—iz) e~ '@ Using
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D(z7') = —P(z)~! and 9,A(z) = A(x)(y|z~!) we find

. 9 C A=A —i(z W)

i (P(z)& + )\z) {A(—zz) e }

— i (=AP(2)2 7 +iP(2)P(2) "' + Az) A(—iz) e i)

= - EA(—iz)f/\efi(zflm)

and (BI) follows. O

3.2 I[-BESSEL FUNCTION

For A e W, z,w € Vg and z € Xy or w € Xy we put

Ii(z,w) := Ia(—z,w) = Ja(z, —w)

dm
= 2 W )

By definition the I-Bessel function Z, (z, w) also satisfies the estimates in Propo-
sition [3.1] and has the same properties as in Proposition [3.4]

ExampLE 3.7. By Example it is immediate that on the rank 1 orbit we
have

Tn(z,w) = TN -1 (2V/(z[W)), z,w € X,

where I, (z) = (5)"*1a(2) is the classical renormalized I-Bessel function which
is an even entire function on C.

LEMMA 3.8. ForAe W andy €, z € V¢
/ e~ @, (2, 2) dpy (x) = 27')‘A(y)_ke(yfl‘z).
Ox
Proof. This follows immediately from Lemma O

PROPOSITION 3.9. For A € W the function I)(z,w) solves the following dif-
ferential equation:

(BA):Zx(z,w) = WIx\(z,w), z,w € Xy.
Proof. Since Ix(z,w) = Jx(z, —w) this is equivalent to Proposition 3.0l O
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3.3 K-BESSEL FUNCTION

For A € C and z € Q we put

Ka(z) :z/e_“(ufl)_(x‘“)A(u)’\_% duz/e_“(”)_(“'l”fl)A(v)_)‘dv.
Q Q

Note that our normalization of the parameter A differs from the one used in [§]
and [I5] Chapter XVI1.3]. By [I5 Proposition XVI.3.1] these integrals converge
for all A € C and = € . Since the integrand is positive on Q we have Ky (z) > 0
for x € Q. To extend the K-Bessel function also to lower rank orbits we need
the following result due to J.-L. Clerc [8] Théoréme 4.1]:

ProrosiTION 3.10. Let ¢ € V be an idempotent of rank k. Let 1y and Qg
be the symmetric cones in the Euclidean Jordan algebras V(c,1) and V(c,0),
respectively. Further, let K be the K-Bessel function of Q1, Tq, the Gamma
function of Qo and ng and ro the dimension and rank of V(c,0). Then for
r1 €

K1) = (2m)H -9 Tg, (? W A) KA (1), (3.2)
0

This shows that for A near k% the Bessel function Iy () is defined for = € O
and hence we obtain Bessel functions K on Oy for A € W. Note that by (B2)
the function ICy is positive on O).

ExampLE 3.11. (1) For V =R we have by [I8] formula 3.471 (9)]
Ka(z) = 2Kx_1(2V/7), reQ=R,,

where K, (z) = (%)
tion.

K, (z) is the classical renormalized K -Bessel func-

(2) In the general case the Bessel function Ky is by Proposition B0 on the
rank 1 orbit Oy given by

Ka(x) = const -k} (|z|e1) = const Ka1(2v/]z)), z € Oy.

LEMMA 3.12. For A € W and m > 0 we have
| oK@ dia@) = 2 Ta () (mmpe), € PanlVe)
Ox
In particular, for every N > 0 we have

/O (1+ 2N K (z) dpa(z) < oo.
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Proof. Tt suffices to show the claim for A > (r — 1)%. The general case then
follows by analytic continuation. For A\ > (r — 1)% we have, using Lemma [L.T0]

27‘)\

/o @A) =
27‘)\

o7 L [ plare e A A duds
QJQ

/Qp(“’@(xm(x)k—% dz

=2 (Vm / e p ) A(w) du
Q

and under the coordinate change v = u~1, dv = A(u)*% du, this is

_ 2r/\()\)m /Q e~ tr(v)p(,U) dv = ZT)‘()\)mFQ(%)(%)mp(e)a

where we have again used Lemma for the last equality. This shows the
desired integral formula.

For the second claim we observe that by the previous calculations every poly-
nomial can be integrated against the positive measure ICy(x)duy(x) since
P(Ve) = Bry>0 Pm(Ve) and hence the claim follows. O

PROPOSITION 3.13. The function Ky (x) solves the following differential equa-
tion:

B,\/C)\(IL') = GIC)\(:E).

Proof. Differentiating under the integral we obtain

-1

Baka(x) :/ (P(*U)IE+>\(*U))67“(“ )*(1\U)A(u)/\—% du
Q
N / - (P(“)g " A“) el | =T A ()2 gy
Q ou
- Z/ - (P(u)eai + Au) e~ (xluw) | o= tr(ufl)A(u)A—i—’? du
o JQ ou,

«

= Z/ e~ (@lu) (a%P(u)ea — )\u) [e—tr(ufl)A(u)/\_%} e
a Y9 o
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Using 0y P(x) = 2P(z,y), D(z~') = —P(x)~! and 9,A(z) = A(x)(ylz™1) we
obtain

-y /Q e~ (2P(eq, u)eq + Plu)ea tr(P(u)Lea)

2n

+ (A= 2)(ealu ) P(w)eq — Au)e—m“’”A(u)A—T du

= /Q e (@lv) (2( ; ei)u + P(u)P(u) " te

+ (A =2Z)Pujpu! - )\u)e*“(“_l)A(u))‘*% du.

By (L) this is

2n

= /Q@’(m'“) (et (= 2)u— au)e "0TDAW* du

= ey (). O

Now let A € W. For z € Xy, z =ua withu € U, a=)_._, tic;, t; > 0, we put

wa(2) == Kx <(g)2> .

We note that w) is positive on X).

PROPOSITION 3.14. The function wx(z) solves the following differential equa-
tion:

z
Bywi(z) = Zw,\(z), z € Xy

Proof. Recall the operators BX and BI\/V acting on functions of r variables
(see Proposition [LH). Let F(ai,...,a,) = Ki(a), a = Y._, a;c;, then F
solves the system (BY)'F = F, i =1,...,r by Propositions and B.I3l Put
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Glay,...,ar) =wx(a) = F((%)?, ..., (%)?). Then
(BY)iG(ay, ..., a,)

1 0? 0

d 1 1 B B)
+§Z (aia]’ + aﬂraj) (aia_ai_ajaTj)>G(al""7aT)

J#i

1 a? 0? 10 a; 0
= e (EZ - )+ Zer—1-(r—1
4 <a’ ( 19a? " 28&1-) R (r=1d) 54

827

= (5 El
=Gy () () 2 G () (2
_4(BA)F((2>’ ’(2))_ F((Q) (2)
= %G(al,...,a,«).
Hence we obtain B{wy(z) = Zwa(z) for z = a. Since wy(z) is further U-

invariant, we obtain with (III)) for z = ua with u € U and a = Y_|_, a;¢;:

BV wi(z) = (uH#BY wi(a) = E%wk(a) = ZUJ)\(Z)

since ” = u~ ' for u € U. Finally we use Proposition ] to find for every

a€eV:

i(a|Bx)wa(z) = dr5 (0,0, a)wx(2)

—_

-5 (dT/\(Ov 0; a)w/\(z) - Z-dT/\(Oa 07 ia)w/\(z))

i ((alBY )ywwa(z) —i(ial BY Jwwa(2))

DO = N~ N

i ((al$)w —i(ial)w) wa(z)

=1

—

al)w(2)-

Since this holds for any a € V we find Bywx(z) = Zwa(2) and the proof is

complete.
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EXAMPLE 3.15. On the rank 1 orbit the function wy takes by Example BIT](2)
the form

2 ~
wa(z) = wa(|z|e1) = Ky <%cl> = const -Kx_1(|z]).

