Documenta Mathematica

Journal der Deutschen Mathematiker-Vereinigung Gegründet 1996

M

W_Y

P_{Y /M}

~W_X

P_{Y ×P}1

~M_X × P1 W_{Y /P}

W_X

~M_X × {∞} ~P_{X/M} P_{Y /PX/M} W

P^1 × P^1

(0, ∞)

(0, 0) (∞, 0)

(∞, ∞)

P_{X/M}

~M_X × {0}

~M_Y

Figure 1. Double deformation, cf. page 131

Band 15 · 2010

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, veröffentlicht Forschungsarbeiten aus allen mathematischen Gebieten und wird in traditioneller Weise referiert. Es wird indiziert durch Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Artikel können als TEX-Dateien per E-Mail bei einem der Herausgeber eingereicht werden. Hinweise für die Vorbereitung der Artikel können unter der unten angegebenen WWW-Adresse gefunden werden.

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, publishes research manuscripts out of all mathematical fields and is refereed in the traditional manner. It is indexed in Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Manuscripts should be submitted as TEX -files by e-mail to one of the editors. Hints for manuscript preparation can be found under the following web address.

http://www.math.uni-bielefeld.de/documenta

Geschäftsführende Herausgeber / Managing Editors: Alfred K. Louis, Saarbrücken louis@num.uni-sb.de Ulf Rehmann (techn.), Bielefeld rehmann@math.uni-bielefeld.de Peter Schneider, Münster pschnei@math.uni-muenster.de Herausgeber / Editors:

Christian Bär, Potsdam baer@math.uni-potsdam.de Don Blasius, Los Angeles blasius@math.ucla.edu Joachim Cuntz, Münster cuntz@math.uni-muenster.de Patrick Delorme, Marseille delorme@iml.univ-mrs.fr Gavril Farkas, Berlin (HU) farkas@math.hu-berlin.de Edward Frenkel, Berkeley frenkel@math.berkeley.edu Friedrich Götze, Bielefeld goetze@math.uni-bielefeld.de Ursula Hamenstädt, Bonn ursula@math.uni-bonn.de Lars Hesselholt, Cambridge, MA (MIT) larsh@math.mit.edu Max Karoubi, Paris karoubi@math.jussieu.fr Stephen Lichtenbaum Stephen Lichtenbaum@brown.edu Eckhard Meinrenken, Toronto mein@math.toronto.edu Alexander S. Merkurjev, Los Angeles merkurev@math.ucla.edu Anil Nerode, Ithaca anil@math.cornell.edu Thomas Peternell, Bayreuth Thomas.Peternell@uni-bayreuth.de Eric Todd Quinto, Medford Todd.Quinto@tufts.edu Takeshi Saito, Tokyo t-saito@ms.u-tokyo.ac.jp Stefan Schwede, Bonn schwede@math.uni-bonn.de Heinz Siedentop, München (LMU) h.s@lmu.de Wolfgang Soergel, Freiburg soergel@mathematik.uni-freiburg.de

ISSN 1431-0635 (Print), ISSN 1431-0643 (Internet)

SPARC

Leading Edge

Documenta Mathematica is a Leading Edge Partner of SPARC, the Scholarly Publishing and Academic Resource Coalition of the Association of Research Libraries (ARL), Washington DC, USA.

Address of Technical Managing Editor: Ulf Rehmann, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, Copyright © 2010 for Layout: Ulf Rehmann. Typesetting in TEX.

Documenta Mathematica

Band 15, 2010

Jianqiang Zhao Standard Relations of Multiple Polylogarithm Values at Roots of Unity 1–34 Indranil Biswas and Norbert Hoffmann The Line Bundles on Moduli Stacks of Principal Bundles on a Curve 35–72 José I. Burgos Gil and Răzvan Liţcanu Singular Bott-Chern Classes and the Arithmetic Grothendieck Riemann Roch Theorem for Closed Immersions 73–176 Vanessa Miemietz and Will Turner Hicas of Length ≤ 4 177–205 Oliver Matte On Higher Order Estimates in Quantum Electrodynamics 207–234 Zen Harper Laplace Transform Representations and Paley–Wiener Theorems for Functions on Vertical Strips 235–254 A. Ballester-Bolinches, J. C. Beidleman, H. Heineken and M. C. Pedraza-Aguilera Local Classes and Pairwise Mutually Permutable Products of Finite Groups 255–265 Liangbing Jin, Yongming Liu, and Yong Zhou Blow-up of Solutions to a Periodic Nonlinear Dispersive Rod Equation 267–283 Anna Dall’Acqua and Jan Philip Solovej Excess Charge for Pseudo-Relativistic Atoms in Hartree-Fock Theory 285–345 Takashi Yoshinaga On the Solutions of Quadratic Diophantine Equations 347–385 Jean-Yves Charbonnel and Anne Moreau The Index of Centralizers of Elements of Reductive Lie Algebras 387–421 Jochen Heinloth, Alexander H. W. Schmitt The Cohomology Rings of Moduli Stacks of Principal Bundles over Curves 423–488

Goro Shimura The Critical Values of Generalizations of the Hurwitz Zeta Function 489–506

Jan Šťovíček Locally Well Generated Homotopy Categories of Complexes 507–525

Feng-Yu Wang Semigroup Properties for the Second Fundamental Form 527–543

Eike Lau Frames and Finite Group Schemes over Complete Regular Local Rings 545–569 Adrian Vasiu and Thomas Zink Purity Results for p-Divisible Groups and Abelian Schemes over Regular Bases of Mixed Characteristic 571–599

Miroslav Engliš, Genkai Zhang Hankel Operators and the Dixmier Trace on Strictly Pseudoconvex Domains 601–622

Claus M. Sorensen Galois Representations Attached to Hilbert-Siegel Modular Forms 623–670

Amir Džambić Arithmetic of a fake projective plane and related elliptic surfaces 671–686 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov Interface and mixed boundary value problems on n-dimensional polyhedral domains 687–745

Gerard van der Geer and Alexis Kouvidakis The Rank-One Limit of the Fourier-Mukai Transform 747–763 Michael A. Mandell An Inverse K-Theory Functor 765–791

Ben Moonen Special Subvarieties Arising from Families of Cyclic Covers of the Projective Line 793–819 Jarosław Buczyński Duality and Integrability on Contact Fano Manifolds 821–841

Yuri Prokhorov Q-Fano Threefolds of Large Fano Index, I 843–872

Gerasimos Dousmanis On Reductions of Families of Crystalline Galois Representations 873–938 Wojciech Młotkowski Fuss-Catalan Numbers in Noncommutative Probability 939–955 Jason Starr and Johan de Jong Almost Proper GIT-Stacks and Discriminant Avoidance 957–972 Douglas S. Bridges Inheriting the Anti-Specker Property 973–980 Jared Weinstein Good Reduction of Affinoids on the Lubin-Tate Tower 981–1007 Ulrich Görtz, Xuhua He Dimensions of Affine Deligne-Lusztig Varieties in Affine Flag Varieties 1009–1028 Alejandro Adem and Zinovy Reichstein Bundles, Cohomology and Truncated Symmetric Polynomials 1029–1047 Shun Tang A Lefschetz Fixed Point Formula for Singular Arithmetic Schemes with Smooth Generic Fibres 1049–1108 vi

Documenta Math. 1

Standard Relations of Multiple Polylogarithm

Values at Roots of Unity

Dedicated to Prof. Keqin Feng on his 70th birthday

Jianqiang Zhao

Received: July 24, 2009 Revised: January 5, 2010

Communicated by Takeshi Saito

Abstract. Let N be a positive integer. In this paper we shall study the special values of multiple polylogarithms at Nth roots of unity, called multiple polylogarithm values (MPVs) of level N. Our primary goal in this paper is to investigate the relations among the MPVs of the same weight and level by using the regularized double shuffle relations, regularized distribution relations, lifted versions of such relations from lower weights, and weight one relations which are produced by relations of weight one MPVs. We call relations from the above four families standard. Let d(w, N) be the dimension of the Q-vector space generated by all MPVs of weight w and level N. Recently Deligne and Goncharov were able to obtain some lower bound of d(w, N) using the motivic mechanism. We call a level N standard if N = 1, 2, 3 or N = p^n for prime p ≥ 5. Our computation suggests the following dichotomy: If N is standard then the standard relations should produce all the linear relations and if further N > 3 then the bound of d(w, N) by Deligne and Goncharov can be improved; otherwise there should be non-standard relations among MPVs for all sufficiently large weights (depending only on N) and the bound by Deligne and Goncharov may be sharp. We write down some of the non-standard relations explicitly with good numerical verification. In two instances (N = 4, w = 3, 4) we can rigorously prove these relations by using the octahedral symmetry of {0, ∞, ±1, ± √ −1}. Throughout the paper we provide many conjectures which are strongly supported by computational evidence.

Documenta Mathematica 15 (2010) 1–34

2 Jianqiang Zhao

2010 Mathematics Subject Classification: Primary 11R42, 11Y40; Secondary 33B30.

Keywords and Phrases: Multiple polylogarithms, double shuffle relations, distribution relations, regularization, standard relations.

Contents

1 Introduction 2 1.1 Multiple polylog values at roots of unity . . . . . . . . . . . . . 3 1.2 Standard relations of MPVs . . . . . . . . . . . . . . . . . . . . 4 1.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.4 Acknowledgment . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 The double shuffle relations and the algebra A 6

3 Weight one relations 10

4 Regularized distribution relations 10

5 Lifted relations from lower weights 14

6 Some conjectures of FDS and RDS 16

7 The structure of MPVs and some examples 17 7.1 Weight one . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 7.2 Weight two . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 7.3 Weight three . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 7.4 Upper bound of d(w, N) by Deligne and Goncharov . . . . . . 21

8 Computational results in weight two 21

9 Computational results in weight three, four and five 29

1 Introduction

In recent years, there is a revival of interest in multi-valued classical polylogarithms (polylogs) and their generalizations. For any positive integers s_1, . . . , s_ℓ, multiple polylogs of complex variables are defined as follows (note that our index order is opposite to that of [19]):

Li_{s1,...,sℓ} (x_1, . . . , x_ℓ) = � k_1 >···>k_ℓ>0

x^{k1}_1 · · · x^{kℓ}_ℓ k^{s1}_1 · · · k^{sℓ}_ℓ

, (1)

where |x_1 · · · x_j | < 1 for j = 1, . . . , ℓ. It can be analytically continued to a multi-valued meromorhpic function on C^ℓ (see [29]). Conventionally ℓ is called

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 3

the depth (or length) and s_1 + · · · + s_ℓ the weight. When the depth ℓ = 1 the function is nothing but the classical polylog. When the weight is also 1 one gets the MacLaurin series of − log(1 − x). Moreover, setting x_1 = · · · = x_ℓ = 1 and s_1 > 1 one obtains the well-known multiple zeta values (MZVs). If one allows x_j ’s to be ±1 then one gets the so-called alternating Euler sums.

1.1 Multiple polylog values at roots of unity

In this paper, the primary objects of study are the multiple polylog values at roots of unity (MPVs). These special values, MZVs and the alternating Euler sums in particular, have attracted a lot attention in recent years after they were found to be connected to many branches of mathematics and physics (see, for e.g., [7, 8, 10, 11, 15, 19, 28]). Results up to around year 2000 can be found in the comprehensive survey paper [6].

Starting from early 1990s Hoffman [21, 22] has constructed some quasi-shuffle (called stuffle in [6]) algebras reflecting the essential combinatorial properties of MZVs. Later he [23] extends this to incorporate MPVs although his definition of ∗-product is different from ours. This approach was then improved in [24] and [26] to study MZVs and MPVs in general, respectively, where the regularized double shuffle relations play prominent roles. One derives these relations by comparing (1) with another expression of the multiple polylogs given by the following iterated integral:

Li_{s1,...,sℓ} (x_1, . . . , x_ℓ) =

(−1)^ℓ

�_1 0 � dt t �_{∘(s1 −1)} ∘ dt t − a_1

∘ · · · ∘ � dt t �_{∘(sℓ−1)} ∘ dt t − a_ℓ

, (2)

where a_i = 1/(x_1 . . . x_i) for 1 ≤ i ≤ ℓ. Here, one defines the iterated integrals recursively by

�_b a f(t) ∘ w(t) =

�_b a ( �_x a w(t))f(x) for any 1-form w(t) and concatenation of 1-forms f(t). One may think the path lies in C; however, it is more revealing to use iterated integrals in C^ℓ to find the analytic continuation of this function (see [29]).

The main feature of this paper is a quantitative comparison between the results obtained by Racinet [26] who considers MPVs from the motivic viewpoint of Drinfeld associators, and those by Deligne and Goncharov [17] who study the motivic fundamental groups of P^1 −({0, ∞}∪μ_N ) by using the theory of mixed Tate motives over S-integers of number fields, where μ_N is the group of Nth roots of unity.

Fix an Nth root of unity μ = μ_N := exp(2π √ −1/N). An MPV of level N is a number of the form

L_N (s_1, . . . , s_ℓ|i_1, . . . , i_ℓ) := Li_{s1,...,sℓ} (μ^{i1} , . . . , μ^{iℓ} ). (3)

We will always identify (i_1, . . . , i_ℓ) with (i_1, . . . , i_ℓ) (mod N). It is easy to see from (1) that an MPV converges if and only if (s_1, μ^{i1} ) ≠ (1, 1). Clearly, all

Documenta Mathematica 15 (2010) 1–34

4 Jianqiang Zhao

MPVs of level N are automatically of level Nk for every positive integer k. For example when i_1 = · · · = i_ℓ = 0 or N = 1 one gets the MZV ζ(s_1, . . . , s_ℓ). When N = 2 one recovers the alternating Euler sums studied in [8, 31]. To save space, if a string S repeats n times then {S}^n will be used. For example, L_N ({2}^2|{0}^2) = ζ(2, 2) = π^4/120.

Standard conjectures in arithmetic geometry imply that Q-linear relations among MVPs can only exist between those of the same weight. Let MPV(w, N) be the Q-span of all the MPVs of weight w and level N. Let d(w, N) denoted its dimension. In general, it is very difficult to determine d(w, N) because any nontrivial lower bound would provide some nontrivial irrational/transcendental result which is related to a variant of Grothendieck’s period conjecture (see [16] or [17, 5.27(c)]). For example, one can show easily that MPV(2, 4) = ⟨log^2 2, π^2, π log 2 √ −1, (K − 1) √ −1⟩, where K = � n≥0(−1)^n/(2n + 1)^2 is the Catalan’s constant. From a variant of Grothendieck’s period conjecture we know d(2, 4) = 4 (see [16]) but we don’t have an unconditional proof yet. Namely, we cannot prove that the four number log^2 2, π^2, π log 2 √ −1, (K − 1) √ −1 are linearly independent over Q. Thus, nontrivial lower bound of d(w, N) is hard to come by.

On the other hand, one may obtain upper bound of d(w, N) by finding as many linear relations in MPV(w, N) as possible. As in the cases of MZVs and the alternating Euler sums the double shuffle relations play important roles in revealing the relations among MPVs. In such a relation if all the MPVs involved are convergent it is called a finite double shuffle relation (FDS). In general one needs to use regularization to obtain regularized double shuffle relations (RDS) involving divergent MPVs. We shall recall this theory in §2 building on the results of [24, 26].

From the point of view of Lyndon words and quasi-symmetric functions Bigotte et al. [3, 4] have studied MPVs (they call them colored MZVs) primarily by using double shuffle relations and monodromy argument (cf. [4, Thm. 5.1]). However, when the level N ≥ 2, these double shuffle relations often are not complete, as we shall see in this paper (for level two, see also [5]).

1.2 Standard relations of MPVs

If the level N > 3 then there are many non-trivial linear relations in MPV(1, N) of weight one whose structure is clear to us. Multiplied by MPVs of weight w − 1 these relations can produce non-trivial linear relations among MPVs of weight w which are called the weight one relations. Similar to these relations one may produce new relations by multiplying MPVs on all of the other types of relations among MPVs of lower weights. We call such relations lifted relations.

It is well-known that among MPVs there are the so-called finite distribution relations (FDT), see (14). Racinet [26] further considers the regularization of these relations by regarding MPVs as the coefficients of some group-like element in a suitably defined pro-Lie-algebra of motivic origin (see §4). Our computa-

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 5

tion shows that the regularized distribution relations (RDT) do contribute to new relations not covered by RDS and FDT. But they are not enough yet to produce all the lifted RDS.

Definition 1.1. We call a Q-linear relation between MPVs standard^1 if it can be produced by some Q-linear combinations of the following four families of relations: regularized double shuffle relations (RDS), regularized distribution relations (RDT), weight one relations, and lifted relations from the above. Otherwise, it is called a non-standard relation.

It is commonly believed that all linear relations among MPVs (i.e. levels one MPVs) are consequences of RDS. When level N = 2 we believe that all linear relations among the alternating Euler sums are consequences of RDS and RDT. Further, in this case, the RDT should correspond to the doubling and generalized doubling relations of [5].

1.3 Main results

The main goal of this paper is to provide some extensive numerical evidence concerning the (in)completeness of the standard relations. Namely, these relations in general are not enough to produce all the Q-linear relation between MPVs (see Remark 8.2 and Conjecture 8.5); however, we have the following result (see Thm. 8.6 and Thm. 8.3).

Theorem 1.2. Let p ≥ 5 be a prime. Then d(2, p) ≤ (5p + 7)(p + 1)/24 and d(2, p^2) < (p^2 − p + 2)^2/4. If a variant of Grothendieck’s period conjecture [17, 5.27(c)] is true then the equality holds for d(2, p) and the standard relations in MPV(2, p) imply all the others.

If weight w = 2 and N = 5^2, 7^2, 11^2, 13^2 or 5^3, then our computation (see Table 1) shows that the standard relations are very likely to be complete. However, if N > 3 is a 2-power or 3-power or has at least two distinct prime factors then the standard relations are often incomplete. Moreover, we don’t know how to obtain the non-standard relations rigorously except that when the level N = 4 we get (see Thm. 9.1)

Theorem 1.3. If the conjecture in [17, 5.27(c)] is true then all the linear relations among MPVs of level four and weight three (resp. weight four) are the consequences of the standard relations and the octahedral relation (53) (resp. the five octahedral relations (54)-(58)).

Most of the MPV identities in this paper are discovered with the help of MAPLE using symbolic computations. We have verified all relations numerically by GiNaC [27] with an error bound < 10^{−90}. Some results contained in this paper were announced in [30].

1This term was suggested by P. Deligne in a letter to Goncharov and Racinet dated Feb. 25, 2008.

Documenta Mathematica 15 (2010) 1–34

6 Jianqiang Zhao

1.4 Acknowledgment

This work was started while I was visiting Chern Institute of Mathematics at Nankai University and the Morningside Center of Mathematics at Beijing, China in the summer of 2007. The paper was revised later while I was visiting the Institute for Advanced Study and the Max Planck Institut für Mathematik. I’d like to thank the above institutions for their generous support, and in particular to Chengming Bai and Fei Xu for their hospitality. Thanks are also due to P. Deligne for his patient explanation of [17] and many insightful remarks, to J. Vollinga and J.A.M. Vermaseren for answering some of my questions regarding the numerical computation of MPVs and MZVs, to my colleagues E. Fernandez and J. Zuev for their help with Matlab, and to the anonymous referee for comments and suggestions that improved the paper greatly.

2 The double shuffle relations and the algebra A

In this section we recall the procedure to transform the shuffle relations among MPVs into some pure algebra structures. This is a rather straight-forward variation of a theme first studied by Hoffman for MZVs (see, for e.g., [22, 23]) and then further developed by Ihara et al. in [24] and by Racinet in [26]. Most of the results in this section are well-known but we include them for the convenience of the reader.

It is Kontsevich [25] who first noticed that MZVs can be represented by iterated integrals. One can easily extend this to MPVs [26]. Set a = dt t , b_i = μ^idt 1 − μ^it for i = 0, 1, . . . , N − 1.

For every positive integer n define the word of length n

y_{n,i} := a^{n−1}b_i.

Then it is straight-forward to verify using (2) that if (s_1, μ^{i1} ) ≠ (1, 1) then (cf. [26, (2.5)])

L_N (s_1, . . . , s_n|i_1, i_2, . . . , i_n) =

�_1 0 y_{s1,i1} y_{s2,i1 +i2} · · · y_{sn,i1 +i2 +···+in} . (4)

One can now define an algebra of words as follows:

Definition 2.1. Set A_0 = {1} to be the set of the empty word. Define A = Q⟨A⟩ to be the graded noncommutative polynomial Q-algebra generated by letters a and b_i for i ≡ 0, . . . , N − 1 (mod N), where A is a locally finite set of generators whose degree n part A_n consists of words (i.e., a monomial in the letters) of depth n. Let A^0 be the subalgebra of A generated by words not beginning with b_0 and not ending with a. The words in A^0 are called admissible words.

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 7

Observe that every MPV can be expressed as an iterated integral over the closed interval [0, 1] of an admissible word w in A^0. This is denoted by

Z(w) :=

�_1 0 w. (5)

We remark that the length lg(w) of w is equal to the weight of Z(w). Therefore in general one has (cf. [26, (2.5) and (2.6)])

L_N (s_1, . . . , s_n|i_1, i_2, . . . , i_n) =Z(y_{s1,i1} y_{s2 ,i1+i2} · · · y_{sn,i1 +i2 +···+in} ), (6) Z(y_{s1 ,i1} y_{s2 ,i2} · · · y_{sn,in} ) =L_N (s_1, . . . , s_n|i_1, i_2 − i_1, . . . , i_n − i_{n−1}). (7) For example L_3(1, 2, 2|1, 0, 2) = Z(y_{1,1}y_{2,1}y_{2,0}). On the other hand, during 1960s Chen developed a theory of iterated integral which can be applied in our situation.

Lemma 2.2. ([12, (1.5.1)]) Let ω_i (i ≥ 1) be C-valued 1-forms on a manifold M. For every path p, � p ω_1 · · · ω_r � p ω_{r+1} · · · ω_{r+s} = � p (ω_1 · · · ω_r)x(ω_{r+1} · · · ω_{r+s})

where x is the shuffle product defined by

(ω_1 · · · ω_r)x(ω_{r+1} · · · ω_{r+s}) := � σ∈S_{r+s},σ^{−1} (1)<···<σ^{−1} (r) σ^{−1} (r+1)<···<σ^{−1} (r+s)

ω_{σ(1)} · · · ω_{σ(r+s)}.

For example, one has

L_N (1|1)L_N (2, 3|1, 2) = Z(y_{1,1})Z(y_{2,1}y_{3,3}) = Z(b_1x(ab_1a^2b_3)) =Z(b_1ab_1a^2b_3 + 2ab^2_1a^2b_3 + (ab_1)^2ab_3 + ab_1a^2b_1b_3 + ab_1a^2b_3b_1) =Z(y_{1,1}y_{2,1}y_{3,3} + 2y_{2,1}y_{1,1}y_{3,3} + y^2_{,1}y_{2,3} + y_{2,1}y_{3,1}y_{1,3} + y_{2,1}y_{3,3}y_{1,1}) =L_N (1, 2, 3|1, 0, 2) + 2L_N (2, 1, 3|1, 0, 2) + L_N (2, 2, 2|1, 0, 2) + L_N (2, 3, 1|1, 0, 2) + L_N (2, 3, 1|1, 2, N − 2).

Let Ax be the algebra of A together with the multiplication defined by shuffle product x. Denote the subalgebra A^0 by A^0x when one considers the shuffle product. Then one can easily prove Proposition 2.3. The map Z : A^0x −→ C is an algebra homomorphism. On the other hand, MPVs are known to satisfy the series stuffle relations. For example

L_N (2|5)L_N (3|4) = L_N (2, 3|5, 4) + L_N (3, 2|4, 5) + L_N (5|9). To study such relations in general one has the following definition.

Documenta Mathematica 15 (2010) 1–34

8 Jianqiang Zhao

Definition 2.4. Denote by A^1 the subalgebra of A which is generated by words y_{s,i} with s ∈ N and i ≡ 0, . . . , N − 1 (mod N). Equivalently, A^1 is the subalgebra of A generated by words not ending with a. For any word w = y_{s1,i1} y_{s2,i2} · · · y_{sn,in} ∈ A^1 and positive integer j one defines the exponent shifting operator τ_j by

τ_j (w) = y_{s1,j+i1} y_{s2,j+i2} · · · y_{sn,j+in} .

For convenience, on the empty word we adopt the convention that τ_j (1) = 1. We then define another multiplication ∗ on A^1 by requiring that ∗ distribute over addition, that 1 ∗ w = w ∗ 1 = w for any word w, and that, for any words ω_1, ω_2,

y_{s,j} ω_1 ∗ y_{t,k}ω_2 = y_{s,j} � τ_j � τ_{−j} (ω_1) ∗ y_{t,k}ω_2 � + y_{t,k} � τ_k � y_{s,j} ω_1 ∗ τ_{−k}(ω_2) � + y_{s+t,j+k} � τ_{j+k} � τ_{−j} (ω_1) ∗ τ_{−k} (ω_2) � . (8)

This multiplication is called the stuffle product in [6].

If one denotes by A^1_∗ the algebra (A^1, ∗) then it is not hard to show that

Proposition 2.5. (cf. [22, Thm. 2.1]) The polynomial algebra A^1_∗ is a commutative graded Q-algebra.

Now one can define the subalgebra A^0_∗ similar to A^0x by replacing the shuffle product by the stuffle product. Then by induction on the lengths and using the series definition one can quickly check that for any ω_1, ω_2 ∈ A^0_∗

Z(ω_1)Z(ω_2) = Z(ω_1 ∗ ω_2).

This implies that

Proposition 2.6. The map Z : A^0_∗ −→ C is an algebra homomorphism.

Definition 2.7. Let w be a positive integer such that w ≥ 2. For nontrivial ω_1, ω_2 ∈ A^0 with lg(ω_1) + lg(ω_2) = w one says that

Z(ω_1xω_2 − ω_1 ∗ ω_2) = 0 (9)

is a finite double shuffle relation (FDS) of weight w.

It is known that even in level one these relations are not enough to provide all the relations among MZVs. However, it is believed that one can remedy this by considering regularized double shuffle relation (RDS) produced by the following mechanism. This is explained in detail in [24] when Ihara, Kaneko and Zagier consider MZVs where they call these extended double shuffle relations or EDS. It is also contained in [26] with a different formulation.

To produce RDS, first, combining Propositions 2.6 and 2.3 one can easily prove the following algebraic result (cf. [24, Prop. 1]):

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 9

Proposition 2.8. One has two algebra homomorphisms:

Z^∗ : (A^1_∗, ∗) −→ C[T ], and Zx : (A^1x, x) −→ C[T ]

which are uniquely determined by the properties that they both extend the evaluation map Z : A^0 −→ C by sending b_0 = y_{1,0} to T .

Second, in order to establish the crucial relation between Z^∗ and Zx one can adopt the machinery in [24] as follows. For any (s|i) = (s_1, . . . , s_n|i_1, . . . , i_n) where i_j ’s are integers and s_j ’s are positive integers, let the image of the corresponding words in A^1 under Z^∗ and Zx be denoted by Z^∗_{(s|i)}(T ) and Zx_{(s|i)}(T ) respectively.

Theorem 2.9. (cf. [26, Cor. 2.24]) Define a C-linear map ρ : C[T ] → C[T ] by

ρ(e^{T u}) = exp

�_∞ � n=2 (−1)^n n ζ(n)u^n � e^{T u}, |u| < 1.

Then for any index set (s|i) one has

Zx_{(s|i)}(T ) = ρ(Z^∗_{(s|i)}(T )). (10)

Definition 2.10. Let w be a positive integer such that w ≥ 2. Let (s|i) be any index set with the weight of s equal to w. Then every weight w MPV relation produced by (10) is called a regularized double shuffle relation (RDS) of weight w. This is obtained by formally setting T = 0 in (10).

Theorem 2.9 is a generalization of [24, Thm. 1] to the higher level MPV cases. The proof is essentially the same. The above steps can be easily transformed to computer codes which are used in our MAPLE programs. For example, one gets by stuffle product

T L_N (2|3) =Z^∗_{(1|0)}(T )Z^∗_{(2|3)}(T ) = Z^∗(y_{1,0} ∗ y_{2,3})

=Z^∗_{(1,2|0,3)}(T ) + Z^∗_{(2,1|3,3)}(T ) + Z^∗_{(3|3)}(T ),

while using shuffle product one has

T L_N (2|3) =Zx_{(1|0)}(T )Zx_{(2|3)}(T ) = Zx(y_{1,0}xy_{2,3}) = Zx(b_0xab_3) =Zx_{(1,2|0,3)}(T ) + Zx_{(2,1|0,3)}(T ) + Zx_{(2,1|3,0)}(T ).

Hence one discovers the following RDS by comparing the above two expressions using Thm. 2.9:

L_N (2, 1|3, 0) + L_N (3|3) = L_N (2, 1|3, N − 3) + L_N (2, 1|0, 3).

Documenta Mathematica 15 (2010) 1–34

10 Jianqiang Zhao

3 Weight one relations

When N ≥ 4 there exist linear relations among MPVs of weight one by a theorem of Bass [1]. These relations are important because by multiplying any MPV of weight w − 1 by such a relation one can get a relation between MPVs of weight w which is called a weight one relation. This is one of the key ideas in finding the formula in [17, 5.25] concerning d(w, N). Clearly, there are N − 1 MPVs of weight 1 and level N:

L_N (1|j) = − log(1 − μ^j ), 0 < j < N,

where μ = μ_N = exp(2π √ −1/N) as before. Here one can take C − (−∞, 0] as the principle branch of the logarithm. Further, it follows from the motivic theory of classical polylogs developed by Beilinson and Deligne in [2] and the Borel’s theorem (see [20, Thm. 2.1]) that the Q-dimension of MPV(1, N) is

d(1, N) = dim K_1(Z[μ_N ][1/N]) ⊗ Q + 1 = φ(N)/2 + ν(N),

where φ is the Euler’s totient function and ν(N) is the number of distinct prime factors of N. Hence there are many linear relations among L_N (1|j). For instance, if j < N/2 then one has the symmetric relation

− log(1−μ^j ) = − log(1−μ^{N−j} )−log(−μ^j ) = − log(1−μ^{N−j} )+

N − 2j N π √ −1. Thus for all 1 < j < N/2

(N − 2)(L_N (1|j) − L_N (1|N − j)) = (N − 2j)(L_N (1|1) − L_N (1|N − 1)). (11)

Further, from [1, (B)] for any divisor d of N and 1 ≤ a < N/d one has the distribution relation � 0≤j<d

L_N (1|a + jN/d) = L_N (1|ad). (12)

It follows from the main result of Bass [1] (corrected by Ennola [18]) that all the linear relations between L_N (1|j) are consequences of (11) and (12). Hence the weight one relations have the following forms in words: for all w ∈ A^0 � � � (N − 2)Z(y_{1,j} ∗ w − y_{1,−j} ∗ w) =(N − 2j)Z(y_{1,1} ∗ w − y_{1,−1} ∗ w), � 0≤j<d

Z(y_{1,a+jN/d} ∗ w) =Z(y_{1,ad} ∗ w). (13)

4 Regularized distribution relations

It is well-known that multiple polylogs satisfy the following distribution formula (cf. [26, Prop. 2.25]):

Li_{s1,...,sn} (x_1, . . . , x_n) = d^{s1 +···+sn−n} � y^d_j =x_j ,1≤j≤n

Li_{s1,...,sn} (y_1, . . . , y_n), (14)

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 11

for all positive integer d. When s_1 = 1 one has to exclude the divergent case x_1 = 1. We call these finite distribution relations (FDT). Racinet further considers the regularized version of these relations, which we now recall briefly. Fix an embedding μ_N → C and denote by Γ its image. Define two sets of words

X := X_Γ = {x_σ : σ ∈ Γ ∪ {0}}, and Y := Y_Γ = {x^{n−1}_0 x_σ : n ∈ N, σ ∈ Γ}.

Then one may consider the coproduct Δ of Q⟨X⟩ defined by Δx_σ = 1 ⊗ x_σ + x_σ ⊗ 1 for all σ ∈ Γ ∪ {0}. For every path γ ∈ P^1(C) − ({0, ∞} ∪ Γ) Racinet defines the group-like element I_γ ∈ C⟨⟨X⟩⟩ by

I_γ := � p∈N,σ_1,...,σ_p∈Γ∪{0}

I_γ (σ_1, . . . , σ_p)x_{σ1} · · · x_{σp} ,

where I_γ (σ_1, . . . , σ_p) is the iterated integral � γ ω(σ_1) · · · ω(σ_p) with

ω(σ)(t) = � σ dt/(1 − σt), if σ ≠ 0; dt/t, if σ = 0.

(One has to correct the obvious typo in the displayed formula just before Prop. 2.8 in [26] by changing a_j to α_j .) This I_γ is essentially the same element denoted by dch in [17]. Note that Q⟨Y⟩ is the sub-algebra of Q⟨X⟩ generated by words not ending with x_0. Let π_Y : Q⟨X⟩ → Q⟨Y⟩ be the projection. As x_0 is a primitive element one quickly deduces that (Q⟨Y⟩, Δ) has a graded co-algebra structure.

Let Q⟨X⟩_{cv} be the sub-algebra of Q⟨X⟩ not beginning with x_1 and not ending with x_0. Let π_{cv} : Q⟨X⟩ → Q⟨X⟩_{cv} be the projection. Passing to the limit one gets:

Proposition 4.1. ([26, Prop.2.11]) The series I_{cv} := lim_{a→0}+_{,b→1}− π_{cv}(I_{[a,b]}) is group-like in (C⟨⟨X⟩⟩_{cv}, Δ).

Remark 4.2. The algebras A, A^0 and A^1 in §2 are essentially equal to Q⟨X⟩, Q⟨X⟩_{cv} and Q⟨Y⟩, respectively, after setting a = x_0 and b_j = x_μj .

Let I be the unique group-like element in (C⟨⟨X⟩⟩, Δ) whose coefficients of x_0 and x_1 are 0 such that π_{cv}(I) = I_{cv}. In order to do the numerical computation one needs to determine explicitly the coefficients for I. Put I = � p∈N,,σ_1 ,...,σ_p∈Γ∪{0}

C(σ_1, . . . , σ_p)x_{σ1} · · · x_{σp} . (15)

Proposition 4.3. Let p, m and n be three non-negative integers. If p > 0 then

Documenta Mathematica 15 (2010) 1–34

12 Jianqiang Zhao

we assume σ_1 ≠ 1 and σ_p ≠ 0. Set (σ_1, . . . , σ_p, {0}^n) = (σ_1, . . . , σ_q ). Then

C({1}^m, σ_1, . . . , σ_p, {0}^n)

=

� � � � � � � � � � �

0, if mn = p = 0; Z � π_{cv}(x_{σ1} · · · x_{σp} ) � , if m = n = 0; − 1 m q� i=1 C({1}^{m−1}, σ_1, . . . , σ_i, 1, σ_{i+1}, . . . , σ_q ), if m > 0; − 1 n p� i=1 C(σ_1, . . . , σ_{i−1}, 0, σ_i, . . . , σ_p, {0}^{n−1}), if m = 0, n > 0.

(16)

Here Z is defined by (5) after using the identification given by Remark 4.2.

Remark 4.4. This proposition provides the recursive relations one may use to compute all the coefficients of I.

Proof. Since I is group-like one has

ΔI = I ⊗ I. (17)

The first case follows from this immediately since C(0) = C(1) = 0. The second case is essentially the definition (5) of Z. If m > 0 then one can compare the coefficient of x_1 ⊗ x^{m−1}_1 x_{σ1} · · · x_{σq} of the two sides of (17) and find the relation (16). Finally, if m = 0 and n > 0 then one may similarly consider the coefficient of x_{σ1} · · · x_{σp} x^{n−1}_0 ⊗ x_0 in (17). This finishes the proof of the proposition.

For any divisor d of N let Γ^d = {σ^d : σ ∈ Γ}, i_d : Γ^d → Γ the embedding, and p^d : Γ ↠ Γ^d the dth power map. They induce two algebra homomorphisms:

p^d_∗ : Q⟨X_Γ⟩ −→ Q⟨X_Γd ⟩

x_σ −→ � dx_0, if σ = 0, x_σd , if σ ∈ Γ, and i^∗_d : Q⟨X_Γ⟩ −→ Q⟨X_Γd ⟩

x_σ −→ � � � x_0, if σ = 0, x_σ , if σ ∈ Γ^d, 0, otherwise.

It is easy to see that both i^∗_d and p^d_∗ are Δ-coalgebra morphisms such that i^∗_d(I) and p^d_∗(I) have the same image under the map π_{cv}. By the standard Lie-algebra mechanism one has

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 13

Proposition 4.5. ([26, Prop.2.26]) For every divisor d of N

p^d_∗(I) = exp � � � σ^d =1,σ≠1

Li_1(σ)x_1 � � i^∗_d(I). (18)

Combined with Proposition 4.3 the above result provides the so-called regularized distribution relations (RDT) which of course include all the FDT of MPVs given by (14).

However, sometimes FDT are not independent of the other relations. In the next theorem one sees that when the weight w = 2 and level N is a prime, all the distribution relations in (14), where x_j = 1 for all j, are consequences of RDS of MPVs of level N.

Theorem 4.6. For any prime p write L(i, j) = L_p(1, 1|i, j) and D(i) = L_p(2|i). Define for 1 ≤ i, j < p:

FDT := −D(0) + p p−1� j=0 D(j), RDS(i) := D(i) + L(i, 0) − L(i, −i),

FDS(i, j) := D(i + j) + L(i, j) + L(j, i) − L(i, j − i) − L(j, i − j).

Then one has

FDT = � 1≤i<p

FDS(i, i) + 2 � 1≤j<i<p

FDS(i, j) + 2 p−1� i=1 RDS(i). (19)

Proof. When p = 2 the second term on the right hand side of (19) is vacuous. Then it is easy to see that both sides of (19) are equal to D(0) + 2D(1). We now assume p ≥ 3. Changing the order of summation yields that 2 � 1≤j<i<p

D(i + j) = p−1� i=2 i−1� j=1 D(i + j) + p−2� j=1 p−1�

i=j+1

D(i + j)

= p−2� i=2 p−1�

i≠j=1

D(i + j) + p−2� j=1 D(j − 1) + p−1� i=2 D(i + 1)

=(p − 3) p−1� j=0 D(j) − p−2� i=2 D(i) − p−1� i=1 D(2i) + p−2� j=1 D(j) + p−1� j=2 D(j) + 2D(0)

=(p − 1)D(0) + (p − 3) p−1� j=1 D(j)

since

�_{p−1} j=0 D(i+j) =

�_{p−1}

j=0 D(j) for all i and

�_{p−1}

i=1 D(2i) =

�_{p−1}

i=1 D(i). This implies that the dilogarithms on the right hand side of (19) exactly add up to

Documenta Mathematica 15 (2010) 1–34

14 Jianqiang Zhao

FDT. Thus one only needs to show that all the double logarithms on the right hand side of (19) cancel out.

First observe that L(i, 0) in FDS(i, i) and RDS(i) cancel out each other. Now let us consider the lattice points (i, j) of Z^2 corresponding to L(i, j). The points (i, j) corresponding to L(i, j) with positive signs fill in exactly the area inside the square [1, p − 1] × [1, p − 1] (including boundary): L(i, i) in FDS(i, i) provides the diagonal y = x, � 1≤j<i<p L(i, j) (resp. � 1≤j<i<p L(j, i)) form

the lower right (resp. upper left) triangular region.

For the negative terms of the double logs, L(i, −i) in RDS(i) provides the diagonal x + y = p, � 1≤j<i<p L(i, j − i) =

�_{p−1} i=2 �_{p−1}

j=p+1−i L(i, j) form the

upper right triangular region. Similarly, by changing the order of summation � 1≤j<i<p L(j, i−j) =

�_{p−2} i=1 �_{p−1}

j=i+1 L(i, j −i) =

�_{p−2} i=1 �_{p−1−i}

j=1 L(i, j) fills the lower left region.

To conclude this section we remark that numerical evidence up to level N = 169 supports the following

Conjecture 4.7. In weight two, all RDT are consequences of the weight one relations, RDS and depth two FDT.

5 Lifted relations from lower weights

Note that when N = 3 there are no weight one relations nor (regularized) distribution relations. When we deal with MZVs (resp. alternating Euler sums) we expect that all the linear relations come from RDS (resp. RDS and RDT). Since there is no weight one relation when level N ≤ 3 it is natural to ask if RDS and RDT are enough when N = 3. Surprisingly, the answer is no. The first counterexample is in weight four, i.e., (w, N) = (4, 3). Easy computation shows that there are 144 MPVs in this case among which there are 239 nontrivial RDS of weight four which include 191 FDS of weight four (see (9) and (10)). Furthermore, it is easy to verify that all the seven RDT (including four FDT) can be derived from RDS. Using these relations we get 127 independent linear relations among the 144 MPVs. But we have d(4, 3) ≤ 16 by [17, 5.25], so there must be at least one more linearly independent relation. Where else can we find it? The answer is the so-called lifted relations.. We know that a product of two weight two MPVs is of weight four. So on each of the five RDS (including two FDS) of weight two in MPV(2, 3) we can multiply any one of the nine MPVs of (w, N) = (2, 3) to get a relation in MPV(4, 3). For instance, we have a FDS

Z(y_{1,1} ∗ y_{1,1} − y_{1,1}xy_{1,1}) = L_3(2|2) + 2L_3(1, 1|1, 1) − L_3(1, 1|1, 0) = 0.

Multiplying by L_3(1, 1|1, 1) = Z(y_{1,1}y_{1,2}) we obtain a new relation which is

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 15

linearly independent from RDS of weight four in MPV(4, 3): Z � y_{1,1}y_{1,2}x(y_{2,0} + 2y_{1,1}y_{1,2} − 2y_{1,1}y_{1,0}) � =L_3(1, 1, 2|1, 1, 0) + 2L_3(1, 2, 1|1, 1, 0) + 2L_3(2, 1, 1|1, 1, 0) +L_3(2, 1, 1|2, 2, 1) + 4L_3({1}^4|1, 1, 2, 1) + 8L_3({1}^4|1, 0, 1, 0)

−6L_3({1}^4|1, 0, 0, 1) − 4L_3({1}^4|1, 0, 1, 2) − 2L_3({1}^4|1, 1, 2, 0) = 0.

Such relations coming from the lower weights are called lifted relations. In this way, when (w, N) = (4, 3) we can produce 45 lifted RDS relations from weight two, 58 from weight three. We may also lift RDT and obtain nine and six relations from weight two and three, respectively. However, all the lifted relations together only produce one new linearly independent relation, as expected. Hence we find totally 128 linearly independent relations among the 144 MPVs with (w, N) = (4, 3). This implies that d(4, 3) ≤ 16 which is the same bound obtained by [17, 5.25] and is proved to be exact under a variant of Grothendieck’s period conjecture by Deligne [16].

For levels N ≥ 4 one may lift not only RDS and RDT but also the weight one relations. But by a moment reflection one sees that the lifted weight one relations are still weight one relations by themselves so one doesn’t really need to consider them after all.

Definition 5.1. We call a Q-linear relation among MPVs standard if it can be produced by some Q-linear combinations of the following four families of relations: regularized double shuffle relations, regularized distribution relations, weight one relations, and lifted relations from the above. Otherwise, it is called a non-standard relation.

In general, there are no inclusion relations among the four families of the standard relations.

Computation in small weight cases supports the following

Conjecture 5.2. Suppose N = 3 or 4. Every MPV of level N is a linear combination of MPVs of the form L({1}^w|t_1, . . . , t_w) with t_j ∈ {1, 2}. Consequently, the Q-dimension of the MPVs of weight w and level N is given by d(w, N) = 2^w for all w ≥ 1.

Remark 5.3. The data in Table 2 in §7 shows that one cannot produce enough relations by using only the standard relations when (w, N) = (3, 4). In fact, even though one has d(3, 4) ≤ 8 and d(4, 4) ≤ 16 by [17, 5.25], one can only show that d(3, 4) ≤ 9 and d(4, 4) ≤ 21 by using only the standard relations. However, thanks to the octahedral symmetry of P^1 −({0, ∞}∪μ_4) one can find (presumably all) the non-standard relations in these two cases (see Thm. 9.1). Remark 5.4. Let N = 2, 3, 4 or 8. Assuming a variant of Grothendieck’s period conjecture, Deligne [16] constructed explicitly a set of basis for MPV(w, N). His results would also imply that d(w, 2) is given by the Fibonacci numbers, d(w, 3) = d(w, 4) = 2^w, and d(w, 8) = 3^w under Grothendieck’s period conjecture.

Documenta Mathematica 15 (2010) 1–34

16 Jianqiang Zhao

6 Some conjectures of FDS and RDS

Fix a level N. Let R be a commutative Q-algebra with 1 and a homomorphism Z_R : A^0 −→ R such that the finite double shuffle (FDS) property holds:

Z_R(ω_1xω_2) = Z_R(ω_1 ∗ ω_2) = Z_R(ω_1)Z_R(ω_2).

We then extend Z_R to Zx_R and Z^∗_R as before. Define an R-module automorphism ρ_R of R[T ] by ρ_R(e^{T u}) = A_R(u)e^{T u} where

A_R(u) = exp

�_∞ � n=2 (−1)^n n Z_R(a^{n−1}b_0)u^n � ∈ R[[u]].

If a map Z_R : A^0 −→ R satisfies the FDS and (Zx_R − ρ_R ∘ Z^∗_R)(ω) = 0 for all ω ∈ A^1 then we say that Z_R has the regularized double shuffle (RDS) property. Let R_{RDS} be the universal algebra (together with a map Z_{RDS} : A^0 −→ R_{RDS} ) such that for every Q-algebra R and a map Z_R : A^0 −→ R satisfying RDS there always exists a map φ_R to make the following diagram commutative:

A^0

Z_R � � � Z_{RDS} �

R_{RDS}

φ_R � R When N = 2 computation by Blümlein, Broadhurst and Vermaseren [5] shows that the finite distribution relations and the regularized distribution relations (18) contribute non-trivially when the weight w = 8 and w = 11, respectively. When N = 3 computation shows that the lifted relations contribute nontrivially when the weight w = 4 (see §5) and w = 5: we can only get d(5, 3) ≤ 33 instead of the conjecturally correct dimension 32 without using the lifted relations. Note that in this case there are 612 FDS of weight five, 191 RDS of weight five, 8 FDT and 7 RDT.

One may use the fact that Z_R is an algebra homomorphism to produce lifted finite double shuffle and lifted regularized double shuffle relations as follows: for all ω_1 ∈ A^1, ω_0, ω^′_0, ω^{′′}_0 ∈ A^0 with lg(ω_1)+lg(ω_0) = lg(ω_0)+lg(ω^′_0)+lg(ω^{′′}_0 ) = w

Zx_R (ω_1xω_0)−ρ_R ∘Z^∗_R(ω_1)Zx_R (ω_0) = 0, Z_R � (ω_0 ∗ω^′_0)∗ω^{′′}_0 −(ω_0xω^′_0)∗ω^{′′}_0 � = 0.

In general, one can define the universal objects Z_{SR} and R_{SR} corresponding to the standard relations similar to Z_{RDS} and R_{RDS} such that for every Qalgebra R and a map Z_R : A^0 −→ R satisfying the standard relations there always exists a map φ_R to make the following diagram commutative:

A^0

Z_R � � � � Z_{SR} �

R_{SR}

φ_R � R (20)

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 17

Recall that one has the evaluation map Z : A^0 −→ C by Prop. 2.8 which extends (5).

Conjecture 6.1. Let (R, Z_R) = (R, Z) if N = 1, and (R, Z_R) = (C, Z) if N = 2, 3 or N = p^n with prime p ≥ 5. If N = 1 (resp. N = 2) then the map φ_R is injective, namely, the algebra of MPVs of level one or two is isomorphic to R_{RDS} (resp. R_{SR}). If N = 3 or N = p^n (p ≥ 5) then the map φ_C is injective so the algebra of MPVs of level N is isomorphic to R_{SR}.

The above conjecture generalizes [24, Conjecture 1]. It means that all the linear relations among MPVs can be produced by RDS when N = 1 or 2, and by the standard ones when N = 3 or p^n with prime p ≥ 5. When N = p ≥ 5, p a prime, this is proved in Thm. 8.6 under the assumption of a variant of Grothendieck’s period conjecture.

Computation in many cases such as those listed in Remark 8.2 and Conjecture 8.5 show that MPVs must satisfy some other relations apart from the standard ones when N has at least two distinct prime factors, so a naive generalization of Conjecture 6.1 to all levels does not exist at present. However, when N = 4 one can show that octahedral symmetry of P^1 − ({0, ∞} ∪ μ_4) provide all the non-standard relations under the standard assumption (see Thm. 9.1). But since we only have numerical evidence in weight three and weight four it may be a little premature to form a conjecture for level four.

7 The structure of MPVs and some examples

In this section we concentrate on RDS between MPVs of small weights. Most of the computations in this section are carried out by MAPLE. We have checked the consistency of these relations with many known ones and verified our results numerically using GiNac [27] and EZ-face [9].

By considering all the admissible words we see easily that the number of distinct MPVs of weight w ≥ 2 and level N is N^2(N + 1)^{w−2} and there are at most N(N + 1)^{w−2} RDS (but not FDS). If w ≥ 4 then the number of FDS is given by (N −1)N^2(N +1)^{w−3}+ � w 2 � −1 � N^4(N +1)^{w−4} = � N^2 � w 2 � −1 � N^2(N +1)^{w−4}.

If w = 2 (resp. w = 3) then the number of FDS is (N − 1)^2 (resp. N^2(N − 1)). Therefore, it is not hard to see that the number of standard relations grow polynomially with the level N but exponentially with the weight w.

7.1 Weight one

From §3 we know that all relations in weight one follow from (11) and (12), and no RDS exists. The relations in weight one are crucial for higher level cases because they provide the weight one relations considered in §3. Moreover, easy computation by (11) and (12) shows that there is a hidden integral structure,

Documenta Mathematica 15 (2010) 1–34

18 Jianqiang Zhao

namely, in each level there exists a Q-basis consisting of MPVs such that every other MPV is a Z-linear combination of the basis elements. This fact is proved by Conrad [13, Theorem 4.6]. Similar results should hold for higher weight cases and we hope to return to this in a future publication [14].

7.2 Weight two There are N^2 MPVs of weight two and level N:

L_N (1, 1|i, j), L_N (2|j), 1 ≤ i ≤ N − 1, 0 ≤ j ≤ N − 1. For 1 ≤ i, j < N the FDS Z^∗(y_{1,i} ∗ y_{1,j} ) = Zx(y_{1,i}xy_{1,j} ) yields L_N (2|i + j) + L_N (1, 1|i, j) + L_N (1, 1|j, i) = L_N (1, 1|i, j − i) + L_N (1, 1|j, i − j). (21) Now from RDS ρ(Z^∗(y_{1,0} ∗ y_{1,i})) = Zx(y_{1,0}xy_{1,i}) we get for 1 ≤ i < N L_N (1, 1|i, 0) + L_N (2|i) = L_N (1, 1|i, −i). (22) The FDT in (14) yields: for every divisor d of N, and 1 ≤ a, b < d^′ := N/d

L_N (2|ad) =d d−1� j=0 L_N (2|a + jd^′), (23)

L_N (1, 1|ad, bd) = d−1�

j,k=0

L_N (1, 1|a + jd^′, b + kd^′). (24)

To derive the RDT we can compare the coefficients of x_1x_μad in (18) and use Prop. 4.3 to get: for every divisor d of N, and 1 ≤ a < d^′

L_N (1|ad) d−1� j=1 L_N (1|jd^′) = d−1� j=1 d−1� k=0 L_N (1, 1|jd^′, a + kd^′)

− d−1� k=0 L_N (1, 1|a + kd^′, −a − kd^′) − L_N (1, 1|ad, −ad). (25)

By definition, the weight one relations are obtained from (11) and (12). For example, if N = p is a prime then (12) is trivial and (11) is equivalent to the following: for all 1 ≤ j < h (h := (p − 1)/2)

L_N (1|j) − L_N (1| − j) = (p − 2j)(L_N (1|h) − L_N (1|h + 1)). (26) Thus multiplying by L_N (1|i) (1 ≤ i < p) and applying the shuffle relation L_N (1|a)L_N (1|b) = L_N (1^2|a, b − a) + L_N (1^2|b, a − b) (here we put L_N (1^2|−) = L_N (1, 1|−) to save space) we get:

LN (1^2|i, j − i) + LN (1^2|j, i − j) − LN (1^2|i, −j − i) − LN (1^2| − j, i + j) = (p − 2j) ( LN (1^2|i, h − i) + LN (1^2|h, i − h) − LN (1^2|i, −i − h) − LN (1^2| − h, i + h) ) . (27)

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 19

Computation shows that the following conjecture should hold. Conjecture 7.1. The RDT (25) follows from the combination of the following relations: the weight one relations, the RDS (21) and (22), and the FDT (23) and (24).

7.3 Weight three Apparently there are N^2(N + 1) MPVs of weight three and level N: for each choice (i, j, k) with 1 ≤ i ≤ N − 1, 0 ≤ j, k ≤ N − 1 we have four MPVs of level N: L_N (1^3|i, j, k) := L_N (1, 1, 1|i, j, k), L_N (1, 2|i, j), L_N (2, 1|j, k), L_N (3|k).

For 1 ≤ i, j, k < N the FDS Z^∗ � y_{1,i} ∗ (y_{1,j} y_{1,k}) � = Zx � y_{1,i}x(y_{1,j} y_{1,k}) � yields

L_N (1^3|i, j − i, k) + L_N (1^3|j, i − j, k + j − i) + L_N (1^3|j, k, i − k − j) = L_N (2, 1|i + j, k) + L_N (1, 2|j, i + k) + L_N (1^3|i, j, k) + L_N (1^3|j, i, k) + L_N (1^3|j, k, i). (28)

For 1 ≤ i, j < N the FDS Z^∗(y_{1,i} ∗ y_{2,j} ) = Zx(y_{1,i}xy_{2,j} ) yields

L_N (3|i + j) + L_N (1, 2|i, j) + L_N (2, 1|j, i) = L_N (1, 2|i, j − i) + L_N (2, 1|i, j − i) + L_N (2, 1|j, i − j). (29)

Moreover, there are three ways to produce RDS. Since ρ(T ) = T the first family of RDS come from Z^∗ � y_{1,0} ∗ (y_{1,i}y_{1,i+j} ) � = Zx � y_{1,0}x(y_{1,i}y_{1,i+j} ) � for 1 ≤ i ≤ N − 1, 0 ≤ j ≤ N − 1:

y_{1,0} ∗ (y_{1,i}y_{1,i+j} ) = y_{1,0}y_{1,i}y_{1,i+j} + y_{1,i}τ_i(y_{1,0} ∗ y_{1,j} ) + y_{2,i}y_{1,i+j} =y_{1,0}y_{1,i}y_{1,i+j} + y_{1,i}y_{1,i}y_{1,i+j} + y_{1,i}y_{1,i+j} y_{1,i+j} + y_{1,i}y_{2,i+j} + y_{2,i}y_{1,i+j}

On the other hand,

y_{1,0}xy_{1,i}y_{1,i+j} = y_{1,0}y_{1,i}y_{1,i+j} + y_{1,i}y_{1,0}y_{1,i+j} + y_{1,i}y_{1,i+j} y_{1,0}.

Hence

L_N (1^3|i, 0, j) + L_N (1^3|i, j, 0) + L_N (1, 2|i, j) + L_N (2, 1|i, j) = L_N (1^3|i, −i, i + j) + L_N (1^3|i, j, −i − j). (30)

The second family of RDS follow from ρ(Z^∗(y_{1,0} ∗ y_{2,i})) = Zx(y_{1,0}xy_{2,i}):

y_{1,0}y_{2,i} + y_{2,i}y_{1,i} + y_{3,i} = y_{1,0}y_{2,i} + y_{2,0}y_{1,i} + y_{2,i}y_{1,0}

Documenta Mathematica 15 (2010) 1–34

20 Jianqiang Zhao which implies that

L_N (2, 1, i, 0) + L_N (3, i) = L_N (2, 1, i, −i) + L_N (2, 1, 0, i). (31) Now we consider the last family of RDS. By the definition of stuffle product: y_{1,0} ∗ y_{1,0} ∗ y_{1,i} =(2y^2_{1,0} + y_{2,0}) ∗ y_{1,i} =2y_{1,0}(y_{1,0} ∗ y_{1,i}) + 2y^3_{1,i} + 2y_{2,i}y_{1,i} + y_{2,0} ∗ y_{1,i} =2y^2_{1,0}y_{1,i} + 2y_{1,0}y^2_{1,i} + 2y_{1,0}y_{2,i} + 2y^3_{1,i} + 2y_{2,i}y_{1,i} + y_{2,0} ∗ y_{1,i}.

Applying ρ ∘ Z^∗ and noticing that Zx_{(2|0)}(T ) = ζ(2) we get

(T^2 + ζ(2))Zx_{(1|i)}(T ) = 2Zx_{(1}3_{|0,0,i)}(T ) + 2Zx_{(1}3_{|0,i,i)}(T ) + 2Zx_{(1,2|0,i)}(T ) + 2Zx_{(1}3_{|i,i,i)}(T ) + 2Zx_{(2,1|i,i)}(T ) + Zx_{(2|0)}(T )Zx_{(1|i)}(T ). (32) On the other hand by the definition of shuffle product

y_{1,0}xy_{1,0}xy_{1,i} = 2y^2_{1,0}xy_{1,i} = 2y^2_{1,0}y_{1,i} + 2y_{1,0}y_{1,i}y_{1,0} + 2y_{1,i}y^2_{1,0} Applying Zx we get

T^2Zx_{(1|i)}(T ) = 2Zx_{(1}3_{|0,0,i)}(T ) + 2Zx_{(1}3_{|0,i,0)}(T ) + 2Zx_{(1}3_{|i,0,0)}(T ). (33) We further have

Zx(y_{1,0}y^2_{1,i} + y_{1,0}y_{2,i} − y_{1,0}y_{1,i}y_{1,0}) =Zx(1^3|0, i, i)(T ) + Zx_{(1,2|0,i)}(T ) − Zx_{(1}3_{|0,i,0)}(T ) =2Zx_{(1}3_{|i,0,0)}(T ) − Zx_{(2,1|i,0)}(T ) − Zx_{(2,1|0,i)}(T ) − Zx_{(1}3_{|i,0,i)}(T ) − Zx_{(1}3_{|i,i,0)}(T ) where we have used the facts that

Zx_{(1,2|0,i)}(T ) =T Zx_{(2|i)}(T ) − Zx_{(2,1|i,0)}(T ) − Zx_{(2,1|0,i)}(T ) Zx_{(1}3_{|0,i,i)}(T ) =T Zx_{(1,1|i,i)}(T ) − Zx_{(1}3_{|i,0,i)}(T ) − Zx_{(1}3_{|i,i,0)}(T ) Zx_{(1}3_{|0,i,0)}(T ) =T Zx_{(1,1|i,0)} − 2Zx_{(1}3_{|i,0,0)}(T ) Zx_{(1,1|i,0)}(T ) =Zx_{(2|i)}(T ) + Zx_{(1,1|i,i)}(T ).

Hence for 1 ≤ i < N we have by subtracting (33) from (32)

L_N (1^3|i, 0, 0) + L_N (2, 1|i, 0) + L_N (1^3|i, −i, 0) =

L_N (2, 1|i, −i) + L_N (2, 1|0, i) + L_N (1^3|i, −i, i) + L_N (1^3|i, 0, −i). (34) Setting j = 0 in (30) and subtracting from (34) we get

LN (1^3|i, −i, 0) = LN (2, 1|i, −i) + LN (2, 1|0, i) + LN (1^3|i, 0, 0) + LN (1, 2|i, 0). (35)

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 21

7.4 Upper bound of d(w, N) by Deligne and Goncharov

By using the theory of motivic fundamental groups of P^1 − ({0, ∞} ∪ μ_N ) Deligne and Goncharov [17, 5.25] show that d(w, N) ≤ D(w, N) where D(w, N) are defined by the formal power series

1 + ∞� w=1 D(w, N)t^w = � � � (1 − t^2 − t^3)^{−1}, if N = 1; (1 − t − t^2)^{−1}, if N = 2; (1 − at + bt^2)^{−1}, if N ≥ 3,

(36)

where a = a(N) := φ(N)/2 + ν(N), b = b(N) := ν(N) − 1, φ is the Euler’s totient function and ν(N) is the number of distinct prime factors of N. If N > 2 then we have ∞� w=1 D(w, N)t^w = at + (a^2 − b)t^2 + (a^3 − 2ab)t^3 + (a^4 − 3a^2b + b^2)t^4 + · · ·

In particular, if p is a prime then for any positive integer n

D(w, p^n) = a(p^n)^w = � p^{n−1}(p − 1) 2 + 1 �_w . (37)

We will compare the bound obtained by the standard relations to the bound D(w, N) in the next two sections.

8 Computational results in weight two

In this section we combine the analysis in the previous sections and the theory developed by Deligne and Goncharov [17] to present a detailed computation in weight two and level N ≤ 169.

Let G := ι(Lie U_ω) be the motivic fundamental Lie algebra (see [17, (5.12.2)]) associated to the motivic fundamental group of P^1 −({0, ∞}∪μ_N ). As pointed out in §6.13 of op. cit. one may safely replace G(μ_N )^{(ℓ)} by G throughout [20]. Then it follows from the proof of [17, 5.25] that if conjecture [17, 5.27(c)] is true, which we assume in the following, then

d(2, N) = D(2, N) − dim ker(β_N ), (38)

where β_N :

�_2 G_{−1,−1} −→ G_{−2,−2} is given by Ihara’s bracket β_N (a ∧ b) = {a, b} defined by (5.13.6) of op. cit. Here G_{•,•} is the associated graded of the weight and depth gradings of G (see [20, §2.1]). Let k(N) := dim ker(β_N ). Then

δ_1(N) := dim G_{−1,−1} = � 1, if N = 1 or 2; φ(N)/2 + ν(N) − 1, if N ≥ 3, (39)

by [20, Thm. 2.1]. Thus

i(N) := dim Im(β_N ) = δ_1(N)(δ_1(N) − 1)/2 − k(N). (40)

Documenta Mathematica 15 (2010) 1–34

22 Jianqiang Zhao

N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 δ1 1 1 1 1 2 2 3 2 3 3 5 3 6 4 5 4 i 0 0 0 0 0 1 1 1 3 3 5 3 8 6 10 6 k 0 0 0 0 1 0 2 0 0 0 5 0 7 0 0 0 δ2 0 0 1 1 2 2 4 3 6 5 10 5 14 9 14 10 sr 0 0 1 1 2 2 4 4 6 6 10 8 14 12 16 16 D 1 2 4 4 9 8 16 9 16 15 36 15 49 24 35 25 SR 1 2 4 4 8 8 14 10 16 16 31 18 42 27 37 31 d 1 2 4 4 8 8 14 9 16 15 31 15 42 24 35 25 N 17 18 19 20 21 22 23 24 25 26 27 28 29 δ_1 8 4 9 5 7 6 11 5 10 7 9 7 14 i 16 6 21 10 21 15 33 10 40 21 36 21 56 k 12 0 15 0 0 0 22 0 5 0 0 0 35 δ_2 24 9 30 14 27 20 44 14 50 27 45 27 70 sr 24 18 30 24 32 30 44 32 50 42 54 48 70 D 81 24 100 35 63 48 144 35 121 63 100 63 225 SR 69 33 85 45 68 58 122 53 116 78 109 84 190 d 69 24 85 35 63 48 122 35 116 63 100 63 190 N 30 31 32 33 34 35 36 37 38 39 40 41 δ1 6 15 8 11 9 13 7 18 10 13 9 20 i 15 65 28 55 36 78 21 96 45 78 36 120 k 0 40 0 0 0 0 0 57 0 0 0 70 δ2 19 80 36 65 44 90 27 114 54 90 44 140 sr 48 80 64 80 72 96 72 114 90 112 96 140 D 47 256 81 143 99 195 63 361 120 195 99 441 SR 76 216 109 158 127 201 108 304 156 217 151 371 d 47 216 81 143 99 195 63 304 120 195 99 371 N 42 43 44 45 46 47 48 49 121 125 169 δ_1 8 21 11 13 12 23 9 21 55 50 78 i 28 133 55 78 66 161 36 175 1155 1200 2288 k 0 77 0 0 0 92 0 35 330 25 715 δ_2 34 154 65 90 77 184 44 196 1210 1250 2366 sr 96 154 120 144 132 184 128 196 1210 1250 2366 D 79 484 143 195 168 576 99 484 3136 2601 6241 SR 141 407 198 249 223 484 183 449 2806 2576 5526 d 79 407 143 195 168 484 99 449 2806 2576 5526

Table 1: Upper bounds of d(2, N) by the standard relations and [17, 5.25].

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 23

Since dim G_{−2,−1} = φ(N)/2 if N > 2 and 0 otherwise the dimension of the degree two part of G is

δ_2(N) := dim G_{−2,−1} + dim G_{−2,−2} = � i(N), if N = 1 or 2; φ(N)/2 + i(N), if N ≥ 3. (41) Let sr(N) be the upper bound of δ_2(N) obtained by the standard relations. This can be computed by the method described in [30, §2]. Let SR(N) be the upper bound of d(2, N) similarly obtained by the standard relations. In Table 1 we use MAPLE to provide the following data: k(N), sr(N), and SR(N). Then we can calculate δ_1(N), i(N) and δ_2(N) by (39), (40) (41), respectively. From (38) we can check the consistency by verifying

sr(N) − δ_2(N) = SR(N) − d(2, N) = SR(N) − D(2, N) + k(N)

which gives the number of linearly independent non-standard relations (assuming the conjecture in [17, 5.27(c)]). In Table 1 we provide some computational data of the above quantities. To save space we write D = D(2, N) and d = d(2, N).

Definition 8.1. We call the level N standard if either (i) N = 1, 2 or 3, or (ii) N is a prime power p^n (p ≥ 5). Otherwise N is called non-standard.

Remark 8.2. We now make the following comments in the weight two case from Table 1.

(a) When p ≥ 11 the vector space ker β_p contains a subspace isomorphic to the space of cusp forms of weight two on X_1(p) which has dimension (p−5)(p−7)/24 (see [20, Lemma 2.3 & Theorem 7.8]). So it must contain another piece which has dimension (p − 3)/2 since dim(ker β_p) = (p^2 − 1)/24 by [30, (6)]. One may wonder if this missing piece has any significance in geometry and/or number theory.

(b) If N is a 2-power or a 3-power then D(2, N) should be sharp. See Remark 5.4.

(c) If N has at least two distinct prime factors then D(2, N) seems to be sharp, though we don’t have any theory to support it.

(d) Suppose the conjecture in [17, 5.27(c)] is true. Then by [17, 5.27], (b) and (c) is equivalent to saying that the kernel of β_N is trivial if the level N is non-standard. We believe this is also a necessary condition on N for β_N to be trivial.

(e) If the level N > 3 is standard then β_N is unlikely to be injective. We conjecture that non-standard relation doesn’t exist (i.e., SR(N) is sharp), though for prime power levels we only have verified this for the first four prime square levels N = 5^2, 7^2, 11^2, 13^2, and the first cubic power level N = 5^3. The equation dim β_p = (p^2 − 1)/24 (see [30, (6)]) together with Theorem 8.6 confirms Remark 8.2(e) for prime levels if we assume a variant of Grothendieck’s period conjecture [17, 5.27(c)]. The next result partially confirms Remark 8.2(e) in the case when the level is a prime square.

Documenta Mathematica 15 (2010) 1–34

24 Jianqiang Zhao Theorem 8.3. If p ≥ 5 is a prime then ker β_p2 ≠ 0 and d(2, p^2) < D(2, p^2) = (p^2 − p + 2)^2/4.

Proof. By the proof of Delign-Goncharov’s bound D(2, p^2) in [17, 5.25] we only need to show ker β_p2 ≠ 0. In the following we adopt the same notation as in [17] and [30].

Fix a primitive p^2th root of unity μ. Put e(a) = e_μa for all integer a. Define g_{k,j} = e(pk + j) + e(p^2 − pk − j) + e(pj) + e(p^2 − pj) for 0 ≤ k < (p − 1)/2, 1 ≤ j ≤ p − 1, and for k = (p − 1)/2, 1 ≤ j ≤ (p − 1)/2. One only needs to prove the following Claim. Let h = (p − 3)/2. Then one has h� k=0 h� l=k p−2� j=2 {g_{k,1}, g_{l,j} } + h+1� k=0 h+1� j=2 {g_{k,1}, g_{h+1,j} }

+ h� k=0 h� l=k+1

p−2� j=2 {g_{k,p−1}, g_{l,j} } + h� k=0 h+1� j=2 {g_{k,p−1}, g_{h+1,j} }

− h� k=0 h� l=k p−2� j=2 {g_{k,j} , g_{l,p−1}} − h� k=0 h� l=k p−2� j=2 {g_{k,j} , g_{l+1,1}} = 0.

There are h(2h + 3)^2 = hp^2 distinct terms on the left, each with coefficient ±1. The proof of the claim is straight-forward by a little tedious change of indices and regrouping. − h� k=0 h� l=k p−2� j=2 {g_{k,j} , g_{l+1,1}} = h� k=0 k� l=0 p−2� j=2 {g_{k+1,1}, g_{l,j} } = h+1� k=1 k−1� l=0 p−2� j=2 {g_{k,1}, g_{l,j} }.

Then the expression in the claim becomes h� k=1 h� l=0 p−2� j=2 {g_{k,1}, g_{l,j} } + h� l=0 p−2� j=2 {g_{0,1}, g_{l,j} } + h� l=0 p−2� j=2 {g_{h+1,1}, g_{l,j} }

+ h+1� k=0 h+1� j=2 {g_{k,1}, g_{h+1,j} } + h� k=0 h� l=0 p−2� j=2 {g_{k,p−1}, g_{l,j} } + h� k=0 h+1� j=2 {g_{k,p−1}, g_{h+1,j} }

= h+1� k=0 h� l=0 p−2� j=2 {g_{k,1}, g_{l,j} } + h+1� k=0 h+1� j=2 {g_{k,1}, g_{h+1,j} }

+ h� k=0 h� l=0 p−2� j=2 {g_{k,p−1}, g_{l,j} } + h� k=0 h+1� j=2 {g_{k,p−1}, g_{h+1,j} }.

Let us write {a, b} = {e(a), e(b)}. By definition

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 25

{g_{k,1}, g_{l,j} } ={pk + 1, pl + j} + {−pk − 1, pl + j} + {p, pl + j} + {−p, pl + j} +{pk + 1, −pl − j} + {−pk − 1, −pl − j} + {p, −pl − j} + {−p, −pl − j} +{pk + 1, pj} + {−pk − 1, pj} + {p, pj} + {−p, pj} +{pk + 1, −pj} + {−pk − 1, −pj} + {p, −pj} + {−p, −pj} ={pk + 1, pl + j} + {p(p − k) − 1, pl + j} + {p, pl + j} + {−p, pl + j} +{pk + 1, p(p − 1 − l) + p − j} + {p(p − k) − 1, p(p − 1 − l) + p − j} + {p, p(p − 1 − l) + p − j} + {−p, p(p − 1 − l) + p − j} +{pk + 1, pj} + {p(p − k) − 1, pj} + {p, pj} + {−p, pj} +{pk + 1, p(p − j)} + {p(p − k) − 1, p(p − j)}+{p, p(p − j)}+{−p, p(p − j)}. Then h+1� k=0 h� l=0 p−2� j=2 {g_{k,1}, g_{l,j} } = h+1� k=0 h� l=0 p−2� j=2 {pk + 1, pl + j} + {p(p − k) − 1, pl + j}

+{pk + 1, p(p − 1 − l) + j} + {p(p − k) − 1, p(p − 1 − l) + j} +{p, pl + j} + {−p, pl + j} + {p, p(p − 1 − l) + j} + {−p, p(p − 1 − l) + j} +2{pk + 1, pj} + 2{p(p − k) − 1, pj} + 2{p, pj} + 2{−p, pj} = h+1� k=0 p−1�

l=0,l≠h+1

p−2� j=2 {pk + 1, pl + j} + p� k=h+2

p−1�

l=0,l≠h+1

p−2� j=2 {pk − 1, pl + j}

+ h+1� k=0 p−1�

l=0,l≠h+1

p−2� j=2 � {p, pl + j} + {−p, pl + j} � + 2(h + 1) h+1� k=0 p−2� j=2 {pk + 1, pj}

+2(h + 1) p� k=h+2

p−2� j=2 {pk − 1, pj} + 2(h + 2)(h + 1) p−2� j=2 � {p, pj} + {−p, pj} � . Thus h+1� k=0 h� l=0 p−2� j=2 {g_{k,1}, g_{l,j} } + h+1� k=0 h+1� j=2 {g_{k,1}, g_{h+1,j} }

= h+1� k=0 p−1� l=0 p−2� j=2 {pk + 1, pl + j} + p� k=h+2

p−1� l=0 p−2� j=2 {pk − 1, pl + j}

+ p + 1 2 p−1� l=0 p−2� j=2 � {p, pl + j} + {−p, pl + j} � + p h+1� k=0 p−2� j=2 {pk + 1, pj}

+p p� k=h+2

p−2� j=2 {pk − 1, pj} + p(p + 1) 2 p−2� j=2 � {p, pj} + {−p, pj} � .

Documenta Mathematica 15 (2010) 1–34

26 Jianqiang Zhao

Similarly, h� k=0 h� l=0 p−2� j=2 {g_{k,p−1}, g_{l,j} } + h� k=0 h+1� j=2 {g_{k,p−1}, g_{h+1,j} }

= h+1� k=1 p−1� l=0 p−2� j=2 {pk − 1, pl + j} + p−1�

k=h+2

p−1� l=0 p−2� j=2 {pk + 1, pl + j}

+ p − 1 2 p−1� l=0 p−2� j=2 � {p, pl + j} + {−p, pl + j} � + p h+1� k=1 p−2� j=2 {pk − 1, pj}

+p p−1�

k=h+2

p−2� j=2 {pk + 1, pj} + p(p − 1) 2 p−2� j=2 � {p, pj} + {−p, pj} � . Altogether the expression in the claim is reduced to

X := p−1� k=0 p−1� l=0 p−2� j=2 {pk + 1, pl + j} + p� k=1 p−1� l=0 p−2� j=2 {pk − 1, pl + j}

+p p−1� l=0 p−2� j=2 � {p, pl + j} + {−p, pl + j} � + p p−1� k=0 p−2� j=2 {pk + 1, pj}

+p p� k=1 p−2� j=2 {pk − 1, pj} + p^2 p−2� j=2 � {p, pj} + {−p, pj} � . To see this last expression can be reduced to 0 we recall that by definition [17, (5.13.6)] {a, b} = {e_a, e_b} = [e_a, e_b] + ∂_a(e_b) − ∂_b(e_a),

where ∂_a is the derivation defined by ∂_a(e_0) = 0 and ∂_a(e_ζ ) = [−[ζ](e_a), e_ζ ] for any p^2th root of unity ζ (see [17, (5.13.4)]). Thus by abuse of notation [x, y] = [e(x), e(y)] we get X = p−1� k=0 p−1� l=0 p−2� j=2 � [pk + 1, pl + j] − [p(k + l) + j + 1, pl + j]

+ [p(k + l) + j + 1, pk + 1] � (42) + p� k=1 p−1� l=0 p−2� j=2 � [pk − 1, pl + j] − [p(k + l) + j − 1, pl + j]

+ [p(k + l) + j − 1, pk − 1] � (43) +p p−1� l=0 p−2� j=2 � [p, pl + j] − [p(l + 1) + j, pl + j] + [p(l + 1) + j, p]

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 27

+[−p, pl + j] − [p(l − 1) + j, pl + j] + [p(l − 1) + j, −p] � (44) +p p−1� k=0 p−2� j=2 � [pk + 1, pj] − [p(j + k) + 1, pj] + [p(j + k) + 1, pk + 1] � (45)

+p p� k=1 p−2� j=2 � [pk − 1, pj] − [p(j + k) − 1, pj] + [p(j + k) − 1, pk − 1] � (46)

+p^2 p−2� j=2 � [p, pj] − [p(j + 1), pj] + [p(j + 1), p] + [−p, pj]

− [p(j − 1), pj] + [p(j − 1), −p] � . (47)

Now by skew-symmetry of Lie bracket

(42) + (43) = p−1� k=0 p−1� l=0 p−2� j=2 [pk + 1, pl + j] + p−1� k=0 p−1� l=0 p−2� j=2 [pk + j, pl + j + 1]

− p−1� k=0 p−1� l=0 p−1� j=3 [pk + 1, pl + j] + p� k=1 p−1� l=0 p−2� j=2 [pk − 1, pl + j]

− p� k=1 p−1� l=0 p−3� j=1 [p(k + l) + j, pl + j + 1] + p� k=1 p−1� l=0 p−3� j=1 [pl + j, pk − 1]

= p−1� k=0 p−1� l=0 [pk + 1, pl + 2] + p−1� k=0 p−1� l=0 [pk + p − 2, pl + p − 1]

− p−1� k=0 p−1� l=0 [pk + 1, pl + p − 1] + p� k=1 p−1� l=0 [pk − 1, pl + p − 2]

− p� k=1 p−1� l=0 [pk + 1, pl + 2] + p� k=1 p−1� l=0 [pl + 1, pk − 1] = 0.

Similarly we can easily find that (44) = (45) = (46) = (47) = 0. This finishes the proof of the theorem.

Remark 8.4. The theorem corrects a misprint in the statement of [30, Thm. 2]. In the three cases (w, N) = (2, 8), (2, 10) and (2, 12) we see that SR(N) > d(w; N) = D(w; N). By numerical computation we have Conjecture 8.5. We have d(2, 8) = 9, d(2, 10) = d(2, 12) = 15,

Documenta Mathematica 15 (2010) 1–34

28 Jianqiang Zhao

and the following relations are the linearly independent non-standard relations: let L_N (−) = L_N (1, 1|−) and L^{(2)}_N (−) = L_N (2|−), then

37L_8(1, 1) =34L^{(2)}_8 (5) + 112L_8(3, 1) + 11L_8(3, 0) + 37L^{(2)}_8 (1) − 2L_8(2, 6) + 3L_8(7, 3) − 111L_8(5, 7) + 38L_8(7, 7) − 8L_8(5, 5), (48) 7L_{10}(5, 2) =72L^{(2)}_{10} (1) + 265L^{(2)}_{10} (7) − 7L_{10}(2, 5) + 64L_{10}(9, 8) + 14L_{10}(5, 6) − 467L_{10}(4, 2) + 467L_{10}(8, 6) − 164L_{10}(9, 4) + 166L_{10}(7, 9) − 260L_{10}(8, 1) − 66L_{10}(3, 9) − 7L_{10}(6, 9) + 7L_{10}(6, 5). (49) L_{12}(8, 7) =5L^{(2)}_{12} (5) + 8L_{12}(8, 10) − 6L_{12}(10, 11) − 8L_{12}(9, 11) + L_{12}(10, 9) − 15L_{12}(8, 1) + 5L_{12}(9, 10) + 5L_{12}(6, 1) − L_{12}(1, 1) + 6L_{12}(8, 11) − 11L_{12}(6, 11) + 8L_{12}(8, 3) − L_{12}(11, 8), (50) 60L_{12}(8, 11) =38L_{12}(8, 7) + 348L_{12}(10, 11) + 502L_{12}(9, 11) − 492L_{12}(10, 9) + 600L_{12}(8, 1) − 552L_{12}(9, 10) − 154L_{12}(11, 10) + 20L_{12}(6, 1) + 261L_{12}(6, 11) − 502L_{12}(8, 3) + 221L_{12}(11, 8) − 319L_{12}(8, 10), (51) 221L_{12}(1, 1) =1854L_{12}(8, 10) + 562L_{12}(8, 7) − 1018L_{12}(10, 11) − 2416L_{12}(9, 11) + 319L_{12}(10, 9) − 4270L_{12}(8, 1) + 2293L_{12}(9, 10) + 956L_{12}(11, 10) + 1110L_{12}(6, 1) + 2416L_{12}(8, 11) − 3305L_{12}(6, 11) + 2416L_{12}(8, 3). (52) When N is a non-standard level we find that very often there are non-standard relations among MPVs. For examples, the five relations in Conjecture 8.5 are discovered only through numerical computation. On the other hand, we expect that the standard relations are enough to produce all the linear relations when N is standard. In weight two, when N is a prime the answer is confirmed by the next theorem if one assumes a variant of Grothendieck’s period conjecture. Computations above provided the primary motivation of this result at the initial stage of this work.

Theorem 8.6. ([30]) Let p ≥ 5 be a prime. Then

d(2, p) ≤

(5p + 7)(p + 1) 24 . If the conjecture in [17, 5.27(c)] is true then the equality holds and the standard relations in MPV(2, p) imply all the others. Proof. See the proof of [30, Thm. 1].

It follows from [30, (6)] that the kernel β_p has dimension

k(p) = p^2 − 1 24 for all prime p ≥ 5. From the data in Table 1 we have

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 29

Conjecture 8.7. (a) For all prime p ≥ 5 kernel β_p2 has dimension

k(p^2) = p(p − 1)(p − 2)(p − 3) 24 . As a consequence, the upper bound of d(2, p^2) produced by the standard relations is d(2, p^2) ≤

5p^4 − 6p^3 + 19p^2 − 18p + 24 24 . (b) The standard relations produce all the linear relations and the upper bound in (a) is sharp.

Conjecture 8.8. (a) For all prime p ≥ 5 kernel β_p3 has dimension

k(p^3) = p^2(p − 1)(p − 2)(p − 3)(p − 4) 24 . As a consequence, the upper bound of d(2, p^3) produced by the standard relations is d(2, p^3) ≤

5p^6 − 2p^5 − 29p^4 + 74p^3 − 48p^2 + 24 24 . (b) The standard relations produce all the linear relations and the upper bound in (a) is sharp.

9 Computational results in weight three, four and five

In this last section we briefly discuss our results in weight three, four and five. Since the computational complexity increases exponentially with the weight we cannot do as many cases as we have done in weight two.

Combining the FDS (28), (29), RDS (30)-(35), and the weight one relations (13) and using MAPLE we have verified that d(3, 1) = 1, d(3, 2) ≤ 3, d(3, 3) ≤ 8....

N 1 2 3 4 5 6 7 SR(3) 1 3 8 9 22 23 50 D(3) 1 3 8 8 27 21 64 SR(4) 1 5 16 21 61 69 D(4) 1 5 16 16 81 55 256 SR(5) 2 8 32 D(5) 2 8 32 32 243 144 1024 N 8 9 10 11 12 13 SR(3) 38 67 70 157 94 246 D(3) 27 64 56 216 56 343

Table 2: Upper bounds of d(w, N) by the standard relations and [17, 5.25].

Documenta Mathematica 15 (2010) 1–34

30 Jianqiang Zhao

We have done similar computation in other small weight and low level cases and listed the results in Table 2. The values of Deligne and Goncharov’s bound D(w) = D(w, N) in Table 2 should be compared with the bound SR(w) = SR(w, N) obtained by the standard relations.

Note that SR(3, 4) = D(3, 4) + 1. By numerical computation using EZface [9] and GiNac [27] we find the following non-standard relation in weight 3:

5L_4(1, 2|2, 3) =46L_4(1, 1, 1|1, 0, 0) − 7L_4(1, 1, 1|2, 2, 1) − 13L_4(1, 1, 1|1, 1, 1) + 13L_4(1, 2|3, 1) − L_4(1, 1, 1|3, 2, 0) + 25L_4(1, 1, 1|3, 0, 0) − 8L_4(1, 1, 1|1, 1, 2) + 18L_4(2, 1|3, 0), (53) and five non-standard relations in weight 4:

0 = − 255608l_1 − 265360l_2 − 219216l_3 − 19306179l_4 − 214008l_5 + 45560l_6 − 148296l_7 − 1117280l_8 − 677152l_9 + 86512l_{10} − 239320l_{11} − 50032l_{12} − 121008l_{13} − 96944l_{14} + 202328l_{15} − 1178499l_{16} + 98944l_{17} + 1565754l_{18} + 23071580l_{19} + 363568l_{20} − 3310177l_{21}, (54) 0 =29752l_1 + 23312l_2 + 10960l_3 + 6123413l_4 + 16440l_5 − 12408l_6 + 7144l_7 + 58272l_8 + 86976l_9 − 15952l_{10} + 41144l_{11} + 13552l_{12} + 29552l_{13} + 9840l_{14} − 36696l_{15} + 375805l_{16} − 41760l_{17} − 477366l_{18} − 7196900l_{19} − 62128l_{20} + 1048983l_{21}, (55) 0 =477444l_1 + 431352l_2 + 268168l_3 + 98404710l_4 + 308964l_5 − 233140l_6 + 130028l_7 + 1563872l_8 + 1516032l_9 − 296664l_{10} + 702308l_{11} + 190136l_{12} + 506440l_{13} + 141592l_{14} − 636468l_{15} + 6027441l_{16} − 701600l_{17} − 7683609l_{18} − 115803282l_{19} − 1063768l_{20} + 16877562l_{21}, (56) 0 = − 5976l_1 + 1776l_2 + 8496l_3 − 2132671l_4 + 3176l_5 + 1752l_6

+ 3832l_7 + 50976l_8 − 2688l_9 + 2320l_{10} − 10264l_{11} − 5808l_{12} − 6128l_{13} + 2320l_{14} + 8120l_{15} − 132307l_{16} + 13856l_{17} + 162614l_{18} + 2487604l_{19} + 12720l_{20} − 368485l_{21}, (57) 0 = − 474064l_1 − 405248l_2 − 243520l_3 − 54556373l_4 − 283952l_5 + 84368l_6 − 170640l_7 − 1033056l_8 − 994784l_9 + 174880l_{10} − 540432l_{11} − 156544l_{12} − 240512l_{13} − 49344l_{14} + 411152l_{15} − 3357683l_{16} + 292256l_{17} + 4291792l_{18} + 64572648l_{19} + 743136l_{20} − 9470695l_{21}. (58) where by setting L = L_4, 1^4 = {1}^4, ...

l_1 = L(1^4|2, 1, 0, 1), l_2 = L(1^4|2, 1^2, 0), l_3 = L(1^4|2, 0, 3, 1), l_4 = L(1^4|2, 0^3), l_5 = L(1^4|1, 2, 0, 3), l_6 = L(1^4|3^2, 0, 3), l_7 = L(1^4|3, 1, 3, 2), l_8 = L(1^4|3, 0^3), l_9 = L(1^4|3, 0, 1, 0), l_{10} = L(1^4|3, 0, 1^2), l_{11} = L(2, 1^2|0, 3, 0), l_{12} = L(3, 1|0, 3), l_{13} = L(1^4|2, 2, 3, 0), l_{14} = L(2, 1^2|3, 1^2), l_{15} = L(2, 1^2|3, 0, 3), l_{16} = L(1^2, 2|2^3), l_{17} = L(1^4|2, 0, 1, 0), l_{18} = L(2, 1^2|2^2, 0), l_{19} = L(1^4|{2, 0}^2), l_{20} = L(2^2|3, 0), l_{21} = L(1^4|2^4).

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 31

We now can prove this by using the octahedral symmetry of P^1 −({0, ∞}∪μ_4) (see Remark 5.3). This idea was suggested to the author by Deligne in a letter dated Feb. 14, 2008.

Theorem 9.1. ([30]) If the conjecture in [17, 5.27(c)] is true then all the linear relations among MPVs of level four and weight three (resp. weight four) are the consequences of the standard relations and the octahedral relation (53) (resp. the five octahedral relations (54)-(58)).

Proof. For the proof please see[30, §3].

From the available data in Table 2 we can formulate the following conjecture.

Conjecture 9.2. Suppose the level N = p is a prime ≥ 5. Then

d(3, p) ≤ p^3 + 4p^2 + 5p + 14 12 . Moreover, equality holds if standard relations produce all the linear relations.

We formulated this conjecture under the belief that the upper bound of d(3, p) produced by the standard relations should be a polynomial of p of degree 3. Then we find the coefficients by the bounds of d(3, p) for p = 5, 7, 11, 13 in Table 2.

When w > 2 it’s not too hard to improve the bound of d(w, p) given in [17, 5.25] by the same idea as used in the proof of [17, 5.24] (for example, decrease the bound by (p^2 − 1)/24). But they are often not the best. We conclude our paper with the following conjecture.

Conjecture 9.3. If N is a standard level then the standard relations always provide the sharp bounds of d(w, N), namely, all linear relations can be derived from the standard ones, if further N > 3 then the bound D(w, N) in (36) by Deligne and Goncharov can be lowered. If N is a non-standard level then the bound D(w, N) is sharp and there exists a positive integer w_0(N) so that at least one non-standard relation exists in MPV(w, N) for each w ≥ w_0(N).

It is likely that one can take w_0(4) = w_0(6) = w_0(9) = 3 and w_0(N) = 2 for all the other non-standard levels N.

References

[1] H. Bass, Generators and relations for cyclotomic units, Nagoya Math. J.

27 (2)(1966), 401–407.

[2] A.A. Beilinson and P. Deligne, Interprétation motivique de la conjecture de Zagier reliant polylogarithmes et régulateurs, in: Motives, Proceedings of the Research Conference on Motives held July 20–August 2, 1991, in Seattle, Washington, U. Jannsen, S.L. Kleiman and J.P. Serre eds., Proc. of Symp. in Pure Math. 55, Part II, pp. 97–121, AMS 1994.

Documenta Mathematica 15 (2010) 1–34

32 Jianqiang Zhao

[3] M. Bigotte, , G. Jacob, N.E. Oussous and M. Petitot, Lyndon words and shuffle algebras for generating the coloured multiple zeta values relations tables, Theoretical Computer Sci. 273 (1-2)(2002), 271–282.

[4] M. Bigotte, , G. Jacob, N.E. Oussous and M. Petitot, Generating power series of coloured polylogarithm functions and Drifel’d associator, Computer Math (Chiang Mai, 2000), 39–48, Lecture Notes Ser. Comput., 8, World Sci. Publ., River Edge, NJ, 2000.

[5] J. Blümlein, D.J. Broadhurst, and J.A.M. Vermaseren, The multiple zeta value data mine, arXiv: 0907.2557.

[6] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, and P. Lisoněk, Special values of multiple polylogarithms, Trans. AMS 353 (2001), 907–941.

[7] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, and P. Lisoněk, Combinatorial aspects of multiple zeta values, Electron. J. Combin. 5 (1), (1998), Research Paper 38.

[8] J. M. Borwein, D. J. Broadhurst, and D. M. Bradley, Evaluations of kfold Euler/Zagier sums: a compendium of results for arbitrary k, Elec. J. Combin. 4 (2)(1997), #R5. Wilf Festschrift.

[9] J. Borwein, P. Lisonek, and P. Irvine, An interface for evaluation of Euler sums, available online at http://oldweb.cecm.sfu.ca/cgibin/EZFace/zetaform.cgi

[10] D. J. Broadhurst, Massive 3-loop Feynman diagrams reducible to SC* primitives of algebras of the sixth root of unity, European Phys. J. C 8 (1999), 311–333

[11] D. J. Broadhurst, Conjectured enumeration of irreducible multiple zeta values, from knots and Feynman diagrams, preprint: hep-th9612012.

[12] K.-T.-Chen, Algebras of iterated path integrals and fundamental groups, Trans. Amer. Math. Soc. 156 (1971), 359–379.

[13] M. Conrad, Construction of Bases for the Group of Cyclotomic Units, J.

Number Theory 81(2000), 1–15.

[14] M. Conrad and J. Zhao, An integral structure of multi-polylog values at roots of unity, in preparation.

[15] P. Deligne, Le groupe fondamental de la droite projective moins trois points, Galois groups over Q, (Berkeley, CA, 1987), pp. 79–297, Springer, New York, 1989.

[16] P. Deligne, Le groupe fondamental de la G_m−μ_N , unpublished manuscript.

Documenta Mathematica 15 (2010) 1–34

Relations of Multiple Polylogarithm Values 33

[17] P. Deligne and A. Goncharov, Groupes fondamentaux motiviques de Tate mixte, Annales Scientifiques de lÉcole Normale Supérieure, 38 (1)(2005), 1–56. Also available math.NT/0302267.

[18] V. Ennola, On relations between cyclotomic units, J. Number Theory 4 (1972), 236–247.

[19] A. B. Goncharov, Polylogarithms in arithmetic and geometry, in: Proc.

ICM, Zürich, 374–387, Vol. I, Birkhäuser, 1994.

[20] A. Goncharov, The dihedral Lie algebras and Galois symmetries of π^{(l)}_1 (P_1 − ({0, ∞} ∪ μ_N )), Duke Math. J. 110 (3)(2001), 397–487.

[21] M. E. Hoffman, Multiple harmonic series, Pacific J. Math., 152 (2)(1992), 275–290.

[22] M. E. Hoffman, Quasi-shuffle products, J. Alg. Combin. 11 (2000), 49–68.

[23] M. E. Hoffman, Algebra of Multiple Zeta Values and Euler Sums, Mini- Conference on Zeta Functions, Index, and Twisted K-Theory: Interactions with Physics, Oberwolfach, Germany, May 2, 2006. Available online www.usna.edu/Users/math/meh.

[24] K. Ihara, M. Kaneko, and D. Zagier, Derivation and double shuffle relations for multiple zeta values, Comp. Math. 142 (2006), 307–338.

[25] M. Kontsevich, Vassiliev’s knot invariants, I. M. Gel’fand Seminar, Adv.

Soviet Math., 16 (2)(1993), 137–150.

[26] G. Racinet, Doubles mélanges des polylogarithmes multiples aux racines de l’unité, Publ. Math. IHES 95 (2002), 185–231.

[27] J. Vollinga, S. Weinzierl, Numerical evaluation of multiple polylogarithms, arXiv:hep-ph/0410259

[28] D. Zagier, Values of Zeta Function and Their Applications, Proceedings of the First European Congress of Mathematics, 2, (1994), 497–512.

[29] J. Zhao, Analytic continuation of multiple polylogarithms, Analysis Mathematica, 33 (2007). arXiv: math.AG/0302054

[30] J. Zhao, Multiple polylogarithm values at roots of unity, C. R. Acad. Sci.

Paris, Ser. I. 346 (2008), 1029–1032. DOI: 10.1016/j.crma.2008.09.011

[31] J. Zhao, On a conjecture of Borwein, Bradley and Broadhurst, in press: J.

reine angew. Math., published online on Jan. 20, 2010. arXiv: 0705.2267.

Documenta Mathematica 15 (2010) 1–34

34 Jianqiang Zhao

Jianqiang Zhao Department of Math. Eckerd College St. Petersburg, FL 33711 USA zhaoj@eckerd.edu

Max-Planck Inst. für Math. Vivatsgasse 7 53111 Bonn, Germany

Documenta Mathematica 15 (2010) 1–34

Documenta Math. 35

The Line Bundles on Moduli Stacks

of Principal Bundles on a Curve

Indranil Biswas and Norbert Hoffmann^1

Received: August 6, 2009

Communicated by Ulf Rehmann

Abstract. Let G be an affine reductive algebraic group over an algebraically closed field k. We determine the Picard group of the moduli stacks of principal G–bundles on any smooth projective curve over k.

2010 Mathematics Subject Classification: 14C22, 14D20, 14H10 Keywords and Phrases: principal bundle, moduli stack, Picard group

1. Introduction

As long as moduli spaces of bundles on a smooth projective algebraic curve C have been studied, their Picard groups have attracted some interest. The first case was the coarse moduli scheme of semistable vector bundles with fixed determinant over a curve C of genus g_C ≥ 2. Seshadri proved that its Picard group is infinite cyclic in the coprime case [28]; Drézet and Narasimhan showed that this remains valid in the non–coprime case also [9].

The case of principal G–bundles over C for simply connected, almost simple groups G over the complex numbers has been studied intensively, motivated also by the relation to conformal field theory and the Verlinde formula [1, 12, 20]. Here Kumar and Narasimhan [19] showed that the Picard group of the coarse moduli scheme of semistable G–principal bundles over a curve C of genus g_C ≥ 2 embeds as a subgroup of finite index into the Picard group of the affine Grassmannian, which is canonically isomorphic to Z; this finite index was determined recently in [6]. Concerning the Picard group of the moduli stack M_G of principal G–bundles over a curve C of any genus g_C ≥ 0, Laszlo and Sorger [23, 30] showed that its canonical map to the Picard group Z of the affine Grassmannian is actually an isomorphism. Faltings [13] has generalised this result to positive characteristic, and in fact to arbitrary noetherian base scheme.

1The second author gratefully acknowledges the support of the SFB/TR 45 ”Perioden, Modulräume und Arithmetik algebraischer Varietäten”

Documenta Mathematica 15 (2010) 35–72

36 Indranil Biswas and Norbert Hoffmann

If G is not simply connected, then the moduli stack M_G has several connected components which are indexed by π_1(G). For any d ∈ π_1(G), let M^d_G be the corresponding connected component of M_G. For semisimple, almost simple groups G over C, the Picard group Pic(M^d_G) has been determined case by case by Beauville, Laszlo and Sorger [2, 22]. It is finitely generated, and its torsion part is a direct sum of 2g_C copies of π_1(G). Furthermore, its torsion–free part again embeds as a subgroup of finite index into the Picard group Z of the affine Grassmannian. Together with a general expression for this index, Teleman [31] also proved these statements, using topological and analytic methods. In this paper, we determine the Picard group Pic(M^d_G) for any reductive group G, working over an algebraically closed ground field k without any restriction on the characteristic of k (for all g_C ≥ 0). Endowing this group with a natural scheme structure, we prove that the resulting group scheme Pic(M^d_G) over k contains, as an open subgroup, the scheme of homomorphisms from π_1(G) to the Jacobian J_C , with the quotient being a finitely generated free abelian group which we denote by NS(M^d_G) and call it the Néron–Severi group (see Theorem 5.3.1). We introduce this Néron–Severi group combinatorially in § 5.2; in particular, Proposition 5.2.11 describes it as follows: the group NS(M^d_G) contains a subgroup NS(M_Gab ) which depends only on the torus G^{ab} = G/[G , G]; the quotient is a group of Weyl–invariant symmetric bilinear forms on the root system of the semisimple part [G , G], subject to certain integrality conditions that generalise Teleman’s result in [31].

We also describe the maps of Picard groups induced by group homomorphisms G −→ H. An interesting effect appears for the inclusion ι_G : T_G → G of a maximal torus, say for semisimple G: Here the induced map NS(M^d_G) −→ NS(M^δ_{TG} ) for a lift δ ∈ π_1(T_G) of d involves contracting each bilinear form in NS(M^d_G) to a linear form by means of δ (cf. Definition 4.3.5). In general, the map of Picard groups induced by a group homomorphism G −→ H is a combination of this effect and of more straightforward induced maps (cf. Definition 5.2.7 and Theorem 5.3.1.iv). In particular, these induced maps are different on different components of M_G, whereas the Picard groups Pic(M^d_G) themselves are essentially independent of d.

Our proof is based on Faltings’ result in the simply connected case. To deduce the general case, the strategy of [2] and [22] is followed, meaning we “cover” the moduli stack M^d_G by a moduli stack of “twisted” bundles as in [2] under the universal cover of G, more precisely under an appropriate torus times the universal cover of the semisimple part [G , G]. To this “covering”, we apply Laszlo’s [22] method of descent for torsors under a group stack. To understand the relevant descent data, it turns out that we may restrict to the maximal torus T_G in G, roughly speaking because the pullback ι^∗_G is injective on the Picard groups of the moduli stacks.

We briefly describe the structure of this paper. In Section 2, we recall the relevant moduli stacks and collect some basic facts. Section 3 deals with the case that G = T is a torus. Section 4 treats the “twisted” simply connected case as indicated above. In the final Section 5, we put everything together to

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 37

prove our main theorem, namely Theorem 5.3.1. Each section begins with a slightly more detailed description of its contents.

Our motivation for this work was to understand the existence of Poincaré families on the corresponding coarse moduli schemes, or in other words to decide whether these moduli stacks are neutral as gerbes over their coarse moduli schemes. The consequences for this question are spelled out in [4].

2. The stack of G–bundles and its Picard functor

Here we introduce the basic objects of this paper, namely the moduli stack of principal G–bundles on an algebraic curve and its Picard functor. The main purpose of this section is to fix some notation and terminology; along the way, we record a few basic facts for later use.

2.1. A Picard functor for algebraic stacks. Throughout this paper, we work over an algebraically closed field k. There is no restriction on the characteristic of k. We say that a stack X over k is algebraic if it is an Artin stack and also locally of finite type over k. Every algebraic stack X ≠ ∅ admits a point x_0 : Spec(k) −→ X according to Hilbert’s Nullstellensatz. A 1–morphism Φ : X −→ Y of stacks is an equivalence if some 1–morphism Ψ : Y −→ X admits 2–isomorphisms Ψ ∘ Φ ∼= id_X and Φ ∘ Ψ ∼= id_Y . A diagram

X^A � Φ � X^′

Φ^′ � Y^B � Y^′

of stacks and 1–morphisms is 2–commutative if a 2–isomorphism Φ^′∘A ∼= B∘Φ is given. Such a 2–commutative diagram is 2–cartesian if the induced 1–morphism from X to the fibre product of stacks X^′ ×_Y ′ Y is an equivalence. Let X and Y be algebraic stacks over k. As usual, we denote by Pic(X ) the abelian group of isomorphism classes of line bundles L on X . If X ≠ ∅, then

pr^∗_2 : Pic(Y) −→ Pic(X × Y)

is injective because x^∗_0 : Pic(X × Y) −→ Pic(Y) is a left inverse of pr^∗_2.

Definition 2.1.1. The Picard functor Pic(X ) is the functor from schemes S of finite type over k to abelian groups that sends S to Pic(X × S)/ pr^∗_2 Pic(S).

If Pic(X ) is representable, then we denote the representing scheme again by Pic(X ). If Pic(X ) is the constant sheaf given by an abelian group Λ, then we say that Pic(X ) is discrete and simply write Pic(X ) ∼= Λ. (Since the constant Zariski sheaf Λ is already an fppf sheaf, it is not necessary to specify the topology here.)

Lemma 2.1.2. Let X and Y be algebraic stacks over k with Γ(X , O_X ) = k.

i) The canonical map

pr^∗_2 : Γ(Y, O_Y ) −→ Γ(X × Y, O_{X ×Y} )

Documenta Mathematica 15 (2010) 35–72

38 Indranil Biswas and Norbert Hoffmann

is an isomorphism.

ii) Let L ∈ Pic(X × Y) be given. If there is an atlas u : U −→ Y for which u^∗L ∈ Pic(X × U) is trivial, then L ∈ pr^∗_2 Pic(Y).

Proof. i) Since the question is local in Y, we may assume that Y = Spec(A) is an affine scheme over k. In this case, we have

Γ(X × Y, O_{X ×Y} ) = Γ(X , (pr_1)_∗O_{X ×Y} ) = Γ(X , A ⊗_k O_X ) = A = Γ(Y, O_Y ).

ii) Choose a point x_0 : Spec(k) −→ X . We claim that L is isomorphic to pr^∗_2 L_{x0} for L_{x0} := x^∗_0L ∈ Pic(Y). More precisely there is a unique isomorphism L ∼= pr^∗_2 L_{x0} whose restriction to {x_0} × Y ∼= Y is the identity. To prove this, due to the uniqueness involved, this claim is local in Y. Hence we may assume Y = U, which by assumption means that L is trivial. In this case, statement (i) implies the claim. □

Corollary 2.1.3. For ν = 1, 2, let X_ν be an algebraic stack over k with Γ(X_ν , O_{Xν} ) = k. Let Φ : X_1 −→ X_2 be a 1–morphism such that the induced morphism of functors Φ^∗ : Pic(X_2) −→ Pic(X_1) is injective. Then

Φ^∗ : Pic(X_2 × Y) −→ Pic(X_1 × Y)

is injective for every algebraic stack Y over k.

Proof. Since Y is assumed to be locally of finite type over k, we can choose an atlas u : U −→ Y such that U is a disjoint union of schemes of finite type over k. Suppose that L ∈ Pic(X_2 × Y) has trivial pullback Φ^∗L ∈ Pic(X_1 × Y). Then (Φ × u)^∗L ∈ Pic(X_1 × U) is also trivial. Using the assumption on Φ^∗ it follows that u^∗L ∈ Pic(X_2 × U) is trivial. Now apply Lemma 2.1.2(ii). □

We will also need the following stacky version of the standard see–saw principle.

Lemma 2.1.4. Let X and Y be two nonempty algebraic stacks over k. If Pic(X ) is discrete, and Γ(Y, O_Y ) = k, then

pr^∗_1 ⊕ pr^∗_2 : Pic(X ) ⊕ Pic(Y) −→ Pic(X × Y)

is an isomorphism of functors.

Proof. Choose points x_0 : Spec(k) −→ X and y_0 : Spec(k) −→ Y. The morphism of functors pr^∗_1 ⊕ pr^∗_2 in question is injective, because

y^∗_0 ⊕ x^∗_0 : Pic(X × Y) −→ Pic(X ) ⊕ Pic(Y)

is a left inverse of it. Therefore, to prove the lemma it suffices to show that y^∗_0 ⊕ x^∗_0 is also injective.

So let a scheme S of finite type over k be given, as well as a line bundle L on X × Y × S such that y^∗_0 L is trivial in Pic(X ). We claim that L is isomorphic to the pullback of a line bundle on Y × S.

To prove the claim, tensoring L with an appropriate line bundle on S if necessary, we may assume that y^∗_0 L is trivial in Pic(X × S). By assumption,

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 39

Pic(X ) ∼= Λ for some abelian group Λ. Sending any (y, s) : Spec(k) −→ Y × S to the isomorphism class of

(y, s)^∗(L) ∈ Pic(X )

we obtain a Zariski–locally constant map from the set of k–points in Y × S to Λ. This map vanishes on {y_0} × S, and hence it vanishes identically on Y × S because Y is connected. This means that u^∗L ∈ Pic(X × U) is trivial for any atlas u : U −→ Y × S. Now Lemma 2.1.2(ii) completes the proof of the claim. If moreover x^∗_0L is trivial in Pic(Y), then L is even isomorphic to the pullback of a line bundle on S, and hence trivial in Pic(X × Y). This proves the injectivity of y^∗_0 ⊕ x^∗_0, and hence the lemma follows. □

2.2. Principal G–bundles over a curve. We fix an irreducible smooth projective curve C over the algebraically closed base field k. The genus of C will be denoted by g_C . Given a linear algebraic group G → GL_n, we denote by

M_G

the moduli stack of principal G–bundles E on C. More precisely, M_G is given by the groupoid M_G(S) of principal G–bundles on S ×C for every k–scheme S. The stack M_G is known to be algebraic over k (see for example [23, Proposition 3.4], or [24, Théorème 4.6.2.1] together with [29, Lemma 4.8.1]). Given a morphism of linear algebraic groups φ : G −→ H, the extension of the structure group by φ defines a canonical 1–morphism

φ_∗ : M_G −→ M_H

which more precisely sends a principal G–bundle E to the principal H–bundle

φ_∗E := E ×^G H := (E × G)/H,

following the convention that principal bundles carry a right group action. One has a canonical 2–isomorphism (ψ ∘ φ)_∗ ∼= ψ_∗ ∘ φ_∗ whenever ψ : H −→ K is another morphism of linear algebraic groups.

Lemma 2.2.1. Suppose that the diagram of linear algebraic groups

H^{ψ2} �

ψ_1 � G_2

φ_2 � G_{1 φ1} � G

is cartesian. Then the induced 2–commutative diagram of moduli stacks

M_H^{(ψ2)∗} �

(ψ_1 )_∗ � M_{G2}

(φ_2)_∗ � M_{G1 (φ1)∗} � M_G

is 2–cartesian.

Documenta Mathematica 15 (2010) 35–72

40 Indranil Biswas and Norbert Hoffmann

Proof. The above 2–commutative diagram defines a 1–morphism

M_H −→ M_{G1} ×_{MG} M_{G2} .

To construct an inverse, let E be a principal G–bundle on some k–scheme X. For ν = 1, 2, let E_ν be a principal G_ν –bundle on X together with an isomorphism E_ν ×^{Gν} G ∼= E; note that the latter defines a map E_ν −→ E of schemes over X. Then G_1 × G_2 acts on E_1 ×_X E_2, and the closed subgroup H ⊆ G_1 × G_2 preserves the closed subscheme

F := E_1 ×_E E_2 ⊆ E_1 ×_X E_2 .

This action turns F into a principal H–bundle. Thus we obtain in particular a 1–morphism M_{G1} ×_{MG} M_{G2} −→ M_H .

It is easy to check that this is the required inverse. □

Let Z be a closed subgroup in the center of G. Then the multiplication Z × G −→ G is a group homomorphism; we denote the induced 1–morphism by

⊗ : M_Z × M_G −→ M_G

and call it tensor product. In particular, tensoring with a principal Z–bundle ξ on C defines a 1–morphism which we denote by

(1) t_ξ : M_G −→ M_G.

For commutative G, this tensor product makes M_G a group stack. Suppose now that G is reductive. We follow the convention that all reductive groups are smooth and connected. In particular, M_G is also smooth [3, 4.5.1], so its connected components and its irreducible components coincide; we denote this set of components by π_0(M_G). This set π_0(M_G) can be described as follows; cf. for example [15] or [16].

Let ι_G : T_G → G be the inclusion of a maximal torus, with cocharacter group Λ_{TG} := Hom(G_m, T_G). Let Λ_{coroots} ⊆ Λ_{TG} be the subgroup generated by the coroots of G. The Weyl group W of (G, T_G) acts on Λ_{TG} . For every root α with corresponding coroot α^∨, the reflection s_α ∈ W acts on λ ∈ Λ_{TG} by the formula s_α(λ) = λ − ⟨α, λ⟩α^∨. As the s_α generate W , this implies w(λ) − λ ∈ Λ_{coroots} for all w ∈ W and all λ ∈ Λ_{TG} . Thus W acts trivially on Λ_{TG} /Λ_{coroots}, so this quotient is, up to a canonical isomorphism, independent of the choice of T_G. We denote this quotient by π_1(G); if π_1(G) is trivial, then G is called simply connected. For k = C, these definitions coincide with the usual notions for the topological space G(C).

Sending each line bundle on C to its degree we define an isomorphism π_0(M_{Gm} ) −→ Z, which induces an isomorphism π_0(M_{TG} ) −→ Λ_{TG} . Its inverse, composed with the map

(ι_G)_∗ : π_0(M_{TG} ) −→ π_0(M_G) ,

is known to induce a canonical bijection

π_1(G) = Λ_{TG} /Λ_{coroots}^∼−→ π_0(M_G),

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 41

cf. [10] and [16]. We denote by M^d_G the component of M_G given by d ∈ π_1(G).

Lemma 2.2.2. Let φ : G ↠ H be an epimorphism of reductive groups over k whose kernel is contained in the center of G. For each d ∈ π_1(G), the 1– morphism φ_∗ : M^d_G −→ M^e_H , e := φ_∗(d) ∈ π_1(H), is faithfully flat.

Proof. Let T_H ⊆ H be the image of the maximal torus T_G ⊆ G. Let B_G ⊆ G be a Borel subgroup containing T_G; then B_H := φ(B_G) ⊂ H is a Borel subgroup of H containing T_H . For the moment, we denote • by M^d_{TG} ⊆ M_{TG} and M^d_{BG} ⊆ M_{BG} the inverse images of M^d_G ⊆ M_G, and • by M^e_{TH} ⊆ M_{TH} and M^e_{BH} ⊆ M_{BH} the inverse images of M^e_H ⊆ M_H .

Let π_G : B_G ↠ T_G and π_H : B_H ↠ T_H denote the canonical surjections. Then M^d_{BG} = (π_G)^{−1}_∗ (M^d_{TG} ) and M^e_{BH} = (π_H )^{−1}_∗ (M^e_{TH} ), because π_0(M_{TG} ) = π_0(M_{BG} ) and π_0(M_{TH} ) = π_0(M_{BH} ) according to the proof of [10, Proposition 5]. Applying Lemma 2.2.1 to the two cartesian squares

T_G

φ_T � B_G

φ_B �

� � �

π_G� G φ � T_H B_H � � � π_H� H of groups, we get two 2–cartesian squares

M^d_{TG}

(φ_T )_∗ � M^d_{BG} � � (φ_B )_∗ � M^d_G

φ_∗ � M^e_{TH} M^e_{BH}

� � M^e_H

of moduli stacks. Since (φ_T )_∗ is faithfully flat, its pullback (φ_B )_∗ is so as well. This implies that φ_∗ is also faithfully flat, as some open substack of M^e_{BH} maps smoothly and surjectively onto M^e_H , according to [10, Propositions 1 and 2]. □

3. The case of torus

This section deals with the Picard functor of the moduli stack M^0_G in the special case where G = T is a torus. We explain in the second subsection that its description involves the character group Hom(T, G_m) and the Picard functor of its coarse moduli scheme, which is isomorphic to a product of copies of the Jacobian J_C . As a preparation, the first subsection deals with the Néron–Severi group of such products of principally polarised abelian varieties. A little care

Documenta Mathematica 15 (2010) 35–72

42 Indranil Biswas and Norbert Hoffmann

is required to keep everything functorial in T , since this functoriality will be needed later.

3.1. On principally polarised abelian varieties. Let A be an abelian variety over k, with dual abelian variety A^∨ and Néron–Severi group NS(A) := Pic(A)/A^∨(k) .

For a line bundle L on A, the standard morphism ϕ_L : A −→ A^∨ sends a ∈ A(k) to τ^∗_a (L) ⊗ L^{dual} where τ_a : A −→ A is the translation by a. ϕ_L is a homomorphism by the theorem of the cube [27, §6]. Let a principal polarisation ϕ : A^∼−→ A^∨ be given. Let c^ϕ : NS(A) −→ End A be the injective homomorphism that sends the class of L to ϕ^{−1} ∘ ϕ_L. We denote by † : End A −→ End A the Rosati involution associated to ϕ; so by definition, it sends α : A −→ A to α^† := ϕ^{−1} ∘ α^∨ ∘ ϕ.

Lemma 3.1.1. An endomorphism α ∈ End(A) is in the image of c^ϕ if and only if α^† = α.

Proof. If k = C, this is contained in [21, Chapter 5, Proposition 2.1]. For polarisations of arbitrary degree, the analogous statement about End(A) ⊗ Q is shown in [27, p. 190]; its proof carries over to the situation of this lemma as follows.

Let l be a prime number, l ≠ char(k), and let e_l : T_l(A) × T_l(A^∨) −→ Z_l(1) be the standard pairing between the Tate modules of A and A^∨, cf. [27, §20]. According to [27, §20, Theorem 2 and §23, Theorem 3], a homomorphism ψ : A −→ A^∨ is of the form ψ = ϕ_L for some line bundle L on A if and only if e_l(x, ψ_∗y) = −e_l(y, ψ_∗x) for all x, y ∈ T_l(A) .

In particular, this holds for ϕ. Hence the right hand side equals −e_l(y, ψ_∗x) = −e_l(y, ϕ_∗ϕ^{−1}_∗ ψ_∗x) = e_l(ϕ^{−1}_∗ ψ_∗x, ϕ_∗y) = e_l(x, ψ^∨_∗ (ϕ^{−1})^∨_∗ ϕ_∗y) , where the last equality follows from [27, p. 186, equation (I)]. Since the pairing e_l is nondegenerate, it follows that ψ = ϕ_L holds for some L if and only if ψ_∗y = ψ^∨_∗ (ϕ^{−1})^∨_∗ ϕ_∗y for all y ∈ T_l(A) , hence if and only if ψ = ψ^∨ ∘ (ϕ^{−1})^∨ ∘ ϕ. By definition of the Rosati involution †, the latter is equivalent to (ϕ^{−1} ∘ ψ)^† = ϕ^{−1} ∘ ψ. □ Let Λ be a finitely generated free abelian group. Let Λ ⊗ A denote the abelian variety over k with group of S–valued points Λ ⊗ A(S) for any k–scheme S.

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 43

Definition 3.1.2. The subgroup Hom^s(Λ ⊗ Λ, End A) ⊆ Hom(Λ ⊗ Λ, End A) consists of all b : Λ ⊗ Λ −→ End A with b(λ_1 ⊗ λ_2)^† = b(λ_2 ⊗ λ_1) for all λ_1, λ_2 ∈ Λ.

Corollary 3.1.3. There is a unique isomorphism c^ϕ_Λ : NS(Λ ⊗ A)^∼−→ Hom^s(Λ ⊗ Λ, End A) which sends the class of each line bundle L on Λ ⊗ A to the linear map c^ϕ_Λ(L) : Λ ⊗ Λ −→ End A defined by sending λ_1 ⊗ λ_2 for λ_1, λ_2 ∈ Λ to the composition A^{λ1⊗}−−−→ Λ ⊗ A^{ϕL}−→ (Λ ⊗ A)^{∨ (λ2⊗ )∨}−−−−−→ A^{∨ ϕ−1}−→ A.

Proof. The uniqueness is clear. For the existence, we may then choose an isomorphism Λ ∼= Z^r; it yields an isomorphism Λ ⊗ A ∼= A^r. Let ϕ^r = ϕ × · · · × ϕ

� � �

r factors

: A^{r ∼}−→ (A^∨)^r = (A^r)^∨

be the diagonal principal polarisation on A^r. According to Lemma 3.1.1, c^{ϕr} : NS(A^r) −→ End(A^r ) is an isomorphism onto the Rosati–invariants. Under the standard isomorphisms End(A^r) = Mat_{r×r}(End A) = Hom(Z^r ⊗ Z^r , End A), the Rosati involution on End(A^r) corresponds to the involution (α_{ij} ) −→ (α^†_{ji}) on Mat_{r×r}(End A), and hence the Rosati–invariant part of End(A^r) corresponds to Hom^s(Z^r ⊗ Z^r, End A). Thus we obtain an isomorphism NS(Λ ⊗ A) ∼= NS(A^r)^{cϕ} r −→ Hom^s(Z^r ⊗ Z^r , End A) ∼= Hom^s(Λ ⊗ Λ, End A).

By construction, it maps the class of each line bundle L on Λ ⊗ A to the map c^ϕ_Λ(L) : Λ ⊗ Λ −→ End A prescribed above. □ 3.2. Line bundles on M^0_T . Let T ∼= G^r_m be a torus over k. We will always denote by Λ_T := Hom(G_m, T ) the cocharacter lattice. We set in the previous subsection this finitely generated free abelian group and the Jacobian variety J_C , endowed with the principal polarisation ϕ_Θ : J_C^∼−→ J^∨_C given by the autoduality of J_C . Recall that ϕ_Θ comes from a line bundle O(Θ) on J_C corresponding to a theta divisor Θ ⊆ J_C . Definition 3.2.1. The finitely generated free abelian group NS(M_T ) := Hom(Λ_T , Z) ⊕ Hom^s(Λ_T ⊗ Λ_T , End J_C ) is the Néron–Severi group of M_T .

Documenta Mathematica 15 (2010) 35–72

44 Indranil Biswas and Norbert Hoffmann

For each finitely generated abelian group Λ, we denote by Hom(Λ, J_C ) the k– scheme of homomorphisms from Λ to J_C . If Λ ∼= Z^r × Z/n_1 × · · · × Z/n_s, then Hom(Λ, J_C ) ∼= J^r_C × J_C [n_1] × · · · × J_C [n_s] where J_C [n] denotes the kernel of the map J_C −→ J_C defined by multiplication with n.

Proposition 3.2.2. i) The Picard functor Pic(M^0_T ) is representable by a scheme locally of finite type over k.

ii) There is a canonical exact sequence of commutative group schemes 0 −→ Hom(Λ_T , J_C )^{jT}−→ Pic(M^0_T )^{cT}−→ NS(M_T ) −→ 0.

iii) Let ξ be a principal T –bundle of degree 0 ∈ Λ_T on C. Then the diagram

0 � Hom(ΛT , JC )^{jT} � Pic(M^0_T )^{cT} �

t^∗_ξ � NS(M_T ) � 0

0 � Hom(ΛT , JC )^{jT} � Pic(M^0_T )^{cT} � NS(MT ) � 0 commutes.

Proof. Let a line bundle L on M^0_T be given. Consider the point in M^0_T given by a principal T –bundle ξ on C of degree 0 ∈ Λ_T . The fiber of L_ξ at this point is a 1-dimensional vector space L_ξ , endowed with a group homomorphism w(L)_ξ : T = Aut(ξ) −→ Aut(L_ξ ) = G_m since L is a line bundle on the stack. As M^0_T is connected, the character w(L)_ξ is independent of ξ; we denote it by w(L) : T −→ G_m and call it the weight w(L) of L. Let q : M^0_T −→ M^0_T be the canonical morphism to the coarse moduli scheme M^0_T , which is an abelian variety canonically isomorphic to Hom(Λ_T , J_C ). Line bundles of weight 0 on M^0_T descend to M^0_T , so the sequence 0 −→ Pic(M^0_T )^{q∗}−→ Pic(M^0_T )^w−→ Hom(Λ_T , Z) is exact. This extends for families. Since Pic(A) is representable for any abelian variety A, the proof of (i) is now complete.

Standard theory of abelian varieties and Corollary 3.1.3 together yield another short exact sequence

0 −→ Hom(Λ_T , J_C ) −→ Pic(M^0_T ) −→ Hom^s(Λ_T ⊗ Λ_T , End J_C ) −→ 0 . Given a character χ : T −→ G_m and p ∈ C(k), we denote by χ_∗L^{univ}_p the line bundle on M^0_T that associates to each T –bundle L on C the G_m–bundle χ_∗L_p.

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 45

Clearly, χ_∗L^{univ}_p has weight χ; in particular, it follows that w is surjective, so we get an exact sequence of discrete abelian groups 0 −→ Hom^s(ΛT ⊗ ΛT , End JC ) −→ Pic(M^0_T )/Hom(ΛT , JC ) −→ Hom(ΛT , Z) −→ 0 . Since C is connected, the algebraic equivalence class of χ_∗L^{univ}_p does not depend on the choice of p; sending χ to the class of χ_∗L^{univ}_p thus defines a canonical splitting of the latter exact sequence. This proves (ii). Finally, it is standard that t^∗_ξ (see (1)) is the identity map on Pic^0(M^0_T ) = Hom(Λ, J_C ) (see [26, Proposition 9.2]), and t^∗_ξ induces the identity map on the discrete quotient Pic(M^0_T )/Pic^0(M^0_T ) because ξ can be connected to the trivial T –bundle in M^0_T . □

Remark 3.2.3. The exact sequence in Proposition 3.2.2(ii) is functorial in T . More precisely, each homomorphism of tori φ : T −→ T^′ induces a morphism of exact sequences

0 � Hom(ΛT^′ , JC )^{jT ′} �

φ^∗ � Pic(M^0_T ′ )^{cT ′} �

φ^∗ � NS(M_T ′ ) �

φ^∗ � 0

0 � Hom(ΛT , JC )^{jT} � Pic(M^0_T )^{cT} � NS(MT ) � 0.

Corollary 3.2.4. Let T_1 and T_2 be tori over k. Then pr^∗_1 ⊕ pr^∗_2 : Pic(M^0_{T1} ) ⊕ Pic(M^0_{T2} ) −→ Pic(M^0_{T1×T2} ) is a closed immersion of commutative group schemes over k.

Proof. As before, let Λ_{T1} , Λ_{T2} and Λ_{T1×T2} denote the cocharacter lattices. Then

pr^∗_1 ⊕ pr^∗_2 : Hom(Λ_{T1} , J_C ) ⊕ Hom(Λ_{T2} , J_C ) −→ Hom(Λ_{T1×T2} , J_C ) is an isomorphism, and the homomorphism of discrete abelian groups pr^∗_1 ⊕ pr^∗_2 : NS(M_{T1} ) ⊕ NS(M_{T2} ) −→ NS(M_{T1×T2} ) is injective by Definition 3.2.1. □

4. The twisted simply connected case

Throughout most of this section, the reductive group G over k will be simply connected. Using the work of Faltings [13] on the Picard functor of M_G, we describe here the Picard functor of the twisted moduli stacks M_{^G,L} introduced in [2]. In the case G = SL_n, these are moduli stacks of vector bundles with fixed determinant; their construction in general is recalled in Subsection 4.2 below.

The result, proved in that subsection as Proposition 4.2.3, is essentially the same: for almost simple G, line bundles on M_{^G,L} are classified by an integer, their so–called central charge. The main tool for that are as usual algebraic loop groups; what we need about them is collected in Subsection 4.1.

Documenta Mathematica 15 (2010) 35–72

46 Indranil Biswas and Norbert Hoffmann

For later use, we need to keep track of the functoriality in G, in particular of the pullback to a maximal torus T_G in G. To state this more easily, we translate the central charge into a Weyl–invariant symmetric bilinear form on the cocharacter lattice of T_G, replacing each integer by the corresponding multiple of the basic inner product. This allows to describe the pullback to T_G in Proposition 4.4.7(iii). Along the way, we also consider the pullback along representations of G; these just correspond to the pullback of bilinear forms, which reformulates — and generalises to arbitrary characteristic — the usual multiplication by the Dynkin index [20]. Subsection 4.3 describes these pullback maps combinatorially in terms of the root system, and Subsection 4.4 proves that these combinatorial maps actually give the pullback of line bundles on these moduli stacks.

4.1. Loop groups. Let G be a reductive group over k. We denote • by LG the algebraic loop group of G, meaning the group ind–scheme over k whose group of A–valued points for any k–algebra A is G(A((t))), • by L^+G ⊆ LG the subgroup with A–valued points G(A[[t]]) ⊆ G(A((t))), • and for n ≥ 1, by L^{≥n}G ⊆ L^+G the kernel of the reduction modulo t^n.

Note that L^+G and L^{≥n}G are affine group schemes over k. The k-algebra corresponding to L^{≥n}G is the inductive limit over all N > n of the k–algebras corresponding to L^{≥n}G/L^{≥N} . A similar statement holds for L^+G. If X is anything defined over k, let X_S denote its pullback to a k–scheme S.

Lemma 4.1.1. Let S be a reduced scheme over k. For n ≥ 1, every morphism φ : (L^{≥n}G)_S −→ (G_m)_S of group schemes over S is trivial.

Proof. This follows from the fact that L^{≥n}G is pro–unipotent; more precisely: As S is reduced, the claim can be checked on geometric points Spec(k^′) −→ S. Replacing k by the larger algebraically closed field k^′ if necessary, we may thus assume S = Spec(k); then φ is a morphism L^{≥n}G −→ G_m. Since the k–algebra corresponding to G_m is finitely generated, it follows that φ factors through L^{≥n}G/L^{≥N} G for some N > n. Denoting by g the Lie algebra of G, [8, II, §4, Theorem 3.5] provides an exact sequence

1 −→ L^{≥N} G −→ L^{≥N−1}G −→ g −→ 1.

Thus the restriction of φ to L^{≥N−1}G induces a character on the additive group scheme underlying g. Hence this restriction has to vanish, so φ also factors through L^{≥n}G/L^{≥N−1}G. Iterating this argument shows that φ is trivial. □

Lemma 4.1.2. Suppose that the reductive group G is simply connected, in particular semisimple. If a central extension of group schemes over k

(2) 1 −→ G_m −→ H^π−→ L^+G −→ 1

splits over L^{≥n}G for some n ≥ 1, then it splits over L^+G.

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 47

Proof. Let a splitting over L^{≥n}G be given, i. e. a homomorphism of group schemes σ : L^{≥n}G −→ H such that π ∘ σ = id. Given points h ∈ H(S) and g ∈ L^{≥n}G(S) for some k-scheme S, the two elements

h · σ(g) · h^{−1} and σ(π(h) · g · π(h)^{−1})

in H(S) have the same image under π, so their difference is an element in G_m(S), which we denote by φ_h(g). Sending h and g to h and φ_h(g) defines a morphism φ : (L^{≥n}G)_H −→ (G_m)_H of group schemes over H. Since L^+G/L^{≥1}G ∼= G and L^{≥N−1}G/L^{≥N} ∼= g for N ≥ 2 are smooth, their successive extension L^+G/L^{≥N} G is also smooth. Thus the limit L^+G is reduced, so H is reduced as well. Using the previous lemma, it follows that φ is the constant map 1; in other words, σ commutes with conjugation. σ is a closed immersion because π ∘ σ is, so σ is an isomorphism onto a closed normal subgroup, and the quotient is a central extension

1 −→ G_m −→ H � σ(L^{≥n}G) −→ L^+G � L^{≥n}G −→ 1.

If n ≥ 2, then this restricts to a central extension of L^{≥n−1}G/L^{≥n}G ∼= g by G_m. It can be shown that any such extension splits.

(Indeed, the unipotent radical of the extension projects isomorphically to the quotient g. Note that the unipotent radical does not intersect the subgroup G_m, and the quotient by the subgroup generated by the unipotent radical and G_m is reductive, so this this reductive quotient being a quotient of g is in fact trivial.)

Therefore, the image of a section g −→ H � σ(L^{≥n}G) has an inverse image in H which π maps isomorphically onto L^{≥n−1}G ⊆ L^+G. Hence the given central extension (2) splits over L^{≥n−1}G as well. Repeating this argument, we get a splitting over L^{≥1}G, and finally also over L^+G, because every central extension of L^+G/L^{≥1}G ∼= G by G_m splits as well, G being simply connected. (To prove the last assertion, for any extension ~G of G by G_m, consider the commutator subgroup [ ~G , ~G] of ~G. It projects surjectively to the commutator subgroup of G which is G itself. Since [ ~G , ~G] is connected and reduced, and G is simply connected, this surjective morphism must be an isomorphism.) □

4.2. Descent from the affine Grassmannian. Let G be a reductive group over k. We denote by Gr_G the affine Grassmannian of G, i. e. the quotient LG/L^+G in the category of fppf–sheaves. Let ^O_{C,p} denote the completion of the local ring O_{C,p} of the scheme C in a point p ∈ C(k). Given a uniformising element z ∈ ^O_{C,p}, there is a standard 1–morphism

glue_{p,z} : Gr_G −→ M_G

that sends each coset f·L^+G to the trivial G–bundles over C\{p} and over ^O_{C,p}, glued by the automorphism f(z) of the trivial G–bundle over the intersection; cf. for example [23, Section 3], [13, Corollary 16], or [14, Proposition 3].

Documenta Mathematica 15 (2010) 35–72

48 Indranil Biswas and Norbert Hoffmann

For the rest of this subsection, we assume that G is simply connected, hence semisimple. In this case, Gr_G is known to be an ind–scheme over k. More precisely, [13, Theorem 8] implies that Gr_G is an inductive limit of projective Schubert varieties over k, which are reduced and irreducible. Thus the canonical map

(3) pr^∗_2 : Γ(S, O_S ) −→ Γ(Gr_G ×S, O_{GrG ×S} )

is an isomorphism for every scheme S of finite type over k. Define the Picard functor Pic(Gr_G) from schemes of finite type over k to abelian groups as in definition 2.1.1. The following theorem about it is proved in full generality in [13]. Over k = C, the group Pic(Gr_G) is also determined in [25] as well as in [20], and Pic(M_G) is determined in [23] together with [30].

Theorem 4.2.1 (Faltings). Let G be simply connected and almost simple.

i) Pic(Gr_G) ∼= Z.

ii) glue^∗_{p,z} : Pic(M_G) −→ Pic(Gr_G) is an isomorphism of functors.

The purpose of this subsection is to carry part (ii) over to twisted moduli stacks in the sense of [2]; cf. also the first remark on page 67 of [13]. More precisely, let an exact sequence of reductive groups

(4) 1 −→ G −→ ^G^{dt}−→ G_m −→ 1

be given, and a line bundle L on C. We denote by M_{^G,L} the moduli stack of principal ^G–bundles E on C together with an isomorphism dt_∗ E ∼= L; cf. section 2 of [2]. If for example the given exact sequence is

1 −→ SL_n −→ GL_n^{det}−→ G_m −→ 1,

then M_{GLn,L} is the moduli stack of vector bundles with fixed determinant L. In general, the stack M_{^G,L} comes with a 2–cartesian diagram

M_{^G,L} � � M_{^G}

dt_∗ � Spec(k)^L � MG_m

from which we see in particular that M_{^G,L} is algebraic. It satisfies the following variant of the Drinfeld–Simpson uniformisation theorem [10, Theorem 3].

Lemma 4.2.2. Let a point p ∈ C(k) and a principal ^G–bundle E on C × S for some k–scheme S be given. Every trivialisation of the line bundle dt_∗ E over (C \ {p}) × S can étale–locally in S be lifted to a trivialisation of E over (C \ {p}) × S.

Proof. The proof in [10] carries over to this situation as follows. Choose a maximal torus T_{^G} ⊆ ^G. Using [10, Theorem 1], we may assume that E comes from a principal T_{^G}–bundle; cf. the first paragraph in the proof of [10, Theorem 3]. Arguing as in the third paragraph of that proof, we may change this principal

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 49

T_{^G}–bundle by the extension of G_m–bundles along coroots G_m −→ T_{^G}. Since simple coroots freely generate the kernel T_G of T_{^G} ↠ G_m, we can thus achieve that this T_{^G}–bundle is trivial over (C \ {p}) × S. Because G_m is a direct factor of T_{^G}, we can hence lift the given trivialisation to the T_{^G}–bundle, and hence also to E. □

Let d ∈ Z be the degree of L. Since dt in (4) maps the (reduced) identity component Z^0 ∼= G_m of the center in ^G surjectively onto G_m, there is a Z^0– bundle ξ (of degree 0) on C with dt_∗(ξ)⊗O_C (dp) ∼= L; tensoring with it defines an equivalence t_ξ : M_{^G,OC (dp)}^∼−→ M_{^G,L}.

Choose a homomorphism δ : G_m −→ ^G with dt ∘δ = d ∈ Z = Hom(G_m, G_m). We denote by t^δ ∈ L ^G(k) the image of the tautological loop t ∈ LG_m(k) under δ_∗ : LG_m −→ L ^G. The map t^δ · : Gr_G −→ Gr_{^G}

sends, for each point f in LG, the coset f · L^+G to the coset t^δ f · L^+ ^G. Its composition Gr_G −→ M_{^G} with glue_{p,z} factors naturally through a 1–morphism glue_{p,z,δ} : Gr_G −→ M_{^G,OC (dp)},

because dt_∗ ∘(t^δ · ) : LG −→ L ^G −→ LG_m is the constant map t^d, which via gluing yields the line bundle O_C (dp). Lemma 4.2.2 provides local sections of glue_{p,z,δ}. These show in particular that

glue^∗_{p,z,δ} : Γ(M_{^G,OC (dp)}, O_{M ^G,OC (dp)} ) −→ Γ(Gr_G, O_{GrG} )

is injective. Hence both spaces of sections contain only the constants, since Γ(Gr_G, O_{GrG} ) = k by equation (3). Using the above equivalence t_ξ, this implies (5) Γ(M_{^G,L}, O_{M ^G,L} ) = k .

Proposition 4.2.3. Let G be simply connected and almost simple. Then glue^∗_{p,z,δ} : Pic(M_{^G,OC (dp)}) −→ Pic(Gr_G) is an isomorphism of functors.

Proof. LG acts on Gr_G by multiplication from the left. Embedding the k– algebra O_{C\p} := Γ(C \ {p}, O_C ) into k((t)) via the Laurent development at p in the variable t = z, we denote by L_{C\p}G ⊆ LG the subgroup with A–valued points G(A ⊗_k O_{C\p}) ⊆ G(A((t))) for any k–algebra A. Consider the stack quotient L_{C\p}G\ Gr_G. The map glue_{p,z} descends to an equivalence

L_{C\p}G\ Gr_G^∼−→ M_G because the action of L_{C\p}G on Gr_G corresponds to changing trivialisations over C \ {p}; cf. for example [23, Theorem 1.3] or [13, Corollary 16]. More generally, consider the conjugate L^δ_{C\p}G := t^{−δ} · L_{C\p}G · t^δ ⊆ L ^G,

Documenta Mathematica 15 (2010) 35–72

50 Indranil Biswas and Norbert Hoffmann

which is actually contained in LG since LG is normal in L ^G. Using Lemma 4.2.2, we see that the map glue_{p,z,δ} descends to an equivalence

L^δ_{C\p}G\ Gr_G^∼−→ M_{^G,OC (dp)},

because the action of L^δ_{C\p}G on Gr_G again corresponds to changing trivialisations over C \ {p}.

Let S be a scheme of finite type over k. Each line bundle on S × M_{^G,L} with trivial pullback to S × Gr_G comes from a character (L^δ_{C\p}G)_S −→ (G_m)_S , since the map (3) is bijective. But L^δ_{C\p}G is isomorphic to L_{C\p}G, and every character (L_{C\p}G)_S −→ (G_m)_S is trivial according to [13, p. 66f.]. This already shows that the morphism of Picard functors glue^∗_{p,z,δ} is injective. The action of LG on Gr_G induces the trivial action on Pic(Gr_G) ∼= Z, for example because it preserves ampleness, or alternatively because LG is connected. Let a line bundle L on Gr_G be given. We denote by Mum_{LG}(L) the Mumford group. So Mum_{LG}(L) is the functor from schemes of finite type over k to groups that sends S to the group of pairs (f, g) consisting of an element f ∈ LG(S) and an isomorphism g : f^∗L_S^∼−→ L_S of line bundles on Gr_G ×S. If f = 1, then g ∈ G_m(S) due to the bijectivity of (3), while for arbitrary f ∈ LG(S), the line bundles L_S and f^∗L_S have the same image in Pic(Gr_G)(S), implying that L_S and f^∗L_S are Zariski–locally in S isomorphic. Consequently, we have a short exact sequence of sheaves in the Zariski topology

(6) 1 −→ G_m −→ Mum_{LG}(L)^q−→ LG −→ 1 .

This central extension splits over L^+G ⊆ LG, because the restricted action of L^+G on Gr_G has a fixed point. We have to show that it also splits over L^δ_{C\p}G ⊆ LG.

Note that L^δ_{C\p}G = γ(L_{C\p}G) for the automorphism γ of LG given by conjugation with t^δ. Hence it is equivalent to show that the central extension

(7) 1 −→ G_m −→ Mum_{LG}(L)^{γ−1∘q}−−−−→ LG −→ 1

splits over L_{C\p}G. We know already that it splits over γ^{−1}(L^+G), in particular over L^{≥n}G for some n ≥ 1. Thus it also splits over L^+G, due to Lemma 4.1.2. Hence it comes from a line bundle on LG/L^+G = Gr_G (whose associated G_m–bundle has total space Mum_{LG}(L)/L^+G, where L^+G acts from the right via the splitting). According to Theorem 4.2.1(ii), this line bundle admits a L_{C\p}G–linearisation, and hence the extension (7) splits indeed over L_{C\p}G. Thus the extension (6) splits over L^δ_{C\p}G, so L admits an L^δ_{C\p}G–linearisation and consequently descends to M_{^G,OC (dp)}. This proves that glue^∗_{p,z,δ} is surjective as a homomorphism of Picard groups. Hence it is also surjective as a morphism of Picard functors, because Pic(Gr_G) ∼= Z is discrete by Theorem 4.2.1(i). □

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 51

Remark 4.2.4. Put G^{ad} := G/Z, where Z ⊆ G denotes the center. Given a representation ρ : G^{ad} −→ SL(V ), we denote its compositions with the canonical epimorphisms G ↠ G^{ad} and ^G ↠ G^{ad} also by ρ. Then the diagram

Pic(M_{SL(V )})

ρ^∗ �

glue^∗_{p,z} �

Pic(Gr_{SL(V )})

ρ^∗ � Pic(M_{^G,L})^{(tξ ∘gluep,z,δ)} ∗ � Pic(Gr_G)

commutes.

Proof. Let t^{ρ∘δ} ∈ L SL(V ) denote the image of the canonical loop t ∈ LG_m under the composition ρ ∘ δ : G_m −→ SL(V ). Then the left part of the diagram

Gr_G^{gluep,z,δ} �

ρ_∗ � � � � t^δ · �

M_{^G,OC (dp)}

�

t_ξ �

M_{^G,L}

� Gr_{SL(V )}

t^{ρ∘δ} · � � � � Gr_{^G}^{gluep,z} �

ρ_∗ � M_{^G}

ρ_∗ �

t_ξ �

M_{^G}

ρ_∗ � Gr_{SL(V )}^{gluep,z} � M_{SL(V )} M_{SL(V )}

commutes. The four remaining squares are 2–commutative by construction of the 1–morphisms glue_{p,z,δ}, glue_{p,z} and t_ξ. Applying Pic to the exterior pentagon yields the required commutative square, as L SL(V ) acts trivially on Pic(Gr_{SL(V )}). □

4.3. Néron–Severi groups NS(M_G) for simply connected G. Let G be a reductive group over k; later in this subsection, we will assume that G is simply connected. Choose a maximal torus T_G ⊆ G, and let

(8) Hom(Λ_{TG} ⊗ Λ_{TG} , Z)^W

denote the abelian group of bilinear forms b : Λ_{TG} ⊗ Λ_{TG} −→ Z that are invariant under the Weyl group W = W_G of (G, T_G).

Up to a canonical isomorphism, the group (8) does not depend on the choice of T_G. More precisely, let T^′_G ⊆ G be another maximal torus; then the conjugation γ_g : G −→ G with some g ∈ G(k) provides an isomorphism from T_G to T^′_G, and the induced isomorphism from Hom(Λ_T ′_G ⊗ Λ_T ′_G , Z)^W to Hom(Λ_{TG} ⊗ Λ_{TG} , Z)^W does not depend on the choice of g.

The group (8) is also functorial in G. More precisely, let φ : G −→ H be a homomorphism of reductive groups over k. Choose a maximal torus T_H ⊆ H containing φ(T_G).

Lemma 4.3.1. Let T^′_G ⊆ G be another maximal torus, and let T^′_H ⊆ H be a maximal torus containing φ(T^′_G). For every g ∈ G(k) with T^′_G = γ_g(T_G), there

Documenta Mathematica 15 (2010) 35–72

52 Indranil Biswas and Norbert Hoffmann

is an h ∈ H(k) with T^′_H = γ_h(T_H ) such that the following diagram commutes: T_G^{γg} � φ � T^′_G φ � T_H^{γh} � T^′_H Proof. The diagram T_G φ �

T_G^{γg} � φ � T^′_G φ � T_H � γ^{−1}_{φ(g)}(T^′_H )^{γφ(g)} � T^′_H allows us to assume T^′_G = T_G and g = 1 without loss of generality. Then T_H and T^′_H are maximal tori in the centraliser of φ(T_G), which is reductive according to [17, 26.2. Corollary A]. Thus T^′_H = γ_h(T_H ) for an appropriate k–point h of this centraliser, and γ_h ∘ φ = φ on T_G by definition of the centraliser. □ Applying the lemma with T^′_G = T_G and T^′_H = T_H , we see that the pullback along φ_∗ : Λ_{TG} −→ Λ_{TH} of a W_H –invariant form Λ_{TH} ⊗ Λ_{TH} −→ Z is W_G– invariant, so we get an induced map (9) φ^∗ : Hom(Λ_{TH} ⊗ Λ_{TH} , Z)^{WH} −→ Hom(Λ_{TG} ⊗ Λ_{TG} , Z)^{WG} which does not depend on the choice of T_G and T_H by the above lemma again. For the rest of this subsection, we assume that G and H are simply connected. Definition 4.3.2. i) The Néron–Severi group NS(M_G) is the subgroup NS(M_G) ⊆ Hom(Λ_{TG} ⊗ Λ_{TG} , Z)^W of symmetric forms b : Λ_{TG} ⊗ Λ_{TG} −→ Z with b(λ ⊗ λ) ∈ 2Z for all λ ∈ Λ_{TG} .

ii) Given a homomorphism φ : G −→ H, we denote by φ^∗ : NS(M_H ) −→ NS(M_G) the restriction of the induced map φ^∗ in (9).

Remarks 4.3.3. i) If G = G_1 × G_2 for simply connected groups G_1 and G_2, then NS(M_G) = NS(M_{G1} ) ⊕ NS(M_{G2} ), since each element of Hom(Λ_{TG} ⊗Λ_{TG} , Z)^{WG} vanishes on Λ_{TG1} ⊗Λ_{TG2} +Λ_{TG2} ⊗ Λ_{TG1} .

ii) If on the other hand G is almost simple, then NS(M_G) = Z · b_G where the basic inner product b_G is the unique element of NS(M_G) that satisfies b_G(α^∨, α^∨) = 2 for all short coroots α^∨ ∈ Λ_{TG} of G.

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 53

iii) Let G and H be almost simple. The Dynkin index d_φ ∈ Z of a homomorphism φ : G −→ H is defined by φ^∗(b_H ) = d_φ · b_G, cf. [11, §2]. If φ is nontrivial, then d_φ > 0, since b_G and b_H are positive definite.

Let Z ⊆ G be the center. Then G^{ad} := G/Z contains T_Gad := T_G/Z as a maximal torus, with cocharacter lattice Λ_{TGad} ⊆ Λ_{TG} ⊗ Q.

We say that a homomorphism l : Λ −→ Λ^′ between finitely generated free abelian groups Λ and Λ^′ is integral on a subgroup ~Λ ⊆ Λ ⊗ Q if its restriction to Λ ∩ ~Λ admits a linear extension ~l : ~Λ −→ Λ^′. By abuse of language, we will not distinguish between l and its unique linear extension ~l.

Lemma 4.3.4. Every element b : Λ_{TG} ⊗ Λ_{TG} −→ Z of NS(M_G) is integral on Λ_{TGad} ⊗ Λ_{TG} and on Λ_{TG} ⊗ Λ_{TGad} .

Proof. Let α : Λ_{TG} ⊗ Q −→ Q be a root of G, with corresponding coroot α^∨ ∈ Λ_{TG} . Lemme 2 in [5, Chapitre VI, §1] implies the formula b(λ ⊗ α^∨) = α(λ) · b(α^∨ ⊗ α^∨)/2 for all λ ∈ Λ_{TG} . Thus b( ⊗ α^∨) : Λ_{TG} −→ Z is an integer multiple of α; hence it is integral on Λ_{TGad} , the largest subgroup of Λ_{TG} ⊗ Q on which all roots are integral. But the coroots α^∨ generate Λ_{TG} , as G is simply connected. □

Now let ι_G : T_G → G denote the inclusion of the chosen maximal torus.

Definition 4.3.5. Given δ ∈ Λ_{TGad} , the homomorphism

(ι_G)^{NS,δ} : NS(M_G) −→ NS(M_{TG} ) sends b : Λ_{TG} ⊗ Λ_{TG} −→ Z to

b(−δ ⊗ ) : Λ_{TG} −→ Z and id_{JC} ·b : Λ_{TG} ⊗ Λ_{TG} −→ End J_C .

This map (ι_G)^{NS,δ} is injective if g_C ≥ 1, because all multiples of id_{JC} are then nonzero in End J_C . If g_C = 0, then End J_C = 0, but we still have the following

Lemma 4.3.6. Every coset d ∈ Λ_{TGad} /Λ_{TG} = π_1(G^{ad}) admits a lift δ ∈ Λ_{TGad} such that the map (ι_G)^{NS,δ} : NS(M_G) −→ NS(M_{TG} ) is injective.

Proof. Using Remark 4.3.3, we may assume that G is almost simple. In this case, (ι_G)^{NS,δ} is injective whenever δ ≠ 0, because NS(M_G) is cyclic and its generator b_G : Λ_{TG} ⊗ Λ_{TG} −→ Z is as a bilinear form nondegenerate. □

Remark 4.3.7. Given φ : G −→ H, let ι_H : T_H → H be a maximal torus with φ(T_G) ⊆ T_H . If δ ∈ Λ_{TG} , or if more generally δ ∈ Λ_{TGad} is mapped to Λ_Had by φ_∗ : Λ_{TG} ⊗ Q −→ Λ_{TH} ⊗ Q, then the following diagram commutes:

NS(M_H )^{(ιH )}

NS,φ∗δ � φ_∗ � NS(M_{TH} )

φ_∗ � NS(M_G)^{(ιG)}

NS,δ

� NS(M_{TG} )

Documenta Mathematica 15 (2010) 35–72

54 Indranil Biswas and Norbert Hoffmann

4.4. The pullback to torus bundles. Let L^{det} = L^{det}_n be determinant of cohomology line bundle [18] on M_{GLn} , whose fibre at a vector bundle E on C is det H^∗(E) = det H^0(E) ⊗ det H^1(E)^{dual}.

Lemma 4.4.1. Let ξ be a line bundle of degree d on C. Then the composition

Pic(M_{Gm} )^t ∗ ξ−→ Pic(M^0_{Gm} )^{cGm}−→ NS(M_{Gm} ) = Z ⊕ End_{JC}

maps L^{det} to 1 − g_C + d ∈ Z and − id_{JC} ∈ End_{JC} .

Proof. For any line bundle L on C and any point p ∈ C(k), we have a canonical exact sequence

0 −→ L(−p) −→ L −→ L_p −→ 0

of coherent sheaves on C. Varying L and taking the determinant of cohomology, we see that the two line bundles L^{det} and t^∗_{O(−p)}L^{det} on M^0_{Gm} have the same image in the second summand End J_C of NS(M_{Gm} ). Thus the image of t^∗_ξ L^{det} in End J_C does not depend on ξ; this image is − id_{JC} because the principal polarisation ϕ_Θ : J_C −→ J^∨_C is essentially given by the dual of the line bundle L^{det}.

The weight of t^∗_ξ L^{det} at a line bundle L of degree 0 on C is the Euler characteristic of L ⊗ ξ, which is indeed 1 − g_C + d by Riemann–Roch theorem. □

Let ι : T_{SLn} → SL_n be the inclusion of the maximal torus T_{SLn} := G^n_m ∩ SL_n, where G^n_m ⊆ GL_n as diagonal matrices. Then the cocharacter lattice Λ_{TSLn} is the group of all d = (d_1, . . . , d_n) ∈ Z^n with d_1 + · · · + d_n = 0. The basic inner product b_{SLn} : Λ_{TSLn} ⊗ Λ_{TSLn} −→ Z is the restriction of the standard scalar product on Z^n.

Corollary 4.4.2. Let ξ be a principal T_{SLn} –bundle of degree d ∈ Λ_{TSLn} on C. Then the composition

Pic(M_{SLn} )^{ι∗}−→ Pic(M_{TSLn} )^t ∗ ξ−→ Pic(M^0_{TSLn} )^{cTSLn}−−−−→ NS(M_{TSLn} )

maps L^{det} to b_{SLn} (d ⊗ ) : Λ_{TSLn} −→ Z and − id_{JC} ·b_{SLn} : Λ_{TSLn} ⊗ Λ_{TSLn} −→ End J_C .

Proof. Since the determinant of cohomology takes direct sums to tensor products, the pullback of L^{det}_n to M_Gn_m is isomorphic to pr^∗_1 L^{det}_1 ⊗ · · · ⊗ pr^∗_n L^{det}_1 , where pr_ν : G^n_m ↠ G_m is the projection onto the νth factor. Now use the previous lemma to compute the image of L^{det}_n in NS(M_Gn_m ) and then restrict to NS(M_{TSLn} ). □

Corollary 4.4.3. If ρ : SL_2 −→ SL(V ) has Dynkin index d_ρ, then the pullback ρ^∗ : Pic(M_{SL(V )}) −→ Pic(M_{SL2} ) maps L^{det} to (L^{det}_2 )^{⊗dρ} .

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 55

Proof. Let ι : T_{SL(V )} → SL(V ) be the inclusion of a maximal torus that contains the image of the standard torus T_{SL2} → SL_2. The diagram

Pic(M_{SL(V )})^{ι∗} �

ρ^∗ �

Pic(M_{TSL(V )} )^t ∗ ρ∗(ξ) �

ρ^∗ �

Pic(M^0_{TSL(V )} )^{cTSL(V )}�

ρ^∗ �

NS(M_{TSL(V )} )

ρ^∗ � Pic(M_{SL2} )^{ι∗} � Pic(MT_{SL2} )^t ∗ ξ � Pic(M^0_{TSL2} )^{cTSL2} � NS(M_{TSL2} )

commutes for each principal T_{SL2} –bundle ξ on C. We choose ξ in such a way that deg(ξ) ∈ Λ_{TSL2} ∼= Z is nonzero if g_C = 0. Then the composition

c_{TSL2} ∘ t^∗_ξ ∘ ι^∗ : Pic(M_{SL2} ) −→ NS(M_{TSL2} )

of the lower row is injective according to Theorem 4.2.1 and Corollary 4.4.2. The latter moreover implies that the two elements ρ^∗(L^{det}) and (L^{det}_2 )^{⊗dρ} in Pic(M_{SL2} ) have the same image in NS(M_{TSL2} ). □

Now suppose that the reductive group G is simply connected and almost simple. We denote by O_{GrG} (1) the unique generator of Pic(Gr_G) that is ample on every closed subscheme, and by O_{GrG} (n) its nth tensor power for n ∈ Z. Over k = C, the following is proved by a different method in section 5 of [20].

Proposition 4.4.4 (Kumar-Narasimhan-Ramanathan). If ρ : G −→ SL(V ) has Dynkin index d_ρ, then ρ^∗ : Pic(Gr_{SL(V )}) −→ Pic(Gr_G) maps O(1) to O_{GrG} (d_ρ).

Proof. Let φ : SL_2 −→ G be given by a short coroot. Then d_φ = 1 by definition, and [13] implies that φ^∗ : Pic(Gr_G) −→ Pic(Gr_{SL2} ) maps O(1) to O(1), for example because φ^∗ : Pic(M_G) −→ Pic(M_{SL2} ) preserves central charges according to their definition [13, p. 59]. Hence it suffices to prove the claim for ρ ∘ φ instead of ρ. This case follows from Corollary 4.4.3, since glue^∗_{p,z}(L^{det}_n ) ∼= O_{GrSLn} (−1). □

As in Subsection 4.2, we assume given an exact sequence of reductive groups

1 −→ G −→ ^G^{dt}−→ G_m −→ 1

with G simply connected, and a line bundle L on C.

Corollary 4.4.5. Suppose that G is almost simple. Then the isomorphism

(t_ξ ∘ glue_{p,z,δ})^∗ : Pic(M_{^G,L})^∼−→ Pic(Gr_G)

constructed in Subsection 4.2 does not depend on the choice of p, z, ξ or δ.

We say that a line bundle on M_{^G,L} has central charge n ∈ Z if this isomorphism maps it to O_{GrG} (n); this is consistent with the standard central charge of line bundles on M_G, as defined for example in [13].

Documenta Mathematica 15 (2010) 35–72

56 Indranil Biswas and Norbert Hoffmann

Proof. If ρ : G −→ SL(V ) is a nontrivial representation, then d_ρ > 0, as explained in Remark 4.3.3(iii). Using Proposition 4.4.4, this implies that ρ^∗ : Pic(Gr_{SL(V )}) −→ Pic(Gr_G) is injective. Due to Remark 4.2.4, it thus suffices to check that glue^∗_{p,z} : Pic(M_{SL(V )})^∼−→ Pic(Gr_{SL(V )}) does not depend on p or z. This is clear, since it maps L^{det} to O_{GrSL(V )} (−1). □ The chosen maximal torus ι_G : T_G → G induces maximal tori ι_{^G} : T_{^G} → ^G and ι_Gad : T_Gad → G^{ad} compatible with the canonical maps G → ^G ↠ G^{ad}. Given a principal T_{^G}–bundle ^ξ on C and an isomorphism dt_∗ ^ξ ∼= L, the composition M^0_{TG}^{t ^ξ}−→ M_{T ^G}^{(ι ^G)∗}−→ M_{^G} factors naturally through a 1–morphism (10) ι_{^ξ} : M^0_{TG} −→ M_{^G,L}.

Remark 4.4.6. Given a representation ρ : G^{ad} −→ SL(V ), let ι : T_{SL(V )} → SL(V ) be a maximal torus containing ρ(T_Gad ). Then the diagram M^0_{TG}^{ι ^ξ} �

ρ_∗ � M_{^G,L}

ρ_∗ � M^0_{TSL(V )}^{tρ∗ ^ξ} � M_{TSL(V )}^{ι∗} � M_{SL(V )} is 2–commutative, by construction of ι_{^ξ} . Proposition 4.4.7. i) Γ(M_{^G,L}, O_{M ^G,L} ) = k.

ii) There is a canonical isomorphism c_G : Pic(M_{^G,L})^∼−→ NS(M_G).

iii) For all choices of ι_G : T_G → G and of ^ξ, the diagram

Pic(M_{^G,L})^ι ∗ ^ξ �

c_G � Pic(M^0_{TG} )

c_{TG} � NS(M_G)^{(ιG)}

NS,δ̄

� NS(M_{TG} )

commutes; here δ̄ ∈ Λ_{TGad} denotes the image of ^δ := deg ^ξ ∈ Λ_{T ^G} . Proof. We start with the special case that G is almost simple. Here part (i) of the proposition is just equation (5) from Subsection 4.2.

We let c_G send the line bundle of central charge 1 to the basic inner product b_G ∈ NS(M_G). Due to Theorem 4.2.1(i), Proposition 4.2.3, Corollary 4.4.5

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 57

and Remark 4.3.3(ii), this defines a canonical isomorphism, and hence proves (ii).

To see that the diagram in (iii) then commutes, we choose a nontrivial representation ρ : G^{ad} −→ SL(V ). We note the functorialities, with respect to ρ, according to Remark 4.4.6, Remark 4.2.4, Proposition 4.4.4, Remark 4.3.7 and Remark 3.2.3. In view of these, comparing Corollary 4.4.2 and Definition 4.3.5 shows that the two images of ρ^∗L^{det} ∈ Pic(M_{^G,L}) in NS(M_{TG} ) coincide. Since the former generates a subgroup of finite index and the latter is torsionfree, the diagram in (iii) commutes.

For the general case, we use the unique decomposition

G = G_1 × · · · × G_r

into simply connected and almost simple factors G_i. As ^G is generated by its center and G, every normal subgroup in G is still normal in ^G. Let ^G_i denote the quotient of ^G modulo the closed normal subgroup � j≠i Gj ; then

0 � G �

pr_i � ^G � � G_m � 0

0 � Gi � ^G_i^{dti} � Gm � 0

is a morphism of short exact sequences. Since the resulting diagram ^G dt �

� �_i ^G_i � dt_i � G_m^{diag} � G^r_m

is cartesian, it induces an equivalence of moduli stacks

(11) M_{^G,L}^∼−→ M_{^G1,L} × · · · × M_{^Gr ,L}

due to Lemma 2.2.1. We note that equation (5), Lemma 2.1.2(i), Lemma 2.1.4, Remark 4.3.3(i) and Corollary 3.2.4 ensure that various constructions are compatible with the products in (11). Therefore, the general case follows from the already treated almost simple case. □

5. The reductive case

In this section, we finally describe the Picard functor Pic(M^d_G) for any reductive group G over k and any d ∈ π_1(G). We denote

• by ζ : Z^0 → G the (reduced) identity component of the center Z ⊆ G, and • by π : ~G −→ G the universal cover of G^′ := [G , G] ⊆ G.

Our strategy is to descend along the central isogeny

ζ · π : Z^0 × ~G −→ G,

Documenta Mathematica 15 (2010) 35–72

58 Indranil Biswas and Norbert Hoffmann

applying the previous two sections to Z^0 and to ~G, respectively. The 1– morphism of moduli stacks given by such a central isogeny is a torsor under a group stack; Subsection 5.1 explains descent of line bundles along such torsors, generalising the method introduced by Laszlo [22] for quotients of SL_n. In Subsection 5.2, we define combinatorially what will be the discrete torsionfree part of Pic(M^d_G); finally, these Picard functors and their functoriality in G are described in Subsection 5.3.

The following notation is used throughout this section. The reductive group G yields semisimple groups and central isogenies ~G ↠ G^′ ↠ Ḡ := G/Z^0 ↠ G^{ad} := G/Z.

