Documenta Math. 663

Hodge-Witt Cohomology

and Witt-Rational Singularities

Andre Chatzistamatiou and Kay Rülling^1

Received: September 30, 2011

Communicated by Takeshi Saito

Abstract. We prove the vanishing modulo torsion of the higher direct images of the sheaf of Witt vectors (and the Witt canonical sheaf) for a purely inseparable projective alteration between normal finite quotients over a perfect field. For this, we show that the relative Hodge-Witt cohomology admits an action of correspondences. As an application we define Witt-rational singularities which form a broader class than rational singularities. In particular, finite quotients have Witt-rational singularities. In addition, we prove that the torsion part of the Witt vector cohomology of a smooth, proper scheme is a birational invariant.

2010 Mathematics Subject Classification: 14J17, 14C25, 14F30 Keywords and Phrases: De Rham-Witt complex, Ekedahl duality, correspondences, singularities, Witt-vector cohomology

Contents

Introduction 664 1. De Rham-Witt systems after Ekedahl 671 1.1. Witt schemes 671 1.2. De Rham-Witt systems 672 1.3. Direct image, inverse image and inverse limit 674 1.4. Global sections with support 675 1.5. Derived functors 676 1.6. Witt-dualizing systems 681 1.7. Residual complexes and traces 684 1.8. Witt residual complexes 690 1.9. The dualizing functor 694 1.10. Ekedahl’s results 696

1This work has been supported by the SFB/TR 45 “Periods, moduli spaces and arithmetic of algebraic varieties”

1.11. The trace morphism for a regular closed immersion 699 2. Pushforward and pullback for Hodge-Witt cohomology with supports 703 2.1. Relative Hodge-Witt cohomology with supports 704 2.2. Pullback 705 2.3. Pushforward 705 2.4. Compatibility of pushforward and pullback 707 3. Correspondences and Hodge-Witt cohomology 714 3.1. Exterior product 714 3.2. The cycle class of Gros 718 3.3. Hodge-Witt cohomology as weak cohomology theory with supports 720 3.4. Cycle classes 726 3.5. Correspondence action on relative Hodge-Witt cohomology 731 3.6. Vanishing results 736 3.7. De Rham-Witt systems and modules modulo torsion 739 4. Witt-rational singularities 742 4.1. The Witt canonical system 743 4.2. Topological finite quotients 747 4.3. Quasi-resolutions and relative Hodge-Witt cohomology 750 4.4. Rational and Witt-rational singularities 753 4.5. Complexes and sheaves attached to singularities of schemes 758 4.6. Isolated singularities 762 4.7. Cones and Witt-rational singularities 765 4.8. Morphisms with rationally connected generic fibre 769 5. Further applications 772 5.1. Results on torsion 772 References 778

Introduction

An important class of singularities over fields of characteristic zero are the rational singularities. For example, quotient singularities and log terminal singularities are rational singularities (see e.g. [KM98]). Over fields with positive characteristic the situation is more subtle. The definition of rational singularities requires resolution of singularities which is not yet available in all dimensions. Moreover, quotient singularities are only rational singularities under a further tameness condition, but in general fail to be rational singularities. The purpose of this paper is to define a broader class of singularities in positive characteristic, which we call Witt-rational singularities. The main idea is that we replace the structure sheaf O_X and the canonical sheaf ω_X by the Witt sheaves W O_{X,Q} and W ω_{X,Q}. One important difference is that multiplication with p is invertible in W O_{X,Q} and W ω_{X,Q}. Instead of resolution of singularities we can use alterations.

Witt-rational singularities have been first introduced by Blickle and Esnault [BE08]. In this paper we use a slightly different and more restrictive definition, which seems to be more accessible. Conjecturally, our definition agrees with the one of Blickle-Esnault by using a Grauert-Riemenschneider vanishing theorem for the Witt canonical sheaf W ω_{X,Q}. We hope to say more about this in the future.

0.1. Let k be a perfect field of positive characteristic. We denote by W = W (k) the ring of Witt vectors and by K_0 = Frac(W ) the field of fractions. For a smooth proper k-scheme the crystalline cohomology H^∗_{crys}(X/W ) has, by the work of Bloch and Deligne-Illusie, a natural interpretation as hypercohomology of the de Rham-Witt complex W Ω^•_X ,

H^∗_{crys}(X/W ) ∼= H^∗(X, W Ω^•_X ).

After inverting p, the slope spectral sequence degenerates which yields a decomposition H^n(X/K_0) = � i+j=n

H^j (X, W Ω^i_X ) ⊗_W K_0.

The de Rham-Witt complex is the limit of a pro-complex (W_nΩ^•_X )_n, and for us W_nO_X and W_nω_X = W_nΩ^{dim X}_X will be most important. The sheaf W_nO_X is the sheaf of Witt vectors of length n, and defines a scheme structure W_nX on the topological space X. The structure map π : X −→ Spec (k) induces a morphism W_n(π) : W_nX → Spec W_n(k), but W_n(π) is almost never flat. By the work of Ekedahl (see [Eke84]) W_nω_X equals W_n(π)^!W_n[− dim X], hence W_nω_X is a dualizing sheaf for W_nX.

The main technical problem in order to define Witt-rational singularities is to prove the independence of the chosen alteration. Our approach is to use the action of algebraic cycles in a similar way as in [CR09]. For this, we have to extend the work of Gros [Gro85] on the de Rham-Witt complex in Theorem 1 below.

For a k-scheme S we denote by C_S the category whose objects are S-schemes which are smooth and quasi-projective over k. For two objects f : X → S and g : Y → S in C_S , the morphisms Hom_S (f : X → S, g : Y → S) are defined by lim−→_Z CH(Z), where the limit is taken over all proper correspondences over S between X and Y , i.e. closed subschemes Z ⊂ X ×_S Y such that the projection to Y is proper (CH(Z) = ⊕^{dim Z}_{i=0} CH_i(Z) denotes the Chow group). The composition of two morphisms is defined using Fulton’s refined intersection product. The following theorem on the action of proper correspondences on relative Hodge-Witt cohomology is the main technical tool of the article.

Theorem 1 (cf. Proposition 3.5.4). There is a functor Ĥ(?/S) : C_S → (W O_S − modules),

Ĥ(f : X → S/S) = � i,j R^if_∗W Ω^j_X ,

with the following properties.

If h : X → Y is an S-morphism between two smooth k-schemes and Γ^t_h ⊂ Y ×_S X denotes the transpose of its graph, then Ĥ([Γ^t_h]/S) is the natural pullback. If in addition h is projective then Ĥ([Γ_h]/S) is the pushforward defined by Gros in [Gro85] using Ekedahl’s duality theory [Eke84].

For a morphism α ∈ Hom_{CS} (X/S, Y/S) in C_S , the map Ĥ(α/S) is compatible with Frobenius, Verschiebung and the differential.

0.2. We say that an integral normal k-scheme X is a finite quotient if there exists a finite and surjective morphism from a smooth k-scheme Y → X (e.g. X = Y/G for some finite group G acting on Y .) We say that a normal integral scheme X is a topological finite quotient if there exists a finite, surjective and purely inseparable morphism u : X → X^′, where X^′ is a finite quotient. The morphism u is in fact a universal homeomorphism. Finally we say that a morphism f : X → Y between two integral k-schemes is a quasi-resolution of Y if X is a topologically finite quotient and the morphism f is surjective, projective, generically finite and purely inseparable. (In characteristic zero these conditions imply that X is a finite quotient and f is projective and birational.) By a result of de Jong (see [dJ96], [dJ97]) quasi-resolutions always exist. When working with Q-coefficients the notion of quasi-resolutions suffices to define an analog of rational singularities. This follows from the following theorem.

Theorem 2 (Theorem 4.3.3). Let Y be a topological finite quotient and f : X → Y a quasi-resolution. Then

Rf_∗W O_{X,Q} ∼= W O_{Y,Q}.

If X and Y are smooth and f is birational, this is a direct consequence of Theorem 1 and the vanishing Lemmas 3.6.1 and 3.6.2. Indeed, in CH(X ×_Y X) the diagonal Δ_X ⊂ X ×_Y X can be written as [Γ^t_f ] ∘ [Γ_f ] + E, where E is a cycle whose projections to X have at least codimension ≥ 1. Thus E acts as zero on the W O part and hence [Γ^t_f ] ∘ [Γ_f ] acts as the identity on R^if_∗W O_{X,Q}, but it factors over 0 for i > 0; this will prove the theorem in case X and Y is smooth. Because the Frobenius is invertible when working with Q-coefficients we can neglect all purely inseparable phenomena. Therefore the main point in the general case is to realize the higher direct images of R^if_∗W O_{X,Q} (and also for Y ) as certain direct factors in the relative cohomology of smooth schemes, which is possible since X and Y are topological finite quotients.

0.3. Before explaining our definition of Witt-rational singularities we need to introduce some notations. If X is a k-scheme of pure dimension d and with structure map π : X → Spec k, then we define the Witt canonical sheaf of length n by W_nω_X := H^{−d}(W_n(π)^!W_n).

It follows from the duality theory developed by Ekedahl in [Eke84], that these sheaves form a projective system W_•ω_X with Frobenius, Verschiebung and

Cartier morphisms. Further properties are (the first two are due to Ekedahl, see [Eke84] and Proposition 4.1.4)

(1) If X is smooth, then W_•ω_X ∼= W_•Ω^d_X .

(2) If X is Cohen-Macaulay, then W_nω_X [d] ∼= W_n(π)^!W_n, in particular W_nω_X is dualizing.

(3) If f : X → Y is a proper morphism between k-schemes of the same pure dimension, then there is a W_•O_Y -linear morphism

f_∗ : f_∗W_•ω_X → W_•ω_Y ,

which is compatible with composition and localization. We define W ω_X := lim←− W_•ω_X .

We say that an integral k-scheme S has Witt-rational singularities (Definition 4.4.4) if for any quasi-resolution f : X → S the following conditions are satisfied:

(1) f^∗ : W O_{S,Q}^≃−→ f_∗W O_{X,Q} is an isomorphism, (2) R^if_∗W O_{X,Q} = 0, for all i ≥ 1, (3) R^if_∗W ω_{X,Q} = 0, for all i ≥ 1.

In case only the first two properties are satisfied we say that S has W O-rational singularities. Condition (1) is satisfied provided that S is normal. Our main example for varieties with Witt-rational singularities are topologically finite quotients, because the vanishing property in Theorem 2 also holds for W ω.

Theorem 3 (Corollary 4.4.7). Topological finite quotient have Witt-rational singularities.

A particular case are normalizations of smooth schemes X in a purely inseparable finite field extension of the function field of X. More generally, if u : Y −→ X is a universal homeomorphism between normal schemes then Y has Witt-rational singularities if and only if X has Witt-rational singularities (Proposition 4.4.9).

Every scheme with rational singularities has Witt-rational singularities, but varieties with Witt-rational singularities form a broader class. For example, finite quotients may fail to be Cohen-Macaulay and thus are in general not rational singularities.

A different definition of Witt-rational singularities has been introduced by Blickle and Esnault as follows. Let S be an integral k-scheme and f : X −→ S a generically étale alteration with X a smooth k-scheme. We say that S has BE-Witt-rational singularities if the natural morphism

W O_{S,Q} −→ Rf_∗W O_{X,Q}

admits a splitting in the derived category of sheaves of abelian groups on X. A scheme with Witt-rational singularities in our sense has BE-Witt-rational singularities (Proposition 4.4.17). We conjecture that the converse is also true. The existence of quasi-resolutions implies the following corollary.

Corollary 1 (Corollary 4.4.11). Let S be a k-scheme and X and Y two integral S-schemes. Suppose that there exists a commutative diagram Z π_X � �^πY � � X f � � Y g� � S, with π_X and π_Y quasi-resolutions. Suppose that X, Y have Witt-rational singularities. Then we get induced isomorphisms in D^b(W O_S )

(1) Rf_∗W O_{X,Q} ∼= Rg_∗W O_{Y,Q}, Rf_∗W ω_{X,Q} ∼= Rg_∗W ω_{Y,Q}.

The isomorphisms are compatible with the action of the Frobenius and the Verschiebung.

If f : X −→ S and g : Y −→ S are quasi-resolutions then the isomorphisms in (1) are independent of the choice of Z (Corollary 4.5.1). In this way we obtain natural complexes

WS_{0,S} := Rf_∗W O_{X,Q}, WS_{dim(S),S} := Rf_∗W ω_{S,Q},

(Definition 4.5.2).

0.4. By using the work of Berthelot-Bloch-Esnault Corollary 1 yields congruences for the number of rational points over finite fields.

Corollary 2 (Corollary 4.4.16). Let S = Spec k be a finite field. Let X and Y be as in Corollary 1, and suppose that X, Y are proper. Then for any finite field extension k^′ of k we have

|X(k^′)| ≡ |Y (k^′)| mod |k^′|.

If X, Y are smooth this is a theorem due to Ekedahl [Eke83]. For a normal integral scheme S with an isolated singularity s ∈ S we can give a criterion for the W O-rationality of S, provided that a resolution of singularities f : X −→ S exists such that f : f^{−1}(S\{s}) −→ S\{s} is an isomorphism; we denote by E := f^{−1}(s) the fibre over s. Then S has W O-rational singularities if and only if

(2) H^i(E, W O_{E,Q}) = 0 for all i > 0,

(Corollary 4.6.4). This implies that a normal surface has W O-rational singularities if and only if the exceptional divisor is a tree of smooth rational curves. For cones C of smooth projective schemes X, we obtain that C has W O-rational singularities if and only if H^i(X, W O_{X,Q}) = 0 for i > 0. We can show that C has Witt-rational singularities provided that Kodaira vanishing holds for X (Section 4.7). We expect that this assumption can be dropped; in general, a Grauert-Riemenschneider type vanishing theorem for W ω should imply that W O-rationality is equivalent to Witt-rationality.

Over a finite field k we use a weight argument to refine the criterion (2) if E is a strict normal crossing divisor. Let E_i be the irreducible components of E, via the restriction maps we obtain for all t ≥ 0 a complex C_t(E): � ı_0

H^t(E_{ı0} , W O_{Eı0 ,Q})

� � �

deg=0 −→ � ı_0<ı_1

H^t(E_{ı0} ∩ E_{ı1} , W O_{Eı0 ∩Eı1 ,Q}) −→ . . .

Theorem 4 (Theorem 4.6.7). Let k be a finite field. In the above situation, S has W O-rational singularities if and only if

H^i(C_t(E)) = 0 for all (i, t) ≠ (0, 0).

Theorem 4 is inspired by the results of Kerz-Saito [Sai10, Theorem 8.2] on the weight homology of the exceptional divisor.

For morphisms with generically smooth fibre with trivial Chow group of zero cycles we can show the following vanishing theorem.

Theorem 5 (Theorem 4.8.1). Let X be an integral scheme with Witt-rational singularities. Let f : X −→ Y be a projective morphism to an integral, normal and quasi-projective scheme Y . We denote by η the generic point of Y , and X_η denotes the generic fibre of f. Suppose that X_η is smooth and for every field extension L ⊃ k(η) the degree map

CH_0(X_η ×_{k(η)} L) ⊗_Z Q −→ Q

is an isomorphism. Then, for all i > 0,

R^if_∗W O_{X,Q} ∼= H^i(WS_{0,Y} ), R^if_∗W ω_{X,Q} ∼= H^i(WS_{dim(Y ),Y} ).

In particular, if Y has Witt-rational singularities then

R^if_∗W O_{X,Q} = 0, R^if_∗W ω_{X,Q} = 0, for all i > 0.

0.5. For smooth schemes we can show the following result which takes the torsion into account.

Theorem 6 (Theorem 5.1.10). Let S be a k-scheme. Let f : X → S and g : Y → S be two S-schemes which are integral and smooth over k and have dimension N. Assume X and Y are properly birational over S, i.e. there exists a closed integral subscheme Z ⊂ X ×_S Y , such that the projections Z → X and Z → Y are proper and birational. There are isomorphisms in D^b(S, W (k)):

Rf_∗W O_X ∼= Rg_∗W O_Y , Rf_∗W Ω^N_X ∼= Rg_∗W Ω^N_Y .

Taking cohomology we obtain isomorphisms of W O_S -modules which are compatible with Frobenius and Verschiebung:

R^if_∗W O_X ∼= R^ig_∗W O_Y , R^if_∗W Ω^N_X ∼= R^ig_∗W Ω^N_Y , for all i ≥ 0.

If X and Y are tame finite quotients and there exists a proper and birational morphism h : X −→ Y then a similar statement holds (see Theorem 5.1.13).

If X and Y are two smooth and proper k-schemes, which are birational and of pure dimension N. Then we obtain isomorphisms of W (k)[F, V ]-modules

H^i(X, W O_X ) ∼= H^i(Y, W O_Y ), H^i(X, W Ω^N_X ) ∼= H^i(Y, W Ω^N_Y ), for all i ≥ 0.

Modulo torsion the statement for W O is a theorem due to Ekedahl (see [Eke83]).

0.6. We give a brief overview of the content of each section. In Section 1 we introduce the category dRW_X of de Rham-Witt systems on a k-scheme X. In the language of Ekedahl [Eke84] an object in dRW_X is both, a direct and an inverse de Rham-Witt system at the same time. Furthermore, we introduce the derived pushforward, derived cohomology with supports and R lim←− on D^b(dRW_X ). We recall the definition of Witt-dualizing systems from [Eke84] in 1.6, and some facts about residual complexes in 1.7. In particular, we observe that if f : X → Y is a morphism between k-schemes, which is proper along a family of supports Φ on X, then for any residual complex K on Y the trace morphism f_∗f^ΔK → K, which always exists as a map of graded sheaves, induces a morphism of complexes f_∗Γ_Φf^ΔK → K. In 1.8 we show that for any π : X → Spec k the residual complexes W_nπ^ΔW_n(k) form a projective system K_X , which is term-wise a Witt-dualizing system. In 1.9 we define the functor D_X = Hom(−, K_X ) on D(dRW_{X,qc})^o. (It is only defined on complexes of quasi-coherent de Rham-Witt systems.) In 1.10 we recall the results of Ekedahl in the smooth case relating K_X to W_•Ω^{dim X}_X , and in 1.11 we calculate the trace morphism for a regular closed immersion. A similar description is given in [Gro85], but it refers to work in progress by Ekedahl, which we could not find in the literature, therefore we give another argument. In Section 2 we introduce relative Hodge-Witt cohomology with supports on smooth and quasi-projective k-schemes, which are defined over some base scheme S. We define a pullback for arbitrary morphisms and using the trace map from Section 1 also a pushforward for morphisms which are proper along a family of supports. Then in 2.4 we give an explicit description of the pushforward in the case of a regular closed immersion and also for the projection P^n_X → X, where X is a smooth scheme X. From this description we deduce the expected compatibility between pushforward and pullback with respect to maps in a certain cartesian diagram.

In Section 3 we collect and prove the remaining facts, which we need to show that (X, Φ) → ⊕_{i,j} H^i_Φ(X, W Ω^j_X ) is a weak cohomology theory with supports in the sense of [CR09]. In particular, we need the cycle class constructed by Gros in [Gro85]. ¿From this we deduce Theorem 1 above. In 3.6 we prove the two vanishing Lemmas, which give a criterion for certain correspondences to act as zero on certain parts of the Hodge-Witt cohomology. In 3.7 we introduce the notation dRW_{X,Q}, which is the Q-linearization of dRW_X . In general, for M ∈ dRW_X the notation M_Q means the image of M in dRW_{X,Q} (which is not the same as M ⊗_Z Q).

In Section 4 we introduce the Witt canonical system W_•ω_X for a puredimensional k-scheme X and prove some of its properties. Moreover we show in 4.2 that the cohomology of W O and W ω for a topological finite quotient is a direct summand of the Hodge-Witt cohomology of a certain smooth scheme. Then we prove Theorem 2 and define Witt rational singularities. It follows some elaboration on this notion, in particular the Theorems 3, 4, 5. Finally in Section 5 we prove some results on torsion, as in Theorem 6. In order to do this, we show that a correspondence actually gives rise to a morphism in the derived category of modules over the Cartier-Dieudonné-Raynaud ring and then use Ekedahl’s Nakayama Lemma to deduce the statement from [CR09]. We advise the reader who is mostly interested in the geometric application to start for a first time reading with Section 1.1 and 1.2 to get some basic notations and then jump directly to Section 4.

0.7. Notation and general conventions. We are working over a perfect ground field k of characteristic p > 0. We denote by W_n = W_n(k) the ring of Witt vectors of length n over k and by W = W (k) the ring of infinite Witt vectors. By a k-scheme we always mean a scheme X, which is separated and of finite type over k. If X and Y are k-schemes, then a morphism X → Y is always assumed to be a k-morphism.

1. De Rham-Witt systems after Ekedahl

1.1. Witt schemes. For the following facts see e.g. [Ill79, 0.1.5], [LZ04, Appendix A]. Let X be a k-scheme. For n ≥ 1, we denote

W_nX = (|X|, W_nO_X ) = Spec W_nO_X ,

where W_nO_X is the sheaf of rings of Witt vectors of length n. This construction yields a functor from the category of k-schemes to the category of separated, finite type W_n-schemes. If f : X → Y is a separated (resp. finite type, proper or étale) morphism of k-schemes, then W_nf : W_nX → W_nY is a separated (resp. finite type, proper or étale) morphism of W_n-schemes. If f is an open (resp. closed) immersion, so is W_nf. We denote by i_n : W_{n−1}X → W_nX (or sometimes by i_{n,X} ) the nilimmersion induced by the restriction W_nO_X → W_{n−1}O_X . We will write π : W_nO_X → i_{n∗}W_{n−1}O_X instead of i^∗_n. The absolute Frobenius on X is denoted by F_X : X → X. The morphism W_n(F_X ) : W_nX → W_nX is finite for all n. With this notation the Frobenius and Verschiebung morphisms on the Witt vectors become morphisms of W_nO_X -modules

F = W_n(F_X )^∗ ∘ π : W_nO_X → (W_n(F_X )i_n)_∗W_{n−1}O_X ,

V : (W_n(F_X )i_n)_∗W_{n−1}O_X → W_nO_X .

Further “lift and multiply by p ” induces a morphism of W_nO_X -modules

p : i_{n∗}W_{n−1}O_X → W_nO_X .

If f : X → Y is a morphism of k-schemes, then we have W_n(f)i_{n,X} = i_{n,Y} W_{n−1}(f) and W_n(f)W_n(F_X ) = W_n(F_Y )W_n(f). If f : X → Y is étale, then the following diagrams are cartesian:

(1.1.1) W_{n−1}X �

� i_n �

W_{n−1}f � W_nX

W_n f � W_{n−1}Y �

� i_n �

W_nY,

W_nX^{Wn(FX )}�

W_n f � W_nX

W_nf � W_nY^{Wn(FY )}� W_nY.

1.2. De Rham-Witt systems.

Definition 1.2.1. For an integer n ≥ 1 we denote by C_n the category of Zgraded W_nO_X -modules on X. We define C_N := � n∈Z,n≥1

C_n.

For an object M ∈ C_N and n ≥ 1 we denote by M_n the n-th component. An object M in C_N is (quasi-)coherent, if all M_n are (quasi-)coherent W_n(O_X )- modules. We denote by C_{N,qc} (resp. C_{N,c}) the full subcategory of (quasi- )coherent objects of C_N. There are two natural endo-functors: i_∗ : C_N −→ C_N

(i_∗M)_n := � i_{n∗}M_{n−1} if n > 1, 0 if n = 1, σ : C_N −→ C_N (σ_∗M)_n := W_n(F_X )_∗M_n The two functors commute (1.2.1) σ_∗i_∗ = i_∗σ_∗, since W_n(F_X )_∗i_{n∗} = i_{n∗}W_{n−1}(F_X )_∗. We will also need the following functor: Σ_∗ : C_N −→ C_N (Σ_∗M)_n := W_n(F_X )^n_∗ M_n.

We have the equalities (1.2.2) σ_∗i_∗Σ_∗ = Σ_∗i_∗, σ_∗Σ_∗ = Σ_∗σ_∗.

Furthermore, since the components of M ∈ C_N are Z-graded we can define for all i ∈ Z the shift functor (1.2.3) M(i)_n := M_n(i). The shift functor commutes in an obvious way with i_∗, σ_∗, Σ_∗. Definition 1.2.2. A graded Witt system (M, F, V, π, p) on X is an object M in C_N equipped with morphisms in C_N:

F : M −→ σ_∗i_∗M, V : σ_∗i_∗M −→ M, π : M −→ i_∗M, p : i_∗M −→ M, such that

(a) V ∘ F is multiplication with p,

(b) F ∘ V is multiplication with p, (c) σ_∗i_∗(π) ∘ F = i_∗(F ) ∘ π, (d) π ∘ V = i_∗(V ∘ σ_∗(π)), (e) i_∗(σ_∗(p) ∘ F ) = F ∘ p, (f) V ∘ σ_∗i_∗(p) = p ∘ i_∗(V ), (g) i_∗(p ∘ π) = π ∘ p.

Graded Witt systems form in the obvious way a category which we denote by W_X . It is straightforward to check that W_X is abelian.

We have an obvious forgetful functor W_X −→ C_N. We say that (M, F, V, π, p) is (quasi-)coherent if M_n is (quasi-)coherent for every n.

Remark 1.2.3. One should memorise (c) as “π ∘ F = F ∘ π”, (d) as “π ∘ V = V ∘ π”, (e) as “p ∘ F = F ∘ p”, (f) as “V ∘ p = p ∘ V ”, and (g) as “p ∘ π = π ∘ p”.

Definition 1.2.4. A de Rham-Witt system (M, d) is a graded Witt system M together with a morphism in W_X :

d : Σ_∗M −→ Σ_∗M(1),

such that the following conditions are satisfied:

(a) Σ_∗F (1) ∘ d ∘ Σ_∗V = σ^2_∗i_∗d (we used 1.2.2), (b) Σ_∗π(1) ∘ d = σ_∗i_∗d ∘ Σ_∗(π) (we used 1.2.2), (c) d ∘ Σ_∗(p) = Σ(p) ∘ σ_∗i_∗d (again, we used 1.2.2). (d) d(1) ∘ d = 0.

De Rham Witt systems form in the obvious way a category which we denote by dRW_X . We say that a de Rham-Witt system is (quasi-)coherent if the underlying graded Witt system is. We denote the category of (quasi- )coherent de Rham-Witt systems by dRW_{X,qc} (resp. dRW_{X,c}). It is straightforward to check that dRW_X , dRW_{X,qc} and dRW_{X,c} are abelian. We denote by D^+(dRW_X ), D^+(dRW_{X,qc}) and D^+(dRW_{X,c}) the corresponding derived categories of bounded below complexes.

Remark 1.2.5. One should memorise (a) as “F ∘d∘V = d”, (b) as “π∘d = d∘π”, and (c) as “d ∘ p = p ∘ d”.

Definition 1.2.6. A de Rham-Witt module (M, F, V, d) is a graded W O_X - module M together with morphisms of W O_X -modules

F : M −→ W (F_X )_∗M, V : W (F_X )_∗M −→ M

and a morphism of W (k)-modules

d : M → M(1)

such that

(a) F ∘ V is multiplication with p, (b) V ∘ F is multiplication with p, (c) F ∘ d ∘ V = d, (d) d(1) ∘ d = 0.

De Rham-Witt modules form in the obvious way a category which we denote by ^dRW_X . It is straightforward to check that ^dRW_X is abelian. We denote by D^+( ^dRW_X ) the derived category of bounded below complexes of de Rham- Witt modules.

Example 1.2.7. Let X be a k-scheme

(1) The sheaves of Witt vectors of finite length on X define a coherent graded Witt system W_•O_X = ({W_nO_X }_{n≥1}, π, F, V, p), which is concentrated in degree 0. If X = Spec k, we simply write W_• instead of W_•k.

(2) The de Rham Witt complex of Bloch-Deligne-Illusie W_•Ω_X is a coherent de Rham-Witt system (see [Ill79]) and W Ω_X = lim←−_n W_nΩ_X is a de Rham-Witt module.

(3) Let M be a de Rham-Witt system on X and i ∈ Z. Then we define M(i) := ({M_n(i)}_{n≥1}, π_M , F_M , V_M , (−1)^id_M , p_M ) ∈ dRW_X .

1.3. Direct image, inverse image and inverse limit.

1.3.1. Let f : X → Y be a morphism between k-schemes. We get an induced functor f_∗ : C_{N,X} −→ C_{N,Y} , (M_n) → (W_n(f)_∗M_n) which commutes in the obvious way with i_∗, σ, Σ_∗. We thus obtain a functor f_∗ : dRW_X −→ dRW_Y .

1.3.2. Let f : X → Y be an étale morphism between k-schemes. We get an induced functor f^∗ : C_{N,Y} −→ C_{N,X} , (M_n) → (W_n(f)^∗M_n) which by (1.1.1) commutes with i_∗, σ, Σ_∗. We thus obtain a functor f^∗ : dRW_Y −→ dRW_X .

1.3.3. Let (M, F, V, π, p, d) be a de Rham Witt system. Then (M, π) forms naturally a projective system of W O_X -modules, F and V induce morphisms of projective systems of W O_X -modules F : (M, π) → (W (F_X )_∗M, W (F_X )_∗π), V : (W (F_X )_∗M, W (F_X )_∗π) → (M, π) and induces a morphism of projective systems of W (k)-modules d : (M, π) → (M(1), π(1)). We thus obtain a functor

lim←− : dRW_X → ^dRW_X .

1.4. Global sections with support.

Definition 1.4.1. A family of supports Φ on X is a non-empty set of closed subsets of X such that the following holds:

(i) The union of two elements in Φ is contained in Φ. (ii) Every closed subset of an element in Φ is contained in Φ.

Let A be any set of closed subsets of X. The smallest family of supports Φ_A which contains A is given by

(1.4.1) Φ_A := { n� i=1 Z^′_i ; Z^′_i ⊂_{closed} Z_i ∈ A}.

For a closed subset Z ⊂ X we write Φ_Z for Φ_{{Z}}.

Notation 1.4.2. Let f : X −→ Y be a morphism of schemes and Φ resp. Ψ a family of supports of X resp. Y .

(1) We denote by f^{−1}(Ψ) the smallest family of supports on X which contains {f^{−1}(Z); Z ∈ Ψ}.

(2) We say that f | Φ is proper if f | Z is proper for every Z ∈ Φ. If f | Φ is proper then f(Φ) is a family of supports on Y .

(3) If Φ_1, Φ_2 are two families of supports then Φ_1 ∩ Φ_2 is a family of supports.

(4) If Φ resp. Ψ is a family of supports of X resp. Y then we denote by Φ × Ψ the smallest family of supports on X ×_k Y which contains {Z_1 × Z_2; Z_1 ∈ Φ, Z_2 ∈ Ψ}.

1.4.3. Let Φ be a family of supports on X. We consider the sections-with-support-in-Φ functor (see e.g. [Har66, IV, §1]) Γ_Φ : C_{N,X} −→ C_{N,X} , (M_n) → (Γ_Φ(M_n)).

Since Γ_Φ commutes in the obvious way with i_∗, σ, Σ_∗ we obtain Γ_Φ : dRW_X −→ dRW_X .

For a closed subset Z ⊂ X we also write Γ_Z instead of Γ_{ΦZ} . If f : X → Y is a morphism and Ψ a family of supports on Y , then (1.4.2) Γ_Ψf_∗ = f_∗Γ_f −1_{(Ψ)}.

If f : X → Y is a morphism and Φ is a family of supports on X, then we define f_Φ := f_∗ ∘ Γ_Φ : dRW_X → dRW_Y ,

(1.4.3) f̂_Φ := lim

←− ∘f^Φ : dRW^X → ^ dRW_Y .

(1.4.4) Notice that if Φ = Φ_Z , with Z a closed subset of X, then (1.4.5) f̂_{ΦZ} = f_∗ ∘ Γ_{ΦZ} ∘ lim←− . This relation does not hold for arbitrary families of support on X.

1.5. Derived functors.

Lemma 1.5.1. Let (X, O_X ) be a ringed space and E = (E_n) a projective system of O_X -modules (indexed by integers n ≥ 1). Let B be a basis of the topology of X. We consider the following two conditions:

a) For all U ∈ B, H^i(U, E_n) = 0 for all i, n ≥ 1.

b) For all U ∈ B, the projective system (H^0(U, E_n))_{n≥1} satisfies the Mittag-Leffler condition.

Then

(1) If E satisfies condition a), then R^i lim←−_n E_n = 0, for all i ≥ 2. (2) If E satisfies the conditions a) and b), then R^i lim←−_n E_n = 0, for all i ≥ 1, i.e. E is lim←−-acyclic.

Proof. It is a basic fact that there are sufficiently many injective O_X -modules. Notice that a projective system of O_X -modules I = (I_n) is injective if and only if each I_n is an injective O_X -module and the transition maps I_{n+1} → I_n are split surjective. (The “if” direction is easy, as well as I injective implies each I_n is injective. If I is injective, let J be the projective system with J_n = I_1 ⊕. . .⊕I_n and projections as transition maps. We have an obvious inclusion of projective systems I → J, hence a surjection Hom(J, I) → Hom(I, I). Now a lift of the identity on I together with the split surjectivity of the transition maps of J gives the splitting of the transition maps of I.)

Now let E → I^• be an injective resolution (which always exist). The transition maps of the projective system (of abelian groups) (Γ(U, I^q_n))_n are surjective (since split) for all q ≥ 0 and all open subsets U ⊂ X. Hence they satisfy the Mittag-Leffler condition and are lim←−-acyclic.

On the other hand, lim←−_n I^q_n is an injective O_X -module for every q. Indeed, since the transition maps I^q_{n+1} −→ I^q_n are surjective and split, we may write I^q_n ∼= ⊕^n_{i=1}I^′_i for I^′_i = ker(I^q_i −→ I^q_{i−1}). The O_X -modules I^′_n are injective for all n, and the transition maps

⊕^{n+1}_{i=1} I^′_i ∼= I^q_{n+1} −→ I^q_n ∼= ⊕^n_{i=1}I^′_i

are the obvious projections. Thus lim←−_n I^q_n = � i≥1 I^′_n is injective.

By using lim←− ∘Γ_U = Γ_U ∘ lim←− we obtain a spectral sequence

R^i lim←− H^j (U, E_n) =⇒ H^{i+j} (U, R lim←− E_n),

where R lim←− E_n = lim←−_n I^•_n. If U ∈ B, condition a) implies R^i lim←− H^0(U, E_n) = H^i(U, R lim←− E_n) = H^i(lim←− I^•(U)). We know that R^i lim←− H^0(U, E_n) is zero for all i ≥ 2 (see e.g. [Wei, Cor. 3.5.4]) and - in case condition b) is satisfied - also for all i ≥ 1. Now the assertion follows from

lim←−

U∈B,U∋x

H^i(U, R lim←− E_n) = lim←−

U∈B,U∋x

H^i(lim←− I^•(U)) = (R^i lim←− E_n)_x,

for all x ∈ X. □

Lemma 1.5.2. Let A be a sheaf of abelian groups on a noetherian topological space X. If A is flasque, so is Γ_Φ(A) for all families of supports Φ on X.

Proof. Let Y and Z be two closed subsets of X. Since Γ_Z (I) is injective if I is ([SGA2, Exp. I, Cor. 1.4]), there exists a spectral sequence H^i_Y (X, H^j_Z (A)) =⇒ H^{i+j}_{Y ∩Z} (X, A). Now assume A is flasque, then H^j_Z (A) = 0 for j ≠ 0. In particular H^1_Y (X, Γ_Z (A)) = H^1_{Y ∩Z} (X, A) = 0. Thus Γ_Z (A) is flasque. The space X is noetherian and therefore Γ_Φ(A) = lim−→_{Z∈Φ} Γ_Z (A) is also flasque. □

Definition 1.5.3. We say that a de Rham-Witt system M on a k-scheme X is flasque, if for all n

0 → K_n → M_n^π−→ M_{n−1} → 0

is an exact sequence of flasque abelian sheaves on X, where K_n = Ker(π : M_n → M_{n−1}).

Lemma 1.5.4. Let X be a k-scheme.

(1) Let 0 → M^′ → M → M^{′′} → 0 be a short exact sequence of de Rham- Witt systems on X and assume that M^′ is flasque. Then M is flasque iff M^{′′} is.

(2) Let Φ be a family of supports on X. Then Γ_Φ restricts to an exact endo-functor on the full subcategory of flasque de Rham-Witt systems.

(3) Let f : X → Y be a morphism. Then f_∗ restricts to an exact functor between the full subcategories of flasque de Rham-Witt systems on X and Y .

(4) The functor lim←− : dRW_X → ^dRW_X restricts to an exact functor from the full subcategory of flasque de Rham-Witt systems to the full subcategory of flasque de Rham-Witt modules (i.e. de Rham-Witt modules, which are flasque as abelian sheaves on X).

Proof. The proof of (1) is straightforward. (2) follows from Lemma 1.5.2. (3) is clear. Finally (4). It follows directly from the definition, that the transition maps on the sections over any open U ⊂ X of a flasque de Rham-Witt systems are surjective. The exactness of lim←− on the category of flasque de Rham-Witt systems, thus follows from Lemma 1.5.1, (2). Now let M be a flasque de Rham-Witt system. It remains to show that lim←− M is flasque again. For this let U ⊂ X be open and define L_n = Ker(Γ(X, M_n) → Γ(U, M_n)). Thus we have an exact sequence

(1.5.1) lim←− Γ(X, M) → lim←− Γ(U, M) → R^1 lim←− n L_n.

Consider the following diagram: 0 � 0 � Γ(X, K_n) � � Γ(U, K_n) � � 0

0 � Ln a � � Γ(X, M_n) � � Γ(U, M_n) � � 0

0 � Ln−1 � Γ(X, Mn−1) � � Γ(U, M_{n−1}) � � 0

0 0.

All rows and columns are exact, since M is flasque. Now it follows from an easy diagram chase that a is surjective. Therefore R^1 lim←−_n L_n = 0 and the flasqueness of lim←− M follows from (1.5.1). □

Lemma 1.5.5. The categories dRW_X and ^dRW_X have enough flasque objects, i.e. any M in dRW_X (or in ^dRW_X ) admits an injection into a flasque object. Proof. For the de Rham-Witt modules this is just the usual Godement construction. For the de Rham-Witt systems this has to be refined as follows: Let M be a de Rham-Witt system. Denote by G(M_n) the W_nO_X -module given by G(M_n)(U) = � x∈U M_{n,x}, U ⊂ X open,

with the restriction maps given by projection. These sheaves fit together to form a de Rham-Witt system G(M) = {G(M_n)}_{n≥1}, such that the natural map M → G(M) is a morphism of de Rham-Witt systems. For m < n we denote by i_{m,n} : W_mX → W_nX the closed immersion induced by the restriction W_nO_X → W_mO_X , in particular i_{n−1,n} = i_n. We set G̃_n(M) := i_{1,n∗}G(M_1) ⊕ . . . ⊕ i_{n−1,n∗}G(M_{n−1}) ⊕ G(M_n).

Then G̃_n(M) is a graded W_nO_X -module. We define W_nO_X -linear maps π, F , d, V , p, as follows

π : G̃n → in∗G̃n−1, (m1, . . . , mn) → (m1, . . . , mn−1), F : G̃n → (Wn(FX )in)∗G̃n−1, (m1, . . . , mn) → (F m2, . . . , F mn), d : Wn(F^n_X )∗G̃n → Wn(F^n_X )∗G̃n(1), (m1, . . . , mn) → (dm1, . . . , dmn), V : (Wn(FX )in)∗G̃n−1 → G̃n, (m1, . . . , mn−1) → (0, V m1, . . . , V mn−1), p : in∗G̃n−1 → G̃n, (m1, . . . , mn−1) → (0, pm1, . . . , pmn−1). It is straightforward to check that G̃(M) = ({G̃_n(M)}_{n≥1}, π, F, d, V, p) becomes a de Rham-Witt system and it is flasque by its definition. Also, the inclusion M → G(M) induces an inclusion M_n → G̃_n(M), m → (π^{n−1}(m), . . . , π(m), m).

By definition this yields an inclusion of de Rham-Witt systems M → G̃(M) and we are done. □

Proposition 1.5.6. Let f : X → Y be a morphism between k-schemes and Φ a family of supports on X. Then the right derived functors RΓ_Φ : D^+(dRW_X ) → D^+(dRW_X ),

Rf_∗ : D^+(dRW_X ) → D^+(dRW_Y ),

R lim←− : D^+(dRW_X ) → D^+( ^dRW_X )

Rf_Φ : D^+(dRW_X ) → D^+(dRW_Y ),

Rf̂_Φ : D^+(dRW_X ) → D^+( ^dRW_Y ), exist. Furthermore there are the following natural isomorphisms:

(1) Let f : X → Y and g : Y → Z morphisms, then Rg_∗Rf_∗ = R(g ∘ f)_∗. (2) Let Φ and Ψ be two families of supports on X, then RΓ_ΦRΓ_Ψ = RΓ_{Φ∩Ψ}.

(3) Let f : X → Y be a morphism and Ψ a family of supports on Y , then RΓ_ΨRf_∗ = Rf_∗RΓ_f −1_{(Ψ)}.

(4) Let f : X → Y be a morphism, then R lim←− Rf_∗ = Rf_∗R lim←−. (5) Let f : X → Y be a morphism and Φ a family of supports on X. Then Rf_Φ = Rf_∗RΓ_Φ and Rf̂_Φ = R lim←− Rf_Φ. If Z is a closed subset of X and Φ = Φ_Z , then also Rf̂_{ΦZ} = Rf_∗RΓ_Z R lim←−.

Proof. The existence follows from [Har66, I, Cor. 5.3, β] (take P there to be the flasque objects) together with the Lemmas 1.5.5 and 1.5.4. The compatibility isomorphisms follow from [Har66, I, Cor 5.5] and Lemma 1.5.4, (2)-(4). □

Remark 1.5.7. Let f : X → Y be an étale morphism between k-schemes. Then W_n(f) is étale and thus W_n(f)^∗ is exact on the category of W_n(O_Y )-modules. Therefore f^∗ : dRW_Y → dRW_X is exact and thus extends to f^∗ : D^+(dRW_Y ) → D^+(dRW_X ).

In case j : U → X is an open immersion we write M_{|U} instead of j^∗M for M ∈ D^+(dRW_X ).