4 A FOCK MODEL FOR UNITARY HIGHEST WEIGHT REPRESENTATIONS OF
SCALAR TYPE

In this section we construct a Fock space Fy = F(Xx,wy dvy) of holomorphic
functions on the orbit X\ for every A € W, calculate its reproducing kernel
and find a realization on Fy of the unitary highest weight representation cor-
responding to the Wallach point A.

4.1 CONSTRUCTION OF THE FOCK SPACE

Let A € W. Recall the positive function wy € C°°(X)) from Section We
endow the space P(X)) of polynomials on Xy with the L2inner product of
LQ(X)\, W dl/,\)t

(F,G) 7, == é F(2)G(2)wa(z) dva(2), F,G € P(X)) (4.1)

with ¢y = 23" To(2). This turns P(X)) into a pre-Hilbert space. Its comple-
tion Fy := F (X, wx dvy) will be called the Fock space on X).

It remains to show that the integral in (@) converges. Using the polarization
principle the following lemma suffices:

LEMMA 4.1. For F € P(V¢) we have
/ |F(2)]Pwa(2) dva(2) < oo.
X

Proof. Using the integral formula (II0) we obtain

A'””'Q 2)din(z //O wrh) KA (2) dpux (2) ds

Now put
:/ |F (uz)|? du.
U

Clearly p is a polynomial on V, so there are constants C; > 0 and N € N such
that |p( )| < Cr(1+]2))N. Now, every x € Q has a decomposition = = ka with
ke Kl and a = Z] 1aj¢, a; > 0. In this decomposition the square root
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. 1 1. 1 r 3 . .
is of the form z2 = ka> with a2 = }>7_, ajc;. Since the norm | —|on V is

KL invariant we obtain

N N

|p($%)|§C1(1+(a1+---+a,.)%) SCl(l-i-\/?_“(a%—i—---—i—af)i)
\N A\ N
<O (141alt) <O (VEQ+1a)?) = Co (1 +]al)
with Cy = /722 . Hence, we find

/X IF(2)Pwa(2) dvn (2) = / P () dpir ()

Ox
N
<Co [ () Fhr ) din(o)
Ox
The latter integral is finite by Lemma and the proof is complete. O

We explicitly calculate the norms on the finite-dimensional subspaces Py (X ).

PROPOSITION 4.2. Let m,n > 0 and F € Ppm(X)), G € Pu(X)). Then
(F,G) 7, = 4™ (2)m(Nm (F,G)x.

In particular the subspaces Pm(X\) € P(X)\) are pairwise orthogonal with re-

spect to the inner product (—, —)r, and for F' = @y, we have
AP () (N m
@l = o,

Proof. Using the integral formula (LI0), Lemma [T and Lemma [B12] we
obtain

(F,G)r = — [ F(2)GEwa(z) dia2)

CX Xy

1 1 i

—/ / F(uz?)G(uz? )wy(x
Cx Joy Ju

S F G [ @ () din)

=

)dpa(z) du

4T)\+|m|

=——(FG)s /O D () (y) dpa(y)

_ 4\m\(%)m()\)m<F, G)s.

Since || ®ml|E = t by (LIZ) this finishes the proof. O

REMARK 4.3. Comparing the norm on F) with the norm on the space ”H?\(D)

gives by (22
IF1%, = 4™ N 5IF 3z o) VE € Pu(Ve).
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If we denote by O(X)) the space of holomorphic functions on the complex
manifold X\, we obtain the following result:

PROPOSITION 4.4. O(X)) N L*(X\,wadvy) is a closed subspace of
L?(X\,wadvy) and the point evaluation O(Xy) N L*(X\,wydvy) — C,
F — F(z), is continuous for every z € Xx. In particular, F) C
O(X\) N L3(X\,wrdvy) and the point evaluation Fy — C, F ~ F(z) is
continuous for every z € X).

Proof. This is a local statement and hence, we may transfer it with a chart map
to an open domain U C CF. Here the measure wy dvy is absolutely continuous
with respect to the Lebesgue measure dz and hence it suffices to show that
O(C*) N L%(Ck, dz) C L?(C*, dz) is a closed subspace with continuous point
evaluations. This is done e.g. in [20] Proposition 3.1 and Corollary 3.2]. O

The particular choice of the density wy yields the following result:
PROPOSITION 4.5. The adjoint of By on Fy is 5.

Proof. Let F and G be holomorphic functions on Xy. Then by Proposition 2]
we know that

BAF(Z)mw,\(z) dva(z) = /

X

F(2)B [G(z)wA(z)} v (2).

X

The function G(z) is antiholomorphic and hence

- / F(2)G(2)Bawa(2) dva(2).
X

By Proposition B14] we have Bywx(z) = 2w (z) and therefore

z
4

. / F(2)5G(2)wa(2) da(2) O
X\

4.2 THE BESSEL-FISCHER INNER PRODUCT

We introduce another inner product on the space P(Xy) of polynomials, the
Bessel-Fischer inner product. For two polynomials p and ¢ it is defined by

[pa Q])\ = p(BA)q(4Z)|z=O )

where G(z) = ¢(Z) is obtained by conjugating the coefficients of the polynomial
q. A priori it is not even clear that this sesquilinear form is positive definite.

THEOREM 4.6. For p,q € P(X\) we have

[P, dlx = (0, @) 7, - (4.2)
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The proof is similar to the proof of [5, Proposition 3.8]

Proof. First note that for all p,q € P(X))

[(a]$)p, glx = [p, (@Bx)q]x for a € Vg,
((al3)p,q) 7, = (p, (@|Br)q) 7, for a € Vg.

In fact, the second equation follows from Proposition The first equa-
tion is immediate since the components (a|By), a € Vg, of the Bessel op-
erator form a commuting family of differential operators on X). Therefore,
(a|Bx)p(Bx)q(4z) = 4p(By)(@|Bx)q(4z) and the claim follows.

To prove (L2) we proceed by induction on deg(q). First, if p = ¢ = 1, the
constant polynomial with value 1, it is clear that [p, ¢]» = 1 and by Proposition
1.2 we also have (p,q)r, = 1. Thus, [@2) holds for deg(p) = deg(q) = 0. If
now deg(p) is arbitrary and deg(q) = 0 then (@|Bx)g = 0 and hence

[(@lZ)p,q]x = [p, (@Bx)glx = 0 and
((a|®)p, @), = (p, (@Bxr)q) 7, = 0.