We denote by d̄ ∈ π_1(Ḡ) ⊆ π_1(G^{ad}) the image of d ∈ π_1(G). The choice of a maximal torus ι_G : T_G → G induces maximal tori and isogenies T_{~G} ↠ T_G′ ↠ T¯_G ↠ T_Gad .

Their cocharacter lattices are hence subgroups of finite index Λ_{T ~G} → Λ_{TG′} → Λ_{TḠ} → Λ_{TGad} .

The central isogeny ζ · π makes Λ_Z0 ⊕ Λ_{T ~G} a subgroup of finite index in Λ_{TG} . 5.1. Torsors under a group stack. All stacks in this subsection are stacks over k, and all morphisms are over k. Following [7, 22], we recall the notion of a torsor under a group stack.

Let G be a group stack. We denote by 1 the unit object in G, and by g_1 · g_2 the image of two objects g_1 and g_2 under the multiplication 1–morphism G × G −→ G. Definition 5.1.1. An action of G on a 1–morphism of stacks Φ : X −→ Y consists of a 1–morphism G × X −→ X , (g, x) −→ g · x, and of three 2–morphisms, which assign to each k–scheme S and each object x in X (S) an isomorphism 1 · x^∼−→ x in X (S), (g, x) in (G × X )(S) an isomorphism Φ(g · x)^∼−→ Φ(x) in Y(S), (g1, g2, x) in (G × G × X )(S) an isomorphism (g1 · g2) · x^∼−→ g1 · (g2 · x) in X (S). These morphisms are required to satisfy the following five compatibility conditions: the two resulting isomorphisms (g · 1) · x^∼−→ g · x in X (S), (1 · g) · x^∼−→ g · x in X (S), Φ(1 · x)^∼−→ Φ(x) in Y(S), Φ((g_1 · g_2) · x)^∼−→ Φ(x) in Y(S), and (g_1 · g_2 · g_3) · x^∼−→ g_1 · (g_2 · (g_3 · x)) in X (S), coincide for all k–schemes S and all objects g, g_1, g_2, g_3 in G(S) and x in X (S).

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 59 Example 5.1.2. Let φ : G −→ H be a homomorphism of linear algebraic groups over k, and let Z be a closed subgroup in the center of G with Z ⊆ ker(φ). Then the group stack M_Z acts on the 1–morphism φ_∗ : M_G −→ M_H via the tensor product ⊗ : M_Z × M_G −→ M_G.

From now on, we assume that the group stack G is algebraic. Definition 5.1.3. A G–torsor is a faithfully flat 1–morphism of algebraic stacks Φ : X −→ Y together with an action of G on Φ such that the resulting 1–morphism G × X −→ X ×_Y X , (g, x) −→ (g · x, x) is an isomorphism.

Example 5.1.4. Suppose that φ : G ↠ H is a central isogeny of reductive groups with kernel μ. For each d ∈ π_1(G), the 1–morphism (12) φ_∗ : M^d_G −→ M^e_H e := φ_∗(d) ∈ π_1(H) is a torsor under the group stack M_μ, for the action described in example 5.1.2. Proof. The 1–morphism φ_∗ is faithfully flat by Lemma 2.2.2. The 1–morphism M_μ × M_G −→ M_G ×_{MH} M_G, (L, E) −→ (L ⊗ E, E) is an isomorphism due to Lemma 2.2.1. Since φ_∗ : π_1(G) −→ π_1(H) is injective, M^d_G ⊆ M_G is the inverse image of M^e_H ⊆ M_H under φ_∗; hence the restriction M_μ × M^d_G −→ M^d_G ×_Me_H M^d_G is an isomorphism as well. □ Definition 5.1.5. Let Φ_ν : X_ν −→ Y_ν be a G–torsor for ν = 1, 2. A morphism of G–torsors from Φ_1 to Φ_2 consists of two 1–morphisms A : X_1 −→ X_2 and B : Y_1 −→ Y_2 and of two 2–morphisms, which assign to each k–scheme S and each object x in X_1(S) an isomorphism Φ_2A(x)^∼−→ BΦ_1(x) in Y_2(S), (g, x) in (G × X_1)(S) an isomorphism A(g · x)^∼−→ g · A(x) in X_2(S).

These morphisms are required to satisfy the following three compatibility conditions: the two resulting isomorphisms A(1 · x)^∼−→ A(x) in X_2(S), Φ_2A(g · x)^∼−→ BΦ_1(x) in Y_2(S) and A((g_1 · g_2) · x)^∼−→ g_1 · (g_2 · A(x)) in X_2(S) coincide for all k–schemes S and all objects g, g_1, g_2 in G(S) and x in X_1(S).

Documenta Mathematica 15 (2010) 35–72

60 Indranil Biswas and Norbert Hoffmann

Example 5.1.6. Let a cartesian square of reductive groups over k G_1^α �

φ_1 � G_2

φ_2 � H_1^β � H_2 be given. Suppose that φ_1 and φ_2 are central isogenies, and denote their common kernel by μ. For each d_1 ∈ π_1(G_1), the diagram M^{d1}_{G1}^{α∗} �

(φ_1)_∗ � M^{d2}_{G2}

(φ_2)_∗ � d_2 := α_∗(d_1) ∈ π_1(G_2)

M^{e1}_{H1}^{β∗} � M^{e2}_{H2} e_ν := (φ_ν )_∗(d_ν ) ∈ π_1(H_ν ) is then a morphism of torsors under the group stack M_μ.

Proposition 5.1.7. Let a G–torsor Φ_ν : X_ν −→ Y_ν with Γ(X_ν , O_{Xν} ) = k be given for ν = 1, 2, together with a morphism of G–torsors X_1^A �

Φ_1 � X_2

Φ_2 � Y_1^B � Y_2 such that the induced morphism of Picard functors A^∗ : Pic(X_2) −→ Pic(X_1) is injective. Then the diagram of Picard functors Pic(X_1) Pic(X_2)

A^∗�

Pic(Y_1)

Φ^∗_1 �

Pic(Y_2)

Φ^∗_2 � B^∗�

is a pullback square.

Proof. The proof of [22, Theorem 5.7] generalises to this situation as follows. Let S be a scheme of finite type over k. For a line bundle L on S×X_ν , we denote by Lin^G (L) the set of its G–linearisations, cf. [22, Definition 2.8]. According to Lemma 2.1.2(i), each automorphism of L comes from Γ(S, O^∗_S ) and hence respects each linearisation of L. Thus [22, Theorem 4.1] provides a canonical bijection between the set Lin^G (L) and the fibre of Φ^∗_ν : Pic(S × Y_ν ) −→ Pic(S × X_ν ) over the isomorphism class of L.

Let T be an algebraic stack over k. We denote for the moment by Pic(T ) the groupoid of line bundles on T and their isomorphisms. Lemma 2.1.2(i) and Corollary 2.1.3 show that the functor A^∗ : Pic(T × X_2) −→ Pic(T × X_1)

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 61

is fully faithful for every T . We recall that an element in Lin^G (L) is an isomorphism in Pic(G × S × X_ν ) between two pullbacks of L such that certain induced diagrams in Pic(S × X_ν ) and in Pic(G × G × S × X_ν ) commute. Thus it follows for all L ∈ Pic(S × X_2) that the canonical map A^∗ : Lin^G (L) −→ Lin^G (A^∗L) is bijective. Hence the diagram of abelian groups Pic(S × X_1) Pic(S × X_2)

A^∗�

Pic(S × Y_1)

Φ^∗_1 �

Pic(S × Y_2)

Φ^∗_2 � B^∗�

is a pullback square, as required. □ 5.2. Néron–Severi groups NS(M^d_G) for reductive G. Definition 5.2.1. The Néron–Severi group NS(M^d_G) is the subgroup NS(M^d_G) ⊆ NS(M_Z0 ) ⊕ NS(M_{~G}) of all triples l_Z : Λ_Z0 −→ Z, b_Z : Λ_Z0 ⊗Λ_Z0 −→ End J_C and b : Λ_{T ~G} ⊗Λ_{T ~G} −→ Z with the following properties:

(1) For every lift δ̄ ∈ Λ_{TḠ} of d̄ ∈ π_1(Ḡ), the direct sum l_Z ⊕ b(−δ̄ ⊗ ) : Λ_Z0 ⊕ Λ_{T ~G} −→ Z is integral on Λ_{TG} .

(2) The orthogonal direct sum

b_Z ⊥ (id_{JC} ·b) : (Λ_Z0 ⊕ Λ_{T ~G} ) ⊗ (Λ_Z0 ⊕ Λ_{T ~G} ) −→ End J_C is integral on Λ_{TG} ⊗ Λ_{TG} .

Lemma 5.2.2. If condition 1 above holds for one lift δ̄ ∈ Λ_{TḠ} of d̄ ∈ π_1(Ḡ), then it holds for every lift δ̄ ∈ Λ_{TḠ} of the same element d̄ ∈ π_1(Ḡ). Proof. Any two lifts δ̄ of d̄ differ by some element λ ∈ Λ_{T ~G} . Lemma 4.3.4 states in particular that b(−λ ⊗ ) : Λ_{T ~G} −→ Z is integral on Λ_{TḠ} , and hence admits an extension Λ_{TG} −→ Z that vanishes on Λ_Z0 . □ Remark 5.2.3. If G is simply connected, then NS(M^0_G) coincides with the group NS(M_G) of definition 4.3.2. If G = T is a torus, then NS(M^d_T ) coincides for all d ∈ π_1(T ) with the group NS(M_T ) of definition 3.2.1.

Remark 5.2.4. The Weyl group W of (G, T_G) acts trivially on NS(M^d_G). Hence the group NS(M^d_G) does not depend on the choice of T_G; cf. Subsection 4.3.

Documenta Mathematica 15 (2010) 35–72

62 Indranil Biswas and Norbert Hoffmann

Definition 5.2.5. Given a lift δ ∈ Λ_{TG} of d ∈ π_1(G), the homomorphism (ι_G)^{NS,δ} : NS(M^d_G) −→ NS(M_{TG} ) sends (l_Z , b_Z ) ∈ NS(M_Z0 ) and b ∈ NS(M_{~G}) to the pair

l_Z ⊕ b(−δ̄ ⊗ ) : Λ_G −→ Z and b_Z ⊥ (id_{JC} ·b) : Λ_{TG} ⊗ Λ_{TG} −→ End J_C where δ̄ ∈ Λ_{TḠ} denotes the image of δ.

Note that this definition agrees with the earlier definition 4.3.5 in the cases covered by both, namely G simply connected and δ ∈ Λ_{TG} . Lemma 5.2.6. Given a lift δ ∈ Λ_{TG} of d ∈ π_1(G), the diagram

NS(M^d_G)^{(ιG )}

NS,δ � � � � NS(MT_G )

(ζ·π)∗ � NS(M_Z0 ) ⊕ NS(M_{~G})^{id ⊕(ι ~G)}

NS,δ̄

� NS(M_{Z0} ) ⊕ NS(M_{T ~G} )� � � NS(M_{Z0 ×T ~G} ) is a pullback square; here δ̄ ∈ Λ_{TGad} again denotes the image of δ. Proof. This follows directly from the definitions. □ Let e ∈ π_1(H) be the image of d ∈ π_1(G) under a homomorphism of reductive groups φ : G −→ H. φ induces a map φ : ~G −→ ~H between the universal covers of their commutator subgroups. If φ maps the identity component Z^0_G in the center Z_G of G to the center Z_H of H, then it induces an obvious pullback map φ^∗ : NS(M^e_H ) −→ NS(M^d_G) which sends l_Z , b_Z and b simply to φ^∗l_Z , φ^∗b_Z and φ^∗b. This is a special case of the following map, which φ induces even without the hypothesis on the centers, and which also generalises the previous definition 5.2.5. Definition 5.2.7. Choose a maximal torus ι_H : T_H → H containing φ(T_G), and a lift δ ∈ Λ_{TG} of d ∈ π_1(G); let η ∈ Λ_{TH} be the image of δ. Then the map φ^{NS,d} : NS(M^e_H ) −→ NS(M^d_G) sends (l_Z , b_Z ) ∈ NS(M_Z0_H ) and b ∈ NS(M_{~H} ) to the pullback along φ : Z^0_G −→ T_H of (ι_H )^{NS,η} (l_Z , b_Z , b) ∈ NS(M_{TH} ), together with φ^∗b ∈ NS(M_{~G}). Lemma 5.2.8. The map φ^{NS,d} does not depend on the choice of T_G, T_H or δ. Proof. Let W_G denote the Weyl group of (G, T_G). It acts trivially on Λ_Z0_G , and without nontrivial coinvariants on Λ_{T ~G} ; these two observations imply (13) Hom(Λ_{T ~G} ⊗ Λ_Z0_G , Z)^{WG} = 0.

Lemma 4.3.4 states that b is integral on Λ_{T~H} ⊗ Λ_{TH̄} ; its composition with the canonical projection Λ_{TH} ↠ Λ_{TH̄} is a Weyl–invariant map b_r : Λ_{T~H} ⊗ Λ_{TH} −→ Z. As explained in Subsection 4.3, Lemma 4.3.1 implies that φ^∗b_r : Λ_{T ~G} ⊗ Λ_{TG} −→ Z is still Weyl–invariant; hence it vanishes on Λ_{T ~G} ⊗ Λ_Z0_G by (13).

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 63

Any two lifts δ of d differ by some element λ ∈ Λ_{T ~G} ; then the two images of (l_Z , b_Z , b) ∈ NS(M^e_H ) in NS(M_{TH} ) differ, according to the proof of Lemma 5.2.2, only by b_r(−λ ⊗ ) : Λ_{TH} −→ Z. Thus their compositions with φ : Λ_Z0_G −→ Λ_{TH} coincide by the previous paragraph. This shows that the two images of (l_Z , b_Z , b) have the same component in the direct summand Hom(Λ_Z0_G , Z) of NS(M^d_G); since the other two components do not involve δ at all, the independence on δ follows.

The independence on T_G and T_H is then a consequence of Lemma 4.3.1, since the Weyl groups W_G and W_H act trivially on NS(M^d_G) and on NS(M^e_H ). □

Lemma 5.2.9. For all maximal tori ι_G : T_G → G and ι_H : T_H → H with φ(T_G) ⊆ T_H , and all lifts δ ∈ Λ_{TG} of d ∈ π_1(G), the diagram

NS(M^e_H )^{(ιH )}

NS,η � φ^{NS,d} � NS(M_{TH} )

φ^∗ � NS(M^d_G)^{(ιG)}

NS,δ

� NS(M_{TG} )

commutes, with η := φ_∗δ ∈ Λ_{TH} and e := φ_∗d ∈ π_1(H) as in definition 5.2.7.

Proof. Given an element in NS(M^e_H ), we have to compare its two images in NS(M_{TG} ). The definition 5.2.7 of φ^{NS,d} directly implies that both have the same pullback to NS(M_Z0_G ) and to NS(M_{T ~G} ). Moreover, their components in the direct summand Hom^s(Λ_{TG} ⊗ Λ_{TG} , End J_C ) of NS(M_{TG} ) are both Weyl– invariant due to Lemma 4.3.1; thus equation (13) above shows that these components vanish on Λ_{T ~G} ⊗Λ_Z0_G and on Λ_Z0_G ⊗Λ_{T ~G} . Hence two images in question even have the same pullback to NS(M_Z0_{G×T ~G} ). But Λ_Z0_G ⊕ Λ_{T ~G} has finite index in Λ_{TG} . □

Corollary 5.2.10. Let ψ : H −→ K be another homomorphism of reductive groups, and put f := ψ_∗e ∈ π_1(K). Then

φ^{NS,d} ∘ ψ^{NS,e} = (ψ ∘ φ)^{NS,d} : NS(M^f_K ) −→ NS(M^d_G).

Proof. According to the previous lemma, this equality holds after composition with (ι_G)^{NS,δ} : NS(M^d_G) −→ NS(M_{TG} ) for any lift δ ∈ Λ_{TG} of d. Due to the Lemma 4.3.6 and Lemma 5.2.6, there is a lift δ of d such that (ι_G)^{NS,δ} is injective. □

We conclude this subsection with a more explicit description of NS(M^d_G). It turns out that genus g_C = 0 is special. This generalises the description obtained for k = C and G semisimple by different methods in [31, Section V].

Proposition 5.2.11. Let q : G ↠ G/G^′ =: G^{ab} denote the maximal abelian quotient of G. Then the sequence of abelian groups

0 −→ NS(M_Gab )^{q∗}−→ NS(M^d_G)^{pr2}−→ NS(M_{~G})

Documenta Mathematica 15 (2010) 35–72

64 Indranil Biswas and Norbert Hoffmann

is exact, and the image of the map pr_2 in it consists of all forms b : Λ_{T ~G} ⊗ Λ_{T ~G} −→ Z in NS(M_{~G}) that are integral

• on Λ_{TḠ} ⊗ Λ_{TG′} , if g_C ≥ 1;

• on (Zδ̄) ⊗ Λ_{TG′} for a lift δ̄ ∈ Λ_{TḠ} of d̄ ∈ π_1(Ḡ), if g_C = 0. The condition does not depend on the choice of this lift δ̄, due to Lemma 4.3.4.

Proof. Since q : Z^0 −→ G^{ab} is an isogeny, q^∗ is injective; it clearly maps into the kernel of pr_2. Conversely, let (l_Z , b_Z , b) ∈ NS(M^d_G) be in the kernel of pr_2; this means b = 0. Then condition 1 in the definition 5.2.1 of NS(M^d_G) provides a map l_Z ⊕ 0 : Λ_{TG} −→ Z

which vanishes on Λ_{T ~G} , and hence also on Λ_{TG′} ; thus it is induced from a map on Λ_{TG} /Λ_{TG′} = Λ_Gab . Similarly, condition 2 in the same definition provides a map b_Z ⊥ 0 on Λ_{TG} ⊗ Λ_{TG} which vanishes on Λ_{T ~G} ⊗ Λ_{TG} + Λ_{TG} ⊗ Λ_{T ~G} , and hence also on Λ_{TG′} ⊗ Λ_{TG} + Λ_{TG} ⊗ Λ_{TG′} ; thus it is induced from a map on the quotient Λ_Gab ⊗ Λ_Gab . This proves the exactness.

Now let b ∈ NS(M^d_G) be in the image of pr_2. Then b is integral on (Zδ̄) ⊗ Λ_G′ by condition 1 in definition 5.2.1. If g_C ≥ 1, then

· id_{JC} : Z −→ End J_C

is injective with torsionfree cokernel; thus condition 2 in definition 5.2.1 implies that 0 ⊕ b : (Λ_Z0 ⊕ Λ_{T ~G} ) ⊗ Λ_{T ~G} −→ Z

is integral on Λ_{TG} ⊗ Λ_{TG′} and hence, vanishing on Λ_Z0 ⊆ Λ_{TG} , comes from a map on the quotient Λ_{TḠ} ⊗ Λ_{TG′} . This shows that b satisfies the stated condition.

Conversely, suppose that b ∈ NS(M^d_G) satisfies the stated condition. Then b is integral on (Zδ̄) ⊗ Λ_{TG′} ; since Λ_{TG′} ⊆ Λ_{TG} is a direct summand,

b(−δ̄ ⊗ ) : Λ_{TG′} −→ Z

can thus be extended to Λ_{TG} . We restrict it to a map l_Z : Λ_Z0 −→ Z. In the case g_C = 0, the triple (l_Z , 0, b) is in NS(M^d_G) and hence an inverse image of b. It remains to consider g_C ≥ 1. Then b is by assumption integral on Λ_{TḠ} ⊗Λ_{TG′} , so composing it with the canonical subjection Λ_{TG} ↠ Λ_{TḠ} defines a linear map Λ_{TG} ⊗Λ_{TG′} −→ Z. Since b is symmetric, this extends canonically to a symmetric linear map from

Λ_{TG} ⊗ Λ_{TG′} + Λ_{TG′} ⊗ Λ_{TG} ⊆ Λ_{TG} ⊗ Λ_{TG}

to Z. It can be extended further to a symmetric linear map from Λ_{TG} ⊗ Λ_{TG} to Z, because Λ_{TG′} ⊆ Λ_{TG} is a direct summand. Multiplying it with id_{JC} and restricting to Λ_Z0 defines an element b_Z ∈ Hom^s(Λ_Z0 ⊗ Λ_Z0 , End J_C ). By construction, the triple (l_Z , b_Z , b) is in NS(M^d_G) and hence an inverse image of b. □

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 65 In particular, the free abelian group NS(M^d_G) has rank

rk NS(M^d_G) = r + r · rk NS(J_C ) + r(r − 1) 2 · rk End(J_C ) + s if G^{ab} ∼= G^r_m is a torus of rank r, and G^{ad} contains s simple factors. 5.3. Proof of the main result. Theorem 5.3.1. i) Γ(M^d_G, O_Md_G ) = k.

ii) The functor Pic(M^d_G) is representable by a k–scheme locally of finite type.

iii) There is a canonical exact sequence

0 −→ Hom(π_1(G), J_C )^{jG}−→ Pic(M^d_G)^{cG}−→ NS(M^d_G) −→ 0 of commutative group schemes over k.

iv) For every homomorphism of reductive groups φ : G −→ H, the diagram 0 � Hom(π1(H), JC )^{jH} �

φ^∗ � Pic(M^e_H )^{cH} �

φ^∗ � NS(M^e_H ) �

φ^{NS,d} � 0

0 � Hom(π1(G), JC )^{jG} � Pic(M^d_G)^{cG} � NS(M^d_G) � 0 commutes; here e := φ_∗(d) ∈ π_1(H).

Proof. We record for later use the commutative square of abelian groups π_1(G) ΛT_G pr �

Λ_Z0

ζ_∗ �

Λ_Z0_{×T ~G} .

(ζ·π)_∗ � pr_1 � The mapping cone of this commutative square (14) 0 −→ Λ_Z0 ⊕ Λ_{T ~G} −→ Λ_Z0 ⊕ Λ_{TG} −→ π_1(G) −→ 0 is exact, because its subsequence 0 −→ Λ_{T ~G} −→ Λ_{TG} −→ π_1(G) −→ 0 is exact, and the resulting sequence of quotients 0 −→ Λ_Z0 = Λ_Z0 −→ 0 −→ 0 is also exact.

Lemma 5.3.2. There is an exact sequence of reductive groups (15) 1 −→ ~G −→ ^G^{dt}−→ G_m −→ 1 and an extension ^π : ^G −→ G of π : ~G −→ G such that ^π_∗ : π_1( ^G) −→ π_1(G) maps 1 ∈ Z = π_1(G_m) = π_1( ^G) to the given element d ∈ π_1(G). Proof. We view the given d ∈ π_1(G) as a coset d ⊆ Λ_{TG} modulo Λ_{coroots}. Let Λ_{T ^G} ⊆ Λ_{TG} ⊕ Z

Documenta Mathematica 15 (2010) 35–72

66 Indranil Biswas and Norbert Hoffmann

be generated by Λ_{coroots} ⊕ 0 and (d, 1), and let

(^π, dt) : ^G −→ G × G_m be the reductive group with the same root system as G, whose maximal torus T_{^G} = ^π^{−1}(T_G) has cocharacter lattice Hom(G_m, T_{^G}) = Λ_{T ^G} . As π_∗ maps Λ_{T ~G} isomorphically onto Λ_{coroots}, we obtain an exact sequence

0 −→ Λ_{T ~G}^{π∗}−→ Λ_{T ^G}^{pr2}−→ Z −→ 0, which yields the required exact sequence (15) of groups. By its construction, ^π_∗ maps the canonical generator 1 ∈ π_1(G_m) = π_1( ^G) to d ∈ π_1(G). □

Let μ denote the kernel of the central isogeny ζ · π : Z^0 × ~G ↠ G. Then ψ : Z^0 × ^G −→ G × G_m, (z^0, ^g) −→ � ζ(z^0) · ^π(^g), dt(^g) � is by construction a central isogeny with kernel μ. Hence the induced 1– morphism ψ_∗ : M^0_Z0 × M^1_{^G} −→ M^d_G × M^1_{Gm} is faithfully flat by Lemma 2.2.2. Restricting to the point Spec(k) −→ M^1_{Gm} given by a line bundle L of degree 1 on C, we get a faithfully flat 1–morphism (ψ_∗)_L : M^0_Z0 × M_{^G,L} −→ M^d_G.

Since Γ(M^0_{Z0} ×M_{^G,L}, O) = k by Proposition 4.4.7(i) and Lemma 2.1.2(i), part (i) of the theorem follows. The group stack M_μ acts by tensor product on these two 1–morphisms ψ_∗ and (ψ_∗)_L, turning both into M_μ–torsors; cf. Example 5.1.4. The idea is to descend line bundles along the torsor (ψ_∗)_L. We choose a principal T_{^G}–bundle ^ξ on C together with an isomorphism of line bundles dt_∗ ^ξ ∼= L. Then ξ := ^π_∗(^ξ) is a principal T_G–bundle on C; their degrees ^δ := deg(^ξ) ∈ Λ_{T ^G} and δ := deg(ξ) ∈ Λ_{TG} are lifts of d ∈ π_1(G). The diagram

(16) Z^0 × T_{^G}^{id ×ι ^G} � ψ � Z^0 × ^G ψ � T_G × G_m^{ιG×id} � G × G_m of groups induces the right square in the 2–commutative diagram

(17) M^0_Z0 × M^0_{T ^G}^{id ×t ^ξ} �

ψ_∗ �

M^0_{Z0} × M^{^δ}_{T ^G}^{(id ×ι ^G)∗} �

ψ_∗ �

M^0_{Z0} × M^1_{^G}

ψ_∗ � M^0_{TG} × M^1_{Gm}^{tξ ×id} � M^δ_{TG} × M^1_{Gm}^{(ιG×id)∗} � M^d_G × M^1_{Gm}

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 67

of moduli stacks; note that t_{^ξ} and t_ξ are equivalences. Restricting the outer rectangle again to the point Spec(k) −→ M^1_{Gm} given by L, we get the diagram

(18) M^0_Z0_{×T ~G}^∼

(ζ·π)_∗ � � � � M^0_{Z0} × M^0_{T ~G}^{id ×ι ^ξ} �

ζ_∗⊗π_∗ �

M^0_{Z0} × M_{^G,L}

(ψ_∗)_L � M^0_{TG}^{(ιG)∗∘tξ} � M^d_G

containing an instance ι_{^ξ} of the 1–morphism (10) defined in Subsection 4.4. According to the Proposition 3.2.2 and Proposition 4.4.7,

ι^∗_{^ξ} : Pic(M_{^G,L}) −→ Pic(M^0_{T ~G} )

is a morphism of group schemes over k. This morphism is a closed immersion, according to Proposition 4.4.7(iii), if g_C ≥ 1 or if ^ξ is chosen appropriately, as explained in Lemma 4.3.6; we assume this in the sequel. Using Lemma 2.1.4 and Corollary 3.2.4, it follows that

(id ×ι_{^ξ})^∗ : Pic(M^0_Z0 ) ⊕ Pic(M_{^G,L}) ∼= Pic(M^0_Z0 × M_{^G,L}) −→ Pic(M^0_Z0_{×T ~G} )

is a closed immersion of group schemes over k as well.

The group stack M_μ still acts by tensor product on the vertical 1–morphisms in (17) and in (18). Since the diagram (16) of groups is cartesian, (17) and (18) are morphisms of G–torsors; cf. Example 5.1.6. Proposition 5.1.7 applies to the latter morphism of torsors, yielding a cartesian square

(19) Pic(M^d_G)

ψ^∗_L �

t^∗_ξ ∘ι^∗_G

� Pic(M^0_{TG} )

(ζ·π)^∗ � Pic(M^0_{Z0} ) ⊕ Pic(M_{^G,L})^{(id ×ι ^ξ)} ∗ � Pic(M^0_{Z0 ×T ~G} )

of Picard functors. Thus Pic(M^d_G) is representable, and t^∗_ξ ∘ ι^∗_G is a closed immersion; this proves part (ii) of the theorem.

The image of the mapping cone (14) under the exact functor Hom( , J_C ), and the mapping cones of the two cartesian squares given by diagram (19) and Lemma 5.2.6, are the columns of the commutative diagram

Documenta Mathematica 15 (2010) 35–72

68 Indranil Biswas and Norbert Hoffmann

0 � 0 � 0 � Hom(π1(G), JC )

�

Pic(M^d_G) � NS(M^d_G) � 0 � Hom(Λ_Z0 , JC ) ⊕ Hom(ΛT_G , JC )

jZ0 ⊕jTG �

�

Pic(M^0_Z0 ) ⊕ Pic(M_{^G,L}) ⊕ Pic(M^0_{TG} ) �

cZ0 ⊕c ~G ⊕cTG �

NS(M_Z0 ) ⊕ NS(M_{~G}) ⊕ NS(MT_G ) �

� 0

0 � Hom(ΛZ^0 ×T_{~G} , JC ) �

jZ0 ×T

~G� Pic(M^0_{Z0 ×T ~G} )^{cZ0 ×T ~G} � NS(M_{Z0×T ~G}) � 0

0 whose two rows are exact due to Proposition 3.2.2(ii) and Proposition 4.4.7(ii). Applying the snake lemma to this diagram, we get an exact sequence

0 −→ Hom(π_1(G), J_C )^{jG (ιG,δ)}−−−−−→ Pic(M^d_G)^{cG(ιG,δ)}−−−−−→ NS(M^d_G) −→ 0.

The image of j_G(ι_G, δ) and the kernel of c_G(ι_G, δ) are a priori independent of the choices made, since both are the largest quasicompact open subgroup in Pic(M^d_G). If G is a torus and d = 0, then this is the exact sequence of Proposition 3.2.2; in general, the construction provides a morphism of exact sequences (20)

0 � Hom(π1(G), JC )^{jG (ιG ,δ)} � pr∗ � Pic(M^d_G)

t∗ξ ∘ι∗G �

cG(ιG ,δ) �

NS(M^d_G) �

(ιG )NS,δ � 0

0 � Hom(ΛT_G , JC )^{jTG} � Pic(M^0_{TG} )^{cTG} � NS(MT_G ) � 0

whose three vertical maps are all injective. Using Proposition 3.2.2(iii), this implies that j_G(ι_G, δ) and c_G(ι_G, δ) depend at most on the choice of ι_G : T_G → G and of δ, but not on the choice of ^G, L or ^ξ; thus the notation. Together with the following two lemmas, this proves the remaining parts (iii) and (iv) of the theorem. □

Lemma 5.3.3. The above map j_G(ι_G, δ) : Hom(π_1(G), J_C ) −→ Pic(M^d_G) i) does not depend on the lift δ ∈ Λ_{TG} of d ∈ π_1(G), ii) does not depend on the maximal torus ι_G : T_G → G, and iii) satisfies φ^∗ ∘ j_H = j_G ∘ φ^∗ : Hom(π_1(H), J_C ) −→ Pic(M^d_G) for all φ : G −→ H.

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 69

Proof. If G is a torus, then δ and ι_G are unique, so (i) and (ii) hold trivially. The claim is empty for g_C = 0, so we assume g_C ≥ 1. Then the above construction works for all lifts δ of d, because ι^∗_{^ξ} is a closed immersion for all ^ξ. Given φ : G −→ H and a maximal torus ι_H : T_H → H with φ(T_G) ⊆ T_H , we again put e := φ_∗d ∈ π_1(H) and η := φ_∗δ ∈ Λ_{TH} . Then the diagram

(21) Hom(π_1(H), J_C )^{jH (ιH ,η)} �

φ^∗ � Pic(M^e_H )

φ^∗ � Hom(π_1(G), J_C )^{jG (ιG,δ)} � Pic(M^d_G)

commutes, because it commutes after composition with the closed immersion

t^∗_ξ ∘ ι^∗_G : Pic(M^d_G) −→ Pic(M^0_{TG} )

from diagram (20), using Remark 3.2.3. In particular, (iii) follows from (i) and (ii).

i) For G = GL_2, it suffices to take φ = det : GL_2 −→ G_m in the above diagram (21), since det_∗ : π_1(GL_2) −→ π_1(G_m) is an isomorphism.

For G = PGL_2, it then suffices to take φ = pr : GL_2 ↠ PGL_2 in the same diagram (21), since pr_∗ : π_1(GL_2) −→ π_1(PGL_2) is surjective. As (i) holds trivially for G = SL_2, and clearly holds for G × G_m if it holds for G, this proves (i) for all groups G of semisimple rank one.

In the general case, let α^∨ ∈ Λ_{TG} be a coroot, and let φ : G_α → G be the corresponding subgroup of semisimple rank one. Then the diagram (21) shows j_G(ι_G, δ) = j_G(ι_G, δ + α^∨), since φ_∗ : π_1(G_α) −→ π_1(G) is surjective. This completes the proof of i, because any two lifts δ of d differ by a sum of coroots. ii) now follows from Weyl–invariance; cf. Subsection 4.3. □

Lemma 5.3.4. The above map c_G(ι_G, δ) : Pic(M^d_G) −→ NS(M^d_G) i) does not depend on the lift δ ∈ Λ_{TG} of d ∈ π_1(G), ii) does not depend on the maximal torus ι_G : T_G → G, and iii) satisfies φ^{NS,d} ∘c_H = c_G ∘φ^∗ : Pic(M^e_H ) −→ NS(M^d_G) for all φ : G −→ H. Proof. If G is a torus, then δ and ι_G are unique; if G is simply connected, then c_G(ι_G, δ) coincides by construction with the isomorphism c_G of Proposition 4.4.7(ii). In both cases, (i) and (ii) follow, and we can use the notation c_G without ambiguity.

Given a representation ρ : G −→ SL(V ), the diagram

(22) Pic(M_{SL(V )})^{cSL(V )} �

ρ^∗ � NS(M_{SL(V )})

ρ^{NS,d} � Pic(M^d_G)^{cG(ιG,δ)} � NS(M^d_G)

Documenta Mathematica 15 (2010) 35–72

70 Indranil Biswas and Norbert Hoffmann

commutes, because it commutes after composition with the injective map

(ι_G)^{NS,δ} : NS(M^d_G) −→ NS(M_{TG} )

from diagram (20), using Lemma 5.2.9, Corollary 4.4.2, Remark 3.2.3, and the 2–commutative squares

M^0_{TG}^{tξ} �

ρ_∗ � M^δ_{TG}^{(ιG)∗} �

ρ_∗ � M^d_G

ρ_∗ � M^0_{TSL(V )}^{tρ∗ξ} � M^{ρ∗δ}_{TSL(V )}^{ι∗} � M_{SL(V )})

in which ι : T_{SL(V )} → SL(V ) is a maximal torus containing ρ(T_G). Similarly, given a homomorphism χ : G −→ T to a torus T , the diagram

(23) Pic(M^{χ∗d}_T )^{cT} �

χ^∗ � NS(M_T )

χ^∗ � Pic(M^d_G)^{cG(ιG,δ)} � NS(M^d_G)

commutes, again because it commutes after composition with the same injective map (ι_G)^{NS,δ} from diagram (20), using Lemma 5.2.9, Remark 3.2.3, and the 2–commutative squares

M^0_{TG}^{tξ} �

χ_∗ � M^δ_{TG}^{(ιG)∗} �

χ_∗ � M^d_G

χ_∗ � M^0_T^{tχ∗ξ} � M^{χ∗δ}_T M^{χ∗δ}_T .

The two commutative diagrams (22) and (23) show that the restriction of c_G(ι_G, δ) to the images of all ρ^∗ and all χ^∗ in Pic(M^d_G) modulo Hom(π_1(G), J_C ) does not depend on the choice of δ or ι_G. But these images generate a subgroup of finite index, according to Proposition 5.2.11 and Remark 4.3.3. Thus (i) and (ii) follow. The functoriality in (iii) is proved similarly; it suffices to apply these arguments to homomorphisms ρ : H −→ SL(V ), χ : H −→ T and their compositions with φ : G −→ H, using Corollary 5.2.10. □

References

[1] A. Beauville and Y. Laszlo, Conformal blocks and generalized theta functions, Commun. Math. Phys. 164 (1994), no. 2, 385–419.

[2] A. Beauville, Y. Laszlo, and C. Sorger, The Picard group of the moduli of G-bundles on a curve, Compositio Math. 112 (1998), no. 2, 183–216.

[3] K. Behrend, The Lefschetz trace formula for the moduli stack of principal bundles, Ph.D. thesis, University of California, Berkeley, 1991, available at http://www.math.ubc.ca/~behrend/thesis.html.

Documenta Mathematica 15 (2010) 35–72

The Line Bundles on Moduli . . . 71

[4] I. Biswas and N. Hoffmann, Poincaré families of G-bundles on a curve, preprint arXiv:1001.2123, available at http://www.arXiv.org.

[5] N. Bourbaki, Éléments de mathématique. Groupes et algèbres de Lie.

Chapitres IV, V et VI., Paris: Hermann & Cie., 1968.

[6] A. Boysal and S. Kumar, Explicit determination of the Picard group of moduli spaces of semistable G-bundles on curves., Math. Ann. 332 (2005), no. 4, 823–842.

[7] L. Breen, Bitorseurs et cohomologie non abélienne., The Grothendieck Festschrift, Vol. I. Progress in Mathematics, Vol. 86. Boston - Basel - Stuttgart: Birkhäuser, 1990.

[8] M. Demazure and P. Gabriel, Groupes algébriques. Tome I., Paris: Masson et Cie, Éditeur; Amsterdam: North-Holland Publishing Company, 1970.

[9] J.-M. Drezet and M. S. Narasimhan, Groupe de Picard des variétés de modules de fibrés semi-stables sur les courbes algébriques, Invent. Math. 97 (1989), no. 1, 53–94.

[10] V. G. Drinfeld and C. Simpson, B-structures on G-bundles and local triviality., Math. Res. Lett. 2 (1995), no. 6, 823–829.

[11] E. B. Dynkin, Semisimple subalgebras of semisimple Lie algebras, Mat.

Sbornik N.S. 30(72) (1952), 349–462 (3 plates), English translation: AMS Transl. Ser. II, vol. 6 (1957), 111-244.

[12] G. Faltings, A proof for the Verlinde formula., J. Algebr. Geom. 3 (1994), no. 2, 347–374.

[13] G. Faltings, Algebraic loop groups and moduli spaces of bundles, J. Eur.

Math. Soc. (JEMS) 5 (2003), no. 1, 41–68.

[14] J. Heinloth, Uniformization of G-bundles., preprint arXiv:0711.4450, available at http://www.arXiv.org, to appear in Math. Ann.

[15] N. Hoffmann, On Moduli Stacks of G-Bundles over a curve, to appear in: A. Schmitt (Ed.), Proceedings of ‘Affine Flag Manifolds and Principal Bundles’ (Berlin 2008), Trends in Mathematics, Birkhäuser (2010) [16] Y. I. Holla, Parabolic reductions of principal bundles, preprint math.AG/0204219, available at http://www.arXiv.org.

[17] J. E. Humphreys, Linear algebraic groups., Graduate Texts in Mathematics. 21. New York - Heidelberg - Berlin: Springer-Verlag, 1975.

[18] F. Knudsen and D. Mumford, The projectivity of the moduli space of stable curves. I. Preliminaries on “det” and “Div”, Math. Scand. 39 (1976), no. 1, 19–55.

[19] S. Kumar and M. S. Narasimhan, Picard group of the moduli spaces of G-bundles, Math. Ann. 308 (1997), no. 1, 155–173.

[20] S. Kumar, M. S. Narasimhan, and A. Ramanathan, Infinite Grassmannians and moduli spaces of G-bundles, Math. Ann. 300 (1994), no. 1, 41–75.

[21] H. Lange and C. Birkenhake, Complex abelian varieties., Grundlehren der Mathematischen Wissenschaften. 302. Berlin: Springer- Verlag, 1992.

[22] Y. Laszlo, Linearization of group stack actions and the Picard group of the moduli of SL_r/μ_s-bundles on a curve, Bull. Soc. Math. France 125 (1997), no. 4, 529–545.

Documenta Mathematica 15 (2010) 35–72

72 Indranil Biswas and Norbert Hoffmann

[23] Y. Laszlo and C. Sorger, The line bundles on the moduli of parabolic Gbundles over curves and their sections, Ann. Sci. École Norm. Sup. (4) 30 (1997), no. 4, 499–525.

[24] G. Laumon and L. Moret-Bailly, Champs algébriques., Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, 39. Berlin: Springer, 2000.

[25] O. Mathieu, Formules de caractères pour les algèbres de Kac-Moody générales., Astérisque, 159-160. Paris: Société Mathématique de France, 1988.

[26] J. S. Milne, Abelian varieties., Arithmetic Geometry. (G. Cornell and J.H.

Silverman, ed.), Berlin-Heidelberg-New York: Springer-Verlag, 1986. [27] D. Mumford, Abelian varieties., Tata Institute of Fundamental Research Studies in Mathematics. 5. London: Oxford University Press, 1970.

[28] S. Ramanan, The moduli spaces of vector bundles over an algebraic curve, Math. Ann. 200 (1973), 69–84.

[29] A. Ramanathan, Moduli for principal bundles over algebraic curves. II, Proc. Indian Acad. Sci. Math. Sci. 106 (1996), no. 4, 421–449.

[30] C. Sorger, On moduli of G-bundles of a curve for exceptional G, Ann. Sci.

École Norm. Sup. (4) 32 (1999), no. 1, 127–133.

[31] C. Teleman, Borel-Weil-Bott theory on the moduli stack of G-bundles over a curve, Invent. Math. 134 (1998), no. 1, 1–57.

Indranil Biswas School of Mathematics Tata Institute of Fundamental Research Homi Bhabha Road Mumbai 400005 India indranil@math.tifr.res.in

Norbert Hoffmann Mathematisches Institut der Freien Universität Arnimallee 3 14195 Berlin Germany norbert.hoffmann@fuberlin.de

Documenta Mathematica 15 (2010) 35–72

Documenta Math. 73

Singular Bott-Chern Classes

and the Arithmetic Grothendieck

Riemann Roch Theorem for Closed Immersions

José I. Burgos Gil^1and Răzvan Liţcanu^2

Received: May 13, 2009

Communicated by Peter Schneider

Abstract. We study the singular Bott-Chern classes introduced by Bismut, Gillet and Soulé. Singular Bott-Chern classes are the main ingredient to define direct images for closed immersions in arithmetic K-theory. In this paper we give an axiomatic definition of a theory of singular Bott-Chern classes, study their properties, and classify all possible theories of this kind. We identify the theory defined by Bismut, Gillet and Soulé as the only one that satisfies the additional condition of being homogeneous. We include a proof of the arithmetic Grothendieck-Riemann-Roch theorem for closed immersions that generalizes a result of Bismut, Gillet and Soulé and was already proved by Zha. This result can be combined with the arithmetic Grothendieck- Riemann-Roch theorem for submersions to extend this theorem to arbitrary projective morphisms. As a byproduct of this study we obtain two results of independent interest. First, we prove a Poincaré lemma for the complex of currents with fixed wave front set, and second we prove that certain direct images of Bott-Chern classes are closed.

2010 Mathematics Subject Classification: 14G40 32U40 Keywords and Phrases: Arakelov Geometry, Closed immersions, Bott- Chern classes, Arithmetic Riemann-Roch theorem, currents, wave front sets.

1Partially supported by Grant DGI MTM2006-14234-C02-01.

2Partially supported by CNCSIS Grant 1338/2007 and PN II Grant ID 2228 (502/2009)

Documenta Mathematica 15 (2010) 73–176

74 José I. Burgos Gil and Răzvan Liţcanu

Contents

0 Introduction 74

1 Characteristic classes in analytic Deligne cohomology 79

2 Bott-Chern classes 87

3 Direct images of Bott-Chern classes 102

4 Cohomology of currents and wave front sets 107

5 Deformation of resolutions 111

6 Singular Bott-Chern classes 116

7 Classification of theories of singular Bott-Chern classes 122

8 Transitivity and projection formula 127

9 Homogeneous singular Bott-Chern classes 145

10 The arithmetic Riemann-Roch theorem for regular closed immersions 158

0 Introduction

Chern-Weil theory associates to each hermitian vector bundle a family of closed characteristic forms that represent the characteristic classes of the vector bundle. The characteristic classes are compatible with exact sequences. But this is not true for the characteristic forms. The Bott-Chern classes measure the lack of compatibility of the characteristic forms with exact sequences. The Grothendieck-Riemann-Roch theorem gives a formula that relates direct images and characteristic classes. In general this formula is not valid for the characteristic forms. The singular Bott-Chern classes measure, in a functorial way, the failure of an exact Grothendieck-Riemann-Roch theorem for closed immersions at the level of characteristic forms. In the same spirit, the analytic torsion forms measure the failure of an exact Grothendieck-Riemann-Roch theorem for submersions at the level of characteristic forms. Hence singular Bott- Chern classes and analytic torsion forms are analogous objects, the first for closed immersions and the second for submersions.

Let us give a more precise description of Bott-Chern classes and singular Bott- Chern classes. Let X be a complex manifold and let φ be a symmetric power series in r variables with real coefficients. Let E = (E, h) be a rank r holomorphic vector bundle provided with a hermitian metric. Using Chern-Weil theory, we can associate to E a differential form φ(E) = φ(−K), where K is

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 75

the curvature tensor of E viewed as a matrix of 2-forms. The differential form φ(E) is closed and is a sum of components of bidegree (p, p) for p ≥ 0. If ξ : 0 −→ E^′ −→ E −→ E^{′′} −→ 0

is a short exact sequence of holomorphic vector bundles provided with hermitian metrics, then the differential forms φ(E) and φ(E^′ ⊕ E^′) may be different, but they represent the same cohomology class.

The Bott-Chern form associated to ξ is a solution of the differential equation

− 2∂ ¯∂φ(ξ) = φ(E^′ ⊕ E^′) − φ(E) (0.1)

obtained in a functorial way. The class of a Bott-Chern form modulo the image of ∂ and ∂ is called a Bott-Chern class and is denoted by ~φ(ξ). There are three ways of defining the Bott-Chern classes. The first one is the original definition of Bott and Chern [7]. It is based on a deformation between the connection associated to E and the connection associated to E^′ ⊕ E^{′′}. This deformation is parameterized by a real variable.

In [17] Gillet and Soulé introduced a second definition of Bott-Chern classes that is based on a deformation between E and E^′ ⊕ E^{′′} parameterized by a projective line. This second definition is used in [4] to prove that the Bott- Chern classes are characterized by three properties

(i) The differential equation (0.1).

(ii) Functoriality (i.e. compatibility with pull-backs via holomorphic maps).

(iii) The vanishing of the Bott-Chern class of a orthogonally split exact sequence.

In [4] Bismut, Gillet and Soulé have a third definition of Bott-Chern classes based on the theory of superconnections. This definition is useful to link Bott- Chern classes with analytic torsion forms.

The definition of Bott-Chern classes can be generalized to any bounded exact sequence of hermitian vector bundles (see section 2 for details). Let

ξ : 0 −→ (E_n, h_n) −→ . . . −→ (E_1, h_1) −→ (E_0, h_0) −→ 0

be a bounded acyclic complex of hermitian vector bundles; by this we mean a bounded acyclic complex of vector bundles, where each vector bundle is equipped with an arbitrarily chosen hermitian metric. Let r = � i even

rk(E_i) = � i odd

rk(E_i).

As before, let φ be a symmetric power series in r variables. A Bott-Chern class associated to ξ satisfies the differential equation

−2∂ ¯∂ ~φ(ξ) = φ( � k E_{2k}) − φ( � k E_{2k+1}).

Documenta Mathematica 15 (2010) 73–176

76 José I. Burgos Gil and Răzvan Liţcanu

In particular, let “ch” denote the power series associated to the Chern character class. The Chern character class has the advantage of being additive for direct sums. Then, the Bott-Chern class associated to the long exact sequence ξ and to the Chern character class satisfies the differential equation

−2∂ ¯∂ ~ch(ξ) = − n� k=0 (−1)^i ch(E_k).

Let now i: Y −→ X be a closed immersion of complex manifolds. Let F be a holomorphic vector bundle on Y provided with a hermitian metric. Let N be the normal bundle to Y in X provided also with a hermitian metric. Let

0 −→ E_n −→ E_{n−1} −→ . . . −→ E_0 −→ i_∗F −→ 0

be a resolution of the coherent sheaf i_∗F by locally free sheaves, provided with hermitian metrics (following Zha [32] we shall call such a sequence a metric on the coherent sheaf i_∗F ). Let Td denote the Todd characteristic class. Then the Grothendieck-Riemann-Roch theorem for the closed immersion i implies that the current i_∗(Td(N)^{−1} ch(F )) and the differential form � k(−1)^k ch(E_k) represent the same class in cohomology. We denote ξ the data consisting in the closed embedding i, the hermitian bundle N, the hermitian bundle F and the resolution E_∗ −→ i_∗F .

In the paper [5], Bismut, Gillet and Soulé introduced a current associated to the above situation. These currents are called singular Bott-Chern currents and denoted in [5] by T (ξ). When the hermitian metrics satisfy a certain technical condition (condition A of Bismut) then the singular Bott-Chern current T (ξ) satisfies the differential equation

−2∂ ¯∂T (ξ) = i_∗(Td(N)^{−1} ch(F )) − n� i=0 (−1)^i ch(E_i).

These singular Bott-Chern currents are among the main ingredients of the proof of Gillet and Soulé’s arithmetic Riemann-Roch theorem. In fact it is the main ingredient of the arithmetic Riemann-Roch theorem for closed immersions [6]. This definition of singular Bott-Chern classes is based on the formalism of superconnections, like the third definition of ordinary Bott-Chern classes. In his thesis [32], Zha gave another definition of singular Bott-Chern currents and used it to give a proof of a different version of the arithmetic Riemann-Roch theorem. This second definition is analogous to Bott and Chern’s original definition. Nevertheless there is no explicit comparison between the two definitions of singular Bott-Chern currents.

One of the purposes of this note is to give a third construction of singular Bott- Chern currents, in fact of their classes modulo the image of ∂ and ∂, which could be seen as analogous to the second definition of Bott-Chern classes. Moreover we will use this third construction to give an axiomatic definition of a theory

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 77

of singular Bott-Chern classes. A theory of singular Bott-Chern classes is an assignment that, to each data ξ as above, associates a class of currents T (ξ), that satisfies the analogue of conditions (i), (ii) and (iii). The main technical point of this axiomatic definition is that the conditions analogous to (i), (ii) and (iii) above are not enough to characterize the singular Bott-Chern classes. Thus we are led to the problem of classifying the possible theories of Bott-Chern classes, which is the other purpose of this paper.

We fix a theory T of singular Bott-Chern classes. Let Y be a complex manifold and let N and F be two hermitian holomorphic vector bundles on Y . We write P = P(N ⊕ 1) for the projective completion of N. Let s: Y −→ P be the inclusion as the zero section and let π_P : P −→ Y be the projection. Let K_∗ be the Koszul resolution of s_∗O_Y endowed with the metric induced by N. Then we have a resolution by hermitian vector bundles

K(F , N): K_∗ ⊗ π^∗_P F −→ s_∗F.

To these data we associate a singular Bott-Chern class T (K(F , N)). It turns out that the current 1 (2πi)^{rk N} � π_P

T (K(F , N)) = (π_P )_∗T (K(F , N))

is closed (see section 3 for general properties of the Bott-Chern classes that imply this property) and determines a characteristic class C_T (F, N) on Y for the vector bundles N and F . Conversely, any arbitrary characteristic class for pairs of vector bundles can be obtained in this way. This allows us to classify the possible theories of singular Bott-Chern classes:

Claim (theorem 7.1). The assignment that sends a singular Bott-Chern class T to the characteristic class C_T is a bijection between the set of theories of singular Bott-Chern classes and the set of characteristic classes.

The next objective of this note is to study the properties of the different theories of singular Bott-Chern classes and of the corresponding characteristic classes. We mention, in the first place, that for the functoriality condition to make sense, we have to study the wave front sets of the currents representing the singular Bott-Chern classes. In particular we use a Poincaré Lemma for currents with fixed wave front set. This result implies that, in each singular Bott-Chern class, we can find a representative with controlled wave front set that can be pulled back with respect certain morphisms.

We also investigate how different properties of the singular Bott-Chern classes T are reflected in properties of the characteristic classes C_T . We thus characterize the compatibility of the singular Bott-Chern classes with the projection formula, by the property of C_T of being compatible with the projection formula. We also relate the compatibility of the singular Bott-Chern classes with the composition of successive closed immersions to an additivity property of the associated characteristic class.

Documenta Mathematica 15 (2010) 73–176

78 José I. Burgos Gil and Răzvan Liţcanu

Furthermore, we show that we can add a natural fourth axiom to the conditions analogue to (i), (ii) and (iii), namely the condition of being homogeneous (see section 9 for the precise definition).

Claim (theorem 9.11). There exists a unique homogeneous theory of singular Bott-Chern classes.

Thanks to this axiomatic characterization, we prove that this theory agrees with the theories of singular Bott-Chern classes introduced by Bismut, Gillet and Soulé [6], and by Zha [32]. In particular this provides us a comparison between the two definitions. We will also characterize the characteristic class C_T h for the theory of homogeneous singular Bott-Chern classes. The last objective of this paper is to give a proof of the arithmetic Riemann- Roch theorem for closed immersions. A version of this theorem was proved by Bismut, Gillet and Soulé and by Zha.

Next we will discuss the contents of the different sections of this paper. In section §1 we recall the properties of characteristic classes in analytic Deligne cohomology. A characteristic class is just a functorial assignment that associates a cohomology class to each vector bundle. The main result of this section is that any characteristic class is given by a power series on the Chern classes, with appropriate coefficients.

In section §2 we recall the theory of Bott-Chern forms and its main properties. The contents of this section are standard although the presentation is slightly different to the ones published in the literature.

In section §3 we study certain direct images of Bott-Chern forms. The main result of this section is that, even if the Bott-Chern classes are not closed, certain direct images of Bott-Chern classes are closed. This result generalizes previous results of Bismut, Gillet and Soulé and of Mourougane. This result is used to prove that the class C_T mentioned previously is indeed a cohomology class, but it can be of independent interest because it implies that several identities in characteristic classes are valid at the level of differential forms. In section §4 we study the cohomology of the complex of currents with a fixed wave front set. The main result of this section is a Poincaré lemma for currents of this kind. This implies in particular a ∂ ¯∂-lemma. The results of this section are necessary to state the functorial properties of singular Bott-Chern classes. In section §5 we recall the deformation of resolutions, that is a generalization of the deformation to the normal cone, and we also recall the construction of the Koszul resolution. These are the main geometric tools used to study singular Bott-Chern classes.

Sections §6 to §9 are devoted to the definition and study of the theories of singular Bott-Chern classes. Section §6 contains the definition and first properties. Section §7 is devoted to the classification theorem of such theories. In section §8 we study how properties of the theory of singular Bott-Chern classes and of the associated characteristic class are related. And in section §9 we define the theory of homogeneous singular Bott-Chern classes and we prove that it agrees with the theories defined by Bismut, Gillet and Soulé and by Zha.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 79

Finally in section §10 we define arithmetic K-groups associated to a D_{log}- arithmetic variety (X , C) (in the sense of [13]) and push-forward maps for closed immersions of metrized arithmetic varieties, at the level of the arithmetic Kgroups. After studying the compatibility of these maps with the projection formula and with the push-forward map at the level of currents, we prove a general Riemann-Roch theorem for closed immersions (theorem 10.28) that compares the direct images in the arithmetic K-groups with the direct images in the arithmetic Chow groups. This theorem is compatible, if we choose the theory of homogeneous singular Bott-Chern classes, with the arithmetic Riemann- Roch theorem for closed immersions proved by Bismut, Gillet and Soulé [6] and it agrees with the theorem proved by Zha [32]. Theorem 10.28, together with the arithmetic Grothendieck-Riemann-Roch theorem for submersions proved in [16], can be used to obtain an arithmetic Grothendieck-Riemann-Roch theorem for projective morphisms of regular arithmetic varieties.

Acknowledgements: This project was started during the Special Year on Arakelov Theory and Shimura Varieties held at the CRM (Bellaterra, Spain). We would like to thank the CRM for his hospitality during that year. We would also like to thank the University of Barcelona and the University Alexandru Ioan Cuza of Iaşi for their hospitality during several visits that allowed us to finish the project. We would also like to thank K. Köhler, J. Kramer, U. Kühn, V. Maillot, D. Rossler, and J. Wildeshaus with whom we have had many discussions on the subject of this paper. Our special thanks to G. Freixas and Shun Tang for their careful reading of the paper and for suggesting some simplifications of the proofs. Finally we would like to thank the referee for his excellent work.

1 Characteristic classes in analytic Deligne cohomology

A characteristic class for complex vector bundles is a functorial assignment which, to each complex continuous vector bundle on a paracompact topological space X, assigns a class in a suitable cohomology theory of X. For example, if the cohomology theory is singular cohomology, it is well known that each characteristic class can be expressed as a power series in the Chern classes. This can be seen for instance, showing that continuous complex vector bundles on a paracompact space X can be classified by homotopy classes of maps from X to the classifying space BGL_∞(C) and that the cohomology of BGL_∞(C) is generated by the Chern classes (see for instance [28]).

The aim of this section is to show that a similar result is true if we restrict the class of spaces to the class of quasi-projective smooth complex manifolds, the class of maps to the class of algebraic maps and the class of vector bundles to the class of algebraic vector bundles and we choose analytic Deligne cohomology as our cohomology theory.

This result and the techniques used to prove it are standard. We will use the splitting principle to reduce to the case of line bundles and will then use the projective spaces as a model of the classifying space BGL_1(C). In this section

Documenta Mathematica 15 (2010) 73–176

80 José I. Burgos Gil and Răzvan Liţcanu

we also recall the definition of Chern classes in analytic Deligne cohomology and we fix some notations that will be used through the paper.

Definition 1.1. Let X be a complex manifold. For each integer p, the analytic real Deligne complex of X is

R_{X,D}(p) = (R(p) −→ O_X −→ Ω^1_X −→ . . . −→ Ω^{p−1}_X ) ∼= s(R(p) ⊕ F^pΩ^∗_X −→ Ω^∗_X ),

where R(p) is the constant sheaf (2πi)^pR ⊆ C. The analytic real Deligne cohomology of X, denoted H^∗_Dan (X, R(p)), is the hyper-cohomology of the above complex.

Analytic Deligne cohomology satisfies the following result.

Theorem 1.2. The assignment X −→ H^∗_Dan (X, R(∗)) = � p H^∗_Dan (X, R(p)) is a contravariant functor between the category of complex manifolds and holomorphic maps and the category of unitary bigraded rings that are graded commutative (with respect to the first degree) and associative. Moreover there exists a functorial map

c: Pic(X) = H^1(X, O^∗_X ) −→ H^2_Dan (X, R(1))

and, for each closed immersion of complex manifolds i: Y −→ X of codimension p, there exists a morphism

i_∗ : H^∗_Dan (Y, R(∗)) −→ H^{∗+2p}_Dan (X, R(∗ + p))

satisfying the properties

A1 Let X be a complex manifold and let E be a holomorphic vector bundle of rank r. Let P(E) be the associated projective bundle and let O(−1) the tautological line bundle. The map

π^∗ : H^∗_Dan (X, R(∗)) −→ H^∗_Dan (P(E), R(∗))

induced by the projection π : P(E) −→ X gives to the second ring a structure of left module over the first. Then the elements c(cl(O(−1)))^i, i = 0, . . . , r − 1 form a basis of this module.

A2 If X is a complex manifold, L a line bundle, s a holomorphic section of L that is transverse to the zero section, Y is the zero locus of s and i: Y −→ X the inclusion, then

c(cl(L)) = i_∗(1_Y ).

A3 If j : Z −→ Y and i: Y −→ X are closed immersions of complex manifolds then (ij)_∗ = i_∗j_∗.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 81

A4 If i: Y −→ X is a closed immersion of complex manifolds then, for every a ∈ H^∗_Dan (X, R(∗)) and b ∈ H^∗_Dan (Y, R(∗))

i_∗(bi^∗a) = (i_∗b)a.

Proof. The functoriality is clear. The product structure is described, for instance, in [15]. The morphism c is defined by the morphism in the derived category

O^∗_X [1]^{∼=}←− s(Z(1) → O_X ) −→ s(R(1) → O_X ) = R_D(1).

The morphism i_∗ can be constructed by resolving the sheaves R_D(p) by means of currents (see [26] for a related construction). Properties A3 and A4 follow easily from this construction.

By abuse of notation, we will denote by c_1(O(−1)) the first Chern class of O(−1) with the algebro-geometric twist, in any of the groups H^2(P(E), R(1)), H^2(P(E), C), H^1(P(E), Ω^1_{P(E)}). Then, we have sheaf isomorphisms (see for instance [22] for a related result),

r−1� i=0 R_X (p − i)[−2i] −→ Rπ_∗R_{P(E)}(p)

r−1� i=0 Ω^∗_X [−2i] −→ Rπ_∗Ω^∗_{P(E)}

r−1� i=0 F^{p−i}Ω^∗_X [−2i] −→ Rπ_∗F^pΩ^∗_{P(E)}

given, all of them, by (a_0, . . . , a_{r−1}) −→ � a_ic_1(O(−1))^i. Hence we obtain a sheaf isomorphism

r−1� i=0 R_{X,D}(p − i)[−2i] −→ Rπ_∗R_{P(E),D}(p)

from which property A1 follows. Finally property A2 in this context is given by the Poincare-Lelong formula (see [13] proposition 5.64).

Notation 1.3. For the convenience of the reader, we gather here together several notations and conventions regarding the differential forms, currents and Deligne cohomology that will be used through the paper.

Throughout this paper we will use consistently the algebro-geometric twist. In particular the Chern classes c_i, i = 0, . . . in Betti cohomology will live in c_i ∈ H^{2i}(X, R(i)); hence our normalizations differ from the ones in [18] where real forms and currents are used.

Moreover we will use the following notations. We will denote by E^∗_X the sheaf of Dolbeault algebras of differential forms on X and by D^∗_X the sheaf of Dolbeault

Documenta Mathematica 15 (2010) 73–176

82 José I. Burgos Gil and Răzvan Liţcanu

complexes of currents on X (see [13] §5.4 for the structure of Dolbeault complex of D^∗_X ). We will denote by E^∗(X) and by D^∗(X) the complexes of global sections of E^∗_X and D^∗_X respectively. Following [9] and [13] definition 5.10, we denote by (D^∗( , ∗), d_D) the functor that associates to a Dolbeault complex its corresponding Deligne complex. For shorthand, we will denote

D^∗(X, p) = D^∗(E^∗(X), p), D^∗_D(X, p) = D^∗(D^∗(X), p).

To keep track of the algebro-geometric twist we will use the conventions of [13] §5.4 regarding the current associated to a locally integrable differential form

[ω](η) = 1 (2πi)^{dim X} � X η ∧ ω

and the current associated with a subvariety Y

δ_Y (η) = 1 (2πi)^{dim Y} � Y η. With these conventions, we have a bigraded morphism D^∗(X, ∗) → D^∗_D(X, ∗) and, if Y has codimension p, the current δ_Y belongs to D^{2p}_D (X, p). Then D^∗(X, p) and D^∗_D(X, p) are the complex of global sections of an acyclic resolution of R_{X,D}(p). Therefore

H^∗_Dan (X, R(p)) = H^∗(D(X, p)) = H^∗(D_D (X, p)).

If f : X → Y is a proper smooth morphism of complex manifolds of relative dimension e, then the integral along the fibre morphism

f_∗ : D^k(X, p) −→ D^{k−2e}(X, p − e)

is given by f_∗ω = 1 (2πi)^e � f ω. (1.4)

If (D^∗(∗), d_D) is a Deligne complex associated to a Dolbeault complex, we will write ~D^k (X, p) := D^k (X, p)/ d_D D^{k−1}(X, p).

Finally, following [13] 5.14 we denote by • the product in the Deligne complex that induces the usual product in Deligne cohomology. Note that, if ω ∈ � p D^{2p}(X, p), then for any η ∈ D^∗(X, ∗) we have ω • η = η • ω = η ∧ ω.

Sometimes, in this case we will just write ηω := η • ω.

We denote by ∗ the complex manifold consisting on one single point. Then

H^n_Dan (∗, p) = � � � R(p) := (2πi)^pR, if n = 0, p ≤ 0, R(p − 1) := (2πi)^{p−1}R, if n = 1, p > 0. {0}, otherwise.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 83

The product structure in this case is the bigraded product that is given by complex number multiplication when the degrees allow the product to be non zero. We will denote by D this ring. This is the base ring for analytic Deligne cohomology. Note that, in particular, H^1_Dan (∗, 1) = R = C/R(1). We will denote by 1_1 the image of 1 in H^1_Dan (∗, 1).

Following [23], theorem 1.2 implies the existence of a theory of Chern classes for holomorphic vector bundles in analytic Deligne cohomology. That is, to every vector bundle E, we can associate a collection of Chern classes c_i(E) ∈ H^{2i}_Dan (X, R(i)), i ≥ 1 in a functorial way.

We want to see that all possible characteristic classes in analytic Deligne cohomology can be derived from the Chern classes.

Definition 1.5. Let n ≥ 1 be an integer and let r_1 ≥ 1, . . . , r_n ≥ 1 be a collection of integers. A theory of characteristic classes for n-tuples of vector bundles of rank r_1, . . . , r_n is an assignment that, to each n-tuple of isomorphism classes of vector bundles (E_1, . . . , E_n) over a complex manifold X, with rk(E_i) = r_i, assigns a class cl(E_1, . . . , E_n) ∈ � k,p H^k_Dan (X, R(p))

in a functorial way. That is, for every morphism f : X −→ Y of complex manifolds, the equality

f^∗(cl(E_1, . . . , E_n)) = cl(f^∗E_1, . . . , f^∗E_n)

holds

The first consequence of the functoriality and certain homotopy property of analytic Deligne cohomology classes is the following.

Proposition 1.6. Let cl be a theory of characteristic classes for n-tuples of vector bundles of rank r_1, . . . , r_n. Let X be a complex manifold and let (E_1, . . . , E_n) be a n-tuple of vector bundles over X with rk(E_i) = r_i for all i. Let 1 ≤ j ≤ n and let 0 −→ E^′_j −→ E_j −→ E^{′′}_j −→ 0,

be a short exact sequence. Then the equality

cl(E_1, . . . , E_j , . . . , E_n) = cl(E_1, . . . , E^′_j ⊕ E^{′′}_j , . . . , E_n)

holds.

Proof. Let ι_0, ι_∞ : X −→ X × P^1 be the inclusion as the fiber over 0 and the fiber over ∞ respectively. Then there exists a vector bundle ~E_j on X × P^1 (see for instance [19] (1.2.3.1) or definition 2.5 below) such that ι^∗_0 ~E_j ∼= E_j and ι^∗_∞ ~E_j ∼= E^′_j ⊕ E^{′′}_j . Let p_1 : X × P^1 −→ X be the first projection. Let ω ∈ � k,p D^k(X, p) be any d_D-closed form that represents

Documenta Mathematica 15 (2010) 73–176

84 José I. Burgos Gil and Răzvan Liţcanu

cl(p^∗_1E_1, . . . , ~E_j , . . . , p^∗_1E_n). Then, by functoriality we know that ι^∗_0ω represents cl(E_1, . . . , E_j , . . . , E_n) and ι^∗_∞ω represents cl(E_1, . . . , E^′_j ⊕ E^{′′}_j , . . . , E_n). We write β = 1 2πi � P^1 −1 2 log tt̄ • ω,

where t is the absolute coordinate of P^1. Then

d_D β = ι^∗_∞ω − ι^∗_0ω

which implies the result.

A standard method to produce characteristic classes for vector bundles is to choose hermitian metrics on the vector bundles and to construct closed differential forms out of them. The following result shows that functoriality implies that the cohomology classes represented by these forms are independent from the hermitian metrics and therefore are characteristic classes. When working with hermitian vector bundles we will use the convention that, if E denotes the vector bundle, then E = (E, h) will denote the vector bundle together with the hermitian metric.

Proposition 1.7. Let n ≥ 1 be an integer and let r_1 ≥ 1, . . . , r_n ≥ 1 be a collection of integers. Let cl be an assignment that, to each n-tuple (E_1, . . . , E_n) = ((E_1, h_1), . . . , (E_n, h_n)) of isometry classes of hermitian vector bundles of rank r_1, . . . , r_n over a complex manifold X, associates a cohomology class cl(E_1, . . . , E_n) ∈ � k,p H^k_D(X, R(p))

such that, for each morphism f : Y → X,

cl(f^∗E_1, . . . , f^∗E_n) = f^∗ cl(E_1, . . . , E_n).

Then the cohomology class cl(E_1, . . . , E_n) is independent from the hermitian metrics. Therefore it is a well defined characteristic class.

Proof. Let 1 ≤ j ≤ n be an integer and let E^′_j = (E_j , h^′_j ) be the vector bundle underlying E_j with a different choice of metric. Let ι_0, ι_∞ and p_1 be as in the proof of proposition 1.6. Then we can choose a hermitian metric h on p^∗_1E_j , such that ι^∗_0(p^∗_1E_j , h) = E_j and ι^∗_∞(p^∗_1E_j , h) = E^′_j . Let ω be any smooth closed differential form on X × P^1 that represents cl(p^∗_1E_1, . . . , (p^∗_1E_1, h), . . . , p^∗_1E_n). Then, β = 1 2πi � P^1 −1 2 log tt̄ • ω

satisfies d_D β = ι^∗_∞ω − ι^∗_0ω which implies the result.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 85

We are interested in vector bundles that can be extended to a projective variety. Therefore we will restrict ourselves to the algebraic category. So, by a complex algebraic manifold we will mean the complex manifold associated to a smooth quasi-projective variety over C. When working with an algebraic manifold, by a vector bundle we will mean the holomorphic vector bundle associated to an algebraic vector bundle.

We will denote by D[[x_1, . . . , x_r]] the ring of commutative formal power series. That is, the unknowns x_1, . . . , x_r commute with each other and with D. We turn it into a commutative bigraded ring by declaring that the unknowns x_i have bidegree (2, 1). The symmetric group in r elements, S_r acts on D[[x_1, . . . , x_r]]. The subalgebra of invariant elements is generated over D by the elementary symmetric functions. The main result of this section is the following

Theorem 1.8. Let cl be a theory of characteristic classes for n-tuples of vector bundles of rank r_1, . . . , r_n. Then, there is a power series φ ∈ D[[x_1, . . . , x_r]] in r = r_1 + · · · + r_n variables with coefficients in the ring D, such that, for each complex algebraic manifold X and each n-tuple of algebraic vector bundles (E_1, . . . , E_n) over X with rk(E_i) = r_i this equality holds:

cl(E_1, . . . , E_n) = φ(c_1(E_1), . . . , c_{r1} (E_1), . . . , c_1(E_n), . . . , c_{rn} (E_n)). (1.9)

Conversely, any power series φ as before determines a theory of characteristic classes for n-tuples of vector bundles of rank r_1, . . . , r_n, by equation (1.9).

Proof. The second statement is obvious from the properties of Chern classes. Since we are assuming X quasi-projective, given n algebraic vector bundles E_1, . . . , E_n on X, there is a smooth projective compactification ~X and vector bundles ~E_1, . . . , ~E_n on ~X, such that E_i = ~E_i|_X (see for instance [14] proposition 2.2), we are reduced to the case when X is projective. In this case, analytic Deligne cohomology agrees with ordinary Deligne cohomology. Let us assume first that r_1 = · · · = r_n = 1 and that we have a characteristic class cl for n line bundles. Then, for each n-tuple of positive integers m_1, . . . , m_n we consider the space P^{m1,...,mn} = P^{m1}_C × · · · × P^{mn}_C and we denote by p_i the projection over the i-th factor. Then � k,p H^k_D(P^{m1 ,...,mn} , R(p)) = D[x_1, . . . , x_n] � (x^{m1}_1 , . . . , x^{mn}_n )

is a quotient of the polynomial ring generated by the classes x_i = c_1(p^∗_i O(1)) with coefficients in the ring D. Therefore, there is a polynomial φ_{m1 ,...,mn} in n variables such that

cl(p^∗_1O(1), . . . , p^∗_1O(1)) = φ_{m1 ,...,mn} (x_1, . . . , x_n).

If m_1 ≤ m^′_1, . . . , m_n ≤ m^′_n then, by functoriality, the polynomial φ_{m1,...,mn} is the truncation of the polynomial φ_m′_{1 ,...,m}′_n . Therefore there is a power series

Documenta Mathematica 15 (2010) 73–176

86 José I. Burgos Gil and Răzvan Liţcanu

in n variables, φ such that φ_{m1,...,mn} is the truncation of φ in the appropriate quotient of the polynomial ring.

Let L_1, . . . , L_n be line bundles on a projective algebraic manifold that are generated by global sections. Then they determine a morphism f : X −→ P^{m1,...,mn} such that L_i = f^∗p^∗_i O(1). Therefore, again by functoriality, we obtain cl(L_1, . . . , L_n) = φ(c_1(L_1), . . . , c_1(L_n)).

From the class cl we can define a new characteristic class for n + 1 line bundles by the formula cl^′(L_1, . . . , L_n, M) = cl(L_1 ⊗ M^∨, . . . , L_n ⊗ M^∨).

When L_1, . . . , L_n and M are generated by global sections we have that there is a power series ψ such that cl^′(L_1, . . . , L_n, M) = ψ(c_1(L_1), . . . , c_1(L_n), c_1(M)).

Moreover, when the line bundles L_i ⊗ M^∨ are also generated by global sections the following holds

ψ(c_1(L_1), . . . , c_1(L_n), c_1(M)) = φ(c_1(L_1 ⊗ M^∨), . . . , c_1(L_n ⊗ M^∨)) = φ(c_1(L_1) − c_1(M), . . . , c_1(L_n) − c_1(M)).

Considering the system of spaces P^{m1,...,mn,mn+1} with line bundles L_i = p^∗_i O(1) ⊗ p^∗_{n+1}O(1), i = 1, . . . , n, M = p^∗_{n+1}O(1), we see that there is an identity of power series φ(x_1 − y, . . . , x_n − y) = ψ(x_1, . . . , x_n, y).

Now let X be a projective complex manifold and let L_1, . . . , L_n be arbitrary line bundles. Then there is a line bundle M such that M and L^′_i = L_i ⊗ M, i = 1, . . . , n are generated by global sections. Then we have

cl(L_1, . . . , L_n) = cl(L^′_1 ⊗ M^∨, . . . , L^′_n ⊗ M^∨) = cl^′(L^′_1, . . . , L^′_n, M) = ψ(c_1(L^′_1), . . . , c_1(L^′_n), c_1(M)) = φ((c_1(L^′_1) − c_1(M), . . . , c_1(L^′_n) − c_1(M))) = φ(c_1(L_1), . . . , c_1(L_n)).

The case of arbitrary rank vector bundles follows from the case of rank one vector bundles by proposition 1.6 and the splitting principle. We next recall the argument. Given a projective complex manifold X and vector bundles E_1, . . . , E_n of rank r_1, . . . , r_n, we can find a proper morphism π : ~X −→ X, with ~X a complex projective manifold, and such that the induced morphism π^∗ : H^∗_D(X, R(∗)) −→ H^∗_D( ~X, R(∗))

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 87

is injective and every bundle π^∗(E_i) admits a holomorphic filtration

0 = K_{i,0} ⊂ K_{i,1} ⊂ · · · ⊂ K_{i,ri−1} ⊂ K_{i,ri} = π^∗(E_i),

with L_{i,j} = K_{i,j} /K_{i,j−1} a line bundle. If cl is a characteristic class for ntuples of vector bundles of rank r_1, . . . , r_n, we define a characteristic class for r_1 + · · · + r_n-tuples of line bundles by the formula

cl^′(L_{1,1}, . . . , L_{1,r1} , . . . , L_{n,1}, . . . , L_{n,rn} ) = cl(L_{1,1} ⊕ · · · ⊕ L_{1,r1} , . . . , L_{n,1} ⊕ · · · ⊕, L_{n,rn} ).

By the case of line bundles we know that there is a power series in r_1 + · · · + r_n variables ψ such that

cl^′(L_{1,1}, . . . , L_{1,r1} , . . . , L_{n,1}, . . . , L_{n,rn} ) = ψ(c_1(L_{1,1}), . . . , c_1(L_{n,rn} )).

Since the class cl^′ is symmetric under the group S_{r1} × · · · × S_{rn} , the same is true for the power series ψ. Therefore ψ can be written in terms of symmetric elementary functions. That is, there is another power series in r_1 + · · · + r_n variables φ, such that

ψ(x_{1,1}, . . . , x_{n,rn} ) = φ(s_1(x_{1,1}, . . . , x_{1,r1} ), . . . , s_{r1} (x_{1,1}, . . . , x_{1,r1} ), . . . . . . , s_1(x_{n,1}, . . . , x_{n,rn} ), . . . , s_{rn} (x_{n,1}, . . . , x_{n,rn} )),

where s_i is the i-th elementary symmetric function of the appropriate number of variables. Then

π^∗(cl(E_1, . . . , E_n)) = cl(π^∗E_1, . . . , π^∗E_n)) = cl^′(L_{1,1}, . . . , L_{n,rn} ) = ψ(c_1(L_{1,1}), . . . , c_1(L_{n,rn} )) = φ(c_1(π^∗E_1), . . . , c_{r1} (π^∗E_1), . . . , c_1(π^∗E_n), . . . , c_{rn} (π^∗E_n)) = π^∗φ(c_1(E_1), . . . , c_{r1} (E_1), . . . , c_1(E_n), . . . , c_{rn} (E_n)).

Therefore, the result follows from the injectivity of π^∗.

Remark 1.10. It would be interesting to know if the functoriality of a characteristic class in enough to imply that it is a power series in the Chern classes for arbitrary complex manifolds and holomorphic vector bundles.

2 Bott-Chern classes

The aim of this section is to recall the theory of Bott-Chern classes. For more details we refer the reader to [7], [4], [19], [31], [14], [10] and [12]. Note however that the theory we present here is equivalent, although not identical, to the different versions that appear in the literature.

Documenta Mathematica 15 (2010) 73–176

88 José I. Burgos Gil and Răzvan Liţcanu

Let X be a complex manifold and let E = (E, h) be a rank r holomorphic vector bundle provided with a hermitian metric. Let ϕ ∈ D[[x_1, . . . , x_r]] be a formal power series in r variables that is symmetric under the action of S_r. Let s_i, i = 1, . . . , r be the elementary symmetric functions in r variables. Then ϕ(x_1, . . . , x_r) = φ(s_1, . . . , s_r) for certain power series φ. By Chern-Weil theory we can obtain a representative of the class

ϕ(E) := φ(c_1(E), . . . , c_r(E)) ∈ � k,p H^k_Dan (X, R(p))

as follows.

We denote also by ϕ the invariant power series in r × r matrices defined by ϕ. Let K be the curvature matrix of the hermitian holomorphic connection of (E, h). The entries of K in a particular trivialization of E are local sections of D^2(X, 1). Then we write

ϕ(E, h) = ϕ(−K) ∈ � k,p D^k(X, p).

The form ϕ(E, h) is well defined, closed, and it represents the class ϕ(E). Now let E_∗ = (. . .^{fn+1}−→ E_n^{fn}−→ E_{n−1}^{fn−1}−→ . . . )

be a bounded acyclic complex of hermitian vector bundles; by this we mean a bounded acyclic complex of vector bundles, where each vector bundle is equipped with an arbitrarily chosen hermitian metric. Write r = � i even

rk(E_i) = � i odd

rk(E_i).

and let ϕ be a symmetric power series in r variables. As before, we can define the Chern forms ϕ( � i even

(E_i, h_i)) and ϕ( � i odd

(E_i, h_i)),

that represent the Chern classes ϕ( � i even Ei) and ϕ( � i odd Ei). The Chern

classes are compatible with respect to exact sequences, that is, ϕ( � i even

E_i) = ϕ( � i odd

E_i).

But, in general, this is not true for the Chern forms. This lack of compatibility with exact sequences on the level of Chern forms is measured by the Bott-Chern classes.

Definition 2.1. Let

E_∗ = (. . .^{fn+1}−→ E_n^{fn}−→ E_{n−1}^{fn−1}−→ . . . )

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 89

be an acyclic complex of hermitian vector bundles, we will say that E_∗ is an orthogonally split complex of vector bundles if, for any integer n, the exact sequence 0 −→ Ker f_n −→ E_n −→ Ker f_{n−1} −→ 0

is split, there is a splitting section s_n : Ker f_{n−1} → E_n such that E_n is the orthogonal direct sum of Ker f_n and Im s_n and the metrics induced in the subbundle Ker f_{n−1} by the inclusion Ker f_{n−1} ⊂ E_{n−1} and by the section s_n agree.

Notation 2.2. Let (x : y) be homogeneous coordinates of P^1 and let t = x/y be the absolute coordinate. In order to make certain choices of metrics in a functorial way, we fix once and for all a partition of unity {σ_0, σ_∞}, over P^1 subordinated to the open cover of P^1 given by the open subsets {{|y| > 1/2|x|}, {|x| > 1/2|y|}}. As usual we will write ∞ = (1 : 0), 0 = (0 : 1).

The fundamental result of the theory of Bott-Chern classes is the following theorem (see [7], [4], [19]).

Theorem 2.3. There is a unique way to attach to each bounded exact complex E_∗ as above, a class ~ϕ(E_∗) in � k ~D^{2k−1}(X, k) = � k D^{2k−1}(X, k)/ Im(d_D)

satisfying the following properties

(i) (Differential equation)

d_D ~ϕ(E_∗) = ϕ( � i even

(E_i, h_i)) − ϕ( � i odd

(E_i, h_i)). (2.4)

(ii) (Functoriality) f^∗ ~ϕ(E_∗) = ~ϕ(f^∗E_∗), for every holomorphic map f : X^′ −→ X.

(iii) (Normalization) If E_∗ is orthogonally split, then ~ϕ(E_∗) = 0.

Proof. We first recall how to prove the uniqueness.

Let K_i = (K_i, g_i), where K_i = Ker f_i and g_i is the metric induced by the inclusion K_i ⊂ E_i. Consider the complex manifold X × P^1 with projections p_1 and p_2. For every vector bundle F on X we will denote F (i) = p^∗_1F ⊗ p^∗_2O_P1 (i). Let ~C_∗ = ~C(E_∗)_∗ be the complex of vector bundles on X × P^1 given by ~C_i = E_i(i) ⊕ E_{i−1}(i − 1) with differential d(s, t) = (t, 0). Let ~D_∗ = ~D(E_∗)_∗ be the complex of vector bundles with ~D_i = E_{i−1}(i) ⊕ E_{i−2}(i − 1) and differential d(s, t) = (t, 0). Using notation 2.2 we define the map ψ : ~C(E_∗)_i −→ ~D(E_∗)_i given by ψ(s, t) = (f_i(s) − t ⊗ y, f_{i−1}(t)). It is a morphism of complexes.

Definition 2.5. The first transgression exact sequence of E_∗ is given by

tr_1(E_∗)_∗ = Ker ψ.

Documenta Mathematica 15 (2010) 73–176

90 José I. Burgos Gil and Răzvan Liţcanu

On X × A^1, the map p^∗_1E_i −→ ~C(E_∗)_i given by s −→ (s ⊗ y^i, f_i(s) ⊗ y^{i−1}) induces an isomorphism of complexes

p^∗_1E_∗ −→ tr_1(E_∗)_∗|_{X×A}1 , (2.6)

and in particular isomorphisms

tr_1(E_∗)_i|_{X×{0}} ∼= E_i. (2.7)

Moreover, we have isomorphisms

tr_1(E_∗)_i|_{X×{∞}} ∼= K_i ⊕ K_{i−1}. (2.8)

Definition 2.9. We will denote by tr_1(E_∗)_∗ the complex tr_1(E_∗)_∗ provided with any hermitian metric such that the isomorphisms (2.7) and (2.8) are isometries. If we need a functorial choice of metric, we proceed as follows. On X × (P^1 \ {0}) we consider the metric induced by ~C on tr_1(E_∗)_∗. On X × (P^1 \ {∞}) we consider the metric induced by the isomorphism (2.6). We glue both metrics by means of the partition of unity of notation 2.2. In particular, we have that tr_1(E_∗)|_{X×{∞}} is orthogonally split. We assume that there exists a theory of Bott-Chern classes satisfying the above properties. Thus, there exists a class of differential forms ~ϕ(tr_1(E_∗)_∗) with the following properties. By (i) this class satisfies

d_D ~ϕ(tr_1(E_∗)_∗) = ϕ( � i even

tr_1(E_∗)_i)) − ϕ( � i odd

tr_1(E_∗)_i).

By (ii), it satisfies ~ϕ(tr_1(E_∗)_∗) |_{X×{0}}= ~ϕ(tr_1(E_∗)_∗ |_{X×{0}}) = ~ϕ(E_∗).

Finally, by (ii) and (iii) it satisfies ~ϕ(tr_1(E_∗)_∗) |_{X×{∞}}= ~ϕ(tr_1(E_∗)_∗ |_{X×{∞}}) = 0.

Let ϕ(tr_1(E_∗)_∗) be any representative of the class ~ϕ(tr_1(E_∗)_∗). Then, in the group � k ~D2k−1(X, k), we have

0 = d_D 1 2πi � P^1 −1 2 log(tt̄) • ϕ(tr_1(E_∗)_∗) = 1 2πi � P^1 � d_D −1 2 log(tt̄) • ϕ(tr_1(E_∗)_∗) − −1 2 log(tt̄) • d_D ϕ(tr_1(E_∗)_∗) �

= ~ϕ(tr_1(E_∗)_∗)|_{X×{∞}} − ~ϕ(tr_1(E_∗)_∗)|_{X×{0}} − 1 2πi � P^1 −1 2 log(tt̄) • (ϕ( � i even

tr_1(E_∗)_i) − ϕ( � i odd

tr_1(E_∗)_i))

= −~ϕ(E_∗) − 1 2πi � P^1 −1 2 log(tt̄) • (ϕ( � i even

tr_1(E_∗)_i) − ϕ( � i odd

tr_1(E_∗)_i)).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 91

Hence, if such a theory exists, it should satisfy the formula

~ϕ(E_∗) = 1 2πi � P^1 −1 2 log(tt̄) • (ϕ( � i odd

tr_1(E_∗)_i) − ϕ( � i even

tr_1(E_∗)_i)). (2.10)

Therefore ~ϕ(E_∗) is determined by properties (i), (ii) and (iii). In order to prove the existence of a theory of functorial Bott-Chern forms, we have to see that the right hand side of equation (2.10) is independent from the choice of the metric on tr_1(E_∗)_∗ and that it satisfies the properties (i), (ii) and (iii). For this the reader can follow the proof of [4] theorem 1.29.

In view of the proof of theorem 2.3, we can define the Bott-Chern classes as follows.

Definition 2.11. Let

E_∗ : 0 −→ (E_n, h_n) −→ . . . −→ (E_1, h_1) −→ (E_0, h_0) −→ 0

be a bounded acyclic complex of hermitian vector bundles. Let r = � i even

rk(E_i) = � i odd

rk(E_i).

Let ϕ ∈ D[[x_1, . . . , x_r]]^{Sr} be a symmetric power series in r variables. Then the Bott-Chern class associated to ϕ and E_∗ is the element of � k,p ~Dk(E_X , p) given by

~ϕ(E_∗) = 1 2πi � P^1 −1 2 log(tt̄) • (ϕ( � i odd

tr_1(E_∗)_i) − ϕ( � i even

tr_1(E_∗)_i)).

The following property is obvious from the definition.

Lemma 2.12. Let E_∗ be an acyclic complex of hermitian vector bundles. Then, for any integer k, ~ϕ(E_∗[k]) = (−1)^k ~ϕ(E_∗). □ Particular cases of Bott-Chern classes are obtained when we consider a single vector bundle with two different hermitian metrics or a short exact sequence of vector bundles. Note however that, in order to fix the sign of the Bott-Chern classes on these cases, one has to choose the degree of the vector bundles involved, for instance as in the next definition.

Definition 2.13. Let E be a holomorphic vector bundle of rank r, let h_0 and h_1 be two hermitian metrics and let ϕ be an invariant power series of r variables. We will denote by ~ϕ(E, h_0, h_1) the Bott-Chern class associated to the complex ξ : 0 −→ (E, h_1) −→ (E, h_0) −→ 0,

where (E, h_0) sits in degree zero.

Documenta Mathematica 15 (2010) 73–176

92 José I. Burgos Gil and Răzvan Liţcanu Therefore, this class satisfies d_D ~ϕ(E, h_0, h_1) = ϕ(E, h_0) − ϕ(E, h_1).

In fact we can characterize ~ϕ(E, h_0, h_1) axiomatically as follows. Proposition 2.14. Given ϕ, a symmetric power series in r variables, there is a unique way to attach, to each rank r vector bundle E on a complex manifold X and metrics h_0 and h_1, a class ~ϕ(E, h_0, h_1) satisfying

(i) d_D ~ϕ(E, h_0, h_1) = ϕ(E, h_0) − ϕ(E, h_1).

(ii) f^∗ ~ϕ(E, h_0, h_1) = ~ϕ(f^∗(E, h_0, h_1)) for every holomorphic map f : Y −→ X. (iii) ~ϕ(E, h, h) = 0.

Moreover, if we denote ~E := tr_1(ξ)_1, then it satisfies ~E|_{X×{∞}} ∼= (E, h_0), ~E|_{X×{0}} ∼= (E, h_1) and ~ϕ(E, h_0, h_1) = 1 2πi � P^1 −1 2 log(tt̄) • ϕ( ~E). (2.15) Proof. The axiomatic characterization is proved as in theorem 2.3. In order to prove equation (2.15), if we follow the notations of the proof of theorem 2.3 we have K_0 = (E, h_0) and K_1 = 0. Therefore tr_1(ξ)_0 = p^∗_1(E, h_0), while ~E := tr_1(ξ)_1 satisfies ~E|_{X×{0}} = (E, h_1) and ~E|_{X×{∞}} = (E, h_0). Using the antisymmetry of log tt̄ under the involution t → 1/t we obtain ~ϕ(E, h_0, h_1) = ~ϕ(ξ) = 1 2πi � P^1 −1 2 log(tt̄) • ϕ( ~E).

We can also treat the case of short exact sequences. If ε: 0 −→ E_2 −→ E_1 −→ E_0 −→ 0 is a short exact sequence of hermitian vector bundles, by convention, we will assume that E_0 sits in degree zero. This fixs the sign of ~ϕ(ε). Proposition 2.16. Given ϕ, a symmetric power series in r variables, there is a unique way to attach, to each short exact sequence of hermitian vector bundles on a complex manifold X ε: 0 −→ E_2 −→ E_1 −→ E_0 −→ 0, where E_1 has rank r, a class ~ϕ(ε) satisfying

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 93 (i) d_D ~ϕ(ε) = ϕ(E_0 ⊕ E_2) − ϕ(E_1).

(ii) f^∗ ~ϕ(ε) = ~ϕ(f^∗(ϵ)) for every holomorphic map f : Y −→ X. (iii) ~ϕ(ε) = 0 whenever ε is orthogonally split. □ The following additivity result of Bott-Chern classes will be useful later. Lemma 2.17. Let A_{∗,∗} be a bounded exact sequence of bounded exact sequences of hermitian vector bundles. Let r = � i,j even

rk(A_{i,j} ) = � i,j odd

rk(A_{i,j} ) = � i odd j even

rk(A_{i,j} ) = � i even j odd

rk(A_{i,j} ).

Let ϕ be a symmetric power series in r variables. Then ~ϕ( � k even

A_{k,∗}) − ~ϕ( � k odd

A_{k,∗}) = ~ϕ( � k even

A_{∗,k}) − ~ϕ( � k odd

A_{∗,k}).

Proof. The proof is analogous to the proof of proposition 6.13 and is left to the reader.

Corollary 2.18. Let A_{∗,∗} be a bounded double complex of hermitian vector bundles with exact rows, let r = � i+j even

rk(A_{i,j} ) = � i+j odd

rk(A_{i,j} )

and let ϕ be a symmetric power series in r variables. Then ~ϕ(Tot A_{∗,∗}) = ~ϕ( � k A_{∗,k}[−k]).

Proof. Let k_0 be an integer such that A_{k,l} = 0 for k < k_0. For any integer n we denote by Tot_n = Tot((A_{k,l})_{k≥n}) the total complex of the exact complex formed by the rows with index greater or equal than n. Then Tot_{k0} = Tot(A_{∗,∗}). For each k there is an exact sequence of complexes 0 −→ Tot_{k+1} −→ Tot_k ⊕ � l<k A_{l,∗}[−l] −→ � l≤k A_{l,∗}[−l] −→ 0,

which is orthogonally split in each degree. Therefore by lemma 2.17 we obtain ~ϕ(Tot_k ⊕ � l<k A_{l,∗}[−l]) = ~ϕ(Tot_{k−1} ⊕ � l≤k A_{l,∗}[−l]).

Hence the result follows by induction.

Documenta Mathematica 15 (2010) 73–176

94 José I. Burgos Gil and Răzvan Liţcanu

A particularly important characteristic class is the Chern character. This class is additive for exact sequences. Specializing lemma 2.17 and corollary 2.18 to the Chern character we obtain

Corollary 2.19. With the hypothesis of lemma 2.17, the following equality holds: � k (−1)^k ~ch(A_{k,∗}) = � k (−1)^k ~ch(A_{∗,k}) = ~ch(Tot A_{∗,∗}). □ Our next aim is to extend the Bott-Chern classes associated to the Chern character to metrized coherent sheaves. This extension is due to Zha [32], although it is still unpublished.

Definition 2.20. A metrized coherent sheaf F on X is a pair (F, E_∗ → F) where F is a coherent sheaf on X and

0 → E_n → E_{n−1} → · · · → E_0 → F → 0

is a finite resolution by hermitian vector bundles of the coherent sheaf F. This resolution is also called the metric of F.

If E is a hermitian vector bundle, we will also denote by E the metrized coherent sheaf (E, E^{id}−→ E).

Note that the coherent sheaf 0 may have non trivial metrics. In fact, any exact sequence of hermitian vector bundles

0 → A_n → · · · → A_0 → 0 → 0

can be seen as a metric on 0. It will be denoted 0_{A∗} . A metric on 0 is said to be orthogonally split if the exact sequence is orthogonally split. A morphism of metrized coherent sheaves F_1 → F_2 is just a morphism of sheaves F_1 → F_2. A sequence of metrized coherent sheaves

ε: . . . −→ F_{n+1} −→ F_n −→ F_{n−1} −→ . . .

is said to be exact if it is exact as a sequence of coherent sheaves.

Definition 2.21. Let F = (F, E_∗ → F) be a metrized coherent sheaf. Then the Chern character form associated to F is given by

ch(F) = � i (−1)^i ch(E_i).

Definition 2.22. An exact sequence of metrized coherent sheaves with com-

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 95

patible metrics is a commutative diagram . . . . . . ↓ ↓ ↓ 0 → E_{n,1} → . . . → E_{0,1} → 0 ↓ ↓ ↓ 0 → E_{n,0} → . . . → E_{0,0} → 0 ↓ ↓ ↓ 0 → F_n → . . . → F_0 → 0 ↓ ↓ ↓ 0 0 0

(2.23)

where all the rows and columns are exact. The columns of this diagram are the individual metrics of each coherent sheaf. We will say that an exact sequence with compatible metrics is orthogonally split if each row of vector bundles is an orthogonally split exact sequence of hermitian vector bundles.

As in the case of exact sequences of hermitian vector bundles, the Chern character form is not compatible with exact sequences of metrized coherent sheaves and we can define a secondary Bott-Chern character which measures the lack of compatibility between the metrics.

Theorem 2.24. 1) There is a unique way to attach to every finite exact sequence of metrized coherent sheaves with compatible metrics

ε: 0 → F_n → · · · → F_0 → 0

on a complex manifold X a Bott-Chern secondary character

~ch(ε) ∈ � p ~D^{2p−1}(X, p)

such that the following axioms are satisfied:

(i) (Differential equation)

d_D ~ch(ε) = � k (−1)^k ch(F_k).

(ii) (Functoriality) If f : X^′ −→ X is a morphism of complex manifolds, that is tor-independent from the coherent sheaves F_k, then

f^∗( ~ch)(ε) = ~ch(f^∗ε),

where the exact sequence f^∗ε exists thanks to the tor-independence. (iii) (Horizontal normalization) If ε is orthogonally split then

~ch(ε) = 0.

Documenta Mathematica 15 (2010) 73–176

96 José I. Burgos Gil and Răzvan Liţcanu

2) There is a unique way to attach to every finite exact sequence of metrized coherent sheaves

ε: 0 → F_n → · · · → F_0 → 0

on a complex manifold X a Bott-Chern secondary character

~ch(ε) ∈ � p ~D^{2p−1}(X, p)

such that the axioms (i), (ii) and (iii) above and the axiom (iv) below are satisfied:

(iv) (Vertical normalization) For every bounded complex of hermitian vector bundles · · · → A_k → · · · → A_0 → 0 that is orthogonally split, and every bounded complex of metrized coherent sheaves

ε: 0 → F_n → · · · → F_0 → 0

where the metrics are given by E_{i,∗} → F_i, if, for some i_0 we denote

F^′_{i0} = (F_{i0} , E_{i0 ,∗} ⊕ A_∗ → F_{i0} ) and ε^′ : 0 → F_n → · · · → F^′_{i0} → · · · → F_0 → 0,

then ~ch(ε^′) = ~ch(ε).

Proof. 1) The uniqueness is proved using the standard deformation argument. By definition, the metrics of the coherent sheaves form a diagram like (2.23). On X × P^1, for each j ≥ 0 we consider the exact sequences ~E_{∗,j} = tr_1(E_{∗,j} ) associated to the rows of the diagram with the hermitian metrics of definition 2.9. Then, for each i, j there are maps d: ~E_{i,j} → ~E_{i−1,j} , and δ : ~E_{i,j} → ~E_{i,j−1}. We denote ~F_i = Coker(δ : ~E_{i,1} → ~E_{i,0}).

Using the definition of tr_1 and diagram chasing one can prove that there is a commutative diagram . . . . . . ↓ ↓ ↓ 0 → ~E_{n,1} → . . . → ~E_{0,1} → 0 ↓ ↓ ↓ 0 → ~E_{n,0} → . . . → ~E_{0,0} → 0 ↓ ↓ ↓ 0 → ~F_n → . . . → ~F_0 → 0 ↓ ↓ ↓ 0 0 0

(2.25)

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 97

where all the rows and columns are exact. In particular this implies that the inclusions i_0 : X → X × {0} → X × P^1 and i_∞ : X → X × {∞} → X × P^1 are tor-independent from the sheaves ~F_i. But i^∗_0 ~F_∗ is isometric with F_∗ and i^∗_∞ ~F_∗ is orthogonally split. Hence, by the standard argument, axioms (i), (ii) and (iii) imply that ~ch(ε) = � j (−1)^j ~ch(E_{∗,j} ). (2.26)

To prove the existence we use equation (2.26) as definition. Then the properties of the Bott-Chern classes of exact sequences of hermitian vector bundles imply that axioms (i), (ii) and (iii) are satisfied.

Proof of 2). We first assume that such theory exists. Let

· · · → A_k → · · · → A_0 → 0

be a bounded complex of hermitian vector bundles, non necessarily orthogonally split, and ε: 0 → F_n → · · · → F_0 → 0

a bounded complex of metrized coherent sheaves where the metrics are given by E_{i,∗} → F_i. As in axiom (iv), for some i_0 we denote

F^′_{i0} = (F_{i0} , E_{i,∗} ⊕ A_∗ → F_{i0} ) and ε^′ : 0 → F_n → · · · → F^′_{i0} → · · · → F_0 → 0.

By axioms (i), (ii) and (iv), the class (−1)^{i0} ( ~ch(ε^′) − ~ch(ε)) satisfies the properties that characterize ~ch(A_∗). Therefore ~ch(ε^′) = ~ch(ε) + (−1)^{i0} ~ch(A_∗). Fix again a number i_0 and assume that there is an exact sequence of resolutions

0 � A_•

�

� E^′_{i0 ,∗}

�

� E_{i0 ,∗}

�

� 0

0 � Fi_0 Fi_0

(2.27)

Let now ε^′ denote the exact sequence ε but with the metric E^′_{i0 ,∗} in the position i_0. Let η_j denote the j-th row of the diagram (2.27). Again using a deformation argument one sees that

~ch(ε^′) − ~ch(ε) = (−1)^i0 � � ~ch(A_∗) − � j (−1)^j ~ch(η_j ) � � . (2.28)

Documenta Mathematica 15 (2010) 73–176

98 José I. Burgos Gil and Răzvan Liţcanu

Choose now a compatible system of metrics . . . . . . ↓ ↓ ↓ 0 → D_{n,1} → . . . → D_{0,1} → 0 ↓ ↓ ↓ 0 → D_{n,0} → . . . → D_{0,0} → 0 ↓ ↓ ↓ 0 → F_n → . . . → F_0 → 0 ↓ ↓ ↓ 0 0 0

(2.29)

we denote by λ_j each row of the above diagram. For each i, choose a resolution E^′_{i,∗} −→ F_i such that there exist exact sequences of resolutions

0 � A_{i,∗} �

� E^′_{i,∗}

�

� E_{i,∗}

�

� 0

0 � Fi Fi

(2.30)

and 0 � B_{i,∗} �

� E^′_{i,∗}

�

� D_{i,∗}

�

� 0

0 � Fi Fi

(2.31)

We denote by η_{i,j} each row of the diagram (2.30) and by μ_{i,j} each row of the diagram (2.31). Then, by (2.28) and (2.26), we have

~ch(ε) = � j (−1)^j ~ch(λ_j ) + � i (−1)^i( ~ch(B_{i,∗}) − ~ch(A_{i,∗})) + � i,j (−1)^{i+j} ( ~ch(η_{i,j} ) − ~ch(μ_{i,j} )) (2.32)

Thus, ~ch(ε) is uniquely determined by axioms (i) to (iv). To prove the existence we use equation (2.32) as definition. We have to show that this definition is independent of the choices of the new resolutions. This independence follows from corollary 2.19. Once we know that the Bott-Chern classes are well defined, it is clear that they satisfy axioms (i), (ii), (iii) and (iv).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 99

Proposition 2.33. (Compatibility with exact squares) If . . . . . . ↓ ↓ ↓ . . . → F_{n+1,m+1} → F_{n+1,m} → F_{n+1,m−1} → . . . ↓ ↓ ↓ . . . → F_{n,m+1} → F_{n,m} → F_{n,m−1} → . . . ↓ ↓ ↓ . . . → F_{n−1,m+1} → F_{n−1,m} → F_{n−1,m−1} → . . . ↓ ↓ ↓ . . . . . . is a bounded commutative diagram of metrized coherent sheaves, where all the rows . . . (ε_{n−1}), (ε_n), (ε_{n+1}), . . . and all the columns (η_{m−1}), (η_m), (η_{m+1}) are exact, then � n (−1)^n ~ch(ε_n) = � m (−1)^m ~ch(η_m).

Proof. This follows from equation (2.32) and corollary 2.19.

We will use the notation of definition 2.13 also in the case of metrized coherent sheaves.

It is easy to verify the following result.

Proposition 2.34. Let

(ε) . . . −→ E_{n+1} −→ E_n −→ E_{n−1} −→ . . .

be a finite exact sequence of hermitian vector bundles. Then the Bott-Chern classes obtained by theorem 2.24 and by theorem 2.3 agree. □

Proposition 2.35. Let F = (F, E_∗ → F) be a metrized coherent sheaf. We consider the exact sequence of metrized coherent sheaves

ε: 0 −→ E_n → · · · → E_0 → F → 0,

where, by abuse of notation, E_i = (E_i, E_i^=→ E_i). Then ~ch(ε) = 0.

Proof. Define K_i = Ker(E_i → E_{i−1}), i = 1, . . . , n and K_0 = Ker(E_0 → F). Write K_i = (K_i, 0 → E_n → · · · → E_{i+1} → K_i), i = 0, . . . , n,

and K_{−1} = F. If we prove that

~ch(0 → K_i → E_i → K_{i−1} → 0) = 0, (2.36)

Documenta Mathematica 15 (2010) 73–176

100 José I. Burgos Gil and Răzvan Liţcanu

then we obtain the result by induction using proposition 2.33. In order to prove equation (2.36) we apply equation (2.32). To this end consider resolutions

D_{0,∗} −→ K_{i−1}, D_{0,k} = E_{k+i}

D_{1,∗} −→ E_i, D_{1,k} = E_{k+i+1} ⊕ E_{k+i}

D_{2,∗} −→ K_i, D_{2,k} = E_{k+i+1}

with the map D_{2,k}^Δ→ D_{1,k} given by s → (s, d s) and the map D_{1,k}^∇→ D_{0,k} given by (s, t) → t − d s. The differential of the complex D_{1,k} is given by (s, t) → (t, 0). Using equations (2.32) and (2.26) we write the left hand side of equation (2.36) in terms of Bott-Chern classes of vector bundles. All the exact sequences involved are orthogonally split except maybe the sequences

λ_k : 0 → D_{2,k} → D_{1,k} → D_{0,k} → 0.

But now we consider the diagrams

E_{k+i+1}^{i1} � id � E_{k+i+1} ⊕ E_{k+i}^{p2} � f � E_{k+i} id � E_{k+i+1}^Δ � E_{k+i+1} ⊕ E_{k+i}^∇ � E_{k+i} and E_{k+i}^{i2} � id � E_{k+i+1} ⊕ E_{k+i}^{p1} � f � E_{k+i+1} id � E_{k+i}^{i2} � E_{k+i+1} ⊕ E_{k+i}^{p1} � E_{k+i+1}

,

where i_i, i_2 are the natural inclusions, p_1 and p_2 are the projections and f(s, t) = (s, t + f(s)). These diagrams and corollary 2.19 imply that ~ch(λ_k) = 0. Remark 2.37. In [32], Zha shows that the Bott-Chern classes associated to exact sequences of metrized coherent sheaves are characterized by proposition 2.34, proposition 2.35 and proposition 2.33. We prefer the characterization in terms of the differential equation, the functoriality and the normalization, because it relies on natural extensions of the corresponding axioms that define the Bott-Chern classes for exact sequences of hermitian vector bundles. Moreover, this approach will be used in a subsequent paper where we will study singular Bott-Chern classes associated to arbitrary proper morphisms.

The following generalization of proposition 2.35 will be useful later. Let

ε: 0 → G_n → G_{n−1} → · · · → G_0 → F → 0

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 101

be a finite resolution of a coherent sheaf by coherent sheaves. Assume that we have a commutative diagram . . . . . . ↓ ↓ ↓ E_{1,n} → . . . → E_{1,0}

↓ ↓ ↓ E_{0,n} → . . . → E_{0,0}

↓ ↓ ↓ 0 → G_n → . . . → G_0 → F → 0

↓ ↓ ↓ 0 0 0

where the columns are exact, the rows are complexes and the E_{i,j} are hermitian vector bundles. The columns of this diagram define metrized coherent sheaves G_i. Let F be the metrized coherent sheaf defined by the resolution Tot(E_{∗,∗}) −→ F.

Proposition 2.38. With the notations above, let ε be the exact sequence of metrized coherent sheaves

ε: 0 → G_n → G_{n−1} → · · · → G_0 → F → 0

Then ~ch(ε) = 0.

Proof. For each k, let Tot_k = Tot((E_{∗,j} )_{j≥k} ). There are inclusions Tot_k −→ Tot_{k−1}. Let D_{∗,j} = s(Tot_{j+1} → Tot_j ) with the hermitian metric induced by E_{∗,∗}. There are exact sequences of complexes

0 −→ E_{∗,j} −→ D_{∗,j} −→ s(Tot_{j+1} → Tot_{j+1}) −→ 0 (2.39)

that are orthogonally split at each degree. The third complex is orthogonally split. Therefore, if we denote by h_E and h_D the metric structures of G_j induced respectively by the first and second column of diagram (2.39), then

~ch(G_j , h_E, h_D) = 0. (2.40)

There is a commutative diagram of resolutions . . . . . . . . ↓ ↓ ↓ ↓ 0 → D_{1,n} → . . . → D_{1,0} → (Tot_0)_1 → 0 ↓ ↓ ↓ ↓ 0 → D_{0,n} → . . . → D_{0,0} → (Tot_0)_0 → 0 ↓ ↓ ↓ ↓ 0 → G_n → . . . → G_0 → F → 0 ↓ ↓ ↓ ↓ 0 0 0 0

Documenta Mathematica 15 (2010) 73–176

102 José I. Burgos Gil and Răzvan Liţcanu

where the rows of degree greater or equal than zero are orthogonally split. Hence the result follows from equation (2.26), equation (2.40) and proposition 2.33.

Remark 2.41. We have only defined the Bott-Chern classes associated to the Chern character. Everything applies without change to any additive characteristic class. The reader will find no difficulty to adapt the previous results to any multiplicative characteristic class like the Todd genus or the total Chern class.

3 Direct images of Bott-Chern classes

The aim of this section is to show that certain direct images of Bott-Chern classes are closed. This result is a generalization of results of Bismut, Gillet and Soulé [6] page 325 and of Mourougane [29] proposition 6. The fact that these direct images of Bott-Chern classes are closed implies that certain relations between characteristic classes are true at the level of differential forms (see corollary 3.7 and corollary 3.8).

In the first part of this section we deal with differential geometry. Thus all the varieties will be differentiable manifolds.

Let G_1 be a Lie group and let π : N_2 −→ M_2 be a principal bundle with structure group G_2 and connection ω_2. Assume that there is a left action of G_1 over N_2 that commutes with the right action of G_2 and such that the connection ω_2 is G_1-invariant.

Let g_1 and g_2 be the Lie algebras of G_1 and G_2. Every element γ ∈ g_1 defines a tangent vector field γ^∗ over N_2 given by

γ^∗_p = d dt � � �_{t=0} exp(tγ)p.

Let (γ^∗)^V be the vertical component of γ^∗ with respect to the connection ω_2. For every point p ∈ N_2, we denote by φ(γ, p) ∈ g_2 the element characterized by (γ^∗)^V_p = φ(γ, p)^∗_p, where φ(γ, p)^∗ is the fundamental vector field associated to φ(γ, p).

The commutativity of the actions of G_1 and G_2 and the invariance of the connection ω_2 implies that, for g ∈ G_1 and γ ∈ g_1, the following equalities hold

L_{g∗}(γ^∗) = (ad(g)γ^∗), (3.1)

L_{g∗}(γ^∗)^V = (ad(g)γ^∗)^V , (3.2) φ(ad(g)γ, p) = φ(γ, g^{−1}p). (3.3)

Let G_2 be the vector bundle over M_2 associated to N_2 and the adjoint representation of G_2. That is,

G_2 = N_2 × g_2 � (pg, v) ∼ (p, ad(g)v) � . Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 103

Thus, we can identify smooth sections of G_2 with g_2-valued functions on N_2 that are invariant under the action of G_2. In this way, φ(γ, p) determines a section φ(γ) ∈ C^∞(N_2, g_2)^{G2} = C^∞(M_2, G_2).

Equation (3.3) implies that, for g ∈ G_1 and γ ∈ g_1,

φ(ad(g)γ) = L^∗_g−1 φ(γ).

We denote by Ω^{ω2} the curvature of the connection ω_2. Let P be an invariant function on g_2, then P (Ω^{ω2} + φ(γ)) is a well defined differential form on M_2.

Proposition 3.4. Let P be an invariant function on g_2 and let μ be a current on M_2 invariant under the action of G_1. Then μ(P (Ω^{ω2} +φ(γ))) is an invariant function on g_1.

Proof. Let g ∈ G_1. Then,

μ(P (Ω^{ω2} + φ(ad(g)γ))) = μ(P (Ω^{ω2} + L^∗_g−1 φ(γ)))

= μ(P (L^∗_g−1 Ω^{ω2} + L^∗_g−1 φ(γ)))

= L_g−1_∗(μ)(P (Ω^{ω2} + φ(γ))) = μ(P (Ω^{ω2} + φ(γ)))

Let now N_1 −→ M_1 be a principal bundle with structure group G_1 and provided with a connection ω_1. Then we can form the diagram

N_1 × N_2^{π1}−−−−→ N_1 ×_{G1} N_2 � � �π^′ � � �^π

N_1 × M_2^{π2}−−−−→ N_1 ×_{G1} M_2 � � �^q

M_1

Then π is a principal bundle with structure group G_2. The connections ω_1 and ω_2 induce a connection on the principal bundle π. The subbundle of horizontal vectors with respect to this connection is given by π_{1∗}(T^H N_1 ⊕T^H N_2). We will denote this connection by ω_{1,2}. We are interested in computing the curvature ω_{1,2}.

In fact, all the maps in the above diagram are fiber bundles provided with a connection. When applicable, given a vector field U in any of these spaces, we will denote by U^{H,1} the horizontal lifting to N_1 × N_2, by U^{H,2} the horizontal lifting to N_1 ×_{G1} N_2 and by U^{H,3} the horizontal lifting to N_1 ×_{G1} M_2.

Documenta Mathematica 15 (2010) 73–176

104 José I. Burgos Gil and Răzvan Liţcanu

The tangent space T (N_1×N_2) can be decomposed as direct sum in the following ways T (N_1 × N_2) = T^H N_1 ⊕ T^V N_1 ⊕ T^H N_2 ⊕ T^V N_2 = T^H N_1 ⊕ T^V N_1 ⊕ T^H N_2 ⊕ Ker π_{1∗}, (3.5)

For every point (x, y) ∈ N_1 × N_2 we have that (Ker π_{1∗})_{(x,y)} ⊂ T^V_x N_1 ⊕ T_yN_2. Moreover, there is an isomorphism g_1 −→ (Ker π_{1∗})_{(x,y)} that sends an element γ ∈ g_1 to the element (γ^∗_x, −γ^∗_y ) ∈ T^V_x N_1 ⊕ T_yN_2.

The tangent space to N_1 ×_{G1} M_2 can be decomposed as the sum of the subbundle of vertical vectors with respect to q and the subbundle of horizontal vectors defined by the connection ω_1. The horizontal lifting to N_1 × N_2 of a vertical vector lies in T^H N_2 and the horizontal lifting of a horizontal vector lies in T^H N_1.

Let U, V be two vector fields on M_1 and let U^{H,3}, V^{H,3} be the horizontal liftings to N_1 ×_{G1} M_2. Then

Ω^{ω1,2} (U^{H,3},V^{H,3}) = [U^{H,3}, V^{H,3}]^{H,2} − [U^{H,2}, V^{H,2}] = π_{1∗}([U^{H,3}, V^{H,3}]^{H,1} − [U^{H,1}, V^{H,1}]) = π_{1∗}([U^{H,3}, V^{H,3}]^{H,1} − [U, V ]^{H,1} + [U, V ]^{H,1} − [U^{H,1}, V^{H,1}]) = π_{1,∗}([U^{H,3}, V^{H,3}]^{H,1} − [U, V ]^{H,1} + Ω^{ω1} (U, V )).

But, we have Ω^{ω1,2} (U^{H,3}, V^{H,3}) ∈ T^V N_2, Ω^{ω1} (U, V ) ∈ T^V N_1, [U^{H,3}, V^{H,3}]^{H,1} − [U, V ]^{H,1} ∈ T^H N_2.

Therefore, by the direct sum decomposition (3.5) we obtain that Ω^{ω1,2} (U^{H,3}, V^{H,3}) = ((π_{1∗}Ω^{ω1} (U, V )))^V , where the vertical part is taken with respect to the fib re bundle π. If U is a horizontal vector field over N_1 ×_{G1} M_2 and V is a vertical vector field, a similar argument shows that Ω^{ω1,2} (U, V ) = 0. Finally, if U and V are vector fields on M_2, they determine vertical vector fields on N_1 ×_{G1} M_2. Then the horizontal liftings U^{H,1} and V^{H,1} are induced by horizontal liftings of U and V to N_2. Therefore, reasoning as before we see that Ω^{ω1,2} (U, V ) = Ω^{ω2} (U, V ).

Proposition 3.6. Let G_1 and G_2 be Lie groups, with Lie algebras g_1 and g_2. For i = 1, 2, let N_i −→ M_i be a principal bundle with structure group

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 105

G_i, provided with a connection ω_i. Assume that there is a left action of G_1 over N_2 that commutes with the right action of G_2 and that the connection ω_2 is invariant under the G_1-action. We form the G_2-principal bundle π : N_1 ×_{G1}

N_2 −→ N_1 ×_{G1} M_2 with the induced connection ω_{1,2} and curvature Ω^{ω1,2} . Let

P be any invariant function on g_2. Thus P (Ω^{ω1,2} ) is a well defined closed differential form on N_1 ×_{G1} M_2. Let μ be a current on M_2 invariant under the

G_1-action. Being G_1 invariant, the current μ induces a current on N_1 ×_{G1} M_2,

that we denote also by μ. Let q : N_1 ×_{G1} M_2 −→ M_1 be the projection. Then

q_∗(P (Ω^{ω1,2} ) ∧ μ) is a closed differential form on M_1.

Proof. Let U ⊂ M_1 be a trivializing open subset for N_1 and choose a trivialization of N_1 |_U ∼= U × G_1. With this trivialization, we can identify Ω^{ω1} |_U with a 2-form on U with values in g_1. For γ ∈ g_1, we denote by

ψ_μ(γ) = μ(P (Ω^{ω2} + φ(γ)))

the invariant function provided by proposition 3.4. Then q_∗(P (Ω^{ω1,2} ) ∧ μ) = ψ_μ(Ω^{ω1} ).

Therefore, the result follows from the usual Chern-Weil theory.

We go back now to complex geometry and analytic real Deligne cohomology and to the notations 1.3, in particular (1.4).

Corollary 3.7. Let X be a complex manifold and let E = (E, h^E ) be a rank r hermitian holomorphic vector bundle on X. Let π : P(E) −→ X be the associated projective bundle. On P(E) we consider the tautological exact sequence ξ : 0 −→ O(−1) −→ π^∗E −→ Q −→ 0

where all the vector bundles have the induced metric. Let P_1, P_2 and P_3 be invariant power series in 1, r − 1 and r variables respectively with coefficients in D. Let P_1(O(−1)) and P_2(Q) be the associated Chern forms and let ~P_3(ξ) the associated Bott-Chern class. Then

π_∗(P_1(O(−1)) • P_2(Q) • ~P_3(ξ)) ∈ � k ~D^{2k−1}(X, k)

is closed. Hence it defines a class in analytic real Deligne cohomology. This class does not depend on the hermitian metric of E.

Proof. We consider C^r with the standard hermitian metric. On the space P(C^r) we have the tautological exact sequence

0 −→ O_{P(C}r_)(−1)^f−→ C^r −→ Q −→ 0.

Documenta Mathematica 15 (2010) 73–176

106 José I. Burgos Gil and Răzvan Liţcanu

Let (x : y) be homogeneous coordinates on P^1 and let t = x/y be the absolute coordinate. Let p_1 and p_2 be the two projections of M_2 = P(C^r) × P^1. Let ~E be the cokernel of the map

p^∗_1O_{P(C}r_)(−1) −→ p^∗_1O_{P(C}r_)(−1) ⊗ p^∗_2O_P1 (1) ⊕ p^∗_1C^r ⊗ p^∗_2O_P1 (1) s −→ s ⊗ y + f(s) ⊗ x

with the metric induced by the standard metric of C^r and the Fubini-Study metric of O_{P(1)}(1).

Let N_2 be the principal bundle over M_2 formed by the triples (e_1, e_2, e_3), where e_1, e_2 and e_3 are unitary frames of p^∗_1O_{P(C}r_)(−1), p^∗_1Q and ~E respectively. The structure group of this principal bundle is G_2 = U(1) × U(r − 1) × U(r). Let ω_2 be the connection induced by the hermitian holomorphic connections on the vector bundles p^∗_1O_{P(C}r_)(−1), p^∗_1Q and ~E.

Now we denote M_1 = X, and let N_1 be the bundle of unitary frames of E. This is a principal bundle over M_1 with structure group G_1 = U(r). The group G_1 acts on the left on N_2. This action commutes with the right action of G_2 and the connection ω_2 is invariant under this action. Let μ = [− log(|t|)] be the current on M_2 associated to the locally integrable function − log(|t|). This current is invariant under the action of G_1 because this group acts trivially on the factor P^1.

The invariant power series P_1, P_2 and P_3 determine an invariant function P on g_2, the Lie algebra of G_2.

Let ω_1 be the connection induced in N_1 by the holomorphic hermitian connection on E. As before let ω_{1,2} be the connection on N_1 ×_{G1} N_2 induced

by ω_1 and ω_2 and let q : N_1 ×_{G1} M_2 −→ M_1 be the projection. Observe that

N_1 ×_{G1} M_2 = P(E) × P^1 and q = π ∘ p_1.

By the projection formula and the definition of Bott-Chern classes we have

π_∗(P_1(O(−1)) ∧ P_2(Q) ∧ ~P_3(ξ)) = q_∗(μ • P (Ω^{ω1,2} )),

Therefore the fact that it is closed follows from 3.6. Since, for fixed P_1, P_2 and P_3, the construction is functorial on (X.E), the fact that the class in analytic real Deligne cohomology does not depend on the choice of the hermitian metric follows from proposition 1.7.

Corollary 3.8. Let E = (E, h^E ) be a hermitian holomorphic vector bundle on a complex manifold X. We consider the projective bundle π : P(E ⊕ C) −→ X. Let Q be the universal quotient bundle on the space P(E ⊕ C) with the induced metric. Then the following equality of differential forms holds

π_∗ � i (−1)^i ch( i� Q^∨) = π_∗(c_r(Q) Td^{−1}(Q)) = Td^{−1}(E).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 107

Proof. Let ξ be the tautological exact sequence with induced metrics. We first prove that π_∗(c_r(Q) Td(O(−1))) = 1.

We can write Td(O(−1)) = 1 + c_1(O(−1))ϕ(O(−1)) for certain power series ϕ. Since c_{r+1}(E ⊕ C) = 0 we have c_r(Q)c_1(O(−1)) = d_D ~c_{r+1}(ξ).

Therefore, by corollary 3.7, we have

π_∗(c_r(Q) Td(O(−1))) = π_∗(c_r(Q)) + π_∗(c_r(Q)c_1(O(−1))ϕ(O(−1))) = 1 + d_D π_∗(~c_{r+1}(ξ)ϕ(O(−1))) = 1.

Then the corollary follows from corollary 3.7 by using the identity

π_∗(c_r(Q) Td^{−1}(Q)) = π_∗(c_r(Q) Td(O(−1))π^∗ Td^{−1}(E))

+ d_D π_∗(c_r(Q) Td(O(−1))~Td^{−1}(ξ)).

The following generalization of corollary 3.7 provides many relations between integrals of Bott-Chern classes and is left to the reader.

Corollary 3.9. Let X be a complex manifold and let E = (E, h^E ) be a rank r hermitian holomorphic vector bundle on X. Let π : P(E) −→ X be the associated projective bundle. On P(E) we consider the tautological exact sequence ξ : 0 −→ O(−1) −→ π^∗E −→ Q −→ 0 where all the vector bundles have the induced metric. Let P_1 and P_2 be invariant power series in 1 and r − 1 variables respectively with coefficients in D and let P_3, . . . , P_k be invariant power series in r variables with coefficients in D. Let P_1(O(−1)) and P_2(Q) be the associated Chern forms and let ~P_3(ξ), . . . , ~P_k(ξ) be the associated Bott-Chern classes. Then π_∗(P_1(O(−1)) • P_2(Q) • ~P_3(ξ) • · · · • ~P_k(ξ)) is a closed differential form on X for any choice of the ordering in computing the non associative product under the integral.

4 Cohomology of currents and wave front sets

The aim of this section is to prove the Poincaré lemma for the complex of currents with fixed wave front set. This implies in particular a certain ∂ ¯∂- lemma (corollary 4.7) that will allow us to control the singularities of singular Bott-Chern classes.

Documenta Mathematica 15 (2010) 73–176

108 José I. Burgos Gil and Răzvan Liţcanu

Let X be a complex manifold of dimension n. Following notation 1.3 recall that there is a canonical isomorphism

H^∗_Dan (X, R(p)) ∼= H^∗(D^∗_D (X, p)).

A current η can be viewed as a generalized section of a vector bundle and, as such, has a wave front set that is denoted by WF(η). The theory of wave front sets of distributions is developed in [25] chap. VIII. For the theory of wave front sets of generalized sections, the reader can consult [24] chap. VI. Although we will work with currents and hence with generalized sections of vector bundles, we will follow [25].

The wave front set of η is a closed conical subset of the cotangent bundle of X minus the zero section T^∗X_0 = T^∗X \ {0}. This set describes the points and directions of the singularities of η and it allows us to define certain products and inverse images of currents.

Let S ⊂ T^∗X_0 be a closed conical subset, we will denote by D^∗_{X,S} the subsheaf of currents whose wave front set is contained in S. We will denote by D^∗(X, S) its complex of global sections.

For every open set U ⊂ X there is an appropriate notion of convergence in D^∗_{X,S} (U) (see [25] VIII Definition 8.2.2). All references to continuity below are with respect to this notion of convergence.

We next summarize the basic properties of wave front sets.

Proposition 4.1. Let u be a generalized section of a vector bundle and let P be a differential operator with smooth coefficients. Then

WF(P u) ⊆ WF(u).

Proof. This is [25] VIII (8.1.11).

Corollary 4.2. The sheaf D^∗_{X,S} is closed under ∂ and ¯∂. Therefore it is a sheaf of Dolbeault complexes.

Let f : X −→ Y be a morphism of complex manifolds. The set of normal directions of f is

N_f = {(f(x), v) ∈ T^∗Y | df(x)^tv = 0}.

This set measures the singularities of f. For instance, if f is a smooth map then N_f = 0 whereas, if f is a closed immersion, N_f is the conormal bundle of f(X). Let S ⊂ T^∗Y_0 be a closed conical subset. We will say that f is transverse to S if N_f ∩ S = ∅. We will denote

f^∗S = {(x, df(x)^tv) ∈ T^∗X_0 | (f(x), v) ∈ S}.

Theorem 4.3. Let f : X −→ Y be a morphism of complex manifolds that is transverse to S. Then there exists one and only one extension of the pull-back morphism f^∗ : E^∗_Y −→ E^∗_X to a continuous morphism

f^∗ : D^∗_{Y,S} −→ D^∗_{X,f} ∗_S .

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 109 In particular there is a continuous morphism of complexes D^∗(Y, S) −→ D^∗(X, f^∗S).

Proof. This follows from [25] theorem 8.2.4.

We now recall the effect of correspondences on the wave front sets. Let K ∈ D^∗(X × Y ), and let S be a conical subset of T^∗Y_0. We will write WF(K)_X = {(x, ξ) ∈ T^∗X_0 | ∃y ∈ Y, (x, y, ξ, 0) ∈ WF(K)} WF^′(K)_Y = {(y, η) ∈ T^∗Y_0 | ∃x ∈ X, (x, y, 0, −η) ∈ WF(K)} WF^′(K) ∘ S = {(x, ξ) ∈ T^∗X_0 | ∃(y, η) ∈ S, (x, y, ξ, −η) ∈ WF(K)}.

Theorem 4.4. The image of the correspondence map E^∗_c (Y ) −→ D^∗(X) η −→ p_{1∗}(K ∧ p^∗_2(η)) is contained in D^∗(X, W F (K)_X ). Moreover, if S ∩ WF^′(K)_Y = ∅, then there exists one and only one extension to a continuous map D^∗_c (Y, S) −→ D^∗(X, S^′), where S^′ = WF(K)_X ∪ WF^′(K) ∘ S. Proof. This is [25] theorem 8.2.13.

We are now in a position to state and prove the Poincaré lemma for currents with fixed wave front set. As usual, we will denote by F the Hodge filtration of any Dolbeault complex.

Theorem 4.5 (Poincaré lemma). Let S be any conical subset of T^∗X_0. Then the natural morphism ι: (E^∗(X), F ) −→ (D^∗(X, S), F ) is a filtered quasi-isomorphism.

Proof. Let K be the Bochner-Martinelli integral operator on C^n × C^n. It is the operator E^{p,q}_c (C^n) −→ E^{p,q−1}(C^n) φ −→ � w∈C^n k(z, w) ∧ φ(w),

where k is the Bochner-Martinelli kernel ([21] pag. 383). Thus k is a differential form on C^n × C^n with singularities only along the diagonal. Using the explicit description of k in [21], it can be seen that W F (k) = N^∗Δ_0, the conormal bundle of the diagonal. By theorem 4.4, the operator K defines a continuous linear map from Γ_c(C^n, D^∗_Cn_{,S} ) to Γ(C^n, D^∗_Cn_{,S} ). This is the key

Documenta Mathematica 15 (2010) 73–176

110 José I. Burgos Gil and Răzvan Liţcanu

fact that allows us to adapt the proof of the Poincaré Lemma for arbitrary currents to the case of currents with fixed wave front set. We will prove that the sheaf inclusion

(E_X , F ) −→ (D_{X,S} , F )

is a filtered quasi-isomorphism. Then the theorem will follow from the fact that both are fine sheaves.

The previous statement is equivalent to the fact that, for any integer p ≥ 0, the inclusion ι: E^{p,∗}_X −→ D^{p,∗}_{X,S}

is a quasi-isomorphism.

Let x ∈ X, since exactness can be checked at the level of stalks, we need to show that ι_x : E^{p,∗}_{X,x} −→ D^{p,∗}_{X,S,x}

is a quasi-isomorphism. let U be a coordinate neighborhood around x and let x ∈ V ⊂ U be a relatively compact open subset.

Let ρ ∈ C^∞_c (U) be a function with compact support such that ρ |_V = 1. We define an operator Kρ: D^{p,q}_{X,S} (U) −→ D^{p,q−1}_{X,S} (V ).

If T ∈ D^{p,q}_{X,S} (U) and φ ∈ E^∗_c (V ) is a test form, then

Kρ(T )(φ) = (−1)^{p+q} T (ρK(φ)).

Hence, using that ¯∂K(φ) + K( ¯∂φ) = φ, and that φ = ρφ, we have

( ¯∂KρT + Kρ ¯∂T + T )(φ) = −T ( ¯∂(ρ) ∧ K(φ)).

Observe that, even if the support of φ is contained in V , the support of K(φ) can be C^n; therefore the right hand side of the above equation may be non zero.

We compute

T ( ¯∂(ρ) ∧ K(φ)) = T � ¯∂(ρ) ∧ � w∈C^n

k(w, z) ∧ φ(w) �

= T � w∈C^n

¯∂(ρ) ∧ k(w, z) ∧ φ(w) � . Since supp(φ) ⊂ V and ¯∂(ρ)|_V ≡ 0, we can find a number ϵ > 0 such that, if ‖z − w‖ < ϵ, then ¯∂(ρ) ∧ k(w, z) ∧ φ(w) = 0. Since the singularities of k(w, z) are concentrated on the diagonal, it follows that the differential form ¯∂(ρ) ∧ k(w, z) ∧ φ(w) is smooth. Therefore, the current in V given by

φ −→ T � w∈C^n

¯∂(ρ) ∧ k(w, z) ∧ φ(w) � , Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 111

is the current associated to the smooth differential form T_z �¯ ∂(ρ) ∧ k(w, z) � , where the subindex z means that T only acts on the z variable, being w ∈ V a parameter. This smooth form will be denoted by Ψ(T ).

Summing up, we have shown that, for any current T ∈ D^{p,q}_{X,S} (U) there exists a smooth differential form Ψ(T ) ∈ E^{p,q}_X (V ) such that

T |_V = − ¯∂KρT − Kρ ¯∂T − Ψ(T ).

Observe that we can not say that Ψ is a quasi-inverse of ι_x because it depends on the choice of ρ and it is not possible to choose a single ρ that can be applied to all T . Hence it is not a well defined operator at the level of stalks. Let now T ∈ D^{p,∗}_{X,S,x} be closed. It is defined in some neighborhood of x, say U^′. Applying the above procedure we find a smooth differential form Ψ(T ) defined on a relatively compact subset of U^′, say V^′, that is cohomologous to T . Hence the map induced by ι_x in cohomology is surjective. Let ω ∈ E^{p,∗}_{X,x} be closed and such that ι_xω = ¯∂T for some T ∈ D^{p,∗−1}_{X,S,x} . We may assume that ω and T are defined is some neighborhood U^{′′} of x. Then, on some relatively compact subset V^{′′} ⊂ U^{′′}, we have

ω |_V ′′ = ¯∂T |_V ′′ = − ¯∂Kρω − ¯∂Ψ(T ).

Since Kρω and Ψ(T ) are smooth differential forms we conclude that the map induced by ι_x in cohomology is injective.

We will denote by D^∗_D(X, S, p) the Deligne complex associated to D^∗(X, S). The following two results are direct consequences of theorem 4.5.

Corollary 4.6. The inclusion D^∗_D(X, S, p) −→ D^∗_D(X, p) induces an isomorphism H^∗(D^∗_D(X, S, p)) ∼= H^∗_Dan (X, R(p)).

Corollary 4.7. (i) Let η ∈ D^n_D (X, p) be a current such that

d_D η ∈ D^{n+1}_D (X, S, p),

then there is a current a ∈ D^{n−1}_D (X, p) such that η + d_D a ∈ D^n_D(X, S, p).

(ii) Let η ∈ D^n_D(X, S, p) be a current such that there is a current a ∈ D^{n−1}_D (X, p) with η = d_D a, then there is a current b ∈ D^{n−1}_D (X, S, p) such that η = d_D b. □ 5 Deformation of resolutions

In this section we will recall the deformation of resolutions based on the Grassmannian graph construction of [1]. We will also recall the Koszul resolution associated to a section of a vector bundle.

Documenta Mathematica 15 (2010) 73–176

112 José I. Burgos Gil and Răzvan Liţcanu

The main theme is that given a bounded complex E_∗ of locally free sheaves (with some properties) on a complex manifold X, one can construct a bounded complex tr_1(E_∗)_∗ over a certain manifold W . This new manifold has a birational map π : W −→ X × P^1, that is an isomorphism over X × P^1 \ {∞}. The complex tr_1(E_∗)_∗ agrees with the original complex over X ×{0} and is particularly simple over π^{−1}(X ×{∞}). Thus tr_1(E_∗)_∗ is a deformation of the original complex to a simpler one. The two examples we are interested in are: first, when the original complex is exact, then W agrees with X × P^1 and tr_1(E_∗)_∗ was defined in 2.5. Its restriction to π^{−1}(X × {∞}) is split; second, when i: Y −→ X is a closed immersion of complex manifolds, and E_∗ is a bounded resolution of i_∗O_Y , then W agrees with the deformation to the normal cone of Y and the restriction of tr_1(E_∗)_∗ to π^{−1}(X × {∞}) is an extension of a Koszul resolution by a split complex. Note that, if we allow singularities, then the Grassmannian graph construction is much more general.

The deformation of resolutions is based on the Grassmannian graph construction of [1], and, in the form that we present here, has been developed in [6] and [20].

In order to fix notations we first recall the deformation to the normal cone and the Koszul resolution associated to the zero section of a vector bundle. Let Y → X be a closed immersion of complex manifolds, with Y of pure codimension n. In the sequel we will use notation 2.2. Let W = W_{Y /X} be the blow-up of X × P^1 along Y × {∞}. Since Y and X × P^1 are manifolds, W is also a manifold. The map π : W −→ X × P^1 is an isomorphism away from Y × {∞}; we will write P for the exceptional divisor of the blow-up. Then

P = P(N_{Y /X} ⊗ N^{−1}_{∞/P1} ⊕ C).

Thus P can be seen as the projective completion of the vector bundle N_{Y /X} ⊗ N^{−1}_{∞/P1} . Note that N_{∞/P}1 is trivial although not canonically trivial. Nevertheless we can choose to trivialize it by means of the section y ∈ O_P1 (1). Sometimes we will tacitly assume this trivialization and omit N_{∞/P}1 from the formulae.

The map q_W : W −→ P^1, obtained by composing π with the projection q : X × P^1 −→ P^1, is flat and, for t ∈ P^1, we have

q^{−1}_W (t) ∼= � X × {t}, if t ≠ ∞, P ∪ ~X, if t = ∞,

where ~X is the blow-up of X along Y , and P ∩ ~X is, at the same time, the divisor at ∞ of P and the exceptional divisor of ~X. Following [6] we will use the following notations

P^f �

π_P � W π � Y × {∞}^{i∞} � X × P^1

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 113

i: Y −→ X, W_∞ = π^{−1}(∞) = P ∪ ~X, q : X × P^1 −→ P^1, the projection, p: X × P^1 −→ X, the projection, q_W = q ∘ π p_W = p ∘ π q_Y : Y × P^1 −→ P^1, the projection, p_Y : Y × P^1 −→ Y, the projection, j : Y × P^1 −→ W the induced map, j_∞ : Y × {∞} −→ P.

Given any map g : Z −→ X × P^1, we will denote p_Z = p ∘ g and q_Z = q ∘ g. For instance p_P = p ∘ π ∘ f = p_W ∘ f = i ∘ π_P , where, in the last equality, we are identifying Y with Y × {∞}.

We next recall the construction of the Koszul resolution. Let Y be a complex manifold and let N be a rank n vector bundle. Let P = P(N ⊕ C) be the projective bundle of lines in N ⊕ C. It is obtained by completing N with the divisor at infinity. Let π_P : P −→ Y be the projection and let s: Y −→ P be the zero section. On P there is a tautological short exact sequence

0 −→ O(−1) −→ π^∗_P (N ⊕ C) −→ Q −→ 0. (5.1)

The above exact sequence and the inclusion C −→ π^∗_P (N ⊕ C) induce a section σ : O_P −→ Q that vanishes along the zero section s(Y ). By duality we obtain a morphism Q^∨ −→ O_P that induces a long exact sequence

0 −→ n� Q^∨ −→ . . . −→ 1� Q^∨ −→ O_P −→ s_∗O_Y −→ 0.

If F is another vector bundle over Y , we obtain an exact sequence,

0 −→ n� Q^∨ ⊗ π^∗_P F −→ . . . −→ 1� Q^∨ ⊗ π^∗_P F −→ π^∗_P F −→ s_∗F −→ 0. (5.2)

Definition 5.3. The Koszul resolution of s_∗(F ) is the resolution (5.2). The complex

0 −→ n� Q^∨ ⊗ π^∗_P F −→ . . . −→ 1� Q^∨ ⊗ π^∗_P F −→ π^∗_P F −→ 0

will be denoted by K(F, N). When N is a hermitian vector bundle, the exact sequence (5.1) induces a hermitian metric on Q. If, moreover, F is also a hermitian vector bundle, all the vector bundles that appear in the Koszul resolution have an induced hermitian metric. We will denote by K(F , N) the corresponding complex of hermitian vector bundles.

In particular, we shall write K(O_Y , N) if F = O_Y is endowed with the trivial metric ‖1‖ = 1, unless expressly stated otherwise.

Documenta Mathematica 15 (2010) 73–176

114 José I. Burgos Gil and Răzvan Liţcanu

We finish this section by recalling the results about deformation of resolutions that will be used in the sequel. For more details see [1] II.1, [6] Section 4 (c) and [20] Section 1.

Theorem 5.4. Let i : Y → X be a closed immersion of complex manifolds, where Y may be empty. Let U = X \ Y . Let F be a vector bundle over Y and E_∗ −→ i_∗F −→ 0 be a resolution of i_∗F . Then there exists a complex manifold W = W (E_∗), called the Grassmannian graph construction, with a birational map π : W −→ X × P^1 and a complex of vector bundles, tr_1(E_∗)_∗, over W such that

(i) The map π is an isomorphism away from Y × {∞}. The restriction of tr_1(E_∗)_∗ to X × (P^1 \ {∞}) is isomorphic to p^∗_W E_∗ restricted to X × (P^1 \ {∞}). Moreover, If ~X is the Zariski closure of U × {∞} inside W , the restriction of tr_1(E_∗)_∗ to ~X is split acyclic. In particular, if Y is empty or F is the zero vector bundle, hence E_∗ is acyclic in the whole X, then W = X × P^1 and tr_1(E_∗)_∗ is the first transgression exact sequence introduced in 2.5.

(ii) When Y is non-empty and F is a non-zero vector bundle over Y , then W (E_∗) agrees with W_{Y /X} , the deformation to the normal cone of Y . Moreover, there is an exact sequence of resolutions on P

0 � A∗ �

� tr_1(E_∗)_∗ |_P � �

K(F, N_{Y /X} ⊗ N^{−1}_{∞/P1} ) �

� 0

0 � (j∞)∗F^= � (j∞)∗F

,

where A_∗ is split acyclic and K(F, N_{Y /X} ⊗ N^{−1}_{∞/P1} ) is the Koszul resolution.

(iii) Let f : X^′ −→ X be a morphism of complex manifolds and assume that we are in one of the following cases:

(a) The map f is smooth.

(b) The map f is arbitrary and E_∗ is acyclic.

(c) f is transverse to Y .

Then E^′_∗ := f^∗(E_∗) is exact over f^{−1}(U),

W^′ := W (E^′_∗) = W ×_X X^′,

with f_W : W^′ −→ W the induced map, and we have f^∗_W (tr_1(E_∗)_∗) = tr_1(f^∗(E_∗))_∗.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 115

(iv) If the vector bundles E_i are provided with hermitian metrics, then one can choose a hermitian metric on tr_1(E_∗)_∗ such that its restriction to X × {0} is isometric to E_∗ and the restriction to U × {∞} is orthogonally split. We will denote by tr_1(E_∗)_∗ the complex tr_1(E_∗)_∗ with such a choice of hermitian metrics. Moreover, this choice of metrics can be made functorial. That is, if f is a map as in item (iii), then

f^∗_W (tr_1(E_∗)_∗) = tr_1(f^∗(E_∗))_∗

Proof. The case when E_∗ is acyclic has already been treated. For the case when Y is non-empty and F is non zero, we first recall the construction of the Grassmannian graph of an arbitrary complex from [20], which is more general than what we need here. If E is a vector bundle over X we will denote by E(i) the vector bundle over X × P^1 given by E(i) = p^∗E ⊗ q^∗O(i). Let ~C_∗ be the complex of locally free sheaves given by ~C_i = E_i(i) ⊕ E_{i−1}(i − 1) with differential given by d(a, b) = (b, 0). On X × (P^1 \ {∞}) we consider, for each i, the inclusion of vector bundles γ_i : E_i → ~C_i given by s −→ (s ⊗ y^i, d s ⊗ y^{i−1}). Let G be the product of the Grassmann bundles Gr(n_i, ~C_i) that parametrize rank n_i = rk E_i subbundles of ~C_i over X × P^1. The inclusion γ_∗ : � E_i −→ � ~ C_i induces a section s of G over X × A^1.

Then W (E_∗) is defined to be the closure of s(X ×A^1) in G. Since the projection from G to X × P^1 is proper, the same is true for the induced map π : W −→ X × P^1. For each i, the induced map W −→ Gr(n_i, ~C_i) defines a subbundle tr_1(E_∗)_i of π^∗ ~C_i. This subbundle agrees with E_i over X × A^1. The differential of ~C_∗ induces a differential on tr_1(E_∗)_∗.

Assume now that the bundles E_i are provided with hermitian metrics. Using the Fubini-Study metric of O(1) we obtain induced metrics on ~C_i. Over π^{−1}(X × (P^1 \ {∞})) we induce a metric on tr_1(E_∗)_i by means of the identification with E_i. Over π^{−1}(X × (P^1 \ {0})) we consider on tr_1(E_∗)_i the metric induced by ~C_i. We glue together both metrics with the partition of unity {σ_0, σ_∞} of notation 2.2.

In the case we are interested there is a more explicit description of tr_1(E_∗)_∗ given in [6] Section 4 (c). Namely, tr_1(E_∗)_i is the kernel of the morphism

ϕ: p^∗_W ~C_i = p^∗_W E_i(i) ⊕ p^∗_W E_{i−1}(i − 1) −→ p^∗_W E_{i−1}(i) ⊕ p^∗_W E_{i−2}(i − 1) (5.5)

given by ϕ(s, t) = (d s − t ⊗ y, d t).

The only statements that are not explicitly proved in [6] Section 4 (c) or [20] Section 1 are the functoriality when f is not smooth and the properties of the explicit choice of metrics.

If the complex E_∗ is acyclic, then the same is true for E^′_∗ = f^∗E_∗. In this case W = X × P^1 and W^′ = X^′ × P^1. Then the functoriality follows from the definition of tr_1(E_∗)_∗.

Documenta Mathematica 15 (2010) 73–176

116 José I. Burgos Gil and Răzvan Liţcanu Assume now that we are in case (iii)c. We can form the Cartesian square

Y^{′ i′} � g � X^′ f � Y^i � X where i^′ is also a closed immersion of complex manifolds. Then we have that E^′_∗ is a resolution of i^′_∗g^∗F . Hence W^′ = W (E^′_∗) is the deformation to the normal cone of Y^′ and therefore W^′ = W ×_X X^′. Again the functoriality of tr_1(E_∗)_∗ can be checked using the explicit construction of [20] Section 1 that we have recalled above.

Remark 5.6. (i) The definition of tr_1(E_∗) can be extended to any bounded chain complex over a integral scheme (see [20]).

(ii) There is a sign difference in the definition of the inclusion γ used in [20] and the one used in [6]. We have followed the signs of the first reference.

6 Singular Bott-Chern classes Throughout this section we will use notation 1.3. In particular we will write ~D^n_D(X, p) = D^n_D(X, p)/ d_D D^{n−1}_D (X, p), ~D^n_D(X, S, p) = D^n_D(X, S, p)/ d_D D^{n−1}_D (X, S, p).

A particularly important current is W_1 ∈ D^1_D(P^1, 1) given by

W_1 = [ −1 2 log ‖t‖^2]. (6.1) With the above convention, this means that W_1(η) = 1 2πi � P^1 −1 2 log ‖t‖^2 • η. (6.2)

By the Poincaré-Lelong equation d_D W_1 = δ_∞ − δ_0. (6.3) Note that the current W_1 was used in the construction of Bott-Chern classes (definition 2.11) and will also have a role in the definition of singular Bott- Chern classes.

Before defining singular Bott-Chern classes we need to define the objects that give rise to them.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 117

Definition 6.4. Let i: Y −→ X be a closed immersion of complex manifolds. Let N be the normal bundle of Y and let h_N be a hermitian metric on N. We denote N = (N, h_N ). Let r_N be the rank of N, that agrees with the codimension of Y in X. Let F = (F, h_F ) be a hermitian vector bundle on Y of rank r_F . Let E_∗ → i_∗F be a metric on the coherent sheaf i_∗F . The four-tuple

ξ = (i, N, F , E_∗). (6.5)

is called a hermitian embedded vector bundle. The number r_F will be called the rank of ξ and the number r_N will be called the codimension of ξ. By convention, any exact complex of hermitian vector bundles on X will be considered a hermitian embedded vector bundle of any rank and codimension.

Obviously, to any hermitian embedded vector bundle we can associate the metrized coherent sheaf (i_∗F, E_∗ → i_∗F ).

Definition 6.6. A singular Bott-Chern class for a hermitian embedded vector bundle ξ is a class ~η ∈ � p ~D^{2p−1}_D (X, p) such that

d_D η = n� i=0 (−1)^i[ch(E_i)] − i_∗([Td^{−1}(N) ch(F )]) (6.7)

for any current η ∈ η̃.

The existence of this class is guaranteed by the Grothendieck-Riemann-Roch theorem, which implies that the two currents in the right hand side of equation (6.7) are cohomologous.

Even if we have defined singular Bott-Chern classes as classes of currents with arbitrary singularities, it is an important observation that in each singular Bott-Chern class we can find representatives with controlled singularities. Let N^∗_{Y,0} be the conormal bundle of Y with the zero section deleted. It is a closed conical subset of T^∗_0 (X). Since the current n� i=0 (−1)^i[ch(E_i)] − i_∗([Td^{−1}(N) ch(F )])

= n� i=0 (−1)^i[ch(E_i)] − Td^{−1}(N) ch(F )δ_Y

belongs to D^∗_D(X, N^∗_{Y,0}, p), by corollary 4.7, we obtain

Proposition 6.8. Let ξ = (i, N, F , E_∗) be a hermitian embedded vector bundle as before. Then any singular Bott-Chern class for ξ belongs to the subset � p ~D^{2p−1}_D (X, N^∗_{Y,0}, p) ⊂ � p ~D^{2p−1}_D (X, p).

□ Documenta Mathematica 15 (2010) 73–176

118 José I. Burgos Gil and Răzvan Liţcanu

This result will allow us to define inverse images of singular Bott-Chern classes for certain maps.

Let f : X^′ −→ X be a morphism of complex manifolds that is transverse to Y . We form the Cartesian square

Y^{′ i′} � g � X^′ f � Y^i � X

.

Observe that, by the transversality hypothesis, the normal bundle to Y^′ on X^′ is the inverse image of the normal bundle to Y on X and f^∗E_∗ is a resolution of i^′_∗g^∗F . Thus we write f^∗ξ = (i^′, f^∗N, g^∗F , f^∗E_∗), which is a hermitian embedded vector bundle.

By proposition 6.8, given any singular Bott-Chern class ~η for ξ, we can find a representative η ∈ � p D^{2p−1}_D (X, N^∗_{Y,0}, p). By theorem 4.3, there is a well defined current f^∗η and it is a singular Bott-Chern current for f^∗ξ. Therefore we can define f^∗(~η) = ~f^∗(η). Again by theorem 4.3, this class does not depend on the choice of the representative η.

Our next objective is to study the possible definitions of functorial singular Bott-Chern classes.

Definition 6.9. Let r_F and r_N be two integers. A theory of singular Bott- Chern classes of rank r_F and codimension r_N is an assignment which, to each hermitian embedded vector bundle ξ = (i: Y −→ X, N, F , E_∗) of rank r_F and codimension r_N , assigns a class of currents

T (ξ) ∈ � p ~D^{2p−1}_D (X, p)

satisfying the following properties

(i) (Differential equation) The following equality holds

d_D T (ξ) = � i (−1)^i[ch(E_i)] − i_∗([Td^{−1}(N) ch(F )]). (6.10)

(ii) (Functoriality) For every morphism f : X^′ −→ X of complex manifolds that is transverse to Y , then

f^∗T (ξ) = T (f^∗ξ).

(iii) (Normalization) Let A = (A_∗, g_∗) be a non-negatively graded orthogonally split complex of vector bundles. Write ξ ⊕ A = (i: Y −→ X, N, F , E_∗ ⊕ A_∗). Then T (ξ) = T (ξ ⊕ A). Moreover, if X = Spec C is one point, Y = ∅ and E_∗ = 0, then T (ξ) = 0.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 119

A theory of singular Bott-Chern classes is an assignment as before, for all positive integers r_F and r_M . When the inclusion i and the bundles F and N are clear from the context, we will denote T (ξ) by T (E_∗). Sometimes we will have to restrict ourselves to complex algebraic manifolds and algebraic vector bundles. In this case we will talk of theory of singular Bott-Chern classes for algebraic vector bundles.

Remark 6.11. (i) Recall that the case when Y = ∅ and E_∗ is any bounded exact sequence of hermitian vector bundles is considered a hermitian embedded vector bundle of arbitrary rank. In this case, the properties above imply that T (ξ) = [ ~ch(E_∗)],

where ~ch is the Bott-Chern class associated to the Chern character. That is, for acyclic complexes, any theory of singular Bott-Chern classes agrees with the Bott-Chern classes associated to the Chern character.

(ii) If the map f is transverse to Y , then either f^{−1}(Y ) is empty or it has the same codimension as Y . Moreover, it is clear that f^∗F has the same rank as F . Therefore, the properties of singular Bott-Chern classes do not mix rank or codimension. This is why we have defined singular Bott-Chern classes for a particular rank and codimension.

(iii) By contrast with the case of Bott-Chern classes, the properties above are not enough to characterize singular Bott-Chern classes.

For the rest of this section we will assume the existence of a theory of singular Bott-Chern classes and we will obtain some consequences of the definition. We start with the compatibility of singular Bott-Chern classes with exact sequences and Bott-Chern classes. Let χ: 0 −→ F_n −→ . . . −→ F_1 −→ F_0 −→ 0 (6.12)

be a bounded exact sequence of hermitian vector bundles on Y . For j = 0, . . . , n, let E_{j,∗} −→ i_∗F_j be a resolution, and assume that they fit in a commutative diagram

0 � E_{n,∗} � �

. . . � E_{1,∗} �

� E_{0,∗} � � 0

0 � i∗Fn � . . . � i∗F1 � i∗F0 � 0

,

with exact rows. We write ξ_j = (i: Y −→ X, N, F_j , E_{j,∗}). For each k, we denote by η_k the exact sequence

0 −→ E_{n,k} −→ . . . −→ E_{1,k} −→ E_{0,k} −→ 0.

Documenta Mathematica 15 (2010) 73–176

120 José I. Burgos Gil and Răzvan Liţcanu

Proposition 6.13. With the above notations, the following equation holds: T ( � j even

ξ_j ) − T ( � j odd

ξ_j ) = � k (−1)^k[ ~ch(η_k)] − i_∗([Td^{−1}(N) ~ch(χ)]).

Here the direct sum of hermitian embedded vector bundles, involving the same embedding and the same hermitian normal bundle, is defined in the obvious manner.

Proof. We consider the construction of theorem 5.4 for each of the exact sequences η_k and the exact sequence χ. For each k, we have W_X := W (η_k) = X × P^1 and we denote W_Y := W (χ) = Y × P^1. On W_Y we consider the transgression exact sequence tr_1(χ)_∗ and on W_X we consider the transgression exact sequences tr_1(η_k )_∗. We denote by j : W_Y −→ W_X the induced morphism. Then there is an exact sequence (of exact sequences)

. . . −→ tr_1(η_1)_∗ −→ tr_1(η_0)_∗ −→ j_∗ tr_1(χ)_∗ −→ 0.

We denote

tr_1(χ)_+ = � j even

tr_1(χ)_j , tr_1(χ)_− = � j odd

tr_1(χ)_j ,

tr_1(η_k)_+ = � j even

tr_1(η_k)_j , tr_1(η_k)_− = � j odd

tr_1(η_k)_j ,

and tr_1(ξ)_+ = (j : W_Y −→ W_X , p^∗_Y N, tr_1(χ)_+, tr_1(η_∗)_+),

tr_1(ξ)_− = (j : W_Y −→ W_X , p^∗_Y N, tr_1(χ)_−, tr_1(η_∗)_−),

where here p_Y : W_Y −→ Y denotes the projection. We consider the current on X × P^1 given by W_1 • � T (tr_1(ξ)_+) − T (tr_1(ξ)_−) � . This current is well defined because the wave front set of W_1 is the conormal bundle of (X × {0}) ∪ (X × {∞}), whereas the wave front set of T (tr_1(ξ)_±) is the conormal bundle of Y × P^1.

By the functoriality of the transgression exact sequences, we obtain that

tr_1(ξ)_+ |_{X×{0}}= � j even

ξ_j , tr_1(ξ)_− |_{X×{0}}= � j odd

ξ_j .

Moreover, using the fact that, for any bounded acyclic complex of hermitian vector bundles E_∗, the exact sequence tr_1(E_∗) |_{X×{∞}} is orthogonally split, we have an isometry tr_1(ξ)_+ |_{X×{∞}}∼= tr_1(ξ)_− |_{X×{∞}} .

We now denote by p_X : W_X −→ X the projection. Using the properties that define a theory of singular Bott-Chern classes, in the group � p ~D^{2p−1}_D (X, N ∗_{Y,0}, p),

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 121

the following holds

0 = d_D(p_X )_∗ � W_1 • T (tr_1(ξ)_+) − W_1 • T (tr_1(ξ)_−) � = � T (tr_1(ξ)_+) − T (tr_1(ξ)_−) � |_{X×{∞}} − � T (tr_1(ξ)_+) − T (tr_1(ξ)_−) � |_{X×{0}}

− (p_X )_∗ � k (−1)^kW_1 • (ch(tr_1(η_k)_+) − ch(tr_1(η_k)_−))

+ (p_X )_∗ � W_1 • j_∗ � Td^{−1}(p^∗_Y N) ch(tr_1(χ)_+) − Td^{−1}(p^∗_Y N) ch(tr_1(χ)_−) � = −T ( � j even

ξ_j ) + T ( � j odd

ξ_j ) + � (−1)^k[ ~ch(η_k)] − i_∗[Td^{−1}(N) • ~ch(χ)],

which implies the proposition.

The following result is a consequence of proposition 6.13 and theorem 2.24.

Corollary 6.14. Let Y −→ X be a closed immersion of complex manifolds. Let χ be an exact sequence of hermitian vector bundles on Y as (6.12). For each j, let ξ_j = (i: Y −→ X, N, F_j , E_{j,∗}) be a hermitian embedded vector bundle. We denote by ε the induced exact sequence of metrized coherent sheaves. Then T ( � j even

ξ_j ) − T ( � j odd

ξ_j ) = [ ~ch(ε)] − i_∗([Td^{−1}(N) ~ch(χ)]). □ We now study the effect of changing the metric of the normal bundle N.

Proposition 6.15. Let ξ_0 = (i, N_0, F , E_∗) be a hermitian embedded vector bundle, where N_0 = (N, h_0). Let h_1 be another metric in the vector bundle N and write N_1 = (N, h_1), ξ_1 = (i, N_1, F , E_∗). Then

T (ξ_0) − T (ξ_1) = −i_∗[~Td^{−1}(N, h_0, h_1) ch(F )].

Proof. The proof is completely analogous to the proof of proposition 6.13.

We now study the case when Y is the zero section of a completed vector bundle. Let F and N be hermitian vector bundles over Y . We denote P = P(N ⊕ C), the projective bundle of lines in N ⊕ O_Y . Let s: Y −→ P denote the zero section and let π_P : P −→ Y denote the projection. Let K(F , N) be the Koszul resolution of definition 5.3. We will use the notations before this definition. The following result is due to Bismut, Gillet and Soulé for the particular choice of singular Bott-Chern classes defined in [6].

Theorem 6.16. Let T be a theory of singular Bott-Chern classes of rank r_F and codimension r_N . Let Y be a complex manifold and let F and N be hermitian vector bundles of rank r_F and r_N respectively. Then the current (π_P )_∗(T (K(F , N))) is closed. Moreover the cohomology class that it represents does not depend on the metric of N and F and determines a characteristic class for pairs of vector bundles of rank r_F and r_N . We denote this class by C_T (F, N).

Documenta Mathematica 15 (2010) 73–176

122 José I. Burgos Gil and Răzvan Liţcanu

Proof. We have that

d_D(π_P )_∗(T (K(F , N)))

= (π_P )_∗(d_D T (K(F , N)))

= (π_P )_∗

�_r � k=0 (−1)^k[ch( k� Q^∨)π^∗_P ch(F )] − s_∗[Td^{−1}(N) ch(F )] �

= � (π_P )_∗[c_r(Q) Td^{−1}(Q)] − [Td^{−1}(N)] � ch(F )).

Therefore, the fact that the current (π_P )_∗(T (K(F , N))) is closed follows from corollary 3.8. The fact that this class is functorial on (Y, N, F ) is clear from the construction Thus, the fact that it does not depend on the hermitian metrics of N and F follows from proposition 1.7.

Remark 6.17. By theorem 1.8 we know that, if we restrict ourselves to the algebraic category, C_T (F, N) is given by a power series on the Chern classes with coefficients in D. By degree reasons

C_T (F, N) ∈ � p H^{2p−1}_Dan (Y, R(p)).

Let 1_1 ∈ H^1_D(∗, R(1)) be the element determined by the constant function with value 1 in D^1(∗, 1). Then C_T (F, N)/1_1 is a power series in the Chern classes of N and F with real coefficients.

7 Classification of theories of singular Bott-Chern classes

The aim of this section is to give a complete classification of the possible theories of singular Bott-Chern classes. This classification is given in terms of the characteristic class C_T introduced in the previous section.

Theorem 7.1. Let r_F and r_N be two positive integers. Let C be a characteristic class for pairs of vector bundles of rank r_F and r_N . Then there exists a unique theory T_C of singular Bott-Chern classes of rank r_F and codimension r_N such that C_{TC} = C.