1.5.8. Cousin-complex for de Rham-Witt systems. Let X be a k-scheme and Z^• the codimension filtration of X, i.e. Z^q is the family of supports on X consisting of all closed subsets of X whose codimension is at least q. Let M be a de Rham-Witt system on X. Take a complex of flasque de Rham-Witt systems G on X, which is a resolution of M, i.e. there is a quasi-isomorphism M[0] → G. The filtration of complexes of de Rham-Witt systems G ⊃ Γ_Z1 (G) ⊃ . . . ⊃ Γ_Zq (G) ⊃ . . .

defines a spectral sequence of de Rham-Witt systems E^{i,j}_1 = H^{i+j}_{Zi/Zi+1} (M) =⇒ H^{i+j} (M), where we put H^{i+j}_{Zi /Zi+1} (M) = H^{i+j} (Γ_Zi (G)/Γ_Zi+1 (G)). We define the Cousin complex of M (with respect to the codimension filtration) E(M) to be the complex E^{•,0}_1 coming from this spectral sequence, i.e. it is the complex of de Rham-Witt systems

E(M) : H^0_Z0_{/Z}1 (M)^d 0,0 1−−→ H^1_Z1_{/Z}0 (M)^d 1,0 1−−→ . . . −→ H^i_Zi_{/Z}i+1 (M)^d i,0 1−−→ . . . .

It satisfies the following properties:

(1) (E(M))_n = E(M_n) is the usual Cousin complex associated to M_n (see e.g. [Har66, IV, §2] or [Con00, p. 107-109]). (2) E^i(M) = H^i_Zi_{/Z}i+1 (M) = � x∈X^{(i)}

i_{x∗}H^i_x(M),

where H^i_x(M) = (lim−→_{U∋x} H^i_{{x}∩U} (U, M_n))_n, which is a de Rham-Witt system on Spec O_{X,x} supported in the closed point x, i_x : Spec O_{X,x} → X is the natural map and X^{(i)} is the set of points x of codimension i in X (i.e. dim O_{X,x} = i).

(3) The natural augmentation M → E(M) is a resolution of M if and only if H^i_x(M_n) = 0 for all x ∈ X^{(j)} with j ≠ i and for all n ≥ 1.

((1) holds since each G_n is a flasque resolution of M_n; (2) follows from (1) and [Har66, IV, §1, Var. 8, Motif F]; (3) follows from (1) and [Har66, IV, Prop. 2.6, (iii)⇐⇒(iv)] and [Har66, IV, §1, Var. 8, Motif F].)

Lemma 1.5.9. Let X be a smooth k-scheme. Then E(W_•Ω_X ) is a flasque resolution of quasi-coherent de Rham-Witt systems of the coherent de Rham- Witt system W_•Ω_X .

Proof. By [Ill79, I, Cor. 3.9] the graded pieces of the standard filtration on W_nΩ^q_X are extensions of locally free O_X -modules. Thus

(1.5.2) H^i_x(W_nΩ^q_X ) = 0 for all x ∈ X^{(j)}, with j ≠ i, and all q, n ≥ 1.

Thus E(W_•Ω_X ) is a quasi-coherent resolution of W_•Ω_X . Next we claim, that the transition morphisms

(1.5.3) H^i_x(W_nΩ^q_X ) → H^i_x(W_{n−1}Ω^q_X )

are surjective for all x ∈ X^{(i)} and n ≥ 2. Indeed, for x ∈ X^{(i)} we can always find an open affine neighborhood U = Spec A of x and sections t_1, . . . , t_i such that {x}∩ U = V (t_1, . . . , t_i). This also implies for all n ≥ 1, W_n({x}) ∩ W_nU = V ([t_1], . . . , [t_i]) ⊂ W_nU, where [t] ∈ W_nA is the Teichmüller lift of t ∈ A. Then by [SGA2, Exp. II, Prop. 5]

H^i_{{x}∩U} (U, W_nΩ_X ) = lim−→ r Γ(U, W_nΩ_X ) ([t_1]^r, . . . , [t_i]^r)Γ(U, W_nΩ_X ) . In particular the transition maps (1.5.3) are surjective. If we denote the kernel of the restriction morphism W_nΩ_X → W_{n−1}Ω_X by K_n, then this and (1.5.2) implies, that the sequence 0 → E^i(K_n) → E^i(W_nΩ_X ) → E^i(W_{n−1}Ω_X ) → 0 is an exact sequence of flasque abelian sheaves on X and this proves the lemma. □ 1.6. Witt-dualizing systems.

1.6.1. Let f : X → Y be a finite morphism between two finite dimensional noetherian schemes. Using the notation from [Har66, III, §6] we denote by f^♭ : D^+(O_Y ) → D^+(O_X ), the functor which sends a complex C to f^♭(C) = f^{−1}RHom_{OY} (f_∗O_X , C) ⊗_f −1_{f∗OX} O_X .

Evaluation by 1 induces the finite trace morphism on D^+_{qc}(O_Y ) (see [Har66, III, Prop. 6.5]) (1.6.1) Trf : f_∗f^♭ → id_D+_{qc(OY )} and composition with the natural map (1.6.2) ϵ_f : f_∗RHom_X (−, −) → RHom_Y (f_∗(−), f_∗(−)) induces an isomorphism for any A ∈ D^−_{qc}(O_X ), B ∈ D^+_{qc}(O_Y ) (1.6.3) θ_f = Trf_f ∘ ϵ_f : f_∗RHom_X (A, f^♭B)^≃−→ RHom_Y (f_∗A, B). In particular, we see that for any morphism φ : f_∗A → B in D_{qc}(O_Y ) , with A bounded above and B bounded below there exists a morphism^aφ : A → f^♭B in D_{qc}(O_X ), such that φ equals the composition f_∗A^{f∗(aφ)}

−−−−→ f_∗f^♭B^{Trff}−−−→ B. We call^aφ the adjoint of φ.

1.6.2. Let X be a k-scheme and denote by D(C_{N,X} ) = � n≥1 D(C_{n,X} ) the derived category of C_N. Since the morphisms i_n and W_n(F_X ) are finite for all n, the functors i_∗, σ_∗, Σ_∗ are exact and extend to functors on D(C_N), which still satisfy the identities (1.2.1), (1.2.2). On D^+_{qc}(C_N) we define i^♭, σ^♭, Σ^♭ as follows:

(i^♭M)_n := i^♭_{n+1}M_{n+1}, (σ^♭M)_n := W_n(F_X )^♭M_n, (Σ^♭M)_n = W_n(F^n_X )^♭M_n. There is an obvious way to define Trf_i, Trf_σ, Trf_Σ, ϵ_i, ϵ_σ, ϵ_Σ such that the compositions

i_∗RHom(M, i^♭N)^{ϵi}−→ RHom(i_∗M, i_∗i^♭N)^{Trfi}−−→ RHom(i_∗M, N), σ_∗RHom(M, σ^♭N)^{ϵσ}−→ RHom(σ_∗M, σ_∗σ^♭N)^{Trfσ}−−−→ RHom(σ_∗M, N), Σ_∗RHom(M, Σ^♭N)^{ϵΣ}−→ RHom(Σ_∗M, Σ_∗Σ^♭N)^{Trf Σ}−−−→ RHom(Σ_∗M, N) are isomorphisms for M ∈ D^−_{qc}(C_N) and N ∈ D^+_{qc}(C_N).

Definition 1.6.3 ([Eke84, III, Def. 2.2]). A Witt quasi-dualizing system on X is a collection (Q, p, C, V ) where Q is an object in C_{N,qc} and p : i_∗Q −→ Q, C : Σ_∗Q −→ Q, V : σ_∗i_∗Q −→ Q are morphisms in C_N such that the following holds:

(a) V ∘ σ_∗i_∗C = C ∘ Σ_∗p, (b) p ∘ i_∗V = V ∘ σ_∗i_∗p.

A Witt dualizing system is a Witt quasi-dualizing system, which has the additional property, that the adjoints (1.6.4)^ap : Q^≃−→ i^♭Q,^aC : Q^≃−→ Σ^♭Q,^aV : Q^≃−→ i^♭σ^♭Q are quasi-isomorphisms.

A morphism φ between Witt (quasi-) dualizing systems is a morphism in C_N commuting with p, V, and C.

A Witt (quasi-) dualizing system (Q, p, C, V ) on X is called coherent if Q_n is coherent for all n ≥ 1.

Example 1.6.4. (1) The system

W_•ω := ({W_n}_{n≥1}, p, C := {W_n(F_{Spec k})^{−n}}, V := {W_n(F_{Spec k})^{−1}p}) is a Witt dualizing system on Spec k, where p is the usual map “lift and multiply by p”, which is concentrated degree 0. For this, first notice that W_n is an injective W_n-module for all n ≥ 1. Then one easily checks that the following maps are isomorphisms and adjoint to p, C and V respectively:

W_•^≃−→ i^♭W_• = Hom_{W•} (i_∗W_•, W_•), a → (b → pab),

W_•^≃−→ Σ^♭W_• = Hom_{W•} ((Σ_∗W_•), W_•), a → (b → Cab), W_•^≃−→ i^♭σ^♭W_• = Hom_{W•} (σ_∗i_∗W_•, W_•), a → (b → V ab).

(2) Let X be a smooth k-scheme of pure dimension N. Then W_•ω_X := ({W_nΩ^N_X }_{n≥1}, p, C, V ) is a Witt dualizing system which by definition is concentrated in degree N. Here p is “lift and multiply by p” and V is the Verschiebung. On the n-th level C is defined as the composition:

C^n : (Σ_∗W_•Ω^N_X )_n → (Σ_∗W_•Ω^N_X /d(W_•Ω^{N−1}_X ))_n^{(C−n)−1}−−−−−−→ W_nΩ^N_X , where C^{−n} : W_nΩ^N_X^≃−→ W_n(F^n_X )_∗W_nΩ^N_X /d(W_nΩ^{N−1}_X ) is the inverse Cartier isomorphism from [IR83, III, Prop. (1.4).]. One easily checks that p, C^n and V satisfy the relations (a), (b) in Definition (1.6.3). The condition on the adjoints (1.6.4) is harder and follows from Ekedahl’s result W_nΩ^N_X = W_n(f)^!W_n, with f : X → Spec k the structure map, see [Eke84, I and II, Ex. 2.2.1.]. Notice that W_•ω_{Spec k} = W_•ω.

1.6.5. Let (Q, p, C, V ) be a Witt dualizing system on X. We may express the equalities in (1.6.4) as H^0(^aφ) : Q^≃−→ H^0(f^♭Q) and H^0(f^♭Q)[0] ∼= f^♭Q, where (f, φ) ∈ {(i, p), (σ, V ), (Σ, C)}. Therefore by the definition of the adjoints, p, C and V factor as follows:

p : i_∗Q^{≃, H}

0 (^a p)

−−−−−−→ i_∗H^0(i^♭Q)^{H0 (Trfi)}−−−−−−→ Q,

C : Σ_∗Q^{≃, H0 (aC)}

−−−−−−−→ Σ_∗H^0(Σ^♭Q)^{H0 (TrΣ)}−−−−−→ Q, V : σ_∗i_∗Q^{≃, H0 (aV )}

−−−−−−−→ σ_∗i_∗H^0(i^♭σ^♭Q)^{H0 (Trσi )}−−−−−−→ Q.

Furthermore it follows from 1.6.2, that the natural transformations p ∘ ϵ_i : i_∗Hom_{CN} ((−), Q) −→ Hom_{CN} (i_∗(−), Q), C ∘ ϵ_Σ : Σ_∗Hom_{CN} ((−), Q) −→ Hom_{CN} (Σ_∗(−), Q), V ∘ ϵ_{σi} : σ_∗i_∗Hom_{CN} ((−), Q) −→ Hom_{CN} (σ_∗i_∗(−), Q) are isomorphisms when restricted to the category C_{N,qc}.

1.6.6. Let M be a quasi-coherent de Rham-Witt system and Q a Witt dualizing system on X. Then we may define maps π, F , V , d and p on Hom_{CN} (M, Q) ∈ C_N as follows:

π : Hom(M, Q)^{∘p}−→ Hom(i_∗M, Q)^{(p∘ϵi)} −1 −−−−−→ i_∗Hom(M, Q),

F : Hom(M, Q)^{∘V}−−→ Hom(σ_∗i_∗M, Q)^{(V ∘ϵσi)−1}−−−−−−→ σ_∗i_∗Hom(M, Q), V : σ_∗i_∗Hom(M, Q)^{(V ∘ϵσi)}−−−−−→ Hom(σ_∗i_∗M, Q)^{∘F}−−→ Hom(M, Q), p : i_∗Hom(M, Q)^{p∘ϵi}−−→ Hom(i_∗M, Q)^{∘π}−→ Hom(M, Q),

d : Σ_∗Hom(M, Q)^{(C∘ϵΣ)}−−−−→ Hom(Σ_∗M, Q)^{∘d}−→ Hom(Σ_∗M(−1), Q)

≃, α

−−−→ Hom(Σ_∗M, Q)(1)^{(C∘ϵΣ)−1}−−−−−−→ Σ_∗Hom(M, Q)(1), where the isomorphism α : Hom(Σ_∗M(−1), Q)^≃−→ Hom(Σ_∗M, Q)(1) is given by multiplication with (−1)^{q+1} in degree q.

Proposition 1.6.7 ([Eke84, III, 2.]). The above construction yields a functor Hom(−, Q) : (dRW_{X,qc})^o −→ dRW_X , which has the following properties

(1) A morphism of Witt dualizing systems Q → Q^′ induces a natural transformation of functors Hom(−, Q) → Hom(−, Q^′).

(2) The functor Hom(−, Q) restricts to a functor (dRW_{X,c})^o → dRW_{X,qc} and if Q is coherent, then also to (dRW_{X,c})^o → dRW_{X,c}.

(3) For all M ∈ dRW_{X,qc} and all m ∈ Z there is a natural isomorphism

Hom(M(m), Q) ≃ Hom(M, Q)(−m),

given by multiplication with (−1)^{qm+ m(m−1)2} in degree q and a natural isomorphism

Hom(M, Q(m)) ≃ Hom(M, Q)(m)

given by the identity in each degree. (There is some freedom in defining these isomorphisms; our choice is compatible with the sign convention for complexes in [Con00].)

Proof. It is straightforward to check the relations in Definition 1.2.4. □

1.7. Residual complexes and traces. In this section A will always be a regular local ring, all schemes are of finite type over A and all morphisms will be A-morphisms. The results of this section will be applied in the next sections in the case A = W and schemes of finite type over W_n, some n.

1.7.1. Review of residual complexes. The general references for residual complexes are [Har66, VI], [Con00, 3.2]. Let X be an A-scheme. A residual complex on X is a bounded complex K of quasi-coherent and injective O_X -modules, which has coherent cohomology and such that there exists an isomorphism of O_X -modules � q∈Z K^q ∼= � x∈X i_{x∗}J(x), where i_x : Spec O_{X,x} → X is the inclusion and J(x) is an injective hull of k(x) in O_{X,x} (i.e. it is an injective O_{X,x}-module which contains k(x) and such that, for any 0 ≠ a ∈ J(x) exists a b ∈ O_{X,x} with 0 ≠ ba ∈ k(x)). It follows that i_{x∗}J(x) is supported in {x}. The codimension function on X associated to K is the unique function d_K : |X| → Z such that K^q = � d_K• (x)=q ix∗J(x) for all q. If x0 is an imme-

diate specialization of x ∈ X (i.e. x_0 is a point of codimension 1 in {x}), then d_K (x_0) = d_K (x) + 1. The filtration . . . ⊂ Z^q_K ⊂ Z^{q−1}_K ⊂ . . . ⊂ X associated to K is defined by Z^q_K := {x ∈ X | d_K (x) ≥ q}. On each irreducible component of X this filtration equals the shifted codimension filtration. If R ∈ D^b_c(X) is a dualizing complex with associated codimension filtration Z^• (see [Con00, 3.1] for these notions), then the Cousin complex E_Z• (R) of R with respect to Z^• is a residual complex with associated filtration also Z^•. In D^b_c(X) we have R ∼= E_Z• (R) (since a dualizing complex is Gorenstein). Particular examples of dualizing complexes are W_n on X = Spec W_n, O_X [0] in case X is regular, ω_X [N] = Ω^N_{X/A}[N] in case X is smooth of pure dimension N and more general f^!R ∈ D^b_c(X^′), where f : X^′ → X is a finite type morphism and R is a dualizing complex on X.

On the other hand any residual complex on X is a dualizing complex when viewed as a complex in D^b_c(X). Furthermore, if K is a residual complex on Y with filtration Z^•, then we have an equality of complexes E_{Z•} (K) = K.

1.7.2. (−)^! for residual complexes. Let f : X → Y be a finite type morphism between A-schemes and K a residual complex on Y with associated filtration Z^•_K =: Z^• (which exists by the above). Then there is a functor f^Δ from the category of residual complexes with filtration Z^• on Y to the category of residual complexes on X with a fixed filtration denoted by f^ΔZ^•, having the following properties:

(1) For two finite type morphisms f : X → Y and g : Y → Z of A-schemes, there is an isomorphism c_{f,g} : (gf)^{Δ ≃}−→ f^Δg^Δ, which is compatible with triple compositions and such that c_{id,f} = id = c_{f,id}.

(2) If f : X → Y is smooth and separated of relative dimension r, then there is an isomorphism

φ_f : f^ΔK^≃−→ E_f −1_Z•_{[r]}(Ω^r_{X/Y} [r] ⊗ f^∗K).

Here E_f −1_Z•_{[r]}(Ω^r_{X/Y} [r] ⊗ f^∗K) is the Cousin complex associated to the complex Ω^r_{X/Y} [r] ⊗ f^∗K and the filtration f^{−1}Z^•[r]. If we have two smooth separated maps of some fixed relative dimension f and g as in (1), then c_{f,g} is compatible with the natural map on the right.

(3) If f : X → Y is finite, then there is an isomorphism

ψ_f : f^ΔK^≃−→ E_f −1_Z• (f̄^∗RHom_{OY} (f_∗O_X , K)) = f̄^∗Hom_{OY} (f_∗O_X , K),

where we set f̄^∗(−) := f^{−1}(−) ⊗_f −1_{f∗OX} O_X (which is an exact functor). If we have two finite maps f and g as in (1), then c_{f,g} is compatible with the natural map on the right of the above isomorphism.

(4) Let

X_U^{u′} �

f^′ � h � � � � X f � U^u � Y be a cartesian diagram of A-schemes with u étale. Then there is an isomorphism d_{u,f} : f^{′Δ}u^{∗ ≃}−→ u^{′∗}f^Δ, which is compatible with compositions in u and f and with the isomorphisms in (2) and (3). Furthermore, by (2) we have u^∗ ∼= u^Δ and u^{′∗} ∼= u^{′Δ} and the following diagram commutes

f^{′Δ}u^{∗ du,f} � ≃ � u^{′∗}f^Δ ≃ � f^{′Δ}u^Δ h^Δ

c_f ′_{,u}

�^{cu′,f} � u′Δf Δ.

(To prove this commutativity one may assume that f factors as X^i−→ P^π−→ Y , with i a closed immersion and π smooth and then use (2) and (3), cf. [Con00, (3.3.34)].) Finally if f and g are étale, then c_{f,g} : (gf)^Δ ∼= f^Δg^Δ corresponds to the natural isomorphism (gf)^∗ ∼= f^∗g^∗.

In fact f^Δ is defined by locally factoring f : X → Y into a closed immersion followed by a smooth morphism and then use (2) and (3) and glue (and then show that what you obtain is independent of all the choices). In D^b_c(X) we have f^ΔK ∼= f^!K. For details, as well as more compatibilities, see [Har66, VI] and [Con00, 3.2].

1.7.3. The Trace for residual complexes. The reference for this section is [Har66, VI, 4,5, VII, 2] and [Con00, 3.4]. Let f : X → Y be a finite type morphism between A-schemes. Let K be a residual complex on Y . Then there exists a morphism of graded sheaves (in general not of complexes, which we indicate by the dotted arrow)

Tr_f : f_∗f^ΔK � K,

which satisfies the following properties (and is also uniquely determined by the first three of them):

(1) Tr_f is functorial with respect to maps between residual complexes with same associated filtration and Tr_{id} = id.

(2) If g : Y → Z is another morphism of finite type between A-schemes, then Tr_{gf} = Tr_g ∘ g_∗(Tr_f ) ∘ (gf)_∗c_{f,g} .

(3) If f is finite, then Tr_f is a morphism of complexes and equals the composition

Tr_f : f_∗f^ΔK^{≃, ψf}−−−→ Hom_{OY} (f_∗O_X , K)^{ev. at 1}−−−−−→ K.

(4) Tr_f is compatible with étale base change (using the maps d_{u,f} from 1.7.2, (4)).

(5) If f : X → Y is proper, then Tr_f : f_∗f^ΔK → K is a morphism of complexes.

(6) If f : P^n_X → X is the projection, then Tr_f is the composition (in D^b_c(X))

Tr_f : f_∗f^ΔK^{≃, φf}−−−→ Rf_∗(Ω^n_Pn_{X /X} [n]) ⊗ K ≃ K,

where for the first isomorphism we used 1.7.2, (2) and the projection formula, the second isomorphism is induced by base change from the isomorphism

Z^≃−→ H^n(P^n_Z, Ω^n_Pn_{Z /Z}) = Ȟ^n(U, Ω^n_Pn_{Z /Z}), 1 → (−1)^{n(n+1)2} dt_1 ∧ . . . ∧ dt_n t_1 · · · t_n , where U = {U_0, . . . , U_n} is the standard covering of P^n_Z and the t_i’s are the coordinate functions on U_0.

(7) (Grothendieck-Serre duality, special case) If f : X → Y is proper, then for any C ∈ D^−_{qc}(X) the composition

Rf_∗RHom_X (C, f^ΔK)^{ϵf}−→ RHom_Y (Rf_∗C, f_∗f^ΔK)^{Trf}−−→ RHom_Y (Rf_∗C, K) is an isomorphism. It is compatible with étale base change.

Definition 1.7.4. We denote by Sch_{A,∗} the category with objects given by pairs (X, Φ), where X is a scheme of finite type over A and Φ is a family of supports on X, and the morphisms f : (X, Φ) → (Y, Ψ) are given by separated A-morphisms f : X → Y , whose restriction to Φ is proper and which satisfy f(Φ) ⊂ Ψ.

Remark 1.7.5. Let (X, Φ) be an object in Sch_{A,∗} and K a residual complex on X. Then Γ_ΦK is a direct summand of K and is a complex of quasi-coherent and injective O_X -modules. Indeed the isomorphism � q∈Z K^q ∼= � x∈X i_{x∗}J(x) (see 1.7.1) implies � q∈Z Γ_ΦK^q ∼= � {x}∈Φ ix∗J(x).

Corollary 1.7.6. Let f : (X, Φ) → (Y, Ψ) be a morphism in Sch_{A,∗} and K a residual complex on Y , then there exists a morphism of complexes

Tr_f : f_Φf^ΔK → Γ_Ψ(K),

where we set f_Φ := f_∗ ∘ Γ_Φ, which satisfies the following properties:

(1) Tr_f is functorial with respect to maps between residual complexes with same associated filtration and Tr_{id} = id.

(2) The following diagram commutes

f_Φf^ΔK �

Tr_f �

Γ_Ψ(K) � f_∗f^ΔK^{Trf} � K,

where the vertical maps are the natural ones and the lower horizontal map is the trace from 1.7.3, which is only a map of graded sheaves (visualized by the dotted arrow). By abuse of notation we write f for both, the morphism (X, Φ) → (Y, Ψ) in Sch_{A,∗} and the underlying morphism of schemes X → Y .

(3) If g : (Y, Ψ) → (Z, Ξ) is another morphism in Sch_{A,∗}, then

Tr_{gf} = Tr_g ∘ g_∗(Tr_f ) ∘ (gf)_∗c_{f,g} :

(gf)_Φ(gf)^ΔK^{cf,g}−−→ g_Ψf_Φf^Δg^ΔK^{Trf}−−→ g_Ψg^ΔK^{Trg}−−→ Γ_Ξ(K).

(4) Tr_f is compatible with étale base change in the following sense: Let

X_U^{u′} �

f^′ � X f � U^u � Y be a cartesian square of finite type A-schemes with u étale; let Φ, Ψ, Φ^′ and Ψ^′ be families of supports on X, Y , X_U and U, such that f : (X, Φ) → (Y, Ψ) and f^′ : (X_U , Φ^′) → (U, Ψ^′) are in Sch_{A,∗} and additionally u^{−1}(Ψ) ⊂ Ψ^′, u^{′−1}(Φ) ⊂ Φ^′. Then u^∗K ≃ u^ΔK is a residual complex and the following diagram commutes:

u^∗f_Φf^ΔK^u

∗(Tr_f ) �

� u^∗Γ_ΨK � f^′_Φ′ f^{′Δ}u^∗K^{Trf ′} � Γ_Ψ′ u^∗K.

Here the vertical maps are given as follows: First, the composition Γ_Ψ → Γ_Ψu_∗u^∗ ≃ u_∗Γ_u−1_{(Ψ)}u^∗ → u_∗Γ_Ψ′ u^∗ gives by adjunction a map u^∗Γ_Ψ → Γ_Ψ′ u^∗, yielding the vertical map on the right in the diagram; similar we have a map u^{′∗}Γ_Φ → Γ_Φ′ u^{′∗} inducing a map u^∗f_Φ → f^′_Φ′ u^{′∗}; the vertical map on the left in the diagram is then given by the compo-

sition u^∗f_Φf^Δ → f^′_Φ′ u^{′∗}f^{Δ d} −1 u,f−−−→ f^′_Φ′ f^{′Δ}u^∗, where d_{u,f} is the map from 1.7.2, (4).

(5) Let j : U → X be an open immersion such that Φ is contained in U.

Then j : (U, Φ) → (X, Φ) is a morphism in Sch_{A,∗} and Tr_j : j_Φj^ΔK → Γ_ΦK is the excision isomorphism, more precisely: Tr_j is given by the composition

(1.7.1) Tr_j : j_Φj^ΔK = Γ_{(X,Φ)}j_∗j^ΔK ≃ Γ_{(X,Φ)}j_∗j^∗K^{exc.}= Γ_{(X,Φ)}K.

Proof. We define Tr_f : f_Φf^ΔK → Γ_ΨK to be the following composition

(1.7.2) f_Φf^ΔK → f_∗Γ_f −1_{(Ψ)}f^ΔK ≃ Γ_Ψf_∗f^ΔK^{1.7.3} � Γ_ΨK .

A priori this is only a map of graded sheaves. But we already observe, that the properties 1)- 4) follow immediately from the definition and the corresponding properties in 1.7.3. If j : (U, Φ) → (X, Φ) is an open immersion as in (5), we may apply the excision identity Γ_{(X,Φ)} = Γ_{(X,Φ)}j_∗j^∗ to the map of graded sheaves Tr_j : j_∗j^Δ(−) � (−) to obtain a commutative diagram

j_Φj^ΔK = Γ_{(X,Φ)}j_∗j^ΔK^{Trj} � Γ_{(X,Φ)}K

Γ_{(X,Φ)}j_∗j^∗(j_∗j^ΔK)^{j∗ j}

∗(Tr_j )�

Γ_{(X,Φ)}j_∗j^∗K.

Now using the compatibility with base change as in (4) (in the situation j = u = f) implies that going around the diagram from the top left corner to the top right corner counterclockwise is the isomorphism (of complexes) (1.7.1). This gives (5) and in particular Tr_j is a morphism of complexes. It remains to show that Tr_f as defined in (1.7.2) is in fact a morphism of complexes. For this we factor f : X → Y into an open immersion j : X → X̄ followed by a proper A-morphism f̄ : X̄ → Y (Nagata compactification). Since the restriction of f to Φ is proper, it follows that Φ also defines a family of supports on X̄. We consider the following diagram

f_Φf^ΔK ≃ �

� Γ_Ψf_∗f ΔK^{Trf} �

Tr_j ∘c¯_{f ,j} � Γ_Ψ(K)

f̄_Φf̄ ΔK � Γ_Ψf̄_∗f̄^ΔK,

Tr¯_f � � � �

where the vertical isomorphism on the left is a morphism of complexes, which is given by

f∗Γ_{(X,Φ)}f^ΔK = f̄∗Γ_(¯_{X,Φ)}j∗f^ΔK^{cf̄ ,j}−−→ f̄∗Γ_(¯_{X,Φ)}j∗j^Δf̄^ΔK^{Trj , (5)}−−−−−→ f̄∗Γ_(¯_{X,Φ)}f̄^ΔK.

Further Tr¯_f is a morphism of complexes by (1.7.3, (5)). The diagram is commutative by 1.7.3, 2) and hence Tr_f as defined in (1.7.2) is a morphism of complexes. □

1.7.7. Let X be a finite type A-scheme and ∅ = Z^r ⊂ . . . ⊂ Z^{q+1} ⊂ Z^q ⊂ . . . ⊂ Z^s = X be a filtration with r > s ∈ Z and such that Z^q is stable under specialization and any y ∈ Z^q \ Z^{q+1} is not a specialization of any other point in Z^q . Recall that a Cousin complex on X with respect to Z^• is a complex C^• of quasi-coherent O_X -modules, such that for all q the terms C^q are supported in the Z^q /Z^{q+1}-skeleton, i.e. C^q ∼= � x∈Z^q \Z^{q+1} ix∗Mx, where

i_x : Spec O_{X,x} → X is the inclusion and M_x is a quasi-coherent sheaf on Spec O_{X,x} supported only in the closed point x. Notice that i_{x∗}M_x is the extension by zero of the constant sheaf M_x on {x}. Any residual complex with associated filtration Z^• is in particular a Cousin complex with respect to Z^•. If G is any complex of quasi-coherent O_X -modules, then E_Z• (G) is a Cousin complex with respect to Z^•.

Lemma 1.7.8. If f : X → Y is finite and D is a Cousin complex on X with respect to f^{−1}Z^• (Z^• as above), then f_∗D is a Cousin complex on Y with respect to Z^•.

Proof. Write D^q ∼= � x∈f^{−1}Z^q \f^{−1}Z^{q+1} ix∗Nx as above, in particular Nx is sup-

ported in x. Then

f_∗D^q ∼= � y∈Z^q \Z^{q+1}

i_{y∗}M_y, with M_y := f_{|X(y) ∗} � x∈f^{−1}(y)

i_{x,f} −1_{(y)∗}N_x,

where i_{x,f} −1_{(y)} : Spec O_{X,x} → X_{(y)} = X ×_Y Spec O_{Y,y} is the inclusion. M_y is supported in y and this gives the claim. □

Corollary 1.7.9. Let f : X → Y be a finite morphism between finite-type A-schemes and K a residual complex on Y with filtration Z^• and C a Cousin complex on X with respect to f^{−1}Z^•. Then the isomorphism of 1.7.3, (7) induces an isomorphism

Hom_X (C, f^ΔK) ∼= Hom_Y (f_∗C, K).

This isomorphism is compatible with étale base change and is concretely induced by sending a morphism of complexes φ : C → f^ΔK to the composition f_∗C^{f∗(φ)}−−−→ f_∗f^ΔK^{Trf}−−→ K.

Proof. Since K and f^ΔK are complexes of injectives and f is finite, 1.7.3, (7) immediately gives (for all C)

Hom_X (C, f^ΔK)/homotopy ∼= Hom_Y (f_∗C, K)/homotopy.

By Lemma 1.7.8 above f_∗C^q is supported in the Z^q/Z^{q+1}-skeleton, which by definition also holds for K^q, for all q. Thus there is only the trivial homotopy between f_∗C^• and K. Similar with f^ΔK and C. □ Lemma 1.7.10. Let f : X → Y be a finite morphism between finite type Aschemes and K a residual complex on Y with associated filtration Z^•. Then for all q ∈ Z the following equality holds in D^b_{qc}(X)

(f^ΔK)^q ∼= f̄^∗Hom_Y (f_∗O_X , K^q) ∼= f^♭(K^q ) ∼= � x∈f^{−1}(Z^q )\f^{−1} (Z^{q+1} )

i_{x∗}J(x),

where f̄^∗(−) := f^{−1}(−) ⊗_f −1_{f∗OX} O_X , i_x : Spec O_{X,x} → X is the inclusion and J(y^′) is an injective hull of k(y^′) in O_Y ′_{,y}′ .

Proof. The first isomorphism follows from 1.7.2, (3), the second holds since K^q is injective and the third is [Har66, VI, Lem. 4.1]. □ 1.8. Witt residual complexes. Let X be a k-scheme.

1.8.1. Let C(C_N) be the category of complexes of C_N. Recall that it is equipped with endo-functors i_∗, σ_∗, Σ_∗.

Notation 1.8.2. We say that a complex K in C(C_N) is a residual complex if K_n is a residual complex on W_n(X) for all n and the associated filtrations on |X| = |W_n(X)| are all the same.

We say that a complex C in C(C_N) is a Cousin complex if C_n is a Cousin complex for all n with respect to the same filtration. For a residual complex K ∈ C(C_N) we define (i^ΔK)_n := i^Δ_{n+1}K_{n+1} (σ^ΔK)_n := W_n(F_X )^ΔK_n (Σ^ΔK)_n := W_n(F^n_X )^ΔK_n.

This yields endo-functors on the full subcategory of residual complexes with some fixed filtration of C(C_N). In view of Corollary 1.7.9 we get Hom_{C(CN)}(i_∗C, K) = Hom_{C(CN)}(C, i^ΔK) Hom_{C(CN)}(σ_∗C, K) = Hom_{C(CN)}(C, σ^ΔK) Hom_{C(CN)}(Σ_∗C, K) = Hom_{C(CN)}(C, Σ^ΔK)

(1.8.1)

if C is a Cousin complex with respect to the filtration of K.

Definition 1.8.3. Let X be a k-scheme. A Witt residual complex on X is a collection (K, p, C, V ) where K ∈ C(C_N) is a complex and p : i_∗K → K, C : Σ_∗K → K, V : σ_∗i_∗K → K, are morphisms of complexes such that:

(a) K a residual complex, (b) the morphisms p, C, V , satisfy the relations V ∘ σ_∗i_∗C = C ∘ Σ_∗p, p ∘ i_∗V = V ∘ σ_∗i_∗p, and the adjoints of p, C and V under (1.8.1)

ap : K^≃−→ i^ΔK,^aC : K^≃−→ Σ^ΔK,^aV : K^≃−→ i^Δσ^ΔK are isomorphisms of complexes.

A morphism between Witt residual complexes is a morphism in C(C_N) which is compatible with p, C, V in the obvious sense.

Remark 1.8.4. One should memorise the relations in (b) above as V C = Cp and V p = pV .

Remark 1.8.5. It follows from Lemma 1.7.10, that if (K, p, C, V ) is a Witt residual complex on X , then for all q ∈ Z the systems ({K^q_n}_{n≥1}, p^q, C^q , V^q ) are Witt dualizing systems. Furthermore, if Z^• is the filtration of K_1, then K^q_n = � x∈Z^q \Z^{q+1}

i_{Wn(x)∗}J_n(x),

where i_{Wn(x)} : Spec W_nO_{X,x} → W_nX is the inclusion and J_n(x) is an injective hull of k(x) in W_nO_{X,x}.

1.8.6. By extending the notions from 1.7.2 and Corollary 1.7.6 term by term to C(C_N) we obtain: For any finite-type morphism f : X → Y between kschemes a functor f^Δ of residual complexes in C(C_{N,Y} ) with associated filtration Z^• to residual complexes in C(C_{N,X} ) with filtration f^ΔZ^•. For g : Y → Z another morphism a canonical isomorphism c_{f,g} : (g ∘ f)^Δ ∼= f^Δg^Δ of natural transformations on the category of residual complexes on C(C_{N,Z} ). For f : (X, Φ) → (Y, Ψ) a morphism in Sch_{k,∗} (see Definition 1.7.4) a natural transformation Tr_f : f_Φf^Δ → Γ_Ψ on the category of residual complexes with fixed filtration in C(C_{N,Y} ). And these data satisfies the compatibilities from 1.7.2 and Corollary 1.7.6.

1.8.7. Let f : X → Y be a finite-type morphism between k-schemes. Let K be a Witt residual complex. We use (1.8.1) to define morphisms of complexes p : i_∗f^ΔK → f^ΔK, C : Σ_∗f^ΔK → f^ΔK, V : σ_∗i_∗f^ΔK → f^ΔK, as adjoints of the compositions

f^ΔK^f

Δ(^a p_K ), ≃

−−−−−−−→ f^Δi^ΔK ∼= i^Δf^ΔK

f^ΔK^{f Δ(aCK ), ≃}

−−−−−−−−→ f^ΔΣ^ΔK ∼= Σ^Δf^ΔK, f^ΔK^{f Δ(a VK ), ≃}

−−−−−−−−→ f^Δi^Δσ^ΔK ∼= i^Δσ^Δf^ΔK.

Here p_K , C_K and V_K denote the corresponding morphisms for K and the isomorphisms on the right are induced by the isomorphisms c_{Wnf,in,Y} etc. from 1.7.2, (1).

Proposition 1.8.8. Let f : X → Y be a finite-type morphism between kschemes and K a Witt residual complex on Y . Then the system

(f^ΔK, p, C, V )

defined above is a Witt residual complex on X. Furthermore, if g : Y → Z is another finite-type morphism of k-schemes, then the isomorphism c_{f,g} : (g ∘ f)^ΔK ∼= f^Δg^ΔK from 1.8.6 defines an isomorphism of Witt residual complexes, which is compatible with triple compositions.

If f : X → Y is étale, then f^∗K is isomorphic to f^ΔK. If f : X → Y and g : Y → Z are étale, then the isomorphism (gf)^Δ ∼= f^Δg^Δ is induced by the isomorphisms (gf)^∗ ∼= f^∗g^∗.

Proof. First notice that if K and L are two residual complexes, then their associated filtrations are the same iff their associated codimension functions (see 1.7.1) are the same. Since the codimension functions of the K_n’s are the same by assumption we obtain (using the formula of [Con00, (3.2.4)]) for any x ∈ |X| = |W_nX|

d_{(Wnf )}Δ_{Kn} (x) = d_{Kn} (W_nf(x)) − trdeg(k(x)/k(W_nf(x))) = d_{K1} (f(x)) − trdeg(k(x)/k(f(x))) = d_f Δ_{K1} (x).

Thus the (W_nf)^ΔK_n are residual complexes and all have the same associated filtration. The condition on the adjoints of p, C and V holds by definition. It remains to check the relations V C = Cp and V p = pV , which are equivalent to^aV^aC =^aC^ap and^aV^ap =^ap^aV . To prove the first equality consider the following diagram

f^ΔK

ap_K � aC_K � f^Δi^ΔK^≃ �

aC_K � i^Δf^ΔK

aC_K � f^ΔΣ^ΔK

aV_K �

≃ � f^Δi^ΔΣ^ΔK^≃ � ≃ � i^Δf^Δ(Σ)^ΔK ≃ � Σ^Δf^ΔK

aV_K �

Σ^Δf^Δi^Δσ^ΔK^≃ � i^ΔΣ^Δf^ΔK.

Here all arrows labeled by ≃ are induced by compositions of the isomorphisms c_{f,g} and their inverses with f, g appropriate and also in the two arrows labeled by^aV_K there is such an isomorphism involved. (We also need the relation (1.2.2).) The square in the upper left commutes since K is a Witt residual complex, all other squares commute because of the functoriality of the c_{f,g} ’s and their compatibility with compositions. Thus going around the diagram from the top left corner to the lower right corner clockwise is the same as going around counter clockwise, which yields^aC^ap =^aV^aC. The other relation is proved by drawing a similar diagram. Thus f^ΔK is a Witt residual complex. The second statement amounts to prove that c_{g,f} is compatible with p, C^n and V . This follows again from the functoriality of the c_{(−,−)}’s and their compatibility with compositions by drawing diagrams as above, which we omit. Finally, the statement about étale morphisms follows from 1.7.2, (4). □

Lemma 1.8.9. Let (X, Φ) → (Y, Ψ) be a morphism in Sch_{k,∗} and K a Witt residual complex on Y . Then the complex f_Φf^ΔK, with f_Φ := f_∗ ∘ Γ_Φ, is a complex of Witt quasi-dualizing systems (see Definition 1.6.3) and each term (f_Φf^ΔK)_n is a bounded complex of quasi-coherent, flasque sheaves. Furthermore

Tr_f : f_Φf^ΔK −→ Γ_ΨK,

is a morphism of complexes of Witt quasi-dualizing systems, which is compatible with composition and étale base change, as in Corollary 1.7.6, (3) and (4), and it is functorial with respect to maps between Witt residual complexes with the same associated filtration (e.g. isomorphisms). Finally, if f is an open immersion and Ψ = Φ, then Tr_f is the excision isomorphism as in Corollary 1.7.6, (5).

Proof. We define the maps p, C and V on f_Φf^ΔK to be the following compositions

p : i_∗f_Φf^ΔK ∼= f_Φi_∗f^ΔK^{pf ΔK}−−−−→ f_Φf^ΔK,

C : Σ_∗f_Φf^ΔK ∼= f_ΦΣ_∗f^ΔK^{Cf ΔK}−−−−→ f_Φf^ΔK,

V : σ_∗i_∗f_Φf^ΔK ∼= f_Φσ_∗i_∗f^ΔK^{Vf Δ}−−−→ f_Φf^ΔK.

These maps obviously make f_Φf^ΔK into a complex of Witt quasi-dualizing systems. Also the (f^ΔK)_n are bounded complexes of quasi-coherent injective W_nO_X -modules (since the (f^ΔK)_n are residual complexes), thus all the (f_Φf^ΔK)_n are complexes of quasi-coherent and flasque sheaves. It remains to check, that the trace morphism commutes with p, C^n and V . We will prove

(1.8.2) Tr_f ∘ p = p ∘ i_∗(Tr_f ).

For this, we consider the following diagram:

i_∗f_Φf^ΔK^≃ � ap � Tr_f � � � � f_Φi_∗f^ΔK ap � i_∗Γ_ΨK

ap � � � � i_∗f_Φf^Δi^ΔK

Tr_f �

≃ � f_Φi_∗f ΔiΔK ≃ � i_∗Γ_Ψi^ΔK

Tr_i � f_Φi_∗i^Δf^ΔK

Tr_i � Γ_ΨK f_Φf^ΔK.