Therefore, [A2) holds if deg(q) = 0. We note that (2] also holds if deg(p) =0
and deg(q) is arbitrary. In fact,

[p, qlx = p(0)q(0) = [g,p]x and (0, Q) 7\ = (¢, D) 7\

and (£2)) follows from the previous considerations. Now assume (£.2)) holds for
deg(q) < k. For deg(q) < k + 1 we then have deg((a|Bx)q) < k and hence, by
the assumption

[(a|$)p, glx = [p, (@Bx)g]x = (p, (@Bxr)q) 7, = ((a, 5)p, ) 7, -

This shows (£2) for deg(q) < k+ 1 and p(0) = 0, i.e. without constant term.
But for constant p, i.e. deg(p) =0, we have already seen that ([@2]) holds and
therefore the proof is complete. O

4.3 UNITARY ACTION ON THE FOCK SPACE

In Section 25 we verified that for every A € W the complexification dr5 of the
action dmy defines a Lie algebra representation of g on C°°(X)) by holomorphic
polynomial differential operators in z. It is clear that this action preserves the
subspace P(X)) of holomorphic polynomials. Using this we now construct
an action of g on P(X)) by composing the action dﬂ'g with the Cayley type
transform C' € Int(gc) introduced in Section [[31

DEFINITION 4.7. Let A € W. On P(X)) we define a g-action dpy by

dpA(X) := dmX(C(X)), Xeg
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PROPOSITION 4.8. Let A € W and k € {0,...,r} such that X\ = Xi. The
t-type decomposition of (dpx, P(Xy)) is given by

o0

PX)= D Puld)

m>0,mg1=0

and in every E-type Pm (X)) the space of €'-fized vectors is one-dimensional and
spanned by the polynomial ®m(z). In particular (dpx, P(Xy)) is an admissible
(g, t)-module.

Proof. The Cayley type transform C : gc — gc maps £c to Ic and €' to itself.
The action of [¢ in the complexified Schrodinger model d7r§: is induced by
the action of L¢ on the orbit X\ = L¢ - e up to multiplication by a character.
Hence the t-type decomposition of P (X)) is the same as the decomposition into
Lc-representations under the natural action ¢ of Le. Therefore the claimed
decomposition is clear by Corollary The action of £' is induced by the
natural action of K'¥ and hence the unique (up to scalar) E-invariant vector in
the E-type Pm (X)) is the unique (up to scalar) K “-invariant vector in P (X))
under the natural action ¢. This finishes the proof. |

PROPOSITION 4.9. For each A\ € W the representation (dpx, P(X)\)) is an
irreducible (g,t)-module.

Proof. Let m,n > 0 be arbitrary and denote by U(g) the universal enveloping
algebra of g. Then it suffices to show that there exists an element of dpx(U(g))
which maps @, to ®,,. Using Theorem [L.6 we have

0 # H(I)mHg-} = q)m(B/\)(I)m(4z)|z=0 = 4lml (I)m(BA)q)m(z)|z=0~

Since By is a differential operator of Euler degree —1 the polynomial
D,y (BA)Pm (#) is constant and by the previous observation it is non-zero. Note
that dpy(U(g)) = dn5(U(g)) contains multiplication by arbitrary polynomi-
als and differential operators which are polynomials in the Bessel operator 5.
Hence, the operator ®,(z)®m(Br) € dpa(U(g)) maps Pm(z) to a non-zero
multiple of @, (z) and the claim follows. O

PROPOSITION 4.10. The (g,¢)-module (dpx,P(Xy)) is infinitesimally unitary
with respect to the L?-inner product (—, =), .

Proof. As remarked in Section the subspace {(a, L(b),a) : a,b € V} C g
generates g as a Lie algebra and therefore it suffices to show that the operators

dpa(a,0,a) = %i(a|48>\ +2) and  dpx(0,2L(a),0) = %(a|4BA —2)

are skew-adjoint on P(X,) with respect to the L%-inner product (—, —) z,. But
this is clear by Proposition [.5 O
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THEOREM 4.11. The (g, t)-module (dpx, P(X))) integrates to an irreducible
unitary representation px of the universal cover G' of G on Fx. This repre-

sentation factors to a finite cover of G if and only if N € Q. In particular it
factors to a finite cover of G if A € Waisc.-

Proof. By the previous results it only remains to check in which cases the
minimal &-type Po(Xy) = C1 integrates to a finite cover. The ¢-action on 1 is
given by

A
dpa(a, D, —a)1 = dnl(0,D + 2iL(a),0)1 = ;— Tr(2iL(a))1 = irtr(a)1.
n
Therefore, the center Z(¢) = R(e, 0, —e) acts by
dpa(e,0,—e)1 = irAl.

7(e,0

In K we have e =€) = 1 and hence, the claim follows. O

In the Fock model the action of the maximal compact subgroup is quite explicit.
For this recall the group homomorphism 1 : K — U C L¢ with differential
dn(u, D, —u) = D+2iL(u) defined in Section [[4and the character £, : K — T

of K with differential d&x(u,T,—u) = iAtr(u) defined in Section [ZT1
PROPOSITION 4.12. For k € K we have
pA(R)F(2) = Ex(k)F(n(k)* 2), z € Xy,
Proof. The action of X = (u, D, —u) € £ is given by
dpA(X) = dr§ (0, dn(X),0)
= Oan(x)# + % Tr(dn(X)#) = Dan(x)y# +irtr(u)

which implies the claim. O

4.4 'THE REPRODUCING KERNEL

We now calculate the reproducing kernel Ky (z,w) of the Hilbert space Fj.
For this we first calculate the reproducing kernels K}*(z,w) on the finite-
dimensional subspaces P, (X)) endowed with the inner product of Fj.

LEMMA 4.13. Let A € W and m > 0. If A = k:%l, k=20,....,mr—1, we
additionally assume that myg41 = ... =m, = 0. Then the following invariance
property holds:

KY(gz,w) = K (z, g"w), z,w € Xy, g € Le.
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Proof. Using Proposition we find that for k € K and F € Pm (X)) we
have

pA(R)F (2) = (px(k)F KR (=, 2)) 7, = (F pa (kKR (=, 2)) 7,
= G KY (k) ™) *—,2)) 7,
= (k) (F. KR ((n(k) )7 —, 2)) 7,

and on the other hand

PA(K)F(2) = Ex(k)F(n(k)™ 2) = Ex(k)(E KR (=, n(k)7 2)) 7.

Since 7 : K - U is surjective and u=! = u* =7u" as wellas w € U for u € U
we obtain

K (uz, w) = K (z, u*w), z,w € Xy, u€U.

Now both sides are holomorphic in u € L¢ and U C L is totally real. Hence
the claim follows. O

PROPOSITION 4.14. Let A € W and m > 0. If X\ = k:%, k=0,...,r—1, we

additionally assume that miy1 = ... =m, = 0. Then
d z w
K2 (z,0) = —2 ¢, (—, —) : 2w € Xy (4.3)
A (#)m(Nm 272

Proof. Firstlet A > (r—1)4. By Lemma@I3the function KI(—,e) € P (X))
is K -invariant and hence there is a constant cf* such that K"(z,e) =
PP (2). Since

1= ®m(e) = (Pm, K (=, 0)) 7, = X Pl %,

formula (£3) now follows with Proposition Now, for A > (r — 1)% this
implies the following identity:

_
(F)m(Mm

for z € Ve and p € Pm(Ve). The right hand side is clearly meromorphic
in A with possible poles at the points where (A)ym = 0. For A = k%, k €
{0,...,r =1}, and m > 0 with mg41 = ... = m, = 0 we have (A\)m # 0 and
hence the identity (£4) holds for such A and m by analytic continuation. Since
the reproducing kernel of P (X)) is uniquely determined by (£4) the claim
now follows also for A = k%. O

p(z) = [p, KX (= 2)lx = P(Bx)w®m(w,Z)],—0 (4.4)

THEOREM 4.15. The reproducing kernel Ky(z,w) of the Hilbert space Fy is
given by

Ka(z,w) =1 (; z;;) z,w € X)y.
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Proof. Let 0 < k < r be such that X\ = A}. By the previous result K{*(z,w) is
the reproducing kernel for the subspace Pp(Xy). Further we know by Propo-
sition that the spaces Pm (X)) are pairwise orthogonal. Therefore, by [45]
Proposition 1.1.8], the sum

Y ®ew= Y aeeta(53) -5()

m>0,mp41=0 m>0,mg41=0 "7

converges pointwise to the reproducing kernel K (z,w) of the direct Hilbert
sum of all subspaces P, (X)) with m > 0, my41 = 0. But this direct Hilbert
sum is by definition Fy and the proof is complete. |

The following consequence is a standard result for reproducing kernel spaces
and can e.g. be found in [45] page 9].