Proof. We first prove the uniqueness. Assume that T is a theory of singular Bott-Chern classes such that C_T = C. Let ξ = (i: Y −→ X, N, F , E_∗) be a hermitian embedded vector bundle as in section 6. Let W be the deformation to the normal cone of Y . We will use all the notations of section 5. In particular, we will denote by p_{~X} : ~X −→ X and p_P : P −→ X the morphisms induced by restricting p_W . Recall that p_P can be factored as

P^{πP}−→ Y^i−→ X.

The normal vector bundle to the inclusion j : Y × P^1 −→ W is isomorphic to p^∗_Y N ⊗ q^∗_Y O(−1). We provide it with the hermitian metric induced by the metric of N and the Fubini-Study metric of O(−1) and we denote it by N^′.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 123

By theorem 5.4 we have a complex of hermitian vector bundles, tr_1(E_∗)_∗ such that the restriction tr_1(E_∗)_∗|_{X×{0}} is isometric to E_∗, the restriction tr_1(E_∗)_∗|_{~X} is orthogonally split and there is an exact sequence on P

0 −→ A_∗ −→ tr_1(E_∗)_∗|_P −→ K(F, N) −→ 0,

where A_∗ is split acyclic and K(F, N) is the Koszul resolution. Recall that we have trivialized N^{−1}_{∞/P1} by means of the section y of O_P1 (1). We choose a hermitian metric in every bundle of A_∗ such that it becomes orthogonally split. For each k we will denote by η_k the exact sequence of hermitian vector bundles

0 −→ A_k −→ tr_1(E_∗)_k|_P −→ K(F , N)_k −→ 0. (7.2)

Observe that the current W_1 is defined as the current associated to a locally integrable differential form. The pull-back of this form to W is also locally integrable. Therefore it defines a current on W that we also denote by W_1. Moreover, since the wave front sets of W_1 and of T (tr_1(E_∗)_∗) are disjoint, there is a well defined current W_1 • T (tr_1(E_∗)_∗). Then, using the properties of singular Bott-Chern classes in definition 6.9, the equality

0 = d_D(p_W )_∗ � W_1 • T (tr_1(E_∗)_∗) � = (p_{~X} )_∗(T (tr_1(E_∗)_∗)|_{~X} ) + (p_P )_∗(T (tr_1(E_∗)_∗)|_P ) − T (ξ)

− (p_W )_∗ � W_1 • � � k (−1)^k ch(tr_1(E_∗)_∗) − (j_∗(ch(p^∗_Y F ) Td^{−1}(N^′)) �

holds in the group � k ~D2k−1(X, k). By properties 6.9(ii) and 6.9(iii), T (tr_1(E_∗)_∗)|_{~X} = T (tr_1(E_∗)_∗|_{~X} ) = 0. By proposition 6.13 we have

T (tr_1(E_∗)_∗|_P ) = T (K(F , N)) − � k (−1)^k[ ~ch(η_k)].

Moreover, we have

(p_P )_∗(T (K(F , N))) = i_∗(π_P )_∗(T (K(F , N))) = i_∗C_T (F, N).

By the definition of N^′ and the choice of its metric, there are two differential forms a, b on Y , such that

ch(p^∗_Y F ) Td^{−1}(N^′) = p^∗_Y (a) + p^∗_Y (b) ∧ q^∗_Y (c_1(O(−1))).

We denote ω = −c_1(O(−1)). By the properties of the Fubini-Study metric, ω is invariant under the involution of P^1 that sends t to 1/t. Then

(p_W )_∗ � W_1 • (j_∗(ch(p^∗_Y F ) Td^{−1}(N^′)) � = i_∗(p_Y )_∗(W_1 • (p^∗_Y a + p^∗_Y bω)) = 0

Documenta Mathematica 15 (2010) 73–176

124 José I. Burgos Gil and Răzvan Liţcanu

because the current W_1 changes sign under the involution t −→ 1/t. Summing up, we have obtained the equation

T (ξ) = −(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_k) �

− � k (−1)^k(p_P )_∗[ ~ch(η_k)] + i_∗C_T (F, N). (7.3)

Hence the singular Bott-Chern class is characterized by the properties of definition 6.9 and the characteristic class C_T .

In order to prove the existence of a theory of singular Bott-Chern classes, we use equation (7.3) to define a class T_C (ξ) as follows.

Definition 7.4. Let C be a characteristic class for pairs of vector bundles of rank r_F and r_N as in theorem 7.1. Let ξ = (i: Y −→ X, N, F , E_∗) be as in definition 6.9. Let A_∗, tr_1(E_∗)_∗ and η_∗ be as in (7.2). Then we define

T_C (ξ) = −(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_k) �

− � k (−1)^k(p_P )_∗[ ~ch(η_k)] + i_∗C(F, N). (7.5)

We have to prove that this definition does not depend on the choice of the metric of tr_1(E_∗)_∗ or the metric of A_∗, that T_C satisfies the properties of definition 6.9 and that the characteristic class C_{TC} agrees with C.

First we prove the independence from the metrics. We denote by h_k the hermitian metric on tr_1(E_∗)_k and by g_k the hermitian metric on A_k. Let h^′_k and g^′_k be another choice of metrics satisfying also that (A_∗, g^′_∗) is orthogonally split, that (tr_1(E_∗)_k, h^′_k)|_{X×{0}} is isometric to E_k and that (tr_1(E_∗)_k, h^′_k)|_{~X} is orthogonally split. We denote by η^′_k the exact sequence η_k provided with the metrics g^′ and h^′. Then, in the group � p ~D^{2p−1}(X, p), we have � k (−1)^k(p_P )_∗[ ~ch(η_k)] − � k (−1)^k(p_P )_∗[ ~ch(η^′_k)] = � k (−1)^k(p_P )_∗ � ~ch(A_k, g_k, g^′_k) � − � k (−1)^k(p_P )_∗ � ~ch(tr_1(E_∗)_k|_P , h_k, h^′_k) � . (7.6)

Observe that the first term of the right hand side vanishes due to the hypothesis of A_∗ being orthogonally split for both metrics.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 125

Moreover, we also have,

(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_k, h_k) � −

(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_k, h^′_k) � =

(p_W )_∗ � � k (−1)^kW_1 • d_D ~ch(tr_1(E_∗)_k, h_k, h^′_k) � . (7.7)

But, in the group � p ~D2p−1(X, p),

(p_W )_∗ � � k (−1)^kW_1 • d_D ~ch(tr_1(E_∗)_k, h_k, h^′_k) � = � k (−1)^k(p_{~X} )_∗[ ~ch(tr_1(E_∗)_k, h_k, h^′_k)]|_{~X} + � k (−1)^k(p_P )_∗[ ~ch(tr_1(E_∗)_k, h_k, h^′_k)]|_P ) − � k (−1)^k[ ~ch(tr_1(E_∗)_k, h_k, h^′_k)]|_{X×{0}}. (7.8)

The last term of the right hand side vanishes because the metrics h_k and h^′_k agree when restricted to X × {0} and the first term vanishes by the hypothesis that tr_1(E_∗)_∗|_{~X} is orthogonally split with both metrics. Combining equations (7.6), (7.7) and (7.8) we obtain that the right hand side of equation (7.5) does not depend on the choice of metrics.

We next prove the property (i) of definition 6.9. We compute

d_D T_C (ξ) = − � k (−1)^k � (p_{~X} )_∗ ch(tr_1(E_∗)_k|_{~X} ) + (p_P )_∗ ch(tr_1(E_∗)_k|_P ) �

+ � k (−1)^k ch(tr_1(E_∗)_k|_{X×{0}}) − � k (−1)^k(p_P )_∗ � ch(A_k) + ch(K(F , N)_k) − ch(tr_1(E_∗)_k|_P ) � . Using that A_∗ and that tr_1(E_∗)_∗|_{~X} are orthogonally split and corollary 3.8 we obtain

d_D T_C (ξ) = � k (−1)^k ch(E_k) − � k (−1)^k(p_P )_∗ ch(K(F , N)_k) = � k (−1)^k[ch(E_k)] − (p_P )_∗[c_r(Q) Td^{−1}(Q)] = � k (−1)^k[ch(E_k)] − i_∗[ch(F ) Td^{−1}(N)].

Documenta Mathematica 15 (2010) 73–176

126 José I. Burgos Gil and Răzvan Liţcanu

We now prove the normalization property. We consider first the case when Y = ∅ and E_∗ is a non-negatively graded orthogonally split complex. We denote by K_i = Ker(d_i : E_i −→ E_{i−1})

with the induced metric. By hypothesis there are isometries

E_i = K_i ⊕ K_{i−1}.

Under these isometries, the differential is d(s, t) = (t, 0). Following the explicit construction of tr_1(E_∗) given in [20], recalled in definition 2.5, we see that

tr_1(E_∗)_i = p^∗K_i ⊗ q^∗O(i) ⊕ p^∗K_{i−1} ⊗ q^∗O(i − 1) = K_i(i) ⊕ K_{i−1}(i − 1).

Moreover, we can induce a metric on tr_1(E_∗)_∗ satisfying the hypothesis of definition 2.9 by means of the metric of the bundles K_i and the Fubini-Study metric on the bundles O(i). It is clear that the second and third terms of the right hand side of equation (7.3) are zero. For the first term we have � k (−1)^k(p_W )_∗W_1 • � ch(tr_1(E_∗)_k) �

= (p_W )_∗ � � k (−1)^kW_1 • ch(K_k(k)^⊥⊕ K_{k−1}(k − 1)) �

= (p_W )_∗ (W_1 • (a + b ∧ ω)) ,

where ω is the Fubini-Study (1, 1)-form on P^1 and a, b are inverse images of differential forms on X. Therefore we obtain that T_C (E_∗) = 0. Now let ξ = (i: Y −→ X, N, F , E_∗) and let B_∗ be a non-negatively graded orthogonally split complex of vector bundles. By [20] section 1.1, we have that W (E_∗ ⊕ B_∗) = W (E_∗) and that

tr_1(E_∗ ⊕ B_∗) = tr_1(E_∗) ⊕ π^∗ tr_1(B_∗).

In order to compute T_C (ξ), we have to consider the exact sequences of hermitian vector bundles over P

η_k : 0 −→ A_k −→ tr_1(E_∗)_k|_P −→ K(F , N)_k −→ 0,

whereas, in order to compute T_C (ξ ⊕ B_∗), we consider the sequences

η^′_k :

0 −→ A_k ⊕π^∗(tr_1(B)_k)|_P −→ tr_1(E_∗)_k ⊕π^∗(tr_1(B)_k)|_P −→ K(F , N)_k −→ 0.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 127

By the additivity of Bott-Chern classes, we have that ~ch(η_k) = ~ch(η^′_k). Therefore

T_C (ξ ⊕ B̄_∗) − T_C (ξ) = −(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗ ⊕ B_∗)_k ) �

+ (p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_k) �

= −(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(B_∗)_k) �

= 0.

The proof of the functoriality is left to the reader.

Finally we prove that C_{TC} = C. Let Y be a complex manifold and let F and N be two hermitian vector bundles. We write X = P(N ⊕ C). Let i: Y −→ X be the inclusion given by the zero section and let π_X : X −→ Y be the projection. On X we have the tautological exact sequence

0 −→ O(−1) −→ π^∗_X (N ⊕ C) −→ Q −→ 0

and the Koszul resolution, denoted K(F , N). We denote

ξ = (i: Y −→ X, N, F , K(F , N)).

Using the definition of T_C , that is, equation (7.5), and the fact that T_C satisfies the properties of definition 6.9, hence equation (7.3) is satisfied, we obtain that

i_∗C(F, N) = i_∗C_{TC} (F, N)

Applying (π_X )_∗ we obtain that C(F, N) = C_{TC} (F, N) which finishes the proof of theorem 7.1.

8 Transitivity and projection formula

We now investigate how different properties of the characteristic class C_T are reflected in the corresponding theory of singular Bott-Chern classes.

Proposition 8.1. Let i: Y → X be a closed immersion of complex manifolds. Let F be a hermitian vector bundle on Y and G a hermitian vector bundle on X. Let N denote the normal bundle to Y provided with a hermitian metric. Let E_∗ be a finite resolution of i_∗F by hermitian vector bundles. We denote ξ = (i: Y −→ X, N, F , E_∗) and ξ ⊗ G = (i: Y −→ X, N, F ⊗ i^∗G, E_∗ ⊗ G). Then

T (ξ ⊗ G) − T (ξ) • ch(G) = i_∗(C_T (F ⊗ i^∗G, N)) − i_∗(C_T (F, N)) • ch(G).

Documenta Mathematica 15 (2010) 73–176

128 José I. Burgos Gil and Răzvan Liţcanu Proof. Since the construction of tr_1(E_∗)_∗ is local on X and Y and compatible with finite sums, we have that

W (E_∗) = W (E_∗ ⊗ G), tr_1(E_∗ ⊗ G)_∗ = tr_1(E_∗)_∗ ⊗ p^∗_W G. We first compute

(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗ ⊗ G)_∗) �

= (p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_∗)p^∗_W ch(G) �

= (p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E_∗)_∗) � ch(G). (8.2)

The Koszul resolution of i_∗(F ⊗ i^∗G) is given by K(F ⊗ i^∗G, N) = K(F, N) ⊗ p^∗_P G.

For each k ≥ 0, we will denote by η_k ⊗ p^∗_P G the exact sequence 0 −→ A_k ⊗ p^∗_P G −→ tr_1(E_∗ ⊗ G)_k|_P −→ K(F , N)_k ⊗ p^∗_P G −→ 0.

Then, we have (p_P )_∗[ ~ch(η_k ⊗ p^∗_P G)] = (p_P )_∗[ ~ch(η_k) • p^∗_P ch(G)] = (p_P )_∗[ ~ch(η_k)] • ch(G) (8.3) Thus the proposition follows from equation (8.2), equation (8.3) and formula (7.3).

Definition 8.4. We will say that a theory of singular Bott-Chern classes is compatible with the projection formula if, whenever we are in the situation of proposition 8.1, the following equality holds: T (ξ ⊗ G) = T (ξ) • ch(G).

We will say that a characteristic class C (of pairs of vector bundles) is compatible with the projection formula if it satisfies C(F, N) = C(O_Y , N) • ch(F ).

Corollary 8.5. A theory of singular Bott-Chern classes T is compatible with the projection formula if and only if it is the case for the associated characteristic class C_T .

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 129

Proof. Assume that C_T is compatible with the projection formula and that we are in the situation of proposition 8.1. Then

i_∗C_T (F ⊗ i^∗G, N)) = i_∗(C_T (O_Y , N) • ch(F ⊗ i^∗G)) = i_∗(C_T (O_Y , N) • ch(F )i^∗ ch(G)) = i_∗(C_T (O_Y , N) • ch(F )) ch(G) = i_∗(C_T (F, N)) • ch(G).

Thus, by proposition 8.1, T is compatible with the projection formula. Assume that T is compatible with the projection formula. Let F and N be hermitian vector bundles over a complex manifold Y . Let s: Y → P := P(N ⊕ C) be the zero section and let π : P −→ Y be the projection. Then

C_T (F, N) = π_∗(T (K(F , N)))

= π_∗(T (K(O_Y , N) ⊗ π^∗F )) = π_∗(T (K(O_Y , N)) • π^∗ ch(F )) = π_∗(T (K(O_Y , N))) • ch(F ) = C_T (O_Y , N) • ch(F ).

We will next investigate the relationship between singular Bott-Chern classes and compositions of closed immersions. Thus, let Y � � iY /X � � � i_{Y /M} � X � � iX/M � M

be a composition of closed immersions. Assume that the normal bundles N_{Y /X} , N_{X/M} and N_{Y /M} are provided with hermitian metrics. We will denote by ε the exact sequence

ε: 0 → N_{Y /X} → N_{Y /M} → i^∗_{Y /X} N_{X/M} → 0. (8.6)

Let P_{X/M} = P(N_{X/M} ⊕ C) be the projective completion of the normal cone to X in M. Then there is an isomorphism

N_{Y /PX/M} ∼= N_{Y /X} ⊕ i^∗_{Y /X} N_{X/M} . (8.7)

We denote by N_{Y /PX/M} the vector bundle on the left hand side with the hermitian metric induced by the isomorphism (8.7).

Let F be a hermitian vector bundle over Y , let E_∗ −→ (i_{Y /X} )_∗F be a resolution by hermitian vector bundles. Let E^′_{∗,∗} be a complex of complexes of vector

Documenta Mathematica 15 (2010) 73–176

130 José I. Burgos Gil and Răzvan Liţcanu

bundles over M, such that, for each k ≥ 0, E^′_{k,∗} −→ (i_{X/M} )_∗E_k is a resolution, and there is a commutative diagram of resolutions

. . . � E^′_{k+1,∗} �

� E^′_{k,∗} � � E^′_{k−1,∗} � �

. . .

. . . � (i_{X/M} )_∗E_{k+1} � (i_{X/M} )_∗E_k � (i_{X/M} )_∗E_{k−1} � . . .

.

It follows that we have a resolution Tot(E^′_{∗,∗}) −→ (i_{Y /M} )_∗F of (i_{Y /M} )_∗F by hermitian vector bundles.

Notation 8.8. We will denote

ξ_{Y →X} = (i_{Y /X} , N_{Y /X} , F , E_∗), ξ_{Y →M} = (i_{Y /M} , N_{Y /M} , F , Tot(E^′_{∗,∗})), ξ_{X→M,k} = (i_{X/M} , N_{X/M} , E_k, E^′_{k,∗}).

We will also denote by ξ_{Y →PX/M} the hermitian embedded vector bundle � Y → P_{X/M} , N_{Y /PX/M} , F , Tot(π^∗_{PX/M} E_∗ ⊗ K(O_X , N_{X/M} )) � . Let T be a theory of singular Bott-Chern classes, and let C_T be its associated characteristic class. Our aim now is to relate T (ξ_{Y →X} ), T (ξ_{Y →M} ) and T (ξ_{X→M,k}).

Let W_X be the deformation to the normal cone of X in M. As before we denote by j_X : X × P^1 −→ W_X the inclusion.

We denote by W the deformation to the normal cone of j_X (Y × P^1) in W_X . This double deformation is represented in figure 1. There is a proper map q_W : W −→ P^1 × P^1. The fibers of q_W over the corners of P^1 × P^1 are as follows:

q^{−1}_W (0, 0) = M, q^{−1}_W (∞, 0) = ~M_X × {0} ∪ P_{X/M} , q^{−1}_W (0, ∞) = ~M_Y ∪ P_{Y /M} , q^{−1}_W (∞, ∞) = ~M_X × {∞} ∪ ~P_{X/M} ∪ P_{Y /PX/M} ,

where ~M_X and ~M_Y are the blow-up of M along X and Y respectively, P_{Y /M} = P(N_{Y /M} ⊕ C) is the projective completion of the normal cone to Y in M, P_{Y /PX/M} of the normal cone to Y in P_{X/M} and ~P_{X/M} is the blow-up of P_{X/M}

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 131

M

W_Y

P_{Y /M}

~W_X

P_{Y ×P}1

~M_X × P1

W_{Y /P}

W_X

~M_X × {∞}

~P_{X/M}

P_{Y /PX/M} W

P^1 × P^1

(0, ∞)

(0, 0) (∞, 0)

(∞, ∞)

P_{X/M}

~M_X × {0}

~M_Y

Figure 1: Double deformation

along Y . The preimages by π of the different faces of P^1 × P^1 are as follows:

q^{−1}_W (P^1 × {0}) = W_X , q^{−1}_W ({0} × P^1) = W_Y , q^{−1}_W (P^1 × {∞}) = ~W_X ∪ P_{Y ×P}1 , q^{−1}_W ({∞} × P^1) = ~M_X × P^1 ∪ W_{Y /P} ,

where W_Y is the deformation to the normal cone of Y in M, the component ~W_X is the blow-up of W_X along j_X (Y × P1), while P_{Y ×P1} = P(N_{Y ×P1/WX} ⊕ C) is the projective completion of the normal cone to j_X (Y × P^1) in W_X and W_{Y /P} is the deformation to the normal cone of Y inside P_{X/M} . All the above subvarieties will be called boundary components of W .

Documenta Mathematica 15 (2010) 73–176

132 José I. Burgos Gil and Răzvan Liţcanu

We will use the following notations for the different maps.

p_X : X × P^1 −→ X p_Y : Y × P^1 −→ Y p_{Y ×P}1 : Y × P^1 × P^1 −→ Y × P^1 p_{~MX ×P1} : ~M_X × P^1 −→ M p_{WY /P} : W_{Y /P} −→ M p_{WY} : W_Y −→ M p_{WX} : W_X −→ M p_{PY ×P1} : P_{Y ×P}1 −→ M p_{~WX} : ~W_X −→ M p_{PY /PX/M} : P_{Y /PX/M} −→ M p_{PX/M} : P_{X/M} −→ M p_{~PX/M} : ~P_{X/M} −→ M p_{PY /M} : P_{Y /M} −→ M p_W : W −→ M j_Y : Y × P^1 −→ W_Y j^′_Y : Y × P^1 −→ W_X j_{Y ×P}1 : Y × P^1 × P^1 −→ W i_{Y /PX/M} : Y −→ P_{X/M} π_{PX/M} : P_{X/M} −→ X π_{PY /M} : P_{Y /M} −→ Y π_{PY /P} : P_{Y /PX/M} −→ Y π_{PY ×P1} : P_{Y ×P}1 −→ Y × P^1 π_{~MX} : ~M_X −→ M π_{~MY} : ~M_Y −→ M

Note that the map p_{~MX ×P1} factors through the blow-up ~M_X −→ M and the map p_{~WX} factors through the blow-up ~M_Y −→ M, whereas the maps p_{WY /P} , p_{PX/M} and p_{~PX/M} factor through the inclusion X → M and the maps p_{PY ×P1} , p_{PY /M} and p_{PY /PX/M} factor through the inclusion Y → M. The normal bundle to X ×P^1 in W_X is isomorphic to p^∗_X N_{X/M} ⊗q^∗_X O(−1) and we consider on it the metric induced by the metric on N_{X/M} and the Fubini- Study metric on O(−1). We denote it by N_{X×P}1_{/WX} . The normal bundle to Y × P^1 in W_X satisfies N_{Y ×P}1_{/WX} |_{Y ×{0}} ∼= N_{Y /M} N_{Y ×P}1_{/WX} |_{Y ×{∞}} ∼= N_{Y /X} ⊕ i^∗_{Y /X} N_{X/M} .

On N_{Y ×P}1_{/WX} we choose a hermitian metric such that the above isomorphisms are isometries. Finally, on the normal bundle to Y × P^1 × P^1 in W , we define a metric using the same procedure as the definition of the metric of N_{X×P}1_{/WX} . On W_X we obtain a sequence of resolutions tr_1(E^′)_{n,∗} −→ (j_X )_∗p^∗_X E_n. They form a complex of complexes tr_1(E^′)_{∗,∗} and the associated total complex Tot(tr_1(E^′)_{∗,∗}) provides us with a resolution

Tot(tr_1(E^′)_{∗,∗})_∗ −→ (j^′_Y )_∗p^∗_Y F. (8.9)

The restriction of Tot(tr_1(E^′)_{∗,∗}) to M is Tot(E^′_{∗,∗}). The restriction of each complex tr_1(E^′)_{n,∗} to ~M_X × {0} is orthogonally split. Therefore the restriction of Tot(tr_1(E^′)) to ~M_X × {0} is the total complex of a complex of orthogonally

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 133

split complexes. So it is acyclic although not necessarily orthogonally split. The restriction of each complex tr_1(E^′)_{n,∗} to P_{X/M} fits in an exact sequence

0 −→ A_{n,∗} −→ tr_1(E^′)_{n,∗}|_{PX/M} −→ π^∗_{PX/M} E_n ⊗ K(O_X , N_{X/M} )_∗ −→ 0.

These exact sequences glue together giving a commutative diagram

Tot(A_{∗,∗})� � �

�

Tot(tr_1(E^′)_{∗,∗}|_{PX/M} ) � � �

Tot(π^∗_{PX/M} E_∗ ⊗ K(O_X , N_{X/M} )_∗)

� 0� � � (i_{Y /PX/M} )_∗F � � (i_{Y /PX/M} )_∗F

where the rows are short exact sequences. Even if the complexes (A_n)_∗ are orthogonally split, this is not necessarily the case for Tot(A_{∗,∗}). To ease the notation we will denote A_∗ = Tot(A_{∗,∗}).

Applying theorem 5.4 to the resolution (8.9), we obtain a complex of hermitian vector bundles ~E^′_∗ = tr_1(Tot(tr_1(E^′)_{∗,∗})) which is a resolution of the coherent sheaf (j_{Y ×P}1 )_∗p^∗_{Y ×P1} p^∗_Y F .

We now study the restriction of ~E^′_∗ to each of the boundary components of W .

• The restriction of ~E^′_∗ to W_X is just Tot(tr_1(E^′)) which has already been described. For each k ≥ 0, we will denote by η^1_k the short exact sequence of hermitian vector bundles on P_{X/M}

A_k

� � � Tot(tr_1(E′)_{∗,∗}|_{PX/M} )_k � � Tot(π∗_{PX/M} E ⊗ K(O_X , N_{X/M} ))_k ,

whereas, for each n, k ≥ 0 we will denote by η^1_{n,k} the short exact sequence

A_{n,k} � � � tr_1(E^′)_{n,k}|_{PX/M} � � π^∗_{PX/M} En ⊗ K(OX , N X/M )k .

• Its restriction to W_Y is tr_1(Tot(E^′)). It is a resolution of (j_Y )_∗p^∗_Y F . Its restriction to ~M_Y is orthogonally split, whereas its restriction to P_{Y /M} fits in an exact sequence

0 −→ B_∗ −→ tr_1(Tot(E^′))_∗|_{PY /M} −→ π^∗_{PY /M} F ⊗ K(O_Y , N_{Y /M} ) −→ 0.

For each k ≥ 0 we will denote by η^2_k the degree k piece of the above exact sequence.

• Its restriction to ~M_X × P^1 is an acyclic complex, such that its further restriction to ~M_X × {0} is acyclic and its restriction to ~M_X × {∞} is orthogonally split.

Documenta Mathematica 15 (2010) 73–176

134 José I. Burgos Gil and Răzvan Liţcanu

• Its restriction to W_{Y /P} fits in a short exact sequence

0 → tr_1(A_∗) → ~E^′_∗|_{WY /P} → tr_1(Tot(π^∗_{PX/M} E ⊗ K(O_X , N_{X/M} ))) → 0.

For each k ≥ 0, we will denote by μ^1_k the exact sequence of hermitian vector bundles over W_{Y /P} given by the piece of degree k of this exact sequence. The three terms of the above exact sequence become orthogonally split when restricted to ~P_{X/M} . By contrast, when restricted to P_{Y /PX/M} they fit in a commutative diagram

C^1_∗

� � �

� C^2_∗ � � � C^3 � tr_1(A)_∗|_{PY /PX/M} � � �

�

~E′_∗|_{PY /PX/M} � �

� D^2_∗ � 0� � � D^1_∗ � � D^1_∗

where the complexes C^i_∗ are orthogonally split, and

D^1_∗ = π^∗_{PY /P} F ⊗ K(O_Y , N_{Y /PX/M} ),

D^2_∗ = tr_1(Tot(π^∗_{PX/M} E ⊗ K(O_X , N_{X/M} )))|_{PY /PX/M} .

For each k ≥ 0, we will denote by η^3_k the exact sequence corresponding to the piece of degree k of the second row of the above diagram, by η^4_k that of the second column and by η^5_k that of the third column. Notice that the map in the third row is an isometry. We assume that the metric on C^1_∗ is chosen in such a way that the first column is an isometry. Since the complexes C^i_∗ are orthogonally split, by lemma 2.17 we obtain � k (−1)^k � ~ch(η^3_k ) − ~ch(η^4_k ) + ~ch(η^5_k) � = 0. (8.10)

Note that the restriction of μ^1_k to P_{X/M} agrees with η^1_k, whereas its restriction to P_{Y /PX/M} agrees with η^3_k.

• Its restriction to ~W_X is orthogonally split.

• Finally its restriction to P_{Y ×P}1 fits in an exact sequence

D_∗

� � � ~E_{′∗}|_{PY ×P1} � � π∗_{PY ×P1} p∗_{Y ×P1} F ⊗ K(O_{Y ×P1} , N_{Y ×P1/WX} ) ,

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 135

where D_∗ is orthogonally split. For each k ≥ 0 we will denote by μ^2_k the piece of degree k of this exact sequence. Note that the restriction of μ^2_k to P_{Y /M} agrees with η^2_k and the restriction of μ^2_k to P_{Y /PX/M} agrees with η^4_k.

On P^1 × P^1 we denote the two projections by p_1 and p_2. Since the currents p^∗_1W_1 and p^∗_2W_1 have disjoint wave front sets we can define the current W_2 = p^∗_1W_1 • p^∗_2W_1 ∈ D^2_D (P^1 × P^1, 2) which satisfies

d_D W_2 = (δ_{{∞}×P}1 − δ_{{0}×P}1 ) • p^∗_2W_1 − p^∗_1W_1 • (δ_P1_{×{∞}} − δ_P1_{×{0}}). (8.11)

The key point in order to study the compatibility of singular Bott-Chern classes and composition of closed immersions is that, in the group � p ~D2p−1(M, p), we have d_D(p_W )_∗ � � k (−1)^kW_2 • ch( ~E^′_k ) � = 0.

We compute this class using the equation (8.11). It can be decomposed as follows.

d_D(p_W )_∗ � � k (−1)^kW_2 • ch( ~E^′_k) � =

(p_{~MX ×P1} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k|_{~MX ×P1} ) � (a)

+ (p_{WY /P} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k |_{WY /P} ) � (b)

− (p_{WY} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k|_{WY} ) � (c)

− (p_{~WX} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k|_{~WX} ) � (d)

− (p_{PY ×P1} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k|_{PY ×P1} ) � (e)

+ (p_{WX} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k|_{WX} ) � (f) =: I_a + I_b − I_c − I_d − I_e + I_f

We compute each of the above terms.

(a) Since the restriction ~E^′|_{~MX ×{∞}} is orthogonally split, we have

I_a = −(π_{~MX} )_∗ ~ch( ~E^′|_{~MX ×{0}}).

Documenta Mathematica 15 (2010) 73–176

136 José I. Burgos Gil and Răzvan Liţcanu

But, using lemma 2.17 and the fact, for each k, the complexes tr_1(E^′)_{k,∗}|_{~MX} are orthogonally split, we obtain that I_a = 0. (b) We compute

I_b =(p_{WY /P} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k |_{WY /P} ) �

=(p_{WY /P} )_∗ � W_1 • � k (−1)^k(− d_D ~ch(μ^1_k ) + ch(tr_1(A_∗)_k)

+ ch(tr_1(Tot(π^∗_{PX/M} E ⊗ K(O_X , N_{X/M} )))_k)) �

= � k (−1)^k(−(p_{PY /PX/M} )_∗ ~ch(η^3_k) − (p_{~PX/M} )_∗ ~ch(μ^1_k|_{~PX/M} ) + (p_{PX/M} )_∗ ~ch(η^1_k ))

− ~ch(A) − (i_{X/M} )_∗(π_{PX/M} )_∗T (ξ_{Y →PX/M} ) + (i_{Y /M} )_∗C_T (F, N_{Y /PX/M} ) − � k (−1)^k(p_{PY /PX/M} ) ~ch(η^5_k ),

where ξ_{Y →PX/M} is as in notation 8.8.

By corollary 2.19 and the fact that the exact sequences A_{k,∗} are orthogonally split, the term ~ch(A) vanishes. Also by corollary 2.19 we can see that � k (−1)^k(p_{~PX/M} )_∗ ~ch(μ^1_k|_{~PX/M} )

vanishes.

Therefore we conclude

I_b = � k (−1)^k(−(p_{PY /PX/M} )_∗ ~ch(η^3_k) + (p_{PX/M} )_∗ ~ch(η^1_k)) − (p_{PY /PX/M} ) ~ch(η^5_k)

− (i_{X/M} )_∗(π_{PX/M} )_∗T (ξ_{Y →PX/M} ) + (i_{Y /M} )_∗C_T (F, N_{Y /PX/M} ).

(c) By the definition of singular Bott-Chern forms we have

I_c = −T (ξ_{Y →M} ) + (i_{Y /M} )_∗C_T (F, N_{Y /M} ) − � k (−1)^k(p_{PY /M} )_∗ ~ch(η^2_k ),

(d) Since the restriction of ~E^′_∗ to ~W_X is orthogonally split, we have I_d = 0.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 137 (e) We compute

I_e =(p_{PY ×P1} )_∗ � � k (−1)^kW_1 • ch( ~E^′_k|_{PY ×P1} ) �

=(p_{PY ×P1} )_∗ � W_1 • � k (−1)^k � − d_D ~ch(μ^2_k) + ch(D_k)

+ ch(π^∗_{PY ×P1} p^∗_Y F ⊗ K(O_{Y ×P}1 , N_{Y ×P}1_{/WX} )_k) � � . The term � (−1)^k ch(D_k) vanishes because the complex D_∗ is orthogonally split. We have � k (−1)^k(p_{PY ×P1} )_∗(W_1 • ch(π^∗_{PY ×P1} p^∗_Y F ⊗ K(O_{Y ×P}1 , N_{Y ×P}1_{/WX} )_k))

= (i_{Y /M} )_∗ ch(F )•(p_Y )_∗ � W_1 • π^∗_{PY ×P1} � k (−1)^k ch(K(O_{Y ×P}1 , N_{Y ×P}1_{/WX} )_k) �

= (i_{Y /M} )_∗ ch(F ) • (p_Y )_∗ � W_1 • Td^{−1}(N_{Y ×P}1_{/WX} ) � = (i_{Y /M} )_∗ ch(F ) • ~Td^{−1}(ε_N ), (8.12) where ε_N is the exact sequence (8.6). Therefore we obtain

I_e = − � k (−1)^k(p_{PY /PX/M} )_∗ ~ch(η^4_k ) + � k (−1)^k(p_{PY /M} )_∗ ~ch(η^2_k)

+ (i_{Y /M} )_∗ ch(F ) • ~Td^{−1}(ε_N ). (f) Finally we have

I_f = − � k (−1)^kT (ξ_{X→M,k}) + � k (−1)^k(i_{X/M} )_∗C_T (E_k, N_{X/M} ) − � k,l (−1)^{k+l}(p_{PX/M} )_∗ ~ch(η^1_{k,l}).

By corollary 2.19 we have that � m,l (−1)^{m+l}(p_{PX/M} )_∗ ~ch(η^1_{m,l}) = � k (−1)^k(p_{PX/M} )_∗ ~ch(η^1_k).

Thus

I_f = − � k (−1)^kT (ξ_{X→M,k}) + � k (−1)^k(i_{X/M} )_∗C_T (E_k, N_{X/M} ) − � k (−1)^k(p_{PX/M} )_∗ ~ch(η^1_k).

Documenta Mathematica 15 (2010) 73–176

138 José I. Burgos Gil and Răzvan Liţcanu

Summing up all the terms we have computed, and taking into account equation (8.10) and the fact that C_T (F, N_{Y /M} ) = C_T (F, N_{Y /PX/M} ) we have obtained the following partial result.

Lemma 8.13. Let i_{Y /M} = i_{X/M} ∘ i_{Y /X} be a composition of closed immersions of complex manifolds. Let T be a theory of singular Bott-Chern classes with C_T its associated characteristic class. Let ξ_{Y →M} , ξ_{X→M,k} and ξ_{Y →PX/M} be as in notation 8.8, and let ε be as in (8.6). Then, in the group � p ~D^{2p−1}(M, p), the equation

T (ξ_{Y →M} ) = � k (−1)^kT (ξ_{X→M,k}) − � k (−1)^k(i_{X/M} )_∗C_T (E_k , N_{X/M} )

+ (i_{X/M} )_∗(π_{PX/M} )_∗T (ξ_{Y →PX/M} ) + (i_{Y /M} )_∗ ch(F ) • ~Td^{−1}(ε_N ) (8.14) holds.

In order to compute the third term of the right hand side of equation (8.14) we consider the following situation

Y ×_X P_{X/M}^j � π � P_{X/M} π � Y s � i � X s � .

To ease the notation, we denote P_{X/M} by P , Y ×_X P_{X/M} by X^′ and we denote by P^′ the projective completion of the normal cone to X^′ in P and by π_P ′ : P^′ −→ X^′, π_X ′_{/Y} : X^′ −→ Y and π_P ′_{/Y} : P^′ −→ Y the projections. Observe that X and X^′ intersect transversely along Y . Moreover, N_{Y /X} ′ = i^∗_{Y /X} N_{X/M} , N_X ′_{/P} = π^∗_{X ′ /Y} N_{Y /X} and N_{Y /P} = N_{Y /X} ⊕N_{Y /X} ′ . We use these identifications to define metrics on N_{Y /X} ′ , N_X ′_{/P} and N_{Y /P} . Therefore the exact sequence

0 −→ N_{Y /X} ′ −→ N_{Y /P} −→ i^∗_{Y /X} ′ N_X ′_{/P} −→ 0 is orthogonally split.

We apply the previous lemma to the composition of closed inclusions Y → X^′ → P, the vector bundle F over Y and the resolutions π^∗F ⊗ j^∗K(O_X , N_{X/M} )_∗ −→ s_∗F π^∗E_∗ ⊗ K(O_X , N_{X/M} )_k −→ j_∗(π^∗F ⊗ j^∗K(O_X , N_{X/M} )_k).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 139 We denote by ξ_{Y →P} and ξ_X ′_{→P,k} the hermitian embedded vector bundles corresponding to the above resolutions. If i_{Y /P} ′ : Y → P^′ is the induced inclusion, we denote by ξ_{Y →P} ′ the hermitian embedded vector bundle � i_{Y /P} ′ , N_{Y /P} ′ , F , Tot(π^∗_P ′ j^∗K(O_X , N_{X/M} ) ⊗ K(O_X ′ , N_X ′_{/P} ) ⊗ (π_P ′_{/Y} )^∗F ) � . Note that the hermitian embedded vector bundle ξ_{Y →P} agrees with the hermitian embedded vector bundle denoted ξ_{Y →PX/M} in lemma 8.13. Moreover, we have that ξ_X ′_{→P,k} = π^∗ξ_{Y →X} ⊗ K(O_X , N_{X/M} )_k.

Applying lemma 8.13, we obtain

T (ξ_{Y →PX/M} ) = � k (−1)^kT (ξ_X ′_{→PX/M ,k}) − � k (−1)^kj_∗C_T (π^∗F ⊗ j^∗K(O_X , N_{X/M} )_k, N_X ′_{/P} ) + j_∗(π_P ′ )_∗T (ξ_{Y →P} ′ ) (8.15) By proposition 8.1, � k (−1)^kT (ξ_X ′_{→PX/M ,k}) = � k (−1)^kT (π^∗ξ_{Y →X} ⊗ K(O_X , N_{X/M} )_k)

= T (π^∗ξ_{Y →X} ) • � k (−1)^k ch(K(O_X , N_{X/M} )_k) + � k (−1)^kj_∗C_T (π^∗F ⊗ j^∗K(O_X , N_{X/M} )_k, N_X ′_{/P} ) − � k (−1)^kj_∗C_T (π^∗F, N_X ′_{/P} ) • ch(K(O_X , N_{X/M} )_k) (8.16)

We now want to compute the term (i_{X/M} )_∗(π_{PX/M} )_∗j_∗(π_P ′ )_∗T (ξ_{Y →P} ′ ). Observe that we can identify P^′ = P(i^∗_{Y /X} N_{X/M} ⊕ C) ×_Y P(s^∗N_X ′_{/P} ⊕ C), where s^∗N_X ′_{/P} is canonically isomorphic to N_{Y /X} . Moreover

(i_{X/M} )_∗(π_{PX/M} )_∗j_∗(π_P ′ )_∗T (ξ_{Y →P} ′ ) = (i_{Y /M} )_∗(π_P ′_{/Y} )_∗T (ξ_{Y →P} ′ ). Definition 8.17. We denote C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) = (π_P ′_{/Y} )_∗T (ξ_{Y →P} ′ ) and we define

ρ(F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) = C_T (F, N_{Y /M} ) − C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ). (8.18)

Documenta Mathematica 15 (2010) 73–176

140 José I. Burgos Gil and Răzvan Liţcanu

Lemma 8.19. The current C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) is closed and defines a characteristic class of triples of vector bundles. Therefore ρ is also a characteristic class. Moreover the class ρ does not depend on the theory of singular Bott-Chern classes T .

Proof. The fact that C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) is closed and determines a characteristic class is proved as in 6.16. The independence of ρ from to T is seen as follows. We denote by K^′_∗ the complex

Tot(π^∗_P ′ j^∗K(O_X , N_{X/M} ) ⊗ K(O_X ′ , N_X ′_{/P} )) ⊗ (π_P ′_{/Y} )^∗F .

This complex is a resolution of (i_{Y /P} ′ )_∗F Let W be the blow-up of P^′ × P^1 along Y × ∞, and let tr_1(K^′)_∗ be the deformation of complexes on W given by theorem 5.4. Just by looking at the rank of the different vector bundles we see that the restriction of tr_1(K^′)_∗ to P_{Y /P} ′ , the exceptional divisor of this blow-up, is isomorphic (although not necessarily isometric) to the Koszul complex K(F , N_{X/M} )_∗. Then, by equation (7.3)

T (ξ_{Y →P} ′ ) − (i_{Y /P} ′ )_∗C_T (F, N_{Y /M} ) =

− (p_W )_∗ � W_1 • � k (−1)^k ch(tr_1(K^′)_k) �

− � k (−1)^k(p_P )_∗ ~ch(tr_1(K^′)_k|_{PY /P ′} , K(F , N_{X/M} )_k).

Since the right hand side of this equation does not depend on the theory T , the result is proved.

Using equations (8.15), (8.16), lemma 8.19 and the projection formula, we obtain

(π_{PX/M} )_∗T (ξ_{Y →PX/M} ) = � T (ξ_{Y →X} ) − (i_{Y /X} )_∗C_T (F, N_{Y /X} ) � • (π_{PX/M} )_∗ � k (−1)^k ch(K(O_X , N_{X/M} )_k)

+ (π_{PX/M} )_∗j_∗(π_P ′ )_∗T (ξ_{Y →P} ′ ) = � T (ξ_{Y →X} ) − (i_{Y /X} )_∗C_T (F, N_{Y /X} ) � • Td^{−1}(N_{X/M} ) + (i_{Y /X} )_∗C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) = � T (ξ_{Y →X} ) − (i_{Y /X} )_∗C_T (F, N_{Y /X} ) � • Td^{−1}(N_{X/M} ) + (i_{Y /X} )_∗C_T (F, N_{Y /M} ) − ρ(F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ). (8.20)

Joining this equation and lemma 8.13 we obtain the main relationship between singular Bott-Chern classes and composition of closed immersions.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 141

Proposition 8.21. Let i_{Y /M} = i_{X/M} ∘ i_{Y /X} be a composition of closed immersions of complex manifolds. Let T be a theory of singular Bott-Chern classes with C_T its associated characteristic class. Let ξ_{Y →M} , ξ_{X→M,k} and ξ_{Y →PX/M} be as in notation 8.8 and let ε be as in (8.6). Then, in the group � p ~D^{2p−1}(M, p), we have the equation

T (ξ_{Y →M} ) = � k (−1)^kT (ξ_{X→M,k}) + (i_{X/M} )_∗(T (ξ_{Y →X} ) • Td^{−1}(N_{X/M} ))

+ (i_{Y /M} )_∗ ch(F ) • ~Td^{−1}(ε_N ) + (i_{Y /M} )_∗C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) − (i_{X/M} )_∗((i_{Y /X} )_∗C_T (F, N_{Y /X} ) • Td^{−1}(N_{X/M} )) − (i_{X/M} )_∗ � k (−1)^kC_T (E_k, N_{X/M} )

We can simplify the formula of proposition 8.21 if we assume that our theory of singular Bott-Chern classes is compatible with the projection formula. Corollary 8.22. With the hypothesis of proposition 8.21, assume furthermore that T is compatible with the projection formula. Then

T (ξ_{Y →M} ) = � k (−1)^kT (ξ_{X→M,k}) + (i_{X/M} )_∗(T (ξ_{Y →X} ) • Td^{−1}(N_{X/M} ))

+ (i_{Y /M} )_∗ ch(F ) • ~Td^{−1}(ε_N ) + (i_{Y /M} )_∗ � C^{ad}_T (F, N_{Y /X} , i^∗_{Y /X} N_{X/M} ) − C_T (F, N_{Y /X} ) • Td^{−1}(i^∗_{Y /X} N_{X/M} )) −C_T (F, i^∗_{Y /X} N_{X/M} ) • Td^{−1}(N_{Y /X} ) �

Proof. Since T is compatible with the projection formula, then C_T is also. Therefore, using the Grothendieck-Riemann-Roch theorem for closed immersions at the level of analytic Deligne cohomology classes, we have � k (−1)^kC_T (E_k,N_{X/M} ) = C_T (O_X , N_{X/M} ) • � k (−1)^k ch(E_k)

= C_T (O_X , N_{X/M} ) • (i_{Y /X} )_∗(ch(F ) • Td^{−1}(N_{Y /X} )) = (i_{Y /X} )_∗(i^∗_{Y /X} C_T (O_X , N_{X/M} ) • ch(F ) • Td^{−1}(N_{Y /X} )) = (i_{Y /X} )_∗(C_T (F, i^∗_{Y /X} N_{X/M} ) • Td^{−1}(N_{Y /X} )),

which implies the result.

Definition 8.23. Let T be a theory of singular Bott-Chern classes. We will

Documenta Mathematica 15 (2010) 73–176

142 José I. Burgos Gil and Răzvan Liţcanu say that T is transitive if the equation

T (ξ_{Y →M} ) = � k (−1)^kT (ξ_{X→M,k}) + (i_{X/M} )_∗(T (ξ_{Y →X} ) • Td^{−1}(N_{X/M} ))

+ (i_{Y /M} )_∗ ch(F ) • ~Td^{−1}(ε_N ) (8.24) holds. When equation (8.24) is satisfied for a particular choice of complex immersions and resolutions, we say that the theory T is transitive with respect to this particular choice.

We now introduce an abstract version of definition 8.17.

Definition 8.25. Given any characteristic class C of pairs of vector bundles, we will denote C^ρ(F, N_1, N_2) := C(F, N_1 ⊕ N_2) − ρ(F, N_1, N_2), where ρ is the characteristic class of definition 8.17.

Note that, when T is a theory of singular Bott-Chern classes we have C^ρ_T (F, N_1, N_2) = C^{ad}_T (F, N_1, N_2).

Definition 8.26. We will say that a characteristic class C (of pairs of vector bundles) is ρ-Todd additive (in the second variable) if it satisfies C(F, N_1 ⊕ N_2) = C(F, N_1) • Td^{−1}(N_2) + C(F, N_2) • Td^{−1}(N_1) + ρ(F, N_1, N_2) or, equivalently,

C^ρ(F, N_1, N_2) = C(F, N_1) • Td^{−1}(N_2) + C(F, N_2) • Td^{−1}(N_1). A direct consequence of corollary 8.22 is Corollary 8.27. Let T be a theory of singular Bott-Chern classes that is compatible with the projection formula. Then it is transitive if and only if the associated characteristic class C_T is ρ-Todd additive.

Since we are mainly interested in singular Bott-Chern classes that are transitive and compatible with the projection formula, we will study characteristic classes that are compatible with the projection formula and ρ-Todd-additive in the second variable. Since we want to express any characteristic class in terms of a power series we will restrict ourselves to the algebraic category. Proposition 8.28. Let C be a class that is compatible with the projection formula and ρ-Todd additive in the second variable. Then C determines a power series ϕ_C (x) given by C(O_Y , L) = ϕ_C (c_1(L)), (8.29)

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 143

for every complex algebraic manifold Y and algebraic line bundle Y . Conversely, given any power series in one variable ϕ(x), there exists a unique characteristic class for algebraic vector bundles that is compatible with the projection formula and ρ-Todd additive in the second variable such that equation (8.29) holds.

Proof. This result follows directly from the splitting principle and theorem 1.8.

Remark 8.30. The utility of corollary 8.27 and proposition 8.28 is limited by the fact that we do not know an explicit formula for the class ρ(O_Y , N_1, N_2). This class is related with the arithmetic difference between P_Y (N_1 ⊕ N_2 ⊕ C) and P_Y (N_1 ⊕ C) ×_Y P_Y (N_2 ⊕ C), the second space being simpler than the first. The main ingredients needed to compute this class are the Bott-Chern classes of the tautological exact sequence. Therefore the work of Mourougane [29] might be useful for computing this class.

Recall that an additive genus is a characteristic class for algebraic vector bundles S such that S(N_1 ⊕ N_2) = S(N_1) + S(N_2).

Let ϕ(x) =

�_∞ i=0 a_ix^i be a power series in one variable. There is a one to one correspondence between additive genus and power series characterized by the condition that S(L) = ϕ(c_1(L)), for each line bundle L.

Since the class ρ does not depend on the theory T it cancels out when considering the difference between two different theories of singular Bott-Chern classes.

Proposition 8.31. Let C_1 and C_2 be two characteristic classes for pairs of algebraic vector bundles that are compatible with the projection formula and ρ-Todd-additive in the second variable. Then there is a unique additive genus S_{12} such that

C_1(F, N) − C_2(F, N) = ch(F ) • Td(N)^{−1} • S_{12}(N). (8.32)

We can summarize the results of this section in the following theorem.

Theorem 8.33. There is a one to one correspondence between theories of singular Bott-Chern classes for complex algebraic manifolds that are transitive and compatible with the projection formula, and formal power series ϕ(x) ∈ R[[x]]. To each theory of singular Bott-Chern classes corresponds the power series ϕ such that C_T (O_Y , L) = 1_1 • ϕ(c_1(L)), (8.34)

for every complex algebraic manifold Y and every algebraic line bundle L. To each power series ϕ it corresponds a unique class C, compatible with the projection formula and ρ-Todd-additive in the second variable, characterized by equation (8.34) and a theory of singular Bott-Chern given by definition 7.4.

Documenta Mathematica 15 (2010) 73–176

144 José I. Burgos Gil and Răzvan Liţcanu

Even if we do not know the exact value of the class ρ another consequence of corollary 8.27 is that, in order to prove the transitivity of a theory of singular Bott-Chern classes it is enough to check it for a particular class of compositions.

Corollary 8.35. Let T be a theory of singular Bott-Chern classes compatible with the projection formula. Then T is transitive if and only if for any compact complex manifold Y and vector bundles N_1, N_2, the theory T is transitive with respect to the composition of inclusions

Y → P_Y (N_1 ⊕ C) → P_Y (N_1 ⊕ C) ×_Y P_Y (N_2 ⊕ C)

and the Koszul resolutions. □

We can make the previous corollary a little more explicit. Let π_1 and π_2 be the projections from P := P_Y (N_1 ⊕ C) ×_Y P_Y (N_2 ⊕ C) to P_1 := P_Y (N_1 ⊕ C) and P_2 := P_Y (N_2 ⊕ C) respectively. Let K_1 = K(O_Y , N_1) and K_2 = K(O_Y , N_2) be the Koszul resolutions in P_1 and P_2 respectively. Then,

K = π^∗_1 K_1 ⊗ π^∗_2 K_2

is a resolution of O_Y in P . Then the theory T is transitive in this case if

T (K) = π^∗_2 T (K_2) • π^∗_1 (c_{r1} (Q_1) • Td^{−1}(Q_1)) + (i_1)_∗(T (K_1) • p^∗_1 Td^{−1}(N_2)),

where r_1 is the rank of N_1, Q_1 is the tautological quotient bundle in P_1 with the induced metric, i_1 : P_1 −→ P is the inclusion and p_1 : P_1 −→ Y is the projection.

The singular Bott-Chern classes that we have defined depend on the choice of a hermitian metric on the normal bundle and behave well with respect inverse images. Nevertheless, when one is interested in covariant functorial properties and, in particular, in a composition of closed immersions, it might be interesting to consider a variant of singular Bott-Chern classes that depend on the choice of metrics on the tangent bundles to Y and X.

Notation 8.36. Let ξ = (i: Y −→ X, N, F , E_∗ → i_∗F ) be a hermitian embedded vector bundle. Let T_X and T_Y be the tangent bundles to X and Y provided with hermitian metrics. As usual we write Td(Y ) = Td(T_Y ) and Td(X) = Td(T_X ). We put

ξ_c = (i: Y −→ X, T_X , T_Y , F , E_∗ → i_∗F ).

By abuse of notation we will also say that ξ_c is a hermitian embedded vector bundle. In this situation we denote by ξ_{NY /X} the exact sequence of hermitian vector bundles

ξ_{NY /X} : 0 −→ T_Y −→ i^∗T_X −→ N_{Y /X} −→ 0.

If there is no danger of confusion we will denote N = N_{Y /X} and therefore ξ_N = ξ_{NY /X} .

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 145 Definition 8.37. Let T be a theory of singular Bott-Chern classes. Then the covariant singular Bott-Chern class associated to T is given by T_c(ξ_c) = T (ξ) + i_∗(ch(F ) • ~Td^{−1}(ξ_{NY /X} ) Td(Y )) (8.38) Proposition 8.39. The covariant singular Bott-Chern classes satisfy the following properties

(i) The class T_c(ξ_c) does not depend on the choice of the metric on N_{Y /X} . (ii) The differential equation

d_D T_c(ξ_c) = � k (−1)^k ch(E_k) − i_∗(ch(F ) • Td(Y )) • Td^{−1}(X) (8.40)

holds.

(iii) If the theory T is compatible with the projection formula, then T_c(ξ_c ⊗ G) = T_c(ξ_c) • ch(G).

(iv) If, moreover, the theory T is transitive, then, using notation 8.8 adapted to the current setting, we have T_c(ξ_{Y →M,c}) = � k (−1)^kT_c(ξ_{X→M,k,c}) + (i_{X/M} )_∗(T_c(ξ_{Y →X,c}) • Td(X)) • Td^{−1}(M). (8.41) (v) With the hypothesis of corollary 6.14, we have

T_c( � j even

ξ_{j,c}) − T_c( � j odd

ξ_{j,c}) = [ ~ch(ε)] − i_∗([ ~ch(χ) • Td(Y )]) • Td^{−1}(X). (8.42) Proof. All the statements follow from straightforward computations.

9 Homogeneous singular Bott-Chern classes In this section we will show that, by adding a natural fourth axiom to definition 6.9, we obtain a unique theory of singular Bott-Chern classes that we call homogeneous singular Bott-Chern classes, and we will compare it with the classes previously defined by Bismut, Gillet and Soulé and by Zha. In the paper [6], Bismut, Gillet and Soulé introduced a theory of singular Bott- Chern classes that is the main ingredient in their construction of direct images for closed immersions.

Strictly speaking, the construction of [6] only produces a theory of singular Bott-Chern classes in the sense of this paper when the metrics involved satisfy

Documenta Mathematica 15 (2010) 73–176

146 José I. Burgos Gil and Răzvan Liţcanu

a technical condition, called Condition (A) of Bismut. Nevertheless, there is a unique way to extend the definition of [6] from metrics satisfying Bismut’s condition (A) to general metrics in such a way that one obtains a theory of singular Bott-Chern classes in the sense of this paper.

In his thesis [32], Zha gave another definition of singular Bott-Chern classes, and he also used them to define direct images for closed immersions in Arakelov theory.

We will recall the construction of both theories of singular Bott-Chern classes and we will show that they agree with the theory of homogeneous singular Bott-Chern classes.

We warn the reader that the normalizations we use differ from the normalizations in [6] and [32]. The main difference is that we insist on using the algebro-geometric twist in cohomology, whereas in the other two papers the authors use cohomology with real coefficients.

Let r_F and r_N be two positive integers. Let Y be a complex manifold and let F and N be two hermitian vector bundles of rank r_F and r_N respectively. Let P = P(N ⊕ C) and let s be the zero section. We will follow the notations of definition 5.3. Then T (K(F , N)) satisfies the differential equation

d_D T (K(F , N)) = c_{rN} (Q) Td^{−1}(Q) ch(π^∗_P F ) − s_∗(ch(F ) Td^{−1}(N)).

Therefore, the class

~e_T (F , N) := T (K(F , N)) • Td(Q) • ch^{−1}(π^∗_P F )

satisfies the simpler equation

d_D ~e_T (F , N) = [c_{rN} (Q)] − δ_Y . (9.1)

Observe that the right hand side of this equation belongs to D^{2rN}_D (P, r_N ). Thus it seems natural to introduce the following definition.

Definition 9.2. Let T be a theory of singular Bott-Chern classes of rank r_F > 0 and codimension r_N . Then the class

~e_T (F , N) = T (K(F , N)) • Td(Q) • ch^{−1}(π^∗_P F )

is called the Euler-Green class associated to T . The class T (K(F , N)) is said to be homogeneous if

~e_T (F , N) ∈ ~D^{2rN −1}_D (P, r_N ).

A theory of singular Bott-Chern classes of rank 0 is said to be homogeneous if it agrees with the theory of Bott-Chern classes associated to the Chern character. Finally, a theory of singular Bott-Chern classes is said to be homogeneous if its restrictions to all ranks and codimensions are homogeneous.

The main interest of the above definition is the following result.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 147

Theorem 9.3. Given two positive integers r_F and r_N there exists a unique theory of homogeneous singular Bott-Chern classes of rank r_F and codimension r_N .

Proof. The proof of this result is based on the theory of Euler-Green classes. Let P = P(N ⊕ C) be as before, and let s denote the zero section of P . Let D_∞ be the subvariety of P that parametrizes the lines contained in N. Then D_∞ = P(N).

Lemma 9.4. There exists a unique class ~e(P, Q, s) ∈ D^{2rN −1}_D (P, r_N ) such that

(i) It satisfies d_D ~e(P, Q, s) = [c_{rN} (Q)] − δ_Y . (9.5)

(ii) The restriction ~e(P, Q, s)|_{D∞} = 0.

Proof. We first show the uniqueness. Assume that ~e and ~e^′ are two classes that satisfy the hypothesis of the theorem. Then ~e^′ − ~e is closed. Hence it determines a cohomology class in H^{2rN −1}_Dan (P, r_N ). Since, by theorem 1.2, the restriction H^{2rN −1}

D^{an} (P, rN ) −→ H

2r_N −1 D^{an} (D∞, rN ) (9.6)

is an isomorphism, condition (ii) implies that ~e^′ = ~e. Now we prove the existence. Since Y is the zero locus of the section s, that is transversal to the zero section of Q, we know that the currents [c_{rN} ] and δ_Y are cohomologous. Therefore there exists an element ~a ∈ ~D^{2rN −1}_D (P, r_N ) such that d_D ~a = [c_{rN} (Q)]−δ_Y . Since Q restricted to D_∞ splits as an orthogonal direct sum

Q|_{D∞} = S ⊕ C (9.7)

where the metric on the factor C is trivial, and the section s restricts to the constant section 1, we obtain that ([c_{rN} (Q)] − δ_Y )|_{D∞} = 0. Therefore ~a determines a class in H^{2rN −1}_Dan (P, r_N ). Using again that (9.6) is an isomorphism, we find an element ~b ∈ H^{2rN −1}_Dan (P, r_N ), such that ~e = ~a −~b satisfies the conditions of the lemma.

We continue with the proof of theorem 9.3. We first prove the uniqueness. Let T be a theory of homogeneous singular Bott-Chern classes. The splitting (9.7) implies easily that the restriction of the Koszul resolution K(F , N) to D_∞ is orthogonally split. By the functoriality of singular Bott-Chern classes, T (K(F , N))|_{D∞} = 0. Thus the class

~e_T (F , N) := T (K(F , N)) • Td(Q) • ch^{−1}(π^∗_P F ) ∈ ~D^{2rN −1}_D (P, r_N )

satisfies the two conditions of lemma 9.4. Therefore ~e_T (F , N) = ~e(P, Q, s) and

T (K(F , N)) = ~e(P, Q, s) • Td^{−1}(Q) • ch(π^∗_P F ), (9.8)

Documenta Mathematica 15 (2010) 73–176

148 José I. Burgos Gil and Răzvan Liţcanu

where the right hand side does not depend on the theory T . In consequence we have that C_T (F, N) = (π_P )_∗T (K(F , N)) (9.9) does not depend on the theory T . Thus by the uniqueness in theorem 7.1 we obtain the uniqueness here. For the existence we observe Lemma 9.10. The current C(F, N) = (π_P )_∗(~e(P, Q, s) • Td^{−1}(Q)) • ch(F ) is a characteristic class for pairs of vector bundles of rank r_F and r_N . Proof. We first compute, using equation (9.5) and corollary 3.8, d_D C(F, N) = (π_P )_∗ � d_D ~e(P, Q, s) • Td^{−1}(Q) � • ch(F ) = (π_P )_∗ � ([c_{rN} (Q)] − δ_Y ) • Td^{−1}(Q) � • ch(F ) = (π_P )_∗ � c_{rN} (Q) • Td^{−1}(Q) � • ch(F ) − Td^{−1}(N) • ch(F ) = 0.

Thus C(F, N) determines a cohomology class. This class is functorial by construction. By proposition 1.7 this class does not depend on the metric and defines a characteristic class.

By the existence in theorem 7.1 we obtain a theory of singular Bott-Chern classes T_C that is easily seen to be homogeneous. A reformulation of theorem 9.3 is Theorem 9.11. There exists a unique way to associate to each hermitian embedded vector bundle ξ = (i: Y −→ X, N, F , E_∗) a class of currents

T^h(ξ) ∈ � p ~D^{2p−1}_D (X, N^∗_{Y,0}, p)

that we call homogeneous singular Bott-Chern class, satisfying the following properties

(i) (Differential equation) The equality

d_D T^h(ξ) = � i (−1)^i[ch(E_i)] − i_∗([Td^{−1}(N) ch(F )]) (9.12)

holds.

(ii) (Functoriality) For every morphism f : X^′ −→ X of complex manifolds that is transverse to Y , f^∗T^h(ξ) = T^h(f^∗ξ).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 149

(iii) (Normalization) Let A = (A_∗, g_∗) be a non-negatively graded orthogonally split complex of vector bundles. Write ξ ⊕ A = (i: Y −→ X, N, F , E_∗ ⊕ A_∗). Then T^h(ξ) = T^h(ξ ⊕ A). Moreover, if X = Spec C is one point, Y = ∅ and E_∗ = 0, then T^h(ξ) = 0.

(iv) (Homogeneity) If r_F = rk(F ) > 0 and r_N = rk(N) > 0, then, with the notations of definition 9.2,

T^h(K(F , N)) • Td(Q) • ch^{−1}(π^∗_P F ) ∈ ~D^{2rN −1}_D (P, r_N ). □ The class ~e(P, Q, s) of lemma 9.4 is a particular case of the Euler-Green classes introduced by Bismut, Gillet and Soulé in [6]. The basic properties of the Euler-Green classes are summarized in the following results. Proposition 9.13. Let X be a complex manifold, let E be a hermitian holomorphic vector bundle of rank r and let s be a holomorphic section of E that is transverse to the zero section. Denote by Y the zero locus of s. There is a unique way to assign to each (X, E, s) as before a class of currents

~e(X, E, s) ∈ ~D^{2r−1}_D (X, N^∗_{Y,0}, r) satisfying the following properties

(i) (Differential equation) d_D ~e(X, E, s) = c_r(E) − δ_Y . (9.14)

(ii) (Functoriality) If f : X^′ −→ X is a morphism transverse to Y then ~e(X^′, f^∗E, f^∗s) = f^∗~e(X, E, s). (9.15)

(iii) (Multiplicativity) Let E_1 and E_2 be hermitian holomorphic vector bundles, and let s_1 and s_2 be holomorphic sections of E_1 and E_2 respectively that are transverse to the zero section and with zero locus Y_1 and Y_2. We write E = E_1 ⊕ E_2 and s = s_1 ⊕ s_2. Assume that s is transverse to the zero section; hence Y_1 and Y_2 meet transversely. With this hypothesis we have

~e(X, E, s) = ~e(X, E_1, s_1) ∧ c_{r2} (E_2) + δ_{Y1} ∧ ~e(X, E_2, s_2) = ~e(X, E_1, s_1) ∧ δ_{Y2} + c_{r1} (E_1) ∧ ~e(X, E_2, s_2).

(iv) (Line bundles) If L is a hermitian line bundle and s is a section of L, then ~e(X, L, s) = − log ‖s‖. (9.16)

Documenta Mathematica 15 (2010) 73–176

150 José I. Burgos Gil and Răzvan Liţcanu

Proof. Bismut, Gillet and Soulé prove the existence by constructing explicitly an Euler-Green current in the total space of E and pulling it back to X by the section s. For the uniqueness, first we see that properties (i) and (ii) imply that, if h_0 and h_1 are two hermitian metrics in E, then

~e(X, (E, h_0), s) − ~e(X, (E, h_1), s) = ~c_r(E, h_0, h_1). (9.17)

We now consider π : P = P(E ⊕C) −→ X, with the tautological exact sequence

0 −→ O(−1) −→ π^∗E ⊕ C −→ Q −→ 0

On Q we consider the metric induced by the metric of E and the trivial metric on the factor C, and let s_Q the section of Q induced by the section 1 of C. Let D_∞ be as in lemma 9.4. Then properties (ii) to (iv) imply that ~e(P, Q, s_Q)|_{D∞} = 0. Hence by lemma 9.4 ~e is uniquely determined. Finally, let f : X −→ P be the map given by x −→ (s(x) : −1). Then f^∗Q ∼= E, although they are not necessarily isometric, and f^∗s_Q = s. Therefore, the functoriality and equation (9.17) determine ~e(X, E, s).

To prove the existence, we use lemma 9.4, functoriality and equation (9.17) to define the Euler-Green classes. It is easy to show that they are well defined and satisfy properties (i) to (iv).

Equation (9.8) relating homogeneous singular Bott-Chern classes and Euler- Green classes in a particular case can be generalized to arbitrary vector bundles.

Proposition 9.18. Let X be a complex manifold, E a hermitian vector bundle over X, s a section of E transversal to the zero section and i: Y −→ X the zero locus of s. Let K(E) be the Koszul resolution of i_∗O_Y determined by E and s. We can identify N_{Y /X} with i^∗E. We denote by N_{Y /X} the vector bundle with the metric induced by the above identification. Then

T^h(i, O_Y , N_{Y /X} , K(E)) = ~e(X, E, s) • Td^{−1}(E).

Proof. Let P = P(E ⊕ C). We follow the notation of proposition 9.13. We denote by h_0 the original metric of E and by h_1 the metric induced by the isomorphism E ∼= f^∗Q. Observe that h_0 and h_1 agree when restricted to Y , because the preimage of Q by the zero section agrees with E. Hence there is an isometry N_{Y /X} ∼= i^∗f^∗Q. We denote T^h(K(E)) = T^h(i, O_Y , N_{Y /X} , K(E)).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 151 Then we have T^h(K(E)) = f^∗T^h(K(O_X , E)) + � i (−1)^i ~ch( i� E^∨, h_0, h_1) = f^∗(~e(P, Q, s_Q) • Td^{−1}(Q)) + ~c_r(E, h_0, h_1) • Td^{−1}(E, h_1) + c_r(E, h_0) • ~Td^{−1}(E, h_0, h_1) = ~e(X, E, s) • Td^{−1}(E, h_1) − ~c_r(E, h_0, h_1) • Td^{−1}(E, h_1) + ~c_r(E, h_0, h_1) • Td^{−1}(E, h_1) + c_r(E, h_0) • ~Td^{−1}(E, h_0, h_1) = ~e(X, E, s) • Td^{−1}(E, h_0) − ~e(X, E, s) • d_D ~Td^{−1}(E, h_0, h_1) + c_r(E, h_0) • ~Td^{−1}(E, h_0, h_1) = ~e(X, E, s) • Td^{−1}(E, h_0) − d_D ~e(X, E, s) • ~Td^{−1}(E, h_0, h_1) + c_r(E, h_0) • ~Td^{−1}(E, h_0, h_1) = ~e(X, E, s) • Td^{−1}(E, h_0) + i_∗~Td^{−1}(E, h_0, h_1)|_Y = ~e(X, E, s) • Td^{−1}(E), which concludes the proof.

Theorem 9.19. The theory of homogeneous singular Bott-Chern classes is compatible with the projection formula and transitive. Proof. We have C_T h (F, N) = (π_P )_∗T^h(K(F , N)) = (π_P )_∗(~e(P, Q, s) • Td^{−1}(Q) • ch(π^∗_P F )) = (π_P )_∗(~e(P, Q, s) • Td^{−1}(Q)) • ch(F ) = C_T h (O_Y , N) • ch(F ).

Thus C_T h is compatible with the projection formula.

We now prove the transitivity. Let Y , N_1 and N_2 be as in corollary 8.35. We follow the notation after this corollary. Then applying proposition 9.18 we obtain

T^h(K) = ~e(P, π^∗_1 Q_1 ⊕ π^∗_2 Q_2, s_1 + s_2) • Td^{−1}(π^∗_1 Q_1 ⊕ π^∗_2 Q_2), (9.20) where s_i denote the tautological section of Q_i or its preimage by π_i. Then, by proposition 9.13 (iii), taking into account that Y_1 = P_2, T^h(K) = π^∗_1 (c_{r1} (Q_1) Td^{−1}(Q_1)) • π^∗_2 (~e(P_2, Q_2, s_2) Td^{−1}(Q_2)) + (i_1)_∗(~e(P_1, Q_1, s_1) Td^{−1}(Q_1) • p^∗_1 Td^{−1}(N_2)). (9.21)

Documenta Mathematica 15 (2010) 73–176

152 José I. Burgos Gil and Răzvan Liţcanu

Applying again proposition 9.18 we obtain

T^h(K) = π^∗_1 (c_{r1} (Q_1) Td^{−1}(Q_1)) • π^∗_2 (T^h(K_2)) + (i_1)_∗(T^h(K_1) • p^∗_1 Td^{−1}(N_2)). (9.22) Thus, by corollary 8.35 the theory of homogeneous singular Bott-Chern classes is transitive.

We next recall the construction of singular Bott-Chern classes of Bismut, Gillet and Soulé. Let i: Y −→ X be a closed immersion of complex manifolds and let ξ = (i, N, F , E_∗) be a hermitian embedded vector bundle. We consider the associated complex of sheaves

0 → E_n^v→ . . .^v→ E_0 → 0,

where we denote by v the differential of this complex.

This complex is exact for all x ∈ X \ Y . The cohomology sheaves of this complex are holomorphic vector bundles on Y which we denote by

H_n = H_n(E_∗|_Y ), H = � n H_n.

For each x ∈ Y and U ∈ T_xX we denote by ∂_U v(x) the derivative of the map v calculated in any holomorphic trivialization of E near x. Then ∂_U v(x) acts on H_x. Moreover, this action only depends on the class y of U in N_x. We denote it by ∂_yv(x). Moreover (∂_yv(x))^2 = 0; therefore the pull-back of H to the total space of N together with ∂_yv is a complex that we denote by (H, ∂_y v). On the total space of N, the interior multiplication by y ∈ N turns � N^∨ into a Koszul complex. By abuse of notation we denote also by ι_y the operator ι_y ⊗ 1 acting on � N^∨ ⊗ F . There is a canonical isomorphism between the complexes (H, ∂_yv) and ( � N^∨ ⊗ F, ι_y). An explicit description of this isomorphism can be found in [3] §1.

Let v^∗ be the adjoint of the operator v with respect to the metrics of E_∗. Then we have an identification of vector bundles over Y

H_k = {f ∈ E_k | vf = v^∗f = 0}.

This identification induces a hermitian metric on H_k, and hence on H. Note that the metrics on N and F also induce a hermitian metric on � N^∨ ⊗ F .

Definition 9.23. We say that ξ = (i, N, F , E_∗) satisfies Bismut assumption (A) if the canonical isomorphism between (H, ∂_yv) and ( � N^∨ ⊗ F, ι_y ) is an isometry.

Proposition 9.24. Let ξ = (i, N, F , E_∗) be as before, with N = (N, h_N ) and F = (F, h_F ). Then there exist metrics h^′_{Ek} over E_k such that the hermitian embedded vector bundle ξ^′ = (i, N, F , (E_∗, h^′_{E∗} )) satisfies Bismut assumption (A).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 153

Proof. This is [3] proposition 1.6.

Let ∇^E be the canonical hermitian holomorphic connection on E and let V = v + v^∗. Then A_u = ∇^E + √ uV is a superconnection on E.

Let ∇^H be the canonical hermitian connection on H. Then

B = ∇^H + ∂_yv + (∂_yv)^∗

is a superconnection on H.

Let N_H be the number operator on the complex (E, v), that is, N_H acts on E_k by multiplication by k, and let Tr_s denote the supertrace. Recall that here we are using the symbol [ ] to denote the current associated to a locally integrable differential form and the symbol δ_Y to denote the current integration along a subvariety, both with the normalizations of notation 1.3. For 0 < Re(s) ≤ 1/2 let ζ_E (s) be the current on X given by the formula

ζ_E (s) = 1 Γ(s)

�_∞ 0 u^{s−1} � � Tr_s � N_H exp(−A^2_u) �

− i_∗ � N Tr_s � N_H exp(−B^2) � � d u. (9.25)

This current is well defined and extends to a current that depends holomorphically on s near 0.

Definition 9.26. Assume that ξ = (i, N, F , E_∗) satisfies Bismut assumption (A). Then we denote

T^{BGS}(ξ) = − 1 2 ζ^′_E (0).

By abuse of notation we will denote also by T^{BGS}(ξ) its class in ~�_p ~D^{2p−1}_D (X, p).

Let now ξ = (i, N, F , (E_∗, h_{E∗} )) be general and let ξ^′ = (i, N, F , (E_∗, h^′_{E∗} )) be any hermitian embedded vector bundle satisfying assumption (A) provided by proposition 9.24. Then we denote

T^{BGS}(ξ) = T^{BGS}(ξ^′) + � i (−1)^i ~ch(E_i, h_{Ei} , h^′_{Ei} ),

where ~ch(E_i, h_{Ei} , h^′_{Ei} ) is as in definition 2.13.

Remark 9.27. This definition only agrees (up to a normalization factor) with the definition in [6] for hermitian embedded vector bundles that satisfy assumption (A).

Documenta Mathematica 15 (2010) 73–176

154 José I. Burgos Gil and Răzvan Liţcanu

Theorem 9.28. The assignment that, to each hermitian embedded vector bundle ξ, associates the current T^{BGS}(ξ), is a theory of singular Bott-Chern classes that agrees with T^h.

Proof. First we have to show that, when ξ does not satisfy assumption (A) then T^{BGS}(ξ) is well defined. Assume that ξ^{′′} = (i, N, F , (E_∗, h^′_{E∗} )) is another choice of hermitian embedded vector bundle satisfying assumption (A). By lemma 2.17 we have that

~ch(E_i, h_i, h^′_i) + ~ch(E_i, h^′_i, h^{′′}_i ) + ~ch(E_i, h^{′′}_i , h_i) = 0.

By [6] theorem 2.5 we have that

T^{BGS}(ξ^′) − T^{BGS}(ξ^{′′}) = � i (−1)^i ~ch(E_i, h^′_{Ei} , h^{′′}_{Ei} ).

Summing up we obtain that T^{BGS}(ξ) is well defined.

If the hermitian embedded vector bundle ξ satisfies Bismut assumption (A) then, by [6] theorem 1.9, T^{BGS}(ξ) satisfies equation (6.10). If ξ does not satisfy assumption (A) then, combining [6] theorem 1.9 and equation (2.4), we also obtain that T^{BGS}(ξ) satisfies equation (6.10). The functoriality property is [6] theorem 1.10.

In order to prove the normalization property, let ξ = (i: Y −→ X, N, F , E_∗) be a hermitian embedded vector bundle that satisfies assumption (A) and let A be a non-negatively graded orthogonally split complex of vector bundles on X. Observe that A is also a (trivial) hermitian embedded vector bundle. Then A and ξ ⊕ A also satisfy assumption (A). By [6] theorem 2.9

T^{BGS}(ξ ⊕ A) = T^{BGS}(ξ) + T^{BGS}(A).

But by [5] remark 2.3, T^{BGS}(A) agrees with the Bott-Chern class associated to the Chern character and the exact complex A. Since A is orthogonally split we have T^{BGS}(A) = 0. Now the case when ξ does not satisfy assumption (A) follows from the definition.

By [6] theorem 3.17, with the hypothesis of proposition 9.18, we have that

T^{BGS}(i, O_Y , N_{Y /X} , K(E)) = ~e(X, E, s) • Td^{−1}(E)

= T^h(i, O_Y , N_{Y /X} , K(E)).

From this it follows that C_T BGS = C_T h and by theorem 7.1, T^{BGS} = T^h.

We now recall Zha’s construction. Note that, in order to obtain a theory of singular Bott-Chern classes, we have changed the normalization convention from the one used by Zha. Note also that Zha does not define explicitly a singular Bott-Chern class, but such a definition is implicit in his definition of direct images for closed immersions. Let Y be a complex manifold and let N = (N, h) be a hermitian vector bundle. We denote P = P(N ⊕ C). Let

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 155

π : P −→ Y denote the projection and let ι: Y −→ P denote the inclusion as the zero section. On P we consider the tautological exact sequence

0 −→ O(−1) −→ π^∗N ⊕ O_P −→ Q −→ 0.

Let h_1 denote the hermitian metric on Q^∨ induced by the metric of N and the trivial metric on O_P and let h_0 denote the semi-definite hermitian form on Q^∨ induced by the map Q^∨ −→ O_P obtained from the above exact sequence and the trivial metric on O_P . Let h_t = (1 − t^2)h_0 + t^2h_1. It is a hermitian metric on Q^∨. We will denote Q^∨_t = (Q^∨, h_t). Let ∇_t be the associated hermitian holomorphic connection and let N_t denote the endomorphism defined by d d t ⟨v, w⟩_t = ⟨N_tv, w⟩ .

For each n ≥ 1, let Det denote the alternate n-linear form on the space of n by n matrices such that det(A) = Det(A, . . . , A).

We denote det(B; A) = Det(B, A, . . . , A). Zha introduced the differential form

~e_Z (Q^∨) = −1 2 lim_{s→0}

�_1 s det(N_t, ∇^2_t ) d t (9.29)

which is a smooth form on P \ ι(Y ), locally integrable on P . Hence it defines a current, also denoted by ~e_Z (Q^∨) on P . The important property of this current is that it satisfies d_D e_Z (Q^∨) = c_n(Q_1) − δ_Y . (9.30) In [32], Zha denotes by C(Q^∨) a form that differs from ~e_Z by the normalization factor and the sign. We denote it by ~e_Z because it agrees with the Euler-Green current introduced in [6]. Proposition 9.31. The equality

~e_Z (Q^∨) = ~e(P, Q_1, s_Q)

holds.

Proof. With the notations of lemma 9.4, both classes satisfy equation (9.30) and their restriction to D_∞ is zero. By lemma 9.4 they agree.

Definition 9.32. Let ξ = (i: Y −→ X, N, F , E_∗) be as in definition 6.9. Let A_∗, tr_1(E)_∗ and η_∗ be as in (7.2). Then we define

T^Z (ξ) = −(p_W )_∗ � � k (−1)^kW_1 • ch(tr_1(E)_k) �

− � k (−1)^k(p_P )_∗[ ~ch(η_k)] + (p_P )_∗(ch(π^∗_p F ) Td^{−1}(Q_1)~e_Z (Q^∨_1 )). (9.33)

Documenta Mathematica 15 (2010) 73–176

156 José I. Burgos Gil and Răzvan Liţcanu

It follows directly from the definition that T^Z is the theory of singular Bott- Chern classes associated to the class

C_Z (F, N) = (p_P )_∗(ch(π^∗_p F ) Td^{−1}(Q_1)~e_Z (Q^∨_1 )). (9.34)

Theorem 9.35. The theory of singular Bott-Chern classes T^Z agrees with the theory of homogeneous singular Bott-Chern classes T^h.

Proof. The result follows directly from theorem 7.1, equation (9.34) and proposition 9.18.

Next we want to use 8.33 to give another characterization of T^h. To this end we only need to compute the characteristic class C_T h (O_Y , L) for a line bundle L as a power series in c_1(L).

Theorem 9.36. The theory of homogeneous singular Bott-Chern classes of algebraic vector bundles is the unique theory of singular Bott-Chern classes of algebraic vector bundles that is compatible with the projection formula and transitive and that satisfies

C_T h (O_Y , L) = 1_1 • ϕ(c_1(L)),

where ϕ is the power series

ϕ(x) = 1 2 ∞� n=0 (−1)^{n+1}H_{n+1} (n + 2)!

x^n,

and where H_n = 1 +^1_2 +^1_3 + · · · +^1_n , n ≥ 1 are the harmonic numbers.

We already know that T^h is compatible with the projection formula and transitive. Thus it only remains to compute the power series ϕ. Let L = (L, h_L) be a hermitian line bundle over a complex manifold Y . Let z be a system of holomorphic coordinates of Y . Let e be a local section of L and let h(z) = h(e_z, e_z). Let P = P(L ⊕ C), with π : P −→ Y the projection and ι: Y −→ P the zero section. We choose homogeneous coordinates on P given by (z, (x : y)), here (x : y) represents the line of L_z ⊕ C generated by xe(z) + y1, where 1 is a generator of C of norm 1. On the open set y ≠ 0 we will use the absolute coordinate t = x/y. Let

0 −→ O(−1) −→ π^∗(L ⊕ C) −→ Q −→ 0

be the tautological exact sequence. The section s = {1} is a global section of Q that vanishes along the zero section. Moreover we have

‖s‖^2_{(z,(x:y))} = xx̄h(z) yȳ + xx̄h(z) = tt̄h 1 + tt̄h . Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 157

Then (recall that we are using the algebro-geometric normalization)

c_1(Q) = ∂ ¯∂ log ‖s‖^2 (9.37)

= ∂ ¯∂ log tt̄h 1 + tt̄h

(9.38) = ∂ � 1 + tt̄h

tt̄h t ¯∂(t̄h)(1 + tt̄h) − t^2t̄h ¯∂(t̄h) (1 + tt̄h)^2 � (9.39) = ∂ � t ¯∂(t̄h) tt̄h(1 + tt̄h) � (9.40) = ∂ �¯ ∂(t̄h) t̄h � 1 1 + tt̄h − t̄∂(ht) ∧ ¯∂(t̄h) t̄h(1 + tt̄h)2 (9.41) = π^∗c_1(L) 1 + tt̄h − ∂(th) ∧ ¯∂(t̄h) h(1 + tt̄h)^2

. (9.42)

We now consider the Koszul resolution

K : 0 −→ Q^{∨ s}−→ O_p −→ ι_∗O_X −→ 0.

We denote by T^h(K) the singular Bott-Chern class associated to this Koszul complex. Then, by proposition 9.13 and proposition 9.18,

T^h(K) = − 1 2 Td^{−1}(Q) log ‖s‖^2.

In order to compute π_∗T^h(K) we have to compute first π_∗c_1(Q)^n log ‖s‖^2. But

c_1(Q)^n = π^∗c_1(L)^n (1 + tt̄h)^n − n � π^∗c_1(L) (1 + tt̄h)

�n−1

∂(th) ∧ ¯∂(t̄h) h(1 + tt̄h)^2 . Therefore

π_∗c_1(Q)^n log ‖s‖^2 = −nc_1(L)^{n−1} 1 2πi � P^1

∂(th) ∧ ¯∂(t̄h) h(1 + tt̄h)^{n+1} log tt̄h 1 + tt̄h

= −nc_1(L)^{n−1} 1 2πi �_{2π} 0 �_∞ 0 log r^2 1 + r^2

−2ir d θ d r (1 + r^2)^{n+1}

= nc_1(L)^{n−1}

�_1 0 log(1 − w)w^{n−1} d w

= −c_1(L)^{n−1}H_n,

where H_n, n ≥ 1 are the harmonic numbers. Since

T d^{−1}(Q) =

1 − exp(−c_1(Q)) c_1(Q) = ∞� n=0 (−1)^n (n + 1)!

c_1(Q)^n,

Documenta Mathematica 15 (2010) 73–176

158 José I. Burgos Gil and Răzvan Liţcanu

we obtain

C_T h (O_Y , L) = π_∗T^h(K) = 1 2 ∞� n=0 (−1)^{n+1}H_{n+1} (n + 2)!

c_1(L)^n1_1.

Then, a reformulation of proposition 8.31 is

Corollary 9.43. Let T be a theory of singular Bott-Chern classes for algebraic vector bundles that is compatible with the projection formula and transitive. Then there is a unique additive genus S_T such that

C_T (F, N) − C_T h (F, N) = ch(F ) • Td(N)^{−1} • S_T (N). (9.44)

Conversely, any additive genus determines a theory of singular Bott-Chern classes by the formula (9.44).

10 The arithmetic Riemann-Roch theorem for regular closed immersions

In this section we recall the definition of arithmetic Chow groups and arithmetic K-groups. We see that each choice of an additive theory of singular Bott-Chern classes allows us to define direct images for closed immersions in arithmetic Ktheory. Once the direct images for closed immersions are defined, we prove the arithmetic Grothendieck-Riemann-Roch theorem for closed immersions. A version of this theorem was proved earlier by Bismut, Gillet and Soulé [6] when there is a commutative diagram

Y^i � f � � � � X g � Z

,

where i is a closed immersion and f and g are smooth over C. The version of this theorem given in this paper is due to Zha [32], but still unpublished. The theorem of Bismut, Gillet and Soulé compares g_∗ ^ch(i_∗E) with f_∗ ^ch(E), whereas the theorem of Zha compares directly ^ch(i_∗E) with i_∗ ^ch(E). The main difference between the theorem of Bismut, Gillet and Soulé and that of Zha is the kind of arithmetic Chow groups they use. In the first case these groups are only covariant for proper morphisms that are smooth over C; thus the Grothendieck-Riemann-Roch can only be stated for a diagram as above, while in the second case a version of these groups that are covariant for arbitrary proper morphisms is used.

Since each choice of a theory of singular Bott-Chern classes gives rise to a different definition of direct images for closed immersions, the arithmetic Grothendieck-Riemann-Roch theorem will have a correction term that depends on the theory of singular Bott-Chern classes used. In the particular case of the

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 159

homogeneous singular Bott-Chern classes, which are the theories used by Bismut, Gillet and Soulé and by Zha, this correction term vanishes and we obtain the simplest formula. In this case the arithmetic Grothendieck-Riemann-Roch theorem is formally identical to the classical one.

Let (A, Σ, F_∞) be an arithmetic ring [18]. Since we will allow the arithmetic varieties to be non regular and we will use Chow groups indexed by dimension, following [20] we will assume that the ring A is equidimensional and Jacobson. Let F be the field of fractions of A. An arithmetic variety X is a scheme flat and quasi-projective over A such that X_F = X × Spec F is smooth. Then X := X_Σ is a complex algebraic manifold, which is endowed with an anti-holomorphic automorphism F_∞. One also associates to X the real variety X_R = (X, F_∞). Following [13], to each regular arithmetic variety we can associate different kinds of arithmetic Chow groups. Concerning arithmetic Chow groups, we shall use the terminology and notation in op. cit. §4 and §6. Let D_{log} be the Deligne complex of sheaves defined in [13] section 5.3; we refer to op. cit. for the precise definition and properties. A D_{log}-arithmetic variety is a pair (X , C) consisting of an arithmetic variety X and a complex of sheaves C on X_R which is a D_{log}-complex (see op. cit. section 3.1). We are interested in the following D_{log}-complexes of sheaves:

(i) The Deligne complex D_{l,a,X} of differential forms on X with logarithmic and arbitrary singularities. That is, for every Zariski open subset U of X, we write E^∗_{l,a,X} (U) = lim_{−→} U Γ(U, E^∗_U (log B)),

where the limit is taken over all diagrams

U^ι � ι � � � � � U β � X such that ι is an open immersion, β is a proper morphism, B = U \ U, is a normal crossing divisor and E^∗_U (log B) denotes the sheaf of smooth differential forms on U with logarithmic singularities along B introduced in [8] .

For any Zariski open subset U ⊆ X, we put

D^∗_{l,a,X} (U, p) = (D^∗_{l,a,X} (U, p), d_D) = (D^∗(E_{l,a,X} (U), p), d_D).

If U is now a Zariski open subset of X_R, then we write

D^∗_{l,a,X} (U, p) = (D^∗_{l,a,X} (U, p), d_D) = (D^∗_{l,a,X} (U_C, p)^σ, d_D),

where σ is the involution σ(η) = F^∗_∞η as in [13] notation 5.65.

Documenta Mathematica 15 (2010) 73–176

160 José I. Burgos Gil and Răzvan Liţcanu

Note that the sections of D^∗_{l,a,X} over an open set U ⊂ X are differential forms on U with logarithmic singularities along X \ U and arbitrary singularities along X \ X, where X is an arbitrary compactification of X. Therefore the complex of global sections satisfy D^∗_{l,a,X} (X, ∗) = D^∗(X, ∗), where the right hand side complex has been introduced in section §1. The complex D^∗_{l,a,X} is a particular case of the construction of [12] section 3.6.

(ii) The Deligne complex D_{cur,X} of currents on X. This is the complex introduced in [13] definition 6.30.

When X is regular, applying the theory of [13] we can define the arithmetic Chow groups �CH^∗(X , D_{l,a,X} ) and �CH^∗(X , D_{cur,X} ). These groups satisfy the following properties

(i) There are natural morphisms �CH^∗(X , D_{l,a,X} ) −→ �CH^∗(X , D_{cur,X} ) and, when applicable, all properties below will be compatible with these morphisms.

(ii) There is a product structure that turns �CH^∗(X , D_{l,a,X} )_Q into an associative and commutative algebra. Moreover, it turns �CH^∗(X , D_{cur,X} )_Q into a �CH^∗(X , D_{l,a,X} )_Q-module.

(iii) If f : Y −→ X is a map of regular arithmetic varieties, there are pull-back morphisms f^∗ : �CH^∗(X , D_{l,a,X} ) −→ �CH^∗(Y, D_{l,a,Y} ).

If moreover, f is smooth over F , there are pull-back morphisms f^∗ : �CH^∗(X , D_{cur,X} ) −→ �CH^∗(Y, D_{cur,Y} ).

The inverse image is compatible with the product structure. (iv) If f : Y −→ X is a proper map of regular arithmetic varieties of relative dimension d, there are push-forward morphisms f_∗ : �CH^∗(Y, D_{cur,Y} ) −→ �CH^{∗−d}(X , D_{cur,X} ).

If moreover, f is smooth over F , there are push-forward morphisms f_∗ : �CH^∗(Y, D_{l,a,Y} ) −→ �CH^{∗−d}(X , D_{l,a,X} ).

The push-forward morphism satisfies the projection formula and is compatible with base change.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 161 (v) The groups �CH^∗(X , D_{l,a,X} ) are naturally isomorphic to the groups defined by Gillet and Soulé in [18] (see [12] theorem 3.33). When X is generically projective, the groups �CH^∗(X , D_{cur,X} ) are isomorphic to analogous groups introduced by Kawaguchi and Moriwaki [27] and are very similar to the weak arithmetic Chow groups introduced by Zha (see [11]).

(vi) There are well-defined maps ζ : �CH^p(X , C) −→ CH^p(X ), a: ~C^{2p−1}(X_R, p) −→ �CH^p(X , C), ω : �CH^p(X , C) −→ ZC^{2p}(X_R, p), where C is either D_{l,a,X} or D_{cur,X} . For the precise definition of these maps see [13] notation 4.12.

When X is not necessarily regular, following [20] and combining with the definition of [13] we can define the arithmetic Chow groups indexed by dimension �CH_∗(X , D_{l,a,X} ) and �CH_∗(X , D_{cur,X} ) (see [12] section 5.3). They have the following properties (see [20]).

(i) If X is regular and equidimensional of dimension n then there are isomorphisms �CH_∗(X , D_{l,a,X} ) ∼= �CH^{n−∗}(X , D_{l,a,X} ), �CH_∗(X , D_{cur,X} ) ∼= �CH^{n−∗}(X , D_{cur,X} ).

(ii) If f : Y −→ X is a proper map between arithmetic varieties then there is a push-forward map f_∗ : �CH_∗(Y, D_{cur,Y} ) −→ �CH_∗(X , D_{cur,X} ).

If f is smooth over F then there is a push-forward map f_∗ : �CH_∗(Y, D_{l,a,Y} ) −→ �CH_∗(X , D_{l,a,X} ).

(iii) If f : Y −→ X is a flat map or, more generally, a local complete intersection (l.c.i) map of relative dimension d, there are pull-back morphisms f^∗ : �CH_∗(X , D_{l,a,X} ) −→ �CH_{∗+d}(Y, D_{l,a,Y} ).

If moreover, f is smooth over F , there are pull-back morphisms f^∗ : �CH_∗(X , D_{cur,X} ) −→ �CH_{∗+d}(Y, D_{cur,Y} ).

Documenta Mathematica 15 (2010) 73–176

162 José I. Burgos Gil and Răzvan Liţcanu

(iv) If f : Y −→ X is a morphism of arithmetic varieties with X regular, then there is a cap product

�CH^p(X , D_{l,a,X} ) ⊗ �CH_d(Y, D_{l,a,Y} ) −→ �CH_{d−p}(Y, D_{l,a,Y} )_Q,

and a similar cap-product with the groups �CH_d(Y, D_{cur,Y} ). This product is denoted by y ⊗ x → y._f x,

For more properties of these groups see [20].

We will define now the arithmetic K-groups in this context. As a matter of convention, in the sequel we will use slanted letters to denote a object defined over A and the same letter in roman type for the corresponding object defined over C. For instance we will denote a vector bundle over X by E and the corresponding vector bundle over X by E.

Definition 10.1. A hermitian vector bundle on an arithmetic variety X , E, is a locally free sheaf E with a hermitian metric h_E on the vector bundle E induced on X, that is invariant under F_∞. A sequence of hermitian vector bundles on X

(ε) . . . −→ E_{n+1} −→ E_n −→ E_{n−1} −→ . . .

is said to be exact if it is exact as a sequence of vector bundles. A metrized coherent sheaf is a pair F = (F, E_∗ → F ), where F is a coherent sheaf on X and E_∗ → F is a resolution of the coherent sheaf F = F_C by hermitian vector bundles, that is defined over R, hence is invariant under F_∞. We assume that the hermitian metrics are also invariant under F_∞.

Recall that to every hermitian vector bundle we can associate a collection of Chern forms, denoted by c_p. Moreover, the invariance of the hermitian metric under F_∞ implies that the Chern forms will be invariant under the involution σ. Thus c_p(E) ∈ D^{2p}_{l,a,X} (X_R, p) = D^{2p}(X, p)^σ.

We will denote also by c_p(E) its image in D^{2p}_{cur,X} (X_R, p). In particular we have defined the Chern character ch(E) in either of the groups � p D^{2p}_{l,a,X} (X_R, p) or � p D^{2p}_{cur,X} (X_R, p). Moreover, to each finite exact sequence (ε) of hermitian vector bundles on X we can attach a secondary Bott-Chern class ~ch(ε). Again, the fact that the sequence is defined over A and the invariance of the metrics with respect to F_∞ imply that

~ch(ε) ∈ � p ~D^{2p−1}_{l,a,X} (X_R, p) = � p ~D^{2p−1}(X, p)^σ .

We will denote also by ~ch(ε) its image in � p ~D^{2p−1}_{cur,X} (X_R, p). The Bott-Chern classes associated to exact sequences of metrized coherent sheaves enjoy the same properties.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 163 Definition 10.2. Let X be an arithmetic variety and let C^∗(∗) be one of the two D_{log}-complexes D_{l,a,X} or D_{cur,X} . The arithmetic K-group associated to the D_{log}-arithmetic variety (X , C) is the abelian group ^K(X , C) generated by pairs (E, η), where E is a hermitian vector bundle on X and η ∈ � p≥0 ~C2p−1(X_R, p), modulo relations (E_1, η_1) + (E_2, η_2) = (E, c̃h(ε) + η_1 + η_2) (10.3) for each short exact sequence (ε) 0 −→ E_1 −→ E −→ E_2 −→ 0 .

The arithmetic K^′-group associated to the D_{log}-arithmetic variety (X , C) is the abelian group ^K^′(X , C) generated by pairs (F, η), where F is a metrized coherent sheaf on X and η ∈ � p≥0 ~C2p−1(X_R, p), modulo relations (F_1, η_1) + (F_2, η_2) = (F, c̃h(ε) + η_1 + η_2) (10.4) for each short exact sequence of metrized coherent sheaves (ε) 0 −→ F_1 −→ F −→ F_2 −→ 0 .

We now give some properties of the arithmetic K-groups. As their proofs are similar, in the essential points, to those of analogous statements in, for example, [18] in the regular case and [20] in the singular case, we omit them.

(i) We have natural morphisms

^K(X , D_{l,a,X} ) −→ ^K(X , D_{cur,X} ) and ^K^′(X , D_{l,a,X} ) −→ ^K^′(X , D_{cur,X} ). When applicable, all properties below will be compatible with these morphisms.

(ii) ^K(X , D_{l,a,X} ) is a ring. The product structure is given by (F_1, η_1)·(F_2, η_2) = (F_1 ⊗F_2, ch(F_1)•η_2 +η_1 •ch(F_2)+d_D η_1 •η_2) (10.5) (iii) ^K(X , D_{cur,X} ) is a ^K(X , D_{l,a,X} )-module. (iv) There are natural maps ^K(X , C) −→ ^K^′(X , C) that, when X is regular, are isomorphisms.

(v) The groups ^K^′(X , D_{l,a,X} ) and ^K^′(X , D_{cur,X} ) are ^K(X , D_{l,a,X} )-modules.

Documenta Mathematica 15 (2010) 73–176

164 José I. Burgos Gil and Răzvan Liţcanu

(vi) There are natural maps

ω : ^K^′(X , C) −→ � p ZC^{2p}(p)

that send the class of a pair (F, η) with F = (F, E_∗ → F_C) to the form (or current) ω(F, η) = � i (−1)^i ch(E_i) + d_D η.

(vii) When X is regular, there exists a Chern character,

^ch: ^K(X , C)_Q −→ � p �CH^p(X , C)_Q,

that is an isomorphism. Moreover, if C = D_{l,a,X} this isomorphism is compatible with the product structure. If X is not regular, there is a biadditive pairing

^K(X , D_{l,a,X} ) ⊗ �CH_∗(X , D_{l,a,X} ) −→ �CH_∗(X , D_{l,a,X} )_Q,

and a similar pairing with the groups �CH_∗(X , D_{cur,X} ), which is denoted in both cases by α ⊗ x → ^ch(α) ∩ x. For the properties of this product see [20] pg. 496.

(viii) If Y and X are arithmetic varieties and f : Y → X is a morphism of arithmetic varieties, f induces a morphism of rings:

f^∗ : ^K(X , D_{l,a,X} ) → ^K(Y, D_{l,a,Y} ).

When f is flat, the inverse image is also defined for the groups ^K′(X , D_{l,a,X} ). Moreover, if f_C is smooth, the inverse image can be defined for the groups ^K(X , D_{cur,X} ) and, when in addition f is flat, for the groups ^K^′(X , D_{cur,X} ).

In what follows we will be interested in direct images for closed immersions. Since the direct images in arithmetic K-theory will depend on the choice of a metric, we have the following

Definition 10.6. A metrized arithmetic variety is a pair (X , h_X ) consisting of an arithmetic variety X and a hermitian metric on the complex tangent bundle T_X that is invariant under F_∞.

Let (X , h_X ) and (Y, h_Y ) be metrized arithmetic varieties and let i: Y −→ X be a closed immersion. Over the complex numbers, we are in the situation of notation 8.36. In particular we have a canonical exact sequence of hermitian vector bundles

ξ_N : 0 −→ T_Y −→ i^∗T_X −→ N_{Y /X} −→ 0 (10.7)

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 165

where the tangent bundles T_Y , T_X are endowed with the hermitian metrics h_Y , h_X respectively and the normal bundle N_{Y /X} is endowed with an arbitrary hermitian metric h_N . We will follow the conventions of notation 8.36. We next define push-forward maps, via a closed immersion, for the elements of the arithmetic K-group of a metrized arithmetic variety. We will define two kinds of push-forward maps. One will depend only on a metric on the complex normal bundle N_{Y /X} . By contrast, the second will depend on the choice of metrics on the complex tangent bundles T_X and T_Y . The second definition allows us to see K^′( , D_{cur,Y} ) as a functor from the category whose objects are metrized arithmetic varieties and whose morphisms are closed immersions to the category of abelian groups.

As we deal with hermitian vector bundles and metrized coherent sheaves, both definitions will involve the choice of a theory of singular Bott-Chern classes. In order for the push forward to be well defined in K-theory we need a minimal additivity property for the singular Bott-Chern classes.

Definition 10.8. A theory of singular Bott-Chern classes T is called additive if for any closed embedding of complex manifolds i: Y → X and any hermitian embedded vector bundles ξ_1 = (i, N, F_1, E_{1,∗}), ξ_2 = (i, N, F_2, E_{2,∗}) the equation T (ξ_1 ⊕ ξ_2) = T (ξ_1) + T (ξ_2) is satisfied.

Let C be a characteristic class for pairs of vector bundles. We say that it is additive (in the first variable) if

C(F_1 ⊕ F_2, N) = C(F_1, N) + C(F_2, N)

for any vector bundles F_1, F_2, N on a complex manifold X.

The following statement follows directly from equation 7.5:

Proposition 10.9. A theory of singular Bott-Chern classes T is additive if and only if the corresponding characteristic class C_T is additive in the first variable.

Note that a theory of singular Bott-Chern classes consists in joining theories of singular Bott-Chern classes in arbitrary rank and codimension (definition 6.9). The property of being additive gives a compatibility condition for these theories, by respect to the hermitian vector bundles F (with the notation used in definition 6.9). Note also that if a theory of singular Bott-Chern classes is compatible with the projection formula then it is additive.

Definition 10.10. Let T be an additive theory of singular Bott-Chern classes, and let T_c be the associated covariant class as in definition 8.37. Let i: (Y, h_Y ) −→ (X , h_X ) be a closed immersion of metrized arithmetic varieties and let N = N_{Y /X} = (N_{Y /X} , h_N ) be a choice of a hermitian metric on the complex normal bundle. The push-forward maps

i^{Tc}_∗ , i^T_∗ : ^K(Y, D_{cur,Y} ) −→ ^K^′(X , D_{cur,X} )

Documenta Mathematica 15 (2010) 73–176

166 José I. Burgos Gil and Răzvan Liţcanu

are defined by i^{Tc}_∗ (F, η) = [((i_∗F, E_∗ → (i_∗F)_C), 0)] − [(0, T_c(ξ_c))] + [(0, i_∗(η Td(Y )i^∗ Td^{−1}(X)))] (10.11) i^T_∗ (F, η) = [((i_∗F, E_∗ → (i_∗F)_C), 0)] − [(0, T (ξ))] + [(0, i_∗(η Td^{−1}(N_{Y /X} )))]. (10.12) Here 0 → E_n → . . . → E_1 → E_0 → (i_∗F)_C → 0 is a finite resolution of the coherent sheaf (i_∗F)_C by hermitian vector bundles, ξ = (i, N_{X/Y} , F_C, E_∗) is the induced hermitian embedded vector bundle on X, and ξ_c = (i, T_X , T_Y , F_C, E_∗) as in definition 8.37. We can extend this definition to push-forward maps i^{Tc}_∗ , i^T_∗ : ^K^′(Y, D_{cur,Y} ) −→ ^K^′(X , D_{cur,X} ) by the rule

i^{Tc}_∗ (F, η) = [((i_∗F, Tot(E_{∗,∗}) → (i_∗F)_C), 0)] − � i (−1)^i[(0, T_c(ξ_{i,c}))]

+ [(0, i_∗(η Td(Y )i^∗ Td^{−1}(X)))], (10.13) i^T_∗ (F, η) = [((i_∗F, Tot(E_{∗,∗}) → (i_∗F)_C), 0)] − � i (−1)^i[(0, T (ξ_i))]

+ [(0, i_∗(η Td^{−1}(N_{Y /X} )))], (10.14) where 0 → E_n → · · · → E_0 → F_C → 0 is a resolution of F_C by hermitian vector bundles, E_{∗,∗} is a complex of complexes of vector bundles over X, such that, for each i ≥ 0, E_{i,∗} → i_∗E_i is also a resolution by hermitian vector bundles and ξ_i = (i, N_{X/Y} , E_i, E_{i,∗}) is the induced hermitian embedded vector bundle and ξ_{i,c} is as in definition 8.37. We suppose that there is a commutative diagram of resolutions . . . � E_{k+1,∗} � � E_{k,∗} � � E_{k−1,∗} � � . . .

. . . � i_∗E_{k+1} � i_∗E_k � i_∗E_{k−1} � . . .

.

hence a resolution Tot(E_{∗,∗}) −→ (i_∗F)_C by hermitian vector bundles. Note that, whenever the push-forward i^T_∗ appears, we will assume that we have chosen a metric on N_{Y /X} .

The two push-forward maps are related by the equation

i^{Tc}_∗ (F, η) = i^T_∗ (F, η) − � 0, i_∗ � ω(F, η)~Td^{−1}(ξ_N ) Td(Y ) � , (10.15)

where ξ_N is the exact sequence (10.7).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 167

Proposition 10.16. The push-forward maps i^T_∗ , i^{Tc}_∗ are well defined. That is, they do not depend on the choice of a representative of a class in ^K, nor on the choice of metrics on the coherent sheaf (i_∗F)_C. The first one does not depend on the choice of metrics on T_X nor on T_Y , whereas the second one does not depend on the choice of a metric on the normal bundle N_{Y /X} . Moreover, if i is a regular closed immersion or X is a regular arithmetic variety, then i^{Tc}_∗ and i^T_∗ can be lifted to maps

i^{Tc}_∗ , i^T_∗ : ^K(Y, D_{cur,Y} ) −→ ^K(X , D_{cur,Y} ).

Proof. The fact that i^T_∗ only depends on the metric on N and not on the metrics on T_X and T_Y and that for i^{Tc}_∗ is the opposite, follows directly from the definition in the first case and from proposition 8.39 in the second. We will only prove the other statements for i^{Tc}_∗ , as the other case is analogous. We first prove the independence from the metric chosen on the coherent sheaf (i_∗F)_C. If E_∗ → (i_∗F)_C, E^′_∗ → (i_∗F)_C are two such metrics, inducing the hermitian embedded vector bundles ξ respectively ξ^′, then, using corollary 6.14

T_c(ξ^′_c) − T_c(ξ_c) = T (ξ^′) − T (ξ) = ~ch(ε),

where ε is the exact complex of hermitian embedded vector bundles

ε: 0 −→ ξ −→ ξ^′ −→ 0,

where ξ^′ sits in degree zero. Therefore, by equation 10.4,

[((i_∗F, E_∗ → (i_∗F)_C), 0)] − [(0, T_c(ξ_c))] = [((i_∗F, E^′_∗ → (i_∗F)_C), 0)] − [(0, T_c(ξ^′_c))].

Since the last term of equation 10.11 does not depend on the metric on (i_∗F)_C, we obtain that i^{Tc}_∗ does not depend on this metric.

For proving that the push-forward map i^{Tc}_∗ is well defined it remains to show the independence from the choice of a representative of a class in ^K(Y, D_{cur,Y} ). We consider an exact sequence of hermitian vector bundles on Y

ε: 0 −→ F_1 −→ F −→ F_2 −→ 0

and two classes η_1, η_2 ∈ � p≥0 ~D2p−1_{cur} (Y, p). We also denote ε the induced exact sequence of hermitian vector bundles on Y . We have to prove

i^{Tc}_∗ ([(F, η_1 + η_2 + ~ch(ε)]) = i^{Tc}_∗ ([(F_1, η_1)]) + i^{Tc}_∗ ([(F_2, η_2)]). (10.17)

Since it is clear that i^{Tc}_∗ (0, η_1 + η_2) = i^{Tc}_∗ (0, η_1) + i^{Tc}_∗ (0, η_2), we are led to prove

i^{Tc}_∗ ([(F, ~ch(ε)]) = i^{Tc}_∗ ([(F_1, 0)]) + i^{Tc}_∗ ([(F_2, 0)]). (10.18)

Documenta Mathematica 15 (2010) 73–176

168 José I. Burgos Gil and Răzvan Liţcanu

We choose metrics on the coherent sheaves (i_∗F_1)_C, (i_∗F_2)_C and (i_∗F)_C respectively:

E_{1,∗} −→ (i_∗F_1)_C , E_{2,∗} −→ (i_∗F_2)_C , E_∗ −→ (i_∗F)_C.

We denote ξ_1, ξ_2, ξ the induced hermitian embedded vector bundles. We obtain an exact sequence of metrized coherent sheaves on X : ν : 0 −→ i_∗F_1 −→ i_∗F −→ i_∗F_2 −→ 0.

Then, using the fact that the theory T is additive and equation (8.42) we have T_c(ξ_{1,c}) + T_c(ξ_{2,c}) − T_c(ξ_c) = [ ~ch(ν)] − i_∗([ ~ch(ε) • Td(Y )]) • Td^{−1}(X). (10.19) Moreover, by the relation (10.4), [(i_∗F_1, 0)] + [(i_∗F_2, 0)] = [(i_∗F, ~ch(ν))]. (10.20) Hence, we compute,

i^{Tc}_∗ ([(F, ~ch(ε)]) − i^{Tc}_∗ ([(F_1, 0)]) − i^{Tc}_∗ ([(F_2, 0)]) = [(i_∗F, 0)] − [(i_∗F_1, 0)] − [(i_∗F_2, 0)] − [(0, T_c(ξ_c))] + [(0, T_c(ξ_{1,c}))] + [(0, T_c(ξ_{2,c}))] + [(0, i_∗([ ~ch(ε)] • Td(Y ) • i^∗ Td^{−1}(X)))] = −[(0, i_∗([ ~ch(ε)] • Td(Y ) • i^∗ Td^{−1}(X))))] + [(0, i_∗([ ~ch(ε)] • Td(Y ) • i^∗ Td^{−1}(X))))] = 0.

The proof that i^{Tc}_∗ for metrized coherent sheaves is well defined is similar. The proof of its independence from choice of a metric on N_{Y /X} or from the choice of the resolutions and metrics in X is the same as before. Now let 0 −→ F^′ −→ F −→ F^{′′} −→ 0 be a short exact sequence of metrized coherent sheaves on Y. This means that we have resolutions E^′_∗ → F^′_C, E_∗ → F_C and E^{′′}_∗ → F^{′′}_C . Using theorem 2.24 we can suppose that there is a commutative diagram of resolutions 0 → E^′_∗ → E_∗ → E^{′′}_∗ → 0

↓ ↓ ↓ 0 → F^′_C → F_C → F^{′′}_C → 0,

(10.21)

with exact rows. Moreover, we can assume that the complexes of complexes E^′_{∗,∗}, E_{∗,∗}, E^{′′}_{∗,∗} used in definition 10.10 are chosen compatible with diagram (10.21). Thus we obtain a commutative diagram

0 → Tot E^′_{∗,∗} → Tot E_{∗,∗} → Tot E^{′′}_{∗,∗} → 0 ↓ ↓ ↓ 0 → i_∗F^′_C → i_∗F_C → i_∗F^{′′}_C → 0.

(10.22)

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 169

We denote by ν the exact sequence of metrized coherent sheaves on X defined by diagram (10.22). We denote χ_i the exact sequence of hermitian vector bundles on Y χ_i : 0 −→ E^′_i −→ E_i −→ E^{′′}_i −→ 0,

and by ε the exact sequence of metrized coherent sheaves on X

ε_i : 0 −→ i_∗E^′_i −→ i_∗E_i −→ i_∗E^{′′}_i −→ 0.

Moreover, let ξ_i, ξ^′_i and ξ^{′′}_i denote the hermitian embedded vector bundles defined by the above resolutions and E_i, E^′_i and E^{′′}_i respectively and let ξ_{i,c}, ξ^′_{i,c} and ξ^{′′}_{i,c} be as in definition 8.37. Then, using proposition 2.38 and equation (8.42) we obtain

~ch(ν) = � i (−1)^i ~ch(ε) = � i (−1)^i(T_c(ξ^′_{i,c}) + T_c(ξ^{′′}_{i,c}) − T_c(ξ_{i,c})) (10.23) + � i (−1)^ii_∗( ~ch(χ_i) • Td(Y )) • Td^{−1}(X)

Now the proof follows as before, but using equation (10.23) instead of equation (10.19).

If X is a regular arithmetic variety, the lifting property follows from the isomorphism between the ^K-groups and the ^K^′-groups.

Suppose now that i: Y −→ X is a regular closed immersion and let [F, η] ∈ ^K(Y, D_{cur,Y} ). Then it follows from [2] III that the coherent sheaf i_∗F can be resolved 0 −→ E_n −→ . . . −→ E_0 −→ i_∗F −→ 0

with E_i locally free sheaves on X . Moreover we endow the vector bundles E_i induced on X with hermitian metrics and so we obtain a metric on the coherent sheaf i_∗F and the corresponding hermitian embedded vector bundle ξ. Using the independence from the resolutions and on the metrics we see that the equation 10.11 defines an element in ^K(X , D_{cur,X} ).

Proposition 10.24. For any element α ∈ ^K^′(Y, D_{cur,Y} ) we have

ω(i^{Tc}_∗ (α)) Td(X) = i_∗(ω(α) Td(Y )) (10.25) ω(i^T_∗ (α)) = i_∗(ω(α) Td^{−1}(N_{Y /X} )) (10.26)

Proof. We will prove the statement only for i^{Tc}_∗ . We consider first a class of the form [F, 0]. Using equation (8.38) we obtain, after choosing a metric E_i −→ (i_∗F)_C, and considering the induced hermitian embedded vector bundle

Documenta Mathematica 15 (2010) 73–176

170 José I. Burgos Gil and Răzvan Liţcanu

ξ_c:

ω(i^{Tc}_∗ ([F, 0])) Td(X) = � (−1)^i ch(E_i) − d_D T_c(ξ_c) � Td(X) = i_∗(ch(F ) • Td(Y ) • i^∗ Td^{−1}(X)i^∗(Td(X))) = i_∗(ch(F ) • Td(Y )) = i_∗(ω([F, 0]) Td(Y )) Taking now a class of the form [0, η] we obtain:

ω(i^{Tc}_∗ ([0, η])) Td(X) = d_D � i_∗(η Td(Y )i^∗ Td^{−1}(X)) � Td(X) = i_∗ d_D(η Td(Y )) = i_∗(ω([0, η]) Td(Y )) and hence the equality 10.25 is proved.

The next proposition explains the terminology “compatible with the projection formula” and “transitive” that we used for theories of singular Bott-Chern classes. The second statement is the main reason to introduce the push-forward i^{Tc}_∗ .

Proposition 10.27. If the theory of singular Bott-Chern classes is compatible with the projection formula, we have that, for α ∈ ^K^′(Y, D_{cur,Y} ) and β ∈ ^K(X , D_{l,a,X} ) the following equalities hold

i^{Tc}_∗ (αi^∗β) = i^{Tc}_∗ (α)β, i^T_∗ (αi^∗β) = i^T_∗ (α)β.

If moreover the theory of singular Bott-Chern classes is transitive and j : (Z, h_Z ) −→ (Y, h_Y ) is another closed immersion of metrized arithmetic varieties, then (i ∘ j)^{Tc}_∗ = i^{Tc}_∗ ∘ j^{Tc}_∗ .

Proof. We prove first the projection formula. For simplicity we will treat the case when α ∈ ^K(Y, D_{cur,Y} ). Let α = (F, η), let ξ_c = (i, T_X , T_Y , F_C, E_∗) be a hermitian embedded vector bundle and let β = (E, χ). Using equations (10.11) and (10.5), we obtain

i^{Tc}_∗ (αi^∗β) − i^{Tc}_∗ (α)β = − � i (−1)^i ch(E_i) • χ + d_D(T_c(ξ_c)) • χ

+ i_∗(ch((F)_C) • Td(Y ))) • Td^{−1}(X) • χ + T_c(ξ_c) • ch(E_C) − T_c(ξ_c ⊗ E_C) = T_c(ξ_c ⊗ E_C) − T_c(ξ_c) • ch(E_C).

Therefore, if T is compatible with the projection formula, then the projection formula holds.

The fact that, if moreover T is transitive then (i ∘ j)^{Tc}_∗ = i^{Tc}_∗ ∘ j^{Tc}_∗ follows directly from the definition and equation (8.41).

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 171

If i: Y −→ X is a regular closed immersion between arithmetic varieties, then the normal cone N_{Y/X} is a locally free sheaf. The choice of a hermitian metric on N_{Y /X} determines a hermitian vector bundle N_{Y/X} . If now i: (Y, h_Y ) −→ (X , h_X ) is a closed immersion between regular metrized arithmetic varieties, then the tangent bundles T_Y and T_X are virtual vector bundles. Since over C they define vector bundles, we can provide them with hermitian metrics and denote the hermitian virtual vector bundles by T_X and T_Y . There are well defined clases ^Td(Y) = ^Td(T_Y ) and ^Td(X ) = ^Td(T_X ).

The arithmetic Grothendieck-Riemann-Roch theorem for closed immersions compares the direct images in the arithmetic K-groups with the direct images in the arithmetic Chow groups.

Theorem 10.28 ([6], [32]). Let T be a theory of singular Bott-Chern classes and let S_T be the additive genus of corollary 9.43.

(i) Let i: Y −→ X be a regular closed immersion between arithmetic varieties. Assume that we have chosen a hermitian metric on the complex bundle N_{Y /X} . Then, for any α = (F, η) ∈ ^K(Y, D_{cur,Y} ) the equation

^ch(i^T_∗ (α)) = i_∗( ^ch(α) ^Td^{−1}(N_{Y/X} )) − a(i_∗(ch(F_C) Td^{−1}(N_{Y /X} )S_T (N)) (10.29) holds.

(ii) Let i: (Y, h_Y ) −→ (X , h_X ) be a closed immersion between regular metrized arithmetic varieties. Then, for any α = (F, η) ∈ ^K(Y, D_{cur,Y} ) the equation

^ch(i^Tc_∗ (α)) ^Td(X ) = i_∗( ^ch(α) ^Td(Y)) − a(i_∗(ch(F_C) Td(Y )S_T (N))) (10.30) holds.

Proof. The proof follows the classical pattern of the deformation to the normal cone as in [6] and [32].

Let W be the deformation to the normal cone to Y in X . We will follow the notation of section 5. Since i is a regular closed immersion, there is a finite resolution by locally free sheaves

0 → E_n → · · · → E_1 → E_0 → i_∗F → 0.

We choose hermitian metrics on the complex bundles E_i = (E_i)_C. The immersion j : Y × P^1 −→ W is also a regular immersion. The construction of theorem 5.4 is valid over the arithmetic ring A. Therefore we have a resolution by hermitian vector bundles

0 → ~G_n → · · · → ~G_1 → ~G_0 → i_∗F → 0.

Documenta Mathematica 15 (2010) 73–176

172 José I. Burgos Gil and Răzvan Liţcanu such that its restriction to X × {0} is isometric to E_∗. Its restriction to ~X is orthogonally split, and its restriction to P = P(N_{Y/X} ⊕ O_Y ) fits in a short exact sequence 0 −→ A_∗ −→ ~E_∗|_P −→ K(F, N_{Y/X} ) −→ 0, where A_∗ is orthogonally split and K(F, N_{Y/X} ) is the Koszul resolution. We denote by η_k the piece of degree k of this exact sequence. Let t be the absolute coordinate of P^1. It defines a rational function in W and ^div(t) = (X_0 + P + ~X , (0, − 1 2 log tt))

The key point of the proof of the theorem is that, in the group �CH^∗(X , D_{cur,X} ), we have (p_W )_∗( ^ch( ~E_∗) ^div(t)) = 0.

Using the definition of the product in the arithmetic Chow rings we obtain (p_W )_∗( ^ch( ~E_∗) ^div(t)) = ^ch(E_∗) − (p_{~X} )_∗ ^ch( ~E_∗|_{~X} ) − (p_{~P} )_∗ ^ch( ~E_∗|_P ) + a((p_W )_∗(ch(( ~E_∗)_C) • W_1)). (10.31) But we have

^ch(E_∗) = ^ch(i^T_∗ (F)) + a(T (ξ)), (10.32) (p_{~X} )_∗ ^ch( ~E_∗|_{~X} ) = 0, (10.33) (p_{~P} )_∗ ^ch( ~E_∗|_P ) = i_∗(π_P )_∗( ^ch(K(F, N_{Y/X} )) − � k (−1)^k a( ~ch(η_k))). (10.34)

Moreover, by equation (7.3),

a((p_W )_∗(ch(( ~E_∗)_C) • W_1)) = − a(T (ξ)) − � k (−1)^k a( ~ch(η_k))) + a(i_∗C_T (F_C, N_C)). (10.35) Thus we are led to compute i_∗(π_P )_∗ ^ch(K(F, N_{Y/X} )). This is done in the following two lemmas.

Lemma 10.36. Let Y be an arithmetic variety, N a rank r hermitian vector bundle over Y and denote P = P^1(N ⊕ O_Y ), and Q the tautological quotient bundle. Let Y_0 be the cycle defined by the zero section of P. Then ^c_r(Q) = (Y_0, (c_r(Q_C), ~e(P_C, Q_C, s))), (10.37) where ~e(P_C, Q_C, s) is the Euler-Green current of lemma 9.4.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 173

Proof. We know that ^c_r(Q) = (Y_0, (c_r(Q_C), ~e)) for certain Green current ~e. By definition this Green current satisfies

d_D ~e = c_r(Q_C) − δ_{YC} .

Moreover, since the restriction of Q_C to D_∞ has a global section of constant norm we have that ~e|_{D∞} = 0. Therefore, by lemma 9.4,

~e = ~e(P_C, Q_C, s).

Lemma 10.38. The following equality hold:

(π_P )_∗ ^ch(K(F, N )_∗) =

^ch(F)^ Td^{−1}(N ) + a(C_T (F, N ) − ch(F_C) Td^{−1}(N_{Y /X} )S_T (N)). (10.39)

Proof. We just compute, using lemma 10.36,

(π_P )_∗ ^ch(K(F, N )_∗) = (π_P )_∗ � k (−1)^k ^ch( k� Q^∨) ^ch(π^∗_P F)

= (π_P )_∗(^c_r(Q)^Td^{−1}(Q)) ^ch(F) = ^ Td^{−1}(N ) ^ch(F) + a((π_P )_∗(~e Td^{−1}(Q)) ch(F )) = ^ Td^{−1}(N ) ^ch(F) + a((π_P )_∗(T^h(K(F , N))) ch(F )) = ^ Td^{−1}(N ) ^ch(F) + a(C_T h (F, N)) = ^ Td^{−1}(N ) ^ch(F) + C_T (F, N) − a(Td^{−1}(N) ch(F )S_T (N)).

The equation (10.29) follows by combining equations (10.31), (10.32), (10.33), (10.34), (10.35) and (10.39).

The equation (10.30) follows from equation (10.29) by a straightforward computation.

Since T is homogeneous if and only if S_T = 0, in view of this result, the theory of homogeneous singular Bott-Chern classes is characterized for being the unique theory of singular Bott-Chern classes that provides an exact arithmetic Grothendieck-Riemann-Roch theorem for closed immersions. By contrast, if one uses a theory of singular Bott-Chern classes that is not homogeneous, there is an analogy between the genus S_T and the R-genus that appears in the arithmetic Grothendieck-Riemann-Roch theorem for submersions. Since there is a unique theory of homogeneous singular Bott-Chern classes, the following definition is natural.

Documenta Mathematica 15 (2010) 73–176

174 José I. Burgos Gil and Răzvan Liţcanu

Definition 10.40. Let i: (Y, h_Y ) −→ (X , h_X ) be a closed immersion of metrized arithmetic varieties, the push-forward map

i_∗ : ^K^′(Y, D_{cur,Y} ) −→ ^K^′(X , D_{cur,Y} )

is defined as i_∗ = i^{T hc}_∗ .

Corollary 10.41. The push-forward map makes ^K^′( , D_{cur,Y} ) and ^K( , D_{cur,Y} ) functors from the category of regular metrized arithmetic varieties and closed immersions to the category of abelian groups.

Corollary 10.42. Let i: (Y, h_Y ) −→ (X , h_X ) be a closed immersion of regular metrized arithmetic varieties, then

^ch(i^T_∗ (α)) ^Td(X ) = i_∗( ^ch(α) ^Td(Y)). (10.43)

Remark 10.44. Combining theorem 10.28 with [16] we can obtain an arithmetic Grothendieck-Riemann-Roch theorem for projective morphisms of regular arithmetic varieties.

In a forthcoming paper we will show that the higher torsion forms used to define the direct images for submersions can also be characterized axiomatically.

References

[1] P. Baum, W. Fulton, and R. MacPherson, Riemann-Roch for singular varieties, Publ. Math. Inst. Hautes Etud. Sci. 45 (1975), 101–145.

[2] P. Berthelot, A. Grothendieck, and L. Illusie, Théorie des intersections et théorème de Riemann-Roch, Lecture Notes in Math., vol. 225, Springer- Verlag, 1971.

[3] J. M. Bismut, Superconnection currents and complex immersions, Invent.

Math. 90 (1990), 59–113.

[4] J.-M. Bismut, H. Gillet, and C. Soulé, Analytic torsion and holomorphic determinant bundles I: Bott-chern forms and analytic torsion, Comm. Math. Phys. 115 (1988), 49–78.

[5] , Bott-Chern currents and complex immersions, Duke Math. J. 60 (1990), no. 1, 255–284. MR MR1047123 (91d:58239)

[6] , Complex immersions and Arakelov geometry, The Grothendieck Festschrift, Vol. I, Progr. Math., vol. 86, Birkhäuser Boston, Boston, MA, 1990, pp. 249–331. MR MR1086887 (92a:14019)

[7] R. Bott and S.S. Chern, Hermitian vector bundles and the equidistribution of the zeroes of their holomorphic sections, Acta Math. 114 (1968), 71–112.

Documenta Mathematica 15 (2010) 73–176

Singular Bott-Chern Classes 175

[8] J. I. Burgos Gil, A C^∞-logarithmic Dolbeault complex, Compositio Math.

92 (1994), 61–86.

[9] , Arithmetic Chow rings and Deligne-Beilinson cohomology, J. Alg.

Geom. 6 (1997), 335–377.

[10] , Hermitian vector bundles and characteristic classes, The arithmetic and geometry of algebraic cycles (Banff 1998), CRM Proc. Lecture Notes, vol. 24, AMS, 2000, pp. 155–182.

[11] , Semipurity of tempered Deligne cohomology, Collect. Math. 59 (2008), no. 1, 79–102. MR MR2384539

[12] J. I. Burgos Gil, J. Kramer, and U. Kühn, Arithmetic characteristic classes of automorphic vector bundles, Documenta Math. 10 (2005), 619–716.

[13] , Cohomological arithmetic Chow rings, J. Inst. Math. Jussieu 6 (2007), no. 1, 1–172. MR MR2285241

[14] J. I. Burgos Gil and S. Wang, Higher Bott-Chern forms and Beilinson’s regulator, Invent. Math. 132 (1998), 261–305.

[15] H. Esnault and E. Viehweg, Deligne-Beilinson cohomology, in Rapoport et al. [30], pp. 43–91.

[16] H. Gillet, D. Rössler, and C Soulé, An arithmetic Riemann-Roch theorem in higher degrees, Ann. Inst. Fourier 58 (2008), no. 6, 2169–2189.

[17] H. Gillet and C. Soulé, Direct images of Hermitian holomorphic bundles, Bull. Amer. Math. Soc. (N.S.) 15 (1986), no. 2, 209–212. MR MR854556 (88d:58107)

[18] , Arithmetic intersection theory, Publ. Math. IHES 72 (1990), 94– 174.

[19] , Characteristic classes for algebraic vector bundles with hermitian metric I, II, Annals of Math. 131 (1990), 163–203,205–238.

[20] , An arithmetic Riemann-Roch theorem, Invent. Math. 110 (1992), 473–543.

[21] P. Griffiths and J. Harris, Principles of algebraic geometry, John Wiley & Sons, Inc., 1994.

[22] M. Gros, Classes de Chern et classes de cycles en cohomologie de Hodge- Witt logarithmique, Mém. Soc. Math. France (N.S.) (1985), no. 21, 87. MR MR844488 (87m:14021)

[23] A. Grothendieck, La théorie des classes de Chern, Bull. Soc. Math. France 86 (1958), 137–154.

Documenta Mathematica 15 (2010) 73–176

176 José I. Burgos Gil and Răzvan Liţcanu

[24] V. Guillemin and S. Sternberg, Geometric asymptotics, American Mathematical Society, Providence, R.I., 1977, Mathematical Surveys, No. 14. MR MR0516965 (58 #24404)

[25] L. Hörmander, The analysis of linear partial differential operators. I, second ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 256, Springer-Verlag, Berlin, 1990, Distribution theory and Fourier analysis. MR MR1065993 (91m:35001a)

[26] U. Jannsen, Deligne homology, Hodge-D-conjecture and motives, in Rapoport et al. [30], pp. 305–372.

[27] S. Kawaguchi and A. Moriwaki, Inequalities for semistable families of arithmetic varieties, J. Math. Kyoto Univ. 41 (2001), no. 1, 97–182. MR MR1844863 (2002f:14036)

[28] J.W. Milnor and J.S. Stasheff, Characteristic classes, Annals of Math.

Studies, vol. 76, Princeton University Press, Princeton, New Jersey, 1974.

[29] Ch. Mourougane, Computations of Bott-Chern classes on P(E), Duke Mathematical Journal 124 (2004), 389–420.

[30] M. Rapoport, N. Schappacher, and P. Schneider (eds.), Beilinson’s conjectures on special values of L-functions, Perspectives in Math., vol. 4, Academic Press, 1988.

[31] C. Soulé, D. Abramovich, J.-F. Burnol, and J. Kramer, Lectures on Arakelov Geometry, Cambridge Studies in Advanced Math., vol. 33, Cambridge University Press, 1992.

[32] Y. Zha, A general arithmetic Riemann-Roch theorem, Ph.D. thesis, University of Chicago, 1998.

José I. Burgos Gil Instituto de Ciencias Matemáticas (CSIC-UAM-UC3M-UCM) burgos@icmat.es, jiburgosgil@gmail.com Temporary Address:

Centre de Recerca Matemática CRM UAB Science Faculty 08193 Bellaterra Barcelona, Spain

Răzvan Liţcanu University Al. I. Cuza Faculty of Mathematics Bd. Carol I, 11 700506 Iaşi Romania litcanu@uaic.ro

Documenta Mathematica 15 (2010) 73–176

Documenta Math. 177

Hicas of Length ≤ 4

Vanessa Miemietz and Will Turner

Received: August 25, 2009

Communicated by Wolfgang Soergel

Abstract. A hica is a highest weight, homogeneous, indecomposable, Calabi-Yau category of dimension 0. A hica has length l if its objects have Loewy length l and smaller. We classify hicas of length ≤ 4, up to equivalence, and study their properties. Over a fixed field F , we prove that hicas of length 4 are in one-one correspondence with bipartite graphs. We prove that an algebra A_Γ controlling the hica associated to a bipartite graph Γ is Koszul, if and only if Γ is not a simply laced Dynkin graph, if and only if the quadratic dual of A_Γ is Calabi-Yau of dimension 3.

2010 Mathematics Subject Classification: 05. Combinatorics, 14. Algebraic geometry, 16. Associative rings and algebras, 18. Category theory, homological algebra

1. Introduction

Once a mathematical definition has been made, the theory surrounding that definition usually begins with a study of small examples. A striking violation of this principle occurred at the birth of category theory, where early theory was concerned with establishing results valid for large and floppy mathematical structures like the category of sets, or the category of groups, or the category of topological spaces. But time has passed, categories have begun to be taken seriously, and they are now objects of detailed study. Since categories are often large and floppy, the 2-category of all categories is very large and very floppy. To prove theorems about categories, it is necessary to make strong restrictions on their structure. To prove classification theorems for categories, it is necessary to make very strong restrictions on their structure. There is by now an extensive collection of categorical classification theorems. A category with one object and invertible morphisms is a group, and there are many examples of classification theorems in group theory. Rings are endowed with various categories, like their module categories. Classification theorems for commutative rings can be thought of as classification theorems in algebraic geometry. There are a number of classification theorems for rings of finite

Documenta Mathematica 15 (2010) 177–205

178 Vanessa Miemietz and Will Turner

homological dimension, to which the term noncommutative geometry is applied. For example, hereditary algebras over an algebraically closed field can be parametrised by quivers. Calabi-Yau algebras of dimensions 2 and 3 can be loosely parametrised by quivers with a superpotential [2], [5], [8]. Categorical classification theorems also appear in the representation theory of 2- categories: irreducible integrable representations of 2-Kac-Moody Lie algebras can be parametrised by integral dominant weights [18].

Our paper runs in this vein. A hica is a highest weight, homogeneous, indecomposable, Calabi-Yau category of dimension 0. Here, we say a highest weight category is homogeneous if its standard objects all have the same Loewy length, and its costandard objects all have the same Loewy length. We say a hica has length l if its projective objects have Loewy length l and smaller. We classify hicas of length ≤ 4 up to equivalence.

Hicas show up naturally in group representation theory and in the theory of tilings [20, 3, 14, 15]. A multitude of examples of hicas were constructed by Mazorchuk and Miemietz [13]. Every hica can be realised as the module category of some symmetric quasi-hereditary algebra. If the hica is not semisimple, the corresponding algebra is necessarily infinite dimensional, noncommutative, of infinite homological dimension.

Let us fix a field F , and consider hicas over F , up to equivalence. The only hica of length 1 is the category of vector spaces over F . There are no hicas of length 2. There is a unique hica of length 3, which is the module category of the Brauer tree algebra on a bi-infinite line. Our first main result is

Theorem 1. There is a natural one-one correspondence

{bipartite graphs} ↔ {hicas of length 4}.

Here, and throughout this paper, a bipartite graph will by definition be connected.

The one-one correspondence of Theorem 1 is obtained from a sequence of three one-one correspondences: a one-one correspondence between bipartite graphs and topsy-turvy quivers; a one-one correspondence between topsy-turvy quivers and basic indecomposable self-injective directed algebras of Loewy length 3; and a one-one correspondence between basic self-injective directed algebras of Loewy length 3 and hicas of length 4.

Let us describe here the construction of a hica C_Γ of length 4 from the following bipartite graph Γ: • � � � � • • � � � � � � � � � � � � •

• Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 179

First, we construct a quiver Q_Γ, by consecutively gluing together opposite

orientations of this bipartite graph, one next to the other: • � � � � � • � � � � � • � � � � � • � � � � � • � � � � � • � � � � � •

... • � � � � � • � � � � �

� � � �

� � � �

� � � � • � � � � � • � � � � �

� � � � � � � � • � � � � � • � � � � �

� � � � � � � � • ...

• � � � � � � � � • � � � � � � � � � � � � • � � � � � � � � � � � � • This quiver has an automorphism ϕ which shifts a vertex to a vertex which is

two steps horizontally to its right. We take the path algebra of this quiver. We

now construct a self-injective directed algebra B_Γ of Loewy length 3, factoring

the path algebra by relations which insist that all squares commute, and that

paths u → v → w of length 2 are zero, unless w = ϕ(u). We define A_Γ to be

the trivial extension B_Γ ⊕ B^∗_Γ of B_Γ by its dual. The module category C_Γ of

A_Γ is a hica of length 4. Its quiver is • � � � � � • � � � � � • � �

� � � � • � �

� � � � • � �

� � � � • � �

� � � � • �

... • � � � � � • � � � � �

� � � � � � � � • � � � � � � • � � � � � �

� � � � � � � � • � � � � � � • � � � � � �

� � � � � � � � • � ...

• � � � � � � � � � � � � • � � � � � � � � � � � � � • � � � � � � � � � � � � � • � The relations for A_Γ are those for B_Γ, along with relations which insist that

the product of two leftwards pointing arrows is zero whilst squares involving a

pair of parallel leftwards pointing arrows commute. The algebra A_Γ has some

pleasing properties. It admits a derived self-equivalence ψ_γ for every vertex γ

of Γ. It also admits a number of Z^3_+-gradings, one for each orientation of the

graph Γ. It is Koszul and its quadratic dual A^!_Γ is Calabi-Yau of dimension 3.

More generally, we have the following theorem.

Theorem 2. Suppose Γ is a connected bipartite graph, and C_Γ = A_Γ -mod the

associated hica of length 4. The following are equivalent:

1. Γ is not a simply laced Dynkin graph.

2. A_Γ is Koszul.

3. The quadratic dual of A_Γ is Calabi-Yau of dimension 3.

The way this paper evolved was surprising to us. We began with the problem

of classifying small hicas, categories whose structural features (Calabi-Yau 0,

highest weight) were motivated by exposure to group representation theory.

We ended having made contact with mathematics of different kin: bipartite

graphs, Calabi-Yau 3s, and Dynkin classifications. The hica restrictions in-

deed capture some features of Lie theoretic representation theory, but they can

also be thought of as noncommutative geometric restrictions: highest weight

Documenta Mathematica 15 (2010) 177–205

180 Vanessa Miemietz and Will Turner

categories were invented to capture stratification properties appearing in algebraic geometry, whilst 0-Calabi-Yau categories are categories possessing a homological duality with trivial Serre functor.

2. Preliminaries

Our main objects of study, hicas, are a species of abelian categories. As we study them, we will use freely the languages of abelian categories, algebras, and triangulated categories. Here we give a short phrasebook for these languages. Let F be a field. The collection of F -algebras is a 2-category, whose arrows are bimodules_AM_B which are flat on the right, and 2-arrows are bimodule homomorphisms. We have a 2-functor

Algebra → Abelian

from the 2-category Algebra of F -algebras to the 2-category Abelian of abelian categories. This 2-functor takes an algebra A to its module category, a bimodule AM_B to the functor M ⊗_B −, and a bimodule homomorphism to a natural transformation. We have a 2-functor

Abelian → Triangulated

taking values in the 2-category of triangulated categories, which takes an abelian category A to its derived category D(A).

If X is an object of an abelian category of finite composition length, we define the Loewy length of X (or length of X, or l(X)) to be the smallest number l for which there exists a filtration of X with l nonzero sections, all of which are semisimple. We define the head, or top of X to be the maximal semisimple quotient of X, and the socle of X to be the maximal semisimple submodule. If A is an abelian category, we define the length of A to be the supremum over all lengths of objects in A. If A is an algebra, we define the length of A to be the length of the abelian category A -mod of A-modules.

Given a finite dimensional F -vector space V , we denote by V^∗ the dual Hom_F (V, F ) of V . We call an object X of a triangulated category compact if Hom(X, −) commutes with infinite direct sums. We say an F -linear triangulated category T is Calabi-Yau of dimension d if Hom_T (P, X) is finite dimensional for objects X ∈ T , and compact objects P ∈ T , and

Hom_T (P, X) ∼= Hom_T (X, P [d])^∗

naturally in objects X ∈ T , and compact objects P ∈ T . For background, we recommend a survey article of B. Keller concerning Calabi-Yau triangulated categories [8]. To avoid confusion here, let us emphasise that the definition of a Calabi-Yau triangulated category Keller uses is slightly different from this one since he makes no compactness assumption on P .

We say an F -linear abelian category A is Calabi-Yau of dimension d if its derived category D(A) is Calabi-Yau of dimension d. We say an F -algebra A is Calabi-Yau of dimension d if its module category A -mod is Calabi-Yau of dimension d.

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 181

Suppose A is a basic (not necessarily unital) F -algebra satisfying the following assumptions:

(i) A has a countable set {e_x | x ∈ Λ} of orthogonal primitive idempotents, such that A = ⊕_{x,y}e_xAe_y;

(ii) for any x, y ∈ Λ the F -vector space e_xAe_y is finite dimensional; (iii) for any x ∈ Λ there exist only finitely many y ∈ Λ such that e_xAe_y ≠ 0; (iv) for any x ∈ Λ there exist only finitely many y ∈ Λ such that e_yAe_x ≠ 0.

Under these assumptions all indecomposable projective A-modules Ae_x and all injective A-modules Hom_F (e_xA, F ) are finite-dimensional. A-modules M =_AM will be left A-modules unless they carry a right subscript as in M_A in which case they will be right A-modules. We denote by A -mod the collection of all finite-dimensional left A-modules and by mod- A the collection of all finite-dimensional right A-modules. We denote by A -perf the subcategory of the derived category of A -mod consisting of perfect complexes, that is the smallest thick subcategory of the derived category of A -mod containing all projective objects of A -mod, or equivalently the subcategory of compact objects in the derived category of A. We define A^∗ to be the A-A-bimodule � x∈Λ Hom_F (Ae_x, F ).

We say A is a symmetric algebra if A ∼= A^∗ as A-A-bimodules. Then A is symmetric if and only if A -mod is Calabi-Yau of dimension 0 (cf. [17], Theorem 3.1).

Suppose A is an algebra satisfying the above conditions, and Λ is ordered. For λ ∈ Λ, let J_{≥λ} = � μ≥λ Ae_μA and J_{>λ} = � μ>λ Ae_μA. Let J_λ = J_{≥λ}/J_{>λ}.

We say A is quasi-hereditary if the product map J_λe_λ ⊗_F e_λJ_λ → J_λ is an isomorphism for every λ ∈ Λ [4].

Now suppose A is an abelian category over F , with enough projective objects, enough injective objects, and a countable set Λ indexing the isomorphism classes of simple objects of A, such that all objects of A have a finite composition series with sections in Λ. Abusing notation, an element λ of Λ we sometimes take to represent an index, sometimes an isomorphism class of irreducible object, and sometimes a representative of the latter. We denote by P (λ) a minimal projective cover of λ in A. Such exist, since we have enough projectives, and finite composition series.

We call A a highest weight category [4] if there is an ordering < on Λ, and a collection of objects Δ(λ), for λ ∈ Λ, such that

(i) there is an epimorphism Δ(λ) ↠ λ whose kernel X(λ) has composition factors μ < λ;

(ii) P (λ) has a filtration with a single section isomorphic to Δ(λ) and every other section isomorphic to Δ(μ), for μ > λ.

If A is quasi-hereditary, then A -mod is a highest weight category, with standard objects_AΔ(λ) = J_λe_λ, and mod- A is a highest weight category with standard modules Δ_A(λ) = e_λJ_λ. Thus A has a filtration by ideals, whose sections are

Documenta Mathematica 15 (2010) 177–205

182 Vanessa Miemietz and Will Turner

isomorphic to AΔ(λ) ⊗_F Δ_A(λ).

Conversely, if A is a highest weight category, then A = ⊕_{λ,μ∈Λ}Hom(P (λ), P (μ)) is a quasi-hereditary algebra.

The left and right costandard modules_A∇(λ), ∇(λ)_A of A are defined to be the duals of the right and left standard modules ∇(λ)_A,_A∇(λ) of A. We write Δ = ⊕_λΔ(λ) and ∇ = ⊕_λ∇(λ).

Lemma 3. Let A be a selfinjective quasi-hereditary algebra. If A is not semisimple, then A is infinite dimensional.

Proof. Nonsemisimple selfinjective algebras have infinite homological dimension, since Heller translation is invertible. Finite dimensional quasi-hereditary algebras have finite homological dimension. □

We say a highest weight category C is homogeneous if its standard objects all have the same Loewy length, and its costandard objects all have the same Loewy length. Equivalently, C = A -mod, where A is a quasi-hereditary algebra whose left standard modules all have the same Loewy length, and whose right standard modules all have the same Loewy length.

Definition 4. A hica is is a highest weight, homogeneous, indecomposable Calabi-Yau category of dimension 0.

The collection Hica of hicas forms a 2-category (arrows are exact functors, 2- arrows are natural transformations). We denote by Hica_l the 2-category of hicas of length l.

Lemma 5. The 2-functor

{symmetric, homogeneous, quasihereditary basic algebras } ↠ Hica

which takes an algebra to its module category is essentially bijective on objects.

Proof. We must define a correspondence between objects of our 2-categories, under which isomorphic algebras correspond to equivalent categories, and vice versa. If A is a symmetric, Δ-homogeneous quasihereditary algebra then A -mod is a hica ([4], [17], Theorem 3.1). If C is a hica, then A = ⊕_{λ∈Λ} Hom(P (λ), P (μ)) is an algebra such that A -mod = C. □

A highest weight category C has a collection of indecomposable tilting modules T (λ) indexed by Λ, characterised as indecomposable objects with a Δ-filtration and a ∇-filtration. The Ringel dual C^′ of C is the module category A^′ -mod of the algebra A^′ = ⊕_{λ,μ} Hom_C (T (λ), T (μ)).

The Ringel dual C^′ of C is a highest weight category. If C = A -mod, we call A^′ the Ringel dual of A. If C ∼= C^′ then we say C and A are Ringel self-dual.

Lemma 6. Suppose C = A -mod is a hica. Then l(A) = l(_AΔ) + l(Δ_A) − 1.

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 183

Proof. The length of A is the least number l such that the product of any l elements of the radical of A is zero. This can be otherwise defined as the radical length of the A ⊗ A^{op}-module A. Since A is quasi-hereditary,_AA_A has a bimodule filtration with sections_AΔ(λ) ⊗_F Δ_A(λ). These sections have radical length l(_AΔ) + l(Δ_A) − 1, as A ⊗ A^{op}-modules. Therefore the Loewy length of A is at least l(_AΔ) + l(Δ_A) − 1.

The tops of all of these sections lie in the top of_AA_A. Since A is symmetric, every irreducible lies in the socle of A. Since A is also quasi-hereditary, every irreducible lies in the socle of some standard object Δ. Given λ ∈ Λ, the socle F x_λ of Ae_λ is generated by soc(_AΔ(ν)) ⊗_F soc(Δ_A(ν)), for suitable ν, modulo lower terms in the filtration. The lower terms in the filtration have zero intersection with F x_λ, since this space is one dimensional. Therefore, lifting an element of soc(_AΔ(ν)) ⊗ soc(Δ_A(ν)) to an element of radical length l(_AΔ) + l(Δ_A)−1 in A, we obtain an element of F x_λ of radical length l(_AΔ)+l(Δ_A)−1. It follows that the Loewy length of A is at most l(_AΔ) + l(Δ_A) − 1. □

We also wish to consider graded algebras, which may satisfy weaker assumptions than those given above. If G is a group, and A an algebra, then a G-grading of A is a decomposition A = ⊕_{g∈G}A^g , such that A^g .A^h ⊂ A^{gh}. A graded A-module is an A module with a decomposition M = ⊕_{g∈G}M^g , such that A^g .M^h ⊂ M^{gh}; a homomorphism ϕ : M → N of graded modules is an A-module homomorphism sending M^g to N^g, for g ∈ G.

We say A is Z_+-graded if it is Z-graded, with A^i = 0 for i < 0. Suppose A a Z-graded algebra, whose degree 0 part A^0 satisfies the conditions (i)-(iv) above. Then we denote by A -mod the abelian subcategory of the category of all A-modules generated by A^0 -mod, and by A -gr the abelian subcategory of the category of all graded A-modules generated by the category of finite dimensional A^0 -mod⟨i⟩, for i ∈ Z. We denote by A -grperf the thick subcategory of the the derived category of graded A-modules generated by objects of the form A ⊗_A0 X⟨i⟩, where X ∈ A^0 -mod and i ∈ Z.

3. Elementary constructions

Let us give some elementary constructions of symmetric algebras. Suppose B is an algebra. Let A = T (B) denote the trivial extension of B by B^∗. Then A is symmetric, and A -mod is Calabi-Yau of dimension 0. Suppose B is an algebra and M is a B-B-bimodule such that e_λMe_μ is finitedimensional for every λ, μ ∈ Λ and such that for every λ only finitely many of e_λMe_μ and e_μMe_λ are non-zero. Define M^∗ := � λ∈Λ Hom_F (Me_λ, F ) and assume we have a fixed bimodule isomorphism M ∼= M^∗. Then we have a

Documenta Mathematica 15 (2010) 177–205

184 Vanessa Miemietz and Will Turner

sequence of bimodule homomorphisms

B → Hom_B (M, M) ∼= Hom_B (M, M^∗) = Hom_B (M, � λ∈Λ Hom(Me_λ, F )) ∼= � λ∈Λ Hom_B (M, Hom(Me_λ, F )) ∼= � λ∈Λ Hom_F (M ⊗_B Me_λ, F ) = � λ∈Λ Hom_F ((M ⊗_B M)e_λ, F )

= (M ⊗_B M)^∗,

noting that M ⊗_B M satisfies that e_λM ⊗_B Me_μ = � ν∈Λ e_λMe_ν ⊗_B e_ν Me_μ is finite-dimensional (finitely many finite-dimensional direct summands) for all λ, μ, and for every λ only finitely many of e_λM ⊗_B Me_μ and e_μM ⊗_B Me_λ are nonzero. The obtained bimodule homomorphisms compose to give a bimodule homomorphism B → (M ⊗_B M)^∗. Let μ : M ⊗_B M → B^∗ denote the dual map.

Associated to the data (B, M), we have a Z-graded algebra U = U(B, M) concentrated in degrees 0,1, and 2 whose degree 0,1,2 part is B,M, B^∗ respectively. The product map U^0 ⊗ U^i → U^i is given by the left action of B on the bimodule U^i, for i = 0, 1, 2. The product map U^i ⊗ U^0 → U^i is given by the right action of B on the bimodule U^i. We define the product U^1 ⊗_U 0 U^1 → U^2 to be given by μ. The product is associative since the product of three components U^i ⊗ U^j ⊗ U^k is non-zero if and only if i + j + k ≤ 2, in which case associativity is clearly visible.

Lemma 7. U(B, M) -mod is Calabi-Yau of dimension zero.

Proof. We have a bimodule isomorphism U ∼= U^∗ which exchanges U^0 and U^2, and sends U^1 to U^{1∗} via the fixed isomorphism M ∼= M^∗. □

4. Topsy-turvy quivers

Given a vertex w in a quiver Q, let P(w) denote the collection of vertices v of Q for which there is an arrow pointing from v to w (the past of w), counted with multiplicity. Let F(u) denote the collection of vertices v of Q for which there is an arrow pointing from u to v (the future of u), counted with multiplicity.

Definition 8. A connected quiver is topsy-turvy if it contains at least one arrow, and there is an automorphism ϕ of the vertices of Q such that F(u) = P(u^ϕ) for every vertex u of Q.

For any topsy-turvy quiver, the automorphism ϕ extends to a quiver automorphism, since arrows from x to y can be placed in bijection with arrows from y to x^ϕ, which can be placed in bijection with arrows from x^ϕ to y^ϕ.

Lemma 9. If Q is a topsy-turvy quiver, then PF(w) = FP(w) for all vertices w of Q.

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 185

Proof. Any x in FP(w) lies in the future of some u in the past of w, and therefore lies in the past of u^ϕ; since Q is topsy-turvy, u^ϕ also lies in the future of w and x lies in PF(w). By symmetry, if x lies in PF(w) then x also lies in FP(w). □

A directed topsy-turvy quiver Q can be Z-graded in the following way: take an arbitrary vertex u of Q and place it in degree 0. We say another vertex v in Q is in degree k if there exist i_1, . . . , i_r and j_1, . . . , j_r such that v ∈ P^{i1} F^{j1} · · · P^{ir} F^{jr} (u) and � 1≤s≤r js − � 1≤s≤r is = k. This is well-defined

since PF(w) = FP(w). It follows that all arrows in Q point from degree i to degree i + 1 and that ϕ has degree 2.

A bipartite graph is a countable connected graph Γ whose set V of vertices decomposes into two nonempty subsets V = V_l ∪ Γ_r such that no edges of Γ connect V_l to V_l, or V_r to V_r. Note that we do not call the graph with one vertex and no arrows bipartite.

Given a graph Γ with a bipartite decomposition of vertices V = V_l ∪V_r, we have an associated directed topsy-turvy quiver Q_Γ, obtained by orienting Z copies of Γ, identifying, for i even, the r-vertices of i^{th} copy of Γ with the r-vertices of the i + 1^{th} copy of Γ, the l-vertices of i^{th} copy of Γ with the l-vertices of the i − 1^{th} copy of Γ, and insisting that arrows in the i^{th} copy of Γ point from the i − 1^{th} copy to the i + 1^{th} copy, for i ∈ Z. Note that if we label our bipartite decomposition with the opposite orientation, we obtain an isomorphic topsy-turvy quiver.

Lemma 10. We have a one-one correspondence Γ ↔ Q_Γ between bipartite graphs and directed topsy-turvy quivers.

Proof. Given a directed topsy-turvy quiver, we have a Z-grading of the set of vertices V = ∐_{i∈Z}V_i, see above. Let A_i denote the set of arrows from V_i to V_{i+1}. The set of arrows of our quiver is graded A = ∐_{i∈Z}A_i. The automorphism ϕ defines isomorphisms between V_i and V_j and between A_i and A_j when i and j are both even, or when i and j are both odd. We can thus identify the V_i for i even with a single vertex set V_{even}, the V_i for i odd with a single vertex set V_{odd}, the A_i for i even with a single arrow set A_{eo} from V_{even} to V_{odd}, the A_i for i odd with a single arrow set A_{oe} from V_{odd} to V_{even}. The topsy-turviness of the quiver means precisely that A_{eo} is the opposite of A_{oe}. We thus obtain a graph with vertices V_{even} ∪ V_{odd}, and with edges between V_{even} and V_{odd}, such that directing edges from V_{even} to V_{odd} gives us A_{eo} and directing edges from V_{odd} to V_{even} gives us A_{oe}. This is a bipartite graph, by definition. Reversing the above argument, from any bipartite quiver, we obtain a directed topsy-turvy quiver. □

Example 11 The bipartite graph • • with two vertices and a single edge results in a topsy-turvy quiver which can be depicted as an oriented line:

... • � • � • � • � • � • � • ...

Documenta Mathematica 15 (2010) 177–205

186 Vanessa Miemietz and Will Turner

The bipartite graph

... • • • • • • • ...

results in a topsy-turvy quiver which can be depicted as a directed square lattice in R^2: ... • � � � � • � � � � • ...

• � � � �

� � � � • � � � �

� � � � ... • � � � � • � � � � • ...

The bipartite graph whose vertices are elements of the square lattice lattice in R^2 results in a topsy-turvy quiver whose arrows can be thought of as the diagonals of a face-centred cubic lattice in R^3.

5. Self-injective directed algebras of length ≤ 3

Throughout the following, let B be an indecomposable self-injective directed algebra. Here self-injective means that B ∼= � x∈Λ Hom_F (Ae_x, F ) as left Bmodules or, equivalently, that all projective B-modules are also injective, and vice versa. Directed is understood to mean that the Ext^1-quiver of B is a directed quiver.

Note that such an algebra is necessarily infinite-dimensional, since directed implies quasi-hereditary which, in the finite-dimensional case, implies finite global dimension, contradicting self-injectivity.

Lemma 12. If B is radical-graded, all projective B-modules have the same Loewy length.

Proof. For finite-dimensional algebras, this was shown in [12, Theorem 3.3]. We remark that the same proof holds for algebras in our setup, as the comparisons of Loewy length only need to be done using neighbouring projectives in the Ext-quiver. □

Let us now assume that B be an indecomposable self-injective algebra of Loewy length ≤ 3.

Lemma 13. B is radical-graded.

Proof. Set A_0 := � x∈Λ F e_x ∼= A/ Rad A realized by the semisimple algebra gen-

erated by the idempotents, this is obviously a subalgebra. It acts naturally on the bimodule A_1 ∼= Rad A/ Rad^2 A given by the arrows in the Ext-quiver and on A_2 := Rad^2 A. Obviously the multiplication maps A_1 ⊗ A_1 to A_2, so A is radical-graded. □

Corollary 14. All projectives of B have the same Loewy length.

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 187

Lemma 15. The quiver of B is a topsy-turvy quiver.

Proof. A projective indecomposable B-module P (λ) can be identified with an injective indecomposable B-module I(λ^ϕ). Here ϕ is a quiver isomorphism, corresponding to the Nakayama automorphism of B. Since B is selfinjective Loewy length 3, elements of F(λ) correspond to composition factors in the heart of P (λ) =_B Be_λ. Switching from left action to right action, we find elements of P(λ^ϕ) correspond to composition factors in the heart of e_λB_B . Taking duals, we find elements of P(λ^ϕ) correspond to composition factors in the heart of I(λ^ϕ). Since P (λ) = I(λ^ϕ), we conclude F(λ) = P(λ^ϕ). Thus B has a topsy-turvy quiver, as required. □

To any topsy-turvy quiver Q, we can associate a self-injective algebra R(Q) of Loewy length 3 by factoring out relations from the path algebra as follows: make products of arrows of Q which do not lie in some F(u) ∪ P(u^ϕ) equal to zero; make squares in F(u) ∪ P(u^ϕ) commute. Let us now assume B is directed.

Lemma 16. (a) If B has Loewy length 2, it is isomorphic to the F Q/I, where Q is the infinite quiver ... • � • � • � • � • � • � • ...

and I is the quadratic ideal generated by all paths of length two. (b) If B has Loewy length 3, it is given by R(Q), where Q is a directed, topsy-turvy quiver.

Proof. (a) Obvious.

(b) Since projectives are injectives, both have irreducible head and socle. Since B is directed, projectives have structure λ μ_1 ⊕ ... ⊕ μ_n ν, where ν < μ_i < λ all i. We only have to worry about the nonzero relations. These take the form ac = ξbd, for ξ ∈ F^×, where a, b are arrows in F (u) and c, d are arrows in P (u^ϕ) for some u. We want to remove the scalars ξ from this description.

Let us write B = F Q/I. Then Q is topsy-turvy with ϕ described by the Nakayama automorphism of B. Since Q is directed as well, we can give the collection of vertices of our quiver a Z-grading, so that arrows have degree 1, and ϕ has degree 2. We now alter scalars inductively. Arrows from vertices of degree 0 to vertices of degree 1 we leave alone. An arrow a from degree 1 to degree 2 lies in P (t(a)), and in no other P (w). Therefore, multiplying arrows between vertices of degree 1 and degree 2 by nonzero scalars if necessary, we can force squares in quiver degree 0, 1, 2 to commute. Similarly, multiplying arrows in degree 2, 3 by scalars, we can force squares in quiver degree 1, 2, 3

Documenta Mathematica 15 (2010) 177–205

188 Vanessa Miemietz and Will Turner

to commute. And so on. Working backwards, make squares in degree −1, 0, 1 commute and so on. □

Suppose Γ is a bipartite graph. The double quiver of Γ is the quiver which has vertices as Γ and a pair of opposing arrows running along each edge of Γ.

Definition 17. Let B_Γ denote the self-injective directed algebra R(Q_Γ). Let A_Γ denote the trivial extension T (B_Γ) of B_Γ. Let C_Γ denote the category A_Γ -mod.

We define Z_Γ to be the zigzag algebra associated to Γ [7]. It is the path algebra of the double quiver associated to Γ modulo relations insisting that all quadratic paths based at a single vertex are equal, whilst all other quadratic relations are zero. Since the relations are homogeneous, Z_Γ is a Z_+-graded algebra with homogeneous elements graded by path length.

Lemma 18. The category Z_Γ -mod is Calabi-Yau of dimension 0. We have an equivalence Z_Γ -gr ≃ B_Γ -mod^{⊕2} between the category Z_Γ -gr of graded modules of Z_Γ, taken with respect to the Z_+-grading by path length, and the direct sum of two copies of B_Γ -mod. Under this equivalence, twisting by the automorphism ϕ of Q_Γ corresponds to a degree shift by 2 in Z_Γ -gr.