Tr_f � The triangle in the upper left (which should be a square) commutes by the functoriality of Tr_f (Corollary 1.7.6, (1)), the upper square in the middle commutes by the functoriality of the isomorphism i_∗f_Φ ∼= f_Φi_∗ and the big square in the middle commutes by Corollary 1.7.6, (3). Thus going around the diagram from the upper left to the lower left corner clockwise, which is Tr_f ∘ p, is the same as going around counterclockwise, which is p ∘ i_∗(Tr_f ). This gives (1.8.2). Similar diagrams prove the relations Tr_f ∘C ∼= C ∘Σ_∗(Tr_f ) and V ∘σ_∗i_∗(Tr_f ) ∼= Tr_f ∘V . The compatibility of Tr_f with composition and étale base change follows directly from Corollary 1.7.6, (3) and (4). The functoriality statement follows from the corresponding statement in 1.7.6, (1). If f is an open immersion, then so is W_nf for all n and hence the last statement follows from 1.7.6, (5). □

1.9. The dualizing functor.

1.9.1. Let X be a k-scheme and K a Witt residual complex on X. If M is a complex of quasi-coherent de Rham-Witt systems on X, then by Proposition 1.6.7 and Remark 1.8.5, we have de Rham-Witt systems Hom(M^i, K^j ) ∈ dRW_X for all i, j. Thus we obtain a complex of de Rham-Witt systems on X, Hom(M, K) ∈ C(dRW_X ) which is defined by

Hom^q(M, K) := � i∈Z Hom(M^i, K^{i+q} ),

d^q_{Hom}((f^i)) := (d^{i+q}_K ∘ f^i + (−1)^{q+1}f^{i+1} ∘ d^i_M ). In this way we clearly obtain a functor

D_K : C(dRW_{X,qc})^o → C(dRW_X ), M → Hom(M, K),

It restricts to a functor D_K : C(dRW_{X,c})^o → C(dRW_{X,qc}). Since K_n is a bounded complex of injective W_nO_X -modules for each n ≥ 1, Hom(M, K) is acyclic, whenever M is ([Har66, II, Lem. 3.1]). Thus D_K preserves quasiisomorphisms and therefore induces functors

D_K : D(dRW_{X,qc})^o → D(dRW_X ), D_K : D(dRW_{X,c})^o → D(dRW_{X,qc}).

A morphism K → L of Witt residual complexes clearly induces a natural transformation of functors

(1.9.1) D_K → D_L.

Notation 1.9.2. Let X be a k-scheme with structure map ρ_X : X → Spec k. Then we denote by K_X the Witt residual complex ρ^Δ_X W_•ω and write

D_X = D_{KX} = Hom(−, K_X ).

Notice that K_X is concentrated in degree 0, since W_•ω is.

Remark 1.9.3. Let X be a scheme, Φ a family of supports on X and K a Witt residual complex. Then we have the following equalities on C(C_{N,qc})

Γ_ΦD_K (−) = Γ_ΦHom(−, K) = Hom(−, Γ_ΦK).

Therefore, if M is a complex of quasi-coherent de Rham-Witt systems on X, then Hom(M, Γ_ΦK) inherits the structure of a complex of de Rham-Witt systems from Γ_ΦD_K (M). Furthermore Γ_Φ(K)_n is a complex of injectives (by Remark1.7.5),

Hom(−, Γ_ΦK) : D(dRW_{X,qc})^o → D(dRW_X ).

Proposition 1.9.4. Let f : (X, Φ) → (Y, Ψ) be a morphism in Sch_{k,∗}, K a Witt residual complex on Y and M a bounded above complex of quasi-coherent de Rham-Witt systems on X. Let

ϑ_f : f_ΦD_f Δ_K (M) → Γ_ΨD_K (f_∗M)

be the composition

f_ΦHom(M, f^ΔK)^{nat.}−−→ Hom(f_∗M, f_Φf^ΔK)^{Trf}−−→ Hom(f_∗M, Γ_ΨK).

Then ϑ_f is a morphism of complexes of de Rham-Witt systems on Y and it has the following properties:

(1) It defines a natural transformation between the bifunctors f_ΦHom(−, f^Δ−) and Hom(f_∗−, Γ_Ψ(−)) defined on the product of the category C^−(dRW_{X,qc}) with the category of Witt residual complexes with the same associated filtration.

(2) It is compatible with composition, i.e. if g : (Y, Ψ) → (Z, Ξ) is another morphism in Sch_{k,∗}, then ϑ_{gf} ∼= ϑ_g ∘ g_∗(ϑ_f ) ∘ c_{f,g}.

(3) It is compatible with étale base change as in Corollary 1.7.6, (4). (4) Let j : U → X be an open immersion, such that Φ is contained in U, then ϑ_j : j_ΦHom(−, j^ΔK)^≃−→ Hom(j_∗(−), Γ_ΦK) is the excision isomorphism (cf. Corollary 1.7.6, (5)).

Proof. We have to show, that ϑ_f commutes with π, F, d, V, p. Recall from 1.6.6, how the de Rham-Witt system structure on Hom(M, Q) is defined, where M is a de Rham-Witt - and Q a Witt dualizing system. For example the map π is uniquely determined by the property that it makes the following diagram commutative:

Hom(M, Q)^{∘pM} � π � Hom(i_∗M_,Q_)

i_∗Hom(M, Q)^{ϵi} � Hom(i_∗M, i_∗Q).

p_Q �

The maps F, d, V, p are defined uniquely by making similar diagrams commutative. Using these diagrams, the second part of 1.6.5 and Lemma 1.8.9 it is straightforward to check the compatibility of ϑ_f with the de Rham-Witt system structure. (Notice, that ϑ_f factors over Hom(f_∗M, f_Φf^ΔK), which in general will not be a de Rham-Witt system, since f_Φf^ΔK will not be a complex of Witt dualizing systems. But it is a complex of Witt quasi-dualizing systems, which is sufficient to conclude.) Thus ϑ_f gives a morphism of complexes of de Rham-Witt systems. The functoriality of ϑ_f in M is clear and in K follows from the functoriality of Tr_f : f_Φf^Δ → id (see Lemma 1.8.9). The properties (2)-(4) follow from the corresponding properties of Tr_f , see Lemma 1.8.9. □ 1.10. Ekedahl’s results.

Theorem 1.10.1 ([Eke84, II, Thm 2.2 and III, Prop. 2.4]). Let X be a smooth k-scheme of pure dimension N. Then the morphism induced by multiplication

W_•Ω_X^≃−→ Hom(W_•Ω_X , W_•ω_X ), α → (β → αβ).

is an isomorphism of de Rham-Witt systems. Furthermore

Ext^i_{WnOX} (W_nΩ_X , W_nω_X ) = 0, for all i, n ≥ 1.

Proof. This is all due to Ekedahl. Let us just point out that W_•ω_X sits in degree N, hence the multiplication map is a graded morphism; and that C^nd = 0 gives the equality

C^n(xdy) = (−1)^{q+1}C^n(d(x)y), for all x ∈ W_nΩ^q_X , y ∈ W_nΩ^{N−q}_X

and this together with the sign α introduced in the definition of d in 1.6.6 (which is missing in [Eke84]) gives the compatibility with d. □

Lemma 1.10.2 ([BER10, Prop. 8.4, (ii)]). Let X^′ be a smooth W_n-scheme and denote by X its reduction modulo p. Let φ : W_nΩ_X^≃−→ σ^n_∗ H^•_{DR}(X^′/W_n), with σ = W_n(F_{Spec k}), be the canonical isomorphism of graded W_n-algebras from [IR83, III, (1.5)]. Then φ is the unique morphism, which makes the following diagram commutative

W_{n+1}Ω_X ′_{/Wn} �

F^n � ZΩ X^′/W_n � W_nΩ_X^φ � H^•_{DR}(X^′/W_n).

Here W_{n+1}Ω_X ′_{/Wn} is the relative de Rham-Witt complex defined in [LZ04] and the vertical maps are the natural surjections. In particular we have

(1.10.1) φ( n−1� i=0 V^i([a_i])) = n−1� i=0 F^nV^i([ã_i]) = ã^{pn}_0 + pã^{pn−1}_1 + . . . + p^{n−1}ã^p_{n−1} and (1.10.2) φ( n−1� i=0 dV^i([a_i])) = n−1� i=0 F^ndV^i([ã_i]) = ã^{pn−1}_0 dã_0 +ã^{pn−1−1}_1 dã_1 +. . .+ã^{p−1}_{n−1}dã_{n−1},

where the ã_i are any liftings of a_i ∈ O_X to O_X ′ .

Theorem 1.10.3 (Ekedahl). Let X be a smooth k-scheme of pure dimension N with structure map ρ_X : X → Spec k. Then (W_nρ_X )^!W_n ∈ D^b_c(W_nX) is concentrated in degree −N, for all n ≥ 1 and there is a quasi-isomorphism of complexes of Witt dualizing systems (see Example 1.6.4, (1) and (2))

τ : W_•ω_X (N)[N]^{qis}−−→ K_X = ρ^Δ_X W_•ω,

such that

(1) The map τ_1 : Ω^N_X [N]^{qis}−−→ ρ^Δ_X k is the classical (ungraded) quasiisomorphism, i.e. it is the composition of the natural quasiisomorphism Ω^N_X [N] → E_Z•_{[N]}(Ω^N_X [N]) with the inverse of 1.7.2, (2). Here Z^•[N] is the shifted codimension filtration of X and E_Z•_{[N]} the Cousin functor.

(2) τ is compatible with étale pullback, i.e. if f : U → X is étale, then the following diagram commutes

f^∗W_•ω_X (N)[N] ≃ �

τ_X �

f^∗K_X = f^∗ρ^Δ_X W_•ω ≃ � W_•ω_U (N)[N]^{τU} � K_U = ρ^Δ_U W_•ω,

where ρ_U : U → Spec k is the structure morphism of U, the vertical isomorphism on the right is induced by f^∗ρ^Δ_X ∼= f^Δρ^Δ_X ∼= ρ^Δ_U and the isomorphism on the left is induced by (W_nf)^∗W_nΩ^N_X = W_nΩ^N_U , n ≥ 1 (see [Ill79, I, Prop. 1.14]).

Proof. We do not write the shift (N) in the following (the statement about the grading being obvious). In [Eke84, I,Thm. 4.1] it is proven that one has an isomorphism τ_n : W_nΩ^N_X^≃−→ (W_nρ_X )^!W_n[−N] in D^b_c(W_nX). (We give a sketch of the construction in case X admits a smooth lift over W_n in the remark below.) Let Z^• be the filtration by codimension on W_nX. For C any complex let E_Z• (C) be the associated Cousin complex. Then E_Z• induces an equivalence from the category of dualizing complexes with filtration Z^• in D^b_c(W_nX) and the category of residual complexes with associated filtration Z^• on W_nX with quasi inverse the natural localization functor (see [Con00, Lem. 3.2.1]). Thus we obtain an isomorphism of residual complexes

E_Z• (W_nΩ^N_X )^≃−→ E_Z• ((W_nρ_X )^!W_n[−N]) ∼= (W_nρ_X )^ΔW_n[−N]. By Lemma 1.5.9 the natural map W_nΩ^N_X → E_Z• (W_nΩ^N_X ) is a resolution, for all n ≥ 1 (by [Har66, IV, Prop. 2.6.]). Therefore we obtain a quasi-isomorphism (by abuse of notation again denoted by τ_n)

τ_n : W_nΩ^N_X [N]^{qis}−−→ (W_nρ)^ΔW_n.

It follows from [Eke84, I, Lem 3.3 and II, Lem. 2.1], that the τ_n, n ≥ 1, are compatible with p, C^n, V and hence induce a morphism of complexes of Witt dualizing systems as in the statement. The property (1) is proved at the end of the proof of [Eke84, I, Thm. 4.1, p. 198 ] and (2) follows from the construction of τ_n in [Eke84, I, 2.] (see in particular the second paragraph on page 194). □

Remark 1.10.4. Let us sketch for later purposes how the isomorphism τ_n : W_nω_X → (W_nρ_X )^!W_n[−N] is constructed in case X admits a smooth lifting ρ_X ′ : X^′ → Spec W_n. For details see [Eke84, I, 2.]. Let

(1.10.3) φ : W_nΩ_X^≃−→ σ^n_∗ H^•_{DR}(X^′/W_n) be the canonical isomorphism of graded W_n-algebras of [IR83, III, (1.5)] (see Lemma 1.10.2). The composition W_nO_X^{φ0}−→ σ^n_∗ H^0_{DR}(X^′/W_n) → O_X ′ defines a finite morphism ϵ : X^′ → W_nX, which fits into a commutative diagram

X^{′ ϵ} �

ρ_X′ � W_nX

W_nρ_X � Spec W_n^{σn} � Spec W_n.

It follows that φ becomes an isomorphism W_nΩ_X^≃−→ ϵ_∗H^•_{DR}(X^′/W_n). (Here we abuse the notation ϵ_∗ to indicate where the W_nO_X -module structure on the W_n-module H^•_{DR}(X^′/W_n) is coming from, which is of course not an O_X ′ -module.) Since ρ_X ′ is smooth we have a canonical isomorphism τ_X ′ : ω_X ′_{/Wn}^≃−→ ρ^!_X ′ W_n[−N]. Now Ekedahl shows, that the composition

ϵ_∗ω_X ′_{/Wn}^{τX′}−−→ ϵ_∗ρ^!_X ′ W_n[−N] ≃ ϵ_∗ρ^!_X ′ σ^{n!}W_n[−N]

≃ ϵ_∗ϵ^!(W_nρ_X )^!W_n[−N]^{Trϵ}−−→ (W_nρ_X )^!W_n[−N]

factors over ϵ_∗H^N_{DR}(X^′/W_n). Then τ_n is defined as the composition

W_nω_X^{φ, ≃}−−−→ ϵ_∗H^N_{DR}(X^′/W_n) → (W_nρ_X )^!W_n[−N].

Corollary 1.10.5. Let X be a smooth k-scheme of pure dimension N. Denote by E(W_•ω_X ) the Cousin complex associated to W_•ω_X with respect to the codimension filtration on X (cf. 1.5.8). Then the maps p, C^n , V on W_•ω_X induce morphisms of complexes on the system {E(W_nω_X )(N)[N]}_n; this defines a Witt residual complex E(W_•ω_X )(N)[N], which is isomorphic as Witt residual complex to K_X (see Notation 1.9.2). This isomorphism is compatible with étale base change.

Corollary 1.10.6. Let the notations be as above. Then there is an isomorphism in C^b(dRW_{X,qc})

μ : E(W_•Ω_X )^≃−→ D_X (W_•Ω_X )(−N)[−N],

given by the composition

E(W_•Ω_X )^{E(}

1.10.1), ≃ −−−−−−−−−→ E(Hom(W_•Ω_X , W_•ω_X ))^≃−→

Hom(W_•Ω_X , E(W_•ω_X ))^{Cor. 1.10.5, ≃}

−−−−−−−−−→ Hom(W_•Ω_X , K_X )(−N)[−N].

The map μ is compatible with étale base change.

1.11. The trace morphism for a regular closed immersion.

1.11.1. Local Cohomology. Let X = Spec A be an affine Cohen-Macaulay scheme and Z ⊂ X a closed subscheme of pure codimension c, defined by the ideal I ⊂ A. Let t = t_1, . . . , t_c ∈ I be an A-regular sequence with � (t) = √ I, here (t) denotes the ideal (t_1, . . . , t_c) ⊂ A. (After shrinking X such a sequence always exists.) We denote by K^•(t) the Koszul complex of the sequence t, i.e. K^{−q}(t) = K_q (t) =

�_q

A^c, q = 0, . . . , c, and if {e_1, . . . , e_c} is the standard basis of A^c and e_{i1,...,iq} := e_{i1} ∧ . . . ∧ e_{iq} , then the differential is given by

d^{−q}_K• (e_{i1 ,...,iq} ) = d^{K•}_q (e_{i1 ,...,iq} ) = q� j=1 (−1)^{j+1}t_{ij} e_{i1 ,..., ^ij ,...iq} .

We define the complex

K^•(t, M) := Hom_A(K^{−•}(t), M),

and denote its n-th cohomology by H^n(t, M). The map

Hom_A( c� A^c, M) → M/(t)M, φ → φ(e_{1,...,c})

induces a canonical isomorphism H^c(t, M) ≃ M/(t)M.

If t and t^′ are two sequences as above with (t^′) ⊂ (t), then there exists a c × cmatrix T with coefficients in A such that t^′ = T t and T induces a morphism of complexes K^•(t^′) → K^•(t), which is the unique (up to homotopy) morphism lifting the natural map A/(t^′) → A/(t). Furthermore we observe that, for any pair of sequences t, t^′ as above there exists an N ≥ 0 such that (t^N ) ⊂ (t^′), where t^N denotes the sequence t^N_1 , . . . , t^N_c . Thus the sequences t form a directed set and H^c(t, M) → H^c(t^′, M), (t^′) ⊂ (t), becomes a direct system. It follows from [SGA2, Exp. II, Prop. 5], that we have an isomorphism

(1.11.1) lim−→ t M/(t)M = lim−→ t H^c(t, M) ∼= H^c_Z (X, ~M),

where the limit is over all A-regular sequences t = t_1, . . . , t_c with V ((t)) = Z and ~M is the sheaf associated to M. In fact it is enough to take the limit over the powers t^n = t^n_1 , . . . , t^n_c , n ≥ 1, of just one regular sequence t with V ((t)) = Z. We denote by � m t �

the image of m ∈ M under the composition M → M/(t)M → H^c(t, M) → H^c_Z (X, ~M).

It is a consequence of the above explanations that we have the following properties:

(1) Let t and t^′ be two sequences as above with (t^′) ⊂ (t). Let T be a c × c-matrix with t^′ = T t, then � det(T ) m t^′ � = � m t � . (2) � m + m^′ t � = � m t � + � m^′ t � , � t_im t � = 0 all i.

(3) If M is any A-module, then

H^c_Z (X, O_X ) ⊗_A M^≃−→ H^c_Z (X, ~M), � a t � ⊗ m → � am t �

is an isomorphism.

Remark 1.11.2. Since for an A-regular sequence t as above K^•(t) → A/(t) is a free resolution, we have an isomorphism Ext^n(A/(t), M) ≃ Hom^•_A(K^•(t), M).

Notice that we also have an isomorphism Hom^•_A(K^•(t), M) ≃ K^•(t, M), which is multiplication with (−1)^{n(n+1)/2} in degree n (see [Con00, (1.3.28)]). We obtain an isomorphism

ψ_{t,M} : Ext^c(A/(t), M)^≃−→ H^c(t, M) = M/(t)M, which has the sign (−1)^{c(c+1)/2} in it. In particular under the composition

Ext^c(A/(t), M)^{ψt,M}−−−→ M/(t)M → H^c_Z (X, ~M) the class of a map φ ∈ Hom_A(

�_c

A^c, M) is sent to

(−1)^{c(c+1)/2} � φ(e_{1,...,c}) t � . Remark 1.11.3. If X = Spec A is a k-scheme and t = t_1, . . . , t_c is a regular sequence of sections of O_X , then for any n the sequence [t] = [t_1], . . . , [t_c] of sections of W_nO_X is a regular sequence. Here [t_i] denotes the Teichmüller lift of t_i. Indeed the sequence [t] is regular iff its Koszul complex is a resolution of W_nA/([t]) and thus the statement follows by induction from the short exact sequence

0 → K_•([t]^p, W_{n−1}A)^V−→ K_•([t], W_nA) → K_•(t, A) → 0.

Proposition 1.11.4. Let i : Z → X be a closed immersion between smooth k-schemes of pure dimension N_Z , N_X and structure maps ρ_Z , ρ_X and let c be the codimension of Z in X, i.e. c = N_X − N_Z . Then we have the following isomorphism in D^b_{qc}(W_nO_X ),

(1.11.2) RΓ_Z (W_nω_X ) ∼= H^c_Z (W_nω_X )[−c]

Assume furthermore, that the ideal sheaf of Z is generated by a regular sequence t = t_1, . . . , t_c of global sections of O_X and define a morphism ı_{Z,n} by

ı_{Z,n} : (W_ni)_∗W_nω_Z −→ H^c_Z (W_nω_X ), α → (−1)^c � d[t]α̃ [t] � , with α̃ ∈ W_nΩ^{NZ}_X any lift of α, and d[t] = d[t_1] · . . . · d[t_c]. Then the following diagram in D^b_{qc}(W_nO_X ) is commutative

(Wni)∗(WnρZ )^ΔWn^{cWni,WnρX}� (Wni)∗(Wni)^Δ(WnρX )^ΔWn^{TrWni} � RΓ_Z (WnρX )^ΔWn

(Wni)∗WnωZ [NZ ]

τZ,n ≃ � ıZ,n �

H^c_Z (WnωX )[NZ ]^≃ � RΓ_Z (WnωX )[NX ]

τX,n ≃ �

where Tr_{Wni} is the n-th level of the trace morphism from Lemma 1.8.9.

Proof. We write i_n = W_ni, ρ_{X,n} = W_nρ_X and W_nρ_Z = ρ_{Z,n}. By (1.5.2) we have H^i_Z (W_nω_X ) = 0 for i < c. Furthermore H^i_Z (W_nω_X ) = 0 for i > c, by Čech considerations. (Locally the ideal of Z is generated by a regular sequence of length c and thus U \ Z may locally be covered by c affine open subschemes.) This gives the isomorphism (1.11.2). To prove the commutativity of the diagram in the statement of the proposition we have to show that two elements in Hom_{WnOX} (i_{n∗}W_nω_Z , H^c_Z (W_nω_X )) are equal. This is a local question. We may thus assume, that the closed immersion i lifts to a closed immersion i^′ : Z^′ → X^′ between smooth W_n-schemes and that there exists a regular sequence t^′ = t^′_1, . . . , t^′_c in O_X ′ which generates the ideal of Z^′ and reduces modulo p to t. As in Remark 1.10.4 we obtain a commutative diagram

Z^{′ ϵZ} � � � i^′ � ρ_Z′ �

W_nZ� �

i_n

�_{ρZ,n}

� X^{′ ϵX} �

ρ_X′ � W_nX

ρ_{X,n} � Spec W_n^{σn} � Spec W_n,

where we write σ^n instead of W_n(F^n_{Spec k}).

Consider the following diagram, in which we set Λ := W_n[−N_Z ] and write (−)^! instead of (−)^Δ:

(1.11.3)

in∗ϵZ∗ωZ′ /Wn � ≃ �_{in∗ϵZ∗ρ}!_{Z′ Λ} � ≃ �_{ϵX∗i}′_{∗i}′^!_ρ!_{X′ Λ} � Tri′ �

ϵX∗RΓZ ρ!X′ Λ � ϵX∗RΓZ ωX′/Wn [c] � ≃� in∗ϵZ∗H NZ DR (Z′ )

∃ �_{in∗ρ}!_{Z,nΛ}^≃ �_{in∗i}!_{nρ}!_{X,nΛ}^{Trin} �_{RΓZ ρ}!_{X,nΛ ϵX∗RΓZ H}^NX_{DR (X}′_{)[c]} ∃� in∗WnωZ ≃ � τZ,n � � �_{RΓZ (WnωX )[c]}^≃ � τX,n � �

HcZ (WnωX ). ≃ �

We give some explanations: We have Λ = σ^{n!}Λ (see Example 1.6.4, (1)) and the three vertical maps in the middle are the compositions

i_{n∗}ϵ_{Z∗}ρ^!_Z′ Λ ∼= i_{n∗}ϵ_{Z∗}ρ^!_Z′ σ^{n!}Λ ∼= i_{n∗}ϵ_{Z∗}ϵ^!_Z ρ^!_{Z,n}Λ^{TrϵZ}−−−→ i_{n∗}ρ^!_{Z,n}Λ,

ϵ_{X∗}i^′_∗i^{′!}ρ^!_X ′ Λ ∼= i_{n∗}ϵ_{Z∗}i^{′!}ρ^!_X ′ σ^{n!}Λ ∼= i_{n∗}ϵ_{Z∗}i^{′!}ϵ^!_X ρ^!_{X,n}Λ

≃−→ i_{n∗}ϵ_{Z∗}ϵ^!_Z i_n^!ρ^!_{X,n}Λ^{TrϵZ}−−−→ i_{n∗}i^!_nρ^!_{X,n}Λ,

ϵ_{X∗}RΓ_Z ρ^!_X ′ Λ ∼= RΓ_Z ϵ_{X∗}ρ^!_X ′ σ^{n!}Λ ∼= RΓ_Z ϵ_{X∗}ϵ^!_X ρ^!_{X,n}Λ^{TrϵX}−−−→ RΓ_Z ρ^!_{X,n}Λ.

Now one easily checks that the two squares in the middle commute. In fact, to see that the first of the two middle squares commute, one only needs, that c_{(f,g)} : (gf)^{! ≃}−→ f^!g^! is a natural transformation, which is compatible with triple compositions (see [Con00, p.139, (VAR1)]) and that Tr_{ϵZ} : ϵ_{Z∗}ϵ^!_Z → id is a natural transformation. For the commutativity of the second middle square we need the naturality of Tr_i′ : i^′_∗i^{′!} → id and the formula (see [Con00, Lem 3.4.3, (TRA1)])

Tr_{in} ∘ i_{n∗}(Tr_{ϵZ} ) ∘ (i_nϵ_Z )_∗(c_{ϵZ ,in} ) = Tr_{inϵZ} = Tr_{ϵX i}′ = Tr_{ϵX} ∘ ϵ_{X∗}(Tr_i′ ) ∘ (ϵ_X i^′)_∗(c_i′_{,ϵX} ).

That there exist two unique dotted arrows, which make the two outer diagrams commutative was proved by Ekedahl, see Remark 1.10.4. The two vertical maps in the two lower triangles are the isomorphisms from Lemma 1.10.2. Thus the two triangles commute by definition of τ_{Z,n} and τ_{X,n}, see Remark 1.10.4. It follows that the whole diagram commutes. Let σ_Z and σ_X be the following compositions

σ_Z : ϵ_{Z∗}ω_Z′_{/Wn} → ϵ_{Z∗}H^{NZ}_{DR}(Z^′/W_N )^≃−→ W_nω_Z ,

σ_X : ϵ_{X∗}H^c_Z (ω_X ′_{/Wn} ) → ϵ_{X∗}H^c_Z (H^{NX}_{DR} (X^′/W_n))^≃−→ H^c_Z (W_nω_X ).

We obtain maps (1.11.4) Hom(ϵ_{X∗}i_{n∗}ω_Z′_{/Wn} , ϵ_{X∗}H^c_Z (ω_X ′_{/Wn} ))

σ_X � Hom(i_{n∗}W_nω_Z , H^c_Z (W_nω_X ))�

� D(σ_Z ) � Hom(ϵ_{X∗}i_{n∗}ω_Z′_{/Wn} , H^c_Z (W_nω_X )),

with the horizontal map being injective (since σ_Z is surjective). We denote by a the following composition a := H^0(τ_{X,n})^{−1} ∘ H^0(Tr_{in} ∘ c_{in,ρX,n} ∘ τ_{Z,n}) ∈ Hom(i_{n∗}W_nω_Z , H^c_Z (W_nω_X )). The commutativity of the diagram in the statement of the proposition means, that a equals ı_{Z,n}. Thus it is enough to show (1.11.5) D(σ_Z )(a) = D(σ_Z )(ı_{Z,n}) in Hom(ϵ_{X∗}i_{n∗}ω_Z′_{/Wn} , H^c_Z (W_nω_X )). We define a^′ ∈ Hom(i^′_∗ω_Z′_{/Wn} , H^c_Z (ω_{X/Wn} )) to be the following composition

a^′ : H^0 ( i^′_∗ω_Z′_{/Wn} ≃ i^′_∗ρ^!_Z′ Λ ≃ i^′_∗i^{′!}ρ^!_X′ Λ^{Tri′}−−→ RΓ_Z (ρ^!_X′ Λ) ≃ RΓ_Z (ω_X′_{/Wn} )[c] ) . Then diagram (1.11.3) says (1.11.6) D(σ_Z )(a) = σ_X (ϵ_{X∗}(a^′)). We define ı_Z′ by

ı_Z′ : i_Z′_∗ω_Z′_{/Wn} → H^c_Z (ω_X ′_{/Wn} ), β → (−1)^c � dt^′β̃ t^′ � , with β̃ ∈ Ω^{NZ}_{X ′/Wn} a lift of β. We have (1.11.7) D(σ_Z )(ı_{Z,n}) = σ_X (ϵ_{X∗}(ı_Z′ )).

Indeed, this follows from the concrete description of σ_X and σ_Z given by Lemma 1.10.2 and from the fact that by 1.11.1, 1) the following equality holds for all γ ∈ W_{n+1}Ω^{NZ}_{X ′/Wn} � dt^′F^n(γ)

t^′ � = � t^{′pn−1}dt^′F^n(γ) t^{′pn} � = F^n � d[t^′]γ [t^′] � , where we set t^{′pn−1} := t^′_1^{pn−1} · · · t^′_c^{pn−1}. By (1.11.6) and (1.11.7) we are thus reduced to show ı_Z′ = a^′ in Hom(i^′_∗ω_Z′_{/Wn} , H^c_Z (ω_X ′_{/Wn} )), which is well-known (see e.g. [CR09, Lemma A.2.2]). □

2. Pushforward and pullback for Hodge-Witt cohomology with supports In this section all schemes are assumed to be quasi-projective over k. We fix a k-scheme S.

2.1. Relative Hodge-Witt cohomology with supports. Definition 2.1.1. We denote by (Sm_∗/S) and (Sm^∗/S) the following two categories: Both have as objects pairs (X, Φ) with X an S-scheme, which is smooth and quasi-projective over k (for short we will say X is a smooth kscheme over S) and Φ a family of supports on X and the morphisms are given by Hom_{Sm∗} ((X, Φ), (Y, Ψ)) = {f ∈ Hom_S (X, Y ) | f_{|Φ} is proper and f(Φ) ⊂ Ψ} and Hom_{Sm}∗ ((X, Φ), (Y, Ψ)) = {f ∈ Hom_S (X, Y ) | f^{−1}(Ψ) ⊂ Φ}.

If X is a smooth k-scheme over S and Z ⊂ X a closed subset, we write (X, Z) = (X, Φ_Z ) and X = (X, X) = (X, Φ_X ) ∈ Obj(Sm_∗) = Obj(Sm^∗) (see Definition 1.4.1 for the notation).

We will say that a morphism f : (X, Φ) → (Y, Ψ) in (Sm_∗/S) or (Sm^∗/S) is étale, flat, smooth, etc. if the corresponding property holds for the underlying morphism of schemes X → Y . We will say that a diagram (X^′, Φ^′) � � (Y^′, Ψ^′) � (X, Φ) � (Y, Ψ) is cartesian, if the underlying diagram of schemes is cartesian.

2.1.2. For (X, Φ) ∈ obj(Sm_∗/S) = obj(Sm^∗/S), with structure map a : X → S we denote by H((X, Φ)/S) the de Rham-Witt system H((X, Φ)/S) := � i≥0 R^ia_ΦW_•Ω_X ∈ dRW_S

and its level n part by H_n((X, Φ)/S). We denote by Ĥ((X, Φ)/S) the de Rham-Witt module Ĥ((X, Φ)/S) := � i≥0 R^iâ_ΦW_•Ω_X ∈ ^dRW_S .

We write

H^{i,q} ((X, Φ)/S) := R^ia_ΦW_•Ω^q_X , Ĥ^{i,q} ((X, Φ)/S) := R^iâ_ΦW_•Ω^q_X . By definition we have:

(1) If Z ⊂ X is closed then, Ĥ((X, Z)/S) = � R^ia_Z W Ω_X . In particular Ĥ((X, Z)/X) = � Hi_Z (W Ω_X ), in particular Ĥ(X/X) = W Ω_X .

(2) Let U ⊂ S be open and set X_U := X ×_S U and Φ_U = Φ ∩ X_U . Then H((X, Φ)/S)_{|U} = H((X_U , Φ_U )/U), Ĥ((X, Φ)/S)_{|U} = Ĥ((X_U , Φ_U )/U).

2.2. Pullback.

Definition 2.2.1. Let f : (X, Φ) → (Y, Ψ) be a morphism in (Sm^∗/S). Then applying RΓ_Ψ to the functoriality morphism W_•Ω_Y → Rf_∗W_•Ω_X in D^+(dRW_Y ) and composing it with the natural map RΓ_ΨRf_∗ = Rf_∗RΓ_f −1_{(Ψ)} → Rf_∗RΓ_Φ yields a morphism in D^+(dRW_Y ) (2.2.1)

RΓ_Ψ(W_•Ω_Y ) → RΓ_ΨRf_∗W_•Ω_X = Rf_∗RΓ_f −1_{(Ψ)}W_•Ω_X → Rf_∗RΓ_ΦW_•Ω_X . Let a : Y → S be the structure morphism. Then we define

f^∗ := � i H^i(Ra_∗(2.2.1)) : H((Y, Ψ)/S) → H((X, Φ)/S) in dRW_S and f^∗ := � i H^i(R lim←− Ra_∗(2.2.1)) : Ĥ((Y, Ψ)/S) → Ĥ((X, Φ)/S) in ^dRW_S .

We call these morphisms the pullback morphisms. Notice that by definition f^∗ always factors as

f^∗ : H((Y, Ψ)/S) → H((X, f^{−1}(Ψ)/S))^{nat.}−−→ H((X, Φ)/S), same with Ĥ.

Proposition 2.2.2. The assignments H : (Sm^∗/S)^o → dRW_S , (X, Φ) → H((X, Φ)/S) and Ĥ : (Sm^∗/S)^o → ^dRW_S , (X, Φ) → Ĥ((X, Φ)/S) define functors, where we set H(f) = f^∗ and Ĥ(f) = f^∗, for a morphism f : (X, Φ) → (Y, Ψ) in (Sm^∗/S).

Furthermore, if U ⊂ S is open and f_U : (X_U , Φ_U ) → (Y_U , Ψ_U ) is the pullback of f : (X, Φ) → (Y, Ψ) over U, then f^∗_U = (f^∗)_{|U} on H((Y_U , Ψ_U )/U) = H((Y, Ψ)/S)_{|U} (resp. on Ĥ).

Proof. This is all straightforward. □ 2.3. Pushforward. Let X be a smooth k-scheme of pure dimension N with structure map ρ : X → Spec k. Recall that we set K_X = ρ^Δ_X W_•ω and that this is isomorphic to E(W_•ω_X )(N)[N], where E denotes the Cousin complex with respect to the codimension filtration (see Corollary 1.10.5). Furthermore we have the dualizing functor D_X (−) = Hom(−, K_X ) (see 1.6.6), which we may view as a functor from C(dRW_{X,qc})^o to C(dRW_X ) or from D(dRW_{X,qc})^o to D(dRW_X ).

For any morphism f : (X, Φ) → (Y, Ψ) in (Sm_∗/S) the composition of the isomorphism K_X ≃ f^ΔK_Y (see Proposition 1.8.8) with ϑ_f from Proposition 1.9.4, defines a natural transformation of functors on C(dRW_{X,qc})^o (2.3.1) θ_f : f_ΦD_X (−) → Γ_ΨD_Y (f_∗(−)).

The map θ_f is compatible with compositions and étale base change. Furthermore, recall that the multiplication pairing W_•Ω^i_X ⊗_W W_•Ω^j_X → W_•Ω^{i+j}_X induces an isomorphism in C^b(dRW_{X,qc}) (see Corollary 1.10.6) (2.3.2) μ_X : E(W_•Ω_X )^≃−→ D_X (W_•Ω_X )(−N)[−N]. The map μ_X is compatible with étale base change.

Definition 2.3.1. Let f : (X, Φ) → (Y, Ψ) be a morphism in (Sm_∗/S). We assume that X and Y are of pure dimension N_X and N_Y . Consider the following composition of morphisms of complexes of de Rham-Witt systems on Y

(2.3.3) f_ΦE(W_•Ω_X )(N_X )[N_X ]^{μX}−−→ f_ΦD_X (W_•Ω_X )^{θf}−→ Γ_ΨD_Y (f_∗W_•Ω_X )

D(f^∗)

−−−−→ Γ_ΨD_Y (W_•Ω_Y )^μ −1 Y−−→ Γ_ΨE(W_•Ω_Y )(N_Y )[N_Y ].

By Lemma 1.5.9 this induces a morphism in D^b(dRW_Y ) (2.3.4) Rf_ΦW_•Ω_X → RΓ_ΨW_•Ω_Y (−r)[−r], where r = N_X − N_Y is the relative dimension. Let a : Y → S be the structure morphism. Then we define

f_∗ := � i H^i(Ra_∗(2.3.4)) : H((X, Φ)/S) → H((Y, Ψ)/S)(−r) in dRW_S and f_∗ := � i H^i(R lim←− Ra_∗(2.3.4)) : Ĥ((X, Φ)/S) → Ĥ((Y, Ψ)/S)(−r) in ^dRW_S .

We extend these definitions additively to all morphisms f : (X, Φ) → (Y, Ψ) in (Sm_∗/S) (where X and Y don’t need to be pure dimensional). We call these morphisms the push-forward morphisms. Notice, that since f_{|Φ} is proper, f(Φ) is a family of supports on Y and f_∗ always factors as

f_∗ : H((X, Φ)/S) → H((Y, f(Φ))/S)(−r)^{nat.}−−→ H((Y, Ψ)/S)(−r), same with Ĥ.

Remark 2.3.2. Without supports and for a proper morphism between smooth k-schemes a similar push-forward was already defined in [Gro85, II, Def. 1.2.1]. (Although the verification, that it is compatible with F , V , d and π was omitted.)

Proposition 2.3.3. The assignments H : (Sm_∗/S) → dRW_S , (X, Φ) → H((X, Φ)/S) and Ĥ : (Sm_∗/S) → ^dRW_S , (X, Φ) → Ĥ((X, Φ)/S) define functors, where we set H(f) = f_∗ and Ĥ(f) = f_∗, for f : (X, Φ) → (Y, Ψ) a morphism in (Sm_∗/S).

Furthermore: (1) If U ⊂ S is open and f_U : (X_U , Φ_U ) → (Y_U , Ψ_U ) is the pullback of f : (X, Φ) → (Y, Ψ) over U, then f_{U∗} = (f_∗)_{|U} on H((Y_U , Ψ_U )/U) = H((Y, Ψ)/S)_{|U} (resp. on Ĥ). (2) If j : (U, Φ) → (X, Φ) is an open immersion in (Sm_∗/S), then j_∗ is the excision isomorphism.

Proof. This follows from the corresponding properties of (2.3.3), which follow from Proposition 1.9.4 and Corollary 1.10.6. □

For later use we record:

Proposition 2.3.4 ([Gro85, II, Prop. 4.2.9]). Let f : X → Y be a finite morphism between two connected smooth k-schemes. We may view f as a morphism in (Sm_∗/Y ) or as a morphism in (Sm^∗/Y ). Then the composition

f_∗ ∘ f^∗ : W_•Ω_Y → W_•Ω_Y

equals multiplication with the degree of f.

2.4. Compatibility of pushforward and pullback.

Proposition 2.4.1 (Gros). Let i : Z → (X, Z) be a closed immersion of pure codimension c in (Sm_∗/S). Then

RΓ_Z W_•Ω_X [c] ∼= H^c_Z (W_•Ω_X ) in D^+(dRW_X ).

Suppose further the ideal sheaf of Z in O_X is generated by a regular sequence t = t_1, . . . , t_c of global sections of X, then the projection of i_∗ : H(Z/X) → H((X, Z)/X) to the n-th level is given by

(2.4.1) W_n(i)_∗W_nΩ_Z → H^c_Z (W_nΩ_X )(c), α → (−1)^c � d[t]α̃ [t] � , where we set [t] := [t_1], . . . , [t_c] and d[t] := d[t_1] · · · d[t_c] ∈ W_nΩ^c_X , with [t_i] ∈ W_nO_X the Teichmüller lift of t_i, and α̃ is any lift of α ∈ W_n(i)_∗W_nΩ_Z to W_nΩ_X .

The above proposition is proved in [Gro85, II, 3.4], but since the proof uses a result by Ekedahl, which is referred to as work in progress and which we could not find in the literature we reprove the above proposition (using Proposition 1.11.4, instead of a comparison of Ekedahl’s trace with Berthelot’s trace in crystalline cohomology as Gros does).

Proof. The first statement is proven as in (1.11.2). It remains to prove the explicit description (2.4.1). Let ρ_{Z,n} : W_nZ → Spec W_n and ρ_{X,n} : W_nX → Spec W_n be the structure maps, i_n := W_n(i) : W_nZ → W_nX the closed immersion (for this proof we don’t use the i_n defined in 1.1) and write dim X = N_X , dim Z = N_Z . By Definition 2.3.1 the projection to the n-th level of i_∗ is given by the following composition in D^b_{qc}(C_{X,n})

i_{n∗}W_nΩ_Z (N_Z )[N_Z ]^{μZ,n, ≃}−−−−−→ i_{n∗}RHom(W_nΩ_Z , K_{Z,n})

θ_{in}

−−→ RΓ_Z RHom(i_{n∗}W_nΩ_Z , K_{X,n})

D(i^∗_n)

−−−−→ RHom(W_nΩ_X , Γ_Z K_{X,n})

μ^{−1}_{X,n} , ≃

−−−−−→ RΓ_Z (W_nΩ_X )(N_X )[N_X ].

Here μ_{Z,n}, μ_{X,n} and θ_{in} are images in the derived category of the projections to the n-th level of the corresponding maps from 2.3. We denote by ı_{Z,n} the following morphism

ı_{Z,n} : (W_ni)_∗W_nω_Z −→ H^c_Z (W_nω_X )(c), α → (−1)^c � d[t]α̃ [t] � , with α̃ ∈ W_nΩ^{NZ}_X any lift of α. Then it follows from Proposition 1.11.4, that in the derived category (i_∗)_n equals

i_{n∗}W_nΩ_Z (N_Z )[N_Z ]^{multipl.}−−−−−→ Hom(i_{n∗}W_nΩ_Z , i_{n∗}W_nω_Z (N_Z )[N_Z ])

ı_{Z,n}

−−→ Hom(i_{n∗}W_nΩ_Z , H^c_Z (W_nω_X )(N_X )[N_Z ])

D(i^∗_n)

−−−−→ Hom(W_nΩ_X , H^c_Z (W_nω_X )(N_X )[N_Z ])

≃, (∗)

−−−−→ H^c_Z (W_nΩ_X )(N_X )[−c][N_X ]

≃−→ RΓ_Z (W_nΩ_X )(N_X )[N_X ].