COROLLARY 4.16. For every F' € Fy and every z € X\ we have
Z 2\32
FOI<T (5:2) 1P

4.5 RINGS OF DIFFERENTIAL OPERATORS AND ASSOCIATED VARIETIES

We recall the definition of the associated variety of an admissible representation
for the example (pa, Fr). Let (Ux(g))ren, denote the usual filtration of the
universal enveloping algebra U(g) and form the corresponding graded algebra
grid(g) which is by the Poincare-Birkhoff-Witt theorem naturally isomorphic
to the symmetric algebra S(gc). The underlying (g, K )-module X* = P(Xy)
of the representation p, carries an action of U(g). For m € Ny further let X\
be the subspace of polynomials in P(Xy) of degree < m. Then Xg = C1 is

K-invariant and generates X* as a U(g)-module. We further have
dpa(U(9) X7, = X, k,m € No,

i.e. the filtrations (Ux(g))x and (X)), are compatible. Thus the corresponding
graded space

(o)
gr XA = @ X;)L/X)\A
m=0

is a module over grif(g). Consider the annihilator ideal

Jx 1= Anng, (g (gr X*) C grid(g) = S(ac) = Clag].

Then the associated variety V(py) of py is by definition the affine subvariety of
g¢ consisting of the common zeros of Jy. Since £¢ lives in degree 1 in grif(g),
but leaves each X\ invariant, every element in V(p,) vanishes on £c and we
can view V(p)) as a subset of pf. Via the Killing form we identify pf with pc
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and view V(pa) as a subset of pc. Then V(p,) is a Kc¢-stable closed subvariety
of pc consisting of nilpotent elements and hence the union of finitely many
nilpotent Kc-orbits (see [50, Corollary 5.23]).

Recall from Section the Kc-orbits (’),ﬁ(C C p*t which are isomorphic to the
Lc-orbits X}, via the Cayley type transform C € Int(gc). The following result
is due to A. Joseph [30, Theorem 7.14]:

PrROPOSITION 4.17. Let A € W and 0 < k < r such that X\ = Xj,. Then
V(ps) = O

COROLLARY 4.18. For A e W let k € {0,...,r} such that X\ = Xj,. Then the
Gelfand-Kirillov dimension of py is k+ k(2r — k —1)4.

Proof. The Gelfand-Kirillov dimension of an irreducible unitary representation
equals the dimension of its associated variety in pg. (combine [49] Corollary 4.7]
and [50, Theorem 8.4]). Therefore the result follows from (L9). O

For an algebraic variety X over C denote by C[X] the ring of regular functions.
Further let D(X) be the ring of algebraic differential operators on X. This
subring of End¢(C[X]) can be defined inductively as follows: Let Dy(X) := C[X]
be the ring of multiplication operators and for m € N put

Dy (X) := {D € Ende(C[X]) : [D, f] € Dyn_1(X)V f € C[X]}.

Then D(X) = UmeNg D, (X).
Since the varieties X}, are affine it follows that C[X}] = P(X%). The repre-
sentation dpy acts on P(Xy) by differential operators and hence it induces a
map

dpx : U(g) = D(XL).

The following result is a qualitative version of [30, Theorem 4.5]:

THEOREM 4.19. For A = k% € Waise the map dpy : U(g) — D(Xy,) is surjective
and induces an isomorphism U(g)/ T = D(Xy), where Ji = Anng(q)(X™).

Proof. By [30, Theorem 4.5] the map dp, is surjective onto the space of C-
endomorphisms of P(X)) = C[X}] which are locally finite under the diagonal
action of p~. Now p~ acts by multiplication with coordinate functions and
hence the condition for D € Ende(C[A%]) to be locally finite under the action
of p~ is equivalent to the existence of N € N such that the iterated commutator
[...[D, fi(x)],..., fy—1(x)], fn(x)] =0 for all fi,..., fx € C[X%]. This again

is equivalent to D € D(X}) and the proof is complete. O

REMARK 4.20. A quantitative version of Theorem was obtained by
Levasseur—Smith—Stafford [38] for the minimal orbit X7, by Levasseur—Stafford
[39] for classical g and finally by Joseph [30] for the general case. However,
their version is less explicit and does not provide a geometric construction of
the unitary structure.
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COROLLARY 4.21. For k = 1,...,7 — 1 the ring D(Xy) of algebraic differen-
tial operators on the affine variety Xy, is generated by the multiplications with
reqular functions in C[Xy] and the Bessel operators (u|By), u € V¢, for A = k4.

Proof. By Theorem the ring D(A}) is generated by the constants and
dpx(g). Note that in the decomposition gc = p~ @ tc @ p* the subalgebra
tc is generated by p™ and p~ and hence D(Xy) is generated by the constants,

dpa(p™) = {(u|By) : w € Vc} and dpa(p™) = {(v]z) : v € Vc}. O

REMARK 4.22. Neither Theoregor Corollary £ 2] can hold for A € Weons
resp. k = r since in this case Xy = X, = V¢ and D(Vg) = Clz, Z] is a Weyl
algebra (see [39, Lemma IV.1.5]).

5 THE SEGAL-BARGMANN TRANSFORM

For every A\ € W we explicitly construct an intertwining operator, the Segal—
Bargmann transform, between the Schrodinger model (my, L2(Oy, duy)) and
the Fock model (py, Fa) in terms of its integral kernel.

5.1 CONSTRUCTION OF THE SEGAL-BARGMANN TRANSFORM
For each A\ € W the Segal-Bargmann transform B, is defined for
Y € L*(Oy, duy) by
Bay(z) := e_%”(z)/ T (z,z)e” @y (z) dpy (z), z € V. (5.1)
Ox
Recall the space O(V¢) of holomorphic functions on V¢.

PROPOSITION 5.1. For ¢ € L*(Oy, duy) the integral in (5] converges umni-
formly on bounded subsets and defines a function By € O(Ve). The Segal-
Bargmann transform By is a continuous linear operator

L2(O,\, du)\) — O(VC)

Proof. Since the kernel function e 2 ()T, (2, 2)e” (@) is analytic in z, it suf-
fices to show that its L?-norm in x has a uniform bound for |z| < R, R > 0.
By Lemma BTl there exists C' > 0 such that

)7.(2171)627‘ |z|~|1‘|.