Proof. The irreducible objects of Z_Γ -gr are S⟨i⟩, where S is an irreducible Z_Γmodule concentrated in degree 0. There are homomorphisms in Z_Γ -gr between S⟨i⟩ and T ⟨j⟩ precisely when S = T and i = j. There is an extension in Z_Γ -gr of S⟨i⟩ by T ⟨j⟩ precisely when there is an extension between S by T in Z_Γ -mod and j = i + 1. In particular when there exists such an extension, S corresponds to a vertex in V_l and T corresponds to a vertex in V_r. We thus have two blocks in Z_Γ -gr: one block is generated by S⟨i⟩ where S lies in V_l and i is even or S lies in V_r and i is odd; the other block is generated by S⟨i⟩ where S lies in V_r and i is even or S lies in V_l and i is odd. It is not difficult to see that each block is isomorphic to B_Γ -mod so that the automorphism ϕ corresponds to a degree shift ⟨2⟩. □

For a quiver Q, we define P_Q to be the path algebra of Q, modulo the ideal of all paths of length ≥ 2.

Lemma 19. For every orientation^→Γ of the bipartite graph Γ, we have an isomorphism Z_Γ ∼= T (P→_Γ )

between Z_Γ and the trivial extension algebra T (P→_Γ ) of P→_Γ by its dual.

Proof. Projectives for P→_Γ take two shapes: they are either of Loewy length two, hence have a simple top with a certain number of extensions, or they are simple. Similarly injectives are simple in the first case or of length two with a simple socle and a certain number of simples in the top in the second case. Projectives for T (P→_Γ ) are extensions of projectives for P→_Γ by injectives for the

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 189

same algebra, hence either of a module of Loewy length two with a certain number of simples in the socle by a simple or of a simple by a module of Loewy length two with a simple socle and some composition factors in the top. In both cases top and socle of the resulting extension have to be simple which forces, in the first case, all of the simples in the socle of the P→_Γ -projective to extend the simple P→_Γ -injective, and in the second case, the simple P→_Γ -projective to extend all the simples in the top of the P→_Γ -injective. This is the same as saying

that for every arrow in^→Γ the quiver for T (P→_Γ ) has an arrow in the opposite direction as well, and that all quadratic paths based at a single vertex are the same (we can easily get rid of scalars by rescaling the arrows) while all other quadratic relations are zero. This exactly describes the algebra Z_Γ. □

In this way, every orientation^→Γ of the graph Γ defines a Z^{{f,a}}_+ -grading on Z_Γ, whose f component corresponds to the Z_+-grading of P→_Γ by path length, and whose a component corresponds to the Z_+-grading of T (P→_Γ ) which puts P→_Γ in degree 0 and its dual in degree 1.

Correspondingly, the orientation^→Γ of Γ gives rise to a Z^{{f,a}}_+ -grading of the associated selfinjective directed algebra B_Γ as follows: define a bigrading of the corresponding topsy-turvy quiver by grading arrows with an f if they run with the orientation^→Γ of Γ, and grading them a if they run against the orientation. This grading extends to a Z^{{f,a}}_+ -grading of B_Γ.

6. Hicas of length ≤ 4

The following is a classical statement which holds for any quasi-hereditary algebra:

Lemma 20. (a)_AΔ ∼= (∇_A)^∗

(b)_A∇ ∼= (Δ_A)^∗

Lemma 21. Suppose C = A -mod is a highest weight category which is Calabi- Yau of dimension 0, and Ringel self-dual. Then A is quasi-hereditary with respect to two orders, denoted ▲ and ▼, and we have

(a)_AΔ^▲ ∼=_A∇^▼ (b)_AΔ^▼ ∼=_A∇^▲

Proof. Let us suppose the quasi-hereditary structure on A is given by the partial order ▲, and the one induced by Ringel duality is ▼. Since A is Ringel selfdual, we have an isomorphism A ∼= A^′. Say that under this homomorphism the right projective e_xA corresponding to x ∈ Λ goes to the right projective e^′_yA^′ for some y ∈ Λ. Then by Hom_A(Ae_x, A) ∼= e_xA ∼= e^′_yA^′ = Hom_A(T (y), A) for T (y) the tilting module for y and the fact that any projective for A is also injective and therefore tilting, it follows that T (y) = P (x). So all tilting modules are projective A-modules. So, there is a 1-1-correspondence between tilting modules and projective modules for A, say it is, in the above scenario

Documenta Mathematica 15 (2010) 177–205

190 Vanessa Miemietz and Will Turner

given by y = ♯x. In particular this gives a one-to-one correspondence between standard modules and their socles x = soc Δ^▲(♯x). This makes the definition Δ^▼(x) := ∇^▲(♯x) well-defined. Filtrations of projectives by Δ^▼s as well as the respective ordering conditions follow immediately from the dual statments for injectives (=projectives) and ∇^▲s. □

We wish to classify hicas of length ≤ 4. To warm up, let us classify hicas of length ≤ 3.

Lemma 22. Hicas of length 1 are semisimple. There are no hicas of length 2. There is a unique hica of length 3, which is the module category of the Brauer tree algebra associated to a bi-infinite line.

Proof. Length 1 hicas are trivially semisimple.

Suppose C = A -mod is a hica of length 2. Standard objects in C must have length 2, since C is indecomposable, but not semisimple. Since C itself has length 2, all projective objects in C also have length 2. Thus standard objects are projective, and the socle of a projective indecomposable object Ae_x has irreducible summands indexed by elements y of Λ with y < x. Since A is a symmetric algebra, the top and socle of Ae_x are equal, which is a contradiction. Therefore there are no hicas of length 2.

Suppose C = A -mod is a hica of length 3. Then l(_AΔ) + l(Δ_A) = 4, by Lemma 6. We have 1 ≤ l(_AΔ), l(Δ_A) ≤ 3 since C has length 3. It is impossible that l(_AΔ) = 3, since this would imply standard objects are projective, leading to a contradiction as in the case when C is a hica of length 2. It is dually impossible that l(Δ_A) = 3. Therefore l(_AΔ) = l(Δ_A) = 2. The next step is to show our hica C of length 3 is Ringel self-dual. This follows just in the proof of Ringel duality for hicas of length 4 in Lemma 25 below: it is only necessary to replace the numbers 4 and 3 by the numbers 3 and 2. Since a standard object Δ(x) is a costandard object for some other ordering, by Lemma 21, Δ(x) must have an irreducible socle x_{−1}, as well as an irreducible top x = x_0. Likewise, x is the socle of some standard object Δ(x_1), for some x_1 > x. The projective Ae_x has a filtration whose sections are Δ(x_1) and Δ(x_0); it is not possible there are any other standard objects in a Δ-filtration since the existence of such would imply either the socle or top of Ae_x was not irreducible. We conclude Ae_x has top and socle isomorphic to x_i, and top modulo socle isomorphic to x_{−1} ⊕ x_1. Inductively, we find x_i ∈ Λ, for i ∈ Z, such that Ae_{xi} has a filtration whose top and socle are isomorphic to x_i, and top modulo socle isomorphic to x_{i−1} ⊕x_{i+1}. It follows A is isomorphic to the path algebra of the quiver

... •

α_{i−1} � • β_{i−1} � α_i � • β_i � α_{i+1} � • β_{i+1}

� ...

modulo relations α_{i+1}α_i = β_iβ_{i+1} = 0, and relations α_iβ_i − λ_iβ_{i+1}α_{i+1} = 0, for some nonzero λ_i ∈ k. Rescaling the generators if necessary, we may take

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 191

all λ_i = 0. Thus A is isomorphic to the Brauer tree algebra associated to a bi-infinite line. □

Let us now assume C is a hica of length 4. Thus C = A -mod for a symmetric quasi-hereditary Δ-homogeneous algebra A of Loewy length 4.

Lemma 23. The endomorphism ring of a projective indecomposable object in C is isomorphic to F [d]/d^2.

Proof. The top and socle of a projective indecomposable are isomorphic, and such a simple cannot appear in either of the middle radical layers as this would imply a self-extension of the simple, contradicting quasi-heredity. □

Lemma 24. Either_AΔ has length 3 and Δ_A has length 2, or else_AΔ has length 2 and Δ_A has length 3.

Proof. Since A is a hica, we have l(_AΔ) + l(Δ_A) = 5.

It is impossible that l(_AΔ) = 1 since this would imply that A_A = Δ_A, which contradicts Lemma 23. Likewise it is impossible that l(Δ_A) = 1. It follows that {l(_AΔ), l(Δ_A)} = {2, 3}, as required. □

We use < to mean “less than, in the order ▲”.

Lemma 25. C is Ringel self-dual.

Proof. To say that C is Ringel self-dual is to say that_AA is a full tilting module for A. This is equivalent to saying that A_A is a full tilting module for A (consider finite dimensional quotients/subalgebras, and pass to a limit). In other words, A is left Ringel self-dual if and only if A is right Ringel self-dual. To establish the Ringel self-duality of C, we may therefore assume that_AΔ has length 3, by Lemma 24.

Suppose C is not Ringel self-dual. Then we have a nonprojective indecomposable tilting module T (λ), which has a filtration with sections

Δ(λ), Δ(λ_2), ..., Δ(λ_n).

Note that Δ(λ) is the bottom section, and up to scalar we have a unique homomorphism from P (λ) to T whose image is Δ(λ) (reference Ringel). Since T is nonprojective, it has length < 4. Since the sections all have length 3, the tilting module has length 3, and the tops of the sections all lie in the top of T . The module T also has a ∇-filtration since it is tilting. Any simple in the top of T must lie in the top of some ∇ of length 2. In particular, λ itself must lie in the top of some ∇(μ) of length 2. The resulting homomorphism P (λ) → ∇(μ) must lift to a homomorphism P (λ) → T . Up to scalar, there is a unique such homomorphism whose image is Δ(λ), implying that μ is a factor of Δ(λ). Thus, λ is a factor of ∇(μ) and μ is a factor of Δ(λ). Thus λ > μ > λ which is a contradiction. □

Lemma 26. Standard modules for A have irreducible head and socle.

Documenta Mathematica 15 (2010) 177–205

192 Vanessa Miemietz and Will Turner

Proof. A standard module in one ordering is isomorphic to a costandard module in another ordering, by Lemmas 21 and 25. □

If there is a nonsplit extension of λ by μ then either λ > μ or λ < μ. We define Rel to be the set of relations λ > μ or λ < μ of this kind. We define ↑ to be the partial order on Λ generated by Rel. The order ▲ is a refinement of ↑. We define ↓ to be the ordering on Λ which is Ringel dual to ↑. Lemma 27. C is a highest weight category with respect to the partial order ↑ on Λ.

Proof. C has length 4, which implies that either left or right standard modules have length two and, by Lemma 26, are therefore uniserial. The quasihereditary structure induced by ▲ is already determined by these non-split extensions and therefore the order ↑ already induces the same quasi-hereditary structure as its refinement ▲. □

From now on, whenever we refer to standard or costandard modules, or to orderings, without specifying the order, we mean the order ↑. We say an A-module M is directed, if given a subquotient of M which is a non-split extension of a simple module λ by a simple module μ, λ is greater than μ.

Lemma 28. Standard A-modules are directed.

Proof. We want that all standard modules are directed, which means for any subquotient of a standard module which is a non-split extension of simple modules λ by μ, λ is greater than μ. This is trivial for a standard module of Loewy length 2.

Let Δ(x) be a standard module of Loewy length 3. It must have an irreducible socle y by Lemma 26. Thus Δ(x) appears in a Δ-filtration of P (y). Δ(y) appears as the top factor of a Δ-filtration of P (y). Indeed, since P (y) has length 4 with irreducible top and socle, a Δ-filtration of P (y) has precisely two factors, namely Δ(x) and Δ(y).

The module Δ(y) must have irreducible socle z, where y > z, by Lemma 26. Since P (y) has length 4 and Δ(y) has length 3, we conclude there is an extension of z by y. Since ∇(y) is dual to a Δ which has length 2, ∇(y) itself has length 2, and it must in fact be this extension of z by y. For any other nonsplit extension of an irreducible modules w by y, we must have w > y by Lemma 27. These are precisely the extensions of w by y contained in Δ(x). The extensions of x by w contained in Δ(x) imply x > w by definition of a standard module. Thus any extension of λ by μ in Δ(x) implies λ > μ as required. □

Corollary 29. The orders ↑ and ↓ on Λ are opposite.

Proof. Just as standard modules are directed in the ↑ ordering, costandard modules are directed in the ↓ ordering. But standard modules in the ↑ ordering are equal to costandard modules in the ↓ ordering by Lemmas 21 and 25. Therefore ↑ and ↓ orderings are opposite, as required. □

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 193

Remark 30 If a finite-dimensional algebra is quasi-hereditary with respect to two opposing orders then it must be directed, in which case the standard modules are projectives in one ordering, and simples in the opposite ordering. This can easily be proved by induction on the size of the indexing set. Symmetric quasi-hereditary algebras are never directed, since their projective indecomposable objects have isomorphic head and socle.

Remark 31 It is not necessarily the case that a Ringel self-dual hica is a highest weight category with respect to two opposing orderings. Examples of length 5 are found amongst module categories of rhombal algebras [3].

Let X(λ) denote the kernel of the surjective homomorphism Δ(λ) ↠ λ, for λ ∈ Λ.

Definition 32. The Δ-quiver of A is the quiver with vertices indexed by Λ, and with arrows λ → μ corresponding to simple composition factors μ in the top of X(λ).

Lemma 33. Components of the Δ-quiver of length 2 are directed lines. Components of the Δ-quiver of length 3 are directed topsy-turvy quivers.

Proof. The length 2 case is easy.

In length 3, we have a permutation ϕ � Λ which takes λ to the socle of Δ(λ). We prove that F(λ) = P(λ^ϕ) via a sequence of correspondences: arrows emanating from λ in the Δ-quiver are in correspondence with simple composition factors μ in the top of X(λ); simple composition factors μ in the top of X(λ) are in correspondence with extensions of λ by μ such that λ > μ; since Δ^↑(λ) = ∇^↓(λ^ϕ), whilst ↑ and ↓ are opposites, extensions of λ by μ such that λ > μ are in one-one correspondence with extensions of μ by λ^ϕ such that μ > λ^ϕ; extensions of μ by λ^ϕ such that μ > λ^ϕ are in correspondence with simple composition factors λ^ϕ in the top of X(μ); simple composition factors λ^ϕ in the top of X(μ) are in one-one correspondence with arrows into λ^ϕ in the Δ-quiver.

Since standard modules are directed, the Δ-quivers are also directed (ie they generate a poset). □

We next find Δ-subalgebra of A, in the sense of S. Koenig [10].

Lemma 34. A has a Δ-subalgebra B.

Proof. We want to find B such that_B Δ ∼=_B B. Let us write A = F Q/I as the path algebra of Q modulo relations, where Q is the Ext^1-quiver of A. If there is a positive arrow x → y in Q, that is to say an arrow x → y in Q such that x > y, then x and y lie in the same component of the Δ-quiver. Since all standard modules are directed, the connected component of the quiver generated by these arrows are the components of the Δ-quiver. Let B be the subalgebra of A generated by arrows x → y in Q such that x > y. Since all standard modules are directed, composing the natural maps

Documenta Mathematica 15 (2010) 177–205

194 Vanessa Miemietz and Will Turner

Be_λ → Ae_λ → Δ(λ) gives us a surjection Be_λ ↠ Δ(λ). To establish this composition map is an isomorphism, we have to worry about its kernel, which must lie in Rad^2(B)e_λ, which is the socle of B since A has length 4. Assume there is a simple S in the kernel. Then S would have to be a factor of Δ(μ) in a Δ-filtration of Ae_λ; restrictions imply S would lie in the socle of some Δ(μ) of length 2, where μ > λ (otherwise if Δ(μ) has length 3 then λ lies in the socle of Δ(μ) so S > λ, λ > S since S appears in Be_λ, contradiction). Since S lies in Rad^2(B)e_λ, we have positive arrows λ → ν → S, for some ν, so S must lie in Δ(ν), and there is an arrow λ → ν in the Δ-component of λ. There are now two possibilities. Either Δ(λ) has length 3, implying S lies in a Δ-quiver component of length 2 (for μ), and a Δ-quiver component of length 3 (for λ)- contradiction. Else Δ(λ) has length 2, which implies we have a Δ-quiver component of length 2 containing the quiver μ → S ← ν - contradiction (the structure of any length 2 Δ-quiver component is an oriented line by Lemma 33). We conclude that the map B ↠ Δ must in fact have zero kernel, ie B is a Δ-subalgebra. □ Let B be the Δ-subalgebra of A.

Lemma 35. Suppose B has length 3. Then the algebra homomorphism B → A splits.

Proof. Let I denote the ideal of A which is a sum of spaces AaA where a is a negative arrow in the quiver Q of A. Then the kernel J of the A-module homomorphism A →_AΔ is contained in I, since A has length 4 and Δs have length 3, implying J is generated in the top of the radical of A. Also, J contains I since I is generated as a vector space by products of 1, 2, or 3 arrows in the quiver, at least one of which lies in I, and these products all lie in J since all Δs are directed. Thus the kernel of A →_AΔ is equal to I. By symmetry, the homomorphism of right A-modules A → Δ_A also has kernel I. Therefore B ⊕ I → A is an isomorphism of B-B-bimodules, and the algebra homomorphisms B → A → A/I compose to give an algebra isomorphism B ∼= A/I. Therefore the homomorphism B → A splits as required. □

Lemma 36. B is self-injective.

Proof. We write^↑B for the_AΔ-subalgebra taken with respect to the ↑ ordering, and B^↓ the Δ_A-subalgebra taken with respect to the ↓ ordering. We know that

B =^↑B ∼= � x∈Λ AΔ^↑(x) ∼= � x∈Λ A∇^↓(x) ∼= � x∈Λ (Δ^↓_A(x))^∗ ∼= (B^↓)^∗,

where B^↓ is also a Δ-subalgebra of A. Thus^↑B ∼= (B^↓)^∗ as A-modules, and therefore as^↑B-modules. To prove^↑B is self-injective we must show that ↑B ∼= B^↓. Indeed,^↑B is defined to be the subalgebra generated by left positive

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 195

↑-arrows, whilst B^↓ is defined to be the subalgebra generated by right positive ↓-arrows. Passing from the left regular action of an algebra on itself to the right regular action reverses arrow orientation. Therefore left positive ↑-arrows are equal to right negative ↑-arrows which are equal to right positive ↓-arrows. Thus^↑B ∼= B^↓ as required. □

Lemma 37. If B has Loewy length 3, then A is isomorphic to T (B), the trivial extension algebra of B by its dual.

If B has Loewy length 2, then A is isomorphic to U(B, M) where M is a selfdual B-B-bimodule.

Proof. We may assume B = B^↑ has Loewy length 3, in which case B^↓ has Loewy length 2. We have a surjection of algebras A ↠ B which splits, via an algebra embedding B → A. Dually, we have an embedding of A-A-bimodules B^∗ → A^∗. Since A ∼= A^∗ as bimodules, we have a homomorphism of A- A-bimodules B^∗ → A. Taking the sum of our two embeddings gives us a homomorphism of B-B-bimodules, B ⊕ B^∗ → A.

This homomorphism is a bimodule isomorphism, because every projective indecomposable A-module has a canonical Δ-filtration featuring precisely two Δ(λ)s, one of which is a summand of B, and the other of which is a summand of B^∗. We can thus identify the image of B^∗ in A with the kernel of the algebra homomorphism A → B. The image of B^∗ in A multiplies to zero, because the map B^∗ → A is a homomorphism of A-A-bimodules, on which the kernel of the surjection A ↠ B acts trivially. The image of B in A multiplies via according to multiplication in B. In other words, the map T (B) = B ⊕ B^∗ → A is an algebra isomorphism, as required.

The algebra A has a Z^2_+-grading whose first component comes from the radical grading on B^↑, and whose second component comes from the trivial extension grading, with B^↑ in degree 0 and its dual in degree 1. In other words, the degree (∗, 0) part of A is B^↑. We can then identify the degree (0, ∗) part of A with B^↓, which is self-injective of Loewy length 2. The degree (2, ∗) part of A is then isomorphic to B^{↓∗}, and we define M to be the degree (1, ∗) part of A. The isomorphism A ∼= A^∗ exchanges the B^↓-B^↓-bimodules B^↓ and B^{↓∗}, whilst it defines an isomorphism M ∼= M^∗. This way, we obtain the algebra isomorphism A ∼= U(B^↓, M). □

Let Bip denote the 2-category whose objects are bipartite graphs; whose arrows Γ → Γ^′ are given by sequences (γ_1, ..., γ_n) of distinct vertices of Γ, such that Γ^′ = Γ\{γ_1, ..., γ_n}; whose 2-arrows are given by permutations of such sequences.

The following result is a refinement of Theorem 1.

Theorem 38. The correspondence Γ → C_Γ extends to a 2-functor

Bip → Hica_4 which is essentially bijective on objects.

Documenta Mathematica 15 (2010) 177–205

196 Vanessa Miemietz and Will Turner

Proof. The correspondence Γ → A_Γ -mod is essentially bijective on objects, by Lemmas 16, 34, 36, and 37.

We have to associate functors and natural transformations in Hica_4 to arrows and 2-arrows in Bip. Suppose γ ∈ Γ is a vertex of a bipartite graph, and Γ^′ = Γ\γ. We have an isomorphism A_Γ′ ∼= e_Γ′ A_Γe_Γ′ , and therefore an exact functor F_γ = e_Γ′ A_Γ⊗_{AΓ} : A_Γ -mod → A_Γ′ -mod which sends the irreducible corresponding to a vertex v to the irreducible corresponding to a vertex v, if v ≠ γ and to zero if v = γ. To a sequence (γ_1, ..., γ_n) we associate the composition functor F_{γn} ...F_{γ1} . There are natural isomorphisms between various functors corresponding to isomorphisms of bimodules. □

Let B^↑ = F Q^↑/R^↑, B^↓ = F Q^↓/R^↓ be minimal presentations of B^↑ and B^↓ by quiver and relations.

Let Q be the union of Q^↑ and Q^↓ in which we identify the vertices of these quivers if they represent the same irreducible A-module. Let R be the union of R^↑, R^↓ and R^↕. Let R^↕ denote the set of relations which insist that squares in Q involving two arrows of Q^↑ and two arrows of Q^↓ commute.

Lemma 39. A = F Q/R is a minimal presentation of A by quiver and relations.

Proof. We have a surjective map F Q ↠ A. It is not difficult to see this must factor through a map F Q/R ↠ A. We now want to bound the dimension of a projective of F Q/R. Without loss of generality assum that B = B^↑ has Loewy length 3 and B^↓ therefore has Loewy length 2. So Q^↑ is a topsy-turvy quiver and Q^↓ is linear. We claim that a spanning set of (F Q/R)e_x is given by abe_x where b ∈ B and a is either an idempotent or an arrow from Q^↓. Without a doubt a spanning set is given by the union of all elements of the form a_1b_1 · · · a_rb_re_x where a_i are either idempotents or arrows in Q^↓ and b_i ∈ B. However, if we have an arrow a in Q^↓ (say with source y and target ϕ^{−1}(y)) and and arrow b ∈ Q^↑ starting in ϕ^{−1}(y) , the product bae_y = be_ϕ−1_yae_y equals a^′b^′e_y where b^′ = ϕ(b) and a^′ is the unique arrow starting at the end vertex of b^′e_y. Indeed, Q^↑ being topsy turvy implies the existence of b^′ and in Q^↓ there is an arrow from x to ϕ^{−1}x for every x. So denoting by z the end vertex of b, there is a square y^a �

ϕ(b) � ϕ^{−1}(y) b � z^{a′} � ϕ^{−1}(z)

.

By the required relations this has to commute and we obtain bae_y = a^′b^′e_y. Hence the path a_1b_1 · · · a_rb_re_x is equivalent modulo R to a path a^′_1 · · · a^′_rb^′_1 · · · b^′_r = a^′_1 · · · a^′_rb^′. However, by the relations in B^↓, any product of arrows in Q^↓ is zero, so we obtain the claim that (F Q/R)e_x is spanned by abe_x where b ∈ B and a is either an idempotent or an arrow from Q^↓.

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 197

This implies that dim(F Q/R)e_x ≤ 2 dim Be_x = dim(B + B^∗)e_x = dim Ae_x, the equality dim Be_x = dim(B + B^∗)e_x coming from the fact that B is selfinjective. Combining the above surjection F Q/R ↠ A and this inequality, we obtain the statment of the lemma. □

7. Koszulity

For an algebra C we denote by C^! the quadratic dual of C.

Theorem 40. The following are equivalent:

1. Γ is not a simply laced Dynkin graph. 2. Z_Γ is Koszul. 3. B_Γ is Koszul. 4. A_Γ is Koszul.

5. A^!_Γ -mod is Calabi-Yau of dimension 3.

The length of the proof of this result is the length of the section.

1 is equivalent to 2, by a theorem of Martínez-Villa [11].

2 is equivalent to 3, since B_Γ -mod^{⊕2} is equivalent to Z_Γ -gr by Lemma 18. The implication 3 ⇒ 4 follows from the following lemma, in case A = A_Γ, and B = B_Γ.

Lemma 41. If B is a self-injective Koszul algebra of length n, the trivial extension algebra A = B ⊕ B^∗⟨n⟩ is Koszul.

Proof. Since B is selfinjective, we have an isomorphism B ∼= B^∗ of B-modules. The algebra A is a trivial extension A = B ⊕ B^∗, and we thus have a map A → A of B-modules extending to a map of A-modules whose kernel is B^∗ and whose cokernel is B. Stringing these together gives us a projective resolution

... → A → A → B

of B as a left A-module. Since B is self-injective and radical graded, every injective B-module has length n, and consequently this is a linear resolution of B as a left A-module. Taking summands, we find that every projective B-module has a linear resolution as a left A-module.

If B is Koszul, then B^0 has a linear resolution by projective B-modules. Thus B^0 is quasi-isomorphic to a linear complex of projective B-modules. Since projective B-modules are quasi-isomorphic to a linear complex of projective A-modules, we deduce B^0 is isomorphic to a linear complex of projective Amodules. That is to say, A^0 = B^0 has a linear resolution by projective Amodules. In other words, A is Koszul. □

The implication 4 ⇒ 3 follows from the following lemma, in case A = A_Γ, and B = B_Γ.

Lemma 42. If B is a radical-graded selfinjective algebra of length n, such that A = B ⊕ B^∗⟨n⟩ is Koszul, then B is Koszul.

Documenta Mathematica 15 (2010) 177–205

198 Vanessa Miemietz and Will Turner

Proof. We have a Z_+ × Z_+-grading on A in which B lies in degree (?, 0), the dual of B lies in degree (?, 1), and in which the inherent Z_+-grading on B is the radical grading. This corresponds to the action of a two-dimensional torus T on A. Thus T acts on A^1 and we have an exact sequence

0 → R → A^1 ⊗_A0 A^1 → A^2 → 0

of T-modules, where R denotes the relations for A and A^j refers to the jth component in the total grading, whose dual

0 ← A^{!2} ← A^{!1} ⊗_A!0 A^{!1} ← R^! ← 0

is also an exact sequence of T-modules. Since A^! is quadratic by definition, with relations R^!, we have an action of T on A^!, which gives a Z_+ × Z_+-grading on A^!. We have a linear resolution of W = A^{(0,0)}, given by the Koszul complex

A ⊗_W A^{!∗}

of A ([1], 2.8). Here A^{!∗} denotes the graded dual of A^!. The differential on the Koszul complex respects the Z_+ × Z_+-grading on A and A^! (see [1], 2.6). In other words, it sends terms involving arrows in A^{(0,1)} or A^{!(0,1)∗} to terms involving arrows in A^{(0,1)} or A^{!(0,1)∗}, and terms not involving arrows in A^{(0,1)} or A^{!(0,1)∗} to terms not involving arrows in A^{(0,1)} or A^{!(0,1)∗}. Consequently the subcomplex A^{(?,0)} ⊗_R A^{!(−,0)∗}) is a direct summand of the Koszul complex regarded as a complex of B-modules. Taking this component gives us a linear resolution of R = B^0 as a B-module. Therefore B is Koszul. □

If C is a graded algebra and C -mod is Calabi-Yau of dimension n, then Ext^∗_C (C^0, C^0) is a super-symmetric algebra concentrated in degrees 0, 1, ..., n, by Van den Bergh A.5.2 [2]. We have a converse which applies for Koszul algebras:

Theorem 43. Suppose K is a Koszul algebra such that K^! is super-symmetric of length n + 1, then K -mod is Calabi-Yau of dimension n.

Proof. There is an equivalence between derived categories of graded modules for K^! and K via the Koszul complex. Since K^! is locally finite dimensional, this restricts an equivalence of bounded derived categories, by a theorem of Beilinson, Ginzburg, and Soergel ([1], Theorem 2.12.6). Under this equivalence, simple K^!-modules correspond to projective indecomposable K-modules. Since K^! is locally finite-dimensional The equivalence therefore restricts to an equivalence between D^b(K^! -gr) and D^b(K -grperf). Also under this equivalence, injective K^!-modules correspond to simple K-modules, whilst shifts ⟨i⟩ in D^b(K^! -gr) correspond to shifts in degree ⟨−i⟩[−i] in D^b(K -grperf). This homological shift in degree means that the Calabi-Yau-n property for K -mod is equivalent to the super-Calabi-Yau-0 property for K^! -perf, thanks to Van den Bergh’s calculation A.5.2 [2]. To prove the super-Calabi-Yau-0 property for K^! -perf, it is enough to check that K^! is a super-symmetric algebra (cf [17], Theorem 3.1). □

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 199

Assume 4. Then the Koszul dual A^! of A is Calabi-Yau of dimension 3. The Koszul dual of a supersymmetric algebra of length n + 1 is Calabi-Yau of dimenion n by Theorem 43. The trivial extension algebra A = B + B^∗⟨3⟩ is super-symmetric with B concentrated in degrees 0, 1, 2, with B^∗⟨3⟩ concentrated in degrees 3, 2, 1, and with bilinear form pairing B^i and (B^i)^∗⟨3⟩ via

< β, b >= β(b) < b, β >= (−1)^{i(3−i)}β(b),

for b ∈ B^i, β ∈ (B^i)^∗. Thus 4 implies 5.

Assume 5. Since A^! is Calabi-Yau of dimension 3, its relations are the derivatives of a superpotential, and its degree 0 part has a 4-term resolution, its Jacobi resolution [2]. The superpotential must be cubic, since A^! is quadratic. This implies further that the Jacobi resolution of A^{!0} is linear, so A^! must be Koszul. Thus 5 implies 4.

We have now shown that 1 ⇔ 2 ⇔ 3 ⇔ 4 ⇔ 5, completing the proof of Theorem 40.

Remark 44 If Γ is a bipartite graph, then an orientation of Γ gives rise to a Z^3_+-grading on A_Γ. If every vertex of Γ is attached to at least two vertices, then this leads to a Z^3_+-grading of the Calabi-Yau algebra A^! of dimension 3, which can otherwise be thought of as the action of a 3-dimensional torus on A^!. The algebra A^! has homological dimension 3, and admits the action of a 3-dimensional torus. It thus belongs to the realm of 3-dimensional noncommutative toric geometry.

Example 45 If Γ is given by tiling of a bi-infinite line

... • • • • • • • ...

then the Calabi-Yau algebra of dimension 3 we obtain is familiar from toric geometry. It is the algebra associated to the brane tiling of the plane by hexagons [6]. Its quiver can be thought of as an orientation of the A_2-lattice (for a picture, see section 8, assumption 3). If we give Γ an alternating orientation, ... • � • � • � • � • � • � • ...

then in the resulting grading on A^!, the three copies of Z_+ correspond to the three directions of arrows in the A_2-lattice.

8. Relaxing the assumptions

We have given a combinatorial classification of hicas of length ≤ 4 by bipartite graphs. Here we show that the relaxation of any of the homological assumptions on our categories would necessarily introduce further combinatorial complexity into the classification.

Assumption 1: highest weight structure.

Documenta Mathematica 15 (2010) 177–205

200 Vanessa Miemietz and Will Turner

The existence of a highest weight structure on a category is a strong assumption, and the assumptions of Ringel self-duality and homogeneity of standard modules require the existence of a highest weight structure on the category. It is a cinch to give examples of indecomposable Calabi-Yau 0 categories of length 4 which are not highest weight categories, such as the module category of the local symmetric algebra F [x]/x^4.

Assumption 2: Calabi-Yau 0 property.

The Calabi-Yau property is another strong homological restriction on a category. An example of a length 4 highest weight category which is indecomposable and Ringel self-dual, and whose standard modules are homogeneous, is the path algebra of the linear quiver

... • � • � • � • � • � • � • ...

modulo all relations of degree ≥ 4.

Assumption 3: homogeneity.

The homogeneity restriction on a hica is fairly natural, since the known examples of highest weight Calabi-Yau 0 categories arising in group representation theory and the theory of tilings satisfy this restriction. However, some interesting combinatorics arise in length 4 if the condition is dropped. For example, let C_Γ be the hica associated to a bi-infinite line Γ, whose quiver is an orientation

.. • � � � � • � � � � � ..

• � � � �

� � � � • � � � � �

� � � � • �

.. • � � � � • � � � � � .. of the A_2 lattice, by example 45, and by construction comes with a (horizontal) projection π onto Γ.

There are two natural ways to obtain highest weight indecomposable Calabi- Yau 0 categories which are not homogeneous from C_Γ. The first is by choosing a section of π, that is a path in the A_2 lattice which projects homeomorphically onto Γ via π. The elements of Λ to the right of the path form a coideal in the poset. Truncating C_Γ at this coideal gives us a highest weight category of length 4 which is CY-0, but not homogeneous (cf. [4], 3.5(b)). Such a truncation is not Ringel self-dual. Beneath is a portion of such a truncated poset, whose left edge defines an orientation of Γ. We use dotted arrows to represent directions in a partial order on the vertices of the lattice, rather than solid arrows which

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 201 represent arrows in a quiver: • � • � • � • � ..

• �

� • �

� • �

� •

• �

� • �

� • �

� ..

• �

� • �

� • �

� •

• � • � • � .. The second way to obtain an inhomogeneous highest weight indecomposable Calabi-Yau 0 category from C_Γ is by merely altering the ordering of the vertices. Certain orderings of the vertices of the A_2 lattice give A_Γ -mod is an inhomogeneous highest weight category, which is Ringel self-dual. Here is an example of a portion of such a partial ordering: • � • � � • � • � • � • • �

� • � • �

� • � � � • �

� • � � • �

� • � � • �

� • � � • • � • � • � � • � • Assumption 4: length ≤ 4.

We have studied hicas of length 4, since 4 is the shortest length in which a nontrivial classification is possible. There are two kinds of hicas of length 5: those whose left and right standard modules have length 4 and 2, and those whose left and right standard modules have length 3 and 3. The category of graded modules over a radical-graded symmetric algebra of length 4 is equivalent to the category of modules over a directed self-injective algebras of length 4. Trivial extensions of directed self-injective algebras of length 4 by their duals give examples of hicas of length 5 whose left and right standard modules have length 4 and 2.

Michael Peach’s rhombal algebras give examples of hicas of length 5 associated to rhombic tilings of the plane whose left and right standard modules have length 3 and 3.

We would be interested to learn more about hicas of length 5.

Documenta Mathematica 15 (2010) 177–205

202 Vanessa Miemietz and Will Turner

9. Tilting

There are natural self-equivalences of the derived categories of C_Γ, which are obtained from a standard tilting procedure for symmetric algebras:

Lemma 46. Suppose A is a symmetric algebra, and suppose that the endomorphism ring e_λAe_λ is isomorphic to the dual numbers F [d]/d^2. Then we have an exact self-equivalence ψ_λ of the derived category of A given by tensoring with the two-term complex

Ae_λ ⊗_F e_λA → A,

whose arrow is the multiplication map.

Proof. This functor is obviously exact. It fixes all simple modules with the exception of the simple top λ of Ae_λ, which it sends to Ω(λ). The module Ω(λ) has simple socle λ since A is symmetric, and other composition factors different from λ since e_λAe_λ is isomorphic to the dual numbers. Therefore collection of simples μ ≠ λ, along with Ω generate D^b(A -mod), and ψ_λ is an equivalence. □

The self-equivalence ψ_λ is called a spherical twist, because the cohomology ring of the sphere can be identified with the dual numbers (cf. [19]). One way to obtain self-equivalences of D^b(C_Γ) from spherical twists is by lifting self-equivalences of the derived category of the zigzag algebra Z_Γ, whose projective indecomposable modules for the algebra Z_Γ all have an endomorphism ring isomorphic to the algebra of dual numbers. A second way to obtain self-equivalences of D^b(C_Γ) is to apply spherical twists directly to C_Γ, whose projective indecomposable objects also have endomorphism rings isomorphic to the dual numbers.

Let us consider the first case. The projective indecomposable modules for the algebra Z_Γ all have an endomorphism ring isomorphic to the algebra of dual numbers. Standard tilts generate an action of a 2-category T_Γ on D^b(Z_Γ -gr) which lifts to an action of T_Γ on D^b(C_Γ), by a result of Rickard [16, Thm 3.1]. A second way to obtain self-equivalences of D^b(C_Γ) is to apply Seidel-Thomas twists directly to A_Γ, whose projective indecomposable modules have endomorphism rings isomorphic to the dual numbers. Standard tilts generate the action of a 2-category U_Γ on D^b(C_Γ), whose combinatorics is rather different from that of T_Γ.

Example 47 When Γ is a bi-infinite line, we have an action of the braid 2- category BC_∞ on a bi-infinite line on the derived category of Z_Γ, by a theorem of Seidel and Thomas [9]. The action of BC_∞ on D^b(Z_Γ -mod) lifts to an action of BC_∞ on C_Γ. Arrows in BC_∞ are braids with an infinite number of strands, and 2-arrows are braid cobordisms, such as Reidemeister moves pictured as

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 203

follows: • • � � � • � � � • � � � • � � � � � � • � � � � � � • ⇝ • � � � � � � • • • • � � � • � � � • � � � � In this picture, a rhombus represents a pair of braids running parallel to the two sides and crossing in the middle. •

� � � � � �

� � � � � � •

� � � � � �

� � � � � � � � • � �

•

� � � � � �

We have a natural 2-functor BC_∞ → T_Γ. The Reidemeister move depicted above therefore corresponds in a natural way to a 2-arrow in T_Γ. However, this Reidemeister move also corresponds naturally to an arrow in S_Γ. Let us explain how. Suppose we remove edges of the A_2-lattice to give a rhombic tiling T of the plane, whose edges lie in the quiver Q of A_Γ. We have a grading of A_Γ which places arrows in Q which are edges of T in degree 0 and arrows in Q which are not edges of T in degree 1. Let us denote by D_T the degree 0 part of A taken with respect to this tiling. The algebra A_Γ is a trivial extension of D_T by D^∗_T . If T^′ is obtained from T by a Reidemeister move centred on the vertex λ, • • � � � � • � � � • � � � � • � � � � � � • � � � � � � � • ⇝ • � � � � � � • • � • • � � � � • � � � • � � � �

then D_T ′ is derived equivalent to D_T , because the complex of D_T -modules given by the sum of D_T e_λ ⊗ e_λD_T → D_T and D_T e_λ → 0 is a tilting complex whose derived endomorphism ring is isomorphic to D_T ′ . This derived equivalence between D_T and D_T ′ lifts to an equivalence of trivial extensions, that is to say a self-equivalence of D^b(A_Γ -mod) = D^b(C_Γ); this self-equivalence of D^b(C_Γ) is precisely the spherical twist ψ_λ.

Documenta Mathematica 15 (2010) 177–205

204 Vanessa Miemietz and Will Turner

References

1. Alexander Beilinson, Victor Ginzburg, and Wolfgang Soergel, Koszul duality patterns in representation theory, J. Amer. Math. Soc. 9 (1996), no. 2, 473–527. MR MR1322847 (96k:17010) 2. Raf Bocklandt, Graded Calabi Yau algebras of dimension 3, J. Pure Appl.

Algebra 212 (2008), no. 1, 14–32. MR MR2355031 (2008h:16013) 3. Joseph Chuang and Will Turner, Cubist algebras, Adv. Math. 217 (2008), no. 4, 1614–1670. MR MR2382737 (2008k:16027) 4. Edward Cline, Brian Parshall, and Leonard Scott, Finite-dimensional algebras and highest weight categories, J. Reine Angew. Math. 391 (1988), 85–99. MR MR961165 (90d:18005) 5. V. Ginzburg, Calabi-yau algebras, (2007), arXiv:0612139. 6. Amihay Hanany and David Vegh, Quivers, tilings, branes and rhombi, J.

High Energy Phys. (2007), no. 10, 029, 35. MR MR2357949 (2008m:81153) 7. Ruth Stella Huerfano and Mikhail Khovanov, Categorification of some level two representations of sl(n), (2002), arxiv:0204333.

8. Bernhard Keller, Calabi-Yau triangulated categories, Trends in representation theory of algebras and related topics, EMS Ser. Congr. Rep., Eur. Math. Soc., Zürich, 2008, pp. 467–489. MR MR2484733 9. Mikhail Khovanov and Richard Thomas, Braid cobordisms, triangulated categories, and flag varieties, Homology, Homotopy Appl. 9 (2007), no. 2, 19–94. MR MR2366943 (2009a:18007) 10. Steffen König, Strong exact Borel subalgebras of quasi-hereditary algebras and abstract Kazhdan-Lusztig theory, Adv. Math. 147 (1999), no. 1, 110– 137. MR MR1725816 (2001f:16026) 11. Roberto Martínez-Villa, Applications of Koszul algebras: the preprojective algebra, Representation theory of algebras (Cocoyoc, 1994), CMS Conf. Proc., vol. 18, Amer. Math. Soc., Providence, RI, 1996, pp. 487–504. MR MR1388069 (97d:16020) 12. , Graded, selfinjective, and Koszul algebras, J. Algebra 215 (1999), no. 1, 34–72. MR MR1684194 (2000e:16038) 13. V. Mazorchuk and V. Miemietz, Symmetric quasi-hereditary envelopes, (2008), arXiv:0812.3286.

14. V. Miemietz and W. Turner, Rational representations of gl_2, (2007), arXiv:0809.0982.

15. , Homotopy, homology and gl_2, (2008), arXiv:0809.0988, to appear in Proc. London Math. Soc.

16. Jeremy Rickard, Derived categories and stable equivalence, J. Pure Appl.

Algebra 61 (1989), no. 3, 303–317. MR MR1027750 (91a:16004)

Documenta Mathematica 15 (2010) 177–205

Hicas of Length ≤ 4 205

17. , Equivalences of derived categories for symmetric algebras, J. Algebra 257 (2002), no. 2, 460–481. MR MR1947972 (2004a:16023) 18. R. Rouquier, 2-kac-moody algebras, (2009), arXiv:0812.5203. 19. Paul Seidel and Richard Thomas, Braid group actions on derived categories of coherent sheaves, Duke Math. J. 108 (2001), no. 1, 37–108. MR MR1831820 (2002e:14030) 20. Will Turner, Rock blocks, (2004), arXiv:0710.5462.

Vanessa Miemietz School of Mathematics University of East Anglia Norwich, NR4 7TJ, UK v.miemietz@uea.ac.uk

Will Turner Department of Mathematics University of Aberdeen Fraser Noble Building King’s College Aberdeen AB24 3UE, UK w.turner@abdn.ac.uk

Documenta Mathematica 15 (2010) 177–205

Documenta Mathematica 15 (2010)

Documenta Math. 207

On Higher Order Estimates

in Quantum Electrodynamics

Oliver Matte

Received: January 1, 2010

Communicated by Heinz Siedentop

Abstract. We propose a new method to derive certain higher order estimates in quantum electrodynamics. Our method is particularly convenient in the application to the non-local semi-relativistic models of quantum electrodynamics as it avoids the use of iterated commutator expansions. We re-derive higher order estimates obtained earlier by Fröhlich, Griesemer, and Schlein and prove new estimates for a non-local molecular no-pair operator.

2010 Mathematics Subject Classification: 81Q10, 81V10. Keywords and Phrases: (Semi-relativistic) Pauli-Fierz operator, nopair Hamiltonian, higher order estimates, quantum electrodynamics.

1. Introduction

The main objective of this paper is to present a new method to derive higher order estimates in quantum electrodynamics (QED) of the form � � H^{n/2}_f (H + C)^{−n/2} � � � const < ∞ , (1.1) � � [H^{n/2}_f , H] (H + C)^{−n/2} � � � const < ∞ , (1.2)

for all n ∈ N, where C > 0 is sufficiently large. In these bounds H_f denotes the radiation field energy of the quantized photon field and H is the full Hamiltonian generating the time evolution of an interacting electron-photon system. For instance, estimates of this type serve as one of the main technical ingredients in the mathematical analysis of Rayleigh scattering. In this context, (1.1) has been proven by Fröhlich et al. in the case where H is the non- or semirelativistic Pauli-Fierz Hamiltonian [4]; a slightly weaker version of (1.2) has been obtained in [4] for all even values of n. Higher order estimates of the form (1.1) also turn out to be useful in the study of the existence of ground states in a no-pair model of QED [8]. In fact, they imply that every eigenvector of the Hamiltonian H or spectral subspaces of H corresponding to some bounded interval are contained in the domains of higher powers of H_f . This information

Documenta Mathematica 15 (2010) 207–234

208 Oliver Matte

is very helpful in order to overcome numerous technical difficulties which are caused by the non-locality of the no-pair operator. In these applications it is actually necessary to have some control on the norms in (1.1) and (1.2) when the operator H gets modified. To this end we shall give rough bounds on the right hand sides of (1.1) and (1.2) in terms of the ground state energy and integrals involving the form factor and the dispersion relation. Various types of higher order estimates have actually been employed in the mathematical analysis of quantum field theories since a very long time. Here we only mention the classical works [5, 11] on P (ϕ)_2 models and the more recent articles [2] again on a P (ϕ)_2 model and [1] on the Nelson model. In what follows we briefly describe the organization and the content of the present article. In Section 2 we develop the main idea behind our techniques in a general setting. By the criterion established there the proof of the higher order estimates is essentially boiled down to the verification of certain form bounds on the commutator between H and a regularized version of H^{n/2}_f . After that, in Section 3, we introduce some of the most important operators appearing in QED and establish some useful norm bounds on certain commutators involving them. These commutator estimates provide the main ingredients necessary to apply the general criterion of Section 2 to the QED models treated in this article. Their derivation is essentially based on the pull-through formula which is always employed either way to derive higher order estimates in quantum field theories [1, 2, 4, 5, 11]; compare Lemma 3.2 below. In Sections 4, 5, and 6 the general strategy from Section 2 is applied to the non- and semi-relativistic Pauli-Fierz operators and to the no-pair operator, respectively. The latter operators are introduced in detail in these sections. Apart from the fact that our estimate (1.2) is slightly stronger than the corresponding one of [4] the results of Sections 4 and 5 are not new and have been obtained earlier in [4]. However, in order to prove the higher order estimate (1.1) for the no-pair operator we virtually have to re-derive it for the semi-relativistic Pauli-Fierz operator by our own method anyway. Moreover, we think that the arguments employed in Sections 4 and 5 are more convenient and less involved than the procedure carried through in [4]. The main text is followed by an appendix where we show that the semi-relativistic Pauli-Fierz operator for a molecular system with static nuclei is semi-bounded below, provided that all Coulomb coupling constants are less than or equal to 2/π. Moreover, we prove the same result for a molecular no-pair operator assuming that all Coulomb coupling constants are strictly less than the critical coupling constant of the Brown-Ravenhall model [3]. The results of the appendix are based on corresponding estimates for hydrogen-like atoms obtained in [10]. (We remark that the considerably stronger stability of matter of the second kind has been proven for a molecular no-pair operator in [9] under more restrictive assumptions on the involved physical parameters.) No restrictions on the values of the fine-structure constant or on the ultra-violet cut-off are imposed in the present article.

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 209

The main new results of this paper are Theorem 2.1 and its corollaries which provide general criteria for the validity of higher order estimates and Theorem 6.1 where higher order estimates for the no-pair operator are established. Some frequently used notation. For a, b ∈ R, we write a ∧ b := min{a, b} and a ∨ b := max{a, b}. D(T ) denotes the domain of some operator T acting in some Hilbert space and Q(T ) its form domain, when T is semi-bounded below. C(a, b, . . .), C^′(a, b, . . .), etc. denote constants that depend only on the quantities a, b, . . . and whose value might change from one estimate to another.

2. Higher order estimates: a general criterion

The following theorem and its succeeding corollaries present the key idea behind of our method. They essentially reduce the derivation of the higher order estimates to the verification of a certain sequence of form bounds. These form bounds can be verified easily without any further induction argument in the QED models treated in this paper.

Theorem 2.1. Let H and F_ε, ε > 0, be self-adjoint operators in some Hilbert space K such that H � 1, F_ε � 0, and each F_ε is bounded. Let m ∈ N∪{∞}, let D be a form core for H, and assume that the following conditions are fulfilled:

(a) For every ε > 0, F_ε maps D into Q(H) and there is some c_ε ∈ (0, ∞) such that � F_ε ψ � � H F_ε ψ � � c_ε ⟨ ψ | H ψ ⟩ , ψ ∈ D .

(b) There is some c ∈ [1, ∞) such that, for all ε > 0,

⟨ ψ | F^2_ε ψ ⟩ � c^2 ⟨ ψ | H ψ ⟩ , ψ ∈ D .

(c) For every n ∈ N, n < m, there is some c_n ∈ [1, ∞) such that, for all ε > 0, � ⟨ H φ_1 | F^n_ε φ_2 ⟩ − ⟨ F^n_ε φ_1 | H φ_2 ⟩ � � c_n � ⟨ φ_1 | H φ_1 ⟩ + ⟨ F^{n−1}_ε φ_2 | H F^{n−1}_ε φ_2 ⟩ � , φ_1, φ_2 ∈ D.

Then it follows that, for every n ∈ N, n < m + 1,

(2.1) ‖ F^n_ε H^{−n/2} ‖ � C_n := 4^{n−1} c^n n−1� ℓ=1 c_ℓ .

(An empty product equals 1 by definition.)

Proof. We define

T_ε(n) := H^{1/2} [F^{n−1}_ε , H^{−1}] H^{−(n−2)/2}, n ∈ {2, 3, 4, . . .}.

T_ε(n) is well-defined and bounded because of the closed graph theorem and Condition (a), which implies that F_ε ∈ L (Q(H)), where Q(H) = D(H^{1/2})

Documenta Mathematica 15 (2010) 207–234

210 Oliver Matte

is equipped with the form norm. We shall prove the following sequence of assertions by induction on n ∈ N, n < m + 1.

A(n) :⇔ The bound (2.1) holds true and, if n > 3, we have ∀ ε > 0 : ‖T_ε(n)‖ � C_n/4c^2 .

(2.2) For n = 1, the bound (2.1) is fulfilled with C_1 = c on account of Condition (b). Next, assume that n ∈ N, n < m, and that A(1), . . . , A(n) hold true. To find a bound on ‖F^{n+1}_ε H^{−(n+1)/2}‖ we write F^{n+1}_ε H^{−(n+1)/2} = Q_1 + Q_2

(2.3) with

Q_1 := F_ε H^{−1} F^n_ε H^{−(n−1)/2} , Q_2 := F_ε � F^n_ε , H^{−1} � H^{−(n−1)/2} .

By the induction hypothesis we have (2.4) ‖Q_1‖ � ‖F_ε H^{−1/2}‖ ‖H^{−1/2} F_ε ‖ ‖F^{n−1}_ε H^{−(n−1)/2}‖ � c^2 C_{n−1} , where C_0 := 1. Moreover, we observe that (2.5) ‖Q_2‖ = ‖F_ε H^{−1/2} T_ε(n + 1)‖ � c ‖T_ε(n + 1)‖ . To find a bound on ‖T_ε(n + 1)‖ we recall that F_ε maps the form domain of H continuously into itself. In particular, since D is a form core for H the form bound appearing in Condition (c) is available, for all φ_1, φ_2 ∈ Q(H). Let ϕ, ψ ∈ D. Applying Condition (c), extended in this way, with

φ_1 = δ^{1/2} H^{−1/2} ϕ ∈ Q(H) , φ_2 = δ^{−1/2} H^{−(n+1)/2} ψ ∈ Q(H) , for some δ > 0, we obtain

|⟨ ϕ | T_ε(n + 1) ψ ⟩| = � � H H^{−1/2} ϕ � � F^n_ε H^{−(n+1)/2} ψ � − � F^n_ε H^{−1/2} ϕ � � H H^{−(n+1)/2} ψ � � � � c_n inf_{δ>0} � δ ‖ϕ‖^2 + δ^{−1} ‖{H^{1/2} F^{n−1}_ε H^{−n/2}} H^{−1/2} ψ‖^2 � � 2 c_n ‖{H^{1/2} F^{n−1}_ε H^{−n/2}}‖ ‖ϕ‖ ‖ψ‖ .

The operator {· · · } is just the identity when n = 1. For n > 1, it can be written as (2.6) H^{1/2} F^{n−1}_ε H^{−n/2} = {H^{−1/2} F_ε} F^{n−2}_ε H^{−(n−2)/2} + T_ε(n) . Applying the induction hypothesis and c, c_ℓ � 1, we thus get ‖T_ε(2)‖ � 2 c_1, ‖T_ε(3)‖ � 6 c c_1c_2, ‖T_ε(4)‖ � 14 c^2c_1c_2c_3 < C_4/4c^2, and

c ‖T_ε(n + 1)‖ = c sup � |⟨ ϕ | T_ε(n + 1) ψ ⟩| : ϕ, ψ ∈ D , ‖ϕ‖ = ‖ψ‖ = 1 � � 2 c_n (c^2 C_{n−2} + C_n/4c) < c_n C_n = C_{n+1}/4c , n > 3 , since c^2 C_{n−2} � C_n/16, for n > 3. Taking (2.3)–(2.5) into account we arrive at ‖F^2_ε H^{−1}‖ � c^2 + 2c c_1 < C_2, ‖F^3_ε H^{−3/2}‖ � c^3 + 6c^2c_1c_2 < C_3, and ‖F^{n+1}_ε H^{−(n+1)/2}‖ < c^2 C_{n−2} + C_{n+1}/4c < C_{n+1} , n > 3 , which concludes the induction step. □

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 211

Corollary 2.2. Assume that H and F_ε, ε > 0, are self-adjoint operators in some Hilbert space K that fulfill the assumptions of Theorem 2.1 with (c) replaced by the stronger condition

(c’) For every n ∈ N, n < m, there is some c_n ∈ [1, ∞) such that, for all ε > 0, � �⟨ H φ_1 | F^n_ε φ_2 ⟩ − ⟨ F^n_ε φ_1 | H φ_2 ⟩ � � � c_n � ‖φ_1‖^2 + ⟨ F^{n−1}_ε φ_2 | H F^{n−1}_ε φ_2 ⟩ � , φ_1, φ_2 ∈ D.

Then, in addition to (2.1), it follows that, for n ∈ N, n < m, [F^n_ε , H] H^{−n/2} defines a bounded sesquilinear form with domain Q(H) × Q(H) and

(2.7) � [F^n_ε , H] H^{−n/2} � � C^′_n := 4^n c^{n−1} n� ℓ=1 c_ℓ .

Proof. Again, the form bound in (c’) is available, for all φ_1, φ_2 ∈ Q(H), whence � �⟨ H ϕ | F^n_ε H^{−n/2} ψ ⟩ − ⟨ F^n_ε ϕ | H H^{−n/2} ψ ⟩ � � � c_n inf_{δ>0} � δ ‖ϕ‖^2 + δ^{−1} � �H^{1/2} F^{n−1}_ε H^{−n/2} ψ � �^2� � 2 c_n ‖H^{1/2} F^{n−1}_ε H^{−n/2}‖ ,

for all normalized ϕ, ψ ∈ Q(H). The assertion now follows from (2.1), (2.6), and the bounds on ‖T_ε(n)‖ given in the proof of Theorem 2.1. □

Corollary 2.3. Let H � 1 and A � 0 be two self-adjoint operators in some Hilbert space K . Let κ > 0, define

f_ε(t) := t/(1 + ε t) , t � 0 , F_ε := f^κ_ε (A) ,

for all ε > 0, and assume that H and F_ε, ε > 0, fulfill the hypotheses of Theorem 2.1, for some m ∈ N ∪ {∞}. Then Ran(H^{−n/2}) ⊂ D(A^{κ n}), for every n ∈ N, n < m + 1, and � � A^{κ n} H^{−n/2} � � � 4^{n−1} c^{n n−1} � ℓ=1 c_ℓ .

If H and F_ε, ε > 0, fulfill the hypotheses of Corollary 2.2, then, for every n ∈ N, n < m, it additionally follows that A^{κ n} H^{−n/2} maps D(H) into itself so that [A^{κ n} , H] H^{−n/2} is well-defined on D(H), and � [A^{κ n} , H] H^{−n/2} � � 4^n c^{n−1} n� ℓ=1 c_ℓ .

Proof. Let U : K → L^2(Ω, μ) be a unitary transformation such that a = U A U^∗ is a maximal operator of multiplication with some non-negative measurable function – again called a – on some measure space (Ω, A, μ). We pick some ψ ∈ K , set ϕ_n := U H^{−n/2} ψ, and apply the monotone convergence

Documenta Mathematica 15 (2010) 207–234

212 Oliver Matte

theorem to conclude that � Ω a(ω)^{2κ n} |ϕ_n(ω)|^2 dμ(ω) = lim_{ε↘0} � Ω f^κ_ε (a(ω))^{2n} |ϕ_n(ω)|^2 dμ(ω)

= lim_{ε↘0} ‖F^n_ε H^{−n/2} ψ‖^2 � C_n ‖ψ‖^2,

for every n ∈ N, n < m+1, which implies the first assertion. Now, assume that H and F_ε, ε > 0, fulfill Condition (c’) of Corollary 2.2. Applying the dominated convergence theorem in the spectral representation introduced above we see that F^n_ε ψ → A^{κ n} ψ, for every ψ ∈ D(A^{κ n}). Hence, (2.7) and Ran(H^{−n/2}) ⊂ D(A^{κ n}) imply, for n < m and ϕ, ψ ∈ D(H), � � ϕ � � A^{κ n}H^{−n/2} H ψ � − � H ϕ � � A^{κ n} H^{−n/2} ψ � � � = lim_{ε↘0} � � F^n_ε ϕ � � H H^{−n/2} ψ � − � H ϕ � � F^n_ε H^{−n/2} ψ � � � � lim sup ε↘0 � � [F^n_ε , H] H^{−n/2} � � ‖ϕ‖ ‖ψ‖ � C^′_n ‖ϕ‖ ‖ψ‖ .

Thus, |⟨ H ϕ | A^{κ n} H^{−n/2} ψ ⟩| � ‖ϕ‖ ‖A^{κ n} H^{−n/2}‖ ‖H ψ‖ + C^′_n‖ϕ‖ ‖ψ‖, for all ϕ, ψ ∈ D(H). In particular, A^{κ n} H^{−n/2} ψ ∈ D(H^∗) = D(H), for all ψ ∈ D(H), and the second asserted bound holds true. □

3. Commutator estimates

In this section we derive operator norm bounds on commutators involving the quantized vector potential, A, the radiation field energy, H_f , and the Dirac operator, D_A. The underlying Hilbert space is

H := L^2(R^3_x × Z_4) ⊗ F_b =

�_⊕

R^3

C^4 ⊗ F_b d^3x ,

where the bosonic Fock space, F_b, is modeled over the one-photon Hilbert space

F^{(1)}_b := L^2(A × Z_2, dk) , � dk := � λ∈Z_2 � A d^3k .

With regards to the applications in [8] we define A := {k ∈ R^3 : |k| � m}, for some m � 0. We thus have

F_b = ∞� n=0 F^{(n)}_b , F^{(0)}_b := C , F^{(n)}_b := S_n L^2 � (A × Z_2)^n � , n ∈ N,

where S_n = S^2_n = S^∗_n is given by

(S_n ψ^{(n)})(k_1, . . . , k_n) := 1 n! � π∈S_n

ψ^{(n)}(k_{π(1)}, . . . , k_{π(n)}),

for every ψ^{(n)} ∈ L^2 � (A × Z_2)^n � , S_n denoting the group of permutations of {1, . . . , n}. The vector potential is determined by a certain vector-valued function, G, called the form factor.

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 213

Hypothesis 3.1. The dispersion relation, ω : A → [0, ∞), is a measurable function such that 0 < ω(k) := ω(k) � |k|, for k = (k, λ) ∈ A × Z_2 with k ≠ 0. For every k ∈ (A\{0})×Z_2 and j ∈ {1, 2, 3}, G^{(j)}(k) is a bounded continuously differentiable function, R^3_x ∋ x → G^{(j)}_x (k), such that the map (x, k) → G^{(j)}_x (k) is measurable and G^{(j)}_x (−k, λ) = G^{(j)}_x (k, λ), for almost every k and all x ∈ R^3 and λ ∈ Z_2. Finally, there exist d_{−1}, d_0, d_1, . . . ∈ (0, ∞) such that 2 � ω(k)^ℓ ‖G(k)‖^2_∞ dk � d^2_ℓ , ℓ ∈ {−1, 0, 1, 2, . . .} ,

(3.1) 2 � ω(k)^{−1} ‖∇_x ∧ G(k)‖^2_∞ dk � d^2_1 ,

(3.2)

where G = (G^{(1)}, G^{(2)}, G^{(3)}) and ‖G(k)‖_∞ := sup_x |G_x(k)|, etc.

Example. In the physical applications the form factor is often given as

(3.3) G^{e,Λ}_x (k) := −e

1_{{|k|�Λ}} 2π � |k| e^{−ik·x} ε(k),

for (x, k) ∈ R^3 × (R^3 × Z_2) with k ≠ 0. Here the physical units are chosen such that energies are measured in units of the rest energy of the electron. Length are measured in units of one Compton wave length divided by 2π. The parameter Λ > 0 is an ultraviolet cut-off and the square of the elementary charge, e > 0, equals Sommerfeld’s fine-structure constant in these units; we have e^2 ≈ 1/137 in nature. The polarization vectors, ε(k, λ), λ ∈ Z_2, are homogeneous of degree zero in k such that {k̊, ε(k̊, 0), ε(k̊, 1)} is an orthonormal basis of R^3, for every k̊ ∈ S2. This corresponds to the Coulomb gauge for ∇_x · Ge,Λ = 0. We remark that the vector fields S^2 ∋ k̊ → ε(k̊, λ) are necessarily discontinuous. ⋄

It is useful to work with more general form factors fulfilling Hypothesis 3.1 since in the study of the existence of ground states in QED one usually encounters truncated and discretized versions of the physical choice G^{e,Λ}. For the applications in [8] it is necessary to know that the higher order estimates established here hold true uniformly in the involved parameters and Hypothesis 3.1 is convenient way to handle this.

We recall the definition of the creation and the annihilation operators of a photon state f ∈ F^{(1)}_b ,

(a^†(f) ψ)^{(n)}(k_1, . . . , k_n) = n^{−1/2} n� j=1 f(k_j ) ψ^{(n−1)}(. . . , k_{j−1}, k_{j+1}, . . .), n ∈ N,

(a(f) ψ)^{(n)}(k_1, . . . , k_n) = (n + 1)^{1/2} � f(k) ψ^{(n+1)}(k, k_1, . . . , k_n) dk, n ∈ N_0,

and (a^†(f) ψ)^{(0)} = 0, a(f) (ψ^{(0)}, 0, 0, . . .) = 0, for all ψ = (ψ^{(n)})^∞_{n=0} ∈ F_b such that the right hand sides again define elements of F_b. a^†(f) and a(f) are

Documenta Mathematica 15 (2010) 207–234

214 Oliver Matte

formal adjoints of each other on the dense domain

C_0 := C ⊕ ∞� n=1 S_n L^∞_{comp} � (A × Z_2)^n � . (Algebraic direct sum.)

For a three-vector of functions f = (f^{(1)}, f^{(2)}, f^{(3)}) ∈ (F^{(1)}_b )^3, we write a^♯(f) := (a^♯(f^{(1)}), a^♯(f^{(2)}), a^♯(f^{(3)})), where a^♯ is a^† or a. Then the quantized vector potential is the triplet of operators given by

A ≡ A(G) := a^†(G) + a(G) , a^♯(G) :=

�_⊕

R^3

1_C4 ⊗ a^♯(G_x) d^3x .

The radiation field energy is the direct sum H_f =

�_∞ n=0 dΓ^{(n)}(ω) : D(H_f ) ⊂ F_b → F_b, where dΓ^{(0)}(ω) := 0, and dΓ^{(n)}(ω) denotes the maximal multiplication operator in F^{(n)}_b associated with the symmetric function (k_1, . . . , k_n) → ω(k_1) + · · · + ω(k_n). By the permutation symmetry and Fubini’s theorem we thus have

(3.4) � H^{1/2}_f ϕ � H^{1/2}_f ψ � = � ω(k) ⟨ a(k) ϕ | a(k) ψ ⟩ dk , ϕ, ψ ∈ D(H^{1/2}_f ) ,

where we use the notation

(a(k) ψ)^{(n)}(k_1, . . . , k_n) = (n + 1)^{1/2} ψ^{(n+1)}(k, k_1, . . . , k_n) , n ∈ N_0 , almost everywhere, and a(k) (ψ^{(0)}, 0, 0, . . .) = 0. For a measurable function f : R → R and ψ ∈ D(f(H_f )), the following identity in F^{(n)}_b ,

(a(k) f(H_f ) ψ)^{(n)} = f � ω(k) + dΓ^{(n)}(ω) � (a(k) ψ)^{(n)} , n ∈ N_0 , valid for almost every k, is called the pull-through formula. Finally, we let α_1, α_2, α_3, and β := α_0 denote hermitian four times four matrices that fulfill the Clifford algebra relations (3.5) α_i α_j + α_j α_i = 2 δ_{ij} 1 , i, j ∈ {0, 1, 2, 3} . They act on the second tensor factor in L^2(R^3_x × Z_4) = L^2(R^3_x) ⊗ C^4. As a consequence of (3.5) and the C^∗-equality we have (3.6) ‖α · v‖_{L (C}4_) = |v| , v ∈ R^3 , ‖α · z‖_{L (C}4_) � √ 2 |z| , z ∈ C^3 , where α · z := α_1 z^{(1)} + α_2 z^{(2)} + α_3 z^{(3)}, for z = (z^{(1)}, z^{(2)}, z^{(3)}) ∈ C^3. A standard exercise using the inequality in (3.6), the Cauchy-Schwarz inequality, and the canonical commutation relations,

[a^♯(f) , a^♯(g)] = 0 , [a(f) , a^†(g)] = ⟨ f | g ⟩ 1 , f, g ∈ F^{(1)}_b ,

reveals that every ψ ∈ D(H^{1/2}_f ) belongs to the domain of α · a^♯(G) and (3.7) ‖α · a(G) ψ‖ � d_{−1} ‖H^{1/2}_f ψ‖ , ‖α · a^†(G) ψ‖^2 � d^2_{−1} ‖H^{1/2}_f ψ‖^2 + d^2_0 ‖ψ‖^2. (Here and in the following we identify H_f ≡ 1⊗H_f , etc.) These relative bounds imply that α · A is symmetric on the domain D(H^{1/2}_f ).

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 215

The operators whose norms are estimated in (3.9) and the following lemmata are always well-defined a priori on the following dense subspace of H ,

D := C^∞_0 (R^3 × Z_4) ⊗ C_0 . (Algebraic tensor product.)

Given some E � 1 we set

(3.8) Ȟ_f := H_f + E

in the sequel. We already know from [10] that, for every ν � 0, there is some constant, C_ν ∈ (0, ∞), such that

(3.9) � � [α · A , Ȟ^{−ν}_f ] Ȟ^ν_f � � � C_ν /E^{1/2} , E � 1 .

In our first lemma we derive a generalization of (3.9). Its proof resembles the one of (3.9) given in [10]. Since we shall encounter many similar but slightly different commutators in the applications it makes sense to introduce the numerous parameters that obscure its statement (but simplify its proof).

Lemma 3.2. Assume that ω and G fulfill Hypothesis 3.1. Let ε � 0, E � 1, κ, ν ∈ R, γ, δ, σ, τ � 0, such that γ + δ + σ + τ � 1/2, and define

(3.10) f_ε(t) := t + E 1 + εt + εE

, t ∈ [0, ∞) .

Then the operator Ȟ^{ν+γ}_f f^σ_ε (H_f ) [α · A , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ), defined a priori on D, extends to a bounded operator on H and � � Ȟ^{ν+γ}_f f^σ_ε (H_f ) [α · A , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) � � � |κ| 2^{(ρ+1)/2} (d_1 + d_ρ) E^{γ+δ+σ+τ −1/2} ,

(3.11)

where ρ is the smallest integer greater or equal to 3 + 2|κ| + 2|ν|.

Proof. We notice that all operators Ȟ^s_f and f^s_ε (H_f ) leave the dense subspace D invariant and that α · a^♯(G) maps D into D(Ȟ^s_f ), for every s ∈ R. Now, let φ, ψ ∈ D. Then � φ � � Ȟ^{ν+γ}_f f^σ_ε (H_f ) [α · A , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ψ � = � φ � � Ȟ^{ν+γ}_f f^σ_ε (H_f ) [α · a(G) , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ψ � (3.12) − � f^{−κ+τ} ε (H_f ) Ȟ^{−ν+δ}_f [α · a(G) , f^κ_ε (H_f )] f^σ_ε (H_f ) Ȟ^{ν+γ}_f φ � � ψ � .

(3.13)

For almost every k, the pull-through formula yields the following representation,

Ȟ^{ν+γ}_f f^σ_ε (H_f ) [a(k) , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ψ = F (k; H_f ) a(k) Ȟ^{−1/2}_f ψ ,

Documenta Mathematica 15 (2010) 207–234

216 Oliver Matte

where

F (k; t) := (t + E)^{ν+γ} f^σ_ε (t) � f^κ_ε (t + ω(k)) − f^κ_ε (t) � · (t + E + ω(k))^{−ν+δ+1/2} f^{−κ+τ}_ε (t + ω(k)) = � t + E t + E + ω(k)

�_ν (t + E)^γ (t + E + ω(k))^{δ+1/2} · �_1 0 d ds f^κ_ε (t + s ω(k)) ds f^σ_ε (t) f^τ_ε (t + ω(k)) f^κ_ε (t + ω(k)) , for t � 0. We compute

(3.14) d ds f^κ_ε (t + s ω(k)) = κ ω(k) f^κ_ε (t + s ω(k)) (t + s ω(k) + E)(1 + ε t + ε s ω(k) + ε E) . Using that f_ε is increasing in t � 0 and that

(t + ω(k) + E)/(t + s ω(k) + E) � 1 + ω(k) , s ∈ [0, 1] ,

thus

f^κ_ε (t + s ω(k))/f^κ_ε (t + ω(k)) � (1 + ω(k))^{−(0∧κ)} , s ∈ [0, 1] ,

it is elementary to verify that

|F_ε(k; t)| � |κ| ω(k) (1 + ω(k))^{δ+τ −(0∧κ)−(0∧ν)+1/2} E^{γ+δ+σ+τ −1/2} ,

for all t � 0 and k. We deduce that the term in (3.12) can be estimated as � � φ � � Ȟ^{ν+γ}_f f^σ_ε (H_f ) [α · a(G) , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ψ � � � � � ‖φ‖ � �α · G(k) Ȟ^{ν+γ}_f f^σ_ε (H_f ) [a(k) , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ψ � � dk � √ 2 � ‖φ‖ ‖G(k)‖_∞ ‖F_ε(k; H_f )‖ ‖a(k) Ȟ^{−1/2}_f ψ‖ dk

� |κ| √ 2 � � ω(k) (1 + ω(k))^{2(δ+τ )−(0∧2κ)−(0∧2ν)+1} ‖G(k)‖^2_∞ dk

�_{1/2}

· � � ω(k) � � a(k) Ȟ^{−1/2}_f ψ � �^2 dk

�_{1/2}

‖φ‖ E^{γ+δ+σ+τ −1/2}

� |κ| 2^{(ρ−1)/2} (d_1 + d_ρ) ‖φ‖ � � H^{1/2}_f Ȟ^{−1/2}_f ψ � � E^{γ+δ+σ+τ −1/2} .

(3.15)

In the last step we used δ + τ � 1/2 and applied (3.4). (3.15) immediately gives a bound on the term in (3.13), too. For we have

f^{−κ+τ} ε (H_f ) Ȟ^{−ν+δ}_f [α · a(G) , f^κ_ε (H_f )] f^σ_ε (H_f ) Ȟ^{ν+γ}_f φ

= Ȟ^{−ν+δ}_f f^τ_ε (H_f ) [f^{−κ}_ε (H_f ) , α · a(G)] Ȟ^{ν+γ}_f f^{κ+σ}_ε (H_f ) φ ,

which after the replacements (ν, κ, γ, δ, σ, τ) → (−ν, −κ, δ, γ, τ, σ) and φ → −ψ is precisely the term we just have treated. □

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 217

Lemma 3.2 provides all the information needed to apply Corollary 2.3 to nonrelativistic QED. For the application of Corollary 2.3 to the non-local semirelativistic models of QED it is necessary to study commutators that involve resolvents and sign functions of the Dirac operator,

D_A := α · (−i∇_x + A) + β .

An application of Nelson’s commutator theorem with test operator −Δ+H_f +1 shows that D_A is essentially self-adjoint on D. The spectrum of its unique closed extension, again denoted by the same symbol, is contained in the union of two half-lines, σ[D_A] ⊂ (−∞, −1] ∪ [1, ∞). In particular, it makes sense to define R_A(iy) := (D_A − iy)^{−1} , y ∈ R , and the spectral calculus yields

‖R_A(iy)‖ � (1 + y^2)^{−1/2}, � R � � |D_A|^{1/2} R_A(iy) ψ � �^2 dy π = ‖ψ‖^2, ψ ∈ H .

The next lemma is a straightforward extension of [10, Corollary 3.1] where it is also shown that R_A(iy) maps D(H^ν_f ) into itself, for every ν > 0.

Lemma 3.3. Assume that ω and G fulfill Hypothesis 3.1. Then, for all κ, ν ∈ R, we find k_i ≡ k_i(κ, ν, d_1, d_ρ) ∈ [1, ∞), i = 1, 2, such that, for all y ∈ R, ε � 0, and E � k_1, there exist Υ_{κ,ν} (iy), ~Υ_{κ,ν} (iy) ∈ L (H ) satisfying

R_A(iy) Ȟ^{−ν}_f f^{−κ}_ε (H_f ) = Ȟ^{−ν}_f f^{−κ}_ε (H_f ) R_A(iy) Υ_{κ,ν} (iy)

(3.16)

= Ȟ^{−ν}_f f^{−κ}_ε (H_f ) ~Υ_{κ,ν} (iy) R_A(iy) ,

(3.17)

on D(Ȟ^{−ν}_f ), and ‖Υ_{κ,ν} (iy)‖, ‖~Υ_{κ,ν}(iy)‖ � k_2, where ρ is defined in Lemma 3.2.

Proof. Without loss of generality we may assume that ε > 0 for otherwise we could simply replace ν by ν + κ and f^κ_0 by f^0_0 = 1. First, we assume in addition that ν � 0. We observe that

T_0 := �ˇ H^{−ν}_f f^{−κ}_ε (H_f ) , α · A �ˇ H^ν_f f^κ_ε (H_f ) = T_1 + T_2

on D, where

T_1 := [Ȟ^{−ν}_f , α · A] Ȟ^ν_f , T_2 := Ȟ^{−ν}_f [f^{−κ}_ε (H_f ) , α · A] f^κ_ε (H_f ) Ȟ^ν_f .

Due to (3.9) (or (3.11) with ε = 0) the operator T_1 extends to a bounded operator on H and ‖T_1‖ � C_ν /E^{1/2}. According to (3.11) we further have ‖T_2‖ � C_{κ,ν} (d_1 + d_ρ)/E^{1/2}. We pick some ϕ ∈ D and compute � R_A(iy) , Ȟ^{−ν}_f f^{−κ}_ε (H_f ) � (D_A − iy) ϕ = R_A(iy) �ˇ H^{−ν}_f f^{−κ}_ε (H_f ) , D_A � ϕ = R_A(iy) T_0 Ȟ^{−ν}_f f^{−κ}_ε (H_f ) ϕ

= R_A(iy) T_0 Ȟ^{−ν}_f f^{−κ}_ε (H_f ) R_A(iy) (D_A − iy) ϕ .

(3.18)

Since (D_A − iy) D is dense in H and since Ȟ^{−ν}_f and f^κ_ε (H_f ) are bounded (here we use that ν � 0 and ε > 0), this identity implies

R_A(iy) Ȟ^{−ν}_f f^{−κ}_ε (H_f ) = � 1 + R_A(iy) T_0 �ˇ H^{−ν}_f f^{−κ}_ε (H_f ) R_A(iy) .

Documenta Mathematica 15 (2010) 207–234

218 Oliver Matte

Taking the adjoint of the previous identity and replacing y by −y we obtain Ȟ^{−ν}_f f^{−κ}_ε (H_f ) R_A(iy) = R_A(iy) Ȟ^{−ν}_f f^{−κ}_ε (H_f ) (1 + T^∗_0 R_A(iy)) .

In view of the norm bounds on T_1 and T_2 we see that (3.16) and (3.17) are valid with Υ_{κ,ν} (iy) :=

�_∞

ℓ=0{−T^∗_0 R_A(iy)}^ℓ and ~Υ_{κ,ν} (iy) :=

�_∞ ℓ=0{−R_A(iy) T^∗_0 }^ℓ, provided that E is sufficiently large, depending only on κ, ν, d_1, and d_ρ, such that the Neumann series converge.

Now, let ν < 0. Then we write T_0 on the domain D as

T_0 = Ȟ^{−ν}_f f^{−κ}_ε (H_f ) � α · A , Ȟ^ν_f f^κ_ε (H_f ) � , and deduce that

R_A(iy) Ȟ^ν_f f^κ_ε (H_f ) (1 + T_0 R_A(iy)) = Ȟ^ν_f f^κ_ε (H_f ) R_A(iy)

by a computation analogous to (3.18). Taking the adjoint of this identity with y replaced by −y we get � 1 + R_A(iy) T^∗_0 �ˇ H^ν_f f^κ_ε R_A(iy) = R_A(iy) Ȟ^ν_f f^κ_ε (H_f ) .

Next, we invert 1 + R_A(iy) T^∗_0 by means of the same Neumann series as above. As a result we obtain Ȟ^ν_f f^κ_ε (H_f ) R_A(iy) = R_A(iy) Υ_{κ,ν} (iy) Ȟ^ν_f f^κ_ε (H_f ) = ~Υ_{κ,ν} (iy) R_A(iy) Ȟ^ν_f f^κ_ε (H_f ),

where the definition of Υ_{κ,ν} and ~Υ_{κ,ν} has been extended to negative ν. It follows that R_A(iy) Υ_{κ,ν} (iy) = ~Υ_{κ,ν} (iy) R_A(iy) maps D(Ȟ^{−ν}_f ) = D(Ȟ^{−ν}_f f^{−κ}_ε (H_f )) = Ran(Ȟ^ν_f f^κ_ε (H_f )) into itself and that (3.16) and (3.17) still hold true when ν is negative. □

In order to control the Coulomb singularity 1/|x| in terms of |D_A| and H_f in the proof of the following corollary, we shall employ the bound [10, Theorem 2.3]

(3.19) 2 π 1 |x| � |D_A| + H_f + k d^2_1 ,

which holds true in sense of quadratic forms on Q(|D_A|) ∩ Q(H_f ). Here k ∈ (0, ∞) is some universal constant. We abbreviate the sign function of the Dirac operator, which can be represented as a strongly convergent principal value [6, Lemma VI.5.6], by

(3.20) S_A ψ := D_A |D_A|^{−1} ψ = lim_{τ →∞}

�_τ −τ R_A(iy) ψ dy π . We recall from [10, Lemma 3.3] that S_A maps D(H^ν_f ) into itself, for every ν > 0. This can also be read off from the proof of the next corollary.

Corollary 3.4. Assume that ω and G fulfill Hypothesis 3.1. Let κ, ν ∈ R. Then we find some C ≡ C(κ, ν, d_1, d_ρ) ∈ (0, ∞) such that, for all γ, δ, σ, τ � 0

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 219

with γ + δ + σ + τ � 1/2 and all ε � 0, E � k_1, � � Ȟ^ν_f f^κ_ε (H_f ) S_A Ȟ^{−ν}_f f^{−κ}_ε (H_f ) � � � C, (3.21) � � |D_A|^{1/2} Ȟ^{ν+γ}_f f^σ_ε (H_f ) [S_A , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) � � � C, (3.22) � � |x|^{−1/2} Ȟ^ν_f f^σ_ε (H_f ) [S_A , f^κ_ε (H_f )] Ȟ^{−ν−σ−τ}_f f^{−κ+τ}_ε (H_f ) � � � C.

(3.23)

(k_1 is the constant appearing in Lemma 3.3, Ȟ_f is given by (3.8), f_ε by (3.10).)

Proof. First, we prove (3.22). Using (3.20), writing

[R_A(iy) , f^κ_ε (H_f )] = R_A(iy) [f^κ_ε (H_f ) , α · A] R_A(iy)

on D and employing (3.16), (3.17), and (3.11) we obtain the following estimate, for all φ, ψ ∈ D, and E � k_1, � � |D_A|^{1/2} φ � � Ȟ^{ν+γ}_f f^σ_ε (H_f ) [S_A , f^κ_ε (H_f )] Ȟ^{−ν+δ}_f f_ε(H_f )^{−κ+τ} ψ � � � � � R � � � � Ȟ^{ν+γ}_f |D_A|^{1/2} φ � � � f^σ_ε (Hf ) [f^κ_ε (Hf ) , RA(iy)] ×

× Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ψ � � dy π = � R � � � � φ � � � |DA|^{1/2} RA(iy) Υσ,ν+γ(iy) Ȟ^{ν+γ}_f f^σ_ε (Hf ) [f^κ_ε (Hf ) , α · A] ×

× Ȟ^{−ν+δ}_f f^{−κ+τ}_ε (H_f ) ~Υ_{κ−τ,ν−δ}(iy) R_A(iy) ψ � � dy π � C_{κ,ν} (d_1 + d_ρ) E^{γ+δ+σ+τ −1/2} sup_{y∈R}{‖Υ_{σ,ν+γ}(iy)‖ ‖~Υ_{κ−τ,ν−δ}(iy)‖} · � � R � � |D_A|^{1/2} R_A(iy) φ � �^2 dy π �_{1/2}� � R � � R_A(iy) ψ � �^2 dy π �_{1/2}

� C_{κ,ν,d1,dρ} E^{γ+δ+σ+τ −1/2} ‖φ‖ ‖ψ‖ .

This estimate shows that the vector in the right entry of the scalar product in the first line belongs to D((|D_A|^{1/2})^∗) = D(|D_A|^{1/2}) and that (3.22) holds true. Next, we observe that (3.23) follows from (3.22) and (3.19). Finally, (3.21) follows from ‖X‖ � const(ν, κ, d_1, d_ρ), where X := Ȟ ν_f f κ_ε (H_f ) [S_A , Ȟ^{−ν}_f f −κ_ε (H_f )]. Such a bound on ‖X‖ is, however, an imme-

diate consequence of (3.22) (where we can choose ε = 0) because

X = [Ȟ^ν_f , S_A] Ȟ^{−ν}_f + Ȟ^ν_f [f^κ_ε (H_f ) , S_A] f^{−κ}_ε (H_f ) Ȟ^{−ν}_f

on the domain D. □

4. Non-relativistic QED

The Pauli-Fierz operator for a molecular system with static nuclei and N ∈ N electrons interacting with the quantized radiation field is acting in the Hilbert space

(4.1) H_N := A_N L^2 � (R^3 × Z_4)^N � ⊗ F_b ,

Documenta Mathematica 15 (2010) 207–234

220 Oliver Matte

where A_N = A^2_N = A^∗_N denotes anti-symmetrization,

(A_N Ψ)(X) := 1 N! � π∈S_N

(−1)^π Ψ(x_{π(1)}, ς_{π(1)}, . . . , x_{π(N)}, ς_{π(N)}) ,

for Ψ ∈ L^2((R^3 × Z_4)^N ) and a.e. X = (x_i, ς_i)^N_{i=1} ∈ (R^3 × Z_4)^N . a priori it is defined on the dense domain D_N := A_N C^∞_0 � (R^3 × Z_4)^N � ⊗ C_0 , the tensor product understood in the algebraic sense, by

(4.2) H^V_{nr} ≡ H^V_{nr}(G) := N� i=1 (D^{(i)}_A )^2 + V + H_f .

A superscript (i) indicates that the operator below is acting on the pair of variables (x_i, ς_i). In fact, the operator defined in (4.2) is a two-fold copy of the usual Pauli-Fierz operator which acts on two-spinors and the energy has been shifted by N in (4.2). For (3.5) implies

(4.3) D^2_A = T_A ⊕ T_A , T_A := � σ · (−i∇_x + A)

�_2

+ 1 .

Here σ = (σ_1, σ_2, σ_3) is a vector containing the Pauli matrices (when α_j , j ∈ {0, 1, 2, 3}, are given in Dirac’s standard representation). We write H^V_{nr} in the form (4.2) to maintain a unified notation throughout this paper. We shall only make use of the following properties of the potential V .

Hypothesis 4.1. V can be written as V = V_+ − V_−, where V_± � 0 is a symmetric operator acting in A_N L^2 � (R^3 ×Z_4)^4 � such that D_N ⊂ D(V_±). There exist a ∈ (0, 1) and b ∈ (0, ∞) such that V_− � a H^0_{nr} +b in the sense of quadratic forms on D_N .

Example. The Coulomb potential generated by K ∈ N fixed nuclei located at the positions {R_1, . . . , R_K } ⊂ R^3 is given as

(4.4) V_C(X) := − N� i=1 K� k=1 e^2 Z_k |x_i − R_k| + N� i,j=1 i<j e^2 |x_i − x_j | , for some e, Z_1, . . . , Z_K > 0 and a.e. X = (x_i, ς_i)^N_{i=1} ∈ (R^3 × Z_4)^N . It is well-known that V_C is infinitesimally H^0_{nr}-bounded and that V_C fulfills Hypothesis 4.1. ⋄

It follows immediately from Hypothesis 4.1 that H^V_{nr} has a self-adjoint Friedrichs extension – henceforth denoted by the same symbol H^V_{nr} – and that D_N is a form core for H^V_{nr}. Moreover, we have

(4.5) (D^{(1)}_A )^2, . . . , (D^{(N)}_A )^2, V_+, H_f � H^{V+}_{nr} � (1 − a)^{−1} (H^V_{nr} + b)

on D_N . In [4] it is shown that D((H^V_{nr})^{n/2}) ⊂ D(H^{n/2}_f ), for every n ∈ N. We re-derive this result by means of Corollary 2.3 in the next theorem where E_{nr} := inf σ[H^V_{nr}] , H^′_{nr} := H^V_{nr} − E_{nr} + 1 .

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 221

Theorem 4.2. Assume that ω and G fulfill Hypothesis 3.1 and that V fulfills Hypothesis 4.1. Assume in addition that 2 � ω(k)^ℓ ‖∇_x ∧ G(k)‖^2_∞ dk � d^2_{ℓ+2} ,

(4.6) � ω(k)^ℓ ‖∇_x · G(k)‖^2_∞ dk � d^2_{ℓ+2} ,

(4.7)

for all ℓ ∈ {−1, 0, 1, 2, . . .}. Then, for every n ∈ N, we have D((H^V_{nr})^{n/2}) ⊂ D(H^{n/2}_f ), H^{n/2}_f (H^′_{nr})^{−n/2} maps D(H^V_{nr}) into itself, and � � H^{n/2}_f (H^′_{nr})^{−n/2} � � � C(N, n, a, b, d_{−1}, d_1, d_{5+n}) (|E_{nr}| + 1)^{(3n−2)/2} , � � [H^{n/2}_f , H^V_{nr}] (H^′_{nr})^{−n/2} � � � C^′(N, n, a, b, d_{−1}, d_1, d_{5+n}) (|E_{nr}| + 1)^{(3n−1)/2} .

Proof. We pick the function f_ε defined in (3.10) with E = 1 and verify that the operators F^n_ε := f^{n/2}_ε (H_f ), ε > 0, n ∈ N, and H^′_{nr} fulfill the conditions (a), (b), and (c’) of Theorem 2.1 and Corollary 2.2 with m = ∞. Then the assertion follows from Corollary 2.3. We set Ȟ_f := H_f + E in what follows. By means of (4.5) we find

(4.8) ⟨ Ψ | F^2_ε Ψ ⟩ � ⟨ Ψ | Ȟ_f Ψ ⟩ �

E_{nr} + b + E 1 − a

⟨ Ψ | H^′_{nr} Ψ ⟩ ,

for all Ψ ∈ D_N , which is Condition (b). Next, we observe that F_ε maps D_N into itself. Employing (4.5) once more and using −V_− � 0 and the fact that V_+ � 0 and F_ε act on different tensor factors we deduce that � F_ε Ψ � � (V + H_f ) F_ε Ψ � � ‖f_ε‖_∞ � Ψ � � (V_+ + H_f ) Ψ �

� ‖f_ε‖_∞

E_{nr} + b + E 1 − a

⟨ Ψ | H^′_{nr} Ψ ⟩ ,

(4.9)

for every Ψ ∈ D_N . Thanks to (3.11) with κ = 1/2, ν = γ = δ = σ = τ = 0, and (4.5) we further find some C ∈ (0, ∞) such that � D^{(i)}_A F_ε Ψ

�_2

� 2 ‖f_ε‖_∞ ‖D^{(i)}_A Ψ‖^2 + 2 ‖f_ε‖_∞ � F^{−1}_ε [α · A , F_ε]

�_2 ‖Ψ‖^2 � C ‖f_ε‖_∞ ⟨ Ψ | H^′_{nr} Ψ ⟩ ,

(4.10)

for all Ψ ∈ D_N . (4.9) and (4.10) together show that Condition (a) is fulfilled, too. Finally, we verify the bound in (c’). We use

[α · (−i∇_x) , α · A] = Σ · B − i (∇_x · A) ,

where B := a^†(∇_x ∧ G) + a(∇_x ∧ G) is the magnetic field and the j-th entry of the formal vector Σ is −i ϵ_{jkℓ} α_k α_ℓ, j, k, ℓ ∈ {1, 2, 3}, to write the square of the Dirac operator on the domain D as

D^2_A = D^2_0 + Σ · B − i (∇_x · A) + (α · A)^2 + 2 α · A α · (−i∇_x) .

Documenta Mathematica 15 (2010) 207–234

222 Oliver Matte

This yields

[H^′_{nr}, F^n_ε ] = N� i=1 � (D^{(i)}_A )^2, F^n_ε � = N� i=1 � [Σ · B^{(i)} , F^n_ε ] − i [(∇_x · A^{(i)}) , F^n_ε ]

+ α · A^{(i)} [α · A^{(i)} , F^n_ε ] + [α · A^{(i)} , F^n_ε ] (2D^{(i)}_A − α · A^{(i)} − 2β) � on D_N . For every i ∈ {1, . . . , N}, we further write

[α · A^{(i)} , F^n_ε ] D^{(i)}_A = Q^{(i)}_{ε,n} � D^{(i)}_A F^{n−1}_ε − Q^{(i)}_{ε,n−1} F^{n−2}_ε � on D_N , where

Q^{(i)}_{ε,n} := [α · A^{(i)} , F^n_ε ] F^{1−n}_ε , n ∈ N , Q^{(i)}_{ε,0} := 0 .

(4.11)

According to (3.11) we have ‖Q^{(i)}ε,n‖ � n 2^{(n+2)/2} (d_1 + d_{3+n}), ‖Ȟ^{1/2}_f Q^{(i)}ε,n Ȟ^{−1/2}_f ‖ � n 2^{(n+3)/2}(d_1 + d_{4+n}). Likewise, we write

[α · A^{(i)} , F^n_ε ] α · A^{(i)} = Q^{(i)}_{ε,n} � {α · A^{(i)} Ȟ^{−1/2}_f } Ȟ^{1/2}_f F^{n−1}_ε − Q^{(i)}_{ε,n−1} F^{n−2}_ε � on D_N , where ‖α · A Ȟ^{−1/2}_f ‖^2 � 2 d^2_0 + 4 d^2_{−1} by (3.7). Furthermore, we observe that Lemma 3.2 is applicable to Σ · B as well instead of α · A; we simply have to replace the form factor G by ∇_x ∧ G and to notice that ‖Σ · v‖_{L (C}4_) = |v|, v ∈ R^3, in analogy to (3.6). Note that the indices of d_ℓ are shifted by 2 because of (4.6). Finally, we observe that Lemma 3.2 is applicable to ∇_x · A, too. To this end we have to replace G by (∇_x · G, 0, 0) and d_ℓ by some universal constant times d_{2+ℓ} because of (4.7). Taking all these remarks into account we arrive at � Ψ_1 � [H^′_{nr} , F^n_ε ] Ψ_2 � � N� i=1 � ‖Ψ_1‖ � [Σ · B^{(i)} , F^n_ε ] F^{1−n}_ε � ‖F^{n−1}_ε Ψ_2‖

+ ‖Ψ_1‖ � � [div A^{(i)} , F^n_ε ] F^{1−n}_ε � � ‖F^{n−1}_ε Ψ_2‖

+ ‖Ψ_1‖ ‖α · A Ȟ^{−1/2}_f ‖ � � Ȟ^{1/2}_f Q^{(i)}_{ε,n} Ȟ^{−1/2}_f � � ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖

+ ‖Ψ_1‖ ‖Q^{(i)}_{ε,n}‖ � 2 ‖D^{(i)}_A F^{n−1}_ε Ψ_2‖ + ‖α · A Ȟ^{−1/2}_f ‖ ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖ � + 3 ‖Ψ_1‖ ‖Q^{(i)}_{ε,n}‖ ‖Q^{(i)}_{ε,n−1}‖ ‖F^{n−2}_ε Ψ_2‖ + 2 ‖Ψ_1‖ ‖Q^{(i)}_{ε,n}‖ ‖β‖ ‖F^{n−1}_ε Ψ_2‖ � , for all Ψ_1, Ψ_2 ∈ D_N . From this estimate, Lemma 3.2, and (4.5) we readily infer that Condition (c’) is valid with c_n = (|E_{nr}| + 1) C^{′′}(N, n, a, b, d_{−1}, . . . , d_{5+n}). □ 5. The semi-relativistic Pauli-Fierz operator

The semi-relativistic Pauli-Fierz operator is also acting in the Hilbert space H_N introduced in (4.1). It is obtained by substituting the non-local operator |D_A| for D^2_A in H^V_{nr}. We thus define, a priori on the dense domain D_N ,

H^V_{sr} ≡ H^V_{sr} (G) := N� i=1 |D^{(i)}_A | + V + H_f ,

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 223

where V is assumed to fulfill Hypothesis 4.1 with H^0_{nr} replaced by H^0_{sr}. To ensure that in the case of the Coulomb potential V_C defined in (4.4) this yields a well-defined self-adjoint operator we have to impose appropriate restrictions on the nuclear charges.

Example. In Proposition A.1 we show that H^{VC}_{sr} is semi-bounded below on D_N provided that Z_k ∈ (0, 2/πe^2], for all k ∈ {1, . . . , K}. Its proof is actually a straightforward consequence of (3.19) and a commutator estimate obtained in [10]. If all atomic numbers Z_k are strictly less than 2/πe^2 we thus find a ∈ (0, 1) and b ∈ (0, ∞) such that

(5.1) N� i=1 K� k=1 e^2 Z_k |x_i − R_k|

� a H^0_{sr} + b

in the sense of quadratic forms on D_N . In particular, V_C fulfills Hypothesis 4.1 with H^0_{nr} replaced by H^0_{sr} as long as Z_k ∈ (0, 2/πe^2), for k ∈ {1, . . . , K}. ⋄

For potentials V as above H^V_{sr} has a self-adjoint Friedrichs extension which we denote again by the same symbol H^V_{sr} . Moreover, D_N is a form core for H^V_{sr} and we have the following analogue of (4.5),

(5.2) |D^{(1)}_A |, . . . , |D^{(N)}_A |, V_+, H_f � H^{V+}_{sr} � (1 − a)^{−1} (H^V_{sr} + b)

on D_N . In order to apply Corollary 2.3 to the semi-relativistic Pauli-Fierz operator we recall the following special case of [7, Corollary 3.7]:

Lemma 5.1. Assume that ω and G fulfill Hypothesis 3.1. Let τ ∈ (0, 1]. Then there exist δ > 0 and C ≡ C(δ, τ, d_1) ∈ (0, ∞) such that

(5.3) C + |D_A| + τ H_f � δ (|D_0| + H_f ) � δ (|D_0| + τ H_f ) � δ^2 |D_A| − δ C

in the sense of quadratic forms on D.

In the next theorem we re-derive the higher order estimates obtained in [4] for the semi-relativistic Pauli-Fierz operator by means of Corollary 2.3. (The second estimate of Theorem 5.2 is actually slightly stronger than the corresponding one stated in [4].) The estimates of the following proof are also employed in Section 6 where we treat the no-pair operator. We set

E_{sr} := inf σ[H_{sr}] , H^′_{sr} := H^V_{sr} − E_{sr} + 1 .

Theorem 5.2. Assume that ω and G fulfill Hypothesis 3.1 and that V fulfills Hypothesis 4.1 with H^0_{nr} replaced by H^0_{sr}. Then, for every m ∈ N, it follows that D((H^V_{sr} )^{m/2}) ⊂ D(H^{m/2}_f ), H^{m/2}_f (H^′_{sr})^{−m/2} maps D(H^V_{sr} ) into itself, and � � H^{m/2}_f (H^′_{sr})^{−m/2} � � � C(N, m, a, b, d_1, d_{3+m}) (|E_{sr}| + 1)^{(3m−2)/2} , � � [H^{m/2}_f , H^V_{sr} ] (H^′_{sr})^{−m/2} � � � C^′(N, m, a, b, d_1, d_{3+m}) (|E_{sr}| + 1)^{(3m−1)/2} .

Proof. Let m ∈ N. We pick the function f_ε defined in (3.10) with E = k_1 ∨ C. (k_1 is the constant appearing in Lemma 3.3 with κ = m/2, ν = 0, and depends on m, d_1, and d_{3+m}; C is the one in (5.3).) We fix some n ∈ N, n � m,

Documenta Mathematica 15 (2010) 207–234

224 Oliver Matte

and verify Conditions (a), (b), and (c’) of Theorem 2.1 and Corollary 2.2 with F_ε = f^{1/2}_ε (H_f ), ε > 0. The estimates (4.8) and (4.9) are still valid without any further change when the subscript nr is replaced by sr. Employing (5.3) twice and using (5.2) we obtain the following substitute of (4.10), � F_ε Ψ � � |D_A| F_ε Ψ � � δ^{−1}‖ |D_0|^{1/2} F_ε Ψ‖^2 + δ^{−1} ‖Ȟ^{1/2}_f F_ε Ψ‖^2

� δ^{−1} ‖f_ε‖_∞ � ‖ |D_0|^{1/2} Ψ‖^2 + ‖Ȟ^{1/2}_f Ψ‖^2 � � C^′ ‖f_ε‖_∞ � Ψ � � H^′_{sr} Ψ � ,

for all Ψ ∈ D_N . Altogether we see that Conditions (a) and (b) are satisfied. In order to verify (c’) we set

(5.4) U^{(i)}_{ε,n} := [S^{(i)}_A , F^n_ε ] F^{1−n}_ε = F^n_ε [F^{−n}_ε , S^{(i)}_A ] F_ε , i ∈ {1, . . . , N} .

By virtue of (3.22) we know that the norms of U^{(i)}_{ε,n} and U^{(i)}_{ε,n} |D^{(i)}_A |^{1/2} are bounded uniformly in ε > 0 by some constant, C ∈ (0, ∞), that depends only on n, d_1, and d_{3+n}. We employ the notation (4.11) and (5.4) to write

[H^′_{sr} , F^n_ε ] = N� i=1 � |D^{(i)}_A | , F^n_ε � = N� i=1 � S^{(i)}_A D^{(i)}_A , F^n_ε �

= N� i=1 � {U^{(i)}_{ε,n} |D^{(i)}_A |^{1/2}} S^{(i)}_A |D^{(i)}_A |^{1/2} F^{n−1}_ε

− U^{(i)}_{ε,n} Q^{(i)}_{ε,n−1} F^{n−2}_ε + S^{(i)}_A Q^{(i)}_{ε,n} F^{n−1}_ε � . The previous identity, (5.2), and |D_A| � 1 permit to get � � Ψ_1 � � [H^′_{sr} , F^n_ε ] Ψ_2 � � � �^N � i=1 ‖Ψ_1‖ � C � � |D^{(i)}_A |^{1/2} F^{n−1}_ε Ψ_2 � � + C ‖Q^{(i)}_{ε,n}‖ ‖F^{n−2}_ε Ψ_2‖ + ‖Q^{(i)}_{ε,n}‖ ‖F^{n−1}_ε Ψ_2‖ � � c_n � ‖Ψ_1‖^2 + � F^{n−1}_ε Ψ_2 � � H^′_{sr} F^{n−1}_ε Ψ_2 � � ,

for all Ψ_1, Ψ_2 ∈ D_N and some constant c_n = C^{′′}(n, a, b, d_1, d_{3+n}) (|E_{sr}| + 1). So (c’) is fulfilled also and the assertion follows from Corollary 2.3. □

6. The no-pair operator

We introduce the spectral projections

(6.1) P^+_A := E_{[0,∞)}(D_A) = 1 2 1 + 1 2 S_A , P^−_A := 1 − P^+_A .

The no-pair operator acts in the projected Hilbert space

H^+_N ≡ H^+_N (G) := P^+_{A,N} H_N , P^+_{A,N} := N� i=1 P^{+,(i)}_A ,

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 225

and is a priori defined on the dense domain P^+_{A,N} D_N by

H^V_{np} ≡ H^V_{np}(G) := P^+_{A,N}

�^N� i=1 D^{(i)}_A + V + H_f � P^+_{A,N} .

Notice that all operators D^{(1)}_A , . . . , D^{(N)}_A and P^{+,(1)}_A , . . . , P^{+,(N)}_A commute in pairs owing to the fact that the components of the vector potential A^{(i)}(x), A^{(j)}(y), x, y ∈ R^3, i, j ∈ {1, 2, 3}, commute in the sense that all their spectral projections commute; see the appendix to [9] for more details. (Here we use the assumption that G_x(−k, λ) = G_x(k, λ).) So the order of the application of the projections P^{+,(i)}_A is immaterial. In this section we restrict the discussion to the case where V is given by the Coulomb potential V_C defined in (4.4). To have a handy notation we set

v_i := − K� k=1 e^2 Z_k |x_i − R_k|

, w_{ij} := e^2 |x_i − x_j | , for all i ∈ {1, . . . , N} and 1 � i < j � N, respectively. Thanks to [10, Proof of Lemma 3.4(ii)], which implies that P^+_A maps D into D(|D_0|) ∩ D(H^ν_f ), for every ν > 0, and Hardy’s inequality, we actually know that H^{VC}_{np} is well-defined on D_N . In order to apply Corollary 2.3 to H^{VC}_{np} we extend H^{VC}_{np} to a continuously invertible operator on the whole space H_N : We pick the complementary projection, P^⊥_{A,N} := 1 − P^+_{A,N} , abbreviate

P^{+,(i,j)}

A := P^{+,(i)}_A P^{+,(j)}_A = P^{+,(j)}_A P^{+,(i)}_A , 1 � i < j � N ,

and define the operator ~H_{np} a priori on the domain D_N by

~H_{np} :=^N � i=1 � |D^{(i)}_A | + P^{+,(i)}_A v_i P^{+,(i)}_A � + N� i,j=1 i<j P^{+,(i,j)}

A w_{ij} P^{+,(i,j)}_A

+ P^+_{A,N} H_f P^+_{A,N} + P^⊥_{A,N} H_f P^⊥_{A,N} .

(6.2)

Evidently, we have [ ~H_{np} , P^+_{A,N} ] = 0 and ~H_{np} P^+_{A,N} = H^{VC}_{np} P^+_{A,N} on D_N . In Proposition A.2 we show that the quadratic forms of the no-pair operator H^{VC}_{np} and of ~H_{np} are semi-bounded below on D_N provided that the atomic numbers Z_1, . . . , Z_K � 0 are less than the critical one of the Brown-Ravenhall model determined in [3],

(6.3) Z_{np} := (2/e^2)/(2/π + π/2) .

Therefore, both H^{VC}_{np} and ~H_{np} possess self-adjoint Friedrichs extensions which are again denoted by the same symbols in the sequel. D_N is a form core for

Documenta Mathematica 15 (2010) 207–234

226 Oliver Matte

~H_{np} and we have the bound

(6.4) ~H_{np} − N� i=1 P^{+,(i)}_A v_i P^{+,(i)}_A �

Z_{np} + |Z | Z_{np} − |Z | � ~ H_{np} + C(N, Z , R, d_{−1}, d_1, d_5) �

on D_N , where |Z | := max{Z_1, . . . , Z_K } < Z_{np}. Moreover, it makes sense to define

E_{np} := inf σ[H^{VC}_{np} ] ,

so that

H^′_{np} := ~H_{np} − E_{np} P^+_{A,N} + 1 � 1 .

Theorem 6.1. Assume that ω and G fulfill Hypothesis 3.1 and let N, K ∈ N, e > 0, Z = (Z_1, . . . , Z_K ) ∈ [0, Z_{np})^K , and R = {R_1, . . . , R_K } ⊂ R^3, where Z_{np} is defined in (6.3). Then D((H^′_{np})^{m/2}) ⊂ D(H^{m/2}_f ), for every m ∈ N, and � � H^{m/2}_f ↾_{H +N} (H_{np} − (E_{np} − 1) 1_{H +N} )^{−m/2} � �_{L (H +N ,HN )} � � � H^{m/2}_f (H^′_{np})^{−m/2} � � � C(N, m, Z , R, e, d_{−1}, d_1, d_{5+m}) (1 + |E_{np}|)^{(3m−2)/2} < ∞ .

Proof. Let m ∈ N. Again we pick the function f_ε defined in (3.10) and set F_ε := f^{1/2}ε (H_f ), ε > 0. This time we choose E = max{k d^2_1, k_1, C} where k is the constant appearing in (3.19), C ≡ C(d_1) is the one in (5.3), and k_1 the one appearing in Lemma 3.3 with |κ| = (m + 1)/2, |ν| = 1/2. Thus k_1 depends only on m, d_1, and d_{5+m}. On account of Corollary 2.3 it suffices to show that the conditions (a)–(c) of Theorem 2.1 are fulfilled. To this end we observe that on D_N the extended no-pair operator can be written as H^′_{np} = H^0_{sr} + 1 + W , where

W := N� i=1 P^{+,(i)}_A v_i P^{+,(i)}_A + N� i,j=1 i<j P^{+,(i,j)}

A w_{ij} P^{+,(i,j)}_A

− E_{np} P^+_{A,N} − 2Re � P^+_{A,N} H_f P^⊥_{A,N} � . The semi-relativistic Pauli-Fierz operator H^0_{sr} has already been treated in the previous section and the bound

(6.5) H_f � 2P^+_{A,N} H_f P^+_{A,N} + 2P^⊥_{A,N} H_f P^⊥_{A,N}

together with (6.4) implies

H^0_{sr} � 2 ~H_{np} − 2 N� i=1 P^{+,(i)}_A v_i P^{+,(i)}_A � C^′ (1 + |E_{np}|) H^′_{np}

(6.6)

on D_N , for some C^′ ≡ C^′(N, Z , R, d_{−1}, d_1, d_5) ∈ (0, ∞). Hence, it only remains to consider the operator W .

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 227

We fix some n ∈ N, n � m. When we verify (a) we can ignore the potentials

v_i since they are negative. Using [F^n_ε , P^⊥_{A,N} ] = [P^+_{A,N} , F^n_ε ] we obtain � �2Re � P^+_{A,N} F_ε Ψ � � H_f P^⊥_{A,N} F_ε Ψ � � � � � � H^{1/2}_f P^+_{A,N} F_ε Ψ � �^2 + � � H^{1/2}_f P^⊥_{A,N} F_ε Ψ � �^2

� 2 ‖f_ε‖_∞ � �H^{1/2}_f P^+_{A,N} Ψ � �^2 + 2 ‖f_ε‖_∞ � �H^{1/2}_f P^⊥_{A,N} Ψ � �^2 + 4 � H^{1/2}_f [P^+_{A,N} , F_ε] Ȟ^{−1/2}_f � ‖Ȟ^{1/2}_f Ψ‖^2,

for every Ψ ∈ D_N , where, for all n ∈ N and ν ∈ R,

Ȟ^ν_f [P^+_{A,N} , F^n_ε ] Ȟ^{−ν}_f F^{1−n}_ε =^N � i=1 �^{i−1}� j=1 Ȟ^ν_f P^{+,(j)}_A Ȟ^{−ν}_f � ×

× �ˇ H^ν_f [P^{+,(i)}_A , F^n_ε ] Ȟ^{−ν}_f F^{1−n}_ε

�^N�

k=i+1

Ȟ^ν_f F^{n−1}_ε P^{+,(k)}_A Ȟ^{−ν}_f F^{1−n}_ε �

on D_N . On account of Corollary 3.4 we thus have, for |ν| � 1/2,

(6.7) sup_{ε>0} � � H^ν_f [P^+_{A,N} , F^n_ε ] Ȟ^{−ν}_f F^{1−n}_ε � � � C(N, n, d_1, d_{4+n}) .

Likewise we have � F_ε Ψ � P^{+,(i,j)}

A w_{ij} P^{+,(i,j)}_A F_ε Ψ � � 2 ‖f_ε‖ � w^{1/2}_{ij} P^{+,(i,j)} A Ψ �_2 + 4 � � w^{1/2}_{ij} [P^{+,(i,j)}_A , F_ε] Ȟ^{−1/2}_f � �^2 ‖Ȟ^{1/2}_f Ψ‖^2, (6.8)

where the first norm in the second line of (6.8) is bounded (uniformly in ε > 0)

due to Lemma 6.2. Taking these remarks, v_i � 0, (6.4), and (6.5) into account

we infer that � F_ε Ψ � � H^′_{np} F_ε Ψ � � c_ε� Ψ � � H^′_{np} Ψ � , Ψ ∈ D_N ,

showing that (a) is fulfilled. The condition (b) with some constant c^2 =

C(N, Z , R, d_{−1}, d_1, d_5)(1+|E_{np}|) follows immediately from F^2_ε � Ȟ_f � H^0_{sr} +E

on D_N and (6.6). Finally, we turn to Condition (c). To this end let P^♯_{A,N} and

P^♭_{A,N} be P^+_{A,N} or P^⊥_{A,N} . On D_N we clearly have � P^♯_{A,N} H_f P^♭_{A,N} , F^n_ε � = ± [P^+_{A,N} , F^n_ε ] H_f P^♭_{A,N} ± P^♯_{A,N} H_f [P^+_{A,N} , F^n_ε ] .

(6.9)

For Ψ_1, Ψ_2 ∈ D_N , we thus obtain � � Ψ_1 � � � P^♯_{A,N} H_f P^♭_{A,N} , F^n_ε � Ψ_2 � � � � ‖Ȟ^{1/2}_f Ψ_1‖ � � Ȟ^{−1/2}_f [P^+_{A,N} , F^n_ε ] H^{1/2}_f F^{1−n} � � � �H^{1/2}_f F^{n−1}_ε P^♭_{A,N} Ψ_2 � � + ‖H^{1/2}_f P^♯_{A,N} Ψ_1‖ � �H^{1/2}_f [P^+_{A,N} , F^n_ε ] Ȟ^{−1/2}_f F^{1−n}_ε � � ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖ , (6.10)

Documenta Mathematica 15 (2010) 207–234

228 Oliver Matte

where we can further estimate � �H^{1/2}_f F^{n−1}_ε P^♭_{A,N} Ψ_2 � � � � 1 + � �H^{1/2}_f F^{n−1}_ε P^+_{A,N} Ȟ^{−1/2}_f F^{1−n}_ε � � ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖ � � 1 + ‖H^{1/2}_f F^{n−1}_ε P^+_A Ȟ^{−1/2}_f F^{1−n}_ε ‖^N � ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖ ,

(6.11)

and, of course,

‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖ � ‖Ȟ^{1/2}_f P^+_{A,N} F^{n−1}_ε Ψ_2‖ + ‖Ȟ^{1/2}_f P^⊥_{A,N} F^{n−1}_ε Ψ_2‖ .

(6.12)

The operator norms in (6.10) can be estimated by means of (6.7) with ν =

±1/2, the one in the last line of (6.11) is bounded by some C(n, d_1, d_{3+n}) ∈

(0, ∞) due to (3.21). In a similar fashion we obtain, for all i, j ∈ {1, . . . , N},

i < j, and Ψ_1, Ψ_2 ∈ D_N , � � Ψ_1 � � [P^{+,(i,j)}

A w_{ij} P^{+,(i,j)}_A , F^n_ε ] Ψ_2 � � � � F^{1−n}_ε w^{1/2}_{ij} [F^n_ε , P^{+,(i,j)}_A ] Ȟ^{−1/2}_f � � ‖Ȟ^{1/2}_f Ψ_1‖ � �F^{n−1}_ε w^{1/2}_{ij} P^{+,(i,j)}_A Ψ_2 � �

+ � � w^{1/2}_{ij} P^{+,(i,j)}

A Ψ_1 � � � � w^{1/2}_{ij} [P^{+,(i,j)}_A , F^n_ε ] F^{1−n}_ε Ȟ^{−1/2}_f � � ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖.

(6.13)

Here we can further estimate � w^{1/2}_{ij} F^{n−1}_ε P^{+,(i,j)}_A Ψ_2 � � � w^{1/2}_{ij} P^{+,(i,j)}

A F^{n−1}_ε Ψ_2 � + � � w^{1/2}_{ij} [F^{n−1}_ε , P^{+,(i,j)}_A ] Ȟ^{−1/2}_f F^{1−n}_ε � � ‖Ȟ^{1/2}_f F^{n−1}_ε Ψ_2‖ .

(6.14)

Lemma 6.2 below ensures that all operator norms in (6.13) and (6.14) that

involve w^{1/2}_{ij} are bounded uniformly in ε > 0 by constants depending only

on e, n, d_1, and d_{5+n}. Furthermore, it is now clear how to treat the terms

involving v_i or E_{np}. (In order to treat v_i just replace P^{+,(i,j)}_A by P^{+,(i)}_A , w_{ij} by

v_i, and w^{1/2}_{ij} by |v_i|^{1/2} in (6.13) and (6.14).) Combining (6.9)–(6.14) and their

analogues for the remaining operators in W we arrive at � � Ψ_1 � � [W , F^n_ε ] Ψ_2 � � � � C � ♯∈{+,⊥} � Ψ_1 � � P^♯_{A,N} H_f P^♯_{A,N} Ψ_1 � + � F^{n−1}_ε Ψ_2 � � P^♯_{A,N} H_f P^♯_{A,N} F^{n−1}_ε Ψ_2 �

+ C N� i,j=1 i<j � Ψ_1 � � P^{+,(i,j)}

A w_{ij} P^{+,(i,j)}_A Ψ_1 �

+ � F^{n−1}_ε Ψ_2 � � P^{+,(i,j)}

A w_{ij} P^{+,(i,j)}_A F^{n−1}_ε Ψ_2 �

+ C N� i=1 � Ψ_1 � � P^{+,(i)}_A |v_i| P^{+,(i)}_A Ψ_1 � + � F^{n−1}_ε Ψ_2 � � P^{+,(i)}_A |v_i| P^{+,(i)}_A F^{n−1}_ε Ψ_2 �

+ C (1 + |E_{np}|) � ‖Ψ_1‖^2 + ‖F^{n−1}_ε Ψ_2‖^2 � , for all Ψ_1, Ψ_2 ∈ D_N and some ε-independent C ≡ C(N, n, e, d_1, d_{5+n}) ∈ (0, ∞).

Employing successively (3.19), which implies |v_i| � (πe^2|Z |/2)(|D^{(i)}_A | + Ȟ_f ),

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 229

after that (3.21), which yields ‖Ȟ^{1/2}_f P^{+,(i)}_A Ψ‖^2 � C(d_1, d_4)(‖Ȟ^{1/2}_f P^+_{A,N} Ψ‖^2 + ‖Ȟ^{1/2}_f P^⊥_{A,N} Ψ‖^2), and finally (6.4) we conclude that Condition (c) is fulfilled with c_n = C(N, n, Z , R, e, d_{−1}, d_1, d_{5+n})(1 + |E_{np}|). □

Lemma 6.2. For all i, j ∈ {1, . . . , N}, i < j, n ∈ Z, and σ, τ � 0 with σ+τ � 1,

sup_{ε>0} � �F^{σ−n}_ε w^{1/2}_{ij} [F^n_ε , P^{+,(i,j)}_A ] Ȟ^{−1/2}_f F^τ_ε � � = sup_{ε>0} � � w^{1/2}_{ij} F^σ_ε [P^{+,(i,j)}_A , F^{−n}_ε ] Ȟ^{−1/2}_f F^{n+τ}_ε � � � e C(n, d_1, d_{5+n}) < ∞ .

Proof. We write

w^{1/2}_{ij} F^σ_ε [P^{+,(i)}_A P^{+,(j)}_A , F^{−n}_ε ] Ȟ^{−1/2}_f F^{n+τ}_ε = Y_1 + w^{1/2}_{ij} Y_2 + Y_3 , where

Y_1 := {w^{1/2}_{ij} F^σ_ε [P^{+,(i)}_A , F^{−n}_ε ] Ȟ^{−1/2}_f F^{n+τ}_ε }{Ȟ^{1/2}_f F^{−n−τ}_ε P^{+,(j)}_A Ȟ^{−1/2}_f F^{n+τ}_ε },

Y_2 := P^{+,(i)}_A F^σ_ε [P^{+,(j)}_A , F^{−n}_ε ] Ȟ^{−1/2}_f F^{n+τ}_ε ,

Y_3 := w^{1/2}_{ij} [F^σ_ε , P^{+,(i)}_A ] [P^{+,(j)}_A , F^{−n}_ε ] Ȟ^{−1/2}_f F^{n+τ}_ε .

Applying Corollary 3.4 we immediately see that ‖Y_1‖ � e C(n, d_1, d_{5+n}) and that ‖Y_3‖ � � � w^{1/2}_{ij} [F^σ_ε , P^{+,(i)}_A ] F^{−σ}_ε � � � � F^σ_ε [P^{+,(j)}_A , F^{−n}_ε ] F^{n+τ}_ε � � � e C(n, d_1, d_{3+n})

uniformly in ε > 0. Employing (3.19) (with respect to the variable x_j for each fixed x_i) and using [|D^{(j)}_A |^{1/2}, P^{+,(i)}_A ] = 0, we further get � w^{1/2}_{ij} Y_2 Ψ

�_2

� (πe^2/2) ‖P^{+,(i)}_A ‖^2 � � |D^{(j)}_A |^{1/2} F^σ_ε [P^{+,(j)}_A , F^{−n}_ε ] F^{n+τ}_ε � �^2 ‖Ȟ^{−1/2}_f ‖^2

+ (πe^2/2) � �Ȟ^{1/2}_f P^{+,(i)}_A Ȟ^{−1/2}_f � �^2 � �Ȟ^{1/2}_f F^σ_ε [P^{+,(i)}_A , F^{−n}_ε ] Ȟ^{−1/2}_f F^{n+τ}_ε � �^2.

By Corollary 3.4 all norms on the right hand side are bounded uniformly in ε > 0 by constants depending only on n, d_1, and d_{4+n}. □

Appendix A. Semi-boundedness of H^{VC}_{sr} and H^{VC}_{np}

In this appendix we verify that the semi-relativistic Pauli-Fierz and no-pair operators with Coulomb potential are semi-bounded below for all nuclear charges less than the critical charges without radiation fields. We do not attempt to give good lower bounds on their spectra since this is not the topic addressed in this paper. Our aim here is essentially only to ensure that these operators possess self-adjoint Friedrichs extensions. We recall that the stability of matter of the second kind has been proven for the no-pair operator in [9] under certain restrictions on the fine-structure constant, the ultra-violet cut-off, and the nuclear charges. The stability of matter of the second kind is a much stronger property than mere semi-boundedness. It says that the operator is bounded below by some constant which is proportional to the total number of nuclei and electrons and uniform in the nuclear positions. The restrictions imposed

Documenta Mathematica 15 (2010) 207–234

230 Oliver Matte

on the physical parameters in [9] do, however, not allow for all atomic numbers less than Z_{np}.

First, we consider the semi-relativistic Pauli-Fierz operator. The following proposition is a simple generalization of the bound (3.19) proven in [10] to the case of N ∈ N electrons and K ∈ N nuclei.

Proposition A.1. Assume that ω and G fulfill Hypothesis 3.1 and let N, K ∈ N, e > 0, Z = (Z_1, . . . , Z_K ) ∈ (0, 2/πe^2]^K , and R = {R_1, . . . , R_K } ⊂ R^3. Then

(A.1) N� i=1 |D^{(i)}_A | + V_C + δ H_f � −C(δ, N, Z , R, d_1) > −∞ ,

for every δ > 0 in the sense of quadratic forms on D_N .

Proof. In view of (3.19) we only have to explain how to localize the non-local kinetic energy terms. To begin with we recall the following bounds proven in [10, Lemmata 3.5 and 3.6]: For every χ ∈ C^∞(R^3_x, [0, 1]),

‖ [χ, S_A] ‖ � ‖∇χ‖_∞ , � �D_A �χ , [χ, S_A] � � � � 2 ‖∇χ‖^2_∞ .

(A.2)

Now, let B_r(z) denote the open ball of radius r > 0 centered at z ∈ R^3 in R^3. We set ϱ := min{|R_k − R_ℓ| : k ≠ ℓ}/2 and pick a smooth partition of unity on R^3, {χ_k}^K_{k=0}, such that χ_k ≡ 1 on B_{ϱ/2}(R_k) and supp(χ_k) ⊂ B_ϱ(R_k), for k = 1, . . . , K, and such that

�_K

k=0 χ^2_k = 1. Then we have the following IMS type localization formula,

(A.3) |D_A| = K� k=0 � χ_k |D_A| χ_k + 1 2 � χ_k , [χ_k, |D_A| ] � �

on D, for every i ∈ {1, . . . , N}. A direct calculation shows that � χ_k , [χ_k, |D_A| ] � = 2 iα · (∇χ_k) [χ_k, S_A] + D_A � χ_k , [χ_k, S_A] � (A.4)

on D. By virtue of (3.6) and (A.2) we thus get

(A.5) � � �χ_k , [χ_k, |D_A| ] � � � � 4 ‖∇χ‖^2_∞ ,

for all k ∈ {0, . . . , K}. Since we are able to localize the kinetic energy terms and since, by the choice of the partition of unity, the functions R^3 ∋ x → |x − R_k|^{−1} χ^2_ℓ (x) are bounded, for k ∈ {1, . . . , K}, ℓ ∈ {0, . . . , K}, k ≠ ℓ, the bound (A.1) is now an immediate consequence of (3.19) (with δ replaced by δ/N). (Here we also make use of the fact that the hypotheses on G are translation invariant.) □

Next, we turn to the no-pair operator discussed in Section 6. The semiboundedness of the molecular N-electron no-pair operator is essentially a consequence of the following inequality [10, Equation (2.14)], valid for all ω and G fulfilling Hypothesis 3.1, γ ∈ (0, 2/(2/π + π/2)), and δ > 0,

(A.6) P^+_A (D^{(i)}_A − γ/|x| + δ H_f ) P^+_A � P^+_A (c(γ) |D_0| − C) P^+_A ,

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 231

in the sense of quadratic forms on P^+_A D. Here C ≡ C(δ, γ, d_{−1}, d_0, d_1) ∈ (0, ∞) and c(γ) ∈ (0, ∞) depends only on γ.

Proposition A.2. Assume that ω and G fulfill Hypothesis 3.1 and let N, K ∈ N, e > 0, Z = (Z_1, . . . , Z_K ) ∈ (0, Z_{np})^K , and R = {R_1, . . . , R_K } ⊂ R^3, where Z_{np} is defined in (6.3). Then the quadratic form associated with the operator ~H_{np} defined in (6.2) is semi-bounded below,

~H_{np} � −C(N, K, Z , R, d_{−1}, d_1, d_5) > −∞ ,

in the sense of quadratic forms on D_N .

Proof. We again employ the parameter ϱ > 0 and the partition of unity introduced in the paragraph succeeding (A.2). Thanks to [10, Proof of Lemma 3.4(ii)] we know that P^+_A maps D(D_0 ⊗ H^ν_f ) into D(D_0 ⊗ H^{ν−1}_f ), for every ν � 1. The IMS localization formula thus yields

P^{+,(i)}_A v_i P^{+,(i)}_A = K� k=0 � χ^{(i)}_k P^{+,(i)}_A v_i P^{+,(i)}_A χ^{(i)}_k + 1 2 � χ^{(i)}_k , [χ^{(i)}_k , P^{+,(i)}_A v_i P^{+,(i)}_A ] �

on D(D_0 ⊗ H_f ), where a superscript (i) indicates that χ_k = χ^{(i)}_k depends on the variable x_i. Using v_i � 0, we observe that � χ^{(i)}_k , [χ^{(i)}_k , P^{+,(i)}_A v_i P^{+,(i)}_A ] � = −2 [χ^{(i)}_k , P^{+,(i)}_A ] v_i [P^{+,(i)}_A , χ^{(i)}_k ]

+ 2 Re � P^{+,(i)}_A v_i � χ^{(i)}_k , [χ^{(i)}_k , P^{+,(i)}_A ] � � � 2 Re � P^{+,(i)}_A v_i � χ^{(i)}_k , [χ^{(i)}_k , P^{+,(i)}_A ] � � . (A.7)

We recall the following estimate proven in [10, Lemma 3.6], for every χ ∈ C^∞(R^3_x, [0, 1]), � �^1_{|x|} �χ , [χ , P^+_A ] � Ȟ^{−1/2}_f � � � 8^{3/2} ‖∇χ‖^2_∞ ,

where Ȟ_f = H_f + E with E � 1 ∨ (4d_1)^2. Together with (A.7) it implies � Ψ � � �χ^{(i)}_k , [χ^{(i)}_k , P^{+,(i)}_A v_i P^{+,(i)}_A ] � Ψ �

� −δ ⟨ Ψ | Ȟ_f Ψ ⟩ − (8^3 ‖∇χ_k‖^4_∞/δ) ‖Ψ‖^2,

for all k ∈ {0, . . . , K}, i ∈ {1, . . . , N}, δ > 0, and Ψ ∈ D(D_0 ⊗ H_f ). Next, we pick cut-off functions, ζ_1, . . . , ζ_K ∈ C^∞_0 (R^3_x, [0, 1]), such that ζ_k = 1 in a neighborhood of R_k and supp(ζ_k) ⊂ B_{ϱ/4}(R_k), for k ∈ {1, . . . , K}. By construction, supp(ζ_k ) ∩ supp(χ_ℓ) = ∅, for all k ∈ {1, . . . , K} and ℓ ∈ {0, . . . , K} with k ≠ ℓ. Denoting ζ_k := 1 − ζ_k and using the superscript (i) to indicate that ζ_k = ζ^{(i)}_k

Documenta Mathematica 15 (2010) 207–234

232 Oliver Matte

is a function of the variable x_i, we obtain � Ψ � � χ^{(i)}_k P^{+,(i)}_A v_i P^{+,(i)}_A χ^{(i)}_k Ψ � = − � Ψ � � � χ^{(i)}_k P^{+,(i)}_A e^2 Z_k |x_i − R_k|

P^{+,(i)}_A χ^{(i)}_k Ψ �

− K� ℓ=1 ℓ≠k � Ψ � � � χ^{(i)}_k P^{+,(i)}_A e^2 Z_ℓ ζ^{(i)}_ℓ |x_i − R_ℓ|

P^{+,(i)}_A χ^{(i)}_k Ψ � (A.8)

− K� ℓ=1 ℓ≠k � Ψ � � � χ^{(i)}_k P^{+,(i)}_A e^2 Z_ℓ ζ^{(i)}_ℓ |x_i − R_ℓ|

P^{+,(i)}_A χ^{(i)}_k Ψ � , (A.9)

for all Ψ ∈ D(D_0 ⊗ H_f ). The operators appearing in the scalar products in (A.9) are bounded by definition of ζ_ℓ. Their norms depend only on R since e^2 Z_ℓ < 1. Furthermore, by virtue of Lemma A.3 below the term in (A.8) is bounded from below by −δ ⟨ Ψ | H_f Ψ ⟩ − C_δ ‖Ψ‖^2, for all δ > 0 and some C_δ ≡ C_δ(R, d_1, d_4) ∈ (0, ∞); see (A.11).

Taking all the previous remarks into account, using (A.3)–(A.5), w_{ij} � 0, |D^{(i)}_A | � P^{+,(i)}_A D^{(i)}_A P^{+,(i)}_A , and writing

H_f = 1 N N� i=1 K� k=0 χ^{(i)}_k (P^{+,(i)}_A + P^{−,(i)}_A ) H_f χ^{(i)}_k ,

we deduce that

~H_{np}

� (1 − 3δ) P^+_{A,N} H_f P^+_{A,N} + (1 − 3δ) P^⊥_{A,N} H_f P^⊥_{A,N} + � ♯∈{+,⊥} K� k=0 P^♯_{A,N}

�^N� i=1 χ^{(i)}_k P^{+,(i)}_A � D^{(i)}_A − e^2 Z_k |x_i − R_k| + δ N H_f � P^{+,(i)}_A χ^{(i)}_k

+ δ N N� i=1 � χ^{(i)}_k P^{−,(i)}_A H_f P^{−,(i)}_A χ^{(i)}_k + � ♭=± χ^{(i)}_k P^{♭,(i)}_A [P^{♭,(i)}_A , H_f ] χ^{(i)}_k � � P^♯_{A,N}

− const(N, R, d_1, d_4)

on D_N , for every δ > 0. Thanks to Corollary 3.4 (with ε = 0) we know that [P^{♭,(i)}_A , H_f ] Ȟ^{−1/2}_f extends to an element of L (H_N ) whose norm is bounded by some constant depending only on d_1 and d_5, whence δ N N� i=1 K� k=0 � χ^{(i)}_k P^♯_{A,N} Ψ � � P^{♭,(i)}_A [P^{♭,(i)}_A , H_f ] χ^{(i)}_k P^♯_{A,N} Ψ �

� −(δ/2) ‖Ȟ^{1/2}_f P^♯_{A,N} Ψ‖^2 − (δ/2) � �[P^{♭,(i)}_A , H_f ]Ȟ^{−1/2}_f � �^2 ‖Ψ‖^2,

for every Ψ ∈ D_N , ♯ ∈ {+, ⊥}, and ♭ = ±. For a sufficiently small choice of δ > 0, the assertion of the proposition now follows from the semi-boundedness

Documenta Mathematica 15 (2010) 207–234

Higher Order Estimates 233

of P^{+,(i)}_A (D^{(i)}_A − e^2 Z_k/|x_i − R_k| + (δ/N) H_f ) P^{+,(i)}_A ensured by (A.6) and the condition Z_k < Z_{np}. □

Lemma A.3. Let ζ ∈ C^∞_0 (R^3, [0, 1]), χ ∈ C^∞(R^3, [0, 1]), such that 0 ∈ supp(ζ) and supp(ζ) ∩ supp(χ) = ∅. Set Ȟ_f := H_f + E, where E � k_1 ∨ d^2_1. Then � D_A H^{1/2}_f ζ P^+_A χ Ȟ^{−1/2}_f � � C(ζ, χ, d_1, d_4) ,

(A.10) �_ζ

|x| P^+_A χ Ȟ^{−1/2}_f � � C^′(ζ, χ, d_1, d_4) .

(A.11)

Proof. We pick some ~χ ∈ C^∞(R^3, [0, 1]) such that supp(~χ) ∩ supp(ζ) = ∅ and ~χ ≡ 1 on supp(∇χ). Using ζ χ = 0 = ζ ~χ we infer that, for all φ, ψ ∈ D, � D_A φ � H^{1/2}_f ζ P^+_A χ Ȟ^{−1/2}_f ψ � = � D_A φ � H^{1/2}_f ζ [P^+_A , χ] Ȟ^{−1/2}_f ψ � � � R � � D_A φ � � H 1/2_f ζ [R_A(iy) , ~χ] iα · ∇χ R_A(iy) Ȟ −1/2_f ψ � � � dy 2π = � R � � � � D_A φ � � � H^{1/2}_f ζ RA(iy) iα · ∇~χ RA(iy) iα · ∇χ RA(iy) Ȟ^{−1/2}_f ψ � � dy 2π = � R � � � � ζ D_A φ � � � RA(iy) Υ_{0,1/2}(iy) iα · ∇~χ RA(iy) Υ_{0,1/2}(iy) ×

× iα · ∇χ R_A(iy) Υ_{0,1/2}(iy) ψ � � dy 2π . In the last step we repeatedly applied (3.16). Commuting ζ and D_A and using ‖D_A R_A(iy)‖ � 1, ‖R_A(iy)‖^2 � (1 + y^2)^{−1}, and the fact that ‖Υ_{0,1/2}(iy)‖ is uniformly bounded in y ∈ R, we readily deduce that � � D_A φ � � H^{1/2}_f ζ P^+_A χ Ȟ^{−1/2}_f ψ � � � � C(ζ, χ, ~χ, d_1, d_4) ‖φ‖ ‖ψ‖ ,

which implies (A.10). The bound (A.11) follows from (A.10) and the inequality

‖ |x|^{−1} φ ‖^2 � 4 ‖ D_A φ ‖^2 + 4 ‖Ȟ^{1/2}_f φ‖ , φ ∈ D(D_0 ⊗ H^{1/2}_f ) ,

which is a simple consequence of standard arguments (see, e.g., [10, Equation (4.7)]). □

Acknowledgement. It is a pleasure to thank Martin Könenberg and Edgardo Stockmeyer for interesting discussions and helpful remarks.

References

[1] Zied Ammari, Asymptotic completeness for a renormalized nonrelativistic Hamiltonian in quantum field theory: the Nelson model, Math. Phys. Anal. Geom. 3 (2000), no. 3, 217–285.

[2] Jan Dereziński and Christian Gérard, Spectral scattering theory of spatially cut-off P (ϕ)_2 Hamiltonians, Comm. Math. Phys. 213 (2000), no. 1, 39–125.

[3] William Desmond Evans, Peter Perry, and Heinz Siedentop, The spectrum of relativistic one-electron atoms according to Bethe and Salpeter, Comm. Math. Phys. 178 (1996), no. 3, 733–746.

Documenta Mathematica 15 (2010) 207–234

234 Oliver Matte

[4] Jürg Fröhlich, Marcel Griesemer, and Benjamin Schlein, Asymptotic electromagnetic fields in models of quantum-mechanical matter interacting with the quantized radiation field, Adv. Math. 164 (2001), no. 2, 349–398.

[5] James Glimm and Arthur Jaffe, A λ ϕ^4 quantum field theory without cutoffs I, Phys. Rev. (2) 176 (1968), 1945–1951.

[6] Tosio Kato, Perturbation theory for linear operators, Classics in Mathematics, Springer-Verlag, Berlin, 1995, reprint of the 1980 edition.

[7] Martin Könenberg, Oliver Matte, and Edgardo Stockmeyer, Existence of ground states of hydrogen-like atoms in relativistic quantum electrodynamics I: The semi-relativistic Pauli-Fierz operator, preprint, arXiv:0912.4223, 2009.

[8] Martin Könenberg, Oliver Matte, and Edgardo Stockmeyer, Existence of ground states of hydrogen-like atoms in relativistic quantum electrodynamics II: The no-pair operator, in preparation.

[9] Elliott H. Lieb and Michael Loss, Stability of a model of relativistic quantum electrodynamics, Comm. Math. Phys. 228 (2002), no. 3, 561–588.

[10] Oliver Matte and Edgardo Stockmeyer, Exponential localization of hydrogen-like atoms in relativistic quantum electrodynamics, Comm. Math. Phys., Online First, doi:10.1007/s00220-009-0946-6, 2009.

[11] Lon Rosen, The (ϕ^{2n})_2 quantum field theory: higher order estimates, Comm. Pure Appl. Math. 24 (1971), 417–457.

Oliver Matte Institut für Mathematik TU Clausthal Erzstraße 1 38678 Clausthal-Zellerfeld Germany On leave from:

Mathematisches Institut Ludwig-Maximilians- Universität Theresienatraße 39 80333 München Germany matte@math.lmu.de

Documenta Mathematica 15 (2010) 207–234

Documenta Math. 235

Laplace Transform Representations

and Paley–Wiener Theorems

for Functions on Vertical Strips

Zen Harper

Received: July 1, 2009

Communicated by Thomas Peternell

Abstract. We consider the problem of representing an analytic function on a vertical strip by a bilateral Laplace transform. We give a Paley–Wiener theorem for weighted Bergman spaces on the existence of such representations, with applications. We generalise a result of Batty and Blake, on abscissae of convergence and boundedness of analytic functions on halfplanes, and also consider harmonic functions. We consider analytic continuations of Laplace transforms, and uniqueness questions: if an analytic function is the Laplace transform of functions f_1, f_2 on two disjoint vertical strips, and extends analytically between the strips, when is f_1 = f_2? We show that this is related to the uniqueness of the Cauchy problem for the heat equation with complex space variable, and give some applications, including a new proof of a Maximum Principle for harmonic functions.

2010 Mathematics Subject Classification: Primary 44A10; Secondary 30E20, 31A10, 35K05 Keywords and Phrases: Laplace transform, Paley–Wiener theorem, heat equation, Maximum Principle, analytic continuation, Hardy spaces, Bergman spaces

1 Introduction and notation

We are concerned with Laplace transforms: for an analytic function F on {a < Re(z) < b}, we would like to know when

F (z) = Lh(z) ∼

�_∞

t=−∞

e^{−zt}h(t) dt ∼

�_∞

t=−∞

e^{−xt}h(t)e^{−iyt} dt

for some h, in some sense: either as an absolutely convergent Lebesgue integral, or as the L^2 or tempered distribution Fourier transform of e^{−xt}h(t). Our normalisation of the Fourier transform is

^f(ω) ∼

�_∞

t=−∞

e^{−iωt}f(t) dt, f(t) ∼ 1 2π ^^f(−t).

Documenta Mathematica 15 (2010) 235–254

236 Zen Harper

In Section 2 we give a fairly general Paley–Wiener theorem which guarantees the existence of such an h for analytic functions F in certain weighted Bergman spaces, with applications. In Section 3 we generalise a result of C. Batty and M. D. Blake concerning bounded functions on halfplanes; we obtain the same result, but under weaker assumptions, as well as a similar result for harmonic functions. In Section 4 we consider the uniqueness problem, which is important because analytic functions can sometimes be represented by Laplace transforms of different h on disjoint vertical strips. We obtain an explicit formula for analytic continuation under quite mild conditions, and relate this to the heat equation. Thus uniqueness theorems on the heat equation immediately give uniqueness theorems for boundary values of harmonic functions; see Corollaries 4.5, 4.6. Finally, Sections 5, 6 contain some longer proofs.

The problem of existence of Laplace transform representations for functions in certain spaces has been studied extensively; for example, see [4], [5], [9], [12], [20], [27], [29].

Given any domain Ω ⊆ C and Banach space E, we write Hol(Ω, E) for the set of all analytic functions F : Ω → E, or just Hol(Ω) when E = C. We need the theory of Hardy spaces: see [1], [10], [21], [25] and [26].

Let C_+ = {z ∈ C : Re(z) > 0} and R_+ = {t ∈ R : t � 0}. For any Banach space E, 1 � p < ∞ and F ∈ Hol(C_+, E), define

‖F ‖_Hp_{(C+,E)} = sup_{r>0}

�_∞ −∞ ‖F (r + iy)‖^p_E dy 2π �_{1/p} . The set of all F with ‖F ‖ < ∞ is the Hardy space H^p(C_+, E). When E = C we write simply H^p(C_+). We mainly use the case p = 2 with E a Hilbert space. The classical Paley–Wiener Theorem says that L : L^2(R_+, E) → H^2(C_+, E) is a unitary operator from L^2 onto H^2, provided that E is a Hilbert space:

‖f‖_L2_{(R+,E)} =

�_∞ t=0 ‖f(t)‖^2_E dt

�_{1/2}

= ‖Lf‖_H2_{(C+,E)},

and L^{−1} : H^2(C_+, E) → L^2(R_+, E) is well–defined. Here, we are thinking of H^2(C_+, E) ⊂ L^2(iR, E) in terms of a.e. boundary values.

2 Hilbert space Paley–Wiener type results

Theorem 2.1 Let −∞ � a < b � +∞, let E be a Hilbert space, and let Ω = {z ∈ C : a < Re(z) < b}.

Suppose that v : (a, b) → [0, +∞] is Lebesgue measurable, with v > 0 almost everywhere. For any F ∈ Hol(Ω, E), define

‖F ‖^2_L2_{(Ω,v,E)} = 1 2π �_b x=a �_∞

y=−∞

‖F (x + iy)‖^2_E v(x) dy dx.

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 237

For any h : R → E strongly measurable, define

N_v (h)^2 = � t∈R ‖h(t)‖^2_E

�_b x=a e^{−2xt}v(x) dx � dt. Then, whenever N_v(h) < ∞, we have N_v(h) = ‖Lh‖_L2_{(Ω,v,E)}. Conversely, let F ∈ Hol(Ω, E) with ‖F ‖_L2_{(Ω,v,E)} < ∞. Assume also that:

∀ a < α < β < b, ∃ ε(α, β) > 0 such that

�_β α v(x)^{−ε(α,β)}dx < ∞. (1)

Then: ∃ h such that F = Lh on Ω, and N_v(h) = ‖F ‖_L2_{(Ω,v,E)}. Furthermore, F ∈ L^2(c + iR) for every a < c < b, so h is given by the standard Bromwich Inversion Formula

h(t) ∼ 1 2π �_∞

y=−∞

F (c + iy)e^{ct}e^{iyt} dy ∼ 1 2πi � c+iR

F (z)e^{zt} dz,

in the sense of L^2(R, E) Fourier transforms.

The paper [11] proves this result in the special case a = 0, b = ∞ and v(x) = x^r with r � 0, and gives some applications. However, their method is different and probably cannot be generalised (the conformal transformation^{1−z}_{1+z} induces an isometric isomorphism with a weighted Bergman space on the disc, for which (z^n)_{n�0} is an orthogonal basis). Other related results and examples are given in Section 2 of [19].

Proof: The proof that N_v (h) < ∞ implies Lh ∈ L^2(Ω, v, E) with the same norm is not hard: by Fubini’s Theorem,

�_b x=a ‖e^{−xt}h(t)‖^2_{L2(R,E)}v(x) dx < ∞. Thus e^{−xt}h(t) ∈ L^2 for a.e. x ∈ (a, b), because v > 0 a.e. Now the Plancherel Theorem can be applied to the function e^{−xt}h, for a.e. x, and integrating with v(x)dx gives the result.

For the converse: first, let a < α < β < b. We must show that F is bounded on {x + iy : α � x � β}. Let r > 0 be sufficiently small, so that a < α − r < α < β < β + r < b. Fix φ ∈ E^∗ and consider F_φ(z) = φ(F (z)). We have the following result, which is a substitute for the lack of subharmonicity of |F_φ|^p when p < 1. See Lemma 2, p. 172 of [14], there attributed to Hardy and Littlewood; the proof is given also on p. 185 of [23]:

∀ p > 0, |F_φ(λ)| � C_p � 1 πr^2 � |z−λ|<r

|F_φ(z)|^p dA(z)

�_{1/p}

, (2)

with some C_p < ∞. (This is true more generally for harmonic functions in several variables. The case p � 1 is trivial by the Mean Value Property). By assumption, �_{β+r} α−r v(x)^{−ε}dx < ∞ for some ε > 0. Now let p = 2ε(1 + ε)^{−1}. Apply Hölder’s inequality with exponent 2/p to obtain that � |z−λ|<r

‖F (z)‖^p dA(z) = � |z−λ|<r

‖F (z)‖^pv(x)^{p/2}v(x)^{−p/2} dA(z)

Documenta Mathematica 15 (2010) 235–254

238 Zen Harper

is bounded by a multiple of � |z−λ|<r ‖F (z)‖

2v(x) dA(z)

�_{p/2}

, independently of λ with α � Re(λ) � β. By (2) and (1), we now have |F_φ(λ)| � K‖φ‖_E∗ , so indeed F is bounded on {α � x � β} as required. Second, suppose that

�_∞ −∞ ‖F (x+iy)‖^2 dy < ∞ for x = α, β, where a < α < β < b.

Thus for each Y > 0, Cauchy’s Integral Formula gives

F (λ) = 1 2πi � ∂R_Y

F (z) z − λ dz for all λ ∈ R_Y = (α, β) × (−Y, Y ).

But F is bounded on R_Y , uniformly in Y , by above; so we can let Y → ∞ for each fixed λ to obtain

F (λ) = 1 2πi � β+iR − � α+iR � F (z) z − λ dz, whenever Re(λ) ∈ (α, β). Now � α+iR

F (z) z−(α+ω) dz, as a function of ω ∈ C+, is the Szegö projection of the

L^2(iR, E) function F (iy +α) onto the Hardy space H^2(C_+, E), and so by the Paley– Wiener Theorem it can be represented as Lf_1 for some f_1 ∈ L^2(R_+, E). We can consider similarly � β+iR

F (z) z−(β−ω) dz. Thus

F (λ) = −

�_∞ t=0 e^{−(λ−α)t}f_1(t) dt +

�_∞ t=0 e^{−(β−λ)t}f_2(t) dt,

and so F (λ) = Lh(λ) =

�_∞

t=−∞ e

−λth(t) dt on {α < Re(λ) < β}, with �_∞ 0 ‖e^{−αt}h(t)‖^2 dt,

�_∞ 0 ‖e^{βt}h(−t)‖^2 dt < ∞.

This shows that e^{−ct}h(t) ∈ L^2(R, E) for each α < c < β. Now v > 0 a.e., so

�_∞ −∞ ‖F (x + iy)‖^2 dy < ∞ for a.e. x ∈ (a, b). So choose sequences (α_j ) ↘ a and (β_j ) ↗ b such that this holds with x = α_j , β_j . Then F = Lh_j on {α_j < Re(λ) < β_j } for each j. By uniqueness of the Fourier transform we must have h_j ≡ h_1 = h a.e.

So finally F = Lh on {a < Re(λ) < b}, and Plancherel’s Theorem gives 1 2π �_∞

y=−∞

‖F (x + iy)‖^2dy =

�_∞

t=−∞

e^{−2xt}‖h(t)‖^2 dt

for each a < x < b. Hence N_v(h) = ‖F ‖_L2_{(Ω,v,E)}. □ Similarly, with the Hausdorff–Young theorem and Paley–Wiener theorem for H^p, we can easily obtain the following result:

Theorem 2.2 Let F ∈ Hol{a < Re(z) < b}, let 1 < p � 2, let v satisfy the same conditions as Theorem 2.1, and suppose that �_b x=a �_∞

y=−∞

|F (x + iy)|^p v(x) dy dx < ∞. (3)

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 239

Then there exists some h such that F = Lh and �_b x=a �_∞

t=−∞

e^{−p′xt}|h(t)|^{p′} dt

�_{p−1} v(x) dx < ∞. (4)

We can consider Dirichlet–type norms also; for example:

Corollary 2.3 Let F ∈ Hol(C_+, E), for a Hilbert space E. Then � C_+

‖F^′(z)‖^2x dx dy < ∞ ⇐⇒ F ∈ H^2(C_+, E) + {constants}.

This is obvious, since

�_∞ 0 ‖h(t)‖^2dt/t^2 < ∞ if and only if h(t)/t ∈ L^2(R_+, E) if and only if L(h(t)/t) ∈ H^2.

Corollary 2.4 Let F ∈ Hol{0 < Re(z) < R} be bounded, for some 0 < R � +∞. Then ∃ g : R → C such that F (z) = zLg(z), and

�_0 −∞ e^{2R|t|}|g(t)|^2 dt < ∞, sup_{T >1/R} � 1 T �_T 0 |g(t)|^2 dt � < ∞.

Also sup_{0�c�R} ‖e^{−ct}g‖_{BMO(R)} < ∞. In particular, �_∞ t=0 |g(t)| + e^{−Rt}|g(−t)| 1 + t^2 dt < ∞.

In the case R = +∞, we have g(t) = 0 for all t < 0.

BMO(R) is the very important Bounded Mean Oscillation space, discussed in [1], [16], [23] and many other books, which often serves as a useful substitute for L^∞(R). For locally integrable f : R → C we have

‖f‖_{BMO(R)} = sup_I |f − f_I |_I , where f_I = 1 |I| � I f(t) dt,

I ranges over all bounded intervals of R, and |I| is the length.

Proof: The existence of g is immediate from Theorem 2.1, if we consider G(z) = F (z)/z and take, e.g. v(x) = x/(1 + x^3). The estimates follow from Plancherel’s Theorem: �_∞ −∞ e^{−2xt}|g(t)|^2 dt = 1 2π �_∞ −∞ � � � � F (x + iy) x + iy � � � � 2 dy ≪ 1 x .

For the estimate with t > 0, let T > 1/R and consider

�_T t=0 only with x = 1/T . For �_0

t=−∞ we just let x ↗ R.

Documenta Mathematica 15 (2010) 235–254

240 Zen Harper

For the BMO result, let 0 < c < R. Then^{F (c+iy)}_{c+iy} is an L^2 function of y ∈ R, with � � �^{F (c+iy)}

c+iy � � � �^{sup |F |}_{|y|} . We have

e^{−ct}g(t) ∼ 1 2π �_∞ −∞ F (c + iy) c + iy e^{iyt} dy.

Now apply Lemma 2.5 below to get ‖e^{−ct}g‖_{BMO(R)} � K for some K independent of c. For c = 0 and c = R, choose sequences c_j ↘ 0 and c_j ↗ R and use Dominated Convergence: for each interval I, (e^{−cj t}g)_I → g_I or (e^{−Rt}g)_I as appropriate. Then |e^{−cj t}g − (e^{−cj t}g)_I |_I also converges appropriately; since the BMO norm is given by a supremum over all I, we have the result. □ Lemma 2.5 If f ∈ L^2(R) then � � �f̂ � � �_{BMO(R)} � C sup_{β∈R} |βf(β)|, where C is a universal constant independent of f.

Proof: By considering the restrictions of f to R_+ and R_− separately, it is enough to consider f ∈ L^2(R_+) with |βf(β)| � 1. Take u ∈ L^2(R_+) and consider the convolution (k ∗ u)(α) =

�_α s=0 k(α − s)u(s) ds. By Hardy’s Inequality (see [18]), �_∞ α=0 |(βf ∗ u)(α)|^2 dα α^2 � �_∞ α=0 � 1 α �_α s=0 |u(s)| ds

�_2 dα � 4 �_∞ s=0 |u(s)|^2ds.

Taking Laplace transforms and using (the easy half of) Theorem 2.1 gives � C_+

|L(βf)(z)Lu(z)|^2x dx dy � K‖Lu‖^2_H2_{(C+)}.

But this says exactly that |L(βf)(z)|^2x dx dy = |(Lf)^′(z)|^2x dx dy is a Carleson Measure on C_+. Hence Lf ∈ Hol(C_+) is the Poisson integral of some function U ∈ BMO, by [13]. But also Lf ∈ H^2(C_+), and so Lf is the Poisson integral of its boundary function f̂. Hence f̂ = U ∈ BMO as required. □ In Theorem 3.1 below we obtain further results on g, assuming extra conditions on F (decay behaviour on a vertical line).

3 Results assuming decay on a vertical line

The following theorem generalises the main result of [3].

Theorem 3.1 Let 0 < R � +∞ and Ω = {z : 0 < Re(z) < R}. Let E be a Banach space, and let F ∈ Hol(Ω, E) be bounded. Assume that ∃ 0 < c < R, 0 < δ � 1 and ν > 1 such that

∀ φ ∈ E^∗,

�_∞

y=−∞ � �φ(F (c + iy)) � �^ν

(1 + |y|)^{1−δ} dy < ∞. (5)

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 241

Then there exists some continuous g : R → E with F (z) = zLg(z) for all z ∈ Ω, such that

‖g(t)‖ � � M(1 + t) for t > 0, Me^{Rt}(1 + |t|) for t < 0. (6) In the case R = +∞, we have g(t) = 0 for all t � 0. Also g satisfies local Hölder estimates: there is some M < ∞ such that

‖g(t + s) − g(s)‖ � Me^{cs}t^{δ/ν} (∀ s ∈ R, 0 < t < 1). (7)

The proof is given in Section 5. Of course we can get additional information about |φ(g(t))|^2 by applying Corollary 2.4 above to φ ∘ F .

In [3] the main result was the estimate (6) for the case R = +∞ only, assuming the much stronger condition

F = Lf with

�_∞ 0 ‖e^{−rt}f(t)‖^pdt < ∞, p > 1, r > 0. (8)

[3] also explains that (8) is not sufficient in the case p = 1. Under assumption (8), we would have g(t) =

�_t 0 f(s) ds. By increasing r if necessary and using Hölder’s inequality, we could take 1 < p � 2 without loss of generality. Then the Hausdorff– Young Theorem would give (5) for c = r with ν = (1 − 1/p)^{−1} = p^′ � 2 and δ = 1. The estimate (6) is best possible in general, even under the extra assumption (8), as shown in [2].

Additionally (7), which is a conclusion of our theorem, would follow automatically from the assumption (8).

In the case R = +∞, we have a similar result for harmonic functions:

Theorem 3.2 Let F : C_+ → E be a bounded harmonic function, where E is a Banach space. Assume that (5) holds with c > 0. Then: there exist g_j : R_+ → E continuous, j = 1, 2, such that

g_j (0) = 0, ‖g_j (t)‖ � K(1 + t^2), F (z) = z Lg_1(z) + z̄Lg_2(z̄) on C_+,

and g_1, g_2 satisfy the same Hölder estimate (7) from Theorem 3.1.

See Section 6 for the proof. Unfortunately, the case R < ∞ is unsatisfactory. For example, there is no function g such that z + a = zLg(z), with a ∈ C constant. Thus 2Re(z) = z + z̄ is harmonic and bounded on {0 < Re(z) < 1} but cannot be written as zLg_1(z) + z̄Lg_2(z̄) for any functions g_1, g_2.

4 Uniqueness conditions

It is natural to consider uniqueness: if Lf_1 = Lf_2 on {a < Re(z) < b}, in any reasonable sense, then f_1 = f_2 by uniqueness of Fourier transforms. However, this does not answer the following:

Documenta Mathematica 15 (2010) 235–254

242 Zen Harper

Question 4.1 Let a_1 < b_1 < a_2 < b_2 and F ∈ Hol{a_1 < Re(z) < b_2}, with sup a_j <c<b_j

�_∞ −∞ |F (c + iy)|^2 dy < ∞, for j = 1, 2,

so that F = Lf_j on {a_j < Re(z) < b_j } for some (uniquely determined) f_1, f_2, by Theorem 2.1. When do we have f_1 = f_2?

In contrast to Laurent series on concentric annuli {r_j < |z| < R_j }, it is possible to have f_1 ≠ f_2. The paper [24] considers

G ∈ Hol(C), G(z) =

�_∞ t=0 e^{zt}t^{−t}dt.

Then G is entire, and bounded on {|Im(z)| > π/2 + δ} for each δ > 0. Define F (z) = −iG(iz). By Cauchy’s Theorem as in [24] we obtain

F (z) =

�_∞ s=0 e^{−zs} exp � −is log s + πs 2 � ds, Re(z) > π 2 . Since G(z̄) = G(z), we have F (−z̄) = −F (z). Thus

F (z) = −

�_0

s=−∞

e^{−zs} exp � −is log(−s) − πs 2 � ds, Re(z) < − π 2 . So F is entire and represented by different bilateral Laplace transforms on {x > π/2}, {x < −π/2}, even though (using Plancherel’s Theorem)

�_∞ −∞ |F (x + iy)|^2 dy � M � |x| − π 2 �_{−1} whenever |x| > π/2.

Thus by rescaling, for any ϵ > 0 the “gap” {|x| < ϵ} is “unsafe”: crossing the gap can change the Laplace transform function. However, we shall prove below that the gap {x = 0} can be safely crossed under quite mild restrictions. First we derive an explicit formula for analytic continuation of Laplace transforms.

Theorem 4.2 Let Ω = {z : a < Re(z) < b} and F ∈ Hol(Ω, E), with E a Banach space. Assume that a < c < b, κ > 0, and �_∞ −∞ ‖F (c + iy)‖ exp(−κy^2) dy < ∞. (9)

Define F_σ ∈ Hol(C, E), for sufficiently small σ > 0, by

F_σ (z) = F_{σ,c}(z) = � λ∈c+iR

F (λ) exp � (λ − z)^2 2σ^2 � dλ iσ √ 2π = �_∞

y=−∞

F (c + iy) exp � (c + iy − z)^2

2σ^2 � dy σ √ 2π . Then sup_C |F_σ − F | � K(C)σ^2 for each fixed compact C ⊂ Ω. In particular, F_σ → F locally uniformly on Ω, as σ → 0^+.

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 243

Proof: Define G(λ, z) =^{F (λ)}_{iσ}^√_{2π} exp

�_{(λ−z)2}

2σ^2 � , so that

‖G(λ, x + iy)‖ =

‖F (λ)‖ σ √ 2π exp � |x − Re(λ)|^2 − |y − Im(λ)|^2 2σ^2 � . For each fixed z ∈ C, F_σ (z) is the integral of G(λ, z) over the contour c + iR, which converges for 1/2σ^2 > κ by condition (9). Since G(λ, z) is an analytic function of λ, we can use Cauchy’s Theorem with the same contour as in Theorem 3.1. Pick ω = ω_1 + iω_2 ∈ Ω and fix a square Σ = {|x − ω_1|, |y − ω_2| � δ} ⊂ Ω. Let Y be large, much larger than δ, and consider the contours

Γ(x) = {Re(λ) = x, |Im(λ) − ω_2| � Y }, Γ^±_Y (x) = {Re(λ) ∈ [x, c], Im(λ) = ω_2 ± Y }, Γ^′ = {Re(λ) = c, |Im(λ) − ω_2| � Y }.

For λ ∈ Γ^±_Y (x), we have

‖G(λ, z)‖ � sup_{μ∈I} ‖F (μ)‖ · σ^{−1} exp � M − Y^2/2 2σ^2 � , uniformly for z ∈ Σ, where I = Γ^±_Y (ω_1 − δ) or I = Γ^±_Y (ω_1 + δ) as appropriate (depending on whether ω_1 < c or ω_1 > c). We are using (Y − y)^2 > Y^2/2 and (c − x)^2 < M. Thus � Γ^±_Y (x) G dλ → 0 rapidly as σ → 0, uniformly in z, as long as Y is large enough.

By condition (9) again, also � Γ^′ G dλ → 0 rapidly as σ → 0, uniformly for z ∈ Σ.

Finally, the integral over Γ(x) is a standard Gaussian convolution approximation to F (z): � Γ(x)

G(λ, x + iy) dλ =

�_{ω2+Y}

ω_2−Y

F (x + iu) exp � −(y − u)^2

2σ^2 � du σ √ 2π . After Y is chosen, F (t+iu) is then bounded on the tall, narrow rectangle |t−ω_1| � δ, |u − ω_2| � Y . If we approximate F (x + iu) by its Taylor series about x + iy, it is now routine to verify that � Γ(x) G(λ, x + iy) dλ = F (x + iy) + O(σ

2), uniformly for |x − ω_1|, |y − ω_2| < δ/2, say. The errors from the other contours are much smaller, being O(exp(−ν/σ^2)) for some ν > 0. □ Corollary 4.3 With F as in Theorem 4.2 and E = C, suppose that

∃ 1 � p � 2 such that

�_∞ −∞ |F (c + iy)|^p dy < ∞.