Here the isomorphism (∗) is the inverse of

H^c_Z (W_nΩ_X )(N_X )^≃−→ Hom(W_nΩ_X , H^c_Z (W_nω_X )), � α t^n � → � β → � αβ t^n � . It is straightforward to check, that taking H^{−NZ} (−) of this composition gives (2.4.1) and hence the claim. □

Corollary 2.4.2. Let i : Y → X be a closed immersion between smooth affine k-schemes and assume that the ideal of Y in X is generated by a regular sequence t_1, . . . , t_c. Let Z ⊂ Y be a closed subset which is equal to the vanishing set V (f_1, . . . f_i) of global sections f_1, . . . , f_i ∈ Γ(Y, O_Y ). Denote by i_Z : (Y, Z) → (X, Z) the morphism in (Sm_∗/Spec k) induced by i. Then the projection to the n-th level of i_{Z∗} is given by

i_{Z∗,n} : H^i_Z (Y, W_nΩ_Y ) → H^{i+c}_Z (X, W_nΩ_X )(c), � α [f] � → (−1)^c � d[t]α̃ [t], [f] � , where α ∈ Γ(Y, W_nΩ_Y ), α̃ ∈ Γ(X, W_nΩ_X ) is some lift, [f] = [f_1], . . . , [f_i] and [t], d[t] as in in Lemma 2.4.1.

Proof. Choose f̃_1, . . . , f̃_i ∈ Γ(X, O_X ) lifts of f_1, . . . , f_i and define the set Z̃ ⊂ X as the vanishing locus of these f̃_i’s. Denote by i_{Y /X} the closed immersion

Y → (X, Y ) viewed as a morphism in (Sm_∗/X). Then it follows from the first part of Proposition 2.4.1 that i_{Z∗,n} equals

H^i_{Z̃} (X, i_{Y /X∗,n}) : H^i_Z (Y, W_nΩ_Y ) ∼= H^i_{Z̃} (X, i_∗W_nΩ_Y ) −→ H^i_{Z̃} (X, H^c_Y (W_nΩ_X )) ∼= H^{i+c}_Z (X, W_nΩ_X )[c].

Now denote by [t] = [t_1], . . . , [t_c] and [f̃] = [f̃_1], . . . , [f̃_i] the Teichmüller lifts of the sequences t and f to Γ(X, W_nO_X ) and by K([t]) and K([f̃ ]) the corresponding sheafified Koszul complexes. We define a morphism of complexes φ : W_nΩ_X [0] → Hom(K^{−•}([t]), W_nΩ_X (c))[c], α → (e_1 ∧. . .∧e_c → (−1)^cd[t]α) where e_1, . . . , e_c is the standard basis of (W_nO_X )^c. Then the second part of Proposition 2.4.1 maybe rephrased by saying that the diagram W_nΩ_X

i^∗ � φ � Hom(K−•([t]), W_nΩ_X (c))[c]

(1.11.1) � i_∗W_nΩ_Y^{iY /X∗} � H^c_Y (W_nΩ_X )(c) commutes. This yields the following commutative diagram of complexes (in which the lower square is concentrated in degree 0):

Hom(K^{−•}([f̃ ]), WnΩX )[i]^φ �

(1.11.1) � Hom(K^{−•}([f̃ ]), Hom(K^{−•}([t]), WnΩX (c))[c])[i]

(1.11.1) � H^i_{Z̃} (X, WnΩX ) i∗ � φ � H^i_{Z̃} (X, Hom(K^{−•}([t]), W_nΩ_X (c))[c])

(1.11.1) � H^i_{Z̃} (X, i∗WnΩY )^{iY /X∗} � H^i_{Z̃} (X, H^c_Y (WnΩX )(c)).

Now the claim follows from K([t]) ⊗W_nO_X K([f̃ ]) = K([t], [f̃ ]) and the commutativity of the following diagram, in which we denote WnΩX (c) simply by Λ Hom(K^{−•}([f̃]), Hom(K^{−•}([t]), Λ)[c])[i] �

≃ � Hom(K−•([t], [f̃ ]), Λ)[c + i]

� H^i_{Z̃} (X, H^c_Y (Λ))^≃ � H^{i+c}_Z (X, Λ). □ Lemma 2.4.3. Let Y be a smooth k-scheme, f : X = P^r_Y → Y the projection and Ψ a family of supports on Y . We denote by f_{Ψ/S} : (X, f^{−1}(Ψ)) → (Y, Ψ) the morphism in (Sm_∗/S) induced by f and by f_{Ψ/S∗} : H((X, f^{−1}(Ψ))/S) → H((Y, Ψ)/S)(−r) the corresponding push-forward (same for Ĥ). Let a : Y → S be the structure morphism. Then:

(1) The higher direct images R^if_∗W_•Ω_X vanish for i ≥ r + 1. Therefore there is a natural morphism in D^+(dRW_Y )

e : Rf_∗W_•Ω_X → R^rf_∗W_•Ω_X [−r] and the push-forward f_{Ψ/S∗} factors as ⨁ i H^i(RaΨRf∗W•ΩX )^e−→ ⨁ i R^{i−r} aΨ(R^rf∗W•ΩX )^{fY /Y ∗}−−−−→ ⨁ i Ra^{i−r}_Ψ W•ΩY (−r).

Similar for Ĥ (replace a_Ψ by â_Ψ in the above formula).

(2) The push-forward f_{Y /Y ∗} : H(X/Y ) → H(Y/Y )(−r) induces an isomorphism

f_{Y /Y ∗} : R^rf_∗W_•Ω_X^≃−→ W_•Ω_Y (−r),

with inverse induced by the push-forward i_∗ : H_•(Y/Y )(−r) → H_•(X/Y ), where i : Y → X is any section of f.

Proof. First of all observe that it suffices to prove the statements on each finite level n separately.

(1) By [Gro85, I, Cor 4.1.12] we have an isomorphism in D(W_nΩ_Y − dga) (with W_nΩ_Y − dga the category of differential graded W_nΩ_Y -modules)

(2.4.2) Rf_∗W_nΩ_X ≃ r� i=0 W_nΩ_Y (−i)[−i].

This gives the first statement of (1) and in particular an isomorphism in D(W_nΩ_Y − dga)

(2.4.3) Rf_∗W_nΩ_X ≃ r� i=0 R^if_∗W_nΩ_X [−i]

and the morphism e from (1) is the projection to the r-th summand. On the other hand (f_{Y /Y ∗})_n is induced by a derived category morphism (2.3.4)

(2.4.4) Rf_∗W_nΩ_X → W_nΩ_Y (−r)[−r].

Since the composition

R^if_∗W_nΩ_X [−i]^{via (2.4.3)}

−−−−−−→ Rf_∗W_nΩ_X^{(2.4.4)}−−−−→ W_nΩ_Y (−r)[−r]

is an element in Ext^{i−r}(R^if_∗W_nΩ_X , W_nΩ_Y (−r)), this composition is zero for all i < r. Thus the morphism (2.4.4) factors over e. This implies the second statement of (1).

(2) It suffices to check that f_{Y /Y ∗} induces an isomorphism; i_∗ will then automatically be the inverse for any section i of f. (Notice that by (2.4.2) we know R^rf_∗W_•Ω_X ≃ W_•Ω_Y (−r) but we don’t know that this isomorphism is induced by f_{Y /Y ∗}.) To this end, let R be the Cartier-Dieudonné-Raynaud ring of k, see [IR83, I]. (R is a graded (non-commutative) W -algebra generated by symbols F and V in degree 0 and d in degree 1, satisfying the obvious relations). Set R_n := R/V^nR + dV^nR. We denote by D^b(Y, R) the bounded derived category of R-modules. Any de Rham-Witt module is in particular an R-module. Thus we may view R^if̂_∗W_•Ω_X = R^if_∗W Ω_X , i ≥ 1, as an object in D^b(Y, R). In D^b(Y, R) we have the following isomorphisms

R_n ⊗^L_R R^if_∗W Ω_X ≃ R_n ⊗^L_R W Ω_Y (−i) ≃ W_nΩ_Y (−i) ≃ R^if_∗W_nΩ_X , where the first and the last isomorphism follow from [Gro85, I, Thm. 4.1.11, Cor. 4.1.12] and the second isomorphism is [IR83, II, Thm (1.2)]. Since f_{Y /Y ∗} is clearly a morphism of R-modules it follows that the projection of f_{Y /Y ∗} to the n-th level, identifies with R_n ⊗^L_R f_{Y /Y ∗} : R_n ⊗^L_R R^rf_∗W Ω_X → R_n ⊗^L_R W Ω_Y (−r).

We thus have to show that this is an isomorphism for all n. Now Ekedahl’s version of Nakayama’s Lemma [Eke85, I, Prop. 1.1, Cor. 1.1.3] (also [Ill83, Prop. 2.3.7]) implies that it is in fact enough to prove that the projection of f_{Y /Y ∗} to level 1 - in the following simply denoted by f_∗ - is an isomorphism, i.e. we have to show (for all q ≥ 0) f_∗ : R^rf_∗Ω^q_X^≃−→ Ω^{q−r}_Y .

In fact, f_∗ is given by H^r of the following morphism in D^b_c(O_Y )

Rf_∗Ω^q_X ≃ Rf_∗RHom(Ω^{NX −q}_X , ω_X ) ≃ RHom(Rf_∗Ω^{NX −q}_X , ω_Y )[−r]

D(f^∗)[−r]

−−−−−−→ RHom(Ω^{NX −q}_Y , ω_Y )[−r] ≃ Ω^{q−r}_Y [−r], with N_X = dim X. Thus it is enough to show that H^r(D(f^∗)[−r]) = H^0(D(f^∗)) is an isomorphism. This follows from the well-known formula

Rf_∗Ω^{NX −q}_X ≃ r� i=0 Ω^{NX −q−i}

Y [−i],

which might be proved using the Künneth decomposition Ω^q_X = ⊕_{i+j=q} f^∗Ω^i_Y ⊗_{OX} Ω^j_{X/Y} and [SGA7(2), Exp. XI, Thm 1.1, (ii)]. □

Proposition 2.4.4. Let

(X^′, Φ^′)^{f ′} �

g_X � (Y^′, Ψ^′)

g_Y � (X, Φ)^f � (Y, Ψ)

be a cartesian diagram, with f, f^′ morphisms in (Sm_∗/S) and g_X , g_Y morphisms in (Sm^∗/S). Assume that one of the following conditions is satisfied (1) g_Y is flat, or (2) g_Y is a closed immersion and f is transversal to g_Y (i.e. f^{′∗}N_Y ′_{/Y} = N_X ′_{/X} ).

Then the following diagram commutes

(2.4.5) H((X^′, Φ^′)/S)^f ′ ∗ � H((Y^′, Ψ^′)/S)

H((X, Φ)/S)

g^∗_X � f_∗ �

H((Y, Ψ)/S)

g^∗_Y �

and also with H replaced by Ĥ.

In [Gro85, II, Prop. 2.3.2 and p.49 ] a version of this Proposition (in the derived category) is proved in the case without supports with f a closed immersion and g_Y transversal to f. (This case is also covered here by factoring g_Y as a closed immersion followed by a smooth projection.)

Proof. We distinguish two cases.

1. case: f is a closed immersion and g_Y is either flat or transversal to f. Since Φ and Φ^′ are also families of supports on Y and Y^′ the push-forward f_∗ factors over H((Y, Φ)/S) and f^′_∗ factors over H((Y^′, Φ^′)/S). Hence we may assume Ψ = Φ and Ψ^′ = Φ^′. Furthermore by Definition 2.2.1, the pull-back g^∗_X factors over H((X^′, g^{−1}_X (Φ))/S) and g^∗_Y factors over H((Y^′, g^{−1}_Y (Φ))/S). Hence we may assume that in the diagram (2.4.5) we have Ψ = Φ, Φ^′ = g^{−1}_X (Φ), Ψ^′ = g^{−1}_Y (Φ). We may further assume, that X, X^′, Y, Y^′ are equidimensional and set c := dim Y − dim X = dim Y^′ − dim X^′ and h := f ∘ g_X = g_Y ∘ f^′. We consider the following diagram in D^+(dRW_Y )

(2.4.6) Rh_∗W_•Ω_X ′^{RgY ∗(f} ′ ∗)� Rg_{Y ∗}RΓ_{X ′} W_•Ω_{Y ′} (c)[c]

Rf_∗W_•Ω_X

Rf_∗(g^∗_X ) � f_∗ �

RΓ_X W_•Ω_Y (c)[c],

RΓ_X (g^∗_Y ) �

where the horizontal (resp. vertical) morphisms are induced by (2.3.4) (resp. (2.2.1)). By our assumption on the supports we obtain diagram (2.4.5) if we apply ⊕H^i(Ra_Φ(−)) (resp. ⊕H^i(R lim←− Ra_Φ(−))) to diagram (2.4.6), where a : Y → S is the structure morphism. Thus it suffices to show that (2.4.6) commutes. By Proposition 2.4.1 the diagram (2.4.6) is isomorphic to the outer square of the following diagram

(2.4.7) Rh_∗W_•Ω_X ′^{RgY ∗(f} ′ ∗ )� Rg_{Y ∗}H^c_{X ′} (W_•Ω_{Y ′} )(c)

h_∗W_•Ω_X ′^{gY ∗(f} ′ ∗) �

nat. �

g_{Y ∗}H^c_X ′ (W_•Ω_Y ′ )(c)

nat. �

f_∗W_•Ω_X

g^∗_X � f_∗ �

H^c_X (W_•Ω_Y )(c).

g^∗_Y �

The upper square obviously commutes. Thus it suffices to check that the lower square of sheaves of de Rham-Witt systems commutes. This may be checked locally and we may hence assume that the ideal sheaf of X in O_Y is generated by a regular sequence t = t_1, . . . , t_c. By our assumptions on g_Y , the sequence g^∗_Y t = g^∗_Y t_1, . . . , g^∗_Y t_c is again a regular sequence generating the ideal sheaf of X^′ in O_Y ′ . Now the statement follows from the explicit formula (2.4.1). 2. case: X = P^r_Y and f : X → Y is the projection map. In this situation we also have X^′ = P^r_Y ′ and f^′ : X^′ → Y^′ is the projection map. The morphisms f and f^′ factor over (X, f^{−1}(Ψ)) → (Y, Ψ) and (X^′, f^{′−1}(Ψ^′)) → (Y^′, Ψ^′), which are morphisms in (Sm_∗/S). Similar to the first case we conclude that it is enough to consider the case Φ = f^{−1}(Ψ), Ψ^′ = g^{−1}_Y (Ψ) and Φ^′ = f^{′−1}(Ψ^′) . Now Lemma 2.4.3, (1) reduces us to show the commutativity of the following diagram (with h = f ∘ g_X = g_Y ∘ f^′)

(2.4.8) R^rh_∗W_•Ω_X ′^H

0 (Rg_{Y ∗}(f^′_∗)) �

g_{Y ∗}W_•Ω_Y ′ (−r)

R^rf_∗W_•Ω_X

g^∗_X � H^0 (f_∗) �

W_•Ω_Y (−r).

g^∗_Y �

But now let i : Y → X be a section and i^′ : Y^′ → X^′ its pull-back, viewed as morphisms over Y . We obtain push-forwards

i_∗ : W_•Ω_Y (−r) → R^rf_∗W_•Ω_X , i^′_∗ : g_{Y ∗}W_•Ω_Y ′ (−r) → R^rh_∗W_•Ω_X ′ .

And since g_X is transversal to i we may apply case 1. to obtain

(g^∗_Y f_∗ − f^′_∗g^∗_X ) ∘ i_∗ = g^∗_Y f_∗i_∗ − f^′_∗i^′_∗g^∗_Y = 0.

Thus the commutativity of (2.4.8) follows from Lemma 2.4.3, (2), which tells us that i_∗ is an isomorphism (with inverse f_∗).

Proof in the general case. Since f : (X, Φ) → (Y, Ψ) is quasi-projective we may factor it as follows

(X, Φ)^i−→ (U, Φ)^j−→ (P, Φ)^π−→ (Y, Ψ),

where P = P^r_Y , i : (X, Φ) → (U, Φ) is a closed immersion, j : (U, Φ) → (P, Φ) is an open immersion and π : (P, Φ) → (Y, Ψ) is the projection. Notice that we use the properness of f_{|Φ} to conclude that Φ is also a family of supports on U and on P and that all the maps above are in (Sm_∗/S). By base change we obtain a diagram

(X^′, Φ^′)

f^′ � i^′ �

g_X � (U_Y ′ , Φ^′)

g_U �

j^′ �

(P_Y ′ , Φ^′)^{π′} �

g_P � (Y^′, Ψ^′)

g_Y � (X, Φ) f � i � (U_Y , Φ)^j � (P, Φ)^π � (Y, Ψ),

with the horizontal maps in (Sm_∗/S) and the vertical maps in (Sm^∗/S). Notice that if g_Y satisfies condition (1) or (2) from the statement of the Proposition, then so does g_U . By the functoriality of the push-forward the commutativity of the square (2.4.5) follows from the first two cases and the fact that j_∗ and j^′_∗ are just the excision isomorphisms by Proposition 2.3.3, (2). This proves the proposition. □ 3. Correspondences and Hodge-Witt cohomology

In this section all schemes are assumed to be quasi-projective over k. We fix a k-scheme S.

3.1. Exterior product.

3.1.1. Let X and Y be two k-schemes and M and N two complexes of de Rham-Witt systems on X and Y respectively. Then for all n ≥ 1 we set

M_n ⊠ N_n := p^{−1}_1 M_n ⊗_Z p^{−1}_2 N_n as a complex of abelian sheaves on X × Y,

where p_1 : X × Y → X and p_2 : X × Y → Y are the two projection morphisms. It is obvious, that the maps π_M ⊗ π_N make the family {M_n ⊠ N_n}_{n≥1} into a pro-complex of abelian sheaves on X × Y , which we denote by

(3.1.1) M ⊠ N.

3.1.2. Godement resolution. Let X be a k-scheme. For a sheaf of abelian groups A on X we denote by G(A) its Godement resolution. Then there is a natural way to equip the family {G(W_nΩ_X )}_{n≥1} with the structure of a complex of de Rham-Witt systems on X, which we denote by G(W_•Ω_X ). It follows from the exactness of G(−) and the surjectivity of the transition maps W_{n+1}Ω_X → W_nΩ_X , that each term G^q (W_•Ω_X ) is a flasque de Rham-Witt system (in the sense of 1.5.3). Thus the natural augmentation map W_•Ω_X → G(W_•Ω_X ), makes G(W_•Ω_X ) a flasque resolution of de Rham-Witt systems of X.

3.1.3. Exterior product for Godement resolutions. Let X and Y be two kschemes with families of supports. It follows from the general construction in [God73, II, §6. 1], that there is a morphism of pro-complexes of abelian sheaves on X × Y G(W_•Ω_X ) ⊠ G(W_•Ω_Y ) −→ G(W_•Ω_X ⊠ W_•Ω_Y ).

Therefore, multiplication induces a morphism of complexes (3.1.2) G(W_•Ω_X ) ⊠ G(W_•Ω_Y ) −→ G(W_•Ω_{X×Y} ). Definition 3.1.4. Let (X, Φ) and (Y, Ψ) be in (Sm_∗/S) and denote the structure maps by a : X → S and b : Y → S. Then we define the exterior products × : H^i((X, Φ)/S) ⊠ H^j ((Y, Ψ)/S) → H^{i+j} ((X × Y, Φ × Ψ)/S × S), × : Ĥ^i((X, Φ)/S) ⊠ Ĥ^j ((Y, Ψ)/S) → Ĥ^{i+j} ((X × Y, Φ × Ψ)/S × S) as the composition of H^{i+j} ((a × b)_{Φ×Ψ}(3.1.2)) (resp. H^{i+j} ( ^(a × b)_{Φ×Ψ}(3.1.2)) ) with the natural map

H^i((X, Φ)/S)⊠H^j ((Y, Ψ)/S) → H^{i+j} ((a×b)_{Φ×Ψ}(G(W_•Ω_X )⊠G(W_•Ω_Y ))) (resp. with ( ^ ) ), where we use H^i((X, Φ)/S) = H^i(a_ΦG(W_•Ω_X )), etc. Lemma 3.1.5. Let X = Spec A and Y = Spec B be two smooth affine k-schemes and Z_X ⊂ X, Z_Y ⊂ Y closed subsets. Assume there are sections s_1, . . . , s_i ∈ A and t_1, . . . , t_j ∈ B whose vanishing set equals Z_X and Z_Y respectively. Then for all n ≥ 1 and q, r ≥ 0 the morphism

× : H^i_{ZX} (X, W_nΩ^q_X ) ⊗_Z H^j_{ZY} (Y, W_nΩ^r_Y ) → H^{i+j}_{ZX ×ZY} (X × Y, W_nΩ^{q+r}_{X×Y} ) induced by Definition 3.1.4 is given by � α [s_1], . . . , [s_i] � × � β [t_1], . . . , [t_j ] � = � p^∗_1α · p^∗_2β p^∗_1[s_1], . . . , p^∗_1[s_i], p^∗_2[t_1], . . . , p^∗_2[t_j ] � , where we use the notation of 1.11.1, α ∈ W_nΩ^q_A, β ∈ W_nΩ^r_B and p_1 : X × Y → X and p_2 : X × Y → Y are the two projection maps.

Proof. We denote by C the tensor product A ⊗_k B and by K_A, K_B and K_C the respective Koszul complexes (see 1.11.1) K^•([t], W_nΩ^q_A), K^•([s], W_nΩ^r_B ) and K^•(p^∗_1[t], p^∗_2[s], W_nΩ^{q+r}_C ). For any ordered tuple L = (l_1 < . . . < l_ξ) of natural numbers l_ν ∈ [1, i+j] we denote σ(L) := max{ν ∈ [0, ξ] | l_ν ≤ i}, where we set l_0 := 0. Notice that σ(L) = 0 iff l_1 > i or L = ∅. We define

L^{≤i} = � (l_1 < . . . < l_{σ(L)}), if σ(L) ∈ [1, ξ], ∅, if σ(L) = 0,

L^{>i} = � ((l_{σ(L)+1} − i) < . . . < (l_ξ − i)), if σ(L) < ξ, ∅, if σ(L) = ξ or L = ∅.

Thus the natural numbers appearing in the tuple L^{≤i} are contained in [1, i], whereas those appearing in L^{≥i} are contained in [1, j].

Let {e_1, . . . e_i}, {f_1, . . . , f_j } and {h_1, . . . , h_{i+j} } be the standard bases of W_n(A)^i, W_n(B)^j and W_n(C)^{i+j} , respectively. If L = (l_1 < . . . < l_ξ) is an ordered tuple with l_ν ∈ [1, i], then we write e_L = e_{l1} ∧ . . . ∧ e_{lξ} ∈

�_ξ

W_n(A)^i.

In case L is the emptyset we define e_L to be 1 ∈ W_n(A). Similarly we define the notations f_L and h_L.

With this notation we can define the morphism ϵ : ⨁ μ+ν=ξ ( Hom_{Wn(A)}( μ⋀ Wn(A)^i, WnΩ^q_A) × Hom_{Wn(B)}( ν⋀ Wn(B)^j , WnΩ^r_B ) )

−→ Hom_{Wn(C)}( ξ⋀ Wn(C)^{i+j} , WnΩ^{q+r}_C ),

by sending a tuple of pairs of morphisms ⊕_{μ+ν=ξ}(φ^μ, ψ^ν ) to the morphism, which is uniquely determined by

h_L → p^∗_1φ^{σ(L)}(e_L≤i ) · p^∗_2ψ^{ξ−σ(L)}(f_L>i ).

It is straightforward to check, that ϵ induces a morphism of complexes K_A ⊗_Z K_B → K_C , which in degree zero equals

ϵ^0 : W_nΩ^q_A ⊗_Z W_nΩ^r_B → W_nΩ^{q+r}_C , α ⊗ β → p^∗_1α · p^∗_2β

and in degree i + j is given by

ϵ^{i+j} : K^i_A ⊗_Z K^j_B → K^{i+j}_C , ϵ^{i+j} (φ ⊗ ψ)(h_{[1,i+j]}) = p^∗_1φ(e_{[1,i]}) · p^∗_2ψ(f_{[1,j]}).

By the very definition of the symbols

�_α

[s_1],...,[s_i] � , etc. in 1.11.1 it remains to show, that the following diagram commutes:

(3.1.3) H^i(K_A) ⊗ H^j (K_B )^{nat.} �

(1.11.1) � H^{i+j} (K_A ⊗ K_B )^ϵ � H^{i+j} (K_C )

(1.11.1) � H^i_{ZX} ⊗ H^j_{ZY}^× � H^{i+j}_{ZX ×ZY} ,

where we abbreviate H^i_{ZX} = H^i_{ZX} (X, W_nΩ^q_X ), etc. This is a straightforward calculation. □

3.1.6. Exterior product for Cousin complexes. Let X and Y be smooth kschemes and denote by Z^•_X and Z^•_Y their respective filtrations by codimension. Then we obtain from 3.1.2 a natural morphism

Γ_Za_X G(W_•Ω_X ) ⊠ Γ_Zb_Y G(W_•Ω_Y ) Γ_Za+1_X ⊠ Γ_Zb_Y + Γ_Za_X ⊠ Γ_Zb+1_Y → Γ_Za+b_{X×Y} G(W_•Ω_{X×Y} ) Γ_Za+b+1

X×Y G(W_•Ω_{X×Y} ) , where we abbreviate the denominator on the left in the obvious way. With the notation from 1.5.8, there is an obvious morphism from

H^i_{ZaX /Z}a+1_X (W_•Ω_X ) ⊠ H^j_{ZbX /Zb+1Y} (W_•Ω_Y ) to the (i + j)-th cohomology of the left hand side. In composition we obtain a morphism

H^i_{ZaX /Z}a+1_X (W_•Ω_X ) ⊠ H^j_{ZbY /Zb+1Y} (W_•Ω_Y ) → H^{i+j}_{Za+bX×Y /Za+b+1X×Y} (W_•Ω_{X×Y} ),

which is compatible with Frobenius. It is straightforward to check that this pairing induces a morphism of pro-complexes of sheaves of W -modules on X ×Y (3.1.4) E(W_•Ω_X ) ⊠ E(W_•Ω_Y ) → E(W_•Ω_{X×Y} ), where E(−) denotes the Cousin complex with respect to the codimension filtration (see 1.5.8).

Proposition 3.1.7. The exterior products defined above satisfy the following properties:

(1) The exterior products (for H and Ĥ) can also be calculated by using the morphism (3.1.4) in Definition 3.1.4 instead of the morphism (3.1.2).

(2) The exterior products are associative.

(3) Let f : (X, Φ) → (Y, Ψ) and f^′ : (X^′, Φ^′) → (Y^′, Ψ^′) be two morphisms in (Sm^∗/S) and α ∈ H((Y, Ψ)/S), α^′ ∈ H((Y^′, Ψ^′)/S), then (f^∗α) × (f^{′∗}α^′) = (f × f^′)^∗(α × α^′) in H((X × X^′, Φ × Φ^′)/S × S).

Similar with Ĥ.

(4) Let f : (X, Φ) → (Y, Ψ) be a morphism in (Sm_∗/S) and α ∈ H((X, Φ)/S), α^′ ∈ H((X^′, Φ^′)/S), then (f_∗α) × α^′ = (f × id_X ′ )_∗(α × α^′) in H((Y × X^′, Ψ × Φ^′)/S × S).

Similar with Ĥ.

(5) Let (X, Φ) and (Y, Ψ) be smooth k-schemes over S with families of supports and α ∈ H^{i,q}((X, Φ)/S), β ∈ H^{j,r}((Y, Ψ)/S). Then (similar properties hold for Ĥ):

(a) The switching isomorphism

H((X × Y, Φ × Ψ)/S × S) ∼= H((Y × X, Ψ × Φ)/S × S) sends α × β to (−1)^{qr+ij} β × α. (b) F (α) × F (β) = F (α × β), π(α) × π(β) = π(α × β),

d(α × β) = (dα) × β + (−1)^q α × d(β), for α, β ∈ H_n. (c) V (α) × β = V (α × F (β)), p(α) × β = p(α × π(β)) for α ∈ H_n, β ∈ H_{n+1}.

Proof. (1) follows from [God73, II, Thm. 6.2.1]. (2), (3) and (5) easily follow from the properties [God73, II, 6.5, (b), (d), (e)] and the corresponding properties of the multiplication map W_•Ω_X ⊠ W_•Ω_Y → W_•Ω_{X×Y} . It remains to check (4). Since f is quasi-projective we may factor it as the composition of a regular closed immersion followed by an open embedding into a projective space over Y followed by the projection to Y . Using similar arguments as in the proof of Proposition 2.4.4 (together with Lemma 2.4.3), we can reduce to the case that Φ = Ψ and that f : (X, Φ) → (Y, Φ) is a regular closed immersion of pure codimension c. By (1) it thus suffices to show, that the following diagram commutes

f_∗(E(W_•Ω_X )) ⊠ E(W_•Ω_X ′ )

f_∗⊠id �

(3.1.4) �

E(W_•Ω_{X×X} ′ )

(f ×id_X′ )_∗ � (Γ_X (E(W_•Ω_Y ))(c)[c]) ⊠ E(W_•Ω_X ′ )^{(3.1.4)}� Γ_{X×X} ′ E(W•ΩY ×X ′ )(c)[c],

where we denote by f_∗ and (f × id_X ′ )_∗ the morphism defined in (2.3.3). The question is local and we may therefore assume X = Spec A, X^′ = Spec A^′ and Y = Spec B are affine and that the ideal of Y in X is generated by a regular sequence τ_1, . . . , τ_c. Furthermore we may check the commutativity in each degree separately and thus by the description of the terms of the Cousin complex in 1.5.8, (2), we are reduced to show the commutativity of the following diagram:

H^i_{ZX} (X, WnΩ^q_X ) ⊗ H^i_{ZX′} (X^′, WnΩ^q_{X′} )

f∗⊗id �

× � H^{i+j}_{ZX ×ZX′} (X × X^′, W_nΩ^{q+r}_{X×X′} )

(f ×id)∗ � H^{i+c}_{ZX} (Y, WnΩ^{q+c}_{Y ×X′} ) ⊗ H^i_{ZX′} (X^′, WnΩ^q_{X′} )^× � H^{i+j+c}_{ZX ×ZX′} (Y × X^′, WnΩ^{q+r+c}_{Y ×X}′ ),

where Z_X ⊂ X and Z_X ′ ⊂ X^′ are integral closed subschemes of codimension i and j respectively. But this follows from the explicit formulas in Corollary 2.4.2 and Lemma 3.1.5. □

Remark 3.1.8. Notice that in the situation of (4) above the two elements α^′ × (f_∗α) and (id_X ′ × f)_∗(α^′ × α) are in general only equal up to a sign. This is the reason for the sign in (3.3.6).

3.2. The cycle class of Gros. We review some results of [Gro85].

3.2.1. Witt log forms. Let X be a smooth k scheme. We denote by W_nΩ^q_{X,log}

the abelian sheaf on the small étale site X_{ét} of X defined in [Ill79, I, 5.7]; it is the abelian subsheaf of W_nΩ^q_{Xét} which is locally generated by sections of the form d[x_1] [x_1]

· · · d[x_q ] [x_q ]

, with x_1, . . . , x_d ∈ O^×_{Xét} .

By definition W_nΩ^0_{X,log} = Z/p^nZ.

3.2.2. The cycle class. Let X be a smooth k-scheme and Z ⊂ X a closed integral subscheme of codimension c. Then by [Gro85, II, (4.1.6)] the restriction map (3.2.1) H^c_Z (X_{ét}, W_nΩ^c_{X,log})^≃−→ H^c_{Z\Zsing} ((X \ Z_{sing})_{ét}, W_nΩ^c_{X,log}) is an isomorphism (where Z_{sing} denotes the singular locus of Z). Therefore following Gros we can define the log-cycle class of Z of level n cl_{log,n}(Z) ∈ H^c_Z (X_{ét}, W_nΩ^c_{X,log}) as the image of 1 under the Gysin isomorphism ([Gro85, II, Thm 3.5.8 and (3.5.19)]) (3.2.2) H^0((Z \ Z_{sing})_{ét}, Z/p^nZ)^≃−→ H^c_{Z\Zsing} ((X \ Z_{sing})_{ét}, W_nΩ^c_{X,log}) composed with the inverse of (3.2.1) (see [Gro85, II, Def. 4.1.7.]). We define the cycle class of Z of level n cl_n(Z) ∈ H^c_Z (X, W_nΩ_X ) to be the image of cl_{log,n}(Z) under the natural morphism H^c_Z (X_{ét}, W_nΩ^c_{X,log}) → H^c_Z (X, W_nΩ^c_X ). We have π(cl_{log,n}(Z)) = cl_{log,n−1}(Z), π(cl_n(Z)) = cl_{n−1}(Z).

Therefore (cl_{log,n}(Z))_n (resp. (cl_n(Z))_n) give rise to an element in the projective system H^c_Z (X_{ét}, W_•Ω^c_{X,log}) (resp. H^c_Z (X, W_•Ω^c_X )), which we simply denote by cl_{log}(Z) (resp. cl(Z)).

Notice that we have an isomorphism (3.2.3) H^c_Z (X, W Ω^c_X ) ∼= lim←− H^c_Z (X, W_nΩ^c_X ). (Indeed by Proposition 1.5.6, (5) we have a spectral sequence R^i lim←− H^j_Z (X, W_nΩ^c_X ) =⇒ H^{i+j}_Z (X, W Ω^c_X ), which by Lemma 1.5.1, (1) gives a short exact sequence

0 → R^1 lim←− H^{c−1}_Z (X, W_nΩ^c_X ) → H^c_Z (X, W Ω^c_X ) → lim←− H^c_Z (X, W_nΩ^c_X ) → 0. But by Lemma 1.5.9 H^{c−1}_Z (X, W_nΩ^c_X ) equals 0 for all n. Hence (3.2.3).) We define ĉl(Z) ∈ H^c_Z (X, W Ω^c_X ) as the image of lim←−_n cl_n(Z) via (3.2.3).

3.2.3. Properties of the cycle classes. The above cycle classes have the following properties (we only list them for cl there are analogous properties for cl_{log} and ĉl):

(1) Let Z ⊂ X be a closed integral subscheme of codimension c and U ⊂ X be open such that Z ∩ U is smooth. Denote by i : Z ∩ U → (U, Z ∩ U) the morphism in (Sm_∗/Spec k) which is induced by the inclusion of Z in X and by j : (U, Z ∩ U) → (X, Z) in (Sm^∗/Spec k) the morphism induced by the open immersion U ⊂ X. Then

j^∗cl(Z) = cl(Z ∩ U) = i_∗(1) in H^c_Z (X, W_•Ω^c_X ),

where 1 is the multiplicative unit in the pro-ring H^0(Z ∩ U, W_•O_{Z∩U} ). (2) Let Z and Z^′ be two closed integral subschemes of X of codimension c and c^′ respectively intersecting each other properly (i.e. each irreducible component of Z ∩ Z^′ has codimension c + c^′ in X). Then

cl(Z.Z^′) = Δ^∗(cl(Z) × cl(Z^′)) in H^{c+c′}_{Z∩Z}′ (X, W_•Ω^{c+c′} ).

Here Z.Z^′ is the intersection cycle � T n_T [T ], where the sum is over the irreducible components of Z ∩ Z^′ and n_T are the intersection multiplicities (computed via Serres tor-formula), cl(Z.Z^′) is defined to be � T n_icl(T ) and Δ : (X, Z ∩ Z^′) → (X × X, Z × Z^′) in (Sm^∗/Spec k) is induced by the diagonal morphism.

(3) For a line bundle L on X we denote by c_1(L)_{log} ∈ H^1(X_{ét}, W_•Ω^1_{X,log}) the sequence of elements (dlog_n([L]))_n, where [L] denotes the class of L in H^1(X, O^×_X ) = H^1(X_{ét}, G_m) and dlog_n is induced by taking H^1 of the map G_m → W_nΩ^1_{X,log}, a → dlog[a]. We denote by c_1(L) the image of c_1(L)_{log} in H^1(X, W_•Ω^c_X ).

Let D ⊂ X be an integral subscheme of codimension 1, then

cl(D) = c_1(O(D)) in H^1(X, W_•Ω^1_X ).

(4) Let Z be as in (1), then:

F (cl(Z)) = π(cl(Z)), V (cl(Z)) = p(cl(Z)), d(cl(Z)) = 0.

(1) follows from the fact, that the Gysin morphism (3.2.2) is induced by the pushforward i_{0∗}, where i_0 : Z \ Z_{sing} → (X \ Z_{sing}, Z \ Z_{sing}) in (Sm_∗/Spec k) is induced by the inclusion. This follows from [Gro85, II, 3.4.] (or alternatively from the description of the Gysin morphism in [Gro85, II, Prop. 3.5.6] together with Proposition 2.4.1.) (2) is [Gro85, II, Prop. 4.2.12.] and (3) is [Gro85, II, Prop. 4.2.1]. The first and the last equality in (4) follow from the definition, the second equality is implied by the first and π(cl_n(Z)) = cl_{n−1}(Z).

3.3. Hodge-Witt cohomology as weak cohomology theory with supports.

3.3.1. Weak cohomology theories with supports. Weak cohomology theories with supports have been introduced in [CR09]. For the convenience of the reader we recall the definitions.

First, recall the definition of the categories Sm_∗ = (Sm_∗/k) and Sm^∗ = (Sm^∗/k) in Definition 2.1.1. For both categories Sm^∗ and Sm_∗ finite coproducts exist: (X, Φ) � (Y, Ψ) = (X � Y, Φ ∪ Ψ).

For (X, Φ) let X = � i X_i be the decomposition into connected components, then (X, Φ) = � i (X_i, Φ ∩ Φ_{Xi} ).

In general products don’t exist, and we define

(X, Φ) ⊗ (Y, Ψ) := (X × Y, Φ × Ψ)

which together with the unit object 1 = Spec(k) and the obvious isomorphism (X, Φ)⊗(Y, Ψ) −→ (Y, Ψ)⊗(X, Φ) makes Sm_∗ and Sm^∗ to a symmetric monoidal category (see [ML98, VII.1]).

3.3.2. A weak cohomology theory with supports consists of the following data (F_∗, F^∗, T, e):

(1) Two functors F_∗ : Sm_∗ −→ GrAb and F^∗ : (Sm^∗)^{op} −→ GrAb such that F_∗(X) = F^∗(X) as abelian groups for every object X ∈ ob(Sm_∗) = ob(Sm^∗). We will simply write F (X) := F_∗(X) = F^∗(X). We use lower indexes for the grading on F_∗(X), i.e. F_∗(X) = ⊕_iF_i(X), and upper indexes for F^∗(X).

(2) For every two objects X, Y ∈ ob(Sm_∗) = ob(Sm^∗) a morphism of graded abelian groups (for both gradings):

T_{X,Y} : F (X) ⊗_Z F (Y ) −→ F (X ⊗ Y ).

(3) A morphism of abelian groups e : Z −→ F (Spec (k)). For all smooth schemes π : X −→ Spec (k) we denote by 1_X the image of 1 ∈ Z via the

map Z^e−→ F^∗(Spec (k))^{F ∗(π)}−−−−→ F^∗(X).

3.3.3. These data are required to satisfy the following conditions:

(1) The functor F_∗ preserves coproducts and F^∗ maps coproducts to products. Moreover, for (X, Φ_1), (X, Φ_2) ∈ ob(Sm_∗) with Φ_1 ∩ Φ_2 = {∅} we require that the map

F^∗(ȷ_1) + F^∗(ȷ_2) : F^∗(X, Φ_1) ⊕ F^∗(X, Φ_2) −→ F^∗(X, Φ_1 ∪ Φ_2),

with ȷ_1 : (X, Φ_1 ∪ Φ_2) −→ (X, Φ_1) and ȷ_2 : (X, Φ_1 ∪ Φ_2) −→ (X, Φ_2) in Sm^∗, is an isomorphism.

(2) The data (F_∗, T, e) and (F^∗, T, e) respectively define a (right-lax) symmetric monoidal functor.

(3) (Grading) For (X, Φ) such that X is connected the equality

F_i(X, Φ) = F^{2 dim X−i}(X, Φ)

holds for all i.

(4) For all cartesian diagrams (cf. 2.1.1)

(X^′, Φ^′)^{f ′} �

g_X � (Y^′, Ψ^′)

g_Y � (X, Φ)^f � (Y, Ψ) with g_X , g_Y ∈ Sm^∗ and f, f^′ ∈ Sm_∗ such that either g_Y is smooth or g_Y is a closed immersion and f is transversal to g_Y the following equality holds:

F^∗(g_Y ) ∘ F_∗(f) = F_∗(f^′) ∘ F^∗(g_X ).

Recall that f is transversal to g_Y if (f^′)^∗N_Y ′_{/Y} = N_X ′_{/X} where N denotes the normal bundle. The case X^′ = ∅ is also admissible; in this case the equality 3.3.3(4) reads:

F^∗(g_Y ) ∘ F_∗(f) = 0.

In [CR09, p. 700] it is spelled out what it means for (F_∗, T, e) (and (F^∗, T, e)) to be a right-lax symmetric monoidal functor.

Definition 3.3.4. If the data (F_∗, F^∗, T, e) as in 3.3.2 satisfy the conditions 3.3.3 then we call (F_∗, F^∗, T, e) a weak cohomology theory with supports. Definition 3.3.5. Let (F_∗, F^∗, T, e), (G_∗, G^∗, U, ϵ) be two weak cohomology theories with support. By a morphism (3.3.1) (F_∗, F^∗, T, e) −→ (G_∗, G^∗, U, ϵ) we understand a morphism of graded abelian groups (for both gradings) ϕ : F (X) −→ G(X) for every X ∈ ob(V_∗) = ob(V^∗), such that ϕ induces a natural transformation of (right-lax) symmetric monoidal functors

ϕ : (F_∗, T, e) −→ (G_∗, U, ϵ) and ϕ : (F^∗, T, e) −→ (G^∗, U, ϵ), i.e. ϕ induces natural transformations F_∗ −→ G_∗, F^∗ −→ G^∗, and (3.3.2) ϕ ∘ T = U ∘ (ϕ ⊗ ϕ), ϕ ∘ e = ϵ.