Then for x € Oy, z € V¢ with |z] < R, we find

Za(z,2)| < C(A A+ |2] - |2

|67%tr(z)I>\(z’:L,)eftr(z)| < Cl(l +R- |x|)%e2m/}2-\z\67tr(z)
< C'(14 R fo]) 5 YRV Il

with C" = C'max;<p |e_% tr(2)|. This is certainly L? as a function of 2 € Oy
with norm independent of z and the claim follows. O
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Next, we show that B intertwines the action dmy on L?(Oy, duy) with the
action dpy on Fy. Recall the Cayley type transform C € Int(gc) introduced
in Section [[.3]

PROPOSITION 5.2. The following intertwining identity holds on L*(Oy, dux)™:
By o dmy(X) = da§(C(X)) o By, X eg. (5.2)

Proof. As remarked in Section the subspace {(a, L(b),a) : a,b € V} gen-
erates g as a Lie algebra. Hence it suffices to prove (B2) for the elements
(a,£2iL(a),a), a € V. We show (E2) for X = (a,—2iL(a),a), a € V, the
proof for (a,+2iL(a),a) works similarly. For X = (a,—2iL(a),a) we have
C(X) = (a,0,0) and hence

(d7mX(C(X)) o Ba)ti(z)

—ital)e 1O [ T(ea)e () din o)
Ox

By Proposition we have zZx(z,x) = (Bx)sZxr(z,2). Further the Bessel
operator By is symmetric on L?(Oy, du,) and we obtain

— e U / (alBa)aTa (2, 2)e " (z) dus ()
Ox

= ie_%“(z)/ Ix(z,2z)(a|By) [e‘tr(x)w(x)} dp(z).
Ox
By the product rule (LI2) for the Bessel operator we obtain
B)\ {e— tr(w)w(x)}

0 0
= Bye ") y(x) + 2P (ae"@), a_f) x4 e @ Byy(x)
= (. — Ae)e T@y(z) — 20 @)y g—¢ + e~ @By (x)
x
since
Bre U@ = (P(—e)z — Ne)e™ @) = (z — \e)e™ (@) and
%6_ tr(z) _ —e- e—tr(x).

Hence we have
(alBa) [e= ()| == [(alo)b(a) — Atr(a)b(a) — 20, 0(a) + Bai(a)].
Inserting this into our calculation above we find
(A (C(X)) o BA)(2)
=By o (i) 2 du100 + 32 TE@)] i) ) 02

= (Bx o dmx(X))¥(2). -

DOCUMENTA MATHEMATICA 18 (2013) 785-855



GEOM. QUANT. FOR UNIT. HIGHEST WEIGHT REP. 839

To conclude that By is an isomorphism L?(Oy, duy) — F», we show that
it maps the underlying (g, €)-module W C L%(O,, duy) to the (g, £)-module
P(Xy). In order to do so we show that the function

Uy =By € O(V(c)

is Le-invariant. In fact, the function g is K -equivariant by the character &y
(see Section 2.7]). By Proposition the same has to be true for ¥y. But by
Proposition 12 this implies that ¥q is invariant under n(IN{ )# =U. Now U is
a real form of L¢ and the action of L¢ on Wy is holomorphic, whence W has
to be Lc-invariant. Therefore it has to be constant on every Lc-orbit. Since
U, is holomorphic on V¢ and Vi decomposes into finitely many Lc-orbits, it
follows that Wq is constant on V. It remains to show that ¥ is non-zero.

PROPOSITION 5.3. U(0) =1 and hence Uy = Bty = 1.
Proof. Since T»(0,x) = 1 we have

(0) = /o =2 @) duy (@) = ol a0y aps) = 1
A

as shown in Section [[.2] O

THEOREM 5.4. By is a unitary isomorphism L*(Oy, duy) — Fa intertwining
the actions wy and py.

Proof. Since W* = L2(Oy, duy)e is generated by 1o, P(Xy) = (Fa)e is gener-
ated by Ug = 1, Byyg = ¥ and B), intertwines the actions dmy and dp,, it
has to map the irreducible (g, €)-module W* into the irreducible (g, £)-module
P(Xy) and is therefore, thanks to Schur’s Lemma, an isomorphism between
the underlying (g, €)-modules. It only remains to show that B, is isometric
between W* and P (X)), then the statement follows since W* C L2(Oy, du.)
and P(X)) C F, are dense.

Both W* and P(X)) are irreducible infinitesimally unitary (g, £)-modules and
hence B, is a scalar multiple of a unitary operator. Since further

[Brvoll 7, = 17y =1 = [[Yollz20x, du)
the operator B itself has to be unitary. O

REMARK 5.5. The Segal-Bargmann transform can also be obtained via a re-
striction principle (see [28, [46] for other instances of this principle). The
formula RyF(z) = e~ 2 @) F(z) defines an operator P(Xy) — L2(Ox, duy)
and hence we obtain a densely defined unbounded operator Ry : Fn —
L?(Oy, duy). We consider its adjoint R : L?(Oy, dua) — F as a densely de-
fined unbounded operator. One can show that the Segal-Bargmann transform
appears as the unitary part in the polar decomposition of the operator Rj:

5 =By o /RARSL.
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For the case of the minimal discrete Wallach point this is done in [23] Propo-
sition 5.5].

COROLLARY 5.6. The inverse Segal-Bargmann transform is given by

e~ tr(z)

By 'F(z) = /X Iy (x, z)e”? TG F(2)wa(z)dva(z),  F e Fy.
A

Cx
Proof. Since the Segal-Bargmann transform is a unitary operator we have
_ 1 —
(B F, ) 2(05, dux) = (FsBAY) 7, = o F(2)Ba(2)wa(2) dva(z)
X

i/){k /OA F(Z)efémm67tr(l’)mdp,\(x)w)\(z)dy/\(z)
1

— (etr(m)/X 6%tr(z)I,\(w,Z)F(Z)W)\(Z)dl/,\(Z)) Y(x) dpx(z)

C) O
which implies the claim. O

We now use the Segal-Bargmann transform to obtain an intrinsic description
of the Fock space.

THEOREM 5.7.
Fy= {F|;(A :Fe O(VC),/ |F(2)Pwa(z) dva(z) < oo}.
X

Proof. The Segal-Bargmann transform is an isomorphism By : L2(Oy, duy) —
Fx and hence by Proposition[BJlevery function in F) extends to a holomorphic
function on V. This shows the inclusion C.

For the other inclusion let F' € O(V¢) such that

/ |F(2)Pwa(2) dva(z) < oo.
X
We expand F into a power series which we can arrange as

F= Z Pm  with  pm € Pm (Vo)

m>0

by Theorem[[L6l Since pm|x, = 0 for my41 # 0 by Corollary[[L9we may assume
F=3% >0 s 1=0 Pm for the study of F'|y,. This series converges uniformly

on compact subsets. We show that this series also converges in L?(Xy,wy dvy).
For R > 0 let

At = {z € Xy :|2|] <R},
Of :={rcO,:|z] <R}
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Note that X AR and Of are compact and hence integration over these sets com-
mutes with taking the limit F'=3> ;. _oPm. With (CI0) we find

oo>/ |F(z)|2w>\(z)dz/>\(z): lim |F(z)|2wA(z)dz/)\(z)
X R—o00 X)’?
~ lim [, | pmtuchipaua®) dues (24 ds (o).
R—o0 m,nZ>O, 0)1\% U
Mkp1=nk+1=0

By Theorem [[.7] and Lemma [[LT4] the integrals over U for m # n vanish and
we obtain

=Jim 3 [ @@ dnE) = 3 Imlace o an)
m>0 A

R—o0
m>0,

mp4+1=0 mp1=0

which shows convergence in LQ(XA,wA dvy). Since Fy is the closure of the
space of polynomials with respect to the norm of L2(X), wy dvy) it is clear that
F|x, € Fx which shows the other inclusion. O

This intrinsic description leads to the following conjecture which was proved in
[23] Theorem 2.26] for the minimal orbit, i.e. A € W with X\ = X:

CONJECTURE 5.8.
Fy= {F € 0(Xy) : / |F(2)Pwa(z) dva(z) < oo} .
X

Recall the Laguerre functions £, introduced in Section

PROPOSITION 5.9. Let A € W and k € {0,...,r} such that Oy = Oy. Then
for every m > 0 with my41 = 0 we have

A _ (=DM
Bl = iy P

Proof. ¢}, is the unique (up to scalar multiples) £'-invariant vector in the &
type W2 C L%(Oy, duy) whereas @, is the unique (up to scalar multiples)
tl-invariant vector in the £-type Pm(Xy) C Fa. Hence

IB%AE;\n = const - Py, .