Then F (z) = lim_{σ→0+}

�_∞

t=−∞

e^{−zt}h(t) exp(−σ^2t^2/2) dt (10)

Documenta Mathematica 15 (2010) 235–254

244 Zen Harper

locally uniformly for z ∈ Ω, for some measurable h satisfying �_∞ −∞ |h(t)|e^{−δt2} dt < ∞ ∀ δ > 0.

Proof: We use the Hausdorff–Young Theorem. Set

h(t)e^{−ct} ∼ 1 2π ^ F (c + iy)(−t) ∈ L^{p′} (R),

for p^′ = (1 − 1/p)^{−1} the conjugate exponent to p. This is well–defined for a.e. t ∈ R. Now � ^ h(t)e^{−ct}(y)g(y) dy = � h(t)e^{−ct}^g(t) dt for every Schwartz function g. Now put F (c + iy) ∼ ^he^{−ct}(y) in the definition of F_{σ,c}(z) and calculate. □ Notice that (10) is just a weak kind of Laplace transform representation for F . It says that a particular Abelian summability method assigns the value F (z) to the formal integral “

�_∞ −∞ e^{−zt}h(t) dt”, even though this integral may diverge. See [17] for much more on these topics; unfortunately the classical results given there appear to be inadequate for our problem.

Corollary 4.4 Let Ω = {z : a < Re(z) < b} and F ∈ Hol(Ω). Suppose that there exist a < c_1 < c_2 < b and f_1, f_2 such that

F (c_j + iy) ∼

�_∞

t=−∞

f_j (t)e^{−cj t} exp(−iyt) dt (y ∈ R, j = 1, 2),

as Fourier transforms of f_j (t)e^{−cj t} ∈ L^2(R). Define

H(z, v) =

�_∞

t=−∞ � f_1(t) − f_2(t) � exp(izt − vt^2)dt

for z ∈ C, v > 0. Then H has a continuous extension H : iΩ×[0, ∞) → C satisfying

∂^2H ∂z^2 = ∂H ∂v , H(z, 0) ≡ 0 (z ∈ iΩ).

Proof: By Corollary 4.3, equation (10) holds for both h = f_1 and h = f_2. Therefore, H(z, v) → F (−iz) − F (−iz) = 0 as v → 0^+, for each z ∈ iΩ. Because this convergence is locally uniform, we have the required continuity of H. Finally, the complex heat equation^{∂2H}_{∂z2} =^{∂H}_{∂v} follows immediately by differentiating under the integral sign. □ The letter t is normally used for the time variable, but we use v = σ^2/2 (for variance, with an extra factor of 2). Now we can apply known results on the heat equation. The papers [6], [30] prove many results about functions on discs. The following corollaries are closely related (after applying a conformal transformation), but our proofs are easier and quite different.

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 245

Corollary 4.5 Let F ∈ Hol({−1 < x < 1}) and A, B, r > 0, with �_∞ −∞ |F (x + iy)|^2dy � A exp(B|x|^{−r}), ∀ x ≠ 0.

Then sup_{−1<x<1}

�_∞ −∞ |F (x + iy)|^2dy < ∞. In particular, F is bounded on |x| < 1 − ϵ, for each ϵ > 0.

Notice that, a priori, it is not obvious that any estimate for |F (iy)| is possible: exp(B|x|^{−r} ) grows so rapidly as |x| → 0 that any simple attempt based on the Mean Value Property must fail.

Proof: First, by Theorem 3.1, we know that F = Lf_+ on {0 < x < 1} and F = Lf_− on {−1 < x < 0}, with

�_∞ −∞ e^{−2δt}|f_+(t)|^2 dt ≪ exp(Bδ^{−r}), and similarly for f_−. Now consider φ = f_+ − f_−. Then �_∞ −∞ e^{−2δ|t|}|φ(t)|^2 dt ≪ exp(Bδ^{−r}).

Following Corollary 4.4, define

H(y, v) =

�_∞ −∞ exp(iyt − vt^2)φ(t) dt

for y ∈ R and v > 0. Then H satisfies the heat equation and extends to be continuous on {v � 0}, with H(y, 0) ≡ 0. We calculate

|H(y, v)| �

�_∞ −∞ e^{−δ|t|}|φ(t)| dt � sup_{τ ∈R} exp(δ|τ| − vτ^2)

≪ δ^{−1/2} exp(Bδ^{−r}/2) exp(δ^2/4v) � exp � Cδ^{−r} + δ^2 4v � , for any 0 < δ < 1. We have used the Cauchy–Schwarz inequality and δ^{−1/2} < exp(δ^{−1/2}) � exp(δ^{−r}), as long as r � 1/2, which we could clearly assume from the start. Notice that C does not depend on δ.

Now choose δ = v^α with α = 1/(r + 2), so that αr = 1 − 2α, to obtain

|H(y, v)| � A^′ exp � C + 4^{−1} v^{1−2α} � = A^′ exp(C^′/v^η ), (11)

for all y ∈ R, 0 < v < 1, with 0 < η < 1. Since H = H(y, v) is a solution to the heat equation with H(y, 0) ≡ 0, condition (11) implies that H ≡ 0. See [8], [15]. In general the condition |H| � A(ϵ) exp(ϵ/v) for each ϵ > 0 is not sufficient, as shown in [7], but our proof works because we have an estimate for A(ϵ). Therefore φ = 0 and f_+ = f_− almost everywhere, as required. □ Documenta Mathematica 15 (2010) 235–254

246 Zen Harper

Corollary 4.6 Let Ω = {x + iy : 0 < x < 1}. Let E be a Banach space, F : Ω → E continuous, harmonic on Ω, and F ∈ L^∞(∂Ω). Suppose that A, B, r > 0 satisfy

‖F (x + iy)‖ � A exp(B[x(1 − x)]^{−r} ) ∀ 0 < x < 1, y ∈ R.

Then F ∈ L^∞(Ω) with sup_Ω ‖F ‖ = sup_{∂Ω} ‖F ‖.

This is a Maximum Principle, similar in some ways (but quite different in other ways) to the Phragmén–Lindelöf theorems.

Proof: By considering φ ∘ F for each φ ∈ E^∗, it is enough to consider the case E = C; by considering Re(F ), Im(F ), we can take E = R. Now let ~F be the unique bounded harmonic function with F = ~F on ∂Ω. For example, we could obtain ~F by conformal mapping and the well–known Poisson Formula for the disc. By considering F − ~F , we only need to prove the special case where F is real–valued, and zero on ∂Ω. By the Schwarz Reflection Principle, we can extend F to be harmonic on C_+ and continuous on iR, by defining F (n + x + iy) = −F (n − x + iy) repeatedly for x ∈ [0, 1], y ∈ R and n = 1, 2, 3, . . ..

Thus |F | ≪ exp(C · dist(x, Z)^{−r} ), where dist means distance. We have F = g + ḡ for some g ∈ Hol(C_+). Now

g^′(λ) = 1 2πr �_{2π} 0 F (λ + re^{iθ})e^{−iθ}dθ,

so that |g^′| ≪ exp(C^′dist(x, Z)^{−r} ), by simple estimates for F with the Mean Value Property. Also

�_{n+1/2}

n−1/2 |g

′(t)| dt is independent of n, because of the reflection process used to extend F . Thus

|g(z)| = � � �g(1) +

�_x 1 g^′(t) dt + i

�_y 0 g^′(x + is) ds � � � � A^′(1 + |z|) exp � C^′ dist(x, Z)^r � . Now consider h(z) = g(z)(1+z)^{−1}. By applying Corollary 4.5 to h repeatedly on the domains {|x − n| < 1 − ϵ} (with trivial rescaling), we obtain

�_∞ −∞ |h(x + iy)|^2dy � M(ϵ) for all x > ϵ, i.e. h ∈ H^2({Re(z) > ϵ}) for each ϵ > 0. Thus h = Lu on C_+ for some u on R_+ with

�_∞ 0 e^{−δt}|u(t)|^2dt < ∞ for all δ > 0. But now 0 = F (n) 1 + n

= 2Re[h(n)] =

�_∞ 0 e^{−nt}2(Re u)(t) dt

for all n = 1, 2, 3, . . .. So L(Re u) is bounded and analytic on {Re(z) > 1/2}, with a zero at each n, and thus identically zero everywhere by the Blaschke condition for zero sequences of Hardy space functions. Thus Re u = 0 almost everywhere.

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 247

So ū = −u a.e., and now h(x) = −h(x) for all x > 0, so that F (x) = g(x) + g(x) = 0. Now the proof is finished; we have shown that F = 0 on {0 < x < 1}. Applying this to F_α = F (z + iα) for each α ∈ R, we obtain that F ≡ 0, as required. □ We remark, omitting the details, that Corollary 4.6 can be used to prove Corollary 4.5, so they are equivalent: given an analytic F on {|x| < 1}, consider U(z) = F (z) − F (−z̄) on {0 � x � 1/2}.

5 proof of Theorem 3.1

We first prove (6). First consider the scalar case E = C. By Theorem 2.1 applied to F (z)/z, we see immediately that F (z)/z = Lg(z) for some g, given by

g(t) ∼ 1 2π �_∞ −∞ F (c + iy) c + iy e^{(c+iy)t} dy ∼ 1 2πi � c+iR

F (z) z e^{zt} dz.

If R = +∞ then Theorem 2.1 also gives g(t) ≡ 0 for t � 0. But � c+iR � � �^{F (z)}_z � � � |dz| < ∞ by Hölder’s inequality, so in fact g : R → C is continuous (after changing g on a set of measure zero).

The estimate |g(t)| � M(1 + t) for t > 0 was already proved in [3] for the special case R = +∞ and F ∈ L^q(c + iR) for some q > 1. But that proof needed only the estimate � |z|>κ

|F (z)|

|z| |dz| = O(κ^{−ϵ}) for some 0 < ϵ < 1, which follows from (5) by Hölder’s inequality. The proof also applies without change when R < ∞. For t < 0, we can simply apply the result to F (R − z).

The Hölder estimate (7) follows by direct calculation: we have

|g(t + s) − g(s)| ≪ � c+iR � � � F (z) z � � � e^{cs}|e^{zt} − 1| |dz|.

By Hölder’s inequality, this is

≪ e^{cs} � c+iR

|F (z)|^ν |z|^{1−δ} dy �_{1/ν} �

c+iR

|e^{zt} − 1|^{ν′} |z|^α

|dz|

�_{1/ν}′ , where α = � 1 −^{1−δ}_ν � ν^′ = 1 + δ^{ν′}_ν > 1. Since |z| ≈ c + |y| ≈ 1 + |y|, the second integral above is ≪ � R |e^{(c+iy)it} − 1|^{ν′}

(1 + |y|)^α dy ≪ t^{ν′} � |c+iy|<t^{−1}

|c + iy|^{ν′} (1 + |y|)^α dy + � |c+iy|>t^{−1} dy (1 + |y|)^α

≪ t^{ν′} � |y|<At^{−1}

(1 + |y|)^{ν′ −α}dy + � |y|>Bt^{−1} dy (1 + |y|)^α ≪ t^{ν′} (1/t)^{ν′ −α+1} + (1/t)^{1−α} ≪ t^{α−1}.

Documenta Mathematica 15 (2010) 235–254

248 Zen Harper

Here t is small, A, B > 0 depend on c, and |e^λ − 1| ≪ |λ| for λ bounded; note also that ν^′ > α. Since (α − 1)/ν^′ = δ/ν, we obtain (7) as required, in the special case where E = C.

Now let E be a general Banach space. A standard Closed Graph Theorem argument shows that � c+iR

|φ(F (z))|^ν

|z|^{1−δ} dy �_{1/ν} � K‖φ‖_E∗

for all φ ∈ E^∗, with some constant K < ∞. For each φ ∈ E^∗ we consider φ(F (z)) and apply the scalar–valued case, to obtain a continuous g_φ : R → C such that

φ(F (z)) = zLg_φ(z), g_φ(t) = 1 2πi � c+iR

φ(F (z)) z e^{zt} dz.

Examining the above proof carefully, we find that the constant M in (6) is bounded by an absolute constant multiple of � c+iR

|φ(F (z))| |z| |dz| + sup_{z∈Ω} |φ(F (z))| ≪ ‖φ‖_E∗ .

Thus |g_φ(t)| � M^′‖φ‖_E∗ (1 + t) with some M^′ < ∞ for t > 0, and similarly for t < 0, so we can define g : R → E^{∗∗} by g(t)(φ) = g_φ(t). As usual, regard E ⊆ E^{∗∗} via the canonical embedding. We also have a similar estimate to (7) for

g_φ(t + s) − g_φ(s) = [g(t + s) − g(s)](φ),

which gives (7) with ‖g(t + s) − g(s)‖_E∗∗ instead of ‖ · ‖_E . Crucially, this also shows that g : R → E^{∗∗} is continuous.

But now φ(F (z)) = z(Lg_φ)(z) = [zLg(z)](φ), so that F (z) = zLg(z), considered as an E^{∗∗}-valued function; note that Lg converges because we have an estimate for ‖g(t)‖_E∗∗ . Thus all is finished, except that g(t) ∈ E^{∗∗} instead of E. Put

H : R → E, H(t) = 1 2πi � c+iR

F (z) z^2 e^{zt} dz,

which is well–defined and continuous because � c+iR

‖F (z)‖_E |z|^2 |dz| < ∞. Now (φ ∘

H)^′(t) = (φ ∘ g)(t) for each φ ∈ E^∗ and t ∈ R. Because g, φ ∘ g are continuous, we have

φ(H(t)) − φ(H(0)) =

�_t 0 φ(g(τ)) dτ.

Hence H(t) = H(0) +

�_t 0 g(τ) dτ as an E^{∗∗}-valued integral, so H^′(t) = g(t) for all t ∈ R, again by continuity of g : R → E^{∗∗}. Thus finally g(t) ∈ E as required, because H is E-valued.

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 249

6 Proof of Theorem 3.2

Now F : C_+ → E is harmonic; so there exist analytic F_j ∈ Hol(C_+, E), with j = 1, 2, such that F (z) = F_1(z) + F_2(z̄). The functions F_1, F_2 are unique up to additive constants. We will show that F_1, F_2 can be chosen to satisfy (5) in Theorem 3.1, and that F_1, F_2 are almost bounded (with only logarithmic unboundedness); the result will then follow by a similar proof to Theorem 3.1.

F is bounded, so we can represent F on {Re(z) > c} by its Poisson integral:

∀ u > 0, F (c + u + iv) = 1 π �_∞ −∞ F (c + iy) u u^2 + (v − y)^2 dy. Now we define

G_1(λ) = 1 2πi � c+iR

F (z) λ − z dz, G_2(λ) = 1 2πi � c+iR

F (z) λ − z̄ dz for all Re(λ) > c, so that

G_j ∈ Hol({Re(λ) > c}, E), F (λ) = G_1(λ) + G_2 �¯ λ � . Because (G_1 −F_1)(λ) = −(G_2 −F_2)(λ̄) on Re(λ) > c, the functions G_1 −F_1 ≡ F_2 − G_2 are constant; so we have analytic continuations G_j ∈ Hol(C_+, E) for j = 1, 2. We use the standard theory of the Weighted Hilbert Transform, found in [22], [16] and many other sources. The famous Muckenhoupt weight condition w ∈ A_ν (R) for w : R → [0, +∞], 1 < ν < ∞ is sup bounded intervals I ⊂ R � 1 |I| � I w(t) dt � � 1 |I| � I w(s)^{−1/(ν−1)} ds

�_{ν−1}

< ∞.

Now w ∈ A_ν (R) is equivalent to the Hilbert transform being bounded on L^ν (w):

Hf(t) = lim_{ε→0+} 1 π � y∈R, |y−t|>ε

f(y) t − y dy exists for a.e. t ∈ R,

whenever f ∈ L^ν (w), i.e. � R |f|^ν w dt < ∞, and furthermore ‖Hf‖_Lν_{(w)} � C_w‖f‖_Lν_{(w)} for some constant C_w < ∞ depending only on w.

For our problem, we easily check that w(y) = |y|^{−ς} satisfies w ∈ A_ν (R) for any 0 < ς < 1. Assume for the moment that E = C. Define

H_ε(α) = � |y−α|>ε

F (c + iy) α − y dy, so that by above H_ε(α) → H(α) as ε → 0, for almost every α ∈ R and some H ∈ L^ν (|α|^{−(1−δ)}). Fix α ∈ R such that H_ε(α) → H(α) does hold. For R large, the condition (5) gives � |y|>R

|F (c+iy)|

|y| dy ≪ R^{−η}, and so

H_ε(α) = � ε<|y−α|<R

F (c + iy) α − y dy + O(R^{−η})

Documenta Mathematica 15 (2010) 235–254

250 Zen Harper

as R → ∞, for some unimportant η > 0. But F is harmonic and thus smooth on C_+, so � |y−α|<1 � � F (c+iy)−F (c+iα) α−y � � dy < ∞. Also �_{ε<|y−α|<R} dy_{α−y} = 0, so we can write

H_ε(α) = � ε<|y−α|<R

F (c + iy) − F (c + iα) α − y dy + O(R^{−η} ) = � |y−α|<R

F (c + iy) − F (c + iα)

α − y dy + o_R + o_ε

where o_ε → 0 as ε → 0^+, uniformly in R > 1, and similarly o_R → 0 as R → ∞, uniformly in 0 < ε < 1. Now, for all 0 < ξ < 1,

G_1(c + iα + ξ) = 1 2π � |y−α|<R

F (c + iy) ξ + i(α − y) dy + O(R^{−η} ) = 1 2π � |y−α|<R

F (c + iy) − F (c + iα)

ξ + i(α − y) dy + o_R

+ F (c + iα)I(R, ξ),

where I(R, ξ) = 1 2π � |y−α|<R dy ξ + i(α − y) = tan^{−1}(R/ξ) π . Now fix R and let ξ → 0^+. Then I(R, ξ) →^1_2 and G_1(c + ξ + iα) → G_1(c + iα), simply because G_1 ∈ Hol(C_+), so that

G_1(c + iα) = 1 2 F (c + iα) + 1 2πi H_ε(α) + o_R + o_ε

by Dominated Convergence, because � |y−α|<R � �^{F (c+iy)−F (c+iα)} α−y � � dy < ∞. Finally let ε → 0 and R → ∞, to give G_1(c + iα) =^1_2 F (c + iα) +^1_{2πi} H(α). This is true for almost every α, and F (c + iα), H(α) are both in L^ν (|α|^{−(1−δ)}), and thus so is G_1(c + iα). Now we have � c+iR

|G_1|^ν |z|^{1−δ} dy < ∞, in the special case E = C. In general, we get the

same for φ ∘ G_1, for each φ ∈ E^∗. This is the estimate (5) we need in Theorem 3.1, for G_1 instead of F .

Theorem 3.1 does not apply to G_1 because G_1 may be unbounded. However, the unboundedness is at most logarithmic, by two simple calculations:

Lemma 6.1 Let F : Ω → E be harmonic, for some domain Ω. Then, for every z ∈ Ω and r > 0 such that {λ : |λ − z| � r} ⊂ Ω, we have ∂F ∂z = 1 2πi � |λ−z|=r

F (λ) (λ − z)^2 dλ, � � � � ∂F ∂z � � � � � max_{|λ−z|=r} ‖F (λ)‖ r . The proof is immediate, from power series representations.

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 251

Lemma 6.2 Let F : C_+ → E be harmonic and bounded, with F (z) = G_1(z) + G_2(z̄) for G_1, G_2 ∈ Hol(C_+, E). Then there exist constants M_j < ∞, j = 1, 2, such that ‖G_j (x + iy)‖_E � M_j � 1 + | log x| + log(1 + |y|) � . (12)

Proof: Given u + iv ∈ C_+, we have

G_j (u + iv) − G_j (1) = � � � x∈[1,S], y=0 + � x=S, y∈[0,v] + � x∈[S,u], y=v

� � G^′_j (z) dz,

for any S > 1. But G^′_1 = ∂F/∂z, so with r = x/2 in Lemma 6.1 we obtain ‖G^′_1(x + iy)‖ � 2 � sup_{C+} ‖F ‖ � /x. Thus

‖G_1(u + iv)‖ � ‖G_1(1)‖ + 2 sup_{C+} ‖F ‖ � log S + |v| S + | log S − log u| � . Now letting S = |v| + 1 gives the result for G_1, and the proof for G_2 is similar. □ The logarithmic terms are unavoidable; e.g. 2θ = −i(log z − log z̄) is harmonic and bounded on C_+ = {re^{iθ} : r > 0, |θ| < π/2}.

Finally, to complete the proof of Theorem 3.2: G_1 satisfies (12), and also the vertical estimate (5) on c + iR. Similarly, or by considering F (z̄) instead, G_2 also satisfies the same estimates. The local Hölder estimate (7) follows from the proof of Theorem 3.1 without change, since only (5) is needed.

To estimate ‖g_j (t)‖ for large t > 0, we use the same method as Theorem 3.1 (which in fact is the method used in [3]), but with additional logarithmic estimates. As usual, consider φ ∘ F for each φ ∈ E^∗. In the contour integral formula

φ ∘ g_j (t) = 1 2πi � c+iR

φ ∘ G_j (z) z e^{zt} dz,

use Cauchy’s Theorem to replace c + iR by the contours {c + iy : |y| � κ}, {x ± iκ : t^{−1} < x < c} and {t^{−1} + iy : |y| � κ}, for t large. Estimating � � φ∘G_j (z)_z e_{zt} � � on each

of these contours finally gives that |φ ∘ g_j (t)|/‖φ‖_E∗ is

≪ e^{ct}κ^{−ϵ} + (1 + log t + log(1 + κ)) � e^{ct}κ^{−1} + exp(t^{−1} · t) log(κt) � for t large and some 0 < ϵ < 1, which is ≪ t^2 upon taking κ = exp(ct/ϵ).

7 Acknowledgements

The author thanks the Department of Mathematics, Chulalongkorn University, Bangkok for past financial support, and Yemon Choi, Matt Daws and Jonathan Partington for various mathematical discussions.

Documenta Mathematica 15 (2010) 235–254

252 Zen Harper

References

[1] M. Andersson. Topics in Complex Analysis. Springer-Verlag, New York, 1997.

MR1419088 (98a:30001)

[2] C. J. K. Batty. Bounded Laplace transforms, primitives and semigroup orbits.

Arch. Math. (Basel) 81 (2003), no. 1, 72–81. MR2002718 (2004h:44001)

[3] C. J. K. Batty, M. D. Blake. Convergence of Laplace integrals. C. R. Acad. Sci.

Paris Sér. I Math. 330 (2000), no. 2, 71–75. MR1745185 (2001e:44001)

[4] J. J. Benedetto, H. P. Heinig. Weighted Hardy spaces and the Laplace transform. Harmonic analysis (Cortona, 1982), 240–277, Lecture Notes in Math., 992, Springer, Berlin, 1983. MR729358 (85j:44001)

[5] L. Biryukov. Some theorems on integrability of Laplace transforms and their applications. Integral Transforms Spec. Funct. 18 (2007), no. 7-8, 459–469. MR2348590 (2008g:44001)

[6] A. Borichev, R. Chill, Y. Tomilov. Uniqueness theorems for (sub-)harmonic functions with applications to operator theory. Proc. Lond. Math. Soc. (3) 95 (2007), no. 3, 687–708. MR2368280

[7] S.-Y. Chung, D. Kim. An example of nonuniqueness of the Cauchy problem for the heat equation. Comm. Partial Differential Equations 19 (1994), no. 7- 8, 1257–1261. MR1284810 (95c:35114)

[8] S.-Y. Chung. Uniqueness in the Cauchy problem for the heat equation. Proc. Edinburgh Math. Soc. (2) 42 (1999), no. 3, 455–468. MR1721765 (2000h:35060)

[9] J. L. B. Cooper. The representation of functions as Laplace transforms. Math.

Ann. 159 (1965), 223–233. MR0180811 (31 #5041)

[10] P. L. Duren. Theory of H^p Spaces. Pure and Applied Mathematics Vol. 38, Academic Press, New York, 1970. MR0268655 (42 #3552)

[11] P. Duren, E. A. Gallardo-Gutiérrez, A. Montes-Rodríguez. A Paley–Wiener Theorem for Bergman spaces with application to invariant subspaces. Bull. Lond. Math. Soc. 39 (2007), no. 3, 459–466. MR2331575 (2008f:30105)

[12] M. M. Dzhrbashyan, V. M. Martirosyan. Integral representations for some classes of functions holomorphic in a strip or in a half-plane. Anal. Math. 12 (1986), no. 3, 191–212. MR0856302 (87m:30060)

[13] E. B. Fabes, R. L. Johnson, U. Neri. Spaces of harmonic functions representable by Poisson integrals of functions in BMO and L_{p,λ}. Indiana Univ. Math. J. 25 (1976), no. 2, 159–170. MR0394172 (52 #14976)

[14] C. Fefferman, E. M. Stein. H^p spaces of several variables. Acta Math. 129 (1972), no. 3-4, 137–193. MR0447953 (56 #6263)

Documenta Mathematica 15 (2010) 235–254

Laplace Transform Representations 253

[15] E. Ferretti. Uniqueness in the Cauchy problem for parabolic equations. Proc.

Edinb. Math. Soc. (2) 46 (2003), no. 2, 329–340. MR1998564 (2004m:35112)

[16] J. B. Garnett. Bounded Analytic Functions. Revised first edition. Graduate Texts in Mathematics, 236. Springer, New York, 2007. MR2261424 (2007e:30049)

[17] G. H. Hardy. Divergent Series. Clarendon Press, Oxford, 1949. MR0030620 (11,25a)

[18] G. H. Hardy, J. E. Littlewood, G. Pólya. Inequalities. Second edition, Cambridge University Press, Cambridge, 1952. MR0046395 (13,727e)

[19] Z. Harper. Boundedness of convolution operators and input-output maps between weighted spaces. Complex Anal. Oper. Theory 3 (2009), no. 1, 113–146. MR2481903

[20] H. P. Heinig, G. Sinnamon. Fourier inequalities and integral representations of functions in weighted Bergman spaces over tube domains. Indiana Univ. Math. J. 38 (1989), no. 3, 603–628. MR1017327 (91d:42019)

[21] K. Hoffman. Banach Spaces of Analytic Functions. Reprint of the 1962 original.

Dover, New York, 1988. MR1102893 (92d:46066)

[22] R. Hunt, B. Muckenhoupt, R. L. Wheeden. Weighted norm inequalities for the conjugate function and Hilbert transform. Trans. Amer. Math. Soc. 176 (1973), 227–251. MR0312139 (47 #701)

[23] P. Koosis. Introduction to H_p Spaces. Second edition. Cambridge University Press, Cambridge, 1998. MR1669574 (2000b:30052)

[24] D. J. Newman. An entire function bounded in every direction. Amer. Math.

Monthly 83 (1976), no. 3, 192–193. MR0387593 (52 #8433)

[25] N. K. Nikol’skii. Treatise on the Shift Operator. Springer-Verlag, Berlin, 1986.

MR0827223 (87i:47042)

[26] J. R. Partington. Interpolation, Identification and Sampling. London Mathematical Society Monographs. New Series, 17. Clarendon Press, Oxford, 1997. MR1473224 (99m:41001)

[27] S. Saitoh. Fourier-Laplace transforms and the Bergman spaces. Proc. Amer.

Math. Soc. 102 (1988), no. 4, 985–992. MR0934879 (89c:32014)

[28] A. U. Schmidt. On Phragmén–Lindelöf principles of type L^p. Applied Mathematics E-Notes, 3 (2003), 178–182 (electronic). MR2076759 (2005b:30042)

[29] G. Sinnamon. From Nörlund matrices to Laplace representations. Proc. Amer.

Math. Soc. 128 (2000), no. 4, 1055–1062. MR1637428 (2000i:42002)

[30] F. Wolf. The Poisson integral. A study in the uniqueness of harmonic functions.

Acta Math. 74, (1941), 65–100. MR0005252 (3,124c)

Documenta Mathematica 15 (2010) 235–254

254 Zen Harper

Zen Harper 45 Stoddens Road Burnham on Sea Somerset TA8 2DB England zen.harper@cantab.net

Documenta Mathematica 15 (2010) 235–254

Documenta Math. 255

Local Classes and Pairwise Mutually

Permutable Products of Finite Groups

A. Ballester-Bolinches, J. C. Beidleman, H. Heineken and M. C. Pedraza-Aguilera

Received: January 28, 2009 Revised: November 19, 2009

Communicated by Ulf Rehmann

Abstract. The main aim of the paper is to present some results about products of pairwise mutually permutable subgroups and local classes.

Keywords and Phrases: mutually permutable, local classes, p-soluble groups, p-supersolubility, finite groups

1 Introduction

If A and B are subgroups of a group G, the product AB of A and B is defined to be the subset of all elements of G with the form ab, where a ∈ A, b ∈ B. It is well known that AB is a subgroup of G if and only if AB = BA, that is, if the subgroups A and B permute. Should it happen that AB coincides with the group G, with the result that G = AB = BA, then G is said to be factorized by its subgroups A and B. More generally, a group G is said to be the product of its pairwise permutable subgroups G_1, G_2, . . . , G_n if G = G_1G_2 . . . G_n and G_iG_j = G_j G_i for all integers i and j with i, j ∈ {1, 2, . . . , n}. This implies that for every choice of indices 1 ≤ i_1 ≤ i_2 ≤ . . . ≤ i_k ≤ n, the product G_{i1} G_{i2} . . . G_{ik} is a subgroup of G. Groups which are product of two of its subgroups have played a significant part in the theory of groups over the past sixty years. Among the central problems considered the following ones are of interest to us:

Let the group G = G_1G_2 . . . G_n be the product of its pairwise permutable subgroups G_1, G_2, . . . , G_n and suppose that the factors G_i, 1 ≤ i ≤ n, belong to a class of groups X . When does the group G belong to X ?. How does the

Documenta Mathematica 15 (2010) 255–265

256 A. Ballester-Bolinches e.a.

structure of the factors G_i, 1 ≤ i ≤ n affect the structure of the group G?.

Obviously, if G_i, 1 ≤ i ≤ n, are finite, then the group G is finite. However not many properties carry over from the factors of a factorized group to the group itself. Indeed if one thinks about properties such as solubility, supersolubility, or nilpotency, one soon realizes the difficulty of using factorization to obtain information about the structure of the whole group. Two well known examples support the above claim: there exist non abelian groups which are products of two abelian subgroups and every finite soluble group is the product of pairwise permutable nilpotent subgroups. However a prominent result by Itô shows that every product of two abelian groups is metabelian, and an important result of Kegel and Wielandt shows the solubility of every finite group G = G_1G_2 . . . G_n which is the product of pairwise permutable nilpotent subgroups G_i, 1 ≤ i ≤ n. In the much more special case when G_i, 1 ≤ i ≤ n, are normal nilpotent subgroups of G, the product G_1G_2 . . . G_n is nilpotent. This is a well known result of Fitting. However, if G_1, G_2, . . . , G_n are normal supersoluble subgroups of G, the product G_1G_2 . . . G_n is not supersoluble in general even in the finite case (see [1]). Consequently it seems reasonable to look into these problems under additional assumptions. In this context, assumptions on permutability connections between the factors turn out to be very useful. One of the most important ones is the mutual permutability introduced by Asaad and Shaalan in [1]. We say that two subgroups A and B of a group G are mutually permutable if A permutes with every subgroup of B and B permutes with every subgroup of A. If G = AB and A and B are mutually permutable, then G is called a mutually permutable product of A and B. More generally, a group G = G_1G_2 . . . G_n is said to be the product of the pairwise mutually permutable subgroups G_1, G_2, . . . , G_n if G_i and G_j are mutually permutable subgroups of G for all i, j ∈ {1, 2, . . . , n}. Asaad and Shaalan ([1]) proved that if G is a mutually permutable product of the subgroups A and B and A and B are finite and supersoluble, then G is supersoluble provided that either G^′, the derived subgroup of G, is nilpotent or A or B is nilpotent. This result was the beginning of an intensive study of such factorized groups (see, for instance, [2, 4, 6, 9] and the papers cited therein).

The extension of the above results on mutually permutable products of two subgroups to general pairwise mutually permutable products turns out to be difficult in many cases. Carocca proved (see [10]) that if the derived subgroup of a pairwise mutually permutable product of supersoluble subgroups is nilpotent, then the group G is supersoluble. However a pairwise mutually permutable product of supersoluble groups in which one of them is nilpotent is not supersoluble in general (see [4, Example]). Nevertheless in [4] we obtained that if G is the pairwise mutually permutable product of supersoluble subgroups with all factors but one nilpotent, then the group is supersoluble. Some interesting results on pairwise mutually permutable products arise when the factors belong to some classes of finite groups which are defined in terms of permutability. They are the class of P ST -groups, or finite groups G in

Documenta Mathematica 15 (2010) 255–265

Local Classes and Pairwise Mutually . . . 257

which every subnormal subgroup of G permutes with every Sylow subgroup of G, the class of P T -groups, or finite groups in which every subnormal subgroup is a permutable subgroup of the group, the class of T -groups, or groups in which every subnormal subgroup is normal, and the class of Ygroups, or finite groups G for which for every subgroup H and for all primes q dividing the index |G : H| there exists a subgroup K of G such that H is contained in K and |K : H| = q, and their corresponding local versions (see [2, 3]).

The main purpose of this article is to take this program of research a step further by analyzing the structure of the pairwise mutually permutable products whose factors belong to some local classes of finite groups closely related to the classes of all T -groups and Y-groups.

Therefore in the sequel all groups considered are finite.

2 The class C̄_p and pairwise mutually permutable products

Throughout this section, p will be a prime.

Recall that a group G satisfies property C_p, or G is a C_p-group, if each subgroup of a Sylow p-subgroup P of G is normal in the normalizer N_G(P ). This class of groups was introduced by Robinson in his seminal paper [14] as a local version of the class of all soluble T -groups. In fact, he proved there that a group G is a soluble T -group if and only if G is a C_p-group for all primes p. In [7] the second and third authors introduce and analyze an interesting class of groups closely related to the class of all T -groups. A group G is a T_1-group if G/Z_∞(G) is a T -group. Here Z_∞(G) denotes the hypercenter of G, that is, the largest normal subgroup of G having a G-invariant series with central G-chief factors. The local version of the class T_1 in the soluble universe is the class C̄_p introduced and studied in [8]:

Definition 1. Let G be a group and let Z_p(G) be the Sylow p-subgroup of Z_∞(G). A group satisfies C̄_p if and only if G/Z_p(G) is a C_p-group.

Theorem A ([8]) A group G is a soluble T_1-group if and only if G is a C̄_p-group for all primes p.

The objective of this section is to analyze the behaviour of pairwise mutually permutable products with respect to the class C̄_p.

We begin with some results concerning the classes C_p and C̄_p.

Lemma 1. [8, Lemma 2] Let p be a prime. Then:

(i) C_p is a subgroup-closed class.

(ii) Let M be a normal p^′-subgroup of a group G. If G/M is a C_p-group, then so is G.

Documenta Mathematica 15 (2010) 255–265

258 A. Ballester-Bolinches e.a.

(iii) If G is a C_p-group and N is a normal subgroup of G, then G/N is a C_p-group.

Lemma 2. Let G be a C̄_p-group and let N be a normal subgroup of G. Then G/N is a C̄_p-group.

Proof Let Z_p(G) be the Sylow p-subgroup of Z_∞(G). Since G/Z_p(G) is a C_p-group, it follows that G/Z_p(G)N is a C_p-group by Lemma 1. Let H/N denote the Sylow p-subgroup of Z_∞(G/N). Since Z_p(G)N/N is contained in H/N, we have that (G/N)/(H/N) is isomorphic to a quotient of G/Z_p(G)N. By Lemma 1, (G/N)/(H/N) is a C_p-group. Therefore G/N is a C̄_p-group.

Recall that a group G is said to be p-supersoluble if it is p-soluble and every p-chief factor of G is cyclic. It is rather clear that the derived subgroup of a p-supersoluble group is p-nilpotent and, if p = 2, the group itself is 2-nilpotent.

Lemma 3. [8, Lemma 3] Let G be a p-soluble group. If G is a C̄_p-group, then G is p-supersoluble.

The main aim of this section is to show that pairwise mutually permutable products of p-soluble C̄_p-groups are p-supersoluble.

Theorem 1. Let G = G_1G_2 . . . G_k be the pairwise mutually permutable product of the subgroups G_1, G_2, . . . , G_k. If G_i is a p-soluble C̄_p-group for every i ∈ {1, 2, . . . , k}, then G is p-supersoluble.

Proof Assume that the theorem is false, and let G be a counterexample with minimal order. By [4, Theorem 1], G is p-soluble. If p = 2, then G_i is 2- nilpotent for all i = 1, 2, . . . , k and so G is 2-supersoluble by [4, Theorem 3]. This contradiction implies that p is odd. Note, that the hypotheses of the theorem are inherited by all proper quotients of G. Therefore the minimal choice of G yields G/N p-supersoluble for every minimal normal subgroup N of G. Since the class of p-supersoluble groups is a saturated formation, it follows that G has a unique minimal normal subgroup, say N, G/N is p-supersoluble, the Frattini subgroup of G is trivial and then N = C_G(N) = F (G) = O_p(G). Moreover, N is an elementary abelian p-group of rank greater than 1. By Lemma 3, G_i is p-supersoluble, for all i = 1, 2, . . . , k. Consequently (G_i)^′ is p-nilpotent. Furthermore, by [4, Lemma 1(iii)], we have that (G_i)^′ is a subnormal subgroup of G for all i. Since O_p′ (G) = 1, it follows that (G_i)^′ is a p-group and then G_i is supersoluble for all i. Then G_i is a Sylow tower group with respect to the reverse natural ordering of the prime numbers for all i. Applying [4, Corollary 1], G is a Sylow tower group with respect to the reverse natural ordering of the prime numbers. Therefore p is the largest prime dividing the order of G and F (G) = N is the Sylow p-subgroup of G. Now we observe the following facts:

(i) For each i ∈ {1, 2, . . . , k}, either N ≤ G_i or N ∩ G_i = 1.

Put R := N ∩G_i, and assume that R ≠ 1. Let H_j be a Hall p^′-subgroup of

Documenta Mathematica 15 (2010) 255–265

Local Classes and Pairwise Mutually . . . 259

G_j (such Hall subgroups exist since G_j is soluble). Then R = G_iH_j ∩ N, so G_j ≤ NH_j ≤ N_G(R) for every j. Hence R is a normal subgroup of G and R = N.

(ii) Let N ≤ G_i, with i ∈ {1, 2, . . . , k}. Then Z_∞(G_i) = Z(G_i), N = Z(G_i)× [N, G_i], and every subgroup of [N, G_i] is G_i-invariant.

Clearly N ≤ F (G_i) and O_p′ (F (G_i)) ≤ C_G(N) = N. Thus F (G_i) = N. Therefore Z_∞(G_i) ≤ N, and Z_∞(G_i) = Z(G_i), since G_i/C_{Gi} (Z_∞(G_i)) is a p-group (G_i stabilizes a series of subgroups of Z_∞(G_i), see [11, A, 12.4]) and N is a Sylow p-subgroup of G_i. Moreover, N = Z(G_i) × [N, G_i] since G_i/N is a p^′-group. As G_i ∈ C̄_p and Z(G_i) = Z_∞(G_i), G_i normalizes every subgroup of [N, G_i].

(iii) Let N ≤ G_i with i ∈ {1, 2, . . . , k}, then every y ∈ G_i \ N induces a non-trivial GF (p)-scalar multiplication on [N, G_i]; in particular C_N (y) = Z(G_i) and G_i/N is cyclic.

Note that G/N acts faithfully on N. So y induces a non-trivial linear mapping on the GF (p)-space [N, G_i] that leaves invariant every subspace. It is well-known that these mappings come from multiplication with an element of GF (p).

(iv) Let N ≤ G_i and N ≤ G_j with i ∈ {1, 2, . . . , k}. Suppose that N_{Gi} (Z(G_j )) ≰ N. Then G_i ≤ N_G(Z(G_j )).

Put R := N_{Gi} (Z(G_j )). By (iii), Z(G_j ) = (Z(G_j ) ∩ Z(G_i)) × [Z(G_j ), R], and [Z(G_j ), R] ≤ [N, G_i]. Thus by (ii), Z(G_j ) is G_i-invariant.

(v) Suppose that N ≤ G_i and G_j ≤ N_G(Z(G_i)). Then [G_i, G_j ] ≤ N; in particular, if N ≤ G_j , G_i ≤ N_G(Z(G_j )).

Put H := G_iG_j . Then H/N is a p^′-group. By Maschke’s Theorem there exists an H-invariant complement N_0 for Z(G_i) in N. By (iii) N_0 = [N, G_i] and [G_i, G_j ] ≤ C_H (N_0). Since also [G_i, G_j ] ≤ C_H (Z(G_i)), it follows that [G_i, G_j ] ≤ C_H (N) ≤ N. Moreover if N ≤ G_j we have that G^H_j = G^{Gi}_j = G_j [G_i, G_j ] = G_j , that is, G_j is a normal subgroup of H and then G_i normalizes Z(G_j ).

(vi) Let R ≤ N ∩ G_i and G_j ∩ N = 1. Then G_j normalizes R.

Since RG_j is a subgroup of G, RG_j ∩ N = R is a normal subgroup of RG_j .

(vii) Suppose that N ≤ G_j . Then Z(G_j ) is a normal subgroup of G.

We may assume that there exists i ∈ {1, 2, . . . , k} such that G_i ≰ N_G(Z(G_j )). In particular Z(G_j ) ≠ 1, and Z(G_j ) ≤ N by (ii). Now the application of (vi) yields G_i ∩N ≠ 1 and so by (i) also N ≤ G_i. Moreover, G_i /∈ C_p and so Z_∞(G_i) ≠ 1. Applying (ii) Z_∞(G_i) = Z(G_i) ≠ 1, and by (v) G_j ≰ N_G(Z(G_i)). Hence the situation is completely symmetric in i and j.

Put H := G_iG_j . We first show:

Documenta Mathematica 15 (2010) 255–265

260 A. Ballester-Bolinches e.a.

(*) G_i ∩ G_j = N, and N_H (RN) = G_k for every k ∈ {i, j} and R ≤ G_k with R ≰ N.

Since G_k/N is cyclic by (iii), RN is a normal subgroup of G_k and so N_H (RN) = N_{Gt} (RN)G_k, where {t, k} = {i, j}. Now (iv) yields N_{Gt} (RN) ≤ N. This shows that G_i ∩ G_j = N and N_H (RN) = G_k. As a consequence of (*), G_i/N and G_j /N have trivial intersection, therefore H/N = (G_i/N)(G_j /N) is the totally permutable product of G_i/N and G_j /N (see [6, Lemma 1]), that is, every subgroup of G_i/N permutes with every subgroup of G_j /N. Thus there exists RN/N a minimal normal subgroup of H/N contained in G_i/N or in G_j /N (see [10]), suppose RN/N ≤ G_i/N without loss of generality. Then N_H (RN) = H. On the other hand, by (*) N_H (RN) = G_i. But then G_j ≤ G_i, a contradiction since G_j ≰ N_G(Z(G_i)).

Since not all the factors G_i are p^′-groups, there exists G_i with N ≤ G_i. It suffices to show that every subgroup R of N is normal in G. By (i) and (vi) every G_j with N ≰ G_j normalizes R. On the other hand, by (vii) for every G_j with N ≤ G_j either N = Z(G_j ) = G_j or Z(G_j ) = 1. In the first case obviously G_j ≤ N_G(R). In the second case G_j ∈ C_p and again G_j ≤ N_G(R). Consequently | N |= p, the final contradiction.

Combining Theorems A and 1 we have:

Corollary 1. Let G = G_1G_2 . . . G_k be a product of the pairwise mutually permutable soluble T_1-groups G_1, G_2, . . . , G_k. Then G is supersoluble.

3 The class Ẑ_p and pairwise mutually permutable products

Another interesting class of groups closely related to T -groups is the class T_0 of all groups G whose Frattini quotient G/Φ(G) is a T -group. This class was introduced in [15] and studied in [12, 13, 15].

The procedure of defining local versions in order to simplify the study of global properties has also been successfully applied to the study of the classes T_0 ([12]) and Y ([3]).

Definition 2. Let p be a prime and let G be a group.

(i) ([12]) Let Φ(G)_p be the Sylow p-subgroup of the Frattini subgroup of G.

G is said to be a Ĉ_p-group if G/Φ(G)_p is a C_p-group.

(ii) ([3, Definition 11]) We say that G satisfies Z_p or G is a Z_p-group when for every p-subgroup X of G and for every power of a prime q, q^m, dividing | G : XO_p′ (G) |, there exists a subgroup K of G containing XO_p′ (G) such that | K : XO_p′ (G) |= q^m.

Documenta Mathematica 15 (2010) 255–265

Local Classes and Pairwise Mutually . . . 261

It is rather clear that the class of all Ĉ_p-groups is closed under taking epimorphic images and all p-soluble groups belonging to Ĉ_p are p-supersoluble. Moreover:

Theorem B ([12]) A group G is a soluble T_0-group if and only if G is a Ĉ_p-group for all primes p.

In the following two results we gather some useful properties of the Z_p-groups. Lemma 4. Let G be a group.

(i) If G is a p-soluble Z_p-group, then G is p-supersoluble. [3, Lemma 20] (ii) If G is a p-soluble Z_p-group and N is a normal subgroup of G, then G/N is a Z_p-group. [3, Lemma 18] (iiii) Let G be a soluble group. G is a Y-group if and only if G is a Z_p-group for every prime p. [3, Theorem 15]

Theorem C [3, Theorem 13] Let p be a prime and G a p-soluble group. Then G satisfies Z_p if and only if G satisfies one of the following conditions: (1) G is p-nilpotent.

(2) G(p)/O_p′ (G(p)) is a Sylow p-subgroup of G/O_p′ (G(p)) and for every psubgroup H of G(p), we have that G = N_G(H)G(p).

Here G(p) denotes the p-nilpotent residual of G, that is, the smallest normal subgroup of G with p-nilpotent quotient.

The results of [5] show that the class C_p is a proper subclass of the class Z_p.

In [2, Theorem 16] it is proved that a pairwise mutually permutable product of Y-groups is supersoluble. There it is asked whether a pairwise mutually permutable product of Z_p-groups is p-supersoluble. In this section, we answer to this question affirmatively. In fact, the main purpose here is to study pairwise mutually permutable products whose factors belong to some class of groups closely related to Z_p-groups.

Definition 3. Let p be a prime, let G be a group and let Φ(G)_p be the Sylow p-subgroup of the Frattini subgroup of G. G is said to be a Ẑ_p-group if G/Φ(G)_p is a Z_p-group.

Lemma 5. Let p be a prime and M a normal subgroup of G. If G is a Ẑ_p-group, then G/M is a Ẑ_p-group.

Proof Assume that G is a Ẑ_p-group. Then G/Φ(G)_p is a Z_p-group. Since Φ(G)_pM/M is contained in Φ(G/M)_p = L/M and the class of all Z_p-groups

Documenta Mathematica 15 (2010) 255–265

262 A. Ballester-Bolinches e.a.

is closed under taking epimorphic images, we have that G/L belongs to Z_p. This is to say that G/M is a Ẑ_p-group.

Since the class of all p-supersoluble groups is a saturated formation and, by Lemma 4(i), every p-soluble Z_p-group is p-supersoluble, we have:

Lemma 6. Let p be a prime and let G be a p-soluble group. If G is a Ẑ_p-group, then G is p-supersoluble.

The main result of this section shows that pairwise mutually permutable products of Ẑ_p-groups are p-supersoluble.

Theorem 2. Let G = AB be the mutually permutable product of the psupersoluble group A and the p-soluble Ẑ_p-group B. Then G is p-supersoluble.

Proof Assume that the result is false, and let G be a counterexample of minimal order. Applying [4, Theorem 1], G is p-soluble. Let N be a minimal normal subgroup of G. Then G/N is the mutually permutable product of the subgroups AN/N and BN/N. Moreover, AN/N is p-supersoluble and BN/N is a p-soluble Ẑ_p-group by Lemma 5. The minimality of G implies that G/N is p-supersoluble. Since p-supersoluble groups is a saturated formation, it follows that G has a unique minimal normal subgroup, N say. Moreover N is an elementary abelian p-group of rank greater than 1 and N = C_G(N) = F (G) = O_p(G). Note further that, by Lemma 6, A and B are p-supersoluble. Applying [6, Lemma 1(vii)], we have that A and B either cover or avoid N. If A and B both avoid N, then |N| = p by [6, Lemma 2] and G is p-supersoluble. This contradiction allows us to assume that N ≤ A. Suppose that B ∩ N = 1 and let X be a minimal normal subgroup of A such that X ≤ N. Then |X| = p and XB ∩ N = X is a normal subgroup of XB. It means that B normalizes X and so X is a normal subgroup of G. This would imply that G is p-supersoluble, contrary to our supposition. We obtain also a contradiction if we assume N ≤ B and A ∩ N = 1. Therefore we may suppose that N ≤ A ∩ B. Note that, by [4, Theorem 3], neither A nor B is p-nilpotent. On the other hand, by [6, Theorem 1], we have that A^′ and B^′ are subnormal subgroups of G. Since they are p-nilpotent and O_p′_p(G) = N, it follows that ⟨A^′, B^′⟩ ≤ N. Let 1 ≠ B(p) be the p-nilpotent residual of B. Then B(p) ≤ B^′ ≤ N. Now observe that O_p′ (B) = 1 and B is p-closed. Then it is an elementary fact that Φ(B) = Φ(O_p(B)) = Φ(B)_p. Since B is not p-nilpotent, Theorem C gives B(p) ∈ Syl_p(B), so N = B(p) and Φ(B) = Φ(N) = 1. In particular B ∈ Z_p and by Theorem C every subgroup of N is normal in B. Therefore, if X is a minimal normal subgroup of A contained in N, we have that X is a normal subgroup of G of order p. Consequently, G is p-supersoluble, the final contradiction.

Theorem 3. Let G = G_1G_2 . . . G_n be the pairwise mutually permutable product of the subgroups G_1, G_2, . . . , G_n. If G_i is a p-soluble Ẑ_p-group for every i, then G is p-supersoluble.

Documenta Mathematica 15 (2010) 255–265

Local Classes and Pairwise Mutually . . . 263

Proof Assume that the theorem is false, and among the counterexamples with minimal order choose one G = G_1G_2 . . . G_n such that the sum |G_1| + |G_2| + . . . + |G_n| is minimal. By Theorem 2, we have n > 2. Moreover, by [4, Theorem 1], G is p-soluble. It is rather clear that the hypotheses of the theorem are inherited by all proper quotients of G. Hence G contains a unique minimal normal subgroup, N say, N is not cyclic, G/N is p-supersoluble and N = C_G(N) = O_p(G). Hence O_p′ (G) = 1. By Lemma 6, G_i is p-supersoluble and hence G^′_i is p-nilpotent for every i. Applying Lemma 1(iii) of [4], we have that G^′_i is a subnormal subgroup of G for each i ∈ {1, 2, . . . , n}. Hence G^′_i is contained in N and so G_i is supersoluble for each i ∈ {1, 2, . . . , n}. By [4, Corollary 1], G is a Sylow tower group with respect to the reverse natural ordering of the prime numbers, p is the largest prime divisor of |G| and N is the Sylow p-subgroup of G.

Let i ∈ {1, 2, . . . , n} such that p divides |G_i|. Then N ∩ G_i is the non-trivial Sylow p-subgroup of G_i. Let j ∈ {1, 2, . . . , n} such that j ≠ i. Then G_i(G_j )_p′ is a subgroup of G and N ∩ G_i is a Sylow p-subgroup of G_i(G_j )_p′ . Since G_i(G_j )_p′ is a Sylow tower group with respect to the reverse natural ordering of the prime numbers, it follows that N ∩G_i is normal in G_i(G_j )_p′ . This implies that N ∩G_i is a normal subgroup of G and so N = N ∩ G_i is contained in G_i. Assume that there exists j ∈ {1, 2, . . . , n} such that p does not divide |G_j |. We may assume without loss of generality j = 1. Then G^′_1 = 1, that is, G_1 is an abelian p^′-group, and T = G_2G_3 . . . G_n is p-supersoluble by the choice of G. Let R be a minimal normal subgroup of T contained in N. Then |R| = p. Moreover, G_1R is a subgroup of G because N is contained in some of the factors G_l, l > 1. Hence G_1R ∩ N = R is a normal subgroup of G_1R. Hence R is a normal subgroup of G and so N = R. This is a contradiction. Therefore p divides the order of G_i for every i ∈ {1, 2, . . . , n}. Consequently, N is contained in G_i for every i ∈ {1, 2, . . . , n}.

Consider now W = G_2G_3 . . . G_n. Then W is p-supersoluble. Let X be a minimal normal subgroup of W contained in N. Then |X| = p. Recall that G_1 is a Ẑ_p-group. Assume that G_1/Φ(G_1)_p is p-nilpotent. Then G_1 is p-nilpotent. Since N is self-centralizing in G, it follows that G_1 = N. Suppose that G_1/Φ(G_1)_p satisfies condition (2) of Theorem C. Then we can argue as in the proof of Theorem 2 to obtain that N = G_1(p), the p-nilpotent residual of G_1, and Φ(G_1)_p = 1. Consequently every subgroup of N is normal in G_1. In both cases, we have that G_1 normalizes X. It means that N = X, the final contradiction.

Applying Theorems C and 3 we have:

Corollary 2. Let G = G_1G_2 . . . G_n be a group such that G_1, G_2, . . . , G_n are pairwise mutually permutable subgroups of G. If all G_i are p-nilpotent, then G is p-supersoluble.

Since every Z_p-group is a Ẑ_p-group, we can apply Lemma 4(iii) and Theorem 3 to obtain the following:

Documenta Mathematica 15 (2010) 255–265

264 A. Ballester-Bolinches e.a.

Corollary 3. [2, Theorem 16] Let G = G_1G_2 . . . G_n be a group such that G_1, G_2, . . . , G_n are pairwise mutually permutable subgroups of G. If all G_i are Y-groups, then G is supersoluble.

Finally, applying Theorems B and 3, we have:

Corollary 4. Let G = G_1G_2 . . . G_n be a group such that G_1, G_2, . . . , G_n are pairwise mutually permutable subgroups of G. If all G_i are soluble T_0-groups, then G is supersoluble.

Acknowledgements

The authors wish to thank the referee for his/her clever reading of the paper and his/her valuable suggestions which helped to improve our results.

The first and fourth authors are supported by Proyecto MTM2007-68010-C03- 02 (MEC) and FEDER (European Union).

References

[1] M. Asaad and A. Shaalan. On the supersolvability of finite groups, Arch.

Math., 53(1989), 318-326.

[2] M. Asaad, A. Ballester-Bolinches, J.C. Beidleman and R. Esteban- Romero. Some classes of finite groups and mutually permutable products, J. Algebra, 319 (2008), 3343-3351.

[3] A. Ballester-Bolinches, J.C. Beidleman, R. Esteban-Romero. On some classes of supersoluble groups, J. Algebra, 312 (2007), 445-454.

[4] A. Ballester-Bolinches, J.C. Beidleman, H. Heineken and M.C. Pedraza- Aguilera. On pairwise mutually permutable products, Forum Math., 21 (2009), 1081-1090.

[5] A. Ballester-Bolinches and R. Esteban-Romero. Sylow Permutable Subnormal Subgroups of Finite Groups II, Bull. Austral. Math. Soc. 64 (2001), 479-486.

[6] J. C. Beidleman and H. Heineken. Mutually permutable subgroups and group classes, Arch. Math., 85 (2005), 18-30.

[7] J. C. Beidleman and H. Heineken. Groups in which the hypercentral factor group is a T-group, Ric. Mat. 55 (2006), no. 2, 219–225.

[8] J. C. Beidleman, H. Heineken and M. F. Ragland. On hypercentral factor groups from certain classes, J. Group Theory, 11 (2008), 525-535.

[9] J. Bochtler and P. Hauck. Mutually permutable subgroups and Fitting classes, Arch. Math. (Basel) 88 (2007), no. 5, 385–388.

Documenta Mathematica 15 (2010) 255–265

Local Classes and Pairwise Mutually . . . 265

[10] A. Carocca and R. Maier. Theorems of Kegel-Wielandt type, Groups St.

Andrews 1997 in Bath I, 195-201. London Math. Soc. Lecture Note Ser. 260. Cambridge University Press, Cambridge, 1999.

[11] K. Doerk and T. Hawkes. Finite Soluble Groups, Walter De Gruyter, Berlin/New York, 1992.

[12] M. F. Ragland. On generalizations of groups in which normality is a transitive relation, Ph. D. thesis. University of Kentucky (2005).

[13] M. F. Ragland. Generalizations of groups in which normality is transitive, Comm. Algebra 35 (2007), 3242-3252.

[14] D.J.S. Robinson. A note on finite groups in which normality is transitive, Proc. Amer. Math. Soc. 19 (1968), 933-937.

[15] R. W. van der Wall and A. Frassman. On products of groups for which normality is a transitive relation on their Frattini factor groups, Quaestiones Math. 19 (1996), 59-82.

A. Ballester-Bolinches Departament d’Àlgebra Universitat de València Dr. Moliner 50, 46100 Burjassot València (Spain) Adolfo.Ballester@uv.es

J. C. Beidleman Department of Mathematics University of Kentucky Lexington, Kentucky 40506-0027 U.S.A.

clark@ms.uky.edu

H. Heineken Institut für Mathematik Universität Würzburg Am Hubland 97074 Würzburg (Germany) heineken@mathematik.uniwuerzburg.de

M. C. Pedraza-Aguilera Instituto Universitario de Matemática Pura y Aplicada Universidad Politécnica de Valencia Camino de Vera, 46022 Valencia(Spain) mpedraza@mat.upv.es

Documenta Mathematica 15 (2010) 255–265

Documenta Mathematica 15 (2010)

Documenta Math. 267

Blow-up of Solutions to a Periodic

Nonlinear Dispersive Rod Equation

Liangbing Jin, Yongming Liu, and Yong Zhou^*

Received: November 12, 2009 Revised: April 6, 2010

Communicated by Heinz Siedentop

Abstract. In this paper, firstly we find an optimal constant for a convolution problem on the unit circle via the variational method. Then by using the optimal constant, we give a new and improved sufficient condition on the initial data to guarantee the corresponding strong solution blows up in finite time. We also analyze the corresponding ordinary difference equation associate to the convolution problem and give numerical simulation for the optimal constant.

2010 Mathematics Subject Classification: Primary 30C70; Secondary 37L05, 35Q58, 58E35.

Keywords and Phrases: best constant, convolution problem, rod equation, singularity.

1 Introduction

Although a rod is always three-dimensional, if its diameter is much less than the axial length scale, one-dimensional equations can give a good description of the motion of the rod. Recently Dai [16] derived a new (one-dimensional) nonlinear dispersive equation including extra nonlinear terms involving secondorder and third-order derivatives for a compressible hyperelastic material. The equation reads

v_τ + σ_1vv_ξ + σ_2v_{ξξτ} + σ_3(2v_ξ v_{ξξ} + vv_{ξξξ} ) = 0,

*Corresponding author, Email: yzhoumath@zjnu.edu.cn

Documenta Mathematica 15 (2010) 267–283

268 Liangbing Jin, Yongming Liu, and Yong Zhou

where v(ξ, τ) represents the radial stretch relative to a pre-stressed state, σ_1 ≠ 0, σ_2 < 0 and σ_3 ≤ 0 are constants determined by the pre-stress and the material parameters. If one introduces the following transformations τ = 3 √ −σ_2 σ_1 t, ξ = √ −σ_2x,

then the above equation turns into

u_t − u_{txx} + 3uu_x = γ(2u_xu_{xx} + uu_{xxx}), (1.1)

where γ = 3σ_3/(σ_1σ_2). In [17], the authors derived that value range of γ is from -29.4760 to 3.4174 for some special compressible materials. From the mathematical view point, we regard γ as a real number.

When γ = 1 in (1.1), we recover the shallow water (Camassa-Holm) equation derived physically by Camassa and Holm in [4] (found earlier by Fuchssteiner and Fokas [18] as a bi-Hamiltonian generalization of the KdV equation) by approximating directly the Hamiltonian for Euler’s equations in the shallow water region, where u(x, t) represents the free surface above a flat bottom. Recently, the alternative derivations of the Camassa-Holm equation as a model for water waves, respectively as the equation for geodesic flow on the diffeomorphism group of the circle were presented in [27] and respectively in [9, 29]. For the physical derivation, we refer to works in [10, 26]. Some satisfactory results have been obtained for this shallow water equation. Local well-posedness for the initial datum u_0(x) ∈ H^s with s > 3/2 was proved by several authors, see [30, 32, 35]. For the initial data with lower regularity, we refer to [33] and [2]. While the regularized generalized Camassa–Holm equation was analyzed in [15]. Moreover, wave breaking for a large class of initial data has been established in [5, 7, 8, 30, 38, 39]. However, in [37], global existence of weak solutions is proved but uniqueness is obtained only under an a priori assumption that is known to hold only for initial data u_0(x) ∈ H^1 such that u_0 − u_{0xx} is a sign-definite Radon measure (under this condition, global existence and uniqueness was shown in [12] also). Also it is worth to note that the global conservative solutions and global dissipative solutions (with energy being lost when wave breaking occurs) are constructed in [2, 22, 24] and [3, 25]. Recently, in [21], Himonas, Misiołek, Ponce and the third author showed the infinite propagation speed for the Camassa-Holm equation in the sense that a strong solution of the Cauchy problem with compact initial profile can not be compactly supported at any later time unless it is the zero solution, which is an improvement of previous results in this direction obtained in [6]. If γ = 0, (1.1) is the BBM equation, a well-known model for surface waves in a canal [1], and its solutions are global.

For general γ ∈ R, the rod equation (1.1) was studied sketchily by the Constantin and Strauss in [13] first. Local well-posedness of strong solutions to (1.1) was established by applying Kato’s theory [28] and some sufficient conditions on the initial data were found to guarantee the finite blow-up of the

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 269

corresponding solutions for spatially nonperiodic case. Weak solutions was constructed in [14, 23]. Later, in [41], the third author proved the well-posedness result in detail, and various refined sufficient conditions on the initial data were found to guarantee the finite blow-up of the corresponding solutions for both spatially periodic and nonperiodic cases. Recently, blow-up criteria for a special class of initial data for the periodic rod equation was presented in [31, 42], where S = R/Z is the unit circle. Furthermore, in [20], Guo and the third author have investigated the persistence properties for this rod equation. It should be mentioned that for γ < 1, (1.1) admits smooth solitary waves observed by Dai and Huo [17]. Let u(x, t) = ϕ(ξ), ξ = x − ct be the solitary wave to (1.1). It was shown that ϕ(ξ) satisfies

±ξ = − √ −γ � 1 2 π + arcsin

2γϕ − (γ + 1)c (1 − γ)c � − ln ( � c(c − ϕ) + � c(c − γϕ))^2 (1 − γ)cϕ

for γ < 0 and

±ξ = √ γ ln ( � c − γϕ) − � γ(c − ϕ))^2 (1 − γ)c

− ln ( √ c − γϕ + √ c − ϕ)^2 (1 − γ)ϕ

for 0 < γ < 1. In [13] (see [40] also), Constantin and Strauss proved the stability of these solitary waves by applying a general theorem established by Grillakis, Shatah and Strauss [19].

We conclude this introduction by outlining the rest of the paper. In section 2, we recall the local well-posedness for (1.1) with initial datum u_0 ∈ H^s, s > 3/2, and the lifespan of the corresponding solution is finite if and only if its firstorder derivative blows up. In section 3, formulation of the optimal constant for a convolution problem is settled by a variational method described in Struwe’s book [36]. Then we solve the nonlinear ordinary differential equation in section 4. In section 5, a new blow-up criterion is established by applying the best constant for the convolution problem. Finally, in section 6, another representation will be showed, and a numerical simulation will be given.

2 Preliminaries

In this section, we concentrate on the periodic case. In [13, 41], it is proved that

Theorem 2.1 [13, 41] Let the initial datum u_0(x) ∈ H^s(S), s > 3/2. Then there exists T = T (‖u_0‖_Hs ) > 0 and a unique solution u, which depends continuously on the initial datum u_0, to (1.1) such that

u ∈ C ([0, T ); H^s(S)) ∩ C^1 � [0, T ); H^{s−1}(S) � . Moreover, the following two quantities E and F are invariants with respect to

Documenta Mathematica 15 (2010) 267–283

270 Liangbing Jin, Yongming Liu, and Yong Zhou

time t for (1.1). � � � � �

E(u)(t) = � S � u^2(x, t) + u^2_x(x, t) � dx,

F (u)(t) = � S � u^3(x, t) + γu(x, t)u^2_x(x, t) � dx. Actually, the local well-posedness was proved for both periodic and nonperiodic case in the above paper.

The maximum value of T in Theorem 2.1 is called the lifespan of the solution, in general. If T < ∞, that is lim sup_{t↑T} ‖u(., t)‖_Hs = ∞, we say that the solution blows up in finite time. The following theorem tells us that the solution blows up if and only if the first-order derivative blows up.

Theorem 2.2 [13, 41] Let u_0(x) ∈ H^s(S), s > 3/2, and u be the corresponding solution to problem (1.1) with lifespan T . Then sup x∈S,0≤t<T

|u(x, t)| ≤ C(‖u_0‖_H1 ). (2.1)

T is bounded if and only if

lim inf_{t↑T} inf_{x∈S}{γu_x(x, t)} = −∞. (2.2)

For γ ≠ 0, we set

m(t) := inf_{x∈S} (u_x(x, t)sign{γ}) , t ≥ 0, (2.3)

where sign{a} is the sign function of a ∈ R and we set m_0 := m(t = 0). Then for every t ∈ [0, T ) there exists at least one point ξ(t) ∈ S with m(t) = u_x(ξ(t), t).

Lemma 2.3 [13] Let u(t) be the solution to (1.1) on [0, T ) with initial data u_0 ∈ H^s(S), s > 3/2, as given by Theorem 2.1. Then the function m(t) is almost everywhere differentiable on [0, T ), with

dm(t) dt = u_{tx}(ξ(t), t), a.e. on (0, T ).

Consideration of the quantity m(t) for wave breaking comes from an idea of Seliger [34] originally. The rigorous regularity proof is given in [8] for the Camassa-Holm equation.

Set Q^s = (1 − ∂^2_x)^{s/2}, then the operator Q^{−2} can be expressed by

Q^{−2}f = G ∗ f = � T G(x − y)f(y)dy

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 271

for any f ∈ L^2(S) with

G(x) = cosh(x − [x] − 1/2) 2 sinh(1/2)

, (2.4)

where [x] denotes the integer part of x. Then equation (1.1) can be rewritten as u_t + γuu_x + ∂_xQ^{−2} � 3 − γ 2 u^2 + γ 2 u^2_x � = 0. (2.5)

Just as in [13, 41], it is easy to derive a equation for m(t) from (2.5) as dm dt = − γ 2 m^2 +

3 − γ 2 u^2(ξ(t), t) − � G ∗ � 3 − γ 2 u^2 + γ 2 u^2_x � (ξ(t), t) (2.6)

a.e. on (0, T ), where m(t) and ξ(t) are defined in (2.3) and Lemma 2.3. If γ = 3, it turns out that (2.6) is a Riccati type equation with negative initial data for any nonconstant u_0. So the solutions to (1.1) in periodic case definitely blow up in finite time with arbitrary nonconstant initial data u_0. In what follows, we assume that 0 < γ < 3.

3 The best constant for a convolution problem-formulation

To prove the blow-up result, one of the basic ingredients is to analyze equation (2.6). It is clear that the difficult part is the convolution term. In this section, we consider the following convolution problem G ∗ � f^2 + α 2 f^2_x � (x),

where G, defined by (2.4), is the Green function for Q^{−2} in the unit circle, α > 0 is a constant, and function f belongs to H^1(S). Direct computation which already done in [43] yields

G ∗ (f^2 + 1 2 f^2_x )(x) ≥ 1 2 f^2(x),

for any x ∈ S. Therefore, G ∗ � f^2 + α 2 f^2_x � (x) ≥ min{α, 1}G ∗ (f^2 + 1 2 f^2_x )(x) ≥ min{α, 1} 1 2 f^2(x).

Our goal is to find an optimal constant C(α) for the following inequality: G ∗ � f^2 + α 2 f^2_x � (x) ≥ C(α)f^2(x), (3.1)

for all f ∈ H^1(S).

Documenta Mathematica 15 (2010) 267–283

272 Liangbing Jin, Yongming Liu, and Yong Zhou

For this purpose, let

A = {f ∈ H^1(S) | ‖f‖_L∞ = 1} and I[f](x) = G ∗ � f^2 + α 2 f^2_x � (x) = � S G(x − y) � f^2(y) + α 2 f^2_x (y) � dy. Since I[f] is a translation invariant on the unit circle S, we can assume that A is defined on the interval [0, 1] with f ≥ 0 and f(0) = f(1) = 1 without loss of generality. Hence finding the best constant for the problem (3.1) is equivalent to finding the minimum value for

I[f](0) = 1 2 sinh(1/2)

�_1 0 cosh(x − 1/2) � f^2(x) + α 2 f^2_x (x) � dx. From now on, we follow the variational method discussed in a comprehensive book written by Struwe [36]. It is clear that

min{α, 1} 1 2 sinh(1/2)

�_1 0 � f^2(x) + f^2_x (x) � dx ≤ I[f](0)

≤ max{α, 1} cosh(1/2) 2 sinh(1/2)

�_1 0 � f^2(x) + f^2_x (x) � dx, for any f ∈ A. The above inequality means that I[f](0) is equivalent to the H^1-norm of f.

Suppose that {f_k}^∞_{k=1} is a minimizing sequence, i.e., I[f_k](0) → inf_{f ∈A} I[f](0), as k → ∞. Hence it is easy to show that there exists a subsequence {f_{kj} }^∞_{j=1} ⊂ {f_k}^∞_{k=1}, denoted it by {f_k}^∞_{k=1} also, and a function g ∈ A with f_k → g as k → ∞. For the details we refer to [38].

Due to the identities cosh(3x) = cosh^3(x) + 3 cosh(x) sinh^2(x) and sinh(3x) = 4 sinh^3(x) + 3 sinh(x), we have

I [cosh(x − 1/2)/ cosh(1/2)] (0) = 1 2 sinh(1/2) cosh^2(1/2) × �_1 0 � cosh^3(x − 1/2) + α 2 cosh(x − 1/2) sinh^2(x − 1/2) � dx = 1 2 sinh(1/2) cosh^2(1/2)

�_{1/2}

−1/2 � cosh(3x) + �α 2 − 3 � cosh(x) sinh^2(x) � dx = 2 sinh(3/2) + (α − 6) sinh^3(1/2) 6 sinh(1/2) cosh^2(1/2) = 6 + (α + 2) sinh^2(1/2) 6 cosh^2(1/2)

= 1 −

(4 − α) sinh^2(1/2) 6 cosh^2(1/2)

< 1 = I[1](0),

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 273

provided that α < 4.

For the case α ≥ 4, we consider the family

β + cosh(x − 1/2)

β + cosh(1/2) , where β > 0 is a constant to be determined later. By the same steps, one can get I � β + cosh(x − 1/2) β + cosh(1/2) � (0) = 6(β + 1) sinh(1/2) + (α + 2) sinh^3(1/2) + 6β cosh(1/2) sinh(1/2) + 3β 6 sinh(1/2)(β + cosh(1/2))^2 . Direct computation yields I � β + cosh(x − 1/2) β + cosh(1/2) � (0) < 1,

provided that 6β(β − 1) sinh^2(1/2)

> α − 4.

The above inequality implies that 1 is not the minimizer for I[f](0), in other words, there exists region U where the value of g is strictly less than 1. Let ϕ be a smooth function with compact support in U. One can choose ϵ is sufficient small such that g + ϵϕ ∈ A. Now we set

i(t) = I[g + tϵϕ](0) =

�_1 0 G(x) � (g + tϵϕ)^2 + α 2 (g_x + tϵϕ_x)^2 � dx, where t ∈ R such that g + tϵϕ ∈ A. Since g is the minimizer, we have

0 = i^′(0) = ϵ

�_1 0 (2Ggϕ + αGg_xϕ_x)dx = ϵ

�_1 0 (2Gg − α(Gg_x)_x)ϕdx.

Therefore the equation for g in the region g < 1 reads

α(Gg_x)_x = 2Gg, with G(x) = cosh(x − 1/2) 2 sinh(1/2) . Just as what was done in [38], we have the following claim that g < 1 at all points except 0 and 1. So the equation for g is

α(Gg_x)_x = 2Gg, in (0, 1), with g(0) = g(1) = 1. (3.2)

After changing variable we can rewrite (3.2) as

cosh(x)g^{′′}(x) + sinh(x)g^′(x) − 2 α cosh(x)g(x) = 0, (3.3)

Documenta Mathematica 15 (2010) 267–283

274 Liangbing Jin, Yongming Liu, and Yong Zhou

x ∈ (−1/2, 1/2), where prime means taking derivative with respect to x. If α = 1, equation (3.3) has been solved in [43] as g = 1 + arctan(sinh(x − 1/2)) sinh(x − 1/2) 1 + arctan(sinh(1/2)) sinh(1/2)

, (3.4)

for x ∈ [0, 1].

For general case α ≠ 1, we will solve the equation in the next section. However, here we can find the optimal constant for the functional I achieved by g satisfying the equation (3.3). Actually, from the equation (3.2), one has

Gg^2 + α 2 Gg^2_x = α 2 (Ggg_x)_x .

Therefore,

I[g](0) =

�_1 0 α 2 (Ggg_x)_x = α 2 tanh(1/2)

(g(1/2)g^′(1/2 − 0) − g(−1/2)g^′(−1/2 + 0)) = α tanh(1/2) g^′(1/2 − 0),

since g(x) is an even function on [−1/2, 1/2], and g(−1/2) = g(1/2) = 1. Hence, we have the following theorem

Theorem 3.1 For all f ∈ H^1(S), and α > 0, the following inequality holds G ∗ � f^2 + α 2 f^2_x � (x) ≥ C(α)f^2(x), (3.5)

with

C(α) = α tanh(1/2) g^′(1/2 − 0), (3.6)

where g(x) is an even function on [−1/2, 1/2] satisfying (3.3).

C(1) = 1 2 + arctan(sinh(1/2)) 2 sinh(1/2) + 2 arctan(sinh(1/2)) sinh^2(1/2)

≈ 0.869,

which has been founded in [43].

Remark 3.1 From the above variational approach, it implies that C(α) < 1 for any α > 0.

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 275

4 Solve the ordinary differential equation

For our convenience, we rewrite the equation (3.3) as

cosh(x)u^{′′}_λ(x) + sinh(x)u^′_λ(x) − λ(λ + 1) cosh(x)u_λ(x) = 0, (4.1)

x ∈ (−1/2, 1/2), with λ = √ α+8− √ α 2 √ α > 0.

Now, letting s = sinh(x) and v_λ(s) = u_λ(x), then (4.1) changes to

(1 + s^2)v^{′′}_λ (s) + 2sv^′_λ(s) − λ(λ + 1)v_λ(s) = 0. (4.2)

In general, the solution to (4.2) can be represented as the following power series:

v_λ(s) = 1 + ∞� n=1 �_{n−1}

k=0 (λ − 2k)(λ + 1 + 2k) (2n)!

s^{2n}, (4.3)

with convergence radius of 1. Hence it is convergent at s = sinh(1/2). It is easy to find that, (4.3) is a polynomial with finite terms for λ being a positive even number, i.e., λ = 2m, k ∈ N. For λ = 2m + 1, the solution to (4.2) can be obtained by

v_λ(s) = −v_1(s)

�_s 0 dτ v^2_1 (τ)(1 + τ^2)

, (4.4)

where

v_1(s) = s � 1 + ∞� n=1 �_n k=1(λ + 2k)(λ + 1 − 2k) (2n + 1)!

s^{2n} �

is another solution to (4.2), which is independent of (4.3).

Due to the strategic steps established here, we can write down the solutions to (4.2) for λ ∈ N. For example, we have

u_1(x) = −s

�_s 0 dτ τ^2(1 + τ^2)

= 1 + s arctan s = 1 + sinh(x) arctan(sinh(x)),

(3.4) is recovered again. We also can write down the following solutions.

u_2(x) = 1 + 3s^2 = 1 + 3 sinh^2(x),

u_3(x) = −s � 1 + 5 3 s^2

� �_s 0 dτ τ^2 � 1 +^5_3 τ^2

�_2 (1 + τ^2)

= 1 + 15 4 s^2 + s � 9 4 + 15 4 s^2 � arctan s

= 1 + 15 4 sinh(x)^2 + s � 9 4 + 15 4 sinh(x)^2 � arctan (sinh(x)) ,

Documenta Mathematica 15 (2010) 267–283

276 Liangbing Jin, Yongming Liu, and Yong Zhou

u_4(x) = 1 + 10s^2 + 35 3 s^4 = 1 + 10 sinh^2(x) + 35 3 sinh^4(x),

u_5(x) = 1 + 105 64 s^2(7 + 9s^2) + 15 64 s(15 + 70s^2 + 63s^4) arctan s

= 1 + 105 64 sinh^2(x) � 7 + 9 sinh^2(x) �

+ 15 64 sinh(x) � 15 + 70 sinh^2(x) + 63 sinh^4(x) � arctan (sinh(x)) ,

u_6(x) = 1 + 21s^2 + 63s^4 + 231 5 s^6

= 1 + 21 sinh^2(x) + 63 sinh^4(x) + 231 5 sinh^6(x).

For general λ > 0, we only have the form of (4.2) at present. We will do some computation in section 6.

5 Blow-up criteria

After local well-posedness of strong solutions (see Theorem 2.1) is established, the next question is whether this local solution can exist globally. As far as we know, the only available global existence result is for the case γ = 1: see the paper by Constantin [5] for a PDE approach, and the paper by Constantin and McKean [11] for an approach based on the integrable structure of the equation. If the solution exists only for finite time, how about the behavior of the solution when it blows up? What induces the blow-up? On the other hand, to find sufficient conditions to guarantee the finite time blow-up or global existence is of great interest, especially for sufficient conditions added on the initial data.

The main theorem of this section is as following:

Theorem 5.1 Let 0 < γ < 3. Assume that u_0 ∈ H^2(S) satisfies m_0 < 0 and

m^2_0 >

3 − γ 2γ � 1 − C � 2γ 3 − γ � cosh(1/2) sinh(1/2)

‖u_0‖^2_H1_{(S)}, (5.1)

where C

�_{2γ} 3−γ � is defined by (3.6). Then the life span T > 0 of the corresponding solution to (1.1) is finite.

Remark 5.1 When γ = 1, we recover the theorem established in [43]. The cases for γ < 0 and γ > 3 were discussed in [41, 42].

First, we have the following blow-up result for a Riccati type ordinary differential equation.

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 277

Lemma 5.2 [43] Assume that a differentiable function y(t) satisfies

y^′(t) ≤ −Cy^2(t) + K, (5.2)

with constants C, K > 0. If the initial datum y(0) = y_0 < −

�_K

C , then the solution to (5.2) goes to −∞ in finite time.

Secondly, let us recall the best constant for a Sobolev inequality proved in [38].

‖f‖^2_L∞_{(S)} ≤ cosh(1/2) 2 sinh(1/2)

‖f‖^2_H1_{(S)}, (5.3)

for f ∈ H^1(S). Moreover, it is an optimal constant for the Sobolev imbedding H^1 ⊂ L^∞ in the sense that (5.3) holds if and only if f(x) = λG(x − y) for some λ, y ∈ R.

We start the proof for the main theorem from (2.6). dm dt = − γ 2 m^2 +

3 − γ 2 u^2(ξ(t), t) − � G ∗ � 3 − γ 2 u^2 + γ 2 u^2_x � (ξ(t), t) = − γ 2 m^2 +

3 − γ 2 u^2(ξ(t), t) −

3 − γ 2 � G ∗ � u^2 + 1 2 2γ 3 − γ u^2_x � (ξ(t), t) ≤ − γ 2 m^2 +

3 − γ 2 u^2(ξ(t), t) −

3 − γ 2 C � 2γ 3 − γ � u^2(ξ(t), t) ≤ − γ 2 m^2 +

3 − γ 2 � 1 − C � 2γ 3 − γ � u^2(ξ(t), t) ≤ − γ 2 m^2 +

3 − γ 2 � 1 − C � 2γ 3 − γ � cosh(1/2) 2 sinh(1/2)

‖u_0‖^2_H1_{(S)},

where we used (3.5) and (5.3).

So, the proof can be completed by using the condition in Theorem 5.1 and Lemma 5.2.

6 Another presentation and numerical simulation

We have the equation (4.2), and the local solution to (4.2) can be represented as the power series (4.4), which is convergent at s = sinh(1/2) = 0.521 · · · . By the transformation of variables

z := −s^2, y_λ(s) := v_λ(s)

and let a := −λ/2, b := (λ + 1)/2, c := 1/2, then

v_λ(s) = 1 + ∞� n=1 z^n n! n−1� k=0 (a + k)(b + k) c + k

=: F (a, b, c; z), (6.1)

Documenta Mathematica 15 (2010) 267–283

278 Liangbing Jin, Yongming Liu, and Yong Zhou

where F (a, b, c; z) is called the hypergeometric function, a regular solution of the hypergeometric differential equation

z(1 − z)y^{′′}_λ(z) + [c − (a + b + 1)z]y^′_λ(z) − aby_λ(z) = 0.

Since

F^′(a, b, c; z) = ab c F (a + 1, b + 1, c + 1; z),

we obtain the analytic expression

C(α) = cosh^2(1/2)F (a + 1, b + 1, c + 1; − sinh^2(1/2)) sinh(1/2)F (a, b, c; − sinh^2(1/2)) ,

where α = 2/(λ(λ + 1)).

Although the value of C(α) for each λ can be obtained by calling the hypergeometric functions in softwares such as Mathematica, Maple or MATLAB, generally the calculation based on (6.1), thus the calculations are not efficient. In the following, we give an efficient method for calculating C(α). Define

q_λ(s) := v^′_λ(s) λ(λ + 1)v_λ(s)

, λ > 0,

then q_λ(s) is the solution of the following initial value problem of the first order ordinary differential equation

q^′_λ(s) + 2s 1 + s^2 q_λ(s) + μq^2_λ(s) = 1 1 + s^2

, q_λ(0) = 0, (6.2)

where μ := λ(λ + 1). Thus

C(α) = cosh^2(1/2)q_λ(sinh(1/2)) sinh(1/2)

. (6.3)

By using MATLAB programme, we can plot the graph of C(α) as Fig. 1. Here α is taken from 0.01 to 10 with equal step length 0.01. The detailed MATLAB code is given in the appendix.

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 279

Fig. 1

From Fig. 1 we see that C(α) is a strictly increasing function of α which can be proved analytically as follows.

Differentiate both sides of (6.2) with respect to μ, we have a linear differential equation of q_{λμ}(s) = ∂q_λ(s)/∂μ:

q^′_{λμ}(s) + 2 � μq_λ(s) + s 1 + s^2 � q_{λμ}(s) + q^2_λ(s) = 0, q_λ(0) = 0. (6.4)

The solution to (6.4) is

q_{λμ}(s) = − 1 1 + s^2

�_s 0 (1 + τ^2) exp � −2μ �_s τ q_λ(t) dt � q^2_λ(τ) dτ < 0. (6.5)

While

q_{λα}(s) =

∂q_λ(s) ∂μ ∂μ ∂α = q_{λμ} · −2 α^2

> 0.

This completes the proof due to (6.3).

7 Appendix

Fig. 1 is plotted by two MATLAB routines for calculating C(α). We use MATLAB because of its advantage of efficient vector operations. The argument alpha can be a vector.

Documenta Mathematica 15 (2010) 267–283

280 Liangbing Jin, Yongming Liu, and Yong Zhou

1. The main function routine, MATLAB m-file named bestc.m:

function C=bestc(alpha) % Input: alpha, may be a scalar or a vector;

% Output: C, the best coefficient corresponding to alpha, When alpha is a vector, C is also a vector with the same size as alpha. T=.52109530549374738495; % T = sinh(1/2) G=2.4401300568286909964; % G = T+T^(-1) options=odeset(’RelTol’,2.221e-14,’ABsTol’,1e-15); % Set ODE solver’s relative error tolerance and absolute error tolerance.

[S,Y]=ode45(@rod,[0,T],0*alpha,options,alpha); % Call ODE solver ode45.

C=Y(end,:)*G;

% End of the main routine.

2. The ODE-file named rod.m is as follows:

function dqds = rod(s,q,alpha) dqds = (1-2*s*q)/(1+s^2)-2*q.^2./alpha; % End of the ODE-file.

8 Acknowledgment The authors thank the referee for his/her helpful suggestions. YL is partially supported by NSF of China (Grant No. 10871071 and 10671071). YZ is partially supported by Zhejiang Innovation Project (Grant No. T200905), NSF of Zhejiang (Grant No. R6090109) and NSF of China (Grant No. 10971197).

References

[1] Benjamin, T. B.; Bona, J. L.; Mahony, J. J., Model equations for long waves in nonlinear dispersive systems. Philos. Trans. Roy. Soc. London Ser. A 272 (1972), no. 1220, 47–78.

[2] Bressan, A.; Constantin, A., Global conservative solutions of the Camassa-Holm equation. Arch. Rat. Mech. Anal. 183 (2007), 215–239.

[3] Bressan, A.; Constantin, A., Global dissipative solutions of the Camassa-Holm equation, Anal. Appl. 5 (2007), 1–27.

[4] Camassa, R.; Holm, D., An integrable shallow water equation with peaked solitons. Phys. Rev. Letter. 71 (1993), 1661–1664.

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 281

[5] Constantin, A., Existence of permanent and breaking waves for a shallow water equation: a geometric approach. Ann. Inst. Fourier (Grenoble) 50 (2000), no. 2, 321–362.

[6] Constantin, A., Finite propagation speed for the Camassa-Holm equation. J. Math. Phys. 46 (2005), 023506, 4pp.

[7] Constantin, A.; Escher, J., Well-posedness, global existence and blowup phenomena for a periodic quasi-linear hyperbolic equation. Comm. Pure Appl. Math. 51 (1998), 475–504.

[8] Constantin, A.; Escher, J., Wave breaking for nonlinear nonlocal shallow water equations. Acta Math. 181 (1998), 229–243.

[9] Constantin, A.; Kolev, B., Geodesic flow on the diffeomorphism group of the circle. Comment. Math. Helv. 78 (2003), no. 4, 787–804.

[10] Constantin, A.; Lannes, D., The hydrodynamical relevance of the Camassa-Holm and Degasperis-Procesi equations, Arch. Ration. Mech. Anal. 192 (2009), 165–186.

[11] Constantin, A.; McKean, H. P., A shallow water equation on the circle, Comm. Pure Appl. Math. 52 (1999), 949–982.

[12] Constantin, A.; Molinet, L., Global weak solutions for a shallow water equation. Comm. Math. Phys. 211 (2000), no. 1, 45–61.

[13] Constantin, A.; Strauss, W., Stability of a class of solitary waves in compressible elastic rods. Phys. Lett. A 270 (2000), no. 3–4, 140–148.

[14] Coclite, G. M.; Holden, H.; Karlsen, K. H., Global weak solutions to a generalized hyperelastic-rod wave equation. SIAM J. Math. Anal. 37 (2005), no. 4, 1044–1069.

[15] Coclite, G. M.; Holden, H.; Karlsen, K. H., Wellposedness for a parabolic-elliptic system. Discrete Contin. Dyn. Syst. 13 (2005), no. 3, 659–682.

[16] Dai, H.-H., Model equations for nonlinear dispersive waves in a compressible Mooney-Rivlin rod. Acta Mech. 127 (1998), no. 1–4, 193–207.

[17] Dai, H.-H.; Huo, Y., Solitary shock waves and other travelling waves in a general compressible hyperelastic rod. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 456 (2000), no. 1994, 331–363.

[18] Fuchssteiner B.; Fokas, A. S., Symplectic structures, their backlund transformations and hereditary symmetries. Phys. D 4 (1981/82), no. 1, 47–66.

Documenta Mathematica 15 (2010) 267–283

282 Liangbing Jin, Yongming Liu, and Yong Zhou

[19] Grillakis, M.; Shatah, J.; Strauss, W., Stability theory of solitary waves in the presence of symmetry. I. J. Funct. Anal. 74 (1987), no. 1, 160– 197.

[20] Guo, Z.; Zhou, Y., Wave breaking and persistence properties for the dispersive rod equation. SIAM J. Math. Anal. 40 (2009), no. 6, 2567– 2580.

[21] Himonas, A.; Misiołek, G.; Ponce, G.; Zhou, Y., Persistence Properties and Unique Continuation of solutions of the Camassa-Holm equation. Comm. Math. Phys. 271 (2007), 511–522.

[22] Holden, H.; Raynaud, X., Global conservative solutions of the Camassa- Holm equation–a Lagrangian point of view. Comm. Partial Differential Equations 32 (2007), no. 10–12, 1511–1549.

[23] Holden, H.; Raynaud, X., Global conservative solutions of the generalized hyperelastic-rod wave equation. J. Differential Equations 233 (2007), no. 2, 448–484.

[24] Holden, H.; Raynaud, X., Periodic conservative solutions of the Camassa-Holm equation. Ann. Inst. Fourier (Grenoble) 58 (2008), no. 3, 945–988.

[25] Holden, H.; Raynaud, X., Dissipative solutions for the Camassa-Holm equation. Discrete Contin. Dyn. Syst. 24 (2009), no. 4, 1047–1112.

[26] Ionescu-Kruse, D., Variational derivation of the Camassa-Holm shallow water equation, J. Nonlinear Math. Phys. 14 (2007), 303–312.

[27] Johnson, R. S., Camassa-Holm, Korteweg-de Vries and related models for water waves. J. Fluid Mech. 455 (2002), 63–82.

[28] Kato, T., Quasi-linear equations of evolution, with applications to partial differential equations. Spectral theory and differential equations (Proc. Sympos., Dundee, 1974; dedicated to Konrad Jorgens), pp. 25– 70. Lecture Notes in Math., Vol. 448, Springer, Berlin, 1975.

[29] Kouranbaeva, S., The Camassa-Holm equation as a geodesic ow on the diffeomorphism group, J. Math. Phys. 40 (1999), 857–868.

[30] Li, Y.; Olver, P., Well-posedness and blow-up solutions for an integrable nonlinear dispersive model wave equation. J. Differential Equations 162 (2000), 27–63.

[31] Liu, Y. M.; Zhou, Y., Blow-up phenomenon for a periodic rod equation II. J. Phys. A. 41 (2008), no. 34, 344013, 10 pp.

[32] Misiołek, G., Classical solutions of the periodic Camassa-Holm equation. Geom. Funct. Anal. 12 (2002), no. 5, 1080–1104.

Documenta Mathematica 15 (2010) 267–283

Blow-up of Rod Equation 283

[33] Molinet, L., On well-posedness results for Camassa-Holm equation on the line: a survey. J. Nonlinear Math. Phys. 11 (2004), no. 4, 521–533.

[34] Seliger, R., A note on the breaking of waves. Proc. Roy. Soc. Lond Ser.

A. 303 (1968), 493–496.

[35] Shkoller, S., Geometry and curvature of diffeomorphism groups with H^1 metric and mean hydrodynamics. J. Funct. Anal. 160 (1998), no. 1, 337–365.

[36] Struwe, M., Variational methods. Applications to nonlinear partial differential equations and Hamiltonian systems. Second edition. Results in Mathematics and Related Areas (3), 34. Springer-Verlag, Berlin, 1996.

[37] Xin, Z.; Zhang, P., On the weak solution to a shallow water equation.

Comm. Pure Appl. Math. 53 (2000), 1411–1433.

[38] Zhou, Y., Wave breaking for a periodic shallow water equation. J. Math.

Anal. Appl. 290 (2004), 591–604.

[39] Zhou, Y., Wave breaking for a shallow water equation. Nonlinear Anal.

57 (2004), no. 1, 137–152.

[40] Zhou, Y., Stability of solitary waves for a rod equation. Chaos Solitons & Fractals 21 (2004), no. 4, 977–981.

[41] Zhou, Y., Well-posedness and blow-up criteria of solutions for a rod equation. Math. Nachr. 278 (2005), no. 14, 1726–1739.

[42] Zhou, Y., Blow-up phenomenon for a periodic rod equation. Phys. Lett.

A 353 (2006), no. 6, 479–486.

[43] Zhou, Y., Blow-up of solutions to a nonlinear dispersive rod equation.

Calc. Var. Partial Differential Equations 25 (2006), no. 1, 63–77.

Liangbing Jin Department of Mathematics Zhejiang Normal University Jinhua, Zhejiang 321004, China lbjin@zjnu.edu.cn

Yongming Liu Department of Mathematics East China Normal University Shanghai 200241, China ymliu@math.ecnu.edu.cn

Yong Zhou Department of Mathematics Zhejiang Normal University Jinhua, Zhejiang 321004, China yzhoumath@zjnu.edu.cn

Documenta Mathematica 15 (2010) 267–283

Documenta Mathematica 15 (2010)

Documenta Math. 285

Excess Charge for Pseudo-Relativistic Atoms

in Hartree-Fock Theory

Anna Dall’Acqua and Jan Philip Solovej^1

Received: January 29, 2010

Communicated by Heinz Siedentop

Abstract. We prove within the Hartree-Fock theory of pseudorelativistic atoms that the maximal negative ionization charge and the ionization energy of an atom remain bounded independently of the nuclear charge Z and the fine structure constant α as long as Zα is bounded.

2010 Mathematics Subject Classification: 81V45, 35Q40, 81Q10 Keywords and Phrases: Atomic model, Ionization conjecture, Thomas-Fermi theory

1 Introduction

A long standing open problem in the mathematical physics literature is the Ionization conjecture. It can be formulated as follows. Consider atoms with arbitrarily large nuclear charge Z, is it true that the radius (see Definition 1.8) and the maximal negative ionization remain bounded? A positive answer to this question in the non-relativistic Hartree-Fock model has been given by the second author in [23]. One of the aims of the present paper is to extend the result taking into account some relativistic effects. The ionization conjecture for the full Schrödinger theory is still open both in the non-relativistic and relativistic case. See [13], [16], [17], [6], [7] and [22] for some Z-dependent bounds on the maximal negative ionization. The best result is that N(Z) = Z+ O(Z^a) with a = 47/56 where N(Z) denotes the maximal number of electrons a nucleus of charge Z binds (see [6], [7] and [22]) .

1 The authors wish to thank Heinz Siedentop for suggesting the problem. Support from the EU IHP network Postdoctoral Training Program in Mathematical Analysis of Large Quantum Systems, contract no. HPRN-CT-2002-00277 is gratefully acknowledged. Jan Philip Solovej was supported by a grant from The Danish Council for Independent Research — Natural Sciences.

Documenta Mathematica 15 (2010) 285–345

286 Anna Dall’Acqua and Jan Philip Solovej

As a model for an atom with nuclear charge Z and N electrons we consider (in units where ℏ = m = e = 1) the operator

H = N� i=1 α^{−1} � −Δ_i + α^{−2} − α^{−1} − Zα |x_i| � + � 1≤i<j≤N 1 |x_i − x_j |

, (1)

where α is Sommerfeld’s fine structure constant. The operator H acts on a dense subset of the N body Hilbert space H_F := ∧^N_{i=1}L^2(R^3; C^q ) of antisymmetric wave functions, where q is the number of spin states. The operator H is bounded from below on this subspace if Zα ≤ 2/π (see [9] for N = 1, [5] and [19] for N ≥ 1). In this paper we will consider the sub-critical case Zα < 2/π. Let us notice here that to define the operator H there is an issue. Indeed for Zα < 2/π the nuclear potential is only a small form perturbation of the kinetic energy and hence one needs to work with forms to define the operator H. This has been done in detail in [2].

The quantum ground state energy is the infimum of the spectrum of H considered as an operator acting on H_F . In the Hartree-Fock approximation one restricts to wave-functions ψ which are pure wedge products, also called Slater determinants:

ψ(x_1, σ_1, x_2, σ_2, . . . , x_N , σ_N ) =^{1√}_{N!} det(u_i(x_j , σ_j ))^N_{i,j=1}, (2)

with {u_i}^N_{i=1} orthonormal in L^2(R^3; C^q ). The u_i’s are also called orbitals. Notice that ‖ψ‖_L2_{(R}3N_{,C}qN_) = 1. The Hartree-Fock ground state energy is

E^{HF}(N, Z, α) := inf{q(ψ, ψ)|ψ ∈ Q(H) and ψ a Slater determinant},

with q the quadratic form defined by H and Q(H) the corresponding form domain.

One of the main result of the paper is the following.

Theorem 1.1. Let Z ≥ 1 and α > 0. Let Zα = κ and assume that 0 ≤ κ < 2/π. There is a constant Q > 0 depending only on κ such that if N is such that a Hartree-Fock minimizer exists then N ≤ Z + Q.^2

The idea of the proof is the same as in [23]. One shows that the Thomas- Fermi model is a good approximation of the Hartree-Fock model except in the region far away from the nucleus. We first introduce some notation in order to introduce the Hartree-Fock and Thomas-Fermi models.

2 In order to prove this result we need that N < CZ for a positive constant C. We do not include a proof of this fact here for simplicity and since a much stronger result has been proved by Lieb in [13] for αZ < 1/2. The needed extension of this result of Lieb to αZ < 2/π will appear in [3] (see Theorem 1.6 below).

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 287

1.1 Notation

Let e be the quadratic form with domain H^{12} (R^3, C^q ) such that

e(u, v) = (E(p)^{12} u, E(p)^{12} v) for all u, v ∈ H^{12} (R^3, C^q ), (3) where E(p) denotes the operator E(i∇) = √ −Δ + α^{−2}. As usual (u, v) denotes the scalar product of u and v in L^2(R^3, C^q ). Let V (x) := Zα/|x| and v be the quadratic form with domain H^{12} (R^3, C^q) defined by

v(u, v) = (V^{12} u, V^{12} v) for all u, v ∈ H^{12} (R^3, C^q ). (4) From [10, 5.33 p.307] we have � R^3

|f(x)|^2 |x| dx ≤ 2 π � R^3

|p||f̂(p)|^2 dp for f ∈ H^{12} (R^3, C) (5)

with f̂ the Fourier transform of f. Thus since Zα ≤ 2/π and E(p) ≥ |p| it follows that v(u, u) ≤ e(u, u) for all u ∈ H^{12} (R^3, C^q).

In the following t denotes the quadratic form associated to the kinetic energy; i.e. for all u, v ∈ H^{12} (R^3, C^q )

t(u, v) := α^{−1}e(u, v) − α^{−2}(u, v) = α^{−1}(T (p)^{12} u, T (p)^{12} v), (6) with T (p) := E(p) − α^{−1}.

A density matrix γ is a self-adjoint trace class operator that satisfies the operator inequality 0 ≤ γ ≤ Id. A density matrix γ : L^2(R^3; C^q ) → L^2(R^3; C^q) has an integral kernel

γ (x, σ, y, τ) = � j λ_j u_j (x, σ)u_j (y, τ)^∗, (7)

where λ_j , u_j are the eigenvalues and corresponding eigenfunctions of γ. We choose the u_j ’s to be orthonormal in L^2(R^3, C^q ). Let ρ_γ ∈ L^1(R^3) denote the 1-particle density associated to γ given by

ρ_γ (x) = q� σ=1 � j λ_j |u_j (x, σ)|^2.

We define A := {γ density matrix: Tr[T (p)γ] < +∞} , (8) where for γ ∈ A written as in (7) Tr[T (p)γ] := Tr[E(p)γ] − α^{−1} Tr[γ] and

Tr[E(p)γ] := � j λ_j e(u_j , u_j ). (9)

Similarly we use the following notation Tr [V γ] := � j λ_j v(u_j , u_j ).

Remark 1.2. If γ ∈ A then ρ_γ ∈ L^1(R^3) since γ is trace class and ρ_γ ∈ L^{4/3}(R^3). The second inclusion follows from Daubechies’ inequality, a generalization of the Lieb-Thirring inequality (see Theorem 2.3).

Documenta Mathematica 15 (2010) 285–345

288 Anna Dall’Acqua and Jan Philip Solovej

1.2 Hartree-Fock theory

In Hartree-Fock theory one considers wave functions that are pure wedge products and that satisfy the right statistics: determinantal wave functions as in (2). To define the HF-energy functional it is convenient to use the one to one correspondence between Slater determinants and projections onto finite dimensional subspaces of L^2(R^3, C^q ). Indeed if ψ is given by (2) and γ is the projection onto the space spanned by u_1, . . . , u_N the energy expectation depends only on γ: (ψ, Hψ) = E^{HF}(γ). Here E^{HF} defines the HF-energy functional

E^{HF}(γ) = α^{−1} Tr[(T (p) − V )γ] + D(γ) − Ex (γ) , (10)

where D(γ) is the direct Coulomb energy

D(γ) =^1_2 � R^3 � R^3

ρ_γ (x)ρ_γ (y) |x − y| dxdy,

and Ex(γ) is the exchange Coulomb energy

Ex(γ) =^1_2 � R^3 � R^3

Tr_Cq � |γ(x, y)|^2 � |x − y| dxdy,

where we think of the integral kernel γ(x, y) as a q × q matrix. Using projections we can define as follows the HF-ground state.

Definition 1.3 (The HF-ground state). Let Z > 0 be a real number and N ≥ 0 be an integer. The HF-ground state energy is

E^{HF}(N, Z, α) := inf � E^{HF}(γ) : γ^2 = γ, γ ∈ A, Tr[γ] = N � . If a minimizer exists we say that the atom has a HF ground state described by γ^{HF}.

We may extend the definition of the HF-functional from projections to density matrices in A. We first notice that if γ ∈ A, then all the terms in E^{HF}(γ) are finite. From (5) it follows that

Tr[V γ] = � j λ_j v(u_j , u_j ) ≤ � j λ_j e(u_j , u_j ) = Tr[E(p)γ].

On the other hand if γ ∈ A then ρ_γ ∈ L^1(R^3) ∩ L^{43} (R^3) (see Remark 1.2). By Hölder’s inequality ρ_γ ∈ L^{65} (R^3) and hence D(γ) is bounded by Hardy- Littlewood-Sobolev’s inequality. The boundness of the exchange term follows from 0 ≤ Ex(γ) ≤ D(γ). On the other hand if γ is a density matrix with γ /∈ A then E^{HF}(γ) = ∞. Here we use also that Zα < 2/π.

Extending the set where we minimize, we could have lowered the ground state energy and/or changed the minimizer. That this is not the case follows from Lieb’s variational principle.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 289

Theorem 1.4 (Lieb’s variational principle, [12]). For all N non-negative integers it holds that

inf{E^{HF}(γ) : γ ∈ A, γ^2 = γ, Tr[γ] = N} = inf{E^{HF}(γ) : γ ∈ A, Tr[γ] = N},

and if the infimum over all density matrices is attained so is the infimum over projections.

The following existence theorem for the HF-minimizer in the pseudo-relativistic case has been recently proved in [2].

Theorem 1.5. Let Zα < 2/π and let N ≥ 2 be a positive integer such that N < Z + 1.

Then there exists an N-dimensional projection γ^{HF} = γ^{HF}(N, Z, α) minimizing the HF-energy functional E^{HF} given by (10), that is, E^{HF}(N, Z, α) is attained. Moreover, one can write

γ^{HF}(x, σ, y, τ) = N� i=1 u_i(x, σ)u_i(y, τ)^∗,

with u_i ∈ L^2(R^3, C^q), i = 1, . . . , N, orthonormal, such that the HF-orbitals {u_i}^N_{i=1} satisfy:

1. h_γHF u_i = ε_iu_i, with 0 > ε_N ≥ ε_{N−1} ≥ · · · ≥ ε_1 > −α^{−1} and

h_γHF := T (p) − Zα |x| + ρ^{HF} ∗ |x|^{−1} − K_γHF , (11)

where ρ^{HF} denotes the density of the HF-minimizer and for f ∈ H^{12} (R^3)

(K_γHF f)(x, σ) = N� i=1 u_i(x, σ) q� τ =1 � R^3

u_i(y, τ)^∗f(y, τ)|x − y|^{−1}dy.

2. u_i ∈ C^∞(R^3 \ {0}, C^q) for i = 1, . . . , N;

3. u_i ∈ H^1(R^3 \ B_R(0)) for all R > 0 and i = 1, . . . , N.

In the opposite direction the following result gives an upper bound on the excess charge.

Theorem 1.6. Let αZ <^2_π . If N is a positive integer such that N > 2Z + 1 there are no minimizers for the HF-energy functional.

This theorem for Zα < 1/2 was proved by Lieb in [13]. With an improved approximation argument the proof can be extended to Zα < 2/π (see [3]). Notice that both proofs work not only in the Hartree-Fock approximation but for the minimization problem on ∧^N L^2(R^3).

Documenta Mathematica 15 (2010) 285–345

290 Anna Dall’Acqua and Jan Philip Solovej Definition 1.7. Let γ^{HF} be the HF-minimizer. The function

φ^{HF}(x) := Z |x| − � R^3

ρ^{HF}(y) |x − y| dy for x ∈ R^3,

is called the HF-mean field potential and

Φ^{HF}_R (x) := Z |x| − � |y|<R

ρ^{HF}(y) |x − y| dy for x ∈ R^3,

is the HF-screened nuclear potential.

Definition 1.8. We define the HF-radius R^{HF}_{Z,N} (ν) to the ν last electrons by � |x|≥R^{HF}_{Z,N} (ν)

ρ^{HF}(x) dx = ν.

1.3 A bit of Thomas-Fermi theory In this subsection we present briefly the Thomas-Fermi theory and especially the result that will be used in the rest of the paper. We refer the interested reader to [11].

Let U be a potential in L^{5/2}(R^3) + L^∞(R^3) with inf{‖W ‖_∞ : U − W ∈ L^{52} (R^3)} = 0.

Then the TF-energy functional is defined by

E^{TF}_U (ρ) =^3_{10} (^{6π2}_q )^{23} � R^3

ρ(x)^{53} dx − � R^3

U(x)ρ(x)dx +^1_2 � R^3 � R^3

ρ(x)ρ(y) |x − y| dxdy,

on non-negative functions ρ ∈ L^{5/3}(R^3) ∩ L^1(R^3). As before, q denotes the number of spin states.

We recall some properties of the TF-model, see [18].

Theorem 1.9. Let U be as above. For all N^′ ≥ 0 there exists a unique nonnegative ρ^{TF}_U ∈ L^{5/3}(R^3) such that � ρ^{TF}_U ≤ N^′ and

E^{TF}_U (ρ^{TF}_V ) = inf{E^{TF}_U (ρ) : ρ ∈ L^{5/3}(R^3), � R^3

ρ(x) dx ≤ N^′}.

There exists a unique chemical potential μ^{TF}_U (N^′), with 0 ≤ μ^{TF}_U (N^′) ≤ sup U, such that ρ^{TF}_U is uniquely characterized by

E^{TF}_U (ρ^{TF}_U ) + μ^{TF}_U (N^′) � R^3

ρ^{TF}_U (x) dx = inf{E^{TF}_U (ρ) + μ^{TF}_U (N^′) � R^3

ρ(x) dx : 0 ≤ ρ ∈ L^{5/3}(R^3) ∩ L^1(R^3)}.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 291

Moreover ρ^{TF}_U is the unique solution in L^{5/3}(R^3) ∩ L^1(R^3) to the TF-equation 1 2 (^{6π2}_q )^{23} (ρ^{TF}_U (x))^{23} = � U(x) − ρ^{TF}_U ∗ |x|^{−1} − μ^{TF}_U (N^′) � + . If μ^{TF}_U (N^′) > 0 then � ρ^{TF}_U = N^′. For all μ > 0 there is a unique minimizer 0 ≤ ρ ∈ L^{5/3}(R^3) ∩ L^1(R^3) to E^{TF}_U (ρ) + μ � ρ. One defines the TF-mean field potential φ^{TF}_U , the TF-screened nuclear potential Φ^{TF}_{U,R} and the TF-radius R^{TF}_{N,Z} (ν) to the ν last-electron similarly as in Definitions 1.7 and 1.8 replacing the HF-density with the TF-density.

Theorem 1.10. If U(x) = Z/|x| (the Coulomb potential), then the minimizer of E^{TF}_U , under the condition � ρ ≤ N, exists for every N. Moreover, μ^{TF}_U (N) = 0 if and only if N ≥ Z.

When U(x) = Z/|x| we denote the minimizer of the TF-functional, under the condition � ρ ≤ Z, simply by ρ^{TF} and � ρ^{TF} = Z. Correspondingly φ^{TF} and Φ^{TF}_R denote, respectively, its mean field and screened nuclear potential. With this notation E^{TF}(ρ^{TF}) = −e_0Z^{73} , (12)

where e_0 is the total binding energy of a neutral TF-atom of unit nuclear charge. We recall here a result due to Sommerfeld on the asymptotic behavior of the TF-mean field potential, see [23, Th. 4.6].

Theorem 1.11 (Sommerfeld asymptotics). Assume that the potential U is continuous and harmonic for |x| > R and that it satisfies lim_{|x|→∞} U(x) = 0. Consider the corresponding TF-mean field potential φ^{TF}_U and assume that μ^{TF}_U < lim inf_{r↘R} inf_{|x|=r}φ^{TF}_U (x). With ζ = (−7 + √ 73)/2 define

a(R) := lim inf_{r↘R} sup_{|x|=r}

� φTF_U (x)

3^42^{−1}q^{−2}π^2r^{−4}

�_− 1_2 − 1 � r^ζ

A(R, μ^{TF}_U ) := lim inf_{r↘R} sup_{|x|=r}

� φTF_U (x) − μTF_U

3^42^{−1}q^{−2}π^2r^{−4} − 1 � r^ζ .

Then we find for all |x| > R

φ^{TF}_U (x) ≤^{34π2}_{2q2} (1 + A(R, μ^{TF}_U )|x|^{−ζ} )|x|^{−4} + μ^{TF}_U and

φ^{TF}_U (x) ≥ max

�_{34 π2}

2q^2 (1 + a(R)|x|

−ζ )^{−2}|x|^{−4}, ν(μ^{TF}_U )|x|^{−1} � , where

ν(μ^{TF}_U ) := inf_{|x|≥R} max

�_{34 π2}

2q^2 (1 + a(R)|x|

−ζ )^{−2}|x|^{−3}, μ^{TF}_U |x| � . For easy reference we give here the estimate on the TF-mean field potential corresponding to the Coulomb potential.

Documenta Mathematica 15 (2010) 285–345

292 Anna Dall’Acqua and Jan Philip Solovej

Theorem 1.12 (Atomic Sommerfeld estimate, [23, Thm 5.2-5.4]). The atomic TF-mean field potential satisfies the bound Z |x| − min � Z |x| , Z^{43} 2β_0 � ≤ φ^{TF}(x) ≤ min

�_{34π2}

2q^2 1 |x|^4 , Z |x| � , (13)

with 2β_0 = π^{23} 3^{− 53} 2^{− 13} q^{− 23} , and for |x| ≥ R > 0

φ^{TF}(x) ≥^{34 π2}_{2q2} (1 + a(R)|x|^{−ζ} )^{−2}|x|^{−4},

where ζ and a(R) are defined in Theorem 1.11.

Corollary 1.13. Let ζ and β_0 be defined as in Theorem 1.11 and 1.12 respectively. Then the TF-mean field potential satisfies the bound

φ^{TF}(x) ≥ � � � � �

Z |x| − Z^{43} 2β_0 if |x| ≤ β_0Z^{− 13}

3^4π^2 2q^2

(1 + aZ^{− ζ3} |x|^{−ζ} )^{−2}|x|^{−4} if |x| > β_0Z^{− 13} ,

with a = β^ζ_0 (3^2π/(qβ^{32}_0 ) − 1).

Corollary 1.14. The TF-screened nuclear potential satisfies

Φ^{TF}_{|x|} (x) ≤^{342π2}_{q2} |x|^{−4} for all x ∈ R^3.

Corollary 1.15. The following estimate holds � R^3

(ρ^{TF}(x))^{53} dx ≤ 4^{2 23}_{π2}^5_7 q^{43} Z^{73} .

Proof. By the TF-equation and since μ^{TF} = 0 we find � R^3

(ρ^{TF}(x))^{53} dx = 2^{52} (^q_{6π2} )^{53} � R^3

(φ^{TF}(x))^{52} dx.

The estimate follows from the atomic Sommerfeld upper bound.

1.4 Construction and main results

We present the basic idea for the proof of Theorem 1.1. Let us consider an atomic system with N ≥ 2 fermionic particles and a nucleus of charge Z ≥ 1 with Zα = κ and 0 ≤ κ < 2/π. We assume that N ≥ Z and that N is such that a HF-minimizer exists. That is: there exists a density matrix γ^{HF} ∈ A such that Tr[γ^{HF}] = N and

E^{HF}(γ^{HF}) = inf � E^{HF}(γ) : γ = γ^∗, 0 ≤ γ ≤ I, Tr[γ] = N � . Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 293

Let ρ^{TF} be the TF-minimizer with potential U(x) = Z/|x| and under the condition � ρ^{TF} = Z. We know that such a minimizer exists and that the corresponding chemical potential is zero (see Theorem 1.10). Denoting by ρ^{HF} the density of the minimizer γ^{HF}, we find for all r > 0 N = � R^3

ρ^{HF}(x)dx = � |x|<r � ρ^{HF}(x) − ρ^{TF}(x) � dx + � |x|<r

ρ^{TF}(x) dx + � |x|>r

ρ^{HF}(x) dx.

By the equalities above and since � |x|<r ρ

TF(x)dx ≤ Z, Theorem 1.1 follows from the following result.

Theorem 1.16. There exist r > 0 and positive constants c_1 and c_2 independent of N and Z but possibly depending on κ such that � |x|<r � ρ^{HF}(x) − ρ^{TF}(x) � dx ≤ c_1 and � |x|>r

ρ^{HF}(x)dx ≤ c_2.

The following theorem is the principal ingredient in the proof of the previous one and is the main technical estimate in the paper.

Theorem 1.17. Let Zα = κ, 0 ≤ κ < 2/π. Assume N ≥ Z ≥ 1. Then there exist universal constants α_0 > 0, 0 < ε < 4 and C_M and C_Φ depending on κ such that for all α ≤ α_0 � � �Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x) � � � ≤ CΦ|x|^{−4+ε} + CM .

This main estimate is proven by an iterative procedure. We first prove the estimate for small x (i.e. |x| ≤ β_0Z^{− 13} ), then for intermediate x (i.e. up to a fixed distance independent of Z) and finally for big x.

By proving Theorem 1.17 we also get the following interesting results. The proofs of those are given in Section 5.

Theorem 1.18 (Asymptotic formula for the radius). Let Zα = κ, 0 ≤ κ < 2/π. Both lim inf_{Z→∞} R^{HF}_{Z,Z} (ν) and lim sup_{Z→∞} R^{HF}_{Z,Z} (ν) are bounded and behave asymptotically as

3^{43}

2^{12} π^{23} q^23 ν^{− 13} + o(ν^{− 13} ) as ν → ∞.

Theorem 1.19 (Bound on the ionization energy of a neutral atom). Let Zα = κ, 0 ≤ κ < 2/π and Z ≥ 1. The ionization energy of a neutral atom E^{HF}(Z − 1, Z) − E^{HF}(Z, Z) is bounded by a universal constant.

Theorem 1.20 (Potential estimate). Let Zα = κ, 0 ≤ κ < 2/π. For all Z ≥ 1 and N with N ≥ Z for which a HF minimizer exists with � ρ^{HF} = N, we have

|φ^{TF}(x) − φ^{HF}(x)| ≤ A_φ|x|^{−4+ε0} + A_1,

with A_0, A_1 and ε_0 universal constants.

Documenta Mathematica 15 (2010) 285–345

294 Anna Dall’Acqua and Jan Philip Solovej

2 Prerequisites

In this section we recall some results that will be used in the rest of the paper. Localization of the kinetic energy. The following is the IMS formula corresponding to the operator T (p).

Theorem 2.1 ([19]). Let χ_i, i = 0, . . . , K, be real valued Lipschitz continuous functions on R^3 such that

�_K i=0 χ^2_i (x) = 1 for all x ∈ R^3. Then for every f ∈ H^{1/2}(R^3)

t(f, f) = K� i=0 t(χ_if, χ_if) − α^{−1} K� i=0 (f, L_if),

where L_i is a bounded operator with kernel

L_i(x, y) =^{α−2}_{4π2}

|χ_i(x) − χ_i(y)|^2

|x − y|^2

K_2(α^{−1}|x − y|), (14)

where K_2 is a modified Bessel function of the second kind.

Remark 2.2. As in [24, App.A, pages 94–98] we use the following integral formula for the modified Bessel function

K_2(t) = t

�_∞ 0 e^{−t√s2+1}s^2 ds , t > 0.

We recall that this function is decreasing and smooth in R^+. Moreover, �_{+∞} 0 t^2K_2(t) dt =^{3π}_2 and K_2 (t) ≤ 16 t^{−2}e^{− 12 t} for t > 0. (15)

The integral is computed in [21, (A6)] while the estimate follows directly from the integral formula for K_2 by estimating √ s^2 + 1 ≥^1_2 +^1_2 s.

Generalization of the Lieb-Thirring inequality. This result due to Daubechies generalizes the Lieb-Thirring inequality to the pseudo-relativistic case. Theorem 2.3 (Daubechies’ inequality, [4]). For γ ∈ A

Tr[T (p)γ] ≥ � R^3

G_α(ρ_γ (x))dx,

where G_α(ρ) =^3_8 α^{−4}Cg(α(ρ/C)^{13} ) − α^{−1}ρ with C = .163q, q the number of spin states and g(t) = t(1 + t^2)^{12} (1 + 2t^2) − ln(t + (1 + t^2)^{12} ). Remark 2.4. The function G_α defined in the previous theorem is convex and it has the following behavior: 9 20 min

�_1 5 αC^{− 23} ρ^{53} ,^1_2 C^{− 13} ρ^{43} � ≤ G_α (ρ) ≤^3_2 min

�_1

5 αC^{− 23} ρ^{53} ,^1_2 C^{− 13} ρ^{43} � . (16) (The proof of the estimate above is in Appendix A.) Notice that when α ↘ 0 then α^{−1}G_α(ρ) tends to a constant times ρ^{5/3}.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 295

Theorem 2.5 (Generalization of the Lieb-Thirring inequality, [4]). Let f^{−1} be the inverse of the function f(t) := √ t^2 + α^{−2} − α^{−1}, t ≥ 0, and define F (s) =

�_s 0 dt [f^{−1}(t)]^3. Then for any density matrix γ it holds

Tr[(T (p) − U)γ] ≥ −Cq � R^3

F (|U(x)|)dx,

with C ≤ 0.163.

Remark 2.6. Since f^{−1}(t) = (t^2 + 2α^{−1}t)^{1/2} we find for F

F (s) = 2^{32} α^{−3/2}

�_s 0 t^{3/2} � 1 +^1_2 αt

�_{3/2}

dt for s ≥ 0, (17)

and since by convexity (1 +^1_2 αt)^{32} ≤ √ 2 +^1_2 (αt)^{32} we have

F (s) ≤^{23}_5 α^{− 32} s^{52} +^1_2^√_2 s^4 for s ≥ 0.

Hence for any density matrix γ and potential U ∈ L^{52} � R^3 � ∩ L^4 � R^3 �

Tr[(T (p) − U)γ] ≥ −Cq � R^3

�_{23} 5 α^{− 32} |U(x)|^{52} +^1_2^√_2 |U(x)|^4)dx. (18)

Coulomb norm estimate. We present here only the definition of Coulomb norm and the result we need. For a more complete presentation we refer to [23, Sec.9].

Definition 2.7. For f, g ∈ L^{65} (R^3) we define the Coulomb inner product

D(f, g) :=^1_2 � R^3 � R^3

f(x)g(y) |x − y| dxdy,

and the corresponding norm ‖g‖_C := D(g, g)^{12} .

In the following we write the direct term in the HF-energy functional using the Coulomb scalar product: i.e. D(γ) = D(ρ_γ , ρ_γ ) = D(ρ_γ ). Similarly, for ρ ∈ L^1(R^3) ∩ L^{53} (R^3) the term D(ρ) denotes D(ρ, ρ). The next proposition follows as Corollary 9.3 in [23].

Proposition 2.8. For s > 0, x ∈ R^3 and f ∈ L^{65} (R^3) it holds

f ∗ |x|^{−1} ≤ � |x−y|<s

[f(y)]_+ � 1 |x − y| − 1 s � dy + √ 2 s^{− 12} ‖f‖_C.

Moreover, for k > 0 � |y|<|x|

f(y) |x − y| dy ≤ � A(|x|,k)

[f(y)]_+ |x − y| dy + 2^{32} k^{−1}|x|^{− 12} ‖f‖_C ,

where A(|x|, k) denotes the annulus

A(|x|, k) := � y ∈ R^3 : (1 − 2k)|x| ≤ |y| ≤ |x| � . Documenta Mathematica 15 (2010) 285–345

296 Anna Dall’Acqua and Jan Philip Solovej

2.1 Improved relativistic Lieb-Thirring inequalities

A major difference between the pseudo-relativistic HF-model and the nonrelativistic one studied in [23] is that the boundness of the functional does not yield a bound on the L^{53} norm of the HF-density ρ^{HF} in the pseudo-relativistic case. By Theorem 2.3 and Remark 2.4 we see that we can control only the L^{43} - norm of ρ^{HF}. Therefore one cannot estimate the term ρ^{HF} ∗ |x|^{−1} in L^1-norm simply by Hölder’s inequality with p = 5/2 and q = 5/3. To estimate it we are going to use a combined Daubechies-Lieb-Yau inequality. The following lemma can be found in [24, pages 98–99]^3.

Lemma 2.9. For f ∈ S(R^3), � R^3

e^{−μ|x|2} |x| |f(x)|^2dx ≤ π 2 1 √ 2 − 1

(f, T (p)f),

with μ = π^{−1}α^{−2}.

The following is a slight generalization of the Daubechies-Lieb-Yau inequality formulated in Theorem 2.8 in [24].

Theorem 2.10 (Daubechies-Lieb-Yau inequality). Assume that the potential U ∈ L^1_{loc}(R^3) satisfies

0 ≥ −U(x) ≥ −κ|x|^{−1} for |x| < max{α, R} , (19)

for α, R > 0 and 0 ≤ κ ≤ 2/π. Then we have

Tr[T (p) − U]_− ≥ −Cκ^{5/2}α^{−3/2}R^{1/2} − Cκ^4α^{−1} −C � |x|>R � α^{− 32} |U(x)|^{52} + |U(x)|^4 � dx.

Proof. If ( √ 2 − 1)/π ≤ κ ≤ 2/π then κ^{5/2}α^{−3/2}R^{1/2} + κ^4α^{−1} ≥ Cκ^{5/2}α^{−1} and the result follows immediately from Theorem 2.8 in [24] observing that for R > α the two integrals of the potential on {α < |x| < R} are bounded by the constants. If 0 ≤ κ < ( √ 2 − 1)/π we write

U(x) = e^{−μ|x|2} U(x)χ_{|x|<R} + (1 − e^{−μ|x|2} )U(x)χ_{|x|<R} + U(x)χ_{|x|>R}

with μ = α^{−2}π^{−1}. Using (19) and Lemma 2.9 we find that

T (p) − U(x) ≥ 1 2 T (p) − κ(1 − e^{−μ|x|2} )|x|^{−1}χ_{|x|<R} − U(x)χ_{|x|>R}.

3The result of the lemma and the proof given in [24] are actually due to us, but we communicated the result to the authors of [24], where it is referred to as a a private communication.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 297 Hence from the generalization of the Lieb-Thirring inequality Theorem 2.5 (see (18)) we obtain

Tr[T (p) − U]_− ≥ −C � |x|<R

α^{− 32} � κ(1 − e^{−μ|x|2} )|x|^{−1})

� 5_2 dx −C � |x|<R � κ(1 − e^{−μ|x|2} )|x|^{−1}

�_4 dx −C � |x|>R � α^{− 32} |U(x)|^{52} + |U(x)|^4 � dx. Since the two first integrals above are estimated below by −Cκ^{5/2}α^{−3/2}R^{1/2} − Cκ^4α^{−1} we get the result in the theorem. By Theorem 2.10 we find κ � |x−y|<R

ρ^{HF}(y) |x − y| dy ≤ Tr[T (p)γ^{HF}] + C_1κZ^{32} R^{12} + C_2κ^3Z, (20)

with κ ∈ [0, 2/π], κ = Zα and R > 0 parameters to be chosen. This is the inequality that we use to estimate ρ^{HF} ∗ |x|^{−1} (see proof of Lemma 3.2 below). 2.1.1 Bound on the Hartree-Fock energy As a first application of Theorem 2.10 we can give a lower bound to the HFenergy.

Theorem 2.11 (Bound on the HF-energy). Let N > 0, Z > 0 and such that Zα = κ with 0 ≤ κ ≤ 2/π. Then E^{HF}(N, Z) ≥ −2C^{23} Z^2N^{13} − Cκ^2Z^2, with C the constant in Theorem 2.10.

Proof. Let γ be a N-dimensional projection. Since the electron-electron interaction is positive we see that

E^{HF}(γ) ≥ α^{−1} Tr[(T (p) − Zα | · | )γ] = α^{−1} Tr[(T (p) − κ | · | χ_{|x|<R})γ] − α^{−1} Tr[ κ | · |

(1 − χ_{|x|<R})γ] with R > 0 a parameter to be chosen. By Theorem 2.10 we find E^{HF}(γ) ≥ −2C^{23} Z^2N^{13} − Cκ^2Z^2, using that κ = Zα and by choosing R = C^{− 23} Z^{−1}N^{23} .

Documenta Mathematica 15 (2010) 285–345

298 Anna Dall’Acqua and Jan Philip Solovej

3 Near the nucleus

In this section we prove the estimate in Theorem 1.17 in the region near the nucleus (i.e. at distance of Z^{− 13} ).

We again assume that N ≥ Z and that an HF-minimizer γ^{HF} exists for this N and Z. We denote the density of γ^{HF} by ρ^{HF}. We assume throughout that αZ = κ is fixed with 0 ≤ κ < 2/π and Z ≥ 1.

Lemma 3.1. Let Zα = κ be fixed with 0 ≤ κ < 2/π and Z ≥ 1. Let G_α be the function defined in Theorem 2.3. Then, there exists α_0 > 0 such that for all α ≤ α_0

α^{−1} � R^3

G_α(ρ^{HF}(x))dx ≤ CZ^{7/3}, α^{−1} Tr[T (p)γ^{HF}] ≤ CZ^{7/3}

and ‖ρ^{TF} − ρ^{HF}‖^2_C ≤ CZ^{2+ 311} ,

(21)

with C a universal constant depending only on κ.

Proof. Let μ ∈ (0, 1) be such that μ^{−1}κ < 2/π. Notice that here we need κ < 2/π. Splitting the kinetic energy into two parts we find

E^{HF}(γ^{HF}) = (1 − μ)α^{−1} Tr[T (p)γ^{HF}] + D(γ^{HF}) − Ex(γ^{HF})

+μ Tr[(α^{−1}T (p) − Z μ|x|

)γ^{HF}] = . . . ,

and introducing ρ ∈ L^{53} (R^3) ∩ L^1(R^3), ρ ≥ 0, to be chosen

. . . = (1 − μ)α^{−1} Tr[T (p)γ^{HF}] + μ‖ρ − ρ^{HF}‖^2_C + (1 − μ)D(γ^{HF}) (22)

−Ex(γ^{HF}) − μD(ρ) + μ Tr[(α^{−1}T (p) − � Z μ|x|

− ρ ∗ 1 |x| � )γ^{HF}].

Here ‖ · ‖_C denotes the Coulomb norm defined in Definition 2.7 and we used that

‖ρ − ρ^{HF}‖^2_C = D(ρ) − � ρ^{HF}(x)ρ(y)

|x − y| dxdy + D(γ^{HF}).

The estimates in the claim will follow from (22) with different choices of μ and ρ. The main idea is to relate, up to lower order term, the last term on the right hand side of (22) to the TF-energy of a neutral atom of nuclear charge Zμ^{−1}. This has been done in [21]. For completeness and easy reference we repeat the reasoning in Propositions B.1 and B.2 in Appendix B.

To prove the first inequality in (21) we choose ρ as the minimizer of the TFenergy functional of a neutral atom with charge μ^{−1}Z. Since the corresponding TF-mean field potential is Z/(μ|x|)−ρ∗1/|x| by Proposition B.2 in Appendix B we find

Tr[(α^{−1}T (p) − ( Z μ|x|

− ρ ∗ 1 |x| ))γ^{HF}] ≥ −C_1Z^{73} + D(ρ). (23)

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 299

Here we use (12). Since E^{HF}(γ^{HF}) ≤ 0 from (22) and (23) leaving out the positive terms we find

0 ≥ (1 − μ)α^{−1} Tr[T (p)γ^{HF}] − Ex(γ^{HF}) − C_1Z^{73} . (24)

From (24) and Theorem 2.3 we get

(1 − μ)α^{−1} � R^3

G_α(ρ^{HF}(x)) dx ≤ (1 − μ)α^{−1} Tr[T (p)γ^{HF}] ≤ Ex(γ^{HF}) + C_1Z^{73} .

(25) It remains to estimate the exchange term. By the exchange inequality (see [15])

Ex(γ^{HF}) ≤ 1.68 � R^3 � ρ^{HF}(x)

� 4_3 dx. To proceed we separate R^3 into two regions. Let us define Σ = � x ∈ R^3 : α � C^{−1}ρ^{HF}(x)

� 1_3 ≥^5_2 � , (26)

with the same notation as in (16). By Remark 2.4, G_α(ρ^{HF}(x)) ≥ C_2(ρ^{HF}(x))^{43} in Σ and α^{−1}G_α(ρ^{HF}(x)) ≥ C_3(ρ^{HF}(x))^{53} in R^3 \Σ. Hence by Hölder’s inequality we find

Ex(γ^{HF}) ≤ 1.68 � Σ (ρ^{HF}(x))^{43} dx

+1.68 � � R^3 \Σ

(ρ^{HF}(x))^{53} dx

� 1_2 � �

R^3\Σ

ρ^{HF}(x) dx

� 1_2

≤C_4 � R^3

G_α(ρ^{HF}(x)) dx + C_5 � � R^3

α^{−1}G_α(ρ^{HF}(x)) dx

� 1_2 N^{12} .(27)

Choosing α_0 such that 1 − μ > 2C_4α for α ≤ α_0, from (25) and (27) we find 1−μ 2 α^{−1} � R^3

G_α(ρ^{HF}(x)) dx ≤ C_1Z^{73} + C_5 � � R^3

α^{−1}G_α(ρ^{HF}(x)) dx

� 1_2 N^{12} .

The first estimate in (21) follows from the estimate above using that x^2−bx−c ≤ 0 implies x^2 ≤ b^2 + 2c and that N ≤ 2Z + 1 (Theorem 1.6). The second inequality in (21) follows then from (25) and the bound on the exchange term. To prove the third inequality in (21) we estimate from above and from below E^{HF}(γ^{HF}). For the one from below we choose in (22) μ = 1 and ρ = ρ^{TF} the TF-minimizer of a neutral atom with nucleus of charge Z. We find

E^{HF}(γ^{HF}) = N� i=1 (u_i, (α^{−1}T (p) − φ^{TF})u_i) + ‖ρ^{HF} − ρ^{TF}‖^2_C − D(ρ^{TF}) − Ex(γ^{HF}).

(28)

Documenta Mathematica 15 (2010) 285–345

300 Anna Dall’Acqua and Jan Philip Solovej From (28) and the proof of Proposition B.2 (see (B37)), we find E^{HF}(γ^{HF}) ≥ −^{2 32}_{15π2} q � dq(φ^{TF}(q))^{52} − CZ^{2+1/5} (29) −D(ρ^{TF}) + ‖ρ^{HF} − ρ^{TF}‖^2_C − Ex(γ^{HF}).

To estimate from above E^{HF}(γ^{HF}) we may proceed exactly as in [23, page 543] using that α^{−1}T (p) ≤^1_2 |p|^2. For completeness we repeat the main ideas. We consider γ the density matrix that acts identically on each of the spin components as γ^j =^1_{(2π)3} � 1 2 |p|^2≤φ^{TF}(q)

Π_{p,q} dqdp for j = 1, . . . , q.

Here Π_{p,q} is the projection onto the space spanned by h^{p,q}_s (x) := h_s(x−q)e^{ip.x} where h_s is the ground state (normalized in L^2(R^3)) for the Dirichlet Laplacian on the ball of radius Z^{−s} with s ∈ (1/3, 2/3) to be chosen. One sees that Tr[γ] = Z ≤ N since ρ_γ (x) =^{23/2q}_{6π2} (φ^{TF})^{3/2} ∗ h^2_s(x) = ρ^{TF} ∗ h^2_s(x), where we have used the TF-equation. Hence E^{HF}(γ) ≥ E^{HF}(γ^{HF}). Now we estimate from above E^{HF}(γ). Since α^{−1}T (p) ≤^1_2 |p|^2 and Ex(γ) ≥ 0 we find E^{HF}(γ) ≤ Tr[(−^1_2 Δ − Z | · |

)γ] + D(ρ_γ ) = . . . , and proceeding as in [23, page 543]) · · · =^q_{(2π)3} � � 1 2 |p|^2≤φ^{TF}(q) 1 2 |p|^2 dpdq −^{π2}_2 Z^{2s}N − � R^3 Z |x| ρ_γ (x) dx + D(ρ_γ ).

Computing the integral and summing and subtracting the term � ρ^{TF}φ^{TF} we get E^{HF}(γ) ≤^{q2 12}_{5π2} � R^3

(φ^{TF}(q))^{52} dq −^{π2}_2 Z^{2s}N − � R^3

φ^{TF}(x)ρ^{TF}(x) dx − � R^3 Z |x| (ρ_γ (x) − ρ^{TF}(x))dx − 2D(ρ^{TF}) + D(ρ_γ ). (30) By Newton’s theorem one sees that D(ρ_γ ) ≤ D(ρ^{TF}) and that Z � R^3

ρ^{TF}(x) − ρ_γ (x) |x| dx ≤ Z � |x|≤Z^{−s}

ρ^{TF}(x) |x| dx ≤ CZ^{15 (12−s)}.

In the last step we use Hölder’s inequality and Corollary 1.15. From (30) using the TF-equation, that N ≤ 2Z + 1 (Theorem 1.6) and optimizing in s we find E^{HF}(γ) ≤ −^{2 32}_{15π2} q � R^3

(φ^{TF}(q))^{52} dq + CZ^{15 (12− 711 )} − D(ρ^{TF}). (31)

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 301

Hence from (29) and (31) we obtain � �ρ^{HF} − ρ^{TF} � �^2_C ≤ CZ^{2+ 3}11 + Ex(γ^{HF}).

The last estimate in (21) follows from the estimate above since Ex(γ^{HF}) ≤ CZ^{53} using (27) and the estimate just proved on α^{−1} � G_α(ρ^{HF}(x)) dx.

Lemma 3.2. Let Zα = κ be fixed with 0 ≤ κ < 2/π and Z ≥ 1. Then, there exists an α_0 > 0 such that for all α ≤ α_0, μ > 0 and x ∈ R^3 with |x| ≤ βZ^{− 1+μ3} we have

|Φ^{TF}_{|x|} (x) − Φ^{HF}_{|x|} (x)| ≤ Cβ^{41+μ} (1 + β^{922(1+μ)} |x|^{2+11μ22(1+μ)} )|x|^{−4+ 4μ1+μ} .

Proof. By the definition of screened nuclear potential we have � � �Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x) � � � ≤ � |y|<|x|

|ρ^{HF}(y) − ρ^{TF}(y)| |x − y| dy = . . .

and for all k > 0 by Proposition 2.8

. . . ≤ 2^{32} k^{−1}|x|^{− 12} � �ρ^{HF} − ρ^{TF} � �_C + � A(|x|,k)

ρ^{HF}(y) + ρ^{TF}(y) |x − y| dy. (32)

Since ‖ρ^{TF}‖_L 5_{3 (R3)} ≤ CZ^{75} (Corollary 1.15) and � A(|x|,k) 1 |x − y|^52 dy ≤ 8π|x|^{12} (2k)^{12} . (33)

(see [23] page 549) one finds � A(|x|,k)

ρ^{TF}(y) |x − y| dy ≤ CZ^{75} |x|^{15} k^{15} . (34)

The term with the HF-density has to be treated differently since we do not have a bound for the L^{53} -norm of ρ^{HF}. For a R ∈ R^+ to be chosen later we consider the splitting � A(|x|,k)

ρ^{HF}(y) |x − y| dy = � A(|x|,k) |x−y|>R

ρ^{HF}(y) |x − y| dy + � A(|x|,k) |x−y|<R

ρ^{HF}(y) |x − y| dy. (35)

We consider these two terms separately. Let Σ be defined as in (26); i.e. the region where G_α(ρ^{HF}) behaves like (ρ^{HF})^{43} (Remark 2.4). By Hölder’s inequality we find � A(|x|,k) |x−y|>R

ρ^{HF}(y) |x − y| dy ≤ � � A(|x|,k) |x−y|>R 1 |x − y|^4 dy � 1_4 � � y∈Σ � ρ^{HF}(y))^{43} dy

� 3_4

+ � � A(|x|,k) 1 |x − y|^52 dy � 2_5 � �

y∈R^3\Σ � ρ^{HF}(y)

� 5_3 dy � 3_5 . Documenta Mathematica 15 (2010) 285–345

302 Anna Dall’Acqua and Jan Philip Solovej

From the inequality above, Remark 2.4 and estimate (21) we get � A(|x|,k) |x−y|>R

ρ^{HF}(y) |x − y| dy ≤ CR^{− 38} |x|^{18} k^{18} Z + C|x|^{15} k^{15} Z^{75} . (36)

On the other hand for the second term on the right hand side of (35) by (20) and Lemma 3.1 we find � |x−y|<R

ρ^{HF}(y) |x − y| dy ≤ C(Z^{43} + R^{12} Z^{32} ). (37)

Hence from (32), Lemma 3.1, (34), (36) and (37), we get

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C

� Z^{1+ 3}22 |x|^{1/2}k

+ Z^{75} |x|^{15} k^{15} + R^{− 38} |x|^{18} k^{18} Z + R^{12} Z^{32} + Z^{43} � . (38) Choosing k such that Z^{43} = Z^{75} |x|^{15} k^{15} , i.e. k = |x|^{−1}Z^{− 13} and R such that R^{− 38} Z^{1− 124} = Z^{43} , i.e. R = Z^{−1} we find

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(|x|^{12} Z^{43 + 322} + Z^{43} ).

The claim follows using that |x| ≤ βZ^{− 1+μ3} .

Theorem 3.3. Let Zα = κ be fixed with 0 ≤ κ < 2/π and Z ≥ 1. Then there exists an α_0 > 0 such that for all α ≤ α_0 and x ∈ R^3 with |x| ≤ βZ^{− 13} we have

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ Cβ^{2− 166} (1 + β^2 + β^{52} + β^{2+ 7891936} |x|^{1791936} )|x|^{−4+ 166} . (39)

Moreover if |x| ≤ βZ^{− 1−μ3} for μ <^2_{11}^1_{49} , then

|Φ^{TF}_{|x|} (x) − Φ^{HF}_{|x|} (x)| ≤ Cβ^{2−a(μ)}(1 + β^2 + β^{52} + β^{b(μ)}|x|^{c(μ)})|x|^{−4+a(μ)}, (40)

with a(μ) =^1_{66(1−μ)} −^{49μ}_{12(1−μ)} , b(μ) = 2 +^3_{176}^{24−24μ− 111 + 492 μ}_{1−μ} and c(μ) =^1_{11} − 3 11 −^3_2 49μ 22(8−8μ) strictly positive constants.

Proof. Proceeding as in the proof of Lemma 3.2 up to (36) we get

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(k^{−1}|x|^{− 12} Z^{1+ 322} + Z^{75} |x|^{15} k^{15} + R^{− 38} |x|^{18} k^{18} Z) + � |x−y|≤R

ρ^{HF}(y) |x − y| dy, (41)

for R ∈ R^+ to be chosen. It remains to estimate the last term on the right hand side of (41). For ‘small’ R which is relevant for small x we already did it in Lemma 3.2, for ‘big’ R which is relevant for big x we use Proposition B.1 in Appendix B.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 303

Take γ ≤ 1/263 to be chosen. If |x| ≤ βZ^{− 1+γ3} then by Lemma 3.2 |Φ^{TF}_{|x|} (x) − Φ^{HF}_{|x|} (x)| ≤ Cβ^{41+γ} (1 + β^{922(1+γ)} |x|^{2+11γ22(1+γ)} )|x|^{−4+ 4γ1+γ} . (42) If instead |x| > βZ^{− 1+γ3} , let H_x be the Hamiltonian defined in (B2) with P = x and ν = Z. Then by the definition of H_x and taking the HF-minimizer as a trial wave function we have inf ψ∈∧^N_{i=1}L^2(R^3) ‖ψ‖_2=1

⟨ψ, H_xψ⟩ ≤ E^{HF}(γ^{HF}) − Z � |x−y|<R

ρ^{HF}(y) |x − y| dy

= inf_{γ∈A} E^{HF}(γ) − Z � |x−y|<R

ρ^{HF}(y) |x − y| dy = . . . .

Since^1_2 |p|^2 ≥ α^{−1}T (p), inf_{γ∈A} E^{HF}(γ) is estimated from above by the HFground state energy of the non-relativistic model (i.e. when the kinetic energy is given by −^1_2 Δ). Moreover, this last one can be estimated from above by E^{TF}(ρ^{TF}) + CN^{15} Z^2 (see [18] and [11]). Hence we find

· · · ≤ E^{TF}(ρ^{TF}) + CN^{15} Z^2 − Z � |x−y|<R

ρ^{HF}(y) |x − y| dy. On the other hand since |x| > βZ^{− 1+γ3} choosing for some l >^{1+γ}_3 , R < βZ^{−l}/4 from Proposition B.1 it follows that there exists a constant depending only on κ such that for t ∈ ((1 + γ)/3, min{l, 3/5}), and for every ψ ∈ ∧^N_{i=1}L^2(R^3) with ‖ψ‖_2 = 1 we have ⟨ψ, H_xψ⟩ ≥ E^{TF}(ρ^{TF}) − C(β^{1/2} + β^{−2})Z^{52 − t2} , Hence combining the two inequalities above we find � |x−y|≤R

ρ^{HF}(y) |x − y| dy ≤ C(β^{1/2} + β^{−2})Z^{12 (3−t)}. (43)

From (41) and the inequality above we get

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ Ck^{−1}|x|^{− 12} Z^{1+ 322} + CZ^{75} |x|^{15} k^{15} +CR^{− 38} |x|^{18} k^{18} Z + C(β^{1/2} + β^{−2})Z^{12 (3−t)}.

Choosing k such that Z^{12 (3−t)} = Z^{75} |x|^{15} k^{15} , i.e k = |x|^{−1}Z^{12 (1−5t)} and R such that Z^{12 (3−t)} ∼ R^{− 38} Z^{1+ 116 (1−5t)}, i.e R = βZ^{− 76 + 12 t}/4 we find

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(|x|^{12} Z^{711 + 52 t} + (β^{1/2} + β^{−2})Z^{12 (3−t)}). (44) Notice that R < βZ^{−l}/4 is satisfied choosing l = 4t/3. Then for x such that βZ^{− 1+γ3} ≤ |x| ≤ βZ^{− 13} we find |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(|x|^{− 3122 − 152 t}β^{2111 + 152 t} + (β^{1/2} + β^{−2})β^{32 (3−t)}|x|^{− 32 (3−t)}).

Documenta Mathematica 15 (2010) 285–345

304 Anna Dall’Acqua and Jan Philip Solovej

Optimizing in t gives t = 1/3 + 1/99. For this value of t we get

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(1 + β^{52} )β^{2− 166} |x|^{−4+ 166} . (45)

Inequality (39) follows from (42) and (45) choosing γ such that 4γ/(1 + γ) = 1/66, i.e. γ = 1/263.

On the other hand from (44) for x such that βZ^{− 1+γ3} ≤ |x| ≤ βZ^{− 1−μ3} we find

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C|x|^{12 − 31−μ ( 711 + 52 t)}β^{31−μ ( 711 + 52 t)} +C(β^{1/2} + β^{−2})β^{32(1−μ) (3−t)}|x|^{− 32(1−μ) (3−t)}.

Optimizing in t gives t = 1/3 + 1/99 −^1_{18} μ. For this value of t we get

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(1 + β^{52} )β^{2− 166(1−μ) + 49μ12(1−μ)} |x|^{−4+ 166(1−μ) − 49μ12(1−μ)} .

Inequality (40) follows from the one above and (42) choosing γ such that 4γ/(1+ γ) =^1_{66(1−μ)} −^{49μ}_{12(1−μ)} .

4 The exterior part

In this section we complete the proof of Theorem 1.17. We first estimate the exterior integral of the density and study the minimization problem that the exterior part of the minimizer satisfies. Then we prove the main estimate in Theorem 1.17 in an intermediate zone, i.e. far from the nucleus but not further than a fixed distance independent of Z. To study this area we need first to construct a TF-model that gives a good approximation of the HF-density in this intermediate zone. By the estimate on the exterior integral of the density we can then also prove Theorem 1.17 in the region far away from the nucleus.

4.1 The exterior integral of the density The main result of this section is the following lemma.

Lemma 4.1 (The exterior integral of the density). Assume that for some R, σ, ε^′ > 0 |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ σ|x|^{−4+ε′} , (46) holds for |x| ≤ R. Then for 0 < r ≤ R � � � � |x|<r

(ρ^{HF}(x) − ρ^{TF}(x)) dx � � � ≤ σr^{−3+ε′} (47)

and �

|x|>r

ρ^{HF}(x)dx ≤ C(1 + σr^{ε′} )(1 + r^{−3}), (48)

with C a universal constant.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 305

We proceed similarly as in the proof of Lemma 10.5 in [23]. Since we need to localize we first present some technical lemmas that will take care of the error terms due to the localization. The localization error that will appear in the argument below (see (58)) will be in the form of an operator L similar to the error (14) in the IMS formula. We estimate this error in Lemma 4.3.

Remark 4.2. Let 0 ≤ β_1 < .. < β_4 be real numbers with possibly β_4 = ∞. Let us denote Σ_r(β_i, β_j ) = {x ∈ R^3 : β_ir ≤ |x| ≤ β_j r}. Then we have � � x ∈ Σ_r(β_1, β_2) y ∈ Σ_r(β_3, β_4)

K_2(α^{−1}|x − y|)^2 dxdy ≤^{46π2}_3 β^3_2 − β^3_1 β_3 − β_2 α^4r^2e^{−α−1r(β3−β2)} .

The proof of this estimate is given in Appendix A.

Lemma 4.3. Let r > 0 and λ, ν ∈ (0, 1). Let χ_− be the characteristic function of B_{r(1−ν)}(0) and χ_0 be the characteristic function of the sector {x ∈ R^3 : r(1 − ν) < |x| < r(1 + ν)/(1 − λ)}. Let η be a Lipschitz function such that 0 ≤ η(x) ≤ 1 for all x ∈ R^3, η(x) ≡ 0 if |x| ≤ r, η(x) ≡ 1 if |x| ≥ r(1 − λ)^{−1} and ‖∇η‖_∞ is bounded. Let L denote the operator with integral kernel

L(x, y) = α^{−2} 4π^2

(η(x) − η(y))(η(x)|x| − η(y)|y|) |x − y|^2

K_2(α^{−1}|x − y|). (49)

Then for every function f ∈ L^2(R^3) we have

α^{−1}|(f, Lf)| ≤ 3 D(η, λ, r) ‖χ_0f‖^2 + D(η, λ, r)e^{− 1}2^{α−1 rν} ‖χ_−f‖^2 + α^{−1}|(f, Qf)|,

with D(η, λ, r) := ‖∇η‖_∞

�_{‖∇η‖∞ r}

1−λ +1 � and Q a positive semi-definite operator such that Tr[Q] ≤ CD(η, λ, r)α^{−1}r^2e^{− 1}2^{α−1rν} , with C depending only on λ and ν.

Proof. As a first step we decompose the operator L. We introduce a third cut-off function χ_+ such that 1 = χ_−(x) + χ_0(x) + χ_+(x) for all x ∈ R^3. We decompose the operator L with respect to these characteristic functions as follows:

L = χ_−L(χ_0 + χ_+) + (χ_0 + χ_+)Lχ_− + χ_0Lχ_+ + χ_+Lχ_0 + χ_0Lχ_0.

We proceed similarly as in [24, Proof of Theorem 2.6 (Localization error)]. For Γ_1, Γ_2 bounded operators from (Γ_1 − Γ_2)(Γ_1 − Γ_2)^∗ ≥ 0 it follows

Γ_1Γ^∗_2 + Γ_2Γ^∗_1 ≤ Γ_1Γ^∗_1 + Γ_2Γ^∗_2. (50)

We are going to use several times this inequality with different choices of Γ_1 and Γ_2.

Documenta Mathematica 15 (2010) 285–345

306 Anna Dall’Acqua and Jan Philip Solovej

As a first choice we consider Γ_1 = √ ε_1χ_− and Γ_2 = 1/ √ ε_1(χ_0 + χ_+)Lχ_− with ε_1 > 0 to be chosen. Using (50) we get

|(f, (χ_−L(χ_0 + χ_+) + (χ_0 + χ_+)Lχ_−)f)| ≤ ε_1‖χ_−f‖^2 + 1 ε_1

(f, Q_1f), (51)

with Q_1 = (χ_0 + χ_+)Lχ^2_−L(χ_0 + χ_+). We estimate now the trace of Q_1. By the definition of η, χ_−, χ_0 and χ_+ it follows that

Tr[Q_1] = � |x|≤r(1−ν) � |y|≥r

L^2(x, y) dxdy ≤^{(16)2}_{3π2}^{(1−ν)3}_ν D(η, λ, r)^2r^2e^{−α−1rν} .

In the last step we use the definition of L, Remark 4.2 and the definition of the constant D(η, λ, r) given in the statement of the lemma. Now we choose Γ_1 = √ ε_2χ_0 and Γ_2 = 1/ √ ε_2χ_+Lχ_0 with ε_2 > 0 to be chosen.

Proceeding as above we get

|(f, (χ_+Lχ_0 + χ_0Lχ_+)f)| ≤ ε_2‖χ_0f‖^2 + 1 ε_2

(f, Q_2f), (52)

with Q_2 = χ_+Lχ^2_0Lχ_+ and such that Tr[Q_2] ≤^{(16)2}_{3π2}^{1−(1−ν)3 (1−λ)3}

ν(1−λ)^2 D(η, λ, r)

2 r^2e^{−α−1 r ν1−λ} .

It remains to study the term χ_0Lχ_0. This one has to be treated differently. By Schwartz’s inequality one gets

|(f, χ_0Lχ_0f)| ≤^{3α}_2 D(η, λ, r) � R^3

χ_0(x)|f(x)|^2, (53)

since � R^3 |L(x, y)|dxdy ≤ 3α 2 D(η, λ, r).

The claim follows from (51), (52) and (53) choosing ε_1 = D(η, λ, r)αe^{− 1}2^{α−1 rν} , ε_2 =^{3α}_2 D(η, λ, r) and with Q :=^1_{ε1} Q_1 +^1_{ε2} Q_2.

Definition 4.4 (The localization function). Fix 0 < λ < 1 and let G : R^3 → R be given by

G(x) := � � � 0 if |x| ≤ 1, π 2 (|x| − 1)^1_{(1−λ)−1 −1} if 1 ≤ |x| ≤ (1 − λ)^{−1}, π 2 if (1 − λ)^{−1} ≤ |x|.

Let r > 0 and define the outside localization function θ_r(x) := sin(G(^{|x|}_r )). Remark 4.5. From the definition it follows that ‖∇θ_r‖_∞ ≤^π_2^{1−λ}_λ r^{−1}. Lemma 4.6. For all r > 0 and λ, ν ∈ (0, 1) the density ρ^{HF} of the minimizer satisfies � |x|>r(1−λ)^{−1}

ρ^{HF}(x)dx ≤ 1 +^2_λ + 2 sup_{|x|=r(1−λ)} |x|Φ^{HF}_{r(1−λ)}(x) + R^{12}

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 307

with

R = 6D(λ)r^{−1} � r(1−ν)<|x|<r^{1+ν}_{1−λ}

ρ^{HF}(x) dx + 2D(λ)(r^{−1}N + Crα^{−2})e^{− 1}2^{α−1 rν} ,

with D(λ) := (1 + π/(2λ(1 − λ)))π/(2λ) and C = C(λ, ν).

Proof. Let γ^{HF} be the minimizer. By the variational principle, γ^{HF} is a projection onto the subspace spanned by u_1, . . . , u_N . These functions u_i satisfy the Euler Lagrange equations h_γHF u_i = ε_iu_i, ε_i < 0, for i = 1, . . . , N, with h_γHF defined in (11).

Given η a function in C^1(R^3) with support away from zero, we find

0 ≥ N� i=1 ε_i � R^3

|u_i(x)|^2|x|η^2(x)dx = N� i=1 � R^3

u_i(x)^∗|x|η^2(x) h_γHF u_i(x)dx.

Since ηT (p)u_i ∈ L^2(R^3) (Theorem 1.5, (3)), using the Euler-Lagrange equations and treating all the terms, except the kinetic energy, as in [23, Formula (63)] we get

0 ≥ α^{−1} N� i=1 (u_iη| · |, ηT (p)u_i) − Z � R^3

ρ^{HF}(x)η^2(x)dx + � R^3 � R^3 � ρ^{HF}(x)ρ^{HF}(y) − Tr_Cq |γ^{HF}(x, y)|^2

� |y|(1 − η^2(x))η^2(y) |x − y| dxdy

+^1_2 � � R^3

ρ^{HF}(x)η^2(x)dx

�_2

−^1_2 � R^3

ρ^{HF}(x)η^2(x)dx. (54)

Now we look at the kinetic energy term. For each i ∈ {1, . . . , N} we may write

Re(u_iη| · |, ηT (p)u_i) = Re(u_iη| · |, T (p)(ηu_i)) + Re(u_iη| · |, [η, T (p)]u_i), (55)

where [A, B] denotes the commutator of the operators A and B. The first term on the right hand side of (55) is non-negative by the result of Lieb in [13]. Notice that here we may use that ηu_i ∈ H^1(R^3) (see Theorem 1.5, (3)). Hence, from (54) and (55) we find

0 ≥ α^{−1} N� i=1 Re(u_iη| · |, [η, T (p)]u_i) − Z � R^3

ρ^{HF}(x)η^2(x)dx + � R^3 � R^3 � ρ^{HF}(x)ρ^{HF}(y) − Tr_Cq |γ^{HF}(x, y)|^2

� |y|(1 − η^2(x))η^2(y) |x − y| dxdy

+^1_2 � � R^3

ρ^{HF}(x)η^2(x)dx

�_2

−^1_2 � R^3

ρ^{HF}(x)η^2(x)dx. (56)

Documenta Mathematica 15 (2010) 285–345

308 Anna Dall’Acqua and Jan Philip Solovej

By a density argument we may choose η = θ_r the localization function defined in Definition 4.4. Reasoning as on page 541 of [23], we get

0 ≥ α^{−1} N� i=1 Re(u_iη| · |, [η, T (p)]u_i) +^1_2 � � R^3

ρ^{HF}(x)η^2(x)dx

�_2

− �_1

2 +^1_λ + sup

|x|=r(1−λ)

|x|Φ^{HF}_{r(1−λ)}(x) � � R^3

ρ^{HF}(x)η^2(x)dx. (57)

It remains to estimate the first term on the right hand side of (57). With the same arguments used in the proof of the IMS formula, it can be rewritten as

α^{−1} N� i=1 Re(u_iη| · |, [η, T (p)]u_i) = −α^{−1} N� i=1 (u_i, Lu_i), (58)

where L is the operator defined in (49). Using Lemma 4.3 and since ‖∇η‖_∞ = ‖∇θ_r‖_∞ ≤ π/ (2λr) we find, with D(λ) defined as in the statement,

α^{−1} � �^N� i=1 (u_i, Lu_i) � � ≤ 3D(λ)r_{−1}‖χ_0ρ_{HF}‖_1 + D(λ)r_{−1}e−^1_2 α^{−1} rν ‖χ_−ρ_{HF}‖_1

+CD(λ)rα^{−2}e^{− 1}2^{α−1 rν} , (59)

where χ_0, χ_− and C are as defined in the statement of Lemma 4.3. Hence combining (57) with (59), using the definition of χ_0 and that ‖χ_−ρ^{HF}‖_1 ≤ N we have

0 ≥ −3D(λ)r^{−1} � r(1−ν)<|x|<r^{1+ν}_{1−λ}

ρ^{HF}(x) dx − D(λ)r^{−1}e^{− 1}2^{α−1 rν} N

−CD(λ)rα^{−2}e^{− 1}2^{α−1 rν} +^1_2 � � R^3

ρ^{HF}(x)η^2(x)dx

�_2

− �_1

2 +^1_λ + sup

|x|=r(1−λ)

|x|Φ^{HF}_{r(1−λ)}(x) � � R^3

ρ^{HF}(x)η^2(x)dx.

The claim follows using that x^2 − Bx − C ≤ 0 implies x ≤ B + √ C. Proof of Lemma 4.1. We proceed as in [23, page 551]. The first estimate follows directly from the equality � |x|<r

(ρ^{HF}(x) − ρ^{TF}(x)) dx =^1_{4π} r � S^2

(Φ^{HF}_r (rω) − Φ^{TF}_r (rω)) dω,

and (46). To prove (48) we use Lemma 4.6. We first notice that for 0 < β < γ

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 309

and γ such that rγ ≤ R � rβ<|y|<rγ

ρ^{HF}(y) dy ≤ � � � � |y|<rγ

(ρ^{HF}(y) − ρ^{TF}(y)) dy � � � + � � � |y|<rβ

(ρ^{HF}(y) − ρ^{TF}(y)) dy � � + � |y|>rβ

ρ^{TF}(y) dy

≤ Cr^{−3}β^{−3}(1 + σr^{ε′} ). (60)

Here we used (47) and that by the TF-equation and (13) � |y|>rβ

ρ^{TF}(y) dy ≤^{34 2π2}_{q2} β^{−3}r^{−3}.

Since � |x|>r ρ

HF ≤ � |x|>2r/3 ρ

HF to prove the claim we estimate this second integral. By Lemma 4.6 with r replaced by r/2, λ =^1_4 and ν =^1_2 we get � |x|>2r/3

ρ^{HF}(x)dx ≤ 9 +^3_4 r sup_{|x|=3r/8} Φ^{HF}_{3r/8}(x) + R^{12} ,

with R defined as in the statement of Lemma 4.6. By (46) and Corollary 1.14 we find sup |x|=3r/8

Φ^{HF}_{3r/8}(x) ≤ Cσr^{−4+ε′} + sup_{|x|=3r/8} Φ^{TF}_{3r/8}(x) ≤ C(1 + σr^{ε′} )r^{−4}.

Moreover, from (60) with β = 1/4 and γ = 1, since N < 2Z + 1 and the boundness of R^+ ∋ x → x^pe^{−x} for all p > 0, we find

R ≤ C(r^{−4}(1 + σr^{ε′} ) + r^{−1}).

The claim follows directly.

4.2 Separating the inside from the outside We consider the exterior part of the minimizer, i.e. the density matrix

γ^{HF}_r := θ_rγ^{HF}θ_r, (61)

with θ_r as defined in Definition 4.4. This density matrix almost minimizes a new energy functional where there is no exchange term. Indeed sufficiently far away from the nucleus the electrons are far apart and hence their mutual interaction is small.