3.3.6. Chow theory as a weak cohomology theory with supports. An example of a weak cohomology theory with supports are the Chow groups (CH_∗, CH^∗, ×, e) [CR09, 1.1]. We will briefly recall the definitions for the convenience of the reader.

Definition 3.3.7 (Chow groups with support). Let Φ be a family of supports on X. We define:

CH(X, Φ) = lim−→_{W ∈Φ}CH(W ).

The group CH(X, Φ) is graded by dimension. We set CH_∗(X, Φ) = � d≥0 CH_d(X, Φ)[2d],

where the bracket [2d] means that CH_d(X, Φ) is considered to be in degree 2d. There is also a grading by codimension. Let X = � i X_i be the decomposition into connected components then CH^∗(X, Φ) = � i CH^∗(X_i, Φ ∩ Φ_{Xi} ) and CH^∗(X_i, Φ ∩ Φ_{Xi} ) = � d≥0 CH^d(X_i, Φ ∩ Φ_{Xi} )[2d] where CH^d(X_i, Φ ∩ Φ_{Xi} ) is generated by cycles [Z] with Z ∈ Φ ∩ Φ_{Xi} , Z irreducible, and codim_{Xi} (Z) = d.

Let f : (X, Φ) −→ (Y, Ψ) be a morphism in Sm_∗. There is a push-forward (3.3.3) CH_∗(f) : CH(X, Φ) −→ CH(Y, Ψ), defined by the usual push-forward of cycles (f_{|W} )_∗ : CH(W ) −→ CH(f(W )) −→ CH(Y, Ψ) (for this we need that f_{|W} is proper and f(Φ) ⊂ Ψ). We obtain a functor (3.3.4) CH_∗ : Sm_∗ −→ GrAb, CH_∗(X, Φ) := CH(X, Φ), f → CH_∗(f). In order to define a functor CH^∗ : (Sm^∗)^{op} −→ GrAb we use Fulton’s work on refined Gysin morphisms [Ful98, §6.6]. Let f : X −→ Y be a morphism between smooth schemes and let V ⊂ Y be a closed subscheme, thus f : (X, f^{−1}(V )) −→ (Y, V ) is a morphism in Sm^∗. We define

CH^∗(f) := f^! : CH(Y, V ) = CH(V ) −→ CH(f^{−1}(V )) = CH(X, f^{−1}(V )). For the general case let f : (X, Φ) −→ (Y, Ψ) be any morphism in Sm^∗. For every V ∈ Ψ the map f induces (X, f^{−1}(V )) −→ (Y, V ) in Sm^∗. We may define CH^∗(f) : CH(Y, Ψ) = lim−→_{V ∈Ψ}CH(Y, V ) −→ lim−→_{W ∈Φ}CH(X, W ) = CH(X, Φ).

The assignment

CH^∗ : (Sm^∗)^{op} −→ GrAb, CH^∗(X, Φ) = CH(X, Φ), f → CH^∗(f) defines a functor. Together with the exterior product × (see [Ful98, §1.10]) and the obvious unit 1 : Z −→ CH(Spec (k)), we obtain a weak cohomology theory with supports (CH_∗, CH^∗, ×, 1).

3.3.8. ¿From Proposition 2.3.3 and Proposition 2.2.2 we obtain two functors Ĥ_∗ : Sm_∗ −→ GrAb, Ĥ^∗ : (Sm^∗)^{op} −→ GrAb, where for an object (X, Φ) ∈ ob(Sm_∗) = ob(Sm^∗) with structure morphism a : X −→ Spec (k) we have Ĥ(X, Φ) := Ĥ_∗(X, Φ) := Ĥ^∗(X, Φ) := Ĥ((X, Φ)/Spec k) = � p,q≥0

R^qâ_ΦW_•Ω^p_X

as abelian groups (see (1.4.4) for the definition of â_Φ). In view of Proposition 1.5.6 we get an equality R^qâ_Φ = H^q ∘ R lim←− ∘Ra_∗ ∘ RΓ_Φ.

In particular, if Φ = Φ_X is the set of all closed subsets of X then Ĥ(X) := Ĥ(X, Φ_X ) = � p,q≥0

H^q (R lim←− RΓ(W_•Ω^p_X )).

Note that R lim←− ∘RΓ = RΓ ∘ R lim←− and R lim←−(W_•Ω^p_X ) = lim←−(W_•Ω^p_X ) = W Ω^p_X by Lemma 1.5.1. Thus we obtain Ĥ(X) = � p,q≥0

H^q(X, W Ω^p_X ).

In the following we will write Ĥ(X) for Ĥ(X, Φ_X ). The grading for Ĥ^∗ is defined by Ĥ^i(X, Φ) = � p+q=i

R^qâ_ΦW_•Ω^p_X .

For Ĥ_∗(X, Φ) the grading is defined such that 3.3.3(4) holds. For two objects (X, Φ), (Y, Ψ) with structure maps a : X −→ Spec (k), b : Y −→ Spec (k), we define

(3.3.5) T : Ĥ(X, Φ) ⊗_Z Ĥ(Y, Ψ) −→ Ĥ(X × Y, Φ × Ψ) by the formula (3.3.6) T (α_{i,p} ⊗ β_{j,q}) = (−1)^{(i+p)·j} (α_{i,p} × β_{j,q}),

where α_{i,p} ∈ R^iâ_ΦW_•Ω^p_X , β_{j,q} ∈ R^jb̂_ΨW_•Ω^q_Y , and × is the map in 3.1.4. We define e : Z −→ Ĥ(Spec (k)) = W (k) by e(n) = n for all n ∈ Z.

Proposition 3.3.9. The triples (Ĥ_∗, T, e) and (Ĥ^∗, T, e) define right-lax symmetric monoidal functors.

Proof. The morphism T respects the grading Ĥ^∗ and the grading Ĥ_∗. In the following we will work with the upper grading Ĥ^∗. All arguments will also work for the lower grading Ĥ_∗ because the difference between lower and upper grading is an even integer.

The axioms which involve e do obviously hold. By using the associativity of × (Proposition 3.1.7(2)) it is straightforward to prove the associativity of T . Let us prove the commutativity of T , i.e. that the diagram

(3.3.7) H(X, Φ) ⊗ H(Y, Ψ)^T � � H(X × Y, Φ × Ψ) ϵ � H(Y, Ψ) ⊗ H(X, Φ)^T � H(Y × X, Ψ × Φ)

is commutative. The left vertical map is defined by α⊗β → (−1)^{deg(α) deg(β)}β⊗ α. By using Proposition 3.1.7(5)(a) we obtain

ϵ(T (α_{i,p} ⊗ β_{j,q})) = ϵ((−1)^{(i+p)j} α_{i,p} × β_{j,q} ) = (−1)^{(i+p)j} (−1)^{pq+ij} β_{j,q} × α_{i,p} = (−1)^{pq+pj} β_{j,q} × α_{i,p}.

On the other hand,

T ((−1)^{(i+p)(j+q)}β_{j,q} ⊗ α_{i,p}) = (−1)^{(i+p)(j+q)}(−1)^{(j+q)i}β_{j,q} × α_{i,p} = (−1)^{pq+pj} β_{j,q} × α_{i,p}.

This proves the commutativity of diagram (3.3.7).

The functoriality of T with respect to Ĥ^∗ follows immediately from Proposition 3.1.7(3). The functoriality of T with respect to Ĥ_∗ follows from Proposition 3.1.7)(4). □

Theorem 3.3.10. The datum (Ĥ_∗, Ĥ^∗, T, e) is a weak cohomology theory with supports (cf. Definition 3.3.4).

Proof. We have to verify the properties in section 3.3.3. Property 3.3.3(1) is obvious. Proposition 3.3.9 implies 3.3.3(2). The compatibility of the gradings (3.3.3(3)) is satisfied by definition. Proposition 2.4.4 yields 3.3.3(4). □ 3.3.11. In the same way as in section 3.3.8 we define P Ĥ_∗ : Sm_∗ −→ GrAb, P Ĥ^∗ : (Sm^∗)^{op} −→ GrAb, where for an object (X, Φ) ∈ ob(Sm_∗) = ob(Sm^∗) with structure morphism a : X −→ Spec (k) we have

P Ĥ(X, Φ) = P Ĥ_∗(X, Φ) = P Ĥ^∗(X, Φ) = � p≥0 R^pâ_ΦW_•Ω^p_X

as abelian groups. The grading is defined in the obvious way: P Ĥ^{2p}(X, Φ) = R^pâ_ΦW_•Ω^p_X , and zero for all odd degrees. Of course, for P Ĥ_∗(X, Φ) the grading is defined such that 3.3.3(4) holds.

For two objects (X, Φ), (Y, Ψ), we get an induced map T : P Ĥ(X, Φ) ⊗_Z P Ĥ(Y, Ψ) −→ P Ĥ(X × Y, Φ × Ψ) from (3.3.5).

Theorem 3.3.10 implies the following statement.

Corollary 3.3.12. The datum (P Ĥ_∗, P Ĥ^∗, T, e) is a weak cohomology theory with supports (cf. Definition 3.3.4). Induced by the inclusion P Ĥ(X, Φ) ⊂ Ĥ(X, Φ), we get a morphism of weak cohomology theories with supports (cf. Definition 3.3.5) (P Ĥ_∗, P Ĥ^∗, T, e) −→ (Ĥ_∗, Ĥ^∗, T, e).

3.4. Cycle classes. One of the main goals of [CR09] was to give a criterion when a weak cohomology theory (F_∗, F^∗, T, e) admits a morphism

(CH_∗, CH^∗, ×, 1) −→ (F_∗, F^∗, T, e).

In order to apply [CR09, Theorem 1.2.3] in our situation, i.e. for (P Ĥ_∗, P Ĥ^∗, T, e), we first need to prove semi-purity.

Recall that (P Ĥ_∗, P Ĥ^∗, T, e) satisfies the semi-purity condition (cf. [CR09, Definition 1.2.1]) if the following holds:

• For all smooth schemes X and irreducible closed subsets W ⊂ X the groups P Ĥ_i(X, W ) vanish if i > 2 dim W .

• For all smooth schemes X, closed subsets W ⊂ X, and open sets U ⊂ X such that U contains the generic point of every irreducible component of W , we require the map

P Ĥ^∗(ȷ) : P Ĥ_{2 dim W} (X, W ) −→ P Ĥ_{2 dim W} (U, W ∩ U),

induced by ȷ : (U, W ∩ U) −→ (X, W ) in Sm^∗, to be injective.

Proposition 3.4.1. The weak cohomology theory with supports (P Ĥ_∗, P Ĥ^∗, T, e) satisfies the semi-purity condition.

Proof. To verify the two conditions we may assume that X is connected of dimension d. Since

P Ĥ_{2i}(X, W ) = H^{d−i}_W (X, W Ω^{d−i}_X ),

we need to show that H^{d−i}_W (X, W Ω^{d−i}_X ) vanishes if 2i > 2 dim W (or equivalently, d − i < codim_X W ). Indeed, we have

H^{d−i}_W (X, W Ω^{d−i}_X ) = R^{d−i}a_∗RΓ_W R lim←−(W_nΩ^{d−i}_X )

with a : X −→ Spec (k) the structure map. Since RΓ_W R lim←− = R lim←− RΓ_W , we need to show that

(3.4.1) R^j Γ_W W_nΩ^{d−i}_X = 0,

for j < codim_X W . This follows from Lemma 1.5.9 (which follows from the fact that the graded pieces of the standard filtration on W_nΩ^{d−i}_X are extensions of locally free O_X -modules [Ill79, I, Cor. 3.9]).

For the second condition, let W ⊂ X be a closed subset and U ⊂ X open, such that U contains the generic point of every irreducible component of W . We need to prove that the restriction map

H^{d−dim W}

W (X, W Ω^{d−dim W}

X ) −→ H^{d−dim W}

U∩W (U, W Ω^{d−dim W} U ) is injective. But the kernel is a quotient of H^{d−dim W}_{W \U} (X, W Ω^{d−dim W}_X ), which vanishes because d − dim W < codim_X (W \U). □

3.4.2. In view of [CR09, Theorem 1.2.3] there is at most one morphism of weak cohomology theories with support

(CH_∗, CH^∗, ×, 1) −→ (P Ĥ_∗, P Ĥ^∗, T, e).

Theorem 3.4.3. There is exactly one morphism (in the sense of Definition 3.3.5) (CH_∗, CH^∗, ×, 1) −→ (P Ĥ_∗, P Ĥ^∗, T, e).

Proof. We need to verify the criteria given in [CR09, Theorem 1.2.3]. The condition [CR09, Theorem 1.2.3](1) is satisfied by Proposition 2.3.4. For the second condition [CR09, Theorem 1.2.3](2) we need to show that for the 0-point ı_0 : Spec (k) −→ P^1 and the ∞-point ı_∞ : Spec (k) −→ P^1 the following equality holds:

P Ĥ_∗(ı_0) ∘ e = P Ĥ_∗(ı_∞) ∘ e.

By 3.2.3(1) the left hand side is ĉl({0}) and the right hand side equals ĉl({∞}). In view of 3.2.3(3) we obtain

ĉl({0}) = c_1(O_P1 (1)) = ĉl({∞}).

For W ⊂ X an irreducible closed subset, we set cl_{(X,W )} := ĉl(W ). Then 3.2.3(1) implies that condition [CR09, Theorem 1.2.3](4) holds. Finally, we prove [CR09, Theorem 1.2.3](3). Let ı : X −→ Y be a closed immersion between smooth schemes, and let D ⊂ Y be an effective smooth divisor such that

• D meets X properly, thus D ∩ X := D ×_Y X is a divisor on X, • D^′ := (D ∩ X)_{red} is smooth and connected, and thus D ∩ X = n · D^′ as divisors (for some n ∈ Z, n ≥ 1).

We denote by ı_X : X −→ (Y, X), ı_D′ : D^′ −→ (D, D^′) the morphisms in Sm_∗ induced by ı, and we define g : (D, D^′) −→ (Y, X) in Sm^∗ by the inclusion D ⊂ Y . Then the following equality is required to hold:

(3.4.2) P Ĥ^∗(g)(P Ĥ_∗(ı_X )(1_X )) = n · P Ĥ_∗(ı_D′ )(1_D′ ).

Obviously, we may assume that X and Y are connected; we set c := codim_Y X. A priori, we need to prove the equality (3.4.2) in H^c_D′ (D, W Ω^c_D). Since Ĥ^∗(g), Ĥ_∗(ı_X ) and Ĥ_∗(ı_{D′} ) are morphisms in ^dRW_k, they commute with Frobenius. Thus both sides of (3.4.2) are already contained in the part which is invariant under the Frobenius H^c_D′ (D, W Ω^c_D)^F . Denote by f : (D, D^′) −→ (Y, D^′) the morphism in Sm_∗ which is induced by the inclusion D ⊂ Y . We claim that

P Ĥ_∗(f) : H^c_D′ (D, W Ω^c_D ) → H^{c+1}_D′ (Y, W Ω^{c+1}_Y )

is injective on H^c_D′ (D, W Ω^c_D)^F .

Indeed, by [Ill79, I, Thm. 5.7.2] there is an exact sequence of pro-sheaves on D_{ét} 0 → W_•Ω^c_{D,log} → W_•Ω^c_D^{1−F}−−−→ W_•Ω^c_D → 0.

This yields an exact sequence of pro-groups

H^{c−1}_D′ (D, W_•Ω^c_D ) → H^c_D′ (D_{ét}, W_•Ω^c_{D,log}) → H^c_D′ (D, W_•Ω^c_D)^F → 0. (Notice that H^i_D′ (D, W_•Ω^q_D) = H^i_D′ (D_{ét}, W_•Ω^q_D), since the W_nΩ^q_D are quasicoherent on W_nD and D_{ét} = (W_nD)_{ét}.) But H^{c−1}_D′ (D, W_•Ω^c_D) = 0 (see e.g. (3.4.1)) and thus

lim←− n H^c_D′ (D_{ét}, W_•Ω^c_{D,log}) = lim←− n H^c_D′ (D, W_•Ω^c_D)^{F (3.2.3)}= H^c_D′ (D, W Ω^c_D )^F .

Combining this with Gros’ Gysin isomorphism (3.2.2) we obtain an isomorphism

Z_p^≃−→ H^c_D′ (D, W Ω^c_D )^F , 1 → ĉl(D^′)^{3.2.3, (1)}= P Ĥ_∗(ı_D′ )(1_D′ ). In the same way we also obtain an isomorphism

Z_p^≃−→ H^{c+1}_D′ (Y, W Ω^{c+1}_Y )^F , 1 → ĉl(D^′)^{3.2.3, (1)}= P Ĥ_∗(f) ∘ P Ĥ_∗(ı_D′ )(1_D′ ). This yields the claim.

Thus it suffices to prove the following equality

P Ĥ_∗(f)P Ĥ^∗(g)(P Ĥ_∗(ı_X )(1_X )) = n · P Ĥ_∗(f)P Ĥ_∗(ı_D′ )(1_D′ ). For this denote by g^′ : D −→ (Y, D) in Sm_∗ and Δ_Y : (Y, D^′) −→ (Y × Y, D × X) in Sm^∗ the morphisms induced by the inclusion and the diagonal respectively. Then P Ĥ_∗(f)P Ĥ^∗(g)(P Ĥ_∗(ı_X )(1_X )) = P Ĥ_∗(g^′)(1_D) ∪ P Ĥ_∗(ı_X )(1_X ) = P Ĥ^∗(Δ_Y )(ĉl(D) × ĉl(X)) 3.2.3, (1) = ĉl(D.X) 3.2.3, (2) = n · ĉl(D^′) = n · P Ĥ_∗(f ∘ ı_D′ )(1_D′ ) 3.2.3, (1), = n · P Ĥ_∗(f)P Ĥ_∗(ı_D′ )(1_D′ ) where a ∪ b := P Ĥ^∗(Δ_Y )(T (a ⊗ b)) and hence the first equality holds by the projection formula, see [CR09, Proposition 1.1.11]. This finishes the proof. □ Definition 3.4.4. We denote by ĉl : (CH_∗, CH^∗, ×, 1) −→ (Ĥ_∗, Ĥ^∗, T, e) the composition of the morphism in Theorem 3.4.3 and Corollary 3.3.12. Note that there is no conflict with the notation in section 3.2.

3.4.5. To a weak cohomology theory F = (F_∗, F^∗, T, e) we can attach a graded additive category Cor_F ([CR09, Definition 1.3.5]). By definition we have ob(Cor_F ) = ob(Sm_∗) = ob(Sm^∗), and Hom_{CorF} ((X, Φ), (Y, Ψ)) = F (X × Y, P (Φ, Ψ)), where

P (Φ, Ψ) := {Z ⊂ X × Y ; Z is closed, pr_2 | Z is proper, Z ∩ pr^{−1}_1 (W ) ∈ pr^{−1}_2 (Ψ) for every W ∈ Φ}.

The composition for correspondences is as usual: b ∘ a = F_∗(p_{13})(F^∗(p_{12})(a) ∪ F^∗(p_{23})(b)), with p_{ij} : X_1 × X_2 × X_3 −→ X_i × X_j the projection; the product ∪ is defined by a ∪ b := F^∗(Δ)(T (a ⊗ b)) (see [CR09, 1.3] for the details). Moreover, there is a functor ρ_F : Cor_F −→ (Ab) to abelian groups defined by

ρ_F (X, Φ) = F (X, Φ) ρ_F (γ) = (a → F_∗(pr_2)(F^∗(pr_1)(a) ∪ γ)), for γ ∈ F (X × Y, P (Φ, Ψ)), (see [CR09, 1.3.9]). The morphism ĉl : CH = (CH_∗, CH^∗, ×, 1) −→ Ĥ = (Ĥ_∗, Ĥ^∗, T, e) (Definition 3.4.4) induces a functor (see [CR09, 1.3.6]) Cor(ĉl) : Cor_{CH} −→ Cor_Ĥ .

For (X, Φ) ∈ Cor_Ĥ , the group ρ_Ĥ (X, Φ) = Ĥ(X, Φ) is a de Rham-Witt module over k (i.e. an object in ^dRW_k). The next theorem states that the Chow correspondences act as morphism of de Rham-Witt modules. Theorem 3.4.6. The composition Cor_{CH} −→ Cor_Ĥ^{ρĤ}−−→ (Ab) induces a functor (3.4.3) Cor_{ĉl} : Cor_{CH} −→ ^dRW_k.

Proof. Let (X, Φ), (Y, Ψ) ∈ Sm. Note that Cor_{CH}((X, Φ), (Y, Ψ)) is graded and is only non-trivial in even degrees. By definition Cor^{2i}_{CH} ((X, Φ), (Y, Ψ)) = CH^{dim X+i}(X × Y, P (Φ, Ψ)), (we may assume that X is equidimensional), where CH^{dim X+i}(X ×Y, P (Φ, Ψ)) is generated by cycles Z with codim_{X×Y} Z = dim X + i, as in 3.3.6. We will show that a cycle Z ∈ Cor^{2i}_{CH} ((X, Φ), (Y, Ψ)) defines a morphism ρ_Ĥ (ĉl(Z)) : Ĥ(X, Φ)(−i) −→ Ĥ(Y, Ψ) in ^dRW_k (the shift by −i concerns only the grading and the differential, which is multiplied with (−1)^i).

Because pullback is a morphism of de Rham-Witt modules (Definition 2.2.1) and pushforward is a morphism of de Rham-Witt modules up to the shift with the relative dimension (Definition 2.3.1), we can easily reduce the statement to the following claim. For all (X, Φ) and all irreducible closed subsets Z ⊂ X of codimension c the map Ĥ(X, Φ) −→ Ĥ(X × X, Φ × Φ_Z )(c) a → T (a ⊗ ĉl(Z))

is a morphism in ^dRW_k. The compatibility with F and V follows immediately from Proposition 3.1.7(5) and the invariance F (ĉl(Z)) = ĉl(Z) (results of Gros 3.2.3(4)). The compatibility with d also follows from Proposition 3.1.7(5) and d(ĉl(Z)) = 0 (3.2.3(4)):

T (da ⊗ ĉl(Z))^{dfn}= (−1)^{deg(da)·c}da × ĉl(Z) (3.3.6), = (−1)^{(deg(a)+1)·c}d(a × ĉl(Z)) 3.1.7(5), 3.2.3(4), = (−1)^cdT (a ⊗ ĉl(Z)) (3.3.6). □ Proposition 3.4.7. (i) For every f : (X, Φ) −→ (Y, Ψ) in Sm^∗ the transpose of the graph Γ(f)^t ⊂ Y × X defines an element in Cor^0_{CH}((Y, Ψ), (X, Φ)) (i.e. has degree 0). The morphism Cor_{ĉl}(Γ(f)^t) : Ĥ(Y, Ψ) −→ Ĥ(X, Φ) is the same as f^∗ in Definition 2.2.1.

(ii) For every f : (X, Φ) −→ (Y, Ψ) in Sm_∗ the graph Γ(f) ⊂ X × Y defines an element in Cor^{−2r}_{CH} ((X, Φ), (Y, Ψ)) (i.e. has degree −2r = 2(dim(Y ) − dim(X))). The morphism Cor_{ĉl}(Γ(f)) : Ĥ(X, Φ)(r) −→ Ĥ(Y, Ψ) is the same as f_∗ in Definition 2.3.1.

Proof. For (i). Let i_2 : (X, f^{−1}Ψ) −→ (Y × X, pr^{−1}_Y Ψ) be the morphism in Sm^∗ induced by the morphism of schemes (f, id_X ). Let i_1 : X −→ (Y × X, Γ(f)^t) and i_3 : (X, f^{−1}Ψ) −→ (Y × X, Γ(f)^t ∩ pr^{−1}_Y Ψ) be the morphism in Sm_∗ induced by (f, id_X ). For all a ∈ Ĥ(Y, Ψ) we use the projection formula [CR09, Proposition 1.1.11] to obtain:

Cor_{ĉl}(Γ(f)^t)(a) = Ĥ∗(pr_X )(Ĥ^∗(pr_Y )(a) ∪ ĉl(Γ(f)^t)) by definition, = Ĥ∗(pr_X )(Ĥ^∗(pr_Y )(a) ∪ Ĥ∗(i1)(1)) functoriality of ĉl (cf. 3.4.4) = Ĥ∗(pr_X )(Ĥ∗(i3)(Ĥ^∗(i2)Ĥ^∗(pr_Y )(a)) projection formula, = Ĥ∗(pr_X )(Ĥ∗(i3)(Ĥ^∗(f)(a)) = Ĥ^∗(f)(a).

The proof of (ii) is similar. □

3.5. Correspondence action on relative Hodge-Witt cohomology. For a scheme S over k we need a relative version of the functor (3.4.3) with values in de Rham-Witt modules ^dRW_S over S.

Let f : X −→ S and g : Y −→ S be two schemes over S. Suppose that X, Y are smooth over k. Since X ×_S Y ⊂ X × Y defines a closed subset we can define the family of supports on X × Y

(3.5.1) P (X ×_S Y ) := P (Φ_X , Φ_Y ) ∩ X ×_S Y,

this is the family of supports consisting of all closed subsets of X ×_S Y , which are proper over Y . (Recall that Φ_X denotes the family of all closed subsets of X.) If h : Z → S is another S-schemes which is smooth over k, then � p_{13} | p^{−1}_{12} (P (X ×_S Y )) ∩ p^{−1}_{23} (P (Y ×_S Z)) is proper, p_{13}(p^{−1}_{12} (P (X ×_S Y )) ∩ p^{−1}_{23} (P (Y ×_S Z)) ⊂ P (X ×_S Z).

By using the fact that CH defines a weak cohomology theory with supports we obtain a composition (see [CR09, 1.3] for details) (3.5.2) CH(X × Y, P (X ×_S Y )) × CH(Y × Z, P (Y ×_S Z))^∘−→ CH(X × Z, P (X ×_S Z)),

(a, b) → b ∘ a := CH_∗(p_{13})(CH^∗(p_{12})(a) ∪ CH^∗(p_{23})(b)),

with morphisms p_{ij} induced by the projections:

p_{12} : (X × Y × Z, P (X ×_S Y ) × Z) −→ (X × Y, P (X ×_S Y )) ∈ Sm^∗, p_{23} : (X × Y × Z, X × P (Y ×_S Z)) −→ (Y × Z, P (Y ×_S Z)) ∈ Sm^∗, p_{13} : (X × Y × Z, P (X ×_S Y ) ∩ P (Y ×_S Z)) −→ (X × Z, P (X ×_S Z)) ∈ Sm_∗.

Definition 3.5.1. We define C_S to be the (graded) additive category whose objects are given by k-morphisms f : X −→ S, where X is a smooth scheme over k. Sometimes we will by abuse of notation write X instead of f : X → S. The morphisms are defined by

Hom_{CS} (X, Y ) := CH(X × Y, P (X ×_S Y )),

and the composition is as in (3.5.2). For f : X −→ S the identity element in Hom_{CS} (X, X) is the diagonal Δ_X .

The verification that the composition defines a category is a straightforward calculation. Notice that if X → S and Y → S are proper, then Hom_{CS} (X, Y ) = CH(X ×_S Y ). The full subcategory of C_S whose objects are proper S-schemes, which are smooth over k, has been defined and studied in [CH00, Definition 2.8].

3.5.2. Let a ∈ Hom_{CS} (f : X −→ S, g : Y −→ S) = CH(X × Y, P (X ×_S Y )), with X and Y integral. Suppose that a is of degree i, i.e. is contained in CH^{dim X+i}. For every open subset U ⊂ S we get by restriction an induced cycle a_U ∈ CH(f^{−1}(U) × g^{−1}(U), P (f^{−1}(U) ×_U g^{−1}(U))).

By using the functor Cor_{ĉl} (3.4.3) we obtain a morphism in ^dRW_k: Cor_{ĉl}(a_U ) : Ĥ(f^{−1}(U))(−i) −→ Ĥ(g^{−1}(U)).

Recall that Ĥ(f^{−1}(U)) = � p,q≥0 H

q(f^{−1}(U), W Ω^p_{f −1 (U)}); we denote by U → F(U) = Ĥ(f^{−1}(U))(−i), U → G(U) := Ĥ(g^{−1}(U)), the obvious presheaves on S.

Lemma 3.5.3. Let a ∈ Hom_{CS} (f : X −→ S, g : Y −→ S) = CH(X × Y, P (X ×_S Y )). The collection (Cor_{ĉl}(a_U ))_{U⊂S} defines a morphism of presheaves (Cor_{ĉl}(a_U ))_{U⊂S} : F −→ G.

By sheafification we obtain a morphism of sheaves (3.5.3) (Cor_{ĉl}(a_U ))_{U⊂S} : � p,q≥0

R^qf_∗W Ω^p_X (−i) −→ � p,q≥0

R^q g_∗W Ω^p_Y .

Proof. Let U, V be two open subsets of S such that V ⊂ U. We denote by Γ(f^{−1}(V ) −→ f^{−1}(U))^t ⊂ f^{−1}(U) × f^{−1}(V ) the transpose of the graph of the inclusion f^{−1}(V ) −→ f^{−1}(U), and similarly for Γ(g^{−1}(V ) −→ g^{−1}(U))^t. Since the restrictions F(U) −→ F(V ) and G(U) −→ G(V ) are induced by the correspondences Cor_{ĉl}(Γ(f^{−1}(V ) −→ f^{−1}(U))^t) and Cor_{ĉl}(Γ(g^{−1}(V ) −→ g^{−1}(U))^t), respectively, we only need to prove that

Γ(g^{−1}(V ) −→ g^{−1}(U))^t ∘ a_U = a_V ∘ Γ(f^{−1}(V ) −→ f^{−1}(U))^t as morphisms in Cor_{CH} , i.e. as cycles in CH(f^{−1}(U) × g^{−1}(V ), P (f^{−1}(U) ×_S g^{−1}(V ))).

Via the identification f^{−1}(U) ×_S g^{−1}(V ) = f^{−1}(V ) ×_S g^{−1}(V ) both sides equal a_V .

Since the sheafification of F is � p,q≥0 R

qf_∗W Ω^p_X (−i), and similarly for G, we obtain (3.5.3). □ Proposition 3.5.4. The assignment Ĥ(?/S) : C_S −→ ^dRW_S , Ĥ(X/S) := � p,q≥0

R^qf_∗W Ω^p_X ,

Ĥ(a/S) := (Cor_{ĉl}(a_U ))_{U⊂S} , (cf. Lemma 3.5.3) defines a functor to de Rham-Witt modules over S. For the proof of the Proposition we will need the following lemma.

Lemma 3.5.5. Let S = Spec (R). Let X, Y be S-schemes which are smooth over k. We denote by f^∗ : W (R) −→ H^0(X, W O_X ) and g^∗ : W (R) −→ H^0(Y, W O_Y ) the maps induced by f : X −→ S and g : Y −→ S, respectively. We denote by pr_1 : X × Y −→ X and pr_2 : X × Y −→ Y the projections.

Let Z ⊂ X ×_S Y be an irreducible closed subset which is proper over Y ; we set c = codim_{X×Y} Z. Then Ĥ^∗(pr_2)(g^∗(r)) ∪ ĉl([Z]) = Ĥ^∗(pr_1)(f^∗(r)) ∪ ĉl([Z])

in H^c_Z (X × Y, W Ω^c_{X×Y} ).

Proof. Choose an open set U ⊂ X × Y such that Z ∩ U is nonempty and smooth. Since the natural map H^c_Z (X × Y, W Ω^c_{X×Y} ) → H^c_{Z∩U} (U, W Ω^c_U ) is injective (Proposition 3.4.1), it suffices to check the equality on H^c_{Z∩U} (U, W Ω^c_U ). We write ı_1 : Z ∩ U −→ (U, Z ∩ U) in Sm_∗ and ı_2 : Z ∩ U −→ U in Sm^∗ for the obvious morphisms. By using the projection formula and ĉl([Z ∩ U]) = Ĥ_∗(ı_1)(1) (3.2.3(1)) we reduce to the statement Ĥ^∗(ı_2)Ĥ^∗(pr_2)(g^∗(r)) = Ĥ^∗(ı_2)Ĥ^∗(pr_1)(f^∗(r)).

This follows from g ∘ pr_2 ∘ ı_2 = f ∘ pr_1 ∘ ı_2. □

Proof of Proposition 3.5.4. For two composable morphisms a, b in C_S , we clearly have (b ∘ a)_U = b_U ∘ a_U for every open U ⊂ S. This implies Ĥ(b ∘ a/S) = Ĥ(b/S) ∘ Ĥ(a/S). Moreover, Cor_{ĉl}(a_U ) is a morphism in ^dRW_k for all U, thus Ĥ(a/S) commutes with F, V, d. Finally, we need to show that Ĥ(a/S) induces a morphism of W (O_S )-modules. For this, we may assume that S = Spec (R) is affine, and it suffices to show that Cor_{ĉl}(a) : Ĥ(X)(−i) −→ Ĥ(Y ) is W (R)-linear. We proceed as in the proof of [CR09, Proposition 3.2.4]. The ring homomorphism f^∗ : W (R) −→ H^0(X, W O_X ) and g^∗ : W (R) −→ H^0(Y, W O_Y ) induce the W (R)-module structures on Ĥ(X) and Ĥ(Y ) via the ∪-product:

r · a = f^∗(r) ∪ a, for all r ∈ W (R) and a ∈ Ĥ(X); similarly for Ĥ(Y ). We have to prove the following equality for all r ∈ R, a ∈ Ĥ(X), and irreducible closed subsets Z ⊂ X ×_S Y :

g^∗(r) ∪ Ĥ_∗(pr_2)(Ĥ^∗(pr_1)(a) ∪ ĉl([Z])) = Ĥ_∗(pr_2)(Ĥ^∗(pr_1)(f^∗(r) ∪ a) ∪ ĉl([Z])). For this, it is enough to show that Ĥ^∗(pr_2)(g^∗(r)) ∪ ĉl([Z]) = Ĥ^∗(pr_1)(f^∗(r)) ∪ ĉl([Z]) in H^c_Z (X × Y, W Ω^c_{X×Y} ), with c the codimension of Z. Lemma 3.5.5 implies the claim. □ Proposition 3.5.6. Let X and Y be two S-schemes which are smooth over k.

(i) If Z is the transpose of the graph of a morphism h : X −→ Y over S then Ĥ([Z]/S) is the pullback morphism defined in 2.2.1.

(ii) If Z is the graph of a proper morphism h : X −→ Y over S then Ĥ([Z]/S) is the pushforward morphism defined in 2.3.1.

Proof. The statement follows from Proposition 3.4.7. □ 3.5.7. Local cup product. Let X be a smooth equidimensional k-scheme and Z ⊂ X an integral closed subscheme of codimension c. We have (see e.g. (3.4.1)) H^i_Z (X, W Ω_X ) = 0, for all i < c.

Hence there is a natural morphism in the derived category of de Rham-Witt modules on X (3.5.4) H^c_Z (W Ω_X ) → RΓ_Z W Ω_X [c] inducing an isomorphism (3.5.5) H^c_Z (X, W Ω_X ) ∼= H^0(X, H^c_Z (W Ω_X )).

We may thus define a local version of the cup product with the cycle class of Z, ĉl(Z) ∈ H^0(X, H^c_Z (W Ω_X )) (3.5.6)

W Ω_X → H^c_Z (W Ω_X )(c), α → α ∪ ĉl([Z]) := Δ^∗((−1)^{c·deg α}(α × ĉl([Z]))), as the composition

W Ω_X^{nat.}−−→ pr_{1∗}pr^{−1}_1 W Ω_X^{(−1)c·deg α(−×ĉl([Z]))}

−−−−−−−−−−−−−−→ pr_{1∗}H^c_{X×Z} (W Ω_{X×X} )(c)

Δ^∗−−→ pr

1∗Δ_∗H^c_Z (W Ω_X )(c) = H^c_Z (W Ω_X )(c) where Δ : (X, Z) → (X × X, X × Z) in (Sm^∗/X × X) is induced by the diagonal, Δ^∗ is the pullback constructed in 2.2.1 and × is the exterior product from 3.1.4. Notice that by Lemma 3.1.5 α ∪ ĉl(Z) equals (−1)^{c·deg α}α · ĉl([Z]). Lemma 3.5.8. In the above situation the cup product with ĉl([Z]), H^i(X, W Ω_X ) → H^{i+c}_Z (X, W Ω_X )(c), a → a ∪ ĉl([Z]), factors via the local cup product, i.e. equals the composition

H^i(X, W Ω_X )^{(3.5.6)}−−−−→ H^i(X, H^c_Z (W Ω_X )(c))^{(3.5.4)}−−−−→ H^{i+c}_Z (X, W Ω_X )(c). Proof. Recall that for a ∈ H^i(X, W Ω^q_X ) the cup product a ∪ ĉl([Z]) equals H^∗(Δ)((−1)^{(i+q)c}(a × ĉl([Z]))), where Δ : (X, Z) → (X ×X, X ×Z) in (Sm^∗/Spec k) is the diagonal. Therefore it suffices to show that the exterior product (3.5.7) × ĉl([Z]) : H^i(X, W Ω^q_X ) → H^{i+c}_{X×Z} (X × X, W Ω^{q+c}_{X×X} ) factors via H^i(X, −) applied to

pr^{−1}_1 W Ω^q_X → H^c_{X×Z} (W Ω_{X×X} ), α → (−1)^{ic}(α × ĉl([Z])), composed with the natural map H^c_{X×Z} (W Ω_{X×X} ) → RΓ_{X×Z} W Ω_{X×X} [c]. Let E(W_•Ω_X ) be the Cousin complex of W_•Ω_X (see 1.5.8, Lemma 1.5.9), then the complex Γ_Z E(W_•Ω_X ) equals zero in all degrees < c, hence there is a morphism of complexes (3.5.8) H^c_Z (W_•Ω_X ) → Γ_Z E(W_•Ω^c_X )[c], which, after applying lim←− to it, represents (3.5.4). We obtain the following commutative diagram

pr^{−1}_1 E(W_•Ω^q_X )^{⊠ ĉl([Z])}� E(W•Ω^q_X ) ⊠ H^c_Z (W•Ω^c_X ) � Γ_{X×Z} E(W_•Ω^{q+c}_{X×X} )[c]

pr^{−1}_1 W_•Ω^q_X

� ⊠ ĉl([Z]) �

W_•Ω^q_X ⊠ H^c_Z (W_•Ω^c_X )^× �

�

H^c_{X×Z} (W_•Ω^{q+c}_{X×X} ),

(3.5.8) �

where the top right arrow is the composition

E(W_•Ω^q_X ) ⊠ H^c_Z (W_•Ω^c_X )^{id⊠(3.5.8)}−−−−−−→ E(W_•Ω^q_X ) ⊠ Γ_Z E(W_•Ω^c_X )[c] ≃−→ (E(W_•Ω^q_X ) ⊠ Γ_Z E(W_•Ω^c_X ))[c]^{(3.1.4)}−−−−→ Γ_{X×Z} E(W_•Ω^{q+c}_{X×X} )[c].

Notice that the isomorphism (3.5.9) (E ⊠ Γ_Z E[c]) ∼= (E ⊠ Γ_Z E)[c] is given by multiplication with (−1)^{ic} on E^i ⊠ Γ_Z E^j , for all i, j (see the sign convention in [Con00, (1.3.6)]). Now we apply H^i(X, −) ∘ lim←− to the above diagram, use Proposition 3.1.7, (1), take care about the sign from (3.5.9) and use (3.2.3) and we see that (3.5.7) factors as desired. □ 3.5.9. Let h : S → T be a morphism of k-schemes. Then any two objects X, Y ∈ C_S naturally define objects in C_T (via h) and X ×_S Y ⊂ X ×_T Y is a closed subscheme. This gives a natural map CH(X × Y, P (X ×_S Y )) → CH(X × Y, P (X ×_T Y )). In this way h induces a functor C_S → C_T .

If h is fixed, we denote the image of a ∈ Hom_{CS} (X, Y ) in Hom_{CT} (X, Y ) via this functor again by a. But notice that this functor is in general not faithful. Proposition 3.5.10. Let h : S → T be a morphism of k-schemes. Let f : X → S and g : Y → S be two objects in C_S and assume that X and Y are integral and f and g are affine. Let Z ⊂ X ×_S Y be a closed integral subscheme which is finite and surjective over Y , therefore giving rise to a morphism in ^dRW_S (by Proposition 3.5.4) Ĥ([Z]/S) : f_∗W Ω_X → g_∗W Ω_Y .

Then we have the following equality of morphisms in ^dRW_T

Ĥ([Z]/T ) = � i R^ih_∗Ĥ([Z]/S) : � i R^i(hf)_∗W Ω_X → � i R^i(hg)_∗W Ω_Y .

Proof. We consider the following composition in the derived category of abelian sheaves on S:

f_∗W Ω_X^{pr∗1}−−→ R(fpr_1)_∗W Ω_{X×Y}

(3.5.10)

(3.5.6)

−−−−→ R(fpr_1)_∗H^c_Z (W Ω_{X×Y} )(c)

≃, Z⊂X×_S Y

−−−−−−−−→ R(gpr_2)_∗H^c_Z (W Ω_{X×Y} )(c)

(3.5.4)

−−−−→ g_∗Rpr_{2∗}RΓ_Z (W Ω_{X×Y} )[c](c)

(2.3.4)

−−−−→ g_∗W Ω_Y .

Notice that the third arrow only exists in the category of abelian sheaves, it is not respecting the W O_S -module structure. We claim that the composition (3.5.10) equals Ĥ([Z]/S) and that ⊕_iR^ih_∗(3.5.10) equals Ĥ([Z]/T ). This will prove the statement. Clearly it suffices to prove the last claimed equality, the first then follows with h = id.

To this end, let U ⊂ T be an open subset. We denote by X_U , Y_U and Z_U the pullbacks of X, Y and Z over U. Then Cor_{ĉl}([Z_U ]) : H^i(X_U , W Ω_{XU} ) → H^i(Y_U , W Ω_{YU} )(c) is given by the following composition

H^i(X_U , W Ω_{XU} )^{pr∗1}−−→ H^i(X_U , Rpr_{1∗}W Ω_{XU ×YU} )

≃−→ H^i(Y_U , Rpr_{2∗}W Ω_{XU ×YU} )

∪ ĉl([Z_U ])

−−−−−−→ H^i(Y_U , Rpr_{2∗}RΓ_{ZU} W Ω_{XU ×YU} [c](c))

(2.3.4)

−−−−→ H^i(Y_U , W Ω_{YU} ).