To find the constant we evaluate B;lq)m(ac) and /) (z) at * = 0. First observe
that

lm(0) = L (0) = (V-
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Next we calculate B} ' ®.,(0) using Corollary .6}
— 1 —5 tr(z
By '®m(0) = —/ e~ 3t VB (2)w(2) dva(2).
C) Xy
By (CI7) the function e*(*) has the following expansion:
dm
otr(z) — Z B (2).
2= (Fm
Inserting this yields
d 1
B 1®,,(0) = _qyml__Hm 2
A ( ) ZO ( ) 2|n| (%)n e

/ D (2)Pn(2)wr(z) dva(z)
X

_ Z (_1)‘“‘ din <¢’m7 q)n>_7:;

n>0 21(3)n
i A
Pl (D
= ()2 )
where we have used Proposition £.2] O

5.2 INTERTWINER TO THE BOUNDED SYMMETRIC DOMAIN MODEL

The Fock space F and the bounded symmetric domain model 3% (D) have (as

vector spaces) the same underlying (g, K')-module, namely

D Puln),

m2>>0, mg41=0

where k € {0,...,r} is such that Xy = Xj. However, inner product and
group action differ. In Remark we already compared the norms in the two
models. To gain a better understanding of the relation between the two models
we investigate the intertwiner between them.

For this we compose the inverse Segal-Bargmann transform B;l with the
Laplace transform £, and the pullback of the Cayley transform ) to obtain
an intertwining operator between the Fock space picture and the realization on
functions on the bounded symmetric domain. (For the definition of £y and vy
see Sections [Z2 and 233]) Let

Ay =720 L) oIB%Xl cFy— /Hi('D)
The operator A intertwines the actions py and 7T/\D.

THEOREM 5.10. For F' € F) we have
1

A\F(z) = o /X eié(zlm)F(w)w,\(w) dvy (w), z € D.

DOCUMENTA MATHEMATICA 18 (2013) 785-855



GEOM. QUANT. FOR UNIT. HIGHEST WEIGHT REP. 843

Proof. Using Lemma [B.8 we obtain
AZF(2) = a0 Ly 0By F(2) = A(e — 2) "Ly o By F(e(2))

=Ae— z)_)‘/ e COMBTLE (u) dpy (u)
Ox

.Y
_Ale—2) / / O = T, (3 )= ) (o)
Cx 0, Jx,

wx (w) dvy (w) dpx(u)
o)A . [
_ A(G Z) / </ ef(u|efzc(z))IA(u7w) d,u,\(u)) e~ 3 tr(w)F(w)
2 X Ox
wi (w) dvy (w)
A — -A . —1— 1 —
_ M/ Ale — ie(z))~Pele=ie) ) =4 x(m) oy

wx(w) dvy (w).
Now
e—icz)=e+(e+2)(e—2)"t=20—2)""
and therefore
Ale —ic(z))™ =27 Ae — 2)™.
This also implies that

(e~ ie(=)) ™) = 5 @) — 5 (=lm)

so that altogether we obtain

ANF(z) = é /X e~ 21 F(w)wy (w) dvy (w). O

_1yIml
COROLLARY 5.11. The operator Ay acts on Pm(Ve) by the scalar %

Proof. Using the expansion (LI7)) and Proposition 14] we obtain

e =3 (KR (2, w).

n>0

Hence for F' € P, (Ve) we find

_1)Im]|
AF(E) =Y alF KR —2)) 5, = WmF(—b2) = T Wm gy

2|m|
n>0
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6 THE UNITARY INVERSION OPERATOR

Using the Segal-Bargmann transform we now calculate the integral kernel of
the unitary inversion operator Uy. The unitary inversion operator is essentially

given by the action 7y (j) of the inversion element (see [22] Section 3.3])
~ 7T =~
J = expg (5(6,0, fe)) € G.

More precisely, we put

Uy = eim—%ﬂ,\(j).

The operator Uy is unitary on L?(Oy, duy) of order 2, i.e. U3 = id (see [22]
Proposition 3.17 (1)]). We also study Whittaker vectors in the Schrodinger
model. They can be derived from the explicit expression of the integral kernel
of U)\.

6.1 THE INTEGRAL KERNEL OF U

Recall the underlying (g, £)-module W* = P(Oy)e™ "(®) of the representation
(’/T)\, L2(O,\, d/L)\)).

PROPOSITION 6.1. For every 1) € W the integral
7?\11)(2) = 27“\ j/\(Z, Z)w(m) dﬂ)\(m)v z € V(Ca
Ox

converges uniformly on compact subsets of Vo. This defines a linear operator

Tt WA = C(0)).

Proof. Let (x) = p(x)e”"@ € P(Oy)e @) = WA Then [p(x)] <
Cy(1+ |z|)N for some constants Cy, N > 0. Further, by Lemma (1] we have

Tz, 2)| < Co(1 + |2 - [2]) "5 VIl vp e 0y, 2€ Ve
for a constant Cy > 0. Hence, for |z| < R, R > 1, we obtain
| i@l dn )
Ox
< clcg/ (1 + Rz )N 2 VRV Izl=lel g4y () < o0
Ox

and the proof is complete. O

PROPOSITION 6.2. The operator Ty is a unitary isomorphism Ty : W* —

WA with Tatho = o which intertwines the g-action dmy with the g-action
dmy o Ad(j).
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Proof. By Proposition [3.6] the operator T, intertwines the Bessel operator By
with the coordinate multiplication —x and vice versa. Therefore we obtain

u,\O dT(,\(X): dTr,\(Ad(j)X)OU,\ (61)

for X € né@n. Since n and 1 together generate g as a Lie algebra the intertwining
formula (G.J) holds for all X € g. Further, for x € O, C X, we find

Tato(z) = 277 .7><x,y>e*t“y>duﬂ<y>::b/“ T (22, y)e W) dy(y)
O)\ O)\

= e*tr(z)EAwo(f%c) = e (@) = Yo(x).
Since W* = dmx(U(g))vo, it follows that AW C dmy(U(g))Tarbo = W

Now, since invariant Hermitian forms on the irreducible infinitesimally uni-
tary (g, €)-module W are unique up to a scalar, we find that 7, is a unitary

isomorphism. O

THEOREM 6.3. Uy = Tx.

Proof. By the previous proposition Uy o ’7;\71 extends to a unitary isomorphism
L?(Oy, duy) — L%*(Oy, duy) which commutes with the g-action dmy. There-
fore, by Schur’s Lemma, U/ is a scalar multiple of Ty. Since Uxvg = ¥y = Tathg
this gives the claim. O

REMARK 6.4. The group G is generated by the conformal inversion j and the
maximal parabolic subgroup P := L° x N, where

L° =G nstr(V).