We define an auxiliary energy functional on A (see (8)) given by

E^A(γ) := Tr[(α^{−1}T (p) − Φ^{HF}_r )γ] + D(ρ_γ ). (62)

Documenta Mathematica 15 (2010) 285–345

310 Anna Dall’Acqua and Jan Philip Solovej

Theorem 4.7. Let r > 0 and λ, ν ∈ (0, 1). Let χ^+_r denote the characteristic function of R^3 \ B_r(0). The density matrix γ^{HF}_r defined in (61) satisfies

E^A(γ^{HF}_r ) ≤ � E^A(γ) : γ ∈ A, supp(ρ_γ ) ⊂ R^3 \ B_r(0), ‖ρ_γ ‖_1 ≤ ‖ρ^{HF}χ_r‖_1 � + R,

where

R = (^π_{2λ} +^C_{λ2} r^{−1})r^{−1} � r(1−λ)(1−ν)≤|x|

ρ^{HF}(x) dx + c^′α^{−2}(1 + αr^{−2})e^{− 1}2^{α−1 rd}

+Ex(γ^{HF}_r ) + C � r(1−λ)≤|x|≤^r_{1−λ} � Φ^{HF}_{r(1−λ)}(x)

� 5_2 + α^3 � Φ^{HF}_{r(1−λ)}(x)

�_4� dx, and c^′, d are positive constants depending only on ν and λ.

Proof. We proceed as in [23, pages 532-6]. The first step of the proof is a localization. Once again we have to treat carefully the localization error coming from the kinetic energy. This is the main difference with [23]. For completeness we repeat the main ideas of the reasoning.

We consider the following partition of unity of R^3: 1 = θ^2_r (x) + θ^2_0(x) + θ^2_−(x) with θ_r defined as in Definition 4.4 and

θ_0(x) := � θ^2_{r(1−λ)}(x) − θ^2_r (x)

� 1_2 and θ_−(x) := � 1 − θ^2_{r(1−λ)}(x)

� 1_2 . Associated to this partition of unity we define

γ^{HF}_0 := θ_0γ^{HF}θ_0 and γ^{HF}_− := θ_−γ^{HF}θ_−.

We prove the claim by showing that for all density matrices γ ∈ A such that supp(ρ_γ ) ⊂ R^3 \ B_r(0) and ‖ρ_γ ‖_1 ≤ ‖ρ^{HF}χ^+_r ‖_1 it holds that

E^A(γ^{HF}_r ) + E^{HF}(γ^{HF}_− ) − R ≤ E^{HF}(γ^{HF}) ≤ E^A(γ) + E^{HF}(γ^{HF}_− ). (63)

The proof of the upper bound in (63) is as in [23, page 533]. To prove the lower bound as a first step we localize. By Theorem 2.1 we find

α^{−1} Tr[T (p)γ^{HF}] = α^{−1} Tr[T (p)(γ^{HF}_r + γ^{HF}_0 + γ^{HF}_− )]

−α^{−1} N� i=1 (u_i, (L_r + L_0 + L_−)u_i),

where L_r, L_0 and L_− are defined as the L_i’s in (14).

We first estimate the error term. The procedure is similar to the one used in the proof of Lemma 4.3. We introduce three cut-off functions: χ_− be the characteristic function of B_{r(1−λ)(1−ν)}(0), χ_r the characteristic function of R^3 \ B_r 1+ν_{1−λ} (0) and χ_0 defined by χ_0(x) = 1 − χ_r(x) − χ_−(x) for all x ∈ R^3. Notice that χ_− and χ_r are the characteristic functions of sets where θ_−, θ_0 and θ_r are constants. For k ∈ {−, 0, r} we have the following splitting

L_k = χ_−L_k(χ_0 + χ_r) + (χ_0 + χ_r)L_kχ_− + χ_rL_kχ_0 + χ_0L_kχ_r + χ_0L_kχ_0,

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 311 and proceeding as in the proof of Lemma 4.3 with ε_{1,k}, ε_{2,k} to be chosen we find (f, L_kf) ≤ ε_{1,k}‖χ_−f‖^2 + ε^{−1}_{1,k}(f, Q_1f) + ε_{2,k}‖χ_0f‖^2 + ε^{−1}_{2,k}(f, Q_2f) +^{3α}_2 ‖∇θ_k‖^2_∞‖χ_0f‖^2.

with operators Q_1 and Q_2 being positive semi-definite operators with Tr[Q_1] ≤^{(16)2}_{3π2}^{(1−λ)2 (1−ν)3}_ν ‖∇θ_k‖^4_∞r^2e^{−α−1rν(1−λ)} Tr[Q_2] ≤^{(16)2}_{3π2}^1_{ν(1−λ)2} ‖∇θ_k‖^4_∞r^2e^{−α−1r ν1−λ} .

Choosing then

ε_{2,k} =^{3α}_2 ‖∇θ_k‖^2_∞ and ε_{1,k} = α‖∇θ_k‖^2_∞e^{− 1}2^{α−1 rν(1−λ)}, since (‖∇θ_r‖^2_∞ + ‖∇θ_0‖^2_∞ + ‖∇θ_−‖^2_∞) ≤ 3π^2/(4λ^2)r^{−2} and ‖ρ^{HF}χ_−‖_1 ≤ N we get α^{−1} N� i=1 (u_i, (L_r + L_0 + L_−)u_i) ≤^{3π2}_{4λ2} r^{−2}‖ρ^{HF}χ_0‖_1 +^{3π2}_{4λ2} r^{−2}e^{− 1}2^{α−1rν(1−λ)}N

+ cα^{−2}e^{− 1}2^{α−1 rν(1−λ)}.

Here c is a constant that depends only on ν and λ.

Hence from (64), the inequality above and since N ≤ 2Z + 1 we find E^{HF}(γ^{HF}) ≥ Tr � α^{−1}T (p) − Z | · | � (γ^{HF}_r + γ^{HF}_0 + γ^{HF}_− ) � + D(γ^{HF}) −Ex(γ^{HF}) −^{3π2}_{4λ2} r^{−2}‖ρ^{HF}χ_0‖_1 − c^′α^{−2}(1 + αr^{−2})e^{− 1}2^{α−1rd}.

The constants c^′, d depend only on λ and ν. Proceeding as in [23] we get E^{HF}(γ^{HF}) ≥ E^{HF}(γ^{HF}_− ) + E^A(γ^{HF}_r ) − Ex(γ^{HF}_r ) − c^′α^{−2}(1 + αr^{−2})e^{− 1}2^{α−1 rd} + Tr � α^{−1}T (p) − Φ^{HF}_{r(1−λ)}(·) � γ^{HF}_0 �

−(^π_{2λ} +^{3π2}_{4λ2} r^{−1})r^{−1} � |x|≥r(1−λ)(1−ν)

ρ^{HF}(x) dx.

The claim follows using Theorem 2.5.

4.3 Comparing with an Outside Thomas Fermi At this point we introduce an “Outside Thomas Fermi”: a TF-energy functional whose minimizer approximates the HF-density at a certain distance from the nucleus.

Documenta Mathematica 15 (2010) 285–345

312 Anna Dall’Acqua and Jan Philip Solovej

Let r > 0 such that

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ σ|x|^{−4+ε′} , (64)

for all |x| ≤ r for some σ > 0 and ε^′ > 0. Let V_r be the potential defined by

V_r(x) = χ^+_r (x)Φ^{HF}_r (x) = � 0 if |x| < r, Φ^{HF}_r (x) if |x| ≥ r. (65)

Here and in the following χ^+_r (x) := 1 − χ_r(x), x ∈ R^3, where χ_r is the characteristic function of the ball of radius r centered at 0. Notice that V_r ∈ L^{52} (R^3) + L^∞(R^3) with

inf{‖W ‖_∞ : V_r − W ∈ L^{52} (R^3)} = 0.

Let E^{OTF}_r be the TF-functional E^{TF}_{Vr} corresponding to the potential V_r defined in (65). Let ρ^{OTF}_r be the unique minimizer of E^{OTF}_r under the condition � R^3

ρ(x)dx ≤ � |y|≥r

ρ^{HF}(y)dy,

(see Theorem 1.9). Then ρ^{OTF}_r is solution to the OTF-equation 1 2 �_{6π2} q � 2_3

(ρ^{OTF}_r )^{23} = [φ^{OTF}_r − μ^{OTF}_r ]_+ , (66)

where φ^{OTF}_r (x) = V_r(x) − � R^3

ρ^{OTF}_r (y) |x − y| dy, is the OTF-mean field potential and μ^{OTF}_r is the corresponding chemical potential. From (66) (and μ^{OTF}_r ≥ 0) we see that the support of ρ^{OTF}_r is contained in R^3 \ B_r(0).

In the intermediary zone instead of comparing directly Φ^{HF}_{|x|} and Φ^{TF}_{|x|} we compare first the HF-density with the OTF-density and then the OTF-density with the TF-density. When comparing the TF and OTF there is no difference with the non-relativistic case and for brevity we refer for the proofs to [23]. We start by studying the behavior of the minimizer and mean field potential of the OTF. The proof of the following bounds is in [23, page 557-558] in the case q = 2 and it can be directly generalised to the other values of q. Lemma 4.8 ([23, Lem.12.1]). For all y ∈ R^3 we have

φ^{TF}(y) ≤ 3^42^{−1}q^{−2}π^2|y|^{−4} and ρ^{TF}(y) ≤ 3^52^{−1}q^{−2}π|y|^{−6}.

Let β_0 be as defined in Theorem 1.12, then for all |y| ≥ β_0Z^{− 13} we have

φ^{TF}(y) ≥ C|y|^{−4} and ρ^{TF}(y) ≥ C|y|^{−6}.

With r, σ, ε^′ such that (64) holds and σr^{ε′} ≤ 1 we have for all |y| ≥ r

ρ^{OTF}_r (y) ≤ Cr^{−6} and φ^{OTF}_r (y) ≤ |V_r (y)| ≤ Cr^{−4}.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 313

Lemma 4.9 ([23, Lem.12.2]). With r, σ, ε^′ such that (64) holds for all |x| ≤ r we have �

|y|≥r

(ρ^{TF}(y) − ρ^{HF}(y))dy ≤ σr^{−3+ε′} .

For x ∈ R^3 with |x| > r we may write Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x) = A_1(r, x) + A_2(r, x) + A_3(r, x), (67) where A_1(r, x) = φ^{OTF}_r (x) − φ^{TF}(x), A_2(r, x) = � |y|>|x|

ρ^{OTF}_r (y) − ρ^{TF}(y) |x − y| dy and A_3(r, x) = � r<|y|<|x|

ρ^{OTF}_r (y) − ρ^{HF}(y) |x − y| dy.

4.3.1 Estimate on A_1 and A_2 Lemma 4.10 ([23, Lem.12.4]). Let N ≥ Z. Given ε^′, σ > 0 there exists a constant D > 0 such that for all r with β_0Z^{− 13} ≤ r ≤ D for which (64) holds for all |x| ≤ r, then μ^{OTF}_r = 0 and

3^4 π^2 2q^2 |x|

−4(1 + ar^ζ |x|^{−ζ} )^{−2} ≤ φ^{OTF}_r (x) ≤^{34 π2}_{2q2} |x|^{−4}(1 + Ar^ζ |x|^{−ζ} ) for |x| > r, where a, A are universal constants and ζ = (−7 + √ 73)/2.

Lemma 4.11 ([23, Lem.12.5]). Let N ≥ Z. Given ε^′, σ > 0 there exists a constant D > 0 depending only on ε^′, σ such that for all r with β_0Z^{− 13} ≤ r ≤ D for which (64) holds for |x| ≤ r, then for all |x| ≥ r

|A_1(r, x)| ≤ C|x|^{−4−ζ} r^ζ and |A_2(r, x)| ≤ C|x|^{−4−ζ} r^ζ , with ζ = (−7 + √ 73)/2 and C a universal constant.

The proof of the previous lemmas is in [23, p. 558-564].

4.3.2 Estimate on ‖χ^+_r ρ^{HF} − ρ^{OTF}_r ‖_C Lemma 4.12. Let G_α be the function defined in Theorem 2.3 and ρ^{HF}_r (x) be the one-particle density of the density matrix γ^{HF}_r defined in (61). Let Zα = κ fixed, 0 ≤ κ < 2/π and Z ≥ 1.

Given constants ε^′, σ > 0 there exists D <^4_5 such that for all r with β_0Z^{− 13} ≤ r ≤ D for which (64) holds for |x| ≤ r, it follows that

α^{−1} � R^3

G_α(ρ^{HF}_r (x)) dx ≤ α^{−1} Tr[T (p)γ^{HF}_r ]

≤ 2R + Cr^{−7} + Cr^{−4} � R^3

ρ^{HF}_r (x) dx,

Documenta Mathematica 15 (2010) 285–345

314 Anna Dall’Acqua and Jan Philip Solovej

with C a universal positive constant and R as defined in Theorem 4.7.

Proof. The first inequality follows directly from Theorem 2.3. To prove the second inequality we proceed as in Lemma 3.1. In this case we are interested only in the exterior part of the minimizer. Hence, instead of considering the HF-energy functional we consider the auxiliary functional E^A, defined in (62), applied to the “exterior part of the minimizer”γ^{HF}_r . Splitting the kinetic energy in two terms we find

E^A(γ^{HF}_r ) ≥^1_2 α^{−1} Tr[T (p)γ^{HF}_r ] + D(ρ^{HF}_r ) +^1_2 Tr[(α^{−1}T (p) − 2Φ^{HF}_r )γ^{HF}_r ]. (68)

Since Φ^{HF}_r (x) is harmonic for |x| > r and going to zero at infinity

Φ^{HF}_r (x) ≤ r |x| sup_{|y|=r} Φ^{HF}_r (y) for |x| > r.

Hence, since supp(ρ^{HF}_r ) ⊂ R^3 \ B_r(0) we find

Tr[(α^{−1}T (p) − 2Φ^{HF}_r )γ^{HF}_r ] ≥ Tr[(α^{−1}T (p) − 2r | · | sup_{|y|=r} Φ^{HF}_r (y))γ^{HF}_r ] = . . . .

Adding and subtracting 2D(ρ, ρ^{HF}_r ) for ρ ∈ L^1(R^3) ∩ L^{53} (R^3), ρ ≥ 0, to be chosen

. . . = Tr[(α^{−1}T (p) − V_ρ)γ^{HF}_r ] − � R^3 � R^3

ρ^{HF}_r (x)ρ(y)

|x − y| dxdy. (69)

where for simplicity of notation here and in the following V_ρ is defined as V_ρ(x) :=^{2r}_{|x|} sup_{|y|=r} Φ^{HF}_r (y) − ρ ∗^1_{|x|} .

From (69), (68) and the definition of the Coulomb norm and scalar product (Definition 2.7) we find

E^A(γ^{HF}_r ) ≥^1_2 α^{−1} Tr[T (p)γ^{HF}_r ] +^1_2 D(ρ^{HF}_r ) +^1_2 ‖ρ^{HF}_r − ρ‖^2_C −^1_2 D(ρ) +^1_2 Tr[(α^{−1}T (p) − V_ρ)γ^{HF}_r ] (70)

≥^1_2 α^{−1} Tr[T (p)γ^{HF}_r ] +^1_2 N� i=1 (θ_ru_i, (α^{−1}T (p) − V_ρ)θ_ru_i) −^1_2 D(ρ),

denoting by u_i the HF-orbitals.

We now choose ρ as the minimizer of the TF-energy functional of a neutral atom with Coulomb potential and nuclear charge 2r sup_{|y|=r} Φ^{HF}_r (y). Then V_ρ is the corresponding TF-mean field potential and we see that the last two terms on the right hand side of (70) are like the ones in the claim of Proposition B.2. The only difference is due to the presence of the localization function θ_r. We now prove that these terms give the TF-energy modulo lower order terms. The method is the same as that of Proposition B.2. We repeat the main steps since in this case the scaling depends on r. Notice that since r > β_0Z^{− 13} the contribution is coming only from the “outer zone”.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 315

Let g ∈ C^∞_0 (R^3) be spherically symmetric, normalized in L^2(R^3) and with support in B_1(0). Let us define g_r(x) := r^{−3}g(xr^{−2}) and ψ_r := g^2_r . Since V_ρ is sub-harmonic on |x| > 0, we see from the support properties of ψ_r and θ_r that N� i=1 (θ_ru_i, (α^{−1}T (p) − V_ρ)θ_ru_i) ≥ N� i=1 (θ_ru_i, (α^{−1}T (p) − V_ρ ∗ ψ_r)θ_ru_i) = . . . .

For p, q ∈ R^3 we define the coherent states g^{p,q}_r (x) := g_r(x − q)e^{ip·x}. By the formulas (B16) and (B17) with L_q the operator defined in the equation below (B17) we get

. . . =^1_{(2π)3} α^{−1} � R^3 � R^3

dpdq (T (p) − αV_ρ(q)) N� i=1 q� j=1 |(θ_ru^j_i , g^{p,q}_r )|^2

− α^{−1} N� i=1 � R^3 � R^3

dxdq (θ_r u_i)(x)(L_qθ_ru_i)(x) , (71)

where u^j_i denotes the j-th spin component of the orbital u_i. By the choice of the function g_r and with the same arguments that led to (B19) in the appendix we find

α^{−1} N� i=1 � R^3 � R^3

dxdq (θ_r u_i)(x)(L_qθ_ru_i)(x)

≤ 3 N� i=1 ‖θ_ru_i‖^2‖∇g_r‖^2_∞V ol(supp(g_r)) ≤ Cr^{−4}‖ρ^{HF}_r ‖_1. (72)

In the first term on the right hand side of (71) the integrand is zero if |q| < 1 4 r^2 since in this case supp(θ_r) ∩ supp(g^{q,p}_r ) = ∅ (by the choice D < 4/5). To estimate it further from below we consider only the negative part of the integrand 1 (2π)^3 α −1 � R^3 � R^3

dpdq (T (p) − αV_ρ(q)) N� i=1 q� j=1 |(θ_ru^j_i , g^{p,q}_r )|^2

≥^q_{(2π)3} α^{−1} � � |q|>^1_4 r^2 T (p)≤αV_ρ(q)

dpdq (T (p) − αV_ρ(q)) , (73)

where we have used that 0 ≤

�_N

i=1 |(θ_ru^j_i , g^{p,q}_r )|^2 ≤ 1 (Bessel’s inequality). We split the domain of integration in p as follows

{p ∈ R^3 : T (p) ≤ αV_ρ(q)} = Σ_1 ∪ Σ_2

with Σ_1, Σ_2 disjoint and Σ_1 = {p ∈ R^3 :^1_2 |p|^2 ≤ V_ρ(q)}. We treat these two contributions separately. We have

α^{−1} � |q|>^1_4 r^2 p∈Σ_2

dpdq (T (p) − αV_ρ(q)) ≥ − � |q|>^1_4 r^2 p∈Σ_2

dpdq [V_ρ(q)]_+ = . . .

Documenta Mathematica 15 (2010) 285–345

316 Anna Dall’Acqua and Jan Philip Solovej and computing the integral, using that (1 + x)^{32} ≤ 1 +^3_2 x +^3_8 x^2 · · · ≥ −C � |q|>^1_4 r^2

dq (α^2[V_ρ(q)]^{72}_+ + α^4[V_ρ(q)]^{92}_+) ≥ −Cα^2r^{− 232} − Cα^4r^{− 332} . (74) In the last step we used that [V_ρ(q)]_+ ≤ 2^r_{|q|} sup_{|x|=r} Φ^{HF}_r (x) and that by the hypothesis and Corollary 1.14 r sup_{|x|=r} Φ^{HF}_r (x) ≤ Cr^{−3}, (75)

choosing D such that σr^{ε′} ≤ 1. Since T (p) ≥^1_2 α|p|^2 −^1_8 α^3|p|^4 we find

α^{−1} � |q|>^1_4 r^2 p∈Σ_1

dpdq (T (p) − αV_ρ(q))

≥ � |q|>^1_4 r^2 1 2 |p|^2≤V^ρ (q)

dpdq ( 1 2 |p|^2 − V_ρ(q)) −^1_8 α^2 � |q|>^1_4 r^2 1 2 |p|^2≤V_ρ (q)

dpdq |p|^4. (76)

Computing the last integral we find

α^2 � |q|>^1_4 r^2 1 2 |p|^2≤V_ρ(q)

dpdq |p|^4 ≤ Cα^2r^{−1}(2r sup_{|x|=r} Φ^{HF}_r (x))^{72} ≤ Cα^2r^{− 232} . (77)

While for the first term on the right hand side of (76), computing the integral with respect to p, we get � � |q|>^1_4 r^2 1 2 |p|^2≤V_ρ(q)

dpdq (^1_2 |p|^2 − V_ρ(q)) = −4π^{2 52}_{15} � |q|>^1_4 r^2

dq [V_ρ(q)]^{52}_+.

Hence collecting together (71), (72), (73) (74), (77) and the inequality above we find Tr[(α^{−1}T (p)−V_ρ)γ^{HF}_r ] ≥ −^{2 32 q}_{15π2} � R^3

dx [V_ρ(x)]^{52}_+ −Cr^{−4}‖ρ^{HF}_r ‖_1 −Cr^{− 112} = . . . .

since β_0Z^{− 13} ≤ r implies β_0α^{13} ≤ κ^{13} r. From the TF-equation that ρ satisfies it follows that . . . =^3_{10} (^{6π2}_q )^{23} � R^3

dx ρ(x)^{53} − � R^3

ρ(x)V_ρ(x) dx − Cr^{−4}‖ρ^{HF}_r ‖_1 − Cr^{− 112} = E^{TF}(ρ) + D(ρ) − Cr^{−4}‖ρ^{HF}_r ‖_1 − Cr^{− 112} .

Hence from (70) and the inequality above we get using (12) and (75) E^A(γ^{HF}_r ) ≥^1_2 α^{−1} Tr[T (p)γ^{HF}] − Cr^{−7} − Cr^{−4}‖ρ^{HF}_r ‖_1.

The claim follows since E^A(γ^{HF}_r ) ≤ R by the result of Theorem 4.7 considering as a trial density matrix γ ≡ 0.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 317

Lemma 4.13. Let N^′ ∈ N and Zα = κ be fixed, 0 ≤ κ < 2/π and Z ≥ 1. Let e_j be the first N^′ negative eigenvalues of the operator α^{−1}T (p) − φ^{OTF}_r acting on functions with support on {x ∈ R^3 : |x| ≥ r}.

Given constants ε^′, σ > 0 there exists D < 4/5 such that for all r with β_0Z^{− 13} ≤ r ≤ D for which (64) holds for |x| ≤ r, for all μ ∈ (0, 1) and s < r we have

N^′�

j=1 e_j ≥ −(^2_{1−μ} )^{32 1}_{15π2} � |q|>r

[φ^{OTF}_r (q)]^{52}_+ dq − Cr^{−8}sμ^{− 32} − Cμ^{−3}r^{−5}s

−C(1 − μ)^{− 72} r^{−5} − C(1 − μ)s^{−2}N^′,

with C a positive constant.

Proof. Let f_j be the eigenfunctions (normalized in L^2(R^3, C^q )) corresponding to the eigenvalues e_j , j = 1, .., N^′. Let g ∈ C^∞_0 (R^3) with support in B_1(0) and define g_s(x) = s^{− 32} g(x/s) for a positive parameter s, s < r. We then write for μ ∈ (0, 1)

N^′�

j=1 e_j =

N^′�

j=1 (f_j , (α^{−1}T (p) − φ^{OTF}_r )f_j ) = B_1 + B_2,

where

B_1 =

N^′�

j=1 (f_j , ((1 − μ)α^{−1}T (p) − φ^{OTF}_r ∗ g^2_s )f_j ),

B_2 =

N^′�

j=1 (f_j , (μα^{−1}T (p) − φ^{OTF}_r + φ^{OTF}_r ∗ g^2_s )f_j ).

We estimate these two terms separately. Considering for p, q ∈ R^3 the coherent states g^{p,q}_s (x) := e^{ip.x}g_s(x − q) using (B16) and (B17), we find

B_1 =^1_{(2π)3} � ((1 − μ)α^{−1}T (p) − φ^{OTF}_r (q)) N� j=1 |(f_j , g^{p,q}_s )|^2 dqdp

− (1 − μ)α^{−1}

N^′�

j=1 � R^3 � R^3

dxdqf_j (x)(L_qf_j )(x) . (78)

Estimating the error term as done in (B32) and previous inequalities we get

(1 − μ)α^{−1}

N^′�

j=1 � R^3 � R^3

dxdqf_j (x)(L_qf_j )(x) ≤ C(1 − μ)s^{−2}N^′.

Since we are interested in an estimate from below and φ^{OTF}_r (q) ≤ 0 for |q| < r,

Documenta Mathematica 15 (2010) 285–345

318 Anna Dall’Acqua and Jan Philip Solovej

from (78) we find

B_1 ≥^1_{(2π)3} � � |q|>r

((1 − μ)α^{−1}T (p) − φ^{OTF}_r (q)) N� j=1 |(f_j , g^{p,q}_s )|^2 dqdp

−C(1 − μ)s^{−2}N^′. (79)

We estimate now the first term on the right hand side of (79). Considering only the negative part of the integrand and since

�_N ′ j=1 |(f_j , g^{p,q}_s )|^2 ≤ 1 we get 1 (2π)^3 � � |q|>r

((1 − μ)α^{−1}T (p) − φ^{OTF}_r (q))

N^′�

j=1 |(f_j , g^{p,q}_s )| dqdp

≥^1_{(2π)3} � � |q|>r, (1−μ)α^{−1}T (p)≤φ^{OTF}_r (q)

((1 − μ)α^{−1}T (p) − φ^{OTF}_r (q)) dpdq.

Now we split the domain of integration in p as follows

{p ∈ R^3 : α^{−1}(1 − μ)T (p) ≤ φ^{OTF}_r (q)} = Σ_1 ∪ Σ_2,

with Σ_1, Σ_2 disjoint and Σ_1 = {p ∈ R^3 : (1 − μ)|p|^2/2 ≤ φ^{OTF}_r (q)}. We treat these two contributions separately. Then 1 (2π)^3 � |q|>r, p∈Σ_2

((1 − μ)α^{−1}T (p) − φ^{OTF}_r (q))dpdq

≥ −^1_{(2π)3} � |q|>r, p∈Σ_2

[φ^{OTF}_r (q)]_+dpdq = . . .

and since in the domain of integration 2 1−μ [φ^{OTF}_r (q)]_+ ≤ |p|^2 ≤^2_{1−μ} [φ^{OTF}_r (q)]_+(1 +^1_{2(1−μ)} α^2[φ^{OTF}_r (q)]_+)

we get

. . . ≥ −^C_{(1−μ) 52} α^2 � |q|>r

dq ([φ^{OTF}_r (q)]^{72}_+ +^{α2}_{8(1−μ)} [φ^{OTF}_r (q)]^{92}_+)

≥ −^C_{(1−μ) 52} α^2(r^{−11} +^{α2}_{1−μ} r^{−15}), (80)

using Lemma 4.10 in the last step. Since √ 1 + t^2 ≥ 1 + (1/2)t^2 − (1/8)t^4, we get 1 (2π)^3 � � |q|>r, p∈Σ_1

((1 − μ)α^{−1}T (p) − φ^{OTF}_r (q))dpdq

≥^1_{(2π)3} � � |q|>r, p∈Σ_1

((1 − μ)^1_2 |p|^2 − φ^{OTF}_r (q) −^1_8 (1 − μ)α^2|p|^4)dpdq.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 319

The last term gives by Lemma 4.10

α^2 � |q|>r p∈Σ_1

dpdq |p|^4 = α^{2 4π}_7 � |q|>r

dq (^2_{1−μ} )^{72} [φ^{OTF}_r (q)]^{72}_+ ≤ Cα^2(^2_{1−μ} )^{72} r^{−11}.

(81) While for the other terms computing the integral with respect to p, we get 1 (2π)^3 � |q|>r, p∈Σ_1

((1 − μ)^1_2 |p|^2 − φ^{OTF}_r (q))dpdq

= −(^2_{1−μ} )^{32 1}_{15π2} � |q|>r

dq [φ^{OTF}_r (q)]^{52}_+. (82)

For the term B_2 using Theorem 2.5 and Remark 2.6 we find

B_2 ≥ −Cq(μ^{− 32} ‖[φ^{OTF}_r − φ^{OTF}_r ∗ g^2_s ]_+‖^{52}_{52} + α^3μ^{−3}‖[φ^{OTF}_r − φ^{OTF}_r ∗ g^2_s ]_+‖^4).

From the choice of g_s it follows that φ^{OTF}_r − φ^{OTF}_r ∗ g^2_s ≤ V_r − V_r ∗ g^2_s and the term V_r − V_r ∗ g^2_s is non-zero only for r − s ≤ |x| ≤ r + s. Hence by Lemma 4.8 and since s < r

‖[φ^{OTF}_r −φ^{OTF}_r ∗g^2_s ]_+‖^{52}_{52} ≤ � r−s≤|x|≤r+s

[V_r(x)−V_r ∗g^2(x)]^{52}_+dx ≤ Cr^{−8}s, (83)

and similarly ‖[φ^{OTF}_r − φ^{OTF}_r ∗ g^2_s ]_+‖^4 ≤ Cr^{−14}s. The claim follows from (79), (80), (81), (82) and (83) using that β_0α^{13} ≤ κ^{13} r.

Lemma 4.14. Let G_α be the function defined in Theorem 2.3 and ρ^{HF}_r (x) the one-particle density of the density matrix γ^{HF}_r defined in (61). Let Zα = κ be fixed, 0 ≤ κ < 2/π and Z ≥ 1.

There exists α_0 > 0 such that given ε^′, σ > 0 there exists D < 1/4 such that for all α ≤ α_0 and r with β_0Z^{− 13} ≤ r ≤ D for which (64) holds for |x| ≤ r, we have

‖χ^+_r ρ^{HF} − ρ^{OTF}_r ‖_C ≤ Cr^{− 72 + 16} and

α^{−1} � R^3

G_α(χ^+_r ρ^{HF}(x))dx ≤ Cr^{−7}, α^{−1} Tr[T (p)γ^{HF}_r ] ≤ Cr^{−7},

(84)

with C a universal positive constant.

Proof. The idea of the proof is the same as that of Lemma 3.1. In this case we are interested only in the exterior part of the minimizer. Hence, instead of considering the HF-energy functional we estimate from above and below the auxiliary one E^A, defined in (62), applied on the “exterior part of the minimizer”γ^{HF}_r .

Step I. Estimate from above on E^A(γ^{HF}_r ). Let us consider γ the density matrix that acts identically on the spin components and on each as

γ^j =^1_{(2π)3} � 1 2 |p|^2≤φ^{OTFr} (q)

Π_{p,q} dpdq,

Documenta Mathematica 15 (2010) 285–345

320 Anna Dall’Acqua and Jan Philip Solovej

where j ∈ {1, . . . , q} is the spin index, Π_{p,q} is the projection onto the space spanned by h^{p,q}_s (x) = h_s(x − q)e^{ip.x} where h_s is the ground state for the Dirichlet Laplacian on the ball of radius s for 0 < s < r. By the OTF-equation (66) and since μ^{OTF}_r = 0 (see Lemma 4.10) we see that ρ_γ (x) = ρ^{OTF}_r ∗|h_s|^2(x). Moreover, by Lemma 4.10

Tr[−^1_2 Δγ] =^3_{10} (^{6π2}_q )^{23} � R^3

(ρ^{OTF}_r (x))^{53} dx + Cs^{−2}r^{−3}. (85)

Since [Φ^{HF}_r ]_+ ∈ L^{52}_{loc}(R^3), by [23, Lemma 8.5] for λ^′ ∈ (0, 1) we may find γ̃ such that supp(ρ_{γ̃} ) ⊂ {x : |x| ≥ r}, ρ_{γ̃} (x) ≤ ρ_γ (x) for x ∈ R^3 and

Tr[(−^1_2 Δ − Φ^{HF}_r )γ̃] ≤ Tr[(−^1_2 Δ − χ^+_r Φ^{HF}_r )γ] + L_1 � |x|≤^r_{1−λ′}

[V_r(x)]^{52}_+ dx

+^1_2 (^π_{2λ′ r} )^2 � |x|≤^r_{1−λ′}

ρ_γ (x) dx. (86)

Since � ρ_{γ̃} ≤ � ρ_γ = � ρ^{OTF}_r ≤ � χ^+_r ρ^{HF} we may choose γ̃ as a trial density matrix in Theorem 4.7 and we find for λ, ν to be chosen

E^A(γ^{HF}_r ) ≤ E^A(γ̃) + R ≤ Tr[(−^1_2 Δ − Φ^{HF}_r )γ̃] + R + D(ρ_{γ̃} ),

since α^{−1}T (p) ≤^1_2 |p|^2. Notice that R depends on λ and ν. From (86) it follows that

E^A(γ^{HF}_r ) ≤ Tr[(−^1_2 Δ − χ^+_r Φ^{HF}_r )γ] + L_1 � |x|≤^r_{1−λ′}

[V_r (x)]^{52}_+ dx

+^1_2 (^π_{2λ′ r} )^2 � |x|≤^r_{1−λ′}

ρ_γ (x) dx + R + D(ρ_{γ̃} ). (87)

From the OTF-equation (66) and Lemma 4.10 we get � |x|≤^r_{1−λ′}

ρ_γ (x) dx ≤ � |x|≤^{2−λ′}_{1−λ′} r

ρ^{OTF}_r (x) dx ≤ Cr^{−3}.

While since V_r(y) ≤ Cr^{−4} (Lemma 4.8) and is non-zero only for |y| > r � |x|≤^r_{1−λ′}

[V_r(x)]^{52}_+ dx ≤ Cr^{−7 λ′}_{(1−λ′ )3} .

Hence, from (85) and (87) and the inequalities above we find choosing λ^′ = r^{23}

E^A(γ^{HF}_r ) ≤^3_{10} (^{6π2}_q )^{23} � R^3

(ρ^{OTF}_r (x))^{53} dx − � R^3

V_r (x)ρ_γ (x) dx + Cs^{−2}r^{−3}

+Cr^{−7+ 23} + R + D(ρ_{γ̃} ) = . . . .

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 321 Here we used that λ^′ ≤ 1/2 which follows by the bound on D. Since ρ_{γ̃} ≤ ρ_γ , D(ρ_{γ̃} ) ≤ D(ρ_γ ). Moreover by Newton’s Theorem D(ρ_γ ) ≤ D(ρ^{OTF}_r ). Hence we get

. . . ≤ E^{OTF}(ρ^{OTF}_r ) + � R^3

V_r(x)(ρ^{OTF}_r (x) − ρ_γ (x)) dx + Cs^{−2}r^{−3} +Cr^{−7+ 23} + R. (88) We study now the second term on the right hand side of (88). Since ρ_γ = ρ^{OTF} ∗ |h_s|^2, rewriting � R^3

V_r(x)(ρ^{OTF}_r (x) − ρ_γ (x)) dx = � R^3

ρ^{OTF}_r (x)(V_r (x) − V_r ∗ |h_s|^2(x)) dx.

Since s < r, V_r is harmonic on |x| > r and ρ^{OTF}_r vanishes for |x| < r one sees that the integrand on the right hand side of the equation above is non-zero only for r < |x| < r + s. Hence by Lemma 4.8 � R^3

V_r (x)(ρ^{OTF}_r (x) − ρ_γ (x)) dx ≤ � r<|x|<r+s

ρ^{OTF}_r (x)V_r (x) dx ≤ Cr^{−8}s.

Choosing s = r^{53} we find from (88) that E^A(γ^{HF}_r ) ≤ E^{OTF}(ρ^{OTF}_r ) + Cr^{−7+ 23} + R. (89) It remains to estimate R. From Lemma 4.1, choosing λ, ν ≤ 1/2 and D such that σr^{ε′} ≤ 1 we find (^π_{2λr} +^C_{λ2 r2} ) � |x|≥r(1−λ)(1−ν)

ρ^{HF}(x) dx ≤ Cr^{−5}λ^{−2}.

By Lemma 4.8, (65) and since λ ≤ 1/2 we get � r(1−λ)≤|x|≤^r_{1−λ}

(Φ^{HF}_{r(1−λ)}(x))^{52} dx ≤ Cr^{−7}λ,

and similarly α^3 � r(1−λ)≤|x|≤^r_{1−λ}

(Φ^{HF}_{r(1−λ)}(x))^4 dx ≤ Cr^{−4}λ,

since r ≥ β_0Z^{− 13} implies αr^{−3} ≤ β^{−3}_0 κ. Hence from the expression of R and the boundness of t^pe^{−t} for t > 0, we find R ≤ Ex(γ^{HF}_r ) + Cr^{−5}λ^{−2} + Cr^{−7}λ. (90)

Documenta Mathematica 15 (2010) 285–345

322 Anna Dall’Acqua and Jan Philip Solovej

We estimate now the exchange term. By the exchange inequality ([15] or [23, Th.6.4]) and proceeding as in (27) we find by Lemma 4.1 and Lemma 4.12

Ex(γ^{HF}_r ) ≤ C � R^3

G_α(ρ^{HF}_r (x))dx + Cr^{− 32} � α^{−1} � R^3

G_α(ρ^{HF}_r (x))dx

� 1_2

≤ CαR + Cαr^{−7} + Cr^{− 32} (R + r^{−7})^{12} .

Hence choosing α_0 such that 1 − Cα ≥ 1/2 for all α ≤ α_0 we get from the inequality above and (90) 1 2 R ≤ Cr^{− 32} (R + r^{−7})^{12} + Cr^{−5}λ^{−2} + Cr^{−7}λ ,

that gives R ≤ C(r^{−5}λ^{−2} + λr^{−7}) . (91)

The second two inequalities in (84) follow from the estimate above and lemmas 4.1 and 4.12 choosing λ = 1/2 and replacing r with r/2. Step II. Estimate from below on E^A(γ^{HF}_r ). Adding and subtracting D(ρ^{OTF}_r ) and Tr[ρ^{OTF}_r ∗^1_{|·|} γ^{HF}_r ] we write

E^A(γ^{HF}_r ) = Tr[(α^{−1}T (p) − φ^{OTF}_r )γ^{HF}_r ] + ‖ρ^{OTF}_r − ρ^{HF}_r ‖^2_C − D(ρ^{OTF}_r ), (92)

using that V_r = Φ^{HF}_r on the support of ρ^{HF}_r . The first term on the right hand side of (92) is estimated from below by the sum of the first N^′ eigenvalues of the operator α^{−1}T (p) − φ^{OTF}_r acting on the functions with support on {x : |x| ≥ r}. Here N^′ denotes the smallest integer bigger than Tr[γ^{HF}_r ]. Hence by Lemma 4.13 we find for μ ∈ (0, 1) and s < r

E^A(γ^{HF}_r ) ≥ −(^2_{1−μ} )^{32 q}_{15π2} � R^3

[φ^{OTF}_r (q)]^{52}_+ dq − Cr^{−8}sμ^{− 32} − Cμ^{−3}r^{−5}s

−C(1 − μ)^{− 72} r^{−5} − C(1 − μ)s^{−2} � � R^3

ρ^{HF}_r (x) dx + 1 �

+‖ρ^{OTF}_r − ρ^{HF}_r ‖^2_C − D(ρ^{OTF}_r ) = . . . ,

Notice the factor q due to spin. Choosing D such that σr^{ε′} ≤ 1, by lemmas 4.1 and 4.10 we find � R^3

ρ^{HF}_r (x) dx ≤ Cr^{−3} and � R^3

[φ^{OTF}_r (q)]^{52}_+ dq ≤ Cr^{−7}.

Hence considering μ ≤ 1/2

. . . ≥ −2^{32 q}_{15π2} � R^3

[φ^{OTF}_r (q)]^{52}_+ dq − Cr^{−7} − Cr^{−8}sμ^{− 32} − Cμ^{−3}r^{−5}s

−Cs^{−2}r^{−3} + ‖ρ^{OTF}_r − ρ^{HF}_r ‖^2_C − D(ρ^{OTF}_r ) = . . . .

By the OTF-equation (66) and since ρ^{OTF}_r has support where φ^{OTF}_r ≥ 0 we find · · · = E^{OTF}(ρ^{OTF}_r ) − Cr^{−7+ 13} + ‖ρ^{OTF}_r − ρ^{HF}_r ‖^2_C ,

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 323

choosing μ =^1_2 r^{− 25} s^{25} and s = r^{116} .

Hence combining the inequality above with (89) and (91) we find ‖ρ^{OTF}_r − ρ^{HF}_r ‖^2_C ≤ Cr^{−7+ 13} + C(r^{−5}λ^{−2} + λr^{−7}). (93) We study now ‖χ^+_r ρ^{HF} − ρ^{HF}_r ‖_C . By Hardy-Littlewood-Sobolev inequality we find ‖χ^+_r ρ^{HF} − ρ^{HF}_r ‖_C ≤ C‖χ^+_r ρ^{HF} − ρ^{HF}_r ‖ 6_5 ≤ C � � r≤|x|≤^r_{1−λ}

ρ^{HF}(x)^{65} dx

� 5_6

. (94)

To estimate the last term in (94) we are going to use the second estimate in (84) that we have just proved. With Σ defined as in (26) we find by Hölder’s inequality � r≤|x|≤^r_{1−λ}

ρ^{HF}(x)^{65} dx ≤ � � r≤|x|, x∈Σ ρ^{HF}(x)^{43} dx

� 9_{10} � �

r≤|x|≤^r_{1−λ}

1 dx

� 1_{10}

+ � � r≤|x|, x∈R^3\Σ

ρ^{HF}(x)^{53} dx

� 18_{25} � �

r≤|x|≤^r_{1−λ}

1 dx

� 7_{25}

≤ Cr^{− 3310} λ^{110} + Cr^{− 215} λ^{725} .

From the estimate above, (93) and (94) it then follows ‖χ^+_r ρ^{HF} − ρ^{OTF}_r ‖_C ≤ ‖χ^+_r ρ^{HF} − ρ^{HF}_r ‖_C + ‖ρ^{HF}_r − ρ^{OTF}_r ‖_C ≤ Cr^{− 72 + 16} + C(r^{−5}λ^{−2} + λr^{−7})^{12} + C(r^{− 114} λ^{112} + r^{− 72} λ^{730} ), that gives the claim choosing λ = r^{57}

4.3.3 Estimate on A_3 Lemma 4.15. Let G_α be the function defined in Theorem 2.3. Let Zα = κ fixed, 0 ≤ κ < 2/π and Z ≥ 1.

There exists α_0 > 0 such that given ε^′, σ > 0 there exists a constant D < 1/4 depending only on ε^′ and σ such that if (64) holds for all |x| ≤ D, then for all α ≤ α_0 α^{−1} � |y|≥|x|

G_α(ρ^{HF}(y))dy ≤ C|x|^{−7} for all |x| ≤ D,

with C a universal positive constant. Proof. If |x| < β_0Z^{− 13} we find by Lemma 3.1

α^{−1} � |y|>|x|

G_α(ρ^{HF}(y))dy ≤ α^{−1} � R^3

G_α(ρ^{HF}(y))dy ≤ CZ^{73} ≤ C|x|^{−7}.

While if D ≥ |x| ≥ β_0Z^{− 13} the claim follows from the second estimate in (84).

Documenta Mathematica 15 (2010) 285–345

324 Anna Dall’Acqua and Jan Philip Solovej

Lemma 4.16. Let Zα = κ fixed, 0 ≤ κ < 2/π, Z ≥ 1 and 0 < μ <^1_{109} . There exists α_0 such that given ε^′, σ > 0 there exists a constant D < 1/4 depending only on ε^′ and σ such that for all α ≤ α_0 and for all r with β_0Z^{− 1−μ3} ≤ r ≤ D for which (64) holds for |x| ≤ r, then for all x with |x| ≥ r

|A_3(r, x)| ≤ C

� |x| r � 1_{12}

r^{−4+ 3μ1−μ} ,

with C > 0 a universal constant.

Proof. We proceed similarly as in Theorem 3.3. By the formula for A_3, Proposition 2.8 and Lemma 4.14 we get

|A_3(r, x)| ≤ � A(|x|,k)

χ^+_r (y)

|ρ^{OTF}_r (y) − ρ^{HF}(y)|

|x − y| dy + Ck^{−1}|x|^{− 12} r^{− 72 + 16} . (95)

By Hölder’s inequality, Lemma 4.10, the OTF-equation (66) and (33) we find � A(|x|,k)

ρ^{OTF}_r (y) |x − y| dy ≤ Cr^{− 215} |x|^{15} k^{15} . (96)

Once again, to estimate � A(|x|,k) χ^+_r (y)ρ^{HF}(y) |x−y| dy we have to proceed differently

than in [23, Lem.12.7] since ρ^{HF} is not in L^{53} (R^3). We consider the following splitting � A(|x|,k)

χ^+_r (y) ρ^{HF}(y) |x − y| dy = � A(|x|,k) |x−y|>R,|y|>r

ρ^{HF}(y) |x − y| dy + � |y|>r, |x−y|<R

ρ^{HF}(y) |x − y| dy, (97) for R > 0 to be chosen. By Hölder’s inequality, Theorem 2.3, Remark 2.4, (33) and Lemma 4.14 we get � A(|x|,k) |x−y|>R,|y|>r

ρ^{HF}(y) |x − y| dy ≤ Cα^{34} R^{− 38} |x|^{18} k^{18} r^{− 214} + Cr^{− 215} |x|^{15} k^{15} . (98)

It remains to study the second term on the right hand side of (97). Let ν ∈ R^+ be such that να ≤ 2/π. We consider the density matrix γ^{HF}_{r/2} defined in (61) with λ = 1/2. From Theorem 2.10 it follows that for x such that |x| ≥ r

Tr[(α^{−1}T (p) − ν | · −x| χ_{BR(x)}(·))γ^{HF}_{r/2}] ≥ −C(ν^{52} R^{12} + ν^4α^2).

Hence we find ν � |y−x|<R

χ^+_r (y) ρ^{HF}(y) |x − y| dy ≤ ν � |y−x|<R

ρ^{HF}_{r/2}(y) |x − y| dy ≤ Tr[α^{−1}T (p)γ^{HF}_{r/2}] + C(ν^{52} R^{12} + ν^4α^2)

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 325

and by Lemma 4.14 � |y−x|<R

χ^+_r (y) ρ^{HF}(y) |x − y| dy ≤ Cν^{−1}r^{−7} + C(ν^{32} R^{12} + ν^3α^2). (99)

Hence from (95), (96), (98) and (99) it follows that

|A_3(r, x)| ≤ Cν^{−1}r^{−7} + C(ν^{32} R^{12} + ν^3α^2) + Cα^{34} R^{− 38} |x|^{18} k^{18} r^{− 214} +Cr^{− 215} |x|^{15} k^{15} + Ck^{−1}|x|^{− 12} r^{− 72 + 16} .

So choosing ν = 1/2(β_0r^{−1})^{31−μ} (that gives να < 2/π), k such that r^{− 215} |x|^{15} k^{15} = k^{−1}|x|^{− 12} r^{− 72 + 16} , i.e. k = |x|^{− 712} r^{1318} and R such that α^{34} R^{− 38} |x|^{18 512} r^{− 214 + 18 1318} = r^{−4− 118} |x|^{112} , i.e. R = α^2|x|^{− 112} r^{− 518}

|A_3(r, x)| ≤ C(r^{−4+ 3μ1−μ} + |x|^{− 124} r^{− 536 − 92(1−μ)} α + r^{− 91−μ} α^2 + |x|^{112} r^{−4− 118} ).

Finally since r^{−1}α^{1−μ3} ≤ β^{−1}_0 κ^{1−μ3} , the claim follows for |x| ≥ r and μ < 1/(109).

4.4 The intermediate region Here we prove the main estimate in Theorem 1.17 up to a fixed distance independent of Z.

Lemma 4.17 (Iterative step). Let Zα = κ fixed with 0 ≤ κ < 2/π. Consider μ =^1_{11}^1_{49} and assume N ≥ Z ≥ 1.

Then there exists α_0 > 0 such that for all δ, ε^′, σ > 0 with δ < δ_0, where δ_0 is some universal constant, there exists constants ε_2, C^′_ϕ > 0 depending only on δ and a constant D = D(ε^′, σ) > 0 depending only on ε^′, σ with the following property. For all α ≤ α_0 and R_0 < D satisfying that β_0Z^{− 1−μ3} ≤ R^{1+δ}_0 and that (64) holds for all |x| ≤ R_0, there exists R^′_0 > R_0 such that

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C^′_Φ|x|^{−4+ε2}

for all x with R_0 < |x| < R^′_0.

Proof. Let D > 0 depending on σ, ε^′ be the smaller of the values of D occurring in Lemma 4.11 and Lemma 4.16. Given δ > 0. We consider R_0 < D satisfying β_0Z^{− 1−μ3} ≤ R^{1+δ}_0 and such that (64) holds for all |x| ≤ R_0. Set R^′_0 = R^{1−δ}_0 and r = R^{1+δ}_0 . Then we have β_0Z^{− 13} ≤ β_0Z^{− 1−μ3} ≤ r ≤ R_0 < D we can therefore apply Lemma 4.11 and Lemma 4.16. From (67) we obtain that for all |x| ≥ r and all α ≤ α_0

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C|x|^{−4−ζ} r^ζ + C

� |x| r � 1_{12} r^{−4+ 3μ1−μ} .

Documenta Mathematica 15 (2010) 285–345

326 Anna Dall’Acqua and Jan Philip Solovej Since for R_0 < |x| < R^′_0 we have |x|^{2δ1−δ} ≤ r |x| ≤ |x|^δ

and thus

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C|x|^{−4+δζ} + C|x|^{−4+3 μ1−μ} |x|^{− δ1−δ (8+ 16 − 6μ1−μ )}. Hence choosing δ_0 sufficiently small there are C^′_Φ and ε_2 such that the claim holds.

Lemma 4.18. Let Zα = κ fixed with 0 ≤ κ < 2/π. Assume N ≥ Z ≥ 1. Then there exist universal constants α_0, ε ∈ (0, 4) and D, C_Φ > 0, D < 1/4, such that for all α ≤ α_0 and x with |x| ≤ D we have |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C_Φ|x|^{−4+ε}.

Proof. We fix μ =^1_{11}^1_{49} as in Lemma 4.17. Since μ <^2_{11}^1_{49} , by Theorem 3.3 we know that there exists constants a, b, c > 0 such that for all |x| ≤ βZ^{− 1−μ3} |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(1 + β^2 + β^{5/2} + β^b|x|^c)β^{2−a}|x|^{−4+a}. (100) We first show that we may choose δ small enough such that if we choose R̃^{1+δ} = β_0Z^{− 1−μ3} we have for all |x| < R̃ that |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C^{′′}_Φ|x|^{−4+ a2} . (101) Let β > 0 be such that (βZ^{− 1−μ3} )^{1+δ} = β_0Z^{− 1−μ3} , i.e. β^{1+δ} = β_0Z^{δ 1−μ3} . Hence from (100) we find for all |x| ≤ βZ^{− 1−μ3}

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(1 + β^2 + β^{5/2} + β^b|x|^c)β^{2− a2} Z^{− a2 1−μ3} |x|^{−4+ a2} , and by the choice of β (and β_0 < 1) |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C(1 + Z^{2 δ1+δ 1−μ3} + Z^{52 δ1+δ 1−μ3} + Z^{δ1+δ 1−μ3 (b+c)}Z^{−c 1−μ3} ) Z^{(2− a2 ) 1−μ3 δ1+δ} Z^{− a2 1−μ3} |x|^{−4+ a2} .

Hence if δ is small enough we may choose a universal constant C^{′′}_Φ such that (101) holds.

Let now δ be small enough so that we may apply Lemma 4.17. This give constant ε_2 and C^′_Φ (depending only on δ) and for all σ, ε^′ > 0 a constant D < 1/4. Now choose σ = max{C^′_Φ, C^{′′}_Φ} and ε^′ = min{a/2, ε_2}. Now σ, ε^′ and D are universal constants. To prove the claim we shall prove that for all |x| ≤ D |Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ σ|x|^{−4+ε′} . (102)

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 327

We have to prove that D belongs to the set

M = {0 < R ≤ 1/4 : Inequality (102) holds for all |x| ≤ R}.

We reason by contradiction. If this was not true then D > R_0 = sup M and in particular R_0 < 1/4. From (101) and the choice of σ and ε^′ it follows that either R̃ > 1/4 or R̃ ∈ M. In the first case then R_0 = sup M = 1/4 > D that contradicts our hypothesis. On the other hand if R̃ ∈ M, then R^{1+δ}_0 ≥ R̃^{1+δ} = β_0Z^{− 1−μ}_3 . It then follows from Lemma 4.17 that there exists R^′_0 ∈ M with R^′_0 > R_0. This contradicts also our hypothesis.

4.5 The outer zone and proof of Theorem 1.17

The proof of Theorem 1.17 follows directly from Lemma 4.18 and the following result.

Lemma 4.19. Let Zα = κ, 0 ≤ κ < 2/π. Assume N ≥ Z ≥ 1. Let D, ε and C_Φ be the constants introduced in Lemma 4.18.

Then there exist α_0 > 0 and a universal constant C_M > 0 such that for all α ≤ α_0 and x with |x| ≥ D we have

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C_M .

Proof. Here C_i, i = 1, . . . , 6 denote positive universal constants. We write

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ |Φ^{HF}_D (x) − Φ^{TF}_D (x)| + � D<|y|<|x|

ρ^{TF}(y) + ρ^{HF}(y) |x − y| dy. (103) Since Φ^{HF}_D (x) − Φ^{TF}_D (x) is harmonic for |x| > D and tends to zero at infinity we have by Lemma 4.18

|Φ^{HF}_D (x) − Φ^{TF}_D (x)| ≤ sup_{|x|=D} |Φ^{HF}_D (x) − Φ^{TF}_D (x)| ≤ C_ϕD^{−4+ε}. (104)

For the second term on the right hand side of (103) we write � D<|y|<|x|

ρ^{TF}(y) + ρ^{HF}(y) |x − y| dy ≤ � |x−y|<D/4 |y|>D

ρ^{TF}(y) + ρ^{HF}(y) |x − y| dy + 4 D � D<|y|

(ρ^{TF}(y) + ρ^{HF}(y)) dy. (105)

By Lemma 4.1, Lemma 4.18, estimate (13) and the TF-equation we find � D<|y|

(ρ^{TF}(y) + ρ^{HF}(y)) dy ≤ C_1(1 + C_ΦD^ε)(1 + D^{−3}) + C_1D^{−3}. (106)

Documenta Mathematica 15 (2010) 285–345

328 Anna Dall’Acqua and Jan Philip Solovej

It remains to estimate the first term on the right hand side of (105). By Hölder’s inequality, estimate (13) and the TF-equation we get � |x−y|<D/4

|y|>D

ρ^{TF}(y) |x − y| dy ≤ C_2 � � |y|>D

(ρ^{TF}(y))^{53} dy

� 3_5 D^{15} ≤ C_3D^{−4}. (107)

To estimate the term with the HF-density we use Theorem 2.10. Let γ^{HF}_D be the exterior HF-density matrix as defined in (61) with r = D/2 and λ = 1/2. Then by Theorem 2.10 with ν = β^3_0 D^{−3}

α^{−1} Tr[(T (p) − να |x − ·| χ_{B D4 (x)}(·))γ^{HF}_{D/2}] ≥ −C_4(D^{12} ν^{52} + ν^4α^2),

and thus � |x−y|<D/4

ρ^{HF}_{D/2}(y) |x − y| dy ≤ C_5D^3α^{−1} Tr[T (p)γ^{HF}_{D/2}] + C_6D^{−4},

Here we use that D > 2β_0Z^{− 13} (for α ≤ α_0) and D < 1/4. By Lemma 4.14 we conclude � |x−y|<D/4

χ^+_D (y) ρ^{HF}(y) |x − y| dy ≤ � |x−y|<D/4

ρ^{HF}_{D/2}(y) |x − y| dy ≤ C_7D^{−4}. (108)

The claim follows collecting together formula (103) to formula (108).

5 Proofs of Theorems 1.1, 1.18, 1.19 and 1.20

In this section we always assume the following: Zα = κ with 0 ≤ κ < 2/π and N ≥ Z ≥ 1.

Proof of Theorem 1.1. Assume that a HF-minimizer exists with � ρ^{HF} = N.

Let ρ^{TF} be the minimizer of the TF-energy functional of the neutral atom with nuclear charge Z. Then for R > 0 to be chosen N = � |x|<R

ρ^{TF}(x) dx+ � |x|<R

(ρ^{HF}(x)−ρ^{TF}(x)) dx+ � |x|>R

ρ^{HF}(x) dx. (109)

By Theorem 1.17 we know that there exist universal positive constants ε, α_0, C_M and C_Φ such that for all α ≤ α_0 and x ∈ R^3

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ C_Φ|x|^{−4+ε} + C_M . (110)

Let Z_0 be such that Z_0α_0 = κ. Then α ≤ α_0 corresponds to Z ≥ Z_0. Let us choose R such that C_ΦR^{−4+ε} = C_M . Then from (109), (110) and Lemma 4.1 for all Z ≥ Z_0 we find N ≤ � |x|<R

ρ^{TF}(x) dx + 2C_ΦR^{−3+ε} + C(1 + C_ΦR^ε)(R^{−3} + 1) < Z + Q̃.

The claim follows choosing Q = max{Q̃, Z_0 + 1}.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 329

Proof of Theorem 1.18. Let ρ^{HF} be the density of the HF-minimizer in the neutral case N = Z. We have � � � |x|>R

(ρ^{HF}(x) − ρ^{TF}(x))dx � � = � � � |x|<R

(ρ^{HF}(x) − ρ^{TF}(x))dx � � = � � � R 4π � S^2

dω(Φ^{HF}_R (Rω) − Φ^{TF}_R (Rω)) � � � ≤ C_ΦR^{−3+ε} + C_M R,

where in the last step we have used Theorem 1.17. Notice that for Z sufficiently big α ≤ α_0 where α_0 is the constant given in Theorem 1.17. By the TFequation, Theorem 1.12 we then find

3^4

2π^2 q^2

R^{−3} − C_ΦR^{−3+ε} − C_M R ≤ � |x|>R

ρ^{HF}(x)dx

≤ 3^4

2π^2 q^2

R^{−3} + C_ΦR^{−3+ε} + C_M R,

from which the claim follows directly by the definition of HF-radius.

Proof of Theorem 1.19. Since E^{HF}(Z − 1, Z) ≥ E^{HF}(Z, Z) the ionization energy is bounded from below by zero. If Z is smaller than a universal constant then we can also bound the ionization energy with a universal constant using Theorem 2.11.

It remains to estimate from above the ionization energy when Z is larger than a universal constant. We first construct a density matrix γ such that Tr[γ] ≤ Z − 1. Let θ_− := (1 − θ^2_{r(1−λ)})^{12} for r, λ positive parameters and θ_r defined in Definition 4.4. We consider the density matrix γ^{HF}_− := θ_−γ^{HF}θ_− where γ^{HF} is the HF-minimizer in the neutral case. By an opportune choice of r we will then have Tr[γ^{HF}_− ] ≤ Z − 1. Indeed,

Tr[γ^{HF}_− ] = � R^3

ρ^{HF}(x) dx − � R^3

θ^2_{r(1−λ)}(x)ρ^{HF}(x) dx ≤ Z − � |x|>r

ρ^{HF}(x) dx.

We now choose λ =^1_2 . Let R > 0 be such that C_M = C_ΦR^{−4+ε} where C_M , C_Φ, ε are the constants in Theorem 1.17. Then R is a universal constant. We consider Z large enough so that β_0Z^{− 13} < R where β_0 is the constant in Theorem 1.12. This gives that Z has to be larger than some universal constant. For r such that β_0Z^{− 13} < r < R by Theorem 1.17 we find

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ 2C_Φ|x|^{−4+ε} for all |x| ≤ r.

Since � ρ^{TF} = � ρ^{HF}, by the choice of r and Lemma 4.1 we get � |x|>r

ρ^{HF}(x) dx = � |x|>r

ρ^{TF}(x) dx + � |x|<r

(ρ^{TF}(x) − ρ^{HF}(x)) dx ≥ � |x|>r

ρ^{TF}(x) dx − 2C_Φr^{−3+ε} ≥ Cr^{−3} − 2C_Φr^{−3+ε}. (111)

Documenta Mathematica 15 (2010) 285–345

330 Anna Dall’Acqua and Jan Philip Solovej

In the last step we used the TF-equation, Corollary 1.13 and that r > β_0Z^{− 13} . Finally, it follows from (111) by choosing r sufficiently small that � |x|>r ρ

HF > 1 and hence that Tr[γ^{HF}_− ] ≤ Z − 1. We may choose r sufficiently small by taking Z large enough. Notice that r can be chosen universally and so Z has to be larger than some universal constant.

By the last estimate in the proof of Theorem 4.7 we find

E^{HF}(γ^{HF}_− ) ≤ E^{HF}(γ^{HF}) − E^A(γ^{HF}_r ) + R,

with R and γ^{HF}_r as defined in the statement of Theorem 4.7. Since E^{HF}(γ^{HF}_− ) ≥ E^{HF}(Z−1, Z) and E^{HF}(γ^{HF}) = E^{HF}(Z, Z) it remains to prove that −E^A(γ^{HF}_r )+ R is bounded from above by some universal constant. Here we use repeteadly that r is a universal constant. By estimate (91) we see that R ≤ Cr^{−7} a universal constant. To estimate from below E^A(γ^{HF}_r ) we first leave out the kinetic energy term and the direct term since these are positive. Moreover, since Φ^{HF}_r is harmonic for |x| > r and tends to zero at infinity we see that

Φ^{HF}_r (x) ≤ r |x| sup_{|y|=r} Φ^{HF}_r (y) ≤ r |x| sup_{|y|=r} Φ^{TF}_r (y) + r |x| sup_{|y|=r} |Φ^{TF}_r (y) − Φ^{HF}_r (y)|,

which is bounded by C^′/|x|, C^′ a universal constant, by Theorem 1.17 and Corollary 1.14. It then follows that

E^A(γ^{HF}_r ) ≥ − Tr[

C^′ | · | γ^{HF}_r ] ≥ −

C^′ r � |x|>r

ρ^{HF}(x) dx,

that is bounded from below by a universal constant using Lemma 4.1.

Proof of Theorem 1.20. Let α_0 be the constant appearing in Theorem 1.17 and Z_0 be such that α_0Z_0 = κ. The claim follows directly for Z ≤ Z_0 since both functions are bounded for |x| large, while for |x| small the functions are bounded by a constant times |x|^{−1}.

The case Z > Z_0 corresponds to α < α_0 and for such values of α we can use the result in Theorem 1.17. We separate the case small x, intermediate x and large x. Once again, comparing with the proof in the non-relativistic case ([23]) we have to do an extra splitting for small x.

By the definition of the mean field potential and Proposition 2.8 we find

|φ^{TF}(x) − φ^{HF}(x)| ≤ � |x−y|<s

(ρ^{TF}(y) + ρ^{HF}(y)) � 1 |x − y| − 1 s �

+ √ 2 s^12

‖ρ^{TF} − ρ^{HF}‖_C .

Since ρ^{TF} is bounded in L^{53} -norm, we find using Hölder’s inequality, Corollary 1.15 and Lemma 3.1 that

|φ^{TF}(x) − φ^{HF}(x)| ≤ � |x−y|<s

ρ^{HF}(y) � 1 |x − y| − 1 s � + C(s^{15} Z^{75} + s^{− 12} Z^{1+ 322} ).

(112)

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 331

For the integral with the HF-density we need to split the region where the HF-density is bounded in L^{43} -norm from the one where it is bounded in L^{53} - norm. Proceeding as in the proof of Lemma 3.2 (from (35) to (37) replacing the integrals on A(|x|, k) with integrals on |x − y| < s) using the results of Lemma 3.1 we get with R ∈ (0, s) to be chosen � |x−y|<s

ρ^{HF}(y) � 1 |x − y| − 1 s � ≤ C(Z^{75} s^{15} +R^{− 14} (αZ^{73} )^{34} +Z^{43} +R^{12} Z^{32} ). (113)

Recall that Zα = κ is fixed. Choosing s such that Z^{75} s^{15} = Z^{43} (i.e. s = Z^{− 13} ) and R such that R^{− 14} Z = R^{12} Z^{32} (i.e R = Z^{− 23} ; notice that R < s) we get from (112) and (113) |φ^{TF}(x) − φ^{HF}(x)| ≤ C(Z^{43} + Z^{76} ).

The claim follows from this inequality for x ∈ R^3 such that |x| ≤ β_0Z^{− 1+γ3} for γ > 0. We consider γ <^1_{263} .

If |x| ≥ β_0Z^{− 1+γ3} then proceeding as for very small x and as in the proof of Theorem 3.3 up to inequality (43) we get for t ∈ (^{1+γ}_3 ,^3_5 ), l > t and R < β_0Z^{−l}

|φ^{TF}(x) − φ^{HF}(x)| ≤ C(s^{15} Z^{75} + s^{− 12} Z^{1+ 322} + R^{− 38} s^{18} Z + Z^{12 (3−t)}).

Here we have also used that Zα is a constant. So choosing s such that s^{15} Z^{75} = Z^{12 (3−t)} (i.e. s = Z^{12 − 52 t}), R such that R^{− 38} Z^{1+ 116 − 516 t} = Z^{12 (3−t)} (i.e. R = Z^{− 76 + 12 t}) and optimizing in t (i.e. t =^1_3 +^4_3^1_{77} ) we obtain

|φ^{TF}(x) − φ^{HF}(x)| ≤ CZ^{43 − 23 177} . (114)

Notice that t >^{1+γ}_3 , R < s by the choice of t and that R satisfies the condition R < β_0Z^{−l}, l > t, for Z sufficiently big. The claim then follows from (114) for x ∈ R^3 such that |x|^{1+δ} ≤ β_0Z^{− 13} for δ <^1_{153} . We fix δ =^1_2^1_{153} . We turn now to study intermediate x. Let D ≤ 1 be such that C_M ≤ C_ΦD^{−4+ε} with C_M , C_Φ, ε the constants in Theorem 1.17. Then for all x such that |x| ≤ D

|Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x)| ≤ 2C_Φ|x|^{−4+ε}.

Moreover we choose D such that Lemma 4.11 holds. Let x be such that β_0Z^{− 13} ≤ |x|^{1+δ} ≤ D^{1+δ1+μ} with 0 < μ ≤ δ. We set r = |x|^{1+μ}. Then β_0Z^{− 13} ≤ r ≤ D. We write φ^{TF}(x) − φ^{HF}(x) = φ^{TF}(x) − φ^{OTF}_r (x) + φ^{OTF}_r (x) − φ^{HF}(x) with φ^{OTF}_r the mean field potential of the OTF-problem defined in Subsection 4.3. By the choice of r and D and Lemma 4.11 we get since |x| ≥ r = |x|^{1+μ}

|φ^{TF}(x) − φ^{OTF}_r (x)| ≤ C|x|^{−4−ζ} r^ζ , (115)

for |x| ≥ r with ζ = (7 + √ 73)/2. For the other two terms we see

φ^{HF}(x) − φ^{OTF}_r (x) = � ρ^{OTF}_r (y) − χ^+_r (y)ρ^{HF}(y) |x − y| dy, Documenta Mathematica 15 (2010) 285–345

332 Anna Dall’Acqua and Jan Philip Solovej

and proceeding as for small x with the Coulomb-norm estimate Proposition 2.8, by Lemma 4.14 and inequality (99)

|φ^{HF}(x)−φ^{OTF}_r (x)| ≤ C

� s^1_5

r^{21}5 + r^{− 72 + 16} s^12

+R^{− 14} (αr^{−7})^{34} +ν^{−1}r^{−7}+ν^{32} R^{12} +ν^3α^2 � .

Choosing ν = β^3_0 r^{−3 1+δ1+μ} , so that να ≤ κ < 2/π, s such that s^{15} r^{− 215} = r^{− 72 + 16} s^{− 12} (i.e. s = r^{1+ 521} ), and choosing R such that the two terms where it appears are equal (i.e. R = r^{2+9 δ−μ1+μ} ; notice that R < s) we get

|φ^{HF}(x) − φ^{OTF}_r (x)| ≤ C(r^{−4+ 121} + r^{−4+3 δ−μ1+μ} ),

since αr^{−3 1+δ1+μ} is bounded and r ≤ 1. Collecting together the inequality above and (115) and using that r = |x|^{1+μ} the claim follows for β_0Z^{− 13} ≤ |x|^{1+δ} ≤ D^{1+δ1+μ} . We fix μ = δ/2.

It remains to study the case of large x, i.e. |x| ≥ D^{1+δ1+μ} with D, δ, μ universal constants. For simplicity of notation we fix the universal constant A := D^{1+δ1+μ} . We first notice that

φ^{HF}(x) − φ^{TF}(x) = Φ^{HF}_{|x|} (x) − Φ^{TF}_{|x|} (x) + � |y|>|x|

ρ^{TF}(y) − ρ^{HF}(y) |x − y| dy. The difference of the first two terms is bounded by a universal constant for |x| ≥ A by the result in Theorem 1.17. To estimate the last integral we split it as follows � |y|>|x|

|ρ^{TF}(y) − ρ^{HF}(y)| |x − y| dy ≤ � |y|>|x| |x−y|<1

ρ^{TF}(y) |x − y| dy + � |y|>|x| |x−y|<1

ρ^{HF}(y) |x − y| dy

+ � |y|>|x|

(ρ^{TF}(y) + ρ^{HF}(y)) dy.

Since |x| ≥ A the third term on the right hand side is bounded by a universal constant by Lemma 4.1 (for ρ^{HF}) and Corollary 1.13 (for ρ^{TF}). We estimate the first term by Hölder’s inequality and Corollary 1.15. We get a bound on the second term proceeding as in (99) (using Theorem 2.10) and choosing ν =^1_2 and R = 1. We obtain � |y|>|x| |x−y|<1

ρ^{TF}(y) + ρ^{HF}(y) |x − y| dy ≤ C(A^{− 215} + A^{−7} + α^2).

Then there exists a universal contant A^′ such that |φ^{HF}(x) − φ^{TF}(x)| ≤ A^′ for |x| ≥ A.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 333 A Technical lemmas Proof of (16) By the definition of the function G_α the inequalities in (16) are equivalent to the following ones 3 5 t^4 min{^2_5 t, 1} ≤ g(t) −^8_3 t^3 ≤ 2t^4 min{^2_5 t, 1} for t ≥ 0. (A1) As before we use the substitution t = α(ρ/C)^{13} .

The estimates in (A1) follow directly from the study of the function g separating the cases t <^5_2 and t ≥^5_2 .

Proof of Remark 4.2 Using the estimate on K_2 given in (15) we find � x ∈ Σ_r(β_1, β_2) y ∈ Σ_r(β_3, β_4)

K_2(α^{−1}|x − y|)^2 dxdy

≤ (16)^2α^4 � � x ∈ Σ_r(β_1, β_2) y ∈ Σ_r(β_3, β_4) e^{−α−1 |x−y|} |x − y|^4 dxdy

≤ (16)^2α^4e^{−α−1r(β3−β2)}4π

�_∞

r(β_3−β_2)

ρ^{−2}dρ � Σ_r (β_1,β_2) dx, since |x − y| ≥ (β_3 − β_2)r. The claim follows computing the two integrals.

A.1 Fourier transform In the present sub-section we present our notation for the Fourier transform (as in [20]). Given f ∈ L^2(R^3) we denote its Fourier transform by

f̂(p) = F(f)(p) :=^1_{(2π) 32} � R^3

e^{ip·x}f(x)dx.

Let f, g ∈ L^2(R^3). The following formulas hold:

1. F(f ∗ g)(p) = (2π)^{32} f̂(p)ĝ(p); 2. F(fg)(p) = (2π)^{− 32} (f̂ ∗ ĝ)(p);

3. if g(x) = e^{−λ|x|2} then ĝ(p) = (2λ)^{− 32} e^{−|p|2/(4λ)}; 4. |x|^{−α} = π^{α2} (Γ(^α_2 ))^{−1}

�_{+∞} 0 e^{−π|x|2λ}λ^{α2 −1}dλ for 0 < α < n (see [14, page 130]).

Moreover, F �f(x) |x| � (k) =^1_{2π2} � R^3

f̂(p) |k − p|^2 dp.

Documenta Mathematica 15 (2010) 285–345

334 Anna Dall’Acqua and Jan Philip Solovej

B Large Z-behavior of the energy

In [21] the author studies the large Z-behavior of the ground state energy for problem (1). In this work we are going to use the same construction in several points (Lemmas 3.1, 4.12, Theorem 3.3, ....) and with, in certain cases, a slightly different Hamiltonian. For convenience we repeat here the main ideas of the proof. We do it as it is needed in the proof of Theorem 3.3 since in this case the proof is more involved. We remark that in our proof we use a localisation less than in [21]. Thanks to Theorem 2.10 and [24, Theorem 2.8] it is sufficient to consider the region near the nuclei and the one far away from the nuclei. There is no need for an intermediate region.

Proposition B.1. Let Zα = κ be fixed with 0 ≤ κ < 2/π and Z ≥ 1. Let us consider P ∈ R^3, with |P| ≥ βZ^{− 1+μ3} for β > 0 and μ ∈ (0, 4/5). Let Z ≥ ν > 0 and R > 0 be such that R < βZ^{−l}/4 for some^{1+μ}_3 < l. Moreover, let ρ^{TF} denote the minimizer of the TF-energy functional of a neutral atom with nucleus of charge Z. Consider the Hamiltonian

H_P := N� i=1 � α^{−1}T (p_i) − Z |x_i| − ν |x_i − P| χ_{BR(P)}(x_i) � + � i<j 1 |x_i − x_j |

, (B2)

acting on ∧^N_{i=1}L^2(R^3; C^q).

Then for all t ∈ (^{1+μ}_3 , min{l,^3_5 }) and ψ ∈ ∧^N_{i=1}L^2(R^3), with ‖ψ‖_2 = 1,

⟨ψ, H_pψ⟩ ≥ E^{TF}(ρ^{TF}) − C(β^{12} + β^{−2})Z^{52 − 12 t},

with C depending only on q and κ.

Proof. Since E^{TF}(ρ^{TF}) = −e_0Z^{73} (see (12)) to prove the claim it is sufficient to show that the TF-energy gives a lower bound to the quantum energy modulo lower order terms. In the proof we first reduce to a one-particle operator. Then we localize the energy separating the contribution from the regions near the nuclei from the contribution from the region far away from them. Finally we study the contribution of each of these terms. The main contribution to the energy is given by the region far away from the nuclei. This region will give the TF-energy.

In the following, s = (3 − t)/4 (t < s < 2/3).

In the proof C denotes a generic positive constant depending only on q and κ. Reduction to a one-particle problem. We are going to estimate from below H_P by a one-particle operator. This allows us to consider only Slater determinants when minimizing the energy.

Let g ∈ C^∞_0 (R^3), g ≥ 0 be spherically symmetric with supp(g) ⊂ B_1(0) and such that ‖g‖_2 = 1. Starting from these g we define Φ_s(x) :=

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 335

(β/(8Z^s))^{−3}g^2(8Z^sx/β). Then by Newton’s theorem � i<j 1 |x_i − x_j | ≥ � i<j � Φ_s(x_i − x)Φ_s(x_j − y)

|x − y| dxdy =

=^1_2 N� i,j=1 � Φ_s(x_i − x)Φ_s(x_j − y)

|x − y| dxdy −^N_2 � Φ_s(x)Φ_s(y) |x − y| dxdy = . . .

and introducing ρ ∈ L^1(R^3) ∩ L^{53} (R^3), ρ ≥ 0, to be chosen

. . . =^1_2 � R^3 � R^3 ( �_N

i=1 Φ_s(x_i − x) − ρ(x))(

�_N j=1 Φ_s(x_j − y) − ρ(y)) |x − y| dxdy + N� i=1 � R^3 � R^3

Φ_s(x_i − x)ρ(y) |x − y| dxdy − D(ρ) −^N_2 � R^3 � R^3

Φ_s(x)Φ_s(y) |x − y| dxdy

≥ N� i=1 ρ ∗ Φ_s ∗ 1 |x_i|

− D(ρ) − C‖g^2‖^26_5 Nβ^{−1}Z^s. (B3)

In the last inequality we use that the first term on the left hand side of (B3) is non-negative and that � R^3 � R^3

Φ_s(x)Φ_s(y)

|x − y| dxdy = Cβ^{−1}Z^s � R^3 � R^3

g^2(x)g^2(y) |x − y| dxdy

≤ Cβ^{−1}Z^s‖g^2‖^2_{6/5},

by definition of Φ_s and Hardy-Littlewood-Sobolev’s inequality. Hence

H_P ≥ N� i=1 � α^{−1}T (p_i) − Z |x_i| − ν |x_i − P| χ_{BR(P)}(x_i) + ρ ∗ Φ_s ∗ 1 |x_i| �

−D(ρ) − C‖g^2‖^26_5 Nβ^{−1}Z^s. (B4)

Choice of the localization. The localization will be given by the following functions χ_1, χ_2 ∈ C^∞_0 (R^3):

χ_1(x) := � 1 if |x| <^1_4 βZ^{−t}, 0 if |x| >^1_2 βZ^{−t}, χ_2(x) := � 1 if |x − P| <^1_4 βZ^{−t}, 0 if |x − P| >^1_2 βZ^{−t}

(B5)

and χ_3 ∈ C^∞(R^3) such that

�_3

i=1 χ^2_i (x) = 1 for all x ∈ R^3. Moreover we ask that ‖∇χ_1‖_∞, ‖∇χ_2‖_∞, ‖∇χ_3‖_∞ ≤ 2^5β^{−1}Z^t. (B6) Here t is the parameter given in the statement of the proposition. Notice that by the assumptions on R and P the functions defined above give a well defined partition of unity of R^3. Moreover, B_R(P) is a subset of {x ∈ R^3 : χ_2(x) = 1}.

Documenta Mathematica 15 (2010) 285–345

336 Anna Dall’Acqua and Jan Philip Solovej

The localization in the energy expectation. We insert now the localization in the energy expectation. As already observed, since we reduced the operator to a one-particle operator in the energy expectation it is sufficient to consider Slater determinants: i.e. ψ = u_1 ∧ · · · ∧ u_N with {u_i}^N_{i=1} orthonormal functions in L^2(R^3, C^q ). We may assume that u_i ∈ H^{12} (R^3, C^q) for i = 1, . . . , N. From (B4) and Theorem 2.1 we find with ψ = u_1 ∧ · · · ∧ u_N

⟨ψ, H_Pψ⟩ ≥ N� i=1 3� j=1 (χ_j u_i, hχ_j u_i) − D(ρ) − C‖g^2‖^26_5 Nβ^{−1}Z^s

−α^{−1} N� i=1 3� j=1 (u_i, L_j u_i), (B7)

with h := α^{−1}T (p) − Z | · | − ν χ_{BR(P)}(·)

| · −P|

+ ρ ∗ Φ_s ∗ 1 | · | , and L_j is the operator (defined in Theorem 2.1) that gives the error due to the localization in the kinetic energy. We first estimate this error term. Using the definition of L_j we find for all j ∈ {1, 2, 3}, i ∈ {1, . . . , N}

(u_i, L_j u_i) ≤ α^{−2} 4π^2

‖∇χ_j ‖^2_∞ � K_2(α^{−1}|x − y|)|u_i(y)||u_i(x)| dxdy.

We then obtain by using Schwarz’s inequality

α^{−1} N� i=1 3� j=1 (u_i, L_j u_i) ≤ α^{−3} 4π^2 3� j=1 ‖∇χ_j ‖^2_∞ N� i=1 � K_2(α^{−1}|z|)dz ≤ CNβ^{−2}Z^{2t},

(B8) since from (15) � R^3

K_2(α^{−1}|z|) dz = α^3 � R^3

K_2(|z|) dz = 4πα^3

�_∞ 0 t^2K_2(t) dt = 6π^2α^3. (B9)

Collecting together (B7) and (B8) we get

⟨ψ, H_Pψ⟩ ≥ N� i=1 3� j=1 (χ_j u_i, hχ_j u_i)−D(ρ)−Cβ^{−2}Z^{1+2t} −Cβ^{−1}Z^{7/4−t/4}. (B10)

Here we used that N ≤ 2Z + 1, the choice of s and that we may choose g such that ‖∇g‖^2 ≤ 2π.

Near the nuclei. When j = 1 in the summation in the first term on the right hand side of (B10) we find N� i=1 (χ_1u_i, hχ_1u_i) ≥ N� i=1 (χ_1u_i, (α^{−1}T (p) − Z | · |

)χ_1u_i),

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 337

since χ_{BR(P)}χ_1 ≡ 0 by the choice of χ_1, and the term Φ_s ∗ρ∗^1_{|·|} is non-negative. Then by Theorem 2.10 we find N� i=1 (χ_1u_i, hχ_1u_i) ≥ Tr[α^{−1}T (p) − Z | · | χ_{|x|<} 1_{2 βZ}−t ]_−

≥ −Cβ^{1/2}Z^{5/2−t/2} − Cκ^2Z^2. (B11)

To estimate from below the term corresponding to j = 2 in the sum on the right hand side of (B10) we use [24, Theorem 2.8]. Here we need the result in [24] (instead of Theorem 2.10) because of the presence of the two nuclei. Notice that Theorem 2.10 can be extended to include also different nuclei. We have N� i=1 (χ_2u_i, hχ_2u_i) ≥ N� i=1 (χ_2u_i, (α^{−1}T (p) − Z |x| − ν |x − P| χ_{BR(P)})χ_2u_i)

≥ Tr[α^{−1}T (p) − Z |x| χ_{|x−P|<} 1_{2 βZ}−t − ν |x − P| χ_{BR(P)}]_−,

and by [24, Theorem 2.8] we get N� i=1 (χ_2u_i, hχ_2u_i) ≥ −CZ^{5/2}α^{1/2} − C � 1 2 βZ^{−t} >|x−P|>α � Z^{5/2} |x|^{5/2}

+ α^3

Z^4 |x|^4 � dx

−C � R>|x−P|>α � ν^{5/2} |x − P|^{5/2}

+ α^3 ν^4 |x − P|^4 � dx ≥ −Cκ^{1/2}Z^2 − Cβ^{1/2}Z^{5/2−t/2} − Cκ^2Z^2. (B12)

Here we used that t < l and Zα = κ.

The outer zone. This region gives the main contribution to the energy. The term in (B10) that we still have to study is N� i=1 (χ_3u_i, hχ_3u_i) − D(ρ) (B13)

We start by estimating the first term in (B13) using coherent states. We consider again the function g ∈ C^∞_0 (R^3) introduced at the beginning of the proof and we define the function

g_s(x) := (β/(8Z^s))^{− 32} g(8Z^sx/β) = Φ^{12}_s (x), (B14)

with s the same parameter as before. For simplicity of notation we write Ṽ := Z/|x| − ρ ∗ 1/|x|. Then Z |x| − ρ ∗ Φ_s ∗ 1 |x| = Ṽ ∗ Φ_s − ZΦ_s ∗ 1 |x| + Z |x| . Documenta Mathematica 15 (2010) 285–345

338 Anna Dall’Acqua and Jan Philip Solovej Since supp(g_s) ∩ supp(χ_3) = ∅ by Newton’s Theorem we find N� i=1 (χ_3u_i, hχ_3u_i) = N� i=1 (χ_3u_i, (α^{−1}T (p) − Ṽ ∗ Φ_s)χ_3u_i). (B15) We consider the coherent states g^{p,q}_s defined for p, q ∈ R^3 by g^{p,q}_s (x) = g_s(x − q)e^{−ip.x}.

The following formulas hold for f ∈ H^{12} (R^3, C) (f, f) =^1_{(2π)3} � R^3 dp � R^3

dq (f, g^{p,q}_s ) (g^{p,q}_s , f), (f, V ∗ g^2_s f) =^1_{(2π)3} � R^3 dp � R^3

dq V (q) (f, g^{p,q}_s ) (g^{p,q}_s , f) (B16) and (f, T (p)f) =^1_{(2π)3} � R^3 dp � R^3

dq T (p) (f, g^{p,q}_s ) (g^{p,q}_s , f) − � R^3 dx � R^3

dqf(x)(L_q f)(x), (B17) where L_q has integral kernel

L_q(x, y) = α^{−2} 4π^2

|g_s(x − q) − g_s(y − q)|^2

K_2(α^{−1}|x − y|) |x − y|^2 . Using these formulas we can rewrite (B15) as follows N� i=1 (χ_3u_i, (α^{−1}T (p) − Ṽ ∗ Φ_s)χ_3u_i)

=^1_{(2π)3} α^{−1} � R^3 dp � R^3

dq(T (p) − αṼ (q)) q� j=1 N� i=1 |(χ_3u^j_i , g^{p,q}_s )|^2

− α^{−1} N� i=1 � R^3 dx � R^3

dq χ_3u_i(x)(L_qχ_3u_i)(x), (B18)

Here u^j_i is the j-th spin component of u_i. We start by estimating the error term, the last term on the right hand side of (B18). From the definition of L_q it follows L_q(x, y) ≤ α^{−2} 4π^2

‖∇g_s‖^2_∞K_2(α^{−1}|x − y|)(χ_{supp(gs )}(x − q) + χ_{supp(gs )}(y − q)), and by the definition of the function g_s � R^3

L_q(x, y) dq ≤ C‖∇g‖^2_∞α^{−2}β^{−2}Z^{2s}K_2(α^{−1}|x − y|).

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 339

By the estimate above, Schwarz’s inequality, (B9) and the choice of s we find

α^{−1} N� i=1 � R^3 dx � R^3

dq χ_3u_i(x)(L_qχ_3u_i)(x) ≤ C‖∇g‖^2_∞β^{−2}Z^{3/2−t/2}N. (B19)

It remains to study the first term on the right hand side of (B18). In order to get an estimate from below we consider only the negative part of the integrand. Moreover, since if |q| < βZ^{−t}/8 then supp(χ_3g^{p,q}_s ) = ∅ (because Z^{−t} > Z^{−s} since s > t) we find 1 (2π)^3 α −1 � R^3 dp � R^3

dq (T (p) − αṼ (q)) q� j=1 N� i=1 |(χ_3u^j_i , g^{p,q}_s )|^2

≥^q_{(2π)3} α^{−1} � |q|≥^1_8 βZ^{−t} dq � T (p)−αṼ (q)≤0

dp (T (p) − αṼ (q)) = . . . , (B20)

where we also use that

�_N i=1 |(χ_3u^j_i , gp^,q_s )|^2 ≤ 1 (Bessel’s inequality). We split now the integral as a sum of two terms

. . . =^q_{(2π)3} α^{−1} � 1 2 |p|^2−Ṽ (q)≤0

|q|≥^1_8 βZ^{−t}

dqdp (T (p) − αṼ (q))

+^q_{(2π)3} α^{−1} � α 2 |p|^2≥αṼ (q)≥T (p) |q|≥^1_8 βZ^{−t}

dqdp (T (p) − αṼ (q)). (B21)

We consider these two terms separately. The second term in (B21) gives a lower order contribution. Indeed q (2π)^3 α −1 � α 2 |p|^2≥αṼ (q)≥T (p)

|q|≥^1_8 βZ^{−t}

dqdp (T (p) − αṼ (q))

≥ −^q_{(2π)3} � (α^2 [Ṽ (q)]^2_++2[Ṽ (q)]_+)^{12} ≥|p|≥(2[Ṽ (q)]_+)^{12} |q|≥^1_8 βZ^{−t}

dqdp [Ṽ (q)]_+ = . . . ,

and computing the p-integral

· · · = −C � |q|≥^1_8 βZ^{−t}

dq [Ṽ (q)]^{52}_+((1 + α^2 2 [Ṽ (q)]_+)^{32} − 1) = . . . .

Using (1 + x)^{32} ≤ 1 +^3_2 x +^3_8 x^2 and that [Ṽ (q)]_+ ≤ Z/|q| we get computing the integral

. . . = −Cα^2 � |q|≥^1_8 βZ^{−t} dq [

Ṽ (q)]^72_+(1 +^{α2}_8 [Ṽ (q)]_+)

≥ −Cβ^{− 12} κ^2Z^{3/2+t/2} − Cκ^4β^{− 32} Z^{1/2+3t/2}.

(B22)

Documenta Mathematica 15 (2010) 285–345

340 Anna Dall’Acqua and Jan Philip Solovej

Here we use that Zα = κ. Since √ 1 + x ≥ 1 + x/2 − x^3/8 for all x > 0, we have

T (p) ≥ α^1_2 |p|^2 − α^{3 1}_8 |p|^4,

and, for the first term on the right hand side of (B21), we obtain q (2π)^3 α −1 � 1 2 |p|^2−Ṽ (q)≤0 |q|≥^1_8 βZ^{−t}

dqdp (T (p) − αṼ (q)) ≥

≥^q_{(2π)3} � 1 2 |p|^2−Ṽ (q)≤0 |q|≥^1_8 βZ^{−t}

dqdp (^1_2 |p|^2 −^1_8 α^2|p|^4 − Ṽ (q)) = . . . .

Computing now the integral with respect to p, we find

· · · = −^{2 32 q}_{15π2} � |q|>^1_8 βZ^{−t}

[Ṽ (q)]^{52}_+ dq − Cα^2 � |q|>^1_8 βZ^{−t}

[Ṽ (q)]^{72}_+ dq. (B23)

We see that the second term on the right hand side of (B23) gives a lower order contribution since it is of the same order as the one in (B22). Collecting together (B10), (B11), (B12), (B15), (B18), (B19), (B22) and (B23)

⟨ψ, H_Pψ⟩ ≥ −C(β^{12} + β^{−2})Z^{5/2−t/2} −^{2 32 q}_{15π2} � R^3

[Ṽ (q)]^{52}_+ dq − D(ρ) . (B24)

Here we used also that N < 2Z + 1, the choice of s and that t ≤ 3/5. Now we choose ρ = ρ^{TF} the minimizer of the TF-energy functional of a neutral atom with Coulomb potential and nuclear charge Z. Hence ρ^{TF} satisfies the TF-equation 1 2 �_{6π}2 q � 2_3

ρ^{TF}(x)^{23} = [Ṽ (x)]_+,

since Ṽ is the TF-mean field potential. Notice that here we use that the chemical potential of a neutral atom is zero. By the choice of ρ from the TF-equation it follows from (B24) that

⟨ψ, H_Pψ⟩ ≥ −C(β^{12} + β^{−2})Z^{5/2−t/2} +^3_{10}

�_{6π2} q � 2_3 �

R^3

dx ρ^{TF}(x)^{53} −Z � R^3

ρ^{TF}(x) |x| dx + D(ρ^{TF})

= E^{TF}(ρ^{TF}) − C(β^{12} + β^{−2})Z^{5/2−t/2} .

The claim follows.

Proposition B.2. Let ρ^{TF} be the minimizer of the TF-energy functional of a neutral atom with nuclear charge Z. Let Zα = κ be fixed with 0 ≤ κ < 2/π and Z ≥ 1.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 341

Then there is a constant depending only on κ and q such that for all {u_i}^N_{i=1} ⊂ H^{12} (R^3; C^q) orthonormal in L^2(R^3) we have N� i=1 (u_i, (α^{−1}T (p) − φ^{TF})u_i) − D(ρ^{TF}) ≥ E^{TF}(ρ^{TF}) − CZ^{2+ 15} ,

with D(·) = D(·, ·) the Coulomb scalar product.

Proof. Since E^{TF}(ρ^{TF}) = −e_0Z^{73} (see (12)) to prove the claim it is sufficient to show that the TF-energy gives a lower bound to the quantum energy modulo lower order terms. In the proof we localize the energy separating the contribution from the region near the nucleus to the one far away. The region far away from the nuclei will give the TF-energy.

In the proof C denotes a generic universal positive constant. Choice of the localization. The localization will be given by the functions χ_1 ∈ C^∞_0 (R^3) and χ_2 ∈ C^∞(R^3) such that: 0 ≤ χ_1, χ_2 ≤ 1, χ^2_1 + χ^2 = 1 in R^3,

χ_1(x) := � 1 if |x| < 2Z^{−3/5}, 0 if |x| > 3Z^{−3/5}.

(B25)

Moreover we ask that

‖∇χ_1‖_∞, ‖∇χ_2‖_∞ ≤ 2^2Z^{3/5}. (B26)

The localization in the energy expectation. We insert now the localization in the energy expectation. From Theorem 2.1 we find N� i=1 (u_i, (α^{−1}T (p) − φ^{TF})u_i) − D(ρ^{TF}) (B27)

≥ N� i=1 2� j=1 (χ_j u_i, (α^{−1}T (p) − φ^{TF})χ_j u_i) − D(ρ^{TF}) − α^{−1} N� i=1 2� j=1 (u_i, L_j u_i),

with L_j is the operator (defined in Theorem 2.1) that gives the error due to the localization in the kinetic energy. We first estimate this error term. Since N ≤ 2Z + 1 we find as in (B8) that

α^{−1} N� i=1 2� j=1 (u_i, L_j u_i) ≤ CZ^{6/5}N ≤ CZ^{2+1/5} . (B28)

Near the nucleus. Since N� i=1 (χ_1u_i, (α^{−1}T (p) − φ^{TF})χ_1u_i) ≥ Tr[α^{−1}T (p) − φ^{TF}χ_{|x|<3Z}−3/5 ]_−,

Documenta Mathematica 15 (2010) 285–345

342 Anna Dall’Acqua and Jan Philip Solovej by Theorem 2.10 with R = 3Z^{−3/5} we find N� i=1 (χ_1u_i, (α^{−1}T (p) − φ^{TF})χ_1u_i) ≥ −CZ^{2+1/5} − Cκ^2Z^2. (B29)

Here we use that Zα = κ.

The outer zone. This region gives the main contribution to the energy. Let g ∈ C^∞_0 (R^3), g ≥ 0 be spherically symmetric with supp(g) ⊂ B_1(0) and such that ‖g‖_2 = 1. Starting from these g we define Φ_Z (x) := (Z^{−3/5})^{−3}g^2(xZ^{3/5}) and g_Z (x) := (Z^{−3/5})^{− 32} g(xZ^{3/5}) = Φ^{12}_Z (x).

Since supp(g_Z ) ∩ supp(χ_2) = ∅ by Newton’s Theorem we find N� i=1 (χ_2u_i, (α^{−1}T (p) − φ^{TF})χ_2u_i) = N� i=1 (χ_2u_i, (α^{−1}T (p) − φ^{TF} ∗ Φ_Z )χ_2u_i). (B30) We consider the coherent states g^{p,q}_Z defined for p, q ∈ R^3 by g^{p,q}_Z (x) = g_Z (x − q)e^{−ip.x}.

Using formulas (B16) and (B17) we can rewrite (B30) as follows N� i=1 (χ_2u_i, (α^{−1}T (p) − φ^{TF} ∗ g^2_Z )χ_2u_i)

=^1_{(2π)3} α^{−1} � R^3 dp � R^3

dq(T (p) − αφ^{TF}(q)) q� j=1 N� i=1 |(χ_2u^j_i , g^{p,q}_Z )|^2

− α^{−1} N� i=1 � R^3 dx � R^3

dq χ_2u_i(x)(L_qχ_2u_i)(x), (B31)

Here u^j_i is the j-th spin component of u_i. We start by estimating the error term, the last term on the right hand side of (B31). We find as in (B19) that

α^{−1} N� i=1 � R^3 dx � R^3

dq χ_2u_i(x)(L_qχ_2u_i)(x) ≤ C‖∇g‖^2_∞Z^{6/5}N. (B32)

It remains to study the first term on the right hand side of (B31). In order to get an estimate from below we consider only the negative part of the integrand. Moreover, since if |q| < Z^{−3/5} then supp(χ_2g^{p,q}_Z ) = ∅ we find 1 (2π)^3 α −1 � R^3 dp � R^3

dq (T (p) − αφ^{TF}(q)) q� j=1 N� i=1 |(χ_2u^j_i , g^{p,q}_Z )|^2

≥^q_{(2π)3} α^{−1} � |q|≥Z^{−3/5} dq � T (p)−αφ^{TF}(q)≤0

dp (T (p) − αφ^{TF}(q)) = . . . , (B33)

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 343

where we also use that

�_N i=1 |(χ_3u^j_i , gp^,q_Z )|^2 ≤ 1 (Bessel’s inequality). We split now the integral as a sum of two terms

. . . =^q_{(2π)3} α^{−1} � 1 2 |p|^2−φ^{TF}(q)≤0

|q|≥Z^{−3/5}

dqdp (T (p) − αφ^{TF}(q))

+^q_{(2π)3} α^{−1} � α 2 |p|^2≥αφ^{TF}(q)≥T (p) |q|≥Z^{−3/5}

dqdp (T (p) − αφ^{TF}(q)). (B34)

We consider these two terms separately. The second term in (B34) gives a lower order contribution. Indeed q (2π)^3 α −1 � α 2 |p|^2≥αφ^{TF}(q)≥T (p) |q|≥Z^{−3/5}

dqdp (T (p) − αφ^{TF}(q))

≥ −^q_{(2π)3} � (α^2 [φ^{TF}]^2_++2[φ^{TF}]_+)^12 ≥|p|≥(2[φ^{TF}(q)]_+)^12 |q|≥Z^{−3/5}

dqdp [φ^{TF}(q)]_+ = . . . ,

and computing the integral in p

· · · = −C � |q|≥Z^{−3/5}

dq [φ^{TF}(q)]^{52}_+((1 + α^2 2 [φ^{TF}(q)]_+)^{32} − 1) = . . . .

Using (1 + x)^{32} ≤ 1 +^3_2 x +^3_8 x^2 and that [φ^{TF}(q)]_+ ≤ Z/|q| we get computing the integral

. . . = −Cα^2 � |q|≥Z^{−3/5}

dq [φ^{TF}]^{72}_+(1 + α^2 8 [φ^{TF}(q)]_+)

≥ −Cκ^2Z^{2− 15} − Cκ^4Z^{75} .

(B35)

Since √ 1 + x ≥ 1 + x/2 − x^3/8 for all x ≥ 0, we have

T (p) ≥ α^1_2 |p|^2 − α^{3 1}_8 |p|^4,

and, for the first term on the right hand side of (B34), we obtain q (2π)^3 α −1 � 1 2 |p|^2−φ^{TF}(q)≤0 |q|≥Z^{−3/5}

dqdp (T (p) − αφ^{TF}(q)) ≥

≥^q_{(2π)3} � � 1 2 |p|^2−φ^{TF}(q)≤0

|q|≥Z^{−3/5}

dqdp (^1_2 |p|^2 −^1_8 α^2|p|^4 − φ^{TF}(q)) = . . . .

Computing now the integral with respect to p, we find

· · · = −^{2 32 q}_{15π2} � |q|>Z^{−3/5}

[φ^{TF}(q)]^{52}_+ dq − Cα^2 � |q|>Z^{−3/5}

[φ^{TF}(q)]^{72}_+ dq. (B36)

Documenta Mathematica 15 (2010) 285–345

344 Anna Dall’Acqua and Jan Philip Solovej

We see that the second term on the right hand side of (B36) gives a lower order contribution since it is of the same order as the one in (B35). Starting from (B27), by (B28), (B29), (B32), (B35) and (B36) we find N� i=1 (u_i, (α^{−1}T (p) − φ^{TF})u_i) − D(ρ^{TF}) (B37)

≥ −C(Z^{2+1/5} + Z^2 + Z^{2−1/5} + Z^{7/5}) −^{2 32 q}_{15π2} � R^3

[φ^{TF}(q)]^{52}_+ dq − D(ρ^{TF}).

The result follows from the TF-equation.

References

[1] M. Abramowitz, I.A. Stegun, Handbook of mathematical functions with formulas, graphs, and mathematical tables, Dover Publications, Inc., New York 1964.

[2] A. Dall’Acqua, T. Østergaard Sørensen, E. Stockmeyer, Hartree-Fock theory for pseudorelativistic atoms. Ann. Henri Poincaré 9 (2008), 711–742.

[3] A. Dall’Acqua, T. Østergaard Sørensen, E. Stockmeyer, A remark on the maximum negative ionization of pseudo-relativistic atoms. in preparation.

[4] I. Daubechies, An uncertainty principle for Fermions with generalized kinetic energy. Comm. Math. Phys. 90 (1983), 511–520.

[5] I. Daubechies, E.H. Lieb, One-Electron Relativistic Molecules with Coulomb Interaction, Comm. Math. Phys. 90 (1983), 497–510.

[6] C.L. Fefferman, L.A. Seco, An upper bound for the number of electrons in a large ion. Proc. Nat. Acad. Sci. U.S.A. 86 (1989), no. 10, 3464–3465.

[7] C.L. Fefferman, L.A. Seco, Asymptotic neutrality of large ions. Comm.

Math. Phys. 128 (1990), no. 1, 109–130.

[8] A. Gray, G.B. Mathews, A treatise on Bessel Functions and their applications to Physics, 2nd ed. prepared by A. Gray and T.M. Mac-Robert, Dover, New York, 1966.

[9] I.W. Herbst, Spectral theory of the Operator � p^2 + m^2

�_{1/2} − Ze^2/r.

Comm. Math. Phys. 53 (1977), 285–294.

[10] T. Kato, Perturbation theory for linear operators, Classic in Mathematics.

Springer-Verlag, Berlin, 1995, Reprint of the 1980 edition.

[11] E.H. Lieb, Thomas-Fermi and related theories of atoms and molecules.

Rev. Mod. Phys. Vol. 53 (1981), no. 4, 603–641.

Documenta Mathematica 15 (2010) 285–345

Excess Charge for Pseudo-Relativistic Atoms. . . 345

[12] E.H. Lieb, Variational Principle for Many-Fermion Systems. Phys. rev.

Let. Vol. 46 (1981), no. 7, 457–459.

[13] E.H. Lieb, Bound on the maximum negative ionization of atoms and molecules, Phys. Rev. A 29 (1984), 3018–3028.

[14] E.H. Lieb, M. Loss, Analysis. Second edition. Graduate Studies in Mathematics. 14. American Mathematical Society, Providence, RI, 2001.

[15] E.H. Lieb, S. Oxford, An improved lower bound on the indirect Coulomb energy. Internat. J. Quantum Chem. 19 (1981), 427–439.

[16] E.H. Lieb, I.M. Sigal, B. Simon, W. Thirring, Asymptotic neutrality of large-Z ions. Phys. Rev. Lett. 52 (1984), no. 12, 994–996.

[17] E.H. Lieb, I.M. Sigal, B. Simon, W. Thirring, Approximate neutrality of large-Z ions. Comm. Math. Phys. 116 (1988), no. 4, 635–644.

[18] E.H. Lieb, B. Simon, Thomas-Fermi theory of atoms, molecules and solids.

Adv. in Math. 23 (1977), 22–116.

[19] E.H. Lieb, H.-T. Yau, The Stability and Instability of Relativistic Matter.

Comm. Math. Phys. 118 (1988), 177–213.

[20] M. Reed, B. Simon, Methods of modern mathematical physics. II. Fourier analysis, self-adjointness. Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London, 1975.

[21] T. Østergaard Sørensen, The large Z-behavior of pseudorelativistic atoms, J. Math. Phys. 46 (2005), 052307, 24 pp.

[22] L.A. Seco, I.M. Sigal, J.P. Solovej, Bound on the ionization energy of large atoms. Comm. Math. Phys. 131 (1990), no. 2, 307–315.

[23] J.P. Solovej, The ionization conjecture in Hartree-Fock theory. Ann. Math.

158 (2003), 509–576.

[24] J.P. Solovej, W. Spitzer and T. Østergaard Sørensen, The relativistic Scott correction for atoms and molecules. Comm. Pure App. Math. 63 (2010), no.1, 39–118.

Faculty of Mathematics, Otto-von-Guericke Universität Universitätsplatz 2 D-39016 Magdeburg Germany anna.dallacqua@ovgu.de

Department of Mathematics University of Copenhagen Universitetsparken 5 DK-2100 Copenhagen Denmark solovej@math.ku.dk

Documenta Mathematica 15 (2010) 285–345

Documenta Mathematica 15 (2010)

Documenta Math. 347

On the Solutions

of Quadratic Diophantine Equations

Takashi Yoshinaga

Received: December 13, 2009 Revised: January 9, 2010

Communicated by Don Blasius

Abstract. We determine a finite set of representatives of the set of local solutions in a maximal lattice modulo the stabilizer of the lattice in question for a quadratic Diophantine equation. Our study is based on the works of Shimura on quadratic forms, especially [AQC] and [IQD]. Indeed, as an application of the result, we present a criterion (in both global and local cases) of the maximality of the lattice of (11.6a) in [AQC]. This gives an answer to the question (11.6a). As one more global application, we investigate primitive solutions contained in a maximal lattice for the sums of squares on each vector space of dimension 4, 6, 8, or 10 over the field of rational numbers.

2010 Mathematics Subject Classification: 11D09, 11E08, 11E12 Keywords and Phrases: Maximal lattices, Quadratic Diophantine equations

1 Introduction

In this paper we study quadratic forms over global and local fields of characteristic zero, i.e. over number fields and their p-adic completions. Let F be a field of one of these two types. We let g denote the ring of all integers in F (in both global and local cases). We denote by p the maximal ideal of g in the local case. Throughout the paper we mainly follow the notion and the notation in Shimura’s book [AQC] and the paper [IQD]. We denote by V an n-dimensional vector space over F . Let φ : V × V → F be a nondegenerate symmetric F -bilinear form. We denote by φ[x] the quadratic form φ(x, x) on V . By a maximal lattice L in V with respect to φ, we understand a g-lattice L in V , which is maximal among g-lattices on which the values φ[x] are contained

Documenta Mathematica 15 (2010) 347–385

348 Takashi Yoshinaga

in g. For simplicity, when φ is fixed on V , we will often refer to a maximal lattice in V , omitting reference to the φ needed to define it. All results in the paper concern only maximal lattices in V . Let SO^φ be the special orthogonal group of φ. In this paper we consider the set of the solutions of the quadratic Diophantine equation φ[x] = q in L, that is

L[q] = {x ∈ L | φ[x] = q}, and L[q, b] = {x ∈ V | φ[x] = q, φ(x, L) = b},

where q ∈ g ∩ F^× and a fractional ideal b of F .

Assume now that F is local, put C(L) = {γ ∈ SO^φ | Lγ = L}, and take h ∈ L such that φ[h] ≠ 0. It was shown by Shimura that there exists a finite subset A of SO^φ such that L[φ[h]] = � α∈A hαC(L)

([AQC, Theorem 10.3]) and

#{L[q, b]/C(L)} ≤ 1 if n > 2

([IQD, Theorem 1.3]). Note that [AQC, Theorem 10.3] is true even when L is not maximal. In Theorem 3.5 we shall obtain, using the proof of [AQC, Theorem 10.3], an explicit complete set {hα}_{α∈A} of representatives for L[φ[h]]/C(L). Also, we show that

L[φ[h]] = � L[φ[h], 2^{−1}p^{τ (φ[h])}] if φ is anisotropic, �_{τ (φ[h])}

i=0 L[φ[h], 2^{−1}p^i] if φ is isotropic,

with the value τ(φ[h]); see Theorem 3.5.

As a result of this theorem we prove Theorem 5.3: Suppose F is local and n ≥ 2. Then

L ∩ (F h)^⊥ is maximal in (F h)^⊥ if and only if h ∈ L[φ[h], 2^{−1}p^{τ (φ[h])}]

for h ∈ L such that φ[h] ≠ 0. Here (F h)^⊥ = {x ∈ V | φ(x, h) = 0}. We also obtain the global version of the maximality of the lattice L ∩ (F h)^⊥ in (F h)^⊥ in Theorem 6.3. This theorem answers the question raised in [AQC, (11.6a)]. As a global application of Theorem 3.5, in Theorem 7.5 we give the criterion of the existence of solutions contained in L[q, Z] and L[q, 2^{−1}Z] in both cases when q is a squarefree positive integer, by taking V = Q^1_n (4 ≤ n ≤ 10, n even), the sums of squares as φ, and a maximal lattice L in V . It is known that L[q] = L[q, 2^{−1}Z] ⊔ L[q, Z]; see [AQC, (12.17)]. For example, when n = 6, the set L[q, Z] = ∅ if and only if q − 1 ∈ 4Z. When n = 10, the genus of L consists of two SO^φ-classes L_{10}SO^φ and ΛSO^φ (cf. [CGQ, §3.2]). In this case,

L[q, Z] = ∅ if and only if � L ∈ L_{10}SO^φ, q = 1 or q − 3 ∈ 4Z; or L ∈ ΛSO^φ, q − 3 ∈ 4Z.

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 349

We summarize the contents of the paper. In Section 2 we recall the notion of Shimura [AQC] and [IQD] and introduce the basic facts of a local Witt decomposition with respect to φ. In Sections 3 through 5 we treat local cases. In Section 3 we introduce the result obtained from the proof of [AQC, Theorem 10.3] and state the first result. In Section 4 we prove Theorem 3.5. In Section 5 we shall give a criterion of the maximality of the lattice L ∩ (F h)^⊥ in (F h)^⊥ in the local case. In Section 6 we prove the global version of Theorem 5.3. In Section 7 we prove Theorem 7.5.

I would like to express my sincere thanks to Professor Koji Doi, who read the manuscript and made several corrections and comments. I wish to thank Dr. Manabu Murata for useful suggestions during the preparation of the paper.

Notations and Conventions As usual, Z (resp. Z_p) is the ring of rational (resp. p-adic) integers, Q (resp. Q_p) the field of rational (resp. p-adic) numbers. In this paper we consider the base field F in two cases. One is a global field and the other is a local field. When we do not need to specify the case of F , we call it only “a field”.

If R is an associative ring with identity element, then R^× is the group of units of R. If K is a finite algebraic extension of a field F , then D_{K/F} denotes the relative discriminant of K over F . Let d_{K/F} be the different of K relative to F . If F is a local field, then for x ∈ F^×, put

ξ(x) = � � � 1 if √ x ∈ F, −1 if F ( √ x) is an unramified quadratic extension of F , 0 if F ( √ x) is a ramified quadratic extension of F

as in [NRQ, (3.3.1)].

If F is the field of quotients of a Dedekind domain g and V an n-dimensional vector space over F , then by a g-lattice in V , we understand a finitely generated g-module in V that spans V over F . In particular, if a is a g-lattice in F , we call a a g-ideal of F . We write dim_F (V ) for the dimension of V over F . We let GL(V, F ) denote the group of all F -linear automorphisms of V . If R = F or g, then we write R^m_n for the ring of all m × n-matrices with entries in R and let GL_n(R) = (R^n)^×.

If X is a set, then #X denotes the cardinality of X. If X is a disjoint union of its subsets Y_1, · · · , Y_m, we write X =

�_m i=1 Y_i or X = Y_1 ⊔ · · · ⊔ Y_m. For a subgroup H of a group G, we let [G : H] = #(H \ G).

We denote by δ_{ij} Kronecker’s delta. For a real number a, we let [a] denote the greatest integer not greater than a.

Documenta Mathematica 15 (2010) 347–385

350 Takashi Yoshinaga

2 Preliminaries

2.1. Let F be a field and we consider the pair (V, φ) as in the introduction. Define

SO^φ(V ) = {α ∈ GL(V, F ) | det(α) = 1, φ[xα] = φ[x] for all x ∈ V }.

We understand that GL(V, F ) acts on V on the right. Let φ_0 = [φ(x_i, x_j )]^n_{i,j=1} for an F -basis {x_i}^n_{i=1} of V , then φ_0 ∈ GL_n(F ) such that φ_0 =^tφ_0. Define the discriminant of (V, φ) by

(2.1) δ(φ) = δ(V, φ) = (−1)^{n(n−1)/2} det(φ_0)F^{×2}.

Let A(V ) = A(V, φ) be the Clifford algebra of φ (cf. [AQC, Chap. I Section 2]). We say that (V_1, φ_1) is isomorphic to (V_2, φ_2) if there is an F -linear isomorphism f of V_1 onto V_2 such that φ_1[x] = φ_2[xf] for any x ∈ V_1. If W is a subspace of V , then we always consider (W, ψ), where ψ is the restriction of φ to W (ψ[x] = φ[x] for x ∈ W ). For a g-lattice Λ in V , put

Λ̃ = Λ^~ = {x ∈ V | φ(x, Λ) ⊂ 2^{−1}g}, (2.2) C(Λ) = {γ ∈ SO^φ(V ) | Λγ = Λ}.

(2.3)

By an integral lattice L in V (with respect to φ), we understand a g-lattice L in V such that φ[x] ∈ g for every x ∈ L. We call L maximal (with respect to φ) if it is maximal among integral lattices in V . We note that L ⊂ L̃ when L is an integral lattice in V .

2.2. Here we assume that F is a local field and L is a maximal lattice in V with respect to φ. Considering the maximality of L, we have a Witt decomposition by [AQC, Lemma 6.5];

V = Z + r� i=1 (F f_i + F e_i), L = N + r� i=1 (gf_i + ge_i),

(2.4)

where

φ(e_i, e_j ) = φ(f_i, f_j ) = 0, φ(e_i, f_j ) = 2^{−1}δ_{ij} ,

(2.5) Z = {z ∈ V | φ(e_i, z) = φ(f_i, z) = 0 for all i},

(2.6) N = {z ∈ Z | φ[z] ∈ g}.

(2.7)

Here the restriction of φ to Z is anisotropic and N is a unique maximal lattice in Z by [AQC, Lemma 6.4]. We say that Z is a core subspace of V with respect to φ. Until the end of Section 5, we fix these decompositions. Put t = dim_F (Z) then n = 2r + t. We have t ≤ 4 by [AQC, Theorem 7.6(ii)]. We call t the core dimension of (V, φ).

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 351 2.3. We introduce here the basic notions of (Z, φ) and of N, which play an important role in this paper. Note that we use the same letters c and δ, for simplification, in the following different cases (I) (2.10), (II) (2.13), and (III) (2.15).

(I) Assume t = 1 (cf. [AQC, §7.1 and §7.7(I)] and [IQD, §1.5(A)]). Take g ∈ Z such that N = gg

(2.8) and put c = φ[g].

(2.9) Then Z = F g and φ[xg] = cx^2 for x ∈ F . Furthermore we obtain c ∈ g^× (resp. cg = p) if δ(φ) ∩ g ≠ ∅ (resp. δ(φ) ∩ g = ∅) by (2.7). Put (2.10) cg = p^δ with δ ∈ Z. By (2.2) and (2.8), we easily see that (2.11) Ñ = 2^{−1}p^{−δ}g.

(II) Next suppose t = 2 (cf. [AQC, §7.2 and §7.7(II)]). We can take g_1, g_2 ∈ Z such that Z = F g_1 + F g_2 and φ(g_1, g_2) = 0 by [EPE, Lemma 1.8]. Put (2.12) b = φ[g_1] and c = φ[g_2].

Put K = F + F g_1g_2 in A(Z). Then K is a quadratic extension of F , which is isomorphic to F ( √ −bc), Z = Kg_2, and φ[xg_2] = cN_{K/F} (x) for x ∈ K. We may assume c ∈ g^× or cg = p. Moreover when K is a ramified extension of F , we can take c ∈ g^×. Then by (2.7) we have N = rg_2 if K is either unramified or ramified, where r is the valuation ring of K. We put (2.13) cg = p^δ with δ ∈ Z.

(III) Suppose t = 3 (cf. [AQC, §7.3 and §7.7(III)] and [IQD, §1.5(B)]). There exist g_i ∈ Z such that Z = F g_1 + F g_2 + F g_3 and φ(g_i, g_j ) = 0 if i ≠ j by [EPE, Lemma 1.8]. Put (2.14) c = φ[g_1]φ[g_2]φ[g_3].

Then we can take c ∈ g^× (resp. cg = p) if δ(φ) ∩ g ≠ ∅ (resp. δ(φ) ∩ g = ∅). We put (2.15) cg = p^δ with δ ∈ Z.

Put ζ = g_1g_2g_3, T = F g_1g_2 + F g_2g_3 + F g_3g_1, and B = F + T in A(Z). Then B is a division quaternion algebra over F and T = {x ∈ B | x + x^ι = 0}, where

Documenta Mathematica 15 (2010) 347–385

352 Takashi Yoshinaga

ι is the main involution of B. Moreover we have Z = T ζ and φ[xζ] = cxx^ι for x ∈ T . Then by (2.7),

(2.16) N = (T ∩ P^{−δ})ζ,

where P = {x ∈ B | xx^ι ∈ p}. By [AQC, Theorem 5.13], there exist an unramified quadratic extension K over F and an element ω ∈ B such that B = K + Kω, aω = ωa^ι for each a ∈ K, and ω^2 ∈ πg^×. Here π is a prime element of F . Let r be the valuation ring of K. There exists u ∈ r such that r = g[u] and u − u^ι ∈ r^× by [AQC, Lemma 5.7]. Put v = u − u^ι. Then T = F v + Kω. For a, α ∈ g and b, β ∈ r,

φ[(av + bω^{1−2δ})ζ] = −c(a^2v^2 + ω^{2(1−2δ)}N_{K/F} (b)),

(2.17)

φ((av + bω^{1−2δ})ζ, (αv + βω^{1−2δ} )ζ) = −2^{−1}c(2aαv^2 + ω^{2(1−2δ)}T r_{K/F} (bβ^ι)).

(2.18)

From (2.16) and (2.17),

(2.19) N = (gv + rω^{1−2δ})ζ = (gv + gω^{1−2δ} + guω^{1−2δ})ζ.

From (2.2) and (2.19),

(2.20) Ñ = (2^{−1}p^{−δ}v + rω^{−1})ζ.

Put T r_{B/F} (x) = x + x^ι and N_{B/F} (x) = xx^ι for x ∈ B.

(IV) Finally assume t = 4 (cf. [AQC, Theorem 7.5 and §7.7(IV)]). There exist a division quaternion algebra B over F and an F -linear isomorphism γ : B → Z such that φ[xγ] = xx^ι for x ∈ B, where ι is the main involution of B. Then N = Oγ. Here O is the unique maximal order of B.

3 A complete set of representatives for L[q]/C(L)

Until the end of Section 5, we assume that F is a local field and L is a maximal lattice in V with respect to φ. In this section, we first introduce the facts obtained from the proof of [AQC, Theorem 10.3]. After that, we state our first main theorem.

3.1. We suppose that V and L are represented as in (2.4). If r ≥ 1, put M = N +

�_r i=2(gf_i + ge_i). We consider M = N if r = 1. Then

(3.1) L = gf_1 + M + ge_1

for every r ≥ 1. For 0 ≤ i ∈ Z and q ∈ g ∩ F^×, put

(3.2) X_i(q) = {x ∈ M | φ[x] − q ∈ p^i}.

Note that X_i(q) ⊃ X_{i+1}(q). Hereafter we take a prime element π of F and fix it. We obtain the following theorem from the proof of [AQC, Theorem 10.3].

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 353

3.2 Theorem. (Shimura) Let the notation be as above. Let h ∈ L such that φ[h] ≠ 0 and ν ∈ Z such that φ[h]g = p^ν . Put C = C(L) in the notation of (2.3). Let t, e_1, and f_1 be as in §2.2. (1) Suppose r = 0. Then

L[φ[h]] = � hC ⊔ (−h)C, C = {1} if t = 1, hC if t > 1.

(2) Suppose n = 2r = 2. Then L[φ[h]] =

�_ν

i=0(π^if_1 + φ[h]π^{−i}e_1)C.

(3) Suppose n > 2, r > 0, and M[φ[h]] = ∅. Put

(3.3) κ_0 = min({k ∈ Z | X_k(φ[h]) = ∅}).

Then

L[φ[h]] =

κ_0 −1�

i=0 � b∈X_i (φ[h])/p^iM

[π^if_1 + b + π^{−i}(φ[h] − φ[b])e_1]C.

Here b runs over all elements of X_i(φ[h])/p^iM.

(4) Suppose that n > 2, r > 0, M[φ[h]] ≠ ∅, and that there exists a finite subset B of M[φ[h]] such that M[φ[h]] = ⊔_{b∈B} bC(M). Then

L[φ[h]] = � b∈B � y∈g/2φ(b,M)

(b + ye_1)C.

3.3 Lemma. Let the notation be the same as in Theorem 3.2. We let q ∈ g ∩ F^×. Assume r ≥ 2. If there are a finite number of elements x_0, · · · , x_τ of M such that

(3.4) M[q] = ⊔^τ_{i=0}x_iC(M) and φ(x_i, M) = 2^{−1}p^i,

then we have L[q] = ⊔^τ_{i=0}x_iC and φ(x_i, L) = 2^{−1}p^i. Proof. From (3.4) and Theorem 3.2(4),

(3.5) L[q] = τ� i=0 � y∈g/p^i

(x_i + ye_1)C.

We fix 0 ≤ i ≤ τ. By (2.5), (2.6), (3.1), and (3.4),

φ(x_i + ye_1, L) = φ(x_i, M) + 2^{−1}yg = � 2^{−1}p^i if y ∈ p^i, 2^{−1}yg if y /∈ p^i.

From this and [IQD, Theorem 1.3],

(x_i + ye_1)C = L[q, φ(x_i + ye_1, L)] = � L[q, 2^{−1}p^i] if y ∈ p^i, L[q, 2^{−1}yg] if y /∈ p^i.

(3.6)

Documenta Mathematica 15 (2010) 347–385

354 Takashi Yoshinaga

For y ∈ g such that y /∈ p^i, if yg = p^j then 0 ≤ j ≤ i − 1. Thus we see that ∪_{y∈g/p}i (x_i + ye_1)C = ⊔^i_{j=0}L[q, 2^{−1}p^j ] and L[q, 2^{−1}p^i] = x_iC by (3.6). From this and (3.5) we obtain

L[q] = τ� i=0 �_i � j=0 L[q, 2^{−1}p^j ] � = τ� i=0 L[q, 2^{−1}p^i] = τ� i=0 x_iC.

Clearly φ(x_i, L) = 2^{−1}p^i by (2.5), (2.6), (3.1), and (3.4). This completes the proof.

3.4 Lemma. In the Witt decomposition of V of (2.4), let N be as in (2.7). Let q be an element of g ∩ F^× and ξ as in Notation. Let t and c be as in §2.2 and §2.3, respectively. Then we obtain the following assertions:

(1) If t = 1, then N[q] ≠ ∅ if and only if ξ(cq) = 1.

(2) Assume t = 2. Let K, r, and δ be as in §2.3(II). Let ν ∈ Z such that qg = p^ν . Then N[q] ≠ ∅ if and only if c^{−1}q ∈ N_{K/F} (r). Moreover if K is unramified over F , then this is the case if and only if ν ≡ δ (mod 2). (3) If t = 3, then N[q] ≠ ∅ if and only if ξ(−cq) ≠ 1. (4) If t = 4, then we have N[q] ≠ ∅ for all q ∈ g ∩ F^×.

(5) Let L be a maximal lattice in V and r as in (2.4). If r > 0, then we have L[q] ≠ ∅ for all q ∈ g ∩ F^×.

Proof. We may assume that:

if t = 1, then Z = F , N = g, and φ[x] = cx^2 for x ∈ F ; if t = 2, then Z = K, N = r, and φ[x] = cN_{K/F} (x) for x ∈ K; if t = 3, then Z = T , N = T ∩ P^{−δ}, and φ[x] = cN_{B/F} (x) = −cx^2 for x ∈ T ; if t = 4, then Z = B, N = O, and φ[x] = N_{B/F} (x) for x ∈ B

in (2.4); see §2.3. Then (1) and the first statement of (2) are trivial. We prove the second assertion of (2). Assume that t = 2 and K is unramified over F , then πr = q and N_{K/F} (r^×) = g^× by [BNT, Chapter VIII, Proposition 3]. Here q is the maximal ideal of r. From these, we obtain the second assertion of (2). Assume t = 3. Noticing that B is division, the “only if”-part of (3) is immediate. If ξ(−cq) ≠ 1, then F ( � −c^{−1}q) is a quadratic extension of F , and hence there exists z ∈ B such that z /∈ F and z^2 = −c^{−1}q by [AQC, Proposition 5.15(ii)]. We easily see that z ∈ T ∩ P^{−δ}, and hence N[q] ≠ ∅. Assume t = 4. Then we see that N_{B/F} (O) = g from [AQC, Theorem 5.13] and [AQC, Proposition 5.15(i)]. This implies (4). Finally we prove (5). Assume r > 0. Since L can be represented as in (2.4), we have f_1 + qe_1 ∈ L[q] for every q ∈ g ∩ F^× with e_1 and f_1 in (2.4). This completes the proof.

Now, our first main result in this paper can be stated as follows:

3.5 Theorem. Let L be a maximal lattice in V and put C = C(L) as in Theorem 3.2. Let ξ be as in Notation. Let q ∈ g ∩ F^× and ν ∈ Z such that

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 355

qg = p^ν . Let κ ∈ Z such that 2g = p^κ. Let r, t, e_r, f_r, and N be as in §2.2. For 0 ≤ i ∈ Z and x ∈ N, put

(3.7) h_{i,x} = x + π^ie_r, k_{i,x} = π^if_r + x + q − φ[x] π^i e_r, ℓ_i = π^if_r + qπ^{−i}e_r.

Then we have

L[q] = � u∈R uC = � L[q, 2^{−1}p^{τ (q)}] if r = 0, �_{τ (q)}

i=0 L[q, 2^{−1}p^i] if r ≥ 1.

(3.8)

Here the set R and the index τ(q) are defined as follows: (i) Suppose t = 0 and r ≥ 1. Then R = � {ℓ_i}^ν_{i=0} if r = 1, {ℓ_i}^{τ (q)}_{i=0} if r ≥ 2,

τ (q) = [ν/2].

(3.9)

Moreover

L[q,2^{−1}p^i] = � � � ℓ_iC ⊔ ℓ_{ν−i}C if r = 1 and 0 ≤ i < ν/2, ℓ_{ν/2}C if r = 1, ν ∈ 2Z, and i = ν/2, ℓ_iC if r ≥ 2.

(3.10)

(ii) Suppose t = 1. Let c be as in (2.9) and δ as in (2.10). Let us define an integer d ∈ Z as follows: D_{F (}^√_{cq)/F} = p^d when ξ(cq) = 0 (in the ordinary sense) and d = 1 when ξ(cq) = −1 (This is only for a simplification of the following statements (3.11) and (3.12)). When ξ(cq) = 1, we take any element y of N[q] and fix it (By Lemma 3.4(1), N[q] ≠ ∅). When 2 ∈ p, ξ(cq) ≠ 1, and ν ≡ δ (mod 2), take any element z of N[sq] and fix it, with

(3.11) s ∈ 1 + π^{2κ+1−d}g^× such that c^{−1}qπ^{δ−ν} ∈ s^{−1}g^{×2}.

(As for the existence of s and z, see (4.30) and (4.31), respectively.) Then R and τ(q) are given as follows:

R =

� � � � � � �

{±y} if r = 0 and ξ(cq) = 1, {y} ⊔ {h_{i,y}}^{τ (q)−1}_{i=0} if r ≥ 1 and ξ(cq) = 1, {k_{i,z} }^{τ (q)}_{i=0} if r ≥ 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, {ℓ_i}^{τ (q)}_{i=0} otherwise,

τ (q) = � � � � � κ +^{ν+δ}_2 if ξ(cq) = 1, κ + �_{ν+1−d} 2 � if ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, �_ν 2 � otherwise.

(3.12)

Documenta Mathematica 15 (2010) 347–385

356 Takashi Yoshinaga

Moreover

L[q,2^{−1}p^i] =

� � � � � � � � � yC ⊔ (−y)C if r = 0, ξ(cq) = 1, and i = τ(q), yC if r ≥ 1, ξ(cq) = 1, and i = τ(q), h_{i,y}C if r ≥ 1, ξ(cq) = 1, and i < τ(q), k_{i,z} C if r ≥ 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, ℓ_iC otherwise.

(3.13)

(iii) Suppose t = 2. Let c and δ be as in (2.12) and (2.13), respectively. Let K and r be as in §2.3(II). Let d be the different of K relative to F . Let d ∈ Z such that D_{K/F} = p^d when d ≠ r. Put d = 1 when d = r (This is the same simplification as in (ii)). When c^{−1}q ∈ N_{K/F} (r), we take any element y of N[q] and fix it (By Lemma 3.4(2), N[q] ≠ ∅). When c^{−1}q /∈ N_{K/F} (r) and d > 1, we take any element z of N[sq] and fix it, with

(3.14) s ∈ 1 + π^{d−1}g^× such that c^{−1}qπ^{−ν} ∈ s^{−1}N_{K/F} (r^×).

(As for the existence of s and z, see (4.32) and (4.33), respectively.) Then R and τ(q) are given as follows:

R = � � � � �

{y} if r = 0 and c^{−1}q ∈ N_{K/F} (r), {y} ⊔ {h_{i,y}}^{τ (q)−1}_{i=0} if r ≥ 1 and c^{−1}q ∈ N_{K/F} (r), {k_{i,z} }^{τ (q)}_{i=0} if r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d > 1, {ℓ_i}^{τ (q)}_{i=0} otherwise,

τ (q) = � � � � ν+δ 2 if c^{−1}q ∈ N_{K/F} (r) and d = r, �_{ν+d} 2 � if c^{−1}q ∈ N_{K/F} (r) and d ≠ r, �_{ν+d−1} 2 � otherwise.

(3.15)

Moreover

L[q,2^{−1}p^i] = � � � � � yC if c^{−1}q ∈ N_{K/F} (r) and i = τ(q), h_{i,y}C if c^{−1}q ∈ N_{K/F} (r) and i < τ(q), k_{i,z} C if c^{−1}q /∈ N_{K/F} (r) and d > 1, ℓ_iC otherwise.

(3.16)

(iv) Suppose t = 3. Let c and δ be as in (2.14) and (2.15), respectively. When ξ(−cq) ≠ 1, we take any element y of N[q] and fix it (By Lemma 3.4(3), N[q] ≠ ∅). When ξ(−cq) = 1 and 2 ∈ p, we take any element z of N[sq] and fix it, with

(3.17) s ∈ 1 + 4g such that s /∈ g^{×2}.

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 357

(As for the existence of s and z, see (4.34) and (4.35), respectively.) Then R and τ(q) are given as follows:

R = � � � � �

{y} if r = 0 and ξ(−cq) ≠ 1, {y} ⊔ {h_{i,y}}^{τ (q)−1}_{i=0} if r ≥ 1 and ξ(−cq) ≠ 1, {k_{i,z}}^{τ (q)}_{i=0} if r ≥ 1, ξ(−cq) = 1, and 2 ∈ p, {ℓ_i}^{τ (q)}_{i=0} if r ≥ 1, ξ(−cq) = 1, and 2 ∈ g^×,

τ (q) = � � � � � κ + �_ν 2 � if ξ(−cq) = 1,

ν−δ+1

2 if ξ(−cq) ≠ 1 and ν ≢ δ (mod 2), κ + 1 +^{ν−δ−d}_2 if ξ(−cq) = 0, ν ≡ δ (mod 2), and 2 ∈ p, κ +^{ν+δ}_2 otherwise,

(3.18)

where d ∈ Z such that D_{F (}^√_{−cq)/F} = p^d. Moreover

L[q, 2^{−1}p^i] = � � � � � yC if ξ(−cq) ≠ 1 and i = τ(q), h_{i,y}C if ξ(−cq) ≠ 1 and i < τ(q), k_{i,z} C if ξ(−cq) = 1 and 2 ∈ p, ℓ_iC if ξ(−cq) = 1 and 2 ∈ g^×.

(3.19)

(v) Suppose t = 4. Take any element y of N[q] and fix it. Then R and τ(q) are given as follows: R = � {y} if r = 0, {y} ⊔ {h_{i,y}}^{τ (q)−1}_{i=0} if r ≥ 1, τ (q) = [(ν + 1)/2].

(3.20)

Moreover

L[q,2^{−1}p^i] = � yC if i = τ(q), h_{i,y}C if i < τ(q).

(3.21)

The proof of this theorem will be given in the following Section 4. Here we insert one elementary lemma:

3.6 Lemma. Let F be a local field and L a maximal lattice in V . Let κ ∈ Z such that 2g = p^κ. Then for q ∈ g and i ∈ Z, we have L[q, p^i] ⊂ L[q] if and only if i ≥ −κ.

Proof. From (2.2), clearly i ≥ −κ if and only if L[q, p^i] ⊂ L̃[q]. Here [AQC, Lemma 6.2(3)] implies L̃[q] = L[q]. This proves the lemma. 3.7 Corollary. Let the notation be the same as in Theorem 3.5. Assume L[q] ≠ ∅ for q ∈ g ∩ F^×. Then for every i ∈ Z,

L[q, 2^{−1}p^i] ≠ ∅ ⇐⇒ � i = τ(q) if n = t, i ≤ τ(q) otherwise.

Documenta Mathematica 15 (2010) 347–385

358 Takashi Yoshinaga

Proof. For 0 ≤ i ∈ Z, the result follows from Theorem 3.5 and Lemma 3.6. Assume i < 0. Clearly L[q, 2^{−1}p^i] = π^i · L[π^{−2i}q, 2^{−1}g]. Here Lemma 3.6 implies L[π^{−2i}q, 2^{−1}g] ⊂ L[π^{−2i}q]. Since π^i · L[π^{−2i}q] = (π^iL)[q] ⊃ L[q], we obtain L[π^{−2i}q] ≠ ∅. Applying Theorem 3.5 to (V, φ), L, and π^{−2i}q, we find that if n = t then L[π^{−2i}q] = L[π^{−2i}q, 2^{−1}p^{τ (π−2iq)}] and τ(π^{−2i}q) = τ(q) − i > 0. Therefore L[π^{−2i}q, 2^{−1}g] = ∅, and hence L[q, 2^{−1}p^i] = ∅. If n ≠ t, then L[π^{−2i}q, 2^{−1}g] ≠ ∅ by Theorem 3.5, and hence L[q, 2^{−1}p^i] ≠ ∅. This completes the proof.

4 Proof of Theorem 3.5

4.1. We first prove Theorem 3.5(i). Assume t = 0. Then L[q] ≠ ∅ for all q ∈ g ∩ F^× by Lemma 3.4(5).

First suppose r = 1. Then L = gf_1 + ge_1 by (2.4). We obtain

(4.1) L[q] = ν� i=0 ℓ_iC

by Theorem 3.2(2) with ℓ_i in (3.7). We have clearly

φ(ℓ_i, L) = 2^{−1}π^ig + 2^{−1}qπ^{−i}g = � 2^{−1}p^i if 0 ≤ i ≤ [ν/2], 2^{−1}p^{ν−i} if i > [ν/2]

(4.2)

from (2.5). Assume ν ∈ 2Z. Then

(4.3) φ(ℓ_i, L) = φ(ℓ_{ν−i}, L) = 2^{−1}p^i

for 0 ≤ i ≤ (ν − 2)/2 and φ(ℓ_{ν/2}, L) = 2^{−1}p^{ν/2} by (4.2). Thus ℓ_iC ⊔ ℓ_{ν−i}C ⊂ L[q, 2^{−1}p^i] for 0 ≤ i ≤ (ν − 2)/2 and ℓ_{ν/2}C ⊂ L[q, 2^{−1}p^{ν/2}]. On the other hand, we have L[q, 2^{−1}p^i] ⊂ L[q] for 0 ≤ i ≤ ν/2 by Lemma 3.6. Hence ℓ_iC ⊔ ℓ_{ν−i}C = L[q, 2^{−1}p^i] for 0 ≤ i ≤ (ν − 2)/2 and ℓ_{ν/2}C = L[q, 2^{−1}p^{ν/2}]. From this and (4.1) we obtain the assertion in the case r = 1, t = 0, and ν ∈ 2Z. Next assume ν /∈ 2Z. Then

(4.4) φ(ℓ_i, L) = φ(ℓ_{ν−i}, L) = 2^{−1}p^i

for 0 ≤ i ≤ (ν − 1)/2. Thus ℓ_iC ⊔ ℓ_{ν−i}C = L[q, 2^{−1}p^i] for 0 ≤ i ≤ (ν − 1)/2, in the same manner as in the case ν ∈ 2Z. This proves the assertion when r = 1 and t = 0.

Next suppose r = 2. Then L = gf_1 + M + ge_1 by (3.1). We obtain

(4.5) ∅ ≠ M[q] = ⊔^ν_{i=0}ℓ_iC(M)

by Theorem 3.2(2) and Lemma 3.4(5). In this case we can not apply Lemma 3.3 since we have (4.3) and (4.4) in the notation of (4.1). By (4.5) and Theorem 3.2(4),

L[q] = ν� i=0 � a∈g/2φ(ℓ_i,M)

(ℓ_i + ae_1)C.

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 359

Since

2φ(ℓ_i, M) = � p^i if 0 ≤ i ≤ [ν/2], p^{ν−i} if i > [ν/2]

by (4.2), we have

(4.6) L[q] =

�^{[ν/2]}� i=0 � a∈g/p^i

(ℓ_i + ae_1)C

� �^ν�

j>[ν/2] � b∈g/p^{ν−j}

(ℓ_j + be_1)C � .

For 0 ≤ i ≤ [ν/2] and a ∈ g/p^i,

φ(ℓ_i + ae_1, L) = φ(ℓ_i, M) + 2^{−1}ag = � 2^{−1}p^i if a ∈ p^i, 2^{−1}ag if a /∈ p^i

by (2.5) and (3.1). Therefore by [IQD, Theorem 1.3],

(4.7) (ℓ_i + ae_1)C = L[q, φ(ℓ_i + ae_1, L)] = � L[q, 2^{−1}p^i] if a ∈ p^i, L[q, 2^{−1}ag] if a /∈ p^i.

Similarly we have

(4.8) (ℓ_j + be_1)C = � L[q, 2^{−1}p^{ν−j} ] if b ∈ p^{ν−j} , L[q, 2^{−1}bg] if b /∈ p^{ν−j}

for j > [ν/2] and b ∈ g/p^{ν−j}. From (4.7) and (4.8), the argument in the proof of Lemma 3.3 shows that

[ν/2]�

i=0 � a∈g/p^i

(ℓ_i + ae_1)C =

[ν/2]�

i=0 ℓ_iC, ℓ_iC = L[q, 2^{−1}p^i],

(4.9) ν� j>[ν/2] � b∈g/p^{ν−j}

(ℓ_j + be_1)C = ν� j>[ν/2]

ℓ_j C, ℓ_j C = L[q, 2^{−1}p^{ν−j} ].

(4.10)

Combining (4.6), (4.9), and (4.10), we have

L[q] =

�^{[ν/2]}� i=0 ℓ_iC � ∪ �^ν�

j>[ν/2]

ℓ_j C � = [ν/2]�

i=0 L[q, 2^{−1}p^i] =

[ν/2]�

i=0 ℓ_iC

and L[q, 2^{−1}p^i] = ℓ_iC. This proves our theorem in the case r = 2 and t = 0. As for the case r ≥ 3, we apply (repeatedly, if necessary) Lemma 3.3 and [IQD, Theorem 1.3] to this case, we can reduce the proof to the case r = 2. This completes the proof of (i).

Documenta Mathematica 15 (2010) 347–385

360 Takashi Yoshinaga

4.2 Lemma. Let F be a local field. Assume 2 ∈ p and let κ ∈ Z such that 2g = p^κ. Let ξ be as in Notation. Put

(4.11) ε(a) = max({e ∈ Z | e ≤ 2κ + 1 and a ∈ (1 + p^e)g^{×2}})

for a ∈ g^×. Then we obtain the following assertions: (1) For a ∈ g^×,

ε(a) = � � � 2κ + 1 − d if ξ(a) = 0, 2κ if ξ(a) = −1, 2κ + 1 if ξ(a) = 1,

(4.12)

where d ∈ Z such that D_{F (}^√_{a)/F} = p^d. (2) If ξ(a) = 0, then we have 2κ > ε(a) /∈ 2Z.

(3) If 0 < ℓ < 2κ and ℓ ∈ Z, /∈ 2Z, then g^{×2} ∩ (1 + π^ℓg^×) = ∅. (4) If a ∈ (1 + π^ℓg^×)g^{×2} with 0 < ℓ ∈ Z, /∈ 2Z and ε(a) < 2κ, then ε(a) = ℓ. (5) If a ∈ (1 + π^ℓg^×)g^{×2} with 0 < ℓ ∈ Z, /∈ 2Z and ε(a) = 2κ + 1, then ε(a) ≤ ℓ.

Proof. Assertions (1) and (2) are in [NRQ, Lemma 3.5]. (3): If there exists an element b ∈ g^× such that b^2 ∈ 1 + π^ℓg^×, then b ∈ Z_ℓ. Here Z_ℓ = {x ∈ g^× | x^2 − 1 ∈ p^ℓ} as in [NRQ, §3.4]. By [NRQ, (3.5.1)], Z_ℓ = 1 + p^{(ℓ+1)/2}, and hence we can take y ∈ g such that b = 1 + π^{(ℓ+1)/2}y. Then b^2 = 1 + π^{ℓ+1}y(2π^{−(ℓ+1)/2}+y) ∈ 1+p^{ℓ+1} since 2^{−1}(ℓ+1) ≤ κ. This gives a contradiction. Thus we obtain (3). (4): We find ℓ ≤ ε(a) from (4.11), (4.12), and [NRQ, Lemma 3.2(1)]. Clearly

(4.13) (1 + π^ℓg^×)g^{×2} ∩ (1 + p^{ε(a)})g^{×2} ≠ ∅.

If ℓ < ε(a), then (4.13) contradicts (3) settled above, and hence ℓ = ε(a). (5): By (4.12), we have ξ(a) = 1. Thus

(4.14) g^{×2} ∩ (1 + π^ℓg^×) ≠ ∅.

If ℓ < ε(a) = 2κ + 1, then (4.14) contradicts (3). This completes the proof.

4.3. Now we prove (ii), (iii), (iv), and (v) of Theorem 3.5. We may assume that:

if t = 1, then Z = F , N = g, and φ[x] = cx^2 for x ∈ F ; if t = 2, then Z = K, N = r, and φ[x] = cN_{K/F} (x) for x ∈ K; if t = 3, then Z = T , N = gv + rω^{1−2δ} , and φ[x] = cN_{B/F} (x) for x ∈ T ; if t = 4, then Z = B, N = O, and φ[x] = N_{B/F} (x) for x ∈ B. Then for x, w ∈ Z,

φ(x, w) = � � � � � cxw if t = 1, 2^{−1}cT r_{K/F} (xw^ρ) if t = 2, 2^{−1}cT r_{B/F} (xw^ι) if t = 3, 2^{−1}T r_{B/F} (xw^ι) if t = 4.

(4.15)

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 361

Here ρ ∈ Gal(K/F ) such that ρ ≠ 1. In this §4.3 we prove the theorem in the case r = 0 and t > 0. Note that L = N in this case. If L[q] ≠ ∅, then

L[q] = � yC ⊔ (−y)C if t = 1, yC otherwise

(4.16)

by Theorem 3.2(1). Here, y is any element of L[q] and fix it until the end of §4.3. This proves the first equality of (3.8) in this case. From Lemma 3.6 and (4.16),

(4.17) L[q] = L[q, φ(y, L)]

for 1 ≤ t ≤ 4. Note that φ(y, L) ⊂ 2^{−1}g since L is an integral lattice in V . To prove the second equality of (3.8) we determine the ideal φ(y, L) as the next step.

(4.18) We let μ denote the normalized order function of F.

First suppose t = 1, then C = {1}. Here Lemma 3.4(1) implies that L[q] ≠ ∅ if and only if ξ(cq) = 1. Since y^2 = c^{−1}q, we have φ(y, L) = cyg = p^{(ν+δ)/2} by (4.15).

Next suppose t = 2. We have L[q] ≠ ∅ if and only if c^{−1}q ∈ N_{K/F} (r) by Lemma 3.4(2). From [BNT, Chapter VIII, Propositon 4] and (4.15), we see that

φ(y, L) = 2^{−1}cT r_{K/F} (yr) = � 2^{−1}p^{(ν+δ)/2} if d = r, 2^{−1}p^{[(ν+d)/2]} if d ≠ r.

Note that we take c ∈ g^× if K is ramified over F ; see §2.3. Suppose t = 3. By Lemma 3.4(3),

(4.19) L[q] ≠ ∅ if and only if ξ(−cq) ≠ 1.

Take m ∈ Z such that φ(y, L) = 2^{−1}p^m. Let us determine m. Let μ_K be the normalized order function of K. Since L = gv + rω^{1−2δ} = v(g + rω^{1−2δ}), we can put y = v(a + bω^{1−2δ}) with a ∈ g and b ∈ r. Then by (2.18), φ(y, L) = 2^{−1}c(2ag + ω^{2(1−2δ)}T r_{K/F} (br)), and hence

(4.20) m = min(κ + δ + μ(a), 1 + μ_K (b) − δ).

We have also

(4.21) q = φ[y] = −cv^2(a^2 − ω^{2(1−2δ)}N_{K/F} (b))

by (2.17), and hence

(4.22) ν − δ = min(2μ(a), 1 + 2(μ_K (b) − δ)).

Documenta Mathematica 15 (2010) 347–385

362 Takashi Yoshinaga

Assume ν ≢ δ (mod 2). Then ν − δ = 1 + 2(μ_K (b) − δ) < 2μ(a) by (4.22), and hence 2^{−1}(ν−δ+1) = 1+μ_K (b)−δ ≤ κ+δ+μ(a). Thus we find m = 2^{−1}(ν−δ+ 1) by (4.20). Next assume ν ≡ δ (mod 2). Then ν−δ = 2μ(a) < 1+2(μ_K (b)−δ) by (4.22). If 2 ∈ g^×, then κ + 2^{−1}(ν + δ) = κ + δ + μ(a) ≤ 1 + μ_K (b) − δ, and hence m = κ + 2^{−1}(ν + δ) from (4.20). If 2 ∈ p, then Lemma 4.2 implies ε(−c^{−1}qπ^{δ−ν} ) ≤ 2κ since ξ(−c^{−1}qπ^{δ−ν} ) ≠ 1 by (4.19). Put β = −c^{−1}qπ^{δ−ν} , then

(4.23) ε(v^{−2}β) = � ε(β) if ε(β) < 2κ, 2κ + 1 if ε(β) = 2κ;

see the proof of [NRQ, Lemma 4.5]. By (4.21), (4.24) v^{−2}β = (π^{(δ−ν)/2}a)^2(1−ω^{2(1−2δ)}a^{−2}N_{K/F} (b)) ∈ (1−ω^{2(1−2δ)}a^{−2}N_{K/F} (b))g^{×2}.

Hence if ε(β) < 2κ, that is ξ(−cq) = 0 from Lemma 4.2, then Lemma 4.2(4) and (4.23) imply ε(β) = 1 − 2δ − 2μ(a) + 2μ_K (b), and hence 1 + μ_K (b) − δ = 2^{−1}(ε(β) + 1) + 2^{−1}(ν − δ) ≤ κ + μ(a) + δ. Thus m = 2^{−1}(ε(β) + 1) + 2^{−1}(ν − δ) from (4.20). Here Lemma 4.2(1) implies ε(β) = 2κ + 1 − d, where d ∈ Z such that D_{F (}^√_{−cq)/F} = p^d. Therefore m = κ + 1 + (ν − δ − d)/2. If ε(β) = 2κ, then Lemma 4.2(5), (4.23), and (4.24) imply 2κ + 1 ≤ 1 − 2δ − 2μ(a) + 2μ_K (b), and hence 1 + μ_K (b) − δ ≥ κ + μ(a) + δ. Thus m = κ + μ(a) + δ = κ + (ν + δ)/2 from (4.20). Consequently we obtain

φ(y, L) = � � � 2^{−1}p^{(ν−δ+1)/2} if ν ≢ δ (mod 2), p^{1+(ν−δ−d)/2} if ν ≡ δ (mod 2), 2 ∈ p, ξ(−cq) = 0, p^{(ν+δ)/2} otherwise

(4.25)

under the assumption t = 3, r = 0, and ξ(−cq) ≠ 1. Here d ∈ Z such that D_{F (}^√_{−cq)/F} = p^d. We see the second equality of (3.8) by (4.17) and (4.25). Moreover combining this with (4.16), we obtain the theorem in the case r = 0 and t = 3.

Finally suppose t = 4. Then Lemma 3.4(4) implies L[q] ≠ ∅ for every q ∈ g ∩ F^×. From [AQC, Theorem 5.9(2), (6), (7)] and (4.15), we see that

(4.26) φ(y, L) = 2^{−1}T r_{B/F} (P^{μ(NB/F (y))}) = 2^{−1}p^{[(ν+1)/2]},

where P = {x ∈ O | N_{B/F} (x) ∈ p}, with μ of (4.18). This completes the proof of our theorem in the case r = 0 and t > 0.

4.4. Here we prove the theorem in the case r ≥ 1 and t > 0. First we note that when r ≥ 2 we apply (repeatedly, if necessary) Lemma 3.3 and [IQD, Theorem 1.3] to this case, we can reduce the proof to the case r = 1. Thus hereafter until the end of §4.7, we assume r = 1. Then L = gf_1 + N + ge_1 by (2.4). Assume 1 ≤ t ≤ 4. We recall here Lemma 3.4. We know that L[q] ≠ ∅

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 363

for all q ∈ g ∩ F^× and

N[q] ≠ ∅ ⇐⇒ � � � ξ(cq) = 1 if t = 1, c^{−1}q ∈ N_{K/F} (r) if t = 2, ξ(−cq) ≠ 1 if t = 3.

(4.27)

When t = 4, we have N[q] ≠ ∅ for every q ∈ g ∩ F^×.

4.5. In this § we prove the theorem in the case r = 1, 1 ≤ t ≤ 4, and N[q] ≠ ∅. Applying Theorem 3.2(1) and (4), we find

L[q] = � a∈g/2φ(y,N)(y + ae1)C � � a∈g/2φ(−y,N)(−y + ae1)C � if t = 1, � a∈g/2φ(y,N)(y + ae1)C otherwise,

where y is any element of N[q] and fix it. Since φ(y + ae_1, L) = φ(−y + ae_1, L), we obtain (y + ae_1)C = (−y + ae_1)C by [IQD, Theorem 1.3]. Thus L[q] = � a∈g/2φ(y,N)(y + ae1)C for 1 ≤ t ≤ 4. We have already obtained our theorem

in the case r = 0 and t > 0. Thus φ(y, N) = 2^{−1}p^{τ (q)}. Put simply τ = τ(q). The same argument as in the proof of Lemma 3.3 shows that

(y + ae_1)C = � L[q, 2^{−1}p^τ ] if a ∈ p^τ , L[q, 2^{−1}p^{μ(a)}] if a /∈ p^τ

with μ of (4.18). If τ ≥ 1, then 0 ≤ μ(a) ≤ τ − 1 for a ∈ g such that a /∈ p^τ . Thus

L[q] = � a∈g/p^τ

(y + ae_1)C = τ� i=0 L[q, 2^{−1}p^i],

L[q, 2^{−1}p^τ ] = yC, and L[q, 2^{−1}p^i] = (y + π^ie_1)C for 0 ≤ i ≤ τ − 1. If τ = 0, then it is clear that L[q] = yC = L[q, 2^{−1}g]. This proves the theorem in the case r = 1, t > 0, and N[q] ≠ ∅.

4.6. In §§4.6 and 4.7 we assume r = 1, t > 0, and N[q] = ∅. Then 1 ≤ t ≤ 3 since N[q] ≠ ∅ for all q ∈ g ∩ F^× if t = 4. By Theorem 3.2(3),

(4.28) L[q] =

κ_0−1�

i=0 � b∈X_i (q)/p^i N

k_{i,b}C

with k_{i,b} in (3.7). Let us determine κ_0 in this §4.6. With the notation of (3.2)

(4.29) 0 ∈ X_ν (q)

since q ∈ p^ν , and hence κ_0 > ν with the notation of (3.3). Suppose t = 1, then ξ(cq) ≠ 1 by (4.27) and the assumption N[q] = ∅. First assume 2 /∈ p or ν ≢ δ (mod 2). If there exists x ∈ X_{ν+1}(q), then x^2 ∈ c^{−1}q(1 + p) by (3.2). This

Documenta Mathematica 15 (2010) 347–385

364 Takashi Yoshinaga

implies ν ≡ δ (mod 2), and hence 2 /∈ p. Then by [NRQ, Lemma 3.2(1)], we have 1+p ⊂ g^{×2}, which contradicts ξ(cq) ≠ 1. Thus κ_0 = ν +1 by (4.29). Next assume 2 ∈ p and ν ≡ δ (mod 2). Then ε(c^{−1}qπ^{δ−ν} ) ≤ 2κ from ξ(cq) ≠ 1 and Lemma 4.2. Hereafter we put ε = ε(c^{−1}qπ^{δ−ν} ). There exist

(4.30) s ∈ 1 + π^εg^× and α ∈ g^× such that c^{−1}qπ^{δ−ν} = s^{−1}α^2

by (4.11). From this we have c(π^{(ν−δ)/2}α)^2 = sq, and hence

(4.31) N[sq] ≠ ∅.

Since N[sq] ⊂ X_{ν+ε}(q), we obtain X_{ν+ε}(q) ≠ ∅, and hence κ_0 > ν + ε in the notation of (3.3). If there exists x ∈ X_{ν+ε+1}(q), then we can take a ∈ p^{ν+ε+1} such that cx^2 + a = q. Thus c^{−1}qπ^{δ−ν} = (1 + c^{−1}x^{−2}a)(π^{(δ−ν)/2}x)^2 ∈ (1 + p^{ε+1})g^{×2}, which contradicts (4.11). Hence κ_0 = ν + ε + 1. Moreover Lemma 4.2(1) implies that: if ξ(cq) = −1, then ε = 2κ, and hence κ_0 = 2κ + ν + 1; if ξ(cq) = 0 and D_{F (}^√_{cq)/F} = p^d, then ε = 2κ+1−d, and hence κ_0 = 2κ+ν+2−d. Next suppose t = 2, then c^{−1}q /∈ N_{K/F} (r) by (4.27). Let d be as in Theorem 3.5(iii). If X_{ν+d}(q) ≠ ∅, then c^{−1}q ∈ N_{K/F} (r)(1 + p^d) ⊂ N_{K/F} (r) by [BNT, Chapter VIII, Proposition 3] or the conductor-discriminant theorem according as d = r or d ≠ r. This contradicts c^{−1}q /∈ N_{K/F} (r). Thus κ_0 ≤ ν + d. In particular if d = r or q, that is d = 1, then κ_0 = ν + 1 from (4.29). Here q is the maximal ideal of r. Assume d = q^d and d > 1. Take a prime element π_K of K such that N_{K/F} (π_K ) = π. We see that 2 ∈ p by [BNT, Chapter VIII, Corollary 3 of Proposition 7]. By local class field theory, we have (1 + p^{d−1})N_{K/F} (r^×) = g^×. Thus there exist

(4.32) s ∈ 1 + π^{d−1}g^× and α ∈ r^× such that c^{−1}qπ^{−ν} = s^{−1}N_{K/F} (α).

Note that c ∈ g^× since K is ramified over F ; see §2.3. Then cN_{K/F} (π^ν_K α) = sq, and hence

(4.33) N[sq] ≠ ∅.

We obtain N[sq] ⊂ X_{ν+d−1}(q) by the definition of s. Thus κ_0 = ν + d. Finally suppose t = 3. Then ξ(−cq) = 1 by (4.27), and hence ν ≡ δ (mod 2). For b ∈ g and 0 ≤ m ∈ Z, put

Y_m(b) = {y ∈ N | y^2 − b ∈ p^m}

as in [NRQ, (4.1.3)]. Then X_i(q) = π^{(ν−δ)/2}Y_{i−ν} (−c^{−1}qπ^{δ−ν} ) if i > ν. The proof of [NRQ, Lemma 4.2(2)] shows that Y_m(−c^{−1}qπ^{δ−ν} ) = ∅ for m ≥ 2κ + 1 even for cg = p. Thus κ_0 ≤ ν + 2κ + 1. If 2 ∈ g^×, then κ_0 = ν + 1 by (4.29). Assume 2 ∈ p. There exists

(4.34) s ∈ 1 + 4g such that s /∈ g^{×2}

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 365

by [NRQ, Lemma 3.2(1)], then ξ(s) = −1 from Lemma 4.2(1). Thus ξ(−csq) = −1, and hence, by Lemma 3.4(3),

(4.35) N[sq] ≠ ∅.

We find N[sq] ⊂ X_{ν+2κ}(q), and hence κ_0 = ν + 2κ + 1. Consequently we have

κ_0 = � � � � � ν + 2κ + 2 − d if t = 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, ν + d if t = 2, c^{−1}q /∈ N_{K/F} (r), and d > 1, ν + 2κ + 1 if t = 3, ξ(−cq) = 1, and 2 ∈ p, ν + 1 otherwise.

This completes the determination of the number κ_0.

4.7. Now, in (4.28) we have φ(k_{i,b}, L) = 2^{−1}p^i + φ(b, N) + 2^{−1}(q − φ[b])p^{−i} by (2.5), (2.6), and (2.7) for 0 ≤ i ≤ κ_0 − 1 and b ∈ X_i(q). Let m(i, b) ∈ Z such that φ(k_{i,b}, L) = 2^{−1}p^{m(i,b)}. Here [IQD, Theorem 1.3] implies k_{i,b}C = L[q, 2^{−1}p^{m(i,b)}]. We have 0 ≤ m(i, b) ≤ μ(q − φ[b]) − i ≤ (κ_0 − 1) − i in the notation of (3.3), with μ of (4.18). From this and m(i, b) ≤ i, we see that

(4.36) 0 ≤ m(i, b) ≤ [(κ_0 − 1)/2]

for 0 ≤ i ≤ κ_0 − 1 and b ∈ X_i(q). On the other hand, when κ_0 = ν + 1, put z = 0; when κ_0 > ν + 1, take any element z ∈ N[sq] and fix it. Here s is of (4.30), (4.32), or (4.34) according as t = 1, 2, or 3. Then z ∈ X_{κ0−1}(q). We assert that

(4.37) m(i, z) = i

for 0 ≤ i ≤ [(κ_0 −1)/2]. Indeed, if z = 0, then it is obvious. Suppose z ∈ N[sq]. Then μ(q − φ[z]) = κ_0 − 1. From the theorem in the case r = 0 and t > 0, we find that

φ(z, N) = � p^{(ν+δ)/2} if t = 1, 3, 2^{−1}p^{[(ν+d)/2]} if t = 2.

Therefore

m(i, z) = � min(i, κ + (ν + δ)/2, (κ_0 − 1) − i) if t = 1, 3, min(i, [(ν + d)/2], (κ_0 − 1) − i) if t = 2.

From this, we obtain (4.37). As a consequence, from (4.36) and (4.37),

L[q] =

κ_0−1�

i=0 � b∈X_i (q)/p^iN

k_{i,b}C =

[(κ_0−1)/2] � i=0 L[q, 2^{−1}p^i]

and L[q, 2^{−1}p^i] = k_{i,z}C. This completes the proof.

Documenta Mathematica 15 (2010) 347–385

366 Takashi Yoshinaga

5 The maximality of L ∩ (F h)^⊥

In this section still the field F is local and we prove the second main Theorem 5.3 as an application of Theorem 3.5. We first prepare two lemmas.

5.1 Lemma. Let ξ be as in Notation. Let α ∈ F^× such that ξ(α) ≠ 1. Let o be the valuation ring of F ( √ α), q_o the maximal ideal of o, d_{F (}^√_{α)/F} the different of F ( √ α) relative to F , and μ the normalized order function of F . Then we obtain the following assertions:

(1) If 2 ∈ g^× and μ(α) ∈ 2Z, then d_{F (}^√_{α)/F} = o. (2) If μ(α) /∈ 2Z, then d_{F (}^√_{α)/F} = 2q_o.

(3) If 2 ∈ p, μ(α) ∈ 2Z, ξ(α) = 0, and d_{F (}^√_{α)/F} = q^d_o, then d ∈ 2Z.

Proof. The first two assertions are well known. Assertion (3) follows from Lemma 4.2(1), (2).

5.2 Lemma. Let H be an integral lattice in V . Let t be the core dimension of V . Let δ(φ) be defined as in (2.1). Assume n /∈ 2Z and δ(φ) ∩ g^× = ∅. Then we have H is maximal in V if and only if [H̃ : H] = [g : 2p]. Here H̃ is defined as in (2.2).