Since f and g are affine this composition equals by Lemma 3.5.8 the composition H^i(h^{−1}(U), (3.5.10)). By definition Ĥ([Z]/T ) is the sheafification of U → Cor_{ĉl}([Z_U ]) and the sheafification of U → H^i(h^{−1}(U), (3.5.10)) is R^ih_∗((3.5.10)). This proves the claim. □ 3.6. Vanishing results. Recall from Proposition 3.5.4 that we have a functor Ĥ(?/S) : C_S −→ ^dRW_S ,

Ĥ(X/S) := � p,q≥0

R^q f_∗W Ω^p_X

(cf. Definition 3.5.1 for C_S ). Let f : X −→ S, g : Y −→ S be objects in C_S , i.e. S-schemes which are smooth over k. For simplicity let us assume that X and Y are connected. For an equidimensional closed subset Z ⊂ X ×_S Y which is proper over Y and has codimension dim X + i in X × Y we obtain a morphism in ^dRW_S :

Ĥ([Z]/S) : � � � p,q≥0

R^qf_∗W Ω^p_X � � (−i) −→ � p,q≥0

R^qg_∗W Ω^p_Y .

Lemma 3.6.1. Let Z ⊂ X ×_S Y be closed subset which is proper over Y . Let r ≥ 0 be an integer. Suppose that for every point z ∈ Z the image pr_2(z) is a point of codimension ≥ r in Y . Then there is a natural number N ≥ 1 such that N · image(Ĥ([Z]/S)) ⊂ � p≥r,q≥r

R^q g_∗W Ω^p_Y .

In other words, the projection of image(Ĥ([Z]/S)) to � p<r or q<r

R^q g_∗W Ω^p_Y

is killed by N.

Proof. We may assume that Z is irreducible and X, Y are connected. We set i = dim Y − dim Z = codim_{X×Y} Z − dim X.

By using an alteration we can find a smooth equidimensional scheme D of dimension dim Y − r together with a proper morphism π : D −→ Y such that π(D) ⊃ pr_2(Z). In particular, Z is contained in the image of the map id_X ×_S π : X ×_S D −→ X ×_S Y .

Let Z_D ⊂ X ×_S D be an irreducible closed subset with dim(Z_D) = dim(Z) and (id_X × π)(Z_D ) = Z. (Z_D is automatically proper over D.) We define N to be the degree of the field extension k(Z) ⊂ k(Z_D). We obtain three maps:

Ĥ(Z/S) : Ĥ(X/S)(−i) −→ Ĥ(Y/S),

Ĥ(Z_D/S) : Ĥ(X/S)(−i) −→ Ĥ(D/S)(−r),

Ĥ(Γ(π)/S) : Ĥ(D/S)(−r) −→ Ĥ(Y/S),

(Γ(π) denotes the graph of π). We claim that

N · Ĥ(Z/S) = Ĥ(Γ(π)/S) ∘ Ĥ(Z_D/S).

Indeed, by functoriality it is sufficient to prove

N · [Z] = [Γ(π)] ∘ [Z_D]

where ∘ is the composition in C_S (see (3.5.2)). This is an easy computation in intersection theory.

Thus it is sufficient to show that image(Ĥ([Γ(π)]/S)) ⊂ � p≥r,q≥r

R^qg_∗W Ω^p_Y .

Proposition 3.5.6 implies that Ĥ([Γ(π)]/S) is the push-forward π_∗ defined in 2.3.1. Thus Ĥ([Γ(π)]/S)(R^q (g ∘ π)_∗W Ω^p_D) ⊂ R^{q+r}g_∗W Ω^{p+r}_Y ,

for all (p, q), which completes the proof. □ Lemma 3.6.2. Let Z ⊂ X ×_S Y be closed subset, which is proper over Y . Suppose that X is equidimensional of dimension d. Let r ≥ 0 be an integer. Suppose that for every point z ∈ Z the image pr_1(z) is a point of codimension ≥ r in X. Then there is a natural number N ≥ 1 such that N · � � � p>d−r or q>d−r

R^qf_∗W Ω^p_X � � ⊂ ker(Ĥ([Z]/S)).

Proof. The proof is analogous to the proof of Lemma 3.6.1. We may assume that Z is irreducible and Y connected. We set i = dim Y − dim Z = codim_{X×Y} Z − dim X.

By using an alteration we can find a smooth equidimensional scheme D of dimension d − r together with a proper morphism π : D −→ X such that π(D) ⊃ pr_1(Z). In particular, Z is contained in the image of the map π×_S id_Y : D ×_S Y −→ X ×_S Y .

Let Z_D ⊂ D ×_S Y be an irreducible closed subset with dim(Z_D) = dim(Z) and (π × id_Y )(Z_D) = Z. (Z_D is automatically proper over Y .) We define N to be the degree of the field extension k(Z) ⊂ k(Z_D). We obtain three maps:

Ĥ(Z/S) : Ĥ(X/S)(−i) −→ Ĥ(Y/S), Ĥ(Z_D/S) : Ĥ(D/S)(−i) −→ Ĥ(Y/S), Ĥ(Γ(π)^t/S) : Ĥ(X/S) −→ Ĥ(D/S),

(Γ(π)^t denotes the transpose of the graph of π). We claim that N · Ĥ(Z/S) = Ĥ(Z_D/S) ∘ Ĥ(Γ(π)^t/S).

Indeed, by functoriality it is sufficient to prove N · [Z] = [Z_D] ∘ [Γ(π)^t] where ∘ is the composition in C_S (see (3.5.2)). This is a straightforward calculation in intersection theory.

Because dim D = d − r, the map Ĥ(Γ(π)^t/S) vanishes on � p>d−r or q>d−r

R^qf_∗W Ω^p_X ,

which proves the statement. □

Remark 3.6.3. Resolution of singularities implies that Lemma 3.6.1 and 3.6.2 hold for N = 1.

3.7. De Rham-Witt systems and modules modulo torsion. 3.7.1. Let A be an abelian category (only A = dRW_X and A = ^dRW_X will be important for us). There are two natural Serre subcategories attached to torsion objects of A. We define A_{b−tor} := {X ∈ ob(A) | ∃n ∈ Z\{0} : n · id_X = 0} as full subcategory of A. We define

A_{tor} := {X ∈ ob(A) | ∃(X_i)_{i∈I} ∈ A^I_{b−tor}∃ϕ : � i∈I X_i −→ X epimorphism}

as full subcategory of A. Note that the index set I is not finite in general. Obviously, A_{b−tor} ⊂ A_{tor}.

3.7.2. If A is well-powered, i.e. the family of subobjects of any object is a set (e.g. A = ^dRW_X ), then the quotient categories A/A_{b−tor} and A/A_{tor} exist and are abelian categories. We refer to [Gab62, Chapitre III] for quotient categories. The functors q : A −→ A/A_{b−tor}, q^′ : A −→ A/A_{tor}, are exact. Moreover, q(X) = 0 if and only if X ∈ A_{b−tor}; the same statement holds for q^′ and A_{tor}. There is an obvious factorization A −→ A/A_{b−tor} −→ A/A_{tor}.

If A is the category of (left) modules over a ring R then A/A_{tor} ∼= (R ⊗_Z Q-modules).

We define A_Q := A/A_{b−tor}.

For future reference, we record the following special case. Definition 3.7.3. Let X be a scheme over k. We define ^ dRW_{X,Q} := ^dRW_X / ^dRW_{X,b−tor} as quotient category. We denote by q the projection functor q : ^dRW_X −→ ^dRW_{X,Q}.

We use the same definitions for dRW_X .

The main reason for working with the quotient A/A_{b−tor} instead of A/A_{tor} is that the Homs are well-behaved.

Proposition 3.7.4. Let A be a well-powered abelian category. Let X, Y ∈ ob(A). Then Hom_{AQ} (q(X), q(Y )) is naturally a Q-module and the map Hom_A(X, Y ) ⊗_Z Q −→ Hom_{AQ} (q(X), q(Y )) is an isomorphism.

Proof. For any n ∈ Z\{0} the morphism q(Y )^{·n}−→ q(Y ) in A_Q is invertible; therefore Q ⊂ Hom_{AQ} (q(Y ), q(Y )).

Via the composition

Hom(q(X), q(Y )) × Hom(q(Y ), q(Y )) −→ Hom(q(X), q(Y )) we see that Hom(q(X), q(Y )) is a Q-module. The Q-module structure induced by Q ⊂ Hom(q(X), q(X)) and

Hom(q(X), q(X)) × Hom(q(X), q(Y )) −→ Hom(q(X), q(Y )) is the same, because f ∘ (q(X)^{·n}−→ q(X)) = (q(Y )^{·n}−→ q(Y )) ∘ f = nf.

We need to show that the canonical map Hom_A(X, Y ) ⊗_Z Q −→ Hom_{AQ} (q(X), q(Y )) is an isomorphism.

For the injectivity it is sufficient to prove that for all f ∈ Hom_A(X, Y ) with q(f) = 0 it follows that n · f = 0 for some n ∈ Z\{0}. Indeed, q(f) = 0 implies image(f) ∈ A_{b−tor}; thus there is an integer n ≠ 0 with n · id_{image(f )} = 0. It follows that nf = 0.

For the surjectivity, let f : X −→ Y be a morphism in A such that ker(f), coker(f) ∈ A_{b−tor}; equivalently q(f) is an isomorphism. We need to show that the inverse map q(f)^{−1} is contained in the image of Hom_A(Y, X) ⊗_Z Q. Choose an integer n_1 ≠ 0 such that n_1 · id_{ker(f )} = 0. Then there exists g_1 : im(f) −→ X such that g_1 ∘ f = n_1 · id_X . Let n_2 ≠ 0 be an integer such that n_2 · id_{coker(f )} = 0. Then Y^{·n2}−−→ Y factors through im(f) and we obtain g_2 : Y^{·n2}−−→ im(f)^{g1}−→ X. Thus the image of g_2 ⊗ (n_1 · n_2)^{−1} is the inverse of q(f). □ Corollary 3.7.5. Let F : A −→ B be a functor between well-powered abelian categories. There is a natural functor F_Q : A_Q −→ B_Q defined by F_Q(q(X)) = F (X) for every object X in A, and F_Q : Hom_{AQ} (q(X), q(Y )) −→ Hom_{BQ} (F_Qq(X), F_Qq(Y )) F_Q := F ⊗_Z id_Q via the isomorphism of Proposition 3.7.4.

Remark 3.7.6. The statement of Corollary 3.7.5 also follows from F (A_{b−tor}) ⊂ B_{b−tor} by using the universal property of the quotient category.

Proposition 3.7.7. Let F : A −→ B be a left-exact functor between well-powered abelian categories. Suppose that the left derived functor RF : D^+(A) −→ D^+(B) exists. Suppose that there exist sufficiently many F -acyclic objects in A. Then F_Q : A_Q −→ B_Q is left-exact and the left derived functor RF_Q : D^+(A_Q) −→ D^+(B_Q) exists. Moreover, the diagram D^+(A)^{RF} �

D^+(q) � D^+(B)

D^+(q) � D^+(A_Q)^{RFQ} � D^+(B_Q) is commutative. Proof. Let (3.7.1) 0 −→ X^{′ f ′}−→ Y^{′ g′}−→ Z^′ −→ 0 be an exact sequence in A_Q. By [Gab62, Chapitre III,§1, Corollaire 1] we can find an exact sequence (3.7.2) 0 −→ X^f−→ Y^g−→ Z −→ 0 in A and isomorphisms X^{′ ∼=}−→ q(X), Y^{′ ∼=}−→ q(Y ), Z^{′ ∼=}−→ q(Z), such that the diagram 0 � X^{′ f} ′ � ∼= � Y^{′ g} ′ � ∼= � Z^′ � ∼= � 0

0 � q(X)^f � q(Y )^g � q(Z) � 0 is commutative. Since q is exact and qF = F_Qq, it follows that F_Q is left exact. We define

P_Q := {X^′ ∈ ob(A_Q) | ∃X ∈ ob(A) : q(X) ∼= X^′, R^iF (X) ∈ B_{b−tor} for all i > 0} as a full subcategory of A_Q. If X ∈ ob(A) is an F -acyclic object then q(X) ∈ P_Q. Therefore every object Y ∈ ob(A_Q) admits a monomorphism ı : Y −→ X with X ∈ ob(P_Q).

Suppose that in the exact sequence (3.7.1) we know that X^′ ∈ ob(P_Q). We claim that the following holds Y^′ ∈ ob(P_Q) ⇔ Z^′ ∈ ob(P_Q).

As above, we may prove the claim for (3.7.2) instead of (3.7.1). It is easy to see that R^iF (X) ∈ B_{b−tor} for all i > 0, and we conclude that qR^iF (Y )^{∼=}−→ qR^iF (Z) for all i > 0.

This implies the claim.

In the same way we can see that if (3.7.1) is an exact sequence with objects in P_Q then 0 −→ F_Q(X^′) −→ F_Q(Y^′) −→ F_Q(Z^′) −→ 0 is exact. From [Har66, I, Cor. 5.3, β] it follows that the left derived functor RF_Q : D^+(A_Q) −→ D^+(B_Q) exists. Moreover, if X is F -acyclic then q(X) is F_Q acyclic. Therefore the diagram D^+(A)^{RF} �

D^+(q) � D^+(B)

D^+(q) � D^+(A_Q)^{RFQ} � D^+(B_Q) is commutative. □ Remark 3.7.8. Let f : X → Y be a morphism between k-schemes and Φ a family of supports on X. The assumptions of the Proposition are satisfied for the functors Γ_Φ : dRW_X → dRW_X , f_∗ : dRW_X → dRW_Y , lim←− : dRW_X → ^dRW_X , f_Φ : dRW_X → dRW_Y , f̂_Φ : dRW_X → ^dRW_Y , of Proposition 1.5.6.

Notation 3.7.9. In general, we will denote by a subscript Q the image of an object of ^dRW_X (resp. of D^+( ^dRW_X )) under the localization functor q (resp. D^+(q)). If F : ^dRW_X → ^dRW_Y is a functor we will by abuse of notation denote F_Q again by F and RF_Q again by RF . Thus q(Rf_∗W Ω_X ) will be denoted by Rf_∗W Ω_{X,Q}, etc. (Warning: W Ω_{X,Q} is not the same as W Ω_X ⊗_Z Q.)

4. Witt-rational singularities All schemes in this section are quasi-projective over k.

4.1. The Witt canonical system.

4.1.1. Recall from Definition 1.8.3 the notion of a Witt residual complex. Let X be a k-scheme with structure map ρ_X : X → Spec k, then there is a canonical Witt residual complex K_X = ρ^Δ_X W_•ω (see Notation 1.9.2). This complex has the following properties:

(1) If X is smooth of pure dimension d, then there is a quasi-isomorphism of graded complexes τ_X : W_•ω_X → K_X (−d)[−d], which is compatible with localization. (Ekedahl, see Theorem 1.10.3.)

(2) If j : U → X is an open subscheme, then j^∗K_X ∼= K_U (see Proposition 1.8.8).

(3) If f : X → Y is a morphism of k-schemes, then there is a canonical isomorphism f^ΔK_Y ∼= K_X induced by c_{f,ρY} , where ρ_Y is the structure map of Y . This isomorphism is compatible with composition and localization and in case f is an open embedding also with the isomorphism in (2) (via f^∗ ∼= f^Δ). (See Proposition 1.8.8.)

(4) For a proper k-morphism f : X → Y , there is a trace map Tr_f :

f_∗K_X → K_Y , which is a morphism of complexes of Witt quasi-dualizing systems (see Definition 1.6.3); it is compatible with composition and localization (see Lemma 1.8.9).

(5) We have a functor

D_X := Hom(−, K_X ) : C(dRW_{X,qc})^o → C(dRW_X ).

It preserves quasi-isomorphisms and hence also induces a functor from D(dRW_{X,qc})^o to D(dRW_X ) (see 1.9.1).

(6) Let f : X → Y be a finite morphism. We denote by

ϑ_f : f_∗D_X (−) → D_Y (f_∗(−)) the composition

f_∗Hom(−, K_X )^{nat.}−−→ Hom(f_∗(−), f_∗K_X )^{Trf}−−→ Hom(−, K_Y ). Then ϑ_f is an isomorphism of functors on C^−(dRW_{X,qc}); it is compatible with composition and localization. (It is an isomorphism on each level by duality theory, see 1.7.3, (7); for the other assertions see Proposition 1.9.4.)

Definition 4.1.2. Let X be a k-scheme of pure dimension d. The Witt canonical system on X is defined to be the (−d)-th cohomology of K_X sitting in degree d and is denoted by W_•ω_X , i.e. W_•ω_X := H^{−d}(K_X )(−d).

Since W_•O_X is a Witt system (i.e. a de Rham-Witt system with zero differential), W_•ω_X inherits the structure of a Witt system from the canonical isomorphism K_X ∼= Hom(W_•O_X , K_X ) and 4.1.1, (5). We denote the limit with respect to π by W ω_X := lim←− π W_•ω_X .

Remark 4.1.3. Notice that in case X is smooth the above definition of W_•ω_X coincides (up to canonical isomorphism) with our earlier definition of W_•ω_X = W_•Ω^d_X , by 4.1.1, (1). But observe, in Example 1.6.4, (2) we viewed it as a Witt dualizing system, whereas now as a Witt system. This will not cause any confusion.

Proposition 4.1.4. Let X be a k-scheme of pure dimension d. Then W_•ω_X has the following properties:

(1) The sheaf W_1ω_X equals the usual canonical sheaf on X if X is normal. (2) The complex K_X is concentrated in degree [−d, 0], hence there is a natural morphism of complexes

W_•ω_X → K_X (−d)[−d].

This morphism is a quasi-isomorphism if X is Cohen-Macaulay (CM). (3) For each n the sheaf W_nω_X is a coherent sheaf on W_nX, which satisfies Serre’s condition S_2.

(4) Let j : U → X be an open subscheme which contains all 1- codimensional points of X. Then we have an isomorphism of Witt systems W_•ω_X^{≃, nat.}

−−−−→ j_∗j^∗W_•ω_X = j_∗W_•ω_U .

If X is normal, U can be chosen to be smooth, in which case we have an isomorphism j_∗W_•ω_U ≃ j_∗W_•Ω^d_U , which is induced by 4.1.1, (1) and (2). In particular the transition maps W_nω_X → W_{n−1}ω_X are surjective if X is normal.

(5) Assume X is normal. Then there is a natural isomorphism for all n

Hom(W_nω_X , W_nω_X ) ∼= H^{−d}(D_{X,n}(W_nω_X )(−d)), where D_{X,n}(−) = Hom(−, K_{X,n}). Therefore Hom(W_•ω_X , W_•ω_X ) is naturally equipped with the structure of a Witt system and multiplication induces an isomorphism of Witt systems

W_•O_X^≃−→ Hom(W_•ω_X , W_•ω_X ).

(6) Let f : X → Y be a proper morphism between k-schemes, which are both of pure dimension d. Then we define the pushforward f_∗ : f_∗W_•ω_X → W_•ω_Y as the composition in dRW_Y

f∗ : f∗W•ωX = f∗H^{−d}(KX )(−d) = H^{−d}(f∗KX )(−d)^{Trf}−−→ H^{−d}(KY )(−d) = W•ωY This morphism is compatible with composition and localization and in case X and Y are smooth coincides with the pushforward defined in Definition 2.3.1 (for S = Y .)

(7) The sequence of W_nO_X -modules

0 → i_{n∗}W_{n−1}ω_X^p−→ W_nω_X^{F n−1}−−−→ i_∗F^{n−1}_{X∗} ω_X

is exact for any n ≥ 1. Furthermore, if X is CM, then the map on the right is also surjective. (Here we write ω_X := W_1ω_X .)

Proof. (1) is clear by construction. (In the derived category of coherent sheaves K_{X,1} is isomorphic to ρ^!_X k, where ρ_X : X → Spec k is the structure map.) It suffices to prove the other statements on a fixed finite level n. (2). The codimension function associated to K_{X,n} (see 1.7.1) is given by

d_{KX,n} (x) = −trdeg(k(x)/k) = dim O_{X,x} − d

(see [Con00, (3.2.4)]). This already gives the first statement of (2). For the second statement the same argument as in [Eke84, I, 2.] works (there for smooth schemes). For the convenience of the reader we recall the argument. Let X be CM. We have to show that H^i(K_{X,n}) = 0 for all i ≠ −d. For n = 1 this follows from (1). We have an exact sequence of coherent W_nO_X -modules

0 → i_∗F^{n−1}_{X∗} O_X^{V n−1}−−−→ W_nO_X^π−→ i_{n∗}W_{n−1}O_X ,

where F_X denotes the absolute Frobenius on X and i, i_n denote the closed embeddings X → W_nX, W_{n−1}X → W_nX. Applying RHom_{Wn OX} (−, K_{X,n}) to it and using duality for the finite morphisms iF^{n−1}_X and i_n (cf. 4.1.1, (6)) we obtain a triangle in D(W_nO_X )

(4.1.1) i_{n∗}K_{X,n−1} → K_{X,n} → (iF^{n−1}_X )_∗K_{X,1} → i_{n∗}K_{X,n−1}[1].

Therefore the statement follows by induction.

(3). Since K_{X,n} is a residual complex, it has coherent cohomology by definition. To prove the S_2 property of W_nω_X it suffices to show

(4.1.2) � Ext^0_{WnOX,x} (k(x), W_nω_{X,x}) = 0, for all x ∈ X^{(1)} Ext^i_{WnOX,x} (k(x), W_nω_{X,x}) = 0, for i = 0, 1 and all x ∈ X^{(2)},

where X^{(c)} denotes the points of codimension c. By the formula for the codimension function associated to K_{X,n} above and [Har66, V, §7], we have

(4.1.3) Ext^i_{WnOX,x} (k(x), K_{X,n}) = � 0, if x ∉ X^{(i+d)}, k(x), if x ∈ X^{(i+d)}.

Thus the vanishing (4.1.2) can easily be deduced from the spectral sequence

E^{i,j}_2 = Ext^i(k(x), H^j (K_{X,n})) ⇒ Ext^{i+j} (k(x), K_{X,n})

and the vanishing E^{i,j}_2 = 0 if i < 0 or j ∉ [−d, 0] (by (2)). (4). The first morphism is bijective by (3) and [SGA2, Exp. III, Cor. 3.5]. (5). The first isomorphism is obtained by considering the spectral sequence

Ext^i(W_nω_X , H^j (K_{X,n})) ⇒ Ext^{i+j} (W_nω_X , K_{X,n}) = H^{i+j} (D_{X,n}(W_nω_X ))

and using that H^j (K_{X,n}) ≠ 0 only for j ∈ [−d, 0], by (2). The second isomorphism can easily be deduced from (4), the isomorphism W_nO_X^≃−→ j_∗W_nO_U (W_nO_X is S_2) and the corresponding statement for smooth schemes, see 1.10.1. (6) The equality f_∗H^{−d}(K_X ) = H^{−d}(f_∗K_X ) follows from the spectral sequence R^if_∗H^j (K_X ) ⇒ R^{i+j} f_∗K_X , (2) above and from Rf_∗K_X = f_∗K_X . The other statements follow from 4.1.1, (4).

(7) Recall that F and p on W_•ω_X are defined by the isomorphism K_X ∼= Hom(W_•O_X , K_X ) and the formulas in 1.6.6. Thus the exact sequence in (7) is the result of applying H^{−d} to the triangle (4.1.1) above and using the isomorphisms p ∘ ϵ_i and V ∘ ϵ_{σi} from 1.6.5. □ Definition 4.1.5. Let f : X → Y be a finite and surjective k-morphism between integral normal schemes both of dimension d.

(1) We define a pullback morphism in dRW_Y f^∗ : W_•ω_Y → f_∗W_•ω_X as follows: Choose open and smooth subschemes j_X : U → X and j_Y : V → Y , which contain all 1-codimensional points of X and Y respectively and such that f restricts to a morphism f^′ : U → V . We define f^∗ as the composition

W_•ω_Y^{≃,}

4.1.4,(5) −−−−−−−−→ j_{Y ∗}W_•Ω^d_V^{f ′∗}−−→ j_{Y ∗}f^′_∗W_•Ω^d_U^{≃,}

4.1.3 −−−−−→ f_∗j_{X∗}W_•ω_U ≃, 4.1.4,(5) −−−−−−−−→ f_∗W_•ω_X .

It is straightforward to check, that this morphism is independent of the choice of U. We also write f^∗ for the sum of the natural pullback on W_•O with the just defined pullback, i.e.

f^∗ : W_•O_Y ⊕ W_•ω_Y → f_∗(W_•O_X ⊕ W_•ω_X ). Taking the limit we obtain a pullback in ^dRW_Y

f^∗ : W O_Y ⊕ W ω_Y → f_∗(W O_X ⊕ W ω_X ). (2) We define a pushforward in dRW_Y f_∗ : f_∗W_•O_X → W_•O_Y as the composition

f_∗W_•O_X^{≃,}

4.1.4,(5) −−−−−−−−→ f_∗Hom(W_•ω_X , W_•ω_X ) ≃, 4.1.4,(5) −−−−−−−−→ H^{−d}(f_∗D_X (W_•ω_X )(−d))

≃, ϑ_f

−−−→ H^{−d}(D_Y (f_∗W_•ω_X )(−d))

D_Y (f^∗), (1)

−−−−−−−→ H^{−d}(D_Y (W_•ω_Y )(−d)) ≃,4.1.4,(5) −−−−−−−→ Hom(W_•ω_Y , W_•ω_Y ) ≃, 4.1.4,(5) −−−−−−−−→ W_•O_Y .

We also write f_∗ for the sum of the pushforward on f_∗W_•ω_X defined in Proposition 4.1.4, (6) with the just defined pushforward. Taking the limit we obtain a pushforward in ^dRW_Y

f_∗ : f_∗(W O_X ⊕ W ω_X ) → W O_Y ⊕ W ω_Y .

Lemma 4.1.6. Let f : X → Y be a finite and surjective k-morphism between normal integral schemes of dimension d.

(1) Let j_Y : V → Y be an open smooth subscheme, which contains all 1- codimensional points of Y and such that U := f^{−1}(V ) ⊂ X is smooth and contains all 1-codimensional points of X (e.g. V = Y \ f(X_{sing})). Denote by j_X : U → X and f^′ : U = f^{−1}(V ) → V the pullbacks. Then

j^∗_X ∘ f^∗ = f^{′∗} ∘ j^∗_Y , j^∗_Y ∘ f_∗ = f^′_∗ ∘ j^∗_X ,

where f^{′∗} is the pullback defined in Definition 2.2.1 and f^′_∗ is the pushforward defined in Definition 2.3.1 (with S = V ).

(2) The composition f_∗ ∘ f^∗ equals the multiplication with the degree of f.

Proof. The first part of (1) follows from the fact that all the maps in the definitions of f_∗ and f^∗ are compatible with localization; the second part follows immediately from the definitions. For (2) we have to check that f_∗ ∘f^∗ −deg f = 0 in Hom(W_•O_Y , W_•O_Y ) = W_•O_Y and in Hom(W_•ω_Y , W_•ω_Y ) = W_•O_Y . It suffices to check this on some open V ⊂ Y and hence the assertion follows from (1) and Proposition 2.3.4 (Gros). □

4.2. Topological finite quotients.

4.2.1. Universal homeomorphisms. Recall that a morphism of k-schemes u : X → Y is a universal homeomorphism if for any Y^′ → Y the base change morphism u^′ : X ×_Y Y^′ → Y^′ is a homeomorphism. By [EGAIV(4), Cor. (18.12.11)] this is equivalent to say that u is finite, surjective and radical. In case X and Y are integral and Y is normal it follows from [EGAI, Prop. (3.5.8)], that u is a universal homeomorphism if and only if u is finite, surjective and purely inseparable (i.e. k(Y ) ⊂ k(X) is purely inseparable).

4.2.2. Relative Frobenius. We denote by σ : Spec k → Spec k the Frobenius (we will not use the notation from section 1.2 any longer); for a k-scheme X we denote by X^{(n)} the pullback of X along σ^n : Spec k → Spec k and by σ^n_X : X^{(n)} → X the projection. Notice that since k is perfect, σ^n_X is an isomorphism of F_p-schemes. The n-th relative Frobenius of X over k is by definition the unique k-morphism F^n_{X/k} : X → X^{(n)} which satisfies σ^n_X ∘ F^n_{X/k} = F^n_X , where F_X : X → X is the absolute Frobenius morphism of X. Clearly F^n_{X/k} is a universal homeomorphism.

Lemma 4.2.3. Let u : X → Y be a morphism between integral k-schemes, which is a universal homeomorphism and assume that Y is normal. Then deg u = p^n for some natural number n and there exits a universal homeomorphism v : Y →

X^{(n)} such that the following diagram commutes

X^F n X/k � u � X^{(n)},

u×id_{Spec k} � Y v � � � � � F^n_{Y /k}

� Y (n).

Proof. We may assume X = Spec B and Y = Spec A. Then by 4.2.1 u^∗ : A → B is an inclusion of k-algebras which makes k(A) ⊂ k(B) a purely inseparable field extension of degree p^n. F^{n∗}_{X/k} is given by B ⊗_{k,σ}n k → B, b ⊗ λ → b^{pn} λ. But b^{pn} ∈ k(A) ∩ B = A by the normality of Y . Therefore F^{n∗}_{X/k} factors via u^∗ : A → B. We obtain a homomorphism of k-algebras B ⊗_{k,σ}n k → A, which gives rise to a k-morphism v : Y → X^{(n)}. It follows that v is a universal homeomorphism, which makes the diagram in the statement commutative. □

Lemma 4.2.4. Let u : X → Y be a universal homeomorphism between two integral and normal schemes. Let u_∗ and u^∗ be the pushforward and the pullback from Definition 4.1.5. Then

u_∗u^∗ = deg u · id_{(W OY ⊕W ωY )}, u^∗u_∗ = deg u · id_{u∗(W OX ⊕W ωX )}.

Proof. The equality on the left is a particular case of Lemma 4.1.6, (2). To prove the equality on the right we may assume that X and Y are smooth (by Proposition 4.1.4 and the corresponding statement for W O). Then by Lemma 4.1.6, (1) and Proposition 3.5.6, we have u_∗ = Ĥ([Γ]/Y ) and u^∗ = Ĥ([Γ^t]/Y ), where Γ ⊂ X × Y is the graph of u and Γ^t its transpose. Therefore we are reduced to show

(4.2.1) [Γ^t] ∘ [Γ] = deg u · [Δ_X ] in CH(X × X, P (X ×_Y X)),

where Δ_X ⊂ X ×X is the diagonal. But since u is flat (being a finite and surjective morphism between integral and smooth schemes) and a homeomorphism, we have

[Γ^t] ∘ [Γ] = [X ×_Y X] = dim_{k(X)}(k(X) ⊗_{k(Y )} k(X)) · [Δ_X ] = deg u · [Δ_X ]. □ Definition 4.2.5. Let X be a normal and equidimensional scheme. We say that X is a finite quotient if there exists a finite and surjective morphism from a smooth scheme Y → X. We say that X is a tame finite quotient if this morphism can be chosen to have its degree (as a locally constant function on Y ) not divisible by p. We say that X is a topological finite quotient if there exists a universal homeomorphism u : X → X^′ to a finite quotient X^′.

Remark 4.2.6. If X^′ is a finite quotient, so is X^{′(n)}. It follows from Lemma 4.2.3 that if X is normal and equidimensional and if there exists a universal homeomorphism u : X^′ → X with a source a finite quotient X^′, then X is a topological finite quotient.

Topological finite quotients are good to handle because of the following Proposition.

Proposition 4.2.7. Consider morphisms Z u � X^f � Y, where X is smooth and integral, Y , Z are normal and integral, f is finite and surjective and u is a universal homeomorphism. Let a : Y → S be a morphism to some k-scheme S. Set β := pr_{1,3∗}[X ×_Y Z ×_Y X] in Hom^0_{CS} (X, X) = CH^{dim X} (X × X, P (X ×_S X)), where pr_{1,3} : X × Z × X → X × X is the projection (see 3.5 for the notation). Then for all i the composition

f^∗ ∘ u_∗ : R^i(au)_∗(W O_Z ⊕ W ω_Z )_Q → R^i(af)_∗(W O_X ⊕ W ω_X )_Q induces an isomorphism in ^dRW_S

R^i(au)_∗(W O_Z ⊕ W ω_Z )_Q ∼= Ĥ(β/S)(R^i(af)_∗(W O_X ⊕ W ω_X )_Q), where Ĥ(β/S) is the morphism from Proposition 3.5.4 (see Notation 3.7.9 for the meaning of the subscript Q).

Proof. First of all notice that both f and u are finite and universally equidimensional. It follows that β defines an element in CH^{dim X} (X × X, P (X ×_Y X)), a fortiori in CH^{dim X} (X × X, P (X ×_S X)). In particular, Proposition 3.5.4 yields a morphism Ĥ(β/Y ) : f_∗(W O_X ⊕ W ω_X ) → f_∗(W O_X ⊕ W ω_X ).

We claim (4.2.2) Ĥ(β/Y ) = f^∗u_∗u^∗f_∗, with f_∗, u_∗, u^∗, f^∗ as in Definition 4.1.5. By Proposition 4.1.4, (4) and Lemma 4.1.6, (1) and since Ĥ(β/Y ) is compatible with localization in Y (just by construction), we may assume, that X, Y and Z are smooth. Then β = [Γ^t_f ] ∘ [Γ_u] ∘ [Γ^t_u] ∘ [Γ_f ], where we denote by Γ^t_f ⊂ Y ×X the transpose of the graph of f, etc. Therefore claim (4.2.2) follows from Proposition 3.5.6. Thus Proposition 3.5.10 implies that

Ĥ(β/S)(R^i(af)_∗(W O_X ⊕ W ω_X ) = Image(f^∗u_∗u^∗f_∗ : R^i(af)_∗(W O_X ⊕ W ω_X ) → R^i(af)_∗(W O_X ⊕ W ω_X )).

Thus the assertion follows from (u^∗f_∗)(f^∗u_∗) = deg f deg u · id (by Lemma 4.1.6, (a) and Lemma 4.2.4). □

4.3. Quasi-resolutions and relative Hodge-Witt cohomology.

Definition 4.3.1. We say that a morphism between two integral k-schemes f : X → Y is a quasi-resolution if the following conditions are satisfied:

(1) X is a topological finite quotient, (2) f is projective, surjective, and generically finite, (3) the extension of the function fields k(Y ) ⊂ k(X) is purely inseparable.

Condition (2) and (3) are for example satisfied if f is projective and birational. Let X, Y be integral and normal. In general, every projective, surjective and generically finite morphism f : X −→ Y can be factored through the normalization Y^′ of Y in the function field k(X) of X:

f : X^{f ′}−→ Y^{′ u}−→ Y.

The morphism f^′ is birational and u is finite. If k(Y ) ⊂ k(X) is purely inseparable then u is a universal homeomorphism.

Remark 4.3.2. Let X be an integral k-scheme. It follows from the proof of [dJ97, Cor. 5.15] (cf. also [dJ96, Cor. 7.4]), that there exists a finite and surjective morphism from a normal integral scheme u : X^′ → X, such that k(X) ⊂ k(X^′) is purely inseparable and a smooth, integral and quasi-projective scheme X^{′′}, with a finite group G acting on it such that there is a projective and birational morphism f : X^{′′}/G → X^′. In particular X has a quasi-resolution

X^{′′}/G^f−→ X^{′ u}−→ X.

Theorem 4.3.3. Let Y be a topological finite quotient and f : X → Y a quasiresolution. Then the pullback f^∗ and the pushforward (see Proposition 4.1.4, (6)) induce isomorphisms in D^b( ^dRW_{Y,Q})

f^∗ : W O_{Y,Q}^≃−→ Rf_∗W O_{X,Q}, Rf_∗W ω_{X,Q} ∼= f_∗W ω_{X,Q}[0]^{f∗, ≃}−−−→ W ω_{Y,Q}.

Proof. We can assume that X and Y are integral schemes of dimension d and (by Lemma 4.2.4) also that they are finite quotients. Thus there exist smooth integral schemes X^′ and Y^′ together with finite and surjective morphisms a : X^′ → X and b : Y^′ → Y . Let

X^π−→ X_1^u−→ Y,

be a factorization of f, with π projective and birational, X_1 normal and u a universal homeomorphism. We can find a non-empty smooth open subscheme U_0 ⊂ Y , such that U_1 := u^{−1}(U_0), U_2 := π^{−1}(U_1), U^′_0 := b^{−1}(U_0) and U^′_2 := a^{−1}(U_2) are smooth and π|U_2 is an isomorphism. Notice that a|U^′_2, b|U^′_0 and u|U_1 are then automatically flat. Set Z^′_0 := Y^′ \ U^′_0 and Z^′_2 := X^′ \ U^′_2. We define α := [X^′ ×_X X^′] ∈ CH^d(X^′ × X^′, P (X^′ ×_X X^′)),

β := [Y^′ ×_Y Y^′] ∈ CH^d(Y^′ × Y^′, P (Y^′ ×_Y Y^′)), γ := [X^′ ×_Y Y^′] ∈ CH^d(X^′ × Y^′, P (X^′ ×_Y Y^′)).

(See 3.5 for the notation.) These cycles are well-defined since a : X^′ → X and b : Y^′ → Y are universally equidimensional. We claim (4.3.1) deg b · (γ ∘ α) − deg a · (β ∘ γ) ∈ image(CH(Z^′_2 ×_Y Z^′_0)), (4.3.2) deg a · (γ^t ∘ β) − deg b · (α ∘ γ^t) ∈ image(CH(Z^′_0 ×_Y Z^′_2)), (4.3.3) (γ^t ∘ γ ∘ α) − (deg a deg b deg u) · α ∈ image(CH(Z^′_2 ×_Y Z^′_2)), (4.3.4) (γ ∘ γ^t ∘ β) − (deg a deg b deg u) · β ∈ image(CH(Z^′_0 ×_Y Z^′_0)). Observe that (U^′_2 ×_Y Y^′) ∪ (X^′ ×_Y U^′_0) = U^′_2 ×_{U0} U^′_0 etc. Thus using the localization sequence we see that it suffices to prove

deg b · (γ_{|U} ′_{2×U} ′_0 ∘ α_{|U} ′_{2 ×U} ′_2 ) = deg a · (β_{|U} ′_{0×U} ′_0 ∘ γ_{|U} ′_{2 ×U} ′_0 ) ∈ CH(U^′_2 ×_{U0} U^′_0), deg a · (γ^t_{|U} ′_{0×U} ′_2 ∘ β_{|U} ′_{0 ×U} ′_0 ) = deg b · (α_{|U} ′_{2×U} ′_2 ∘ γ^t_{|U} ′_{0 ×U} ′_2 ) ∈ CH(U^′_0 ×_{U0} U^′_2), (γ^t_{|U} ′_{0 ×U} ′_2 ∘ γ_{|U} ′_{2×U} ′_0 ∘ α_{|U} ′_{2 ×U} ′_2 ) = (deg a deg b deg u) · α_{|U} ′_{2 ×U} ′_2 ∈ CH(U^′_2 ×_{U0} U^′_2), (γ_{|U} ′_{2 ×U} ′_0 ∘ γ^t_{|U} ′_{0×U} ′_2 ∘ β_{|U} ′_{0 ×U} ′_0 ) = (deg a deg b deg u) · β_{|U} ′_{0 ×U} ′_0 ∈ CH(U^′_0 ×_{U0} U^′_0). Obviously α_{|U} ′_{2 ×U} ′_2 = [Γ^t_{a|U} ′_2 ] ∘ [Γ_{a|U} ′_2 ], β_{|U} ′_{0 ×U} ′_0 = [Γ^t_{b|U} ′_0 ] ∘ [Γ_{b|U} ′_0 ], γ_{|U} ′_{2 ×U} ′_0 = [Γ^t_{b|U} ′_0 ] ∘ [Γ_{u|U1} ] ∘ [Γ_{π|U2} ] ∘ [Γ_{a|U} ′_2 ].

Thus the claim follows from

[Γ_{u|U1} ] ∘ [Γ^t_{u|U1} ] = deg u · [Δ_{U0} ], [Γ^t_{u|U1} ] ∘ [Γ_{u|U1} ] = deg u · [Δ_{U1} ]; see (4.2.1) for the equality on the right.

In view of the vanishing Lemmas 3.6.1 and 3.6.2, we see that (4.3.1) implies, that Ĥ(γ/Y ) induces a morphism

Ĥ(α/Y ) � � i R^i(fa)_∗(W O_X ′ ⊕ W ω_X ′ )_Q � → Ĥ(β/Y ) (b_∗(W O_Y ′ ⊕ W ω_Y ′ )_Q)

and (4.3.2) implies that Ĥ(γ^t/Y ) induces a morphism

Ĥ(β/Y ) (b_∗(W O_{Y ′} ⊕ W ω_{Y ′} )_Q) → Ĥ(α/Y ) ( ⨁ i R^i(fa)∗(W O_X′ ⊕ W ω_X′ )_Q ) . By (4.3.3) and (4.3.4) these morphisms are inverse to each other, up to multiplication with (deg a deg b deg u). By Proposition 4.2.7 a^∗ induces for all i an isomorphism R^if_∗(W O_X ⊕W ω_X )_Q → Ĥ(α/Y )(R^i(fa)_∗(W O_X ′ ⊕W ω_X ′ )_Q) and b^∗ induces an isomorphism (W O_Y ⊕W ω_Y )_Q → Ĥ(β/Y )(b_∗(W O_Y ′ ⊕W ω_Y ′ )_Q). This gives R^if_∗W O_{X,Q} = 0 = R^if_∗W ω_{X,Q}, for all i ≥ 1. It also gives isomorphisms in cohomological degree 0, but it is not immediately clear that these coincide with pullback and pushforward. But since X_1 is normal and π : X → X_1 is birational, the pullback π^∗ : W O_{X1} → π_∗W O_X clearly is an isomorphism and hence so is f^∗ : W O_{Y,Q} → f_∗W O_{X,Q}, by Lemma 4.2.4. Now the statement follows from the next lemma. □

Lemma 4.3.4. Let f : X → Y be a proper morphism between k-schemes of the same pure dimension d and assume that the pullback morphism f^∗ : W O_{Y,Q}^≃−→ Rf_∗W O_{X,Q} is an isomorphism in D( ^dRW_{Y,Q}). Then the pushforward (see Proposition 4.1.4, (6))

f_∗ : f_∗W ω_{X,Q}^≃−→ W ω_{Y,Q}

is an isomorphism. More precisely, there exists a natural number N ≥ 1 such that kernel and cokernel of f_∗W_nω_X → W_nω_Y are N-torsion for all n ≥ 1.