Write P for the preimage of P under the covering map G — G. The restriction
of my to P factors to P and is in the Schrodinger model quite simple. In fact

ﬂk(na)w(x) = ei(z\a)w(m)’ Na € N;
m(9)v (@) = x(g%) 2w (gFa), ge L,

and by Mackey theory this representation is even irreducible on L?(Oy, duy).
Therefore, together with the action of 3 in the Schrodinger model (see Theorem
[63]) this describes the complete group action 7.

For the case of the rank 1 orbit @; Theorem was shown in [23] Theorem
4.3]. Earlier contributions to special cases are [33] for the case g = s0(2, k) and
A the minimal discrete Wallach point and [37] for the case g = sl(2,R) and
arbitrary A € W.

REMARK 6.5. Since the functions x — Jy(z,y), y € Oy, are eigenfunctions
of the Bessel operator, the inversion formula for U/, gives an expansion of any
function 1 € L?(Oy, duy) into eigenfunctions of the Bessel operator:

P(z) =27 ; I (@, y) Unip(y) dpa(y), P € L*(Oy, duy).

DOCUMENTA MATHEMATICA 18 (2013) 785-855



846 JAN MOLLERS

Compared to the action of 3 in the Schrédinger model its action in the Fock
model is extremely simple. Define (—1)* on Fy by (—1)*F(z) = F(—=z).

PROPOSITION 6.6. By ol = (—1)* o B,.

Proof. We have dp(t(e,0,—e)) = dn§(2it(0,1,0)) = 2it(0. + 2). Therefore,
we obtain

Px (et(e,O,fe))F(Z) _ eir/\tF(GQitz).

For t = § we obtain the action of j which is given by e (—1)*. O

This now allows us to compute the action of the unitary inversion operator on
the Laguerre functions £}, introduced in Section

PROPOSITION 6.7.
Uy, = (1)l

Proof. Since By}, = const @y, and @y, (—2) = (—1)™d,,(2) the claim follows
with Proposition O

6.2 WHITTAKER VECTORS

The integral kernel of the unitary inversion operator provides us with explicit
Whittaker vectors for the representations 7y on L?(Oy, duy) and hence with
explicit embeddings into Whittaker models. For this let L2(Oy, dux ) denote
the space of smooth vectors of the representation m endowed with the usual
Frechet topology. Since 7y leaves L?(Oy, duy)° invariant the representation
extends to the space L?(Oy, duy)~° = (L*(Oy, dux)>®)’ of distribution vec-
tors by

<7r)\(g)u790> = <ua7r)\(gil)<p>a g€ éa

for u € L2(Oy, duy)~> and ¢ € L?*(Oy, duy)®™. Here we use the complex

conjugate U of an operator U on L2(Oy, du,)> which is defined by Uy := Up
for o € L?(Oy, duy)>®. Further recall that W = P(O0y)e™ "(®) C L2(Oy, duy)
is the underlying (g, £)-module of ). It does not carry a representation of the
group (77, but the representation dmy of the Lie algebra g restricts to W*. By
duality dry extends to the algebraic dual (W?*)*:

(dma(X)u, @) := —(u, dmr (X)), X ey,
for u € (W*)* and ¢ € W*. We have the following inclusions:
W C L*(Ox, dpa)™ € L*(Oyx, dpa) € LA(Ox, dpn) > € (W),

Note that the unitary inversion operator Uy leaves each of these spaces invari-
ant.
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DEFINITION 6.8. A distribution u € (W*)* is an algebraic n-Whittaker vector
of weight n € ni (resp. an algebraic 0-Whittaker vector of weight n € ng) if
dmy (X)u = n(X)u, for all X € n (resp. X €n).

oo

If moreover u € L2(Oy, duy) ™% we call u a smooth Whittaker vector.

For z € Vi let 17, € n and 77, € g be defined by
12(u,0,0) := i(ulz), u € ng,
7,(0,0,v) := —i(v|z), v € ng.

Now fix A € W. In [40, Theorem 1] it is shown that there can only be non-
trivial algebraic n-Whittaker vectors (resp. n-Whittaker vectors) of weight
n € ng (resp. n € ng) for dmy if 1 is contained in the associated variety of dmy
in g&. The intersection of the associated variety of dmy with nf (resp. ng) is
equal to Xy (after identifying n¥ and mg with V¢). Hence the existence of a
non-trivial algebraic n-Whittaker vector (resp. n-Whittaker vector) of weight
1. (resp. 77,) implies z € X\. We prove the converse of this statement:

PROPOSITION 6.9. Let z € Xy.

(1) The Dirac delta distribution &y . at z is contained in (W*)* and defines
an algebraic n- Whittaker vector of weight n.,.

(2) The distribution
Oxz(2) = I (2, 2) dpa (), z € Oy,

is contained in (W™)* and defines an algebraic w-Whittaker vector of
weight 7.

(3) The algebraic Whittaker vectors dy . and ¢ . are related by
Dx.. = 27 UND .
Proof. (1) Since W = P(Oy)e” @) and P(0,) = C[X,] the point evalua-

tion of every ¢ € W™ at 2z € X is well-defined. Now dmy(u,0,0) = i(u|x)
and the Whittaker property follows.

(2) By Proposition the function ¢, . belongs to (W*)*.  Since
dmx(0,0,v) = i(v|By) the Whittaker property follows from Proposition
5.0

(3) By Theorem [63] we have for ¢ € W*

(P20 ) = " Ia(z,2)p(x) dpa(z) = 2" Ung(2)
= 2"M8x 2, Unp) = 27N (UrDA 2, )

since Uy = U,. O
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An interesting question is to determine the set of smooth Whittaker vectors
for my. We find that the algebraic n-Whittaker vector 0y . (resp. the algebraic
n-Whittaker vector ¢y .) is smooth if z € O,. For this we first prove estimates
for dx,. and ¢, . using the estimate for Jx(z,w) by Nakahama [44] stated in
Proposition

LEMMA 6.10. For each A\ € W and x € O, there exist elements X,Y € U(g)
such that for all ¢ € W we have

[{Ona: )| < [[dma(X)ll L2 (0x. dpun)» (6.2)
[(&x2: )| < [ dmA(Y) Pl 2205 dus)- (6.3)

Proof. We first prove (63). From Proposition it follows that there exists
constants C1 > 0 and k € Ny such that

|Ta(z,9)| < Ci(1 4+ Jy[*)* Vy € Oy.
Now there exists an N € Ny with
Co=||(1+]- |2)k7N||L2(0A,d;M) < 00.

Hence we obtain for ¢ € W, using Hélder’s inequality:

(brer )] < Cr / (1+ [y2) ()] dpa (v)

Ox

=01 [ Y10 ) i)

S CLO|(1+ - )Y@l 20y, dus)-
Since dmx(U(g)) contains all polynomials there exists X € U(g) such that

dmy(X)e(y) = CLC(1 + [y*) Y ()
which shows (G3]). Now by Proposition [6.9] (3) we have
Sne = 27 "M UNDA

and we obtain

[Brer )] = 27 Uadrs )] = 27 (D s
<27 M| dmA (X)UNP| £2(0, dpy)
= 27" dma (X)mA(5) @l 205, dpen)
=27"7(5) dﬂA(Ad(E_l)X)<P||L2(OA’dM)
=27 dﬂ')\(Ad(}_l)X)‘PHLz(Ohd“*)'

Hence (62) follows with ¥ = 2-" Ad(5 1) X. O
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THEOREM 6.11. Let A € W. Then for every = € Oy the algebraic Whittaker
vectors 8y, and ¢x . are smooth, i.e. Oz, dr € L?(Ox, duy)~.