Proof. Assume that H is maximal in V . Then [AQC, Lemma 6.9] implies [H̃ : H] = [L̃ : L] with L of (2.4). Since L̃ = Ñ +

�_r i=1(gf_i + ge_i), we have [L̃ :

L] = [Ñ : N]. By (2.8), (2.11), (2.19), and (2.20), we obtain [Ñ : N] = [g : 2p] since δ = 1. Thus we obtain the “only if”-part of the assertion. Conversely, we assume that H is an integral lattice in V such that

(5.1) [H̃ : H] = [g : 2p].

By [AQC, Lemma 6.2(1)], there exists a maximal lattice H_0 in V such that H ⊂ H_0. Then

(5.2) H ⊂ H_0 ⊂ H̃_0 ⊂ H̃.

From the “only if”-part of the lemma, which is settled above, we obtain [H̃_0 : H_0] = [g : 2p]. Combining this with (5.1) and (5.2), we obtain H = H_0, and hence H is maximal in V .

We remark that the index [H̃ : H] of a maximal lattice H in V is given in [AQC, Lemma 8.4(iv)] when n ∈ 2Z or δ(φ) ∩ g^× ≠ ∅. Now, for h ∈ L such that φ[h] ≠ 0, put

(5.3) (F h)^⊥ = {x ∈ V | φ(x, h) = 0}.

5.3 Theorem. Let L be a maximal lattice in V and τ(q) as in (3.8) for a given q ∈ g ∩ F^×. Assume n ≥ 2. Then for h ∈ L such that φ[h] ≠ 0, we have

L ∩ (F h)^⊥ is maximal in (F h)^⊥ ⇐⇒ h ∈ L � φ[h], 2^{−1}p^{τ (φ[h])} � . Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 367

Hereafter we prove this theorem until the end of §5.14.

5.4. Before stating the proof let us recall the basic notion and terminology in the previous subsections, which will be needed in the next arguments. Put q = φ[h], then h ∈ L[q]. Put simply τ = τ(q). We have

L[q] = � L[q, 2^{−1}p^τ ] if r = 0, �_τ

i=0 L[q, 2^{−1}p^i] if r ≥ 1

(5.4)

by (3.8). Hence h ∈ L[q, 2^{−1}p^i] for some 0 ≤ i ≤ τ. Put W = (F h)^⊥. Our aim is to show that L ∩ W is maximal in W if and only if i = τ. We have a Witt decomposition of V with respect to φ

(5.5) V = Z + r� j=1 (F f_j + F e_j ), L = N + r� j=1 (gf_j + ge_j )

as in (2.4). Let t be the core dimension of (V, φ). Let ξ be as in Notation. Assume t = 1. Let c and δ be as in (2.9) and (2.10), respectively. For q, let d and s be as in Theorem 3.5(ii).

Assume t = 2. Let b and c be as in (2.12) and δ as in (2.13). Let K and r be as in §2.3(II). Let q be the maximal ideal of r and ρ ∈ Gal(K/F ) such that ρ ≠ 1. Let d and d be as in Theorem 3.5(iii). Then

K is isomorphic to F ( √ −bc),

(5.6)

d = d_{K/F} = q^d when d ≠ r.

(5.7)

For q, let s be as in Theorem 3.5(iii).

Assume t = 3. Let c and δ be as in (2.14) and (2.15), respectively. For q, let s be as in Theorem 3.5(iv).

Let δ(φ) be as in (2.1). We may assume that: if t = 1 or 3 and δ(φ) ∩ g^× ≠ ∅, then c ∈ g^×; if t = 1 or 3 and δ(φ) ∩ g^× = ∅, then cg = p; if t = 2, then b, c ∈ g^× ⊔ πg^×; if t = 2 and K is ramified over F , then c ∈ g^×; see §2.3.

5.5. First suppose that:

t = 1, r ≥ 1, and ξ(cq) = 1; or t = 2 and c^{−1}q ∈ N_{K/F} (r); or t = 3 and ξ(−cq) ≠ 1; or t = 4.

This assumption is equivalent to N[q] ≠ ∅ by Lemma 3.4. Here 0 ≠ q = φ[h], h ∈ L. Then h ∈ L[q, 2^{−1}p^i] for some 0 ≤ i ≤ τ by (5.4). We obtain

L[q, 2^{−1}p^i] = � yC if i = τ, h_{i,y}C if i < τ

(5.8)

by (3.13), (3.16), (3.19), and (3.21). Here, y is any element of N[q] and fix it.

Documenta Mathematica 15 (2010) 347–385

368 Takashi Yoshinaga

We first prove that L ∩ W is maximal in W when i = τ. In this case, h ∈ L[q, 2^{−1}p^τ ] = yC by (5.8). Therefore there exists γ ∈ C such that y = hγ. We have L ∩ (F y)^⊥ = (L ∩ W )γ since Lγ = L and (F y)^⊥ = W γ. Therefore L ∩ (F y)^⊥ is maximal in (F y)^⊥ if and only if L ∩ W is maximal in W . Hence we assume h = y and W = (F y)^⊥. Now, we have

W = (Z ∩ W ) + r� j=1 (F f_j + F e_j )

since h ∈ N, (5.3), and (5.5). This is a Witt decomposition of W with respect to the restriction of φ to W . Moreover we obtain

(5.9) L ∩ W = (N ∩ W ) + r� j=1 (gf_j + ge_j ), N ∩ W = {x ∈ Z ∩ W | φ[x] ∈ g}

from (2.7) and (5.5). Thus by [AQC, Lemma 6.5], L ∩ W is maximal in W when i = τ.

Next suppose i < τ. We shall show that L ∩ W is not a maximal lattice in W in this case. We obtain h ∈ h_{i,y}C by (5.8). Thus we may assume h = h_{i,y}. By (3.8), N[q] = N[q, 2^{−1}p^τ ]. From this,

(5.10) φ(y, N) = 2^{−1}p^τ .

We see that

W = X + r−1� j=1 (F f_j + F e_j ), X = {ae_r + x − 2π^{−i}φ(y, x)f_r | a ∈ F, x ∈ Z},

(5.11)

L ∩ W = H + r−1� j=1 (gf_j + ge_j ), H = {ae_r + x − 2π^{−i}φ(y, x)f_r | a ∈ g, x ∈ N}

by the definition of h_{i,y} (in (3.7)), (5.3), (5.5), and (5.10). Take

(5.12) w ∈ N such that φ(y, w) = −2^{−1}π^τ

and fix it. Put u = π^{τ −i}f_r + w − π^{i−τ} φ[w]e_r, v = π^{i−τ} e_r, and

Y = {x − 2π^{i−τ} φ(x, w)e_r | x ∈ Z such that φ(x, y) = 0}.

Then we find that X = Y + F u + F v is a Witt decomposition of X by a straightforward calculation. Here X is defined as in (5.11). Put Λ = {k ∈ Y | φ[k] ∈ g}, then Λ + gu + gv is maximal in X by [AQC, Lemma 6.5]. We assert that H ⊊ Λ + gu + gv. Indeed, it is clear that v /∈ H since i − τ < 0. For any ℓ = ae_r + x − 2π^{−i}φ(y, x)f_r ∈ H, put ξ = −2π^{−τ} φ(y, x) and η = aπ^{τ −i} + 2π^{−τ} φ(y, x)φ[w] + 2φ(x, w) with w in (5.12). Then a straightforward

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 369

computation shows that ξ, η ∈ g and ℓ − ξu − ηv ∈ Λ by (5.10). Therefore H ⊊ Λ + gu + gv. Thus H is not maximal in X, and hence L ∩ W is not maximal in W by [AQC, Lemma 6.3]. This completes the proof in the case N[q] ≠ ∅.

5.6. Let us now suppose that:

t = 0 and r ≥ 1; or t = 1, r ≥ 1, ξ(cq) ≠ 1, and 2 ∈ g^×; or t = 1, r ≥ 1, ξ(cq) ≠ 1, and ν ≢ δ (mod 2); or t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d_{K/F} = r; or t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d_{K/F} = q; or t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ g^×.

Here ν ∈ Z such that qg = p^ν with 0 ≠ q = φ[h], h ∈ L. In this case we obtain

L[q] = � ⊔^τ_{j=0}ℓ_j C if t ≥ 1 or r ≥ 2, ⊔^ν_{j=0}ℓ_j C if t = 0 and r = 1

with ℓ_j in (3.7) and τ = [ν/2] of Theorem 3.5. Moreover

(5.13) N[q] = ∅

by Lemma 3.4. We have h ∈ L[q, 2^{−1}p^i] for some 0 ≤ i ≤ τ by (5.4). Hereafter until the end of §5.7 we prove the theorem in the case t ≥ 1 or r ≥ 2. Then

L[q, 2^{−1}p^i] = ℓ_iC for 0 ≤ i ≤ τ

by (3.10), (3.13), (3.16), and (3.19). Thus we may assume h = ℓ_i and W = (F ℓ_i)^⊥ since h ∈ ℓ_iC.

In this §5.6 we determine [(L ∩ W )^~ : L ∩ W ]. Put

(5.14) w = f_r − qπ^{−2i}e_r

with e_r and f_r in (5.5). Then

(5.15) W = (F w + Z) + r−1� j=1 (F f_j + F e_j )

from the definition of ℓ_i (in (3.7)), (5.3), and (5.5). We understand that: �_{r−1}

j=1 (F f_j + F e_j ) = {0} when t > 0 and r = 1; Z = {0} when t = 0 and r ≥ 2. We assert that (5.15) is a Witt decomposition. Indeed, it is clear when t = 0 and r ≥ 2. Assume t ≥ 1. If φ[aw + x] = 0 for a ∈ F and x ∈ Z, then φ[x] = qπ^{−2i}a^2. If a ≠ 0, then this is the case if and only if φ[a^{−1}π^ix] = q, and hence N[q] ≠ ∅. This contradicts (5.13). Thus a = 0, and hence x = 0. Therefore the restriction of φ to F w + Z is anisotropic. Combining this with

Documenta Mathematica 15 (2010) 347–385

370 Takashi Yoshinaga

(2.5), (2.6), and (5.14), we see that (5.15) is a Witt decomposition. Now, we have

(5.16) L ∩ W = (gw + N) + r−1� j=1 (gf_j + ge_j )

by (5.5) and (5.15). Therefore a straightforward computation shows that

(5.17) (L ∩ W )^~ = 2^{−1}p^{2i−ν} w + Ñ + r−1� j=1 (gf_j + ge_j )

from (2.2) with (5.16). Combining (5.16) with (5.17), we have

(5.18) [(L ∩ W )^~ : L ∩ W ] = [g : 2p^{ν−2i}] · [Ñ : N].

Here we obtain the index [Ñ : N] by [AQC, Lemma 8.4(iv)] and Lemma 5.2. Combining this with (5.18), we have

[(L ∩ W )^~ : L ∩ W ]

(5.19)

=

� � � � � � � � � �

[g : 2p^{ν−2i}] if t = 0 and r ≥ 2, [g : 4p^{ν−2i+δ}] if t = 1, r ≥ 1, ξ(cq) ≠ 1, and 2 ∈ g^×, [g : 4p^{ν−2i+δ}] if t = 1, r ≥ 1, ξ(cq) ≠ 1, and ν ≢ δ (mod 2), [g : 2p^{ν−2i+2δ}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d = r, [g : 2p^{ν−2i+1}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d = q, [g : p^{ν−2i+2−δ}] if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ g^×.

Note that: if t = 2, r ≥ 1, and d = r, then c^{−1}q /∈ N_{K/F} (r) if and only if ν ≢ δ (mod 2) by Lemma 3.4(2); if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ g^×, then ν ≡ δ (mod 2).

5.7. In this § we still assume t ≥ 1 or r ≥ 2. For an integral lattice R in W ,

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 371

the following assertion holds:

R is maximal in W

(5.20)

⇐⇒ [R̃ : R] =

� � � � � � � � � � � � � � �

[g : 2p^{ν−2τ} ] if t = 0 and r ≥ 2, [g : p^{2δ}] if t = 1, r ≥ 1, ξ(cq) ≠ 1, and ν ≡ δ (mod 2), [g : 4p] if t = 1, r ≥ 1, ξ(cq) ≠ 1, and ν ≢ δ (mod 2), [g : 2p^{1+δ}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d = r, [g : 2p^{ν−2τ +1}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d = q, [g : p^2] if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ g^×.

Note that if t = 1, r ≥ 1, ξ(cq) ≠ 1, and ν ≡ δ (mod 2), then 2 ∈ g^×. If (5.20) holds, then combining (5.19) with (5.20), we obtain our theorem in the case t ≥ 1 or r ≥ 2 since L ∩ W is an integral lattice in W . Let us prove (5.20). We observe a core subspace F w + Z of W with w of (5.14). If t = 0 and r ≥ 2, then dim_F (F w + Z) = 1 and δ(F w + Z, φ) = φ[w]F^{×2} = −qF^{×2}. Here δ(F w + Z, φ) is defined as in (2.1). This implies δ(F w + Z, φ) ∩ g^× ≠ ∅ if ν ∈ 2Z and δ(F w + Z, φ) ∩ g^× = ∅ if ν /∈ 2Z. Therefore we have (5.20) by [AQC, Lemma 8.4(iv)] and Lemma 5.2 when t = 0 and r ≥ 2. Assume t = 1, r ≥ 1, and ξ(cq) ≠ 1. Since φ[w] = −qπ^{−2i} and Z = F g with g of (2.8), (F w + Z, φ) is isomorphic to (F ( √ cq), ψ), where ψ[x] = cN_{F (}^√_{cq)/F} (x) for x ∈ F ( √ cq), as explained in §2.3(II). Suppose ν ≡ δ (mod 2), then 2 ∈ g^×.

Thus Lemma 5.1(1) implies that F ( √ cq) is unramified. Therefore we have (5.20) in this case by [AQC, Lemma 8.4(iv)]. Next suppose ν ≢ δ (mod 2), then d_{F (}^√_{cq)/F} = 2q_{F (}^√_{cq)} by Lemma 5.1(2), where q_{F (}^√_{cq)} is the maximal ideal of the valuation ring of F ( √ cq). Therefore [AQC, Lemma 8.4(iv)] implies (5.20) when t = 1, r ≥ 1, ξ(cq) ≠ 1, and 2 ∈ g^× or ν ≢ δ (mod 2). Assume t = 2, r ≥ 1, and c^{−1}q /∈ N_{K/F} (r), then dim_F (F w + Z) = 3. Since Z = F g_1 + F g_2 with g_1 and g_2 in (2.12) and φ[w] = −qπ^{−2i}, we have

(5.21) δ(F w + Z, φ) = bcqF^{×2}.

Suppose d = r. Then ν ≢ δ (mod 2) by Lemma 3.4(2). Since K is unramified over F , we have bg = cg(= p^δ) by Lemma 5.1(2). Thus (5.21) implies δ(F w + Z, φ) ∩ g^× = ∅ if δ = 0 and δ(F w + Z, φ) ∩ g^× ≠ ∅ if δ = 1. From this we obtain (5.20) by [AQC, Lemma 8.4(iv)] and Lemma 5.2 in this case. Next suppose d = q. Here Lemma 5.1 implies bg = p since c ∈ g^×. Therefore (5.21) implies δ(F w + Z, φ) ∩ g^× = ∅ if ν ∈ 2Z and δ(F w + Z, φ) ∩ g^× ≠ ∅ if ν /∈ 2Z. Hence

Documenta Mathematica 15 (2010) 347–385

372 Takashi Yoshinaga

we have (5.20) by [AQC, Lemma 8.4(iv)] and Lemma 5.2 when t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d_{K/F} = r or q. Finally if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ g^×, then dim_F (F w + Z) = 4, and hence [AQC, Lemma 8.4(iv)] implies (5.20). This proves the theorem in the case when N[q] = ∅, L[q] = ⊔_j ℓ_j C, and t ≥ 1 or r ≥ 2.

5.8. In this § we prove the theorem in the case t = 0 and r = 1. Then

L[q, 2^{−1}p^i] = � ℓ_iC ⊔ ℓ_{ν−i}C if t = 0, r = 1, and i ≠ ν/2, ℓ_iC if t = 0, r = 1, and i = ν/2

for 0 ≤ i ≤ τ, by (3.10). Since h ∈ L[q, 2^{−1}p^i] for some 0 ≤ i ≤ τ by (5.4), we may assume that h = ℓ_i or h = ℓ_{ν−i} when i ≠ ν/2 and h = ℓ_i when i = ν/2. If h = ℓ_i for 0 ≤ i ≤ τ (including the case h = ℓ_{ν/2}), we can obtain the assertion in the same way as §§5.6 and 5.7. Assume h = ℓ_{ν−i} for 0 ≤ i < ν/2. Put here w = f_1 − qπ^{−2(ν−i)}e_1. Then we see that

W = (F ℓ_{ν−i})^⊥ = F w, L ∩ W = p^{ν−2i}w, and (L ∩ W )^~ = 2^{−1}gw

in a similar way as §5.6. Thus [(L ∩ W )^~ : L ∩ W ] = [g : 2p^{ν−2i}]. Therefore we obtain the theorem in the same way as in the case when t = 0 and r ≥ 2 since φ[w]F^{×2} = −qF^{×2}. This completes the proof in the case when N[q] = ∅ and L[q] = ⊔_j ℓ_j C.

5.9. Finally we suppose that:

t = 1, r ≥ 1, ν ≡ δ (mod 2), ξ(cq) ≠ 1, and 2 ∈ p; or t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d > 1; or t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

Note that c ∈ g^× when t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d > 1. Then we have

(5.22) L[q] = τ� j=0 k_{j,z}C and k_{j,z} C = L[q, 2^{−1}p^j ]

with k_{j,z} in (3.7), from (3.8), (3.13), (3.16), and (3.19). Here z is any element of N[sq] with s of (3.11), (3.14), or (3.17) of Theorem 3.5 according as t = 1, 2, or 3. We fix z. We obtain (5.23) τ = � � � κ + �_{ν+1−d} 2 � if t = 1, r ≥ 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, �_{ν+d−1} 2 � if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d > 1, κ + �_ν 2 � if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p

from (3.12), (3.15), and (3.18), where κ ∈ Z such that 2g = p^κ. Moreover, by Lemma 3.4,

(5.24) N[q] = ∅.

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 373

Applying Theorem 3.5 to (Z, φ), N, and sq, we have N[sq] = N[sq, 2^{−1}p^{τ (sq)}] by (3.8). Here

τ(sq) = � � � � � κ +^{ν+δ}_2 if t = 1, r ≥ 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, �_{ν+d} 2 � if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d > 1, κ +^{ν+δ}_2 if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p

(5.25)

from (3.12), (3.15), and (3.18). Thus

(5.26) φ(z, N) = 2^{−1}p^{τ (sq)}.

Assume h ∈ L[q, 2^{−1}p^i] for some 0 ≤ i ≤ τ. Then by (5.22), h ∈ k_{i,z} C, and hence we may assume h = k_{i,z} . Hereafter we show that L ∩ W is maximal in W if and only if i = τ. Put

(5.27) x_1 = π^{i−τ} [f_r − π^{−2i}(q − φ[z])e_r]

with e_r and f_r in (5.5). Then

(5.28) φ[x_1] = π^{−2τ} (s − 1)q and π^{τ −i}x_1 ∈ L.

By a straightforward computation, we obtain (5.29)

W = X + r−1� j=1 (F f_j + F e_j ), X = {ax_1 + x − 2π^{−i}φ(x, z)e_r | a ∈ F, x ∈ Z}

with x_1 of (5.27). Then (5.29) is a Witt decomposition. Indeed, if φ[ax_1 + x − 2π^{−i}φ(x, z)e_r] = 0 for a ∈ F and x ∈ Z, then φ[x − π^{−τ} az] = (π^{−τ} a)^2q. Assuming a ≠ 0, we have φ[π^τ a^{−1}x − z] = q, and hence N[q] ≠ ∅. This contradicts (5.24). Thus a = 0, and hence x = 0. Therefore the restriction of φ to X is anisotropic. Combining this with (2.5), (2.6), and (5.27), we see that (5.29) is a Witt decomposition. Now, we easily see that 2π^{−i}φ(x, z) ∈ g for x ∈ N from (5.23), (5.25), (5.26), and 0 ≤ i ≤ τ. From this and (5.28), (5.30)

L∩W = H + r−1� j=1 (gf_j +ge_j ), H = {ax_1 +x−2π^{−i}φ(x, z)e_r | a ∈ p^{τ −i}, x ∈ N}.

By [AQC, Lemma 6.3(1)], L ∩ W is maximal in W if and only if H is maximal in X. Thus we consider the lattice H in X instead of L ∩ W in W .

5.10. In this § we first determine the structure of N under the assumption of §5.9. Now we put

(5.31) Y = {k ∈ Z | φ(k, z) = 0} and z_1 = π^{−[ν/2]}z.

Documenta Mathematica 15 (2010) 347–385

374 Takashi Yoshinaga

Then Z = F z_1 + Y .

First assume t = 1, r ≥ 1, ν ≡ δ (mod 2), ξ(cq) ≠ 1, and 2 ∈ p. Since φ[z_1]g = p^δ,

(5.32) N = gz_1.

Next assume t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), and d > 1. Then Lemma 5.1(1) and (2) imply 2 ∈ p. Take y ∈ Y such that Y = F y, then

(5.33) Z = F z_1 + F y.

Thus from (2.1) and (2.12), we have φ[z_1]φ[y]F^{×2} = −δ(Z, φ) = bcF^{×2}, and hence we may assume

φ[z_1]φ[y](bc)^{−1} = � 1 if bg = p, π^{2λ} if b ∈ g^×,

(5.34)

where

(5.35) λ = ν − 2[ν/2].

From (5.6) and (5.34), we see that F + F z_1y ⊂ A(Z, φ) is isomorphic to K. Here we identify F + F z_1y with K. Suppose bg = p. Then

(5.36) d = 2κ + 1

by c ∈ g^×, Lemma 5.1(2), and (5.7). Put

z_ν = � z_1 if ν ∈ 2Z, y if ν /∈ 2Z.

Then φ[z_ν ] ∈ g^× from (5.31) and (5.34), and hence Z = Kz_ν and N = rz_ν by (5.33). We find z_1y ∈ r and (z_1y − (z_1y)^ρ)r = 2q = d, and hence r = g[z_1y] by [AQC, Lemma 5.6(ii)]. Thus

(5.37) N = gz_1 + gy.

Next suppose b ∈ g^×. Then bc ∈ g^× and 2 ∈ p from c ∈ g^×, d > 1, and Lemma 5.1(1). Thus there exist

(5.38) α, β ∈ g^× such that − bc = α^{−2}(1 + π^{2κ+1−d}β)

by d > 1 and Lemma 4.2(1). Put η = π^{(d−2κ)/2}(1 + απ^{−λ}z_1y) in K with λ of (5.35). Then η is a root of an Eisenstein equation x^2 − 2π^{(d−2κ)/2}x − πβ = 0, and hence η is a prime element of K and (η − η^ρ)r = (2η − 2π^{(d−2κ)/2})r = d. Here x is an indeterminate. Thus r = g[η] by [AQC, Lemma 5.6(ii)]. By (5.31)

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 375 and (5.34), we have φ[y]g = p^λ. From this and η^{−1} = −π^{−1+(d−2κ)/2}β^{−1}(1 − απ^{−λ}z_1y), we obtain (5.39) N = rη^{−λ}y = gy + gπ^{−λ+(d−2κ)/2}[y + (−1)^ν απ^{−λ}φ[y]z_1]. Finally assume t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p. Then ν ≡ δ (mod 2), and hence φ[z_1]g = p^δ. We can take (5.40) y_1, y_2 ∈ Y so that Y = F y_1 + F y_2 and φ(y_1, y_2) = 0 by [EPE, Lemma 1.8]. Then we may assume (5.41) φ[y_1]φ[y_2] ∈ g^× since (5.42) −φ[z_1]φ[y_1]φ[y_2]F^{×2} = δ(Z, φ) = −cF^{×2} by (2.14), (5.31), and (5.40). Put (5.43) T = F y_1y_2 +F z_1y_1 +F z_1y_2, K_Y = F +F y_1y_2, B = F +T, ζ = z_1y_1y_2 in A(Z). Moreover put c_1 = φ[z_1]φ[y_1]φ[y_2]. Then Z = T ζ, Y = K_Y y_2, B is a division quaternion algebra over F , c_1g = cg, and φ[xζ] = c_1N_{B/F} (x) for x ∈ T . From ξ(−cq) = 1 and (5.42), we have (y_1y_2)^2F^{×2} = sF^{×2}. Thus K_Y is an unramified quadratic extension of F by (3.17). We may assume (5.44) φ[y_1]g = φ[y_2]g = g or φ[y_1]^{−1}g = φ[y_2]g = p by (5.41). Then we see that

φ[y_2]g = p^{1−δ} = � p if ν ≡ 0 (mod 2), g if ν ≡ 1 (mod 2)

(5.45)

as shown below. Put ω = z_1y_1 and v = y_1y_2.

Then B = K_Y + K_Y ω, ωv = −vω, ω^2g = p^{2δ−1}, v ∈ K_Y ∩ T , and v^2 ∈ g^× from (5.31), (5.40), (5.41), (5.42), (5.43), and (5.45). Therefore (5.46) N = (gv + r_Y ω^{−1})ζ = gz_1 + r_Y y_2;

see §2.3. Here r_Y is the valuation ring of K_Y . Now we assert (5.45). Indeed, if this is not the case, then

φ[y_2]g = p^δ = � g if ν ≡ 0 (mod 2), p if ν ≡ 1 (mod 2)

Documenta Mathematica 15 (2010) 347–385

376 Takashi Yoshinaga

by (5.44). Since K_Y is unramified over F , there exists θ ∈ B such that B = K_Y + K_Y θ, θ^2g = p, and θy_1y_2 = −y_1y_2θ by the proof of [AQC, Theorem 5.13]. Then we easily see that θ ∈ F z_1y_1 + F z_1y_2. Put J = F z_1y_1 + F z_1y_2 and ψ[x] = N_{B/F} (x) for x ∈ J. We consider the Clifford algebra A(J, ψ) of ψ. Put K_J = F + F z_1y_1 · z_1y_2, then J = K_J z_1y_2, ψ[z_1y_2]g = p^{2δ}, and K_J is isomorphic to F ( √ s) which is an unramified quadratic extension of F . Thus Lemma 3.4(2) implies Λ_J [ψ[θ]] = ∅, where Λ_J is a maximal lattice in J. Since θ^2g = p, this gives a contradiction, and hence φ[y_2]g = p^{1−δ}. 5.11. Put

(5.47) x_2 = π^{−[ν/2]}(z − 2π^{−i}φ[z]e_r).

Then φ[x_2] = φ[z_1] with z_1 in (5.31). From (5.30), (5.32), (5.37), (5.39), and (5.46), H = (5.48) � � � � � � � � � � � p^{τ −i}x_1 + gx_2 if t = 1, r ≥ 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, p^{τ −i}x_1 + gx_2 + gy if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, p^{τ −i}x_1 + gx_3 + gy if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and b ∈ g^×, p^{τ −i}x_1 + gx_2 + r_Y y_2 if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p

with x_1 of (5.27), y ∈ Y satisfying (5.34), y_2 of (5.40), and r_Y in (5.46). Moreover x_3 is given as

(5.49) x_3 = π^{−λ+(d−2κ)/2}[y + (−1)^ν απ^{−λ}φ[y]x_2],

with λ of (5.35).

5.12. On the other hand for the space X in (5.29) we put

(5.50) Λ = {x ∈ X | φ[x] ∈ g}.

Then [AQC, Lemma 6.4] implies that Λ is a unique maximal lattice in X. Here we put

(5.51) w = −π^i(q − φ[z])^{−1}φ[z]f_r + z − π^{−i}φ[z]e_r

with e_r and f_r in (5.5). Then we find that

x_2 = π^{−[ν/2]}[w + π^τ (q − φ[z])^{−1}φ[z]x_1],

(5.52)

φ[w] = (1 − s)^{−1}sq,

(5.53)

X = F x_1 + F w + Y, φ(x_1, w) = 0, Y = {k ∈ X | φ(k, x_1) = φ(k, w) = 0}.

(5.54)

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 377

Here Y is given in (5.31) and x_2 is of (5.47).

5.13. In §§5.13 and 5.14 we determine the structure of Λ in the above (5.50). In §5.13 we suppose that: t = 1, r ≥ 1, ν ≡ δ (mod 2), 2 ∈ p, and ξ(cq) ≠ 1; or t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p; or t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p. (The case when t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and b ∈ g^× will be treated in §5.14.) To prove the theorem in this case, it suffices to show that

Λ = (5.55)

� � � gx_1 + gx_2 if t = 1, r ≥ 1, ξ(cq) ≠ 1, ν ≡ δ (mod 2), and 2 ∈ p, gx_1 + gx_2 + gy if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, gx_1 + gx_2 + r_Y y_2 if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p

by (5.48).

First we shall show that

(5.56) gx_1 + gx_2 is maximal in F x_1 + F w.

For the purpose, we consider the Clifford algebra A(F x_1 +F w) of the restriction of φ to F x_1 + F w. Put E = F + F wx_1 in A(F x_1 + F w). Then we obtain that

(5.57) F x_1 + F w = Ex_1, φ[xx_1] = φ[x_1]N_{E/F} (x) for x ∈ E,

and E is isomorphic to F ( √ s) since (wx_1)^2F^{×2} = sF^{×2} by (5.28) and (5.53).

First we suppose that:

t = 1, r ≥ 1, ξ(cq) = 0, ν /∈ 2Z, 2 ∈ p, and δ = 1; or t = 1, r ≥ 1, ξ(cq) = −1, ν ≡ δ (mod 2), and 2 ∈ p; or t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p; or t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

Then

D_{E/F} = � p^d if t = 1, r ≥ 1, ξ(cq) = 0, ν /∈ 2Z, 2 ∈ p, and δ = 1, g otherwise.

(5.58)

Indeed, if t = 1, r ≥ 1, ξ(cq) = 0, ν /∈ 2Z, 2 ∈ p, and δ = 1, then cqF^{×2} = sF^{×2}. Thus we have (5.58) by the definition of d; see Theorem 3.5(ii). If t = 1, r ≥ 1, ξ(cq) = −1, ν ≡ δ (mod 2), and 2 ∈ p, then from (3.11), Lemma 4.2(1), and cq /∈ F^{×2}, we have ε(s) = 2κ with ε of (4.11). Thus we obtain (5.58). If t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, then ε(s) = 2κ from (3.14), (5.36), and c^{−1}q /∈ N_{K/F} (r). If t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p, then clearly we

Documenta Mathematica 15 (2010) 347–385

378 Takashi Yoshinaga

have (5.58) by (4.34) and Lemma 4.2(1). Therefore we have (5.58) for all cases. Now, by (5.23), (5.36), and Lemma 5.1(3), τ = � κ + (ν + 1 − d)/2 if t = 1, r ≥ 1, ξ(cq) = 0, ν /∈ 2Z, 2 ∈ p, and δ = 1, κ + [ν/2] otherwise.

Thus by (3.11), (3.14), (3.17), and (5.28), we have (5.59)

φ[x_1]g = � � � � � g if t = 1, r ≥ 1, ξ(cq) = 0, ν /∈ 2Z, 2 ∈ p, and δ = 1, p^δ if t = 1, r ≥ 1, ξ(cq) = −1, ν ≡ δ (mod 2), and 2 ∈ p, p^λ if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, p^δ if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

Therefore r_E x_1 is a unique maximal lattice in Ex_1, where r_E is the valuation ring of E. Since N_{E/F} (x_2x^{−1}_1 ) = φ[x_2]φ[x_1]^{−1} ∈ g, we have x_2x^{−1}_1 ∈ r_E . By (5.52) and (5.58), N_{E/F} (x_2x^{−1}_1 − (x_2x^{−1}_1 )^{ρE} )g = D_{E/F} , where 1 ≠ ρ_E ∈ Gal(E/F ). Thus [AQC, Lemma 5.6(ii)] implies r_E = g[x_2x^{−1}_1 ], and hence gx_1 + gx_2 is a maximal lattice in Ex_1 in this case.

Next suppose that t = 1, r ≥ 1, ξ(cq) = 0, ν ∈ 2Z, 2 ∈ p, and δ = 0. Then d ∈ 2Z by Lemma 5.1(3). From this and (5.23), τ = κ + 2^{−1}(ν − d). Thus φ[x_1]g = p from (3.11) and (5.28). Put η = π^{2−1d−κ}(1 + π^τ φ[z]^{−1}wx_1) ∈ E, then η is a root of an Eisenstein equation x^2 − 2π^{2−1d−κ}x − π^{d−2κ}φ[z]^{−1}(q − φ[z]) = 0. Here x is an indeterminate. Therefore η is a prime element of E and (η − η^{ρE} )r_E = (2η − 2π^{2−1d−κ})r_E = d_{E/F} . Here r_E and ρ_E are the same symbols as above. Thus r_E = g[η] by [AQC, Lemma 5.6(ii)]. From φ[x_1]g = p, we have Λ = r_E η^{−1}x_1 = gx_1 + gη^{−1}x_1 with Λ of (5.50). Since η^{−1} = −π^{κ−2−1d}φ[z](q − φ[z])^{−1}(1 − π^τ φ[z]^{−1}wx_1), we obtain Λ = gx_1 + gx_2. This proves (5.56).

Now, we obtain (5.55) when t = 1, r ≥ 1, ν ≡ δ (mod 2), ξ(cq) ≠ 1, and 2 ∈ p by (5.56). When t > 1, we have

[(gx_1 + gx_2)^~ : gx_1 + gx_2] =

(5.60) � [g : p^{2λ}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, [g : p^{2δ}] if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

by (5.56), (5.57), (5.58), (5.59), and [AQC, Lemma 8.4(iv)]. Put

Λ_Y = � gy if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, r_Y y_2 if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

Then Λ_Y is maximal in Y . Indeed, if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, then dim_F (F y) = 1. We have φ[y]g = p^{1−λ} from (5.31) and

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 379

(5.34), and hence gy is maximal in Y by [AQC, Lemma 6.4]. If t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p, then K_Y in (5.43) is unramified over F and Y = K_Y y_2. Also we have φ[ky_2] = φ[y_2]N_{KY /F} (k) for k ∈ K_Y . Thus r_Y y_2 is maximal in Y by (5.45) and [AQC, Lemma 6.4]. Since Λ_Y is maximal in Y , [AQC, Lemma 8.4(iv)] and Lemma 5.2 imply

[Λ^~_Y : Λ_Y ] = � [g : 2p^{1−λ}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, [g : p^{2(1−δ)}] if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

Combining this with (5.60), we obtain

[(gx_1 + gx_2 + Λ_Y )^~ : gx_1 + gx_2 + Λ_Y ] = [(gx_1 + gx_2)^~ : gx_1 + gx_2] · [Λ^~_Y : Λ_Y ] = � � � [g : 2p^{1+λ}] if t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p, [g : p^2] if t = 3, r ≥ 1, ξ(−cq) = 1, and 2 ∈ p.

Therefore gx_1 + gx_2 + Λ_Y is maximal in X by [AQC, Lemma 8.4(iv)] and Lemma 5.2. Note that φ[x_1]φ[w]φ[y]g = p^{ν−2κ+1} by (5.34), (5.53), and (5.59), when t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and bg = p. Therefore we obtain (5.55).

5.14. Finally, we suppose that t = 2, r ≥ 1, c^{−1}q /∈ N_{K/F} (r), d > 1, and b ∈ g^×. We have already obtained

(5.61) H = gπ^{τ −i}x_1 + gx_3 + gy

by (5.48), with x_1 of (5.27), y satisfying (5.34), and x_3 of (5.49). Our aim is to show that H coincides with the unique maximal lattice Λ in X if and only if i = τ, with Λ of (5.50). For the purpose, we shall find a g-basis of Λ in a similar way as §2.3(III) (cf. (2.19)).

We consider the Clifford algebra A(X) of the restriction of φ to X. Put

x_0 = π^{λ−1}x_1 and w_0 = π^{−(ν−d+λ)/2}w

with λ of (5.35) and w of (5.51). Then {x_0, w_0, y} is an F -basis of X satisfying φ(x_0, w_0) = φ(w_0, y) = φ(y, x_0) = 0 by (5.54) and Y = F y with Y in (5.31). Thus we obtain

X = T_X ζ_X and φ[xζ_X ] = c_X N_{B/F} (x) for x ∈ T_X .

Here

T_X = F x_0w_0 + F x_0y + F w_0y, B = F + T_X , c_X = φ[x_0]φ[w_0]φ[y], ζ_X = x_0w_0y.

Note that B is a division quaternion algebra over F . Moreover we have c_X g = p^λ by (5.28), (5.34), and (5.53). Therefore

(5.62) Λ = (T_X ∩ P^{−λ})ζ_X ,

Documenta Mathematica 15 (2010) 347–385

380 Takashi Yoshinaga

where P = {x ∈ B | N_{B/F} (x) ∈ p}. Put (5.63) ω_X = −x_1ζ^{−1}_X , u_X = x_3ζ^{−1}_X ω^{−1}_X , and v_X = u_X − u^ι_X in B, where ι is the main involution of B. Then we assert that (5.64) Λ = [gv_X + (g + gu_X )ω_X ]ζ_X = gx_1 + gx_3 + gv_X ζ_X . Indeed, we have ω^2_X g = p^{1−2λ} by (5.34) and (5.53). Thus we obtain N_{B/F} (u_X ) = c^{−1}_X N_{B/F} (ω_X )^{−1}π^{d−2κ−2λ}φ[y](−π^{2κ+1−d}β) ∈ g^×, N_{B/F} (v_X ) = N_{B/F} (u_X − u^ι_X )

= 4π^{−2λ+d−2κ}φ[x_1]^{−1}φ[y](s + π^{2κ+1−d}β)(s − 1)^{−1} ∈ g^× by (5.28), (5.34), (5.38), (5.49), and (5.53). Note that 2κ + 1 > d by d > 1 and Lemma 4.2. Thus [AQC, Lemma 5.6(ii)] implies that F +F u_X is an unramified quadratic extension of F and g + gu_X is the valuation ring of F + F u_X . Also we have v_X ∈ g[u_X ]^×. We see that B = (F + F u_X ) + (F + F u_X )ω_X and v_X ω_X = −ω_X v_X by a straightforward caluculation. Combining these with (5.62), we obtain the first equality of (5.64) in the same way as §2.3(III). The second equality of (5.64) is trivial from (5.63). This proves (5.64). Now, we consider the g-base of both H and Λ, that is, {π^{τ −i}x_1, x_3, y} and {x_1, x_3, v_X ζ_X }; see (5.61) and (5.64) above. We see that

v_X ζ_X = 2π^{d−κ−1−(ν+λ)/2}φ[y][w + (−1)^{ν+1}π^{−(ν+λ)/2}αφ[w]y] = A(π^{τ −i}x_1) + Bx_3 + Cy

with

A = −2φ[y]φ[z](q − φ[z])^{−1}π^{i+d−κ−1−(ν+λ)/2} ∈ p^{i−τ} , B = (−1)^ν 2α^{−1}π^{λ−1+2−1 d} ∈ g, C = (−1)^{ν+1}2π^{d−κ−1}(α^{−1} + αφ[y]φ[w]π^{−ν−λ}) ∈ g^× by (5.23), (5.34), (5.38), (5.53), and d > 1. Thus

(π^{τ −i}x_1, x_3, y) = (x_1, x_3, v_X ζ_X )γ, γ = � � π^{τ −i} 0 −π^{τ −i}AC^{−1} 0 1 −BC^{−1} 0 0 C^{−1} � � .

Since γ ∈ g^3 and det(γ)g = p^{τ −i}, we obtain H = Λ if and only if i = τ, also in this case. This completes the proof.

6 Global results In this section we assume that F is a global field and L is a maximal lattice in V with respect to φ. We state two global results which are derived from the local cases.

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 381

6.1. Let h be the set of nonarchmedean primes of F and fix v ∈ h. We let F_v denote the completion of F at v. Then F_v is a local field. Let g_v be the valuation ring of F_v and p_v the maximal ideal of g_v . We also write p_v for the prime ideal of g corresponding to v. Put X_v = X ⊗_F F_v for a subspace X of V and Λ_v = Λ ⊗_g g_v for a g-lattice Λ in V . Let φ_v be the F_v -bilinear extension of φ to V_v ×V_v. We consider (V_v , φ_v ). By [AQC, Lemma 9.4(iii)], L_v is a maximal lattice in V_v . For q ∈ g ∩ F^× such that L_v[q] ≠ ∅, put

(6.1) τ_v (q) = max({i ∈ Z | L_v[q] ⊃ L_v[q, 2^{−1}p^i_v] ≠ ∅}).

This is given by (3.9), (3.12), (3.15), (3.18), and (3.20) for every v ∈ h.

6.2 Proposition. Let the notation be as above. Let L be a maximal lattice in V and q ∈ g ∩ F^×. Let t_v be the core dimension of (V_v , φ_v ) for v ∈ h. Put n = dim_F (V ). Then for a g-ideal a = � v∈h p^{iv}_v such that a ⊂ g, we have

L[q, 2^{−1}a] ≠ ∅ =⇒ � i_v = τ_v(q) if n = t_v, i_v ≤ τ_v(q) otherwise

for all v ∈ h.

Proof. Assume L[q, 2^{−1}a] ≠ ∅. For every v ∈ h, we have L[q, 2^{−1}a] ⊂ L_v[q, 2^{−1}p^{iv}_v ] since φ(x, L)_v = φ_v(x, L_v ) for any x ∈ V . Thus we obtain ∅ ≠ L_v[q, 2^{−1}p^{iv}_v ] ⊂ L_v[q] by Lemma 3.6, and hence Corollary 3.7 implies the assertion.

6.3 Theorem. Let the notation be the same as in Proposition 6.2. Let L be a maximal lattice in V . Assume n ≥ 2. Then for h ∈ L such that φ[h] ≠ 0, we have

L ∩ (F h)^⊥ is maximal in (F h)^⊥ ⇐⇒ h ∈ L � φ[h], 2^{−1} � v∈h p^{τv(φ[h])} v � .

Here (F h)^⊥ = {x ∈ V | φ(x, h) = 0}.

Proof. Put W = (F h)^⊥. Then we see that W_v = (F_v h)^⊥ in V_v for all v ∈ h. By [AQC, Lemma 9.4(iii)], L ∩ W is maximal in W if and only if L_v ∩ W_v = (L ∩ W )_v is maximal in W_v for every v ∈ h; Moreover Theorem 5.3 shows that this is the case if and only if h ∈ L_v � φ[h], 2^{−1}p^{τv(φ[h])} v � for all v ∈ h. Since φ(h, L)_v = φ_v (h, L_v), the assertion holds.

This theorem answers the question raised in [AQC, (11.6a)].

7 Sums of squares

7.1. Put V = Q^1_n and φ(x, y) = x·^ty for x, y ∈ V . Let L be a maximal lattice in V and {e_i}^n_{i=1} the standard Q-basis of V in this section. Then φ[x] =

�_n i=1 x^2_i

Documenta Mathematica 15 (2010) 347–385

382 Takashi Yoshinaga

for x =

�_n i=1 x_ie_i ∈ V . Hereafter we assume that q is a squarefree positive integer. By [AQC, (12.17)],

L[q] = L[q, 2^{−1}Z] ⊔ L[q, Z].

Here we apply our results on L[q] in this case and investigate the sets L[q, 2^{−1}Z] and L[q, Z] when 4 ≤ n ≤ 10 and n ∈ 2Z. As for the case n /∈ 2Z, we can refer to [AQC, Section 12].

7.2 Lemma. Assume n ≥ 4. Let L be a maximal lattice in V and q a squarefree positive integer. Then

L[q, Z] = ∅ if � � � � � n ≡ 0 (mod 8); or n ≡ ±1 (mod 8) and (−1)^{(n−1)/2}q ≢ 1 (mod 4); or n ≡ ±2 (mod 8) and (−1)^{(n−2)/4}q ≡ 3 (mod 4); or n ≡ 4 (mod 8) and q ≡ 1 (mod 2)

and L[q, 2^{−1}Z] = ∅ if n = 4 and q ≡ 0 (mod 2).

Proof. Let p be a rational prime number. The core dimension t_p of (V_p, φ_p) is given by [AQC, (7.12a) and (7.12b)]. Let c_p be as in §2.3 when 1 ≤ t_p ≤ 3. By a Witt decomposition of V_p as in (2.4), we have (−1)^{(n−tp)/2}c_pQ^{×2}_p = δ(V_p, φ_p) = Q^{×2}_p for t_p = 1, 3. From this and [AQC, §7.15], we can take c_p so that c_p ∈ Z^×_p when p ≠ 2 and

c_2 = � (−1)^{(n−t2)/2} if t_2 = 1, 3, (−1)^{(n−2)/4} if t_2 = 2

when p = 2. Let τ_p(q) be as in (6.1). Then we see that

τ_p(q) =

� � � � � � �

1 if n ≡ ±1 (mod 8), p = 2, and (−1)^{(n−1)/2}q ≡ 1 (mod 4);

or n ≡ ±2 (mod 8), p = 2, and (−1)^{(n−2)/4}q ≢ 3 (mod 4); or n ≡ ±3 (mod 8) and p = 2;

or n ≡ 4 (mod 8), p = 2, and q ≡ 0 (mod 2), 0 otherwise

(7.1)

by Theorem 3.5 and Lemma 4.2(1). Note that N_{Q(}^√_{−1)2 /Q2} (Z[ √ −1]^×_2 ) = (1 + 4Z_2)Z^{×2}_2 . Combining (7.1) with Proposition 6.2, the assertion holds.

If n ≡ ±1 (mod 8), then this lemma is a restatement of [AQC, Lemma 12.13(ii)]. 7.3. Put

(7.2) L_n = Ze_1 + Ze_2 + n/2� i=2 (Ze_{2i−1} + Zg_{2i})

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 383

for 4 ≤ n ≡ 2, 4, 6 (mod 8), where g_{2i} = 2^{−1}(e_{2i−3} + e_{2i−2} + e_{2i−1} + e_{2i}). Then L_n is maximal in V by [CGQ, Lemma 3.1]. When n = 10, we put

(7.3) Λ = H + M

with a maximal lattice H (resp. M) in

�_8 i=1 Qe_i (resp. Qe_9 + Qe_{10}). Then Λ is a maximal lattice in V by [NRQ, §6.8]. Hereafter we suppose 4 ≤ n ≤ 10 and n ∈ 2Z. By [AQC, §12.12], if n < 10, then the genus LSO^φ_A of L (cf. [AQC, §§9.3 and 9.7]) equals to the SO^φ-class LSO^φ. Here SO^φ_A is the adelization of SO^φ. If n = 10, then [CGQ, §3.2] and [AQC, Lemma 9.23(i)] imply LSO^φ_A = L_{10}SO^φ ⊔ ΛSO^φ.

7.4 Lemma. Let L_n be as in (7.2) and q a squarefree positive integer. Assume n = 4, 6, or 10. Then we obtain the following assertions:

(1)Assume n = 4. Then we have L_4[q, 2^{−1}Z] = ∅ if and only if q ≡ 0 (mod 2) and L_4[q, Z] = ∅ if and only if q ≡ 1 (mod 2). (2) If n > 4, then L_n[q, 2^{−1}Z] ≠ ∅.

(3) If n > 4 and q ≡ 0 (mod 2), then L_n[q, Z] ≠ ∅. (4) If n = 6 and q ≡ 3 (mod 4), then L_6[q, Z] ≠ ∅.

(5) Assume n = 10 and q ≡ 1 (mod 4). Then we have L_{10}[q, Z] = ∅ if and only if q = 1.

Proof. (1): Assume n = 4. Since L_4 is maximal in V ,

L_4[q] = � L_4[q, 2^{−1}Z] if q ≡ 1 (mod 2), L_4[q, Z] if q ≡ 0 (mod 2)

by Lemma 7.2. We have

�_4

i=1 Ze_i ⊂ L_4, and hence

(7.4) L_4[q] ≠ ∅ for any squarefree positive integer q.

This proves (1). (2): Assume n > 4. We can take x ∈ L_4 so that φ[x] = q or q − 1 according as q ≡ 1 (mod 2) or q ≡ 0 (mod 2) by (7.4). If q ≡ 1 (mod 2), then put h = x; if q ≡ 0 (mod 2), then put h = x + e_5. By (1) settled above, h ∈ L_n[q, 2^{−1}Z] in both cases. This proves (2). In the proof of (3) and (4) we take

(7.5) y = 4� i=1 y_ie_i ∈ 4� i=1 Ze_i such that φ[y] = q

for a given q. (3): Suppose n > 4 and q ≡ 0 (mod 2). Since q is even and squarefree, at least two of y_1, y_2, y_3, and y_4 are even. We may assume y_3, y_4 ∈ 2Z. Then y ∈ L_n[q, Z] from (1). This proves (3). Now, for h =

�_n i=1 h_ie_i ∈ V such that φ[h] = q, we have

(7.6) h ∈ L_n[q, Z] ⇐⇒ h ∈ n� i=1 Ze_i and 3� k=0 h_{2j−k} ∈ 2Z for 2 ≤ j ≤ n/2.

Documenta Mathematica 15 (2010) 347–385

384 Takashi Yoshinaga

(4): Suppose n = 6 and q ≡ 3 (mod 4). Then one and only one of y_1, y_2, y_3, and y_4 in (7.5) is even. We may assume y_1 ∈ 2Z. Put h =

�_3

i=1 y_ie_i + y_4e_5, then h ∈ L_6[q, Z] by (7.6). This proves (4). (5): Assume n = 10 and q ≡ 1 (mod 4). Then L_{10}[1, Z] = ∅ by (7.6). If q > 1, then there exists z =

�_4 i=1 z_ie_i ∈ �_4

i=1 Ze_i such that

�_4 i=1 z^2_i = 4^{−1}(q − 5). Put h =

�_4 i=1 2z_ie_{2i} +

�_5 j=1 e_{2j−1}.

Then h ∈ L_{10}[q, Z] by (7.6). This completes the proof.

7.5 Theorem. Let L be a maximal lattice in V and q a squarefree positive integer. We assume 4 ≤ n ≤ 10 and n ∈ 2Z. Then

L[q, Z] = ∅ if and only if

� � � � � � � n = 4 and q ≡ 1 (mod 2); or n = 6 and q ≡ 1 (mod 4); or n = 8; or n = 10, L ∈ L_{10}SO^φ, q = 1 or q ≡ 3 (mod 4); or n = 10, L ∈ ΛSO^φ, q ≡ 3 (mod 4)

and L[q, 2^{−1}Z] = ∅ if and only if n = 4 and q ≡ 0 (mod 2). Here L_{10} (resp. Λ) is of (7.2) (resp. (7.3)).

Proof. If n = 4, 6, or, n = 10 and LSO^φ = L_{10}SO^φ, then we have LSO^φ = L_nSO^φ. Therefore we obtain the assertion by Lemma 7.2 and Lemma 7.4. Assume n = 8. Then Lemma 7.2 implies L[q] = L[q, 2^{−1}Z]. By [AQC, Lemma 6.2(1)], we may assume

�_4 i=1 Ze_i ⊂ L, and hence L[q] ≠ ∅. This proves our theorem in the case n = 8. Next assume n = 10 and LSO^φ = ΛSO^φ. Then we may put L = Λ. For x = h + m ∈ H + M = Λ, we have φ[x] = φ[h] + φ[m] and φ(x, Λ) = φ(h, H) + φ(m, M). Thus we obtain H[q, 2^{−1}Z] ⊂ Λ[q, 2^{−1}Z]. From this and the result of the case n = 8, we have Λ[q, 2^{−1}Z] ≠ ∅. Next we consider Λ[q, Z]. We see that L_6 + Zf_7 + Zg_8 (resp. Ze_9 + Ze_{10}) is maximal in �_8

i=1 Qe_i (resp. Qe_9 + Qe_{10}) by [CGQ, Lemma 3.1]. Here L_6 and g_8 are given in (7.2) and f_7 = 2^{−1}(e_1 + e_3 + e_5 + e_7). Thus we can put

Λ = H + M = L_6 + Zf_7 + Zg_8 + Ze_9 + Ze_{10}.

Then, for x =

�_{10} i=1 x_ie_i ∈ V such that φ[h] = q, we have (7.7)

x ∈ Λ[q, Z] ⇐⇒ x ∈ 10� i=1 Ze_i, 3� k=0 x_{2k+1} ∈ 2Z, 3� k=0 x_{2j−k} ∈ 2Z for 2 ≤ j ≤ 4.

Assuming q ≢ 3 (mod 4), we take y so that (7.5). Then at least two of y_1, y_2, y_3, and y_4 are even. We may assume y_1, y_2 ∈ 2Z. Put h = y_1e_1 +y_2e_2 +y_3e_9+y_4e_{10}, then h ∈ Λ[q, Z] by (7.7). Therefore if Λ[q, Z] = ∅, then q ≡ 3 (mod 4). Combining this with Lemma 7.2, we obtain our theorem.

Documenta Mathematica 15 (2010) 347–385

On the Solutions of Quadratic Diophantine Equations 385

References

[CGQ] T. Hiraoka, On the class number of the genus of Z-maximal lattices with respect to quadratic form of the sum of squares, J. Math. Kyoto Univ. 46-2 (2006), 291-302.

[EPE] G. Shimura, Euler Products and Eisenstein Series, CBMS Regional Conference Series in Mathematics, No.93, Amer. Math. Soc. , 1997.

[NRQ] G. Shimura, The number of representations of an integer by a quadratic form, Duke Math. J. 100 (1999), 59-92.

[AQC] G. Shimura, Arithmetic and Analytic Theories of Quadratic Forms and Clifford Groups, Mathematical Surveys and Monographs, vol 109 ,Amer. Math. Soc. (2004).

[IQD] G. Shimura, Integer-Valued Quadratic Forms and Quadratic Diophantine Equations, Documenta Math. 11 (2006), 333-367

[BNT] A. Weil, Basic Number Theory, Springer-Verlag, Berlin, Heidelberg, and New York, 1967.

Takashi Yoshinaga Department of Mathematics Ritsumeikan University Kusatsu Shiga 525-8577 Japan tyt24349@pl.ritsumei.ac.jp

Documenta Mathematica 15 (2010) 347–385

Documenta Mathematica 15 (2010)

Documenta Math. 387

The Index of Centralizers of

Elements of Reductive Lie Algebras

Jean-Yves Charbonnel and Anne Moreau

Received: April 28 2009 Revised: March 18, 2010

Communicated by Eckhard Meinrenken

Abstract. For a finite dimensional complex Lie algebra, its index is the minimal dimension of stabilizers for the coadjoint action. A famous conjecture due to A.G. Elashvili says that the index of the centralizer of an element of a reductive Lie algebra is equal to the rank. That conjecture caught attention of several Lie theorists for years. It reduces to the case of nilpotent elements. In [Pa03a] and [Pa03b], D.I. Panyushev proved the conjecture for some classes of nilpotent elements (e.g. regular, subregular and spherical nilpotent elements). Then the conjecture has been proven for the classical Lie algebras in [Y06a] and checked with a computer programme for the exceptional ones [deG08]. In this paper we give an almost general proof of that conjecture.

2010 Mathematics Subject Classification: 22E46, 17B80, 17B20, 14L24 Keywords and Phrases: reductive Lie algebra; index; centralizer; argument shift method; Poisson-commutative family of polynomials; rigid nilpotent orbit; Slodowy slice

1. Introduction

In this note k is an algebraically closed field of characteristic 0.

1.1. Let g be a finite dimensional Lie algebra over k and consider the coadjoint representation of g. By definition, the index of g is the minimal dimension of stabilizers g^x, x ∈ g^∗, for the coadjoint representation:

indg := min{dim g^x; x ∈ g^∗}.

The definition of the index goes back to Dixmier [Di74]. It is a very important notion in representation theory and in invariant theory. By Rosenlicht’s theorem [Ro63], generic orbits of an arbitrary algebraic action of a linear algebraic group on an irreducible algebraic variety are

Documenta Mathematica 15 (2010) 387–421

388 Jean-Yves Charbonnel and Anne Moreau

separated by rational invariants; in particular, if g is an algebraic Lie algebra, indg = deg tr k(g^∗)^g, where k(g^∗)^g is the field of g-invariant rational functions on g^∗. The index of a reductive algebra equals its rank. For an arbitrary Lie algebra, computing its index seems to be a wild problem. However, there is a large number of interesting results for several classes of nonreductive subalgebras of reductive Lie algebras. For instance, parabolic subalgebras and their relatives as nilpotent radicals, seaweeds, are considered in [Pa03a], [TY04], [J07]. The centralizers, or normalizers of centralizers, of elements form another interesting class of such subalgebras, [E85a], [Pa03a], [Mo06b]. The last topic is closely related to the theory of integrable Hamiltonian systems [Bol91]. Let us precise this link.

From now on, g is supposed to be reductive. Denote by G the adjoint group of g. The symmetric algebra S(g) carries a natural Poisson structure. By the so-called argument shift method, for x in g^∗, we can construct a Poisson-commutative family F_x in S(g) = k[g^∗]; see [MF78] or Remark 1.4. It is generated by the derivatives of all orders in the direction x ∈ g^∗ of all elements of the algebra S(g)^g of g-invariants of S(g). Moreover, if G.x denotes the coadjoint orbit of x ∈ g^∗:

Theorem 1.1 ([Bol91], Theorems 2.1 and 3.2). There is a Poissoncommutative family of polynomial functions on g^∗, constructed by the argument shift method, such that its restriction to G.x contains^1_2 dim (G.x) algebraically independent functions if and only if indg^x = indg.

Denote by rkg the rank of g. Motivated by the preceding result of Bolsinov, A.G. Elashvili formulated a conjecture:

Conjecture 1.2 (Elashvili). Let g be a reductive Lie algebra. Then indg^x = rkg for all x ∈ g^∗.

Elashvili’s conjecture also appears in the following problem: Is the algebra S(g^x)^{gx} of invariants in S(g^x) under the adjoint action a polynomial algebra? This question was formulated by A. Premet in [PPY07, Conjecture 0.1]. After that, O. Yakimova discovered a counterexample [Y07], but the question remains very interesting. As an example, under certain hypothesis and under the condition that Elashvili’s conjecture holds, the algebra of invariants S(g^x)^{gx} is polynomial in rkg variables, [PPY07, Theorem 0.3].

During the last decade, Elashvili’s conjecture caught attention of many invariant theorists [Pa03a], [Ch04], [Y06a], [deG08]. To begin with, describe some easy but useful reductions. Since the g-modules g and g^∗ are

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 389

isomorphic, it is equivalent to prove Conjecture 1.2 for centralizers of elements of g. On the other hand, by a result due to E.B. Vinberg [Pa03a], the inequality indg^x ≥ rkg holds for all x ∈ g. So it only remains to prove the opposite one. Given x ∈ g, let x = x_s + x_n be its Jordan decomposition. Then g^x = (g^{xs} )^{xn} . The subalgebra g^{xs} is reductive of rank rkg. Thus, the verification of Conjecture 1.2 reduces to the case of nilpotent elements. At last, one can clearly restrict oneself to the case of simple g.

Review now the main results obtained so far on Elashvili’s conjecture. If x is regular, then g^x is a commutative Lie algebra of dimension rkg. So, Conjecture 1.2 is obviously true in that case. Further, the conjecture is known for subregular nilpotent elements and nilpotent elements of height 2 and 3, [Pa03a], [Pa03b]. Remind that the height of a nilpotent element e is the maximal integer m such that (ade)^m ≠ 0. More recently, O. Yakimova proved the conjecture in the classical case [Y06a]. To valid the conjecture in the exceptional types, W. de Graaf used the computer programme GAP, see [deG08]. Since there are many nilpotent orbits in the Lie algebras of exceptional type, it is difficult to present the results of such computations in a concise way. In 2004, the first author published a case-free proof of Conjecture 1.2 applicable to all simple Lie algebras; see [Ch04]. Unfortunately, the argument in [Ch04] has a gap in the final part of the proof which was pointed out by L. Rybnikov. To summarize, so far, there is no conceptual proof of Conjecture 1.2. Nevertheless, according to Yakimova’s works and de Graaf’s works, we can claim:

Theorem 1.3 ([Y06a], [deG08]). Let g be a reductive Lie algebra. Then indg^x = rkg for all x ∈ g^∗.

Because of the importance of Elashvili’s conjecture in invariant theory, it would be very appreciated to find a general proof of Theorem 1.3 applicable to all finite-dimensional simple Lie algebras. The proof we propose in this paper is fresh and almost general. More precisely, it remains 7 isolated cases; one nilpotent orbit in type E_7 and six nilpotent orbits in type E_8 have to be considered separately. For these 7 orbits, the use of GAP is unfortunately necessary. In order to provide a complete proof of Theorem 1.3, we include in this paper the computations using

GAP we made to deal with these remaining seven cases.

1.2. Description of the paper. Let us briefly explain our approach. Denote by N(g) the nilpotent cone of g. As noticed previously, it suffices to prove indg^e = rkg for all e in N(g). If the equality holds for e, it

Documenta Mathematica 15 (2010) 387–421

390 Jean-Yves Charbonnel and Anne Moreau

does for all elements of G.e; we shortly say that G.e satisfies Elashvili’s conjecture.

From a nilpotent orbit O_l of a reductive factor l of a parabolic subalgebra of g, we can construct a nilpotent orbit of g having the same codimension in g as O_l in l and having other remarkable properties. The nilpotent orbits obtained in such a way are called induced; the other ones are called rigid. We refer the reader to Subsection 2.3 for more precisions about this topic. Using Bolsinov’s criterion of Theorem 1.1, we first prove Theorem 1.3 for all induced nilpotent orbits and so the conjecture reduces to the case of rigid nilpotent orbits. To deal with rigid nilpotent orbits, we use methods developed in [Ch04] by the first author, and resumed in [Mo06a] by the second author, based on nice properties of Slodowy slices of nilpotent orbits.

In more details, the paper is organized as follows:

We state in Section 2 the necessary preliminary results. In particular, we investigate in Subsection 2.2 extensions of Bolsinov’s criterion and we establish an important result (Theorem 2.7) which will be used repeatedly in the sequel. We prove in Section 3 the conjecture for all induced nilpotent orbits (Theorem 3.3) so that Elashvili’s conjecture reduces to the case of rigid nilpotent orbits (Theorem 3.3). From Section 4, we handle the rigid nilpotent orbits: we introduce and study in Section 4 a property (P) given by Definition 4.2. Then, in Section 5, we are able to deal with almost all rigid nilpotent orbits. Still in Section 5, the remaining cases are dealt with set-apart by using a different approach.

1.3. Notations. • If E is a subset of a vector space V , we denote by span(E) the vector subspace of V generated by E. The grassmanian of all d-dimensional subspaces of V is denoted by Gr_d(V ). By a cone of V , we mean a subset of V invariant under the natural action of k^∗ := k\{0} and by a bicone of V × V we mean a subset of V × V invariant under the natural action of k^∗ × k^∗ on V × V .

• From now on, we assume that g is semisimple of rank ℓ and we denote by ⟨., .⟩ the Killing form of g. We identify g to g^∗ through ⟨., .⟩. Unless otherwise specified, the notion of orthogonality refers to the bilinear form ⟨., .⟩.

• Denote by S(g)^g the algebra of g-invariant elements of S(g). Let f_1, . . . , f_ℓ be homogeneous generators of S(g)^g of degrees d_1, . . . ,d_ℓ respectively. We choose the polynomials f_1, . . . ,f_ℓ so that d_1≤ · · · ≤d_ℓ. For i = 1, . . . , ℓ and (x, y) ∈ g × g, we may consider a shift of f_i in direction y: f_i(x + ty) where t ∈ k. Expanding f_i(x + ty) as a polynomial

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 391

in t, we obtain

f_i(x + ty) =

d_i�

m=0 f^{(m)}_i (x, y)t^m; ∀(t, x, y) ∈ k × g × g (1) where y → (m!)f^{(m)}_i (x, y) is the differential at x of f_i of the order m in the direction y. The elements f^{(m)}_i as defined by (1) are invariant elements of S(g) ⊗_k S(g) under the diagonal action of G on g × g. Note that f^{(0)}_i (x, y) = f_i(x) while f^{(di)}_i (x, y) = f_i(y) for all (x, y) ∈ g × g.

Remark 1.4. The family F_x := {f^{(m)}_i (x, .); 1 ≤ i ≤ ℓ, 1 ≤ m ≤ d_i} for x ∈ g, is a Poisson-commutative family of S(g) by Mishchenko- Fomenko [MF78]. One says that the family F_x is constructed by the argument shift method.

• Let i ∈ {1, . . . , ℓ}. For x in g, we denote by φ_i(x) the element of g satisfying (df_i)_x(y) = f^{(1)}_i (x, y) = ⟨φ_i(x), y⟩, for all y in g. Thereby, φ_i is an invariant element of S(g) ⊗_k g under the canonical action of G. We denote by φ^{(m)}_i , for 0 ≤ m ≤ d_i − 1, the elements of S(g) ⊗_k S(g) ⊗_k g defined by the equality:

φ_i(x + ty) =

d_i−1�

m=0 φ^{(m)}_i (x, y)t^m, ∀(t, x, y) ∈ k × g × g. (2) • For x ∈ g, we denote by g^x = {y ∈ g | [y, x] = 0} the centralizer of x in g and by z(g^x) the center of g^x. The set of regular elements of g is g_{reg} := {x ∈ g | dim g^x = ℓ} and we denote by g_{reg,ss} the set of regular semisimple elements of g. Both g_{reg} and g_{reg,ss} are G-invariant dense open subsets of g. We denote by C(x) the G-invariant cone generated by x and we denote by x_s and x_n the semisimple and nilpotent components of x respectively. • The nilpotent cone of g is N(g). As a rule, for e ∈ N(g), we choose an sl_2-triple (e, h, f) in g given by the Jacobson-Morozov theorem [CMa93, Theorem 3.3.1]. In particular, it satisfies the equalities: [h, e] = 2e, [e, f] = h, [h, f] = −2f The action of adh on g induces a Z-grading: g = � i∈Z g(i) , g(i) = {x ∈ g | [h, x] = ix}.

Recall that e, or G.e, is said to be even if g(i) = 0 for odd i. Note that e ∈ g(2), f ∈ g(−2) and that g^e, z(g^e) and g^f are all adh-stable.

Documenta Mathematica 15 (2010) 387–421

392 Jean-Yves Charbonnel and Anne Moreau

• All topological terms refer to the Zariski topology. If Y is a subset of a topological space X, we denote by Y the closure of Y in X.

1.4. Acknowledgments. We would like to thank O. Yakimova for her interest and useful discussions and more particularly for bringing Bolsinov’s paper to our attention. We also thank A.G. Elashvili for suggesting Lawther-Testerman’s paper [LT08] about the centers of centralizers of nilpotent elements.

Contents

1. Introduction 387 2. Preliminary results 392 3. Proof of Theorem 1.3 for induced nilpotent orbits 398 4. The Slodowy slice and the property (P) 400 5. Proof of Theorem 1.3 for rigid nilpotent orbits 408 Appendix A. Proof of Proposition 5.10: explicit computations. 413 References 418

2. Preliminary results

We start in this section by reviewing some facts about the differentials of generators of S(g)^g. Then, the goal of Subsection 2.2 is Theorem 2.7. We collect in Subsection 2.3 basic facts about induced nilpotent orbits.

2.1. Differentials of generators of S(g)^g. According to subsection 1.3, the elements φ_1, . . . ,φ_ℓ of S(g) ⊗_k g are the differentials of f_1, . . . ,f_ℓ respectively. Since f_i(g(x)) = f_i(x) for all (x, g) ∈ g × G, the element φ_i(x) centralizes x for all x ∈ g. Moreover:

Lemma 2.1. (i)[Ri87, Lemma 2.1] The elements φ_1(x), . . . ,φ_ℓ(x) belong to z(g^e).

(ii)[Ko63, Theorem 9] The elements φ_1(x), . . . ,φ_ℓ(x) are linearly independent elements of g if and only if x is regular. Moreover, if so, φ_1(x), . . . ,φ_ℓ(x) is a basis of g^x.

We turn now to the elements φ^{(m)}_i , for i = 1, . . . , ℓ and 0 ≤ m ≤ d_i − 1, defined in Subsection 1.3 by (2). Recall that d_i is the degree of the homogeneous polynomial f_i, for i = 1, . . . , ℓ. The integers d_1 −1, . . . , d_ℓ − 1 are thus the exponents of g. By a classical result [Bou02, Ch. V, §5, Proposition 3], we have � d_i = b_g where b_g is the dimension of Borel subalgebras of g. For (x, y) in g × g, we set:

V_{x,y} := span{φ^{(m)}_i (x, y) ; 1 ≤ i ≤ ℓ, 0 ≤ m ≤ d_i − 1}. (3) Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 393

The subspaces V_{x,y} will play a central role throughout the note.

Remark 2.2. (1) For (x, y) ∈ g × g, the dimension of V_{x,y} is at most b_g since � d_i = b_g. Moreover, for all (x, y) in a nonempty open subset of g × g, the equality holds [Bol91]. Actually, in this note, we do not need this observation.

(2) By Lemma 2.1(ii), if x is regular, then g^x is contained in V_{x,y} for all y ∈ g. In particular, if so, dim [x, V_{x,y}] = dim V_{x,y} − ℓ.

The subspaces V_{x,y} were introduced and studied by Bolsinov in [Bol91], motivated by the maximality of Poisson-commutative families in S(g). These subspaces have been recently exploited in [PY08] and [CMo08]. The following results are mostly due to Bosinov, [Bol91]. We refer to [PY08] for a more recent account about this topic. We present them in a slightly different way:

Lemma 2.3. Let (x, y) be in g_{reg} × g.

(i) The subspace V_{x,y} of g is the sum of the subspaces g^{x+ty} where t runs through any nonempty open subset of k such that x + ty is regular for all t in this subset.

(ii) The subspace g^y +V_{x,y} is a totally isotropic subspace of g with respect to the Kirillov form K_y on g × g, (v, w) → ⟨y, [v, w]⟩. Furthermore, dim (g^y + V_{x,y})^⊥ ≥^1_2 dim G.y.

(iii) The subspaces [x, V_{x,y}] and [y, V_{x,y}] are equal.

Proof. (i) Let O be a nonempty open subset of k such that x + ty is regular for all t in O. Such an open subset does exist since x is regular. Denote by V_O the sum of all the subspaces g^{x+ty} where t runs through O. For all t in O, g^{x+ty} is generated by φ_1(x + ty), . . . ,φ_ℓ(x + ty), cf. Lemma 2.1(ii). As a consequence, V_O is contained in V_{x,y}. Conversely, for i = 1, . . . , ℓ and for t_1, . . . ,t_{di} pairwise different elements of O, φ^{(m)}_i (x, y) is a linear combination of φ_i(x + t_1y), . . . , φ_i(x + t_{di} y); hence φ^{(m)}_i (x, y) belongs to V_O. Thus V_{x,y} is equal to V_O, whence the assertion.

(ii) results from [PY08, Proposition A4]. Notice that in (ii) the inequality is an easy consequence of the first statement.

At last, [PY08, Lemma A2] gives us (iii). □

Let σ and σ_i, for i = 1, . . . , ℓ, be the maps

g × g^σ−→ k^{bg+ℓ} (x, y) −→ (f^{(m)}_i (x, y)) 1≤i≤ℓ,_{0≤m≤di} , g × g^{σi}−→ k^{di+1} (x, y) −→ (f^{(m)}_i (x, y))_{0≤m≤di}

Documenta Mathematica 15 (2010) 387–421

394 Jean-Yves Charbonnel and Anne Moreau

respectively, and denote by σ^′(x, y) and σ^′_i(x, y) the tangent map at (x, y) of σ and σ_i respectively. Then σ^′_i(x, y) is given by the differentials of the f^{(m)}_i ’s at (x, y) and σ^′(x, y) is given by the elements σ^′_i(x, y).

Lemma 2.4. Let (x, y) and (v, w) be in g × g. (i) For i = 1, . . . , ℓ, σ^′_i(x, y) maps (v, w) to

(⟨φ_i(x), v⟩, ⟨φ^{(1)}_i (x, y), v⟩ + ⟨φ^{(0)}_i (x, y), w⟩,

. . . , ⟨φ^{(di −1)}_i (x, y), v⟩ + ⟨φ^{(di −2)}_i (x, y), w⟩, ⟨φ_i(y), w⟩).

(ii) Suppose that σ^′(x, y)(v, w) = 0. Then, for w^′ in g, σ^′(x, y)(v, w^′) = 0 if and only if w − w^′ is orthogonal to V_{x,y}.

(iii) For x ∈ g_{reg}, σ^′(x, y)(v, w^′) = 0 for some w^′ ∈ g if and only if v ∈ [x, g].

Proof. (i) The verifications are easy and left to the reader. (ii) Since σ^′(x, y)(v, w) = 0, σ^′(x, y)(v, w^′) = 0 if and only if σ^′(x, y)(v, w − w^′) = 0 whence the statement by (i).

(iii) Suppose that x is regular and suppose that σ^′(x, y)(v, w^′) = 0 for some w^′ ∈ g. Then by (i), v is orthogonal to the elements φ_1(x), . . . ,φ_ℓ(x). So by Lemma 2.1(ii), v is orthogonal to g^x. Since g^x is the orthogonal complement of [x, g] in g, we deduce that v lies in [x, g]. Conversely, since σ(x, y) = σ(g(x), g(y)) for all g in G, the element ([u, x], [u, y]) belongs to the kernel of σ^′(x, y) for all u ∈ g. So, the converse implication follows. □

2.2. On Bolsinov’s criterion. Let a be in g and denote by π the map

g × G.a^π−→ g × k^{bg+ℓ} (x, y) −→ (x, σ(x, y)).

Remark 2.5. Recall that the family (F_x)_{x∈g} constructed by the argument shift method consists of all elements f^{(m)}_i (x, .) for i = 1, . . . , ℓ and 1 ≤ m ≤ d_i, see Remark 1.4. By definition of the morphism π, there is a family constructed by the argument shift method whose restriction to G.a contains^1_2 dim G.a algebraically independent functions if and only if π has a fiber of dimension^1_2 dim G.a.

In view of Theorem 1.1 and the above remark, we now concentrate on the fibers of π. For (x, y) ∈ g × G.a, denote by F_{x,y} the fiber of π at π(x, y):

F_{x,y} := {x} × {y^′ ∈ G.a | σ(x, y^′) = σ(x, y)}.

Lemma 2.6. Let (x, y) be in g × G.a.

(i) The irreducible components of F_{x,y} have dimension at least^1_2 dim G.a.

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 395

(ii) The fiber F_{x,y} has dimension^1_2 dim G.a if and only if any irreducible component of F_{x,y} contains an element (x, y^′) such that (g^{y′} + V_{x,y}′ )^⊥ has dimension^1_2 dim G.a.

Proof. We prove (i) and (ii) all together. The tangent space T_{x,y}′ (F_{x,y}) of F_{x,y} at (x, y^′) in F_{x,y} identifies to the subspace of elements w of [y^′, g] such that σ^′(x, y^′)(0, w) = 0. Hence, by Lemma 2.4(ii),

T_{x,y}′ (F_{x,y}) = [y^′, g] ∩ V^⊥_{x,y}′ = (g^{y′} + V_{x,y}′ )^⊥,

since [y^′, g] = (g^{y′} )^⊥. But by Lemma 2.3(ii), (g^{y′} + V_{x,y}′ )^⊥ has dimension at least^1_2 dim G.a; so does T_{x,y}′ (F_{x,y}). This proves (i). Moreover, the equality holds if and only if (g^{y′} + V_{x,y}′ )^⊥ has dimension^1_2 dim G.a, whence the statement (ii). □

Theorem 2.7. The following conditions are equivalent:

(1) indg^a = ℓ;

(2) π has a fiber of dimension^1_2 dim G.a;

(3) there exists (x, y) ∈ g × G.a such that (g^y + V_{x,y})^⊥ has dimension 1 2 dim G.a;

(4) there exists x in g_{reg} such that dim (g^a+V_{x,a}) =^1_2 (dim g+dimg^a); (5) there exists x in g_{reg} such that dim V_{x,a} =^1_2 dim G.a + ℓ; (6) σ(g × {a}) has dimension^1_2 dim G.a + ℓ.

Proof. By Theorem 1.1 and Remark 2.5, we have (1)⇔(2). Moreover, by Lemma 2.6(ii), we have (2)⇔(3). (3)⇔(4): If (4) holds, so does (3). Indeed, if so,

dim g − 1 2 dim G.a = 1 2 (dim g + dim g^a) = dim(g^a + V_{x,a}).

Conversely, suppose that (3) holds. By Lemma 2.3(ii), g^y + V_{x,y} has maximal dimension^1_2 (dim g + dim g^y). So the same goes for all (x, y) in a G-invariant nonempty open subset of g × G.a. Hence, since the map (x, y) → V_{x,y} is G-equivariant, there exists x in g_{reg} such that

dim (V_{x,a} + g^a) = 1 2 (dim g + dim g^a).

(4)⇔(5): Let x be in g_{reg}. By Lemma 2.3(iii), [x, V_{x,a}] = [a, V_{x,a}]. Hence g^a ∩ V_{x,a} has dimension ℓ by Remark 2.2(2). As a consequence,

dim(g^a + V_{x,a}) = dim g^a + dim V_{x,a} − ℓ,

whence the equivalence.

Documenta Mathematica 15 (2010) 387–421

396 Jean-Yves Charbonnel and Anne Moreau

(2)⇔(6): Suppose that (2) holds. By Lemma 2.6,^1_2 dim G.a is the minimal dimension of the fibers of π. So, π(g × G.a) has dimension

dim g + dim G.a − 1 2 dim G.a = dim g + 1 2 dim G.a.

Denote by τ the restriction to π(g × G.a) of the projection map g × k^{bg+ℓ} → k^{bg+ℓ}. Then τ ∘π is the restriction of σ to g × G.a. Since σ is a G-invariant map, σ(g×{a}) = σ(g×G.a). Let (x, y) ∈ g_{reg,ss} ×G.a. The fiber of τ at z = σ(x, y) is G.x since x is a regular semisimple element of g. Hence,

dim σ(g × {a}) = dim π(g × G.a) − (dim g − ℓ) = 1 2 dim G.a + ℓ

and we obtain (6).

Conversely, suppose that (6) holds. Then π(g × G.a) has dimension dim g +^1_2 dimG.a by the above equality. So the minimal dimension of the fibers of π is equal to

dim g + dim G.a − (dim g + 1 2 dim G.a) = 1 2 dim G.a

and (2) holds. □

2.3. Induced and rigid nilpotent orbits. The definitions and results of this subsection are mostly extracted from [Di74], [Di75], [LS79] and [BoK79]. We refer to [CMa93] and [TY05] for recent surveys. Let p be a proper parabolic subalgebra of g and let l be a reductive factor of p. We denote by p_u the nilpotent radical of p. Denote by L the connected closed subgroup of G whose Lie algebra is adl and denote by P the normalizer of p in G.

Theorem 2.8 ([CMa93],Theorem 7.1.1). Let O_l be a nilpotent orbit of l. There exists a unique nilpotent orbit O_g in g whose intersection with O_l + p_u is a dense open subset of O_l + p_u. Moreover, the intersection of O_g and O_l +p_u consists of a single P -orbit and codim_g(O_g) = codim_l(O_l).

The orbit O_g only depends on l and not on the choice of a parabolic subalgebra p containing it [CMa93, Theorem 7.1.3]. By definition, the orbit O_g is called the induced orbit from O_l; it is denoted by Ind^g_l (O_l). If O_l = 0, then we call O_g a Richardson orbit. For example all even nilpotent orbits are Richardson [CMa93, Corollary 7.1.7]. In turn, not all nilpotent orbits are induced from another one. A nilpotent orbit which is not induced in a proper way from another one is called rigid. We shall say that e ∈ N(g) is an induced (respectively rigid) nilpotent element of g if the G-orbit of e is an induced (respectively rigid) nilpotent orbit of g. The following results are deeply linked to the properties of

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 397

the sheets of g and the deformations of its G-orbits. We refer to [BoK79] about these notions.

Theorem 2.9. (i) Let x be a non nilpotent element of g and let O_g be the induced nilpotent orbit from the adjoint orbit of x_n in g^{xs} . Then O_g is the unique nilpotent orbit contained in C(x) whose dimension is dim G.x. Furthermore, C(x) ∩ N(g) = O_g and C(x) ∩ N(g) is the nullvariety in C(x) of f_i where i is an element of {1, . . . , ℓ} such that f_i(x) ≠ 0. (ii) Conversely, if O_g is an induced nilpotent orbit, there exists a non nilpotent element x of g such that C(x) ∩ N(g) = O_g.

Proof. (i) Let p be a parabolic subalgebra of g having g^{xs} as a Levi factor. Denote by p_u its nilpotent radical and by P the normalizer of p in G. Let O^′ be the adjoint orbit of x_n in g^{xs} .

Claim 2.10. Let C be the P -invariant closed cone generated by x and let C_0 be the subset of nilpotent elements of C. Then C = kx_s + O^′ + p_u, C_0 = O^′ + p_u and C_0 is an irreducible subset of dimension dim P (x).

Proof. The subset x_s + O^′ + p_u is an irreducible closed subset of p containing P (x). Moreover, its dimension is equal to

dim O^′ + dim p_u = dim g^{xs} − dim g^x + dimp_u = dim p − dim g^x.

Since the closure of P (x) and x_s + O^′ + p_u are both irreducible subsets of g, they coincide. As a consequence, the set kx_s + O^′ + p_u is contained in C. Since the former set is clearly a closed conical subset of g containing x, C = kx_s + O^′ + p_u. Then we deduce that C_0 = O^′ + p_u. □

Denote by G ×_P g the quotient of G × g under the right action of P given by (g, z).p := (gp, p^{−1}(z)). The map (g, z) → g(z) from G × g to g factorizes through the quotient map from G × g to G ×_P g. Since G/P is a projective variety, the so obtained map from G ×_P g to g is closed. Since C and C_0 are closed P -invariant subsets of g, G ×_P C and G ×_P C_0 are closed subsets of G ×_P g. Hence C(x) = G(C) and G(C_0) is a closed subset of g. So, by the claim, the subset of nilpotent elements of C(x) is irreducible since C_0 is irreducible. Since there are finitely many nilpotent orbits, the subset of nilpotent elements of C(x) is the closure of one nilpotent orbit. Denote it by Õ and prove Õ = O_g. For all k, l in {1, . . . , ℓ}, denote by p_{k,l} the polynomial function

p_{k,l} := f_k(x)^{dl} f^{dk}_l − f_l(x)^{dk} f^{dl}_k

Then p_{k,l} is G-invariant and homogeneous of degree d_kd_l. Moreover p_{k,l}(x) = 0. As a consequence, C(x) is contained in the nullvariety of

Documenta Mathematica 15 (2010) 387–421

398 Jean-Yves Charbonnel and Anne Moreau

the functions p_{k,l}, 1 ≤ k, l ≤ ℓ. Hence the nullvariety of f_i in C(x) is contained in the nilpotent cone of g since it is the nullvariety in g of the functions f_1, . . . ,f_ℓ. Then dim Õ = dim C(x) − 1 = dim G.x. Since O^′ + p_u is contained in C(x), Theorem 2.8 tells us that O_g is contained in C(x). Moreover by Theorem 2.8, O_g has dimension dim G.x, whence Õ = O_g. All statements of (i) are now clear.

(ii) By hypothesis, O_g = Ind^g_l (O_l), where l is a proper Levi subalgebra of g and O_l a nilpotent orbit in l. Let x_s be an element of the center of l such that g^{xs} = l, let x_n be an element of O_l and set x = x_s + x_n. Since l is a proper subalgebra, the element x is not nilpotent. So by (i), the subset of nilpotent elements of C(x) is the closure of O_g. □

3. Proof of Theorem 1.3 for induced nilpotent orbits

Let e be an induced nilpotent element. Let x be a non nilpotent element of g such that C(x) ∩ N(g) = G.e. Such an element does exist by Theorem 2.9(ii).

As an abbreviation, we set:

k^d := k^{d1+1} × · · · × k^{dℓ+1} ≃ k^{bg+ℓ}, k^{d×} := (k^{d1+1} \ {0}) × · · · × (k^{dℓ+1} \ {0}), P^d := P(k^{d1+1}) × · · · × P(k^{dℓ+1}) = P^{d1} × · · · × P^{dℓ} .

For j = 1, . . . , ℓ, recall that σ_j is the map:

g × g^{σj}−→ k^{dj +1}, (x, y) → (f^{(m)}_j (x, y))_{0≤m≤dj} .

Let B_j be the nullvariety of σ_j in g × g and let B be the union of B_1, . . . ,B_ℓ; it is a bicone of g × g. Denote by ρ and τ the canonical maps:

(g × g) \ {0}^ρ−→ P(g × g) k^{d× τ}−→ P^d.

Let σ^∗ be the restriction to (g × g) \ B of σ; it has values in k^{d×}. Since σ_j (sx, sy) = s^{dj} σ_j (x, y) for all (x, y) ∈ g × g and j = 1, . . . , ℓ, the map τ ∘σ^∗ factors through ρ. Denote by σ^∗ the map from ρ(g × g \ B) to P^d making the following diagram commutative:

g × g \ B^σ

∗=σ|_{g×g\B} � ρ � k^{d×} τ � ρ(g × g \ B)^{σ∗} � P^d

and let Γ be the graph of the restriction to ρ(g × C(x) \ B) of σ^∗.

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 399

Lemma 3.1. The set Γ is a closed subset of P(g × g) × P^d.

Proof. Let ~Γ be the inverse image of Γ by the map ρ × τ. Then ~Γ is the intersection of the graph of σ and (g × C(x) \ B) × k^{d×}. Since σ^{−1}(k^d \ k^{d×}) is contained in B, ~Γ is the intersection of the graph of σ and (g × C(x) \ {0}) × k^{d×}; so ~Γ is closed in (g × C(x)) \ {0} × k^{d×}. As a consequence, Γ is closed in P(g × g) × P^d, since P(g × g) × P^d is endowed with the quotient topology. □

Denote by Z the closure of σ(g × C(x)) in k^d.

Lemma 3.2. There exists an open subset U of Z, contained in σ(g×C(x)), such that U ∩ σ(g × G.e) is not empty.

Proof. Let Γ_2 be the projection of Γ ⊂ P(g×g)×P^d to P^d. By Lemma 3.1, Γ_2 is a closed subset of P^d since P(g × g) is complete. So τ^{−1}(Γ_2) is a closed subset of k^{d×}. Moreover,

τ^{−1}(Γ_2) = σ(g × C(x) \ B)

since σ(g × C(x)) is stable under the action of k^∗ × · · · × k^∗ on k^d. Hence the open subset Z ∩ k^{d×} of Z is contained in σ(g × C(x)). But for all y in g such that f_j(y) ≠ 0 for any j, σ(y, e) belongs to k^{d×}. Thus, the open subset U = Z ∩ k^{d×} of Z is convenient and the lemma follows. □

We are now ready to prove the main result of this section:

Theorem 3.3. Assume that inda^x = rka for all reductive subalgebras a strictly contained in g and for all x in a. Then for all induced nilpotent orbits O_g in g and for all e in O_g, indg^e = ℓ.

Proof. Let O_g be an induced nilpotent orbit and let e be in O_g. Using Theorem 2.9(ii), we let x be a non nilpotent element of g such that C(x) ∩ N(g) = O_g. Since x is not nilpotent, g^x is the centralizer in the reductive Lie algebra g^{xs} of the nilpotent element x_n of g^{xs} . Since g^{xs} is strictly contained in g and has rank ℓ, the index of g^x is equal to ℓ by hypothesis. Besides, by Theorem 2.7, (1)⇒(6), applied to x,

dim σ(g × {x}) = 1 2 dim G.x + ℓ.

Since σ is G-invariant, σ(g × {x}) = σ(g × G.x). Hence for all z in a dense subset of σ(g × G.x), the fiber of the restriction of σ to g × G.x at z has minimal dimension

dim g + dim G.x − ( 1 2 dim G.x + ℓ) = dim g + 1 2 dim G.x − ℓ.

Documenta Mathematica 15 (2010) 387–421

400 Jean-Yves Charbonnel and Anne Moreau

Denote by Z the closure of σ(g×C(x)) in k^d. We deduce from the above equality that Z has dimension

dim g + dim C(x) − (dim g + 1 2 dim G.x − ℓ)

= dim C(x) − 1 2 dim G.x + ℓ = 1 2 dim G.e + ℓ + 1,

since dim C(x) = dim G.x + 1 = dim G.e + 1.

By Lemma 3.2, there exists an open subset U of Z contained in σ(g × C(x)) having a nonempty intersection with σ(g × G.e). Let i be in {1, . . . , ℓ} such that f_i(x) ≠ 0. For z ∈ k^d, we write z = (z_{i,j} ) 1≤i≤ℓ_{0≤j≤di} its

coordinates. Let V_i be the nullvariety in U of the coordinate z_{i,di} . Then V_i is not empty by the choice of U. Since U is irreducible and since z_{i,di} is not identically zero on U, V_i is equidimensional of dimension 1 2 dim G.e + ℓ. By Theorem 2.9(i), the nullvariety of f_i in C(x) is equal to G.e. Hence σ^{−1}(V_i) ∩ (g × C(x)) = σ^{−1}(U) ∩ (g × G.e) is an open subset of g × G.e. So σ(g × G.e) has dimension^1_2 dim G.e + ℓ. Then by Theorem 2.7, (6)⇒(1), the index of g^e is equal to ℓ. □

From that point, our goal is to prove Theorem 1.3 for rigid nilpotent elements; Theorem 3.3 tells us that this is enough to complete the proof.

4. The Slodowy slice and the property (P)

In this section, we introduce a property (P) in Definition 4.2 and we prove that e ∈ N(g) has Property (P) if and only if indg^e = ℓ (Theorem 4.13). Then, we will show in the next section that all rigid nilpotent orbits of g but seven orbits (one in the type E_7 and six in the type E_8) do have Property (P).

4.1. Blowing up of S. Let e be a nilpotent element of g and consider an sl_2-triple (e, h, f) containing e as in Subsection 1.3. The Slodowy slice is the affine subspace S := e + g^f of g which is a transverse variety to the adjoint orbit G.e. Denote by B_e(S) the blowing up of S centered at e and let p : B_e(S) → S be the canonical morphism. The variety S is smooth and p^{−1}(e) is a smooth irreducible hypersurface of B_e(S). The use of the blowing-up B_e(S) for the computation of the index was initiated by the first author in [Ch04] and resumed by the second author in [Mo06a]. Here, we use again this technique to study the index of g^e. Describe first the main tools extracted from [Ch04] we need.

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 401

For Y an open subset of B_e(S), we denote by k[Y ] the algebra of regular functions on Y . By [Ch04, Théorème 3.3], we have:

Theorem 4.1. The following two assertions are equivalent: (A) the equality indg^e = ℓ holds, (B) there exists an affine open subset Y ⊂ B_e(S) such that Y ∩p^{−1}(e) ≠ ∅ and satisfying the following property:

for any regular map φ ∈ k[Y ] ⊗_k g such that φ(x) ∈ [g, p(x)] for all x ∈ Y , there exists ψ ∈ k[Y ] ⊗_k g such that φ(x) = [ψ(x), p(x)] for all x ∈ Y .

An open subset Ω ⊂ B_e(S) is called a big open subset if B_e(S) \ Ω has codimension at least 2 in B_e(S). As explained in [Ch04, Section 2], there exists a big open subset Ω of B_e(S) and a regular map

α : Ω → Gr_ℓ(g)

such that α(x) = g^{p(x)} if p(x) is regular. Furthermore, the map α is uniquely defined by this condition. In fact, this result is a consequence of [Sh94, Ch. VI, Theorem 1]. From now on, α stands for the so-defined map. Since p^{−1}(e) is an hypersurface and since Ω is a big open subset of B_e(S), note that Ω ∩ p^{−1}(e) is a nonempty set. In addition, α(x) ⊂ g^{p(x)} for all x ∈ Ω.

Definition 4.2. We say that e has Property (P) if z(g^e) ⊂ α(x) for all x in Ω ∩ p^{−1}(e).

Remark 4.3. Suppose that e is regular. Then g^e is a commutative algebra, i.e. z(g^e) = g^e. If x ∈ Ω ∩ p^{−1}(e), then α(x) = g^e since p(x) = e is regular in this case. On the other hand, indg^e = dim g^e = ℓ since e is regular. So e has Property (P) and indg^e = ℓ.

4.2. On the property (P). This subsection aims to show: Property (P) holds for e if and only if indg^e = ℓ. As a consequence of Remark 4.3, we can (and will) assume that e is a nonregular nilpotent element of g. As a first step, we will state in Corollary 4.12 that, if (P) holds, then so does the assertion (B) of Theorem 4.1.

Let L_g be the S(g)-submodule of φ ∈ S(g) ⊗_k g satisfying [φ(x), x] = 0 for all x in g. It is known that L_g is a free module of basis φ_1, . . . , φ_ℓ, cf. [Di79]. We investigate an analogous property for the Slodowy slice S = e + g^f . We denote by S_{reg} the intersection of S and g_{reg}. As e is nonregular, the set (S \ S_{reg}) contains e.

Lemma 4.4. The set S \ S_{reg} has codimension 3 in S and each irreducible component of S \ S_{reg} contains e.

Documenta Mathematica 15 (2010) 387–421

402 Jean-Yves Charbonnel and Anne Moreau

Proof. Let us consider the morphism

G × S −→ g (g, x) −→ g(x)

By a Slodowy’s result [Sl80], this morphism is a smooth morphism. So its fibers are equidimensional of dimension dim g^f . In addition, by [V72], g\g_{reg} is a G-invariant equidimensional closed subset of g of codimension 3. Hence S \ S_{reg} is an equidimensional closed subset of S of codimension 3. Denoting by t → g(t) the one parameter subgroup of G generated by adh, S and S \ S_{reg} are stable under the action of t^{−2}g(t) for all t in k^∗. Furthermore, for all x in S, t^{−2}g(t)(x) goes to e when t goes to ∞, whence the lemma. □

Denote by k[S] the algebra of regular functions on S and denote by L_S the k[S]-submodule of φ ∈ k[S] ⊗_k g satisfying [φ(x), x] = 0 for all x in S. Lemma 4.5. The module L_S is a free module of basis φ_1|_S, . . . , φ_ℓ|_S where φ_i|_S is the restriction to S of φ_i for i = 1, . . . , ℓ.

Proof. Let φ be in L_S. There are regular functions a_1, . . . , a_ℓ on S_{reg} satisfying φ(x) = a_1(x)φ_1|_S(x) + · · · + a_ℓ(x)φ_ℓ|_S(x) for all x ∈ S_{reg}, by Lemma 2.1(ii). By Lemma 4.4, S \ S_{reg} has codimension 3 in S. Hence a_1, . . . , a_ℓ have polynomial extensions to S since S is normal. So the maps φ_1|_S, . . . , φ_ℓ|_S generate L_S. Moreover, by Lemma 2.1(ii) for all x ∈ S_{reg}, φ_1(x), . . . , φ_ℓ(x) are linearly independent, whence the statement. □

The following proposition accounts for an important step to interpret Assertion (B) of Theorem 4.1:

Proposition 4.6. Let φ be in k[S] ⊗_k g such that φ(x) ∈ [g, x] for all x in a nonempty open subset of g. Then there exists a polynomial map ψ ∈ k[S] ⊗_k g such that φ(x) = [ψ(x), x] for all x ∈ S.

Proof. Since g^x is the orthogonal complement of [x, g] in g, our hypothesis says that φ(x) is orthogonal to g^x for all x in a nonempty open subset S^′ of S. The intersection S^′ ∩ S_{reg} is not empty; so by Lemma 2.1(ii), ⟨φ(x), φ_i|_S(x)⟩ = 0 for all i = 1, . . . , ℓ and for all x ∈ S^′ ∩S_{reg}. Therefore, by continuity, ⟨φ(x), φ_i|_S(x)⟩ = 0 for all i = 1, . . . , ℓ and all x ∈ S. Hence φ(x) ∈ [x, g] for all x ∈ S_{reg} by Lemma 2.1(ii) again. Consequently by Lemma 4.4, Lemma 4.5 and the proof of the main theorem of [Di79],

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 403

there exists an element ψ ∈ k[S] ⊗_k g which satisfies the condition of the proposition. □

Let u_1, . . . ,u_m be a basis of g^f and let u^∗_1, . . . , u^∗_m be the corresponding coordinate system of S = e + g^f . There is an affine open subset Y ⊂ B_e(S) with Y ∩p^{−1}(e) ≠ ∅ such that k[Y ] is the set of linear combinations of monomials in (u^∗_1)^{−1}, u^∗_1, . . . , u^∗_m whose total degree is nonnegative. In particular, we have a global coordinates system u^∗_1, v^∗_2 , . . . , v^∗_m on Y satisfying the relations:

u^∗_2 = u^∗_1v^∗_2 , . . . , u^∗_m = u^∗_1v^∗_m. (4) Note that, for x ∈ Y , we so have: p(x) = e + u^∗_1(x)(u_1 + v^∗_2 (x)u_2 + · · · + v^∗_m(x)u_m). So, the image of Y by p is the union of {e} and the complementary in S of the nullvariety of u^∗_1. Let Y^′ be an affine open subset of Y contained in Ω and having a nonempty intersection with p^{−1}(e). Denote by L_Y ′ the set of regular maps φ from Y^′ to g satisfying [φ(x), p(x)] = 0 for all x ∈ Y^′.

Lemma 4.7. Suppose that e has Property (P). For each z ∈ z(g^e), there exists ψ_z ∈ k[Y^′] ⊗_k g such that z − u^∗_1ψ_z belongs to L_Y ′ .

Proof. Let z be in z(g^e). Since Y^′ ⊂ Ω, for each y ∈ Y^′, there exists an affine open subset U_y of Y^′ containing y and regular maps ν_1, . . . ,ν_ℓ from U_y to g such that ν_1(x), . . . ,ν_ℓ(x) is a basis of α(x) for all x ∈ U_y. Let y be in Y^′. We consider two cases: (1) Suppose p(y) = e.

Since e has Property (P), there exist regular functions a_1, . . . ,a_ℓ on U_y satisfying z = a_1(x)ν_1(x) + · · · + a_ℓ(x)ν_ℓ(x), for all x ∈ U_y ∩ p^{−1}(e). The intersection U_y ∩ p^{−1}(e) is the set of zeroes of u^∗_1 in U_y. So there exists a regular map ψ from U_y to g which satisfies the equality:

z − u^∗_1ψ = a_1ν_1 + · · · + a_ℓν_ℓ.

Hence [z − u^∗_1(x)ψ(x), p(x)] = 0 for all x ∈ U_y since α(x) is contained in g^{p(x)} for all x ∈ Ω. (2) Suppose p(y) ≠ e.

Then we can assume that U_y ∩ p^{−1}(e) = ∅ and the map ψ = (u^∗_1)^{−1}z satisfies the condition: [z − u^∗_1(x)ψ(x), p(x)] = 0 for all x ∈ U_y. In both cases (1) or (2), we have found a regular map ψ_y from U_y to g satisfying: [z − (u^∗_1ψ_y)(x), p(x)] = 0 for all x ∈ U_y.

Let y_1, . . . ,y_k be in Y^′ such that the open subsets U_{y1} , . . . ,U_{yk} cover Y^′. For i = 1, . . . , k, we denote by ψ_i a regular map from U_{yi} to g such that z − u^∗_1ψ_i is in Γ(U_{yi} , L) where L is the localization of L_Y ′ on Y^′.

Documenta Mathematica 15 (2010) 387–421

404 Jean-Yves Charbonnel and Anne Moreau

Then for i, j = 1, . . . , k, ψ_i − ψ_j is in Γ(U_{yi} ∩ U_{yj} , L). Since Y^′ is affine, H^1(Y^′, L) = 0. So, for i = 1, . . . , l, there exists ~ψ_i in Γ(U_{yi} , L) such that ~ψ_i − ~ψ_j is equal to ψ_i − ψ_j on U_{yi} ∩ U_{yj} for all i, j. Then there exists a well-defined map ψ_z from Y^′ to g whose restriction to U_{yi} is equal to ψ_i − ~ψ_i for all i, and such that z − u^∗_1ψ_z belongs to L_Y ′ . Finally, the map ψ_z verifies the required property. □ Let z be in z(g^e). We denote by φ_z the regular map from Y to g defined by: φ_z(x) = [z, u_1] + v^∗_2 (x)[z, u_2] + · · · + v^∗_m(x)[z, u_m], for all x ∈ Y. (5) Corollary 4.8. Suppose that e has Property (P) and let z be in z(g^e). There exists ψ_z in k[Y^′] ⊗_k g such that φ_z(x) = [ψ_z(x), p(x)] for all x ∈ Y^′.

Proof. By Lemma 4.7, there exists ψ_z in k[Y^′] ⊗_k g such that z − u^∗_1ψ_z is in L_Y ′ . Then

u^∗_1φ_z(x) = [z, p(x)] = [z − u^∗_1ψ_z(x), p(x)] + u^∗_1[ψ_z (x), p(x)], for all x ∈ Y^′. So the map ψ_z is convenient, since u^∗_1 is not identically zero on Y^′. □ The following lemma is easy but helpful for Proposition 4.10: Lemma 4.9. Let v be in g^e. Then, v belongs to z(g^e) if and only if [v, g^f ] ⊂ [e, g].

Proof. Since [x, g] is the orthogonal complement of g^x in g for all x ∈ g, we have:

[v, g^f ] ⊂ [e, g] ⇐⇒ ⟨[v, g^f ], g^e⟩ = 0 ⇐⇒ ⟨[v, g^e], g^f ⟩ = 0 ⇐⇒ [v, g^e] ⊂ [f, g].

But g is the direct sum of g^e and [f, g] and [v, g^e] is contained in g^e since v ∈ g^e. Hence [v, g^f ] is contained in [e, g] if and only if v is in z(g^e). □ Proposition 4.10. Suppose that e has Property (P) and let φ be in k[Y ] ⊗_k g such that φ(x) ∈ [g, p(x)] for all x ∈ Y . Then there exists ψ in k[Y^′] ⊗_k g such that φ(x) = [ψ(x), p(x)] for all x ∈ Y^′. Proof. Since φ is a regular map from Y to g, there is a nonnegative integer d and ~φ ∈ k[S] ⊗_k g such that (u^∗_1)^d(x)φ(x) = ( ~φ∘p)(x), ∀x ∈ Y (6) and ~φ is a linear combination of monomials in u^∗_1, . . . , u^∗_m whose total degree is at least d. By hypothesis on φ, we deduce that for all x ∈ S

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 405

such that u^∗_1(x) ≠ 0, ~φ(x) is in [g, x]. Hence by Proposition 4.6, there exists ~ψ in k[S] ⊗_k g such that ~φ(x) = [ ~ψ(x), x] for all x ∈ S. Denote by ~ψ^′ the sum of monomials of degree at least d in ~ψ and denote by ψ^′ the element of k[Y ] ⊗_k g satisfying (u^∗_1)^d(x)ψ^′(x) = ( ~ψ^′∘p)(x), ∀x ∈ Y. (7) Then we set, for x ∈ Y , φ^′(x) := φ(x) − [ψ^′(x), p(x)]. We have to prove the existence of an element ψ^{′′} in k[Y^′] ⊗_k g such that φ^′(x) = [ψ^{′′}(x), p(x)] for all x ∈ Y^′.

• If d = 0, then φ = ~φ∘p, ψ^′ = ψ and φ^′ = 0; so ψ^′ is convenient in that case.

• If d = 1, we can write

u^∗_1(x)φ(x) = ~φ(p(x)) = [ ~ψ(p(x)), e + u^∗_1(x)(u_1 + v^∗_2 (x)u_2 + · · · + v^∗_m(x)u_m)], for all x ∈ Y , whence we deduce

u^∗_1(x)(φ(x) − [ψ^′(x), p(x)]) = [ψ̃(e), e + u^∗_1(x)(u_1 + v^∗_2 (x)u_2 + · · · + v^∗_m(x)u_m)] for all x ∈ Y . Hence ψ̃(e) belongs to g^e and [ ~ψ(e), u_i] ∈ [e, g] for all i = 1, . . . , m, since φ(x) ∈ [e, g] for all x ∈ Y ∩ p^{−1}(e). Then ~ψ(e) is in z(g^e) by Lemma 4.9. So by Corollary 4.8, φ^′ has the desired property. • Suppose d > 1. For i = (i_1, . . . , i_m) ∈ N^m, we set |i| := i_1 +· · ·+i_m and we denote by ψ_i the coefficient of (u^∗_1)^{i1} · · · (u^∗_m)^{im} in ~ψ. By Corollary 4.8, it suffices to prove: � ψ_i = 0 if |i| < d − 1; ψ_i ∈ z(g^e) if |i| = d − 1 .

For i ∈ N^m and j ∈ {1, . . . , m}, we define the element i(j) of N^m by: i(j) := (i_1, . . . , i_{j−1}, i_j + 1, i_{j+1}, . . . , i_m).

It suffices to prove:

Claim 4.11. For |i| ≤ d − 1, ψ_i is an element of g^e such that [ψ_i, u_j ] + [ψ_{i(j)}, e] = 0 for j = 1, . . . , m. Indeed, by Lemma 4.9, if [ψ_i, u_j ] + [ψ_{i(j)}, e] = 0 and ψ_i ∈ g^e for all j = 1, . . . , m, then ψ_i ∈ z(g^e). Furthermore, if [ψ_i, u_j ] + [ψ_{i(j)}, e] = 0 and ψ_i ∈ g^e and ψ_{i(j)} ∈ g^e

Documenta Mathematica 15 (2010) 387–421

406 Jean-Yves Charbonnel and Anne Moreau

for all j = 1, . . . , m, then ψ_i = 0 since z(g^e) ∩ g^f = 0. So only remains to prove Claim 4.11.

We prove the claim by induction on |i|. Arguing as in the case d = 1, we prove the claim for |i| = 0. We suppose the claim true for all |i| ≤ l − 1 for some 0 < l ≤ d − 2. We have to prove the statement for all |i| ≤ l. By what foregoes and by induction hypothesis, ψ_i = 0 for |i| ≤ l − 2. For k = l + 1, l + 2, we consider the ring k[τ_k] where τ^k_k = 0. Since (u^∗_1)^d vanishes on the set of k[τ_{l+1}]-points x = x_0 + x_1τ_{l+1} + · · · + x_lτ^l_{l+1} of Y whose source x_0 is a zero of u^∗_1,

0 = [ ~ψ(e + τ_{l+1}v), e + τ_{l+1}v] = � |i|=l

τ^l_{l+1}[ψ_i, e](u^∗_1)^{i1} · · · (u^∗_m)^{im} (v),

for all v ∈ g^f . So ψ_i ∈ g^e for |i| = l. For |i| equal to l, the term in

τ^{l+1}_{l+2} (u^∗_1)^{i1} · · · (u^∗_{ij−1} )^{ij−1} (u^∗_{ij +1})^{ij +1}(u^∗_{ij+1} )^{ij+1} · · · (u^∗_m)^{im} (v)

of [ ~ψ(e + τ_{l+2}v), e + τ_{l+2}v] is equal to [ψ_{i(j)}, e] + [ψ_i, u_j ]. Since (u^∗_1)^d vanishes on the set of k[τ_{l+2}]-points of Y whose source is a zero of u^∗_1, this term is equal to 0, whence the claim. □

Recall that Y^′ is an affine open subset of Y contained in Ω and having a nonempty intersection with p^{−1}(e).

Corollary 4.12. Suppose that e has Property (P). Let φ be in k[Y^′]⊗_k g such that φ(x) ∈ [g, p(x)] for all x ∈ Y^′. Then there exists ψ in k[Y^′]⊗_k g such that φ(x) = [ψ(x), p(x)] for all x ∈ Y^′.

Proof. For a ∈ k[Y ], denote by D(a) the principal open subset defined by a. Let D(a_1), . . . , D(a_m) be an open covering of Y^′ by principal open subsets of Y , with a_1, . . . , a_k in k[Y ]. Since φ is a regular map from Y^′ to g, there is m_i ≥ 0 such that a^{mi}_i φ is the restriction to Y^′ of some regular map φ_i from Y to g. For m_i big enough, φ_i vanishes on Y \ D(a_i); hence φ_i(x) ∈ [g, p(x)] for all x ∈ Y . So, by Proposition 4.6, there is a regular map ψ_i from Y^′ to g such that φ_i(x) = [ψ_i(x), p(x)] for all x ∈ Y^′. Then for all x ∈ D(a_i), we have φ(x) = [a_i(x)^{−mi} ψ_i(x), p(x)]. Since Y^′ is an affine open subset of Y , there exists a regular map ψ from Y^′ to g which satisfies the condition of the corollary. □

We are now in position to prove the main result of this section:

Theorem 4.13. The equality indg^e = ℓ holds if and only if e has Property (P).

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 407

Proof. By Corollary 4.12, if e has Property (P), then Assertion (B) of Theorem 4.1 is satisfied. Conversely, suppose that indg^e = ℓ and show that e has Property (P). By Theorem 4.1, (A)⇒(B), Assertion (B) is satisfied. We choose an affine open subset Y^′ of Y , contained in Ω, such that Y^′ ∩ p^{−1}(e) ≠ and verifying the condition of the assertion (B). Let z ∈ z(g^e). Recall that the map φ_z is defined by (5). Let x be in Y^′. If u^∗_1(x) ≠ 0, then φ_z(x) belongs to [g, p(x)] by (5). If u^∗_1(x) = 0 , then by Lemma 4.9, φ_z(x) belongs to [e, g]. So there exists a regular map ψ from Y^′ to g such that φ_z(x) = [ψ(x), p(x)] for all x ∈ Y^′ by Assertion (B). Hence we have [z − u^∗_1ψ(x), p(x)] = 0,

for all x ∈ Y^′ since (u^∗_1φ_z)(x) = [z, p(x)] for all x ∈ Y . So α(x) contains z for all x in Ω ∩ Y^′ ∩ p^{−1}(e). Since p^{−1}(e) is irreducible, we deduce that e has Property (P). □

4.3. A new formulation of the property (P). Recall that Property (P) is introduced in Definition 4.2. As has been noticed in the proof of Lemma 4.4, the morphism G × S → g, (g, x) → g(x) is smooth. As a consequence, the set S_{reg} of v ∈ S such that v is regular is a nonempty open subset of S. For x in S_{reg}, g^{e+t(x−e)} has dimension ℓ for all t in a nonempty open subset of k since x = e+(x−e) is regular. Furthermore, since k has dimension 1, [Sh94, Ch. VI, Theorem 1] asserts that there is a unique regular map β_x : k → Gr_ℓ(g)

satisfying β_x(t) = g^{e+t(x−e)} for all t in a nonempty open subset of k. Recall that Y is an affine open subset of B_e(S) with Y ∩ p^{−1}(e) ≠ ∅ and that u^∗_1, v^∗_2 , . . . , v^∗_m is a global coordinates system of Y , cf. (4). Let S^′_{reg} be the subset of x in S_{reg} such that u^∗_1(x) ≠ 0. For x in S^′_{reg}, we denote by ~x the element of Y whose coordinates are 0, v^∗_2 (x), . . . , v^∗_m(x).

Lemma 4.14. Let x be in S^′_{reg}.

(i) The subspace β_x(0) is contained in g^e. (ii) If ~x ∈ Ω, then α(~x) = β_x(0).

Proof. (i) The map β_x is a regular map and [β_x(t), e + t(x − e)] = 0 for all t in a nonempty open subset of k. So, β_x(0) is contained in g^e. (ii) Since S^′_{reg} has an empty intersection with the nullvariety of u^∗_1 in S, the restriction of p to p^{−1}(S^′_{reg}) is an isomorphism from p^{−1}(S^′_{reg}) to S^′_{reg}. Furthermore, β_x(t) = α(p^{−1}(e + tx − te)) for any t in k such that e + t(x − e) belongs to S^′_{reg} and p^{−1}(e + tx − te) goes to ~x when t goes to 0. Hence β_x(0) is equal to α(~x) since α and β are regular maps. □

Documenta Mathematica 15 (2010) 387–421

408 Jean-Yves Charbonnel and Anne Moreau

Corollary 4.15. The element e has Property (P) if and only if z(g^e) ⊂ β_x(0) for all x in a nonempty open subset of S_{reg}.

Proof. The map x → ~x from S^′_{reg} to Y is well-defined and its image is an open subset of Y ∩ p^{−1}(e). Let S^{′′}_{reg} be the set of x ∈ S^′_{reg} such that ~x ∈ Ω and let Y^{′′} be the image of S^{′′}_{reg} by the map x → ~x. Then S^{′′}_{reg} is open in S_{reg} and Y^{′′} is dense in Ω ∩ p^{−1}(e) since p^{−1}(e) is irreducible. Furthermore, the image of a dense open subset of S^{′′}_{reg} by the map x → ~x is dense in Y^{′′}. Since α is regular, e has property (P) if and only if α(x) contains z(g^e) for all x in a dense subset of Y^{′′}. By Lemma 4.14(ii), the latter property is equivalent to the fact that β_x(0) contains z(g^e) for all x in a dense open subset of S^{′′}_{reg}. □

Corollary 4.16. (i) If z(g^e) is generated by φ_1(e), . . . , φ_ℓ(e), then e has Property (P).

(ii) If z(g^e) has dimension 1, then e has Property (P).

Proof. Recall that φ_i(e) belongs to z(g^e), for all i = 1, . . . , ℓ, by Lemma 2.1(i). Moreover, for all x in S_{reg} and all i = 1, . . . , ℓ, φ_i(e + t(x − e)) belongs to g^{e+t(x−e)} for any t in k. So by continuity, φ_i(e) belongs to β_x(0). As a consequence, whenever z(g^e) is generated by φ_1(e), . . . ,φ_ℓ(e), e has Property (P) by Corollary 4.15. (ii) is an immediate consequence of (i) since φ_1(e) = e by our choice of d_1. □

5. Proof of Theorem 1.3 for rigid nilpotent orbits

We intend to prove in this section the following theorem:

Theorem 5.1. Suppose that g is reductive and let e be a rigid nilpotent element of g. Then the index of g^e is equal to ℓ.

Theorem 5.1 will complete the proof of Theorem 1.3 by Theorem 3.3. As explained in introduction, we can assume that g is simple. We consider two cases, according to g has classical type or exceptional type.

5.1. The classical case. Assume that g is simple of classical type. More precisely, assume that g is one of the Lie algebras sl_{ℓ+1}(k), so_{2ℓ+1}(k), sp_{2ℓ}(k), so_{2ℓ}(k).

Lemma 5.2. Let m be a positive integer such that x^m − tr x^m belongs to g for all x in g. Then e^m belongs to the subspace generated by φ_1(e), . . . ,φ_ℓ(e).

Proof. Recall that L_g is the submodule of elements φ of S(g) ⊗_k g such that [x, φ(x)] = 0 for all x in g. According to [Di79], L_g is a free module

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 409

generated by the φ^′_is. For all x in g, [x, x^m] = 0. Hence there exist polynomial functions a_1, . . . ,a_ℓ on g such that

x^m − tr x^m = a_1(x)φ_1(x) + · · · + a_ℓ(x)φ_ℓ(x)

for all x in g, whence the lemma. □

Theorem 5.3. Let e be a rigid nilpotent element. Then z(g^e) is generated by powers of e. In particular, the index of g^e is equal to ℓ.

Proof. Let us prove the first assertion. If g has type A or C, then z(g^e) is generated by powers of e by [Mo06c, Théorème 1.1.8] or [Y06b]. So we can assume that g has type B or D.

Set n := 2ℓ + 1 if g has type B_ℓ and n := 2ℓ if g has type D_ℓ. Denote by (n_1, . . . ,n_k), with n_1≥ · · · ≥n_k, the partition of n corresponding to the nilpotent element e. By [Mo06c, Théorème 1.1.8] or [Y06b], z(g^e) is not generated by powers of e if and only if n_1 and n_2 are both odd integers and n_3 < n_2. On the other hand, since e is rigid, n_k is equal to 1, n_i ≤ n_{i+1} ≤ n_i + 1 and all odd integers of the partition (n_1, . . . ,n_k) have a multiplicity different from 2 [Ke83, Sp82, ch. II] or [CMa93, Corollary 7.3.5]. Hence, the preceding criterion is not satisfied for e. Then, the second assertion results from Lemma 5.2, Corollary 4.16(i) and Theorem 4.13. □

Remark 5.4. Yakimova’s proof of Elashvili’s conjecture in the classical case is shorter and more elementary [Y06a]. The results of Section 4 will serve the exceptional case in a more relevant way.

5.2. The exceptional case. We let in this subsection g be simple of exceptional type and we assume that e is a nonzero rigid nilpotent element of g. The dimension of the center of centralizers of nilpotent elements has been recently described in [LT08, Theorem 4]. On the other hand, we have explicit computations for the rigid nilpotent orbits in the exceptional types due to A.G. Elashvili. These computations are collected in [Sp82, Appendix of Chap. II] and a complete version was published later in [E85b]. From all this, we observe that the center of g^e has dimension 1 in most cases. In more details, we have:

Proposition 5.5. Let e be nonzero rigid nilpotent element of g. (i) Suppose that g has type G_2, F_4 or E_6. Then dim z(g^e) = 1. (ii) Suppose that g has type E_7. If g^e has dimension 41, then dim z(g^e) = 2; otherwise dim z(g^e) = 1.

(iii) Suppose that g has type E_8. If g^e has dimension 112, 84, 76, or 46, then dim z(g^e) = 2, if g^e has dimension 72, then dim z(g^e) = 3; otherwise dim z(g^e) = 1.

Documenta Mathematica 15 (2010) 387–421

410 Jean-Yves Charbonnel and Anne Moreau

By Corollary 4.16(ii), indg^e = ℓ whenever dim z(g^e) = 1. So, as an immediate consequence of Proposition 5.5, we obtain:

Corollary 5.6. Suppose that either g has type G_2, F_4, E_6, or g has type E_7 and dim g^e ≠ 41, or g has type E_8 and dim g^e ∉ {112, 84, 76, 72, 46}. Then dim z(g^e) = 1 and the index of g^e is equal to ℓ.

According to Corollary 5.6, it remains 7 cases; there are indeed two rigid nilpotent orbits of codimension 46 in E_8. We handle now these remaining cases. We process here in a different way; we study technical conditions on g^e under which indg^e = ℓ. For the moment, we state general results about the index.

Let a be an algebraic Lie algebra. Recall that the stabilizer of ξ ∈ a^∗ for the coadjoint representation is denoted by a^ξ and that ξ is regular if dim a^ξ = inda. Choose a commutative subalgebra t of a consisted of semisimple elements of a and denote by z_a(t) the centralizer of t in a. Then a = z_a(t)⊕[t, a]. The dual z_a(t)^∗ of z_a(t) identifies to the orthogonal complement of [t, a] in a^∗. Thus, ξ ∈ z_a(t)^∗ if and only if t is contained in a^ξ .

Lemma 5.7. Suppose that there exists ξ in z_a(t)^∗ such that dim (a^ξ ∩ [t, a]) ≤ 2. Then inda ≤ indz_a(t) + 1.

Proof. Let T be the closure in z_a(t)^∗ ×Gr_3([t, a]) of the subset of elements (η, E) such that η is a regular element of z_a(t)^∗ and E is contained in a^η . The image T_1 of T by the projection from z_a(t)^∗ × Gr_3([t, a]) to z_a(t)^∗ is closed in z_a(t)^∗. By hypothesis, T_1 is not equal to z_a(t)^∗ since for all η in T_1, dim (a^η ∩ [t, a]) ≥ 3. Hence there exists a regular element ξ_0 in z_a(t)^∗ such that dim (a^{ξ0} ∩ [t, a]) ≤ 2. Since t is contained in a^{ξ0} ,

a^{ξ0} = z_a(t)^{ξ0} ⊕ a^{ξ0} ∩ [t, a].

If [t, a] ∩ a^{ξ0} = {0} then inda is at most indz_a(t). Otherwise, a^{ξ0} is not a commutative subalgebra since t is contained in a^{ξ0} . Hence ξ_0 is not a regular element of a^∗, so inda < dim a^{ξ0} . Since dim a^{ξ0} ≤ indz_a(t) + 2, the lemma follows. □

From now on, we assume that a = g^e. As a rigid nilpotent element of g, e is a nondistinguished nilpotent element. So we can choose a nonzero commutative subalgebra t of g^e consisted of semisimple elements. Denote by l the centralizer of t in g. As a Levi subalgebra of g, l is a reductive Lie algebra whose rank is ℓ. Moreover its dimension is strictly smaller than dim g. In the preceding notations, we have z_ge (t) = z_g(t)^e = l^e. Let t_1 be a commutative subalgebra of l^e containing t and consisting of

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 411

semisimple elements of l. Then [t, g^e] is stable under the adjoint action of t_1. For λ in t^∗_1, denote by g^e_λ the λ-weight space of the adjoint action of t_1 in g^e.

Lemma 5.8. Let λ ∈ t^∗_1 be a nonzero weight of the adjoint action of t_1 in g^e. Then −λ is also a weight for this action and λ and −λ have the same multiplicity. Moreover, g^e_λ is contained in [t, g^e] if and only if the restriction of λ to t is not identically zero.

Proof. By definition, g^e_λ ∩ l^e = {0} if and only if the restriction of λ to t is not identically zero. So g^e_λ is contained in [t, g^e] if and only if the restriction of λ to t is not equal to 0 since g^e_λ = (g^e_λ ∩ l^e) ⊕ (g^e_λ ∩ [t, g^e]).

The subalgebra t_1 is contained in a reductive factor of g^e. So we can choose h and f such that t_1 is contained in g^e ∩g^f . As a consequence, any weight of the adjoint action of t_1 in g^f is a weight of the adjoint action of t_1 in g^e with the same multiplicity. Furthermore, the t_1-module g^f for the ajoint action is isomorphic to the t_1-module (g^e)^∗ for the coadjoint action. So −λ is a weight of the adjoint action of t_1 in g^f with the same multiplicity as λ. Hence −λ is a weight of the adjoint action of t_1 in g^e with the same multiplicity as λ, whence the lemma. □

Choose pairwise different elements λ_1, . . . ,λ_r of t^∗_1 so that the weights of the adjoint action of t_1 in g^e which are not identically zero on t are precisely the elements ±λ_i. For i = 1, . . . , r, let v_{i,1}, . . . ,v_{i,mi} and w_{i,1}, . . . ,w_{i,mi} be basis of g^e_{λi} and g^e_{−λi} respectively. Then we set:

q_i := det ([v_{i,k}, w_{i,l}])_{1≤k,l≤mi} ∈ S(l^e).

Proposition 5.9. Suppose that indl^e = ℓ and suppose that one of the following two conditions is satisfied:

(1) for i = 1, . . . , r, q_i ≠ 0, (2) there exists j in {1, . . . , r} such that q_i ≠ 0 for all i ≠ j and such that the basis v_{j,1}, . . . ,v_{j,mj} and w_{j,1}, . . . ,w_{j,mj} can be chosen so that det ([v_{j,k}, w_{j,l}])_{1≤k,l≤mj −1} ≠ 0.

Then, indg^e = ℓ.

Proof. First, observe that indg^e − indg is an even integer. Indeed, we have:

indg^e − indg = (indg^e − dim g^e) + (dim g^e − dim g) + (dim g − indg). But the integers indg^e − dim g^e, dimg^e − dim g and dim g − indg are all even integers. Thereby, if indg^e ≤ indg + 1, then indg^e ≤ indg. In

Documenta Mathematica 15 (2010) 387–421

412 Jean-Yves Charbonnel and Anne Moreau

turn, by Vinberg’s inequality (cf. Introduction), we have indg^e ≥ indg. Hence, it suffices to prove indg^e ≤ indl^e + 1 since our hypothesis says that indl^e = ℓ = indg. Now, by Lemma 5.7, if there exists ξ in (l^e)^∗ such that (g^e)^ξ ∩ [t, g^e] has dimension at most 2, then we are done. Denote by l_1 the centralizer of t_1 in g. Then l_1 is contained in l and l^e = l^e_1 ⊕ [t_1, l^e] and (l^e_1)^∗ identifies to the orthogonal of [t_1, l^e] in the dual of l^e. Moreover, for i = 1, . . . , r, q_i belongs to S(l^e_1). For ξ in (l^e_1)^∗, denote by B_ξ the bilinear form

[t, g^e] × [t, g^e] −→ k (v, w) −→ ξ([v, w])

and denote by ker B_ξ its kernel. For i = 1, . . . , r, −q_i(ξ)^2 is the determinant of the restriction of B_ξ to the subspace

(g^e_{λi} ⊕ g^e_{−λi} ) × (g^e_{λi} ⊕ g^e_{−λi} )

in the basis v_{i,1}, . . . ,v_{i,mi} , w_{i,1}, . . . ,w_{i,mi} .

If (1) holds, we can find ξ in (l^e_1)^∗ such that ker B_ξ is zero. If (2) holds, we can find ξ in (l^e_1)^∗ such that ker B_ξ has dimension 2 since B_ξ is invariant under the adjoint action of t_1. But ker B_ξ is equal to (g^e)^ξ ∩[t, g^e]. Hence such a ξ satisfies the required inequality and the proposition follows. □

The proof of the following proposition is given in Appendix A since it relies on explicit computations:

Proposition 5.10. (i) Suppose that either g has type E_7 and dim g^e = 41 or, g has type E_8 and dim g^e ∈ {112, 72}. Then, for suitable choices of t and t_1, Condition (1) of Proposition 5.9 is satisfied.

(ii) Suppose that g has type E_8 and that g^e has dimension 84, 76, or 46. Then, for suitable choices of t and t_1, Condition (2) of Proposition 5.5 is satisfied.

5.3. Proof of Theorem 1.3. We are now in position to complete the proof of Theorem 1.3:

Proof of Theorem 1.3. We argue by induction on the dimension of g. If g has dimension 3, the statement is known. Assume now that indl^{e′} = rkl for any reductive Lie algebras l of dimension at most dim g − 1 and any e^′ ∈ N(l). Let e ∈ N(g) be a nilpotent element of g. By Theorem 3.3 and Theorem 5.3, we can assume that e is rigid and that g is simple of exceptional type. Furthermore by Corollary 5.6, we can assume that dim z(g^e) > 1. Then we consider the different cases given by Proposition 5.10.

If, either g has type E_7 and dim g^e = 41, or g has type E_8 and dim g^e equals 112, 72, or 46, then Condition (1) of Proposition 5.9 applies for

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 413

suitable choices of t and t_1 by Proposition 5.10. Moreover, if l = z_g(t), then l is a reductive Lie algebra of rank ℓ and strictly contained in g. So, from our induction hypothesis, we deduce that indg^e = ℓ by Proposition 5.9.

If g has type E_8 and dim g^e equals 84, 76, or 46, then Condition (2) of Proposition 5.9 applies for suitable choices of t and t_1 by Proposition 5.10. Arguing as above, we deduce that indg^e = ℓ. □

Appendix A. Proof of Proposition 5.10: explicit computations.

This appendix aims to prove Proposition 5.10. We prove Proposition 5.10 for each case by using explicit computations made with the help of GAP; our programmes are presented below (two cases are detailed; the other ones are similar). Explain the general approach. In our programmes, x[1], . . . are root vectors generating the nilradical of the Borel subalgebra b of g and the representative e (denoted by e in our programmes) of the rigid orbit is chosen so that e and h belong to b and h respectively. The element e is given by the tables of [GQT80]. In fact, in [GQT80], they use the programme Lie which induces minor changes in the numbering. Then, we exhibit suitable tori t and t_1 of g contained in g^e which satisfies conditions (1) or (2) of Proposition 5.9. In each case, our torus t is one dimensional; we define it by a generator, called t in our programmes. Its centralizer in g^e is denoted by le. The torus t_1 has dimension at most 4. It is defined by a basis denoted by Bt1. The weights of t_1 for the adjoint action of t_1 on g^e are given by their values on the basis Bt1 of t_1. We list in a matrix W almost all weights which have a positive value at Bt1. The other weights have multiplicity 1. In our programmes, by the term S we check that no weight is forgotten; this term has to be zero. Then, the matrices corresponding to the weights given by W are given by a function A. Their determinants correspond to the q_i’s in the notations of Proposition 5.9. If there is only one other weight, the corresponding matrix is denoted by a. At last, we verify that these matrices have the desired property depending on the situations (i) or (ii) of Proposition 5.10.

As examples, we detail below two cases:

(1) the case of E_7 with dim g^e = 41 where we intend to check that Condition (1) of Proposition 5.9 is satisfied;

(2) the case of E_8 with dim g^e = 84 where we intend to check that Condition (2) of Proposition 5.9 is satisfied.

Documenta Mathematica 15 (2010) 387–421

414 Jean-Yves Charbonnel and Anne Moreau

(1) E_7, dim g^e = 41: In this case, with our choices, dim t = 1, diml^e = 23 and dim t_1 = 3. The order of matrices to be considered is at most 2.

L := SimpleLieAlgebra("E",7,Rationals);;
R := RootSystem(L);;
x := PositiveRootVectors(R);; y := NegativeRootVectors(R);;
e := x[14]+x[26]+x[28]+x[49];;
c := LieCentralizer(L,Subspace(L,[e]));
Bc := BasisVectors(Basis(c));;
> <Lie algebra of dimension 41 over Rationals>
z := LieCentre(c);; Bz := BasisVectors(Basis(z));;
t := Bc[Dimension(c)];;
le := LieCentralizer(L,Subspace(L,[t,e]));
> <Lie algebra of dimension 23 over Rationals>
n := function(k)
     if k=2 then return 1;;
     elif k=-2 then return 1;;
     elif k=1 then return 8;;
     elif k=-1 then return 8;; fi;; end;;
#The function n assigns to each weight of t
#the dimension of the corresponding
#weight subspace.
M := function(k) local m;;
   m := function(j,k)
      if j=1 then
          return Position(List([1..Dimension(c)],
              i->t*Bc[i]-k*Bc[i]),0*x[1]);;
          else
             return m(j-1,k)
                 +Position(List([m(j-1,k)+1..Dimension(c)],
          i->t*Bc[i]-k*Bc[i]),0*x[1]);;
          fi;;
     end;;
     return List([1..n(k)],i->m(i,k));;
end;;
Bt1 := [Bc[41],Bc[40],Bc[39]];;
N := function(k,p) local n;;
     n := function(j,k,p)
          if j=1 then
              return Position(List([1..8],
          i->Bt1[2]*Bc[M(k)[i]]-p*Bc[M(k)[i]]),0*x[1]);;
          else

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 415

              return n(j-1,k,p)
                   +Position(List([n(j-1,k,p)+1..8],
          i->Bt1[2]*Bc[M(k)[i]]-p*Bc[M(k)[i]]),0*x[1]);;
          fi;;
     end;;
     return List([1..4],i->M(k)[n(i,k,p)]);;
end;;
r := function(t)
     if t=1 then return 1;
     elif t=-1 then return 1;;
     elif t=0 then return 2;;
     fi;;
end;;
Q := function(k,s,t) local q;;
  q := function(j,k,s,t)
     if j=1 then
          return Position(List([1..4],
     i->Bt1[3]*Bc[N(k,s)[i]]-t*Bc[N(k,s)[i]]),0*x[1]);;
     else
          return q(j-1,k,s,t)
                  +Position(List([q(j-1,k,s,t)+1..4],
     i->Bt1[3]*Bc[N(k,s)[i]]-t*Bc[N(k,s)[i]]),0*x[1]);;
          fi;;
     end;;
     return List([1..r(t)],i->N(k,s)[q(i,k,s,t)]);;
end;;
W := [[1,1,1],[1,-1,1],[1,1,-1],[1,-1,-1],
                               [1,1,0],[1,-1,0]];;
S := 2*(1+Sum(List([1..Length(W)],
                i->Length(Q(W[i][1],W[i][2],W[i][3])))))
                    +Dimension(le)-Dimension(c);
> 0
A := function(i) return
          List([1..r(W[i][3])],t->List([1..r(W[i][3])],
     s->Bc[Q(W[i][1],W[i][2],W[i][3])[s]]*
                  Bc[Q(-W[i][1],-W[i][2],-W[i][3])[t]]));;
end;;
A(1);A(2);A(3);A(4);A(5);A(6);
> [ [ (-1)*v.63 ] ]
> [ [ v.63 ] ]
> [ [ v.63 ] ]

Documenta Mathematica 15 (2010) 387–421

416 Jean-Yves Charbonnel and Anne Moreau

> [ [ (-1)*v.63 ] ]
> [ [ (-1)*v.57+(-1)*v.60, (-1)*v.63 ],
                           [ (-1)*v.63, 0*v.1 ] ]
> [ [ (-1)*v.57+(-1)*v.60, (-1)*v.63 ],
                              [ (-1)*v.63, 0*v.1 ] ]
a := Bc[M(2)[1]]*Bc[M(-2)[1]];
> v.133

In conclusion, Condition (1) of Proposition 5.9 is satisfied for t := kt and t_1 :=span(Bt1).

(2) E_8, dim g^e = 84: In this case, with our choices, dim t = 1, diml^e = 48 and dim t_1 = 3. The matrix A(7) has order 5 and it is singular of rank 4. The order of the other matrices is at most 2.

L := SimpleLieAlgebra("E",8,Rationals);;
R := RootSystem(L);;
x := PositiveRootVectors(R);; y := NegativeRootVectors(R);;
e := x[54]+x[61]+x[77]+x[97];;
c := LieCentralizer(L,Subspace(L,[e]));
Bc := BasisVectors(Basis(c));;
> <Lie algebra of dimension 84 over Rationals>
z := LieCentre(c);; Bz := BasisVectors(Basis(z));;
t := Bc[Dimension(c)];;
le := LieCentralizer(L,Subspace(L,[t,e]));
> <Lie algebra of dimension 48 over Rationals>
n := function(k)
     if k=2 then return 1;;
     elif k=-2 then return 1;;
     elif k=1 then return 17;;
     elif k=-1 then return 17;;
     fi;;
end;;
M := function(k) local m;;
   m := function(j,k)
      if j=1 then
          return Position(List([1..Dimension(c)],
        i->Bc[84]*Bc[i]-k*Bc[i]),0*x[1]);;
      else
          return m(j-1,k)
            +Position(List([m(j-1,k)+1..Dimension(c)],
          i->Bc[84]*Bc[i]-k*Bc[i]), 0*x[1]);;
          fi;;

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 417

     end;;
     return List([1..n(k)],i->m(i,k));;
end;;
r := function(k,t)
     if k=1 and t=1 then return 4;;
     elif k=-1 and t=-1 then return 4;;
     elif k=1 and t=-1 then return 4;;
     elif k=-1 and t=1 then return 4;;
     elif k=1 and t=0 then return 9;;
     elif k=-1 and t=0 then return 9;;
     fi;;
end;;
Bt1 := [Bc[84],Bc[83],Bc[82]];;
N := function(k,t) local p;;
   p := function(j,k,t)
      if j=1 then
         return Position(List([1..n(k)],
       i->Bt1[2]*Bc[M(k)[i]]-t*Bc[M(k)[i]]),0*x[1]);;
      else
         return p(j-1,k,t)
              +Position(List([p(j-1,k,t)+1..n(k)],
       i->Bt1[2]*Bc[M(k)[i]]-t*Bc[M(k)[i]]),0*x[1]);;
          fi;;
     end;;
     return List([1..r(k,t)],i->M(k)[p(i,k,t)]);;
end;;
m := function(k,s,t)
     if k=1 and s=1 and t=-1 then return 2;;
     elif k=-1 and s=-1 and t=1 then return 2;;
     elif k=1 and s=1 and t=0 then return 2;;
     elif k=-1 and s=-1 and t=0 then return 2;;
     elif k=1 and s=-1 and t=1 then return 2;;
     elif k=-1 and s=1 and t=-1 then return 2;;
     elif k=1 and s=-1 and t=0 then return 2;;
     elif k=-1 and s=1 and t=0 then return 2;;
     elif k=1 and s=0 and t=1 then return 2;;
     elif k=-1 and s=0 and t=-1 then return 2;;
     elif k=1 and s=0 and t=-1 then return 2;;
     elif k=-1 and s=0 and t=1 then return 2;;
     elif k=1 and s=0 and t=0 then return 5;;
     elif k=-1 and s=0 and t=0 then return 5;;

Documenta Mathematica 15 (2010) 387–421

418 Jean-Yves Charbonnel and Anne Moreau

     fi;;
end;;
Q := function(k,s,t) local q;;
  q := function(j,k,s,t)
    if j=1 then
        return Position(List([1..r(k,s)],
     i->Bt1[3]*Bc[N(k,s)[i]]-t*Bc[N(k,s)[i]]),0*x[1]);;
    else
        return q(j-1,k,s,t)
              +Position(List([q(j-1,k,s,t)+1..r(k,s)],
     i->Bt1[3]*Bc[N(k,s)[i]]-t*Bc[N(k,s)[i]]),0*x[1]);;
          fi;;
     end;;
     return List([1..m(k,s,t)],i->N(k,s)[q(i,k,s,t)]);;
end;;
W := [[1,1,-1],[1,1,0],[1,-1,1],[1,-1,0],
                        [1,0,1],[1,0,-1],[1,0,0]];;
S := 2 + 2*Sum(List([1..Length(W)],
               i->Length(Q(W[i][1],W[i][2],W[i][3]))))
                  + Dimension(le)-Dimension(c);;
A := function(i) return
     List([1..m(W[i][1],W[i][2],W[i][3])],
        t->List([1..m(W[i][1],W[i][2],W[i][3])],
        s->Bc[Q(W[i][1],W[i][2],W[i][3])[s]]*
               Bc[Q(-W[i][1],-W[i][2],-W[i][3])[t]]));;
end;;
# A(1), A(2), A(3), A(5), A(6) are nonsingular.
# A(7) is singular of order 5 of rank 4; its minor
List([1..4],s->List([1..4],
t->Bc[Q(W[7][1],W[7][2],W[7][3])[s]]*
              Bc[Q(-W[7][1],-W[7][2],-W[7][3])[t]]));;
# is different from 0.
a := Bc[M(2)[1]]*Bc[M(-2)[1]];;

In conclusion, Condition (2) of Proposition 5.9 is satisfied for t := kt and t_1 :=span(Bt1).

References

[Be72] P. Bernat et al., Représentations des groupes de Lie résolubles, Monographies de la Société Mathématique de France no 4 (1972), Dunod, Paris.

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 419

[Bol91] A.V. Bolsinov, Commutative families of functions related to consistent Poisson brackets, Acta Applicandae Mathematicae, vol. 24 (1991), n^∘1, 253–274.

[BoK79] W. Borho and H. Kraft, Über Bahnen und deren Deformationen bei linearen Aktionen reduktiver Gruppen, Commentarii Mathematici Helvetici, vol. 54 (1979), 61–104.

[Bou02] N. Bourbaki, Lie groups and Lie algebras. Chapters 4–6. Translated from the 1968 French original by Andrew Pressley, Springer-Verlag, Berlin (2002).

[BrK94] R.K. Brylinski and B. Kostant, Nilpotent orbits, normality, and Hamiltonian group actions, J. Amer. Math. Soc. 7 (1994), 269–298.

[Ca85] R.W. Carter, Finite groups of Lie Type. Conjugacy classes and complex characters, Pure and Applied Mathematics. A Wiley-Interscience Series of Texts, Monographs and Tracts. (1985), Chichester, New-York, Brisbane, Toronto, Singapore.

[Ch04] J.-Y. Charbonnel, Propriétés (Q) et (C). Variété commutante, Bulletin de la Société Mathématique de France, 132 (2004), no 4, 477–508.

[CMo08] J.-Y. Charbonnel and A. Moreau, Nilpotent bicone and characteristic submodule of a reductive Lie algebra, Tranformation Groups, 14, (2008).

[CMa93] D. Collingwood and W.M. McGovern, Nilpotent orbits in semisimple Lie algebras, Van Nostrand Reinhold Co. New York 65 (1993).

[deG08] W.A. de Graaf, Computing with nilpotent orbits in simple Lie algebras of exceptional type, London Math. Soc. (2008), 1461–1570.

[Di74] J. Dixmier, Algèbres enveloppantes, Gauthier-Villars (1974). [Di75] J. Dixmier, Polarisations dans les Algèbres de Lie II, Bulletin de la Société Mathématique de France, 99 (1975), no 4, 45–63.

[Di79] J. Dixmier, Champs de vecteurs adjoints sur les groupes et algèbres de Lie semi-simples, Journal für die reine und angewandte Mathematik, Band. 309 (1979), 183–190.

[Dv03] A. Dvorsky, Index of parabolic and seaweed subalgebras of so_n, Lin. Alg.

Appl, 374 (2003), 127–142.

[E85a] A.G. Elashvili, On the index of orispherical subslagebras of semisimple Lie algebras, Proc. Razmadze Math. Institute, Tiflis, 77 (1985), 116– 126.

[E85b] A.G. Elashvili, Sheets of the exceptional Lie algebras, in Issledovaniya po algebre, Tbilisi (1985), 171–194 (Russian).

[GQT80] C. Quitté, G. Grélaud and P. Tauvel. Bases de Chevalley et sl_2- triplets des algèbres de Lie simples exceptionnelles, Univ. Poitiers, Prépubl. 52 (1990).

[H77] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics n^∘52 (1977), Springer-Verlag, Berlin Heidelberg New York.

[J07] A. Joseph, On semi-invariants and index for biparabolic (seaweed) algebras. II, J. Algebra, 312 (2007), no. 1, 158–193.

[Ke83] G. Kempken, Induced conjugacy classes in classical Lie algebras, Abh. Math. Sem. Univ. Hamb., 53 (1983), 53–83.

Documenta Mathematica 15 (2010) 387–421

420 Jean-Yves Charbonnel and Anne Moreau

[Ko63] B. Kostant, Lie group representations on polynomial rings, American Journal of Mathematics n^∘85 (1963), 327–404.

[LT08] R. Lawther and D.M. Testerman, Centres of centralizers of unipotent elements in simple algebraic groups, Preprint.

[LS79] G. Lusztig and N. Spaltenstein, Induced unipotent classes, J. London Math. Soc. 19 (1979), 41–52.

[MF78] A.S. Mishchenko and A.T. Fomenko, Euler equations on Lie groups, Math. USSR-Izv. 12 (1978), 371–389.

[Mo06a] A. Moreau, Indice du normalisateur du centralisateur d’un élément nilpotent dans une algèbre de Lie semi-simple, Bulletin de la Société Mathématique de France, vol. 134 (2006), 83–117.

[Mo06b] A. Moreau, Indice et décomposition de Cartan d’une algèbre de Lie semi-simple réelle, J. Algebra, 303 (2006), no. 1, 382–406.

[Mo06c] A. Moreau, Quelques propriétés de l’indice dans une algèbre de Lie semi-simple, PhD Thesis (2006), available on

http://www.institut.math.jussieu.fr/theses/2006/moreau/.

[Pa03a] D.I. Panyushev, The index of a Lie algebra, the centraliser of a nilpotent element, and the normaliser of the centraliser, Math. Proc. Camb. Phil. Soc. 134 (2003), 41–59.

[Pa03b] D.I. Panyushev, Some amazing properties of spherical nilpotent orbits, Math. Z., (2003) 245, no.3, 557–580.

[PPY07] D.I. Panyushev, A. Premet and O. Yakimova, On symmetric invariants of centralizers in reductive Lie algebras, Journal of Algebra (2007), n^∘1, 343–391.

[PY08] D.I. Panyushev and O. Yakimova, The argument shift method and maximal commutative subalgebras of Poisson algebras, Mathematical Research Letters, vol. 15, n^∘2 (2008), 239–249.

[Pe90] A.M. Perelomov, Integrable systems of classical mechanics and Lie algebras, Birkhuser Verlag (1990).

[Ri87] R.W. Richardson, Derivatives of invariant polynomials on a semisimple Lie algebra in “Microconference on harmonic analysis and operator algebras”, Proceedings of the Centre of Mathematical Analysis, Australian National University 15, Australian National University, Camberra (1987), 228–241.

[Ro63] M. Rosenlicht, A remark on quotient spaces, An. Acad. Brasil. Cienc.

35 (1963), 487–489.

[Sh94] I.R. Shafarevich, Basic algebraic geometry 2, Springer-Verlag (1994), Berlin, Heidelberg, New York, London, Paris, Tokyo, Hong-Kong, Barcelona, Budapest.

[Sl80] P. Slodowy, Simple singularities and simple algebraic groups, Lecture Notes in Mathematics, n^∘815 (1980), Springer-Verlag, Berlin, Heidelberg, New York.

[Sp82] N. Spaltenstein, Classes unipotentes et sous-groupes de Borel, Springer- Verlag, Berlin (1982).

Documenta Mathematica 15 (2010) 387–421

The Index of Centralizers of . . . 421

[TY04] P. Tauvel and R.W.T. Yu, Sur l’indice de certaines algèbres de Lie, Annales de l’Institut Fourier, Grenoble, 54 (2004), n^∘6, 1793–1810.

[TY05] P. Tauvel and R.W.T. Yu, Lie algebras and algebraic groups, Monographs in Mathematics (2005), Springer, Berlin Heidelberg New York.

[V72] F.D. Veldkamp, The center of the universal enveloping algebra of a Lie algebra in characteristic p, Annales Scientifiques de L’École Normale Supérieure n^∘5 (1972) , 217–240.

[Y06a] O. Yakimova, The index of centralisers of elements in classical Lie algebras, Functional Analysis and its Applications 40 (2006), 42–51.

[Y06b] O. Yakimova, Surprising properties of centralisers in classical Lie algebras, Annales de l’Institut Fourier 59 (2009), n^∘3, 903–935.

[Y07] O. Yakimova, A counterexample to Premet’s and Joseph’s conjecture, Bull. London Math. Soc. 39 (2007), 749–754.

Jean-Yves Charbonnel Université Paris 7 - CNRS Institut de Mathématiques de Jussieu Théorie des groupes Case 7012 Bâtiment Chevaleret 75205 Paris Cedex 13 France jyc@math.jussieu.fr

Anne Moreau LMA Téléport 2 - BP 30179 Boulevard Marie et Pierre Curie 86962 Futuroscope Chasseneuil Cedex France anne.moreau@math.univpoitiers.fr

Documenta Mathematica 15 (2010) 387–421

Documenta Mathematica 15 (2010)

Documenta Math. 423

The Cohomology Rings of Moduli Stacks

of Principal Bundles over Curves

Dedicated with gratitude

to the memory of Eckart Viehweg

Jochen Heinloth, Alexander H. W. Schmitt

Received: October 12, 2009 Revised: March 1, 2010

Communicated by Thomas Peternell

Abstract. We prove that the cohomology of the moduli stack of G-bundles on a smooth projective curve is freely generated by the Atiyah–Bott classes in arbitrary characteristic. The main technical tool needed is the construction of coarse moduli spaces for bundles with parabolic structure in arbitrary characteristic. Using these spaces we show that the cohomology of the moduli stack is pure and satisfies base-change for curves defined over a discrete valuation ring. Thereby we get an algebraic proof of the theorem of Atiyah and Bott and conversely this can be used to give a geometric proof of the fact that the Tamagawa number of a Chevalley group is the number of connected components of the moduli stack of principal bundles.

2010 Mathematics Subject Classification: 14D23, 14F20, 14D20 Keywords and Phrases: Principal bundle, parabolic bundle, moduli space, stack, cohomology, Tamagawa number.

Contents

1 Introduction 424

2 Preliminaries 426 2.1 Basic Properties of the Moduli Stack of Principal Bundles . . . 426 2.2 Behrend’s Trace Formula . . . . . . . . . . . . . . . . . . . . . 427

Documenta Mathematica 15 (2010) 423–488

424 J. Heinloth, A. H. W. Schmitt

3 The Cohomology of Bun_G 429 3.1 The Subring Generated by the Atiyah–Bott Classes . . . . . . . 429 3.2 The Main Results on Moduli Spaces of Flagged Principal Bundles432 3.3 Purity of H^⋆(Bun_G) . . . . . . . . . . . . . . . . . . . . . . . . 434

4 Semistability for Flagged Principal Bundles 437 4.1 Definition of Semistability . . . . . . . . . . . . . . . . . . . . . 437 4.2 General Remarks on Semistability . . . . . . . . . . . . . . . . 440 4.3 The Canonical Reduction for Flagged Principal Bundles . . . . 443 4.4 Semistable Reduction for Flagged Principal Bundles . . . . . . 447

5 Construction of the Moduli Spaces 450 5.1 Reduction to a Problem for Decorated Vector Bundles . . . . . 451 5.2 The Moduli Space of Decorated Flagged Vector Bundles . . . . 460 5.3 The Moduli Space for ϱ-Flagged Pseudo G-Bundles . . . . . . . 461 5.4 The Moduli Spaces for ϱ-Flagged Principal G-Bundles . . . . . 468 5.5 The Moduli Spaces for Flagged Principal G-Bundles . . . . . . 470 5.6 Construction of the Moduli Spaces for Decorated Flagged Vector Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 472 5.7 Construction of the Parameter Spaces for ϱ-Flagged Pseudo G- Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483

1 Introduction

Atiyah and Bott [1] proved that for any semisimple group G the cohomology ring of the moduli stack Bun_G of principal G-bundles on a Riemann surface C is freely generated by the Künneth components of the characteristic classes of the universal bundle on Bun_G ×C. (Of course, in their article, this was expressed in terms of equivariant cohomology instead of the cohomology of a stack. The formulation in terms of stacks can also be found in Teleman’s article [42].) The argument of Harder and Narasimhan [19] suggests that the result should also hold for curves over finite fields.

The original aim of this article was to give an algebraic proof of the result of Atiyah and Bott in positive characteristics. In the case of G = GL_n this was suggested by G. Harder, given as a Diploma thesis to the first author [21] (see [10] for a different approach). For general G we have to use the recent constructions of coarse moduli spaces in arbitrary characteristics [15]. The results of Behrend ([4], [5]) prove the Lefschetz trace formula for the moduli stack Bun_G over finite fields. However, purity of the cohomology groups is not so clear. One also has to check that the universal classes generate a sufficiently large subring. To prove purity, we embed the cohomology of the stack into the cohomology of a projective variety. This enables us to argue in two ways: either we use the known calculations of the Tamagawa number to prove the theorem with algebraic methods over finite fields (Theorem 3.3.5), or we use the projective variety to apply base change (Corollary 3.3.4) and deduce the

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 425

general result from the known one in characteristic 0. This in turn gives a calculation of the Tamagawa number (Corollary 3.1.3) and thus provides a geometric proof of Harder’s conjecture that the Tamagawa number should be the number of connected components of the moduli stack of principal G-bundles in this situation (see also the introduction to [8]). In order to make this argument precise the formalism of the six operations for sheaves on Artin stacks recently constructed by Laszlo and Olsson [29] is applied.

As pointed out by Neumann and Stuhler in [33], the computation of the cohomology ring over finite fields also gives an explicit description of the action of the Frobenius endomorphism of the moduli stack on the cohomology of the stack, even if the geometry of this action is quite mysterious. As explained above, the main new ingredient in our approach is the purity of the cohomology and the proof of a base change theorem for the cohomology of Bun_G. The idea to prove these results is to embed the cohomology of Bun_G into the cohomology of the stack of principal G-bundles together with flags at a finite set of points of the curve (“flagged principal bundles”). On this stack one can find a line bundle, such that the open subset of stable bundles has a complement of high codimension. Furthermore, there exists a projective coarse moduli space for stable flagged principal bundles. The existence of coarse moduli spaces for flagged principal bundles in arbitrary characteristic is demonstrated in the second part of this article. So here we use Geometric Invariant Theory in order to obtain a result for the moduli stack, whereas one usually argues in the other direction. Our main theorem is:

Theorem. Assume that C is a curve over a field k. Then the cohomology of the connected components Bun^ϑ_G of Bun_G is freely generated by the canonical classes, i.e.,

H^⋆ � Bun^ϑ_{G,k}, Q_ℓ � = Q_ℓ[a_1, . . . , a_r] ⊗ ⋆� [b^j_i ]_{i=1,...r,j=1,...,2g} ⊗ Q_ℓ[f_1, . . . , f_r].

(The canonical classes are obtained from the Künneth components of the universal principal bundle on Bun_G × C, see Section 3.1.)

As remarked above, the main technical ingredient is the construction of proper coarse moduli spaces for flagged principal bundles in positive characteristic. It is contained in the second part of this paper and might be of independent interest. Let us therefore give a statement of this result as well. Since there are different definitions of parabolic bundles in the literature, we have used the term flagged principal bundles instead. The precise definition is as follows. Let x = (x_i)_{i=1,...,b} be a finite set of distinct k-rational points of C, and let P = (P_i)_{i=1,...,b} be a tuple of parabolic subgroups of G. A principal G-bundle with a flagging of type (x, P ) is a tuple (P, s) that consists of a principal G-bundle P on C and a tuple s = (s_1, ..., s_b) of sections s_i : {x_i} → (P ×_C {x_i})/P_i, i.e., s_i is a reduction of the structure group of P ×_C {x_i} to P_i, i = 1, ..., b.

Documenta Mathematica 15 (2010) 423–488

426 J. Heinloth, A. H. W. Schmitt

In Section 4 we introduce a semistability concept for such bundles. It depends on a parameter a which, as in the case of parabolic vector bundles, has to satisfy a certain admissibility condition. Using this notion we show:

Theorem. For any type (x, P ) of flaggings and any admissible stability parameter a, there exists a projective coarse moduli space M (x, P )^a-^{ss} of a-semistable flagged principal G-bundles.

Finally one should note that it is well known that one can use the computation of the cohomology of the moduli stack and the splitting of the Gysin sequence for the Harder–Narasimhan stratification of Bun_G (as in [1], this holds in arbitrary characteristic) to calculate the cohomology of the moduli stack of semistable bundles. If the connected component Bun^ϑ_G is such that there are no properly semistable bundles, this gives a computation of the cohomology of the coarse moduli space (as in the proof of Corollary 3.3.2).

2 Preliminaries

In this section we collect some well known results on the moduli stacks Bun_G and their cohomology.

2.1 Basic Properties of the Moduli Stack of Principal Bundles

Let C be a smooth, projective curve of genus g over the (locally noetherian) scheme S. It would be reasonable to assume that C is a curve over a field, but since we want to be able to transport our results from characteristic p to characteristic 0, we will finally need some base ring.

Let G/S be a reductive group of rank r. Denote by Bun_G the moduli stack of principal G-bundles over C, i.e., for a scheme X → S, the X-valued points of Bun_G are defined as

Bun_G(X) := Category of principal G-bundles over C × X.

Recall the following basic fact which is proved in [4], Proposition 4.4.6 and Corollary 4.5.2.

Proposition 2.1.1. The stack Bun_G is an algebraic stack, locally of finite type and smooth of relative dimension (g − 1) dim G over S.

Furthermore the connected components of Bun_G are known ([14], Proposition 5, [24]). (In the first reference, the result is stated only for simply connected groups, but the proof gives the result in the general case.)

Proposition 2.1.2. If S = Spec(k), or if G is a split reductive group, then the connected components of Bun_G are in natural bijection to π_1(G).

Remark 2.1.3. The stack Bun_G is smooth (2.1.1). Therefore, its connected components are also irreducible.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 427

2.2 Behrend’s Trace Formula

Let us now assume that S = Spec(k) is the spectrum of a field. In the following, we will write Bun^ϑ_{G,k} with ϑ ∈ π_1(G_k ) for the corresponding connected component of Bun_{G,k}.

Since the stack Bun^ϑ_G is only locally of finite type, we define its ℓ-adic cohomology as the limit of the cohomologies of all open substacks of finite type:

H^⋆(Bun^ϑ_G, Q_ℓ) := lim_{U ⊂BunG}

open, fin. type

H^⋆(U, Q_ℓ).

Remark 2.2.1. The basic reference for stacks and their cohomology is [30]. The general formalism of cohomology has been developed in the articles by Laszlo and Olsson [29]. Behrend in [7] also constructed all the functors that we will use. In particular, we will compute cohomology groups with respect to the lisse-étale topology. To simplify the statement of our main theorem we will use Q_ℓ coefficients, because we want to chose generators of the cohomology ring that are eigenvectors for the Frobenius action.

By semi-purity, which is recalled below, the cohomology of Bun_G in degrees < 2i is equal to the cohomology of U ⊂ Bun_G, if the codimension of the complement of U is at least i:

Lemma 2.2.2 (Semi-purity). Let X be a smooth stack of finite type and U^j→ X an open substack with complement Z := X \ U^i→ X. Then,

H^⋆(X, Q_ℓ) ∼= H^⋆(U, Q_ℓ) for ⋆ < 2 codim(Z).

Proof. As usual, this can be deduced from the corresponding statement for schemes. For schemes instead of stacks, this follows from the long exact sequence for cohomology with compact support,

· · · −→ H^⋆_c (U, Q_ℓ) −→ H^⋆_c (X, Q_ℓ) −→ H^⋆_c (Z, Q_ℓ) −→ · · · ,

the vanishing of H^⋆_c (Z, Q_ℓ) for ⋆ > 2 dim Z, and Poincaré duality,

H^{2 dim U−⋆} c (U, Q_ℓ) ∼= H^⋆ � U, Q_ℓ(dim U)

�_∨ . Now, if X_0 ↠ X is a smooth atlas of the stack X, and X_n := X_0 ×_X X_0 ×_X · · · ×_X X_0, then there is a spectral sequence:

H^p(X_q, Q_ℓ) ⇒ H^{p+q} (X, Q_ℓ).

Since the codimension is preserved under smooth pull-backs, for any U ⊂ X, we get the atlas U_0 := U ×_X X_0 → U, and the induced embeddings U_q → X_q have complements of codimension codim(U). Therefore we can apply the lemma in the case of schemes to the morphism of spectral sequences

H^p(U_q, Q_ℓ) → H^p(X_q , Q_ℓ)

to prove our claim.

Documenta Mathematica 15 (2010) 423–488

428 J. Heinloth, A. H. W. Schmitt

Remark 2.2.3. The same argument applies to the higher direct image sheaves in the relative situation X → S, if X is smooth over S and U ⊂ X is of codimension i in every fiber.

Behrend proved ([4], [5]) that, if C is a curve defined over a finite field k, the Lefschetz trace formula holds for the stack Bun_G.

Theorem 2.2.4 (Behrend). Let C be a smooth, projective curve over the finite field k = F_q and G a semisimple group over k. Let Frob denote the arithmetic Frobenius acting on H^⋆(Bun_{G,k}, Q_ℓ). Then, we have

q^{dim(BunG )} � i≥0 (−1)^i tr � Frob, H^i(Bun_{G,k}, Q_ℓ) � = � x∈Bun_G (F_q ) 1 # Aut(x)(F_q ) .

As in [19], a result of Siegel allows us to calculate the right hand side of the formula. To state it, we first recall a theorem of Steinberg.

Proposition 2.2.5 (Steinberg). Let G be a semisimple group over k = F_q. There are integers d_1, . . . , d_r and roots of unity ϵ_1, . . . , ϵ_r such that:

• #G(F_q ) = q^{dim G}

�_r i=1(1 − ϵ_iq^{−di} )

• Let BG be the classifying stack of principal G-bundles. Then, H^⋆(BG_k, Q_ℓ) = Q_ℓ[c_1, . . . , c_r] with c_i ∈ H^{2di} (BG, Q_ℓ) and Frob(c_i) = ϵ_iq^{−di} .

The second part is of course not stated in this form in Steinberg’s book [40], but one only has to recall the argument from topology. First the theorem holds for tori, since H^⋆(G_m, Q_ℓ) = Q_ℓ[x]. For a maximal torus T contained in the Borel subgroup B ⊂ G, the map BT → BB induces an isomorphism in cohomology: since the fibers are isomorphic to BU where U ∼= A^n is the unipotent radical of B, they have no higher cohomology. The fibers of the map BB → BG are isomorphic to the flag manifold G/B. Thus the map ind^G_T : BT → BG induces an injection ind^{G,⋆}_T : H^⋆(BG, Q_ℓ) → H^⋆(BT, Q_ℓ) which lies in the part invariant under the Weyl group. For dimensional reasons—since we already stated the trace formula, this follows most easily from 1/(#G(F_q )) = q^{− dim G} � tr(Frob, H^i(BG_k, Q_ℓ)) and the fact that the d_i are the degrees of the homogeneous generators in H^⋆(BT_k, Q_ℓ)^W —it must then be isomorphic to the invariant ring.