Proof. By assumption we find a natural number N ≥ 1 such that R^if_∗W O_X , i ≥ 1, as well as kernel and cokernel of f^∗ : W O_Y → f_∗W O_X are all N-torsion. It follows from the short exact sequence

0 → W O^{V n}−−→ W O → W_nO → 0

that there exists a natural number M ≥ 1 (e.g. M = N^2) such that R^if_∗W_•O_X , i ≥ 1, as well as kernel and cokernel of f^∗ : W_•O_Y → f_∗W_•O_X are M-torison. Let C_n be the cone of f^∗ : W_nO_Y → Rf_∗W_nO_X in D^b_{qc}(W_nO_Y ). (Here we write f_∗ instead of W_n(f)_∗ etc.) Then the above can be rephrased by saying, that H^i(C_n) is M-torsion for all i ∈ Z and all n ≥ 1. Now applying the dualizing functor D_{WnY} to the triangle in D^b_{qc}(W_nO_Y )

W_nO_Y → Rf_∗W_nO_X → C_n → W_nO_Y [1]

and using the duality isomorphism D_{WnY} Rf_∗ ∼= Rf_∗D_{WnX} yields a triangle in D^b_{qc}(W_nO_Y )

D_{WnY} (C_n) → Rf_∗K_{X,n} → K_{Y,n} → D_{WnY} (C_n[−1]).

Taking H^{−d}, we obtain an exact sequence

Ext^{−d}(C_n, K_{Y,n}) → R^{−d}f_∗K_{X,n} → W_nω_Y → Ext^{−d}(C_n[−1], K_{Y,n}).

As in Proposition 4.1.4, (6) the morphism in the middle is just the pushforward f_∗ : f_∗W_nω_X → W_nω_Y . Consider the spectral sequence

E^{i,j}_2 = Ext^i(H^{−j} (C_n), K_{Y,n}) ⇒ Ext^{i+j} (C_n, K_{Y,n}).

The filtration on Ext^{i+j} (C_n, K_{Y,n}) induced by this spectral sequence is finite and the E_2-terms are M-torsion. Thus the groups Ext^{−d}(C_n[−1], K_{Y,n}) and Ext^{−d}(C_n, K_{Y,n}) are M^r-torsion, for some r >> 0. In fact r only depends on the length of the filtration of the above spectral sequence and since this length is bounded for all n ≥ 1, we may choose r to work for all n. It follows that kernel and cokernel of f_∗ : f_∗W_nω_X → W_nω_Y are M^r-torsion; hence kernel and cokernel of the limit f_∗ : f_∗W ω_X → W ω_Y as well. This yields the statement. □

4.4. Rational and Witt-rational singularities. A special class of singularities which appear naturally in higher dimensional geometry are the rational singularities. Essentially, rational singularities do not affect the cohomological properties of the structure sheaf.

Definition 4.4.1 ([KKMS73, p. 50]). Let S be a normal variety and f : X −→ S a resolution of singularities (i.e. f is projective and birational and X is smooth). We say that f is a rational resolution if

(1) R^if_∗O_X = 0, for i > 0, (2) R^if_∗ω_X = 0 for i > 0 (this always holds by Grauert-Riemenschneider if the characteristic of the ground field is zero (see e.g. [KM98, Cor.2.68]), but is needed in positive characteristic).

We say that Y has rational singularities if a rational resolution exists.

An immediate problem with the definition of rational singularities in positive characteristic is that the existence of a resolution of singularities is assumed. For example, tame quotient singularities are rational singularities provided that a resolution of singularities exists [CR09, Theorem 2].

If an integral normal scheme Y over a field has one rational resolution, then all resolutions are rational, i.e. rational singularities are an intrinsic property of Y . (In characteristic zero, this was proved by Hironaka, see [CR09, Theorem 1] for the characteristic p case.)

In characteristic zero, Kovács [Kov00] observed that one can replace condition (1) in Definition 4.4.1 by the following condition: there is an alteration f : X −→ S such that the natural morphism O_S −→ Rf_∗O_X admits a splitting in the derived category of coherent sheaf on S. The main tool in the proof is Grauert-Riemenschneider vanishing, and this characterization does not hold in positive characteristic.

In order to study congruence formulas for the number of points of a variety over a finite field, Blickle and Esnault [BE08] introduced the notion of Witt-rational singularities.

Definition 4.4.2 ([BE08, Def. 2.3]). Let S be an integral k-scheme and f : X −→ S a generically étale alteration with X a smooth k-scheme. We say that S has BE-Witt-rational singularities if the natural morphism

W O_S ⊗_Z Q −→ Rf_∗W O_X ⊗_Z Q admits a splitting in the derived category of sheaves of abelian groups on X.

We call the singularities defined in [BE08] BE-Witt-rational singularities, rather than Witt-rational singularities, because we will redefine Witt-rational singularities in 4.4.4. We remark:

Proposition 4.4.3. The notion of BE-Witt-rational singularities is independent of the chosen generically étale alteration. More precisely, if an integral scheme S has BE-Witt-rational singularities, then for any alteration

(not necessarily generically étale) g : Y → S, with Y smooth, the pullback g^∗ : W O_S ⊗_Z Q → Rg_∗W O_Y ⊗_Z Q admits a splitting in the derived category of sheaves of abelian groups on X.

Proof. Obviously it suffices to prove that if f : X → Y is an alteration between smooth schemes, then the composition

W O_Y^{f ∗}−→ Rf_∗W O_X^{f∗}−→ W O_Y

is multiplication with [k(X) : k(Y )], where f_∗ is the pushforward from Definition 2.3.1. It suffices to check this on some non-empty open subscheme U of Y such that f|f^{−1}(U) is finite. Thus the statement follows from Proposition 2.3.4 (Gros). □

Definition 4.4.4. We say that an integral k-scheme S has Witt-rational singularities if for any quasi-resolution (see Definition 4.3.1) f : X → S the following conditions are satisfied:

(1) f^∗ : W O_{S,Q}^≃−→ f_∗W O_{X,Q} is an isomorphism. (2) R^if_∗W O_{X,Q} = 0, for all i ≥ 1. (3) R^if_∗W ω_{X,Q} = 0, for all i ≥ 1.

In case only the first two properties are satisfied we say S has W O-rational singularities. (See Notation 3.7.9 for the meaning of the subscript Q.)

Remark 4.4.5. Notice that if S is normal, then condition (1) above is automatically satisfied. Indeed, each quasi-resolution f : X → S can be factored as X^π−→ X_1^u−→ S with X_1 normal, π projective and birational and u an universal homeomorphism; thus condition (1) is satisfied by Lemma 4.2.4.

Proposition 4.4.6. Let S be an integral k-scheme. Then the following statements are equivalent:

(1) S has Witt-rational singularities.

(2) There exists a quasi-resolution f : X → S satisfying (1), (2), (3) of Definition 4.4.4.

(3) There exists a quasi-resolution f : X → S, such that there are isomorphisms in D^b( ^dRW_{S,Q}) (4.4.1)

f^∗ : W O_{S,Q}^≃−→ Rf_∗W O_{X,Q}, Rf_∗W ω_{X,Q} ∼= f_∗W ω_{X,Q}[0]^{f∗, ≃}−−−→ W ω_{S,Q}.

(4) For all quasi-resolutions f : X → S the morphisms (4.4.1) are isomorphisms.

Proof. Clearly (1) ⇒ (2) and (4) ⇒ (1). (2) ⇒ (3) follows from Lemma 4.3.4. For (3) ⇒ (4) notice that by de Jong (see Remark 4.3.2) any two quasiresolutions of S can be dominated by a third one. Thus the statement follows from Theorem 4.3.3. □

There is an obvious analog of this proposition for W O-rational singularities.

Corollary 4.4.7. Topological finite quotients over k have Witt-rational singularities.

Remark 4.4.8. In characteristic 0 finite quotients always have rational singularities (see e.g. [KM98, Prop. 5.13]). In characteristic p > 0 this is not the case. Indeed let G = Z/p^nZ act linearly on a finite dimensional k-vector space, where k is assumed to be algebraically closed. Then it is shown in [ES80], that A(V )/G is not CM, provided that dim_k V > dim_k V^G + 2. In particular A(V )/G cannot have rational singularities in the sense of Definition 4.4.1, which are always CM. This also shows that Witt-rational singularities do no need to be CM.

Proposition 4.4.9. Let u : Y −→ Y^′ be a universal homeomorphism between normal schemes. Then Y has Witt-rational singularities if and only if Y^′ has Witt-rational singularities.

Proof. If f : X −→ Y is a quasi-resolution then u ∘ f is a quasi-resolution. For all i > 0 we get

R^i(u ∘ f)_∗W O_{X,Q} = u_∗R^if_∗W O_{X,Q}, R^i(u ∘ f)_∗W ω_{X,Q} = u_∗R^if_∗W ω_{X,Q},

and thus

R^i(u ∘ f)_∗W O_{X,Q} = 0 ⇔ R^if_∗W O_{X,Q} = 0,

R^i(u ∘ f)_∗W ω_{X,Q} = 0 ⇔ R^if_∗W ω_{X,Q} = 0. □ Definition 4.4.10. Let S be a k-scheme and X and Y two integral S-schemes. We say that X and Y are quasi-birational over S if there exists a commutative diagram Z π_X � �^πY � � X � � Y � � S, with π_X and π_Y quasi-resolutions (see Definition 4.3.1). We say that the triple (Z, π_X , π_Y ) (or just Z if we do not need to specify π_X and π_Y ) is a quasibirational correspondence between X and Y .

Since quasi-resolutions always exist (see Remark 4.3.2), two integral projective S-schemes X and Y are quasi-birational over S if and only if the generic points of X and Y map to the same point η in S and there exists a field L with a homomorphism O_{S,η} → L and inclusions of O_{S,η}-algebras k(X) → L, k(Y ) → L, which make L a finite and purely inseparable field extension of k(X) and k(Y ). In particular this is the case if k(X) and k(Y ) are isomorphic as O_{S,η}- algebras.

Corollary 4.4.11. Let S be a k-scheme and f : X → S and g : Y → S two S-schemes, which are integral, have Witt-rational singularities and are quasi-birational over S to each other. Then the choice of a quasi-birational correspondence between X and Y induces isomorphisms in D^b( ^dRW_S )

(4.4.2) Rf_∗W O_{X,Q} ∼= Rg_∗W O_{Y,Q}, Rf_∗W ω_{X,Q} ∼= Rg_∗W ω_{Y,Q}.

Moreover, two quasi-birational correspondences Z and Z^′ induce the same isomorphisms if there exists a field L with a homomorphism O_{S,η} → L (η ∈ S being the common image of the generic points of X and Y ) and inclusions of O_{S,η}-algebras k(Z) → L, k(Z^′) → L, which make L a finite and purely inseparable field extension of k(Z) and k(Z^′), such that the composite inclusions k(X), k(Y ) → k(Z) → L and k(X), k(Y ) → k(Z^′) → L are equal.

Proof. A quasi-birational correspondence (Z, π_X , π_Y ) between X and Y induces an isomorphism

Rf_∗W O_{X,Q}^{π∗X , ≃}−−−−→ Rf_∗Rπ_{X∗}W O_{Z,Q} ∼= Rg_∗Rπ_{Y ∗}W O_{Z,Q}^{≃, π∗Y}←−−−− Rg_∗W O_{Y,Q},

and similar for W ω. For the second statement first notice that if (Z, π_X , π_Y ) and (Z^′, π^′_X , π^′_Y ) are two quasi-birational correspondences between X and Y and if there is a quasi-resolution a : Z^′ → Z such that π^′_X = π_X ∘ a and π^′_Y = π_Y ∘ a, then they induce the same isomorphisms (4.4.2). If we are given two arbitrary quasi-birational correspondences Z and Z^′ between X and Y and a field L as is the statement of the corollary, then we can take a quasi-resolution of the closure of the image of Spec L → Z ×_S Z^′ to obtain a quasi-birational correspondence Z^{′′} between X and Y mapping via a quasi-resolution to Z and Z^′ and is compatible with π_X , π^′_X , π_Y , π^′_Y in the obvious sense. This proves the statement. □

Corollary 4.4.12. In the situation of Corollary 4.4.11 assume that S is integral and f and g are generically finite and purely inseparable. Then any quasibirational correspondence between X and Y induces the same isomorphism in D^b( ^dRW_S )

Rf_∗W O_{X,Q} ∼= Rg_∗W O_{Y,Q}, Rf_∗W ω_{X,Q} ∼= Rg_∗W ω_{Y,Q}.

Corollary 4.4.13. Let S be a k-scheme and f : X → S be an integral and projective S-scheme, which has Witt-rational singularities. Let k(X)^{perf} be the perfect closure of k(X) and η ∈ S the image of the generic point of X. Then End_{OS,η −alg}(k(X)^{perf} ) is acting on Rf_∗W O_{X,Q} and Rf_∗W ω_{X,Q} as objects in D^b( ^dRW_S ).

Proof. An element σ in End_{OS,η −alg}(k(X)^{perf} ) will when composed with k(X) → k(X)^{perf} factor over a finite and purely inseparable extension L of k(X). By the remark after Definition 4.4.10 it hence gives rise to a quasibirational correspondence of X with itself and thus yields the promised welldefined action by Corollary 4.4.11. □

Remark 4.4.14. The above corollaries have obvious analogs for W O-rational singularities.

Corollary 4.4.15. Let X and Y be two integral k-schemes, which have W Orational singularities and are quasi-birational over k. Then in ^dRW_{k,Q} H^i(X, W O_{X,Q}) ∼= H^i(Y, W O_{Y,Q}), for all i ≥ 0.

In particular, if X and Y are projective then [BBE07, Thm 1.1] yields a Frobenius equivariant isomorphism H^i_{rig}(X/K)^{<1} ∼= H^i_{rig}(Y/K)^{<1} for all i ≥ 0, where K = Frac(W (k)) and H^i_{rig}(X/K)^{<1} denotes the part of rigid cohomology on which the Frobenius acts with slope < 1.

Proof. Apply Corollary 4.4.11 in the case S = k. □ We will also give some results on the torsion, see Theorem 5.1.10 and Theorem 5.1.13.

Corollary 4.4.16. Let k be a finite field. Let X and Y be two quasi-birational integral and projective k-schemes, which have W O-rational singularities. Then for any finite field extension k^′ of k we have |X(k^′)| ≡ |Y (k^′)| mod |k^′|.

Proof. This follows from Corollary 4.4.15 and [BBE07, Cor. 1.3]. □ In the case where X and Y are smooth, integral and proper, the above corollary was proved in [Eke83, Cor. 3, (i)]. In case there is a morphism f : X → Y , which is birational and X is smooth and projective and Y = Z/G is the quotient under a finite group G of a smooth projective scheme Z, this was proved in [Cha09, Thm 4.5.].

We investigate the properties of Witt-rational singularities a little bit further. Proposition 4.4.17. Consider the following properties on an integral k-scheme S: (1) S has rational singularities. (2) S has Witt-rational singularities. (3) S has W O-rational singularities. (4) S has BE-Witt-rational singularities.

Then (1) ⇒ (2) ⇒ (3) ⇒ (4).

Furthermore the first implication is strict, by Remark 4.4.8 above. Proof. (1) ⇒ (2): By assumption there exists a resolution f : X → S. The exact sequences 0 → W_{n−1}O_X^V−→ W_nO_X → O_X → 0 and (see Proposition 4.1.4, (7))

0 → W_{n−1}ω_X^p−→ W_nω_X^{F n−1}−−−→ ω_X → 0 give us R^if_∗W_nO_X = 0 = R^if_∗W_nω_X for all n, i ≥ 1 and also W_nO_S ∼= f_∗W_nO_X . Since S is CM, the isomorphism W_nO_S ∼= Rf_∗W_nO_X also gives the isomorphism f_∗W_nω_X ∼= W_nω_S via duality (see Proposition 4.1.4, (2)). Now the statement follows from the exact sequence (see Lemma 1.5.1)

0 → R^1 lim←− n R^{i−1}f_∗E_n → R^if_∗(lim←− n E_n) → lim←− n R^if_∗E_n → 0,

where E_n ∈ {W_nO_X , W_nω_X }. (For the vanishing of R^1f_∗W ω_X use that f_∗W_nω_X ∼= W_nω_S and hence the projection maps f_∗W_nω_X → f_∗W_{n−1}ω_X are surjective, by Proposition 4.1.4, (4).) (2) ⇒ (3): trivial.

(3) ⇒ (4): By Remark 4.3.2 we find a quasi-resolution of S of the form f : X → S with X a finite quotient. We thus find a smooth scheme X^′ with a finite and surjective morphism g : X^′ → X. Then h := fg : X^′ → S is an alteration and h^∗ : W O_{S,Q} → Rg_∗W O_X ′_{,Q} splits by Proposition 4.4.6, (1) ⇒ (2), and Lemma 4.1.6, (2); a fortiori h^∗ : W O_S ⊗ Q → Rg_∗W O_X ′ ⊗ Q splits. □

4.5. Complexes and sheaves attached to singularities of schemes.

Corollary 4.5.1. Let S be an integral scheme and f : X → S and g : Y → S be quasi-resolutions. Then X and Y are quasi-birational over X and any quasibirational correspondence between X and Y induces the same isomorphism in the derived category D^b( ^dRW_S )

Rf_∗W O_{X,Q} ∼= Rg_∗W O_{Y,Q}, Rf_∗W ω_{X,Q} ∼= Rg_∗W ω_{Y,Q}.

Furthermore, if Z is another integral scheme and h : Z → S a quasi-resolution, then the isomorphisms

Rf_∗W O_{X,Q} ∼= Rh_∗W O_{Z,Q}, Rf_∗W ω_{X,Q} ∼= Rh_∗W ω_{Z,Q}

induced by any quasi-birational correspondence between X and Z equals the isomorphism obtained by composing the isomorphisms induced by quasi-birational correspondences between X and Y and between Y and Z.

Proof. First we show that X and Y are quasi-birational over S. For this notice that k(X) ⊗_{k(S)} k(Y ) is a local Artin algebra. Denote by L its residue field. Then we can take a quasi-resolution of the closure of the image of Spec L in X ×_S Y to obtain a quasi-birational correspondence between X and Y . Let V and V^′ be two quasi-birational correspondences between X and Y . Denote by L^{′′} the residue field of the local Artin algebra k(V )⊗_{k(S)} k(V^′). This is a purely inseparable field extension of k(S). Hence there is only one embedding over k(S) of k(X) and k(Y ) into L^{′′}. Thus by Corollary 4.4.11 the two isomorphisms induced by V and V^′ are equal. Finally if we have the three quasi-resolutions f, g, h, we find a diagram of S-morphisms V^{′′} � � V^′ � � Z

V � � Y

X, in which V is a quasi-birational correspondence between X and Y , V^′ is a quasi-birational correspondence between Y and Z and V^{′′} is a quasi-birational correspondence between V and V^′ (and also between X and Z). The last statement of the Corollary follows. □ Definition 4.5.2. Let S be an integral k-scheme of dimension d. We define in D^b( ^dRW_{S,Q}) WS_{0,S} := Rf_∗W O_{X,Q}, WS_{d,S} := Rf_∗W ω_{X,Q}, where f : X → S is any quasi-resolution. This definition is independent (up to a canonical isomorphism) of the choice of the quasi-resolution f by Corollary 4.5.1.

It follows, that S has W O-rational singularities if and only if WS_{0,S} ∼= W O_S and it has Witt-rational singularities if and only if in addition we have H^i(WS_{d,S} ) = 0 for all i ≥ 1 (which is equivalent to WS_{d,S} ∼= W ω_{S,Q}). Next we want to give a characterization of Witt-rational singularities using alterations.

Proposition 4.5.3. Let S be an integral k-scheme of dimension d and f : X → S an alteration with X smooth. Set ϵ_f := 1 deg f

[X ×_S X]^0 ∈ CH^d(X × X, P (X ×_S X))_Q,

where [X ×_S X]^0 is the cycle associated to the closure of X_η ×_η X_η in X ×_S X with η the generic point of S. Further set

Ĥ^{∗,0}(X/S) := � i R^if_∗W O_X , Ĥ^{∗,d}(X/S) := � i R^if_∗W Ω^d_X ,

Ĥ^{∗,(0,d)}(X/S) := Ĥ^{∗,0}(X/S) ⊕ Ĥ^{∗,d}(X/S). Then:

(1) The restriction of Ĥ(ϵ_f /S) to Ĥ^{∗,(0,d)}(X/S)_Q is a projector, which we denote by e_f . (See Proposition 3.5.4 for the notation.)

(2) The pullback f^∗ induces a natural morphism of Witt modules over S f^∗ : W O_{S,Q} → e_f Ĥ^{∗,(0,d)}(X/S)_Q.

(3) If g : Y → S is another alteration with Y smooth. Then set

γ_{f,g} := 1 deg f

[X ×_S Y ]^0 ∈ CH^d(X × Y, P (X ×_S Y )),

where [X ×_S Y ]^0 is the cycle associated to the closure of X_η ×_η Y_η in X ×_S Y . Then Ĥ(γ_{f,g} /S) : Ĥ(X/S) → Ĥ(Y/S) induces an isomorphism

(4.5.1) Ĥ(γ_{f,g} /S) : e_f (Ĥ^{∗,(0,d)}(X/S))_Q^≃−→ e_g(Ĥ^{∗,(0,d)}(Y/S))_Q, which is compatible with the pullback morphism from (2).

Proof. Take a non-empty open and smooth subset U of S such that the pullback of f - and in case (3) also of g - over U is finite and surjective and hence also flat; the pullbacks are denoted by f_U : X_U → U and g_U : X_U → U. Notice that the restriction of [X ×_S X]^0 and [X ×_S Y ]^0 over U equal [X_U ×_U X_U ] and [X_U ×_U Y_U ].

(1) We have to show e_f ∘e_f −e_f = 0 on Ĥ^{∗,(0,d)}(X/S)_Q. By the same argument as in the proof of Theorem 4.3.3 (using the vanishing Lemmas 3.6.1 and 3.6.2) it suffices to prove

[X_U ×_U X_U ] ∘ [X_U ×_U X_U ] − deg f · [X_U ×_U X_U ] = 0. This follows immediately from [X_U ×_U X_U ] = [Γ^t_{fU} ] ∘ [Γ_{fU} ]. (2) The morphism e_f , in particular gives a projector e_f : f_∗W O_{X,Q} → f_∗W O_{X,Q}. Thus we need to show, that e_f ∘ f^∗ = f^∗ on W O_{S,Q}. It suffices to prove this over U; thus the statement follows from deg f · e_{fU} = f^∗_U ∘ f_{U∗}. (3) To prove that γ_{f,g} is an isomorphism on e_f (Ĥ^{∗,(0,d)}(X/S)_Q) with inverse 1 deg g

Ĥ([Y ×_S X]0/S) it suffices to show that the following cycles in CH^d(X × Y, P (X ×_S Y )), etc.,

deg g · [X ×_S Y ]^0 ∘ [X ×_S X]^0 − deg f · [Y ×_S Y ]^0 ∘ [X ×_S Y ]^0 deg f · [Y ×_S X]^0 ∘ [Y ×_S Y ]^0 − deg g · [X ×_S X]^0 ∘ [Y ×_S X]^0 [Y ×_S X]^0 ∘ [X ×_S Y ]^0 ∘ [X ×_S X]^0 − (deg f deg g) · [X ×_S X]^0 [X ×_S Y ]^0 ∘ [Y ×_S X]^0 ∘ [Y ×_S Y ]^0 − (deg f deg g) · [Y ×_S Y ]^0

act as zero on Ĥ^{∗,(0,d)}(X/S)_Q and Ĥ^{∗,(0,d)}(Y/S)_Q respectively. By the same argument as in the proof of Theorem 4.3.3 (using the vanishing Lemmas 3.6.1 and 3.6.2) it suffices to prove that the pullback along U of the above cycles vanish. This follows easily from [X_U ×_U X_U ] = [Γ^t_{fU} ] ∘ [Γ_{fU} ], [X_U ×_U Y_U ] = [Γ^t_{gU} ] ∘ [Γ_{fU} ] and [Γ_{fU} ] ∘ [Γ^t_{fU} ] = deg f · [Δ_U ], etc. This yields the isomorphism (4.5.1). It is compatible with the pullback from (2), since on W O_{S,Q} we have Ĥ(γ_{f,g} /S)f^∗ = g^∗. Indeed over U we have Ĥ(γ_{fU ,gU} /U) =^1_{deg f} · g^∗_U ∘ f_{U∗}; thus it holds on U and hence on all of S. □

Definition 4.5.4. Let S be an integral k-scheme of dimension d and f : X → S an alteration with X smooth. Then using the notations from Proposition 4.5.3 we define

A^0(X/S) := coker(W O_{S,Q}^{f ∗}−−→ e_f Ĥ^{∗,0}(X/S)_Q ) = f∗W O_{X,Q} W O_{S,Q} ⨁ i≥1 e_f R^if∗W O_{X,Q} and A^d(X/S) := e_f Ĥ^{>0,d}(X/S) = � i≥1 e_f R^if_∗W Ω^d_{X,Q}.

Then by Proposition 4.5.3 A^0(X/S) and A^d(X/S) are independent of f : X → S up to a canonical isomorphism and are therefore denoted

A^0(S) := A^0(X/S), A^d(S) := A^d(X/S), A(S) := A^0(S) ⊕ A^d(S). Remark 4.5.5. If S is normal, then A(S) is a direct summand of H^{∗,(0,d)}(X/S)_Q for any alteration f : X → S with X smooth.

Theorem 4.5.6. Let S be an integral k-scheme. Then there are isomorphisms in ^dRW_{S,Q}

A^0(S) ∼=

H^0(WS_{0,S} ) W O_{S,Q} � i≥1 H^i(WS_{0,S} ), A^d(S) ∼= � i≥1 H^i(WS_{d,S} ).

In particular:

(1) S has W O-rational singularities ⇐⇒ A^0(S) = 0. (2) S has Witt-rational singularities ⇐⇒ A(S) = 0.

Proof. By de Jong (see Remark 4.3.2) there exists an alteration f : X → S which factors as f : X^h−→ Y^g−→ S, where X is smooth, Y = X/G, for G a finite group, h is the quotient map and g is a quasi-resolution. Thus the following equalities hold by definition for all i H^i(WS_{0,S} ) = R^ig_∗W O_{Y,Q}, H^i(WS_{d,S} ) = R^ig_∗W ω_{Y,Q}.

Since Y is normal and h is finite and surjective it is also universally equidimensional. Thus [X ×_Y X] ∈ CH^d(X × X, P (X ×_Y X)), where d = dim S. We denote by [X ×_S X]^0 the cycle associated to the closure of X_η ×_η X_η in X ×_S X, where η is the generic point of S. We claim (4.5.2) [X ×_S X]^0 = deg g · [X ×_Y X] in CH^d(X × X, P (X ×_S X)). Indeed it suffices to check this over a smooth and dense open subscheme U of S, over which g is a universal homeomorphism and Y is smooth. But then [X_U ×_U X_U ]^0 = [X_U ×_U X_U ] = [Γ^t_{fU} ] ∘ [Γ_{fU} ] = [Γ^t_{hU} ] ∘ [Γ^t_{gU} ] ∘ [Γ_{gU} ] ∘ [Γ_{hU} ] = deg g · [Γ^t_{hU} ] ∘ [Γ_{hU} ] by (4.2.1) = deg g · [X_U ×_{YU} X_U ].

Hence the claim. Now Ĥ([X×_Y X]/Y ) induces an endomorphism of h_∗(W O_X ⊕ W Ω^d_X ) which actually equals h^∗ ∘ h_∗, for h_∗ and h^∗ as in Definition 4.1.5 (see (4.2.2).) It thus follows from Proposition 3.5.10 and (4.5.2) that e_f = 1 deg f Ĥ([X ×S X]

0/S) factors for each i ≥ 0 as

R^if∗(W OX ⊕ W Ω^d_X )_Q^{ef} � 1 deg h ·h∗ � � � � R^if∗(W OX ⊕ W Ω^d_X )_Q

R^ig∗(W OY ⊕ W ωY )_Q. h∗ � � � �

Taking into account that h_∗ ∘ h^∗ is multiplication with the degree of h, this yields the statement of the theorem. □

4.6. Isolated singularities. In this section we will relate the sheaf A^0(S) (Definition 4.5.4) for a normal variety S with an isolated singularity to the Witt vector cohomology of the exceptional set in a suitably good resolution of singularities S̃. For this, we need to compute the higher direct images of W (O_{S̃} )_Q.

Proposition 4.6.1. Let f : X̃ −→ Ỹ be a proper morphism of schemes. Let Y_0 ⊂ Ỹ be a closed subset, we denote by Y = Ỹ \Y_0 the complement. We consider the cartesian diagrams X � � □ X̃ � X_0 �

� □ Y � Ỹ Y0. � Let I ⊂ O_{X̃} be a sheaf of ideals for X_0. Suppose that R^if_∗O_X = 0 for all i > 0. Then R^if_∗W (I)_Q = 0 for all i > 0.

In order to prove Proposition 4.6.1 we need several Lemmas.

Lemma 4.6.2. Let X be a scheme and I ⊂ O_X a sheaf of ideals. For all integers a ≥ 1 the natural map W (I^a)_Q −→ W (I)_Q is an isomorphism.

Proof. The proof is the same as in [BBE07, Proposition 2.1(ii)]. □

Lemma 4.6.3. With the assumptions of Proposition 4.6.1. There are N, a ≥ 0 such that for all r ≥ N and all n ≥ 1 the morphism R^if_∗W_n(I^{r+a}) −→ R^if_∗W_n(I^r), induced by I^{r+a} ⊂ I^r, vanishes for all integers i > 0.

Proof. [BBE07, Lemma 2.7(i)]. □

Proof of Proposition 4.6.1. Choose N as in Lemma 4.6.3. By using Lemma 4.6.2 we may replace I by I^N . Thus we may assume that N = 1. The image of the Frobenius acting on W_n(I) is contained in W_n(I^p):

W_n(I)^F � ∃! � � � � W^n(I)

W_n(I^p) � � � � � and therefore F^a (with a as in Lemma 4.6.3) is zero on R^if_∗W_n(I) for all i > 0. We continue as in the proof of [BBE07, Theorem 2.4]. Since F^a acts as zero on lim←−_n R^if_∗W_n(I) and R^1 lim←−_n R^if_∗W_n(I) for all i ≥ 1, we obtain via the exact sequence

0 → R^1 lim←− n R^{i−1}f_∗W_n(I) → R^if_∗(W (I)) → lim←− n R^if_∗W_n(I) → 0

that F^{2a} acts as zero on R^if_∗W (I) for all i > 0 (we use that R^1 lim←−_n f_∗W_n(I) = 0). Thus the relation F V = p implies that p^{2a} kills R^if_∗W (I) for all i > 0. □

Corollary 4.6.4. Let S be an integral scheme with an isolated singularity at the closed point s ∈ S. Let f : X −→ S be projective and birational. Suppose that f is an isomorphism over S\{s}; we denote by E the closed set f^{−1}(s) equipped with some scheme structure. Then R^if_∗W O_{X,Q} = H^i(E, W O_{E,Q}) for all i > 0, where H^i(E, W O_{E,Q}) is considered as skyscraper sheaf supported in s. Moreover, the morphism is compatible with the Frobenius and Verschiebung action.

Proof. Let I be the sheaf of ideals for E. We obtain an exact sequence 0 −→ W I_Q −→ W O_{X,Q} −→ W O_{E,Q} −→ 0.

Proposition 4.6.1 implies that the higher direct images of W I_Q vanish, which proves the statement. □

Lemma 4.6.5. Let E be a scheme. Write E = ∪^r_{i=1}E_i with E_i irreducible for all i. There is a spectral sequence

E^{s,t}_1 = � 1≤ı_0<ı_1 <···<ı_s≤r

H^t(∩^s_{j=0}E_{ıj} , W O_∩s_{j=0 Eıj ,Q}) ⇒ H^{s+t}(E, W O_{E,Q}).

The spectral sequence is compatible with the Frobenius and Verschiebung operation.

Proof. By [BBE07, Proposition 2.1(i)] the sheaf W O_∩s_{j=0Eıj ,Q} doesn’t depend on the choice of the scheme structure for ∩^s_{j=0}E_{ıj} . ¿From [BBE07, Corollary 2.3] we get an exact sequence

W O_{E,Q} −→ � ı_0

W O_{Eı0 ,Q} −→ � ı_0<ı_1

W O_{Eı0 ∩Eı1 ,Q} −→ . . . , where the maps are sums of restriction maps and thus compatible with F and V . For every affine open set U ⊂ E we have

H^t(U ∩^s_{j=0} E_{ıj} , W O) = 0, for all t > 0,

because U ∩^s_{j=0} E_{ıj} is affine. Therefore we obtain the spectral sequence in the statement. □

Proposition 4.6.6. Let E be a projective scheme over a finite field k = F_pa . Write E = ∪^r_{i=1}E_i with E_i irreducible for all i. Suppose that for all s ≥ 1 and all 1 ≤ ı_0 < · · · < ı_s ≤ r the set theoretic intersection ∩^s_{j=0}E_{ıj} , equipped with the reduced scheme structure, is smooth.

For all n ≥ 2 the differential of E^{s,t}_n , induced by the spectral sequence of Lemma 4.6.5, vanishes. In other words, E^{s,t}_2 ⇒ H^{s+t}(E, W O_{E,Q}) is degenerated and

E^{s,t}_∞ = E^{s,t}_2 for all s, t.

Proof. By definition E^{s,t}_n is a subquotient of E^{s,t}_1 . By assumption, ∩^s_{j=0}E_{ıj} is smooth and projective. We know that

H^t(∩^s_{j=0}E_{ıj} , W O_∩s_{j=0Eıj ,Q}) ∼= H^t_{crys}(∩^s_{j=0}E_{ıj} /K)_{[0,1[},

where the right hand side is the slope < 1-part of crystalline cohomology (K = W (k)). This isomorphism is compatible with the F -operation. It follows from [KM74] that the characteristic polynomial of F^a acting on H^t_{crys}(∩^s_{j=0}E_{ıj} /K) is the characteristic polynomial of the geometric Frobenius acting on H^t_{ét}((∩^s_{j=0}E_{ıj} ) ×_k k̄, Q_ℓ) for any prime ℓ ≠ p. Thus F^a acting on H^t_{crys}(∩^s_{j=0}E_{ıj} /K)_{[0,1[} has algebraic eigenvalues with absolute value p^{ta2} with respect to any embedding of K into C. In particular, this holds for the eigenvalues of E^{s,t}_n for n ≥ 1 and all s. Thus the differential

E^{s−n,t+n−1} n −→ E^{s,t}_n −→ E^{s+n,t−n+1} n vanishes if n ≥ 2. □

Theorem 4.6.7. Let k be a finite field. Let S be a normal integral scheme with an isolated singularity at the closed point s ∈ S. Let f : X −→ S be projective and birational. Suppose that f is an isomorphism over S\{s}; we denote by E the closed set f^{−1}(s). Write E = ∪^r_{i=1}E_i with E_i irreducible for all i. Suppose that for all s ≥ 1 and all 1 ≤ ı_0 < · · · < ı_s ≤ r the set theoretic intersection ∩^s_{j=0}E_{ıj} , equipped with the reduced scheme structure, is smooth. Then S has W O-rational singularities (Definition 4.4.4) if and only if the spectral sequence of Lemma 4.6.5 satisfies

E^{s,t}_2 = 0 for all (s, t) ≠ (0, 0).

Proof. It follows from Corollary 4.6.4 that S has W O-rational singularities if and only if H^i(E, W O_{E,Q}) = 0 for all i > 0.

The assertion follows from Proposition 4.6.6. □

The case t = 0 is a combinatorial condition on the exceptional set E. For any smooth and proper scheme X over k we have

H^0(X, W O_X ) ⊗_{W (k)} W (k̄) ∼= H^0_{ét}(X ×_k k̄, Q_p) ⊗_{Qp} W (k̄).

Therefore the condition E^{s,0}_2 = 0, for all s ≥ 1, is equivalent to the vanishing of the cohomology of the complex � ı_0

H^0(E_{ı0} ×_k k̄, Q_p) −→ � ı_0 <ı_1

H^0((E_{ı0} ∩ E_{ı1} ) ×_k k̄, Q_p) −→ � ı_0<ı_1 <ı_2

H^0((E_{ı0} ∩ E_{ı1} ∩ E_{ı2} ) ×_k k̄, Q_p) −→ . . .

in degree ≥ 1. Of course, the cohomology in degree = 0 equals H^0(E×_kk̄, Q_p) = Q_p, because S is normal.

For a surface S the conditions for t ≥ 1 are equivalent to E_{i,red} ×_k k̄ ∼= � j P^1 for all i. Indeed, for a smooth curve E_i we have

dim H^1(E_i, W O_{Ei,Q}) ≥ dim H^1(E_i, O_{Ei} ),

and H^1(E_i, O_{Ei} ) = 0 if and only if E_i ×_k k̄ is a disjoint union of P^1s. Therefore S has W O-rational singularities if and only if the exceptional divisor of a minimal resolution over k̄ is a tree of P^1s.

4.7. Cones and Witt-rational singularities. In [BE08, Ex. 2.3] Blickle and Esnault give an example of an F_p-scheme which has BE-rational singularities but not rational singularities. Their proof in fact shows, that their example also has W O-rational singularities. In this section we slightly generalize their example and show that it also has Witt-rational singularities.

4.7.1. Let X be a proper k-scheme, L an invertible sheaf on X and V (L) = Spec (⊕_{n≥0}L^{⊗n}). We denote by s_0 : X → V (L) the zero-section. By Grauert’s criterion (see [EGAII, Cor. (8.9.2)]) L is ample on X if and only if there exists a k-scheme C together with a k-rational point v ∈ C and a proper morphism q : V (L) → C, such that q induces an isomorphism V (L) \ s_0(X)^≃−→ C \ {v} and q^{−1}(v)_{red} = s_0(X)_{red}. If L is ample, we call any triple (C, q, v) as above a contractor of the zero-section of V (L). One can choose C for example to be the cone Spec S, where S is the graded ring k ⊕_{n≥1} H^0(X, L^{⊗n}) and v is the vertex, i.e. the point corresponding to the ideal S_+.

The following proposition is well-known; we prove it for lack of reference.

Proposition 4.7.2. Let X be a proper and smooth k-scheme and L an ample sheaf on X. Then the following statements are equivalent:

(1) For any n ≥ 1 and all contractors (C, q, v) of the zero-section of V (L^{⊗n}) we have R^iq_∗ω_{V (L}⊗n_) = 0 for all i ≥ 1.

(2) H^i(X, ω_X ⊗ L^{⊗n}) = 0 for all i, n ≥ 1.

Proof. Let (C, q, v) be a contractor of the zero-section of V (L). Denote by I the ideal sheaf of the zero section of X in V (L). We have

s^∗_0I = L, s_{0∗}L^{⊗n} = I^n/I^{n+1}.

We set Y_n := Spec (O_{V (L)}/I^n); in particular Y_1 = s_0(X). The sheaves R^iq_∗ω_{V (L)} have support in {v} and since � m_vO_{V (L)} = I, where m_v ⊂ O_{X,v} is the ideal of v, the theorem on formal functions yields

R^iq_∗ω_{V (L)} = 0 ⇐⇒ lim←− n H^i(Y_n, ω_{V (L)|Yn} ) = 0.

Further ω_{V (L)|Y1} ∼= ω_X ⊗L, hence tensoring the exact sequence 0 → I^n/I^{n+1} → O_{Yn+1} → O_{Yn} → 0 with ω_{V (L)|Yn+1} yields the exact sequence

(4.7.1) 0 → ω_X ⊗ L^{⊗n+1} → ω_{V (L)|Yn+1} → ω_{V (L)|Yn} → 0.

(2)⇒ (1): We have H^i(Y_1, ω_{V (L)|Y1} ) = H^i(X, ω_X ⊗ L) = 0 for all i ≥ 1, by assumption. Now the statement for (C, q, v) follows from (4.7.1) and induction. Since L is any ample sheaf, we can replace L by L^{⊗n} in the above argument and obtain the statement also for a contractor of the zero-section of V (L^{⊗n}). (1)⇒ (2): Let d be the dimension of X. Then the maps H^d(Y_{n+1}, ω_{V (L)|Yn+1} ) → H^d(Y_n, ω_{V (L)|Yn} ) are surjective for all n ≥ 1. Since lim←−_n H^d(Y_n, ω_{V (L)|Yn} ) = 0 by assumption, we get in particular

H^d(Y_1, ω_{V (L)|Y1} ) = H^d(X, ω_X ⊗ L) = 0.

Replacing L by L^{⊗n} in the above argument thus gives us

H^d(X, ω ⊗ L^{⊗n}) = 0, for all n ≥ 1.

Assume we proved H^{i+1}(X, ω ⊗ L^{⊗n}) = 0, for all n ≥ 1. Then (4.7.1) yields that H^i(Y_{n+1}, ω_{V (L)|Yn+1} ) → H^i(Y_n, ω_{V (L)|Yn} ) is surjective and as above we conclude that in particular H^i(Y_1, ω_{V (L)|Y1} ) = H^i(X, ω_X ⊗ L) equals zero (if i ≥ 1). Again we can do the argument with L replaced by L^{⊗n} and obtain H^i(X, ω_X ⊗ L^{⊗n}) = 0 for all n ≥ 1. This finishes the proof. □

Remark 4.7.3. Notice that in characteristic zero condition (1) is always satisfied because of the Grauert-Riemenschneider vanishing theorem; condition (2) is always satisfied because of the Kodaira vanishing theorem.

Theorem 4.7.4. Let X_0 be a smooth, projective and geometrically connected k-scheme and L an ample sheaf on X_0. Assume (X_0, L) satisfies the following condition:

(4.7.2) H^i(X_0, ω_{X0} ⊗ L^{⊗n}) = 0, for all n, i ≥ 1.