Proof. Recall that for X € U(g) the map
L2(O,\, d:u'/\) — [0,00), P = ” dﬁA(X)QOHLQ(O;,d;M)

is a continuous seminorm on L%(Oy, duy)*°. Since W C L2(Oy, duy)™ is
dense the claim now follows from ([G.2)) and (€3] O

REMARK 6.12. For z € O, it is easy to see that 6y, dr . € L2(Oy, duy)~.
In fact, by the Sobolev embedding theorem it follows that there is a continuous
linear embedding L?(Oy, dux)>® < C*(0,) and hence it is immediate that
Sxe € L*(Ox, duy)~>°. Further ¢x, = 2" Un0x s € L*(On, dpn) = as Uy
is an automorphism of L*(Oy, duy)~>°. However, it is a priori not clear that
every function ¢ € L2(Oy, duy)*> extends to Oy and that J . is defined on
L?(Oy, dpy)®> for x € 0O,. In [37, Theorems 5.15, 5.18 & 5.19] the statements
of Theorem [6.IT] are shown for the special case V =R, i.e. g = sl(2,R).

REMARK 6.13. Note that since Jx(0,y) = 1 for all y € V we have ¢ o = 1 duax,
the constant function on O, with value 1, and hence

Z/f)\(S)\’O = 2TA1 dILL,\.

This formula resembles the fact that the Euclidean Fourier transform maps the
Dirac delta distribution at the origin to a constant function.

7 APPLICATION TO BRANCHING PROBLEMS

s0(2,n)

For g = so0(2,n) we consider the representation dm, belonging to the
minimal non-zero discrete Wallach point A = % = ”T*Q We consider the

restriction of dﬂ'io(Q’n) to the symmetric subalgebra hh = s0(2,m) @ so(n — m)
of g. Note that the pair (g, h) is a symmetric pair of holomorphic type and hence
the restriction of the lowest weight representation dw§°(2’") to b is discretely
decomposable with multiplicity one and the representations of § appearing in
the decomposition will again be lowest weight representations (see [32]).
Consider the Jordan algebra V = RY"~! which is the vector space R x R*~!
endowed with the multiplication

(x1,2") - (y1,y') = (s + 2" -y, 21y + ')

for 1,71 € R, 2/,y’ € R*!, where 2’ - 4/ denotes the standard inner product
on R"~1. We have det(V) = so(n — 1), acting on the last n — 1 variables, and
ste(V) = so(l,n — 1) @ R. The conformal Lie algebra of V is given by g =
$0(2,n). The subalgebra so(2,m), 1 <m < n, can be viewed as the conformal
Lie algebra of the Jordan subalgebra U = {x € V : 21 = ... =z, =0} =
RY™=1 Then s0(2,m) consists of the elements (u, L(a)+ D,v) with u,a,v € U
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and D € so(m — 1) acting on the coordinates zs,...,z,;,. The centralizer of
$0(2,m) in g is so(n — m) acting linearly on the coordinates x,,41,...,Zy.
Hence so(n —m) C €' = s0(n — 1). Finally let b = s0(2,m) @ so(n —m) C g be
the corresponding subalgebra of g.

To study the restriction d7r5°(2 ")| we use the Fock model (dp)\o(2 ) ,Fr) o

the representation d7r5°(2 ) . In this case
Xlso(Q,n :{ZE(CnZZ%_ZS_"'_Z?L:O}\{O}’
X;O(Q,n) :{zECnZZ%—ZS_"'_Z?L#O}’

realized in the ambient space Ve = C", and hence
P M) = Cl2n, . 2 (2 - 25— = Z7),
PXFE =2, .., Z,).

s0(2,n)

For arbitrary A € W the representation dp, of gc acts by

) A
dpa(a, —2iL(a = QZZGJZJ, dpa(a,0,—a) = 2i <8az + 5 tr(a)> ,
dpx(a,2iL(a = 7212%3” dpa(0,D,0) = —0p.,
where
By’ =¢;2;0" (E”—i—)\)i Zs
7 0z’ J822’
n .
0 +1 forj=1,
B — < _
;Zjazj’ K {1 for2<j <n.

We first consider the action of the compact part so(n —m) which acts naturally
on the coordinates z,,41,. .., 2,. Note that

(C[Zla' aZn] = (C[Zla" 7Zm] ®(C[Zm+17" 7Zn]

Every polynomial in Z,,1,...,Z, can be written as a sum of spherical har-
monics multiplied with powers of (Z2 4+ +2Z2). InP(X; X702 we have
Z2 -+ 22 =2} - Z3 — - — Z2, and hence

PAEM 2 Clzy,..., 2] (22— 22 — - = Z2)

=~ @(C[Zl, e T @ HE(CPT™),

which gives the decomposition into irreducible so(n — m)-representations.
Next we have to examine the action of s0(2,m) on each of the summands. For
this we use the notation Ve = C*"=C" @ C*" ™ =Uc & UCL.
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LEMMA 7.1. For k € Ny and X € s0(2,m) we have

s50(2,m)

s0(2,n .
dp,\o( )(X)|<C[Zl,...,zml®ﬂk(cnfm)= dpyyy (X)) ®id.

Proof. On C[Z1,...,Zn] @ H¥(C"™™) we check four exhaustive cases sepa-
rately:

(1) X =(0,D,0), D € so(m — 1). The action is given by
dpy’ " (X) = ~0p. = ™ (X) id
since D only acts on the coordinates zs, ..., zm.

(2) X = (a,—2iL(a),a), a € U. Since a € U C C™ it is immediate that

m
dp (X)) =20 Y ajz = dp T (X) @id.
j=1

(3) X =(a,0,—a), a € U. Assume first that a; = 0. Then L(a) annihilates
C"~™ and hence

dp? ™ (X) = 2i8,. = dp0 ™ (X) @ id.
For a = e we consider X = (e, 0, —e) which acts by
dp M (X) = 20(B™ + ) = 2i(E™ + A+ k) = dpio ™ (X) @id
since E"™ =370 Zjaizj acts on H*(C"~™) by the scalar k.

(4) X = (a,2iL(a),a), a € U. It suffices to check the claimed formula for
a=¢ej,j=1,...,m. We then have

. m m 1o}
= dp™(X) ®id
since

O"[f (21, 2m)9(Zma1s -« -y 2n)]
=0"f(z1,. -y 2m) 9(Zmt1, -+, 2n)
+ f(z1y- ey 2m) AT 92ty - 20)s

where A"~ denotes the Laplacian on C"~" and E™~ " the Euler oper-
ator on C"~™ which acts on H*(C"~™) by the scalar k. O
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This shows the following theorem:

THEOREM 7.2. For \ = ”T*Q the minimal non-zero discrete Wallach point for
50(2,n) we have

dry? ™ = @ P ™ B HE (R,
k=0

For m < n we have A + k = %M > mT_Q for £ € Ny and hence the rep-

resentations dﬂ'ii(i’m) belong to Wallach points in the continuous part of the

Wallach set. For 2k > 2m — n the representation dﬂii(i’m) are holomorphic

discrete series. In particular, if 2m > n then there occur representations in the
branching law which are not holomorphic discrete series.
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