Let X be the projective cone of (X_0, L), i.e. X = Proj(S[z]), where S denotes the graded k-algebra k ⊕_{n≥1} H^0(X_0, L^{⊗n}).

Then X is integral and normal; it has Witt-rational singularities if and only if

(4.7.3) H^i(X_0, W O_{X0} )_Q = 0, for all i ≥ 1.

Furthermore if L is very ample, then X is CM if and only if the following condition is satisfied:

(4.7.4) H^i(X_0, L^{⊗n}) = 0, for all n ∈ Z and all 1 ≤ i ≤ dim X_0 − 1.

Proof. Let v be the k-rational point of X, corresponding to the homogenous ideal in S[z] generated by S_+. Then the pointed projective cone X \ {v} is an A^1-bundle over X_0 = Proj S. Thus X has an isolated singularity at v and it suffices to consider the affine cone C = Spec S of (X_0, L). Since X_0 is integral, projective and geometrically connected and k is perfect we have H^0(X_0, O_{X0} ) = k, by Zariski’s connectedness theorem. Thus C is integral and normal by [EGAII, Prop. (8.8.6), (ii)]. Set V := V (L) = Spec (⊕_{n≥0}L^{⊗n}); it is an A^1-bundle over X_0, hence is smooth. By [EGAII, Cor. (8.8.4)] there exists a projective morphism q : V → C, such that the triple (C, q, v) becomes a contractor of the zero-section of V . In particular, q : V → C is a projective resolution of singularities of C. (In case L is very ample, q : V → C is the blow-up of C in the closed point v, see [EGAII, Rem. (8.8.3)].) By Proposition 4.4.6 and Remark 4.4.5 it suffices to prove

R^iq_∗W O_{V,Q} = 0, R^iq_∗W ω_{V,Q} = 0, for all i ≥ 1.

By Corollary 4.6.4 the vanishing R^iq_∗W O_{V,Q} = 0 is equivalent to the vanishing H^i(X_0, W O_{X0} )_Q = 0. Thus it suffices to prove the vanishing R^iq_∗W ω_{V,Q} = 0 under the assumptions (4.7.2) and Rq_∗W O_{V,Q} ∼= W O_{C,Q}. Proposition 4.7.2 yields R^iq_∗ω_V = 0 for all i ≥ 1. Hence also R^iq_∗W_nω_V = 0 for all i, n ≥ 1, by the exact sequence in Proposition 4.1.4, (7) and induction. Therefore the exact sequence

0 → R^1 lim←− n R^{i−1}q_∗W_nω_V → R^iq_∗W ω_V → lim←− n R^iq_∗W_nω_V → 0

immediately yields

(4.7.5) R^iq_∗W ω_{V,Q} = 0, for all i ≥ 2.

To conclude also the vanishing of R^1q_∗W ω_{V,Q} we have to prove the vanishing (R^1 lim←−_n q_∗W_nω_V )_Q = 0. To this end denote by I_•, K_• and C_• the image, the kernel and the cokernel of q_∗W_•ω_V → W_•ω_C , respectively. Notice that K_n and C_n are coherent W_nO_C -modules, whose support is concentrated in the closed point v; hence these modules have finite length. Therefore K_• and C_• satisfy the Mittag-Leffler condition, in particular R^1 lim←− C_n = 0 = R^1 lim←− K_n. Furthermore, R^2 lim←− K_n = 0 by Lemma 1.5.1, (1). Thus the exact sequence 0 → K_• → q_∗W_•ω_V → I_• → 0 gives

R^1 lim←− q_∗W_nω_V ∼= R^1 lim←− I_n.

We also have the vanishing R^1 lim←− W_nω_C = 0, since the transition maps are surjective (by Proposition 4.1.4, (4)) and therefore the exact sequence 0 → I_• → W_•ω_C → C_• → 0 gives a surjection

lim←− C_n → R^1 lim←− I_n → 0.

By Lemma 4.3.4 (lim←− C_n)_Q = 0, hence also (R^1 lim←− q_∗W_nω_V )_Q = 0. For the last statement notice that X is CM if and only if H^i_v(C, O_C ) = 0 for all i ≤ d − 1 = dim X_0. Since C is affine the long exact localization sequence gives us an exact sequence

0 → H^0_v (C, O_C ) → H^0(C, O_C ) → H^0(C \ {v, }, O_C ) → H^1_v (C, O_C ) → 0

and isomorphisms

H^{i−1}(C \ {v}, O_C ) ∼= H^i_v (C, O_C ), for all i ≥ 2.

Let π : C \ {v} → X_0 be the pointed affine cone over X_0 = Proj S. Since L is very ample the graded ring S is generated by S_1 and we obtain

π_∗O_{C\{v}} = � n∈Z L^{⊗n}.

Therefore H^0(C \ {v}, O_C ) = � n≥0 H^0(X_0, L^{⊗n}) = S = H^0(C, O_C ). Thus H^0_v (C, O_C ) and H^1_v (C, O_C ) always vanish and H^i_v(C, O_C ) vanishes for 2 ≤ i ≤ dim X_0 if and only if � n∈Z H^{i−1}(X_0, L^{⊗n}) vanishes, which is exactly condition (4.7.4). This proves the Theorem. □

Remark 4.7.5. (1) Condition (4.7.2) in the above theorem holds in characteristic zero by Kodaira vanishing, which in general is wrong in positive characteristic; for a counter example see [Ray78]. By [DI87, Cor. 2.8.] this condition holds if X_0 lifts to a smooth W_2(k)-scheme and has dimension ≤ p. Notice also that condition (4.7.2) and (4.7.4) are always satisfied if X_0 is a smooth hypersurface in some P^n_k and L = O_Pn_k (1)_{|X0} .

(2) The vanishing (4.7.3) is satisfied if the degree map induces an isomorphism CH_0(X_0 ×_k k(X_0))_Q ∼= Q, which is for example the case if X_{0,}¯_k is rationally chain connected, where k̄ is an algebraic closure of k. See [BE08, Ex. 2.3], alternatively one can also use Bloch’s decomposition of the diagonal and the vanishing Lemmas 3.6.1 and 3.6.2. Another case where (4.7.3) holds is when X_0 has a smooth projective model X_0 over a complete discrete valuation ring R of mixed characteristic and with residue field k, such that the generic fiber X_{0,η} satisfies H^i(X_{0,η} , O_{X0,η} ) = 0 for all i ≥ 1. This follows from p-adic Hodge theory (“ the Newton polygon of H^i_{crys}(X_0/W ) ⊗ Frac(R) ∼= H^i_{dR}(X_{0,η} ) lies above the Hodge polygon”).

(3) The example in [BE08] alluded to at the beginning of this section is the following: By [Shi74, Prop. 3] the Fermat hypersurfaces X_0 ⊂ P^{2r+1}_k given by x^n_0 +. . .+x^n_{2r+1}, where n is such that p^ν ≡ −1 mod n, for some ν ≥ 1, are unirational over k̄. Hence X_0 satisfies the conditions (4.7.2), (4.7.3) and (4.7.4) of the theorem and we obtain that the projective cone X of X_0 is normal, CM and has Witt-rational singularities. (In [BE08, Ex. 2.3.] it was shown that X is W O-rational.) Choosing X_0 of degree larger than 2r + 2 we see, that H^{dim X0} (X_0, O_{X0} ) ≠ 0 and it follows that X cannot have rational singularities.

(4) Let X be as in the theorem and let π : Y → X be any resolution of singularities. Then R^iπ_∗W ω_{Y,Q} = 0 for all i ≥ 1. As it follows from the proof and [CR09, Thm. 1], we even have the stronger vanishing R^iπ_∗ω_Y = 0 for all i ≥ 1, which is implied by condition (4.7.2) solely. It is an obvious question whether the vanishing R^iπ_∗W ω_{Y,Q} = 0 also holds without condition (4.7.2), i.e. does some version of Grauert- Riemenschneider vanishing hold. In view of Proposition 4.7.2, this question should be linked to some kind of Kodaira vanishing, of which at the moment even the formulation is not clear. (But see [BBE07, Cor. 1.2] for a first result in this direction.)

4.8. Morphisms with rationally connected generic fibre. The goal of this section is to prove the following theorem.

Theorem 4.8.1. Let X be an integral scheme with Witt-rational singularities. Let f : X −→ Y be a projective morphism to an integral and normal scheme Y . We denote by η the generic point of Y , and X_η denotes the generic fibre of f. Suppose that X_η is smooth and for every field extension L ⊃ k(η) the degree map CH_0(X_η ×_{k(η)} L) ⊗_Z Q −→ Q is an isomorphism. Then � i>0 R^if_∗W O_{X,Q} ∼= � i>0 H^i(WS_{0,Y} ), � i>0 R^if_∗W ω_{X,Q} ∼= � i>0 H^i(WS_{dim Y,Y} ),

where WS is defined in Definition 4.5.2.

4.8.2. Let f : X −→ Y be as in the assumptions of Theorem 4.8.1. We can choose a factorization (cf. Remark 4.3.2)

X^{′ π}−→ X^′/G^h−→ X^{′′ u}−→ X, such that

• X^′ is smooth, integral and quasi-projective, G is a finite group acting on X^′, • h is birational and projective, • X^{′′} is normal and u is a universal homeomorphism.

We obtain a commutative diagram

(4.8.1) X^′ π � X^′/G h � X^{′′} u � � Y ′′

u^′ � X^f � Y where Y^{′′} is the Stein factorization of X^{′′} −→ Y . Therefore u^′ is a universal homeomorphism. Note that Y^{′′} is also the Stein factorization of X^′/G −→ Y . Lemma 4.8.3. With the assumptions of Theorem 4.8.1. Set f^′ = f ∘ u ∘ h ∘ π with the notation as in diagram (4.8.1). We consider X^′ via f^′ as a scheme over Y . Let P = � g∈G[Γ(g)] ∈ CH(X^′ ×_Y X^′), with Γ(g) the graph of g. Then there is a natural isomorphism

Ĥ(P/Y ) � � i>0 R^if^′_∗(W O_X ′_{,Q} ⊕ W ω_X ′_{,Q}) � −→ � i>0 R^if_∗(W O_{X,Q} ⊕ W ω_{X,Q})

Proof. The cycle P = � g∈G[Γ(g)] is already defined in CH(X^′ ×_X ′_{/G} X^′).

Theorem 4.5.6 and Corollary 4.4.7 imply (4.8.2) Ĥ(P/(X^′/G)) (π_∗W O_X ′_{,Q} ⊕ π_∗W ω_X ′_{,Q}) ∼= W O_X ′_{/G,Q} ⊕ W ω_X ′_{/G,Q}. It follows from Proposition 3.5.10 that Ĥ(P/Y ) = � i R^i(f ∘ u ∘ h)_∗Ĥ(P/(X^′/G)).

Since P^2 = #G · P , we obtain from (4.8.2) that

Ĥ(P/Y ) � � i>0 R^if^′_∗(W O_X ′_{,Q} ⊕ W ω_X ′_{,Q}) � = � i>0 R^i(f ∘ u ∘ h)_∗(W O_X ′_{/G,Q} ⊕ W ω_X ′_{/G,Q}).

Because X has Witt-rational singularities and X^′/G^{u∘h}−−→ X is a quasiresolution we get

R^j (u ∘ h)_∗(W O_X ′_{/G,Q} ⊕ W ω_X ′_{/G,Q}) = � 0 for all j > 0 W O_{X,Q} ⊕ W ω_{X,Q} for j = 0, which implies the statement. □

Proposition 4.8.4. Let f^′ : X^′ −→ Y be a projective and surjective morphism. Suppose that Y is normal, and X^′ is smooth and connected. We denote by η the generic point of Y . Let Y^′ ⊂ X^′ be a closed irreducible subset such that Y^′ −→ Y is generically finite. We denote by A_1 and A_2 the closure of Y^′_η ×_η X^′_η and X^′_η ×_η Y^′_η in X^′ ×_Y X^′, respectively. Then there are natural isomorphisms

Ĥ([A_1]/Y ) � � i>0 R^if^′_∗W O_X ′_{,Q} � ∼= A^0(Y ) (4.8.3)

Ĥ([A_2]/Y ) � � i>0 R^if^′_∗W ω_X ′_{,Q} � ∼= A^{dim Y} (Y ).

(4.8.4)

(See Definition 4.5.4 for A.)

Proof. We will prove (4.8.4), the identity (4.8.3) can be proved in the same way.

Let Ỹ −→ Y^′ be an alteration of Y^′, such that Ỹ is smooth. We denote by ı : Ỹ −→ X^′ the composition. The graph of ı defines a morphism Ĥ(Γ(ı)/Y ) : Ĥ(Ỹ /Y )(−r) −→ Ĥ(X^′/Y ), with r := dim X^′ − dim Y . The closure Z of X^′_η ×_η Ỹ_η in X^′ ×_Y Ỹ defines a morphism Ĥ(Z/Y ) : Ĥ(X^′/Y ) −→ Ĥ(Ỹ /Y )(−r).

We have (id_X ′ × ı)_∗([Z]) = d · [A_2] for some d ≠ 0. Finally, we define Q to be the closure of Ỹ_η ×_η Ỹ_η in Ỹ ×_Y Ỹ . We have the following relations [Γ(ı)] ∘ [Z] − d[A_2] ∈ ker(CH(X^′ ×_Y X^′) −→ CH(X^′_η ×_η X^′_η)), [Z] ∘ [Γ(ı)] − [Q] ∈ ker(CH(Ỹ ×_Y Ỹ ) −→ CH(Ỹ_η ×_η Ỹ_η )), [A_2] ∘ [A_2] − e[A_2] ∈ ker(CH(X^′ ×_Y X^′) −→ CH(X^′_η ×_η X^′_η)), [Q] ∘ [Q] − g[Q] ∈ ker(CH(Ỹ ×_Y Ỹ ) −→ CH(Ỹ_η ×_η Ỹ_η )), for some e, g ≠ 0. Because of Lemma 3.6.2 we conclude that

Ĥ([A_2]/Y ) � � i>0 R^if^′_∗W ω_X ′_{,Q} � ∼= Ĥ([Q]/Y ) � � i>0 R^i(f^′ ∘ ı)_∗W ω_{Ỹ ,Q} � . By Definition 4.5.4 the right hand side is A^{dim Y} (Y ). □ Proof of Theorem 4.8.1. We use diagram 4.8.1 and the constructions of 4.8.2. The first step is to prove (4.8.5) CH_0(X^′_η ×_{k(η)} L)^G ⊗ Q ∼= Q for every field extension L ⊃ k(η). We have a push-forward map α : CH_0(X^′_η ×_{k(η)} L) ⊗ Q −→ CH_0(X_η ×_{k(η)} L) ⊗ Q, and because X_η is smooth over k(η) we have a pull-back map β : CH_0(X_η ×_{k(η)} L) ⊗ Q −→ CH_0(X^′_η ×_{k(η)} L) ⊗ Q.

We have the following formula for the composition β ∘ α = deg(u) � g∈G g_∗,

provided that G acts faithfully on X^′ (we may assume this). Thus (4.8.5) follows from the assumptions. Let P = � g∈G [Γ(g)] ∈ CH(X^′ ×_Y X^′),

with Γ(g) the graph of g. We denote by P_η the image of P in CH(X^′_η ×_η X^′_η). The cycle P_η is invariant under the action of G on the left and the right factor of X^′_η ×_η X^′_η.

By the same arguments as in [BS83, Proposition 1] we see that there are nonzero integers N_1, N_2, M_1, M_2, effective divisors D_1, D_2 on X^′_η, and a closed point α of X^′_η, such that N_1P_η + N_2[α ×_η X^′_η ] ∈ image(CH(X^′_η ×_η D_2)),

(4.8.6) M_1P_η + M_2[X^′_η ×_η α] ∈ image(CH(D_1 ×_η X^′_η)).

(4.8.7) Let D̄_1, D̄_2, and Y_α be the closures of D_1, D_2, and α in X^′. The map Y_α −→ Y is generically finite and Y_{α,η} = α. Let A_1 and A_2 be the closures of α ×_η X^′_η and X^′_η ×_η α in X^′ ×_Y X^′. Because of the formulas (4.8.6), (4.8.7) over the generic point η, there is a Weil divisor S ⊂ Y such that

N_1P + N_2[A_1] ∈ image(CH(X^′ ×_Y D̄_2)) + image(CH(X^′_S ×_S X^′_S )), M_1P + M_2[A_2] ∈ image(CH(D̄_1 ×_Y X^′)) + image(CH(X^′_S ×_S X^′_S )).

Lemma 3.6.1 implies that Ĥ(P/Y ) acts as Ĥ([A_1]/Y ) on � i>0 R^if^′_∗W O_X ′_{,Q}.

¿From Lemma 3.6.2 we conclude that Ĥ(P/Y ) acts as Ĥ([A_2]/Y ) on � i>0 R^if^′_∗W ω_X ′_{,Q}.

In view of Proposition 4.8.4, Theorem 4.5.6, and Lemma 4.8.3 this implies the statement of the theorem. □

5. Further applications 5.1. Results on torsion.

5.1.1. The Cartier-Dieudonné-Raynaud algebra. Recall from [IR83, I, (1.1)] that the Cartier-Dieudonné-Raynaud algebra is the graded (non-commutative) W -algebra, generated by formal symbols F and V in degree 0 and by d in degree 1 which satisfy the following relations

F · a = F (a) · F, a · V = V · F (a), (a ∈ W ), F · V = p = V · F a · d = d · a (a ∈ W ), F · d · V = d, d · d = 0.

(Here F is a formal symbol, whereas F (a) denotes the Frobenius on the Witt vectors of k applied to the Witt vector a.) Thus R is concentrated in degree 0 and 1. Notice that any de-Rham-Witt module and any Witt-module on a scheme X naturally becomes an R-module (the latter with d acting as 0). Therefore we have an exact functor ^ dRW_X → Sh(X, R) := (sheaves-of R-modules on X) which trivially derives to a functor (5.1.1) ϕ : D^b( ^dRW_X ) → D^b(Sh(X, R)) := D^b(X, R). We set R_n := R/(V^n · R + d · V^n · R).

Notice that this is a left R-module. We obtain a functor

R_n⊗_R : Sh(X, R) → Sh(X, W_n[d]) := (sheaves of W_n[d]-modules on X), where W_n[d] is the graded W_n-algebra W_n ⊕ W_n · d, with d^2 = 0. By [IR83, Prop. (3.2)] the following sequence is an exact sequence of right R-modules (5.1.2) 0 → R(−1)^{(F n,−F nd)}

−−−−−−−→ R(−1) ⊕ R^{dV n+V n}−−−−−−→ R → R_n → 0. This allows us to calculate the left-derived functor

R_n ⊗^L_R − : D^−(Sh(X, R)) → D^−(Sh(X, W_n[d])) := D^−(X, W_n[d]). One obtains the following.

(1) Assume X is smooth. Then R_n ⊗^L_R W Ω_X ∼= W_nΩ_X . (2) Let f : X → Y be a morphism of k-schemes, then

R_n ⊗^L_R Rf_∗(−) ∼= Rf_∗(R_n ⊗^L_R (−)) : D^b(X, R) → D^b(Y, W_n[d]). (3) Let X be a scheme and Z ⊂ X be a closed subscheme, then R_n ⊗^L_R RΓ_Z (−) ∼= RΓ_Z (R_n ⊗^L_R (−)) : D^b(X, R) → D^b(X, W_n[d]).

The first statement is [IR83, II, Thm (1.2)], the last two statements follow directly from (5.1.2).

Proposition 5.1.2 ([Eke85, I, Prop. 1.1.]). Let S be a k-scheme and M ∈ D^b(S, R) a complex of R-modules, which is bounded in both directions, i.e. there exists a natural number m, such that H^i(M)^j is non-zero only for (i, j) ∈ [−m, m] × [−m, m].

(1) Assume there exist integers r, s ∈ Z, such that H^i(R_1 ⊗^L_R M)^j = 0 for all pairs (i, j) satisfying one of the following conditions (5.1.3) (i+j = r, i ≥ s) or (i+j = r−1, i ≥ s+1) or (i+j = r+1, i ≥ s+1).

Then H^i(R_n ⊗^L_R M)^j = 0, for all n and all (i, j) with i + j = r, i ≥ s.

(2) Assume there exist integers r, s ∈ Z, such that H^i(R_1 ⊗^L_R M)^j = 0 for all pairs (i, j) satisfying one of the following conditions (5.1.4) (i + j = r, i ≤ s) or (i + j = r + 1, i ≤ s) or (i + j = r − 1, i ≤ s − 1).

Then H^i(R_n ⊗^L_R M)^j = 0 for all n and all (i, j) with i + j = r, i ≤ s.

This proposition is called Ekedahl’s Nakayama Lemma because applying it to the cone of a morphism f : M → N in D^b(X, R) between two complexes, which are bounded in both directions, we obtain that R_n ⊗_R f is an isomorphism for all n, if R_1 ⊗^L_R f is.

Corollary 5.1.3. Let S be a k-scheme and f : X → S, g : Y → S two S-schemes which are smooth over k. Let φ : Rf_∗W Ω_X → Rg_∗W Ω_Y be a morphism in D^b(S, R). Then R_1 ⊗_R φ is a morphism

φ_1 := R_1 ⊗^L_R φ : Rf_∗Ω_X → Rg_∗Ω_Y in D^b(S, k[d])

and furthermore:

(1) If there exists an natural number a ≥ 0 such that φ_1 : ⊕_{j≤a}Rf_∗Ω^j_X^≃−→ ⊕_{j≤a}Rg_∗Ω^j_Y is an isomorphism, then

φ̂ := R lim←− n (R_n ⊗_R φ) : � j≤a Rf_∗W Ω^j_X^≃−→ � j≤a Rg_∗W Ω^j_Y

is an isomorphism.

(2) If there exists a natural number a ≥ 0 such that φ_1 : ⊕_{j≥a}Rf_∗Ω^j_X^≃−→ ⊕_{j≥a}Rg_∗Ω^j_Y is an isomorphism, then

φ̂ = R lim←− n (R_n ⊗_R φ) : � j≥a Rf_∗W Ω^j_X^≃−→ � j≥a Rg_∗W Ω^j_Y

is an isomorphism.

Proof. First of all notice, that by 5.1.1, (1) and (2) R_n ⊗^L_R φ indeed is a morphism Rf_∗W_nΩ_X → Rg_∗W_nΩ_Y and that R lim←−(R_n ⊗^L_R φ) is a morphism Rf_∗W Ω_X → Rg_∗W Ω_Y , since R lim←− Rf_∗W_nΩ_X = Rf_∗R lim←−_n W_nΩ_X = Rf_∗W Ω_X .

Denote by C the cone of φ in D^b(S, R). It is clearly bounded in both directions (in the sense of Proposition 5.1.2). Assume we are in the situation of (1). Then H^i(R_1 ⊗^L_R C)^j = 0 for all i ∈ Z and j ≤ a. Choose i_0 ∈ Z and j_0 ≤ a and set s := i_0 and r := j_0 + i_0. Then H^i(R_1 ⊗^L_R C)^j = 0 for all (i, j) as in (5.1.3). Thus H^{i0} (R_n ⊗^L_R C)^{j0} = 0 for all n. Therefore R_n ⊗^L_R φ is an isomorphism for all n in degree ≤ a, which gives (1). Now assume we are in the situation of (2). Then H^i(R_1 ⊗^L_R C)^j = 0 for all i ∈ Z and j ≥ a. Choose i_0 ∈ Z and j_0 ≥ a and set s := i_0 and r := i_0 + j_0. Then H^i(R_1 ⊗^L_R C)^j = 0 for (i, j) as in (5.1.4). Thus H^{i0} (R_n ⊗^L_R C)^{j0} = 0, which implies (2) as above. □

Lemma 5.1.4. Let X be a smooth scheme and E(W_•Ω_X ) the Cousin complex of W_•Ω with respect to the codimension filtration on X (see 1.5.8). Then there is a natural commutative diagram of isomorphisms in D^b(X, W_n[d])

R_n ⊗^L_R W Ω_X^≃ � ≃ �

R_n ⊗^L_R lim←− E(W_•Ω_X ) ≃ � W_nΩ_X^≃ � E(W_nΩ_X ).

Proof. There is an obvious map

R_n ⊗_R lim←− E(W_•Ω_X ) = lim←− E(W_•Ω_X )/(V^n + dV (lim←− E(W_•Ω_X ))) → E(W_nΩ), yielding a morphism R_n ⊗^L_R lim←− E(W_•Ω_X ) → E(W_nΩ), which clearly fits into a diagram as in the statement. By Lemma 1.5.9, E(W_•Ω_X ) is a flasque resolution of W_•Ω_X and thus, by Lemma 1.5.4, (4), lim←− E(W_•Ω_X ) is a resolution of W Ω_X . Hence the two horizontal arrows in the diagram are isomorphisms, and by 5.1.1(1) the vertical arrow on the left is an isomorphism. This proves the claim. □

5.1.5. Let f : X → Y be a morphism between k-schemes. Then we have the pullback in D^b(dRW_Y ) (see Definition 2.2.1)

f^∗ : W_•Ω_Y → Rf_∗W_•Ω_X .

Using (5.1.2) and 5.1.1, (1), (2) one checks

f^∗_n = R_n ⊗^L_R (ϕ(R lim←− f^∗)) in D^b(Y, W_n[d]),

where ϕ is the forgetful functor from (5.1.1), f^∗_n denotes the image of f^∗ under the projection from D^b(dRW_Y ) to D^b(Y, W_n[d]) and R lim←− : D^b(dRW_Y ) → D^b( ^dRW_Y ) (see Proposition 1.5.6.)

5.1.6. Let f : X → Y be a morphism of pure relative dimension r between smooth schemes and let Z ⊂ X be a closed subscheme, such that f_{|Z} is proper. Then we have the pushforward in D^b(dRW_Y ) (see (2.3.4))

f_∗ : Rf_∗RΓ_Z W_•Ω_X → W_•Ω_Y (−r)[−r].

Using (2.3.3) and Lemma 5.1.4 one checks

f_{∗,n} = R_n ⊗^L_R (ϕ(R lim←− f_∗)) in D^b(Y, W_n[d]).

5.1.7. Let X be smooth equidimensional scheme and Z ⊂ X an integral closed subscheme of codimension c. Then we have the cup-product with cl([Z]) (see 3.2.2) in D^b(dRW_X )

(−) ∪ cl([Z]) : W_•Ω_X^{(3.5.6)}−−−−→ H^c_Z (W_•Ω)(c)^{(3.5.4)}−−−−→ RΓ_Z (W_•Ω)(c)[c].

Notice that in 3.5.7 we defined this maps only in the limit, but they can clearly be constructed on each level and the limit of the above gives 3.5.7. Also notice that the first map is given by α → (−1)^{c·deg α}α · cl([Z]), which is a morphism of de Rham-Witt systems (since F (cl([Z])) = π(cl([Z])) and d(cl([Z])) = 0.) Using (5.1.2) and 5.1.1, (1), (3) one checks

(− ∪ cl_n([Z])) = R_n ⊗^L_R ϕ(R lim←−((−) ∪ cl([Z]))) in D^b(X, W_n[d]).

5.1.8. Let S be a k-scheme, f : X → S and g : Y → S be two S-schemes which are smooth over k and of the same pure dimension N. Let Z ⊂ X ×_S Y be a closed integral subscheme of dimension N, which is proper over Y . Then we define the morphism

R([Z]/S) : Rf_∗W Ω_X → Rg_∗W Ω_Y in D^b(S, R) as the composition

Rf_∗W Ω_X^{pr∗1}−−→ Rf_∗Rpr_{1∗}W Ω_{X×Y}

∪cl([Z])

−−−−−→ Rf_∗Rpr_{1∗}RΓ_Z W Ω_{X×Y} (N)[N]

≃, Z⊂X×_S Y

−−−−−−−−→ Rg_∗Rpr_{2∗}RΓ_Z W Ω_{X×Y} (N)[N]

pr_{2∗}

−−−→ Rg_∗W Ω_Y .

Here we simply write pr^∗_1 instead of ϕ(R lim←−(pr^∗_1)) etc. Notice that the third arrow does not exist in D^b( ^dRW_S ), since it is not compatible with the W O_S - action. By 5.1.1 and 5.1.5, 5.1.6, 5.1.7, R_n ⊗^L_R R([Z]/S) equals the following composition in D^b(S, W_n[d]), for all n ≥ 1

Rf_∗W_nΩ_X^{pr} ∗ 1,n −−−→ Rf_∗Rpr_{1∗}W_nΩ_{X×Y}

(5.1.5)

∪cl_n([Z])

−−−−−−→ Rf_∗Rpr_{1∗}RΓ_Z W_nΩ_{X×Y} (N)[N]

≃, Z⊂X×_S Y

−−−−−−−−→ Rg_∗Rpr_{2∗}RΓ_Z W_nΩ_{X×Y} (N)[N]

pr_{2,n∗}

−−−−→ Rg_∗W_nΩ_Y .

This also shows that (5.1.6) R([Z]/S) = R lim←−(R_n ⊗^L_R R([Z]/S)).

Lemma 5.1.9. In the situation of 5.1.8 we have

⊕_iH^i(R([Z]/S)) = Ĥ([Z]/S) : Ĥ(X/S) → Ĥ(Y/S),

in particular H^i(R([Z]/S)) is W O_S -linear. (See Proposition 3.5.4 for the notation.) Further,

⊕_iH^i(R_1 ⊗^L_R R([Z]/S)) : ⊕_iR^if_∗Ω_X → ⊕_iR^ig_∗Ω_Y

equals the the morphism ρ_H (Z/S) from [CR09, Prop. 3.2.4]; in particular it is O_S -linear.

Proof. By Lemma 3.5.8 (and its proof for the level n = 1 case) the global cup product (−) ∪ ĉl([Z]) : H^i(X × Y, W Ω_{X×Y} ) → H^{i+N}_Z (X × Y, W Ω_{X×Y} (N)) (resp. (−) ∪ cl_1([Z]) : H^i(X × Y, Ω_{X×Y} ) → H^{i+N}_Z (X × Y, Ω_{X×Y} (N))) is given by applying H^i(X × Y, R lim←−(−)) to the cup product of 5.1.7 (resp. applying H^i(X × Y, R_1 ⊗^L_R (−)) to 5.1.7 ). Now the lemma follows from going through the definitions (cf. also the proof of Proposition 3.5.10 and of [CR09, Lem. 4.1.3].) □

Theorem 5.1.10. Let S be a k-scheme and f : X → S and g : Y → S be two Sschemes which are integral and smooth over k and have dimension N. Assume X and Y are properly birational over S, i.e. there exists a closed integral subscheme Z ⊂ X ×_S Y , such that the projections Z → X and Z → Y are proper and birational. Then R_n ⊗^L_R R([Z]/S) (see 5.1.8) induces isomorphisms in D^b(S, W_n), for all n ≥ 1 Rf_∗W_nO_X ∼= Rg_∗W_nO_Y , Rf_∗W_nΩ^N_X ∼= Rg_∗W_nΩ^N_Y .

Therefore R([Z]/S) = R lim←−(R_n ⊗^L_R R([Z]/S)) induces isomorphisms in D^b(S, R) Rf_∗W O_X ∼= Rg_∗W O_Y , Rf_∗W Ω^N_X ∼= Rg_∗W Ω^N_Y .

Taking cohomology we obtain isomorphisms of W O_S -modules which are compatible with Frobenius and Verschiebung

R^if_∗W O_X ∼= R^ig_∗W O_Y , R^if_∗W Ω^N_X ∼= R^ig_∗W Ω^N_Y , for all i ≥ 0.

Proof. By Ekedahl’s Nakayama Lemma (Corollary 5.1.3) it suffices, to show that H^i(R_1 ⊗^L_R R([Z]/S)) : R^if_∗Ω_X → R^ig_∗Ω_Y is an isomorphism for all i ≥ 0. This follows from Lemma 5.1.9 and [CR09, Thm. 3.2.6]. The second statement follows again from Lemma 5.1.9. □

Remark 5.1.11. Notice that we do not need to assume here that any of the schemes X, Y or S are quasi-projective. We had to assume it in section 2 and 3 since, we can only prove the compatibility of H(−/S) with composition of correspondences, in the quasi-projective case. But in the argument above we only need that the maps exist in D^b(S, R) and can then reduce to the result of [CR09], where no quasi-projectiveness assumption is needed.

Modulo torsion the W O-part of the following corollary was proved by Ekedahl in [Eke83].

Corollary 5.1.12. Let X and Y be two smooth and proper k-schemes, which are birational and of pure dimension N. Then there are isomorphisms of W [F, V ]-modules H^i(X, W O_X ) ∼= H^i(Y, W O_Y ), H^i(X, W Ω^N_X ) ∼= H^i(Y, W Ω^N_Y ), for all i ≥ 0 and also for all n, isomorphisms of W_n-modules H^i(X, WnOX ) ∼= H^i(Y, WnOY ), H^i(X, WnΩ^N_X ) ∼= H^i(Y, WnΩ^N_Y ), for all i ≥ 0.

In the case where X and Y are tame finite quotients (see Definition 4.2.5) we have no map like R([Z]/S). This is why we have to assume that there exists a morphism in this case:

Theorem 5.1.13. Let f : X → Y be a proper and birational k-morphism between two tame finite quotients. Then we have isomorphisms

f^∗ : W O_Y^≃−→ Rf_∗W O_X , Rf_∗W ω_X ∼= f_∗W ω_X [0]^{≃, f∗}−−−→ W ω_Y , where W ω is defined in Definition 4.1.2 and f_∗ is the pushforward from Proposition 4.1.4, (6). There are also corresponding isomorphisms on each finite level.

Proof. By [CR09, Cor. 4.3.3] we have isomorphisms

f^∗ : O_Y^≃−→ Rf_∗O_X , Rf_∗ω_X ∼= f_∗ω_X [0]^{≃, f∗}−−−→ ω_Y .

By [KM98, Prop. 5.7] tame finite quotients are CM. Now the statement follows by induction from the two exact sequences (where X is any pure dimensional CM scheme)

0 → W_{n−1}O_X^V−→ W_nO_X → O_X → 0 and (see Proposition 4.1.4, (7))

0 → W_{n−1}ω_X^p−→ W_nω_X^{F n−1}−−−→ ω_X → 0. □ Notice that the W O-part of the theorem is a direct consequence of [CR09, Cor. 4.3.3] and does not need any of the techniques developed in this paper.

Corollary 5.1.14. In the situation of Theorem 5.1.13 we have isomorphisms of W [V, F ]-modules

H^i(X, W O_X ) ∼= H^i(Y, W O_Y ), H^i(X, W ω_X ) ∼= H^i(Y, W ω_Y ), for all i ≥ 0.

There are also corresponding isomorphisms on each finite level.

References

[BBE07] Pierre Berthelot, Spencer Bloch, and Hélène Esnault. On Witt vector cohomology for singular varieties. Compositio Mathematica, 143(2):363–392, 2007.

[BER10] Pierre Berthelot, Hélène Esnault, and Kay Rülling. Rational points over finite fields for regular models of algebraic varieties of Hodge type ≥ 1. Annals of Mathematics, 176(1):413-508, 2012.

[BE08] Manuel Blickle and Hélène Esnault. Rational singularities and rational points. Pure Appl. Math. Q., 4(3, part 2):729–741, 2008.

[BS83] Spencer Bloch and Vasudevan Srinivas. Remarks on correspondences and algebraic cycles. Amer. J. Math., 105(5):1235–1253, 1983.

[Cha09] Andre Chatzistamatiou. First coniveau notch of the Dwork family and its mirror. Mathematical Research Letters, 16(4):563–575, 2009.

[CR09] Andre Chatzistamatiou and Kay Rülling. Higher direct images of the structure sheaf in positive characteristic. Algebra & Number Theory, 5(6):693-775, 2011.

[Con00] Brian Conrad. Grothendieck duality and base change, volume 1750 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2000.

[CH00] Alessio Corti and Masaki Hanamura. Motivic decomposition and intersection Chow groups. I. Duke Math. J., 103(3):459–522, 2000.

[dJ96] A. Johan de Jong. Smoothness, semi-stability and alterations. Institut des Hautes Études Scientifiques. Publications Mathématiques, (83):51–93, 1996.

[dJ97] A. Johan de Jong. Families of curves and alterations. Université de Grenoble. Annales de l’Institut Fourier, 47(2):599–621, 1997.

[DI87] Pierre Deligne and Luc Illusie. Relévements modulo p^2 et décomposition du complexe de de Rham. Inventiones Mathematicae, 89(2):247–270, 1987.

[Eke83] Torsten Ekedahl. Sur le groupe fondamental d’une variété unirationnelle. Comptes Rendus des Séances de l’Académie des Sciences. Série I. Mathématique, 297(12):627–629, 1983.

[Eke84] Torsten Ekedahl. On the multiplicative properties of the de Rham- Witt complex. I. Arkiv för Matematik, 22(2):185–239, 1984.

[Eke85] Torsten Ekedahl. On the multiplicative properties of the de Rham- Witt complex. II. Arkiv för Matematik, 23(1):53–102, 1985.

[ES80] Geir Ellingsrud and Tor Skjelbred. Profondeur d’anneaux d’invariants en caractéristique p. Compositio Mathematica, 41(2):233–244, 1980.

[Ful98] William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, second edition, 1998.

[Gab62] Pierre Gabriel. Des catégories abéliennes. Bull. Soc. Math. France, 90:323–448, 1962.

[God73] Roger Godement. Topologie algébrique et théorie des faisceaux. Hermann, Paris, 1973. Troisième édition revue et corrigée, Publications de l’Institut de Mathématique de l’Université de Strasbourg, XIII, Actualités Scientifiques et Industrielles, No. 1252.

[Gro85] Michel Gros. Classes de Chern et classes de cycles en cohomologie de Hodge-Witt logarithmique. Mémoires de la Société Mathématique de France. Nouvelle Série, (21):87, 1985.

[EGAI] Alexander Grothendieck. Éléments de géométrie algébrique. I. Le langage des schémas. Institut des Hautes Études Scientifiques. Publications Mathématiques, (4):228, 1960.

[EGAII] Alexander Grothendieck. Éléments de géométrie algébrique. II. Étude globale élémentaire de quelques classes de morphismes. Institut des Hautes Études Scientifiques. Publications Mathématiques, (8):222, 1961.

[EGAIV(4)] Alexander Grothendieck. Éléments de géométrie algébrique. IV.

Étude locale des schémas et des morphismes de schémas IV. Institut des Hautes Études Scientifiques. Publications Mathématiques, (32):361, 1967.

[SGA2] Alexander Grothendieck. Cohomologie locale des faisceaux cohérents et théorèmes de Lefschetz locaux et globaux (SGA 2). Documents Mathématiques (Paris) 4. Société Mathématique de France, Paris,

2005. Séminaire de Géométrie Algébrique du Bois Marie, 1962, Augmenté d’un exposé de Michèle Raynaud. With a preface and edited by Yves Laszlo, Revised reprint of the 1968 French original.

[Har66] Robin Hartshorne. Residues and duality. Lecture notes of a seminar on the work of A. Grothendieck, given at Harvard 1963/64. With an appendix by Pierre Deligne. Lecture Notes in Mathematics, No. 20. Springer-Verlag, Berlin, 1966.

[Ill79] Luc Illusie. Complexe de de Rham-Witt et cohomologie cristalline.

Annales Scientifiques de l’ École Normale Supérieure. Quatrième Série, 12(4):501–661, 1979.

[Ill83] Luc Illusie. Finiteness, duality, and Künneth theorems in the cohomology of the de Rham-Witt complex. In Algebraic geometry (Tokyo/Kyoto, 1982), volume 1016 of Lecture Notes in Math., pages 20–72. Springer, Berlin, 1983.

[IR83] Luc Illusie and Michel Raynaud. Les suites spectrales associées au complexe de de Rham-Witt. Institut des Hautes Études Scientifiques. Publications Mathématiques, (57):73–212, 1983.

[KM74] Nicholas M. Katz and William Messing. Some consequences of the Riemann hypothesis for varieties over finite fields. Invent. Math., 23:73–77, 1974.

[KKMS73] George Kempf, Finn Faye Knudsen, David Mumford, and Bernard Saint-Donat. Toroidal embeddings. I. Lecture Notes in Mathematics, Vol. 339. Springer-Verlag, Berlin, 1973.

[KM98] János Kollár and Shigefumi Mori. Birational geometry of algebraic varieties, volume 134 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 1998. With the collaboration of C. H. Clemens and A. Corti, Translated from the 1998 Japanese original.

[Kov00] Sándor J. Kovács. A characterization of rational singularities. Duke Math. J., 102(2):187–191, 2000.

[LZ04] Andreas Langer and Thomas Zink. De Rham-Witt cohomology for a proper and smooth morphism. Journal of the Institute of Mathematics of Jussieu. JIMJ. Journal de l’Institute de Mathématiques de Jussieu, 3(2):231–314, 2004.

[ML98] Saunders Mac Lane. Categories for the working mathematician, volume 5 of Graduate Texts in Mathematics. Springer-Verlag, New York, second edition, 1998.

[Ray78] Michel Raynaud. Contre-exemple au “vanishing theorem” en caractéristique p > 0. In C. P. Ramanujam – a tribute, volume 8 of Tata Inst. Fund. Res. Studies in Math., pages 273–278. Springer, Berlin, 1978.

[Sai10] Shuji Saito. Cohomological Hasse principle and motivic cohomology of arithmetic schemes. Proceedings of the International Congress of Mathematicians, 2010.

[Shi74] Tetsuji Shioda. An example of unirational surfaces in characteristic p. Mathematische Annalen, 211:233–236, 1974.

[SGA7(2)] Groupes de monodromie en géométrie algébrique. II. Lecture Notes in Mathematics, Vol. 340. Springer-Verlag, Berlin, 1973. Séminaire de Géométrie Algébrique du Bois-Marie 1967–1969 (SGA 7 II), Dirigé par Pierre Deligne et Nicholas Katz.

[Wei] Charles A. Weibel. An introduction to homological algebra, volume 38 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1994.

Andre Chatzistamatiou Fachbereich Mathematik Universität Duisburg-Essen 45117 Essen Germany a.chatzistamatiou@unidue.de

Kay Rülling Fachbereich Mathematik Universität Duisburg-Essen 45117 Essen Germany kay.ruelling@uni-due.de

Documenta Mathematica 17 (2012)