With the notations from Steinberg’s theorem we can state a theorem of Siegel. A nice reference for the theorem is [26], Section 3. In this article, you can also find a short reminder on the Tamagawa number τ(G).

Theorem 2.2.6 (Siegel’s formula). Let G_{/Fq} be a semisimple group, and denote

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 429

by α_j the eigenvalues of the geometric Frobenius on H^1(C_{Fq} , Q_ℓ). Then, � x∈Bun_G(F_q ) 1 # Aut(x)(F_q )

= τ(G) � p∈C 1 vol(G(O_p))

= τ(G)q^{(g−1) dim G}

rk G�

i=1 �_{2g} j=1(1 − ϵ_iα_j q^{−di} ) (1 − ϵ_iq^{−di} )(1 − ϵ_iq^{(1−di)}) .

3 The Cohomology of Bun_G

Our next aim is to recall from [1] the construction of the canonical classes in the cohomology ring of Bun_G and to prove that these generate a free subalgebra over any field. We will then explain how to deduce our main theorem from the purity of the cohomology of Bun_G which will occupy the rest of this article.

3.1 The Subring Generated by the Atiyah–Bott Classes

Fix ϑ ∈ π_0(Bun_G) = π_1(G). The universal principal G-bundle P_{univ} on Bun^ϑ_G ×C defines a map f : Bun^ϑ_G ×C → BG. The characteristic classes of P_{univ} are defined as c_i(P_{univ}) := f^⋆c_i where the c_i are, as in Proposition 2.2.5, the standard generators of the cohomology ring of BG. Note that the Künneth theorem for stacks can be deduced from the corresponding result for schemes using the spectral sequence computing the cohomology of the stack from the cohomology of an atlas as in Lemma 2.2.2. We choose a basis (γ_i)_{i=1,...,2g} of H^1(C, Q_ℓ). In the case that C is defined over a finite field k, we choose the γ_i as eigenvectors for the geometric Frobenius of eigenvalue α_i. The Künneth decomposition of c_i(P_{univ}) is therefore of the form:

c_i(P_{univ}) =: a_i ⊗ 1 + 2g� j=1 b^j_i ⊗ γ_j + f_i ⊗ [pt].

Note that d_i > 1, because we assume that G is semisimple. Thus, the f_i are not constant. Of course, these classes depend on ϑ, but we don’t want to include this dependence in our notation.

Proposition 3.1.1. The classes (a_i, b^j_i , f_i) generate a free graded subalgebra of the cohomology ring H^⋆(Bun^ϑ_{G,k}, Q_ℓ), i.e., there is an inclusion:

can: Q_ℓ[a_1, . . . , a_r] ⊗ ⋆� [b^j_i ]_{i=1,...r,j=1,...,2g} ⊗ Q_ℓ[f_1, . . . , f_r] → H^⋆(Bun^ϑ_{G,k}, Q_ℓ).

If k is a finite field, then the classes a_i, b^j_i , f_i are eigenvectors for the action of the arithmetic Frobenius with eigenvalues, q^{−di} , q^{−di} α_j , q^{1−di} respectively.

Proof. Denote by Can^⋆ ⊂ H^⋆(Bun^ϑ_G, Q_ℓ) the subring generated by the classes (a_i, b^j_i , f_i).

Documenta Mathematica 15 (2010) 423–488

430 J. Heinloth, A. H. W. Schmitt

Note first that the analog of the theorem holds for G = G_m. In this case, Bun_{Gm} is the disjoint union of the stacks Bun^d_{Gm} classifying line bundles of degree d. There is the G_m-gerbe Bun^d_{Gm} → Pic^d_C which is trivial over any field over which C has a rational point, because in this case Pic^d_C is a fine moduli space for line bundles together with a trivialization at a fixed rational point p. Forgetting the trivialization at p corresponds to taking the quotient of Pic by the trivial G_m-action. Thus, Bun^d_{Gm} ∼= Pic^d × BG_m and the cohomology of this stack is H^⋆(Pic^d, Q_ℓ) ⊗ Q_ℓ[c_1]. Here, the first factor is the exterior algebra generated by the Künneth components of the Poincaré bundle.

Let T ⊂ G be a maximal torus and fix an isomorphism T ∼= G^r_m in order to apply the result for G_m. Then, X^⋆(T )^∨ ∼= Z^r. Recall furthermore that the G-bundle induced from a T -bundle of degree k ∈ Z^r ∼= X^⋆(T )^∨ lies in Bun^ϑ_G, if and only if k ≡ ϑ ∈ X^⋆(T )^∨/Λ^∨. We denote this coset by Z^r_ϑ.

Write H^⋆(BT_k, Q_ℓ) ∼= Q_ℓ[x_1, . . . x_r ] and, for every degree k ∈ Z^r, denote by A_i, B^j_i ∈ H^⋆(Bun^k_T , Q_ℓ) the Künneth components of the Chern classes of the universal T -bundle. Note that, since Λ^∨ ⊂ Z^r has finite index, we have the injective map

Q_ℓ[A_1, . . . , A_r]⊗ ⋆� [B^j_i ]_{i=1,...r,j=1,...,2g} ⊗Q_ℓ[K_1, . . . , K_r] → � k∈Z^r_ϑ

H^⋆(Bun^k_T , Q_ℓ)

defined by K_i → (k_i)_{k∈Z}r_ϑ where k_i is considered as an element of H^0(Bun^k_T , Q_ℓ) = Q_ℓ.

Recall that the induced map H^⋆(BG_k , Q_ℓ) → H^⋆(BT_k, Q_ℓ) ∼= Q_ℓ[x_1, . . . , x_{rk G}] is given by c_i → σ_i(x_1, . . . , x_r) where σ_i is a homogeneous polynomial of degree d_i. Therefore, we can calculate the image of the canonical classes under the map

H^⋆(Bun^ϑ_G, Q_ℓ) ⊗ H^⋆(C, Q_ℓ) → H^⋆(Bun_T , Q_ℓ) ⊗ H^⋆(C, Q_ℓ) ∼= � k∈Z^r_ϑ

H^⋆(Bun^k_T , Q_ℓ) ⊗ H^⋆(C, Q_ℓ)

which respects the Künneth decomposition. It is given by

c_i(P_{univ}) → � k∈Z^r_ϑ

σ_i � A_1 ⊗ 1 + 2g� j=1 B^j_1 ⊗ γ_j + k_1 ⊗ [pt], . . . � .

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 431

The Künneth decomposition of this class is

σ_i � A_1 ⊗ 1 + 2g� j=1 B^j_1 ⊗ γ_j + k_1 ⊗ [pt], . . . �

= σ_i(A_1, . . . , A_r) ⊗ 1 + 2g� j=1 �^r� m=1 (∂_mσ_i)(A_1, . . . , A_r) � B^j_m ⊗ γ_j

+ r� m=1 (∂_mσ_i)(A_1, . . . , A_{rk G})k_m ⊗ [pt] + � B^j_i B^{j′}_i′ · P_{j,j}′ (A_1, . . . , A_{rk G}) ⊗ [pt],

where the P_{j,j}′ are some polynomials. In particular, we see that the above map factors through the subring

Q_ℓ[A_1, . . . , A_r]⊗ ⋆� [B^j_i ]_{i=1,...r, j=1,...,2g} ⊗Q_ℓ[K_1, . . . , K_r] → � k∈Z^r_ϑ

H^⋆(Bun^k_T , Q_ℓ)

defined above. We already know that the elements σ_i(A_1, . . . , A_{rk G}) are algebraically independent in H^⋆(Bun_{T,k}, Q_ℓ). In particular, since the map A^{rk G} → A^{rk G} ∼= (A^{rk G}/W ) defined by the polynomials σ_i is generically a Galois covering with Galois group W , we also know that the derivatives ∂σ_i are linearly independent. This shows our claim.

Remark 3.1.2. In the proof above, we have only used the fact that H^⋆(Pic^0_C , Q_ℓ) ∼=

�_⋆

H^1(C, Q_ℓ). Thus, one might note that the proof shows that for any smooth, projective variety X the analogous classes a_i, b^j_i , f^k_i , where f^k_i are the Künneth components corresponding to a basis of NS(X)_Q, generate a free subalgebra of the cohomology of the moduli stack of principal bundles on X.

In the following, we will denote the graded subring constructed above by Can^⋆. Of course, we want to show that Can^⋆ is indeed the whole cohomology ring of Bun^ϑ_{G,k}.

Corollary 3.1.3. Let k be a finite field and let G_{/k} be a semisimple group. If H^⋆(Bun^ϑ_{G,k}, Q_ℓ) is generated by the canonical classes for all ϑ, then the Tamagawa number τ(G) satisfies τ(G) = dim H^0(Bun_G, Q_ℓ) = #π_0(Bun_G). Conversely, if the cohomology of Bun_G is pure and the Tamagawa number fulfills τ(G) = #π_0(Bun_G), then H^⋆(Bun_G, Q_ℓ) = Can^⋆.

Proof. For the graded ring Can^i generated by the canonical classes, we know that_∞ � i=0 (−1)^i tr(Frob, Can^i) =

�_r i=1 �_{2g} j=1(1 − ϵ_iα_j q^{−di} ) �_r i=1(1 − ϵ_iq^{−di} )(1 − ϵ_iq^{1−di} ) .

Documenta Mathematica 15 (2010) 423–488

432 J. Heinloth, A. H. W. Schmitt

Comparing this with Siegel’s formula, we get the first claim. Furthermore we know that the Zeta function of Bun_G converges and is equal to Z(Bun_G, t) = exp

�_∞� i=1 #Bun_G(F_qn ) t^i i �

= ∞� i=0 det � 1 − Frob ·q^{dim(BunG)} · t, H^i(Bun_G, Q_ℓ)

�_{(−1)}i+1 . Now, since such a product expansion of an analytic function is unique and the eigenvalues of Frob on H^i have absolute value q^{i/2}, there can be no cancellations. Thus, the Poincaré series of the cohomology ring can be read off the Zeta function.

3.2 The Main Results on Moduli Spaces of Flagged Principal Bundles

Let x = (x_i)_{i=1,...,b} be a finite set of distinct k-rational points of C, and let P = (P_i)_{i=1,...,b} be a tuple of parabolic subgroups of G. A principal G-bundle with a flagging of type (x, P ) is a tuple (P, s) that consists of a principal G-bundle P on C and a tuple s = (s_1, ..., s_b) of sections s_i : {x_i} → (P ×_C {x_i})/P_i, i.e., s_i is a reduction of the structure group of P ×_C {x_i} to P_i, i = 1, ..., b. Remark 3.2.1. For G = GL_r(k), parabolic subgroups correspond to flags of quotients of k^r, so that a flagged principal GL_r(k)-bundle may be identified with a vector bundle E together with flags of quotients E_{xi} ↠ V_{j,i}, j = 1, ..., t_i, i = 1, ..., b, of the fibers of E at x_i, i = 1, ..., b. (A “flag of quotients” means of course that K_{1,i} ⊊ · · · ⊆ K_{ti,i}, K_{j,i} := ker(E_{xi} ↠ V_{j,i}), j = 1, ..., t_i, i = 1, ..., b.) These objects were introduced by Mehta and Seshadri [31] and called quasiparabolic vector bundles. We had to chose a different name, because the notion of a parabolic principal bundle has been used differently in [2]. The same objects that we are looking at have also been considered in [9] and [43].

Lemma 3.2.2. Fix a type (x, P ) as in the definition.

i) The principal G-bundles with a flagging of type (x, P ) form the smooth algebraic stack Bun_{G,x,P} .

ii) The forgetful map Bun_{G,x,P} → Bun_G is a locally trivial bundle whose fibers are isomorphic to

�_s i=1(G/P_i).

iii) The cohomology algebra H^⋆(Bun_{G,x,P} , Q_ℓ) is a free module over H^⋆(Bun_G, Q_ℓ) with a basis of pure cohomology classes. The same holds for all open substacks of Bun_G and their preimages in Bun_{G,x,P} .

Proof. The first parts are easy, because for a G-bundle P → T × C the space � i(P|_{T ×xi} )/P_i → T parameterizes flaggings of P at T × x. This is a �_s i=1(G/P_i) bundle over T . The last part follows from the second by the theorem of Leray–Hirsch: the flagging of the universal bundle at x_i defines

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 433

a P_i-bundle over Bun_{G,x,P} and thus a map Bun_{G,x,P} → BP_i. But the map G/P_i → BP_i induces a surjection on cohomology, and thus the pull back of the universal classes in H^⋆(BP_i, Q_ℓ) to H^⋆(Bun_{G,x}, Q_ℓ) generate the cohomology of all the fibers of Bun_{G,x} → Bun_G.

In Section 4, we will introduce a notion of a-stability for flagged principal bundles depending on some parameter a. As in the case of vector bundles, we will define a coprimality condition for a (see 4.2.1) as well as some admissibility condition (following Remark 4.1.5).

In Bun_{G,x,P} there are open substacks Bun^a-^{(s)s}_{G,x,P} of a-(semi)stable flagged principal G-bundles of type (x, P ). Our main results on the coarse moduli spaces of these substacks are collected in the following theorem.

Theorem 3.2.3. i) For any type (x, P ) and any admissible stability parameter a, there exists a projective coarse moduli space M (x, P )^a-^{ss} for a-semistable flagged principal G-bundles of type (x, P ).

ii) If a is of coprime type, then the notions of a-semi stability and a-stability coincide. In this case, Bun^a-^s_{G,x,P} is a proper, smooth quotient-stack with finite stabilizer groups.

iii) For any substack U ⊂ Bun_G of finite type and any i > 0, there exist s > 0, a type (x, P ), and an admissible stability parameter a of coprime type, such that U lies in the image of the map Bun^a-^s_{G,x,P} → Bun_G and such that the subset of a-unstable bundles is of codimension > i in Bun_{G,x,P} .

The proof of this theorem takes up the largest part of this article. We will prove the existence of the coarse moduli spaces in Section 5. The projectivity then follows from our semistable reduction theorem 4.4.1. The last two parts of the theorem are much easier. We will prove them in Section 4.

Remark 3.2.4. For simplicity, we have stated Theorem 3.2.3 only for curves defined over a field. In order to prove our base change theorem, we will need the result in the case that C is a smooth, projective family of curves with geometrically reduced, connected fibers, defined over an integral ring R, finitely generated over Z, and G a semisimple Chevalley group over R. Seshadri proved in [39] (Theorem 4, p. 269) that GIT-quotients can be constructed for families over R. Further, the parameter spaces constructed in Section 5 are given by quot schemes which exist over base schemes, and, in Section 5.6, we finally need a Poincaré bundle on the relative Picard scheme. A Poincaré bundle exists, if the family C −→ Spec(R) has a section. This certainly holds after an étale extension of R. Hence, the first assertion still holds after an étale extension of R.

Except for the properness assertion for the stack of stable flagged principal bundles which is Lemma 3.3.1, the last two parts of the theorem carry over to this situation without modification.

We will come back to the issue of the base ring in Remarks 5.2.4, 5.3.3, and 5.5.4.

Documenta Mathematica 15 (2010) 423–488

434 J. Heinloth, A. H. W. Schmitt

Before we proceed with the proof of the theorem, we want to deduce our main application.

3.3 Purity of H^⋆(Bun_G)

Assume that k is a finite field. Since all open substacks of finite type of Bun_G can be written as [X/ GL_N ] where X is a smooth variety, we know that the eigenvalues λ_i of the (arithmetic) Frobenius on H^i(Bun_G, Q_ℓ) satisfy |λ_i| ≤ q^{− i2} [8]. To prove equality, i.e., to prove that the cohomology is pure, we cannot rely on such a general argument. But, using the results on coarse moduli spaces, we can show that for all i the cohomology H^i(Bun_G, Q_ℓ) occurs as a direct summand in the i-th cohomology of a projective variety, parameterizing stable flagged principal bundles.

Lemma 3.3.1. Assume that R is a field or a discrete valuation ring with quotient field K. Let G_{/R} be a reductive group, acting on the projective scheme X_R and L a G-linearized ample line bundle on X_R, such that all points of X := X^{ss}_L are stable with respect to the chosen linearization. Then, the quotient stack [X/G] is separated and the map [X/G] → X//G is proper.

Proof. If R is a field, we can apply GIT ([32] Corollary 2.5), saying that the map G × X → X × X is proper. Therefore, the diagonal [X/G] → [X/G] × [X/G] is universally closed, i.e., [X/G] is separated.

We claim that we may prove the separatednedness of the map [X/G] → X//G over a discrete valuation ring R in the same manner. To show the lifting criterion for properness for the group action, we assume that we are given x_1, x_2 ∈ X(R) and g ∈ G(K), such that g.x_1 = x_2. We have to show that g ∈ G(R). We may (after possibly replacing R by a finite extension as in [32], Appendix to Chapter 2.A) apply the Iwahori decomposition to write g = g_0zg^′_0 with g_0, g^′_0 ∈ G(R) and z ∈ T (K) for a maximal torus T ⊂ G. Thus, we have reduced the problem to the case that g = z ∈ T (K). Choose a local parameter π ∈ R. Multiplying with an element of T (R), we may further assume that there is a one-parameter subgroup λ: G_m → T , such that z = λ(π). Assume that λ is non-trivial. Now, embed X_R ⊂ P(V ) into a projective space and decompose V = � i∈Z V_i into the eigenspaces of λ. Write x_1 = � i∈Z v_i and x_2 = � i∈Z w_i as sums of eigenvectors for λ. Since the reduction x_1 of x_1 mod π is stable, there must be indices i_− < 0 < i_+ with v_{i−} ≠ 0 ≠ v_{i+} . The analogous condition holds for x_2. But, one readily checks that x_2 = z.x_1 implies w_i = 0, for i > 0, a contradiction.

Now, for algebraically closed fields K, the map [X/G] → X//G induces a bijection on isomorphism classes of K-points. Thus, since we already know separatedness, it is sufficient to show that given a discrete valuation ring R and a point x ∈ X//G(R), then we can find an extension R^′ of R, such that x lifts to a point x ∈ X(R^′) and thus to a point in [X/G]. Let K be the quotient field of R, η ∈ X a point lying over the generic point of x. Then, the closure of G × η ⊂ X is a G-invariant subset. Since X//G is a good quotient, its image

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 435

is closed and contains x. Thus, the orbit of η specializes to a point lying over the closed point of x, and we can find x ∈ X(R^′) as claimed.

Corollary 3.3.2. Assume that C is a smooth projective curve, defined over the finite field k. If a is of coprime type, then H^⋆(Bun^a-^s_{G,x,P} , Q_ℓ) is pure.

Proof. The stack Bun^a-^s_{G,x,P} of a-stable flagged principal G-bundles of type (x, P ) is a smooth quotient stack. Therefore, its i-th cohomology is of weight ≥ i. This is proved in [8], Theorem 5.21. (Observe the different conventions for the Frobenius map.) Furthemore, by the definition of stability, all automorphism groups of stable parabolic bundles are finite. In particular, by the preceding lemma, the map p: Bun^a-^s_{G,x,P} → M (x, P )^a-^s is proper. In order to prove that Rp_⋆Q_ℓ ∼= Q_ℓ, it is therefore sufficient to compare the stalks of these sheaves ([34], Theorem 1.3). But the fibers are quotients of Spec(K) by finite group schemes. Thus, for rational coefficients, the higher cohomology of the fibers vanishes. In particular, p induces an isomorphism on cohomology. Since the scheme M (x, P )^a-^s is proper (Theorem 3.2.3), its i-th cohomology is of weight ≤ i, by Deligne’s theorem ([12], Théorème I),

Remark 3.3.3. i) So far, we have treated the moduli spaces only over algebraically closed fields. Of course, they will be defined over a finite extension of F_q. (In fact, as the construction of the moduli spaces will reveal, they will be defined over the same field as the points in the tuple x.) If we replace F_q by a finite extension, the new Frobenius is a power of the original Frobenius. The purity statement is obviously not affected, because it concerns only the absolute values of the eigenvalues of the Frobenius map.

ii) The moduli space M (x, P )^a-^s will, in general, have finite quotient singularities. Therefore, we could obtain both estimates for the weights from the coarse moduli space.

Corollary 3.3.4. Suppose R is of finite type over Z, regular, and of dimension at most 1, and let C_{/R} be a smooth projective curve and G a split semisimple group scheme over R. Then, the cohomology of Bun_G → Spec(R) is locally constant over Spec(R).

Proof. By Theorem 3.2.3, iii), we know that, for fixed i, the i-th cohomology sheaf of Bun_G is a direct summand of the corresponding sheaf of Bun^a-^s_{G,x,P} for suitable type (x, P ) and suitable stability parameter a. Further, by Lemma 3.3.1, the map p: Bun^a-^s_{G,x,P} → M (x, P )^a-^s is proper. Since the coarse moduli space is proper as well, we can again apply Olsson’s base change theorem ([34], Theorem 1.3) to the proper map π : Bun^a-^s_{G,x,P} → M (x, P )^a-^s → Spec(R). In particular, the fibers of Rπ_⋆Q_ℓ compute the cohomology of the fibers of π. Moreover, the stack X := Bun^a-^s_{G,x,P} is smooth. Thus, we may use local acyclicity of smooth maps as in [11], Chapitre V. To see that this holds for stacks, let us recall the argument. We may suppose that the base S = Spec(R) is strictly

Documenta Mathematica 15 (2010) 423–488

436 J. Heinloth, A. H. W. Schmitt

henselian. Denote by η the spectrum of an algebraic closure of the generic point of S and let s denote the special point of S. We have a cartesian diagram

X_η^{ϵ′} � � X f � X_s

i^′� � η^ϵ � S {s}. i� Now, Rϵ^′_⋆Q_ℓ ∼= f^⋆Rϵ_⋆Q_ℓ, because this holds for any smooth covering U → X and i^{′∗}Rϵ_⋆Q_ℓ = Q_ℓ. Thus, using the above calculation and proper base change for the last equality, we find:

H^⋆(X_η , Q_ℓ) ∼= H^⋆(X , Rϵ^′_⋆Q_ℓ) ∼= H^⋆(X_s, Q_ℓ).

This settles the claim.

We may now derive our main result.

Theorem 3.3.5. Assume that C is a curve over the field k. Then, the cohomology of Bun_G is freely generated by the canonical classes, i.e.,

H^⋆ � Bun^ϑ_{G,k}, Q_ℓ � = Q_ℓ[a_1, . . . , a_r] ⊗ ⋆� [b^j_i ]_{i=1,...,r,j=1,...,2g} ⊗ Q_ℓ[f_1, . . . , f_r].

Proof. First method. One can deduce the result from the theorem of Atiyah and Bott. By the base change corollary above, knowing the theorem for k = C implies the claim over an arbitrary algebraically closed field. For k = C Atiyah and Bott proved the result. Namely they constructed a continuous atlas X → Bun_G, where X is contractible and Bun_G is the quotient of X by the action of an infinite dimensional group G . In the article of Atiyah and Bott the equivariant cohomology of X with respect to this group action is computed. However, the spectral sequence computing equivariant cohomology from the cohomology of G coincides with the sequence computing the cohomology of Bun_G from the atlas X → Bun_G.

Second method. By the base change corollary 3.3.4, it is sufficient to prove the claim in the case that C is defined over a finite field k. We have just seen (Corollary 3.3.2) that in this case the cohomology of Bun_G is pure. Furthermore, Harder proved [18] that τ(G) = 1 for semisimple simply connected groups and Ono showed how to deduce τ(G) = #π_1(G) for arbitrary semisimple groups (see [8], §6). Thus, we can apply Corollary 3.1.3 to Siegel’s formula and Behrend’s trace formula.

Remark 3.3.6. For G = SL_n(k) (or G = GL_n(k)), one can use Beauville’s trick [3] which shows that the cohomology of Bun^a-^s_{SLn,x,P} is generated by the classes constructed in Remark 3.2.2. This gives a direct proof of the theorem.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 437

4 Semistability for Flagged Principal Bundles

In this section, we introduce the parameter dependent notion of semistability for flagged principal bundles. After discussing its basic features, including the important fact that any principal bundle can be turned into a stable flagged principal bundle for a suitable type and a suitable stability parameter, we apply Behrend’s formalism of complementary polyhedra to derive the Harder– Narasimhan reduction for semistable flagged principal bundles. We conclude with a proof of the semistable reduction theorem for flagged principal bundles, generalizing the arguments from [22] and [23].

4.1 Definition of Semistability

We want to define a notion of semistability for flagged principal bundles. For an algebraic group P let us denote by X^⋆(P ) := Hom(P, G_m) the group of characters and by X^⋆(P )^∨_Q := Hom(X^⋆(P ), Q) the rational cocharacters. The notion of semistability will depend on parameters a_i varying over the sets

X^⋆(P_i)^∨_{Q,+} := � a ∈ X^⋆(P_i)^∨_Q � � � for all parabolic subgroups P^′ ⊃ P_i a(det_P ′ ⊗ det^{−1}_{Pi} ) < 0 � , i = 1, ..., b. (Since Bun_{G,x,P} → Bun_G is a locally trivial fibration with fiber �_s

i=1 G/P_i, we see that the Picard group of Bun_{G,x,P} is a free Z-module generated by Pic(Bun_G) ∼= Z and

�_s

i=1 X^⋆(P_i). Therefore the notion of semistability should depend on an element in X^⋆(P_i)^+. Since this has a canonical basis, the dual appears in our definition.) To state this in terms closer to Geometric Invariant Theory, note that the pairing of characters and one-parameter subgroups of a parabolic subgroup of G is invariant under conjugation. Therefore, conjugacy classes of rational one-parameter subgroups of P_i are given by X^⋆(P_i)^∨_Q, i = 1, ..., b. A one-parameter subgroup λ: G_m → G defines the parabolic subgroup

P (λ) := P_G(λ) = � g ∈ G � � lim_{z→0} λ(z)gλ(z)^{−1} exists in G � . For later purposes, we also introduce

Q_G(λ) := P_G(−λ) = � g ∈ G � � lim_{z→∞} λ(z)gλ(z)^{−1} exists in G � . Example 4.1.1. Any one-parameter subgroup λ: G_m(k) −→ GL(V ) defines a set of weights γ_1 < · · · < γ_{t+1} and a decomposition V = t+1� l=1 V^l with V^l := � v ∈ V � � λ(z)(v) = z^γl ·v, ∀z ∈ G_m(k) � , l = 1, ..., t+1,

into eigenspaces. We derive the flag

V_•(λ) : {0} ⊊ V_1 := V^1 ⊊ V_2 := V^1 ⊕ V^2 ⊊ · · · ⊊ V_t := V^1 ⊕ · · · ⊕ V^t ⊊ V.

Documenta Mathematica 15 (2010) 423–488

438 J. Heinloth, A. H. W. Schmitt

Note that the group Q_{GL(V )}(λ) is the stabilizer of the flag V_•(λ). As an additional datum, we define the tuple β_•(λ) = (β_1, ..., β_t) with β_l := (γ_{l+1} − γ_l)/ dim(V ), l = 1, ..., t. The pair (V_•(λ), β_•(λ)) is the weighted flag of λ. Since P (λ) = P (nλ) for all n ∈ N, the group P (λ) is also well defined for rational one-parameter subgroups, and it only depends on the conjugacy class of λ in P (λ). Finally, writing G as a product of root groups, we see that λ ∈ X_⋆(P_i)_Q defines an element λ ∈ X^⋆(P_i)^∨_{Q,+}, if and only if P_i = P (λ). It will often be convenient for us to view a_i ∈ X^⋆(P_i)^∨_{Q,+} as a rational oneparameter subgroup of G which we will denote by the same symbol. Remark 4.1.2. i) Let (P, s) be a flagged principal G-bundle and P_{xi,Pi} the P_itorsor over x_i defined by s_i, i = 1, ..., b. Denote further P_{si} := Aut_{Pi} (P_{xi,Pi} ) ⊂ Aut_G(P_{xi} ) the corresponding parabolic subgroup. Any (P_i-equivariant) trivialization P_{xi,Pi} ∼= P_i defines an isomorphism P_{si} ∼= P_i. This isomorphism is canonical up to inner automorphisms of P_i, so that we obtain canonical isomorphisms X^⋆(P_i)_Q ∼= X^⋆(P_{si} )_Q and X^⋆(P_i)^∨_{Q,+} ∼= X^⋆(P_{si} )^∨_{Q,+}, i = 1, ..., b. Given a_i ∈ X^⋆(P_i)^∨_{Q,+} we will denote the corresponding element in X^⋆(P_{si} )^∨_{Q,+} by a_{si} . The “one-parameter subgroup” a_{si} is well-defined only up to conjugation in P_{si} . If we choose a maximal torus T ⊂ P_{si} , we may assume that a_{si} is a one-parameter subgroup of T . As such it is well-defined.

ii) Likewise, if a parabolic subgroup Q of G, a character χ of Q, and a reduction P_Q of P to Q are given, then we get in each point x_i a parabolic subgroup Q_i in Aut(P_{xi} ) and a character χ_{si} of that parabolic subgroup, i = 1, ..., b. iii) Any two parabolic subgroups P and Q of G share a maximal torus, and all common maximal tori are conjugate in Q ∩ P . Let Q_i ⊂ Aut(P_{xi} ) be a parabolic subgroup, i = 1, ..., b. By our previous remarks, we may assume that a_{si} is a subgroup of Q_i ∩ P_{si} . Then, for any i and any character χ_i ∈ X^⋆(Q_i), the value of the pairing ⟨χ_i, a_{si} ⟩ is well-defined. These remarks also show the following.

Lemma 4.1.3. Let Q, P ⊂ G be parabolic subgroups, a ∈ X^⋆(P )^∨_{Q,+}, and χ ∈ X^⋆(Q) a dominant character. Denote by^gχ = χ(g^{−1} · ·g) the corresponding character of gQg^{−1}. Then, the value of the function

G −→ Q g −→ ⟨^g χ, a⟩

at an element of G depends only on the image of that element in Q\G/P .

Example 4.1.4. Using the notations of the above lemma, assume that P = B is a Borel subgroup and assume that Q contains B. Choose a maximal torus T ⊂ B, denote by Δ_P and Δ_Q the roots of P and Q, respectively, and by W and W_Q the Weyl groups of G and Q/R_u(Q), respectively. Then, the double coset Q\G/P is in bijection to W_Q\W and, by Bruhat decomposition, we know that QwP/P ⊂ G/P lies in the closure of Qw^′P/P only if all roots of wQw^{−1} which do not lie in Δ_P are contained in Δ_w′_{Qw}′ −1 . Now, since a ∈ X^⋆(P )^∨_{Q,+},

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 439

we know that ⟨α, a⟩ < 0 occurs precisely for the roots α ∉ Δ_P . Thus, we find ⟨^wχ, a⟩ ≥ ⟨^{w′} χ, a⟩, whenever QwP lies in the closure of Qw^′P and equality implies that the double cosets coincide.

In particular the largest value of ⟨^wχ, a⟩ is obtained for w = 1 and the most negative one for the longest element of W . Fix a ∈

�_b i=1 X^⋆(P_i)^∨_{Q,+}. Using Remark 4.1.2 and Lemma 4.1.3, we define the a-parabolic degree (of the reduction P_Q of P) as the function

a-deg(P_Q) : X^⋆(Q) −→ Q

χ −→ deg � P_Q(χ) � + b� i=1 ⟨χ_{si} , a_{si} ⟩.

(As usual, P_Q(χ) is the line bundle on C that is associated with the principal Q-bundle P_Q and the character χ: Q −→ G_m(k).) We write a-deg(P_Q) := a-deg(P_Q)(det_Q) where det_Q is the character defined by the determinant of the adjoint representation of Q.

A flagged principal G-bundle (P, s) is called a-(semi)stable, if for any parabolic subgroup Q ⊂ G and any reduction P_Q of P to Q, the condition

a-deg(P_Q)(≤)0

is verified. Here the standard notation (≤) means that for stable bundles we require a strict inequality, whereas for semistable bundles ≤ is allowed. The a-parabolic degree of instability of (P, s) is set to be

ideg_a(P, s) := max � a-deg(P_Q) � Q ⊂ G a parabolic subgroup

and P_Q a reduction of P to Q � . Remark 4.1.5. i) Let Q be a maximal parabolic subgroup of G. Then, all dominant characters on Q are positive rational multiples of the corresponding fundamental weight. Thus, they are also positive rational multiples of the character det_Q. If Q is an arbitrary parabolic subgroup and χ is a dominant character on it, then one finds maximal parabolic subgroups Q_1, ..., Q_T that contain it and such that χ is a positive rational linear combination of the characters det_{Q1} ,...,det_{QT} (viewed as characters of Q). Therefore, a flagged principal Gbundle (P, s) is a-semistable, if and only if for any parabolic subgroup Q, any reduction P_Q of P to Q, and any dominant character χ ∈ X^⋆(Q), we have a-deg(P_Q)(χ) ≤ 0. Or, equivalently, we may use anti-dominant characters χ and require a-deg(P_Q)(χ) ≥ 0. (We have used the version with dominant characters, because this allows us to adapt Behrend’s existence proof of the canonical reduction ([4], [6]) more easily. For our GIT computations below, the formulation with anti-dominant characters seems better suited.) ii) From our observations in i), we also infer that it suffices to test semistability for maximal parabolic subgroups.

Documenta Mathematica 15 (2010) 423–488

440 J. Heinloth, A. H. W. Schmitt

iii) The a-parabolic degree of instability is finite, because the degree of instability is finite and the values of ⟨χ_{si} , a_{si} ⟩, i = 1, ..., b, are bounded for every fixed a, and only finitely many χ occur.

An element a_i ∈ X^⋆(P_i)^∨_{Q,+} is called admissible, if for some maximal torus T ⊂ P_i, such that a_i factors through T , we have |⟨α, a_i⟩| <^1_2 for all roots α. Note that this does not depend on the choice of T , because all maximal tori are conjugate over k and conjugation permutes the roots. The stability parameter a is called admissible, if a_i is admissible for i = 1, ..., b.

4.2 General Remarks on Semistability

As in the case of vector bundles, the notions of a-semistability and a-stability will coincide, if a satisfies some coprimality condition. In the following lemma, we will also allow real stability parameters a ∈

�_b i=1 X^⋆(P_i)^∨_R in order to define a nice chamber decomposition. Clearly, a-(semi)stability may also be defined for such parameters.

Lemma 4.2.1. Fix the type (x, P ). For every parabolic subgroup Q ∈ G and every d ∈ Z, we introduce the wall

W_{Q,d} := � a ∈ b� i=1 X^⋆(P_i)^∨_R � �^b � i=1 ⟨det_Q, a_i⟩ = d � . Then, the following properties are satisfied:

i) For every bounded subset A ⊂ X^⋆(P_i)^∨_R, there are only finitely many walls W_{Q,d} with W_{Q,d} ∩ A ≠ ∅.

ii) If one of the groups P_i is a Borel subgroup, then W_{Q,d} is for all parabolic subgroups Q and all integers d a proper subset of codimension 1 or empty. iii) If a ∉ � Q⊂G parabolic, d∈Z

W_{Q,d},

then every a-semistable bundle is a-stable.

iv) If the stability parameters a and a^′ lie in the same connected component of b� i=1 X^⋆(P_i)^∨_R \ � Q⊂G parabolic, d∈Z

W_{Q,d},

then the notions of a-(semi)stability and a^′-(semi)stability coincide. v) Let C be a connected component of

�_b i=1 X^⋆(P_i)^∨_R\ � Q⊂G parabolic, d∈Z WQ,d.

If a ∈ C and a^′ ∈ C , then every a^′-stable bundle is a-stable and every asemistable bundle is a^′-semistable.

A stability parameter a satisfying the condition stated in iii) of the lemma is said to be of coprime type.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 441

Proof. Let c be a conjugacy class of parabolic subgroups in G and Q_c a representative of c. For a parabolic subgroup Q in the class c and i ∈ { 1, ..., b }, the number ⟨det_Q, a_i⟩ depends only on the class of Q in Q_c\G/P_i. This was shown in Lemma 4.1.3. Since there are only finitely many conjugacy classes of parabolic subgroups and any set of the form Q\G/P , P , Q parabolic subgroups of G, is finite, there are only finitely many functions of the form

a −→ b� i=1 ⟨det_Q, a_i⟩

on �_b i=1 X^⋆(P_i)^∨_R, and any bounded set A is “hit” by only finitely many walls.

The second part is easy, because, for a Borel subgroup, one has X^⋆(B) = X^⋆(T ), so that ⟨det_Q, .⟩ cannot vanish identically on X^⋆(B)^∨_R. For a properly semistable flagged principal G-bundle (P, s), there are a parabolic subgroup Q and a reduction P_Q of P to Q, such that �_b

i=1⟨det_Q, a_i⟩ = − deg(P_Q) ∈ Z. This immediately yields iii) and also proves the last two statements.

Proposition 4.2.2. Fix a connected component Bun^ϑ_G of Bun_G and a Borel subgroup B ⊂ G. Then, for all h ∈ Z, there exists a number b_0 ∈ N, such that, for any b > b_0, and any collection x = (x_1, ..., x_b) of distinct k-rational points on C, there is an admissible stability parameter a^b ∈

�_b i=1 X^⋆(B)^∨_{Q,+} of coprime type with the following property: for every principal G-bundle P with degree of instability ≤ h, there exists a flagging s with s_i : {x_i} → P_{|{xi}}/B, i = 1, ..., b, such that (P, s) is an a^b-stable flagged principal G-bundle of type (x^b, (B, ..., B)).

Proof. Part v) of Lemma 4.2.1 shows that we may replace any stability parameter by one of coprime type, while enlarging the set of stable bundles. So we do not have to worry about the coprimality condition on a. Let Bun^{ϑ,≤h}_G be the stack of principal G-bundles of instability degree ≤ h. This is an open substack of finite type of Bun_G [4]. Choose a ∈ X^⋆(B)^∨_{Q,+}, such that for all parabolic subgroups Q ⊂ G one has either ⟨det_Q, a⟩ > 0 or ⟨det_Q, a⟩ < −2h. Such a choice is possible by Lemma 4.2.1, ii): we can find a^′ ∈ X^⋆(B)_Q, such that the finitely many values ⟨det_Q, a^′⟩ are all non-zero. Multiplying a^′ with a sufficiently large constant, we find a. Set

D := max � ⟨det_Q, a⟩ | Q ⊂ G a parabolic subgroup � . Note that this is a positive number.

Next, choose a sequence (x_n)_{n≥1} of distinct points in C(k), set x^b := (x_1, ..., x_b), and consider, for b ∈ N, the stability parameter a^b := (a/b, . . . , a/b). It will be admissible for b ≫ 0.

Observation. Let P be a principal G-bundle, Q ⊂ G a parabolic subgroup, and P_Q a reduction of P to Q, such that deg(P_Q) < −D. Then, for any

Documenta Mathematica 15 (2010) 423–488

442 J. Heinloth, A. H. W. Schmitt

b and any choice of sections s_i : {x_i} → P_{|{xi}}/B, i = 1, ..., b, we have a^b- deg(P_Q) < 0.

We want to estimate the dimension of the space of a^b-unstable flagged principal G-bundles (P, s) of type (x^b, (B, ..., B)) with P ∈ Bun^{ϑ,≤h}_G . First of all, the stack

Reductions := � � P, P_Q � � � � � P ∈ Bun^{ϑ,≤h}_G , P_Q a reduction of P to the parabolic subgroup Q with deg(P_Q) ≥ −D �

is an algebraic stack of finite type: reductions of a principal G-bundle P to Q are given by sections of P/Q, and P/Q is projective over the base. Thus, by Grothendieck’s construction of the quot schemes, these sections are parametrized by a countable union of quasi-projective schemes. We may apply this to the universal bundle over Bun^{ϑ,≤h}_G ×C, because locally we may use the quot schemes for any bounded family over a scheme and the resulting schemes glue, because the functor is defined over the stack. The substack of reductions of fixed degree is of finite type, because the reduction is defined by the induced vector subbundle of the adjoint bundle of rank dim(Q) and the same degree as the reduction. In any bounded family of vector bundles, the vector subbundles of given rank and degree form also a bounded family. Finally, recall that we look only at degrees between −D and h. Therefore, the fiber product

Test := Reductions ×_{Bun}ϑ,≤h_G Bun^{ϑ,≤h}_{G,xb}

parameterizing flagged principal G-bundles of type (x^b, (B, ..., B)) together with a reduction of bounded degree to a parabolic subgroup is for any b ∈ N of finite type. Consider the closed substack Bad ⊂ Test given by (P, s, P_Q) with a^b- deg(P_Q) ≥ 0. We can estimate the dimension of the fibers of Bad → Reductions as follows: fix P ∈ Bun^{ϑ,≤h}_G , a parabolic subgroup Q ⊂ G, and a reduction P_Q of P to Q. Given b, the variety of flaggings of P is X^b_{i=1}P_{|{xi}}/B ∼= (G/B)^{×b}. Now, for every i, the subset � s_i ∈ P_{|{xi}}/B | ⟨det_Q, a_{si} ⟩ < 0 � ⊂ P_{xi} /B

is non-empty and open. Denote its complement by Z_i. Now, if #{i|s_i ∉ Z_i} > b · (h + D)/(2h + D), then (P, s) is a^b-stable: indeed, we compute

a^b- deg(P_Q) = deg(P_Q) + b� i=1 ⟨det_Q, a_{si} ⟩

< h − b · h + D 2h + D · 2h b + b · � 1 − h + D 2h + D � · D b = 0.

Thus,

dim(Bad) ≤ dim(Reductions) + b · dim(G/B) − b · h 2h + D . Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 443

Thus, for b ≫ 0, we see that dim(Bad) < b · dim(G/B) and therefore the image of Bad in Bun^{ϑ,≤h}_{G,xb} cannot contain any fiber of Bun^{ϑ,≤h}_{G,xb} → Bun^{ϑ,≤h}_G .

Remark 4.2.3. The proof also shows that we may make the codimension of the locus of a^b-unstable flagged principal G-bundles as large as we wish.

4.3 The Canonical Reduction for Flagged Principal Bundles

Motivated by work of Harder [20], Stuhler explained in [41] how to define a notion of stability for Arakelov group schemes over curves and how to use Behrend’s technique of complementary polyhedra to prove the existence of a canonical reduction to a parabolic subgroup in this situation. We only had to translate this to our special case of flagged principal G-bundles. According to Behrend, it suffices to show that the parabolic degree defined above defines a complementary polyhedron, a concept which we will recall below. All the results of this section are due to Behrend [6] (with some simplifications given by Harder and Stuhler in the above references). We only have to verify that his theory applies to our situation. Since in our case of flagged principal bundles the arguments simplify a bit, we will try to give a self-contained account. Let (P, s) be a flagged principal G-bundle on C and fix a stability parameter a. Let P ⊂ G be a parabolic subgroup. A reduction P_P of P to P is called canonical, if

(1) a-deg(P_P ) = ideg_a(P, s).

(2) P is a maximal element in the set of parabolic subgroups for which there is a reduction P_P of degree ideg_a(P, s).

Remark 4.3.1. Let P_P be a canonical reduction of P and denote by R_u(P ) the unipotent radical of P . Note that by Remark 4.1.2, iii), the induced principal (P/R_u(P ))-bundle P_P /R_u(P ) inherits a flagging s^′: indeed, we may choose a representative for a_{si} which lies in a maximal torus of Aut(P)_{|{xi}} which is contained in the intersection of the parabolic subgroup given by the flagging at x_i with the parabolic subgroup given by the canonical reduction and define the parabolic subgroup of Aut(P_P /R_u(P ))_{|{xi}} associated with a_{si} as the flagging s^′_i of P_P /R_u(P ) at x_i, i = 1, ..., b. Using this, we find that P_P has the following properties:

(1^′) (P_P /R_u(P ), s^′) is an a-semistable flagged principal bundle.

This holds, because the preimage of a reduction of positive degree of P_P /R_u(P ) would define a parabolic reduction of larger degree in P.

(2^′) For all parabolic subgroups P^′ containing P , one has the inequality a-deg(P_P )(det_P ⊗ det^{−1}_P ′ ) > 0. In fact, by the definition of a canonical reduction, we know that a-deg(P_P )(det_P ′ ) = a-deg(P_P ′ ) < a-deg(P_P ) = a-deg(P_P )(det_P ).

We can now state the analog of Behrend’s theorem for flagged principal bundles:

Documenta Mathematica 15 (2010) 423–488

444 J. Heinloth, A. H. W. Schmitt

Theorem 4.3.2. Let (P, s) be a flagged principal G-bundle and a an admissible stability parameter. Then, there is a unique reduction of P to a parabolic subgroup P ⊂ G, satisfying the above conditions (1^′) and (2^′). Moreover, this is a canonical reduction of (P, s).

Let us rewrite Behrend’s proof in our situation. Since canonical reductions of P exist, only the uniqueness has to be proved. Thus, fix two parabolic subgroups P and Q of G and let P_P and P_Q be reductions of P to P and Q, respectively. Since any two parabolic subgroups share a maximal torus, we may assume that, locally at the generic point η ∈ C, there is a reduction P_{T,η} of P to a torus T ⊂ P ∩ Q, such that P_{P,η} = P_{T,η} ×^T P and P_{Q,η} = P_{T,η} ×^T Q as subbundles of P.

Note further that any reduction of the generic fiber of P to a parabolic subgroup canonically extends to a reduction of P, so that P_P and P_Q are determined by P_{P,η} and P_{Q,η}, respectively. We therefore fix a reduction P_{T,η} . For any parabolic subgroup T ⊂ P ⊂ G, this defines a reduction P_P of P, and we only need to study how the degree of P_P varies with P . Finally, given a Borel subgroup T ⊂ B ⊂ P , the parabolic degree a-deg(P_B ) determines a-deg(P_P ). Thus, like Behrend, we consider these degrees as a map: d: � T ⊂ B ⊂ G | Borel subgroup � −→ X^⋆(T )^∨ B −→ a-deg(P_B ).

This map is a “complementary polyhedron”, i.e., it satisfies:

(P1) If B and B^′ are two Borel subgroups contained in the parabolic subgroup P ⊂ G, then d(B)_{|X} ⋆_{(P )} = d(B^′)_{|X} ⋆_{(P )}.

(P2) Let B and B^′ be two Borel subgroups, such that the simple roots of B are I_B = {α, α_1, . . . α_{r−1}} and {−α} = −I_B ∩ Δ_B′ . Then, d(B)(α) + d(B^′)(−α) ≤ 0.

(P1) is clear, since both sides only depend on the reduction of P to P . To see (P2), let L be a Levi subgroup of P_α := BB^′, and set L^′ := P_α/R_u(P_α)Z(L) ∼= L/Z(L). Then, L := P_α/R_u(P_α)Z(L) is the principal L^′-bundle obtained from P_{Pα} by extension of the structure group via P_α → L^′, and we may compute d(B)(α) and d(B^′)(α) from L and the induced reductions. Thus, by replacing G by L^′, we may assume that G is semisimple of rank one and that B and B^′ define reductions L_B and L_B′ of L which are opposite at the generic point. Denote by g, b, and b^′ the Lie algebras of G, B, and B^′, respectively, and by u_α the root space of α.

Since the reductions are opposite in the generic fiber, the composition

L_B ×^B u_α ⊂ L_B ×^B g = L_B′ ×^{B′} g → L_B′ ×^B g/b^′

is non-zero, i.e., there is an injective map of line bundles L_B (α) → L_B′ (α). If this map is an isomorphism at x_i, then L_B and L_B′ are opposite in this fiber. In this case, if s_i defines a reduction to either L_{B,xi} or L_B′_{,xi} , then

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 445

⟨α, a_{si} ⟩_{LB} + ⟨−α, a_{si} ⟩_{LB′} = 0, and, if the reduction is different from L_{B,xi} and L_B′_{,xi} , then ⟨α, a_{si} ⟩_{LB} = ⟨−α, a_{si} ⟩_{LB′} ≤ 0. (Note that by our reduction to the case of semisimple rank one, there are only two possible values for the product ⟨., .⟩, by Lemma 4.1.3). If the map is not an isomorphism at x_i, then deg(L_B (α)) ≤ deg(L_B′ (α))−1. Thus, our claim follows again, because we have chosen a to be admissible, i.e., 2|⟨α, a_i⟩| < 1. Altogether, we have established (P2). In the case G = SL_3, the above properties imply that the points d(B) are the corners of a hexagon whose sides are parallel to the coroots. This might motivate the following observation of Behrend. (For any M ⊂ X^⋆(T )^∨, denote by conv(M) the convex hull of M (in X^⋆(T )^∨_R).)

Lemma 4.3.3 ([6], Lemma 2.5). With the above notation, we have

conv � d(B) | T ⊂ B � = � P ⊃T P max. par. � x ∈ X^⋆(T )^∨ | x(det_P ) ≥ a-deg(P_P )(det_P ) � .

In particular, if (P, s) is semistable, then this convex set contains 0.

Note that, for a maximal parabolic subgroup P , the space X^⋆(P )_Q is one dimensional, so that in the above we might replace det_P by any dominant character λ ∈ X^⋆(P )_Q.

Proof. Again, given a parabolic subgroup P ⊃ T , denote by Δ_P the set of roots of P and, given a Borel subgroup B ⊃ T , by I_B the set of positive simple roots.

To prove the inclusion “⊂”, we fix P and show that d(B)(det_P ) ≥ d(P )(det_P ). If B ⊂ P , then this holds by definition. Otherwise, let −α_0 ∈ I_B \ Δ_P be a simple root of B which is not a root of P , so that α_0 ∈ Δ_P . Let B^′ be the Borel subgroup that differs from B by α_0, and let P_{α0} be the parabolic subgroup generated by BB^′. If we show that det_P = λ_{α0} + mα_0, with λ_{α0} ∈ X^⋆(P_{α0} )_Q and m ≥ 0, then, by the properties (P1) and (P2) of d, we see that

d(B)(det_P ) = d(B)(λ_{α0} ) + md(B)(α_0) ≥ d(B^′)(λ_{α0} ) + md(B^′)(α_0) = d(B^′)(det_P ).

Iterating this procedure, we finally arrive at the case B ⊂ P . Let (., .) be a W -invariant scalar product on X^⋆(T )_Q. Define α^∨_0 , such that the reflection s_{α0} is given as λ → λ − (λ, α^∨_0 )α_0. Then, we need to show that (det_P , α^∨_0 ) ≥ 0. Recall that det_P = � α∈Δ_P α. For a root α ∈ ΔP

with (α, α^∨_0 ) < 0, we know that s_{α0} (α) ∈ Δ_P , because α_0, α ∈ Δ_P , and (s_{α0} (α), α^∨_0 ) = −(α, α^∨_0 ). Thus, our assertion is trivial.

To prove the other inclusion, Behrend proceeds by induction on the rank of G. The claim holds, if X^⋆(T ) is one dimensional. Let P ⊃ T be a maximal parabolic subgroup with Levi subgroup L. Then, the polyhedron for the associated Levi bundle is given by

conv � d(B) | T ⊂ B ⊂ P � ⊂ � φ ∈ X^⋆(T )^∨_Q | φ(det_P ) = a-deg(P_P )(det_P ) � ∼ = X^⋆(T/Z(L))^∨_Q.

Documenta Mathematica 15 (2010) 423–488

446 J. Heinloth, A. H. W. Schmitt

Now, in the first step of the proof, we have seen that, for any Borel subgroup B ⊃ T , either d(B)(det_P ) > a-deg(P_P )) or d(B) = d(B^′) for some Borel subgroup B^′ ⊂ P . Thus,

conv � d(B) | T ⊂ B � ∩ � φ | φ(det_P ) = a-deg(P_P ) � = conv � d(B) | T ⊂ B ⊂ P � . This shows that the d(B) also span the intersection of the halfspaces.

Again, fix a scalar product (., .) on X^⋆(T )^∨_Q which is invariant under the action of the Weyl group of G. Then, Behrend’s theorem follows immediately from:

Proposition 4.3.4 ([6], Proposition 3.13). Let P_Q be a reduction of P satisfying (1^′) and (2^′), and let P_{T,η} be a reduction of P_Q to T at the generic point of C. Then, P_Q is also defined as the reduction to the parabolic subgroup associated with the rational one-parameter subgroup of least distance to the origin in conv({ d(B) | T ⊂ B }).

Proof. Again, let Q ⊂ G be the parabolic subgroup corresponding to the reduction P_Q, and let L be a Levi subgroup of Q. The intersection � P ⊃Q P max. parabolic � x ∈ X^⋆(T )^∨_Q | x(det_P ) = a-deg(P_P ) � ∩ X^⋆(Z(L))^∨_Q

contains only one point, call it y_Q. Indeed, X^⋆(Q)_Q ∼= X^⋆(Z(L))_Q and, if P_i ⊃ Q, i = 1, . . . , m, are the maximal parabolic subgroups containing Q, then (det_{Pi} )_{i=1,...,m} is a basis for X^⋆(Q)_Q.

Claim 1: Under the identification X^⋆(T )^∨ ∼= X_⋆(T ), the parabolic subgroup defined by y_Q ∈ X_⋆(T ) is Q.

First, y_Q ∈ X^⋆(Z(L))^∨ implies that y_Q ∈ X_⋆(Z(L))_Q. Furthermore, since the characters det_{Pi} , i = 1, ..., m, form a basis of X^⋆(Q)_Q, we have y_Q(det_P ) = a-deg(P_Q)(det_P ), for all maximal parabolic subgroups P ⊃ Q. Therefore, property (2^′) of P_Q implies that the parabolic subgroup associated with y_Q is Q (compare the comments before Remark 4.1.2).

Claim 2: y_Q ∈ conv({ d(B) | T ⊂ B ⊂ Q }) ⊂ conv({ d(B) | T ⊂ B }). We have the exact sequence

X^⋆(Z(L))^∨_Q −→ X^⋆(T )^∨_Q^π−→ X^⋆(T/Z(L))^∨,

and π(conv{ d(B) | T ⊂ B ⊂ Q }) is the polyhedron of the Levi bundle P_Q/R_u(Q), which is semistable by assumption. In particular, 0 ∈ π(conv{ d(B) | T ⊂ B ⊂ Q }) (Lemma 4.3.3). Thus, conv({ d(B) | T ⊂ B ⊂ Q }) ∩ X^⋆(Z(L))^∨ ≠ ∅, and y_Q is the only point that can be contained in this intersection.

Claim 3: Under the identification X^⋆(T )^∨_R ∼= X^⋆(T )_R given by the W -invariant scalar product (., .), we have y_Q =

�_m i=1 n_i det_{Pi} with n_i > 0, i = 1, ..., m.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 447

First, X^⋆(Q)_R ∼= X^⋆(Z(L))_R is the intersection of the subspaces invariant under the reflections s_{αi} , for α_i ∈ I_B \ I_Q, i.e., X^⋆(Q)_R = ( � α_i ∈I_B \I_Q Rαi) ⊥. In particular, X^⋆(Z(L))^∨_R is the subspace that is invariant under the Weyl group W_L of L.

Let B ⊂ Q be a Borel subgroup, α_i a simple root of B for which −α_i is not a root of Q, and P^{min}_i the parabolic subgroup obtained from Q by adding the root α_i, i = 1, ..., m. Define ~α_i := det_Q ⊗ det^{−1}_{P mini} ∈ X^⋆(Q), i = 1, ..., m. Then, ~α_i = lα_i + � β∈I_B \I_Q lββ ∈ X

⋆(Q) with l > 0, l_β ≥ 0, i = 1, ..., m. Therefore, ~α_i is the l-fold multiple of the orthogonal projection of α_i to X^⋆(Q), i = 1, ..., m. Moreover, det_{Pi} is invariant under the reflection s_α, for α ∈ I_B \ {α_i}, i = 1, ..., m. Since ~α_i and det_{Pi} are both positive linear combinations of the simple roots, we find that (det_{Pj} , ~α_k) = c_j δ_{jk} with c_j > 0, j, k = 1, ..., m. Now, y_{Q|X} ⋆_{(Q)} = a-deg(P_Q) and deg(P_Q)(~α_i) > 0, i = 1, ..., m, because P_Q satisfies (2^′). We infer y_Q =

�_m

i=1 n_i det_{Pi} with n_i > 0, for i = 1, ..., m.

Claim 4: y_Q is the point of least distance to 0 in conv(d(B)). We have seen in Lemma 4.3.3 that

conv � d(B) | T ⊂ B � = � P ⊃T P max. parabolic � x ∈ X^⋆(T )^∨ | x(det_P ) ≥ a-deg(P_P ) � .

Thus, for any x ∈ conv({ d(B) | T ⊂ B }) and any i ∈ { 1, ..., m }, we have x(det_{Pi} ) > a-deg(P_Q)(det_{Pi} ) = y_Q(det_{Pi} ). Since y_Q =

�_m i=1 n_i det_{Pi} with n_i ≥ 0, i = 1, ..., m, we see that

(x − y_Q, y_Q) = m� i=1 n_i � x(det_{Pi} ) − y_Q(det_{Pi} ) � ≥ 0,

so that ‖x‖ ≥ ‖y_Q‖.

4.4 Semistable Reduction for Flagged Principal Bundles

Following our strategy from [22],[23], we want to prove a semistable reduction theorem for flagged principal bundles.

Theorem 4.4.1. Let C be a smooth projective curve over the discrete valuation ring R with residue field k. Let { x_i : Spec(R) → C | i = 1, . . . , b } be a finite set of disjoint sections, G a semisimple Chevalley group scheme over R, P a tuple of parabolic subgroups of G, and a an admissible stability parameter. Then, for any a-semistable flagged principal G-bundle (P_K , s_K ) over C_K , there is a finite extension R^′ ⊃ R, such that (P_K , s_K ) extends to an a-semistable flagged principal G-bundle over C_R′ .

Proof. In order to ease notation, we will assume that P_i = B, i = 1, ..., b, for a fixed Borel subgroup B of G. For our main application, this case is sufficient. The other cases are proved in the same way. Write S = { x_1, . . . , x_b }, and consider S as a closed subscheme of C.

Documenta Mathematica 15 (2010) 423–488

448 J. Heinloth, A. H. W. Schmitt

First Step: Find an arbitrary extension of G_K to C_R′ .

We know ([22], First Step) that, after replacing R by a finite extension, we can always extend the principal G-bundle P_K to a principal bundle P_R over C_R. The reductions of P_{R|S} are parameterized by a scheme which is locally (over R) isomorphic to G/B ×_R S. Since this scheme is projective over R, the flaggings of P_{K|K×RS} extend uniquely to flaggings s_i of P_{R|S} , i = 1, ..., b. Second Step: Find a modification of (P_R, s).

Fix a local parameter π ∈ R. Assume that (P_k, s) is not semistable. Then, by Theorem 4.3.2, there is a canonical reduction of P_k to a parabolic subgroup P ⊂ G. Let T ⊂ B ∩ P be a maximal torus of G. The relative position of the reduction to P and to B at x_i is given by an element of P \G/B ∼= W_P \W , i = 1, ..., b. Here, W = N(T )/T is the Weyl group of G, and W_P is the Weyl group of the Levi quotient of P . For i = 1, . . . , b, we choose an element w_i ∈ N(T ) which defines the relative position at x_i.

We want to describe (P_R, s) by a glueing cocycle. Recall that any g ∈ � S G((t))(R) defines a principal G-bundle P_g on C together with a trivialization of the restrictions P_{g|C\S} and P_{g| ^OC,S} . In particular, the latter trivialization also defines flaggings at S.

As in [22], we choose a maximal parabolic subgroup Q ⊃ P . Then, there is a finite, disjoint set of sections U, such that we can find a cocycle g ∈ � S G((t))(R) × � U G((t))(R) and g_0 ∈ � S G(R), satisfying the following:

(1) gg_0 defines (P_R, s)

(2) g mod π ∈ � S∪U P ((t))(k) defines the canonical reduction of P_k to P .

(3) (g_0)_{xi∈S} mod π = (w_i)_{xi ∈S} ∈ N(T )(k).

(4) Either g satisfies the conditions of [22], Proposition 7, or g ∈ � S∪U P ((t))(R).

(5) If g ∈ � S∪U P ((t))(R), then the maximal N, such that (g_0)_{xi∈S} ≡ (w_i)_{xi∈S} mod π^N is finite. Furthermore, (g_0)_{xi ∈S} mod π^{N+1} ∉ � x_i∈S P wiB.

For the above cocycle gg_0, choose z = π^{ℓ/N} with ℓ maximal, such that the cocycle zgg_0(w^{−1}z^{−1}w) = zgz^{−1}zg_0(w^{−1}z^{−1}w) is an R[π^{1/N} ]-valued cocycle. This defines a flagged principal G-bundle (P^′, s^′) which is another extension of (P_K , s_K ).

Third Step: Show that (P^′_k, s^′) is less unstable.

The Harder–Narasimhan strata (HN-strata) that we shall consider in the following are understood as Harder–Narasimhan strata in the stack Bun_{G,x,P ,a} of flagged principal G-bundles of type (x, P ) with respect to the stability parameter a.

Lemma 4.4.2. Let (P_η , s) be a flagged principal G-bundle which specializes to the flagged principal G-bundle (P_0, s), i.e., assume that there is a family of

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 449

flagged principal G-bundles parameterized by the complete discrete valuation ring R with special fiber (P_0, s) and generic fiber (P_η , s). Assume further that (P_η , s) has a canonical reduction defined over the generic point of R. Then, ideg_a(P_η , s) ≤ ideg_a(P_0, s). If the flagged principal G-bundles (P_η , s) and (P_0, s) do not lie in the same HN-stratum, then ideg_a(P_η , s) < ideg_a(P_0, s).

Proof. Let P_{P,η} denote the canonical reduction of (P_η , s). This induces a reduction P_{0,P} of the generic fiber by first extending the reduction to an open subset of the special fiber and then extending this to a reduction over the special fiber. Let us compare the contributions of the flaggings at the point x_i, i = 1, ..., b. First assume that the reduction P_{P,η} extends to the special fiber, locally at the point x_i. In this case, this extension coincides with P_{0,P} and we can apply the semicontinuity argument of Example 4.1.4 to see that the contribution of ⟨det_P , a_i⟩ can at most increase in the special fiber. In the other case, the reduction P_{P,η|{xi}} can also be extended to a reduction of P_{xi} . We denote the corresponding reduction by P_{P,xi} . To this reduction, we can apply the same argument as before to see that the corresponding value of ⟨det_P , a_i⟩ can at most increase in the special fiber.

Finally, let P^{max}_p be the maximal subsheaf of P ×^G Lie(G) that extends P_{η,P} ×^P Lie(P ). Then, in the special fiber over x_i, we have

P^{max}_{p|{ xi,0 }} ⊂ P_{xi,P} ×^P Lie(P ) ∩ P_{0,P} ×^P Lie(P )_{|{ xi,0 }}, i = 1, ..., b.

Since a is admissible, this implies

ideg(P_η, s) ≤ a-deg(P_{0,P} , s)(det(P ))−

− deg � coker(P^{max}_{p,0} → P_{0,P} ×^P Lie(P ) � · · � 1 − 2 · max � |⟨α, a_i⟩| | α a root of G, i = 1, . . . , b � ≤ ideg(P_0, s).

Therefore, we see that either ideg(P_η) < ideg(P_0), or the canonical reduction P_P defines a reduction of P_0 of the same parabolic degree, which must then be the canonical reduction by Theorem 4.3.2.

Lemma 4.4.3. Let P be a principal G-bundle and (P, s) and (P, s^′) two flaggings of P of the same type. Let P_P be the canonical reduction of (P, s), and denote by w_i and w^′_i ∈ P \G/B the elements defined by the relative position of the two reductions of P_{|{xi}} to P and B given by s_i and s^′_i, respectively, i = 1, ..., b. Assume that w^′_i specializes to w_i, i = 1, ..., b. Then, (P, s^′) is less unstable than (P, s).

Proof. Since s^′ specializes to s, we can apply Lemma 4.4.2 to see that ideg(P, s) ≥ ideg(P, s^′). Assume that both flagged principal G-bundles lie in the same HN-stratum. Then, the canonical reduction of (P, s^′) defines another reduction P^′_P of P to P . Now, we may use Example 4.1.4 to see that the parabolic degree of (P^′_P , s) is bigger than the parabolic degree of (P_P , s^′), because w ≠ w^′.

Documenta Mathematica 15 (2010) 423–488

450 J. Heinloth, A. H. W. Schmitt

Finally, as in [22], third step, choose a Levi subgroup L of Q, set P_Q := P_P ×^P Q, and consider the family Q_λ of principal Q-bundles over C_k × A^1 that is isomorphic to P_Q × G_m over C × G_m and such that the fiber over 0 is P_Q/R_u(Q) ×^L Q. Set P_λ := Q_λ ×^Q G. Note that the flagging of P_k induces a flagging for the whole family (P_λ, s_λ); denote by (P_0, s_0) the fiber over 0 of this family.

Lemma 4.4.4. The flagged principal G-bundles (P_0, s_0) and (P_k, s) lie in the same HN-stratum of Bun_{G,x,P ,a}.

Proof. The principal P -bundle P_P also defines a reduction P_{0,P} of P_0 to P . For this reduction, a-deg(P_{0,P} ) = a-deg(P_P ), because all terms in the definition of the degree depend only on the quotient of P_P /R_u(P ). By Behrend’s characterization of the canonical reduction, this implies that P_{0,P} is the canonical reduction of P_0.

Corollary 4.4.5. The flagged principal G-bundle (P^′_k, s^′) is less unstable than (P_k, s).

Proof. As in the case of principal bundles, we only need to compare the HNstrata of (P^′_k, s^′) and (P_k , s). If P^′ and P are isomorphic as principal Gbundles (i.e., without flagging), then the cocycle used to define P^′ satisfies (5). Then, we know that the element g^′_0 specializes to w, in which case Lemma 4.4.3 proves our claim.

Otherwise, we can argue as in the case of principal bundles [23] to see that the reduction of P_0 to Q does not lift to P^′. So, again we know that P^′ is less unstable.

As in the case of principal bundles without flaggings, we can now argue as follows: start with an arbitrary unstable extension (P, s) of the flagged principal bundle (P_K , s_K ). Either the special fiber of (P, s) is semistable, or we can find another extension (P^′, s^′) which is less unstable. Since the instability degree of (P, s) is finite, this process will stop after finitely many iterations.

5 Construction of the Moduli Spaces

We will now carry out the GIT construction of the moduli spaces of flagged principal G-bundles. The strategy is roughly the same as in the case of principal G-bundles ([36], [38], [15]), i.e., we first introduce flagged pseudo G-bundles whose moduli spaces can be constructed with the help of decorated flagged vector bundles and then explain how we obtain the moduli spaces of flagged principal G-bundles from there. At the end, we will give the full construction of the moduli space of decorated flagged vector bundles, following and generalizing [37].

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 451

5.1 Reduction to a Problem for Decorated Vector Bundles

Fix the type (x, P ) of the flagging and the semistability parameter a. We want to adapt the construction of moduli spaces for principal bundles given in [15] to flagged principal G-bundles. Thus, we will fix a faithful representation ϱ: G −→ SL(V ) ⊂ GL(V ) on a finite dimensional k-vector space V . Given a principal G-bundle P over C, we write P(V ) or P(ϱ) for the vector bundle with fiber V that is associated with G via the representation ϱ, P_{SL(V )} := P ×^G SL(V ) for the corresponding principal SL(V )-bundle, and P_{GL(V )} := P ×^G GL(V ) for the associated principal GL(V )-bundle.

ϱ-Flagged Principal G-Bundles. — Let P = (P_1, ..., P_b) be a tuple of parabolic subgroups of GL(V ). As before, we fix a tuple x = (x_1, ..., x_b) of distinct k-rational points. Then, a ϱ-flagged principal G-bundle (of type (x, P )) is a tuple (P, s) that is composed of a principal G-bundle P and reductions s_i : {x_i} −→ (P_{GL(V )} ×_C {x_i})/P_i of the associated principal GL(V )-bundle at the points x_i, i = 1, ..., b. This time, the stability parameter will be a tuple a = (a_1, ..., a_b) with a_i ∈ X^⋆(P_i)^∨_{Q,+}, i = 1, ..., b.

Before we introduce the correct notion of semistability, we point out that, given a parabolic subgroup Q of G, a dominant character χ on Q, and a_i as above, there is no intrinsic way to define ⟨χ_{si} , a_{si} ⟩ (compare Section 4). Thus, we have to explain how we extend a parabolic subgroup of G and a dominant character on it to a parabolic subgroup of GL(V ) and a dominant character on it. For this, we use the construction introduced in [36] and [15].

Fix a basis for V and let ~T ⊂ GL(V ) be the corresponding maximal torus of diagonal matrices. The basis yields a basis for X^⋆( ~T ), i.e., an isomorphism X^⋆( ~T ) ∼= Z^n. The symmetric bilinear map Z^n × Z^n −→ Z, ((b_1, ..., b_n), (b^′_1, ..., b^′_m)) −→

�_n

i=1 b_i · b^′_i induces the symmetric bilinear map (., .): X_⋆( ~T ) × X_⋆( ~T ) −→ Z. Let (., .)_K : X_{⋆,K}( ~T ) × X_{⋆,K}( ~T ) −→ K be its K-bilinear extension to the vector space X_{⋆,K}( ~T ) := X_⋆( ~T ) ⊗_Z K, K = Q, R. Since the pairing (., .) is invariant under the Weyl group, it induces similar pairings on the character and cocharacter groups of any other maximal torus ~T ′ ⊂ GL(V ).

On the other hand, given a one-parameter subgroup λ ∈ X_⋆( ~T ) and a character ~χ ∈ X^⋆( ~T ), the composition ~χ ∘ λ: G_m(k) −→ G_m(k) is of the form z −→ z^{⟨~χ,λ⟩} and gives the duality pairing ⟨., .⟩: X^⋆( ~T ) × X_⋆( ~T ) −→ Z. We let ⟨., .⟩_K : X^⋆_K( ~T ) × X_{⋆,K}( ~T ) −→ K, K = Q, R, X^⋆_K( ~T ) := X^⋆( ~T ) ⊗_Z K, be its extensions. Thus, any rational one-parameter subgroup λ ∈ X_{⋆,Q}( ~T ) gives rise to a character ~χ_λ ∈ X^⋆_Q( ~T ) defined by

(λ, λ^′)_Q = ⟨ ~χ_λ, λ^′ ⟩_Q, ∀λ^′ ∈ X_{⋆,Q}( ~T ).

One checks that ~χ_λ comes from a character of Q := Q_{GL(V )}(λ) that depends only on the conjugacy class of λ within Q. If the weighted flag of λ is, for

Documenta Mathematica 15 (2010) 423–488

452 J. Heinloth, A. H. W. Schmitt

example, ({0} ⊊ U ⊊ V, (1)), then

~χ_λ : Q_{GL(V )}(λ) −→ G_m(k) (1) � g ⋆ 0 h � −→ det(g)^{dim(U)−dim(V )} · det(h)^{dim(U)}.

If T ⊂ G is a maximal torus, then we may extend it to a maximal torus ~T of GL(V ). The scalar product on X^⋆_K( ~T ) that we have obtained before restricts to a scalar product on X^⋆_K(T ). Lemma 2.8 in Chapter II of [32] implies that the scalar product on X^⋆_K(T ) thus obtained does not depend on the choice of the extending torus ~T . Furthermore, it is invariant under the Weyl group N (T )/T .

If λ: G_m(k) −→ G is a one-parameter subgroup, then we associate with it the parabolic subgroup Q_G(λ), the anti-dominant character χ_λ, and the dominant character χ_{−λ} = −χ_λ. Likewise, we have Q_{GL(V )}(λ), the antidominant character ~χ_λ, and the dominant character ~χ_{−λ} = −~χ_λ. Note that Q_G(λ) = Q_{GL(V )}(λ) ∩ G and ~χ_{±λ|QG(λ)} = χ_{±λ}.

Proposition 5.1.1. The assignment λ −→ (Q_G(λ), χ_{−λ}) (λ −→ (Q_G(λ), χ_λ)) is a surjection from the set of one-parameter subgroups of G onto the set of pairs consisting of a parabolic subgroup of G and a dominant (anti-dominant) character on that parabolic subgroup.

Proof. See Section 3.2 of [15].

We say that a ϱ-flagged principal G-bundle (P, s) is a-(semi)stable, if, for every one-parameter subgroup λ: G_m(k) −→ G and every reduction of P to the parabolic subgroup Q := Q_G(λ), the inequality deg � P_Q(χ_{−λ}) � + b� i=1 � (~χ_{−λ})_{si} , a_{si} � (≤)0

holds true.

Associated Flagged Principal Bundles and Semistability. — Now, we return to the situation where we are given a type (x, P ) with x as usual and P = (P_1, ..., P_b) a tuple of parabolic subgroups of G and a stability parameter a = (a_1, ..., a_b) with a_i ∈ X^⋆(P_i)^∨_{Q,+}, i = 1, ..., b. As we have explained in Section 4, we may view a_i as a rational one-parameter subgroup of G with P_G(a_i) = P_i, i = 1, ..., b. We set ϱ_⋆(P ) := ( ~P_1, ..., ~P_b) := (P_{GL(V )}(a_1), ..., P_{GL(V )}(a_b)) and ϱ_⋆(a) := (~a_1, ..., ~a_b) := (ϱ ∘ a_1, ..., ϱ ∘ a_s). Next note that any flagged principal G-bundle (P, s) of type (x, P ) defines the ϱ-flagged principal GL(V )-bundle (P_{GL(V )}, ϱ_⋆(s)), ϱ_⋆(s) = (~s_1, ..., ~s_b), with

~s_i : {x_i}^{si}−→ P_{|{xi}}/P_i → P_{GL(V )|{xi}}/ ~P_i, i = 1, ..., b.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 453

Lemma 5.1.2. A flagged principal G-bundle (P, s) of type (x, P ) is a- (semi)stable, if and only if the associated ϱ-flagged principal GL(V )-bundle (P_{GL(V )}, ϱ_⋆(s)) of type (x, ϱ_⋆(P )) is ϱ_⋆(a)-(semi)stable.

Proof. By Proposition 5.1.1, (P, s) is a-(semi)stable, if and only if, for every one-parameter subgroup λ: G_m(k) −→ G and every reduction P_Q of P to Q := Q_G(λ), one has

deg � P_Q(χ_{−λ}) � + b� i=1 � (χ_{−λ})_{si} , a_{si} � (≤)0.

Our contention therefore reduces to the trivial fact ⟨(χ_{−λ})_{si} , a_{si} ⟩ = ⟨(~χ_{−λ})_{si} , ~a_{si} ⟩, i = 1, ..., b.

Another Formulation of Semistability for ϱ-Flagged Principal Bundles. — Before we may introduce even more general objects, we have to reformulate the notion of a-(semi)stability. The first trivial reformulation is that we may say that (P, s) is a-(semi)stable, if, for every one-parameter subgroup λ: G_m(k) −→ G and every reduction of P to the parabolic subgroup Q := Q_G(λ), the inequality

deg � P_Q(χ_λ) � + b� i=1 � (~χ_λ)_{si} , a_{si} � (≥)0

holds true.

Next, assume we are given a principal G-bundle P, a one-parameter subgroup λ: G_m(k) −→ G with weighted flag � V_•(λ), β_•(λ) � = � {0} ⊊ V_1 ⊊ · · · ⊊ V_t ⊊ V, (β_1, ..., β_t) � , and a reduction P_Q of P to Q := Q_G(λ). Then, we obtain an induced reduction P_{QGL(V )(λ)} of the principal GL(V )-bundle P_{GL(V )} to Q_{GL(V )}(λ). The datum of that reduction is equivalent to the datum of a filtration

E_•(P_Q) : {0} ⊊ E_1 ⊊ · · · ⊊ E_t ⊊ E with rk(E_i) = dim(V_i), i = 1, ..., t.

Using (1), one easily computes deg � P_Q(χ_λ) � = t� i=1 β_i · � deg(E) · rk(E_i) − deg(E_i) · rk(E) � . (2)

Note that a parabolic subgroup of GL(V ) is the stabilizer of a flag in V . Thus, the tuple P of parabolic subgroups of GL(V ) gives quotients V −→ W_{ij} , and subspaces V_{ij} := ker(V −→ W_{ij} ), j = 1, ..., t_i, i = 1, ..., b, such that V_{ij} ⊊ V_{ij+1}, j = 1, ..., t_i − 1, i = 1, ..., b.

Documenta Mathematica 15 (2010) 423–488

454 J. Heinloth, A. H. W. Schmitt

Next, let λ: G_m(k) −→ G be a one-parameter subgroup with weighted flag � V_•(λ), β_•(λ) � = � {0} ⊊ V^′_1 ⊊ · · · ⊊ V^′_t ⊊ V, (β_1, ..., β_t) � and a a rational one-parameter subgroup of G with weighted flag � V_•(a), β_•(a) � = � {0} ⊊ V_1 ⊊ · · · ⊊ V_τ ⊊ V, 1 dim(V )

· (a_1, ..., a_τ ) � . In addition, define

Q_h := V/V_h, R_{ih} := V^′_i /(V^′_i ∩ V_h), r_{ih} := dim(R_{ih}), i = 1, ..., t, h = 1, ..., τ,

r := dim(V ). We claim that

⟨~χ_λ, a⟩ = t� i=1 � β_i · τ� h=1 a_h · � r · r_{ih} − r_j · dim(Q_h) � . (3)

By bilinearity, this has to be checked only for τ = t = 1, β_1 = 1, and a_1 = r. In this case, it follows easily from the definitions and (1).

Finally, suppose we are given a stability parameter a = (a_1, ..., a_b) with a_i ∈ X^⋆(P_i)^∨_{Q,+}, i = 1, ..., b. Then, we write β_•(a_i) =: (1/r)·(a_{i1}, ..., a_{iti} ), i = 1, ..., b. The parabolic subgroups P_1, ..., P_b define quotients V −→ W_{ij} , and we set r_{ij} := dim(W_{ij} ), j = 1, ..., t_i, i = 1, ..., b. Suppose that (P, s) is a ϱ-flagged principal G-bundle of type (x, P ). Then, we have the associated vector bundle E, and the reductions s_i define quotients q_{ij} : E_i −→ Q_{ij} with dim(Q_{ij} ) = r_{ij} , j = 1, ..., t_i, i = 1, ..., b. For any subbundle {0} ⊊ F ⊊ E, we set

a-deg(F ) := deg(F ) − b� i=1 t_i�

j=1 a_{ij} · dim � q_{ij} (F ) � .

Putting (2) and (3) together, we infer the following characterization of semistability.

Proposition 5.1.3. The ϱ-flagged principal G-bundle is a-(semi)stable, if and only if, for every one-parameter subgroup λ of G and every reduction P_Q of P to Q := Q_G(λ), the inequality t� i=1 β_i � a-deg(E) · rk(E_i) − a-deg(E_i) · rk(E) � (≥)0

is verified. Here,

E_• � P_Q � = {0} ⊊ E_1 ⊊ · · · ⊊ E_t ⊊ E and β_•(λ) = (β_1, ..., β_t).

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 455

Reminder on Pseudo G-Bundles. — Following the general strategy from [36] and [15], we will first embed principal G-bundles into pseudo G-bundles which in turn can be embedded into decorated vector bundles for which we finally can do the GIT-calculations. We have already chosen to view principal G-bundles as principal GL(V )-bundles together with a reduction to G, i.e., as pairs (P, σ) that consist of a principal GL(V )-bundle P and a section σ : C −→ P/G. Given such a pair (P, σ), let E be the corresponding vector bundle. Then,

P = Isom(V ⊗ O_C , E) ⊂ Hom(V ⊗ O_C , E) = Spec � Sym^⋆(V ⊗ E^∨) � . Moreover, the good quotient Hom(V ⊗ O_C , E)//G = Spec(Sym^⋆(V ⊗ E)^G) exists and there is the open embedding

Isom(V ⊗ O_C , E)/G ⊂ Hom(V ⊗ O_C , E)//G.

Thus, σ is given by a non-trivial homomorphism τ : Sym^⋆(V ⊗ E^∨)^G −→ O_C . This suggests the following definition: a pseudo G-bundle (E, τ) consists of a vector bundle E with trivial determinant det(E) ∼= O_C and a non-trivial homomorphism τ : Sym^⋆(V ⊗ E^∨)^G −→ O_C of O_C -algebras. Not any homomorphism τ gives rise to a principal G-bundle, but the following result ([36], Corollary 3.4) gives an important characterization when it does.

Lemma 5.1.4. Let (E, τ) be a pseudo G-bundle with associated section σ : C −→ Hom(V ⊗ O_C , E)//G. Then, (E, τ) is a principal G-bundle, if and only if there exists a point x ∈ C, such that

σ(x) ∈ Isom(V, E_{|{x}})/G.

For our purposes, we therefore look at the following objects: a ϱ-flagged pseudo G-bundle (E, τ, q) is a pseudo G-bundle (E, τ) together with quotients

q_{ij} : E_{|{xi}} −→ Q_{ij}

onto k-vector spaces Q_{ij} , j = 1, ..., t_i, i = 1, ..., b, such that

ker(q_{ij} ) ⊆ ker(q_{ij+1}), j = 1, ..., t_i − 1, i = 1, ..., b. (4)

The tuple (x, r) with r = (r_{ij} := dim(Q_{ij} ), j = 1, ..., t_i, i = 1, ..., s) will be referred to as the type of the flagging. There is an obvious notion of isomorphism of ϱ-flagged pseudo G-bundles.

The algebra Sym^⋆(V ⊗ E^∨)^G is finitely generated, so that the morphism τ is determined, for s ≫ 0, by its restriction τ_{≤s} :

�_s i=1 Sym^i(V ⊗ E^∨)^G −→ O_C .

In particular, ϱ-flagged pseudo-G-bundles form an algebraic stack, locally of finite type. Lemma 5.1.4 implies that the stack of ϱ-flagged G-bundles is an open substack of the stack of ϱ-flagged pseudo G-bundles. Following [15], we choose s ≫ 0, such that

Documenta Mathematica 15 (2010) 423–488

456 J. Heinloth, A. H. W. Schmitt

a) Sym^⋆(V ⊗ k^{r∨})^G is generated by elements in degree ≤ s.

b) Sym^{(s!)}(V ⊗ k^{r∨})^G is generated by elements in degree 1, i.e., by the elements in the vector space Sym^{s!}(V ⊗ k^{r∨})^G. Set V_s(E) := � (d1 ,...,ds):

di≥0, � idi=s! � Sym^{d1} � (V ⊗ E^∨)^G � ⊗ · · · ⊗ Sym^{ds} � Sym^s(V ⊗ E^∨)^G � .

Then, τ induces morphisms

τ^{s!} : Sym^{s!}(V ⊗ E^∨)^G −→ O_C and φ: V_s(E) ↠ Sym^{s!}(V ⊗ E^∨)^G −→ O_C .

Homogeneous Representations. — Instead of the representation V_s, we can also allow a more general class of representations without complicating the arguments. This might be useful for other applications, too. A representation κ: GL_r(k) −→ GL(U) is called a polynomial representation, if it extends to a (multiplicative) map κ: M_r(k) −→ End(U). We say that κ is homogeneous of degree u ∈ Z, if κ � z · E_r � = z^u · id_U , ∀z ∈ G_m(k).

Let P (r, u) be the abelian category of homogeneous polynomial representations of GL_r(k) of degree u. It comes with the duality functor

⋆ : P (r, u) −→ P (r, u)

κ −→ � κ ∘ id^∨_{GLr (k)}

�_∨ . Here, .^∨ stands for the corresponding dual representation. An example for a representation in P (r, u) is the u-th divided power (Sym^u(id_{GLr (k)}))^⋆, i.e., the representation of GL_r(k) on

D^u(W ) := � Sym^u(W^∨)

�_∨

, W := k^r.

More generally, we look, for u, v > 0, at the GL_r(k)-module

D^{u,v} (W ) := � (u1 ,...,uv ):

ui≥0, �v i=1 ui=u � D^{u1} (W ) ⊗ · · · ⊗ D^{uv} (W ) � . (5)

Lemma 5.1.5. Let κ: GL_r(k) −→ GL(U) be a homogeneous polynomial representation of degree u. Then, there exists an integer v > 0, such that U is a quotient of the GL(U)-module D^{u,v} (W ). If κ is homogeneous, but not polynomial, then it is a quotient of D^{u,v} (W ) ⊗ (

�_r

W )^{⊗−w} for some w > 0.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 457

Proof. The proof of Proposition 5.3 in [27] shows that any representation κ^′ : GL_r(k) −→ GL(U^′) in P (r, u) is, for suitable v > 0, a sub-representation of the representation of GL_r(k) on the vector space � (u1 ,...,uv ):

ui≥0, �v i=1 ui=u � Sym^{u1} (W ) ⊗ · · · ⊗ Sym^{uv} (W ) � .

Applying this result to the dual κ^⋆ : GL_r(k) −→ GL(U^⋆) of κ proves the first assertion.

The second assertion follows from the obvious fact that U ⊗ (

�_r

W )^{⊗w} will be a polynomial representation for large w.

Remark 5.1.6. As is apparent from the construction in [27], the above result also holds over the ring of integers.

Fix natural numbers u, v and let A be any vector bundle on the curve C, that is, we do not assume A to have rank r. Then, we set for w ≥ 0

D^{u,v} (A) := � (u1 ,...,uv ):

ui ≥0, �v i=1 ui =u � D^{u1} (A)⊗· · · ⊗D^{uv} (A) � , D^w(A) := � Sym^w(A^∨)

�_∨ .

Remark 5.1.7. Any surjective homomorphism ψ : A −→ B between vector bundles induces a surjective homomorphism

D^{u,v} (ψ): D^{u,v}(A) −→ D^{u,v} (B).

Decorated Flagged Vector Bundles. — Now, fix a line bundle L on C. A decorated flagged vector bundle of type (r, d, x, r, u, v, L) is a tuple (E, q, φ) which consists of a vector bundle E on C of rank r and degree d, a non-trivial homomorphism φ: D^{u,v}(E) −→ L,

and a flagging q = (q_{ij} : E_{|{xi}} −→ Q_{ij} , j = 1, ..., t_i, i = 1, ..., s) of type r = (r_{ij} , j = 1, ..., t_i, i = 1, ..., s). The moduli functors for the objects we have considered, so far, are straightforward to define (just form the isomorphism classes in the corresponding stack). For decorated flagged vector bundles, this is slightly more delicate. Thus, we give the definition. A family of decorated flagged vector bundles of type (r, d, x, r, u, v, L) (parameterized by the scheme S) is a tuple (E_S , q_S , N_S , φ_S ) which consists of a vector bundle E_S of rank r on S × C and fiberwise of degree d, a tuple q_S = (q_{S,ij} : E_{S|S×{xi}} −→ Q_{S,ij} ) of surjections onto vector bundles Q_{S,ij} of rank r_{ij} , j = 1, ..., t_i, i = 1, ..., b, subject to the conditions in (4), a line bundle N_S on S, and a homomorphism φ_S : D^{u,v} (E_S ) −→ π^⋆_C (L) ⊗ π^⋆_S (N_S ) which is non-trivial on every fiber {s} × C. Two such families (E_S , q_S , N_S , φ_S ) and (E^′_S , q^′_S , N^′_S , φ^′_S ) are said to be isomorphic, if there exist isomorphisms ψ_S : E_S −→ E^′_S and χ_S : N_S −→ N^′_S fulfilling q_{S,ij} = q^′_{S,ij} ∘ ψ_{S|S×{xi}}, j = 1, ..., t_i, i = 1, ..., b,

Documenta Mathematica 15 (2010) 423–488

458 J. Heinloth, A. H. W. Schmitt and φ_S = � id_π⋆_{C (L)} ⊗ π^⋆_S (χ_S )

�_{−1} ∘ φ^′_S ∘ D^{u,v} (ψ_S ).

Thus, we may form the functor that assigns to every scheme the set of isomorphism classes of families of decorated vector bundles of type (r, d, x, r, u, v, L) parameterized by S.

By Lemma 5.1.5, the representation V_s can be written as the quotient of D^{u,v} (W ) ⊗ (

�_r W )^{⊗−s!}. Now, suppose we are given a vector bundle E_S on S × C, a homomorphism τ_S : Sym^⋆(V ⊗ E^∨_S )^G −→ O_{S×C} and a flagging q_S of type (x, r) of E_S . Then, the determinant of E_S is isomorphic to the pullback of a line bundle D_S on S. Choose an isomorphism det(E_S ) ∼= π^⋆_S (D_S ), and set N_S := D^{⊗s!}, so that τ_S gives rise to

D^{u,v}(E_S ) ⊗ N^∨_S ↠ V_s(E_S ) ↠ Sym^{s!}(V ⊗ E^∨_S )^G −→ O_{S×C} .

Thus, we obtain the family (E_S , q_S , N_S , φ_S ) of decorated flagged vector bundles. Its isomorphism class does not depend on the choice of the isomorphism det(E_S ) ∼= π^⋆_S (D_S ), so that this construction gives rise to a natural transformation of functors.

Lemma 5.1.8. The above natural transformation applied to S = Spec(K), K an algebraically closed extension of k, is injective.

Proof. The proof is the same as the one of Lemma 5.1.1 in [15].

We now come to the definition of semistability. Fix the stability parameter a for the flagging. Here, we view a = (a_{ij} , j = 1, ..., t_i, i = 1, ..., s) as a tuple of rational numbers, and we assume that

• a_{ij} > 0, j = 1, ..., t_i, i = 1, ..., s; • �_{ti} j=1 a_{ij} < 1, i = 1, ..., s.

Then, given a decorated flagged vector bundle (E, q, φ) and a weighted filtration (E_•, β_•) of E, we define

M_a(E_•, β_•) := t� j=1 β_j · � a-deg(E) · rk(E_j ) − a-deg(E_j ) · rk(E) � . The quantity μ(E_•, β_•; φ) is obtained as follows. Let η be the generic point of the curve C and let E stand for the restriction of E to {η}. Then, the restricted homomorphism φ_{|{η}} gives a point

σ_η ∈ P � D^{u,v} (E) � . We may choose a one-parameter subgroup λ_K : G_m(K) −→ SL(E), K := k(C), whose weighted flag agrees with the restriction of (E_•, β_•) to {η} and define μ � E_•, β_•; φ � := μ(λ_K , σ_η ).

This does not depend on the choice of λ_K .

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 459

Remark 5.1.9. By construction, the vector bundle D^{u,v} (E) is a subbundle of (E^{⊗u})^{⊕N} for some N > 0. Set E_{t+1} := E and, for (i_1, ..., i_u) ∈ { 1, ..., t + 1 }^{×u},

E_{i1} ⋆ · · · ⋆ E_{iu} := � E_{i1} ⊗ · · · ⊗ E_{iu}

�_{⊕N} ∩ D^{u,v} (E).

For a weighted filtration (E_•, β_•) of the vector bundle E, we define the associated (integral) weight vector � γ_1, . . . , γ_1 � � �

(rk E_1)×

, γ_2, . . . , γ_2

� � �

(rk E_2−rk E_1)×

, . . . , γ_{t+1}, . . . , γ_{t+1} � � �

(rk E−rk E_t)× � := t� l=1 β_l · γ^{(rk El)} r . (6)

(Note that we recover β_l = (γ_{l+1} − γ_l)/r, l = 1, ..., t.) With these concepts, one readily verifies μ � E_•, β_•; φ � = − min � γ_{i1} + · · · + γ_{iu} � � (i_1, ..., i_u) ∈ { 1, ..., t + 1 }^{×u} : φ_{|(Ei1 ⋆···⋆Eiu )} ≢ 0 � . To define semistability, we also fix a positive rational number δ. Then, we say that a decorated flagged vector bundle is (a, δ)-(semi)stable, if the inequality

M_a(E_•, β_•) + δ · μ � E_•, β_•; φ � (≥)0

holds for any weighted filtration (E_•, β_•) of E.

Boundedness. — The starting point for the GIT construction is the boundedness of the family of (a, δ)-semistable decorated flagged vector bundles of type (r, d, x, r, u, v, L). This property is a consequence of the following statement.

Proposition 5.1.10. Fix the type (r, d, x, r, u, v, L) and the stability parameter δ. Then, there is a positive constant D_0, such that, given a tuple a = (a_{ij} , j = 1, ..., t_i, 1 = 1, ..., s) of positive rational numbers with

�_{ti} j=1 a_{ij} < 1 for i = 1, ..., s and an (a, δ)-semistable decorated flagged vector bundle (E, q, φ) of type (r, d, x, r, u, v, L), one finds

μ_{max}(E) ≤ d r + D_0.

Proof. Let (F, ~q) be any vector bundle with a flagging of type r. Setting R := max{ r_{ij} | j = 1, ..., t_i, i = 1, ..., s }, we derive, for a as in the proposition, the obvious estimate

deg(F ) ≥ a-deg(F ) ≥ deg(F ) − s · R.

Now, let (E, q, φ) be as above and 0 ⊊ F ⊊ E a subbundle. For the weighted filtration (E_• : 0 ⊊ F ⊊ E, β_• = (1)), one checks

μ(E_•, β_•; φ) ≤ u · (r − 1).

Documenta Mathematica 15 (2010) 423–488

460 J. Heinloth, A. H. W. Schmitt

Together with these two estimates, the condition of (a, δ)-semistability implies

d · rk(F ) − deg(F ) · r + s · r · R + δ · u · (r − 1) ≥ a-deg(E) · rk(F ) − a-deg(F ) · r + δ · μ(E_•, β_•; φ) ≥ 0.

We transform this into the inequality

μ(F ) ≤ d r + s · r · R + δ · u · (r − 1) rk(F ) · r ≤ d r + s · R + δ · u · (r − 1) r � � �

=:D_0 .

This is the assertion we made.

5.2 The Moduli Space of Decorated Flagged Vector Bundles

Suppose we are given a constant D. Then, we let S be the bounded family of isomorphism classes of vector bundles of rank r and degree d with μ_{max}(E) ≤ D. We also fix an ample line bundle O_C (1) of degree one on C, a natural number n, such that E(n) is globally generated and H^1(E(n)) = {0} for any vector bundle E, such that [E] ∈ S, as well as a vector space Y of dimension d + r(n + 1 − g). Now, a quotient family of decorated flagged vector bundles of type (r, d, x, r, u, v, L) (parameterized by the scheme S) is a tuple (k_S , q_S , N_S , φ_S ) which consists of a quotient k_S : Y ⊗ π^⋆_C (O_C (n)) −→ E_S , a tuple q_S = (q_{S,ij} : E_{S|S×{xi}} −→ Q_{S,ij} , j = 1, ..., t_i, i = 1, ..., b), a line bundle N_S on S, and a homomorphism φ_S : D^{u,v} (E_S ) −→ π^⋆_C (L) ⊗ π^⋆_S (N_S ) with the following properties:

• E_S is a vector bundle on S × C, such that [E_{S|{s}×C} ] ∈ S, for every s ∈ S(k),

• π_{S⋆}(k_S ⊗ id_π⋆_{C (OC (n))}): Y ⊗ O_S −→ π_{S⋆}(E_S ⊗ π^⋆_C (O_C (n))) is an isomorphism,

• q_S consists of surjections onto vector bundles Q_{S,ij} of rank r_{ij} , j = 1, ..., t_i, i = 1, ..., b, subject to the conditions in (4), and

• φ_S is non-trivial on every fiber {s} × C.

Two such families (k_S , q_S , N_S , φ_S ) and (k^′_S , q^′_S , N^′_S , φ^′_S ) are said to be isomorphic, if there exist isomorphisms ψ_S : E_S −→ E^′_S and χ_S : N_S −→ N^′_S , fulfilling

k_S = k^′_S ∘ ψ_S , q_{S,ij} = q^′_{S,ij} ∘ ψ_{S|S×{xi}}, j = 1, ..., t_i, i = 1, ..., b,

φ_S = � id_π⋆_{C (L)} ⊗ π^⋆_S (χ_S )

�_{−1} ∘ φ^′_S ∘ D^{u,v} (ψ_S ).

Suppose we are also given stability parameters a and δ as above. Then, we take D = D_0 from Proposition 5.1.10. The first step toward the construction of the moduli spaces is the construction of a suitable parameter space:

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 461

Proposition 5.2.1. Fix the input data (r, d, x, r, u, v, L), and let D_0 be a before. Then, the functor that assigns to a scheme S the set of isomorphism classes of quotient families of type (r, d, x, r, u, v, L) is representable by a quasi-projective scheme P.

By its universal property, the parameter scheme P comes with a natural action of GL(Y ). The next theorem is the main GIT-result that we will prove.

Theorem 5.2.2. i) There are open subschemes P^{(a,δ)}-^{(s)s} whose k-rational points are the classes of tuples (q : Y ⊗ O_C (−n) −→ E, q, φ), such that (E, q, φ) is an (a, δ)-(semi)stable decorated flagged vector bundle of type (r, d, x, r, u, v, L). ii) The good quotient

M (r, d, x, r, u, v, L)^{(a,δ)}-^{ss} := P^{(a,δ)}-^{ss}// GL(Y )

exists as a projective scheme over Spec(k), and the geometric quotient

M (r, d, x, r, u, v, L)^{(a,δ)}-^s := P^{(a,δ)}-^s/ GL(Y )

as an open subscheme of M (r, d, x, r, u, v, L)^{(a,δ)}-^{ss}.

Let M(r, d, x, r, u, v, L)^{(a,δ)}-^{(s)s} stand for the functor that associates with a scheme S the set of isomorphism classes of families of (a, δ)-(semi)stable decorated flagged vector bundles of type (r, d, x, r, u, v, L) parameterized by S. We infer from the above theorem:

Corollary 5.2.3. The scheme M (r, d, x, r, u, v, L)^{(a,δ)}-^{(s)s} is the coarse moduli scheme for the functor M(r, d, x, r, u, v, L)^{(a,δ)}-^{(s)s}.

Remark 5.2.4. The divided powers are clearly defined over the integers. Therefore, the above theorem also works in the relative setting, i.e., for a curve C −→ Spec(R), possessing a section. The justification has already been given in Remark 3.2.4.

Now that we have stated our main result on the moduli spaces of decorated flagged vector bundles and have explained how we get from flagged principal G-bundles to decorated flagged vector bundles, we must next show how to work our way back from the above theorem to get moduli spaces of flagged principal G-bundles. This will be the content of the next sections.

5.3 The Moduli Space for ϱ-Flagged Pseudo G-Bundles

Let D, S, n, and Y be as above. A quotient family of ϱ-flagged pseudo Gbundles of type (x, r) (parameterized by the scheme S) is a tuple (k_S , τ_S , q_S ) which is composed of a quotient k_S : Y ⊗ π^⋆_C (O_C (n)) −→ E_S , a homomorphism τ_S : Sym^⋆(V ⊗ E^∨_S ) −→ O_{S×C} , and a tuple q_S = (q_{S,ij} : E_{S|S×{xi}} −→ Q_{S,ij} , j = 1, ..., t_i, i = 1, ..., b), such that

Documenta Mathematica 15 (2010) 423–488

462 J. Heinloth, A. H. W. Schmitt

• E_S is a vector bundle on S × C, such that [E_{S|{s}×C} ] ∈ S, for every s ∈ S(k),

• π_{S⋆}(k_S ⊗ id_π⋆_{C (OC (n))}): Y ⊗ O_S −→ π_{S⋆}(E_S ⊗ π^⋆_C (O_C (n))) is an isomorphism, and

• τ_S is non-trivial on every fiber {s} × C.

For these quotient families, we have an obvious notion of isomorphism.

Proposition 5.3.1. Fix the input data D and (x, r). The functor that assigns to a scheme S the set of isomorphism classes of quotient families of ϱ-flagged pseudo G-bundles of type (x, r) is representable by a quasi-projective scheme F_ϱ-_{FLPsBun}.

Let Q be the quasi-projective scheme that parameterizes quotients q : Y ⊗ O_C (−n) −→ E, such that [E] ∈ S and H^0(q(n)) is an isomorphism. The natural morphism F_ϱ-_{FLPsBun} −→ Q induces a projective morphism F_ϱ-_{FLPsBun}//G_m(k) −→ Q. (Here, the G_m(k)-action comes from the embedding of G_m(k) into GL(Y ) as the group of homotheties and the natural GL(Y )-action on F_ϱ-_{FLPsBun}.)

Fix stability parameters a and δ as before. We say that a ϱ-flagged pseudo Gbundle (E, τ, q) is (a, δ)-(semi)stable, if the associated decorated flagged vector bundle (E, q, φ) is so. Given the type (x, r), we define the moduli functor M(ϱ, x, r)^{(a,δ)}-^{(s)s} as the functor that assigns to a scheme S the isomorphism classes of (a, δ)-(semi)stable ϱ-flagged pseudo G-bundles parameterized by S. In order to obtain the moduli spaces, we proceed as follows. The natural transformation from the functor of isomorphism classes of families of ϱ-flagged pseudo G-bundles into the functor of decorated flagged vector bundles gives rise to the GL(Y )-equivariant morphism

AD : F_ϱ-_{FLPsBun} � � � � � P � � � Q

.

The subgroup G_m(k) = G_m(k) · id_V acts trivially on P and Q, so that AD induces the SL(Y )-equivariant morphism

AD : F_ϱ-_{FLPsBun}//G_m(k) � � � � � P � � � � Q

.

By Proposition 5.3.1, the scheme F_ϱ-_{FLPsBun}//G_m(k) is proper over Q, so that AD is a proper morphism. According to Lemma 5.1.8, it is also an injective map. Altogether, we realize that AD is a finite map.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 463

Theorem 5.2.2 claims that there are the SL(Y )-invariant open subsets P^{(a,δ)}-^{(s)s} that correspond to the (a, δ)-(semi)stable decorated flagged vector bundles. By definition, F^{(a,δ)}-^{(s)s} ϱ-FLPsBun := AD^{−1} � P^{(a,δ)}-^{(s)s} � is set the of (a, δ)-(semi)stable ϱ-flagged pseudo G-bundles, and we find

F^{(a,δ)}-^{(s)s} ϱ-FLPsBun//G^m(k) = AD^{−1} � P^{(a,δ)}-^{(s)s} � . We have seen that the good quotient P^{(a,δ)}-^{ss}// SL(Y ) exists as a projective scheme that contains the geometric quotient P^{(a,δ)}-^s/ SL(Y ) as an open subscheme. Since AD is finite, the quotients

M (ϱ, x, r)^{(a,δ)}-^{(s)s} := � F^{(a,δ)}-^{(s)s} ϱ-FLPsBun//G^m(k) � // SL(Y )

also exist. The scheme M (ϱ, x, r)^{(a,δ)}-^{ss} is a projective good quotient and M (ϱ, x, r)^{(a,δ)}-^s, an open subscheme of M^{(a,δ)}-^{ss}(ϱ, r), is a geometric quotient. Since � F^{(a,δ)}-^{(s)s} ϱ-FLPsBun//G^m(k) � // SL(Y ) = F^{(a,δ)}-^{(s)s} ϱ-FLPsBun// � G_m(k) × SL(Y ) � = F^{(a,δ)}-^{(s)s}

ϱ-FLPsBun// GL(Y ),

the scheme M (ϱ, x, r)^{(a,δ)}-^{ss} is the moduli space we were striving at. (More details on the above arguments may be found in the paper [15].) This construction implies the following result.

Theorem 5.3.2. The coarse moduli spaces M (ϱ, x, r)^{(a,δ)}-^{(s)s} for the functors M(ϱ, x, r)^{(a,δ)}-^{(s)s} exist, the scheme M (ϱ, x, r)^{(a,δ)}-^{ss} being projective.

Remark 5.3.3. The construction of this moduli space does not immediately generalize to curves over a base ring. Let us explain the remedy. We assume that G and the representation ϱ: G −→ GL(V_Z) are defined over the integers. By Seshadri’s generalization of GIT relative to base varieties which are defined over Nagata rings [39], the algebra

Sym^⋆(V_Z ⊗ Z^r)^G

is a finitely generated Z-algebra, and we have the good quotients

π : Hom(V_Z, Z^r) −→ Hom(V_Z, Z^r)//G := Spec � Sym^⋆(V_Z ⊗ Z^r)^G � −→ Spec(Z) and π : P � Hom(V_Z, Z^r)^∨

� � P�Hom(V_Z, Zr)∨�//G := Proj�Sym^⋆(V_Z ⊗ Zr)G� � Spec(Z).

Documenta Mathematica 15 (2010) 423–488

464 J. Heinloth, A. H. W. Schmitt

The quotient π^0 : Isom(V_Z, Z^r) −→ Isom(V_Z, Z^r)/G

is a principal G-bundle and thus a universal categorical quotient. However, the quotients π and π are not necessarily universal categorical quotients. This fact accounts for the slight modifications which we do have to make. The good quotient parameterizes orbits of geometric points with respect to the equivalence relation that two points map to the same point in the quotient, if and only if the closures of their orbits intersect. This implies the following.

Lemma 5.3.4. Let Z → Spec(Z) be a closed subscheme. Then, the canonical morphisms � Hom(V_Z, Z^r) ×_{Spec(Z)} Z � //G −→ � Hom(V_Z, Z^r)//G � ×_{Spec(Z)} Z and � P � Hom(V_Z, Z^r)^∨ � ×_{Spec(Z)} Z � //G −→ � P � Hom(V_Z, Z^r)^∨ � //G � ×_{Spec(Z)} Z

are bijective on geometric points.

Let us write � Hom(V_Z, Z^r) ×_{Spec(Z)} Z �~ //G := � Hom(V_Z, Z^r)//G � ×_{Spec(Z)} Z and � P � Hom(V_Z, Z^r)^∨ � ×_{Spec(Z)} Z � ~//G := � P � Hom(V_Z, Z^r)^∨ � )//G � ×_{Spec(Z)} Z.

Next, assume that E is a locally free sheaf on the scheme Y which is of finite type over Spec(R), R a Nagata ring. Then, we may easily construct the geometric quotient

~H := Hom(V ⊗ O_Y , E)~//G := � Isom(R^r ⊗ O_Y , E) ×_{Spec(R)} � Hom(V_Z, Z^r) ×_{Spec(Z)} Spec(R) �~ //G � /GL_r(R),

using local trivializations. The construction of Hom(V ⊗ O_Y , E)~//G clearly commutes with base changes Y^′ −→ Y . Moreover, we have the natural morphism Hom(V ⊗ O_Y , E)//G −→ Hom(V ⊗ O_Y , E)~//G

which is bijective, by Lemma 5.3.4. This construction has an algebraic counterpart. Define ~π : ~H −→ Y as the projection map, and let ~ Sym^⋆(E^∨ ⊗ V )^G

be the sheaf ~π_⋆(O_{~H} ). Then, we obtain the homomorphism

ps(E): ~Sym^⋆(E^∨ ⊗ V )^G −→ Sym^⋆(E^∨ ⊗ V )^G

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 465

that induces the bijective map Hom(V ⊗ O_Y , E)//G −→ ~H . Now, assume that C −→ Spec(R) is a curve over the Nagata ring R and that S −→ Spec(R) is a scheme of finite type over R. Then, a family of weak pseudo G-bundles on C parameterized by S, is a pair (E_S , ~τ_S ) that consists of a locally free sheaf E_S of rank dim(V ) on S ×_{Spec(R)} C , such that det(E_S ) is a pullback from S, and a homomorphism

~τ : ~Sym^⋆(E^∨_S ⊗ V )^G −→ O_{S×Spec(R) C}

whose fibers over S are non-trivial. Unlike the pseudo G-bundles that we had considered before, there is a pull-back for weak pseudo G-bundles, so that there are reasonable stacks and moduli functors for them. In the same manner, we can define ϱ-flagged weak pseudo G-bundles and families of such. Next, suppose that the algebra Sym^⋆(V_Z ⊗ Z^r)^G is generated in degrees ≤ s. By Remark 5.1.6, we may write � (d1 ,...,ds):

di≥0, � idi=s!

Sym^{d1} � (V_Z ⊗ Z^r)^G � ⊗ · · · ⊗ Sym^{ds} � Sym^i(V_Z ⊗ Z^r)^G �

as the quotient of D^{s!,v} (Z^r), for an appropriate integer v > 0. As before, we may therefore associate with a family of ϱ-flagged weak pseudo G-bundles a family of ϱ-flagged decorated vector bundles. We also point out the following result:

Lemma 5.3.5. Let G be a reductive algebraic group, X and Y projective schemes equipped with a G-action, and π : X −→ Y a finite and G-equivariant morphism. Suppose L is a G-linearized ample line bundle on Y . Then, for any point x ∈ X and any one-parameter subgroup λ: G_m −→ G, one has

μ_π⋆_{(L )}(λ, x) = μ_L � λ, π(x) � . Proof. This is Lemma 2.1 in [38] and also holds in positive characteristic: simply replace the G-module splitting by a splitting of the induced G_m-module.

In particular, we may apply this lemma to the finite morphism

π : P � Hom(V, k^r)^∨ � //G −→ P � Hom(V, k^r)^∨ �~ //G.

(Note that the ample line bundle N on the left hand space with which we compute the μ-function is indeed the pullback of the ample line bundle L on the right hand space with respect to which we compute the μ-function. Indeed, for r ≫ 0, N is constructed from the invariant global sections in O_{P(Hom(V,k}r_)∨_)(r) whereas L is constructed from those invariant sections that extend to P(Hom(V_Z, Z^r)^∨).) The lemma therefore shows that, if we use the above new construction to associate with a principal G-bundle P = (E, τ) a decorated vector bundle (E, φ), we may still characterize those weighted

Documenta Mathematica 15 (2010) 423–488

466 J. Heinloth, A. H. W. Schmitt

filtrations (E_•, β_•) that arise from reductions of P to one-parameter subgroups of G by the condition “μ(E_•, β_•; φ) = 0”, as in [15], Lemma 5.4.2. These considerations clearly show that the moduli spaces of ϱ-flagged weak pseudo G-bundles on C may be constructed from the moduli spaces of ϱ-flagged decorated vector bundles in the same way as before.

Note that, for ϱ-flagged principal G-bundles, nothing changes, because Isom(V ⊗ O_Y , E)/G is still an open subscheme of Hom(V ⊗ O_Y , E)~//G.

S-equivalence. — As usual, the points in the moduli space will be in one to one correspondence to the S-equivalence classes of (a, δ)-semistable pseudo G-bundles. So, in order to identify the closed points of M (ϱ, x, r)^{(a,δ)}-^{ss}, we have to explain this equivalence relation.

Suppose that (E, τ, q) is an (a, δ)-semistable ϱ-flagged pseudo G-bundle with associated decorated flagged vector bundle (E, q, φ) and that (E_•, β_•) is a weighted filtration of E with

M_a(E_•, β_•) + δ · μ � E_•, β_•; φ � = 0.

We first define the associated admissible deformation df_{(E•,β•)}(E, τ, q) = (E_{df} , τ_{df} , q_{df} ). We set E_{df} =

�_t

i=0 E_{i+1}/E_i. Let λ: G_m(k) −→ SL_r(k) be a one-parameter subgroup whose weighted flag (W_•(λ), β_•(λ)) in k^r satisfies:

• dim(W_i) = rk(E_i), i = 1, ..., t, in W_•(λ) : 0 ⊊ W_1 ⊊ · · · ⊊ W_t ⊊ k^r;

• β_•(λ) = β_•.

Then, the given filtration E_• corresponds to a reduction of the structure group of Isom(O^{⊕r}_C , E) to Q(λ). On the other hand, λ defines a decomposition

Sym^⋆ � V ⊗ (k^r)^∨

�_G = � i∈Z U^i,

U^i being the eigenspace to the character z −→ z^i, i ∈ Z. With U_i := � j≤i U^i, we define the filtration

· · · ⊂ U_{i−1} ⊂ U_i ⊂ U_{i+1} ⊂ · · · ⊂ Sym^⋆ � V ⊗ (k^r)^∨

�_G . (7)

Observe that Q(λ) fixes this filtration. Thus, we obtain a Q(λ)-module structure on � i∈Z U_i/U_{i−1} ∼= Sym^⋆ � V ⊗ (k^r)^∨

�_G

. (8)

Next, we write Q(λ) = R_u(Q(λ)) ⋊ L(λ) where L(λ) ∼= GL(W_1/W_0) × · · · × GL(k^r/W_t) is the centralizer of λ. Note that (8) is an isomorphism of L(λ)-modules. The process of passing from E to E_{df} corresponds to first reducing the structure group to Q(λ), then extending it to L(λ) via

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 467

Q(λ) −→ Q(λ)/R_u(Q(λ)) ∼= L(λ), and then extending it to GL_r(k) via the inclusion L(λ) ⊂ GL_r(k). By (7), there is a filtration

· · · ⊂ U_{i−1} ⊂ U_i ⊂ U_{i+1} ⊂ · · · ⊂ Sym^⋆(V ⊗ E^∨)^G,

and, by (8), we have a canonical isomorphism

Sym^⋆(V ⊗ E^∨_{df} )^G ∼= � i∈Z U_i/U_{i−1}. (9)

Observe that the modules U_i and U_i/U_{i−1}, i ∈ Z, are graded by the degree in the algebra Sym^⋆(V ⊗ E^∨)^G, so that the algebra in (9) is in fact bigraded. We now look at the subalgebra S_μ consisting of the components of bidegree (d, i) where either d = 0 or d > 0 and i d = 1 s! · μ(E_•, β_•; φ).

Then, τ clearly induces a non-trivial homomorphism τ_μ on S_μ, and we define τ_{df} as τ_μ on S_μ and as zero on the other components. The flagging q_{df} of E_{df} is obtained by a similar procedure.

Remark 5.3.6. If (E, τ, q) is a ϱ-flagged principal G-bundle and δ ≫ 0, the arguments of [15], proof of Theorem 5.4.1, show that admissible deformations are associated with weighted filtrations (E_•, β_•), such that M_a(E_•, β_•) = 0 and μ(E_•, β_•; φ) = 0. In that case, S_0 = U_0. Recall that μ(E_•, β_•; φ) = 0 means that (E_•, β_•) comes from a reduction of P = (E, τ) to a parabolic subgroup ([15], Lemma 5.4.2).

A ϱ-flagged pseudo G-bundle (E, τ, q) is said to be (a, δ)-polystable, if it is (a, δ)- semistable and equivalent to every admissible deformation df_{(E•,β•)}(E, τ, q) = (E_{df} , τ_{df} , q_{df} ) associated with a filtration (E_•, β_•) of E with M_a(E_•, β_•) + δ · μ � E_•, β_•; φ � = 0.

Lemma 5.3.7. Let (E, τ, q) be an (a, δ)-semistable ϱ-flagged pseudo G-bundle. Then, there exists an (a, δ)-polystable admissible deformation gr(E, τ, q) of (E, τ, q). The ϱ-flagged pseudo G-bundle gr(E, τ, q) is unique up to equivalence.

In general, not every admissible deformation will immediately lead to a polystable ϱ-flagged pseudo G-bundle, but any iteration of admissible deformations (leading to non-equivalent ϱ-flagged pseudo G-bundles) will do so after finitely many steps. We call two (a, δ)-semistable ϱ-flagged pseudo G-bundles (E, τ, q) and (E^′, τ^′, q^′) S-equivalent, if gr(E, τ, q) and gr(E^′, τ^′, q^′) are equivalent.

Sketch of proof of Lemma 5.3.7. The lemma follows from our GIT construction of the moduli space. As is well-known, two points y, y^′ ∈ F^{(a,δ)}-^{ss}, F := F_ϱ-_{FLPsBun}, will be mapped to the same point in the quotient, if and only

Documenta Mathematica 15 (2010) 423–488

468 J. Heinloth, A. H. W. Schmitt

if the closures of their orbits intersect. Let us call the resulting equivalence relation orbit equivalence. Let y ∈ F^{(a,δ)}-^{ss} be a point and λ: G_m(k) −→ SL(Y ) a one parameter subgroup with μ(λ, y) = 0. Define y_∞(λ) := lim_{z→∞} λ(z)·y. By the Hilbert–Mumford criterion (see [32], p. 53, i), and Lemma 0.3), orbit equivalence is the equivalence relation that is generated by y ∼ y_∞(λ), y ∈ F^{(a,δ)}-^{ss}, λ a one-parameter subgroup of SL(Y ) with μ(λ, y) = 0.

On the other hand, if y represents the ϱ-flagged pseudo G-bundle (E, τ, q), then λ induces a weighted filtration (E_•, β_•) with M_a(E_•, β_•) + δ · μ(E_•, β_•; φ) = 0 and y_∞(λ) represents the admissible deformation df_{(E•,β•)}(E, τ, q). Conversely, any admissible deformation of (E, τ, q) comes from a one-parameter subgroup λ of SL(Y ) with μ(λ, y) = 0. The assertion of the lemma now results from the fact that the closure of any orbit contains a unique closed orbit. The details of the above proof consist of a very careful but routine analysis of the computations with the Hilbert–Mumford criterion (which will be performed in Section 5.6).

Corollary 5.3.8. The closed points of the moduli space M (ϱ, x, r)^{(a,δ)}-^{ss} are in one to one correspondence to the S-equivalence classes of (a, δ)-semistable ϱflagged pseudo G-bundles of type r, or, equivalently, to the isomorphism classes of (a, δ)-polystable ϱ-flagged pseudo G-bundles of type r.

5.4 The Moduli Spaces for ϱ-Flagged Principal G-Bundles

Let us remind the reader of the set-up for ϱ-flagged principal G-bundles. First, we fix an element ϑ ∈ π_1(G), a tuple x = (x_1, ..., x_b) of distinct k-rational points on C, and a tuple P = (P_1, ..., P_b) of parabolic subgroups of GL(V ). The tuple P gives rise to a tuple r = (r_{ij} , j = 1, ..., t_i, i = 1, ..., b) of positive integers.

Let a = (a_1, ..., a_b) be a stability parameter where a_i ∈ X^⋆(P_i)^∨_{Q,+}, i = 1, ..., b. Then, representing a_i by a rational one-parameter subgroup, we obtain a weighted flag (V_•(a_i), β_•(a_i)) in V , i = 1, ..., b. The tuple β_•(a_i) does not depend on the choice of the representative for a_i. Hence, we get the well-defined tuple a^ϱ = (a^ϱ_{ij} , j = 1, ..., t_i, i = 1, ..., b) via � a^ϱ_{i1}, ..., a^ϱ_{iti} � := r · β_•(a_i), i = 1, ..., b.

Proposition 5.4.1. There is a positive rational number δ_0, such that for every rational number δ > δ_0 and every ϱ-flagged principal G-bundle (P, s) of type (x, P ) with associated ϱ-flagged pseudo G-bundle (E, τ, q) of type (x, r) the following properties are equivalent:

i) (P, s) is an a-(semi)stable ϱ-flagged principal G-bundle.

ii) (E, τ, q) is an (a^ϱ, δ)-(semi)stable ϱ-flagged pseudo G-bundle.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 469

Proof. First note that the set of isomorphism classes of a-semistable ϱ-flagged principal G-bundles of type (x, P ) is bounded. Indeed, given a parabolic subgroup Q of G, we write the pair (Q, det_Q) as (Q_G(λ), χ_{−λ}) for some oneparameter subgroup λ of G. Since there only finitely many conjugacy classes of parabolic subgroups of G, it is clear that we may find a constant D_1 with � (~χ_λ)_{si} , a_{si} � = − � (~χ_{−λ})_{si} , a_{si} � ≥ D_1,

for any reduction P_Q of P to Q and i = 1, ..., b. The condition of asemistability thus gives the estimate deg � P_Q(det_Q) � ≥ b� i=1 � (~χ_λ)_{si} , a_{si} � ≥ b · D_1.

Therefore, the degree of instability of P as a principal G-bundle is bounded from below by a constant that depends only on the input data. As is well known (see, e.g., [4]) this implies that P belongs to a bounded family of isomorphism classes of principal G-bundles.

Using Proposition 5.1.3, the rest of the arguments are now identical to those given in the proof of Theorem 5.4.1 in [15].

As is obvious from Lemma 5.1.4, there is an open and GL(Y )-invariant subscheme F_ϱ-_{FlBun} ⊂ F_ϱ-_{FlPsBun}

that parameterizes the ϱ-flagged principal G-bundles. We claim that

F^a-^{ss}_ϱ-_{FlBun} := F^{(aϱ ,δ)}-^{ss} ϱ-FlPsBun ∩ F^ϱ-^{FlBun}

is a saturated open subset, i.e., for every point f ∈ F^a-^{ss}_ϱ-_{FlBun}, the closure of the orbit GL(Y ) · f inside F^{(aϱ,δ)}-^{ss}_ϱ-_{FlPsBun} is contained in F^a-^{ss}_ϱ-_{FlBun}. The discussion of S-equivalence of ϱ-flagged pseudo G-bundles shows that this statement is equivalent to the fact that the set of isomorphism classes of a-semistable ϱ-flagged principal bundles is closed under S-equivalence inside the set of isomorphism classes of (a^ϱ, δ)-semistable ϱ-flagged pseudo G-bundles. To see this, note that, by Remark 5.3.6, an admissible deformation of the ϱ-flagged principal bundle (E, τ, q) is associated with a weighted filtration (E_•(P_Q), β_•(P_Q)), coming from a reduction P_Q of P to a parabolic subgroup Q of G, such that

M_a � E_•(P_Q), β_•(P_Q) � = 0.

It is easy to verify that (E_{df} , τ_{df} ) in df_{(E•(δ),β•(δ))}(E, τ, q) = (E_{df} , τ_{df} , q_{df} ) defines again a principal G-bundle. (In fact, P is obtained from P_Q by means of extending the structure group via Q ⊂ G. Extending the structure group of P_Q via Q −→ L ⊂ G, L a Levi subgroup of Q, yields the principal bundle P_{df} corresponding to (E_{df} , τ_{df} ).)

Documenta Mathematica 15 (2010) 423–488

470 J. Heinloth, A. H. W. Schmitt

Since F^a-^{ss}_ϱ-_{FlBun} is a saturated subset of F^{(aϱ,δ)}-^{ss}_ϱ-_{FlPsBun}, there is an open subset U ⊂ F^{(aϱ,δ)}-^{ss}

ϱ-FlPsBun// GL(Y ), such that F^a

-ss_ϱ -FlBun is the preimage of U under the quotient map F^{(aϱ,δ)}-^{ss}_ϱ-_{FlPsBun} −→ F^{(aϱ,δ)}-^{ss}_ϱ-_{FlPsBun}// GL(Y ), and

U = F^a-^{ss}_ϱ-_{FlBun}// GL(Y )

is the good quotient. Likewise, we see that the geometric quotient F^a-^s_ϱ-_{FlBun}/ GL(Y ) does exist. We define

M (ϑ, ϱ, x, P )^a-^{(s)s} := F^a-^{(s)s}_ϱ-_{FlBun}// GL(Y ).

Theorem 5.4.2. Assume that the stability parameter a is such that

�_{ti} j=1 a^ϱ_{ij} < 1 for i = 1, ..., b. Then, the moduli spaces M (ϑ, ϱ, x, P )^a-^{(s)s} for the functors that assign to a scheme S the set of isomorphism classes of families of a- (semi)stable ϱ-flagged principal G-bundles of topological type ϑ and type (x, P ) exist as quasi-projective schemes.

Finally, we note that the same argument as in Theorem 5.4.4 in [15] gives the following result:

Theorem 5.4.3 (Semistable reduction). Assume that the representation ϱ: G −→ GL(V ) is of low separable index or that G is an adjoint group, ϱ: G −→ GL(Lie(G)) is the adjoint representation, and that the characteristic of k is larger than the height of ϱ. Then, M (ϑ, ϱ, x, P )^a-^{(s)s} is projective.

5.5 The Moduli Spaces for Flagged Principal G-Bundles

We fix ϑ ∈ π_1(G), x = (x_1, ..., x_b), and the tuple P = (P_1, ..., P_s) of parabolic subgroups of G. Let a = (a_1, ..., a_b) be a stability parameter with a_i ∈ X^⋆(P_i)^∨_{Q,+}, i = 1, ..., b.

For the moment, let ϱ: G −→ GL(V ) be any (not necessarily faithful) representation. We assume that we may represent the a_i by rational one-parameter subgroups that do not lie in the kernel of ϱ. Then, the same construction as in the last section provides us with a tuple a^ϱ = (a^ϱ_{ij} , j = 1, ..., t_i, i = 1, ..., b) of positive rational numbers. We say that the stability parameter a is ϱ-admissible, if the condition_{ti} � j=1 a^ϱ_{ij} < 1, i = 1, ..., b,

is verified.

Lemma 5.5.1. The stability parameter a is Ad-admissible, if and only it is admissible in the sense of the definition following Remark 4.1.5.

Proof. Let a be a rational one-parameter subgroup of the maximal torus T ⊂ G. The eigenspaces of a are direct sums of root spaces, and a acts on the space

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 471

for the root α with the weight ⟨α, a⟩. The Lie algebra of T is contained in the eigenspace to the weight zero. Since, for every root α, −α is also a root, the weights of the eigenspaces of a are (in increasing order) −γ_s, ..., −γ_1, 0, γ_1, ..., γ_s. If (a_1, ..., a_t) = dim(G) · β_•(a), we infer t� j=1 a_j = 2γ_s.

The condition

�_t j=1 a_j < 1 thus amounts to the condition γ_s < 1/2. Since |⟨α, a⟩| ≤ γ_s for all roots and equality holds for at least one root, these considerations establish our claim.

Note that there is a GL(Y )-invariant closed subscheme

F_{FlBun} → F_ϱ-_{FlBun}

that parameterizes the flagged principal G-bundles. Recall that we have verified in Lemma 5.1.2 the compatibility of the notions of (semi)stability. Theorem 5.4.2 thus immediatly implies:

Theorem 5.5.2. Let a be a stability parameter, such that there exists a faithful representation ϱ: G −→ GL(V ) for which a is ϱ-admissible. Then, the moduli spaces M (ϑ, x, P )^a-^{(s)s} for the functors of isomorphism classes of families of a-(semi)stable flagged principal G-bundles of topological type ϑ and type (x, P ) exist as quasi-projective schemes. They are projective by Theorem 4.4.1.

Corollary 5.5.3. Assume that the stability parameter a is admissible. Then, the moduli spaces M (ϑ, x, P )^a-^{(s)s} exist as projective schemes.

Proof. If G is an adjoint group, the quasi-projectivity of the moduli space is a restatement of Theorem 5.4.2, taking into account Lemma 5.5.1. Properness follows from Theorem 4.4.1.

In general, one can use Ramanathan’s method to construct the moduli space for an arbitrary semisimple group from the one of the adjoint group. (Observe that every flagged principal G-bundle (P, s) defines in a natural way an adjoint flagged principal G-bundle Ad(P, s), such that (P, s) is a-semistable, if and only if Ad(P, s) is so.) The necessary techniques are described in Section 5 of [16].

Remark 5.5.4. i) The corollary gives a complete construction of the moduli spaces of flagged principal G-bundles in all characteristics. Note that we do not need it for our applications, because we are allowed to make the stability parameter a as small as we wish to (cf. the proof of Proposition 4.2.2). Thus, having prescribed any faithful representation ϱ, we may for our purposes assume that a is ϱ-admissible.

ii) Note that, in our application, we need only the moduli spaces for stability parameters of coprime type. For these stability parameters, the properness of the moduli space implies the semistable reduction theorem, by Lemma 3.3.1.

Documenta Mathematica 15 (2010) 423–488

472 J. Heinloth, A. H. W. Schmitt

iii) Suppose that R is, as in Corollary 3.3.4, a ring of finite type over Z, regular and of dimension at most 1. Assume that C −→ Spec(R) is a smooth projective curve. We claim that in this setting, we can construct our moduli space M_C (ϑ, x, P )^a-^{ss} as a projective scheme over Spec(R). The only case in which this is not completely obvious is the case when Spec(R) dominates Spec(Z). By Remark 5.3.3, we know that we can construct M_C (ϑ, x, P )^a-^{ss} as a quasi-projective scheme; let M −→ Spec(R) be the closure that is obtained as the quotient of the closure of the locus a-semistable flagged principal G-bundles in F^{(a,δ)}-^{ss}_ϱ-_{FLPsBun}. By Proposition 2.1.2 and Remark 2.1.3, the moduli space M_C (ϑ, x, P )^a-^{ss} is irreducible, so that the same holds for M . Let C_η be the generic fiber of C over Spec(R). We know that the generic fiber of M is the projective moduli space M_{Cη} (ϑ, x, P )^a-^{ss}. By the same argument as before, this moduli space is irreducible and, hence, connected. If r ∈ Spec(R) is a closed point, and C_r is the fiber of C over r, then the semistable reduction theorem (Theorem 4.4.1 and 5.4.3) implies that M_{Cr} (ϑ, x, P )^a-^{ss} is a connected component of the fiber of M over r. Thus, we have to show that M −→ Spec(R) has connected fibers. This follows from Stein factorization: indeed, if we factorize M −→ Spec(R^′) −→ Spec(R), such that the morphism M −→ Spec(R^′) has connected fibers, then Spec(R^′) −→ Spec(R) must be an isomorphism. This follows, because it is an isomorphism at the generic point (the generic fiber of M was already connected) and R is assumed to be normal.

5.6 Construction of the Moduli Spaces for Decorated Flagged Vector Bundles

In this section, we will first give the proof of Proposition 5.2.1 by an explicit construction and then carry out the most difficult parts in the proof of Theorem 5.2.2.

Construction of the Parameter Space. — We fix the type (r, d, x, r, u, v, L). Again, we pick a point x_0 ∈ C and write O_C (1) for O_C (x_0). By Proposition 5.1.10, we can choose an integer n_0, such that, for every n ≥ n_0 and every (a, δ)-semistable decorated flagged vector bundle (E, q, φ) of type (r, d, x, r, u, v, L), the following conclusions are true:

• H^1(E(n)) = {0} and E(n) is globally generated;

• H^1(det(E)(rn)) = {0} and det(E)(rn) is globally generated.

Furthermore, we suppose:

• H^1(L(un)) = {0} and L(un) is globally generated.

Choose some n ≥ n_0 and set l := d + rn + r(1 − g). Let Y be a k-vector space of dimension l. We define Q^0 as the quasi-projective scheme parameterizing equivalence classes of quotients k : Y ⊗ O_C (−n) −→ E where E is a vector

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 473

bundle of rank r and degree d on C and H^0(k(n)) is an isomorphism. Then, there is the universal quotient

k_Q0 : Y ⊗ π^⋆_C � O_C (−n) � −→ E_Q0

on Q^0 × C. Set

H := Hom � D^{u,v} (Y ), L(un) � and H := P(H^∨) × Q^0.

We let k_H : Y ⊗ π^⋆_C � O_C (−n) � −→ E_H

be the pullback of k_Q0 to H × C. Now, on H × C, there is the tautological homomorphism

s_H : D^{u,v} (Y ) ⊗ O_H −→ π^⋆_C � L(un) � ⊗ π^⋆_H � O_H(1) � . Let T be the closed subscheme defined by the condition that s_H ⊗π^⋆_C (id_{OC (−un)}) vanishes on ker � D^{u,v}(Y ) ⊗ π^⋆_C � O_C (−un) � −→ D^{u,v} (E_H) � (cf. Remark 5.1.7). Let k_T : Y ⊗ π^⋆_C � O_C (−n) � −→ E_T

be the restriction of k_H to T × C. By definition, there is the universal homomorphism φ_T : D^{u,v} � E_T � −→ π^⋆_C (L) ⊗ π^⋆_T(N_T).

Here, N_T is the restriction of O_H(1) to T.

Next, let G_{ij} be the Graßmann variety that parameterizes the r_{ij} -dimensional quotients of the vector space Y , j = 1, ..., t_i, i = 1, ..., s, and set G := Xj=1,...,t_i,i=1,...,s Gij . We construct the parameter space P as a closed subscheme of T × G: on the scheme ~P := T × G, there are the tautological quotients

~q_{~P,ij} : Y ⊗ O_{~P×C} −→ ~R_{~P,ij} , j = 1, ..., t_i, i = 1, ...., s.

We define the closed subscheme P by the condition that ~q_{~P,ij} vanishes on the kernel of the restriction of k_{~P} to ~P × {x_i}, for all j = 1, ..., t_i, i = 1, ...., s. Let N_P be the pullback of N_T to P. Similarly, we may pull back k_T and φ_T from T × C to P × C in order to obtain

k_P : Y ⊗ π^⋆_C � O_C (−n) � −→ E_P and φ_P : D^{u,v} � E_P � −→ π^⋆_C (L) ⊗ π^⋆_P(N_P).

Documenta Mathematica 15 (2010) 423–488

474 J. Heinloth, A. H. W. Schmitt

Finally, on P × {x_i}, we have the quotients

q_{P,ij} : E_{P|P×{xi }} −→ R_{P,ij} , j = 1, ..., t_i, i = 1, ...., s.

We call (E_P; q_P; φ_P) the universal family. This name is justified, because any family of decorated flagged vector bundles parameterized by a scheme S is locally induced by a morphism to P and this universal family. Finally, we note that there is a canonical action of the group GL(Y ) on the parameter space P, and it will be our task to construct the good and the geometric quotient of the open subsets that parameterize the semistable and the stable objects, respectively. Since the center G_m(k) · id_Y acts trivially on P, it suffices to construct the respective quotients for the action of SL(Y ).

The Map to the Gieseker Space. — Let Jac^d be the Jacobian variety that classifies the line bundles of degree d on C, and choose a Poincaré sheaf P on Jac^d ×C. By our assumptions on n, the sheaf

K_1 := Hom

�^r�

(Y ) ⊗ O_{Jac}d , π_{Jac}d_⋆ � P ⊗ π^⋆_C (O_C (rn)) � is locally free. We set K_1 := P(K^∨_1 ). By replacing P with P ⊗ π^⋆_{Jacd} (sufficiently ample)^∨, we may assume that O_{K1} (1) is very ample. Let d: P −→ Jac^d be the morphism associated with

�_r (E_P), and let A_P be a line bundle on P with

�_r

(E_P) ∼= (d × id_C )^⋆(P) ⊗ π^⋆_P(A_P). Then, r� k_P ⊗id_π⋆_{C (OC (n))} � : r� (Y )⊗O_P −→ (d×id_C )^⋆(P)⊗π^⋆_C � O_C (rn) � ⊗π^⋆_P(A_P)

defines a morphism ι_1 : P −→ K_1 with ι^⋆_1(O_{K1} (1)) ∼= A_P.

Define K_2 := P(H^∨) (see above) as well as the Gieseker space G := K_1×K_2×G, and let ι := (ι_1 × id_{K2} × id_G): P −→ G

be the natural, SL(Y )-equivariant, and injective morphism. Using the ample line bundles on the G_{ij} that are induced by the Plücker embedding, we find, for every tuple e := (e_1; e_2; ε_{ij} , j = 1, ..., t_i, i = 1, ..., s) of positive rational numbers, the SL(Y )-linearized ample Q-line bundle

L_e := O � e_1; e_2; ε_{ij} , j = 1, ..., t_i, i = 1, ..., s � on the Gieseker space G.

Linearize the SL(Y )-action on G in L_e with

e_1 := l−u·δ− s� i=1 t_i�

j=1 r_{ij} ·a_{ij} , e_2 := r·δ, ε_{ij} := r·a_{ij} , j = 1, ..., t_i, i = 1, ..., s,

(10) and denote by G^e-^{(s)s} the sets of points in G that are SL(Y )-(semi)stable with respect to the linearization in the line bundle L_e.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 475

Theorem 5.6.1. Given a point p ∈ P, denote by (E_p; q_p; φ_p) the restriction of the universal family to P × {p}. Then, for n large enough, the following two properties hold true.

i) The preimages ι^{−1}(G^e-^{(s)s}) consist exactly of those points p ∈ P for which (E_p; q_p; φ_p) is an (a, δ)-(semi)stable decorated flagged vector bundle of type (r, d, x, r, u, v, L). ii) The morphism ι^′ : P^e-^{ss} −→ G^e-^{ss},

induced by restricting the morphism ι to the preimage P^e-^{ss} of G^e-^{ss}, is proper.

The proof resembles the one of Theorem 2.11 in [37] and Theorem 4.4.1 in [15]. A part of it will be explained in the following section.

Elements of the Proof of Theorem 5.6.1. — Let p be a point in the parameter space P, such that the decorated flagged vector bundle (E_p; q_p; φ_p) is (a, δ)-(semi)stable. In this section, we will demonstrate that the Gieseker point ι(p) is (semi)stable with respect to the chosen linearization of the SL(Y )- action.

By the Hilbert–Mumford criterion, we have to show that, for every oneparameter subgroup λ: G_m(k) −→ SL(Y ), the inequality

μ_{Le} � λ, ι(p) � = e_1 · μ_{OK1 (1)} � λ, ι_1(t) � + e_2 · μ_{OK2 (1)} � λ, ι_2(t) �

+ s� i=1 t_i�

j=1 ε_{ij} · μ_{OGij (1)}(λ, q_{ij} ) (≥) 0 (11)

is satisfied. The one-parameter subgroup λ provides us with the weighted flag (Y_•(λ), δ_•(λ)) in the vector space Y . We write

Y_•(λ) : 0 =: Y_0 ⊊ Y_1 ⊊ · · · ⊊ Y_τ ⊊ Y_{τ +1} := Y ; δ_•(λ) = (δ_1, ..., δ_τ ).

We remind the reader that there is an integer N > 0 (which is the number of summands in (5)), such that

D^{u,v}(Y ) ⊂ Y_{u,N} := � Y^{⊗u}

�_{⊕N} . Let k_p : Y ⊗ O_C (−n) −→ E_p be the quotient corresponding to p. For h ∈ { 1, ..., τ }, define l_h := dim(Y_h) and F_h := k_p(Y_h ⊗ O_C (−n)). Now, using (11), we compute

μ_{Le} � λ, ι(p) � = e_1 · τ� h=1 δ_h · � l · rk(F_h) − l_h · r � + e_2 · μ_{OK2 (1)} � λ, ι_2(t) � +

+ s� i=1 t_i�

j=1 ε_{ij} · τ� h=1 δ_h · � l · dim(q_{ij} (F_h)) − l_h · r_{ij} � .

Documenta Mathematica 15 (2010) 423–488

476 J. Heinloth, A. H. W. Schmitt

We first inspect the quantity μ_{OK2 (1)}(λ, ι_2(t)). To this end, let ~E_h be the subbundle of E_p that is generated by F_h, h = 0, ..., τ + 1. Note that improper inclusions may occur among the bundles ~E_h, i.e., there might exist indices h^′ < h with ~E_h′ = ~E_h. We eliminate these improper inclusions in order to find the filtration

E_• : 0 =: E_0 ⊊ E_1 ⊊ · · · ⊊ E_t ⊊ E_{t+1} := E_p.

With each index j ∈ { 1, ..., t }, we associate the set

T (j) := � h ∈ { 1, ..., τ } � � ~E_h = E_j �

and the positive rational number

β_j := � h∈T (j)

δ_h. (12)

Setting β_• := (β_1, ..., β_t), we have defined the weighted filtration (E_•, β_•) of E. In addition, we define the function J : { 1, ..., τ } −→ { 1, ..., t } by requiring that ~E_h = E_{J(h)}, h = 1, ..., τ. For an index j ∈ { 0, ..., t + 1 }, we set

h(j) := min � h = 1, ..., τ | ~E_h = E_j � , Y_j := Y_{h(j)}, h(j) := max � h = 1, ..., τ | ~E_h = E_j � , Y_j := Y_{h(j)},

and also, for j = 1, ..., t, ~Y_j := Y_j /Y_{j−1}.

Next, given an index tuple (i_1, ..., i_u) ∈ I := { 1, ..., t + 1 }^{×u}, we introduce the vector space ~Y_{i1 ,...,iu} := � ~Y_{i1} ⊗ · · · ⊗ ~Y_{iu} �^{⊕N} .

We fix a basis y for Y that consists of eigenvectors for the one-parameter subgroup λ and has the property

⟨ y_1, ..., y_{lh} ⟩ = Y_h, h = 0, ..., τ + 1.

Using this basis, we may view ( ~Y_{i1 ,...,iu} )^{⊕N} as a subspace of Y_{ν,N} , and declare

~Y^⋆_{i1 ,...,iu} := ~Y_{i1 ,...,iu} ∩ D^{u,v} (Y ).

If we are also given a weight vector γ = (γ_1, ..., γ_l), we let λ(y, γ) be the one-parameter subgroup with λ(y, γ)(y_i) = z^{γi} · y_i, z ∈ G_m(k), i = 1, ..., l. Apparently,

λ = λ(y, γ) for γ = τ� h=1 δ_h · γ^{(lh)}_l .

We also define the one-parameter subgroups λ^h := λ(y, γ^{(lh)}_l ), h = 1, ..., τ. Then, the subspaces ~Y^⋆_{i1 ,...,iu} , (i_1, ..., i_u) ∈ I, that we have just defined are

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 477

eigenspaces for all the one-parameter subgroups λ^1, ..., λ^τ . Indeed, define for i ∈ I and j ∈ { 0, ..., t + 1 },

ν_j (i) = # � i_k ≤ j | k = 1, ..., u � . Since h(j) ≤ h holds precisely when j ≤ J(h), the one-parameter subgroup λ^h acts on ~Y^⋆_{i1 ,...,iu} with weight l_h · u − l · ν_{J(h)}(i_1, ..., i_u), i = (i_1, ..., i_u) ∈ I, h = 1, ..., τ.

The homomorphism φ_p is determined by the homomorphism

F_p : D^{u,v}(Y ) −→ H^0 � L(un) � . Therefore,

μ_{OK2(1)} (λ, F_p) ≥ (13)

− min

�^τ� h=1 δ_h � l_h · u − l · ν_{J(h)}(i_1, ..., i_u) � � i = (i_1, ..., i_u) ∈ I : F_{p| ~Y} ⋆_{i1 ,...,iu} ≢ 0 � . Let i_0 = (i^0_1, ..., i^0_u) ∈ I be an index tuple, such that the minimum in the second formula in Remark 5.1.9 is achieved for this index tuple.

Lemma 5.6.2. The restricted homomorphism F_{p| ~Y} ⋆_{i01 ,...,i0u} is non-trivial.

Proof. Under the surjection D^{u,v}(Y ⊗ O_C (n)) −→ D^{u,v} (E_p(n)) that is induced by k_p, the vector space F_{p| ~Y} ⋆_{i01 ,...,i0u} maps to the global sections of the bundle

E_i0_1 (n) ⋆ · · · ⋆ E_i0_u (n), and � D^{u,v} (Y ) ∩ � Y^′_i0_1 ⊗ · · · ⊗ Y^′_i0_u

�_{⊕N} �

⊗O_C (un) with Y^′_j := j� k=1 ~Y_k, j = 1, ..., t,

generically generates that bundle. To see these assertions, observe that

D^{u1} (Y ) ⊗ · · · ⊗ D^{uv} (Y ) ⊂ Y^{⊗u}, for u_1 + · · · + u_v = u,

is, by definition, the submodule that is invariant under action of Σ_{u1} ×· · ·×Σ_{uv} , Σ_w being the symmetric group in w letters, w > 0. The intersection

D^{u1} (Y ) ⊗ · · · ⊗ D^{uv} (Y ) ∩ � Y^′_i0_1 ⊗ · · · ⊗ Y^′_i0_u � is consequently of the form

D^{u1} (Y^′_i⋆_1 ) ⊗ · · · ⊗ D^{uv} (Y^′_i⋆_v )

where i^⋆_1 is the smallest index among i^0_1,...,i^0_{u1} , i^⋆_2 is the smallest index among i^0_{u1+1},...,i^0_{u2} , and so on. The map (Y ⊗ O_C (−n))^{⊗u} −→ E^{⊗u}_p is certainly equivariant under the (Σ_{u1} ×· · ·×Σ_{uv} )-action and is easily seen to induce a surjection

Documenta Mathematica 15 (2010) 423–488

478 J. Heinloth, A. H. W. Schmitt

D^{u1} (Y ⊗ O_C (−n)) ⊗ · · · ⊗ D^{uv} (Y ⊗ O_C (−n)) −→ D^{u1} (E_p) ⊗ · · · ⊗ D^{uv} (E_p).

Since the isomorphism Y −→ H^0(E_p(n)) maps Y^′_j to the global sections of

E_j (n), j = 1, ..., t, and Y^′_j generically generates the bundle E_j , we see that

D^{u1} (Y^′_i⋆_1 ) ⊗ · · · ⊗ D^{uv} (Y^′_i⋆_v ) generically generates

D^{u1} (E_i⋆_1 ) ⊗ · · · ⊗ D^{uv} (E_i⋆_v ) = � D^{u1} (E_p) ⊗ · · · ⊗ D^{uv} (E_p) � ∩ � E_i0_1 ⊗ · · · ⊗ E_i0_u � . Therefore, if F_{p| ~Y} ⋆_{i01 ,...,i0u} were zero, we would find indices i^′_j ≤ i^0_j , j = 1, ..., u,

where at least one inequality is strict, such that F_{p| ~Y} ⋆_{i′1 ,...,i′u} ≢ 0. By the same

argument as before, this would imply that the restriction of φ_p to E_i′_1 ⋆ · · ·⋆ E_i′_u

was non-trivial. But clearly

γ_i′_1 + · · · + γ_i′_u < γ_i0_1 + · · · + γ_i0_u .

This contradicts our choice of i_0.

Using (13), we find

μ_{OK2(1)} (λ, F_p) ≥ − τ� h=1 δ_h · � l_h · u − l · ν_{J(h)}(i^0_1, ..., i^0_u) �

≥ − t� j=1 β_j · � h^0(E_j (n)) · u − l · ν_j (i^0_1, ..., i^0_u) � . (14)

We note our first estimate:

μ_{Le} � λ, ι(p) � ≥ e_1 · τ� h=1 δ_h · � l · rk(F_h) − l_h · r � +

+e_2 · t� j=1 β_j · � l · ν_j (i^0_1, ..., i^0_u) − h^0(E_j (n)) · u � + (15)

+ s� i=1 t_i�

j=1 ε_{ij} · τ� h=1 δ_h · � l · dim(q_{ij} (F_h)) − l_h · r_{ij} � . For j ∈ { 1, ..., t }, choose h^⋆(j) ∈ T (j), such that

e_1 · � l · rk(F_h⋆_{(j)}) − l_h⋆_{(j)} · r � + + s� i=1 t_i�

j=1 ε_{ij} · � l · dim(q_{ij} (F_h⋆_{(j)})) − l_h⋆_{(j)} · r_{ij} �

= min � e_1 · � l · rk(F_h) − l_h · r � + s� i=1 t_i�

j=1 ε_{ij} · � l · dim(q_{ij} (F_h)) − l_h · r_{ij} � �

h ∈ T (j) � . Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 479

Together with (15), we arrive at our second estimate:

μ_{Le} � λ, ι(p) � ≥ e_1 · t� k=1 β_k · � l · rk(F_h⋆_{(k)}) − l_h⋆_{(k)} · r � +

+e_2 · t� k=1 β_k · � l · v_k(i_0) − h^0(E_k(n)) · u � + (16)

+ s� i=1 t_i�

j=1 ε_{ij} · t� k=1 β_k · � l · dim(q_{ij} (F_h⋆_{(k)})) − l_h⋆_{(k)} · r_{ij} � .

Plugging in the definition (10) of the linearization parameters, Formula (16)

transforms into

μ_{Le} � λ, ι(p) �

≥ t� k=1 β_k · � l^2 · rk(F_h⋆_{(k)}) − l · u · δ · rk(F_h⋆_{(k)}) −

−l · s� i=1 t_i�

j=1 r_{ij} · a_{ij} · rk(F_h⋆_{(k)}) − l · l_h⋆_{(k)} · r � +

+r · δ · t� k=1 β_k · l · ν_k(i_0) + r · s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · l · dim(q_{ij} (F_h⋆_{(k)})).

Note that l_h⋆_{(k)} ≤ h^0(F_h⋆_{(k)}(n)), so that we find

μ_{Le} � λ, ι(p) �

≥ t� k=1 β_k � l^2 · rk(F_h⋆_{(k)}) − l · u · δ · rk(F_h⋆_{(k)}) −

−l · s� i=1 t_i�

j=1 r_{ij} · a_{ij} · rk(F_h⋆_{(k)}) − l · h^0(F_h⋆_{(k)}(n)) · r � +

+r · δ · t� k=1 β_k · l · ν_k(i_0) + r · s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · l · dim(q_{ij} (F_h⋆_{(k)})).

We divide the quantity on the right hand side by l and rearrange it, until we

Documenta Mathematica 15 (2010) 423–488

480 J. Heinloth, A. H. W. Schmitt get μ_{Le} � λ, ι(p) � ≥ t� k=1 β_k · � l · rk(F_h⋆_{(k)}) − h^0(F_h⋆_{(k)}(n)) · r � +

+δ · t� k=1 β_k · � r · ν_k(i_0) − u · rk(E_k) � + (17)

+ s� i=1 t_i�

j=1 a_{ij} t� k=1 β_k � r · dim(q_{ij} (F_h⋆_{(k)})) − rk(F_h⋆_{(k)}) · r_{ij} � . By our choice of i_0, the number

�_t k=1 β_k · (r · ν_k(i_0) − u · rk(E_k )) equals μ(E_•, β_•; φ_p). Our contention is therefore a consequence of the next result.

Proposition 5.6.3. Having fixed the input data r, d, u, v, and L, as well as the stability parameters a and δ, there exists an n_1, such that any (a, δ)- (semi)stable decorated flagged vector bundle (E, L, φ) of type (r, d, x, r, u, v, L) has the following property: Let

0 ⊊ F_1 ⊊ · · · ⊊ F_t ⊊ E

be a filtration of E by not necessarily saturated subsheaves, such that 0 < rk(F_1) < · · · < rk(F_t) < r, let

E_• : 0 ⊊ E_1 ⊊ · · · ⊊ E_t ⊊ E

be the filtration of E by the subbundles E_i := ker(E −→ (E/F_i)/Torsion(E/F_i)), i = 1, ..., t, and let β_• = (β_1, ..., β_t) be a tuple of positive rational numbers. Then, for all n ≥ n_1, 0 ≤ t� k=1 β_k · � h^0(E(n)) · rk(F_k) − h^0(F_k (n)) · r � + δ · μ(E_•, β_•; φ) +

+ s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · � r · dim(q_{ij} (F_k )) − rk(F_k ) · r_{ij} � . Proof. We choose n_1 ≥ n_0, so that h^1(E(n)) = 0 and l := h^0(E(n)) = d + r(n + 1 − g). First, we assume that the sheaves F_1(n), ..., F_t(n) are all globally generated and have trivial first cohomology spaces. The same holds then for E_1(n),...,E_t(n). Let T_i be the torsion sheaf E_i/F_i, i = 1, ..., t. Since H^1(F_i(n)) = {0}, the map H^0(E_i(n)) −→ T_i is surjective, so that

h^0 � E_i(n) � = h^0 � F_i(n) � + dim(T_i), i = 1, ..., t. (18)

Invoking

�_{ti} j=1 a_{ij} < 1, i = 1, ..., s, once more, we discover

t_i�

j=1 a_{ij} · dim(q_{ij} (E_k )) ≤

t_i�

j=1 a_{ij} · dim(q_{ij} (F_k )) + dim(T_{k|{xi }}), i = 1, ..., s.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 481

In this case, we consequently find t� k=1 β_k · � h^0(E(n)) · rk(E_k) − h^0(F_k(n)) · r � + δ · μ(E_•, β_•; φ) +

+ s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · � r · dim(q_{ij} (F_k )) − rk(F_k ) · r_{ij} �

≥ t� k=1 β_k · � h^0(E(n)) · rk(E_k) − h^0(E_k(n)) · r � + δ · μ(E_•, β_•; φ) +

+ s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · � r · dim(q_{ij} (E_k )) − rk(E_k) · r_{ij} � (19)

= t� k=1 β_k · � deg(E) · rk(E_k) − deg(E_k) · r � + δ · μ(E_•, β_•; φ) +

+ s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · � r · dim(q_{ij} (E_k )) − rk(E_k) · r_{ij} �

= M_a(E_•, β_•) + δ · μ(E_•, β_•; φ) (≥) 0.

Let S be the bounded family of isomorphism classes of locally free sheaves E of rank r and degree d on C for which there exists an (a, δ)-semistable decorated flagged vector bundle (E, q, φ) of type (r, d, x, r, u, v, L). Suppose that we have fixed some positive constant K. Then, we divide the locally free sheaves F on C that may occur as subsheaves of sheaves in the family S into two classes:

A. μ(F ) ≥ d/r − K

B. μ(F ) < d/r − K.

By the Langer–LePotier–Simpson estimate [28], there are non-negative constants K_1 and K_2 which depend only on r, such that any locally free O_C -module A on C of rank at most r satisfies

h^0(A) ≤

rk(A) · � rk(A) − 1 rk(A) · � μ_{max}(A) + K_1 + 1 � + + 1 rk(A) · � μ(A) + K_2 + 1 � + � . For a sheaf A in Class B, this leads to

h^0 � A(n) � ≤ rk(A) · � d r + n + 1 + (r − 1)(K_0 + K_1) + K_2 − 1 r · K � , if the right hand side is positive. There exists an integer n^′(K) = n^′(r, d, K_1, K_2, K) such that this holds for n ≥ n^′(K). Furthermore, we estimate

h^0(E(n)) · rk(A) − h^0(A(n)) · r ≥

−(r − 1)rg − (r − 2)(r − 1)r(K_0 + K_1) − (r − 2)rK_2 + K =: L.

Documenta Mathematica 15 (2010) 423–488

482 J. Heinloth, A. H. W. Schmitt

We choose K so large that

L ≥ δ · u · (r − 1) +

�_s� i=1 t_i�

j=1 a_{ij} � · (r − 1)^2.

Suppose that all the sheaves F_1, ..., F_t belong to Class B. Then, t� k=1 β_k · � h^0(E(n)) · rk(F_k ) − h^0(F_k (n)) · r � − δ · u · (r − 1) · l� k=1 β_k +

+ s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · � r · dim(q_{ij} (F_k)) − rk(F_k) · r_{ij} �

≥ l� k=1 β_k · � L − δ · u · (r − 1) � − s� i=1 t_i�

j=1 a_{ij} · t� k=1 β_k · rk(E_k ) · r_{ij} (20)

≥ l� k=1 β_k · � L − δ · u · (r − 1) − (r − 1)^2 ·

�_s� i=1 t_i�

j=1 a_{ij} � > 0.

Note that the sheaves in Class A form a bounded family: the ranks and degrees of those sheaves belong to finite sets and their μ_{max} is bounded by μ_{max}(E), [E] ∈ S. Hence, there is an n^{′′}(K), such that, for any n ≥ n^{′′}(K) and any sheaf A of Class A, one finds that A(n) is globally generated and that h^1(A(n)) = 0. Set n_1 := max{ n^′(K), n^{′′}(K) }. We have to verify our assertion. To do so, we set I := { 1, ..., t }, I_A := { i ∈ I | F_i is in Class A }, and I_B := { i ∈ I | F_i is in Class B }, so that I = I_A ⊔ I_B. Write I_{A/B} = { i^{A/B}_1 , ..., i^{A/B}_{tA/B} } with

i^{A/B}_1 < · · · < i^{A/B}_{tA/B} . This gives the weighted filtrations � E^{A/B}_• : 0 ⊊ E_iA/B_1 ⊊ · · · ⊊ E_iA/B_{tA/B} ⊊ E, β^{A/B}_• = (β_iA/B_1 , ..., β_iA/B_{tA/B} ) � . It is then easy to see that μ � E_•, β_•; φ � ≥ μ � E^A_• , β^A_• ; φ � − u · (r − 1) ·

t_B�

j=1 β_iB_j . (21)

Equation (21) together with the formulae (19) and (20) finally establishes the contention of the Proposition.

The Remaining Steps. — The converse assertion, namely the fact that (E_p, q_p, φ_p) is (a, δ)-(semi)stable, if the Gieseker point associated with p is (semi)stable with respect to the linearization in L_e, is proved along similar lines, but is easier. The same holds for the proof of properness of the Gieseker map. The reader should combine the above arguments with those from [37] and [15] to fill in the details.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 483

5.7 Construction of the Parameter Spaces for ϱ-Flagged Pseudo G-Bundles

We next include the explicit construction of the parameter space F_ϱ-_{FLPsBun} that will make the asserted properties in Proposition 5.3.1 evident. There is a quasi-projective quot scheme Q which parameterizes quotients k : Y ⊗ O_C (−n) −→ E where E is a vector bundle of rank r and degree zero, such that μ_{max}(E) ≤ D, and where H^0(k(n)) is an isomorphism. The scheme Q × C carries the universal quotient

k_Q : Y ⊗ π^⋆_C � O_C (−n) � −→ E_Q.

For the vector bundle E_Q, as for any vector bundle of rank r, we have the canonical isomorphism

E^∨_Q ∼= r−1� �

E_Q � ⊗ �^r�

E_Q �∨ . Since the restriction of (

�_r

(E_Q))^∨ to any fiber {k} × C, k ∈ Q, is trivial, there is a line bundle A on Q, such that

�^r�

E_Q

�∨ ∼

= π^⋆_Q(A ).

Gathering all this information, we find a surjection

Sym^⋆ � V ⊗ r−1� � Y ⊗ π^⋆_C (O_C (−n)) � ⊗ π^⋆_Q(A )

�_G

−→ Sym^⋆ � V ⊗ E^∨_Q

�_G . For a point [q : Y ⊗ O_C (−n) −→ E] ∈ Q, any homomorphism τ : Sym^⋆(V ⊗ E^∨)^G −→ O_C of O_C -algebras is determined by the composite homomorphism s� i=1 Sym^i � V ⊗ r−1� �

Y ⊗ O_C (−n) �G −→ O_C

of O_C -modules. Noting that

Sym^i � V ⊗ r−1� � Y ⊗ O_C (−n)

�G ∼

= Sym^i � V ⊗ r−1� Y �_G

⊗ O_C � −i(r − 1)n � , τ is determined by a collection of homomorphisms

φ_i : Sym^i � V ⊗ r−1� Y �_G

⊗ O_C −→ O_C � i(r − 1)n � , i = 1, ..., s.

Since φ_i is determined by the induced linear map on global sections, we will construct the parameter space inside

Y := s� i=1 Hom � Sym^i � V ⊗ r−1�

Y ⊗ π^⋆_Q(A )

�_G

, H^0 � O_C � i(r − 1)n � ⊗ O_Q � .

Documenta Mathematica 15 (2010) 423–488

484 J. Heinloth, A. H. W. Schmitt

Write π : Y −→ Q for the bundle projection and observe that, over Y × C, there are universal homomorphisms

~φ^i : Sym^i � V ⊗ r−1� Y ⊗ � π_Q ∘(π×id_C )

�_⋆

(A )

�_G → H^0 � O_C � i(r−1)n � ⊗O_{Y×C} , .

i = 1, ..., s. Define φ^i = ev ∘ ~φ^i as the composition of ~φ^i with the evaluation map ev : H^0(O_C (i(r − 1)n)) ⊗ O_{Y×C} −→ π^⋆_C (O_C (i(r − 1)n)), i = 1, ..., s. We twist φ^i by id_π⋆_{C (OC (−i(r−1)n))} and put the resulting maps together to obtain the homomorphism φ: V_Y −→ O_{Y×C} with

V_Y := s� i=1 Sym^i � V ⊗ r−1� �

Y ⊗ π^⋆_C � O_C (−n) � ⊗ � π_Q ∘ (π × id_C )

�_⋆ (A )

�_G . Next, φ yields a homomorphism of O_{Y×C} -algebras

~τ_Y : Sym^⋆ � V_Y � −→ O_{Y×C} .

On the other hand, there is a surjective homomorphism

β : Sym^⋆(V_Y) −→ Sym^⋆ � V ⊗ (π × id_C )^⋆ � E^∨_Q �G of graded algebras where the left hand algebra is graded by assigning the weight i to the elements in Sym^i(· · · )^G. The parameter space Y is defined by the condition that ~τ_Y factorizes over β, i.e., setting E_Y := ((π × id_C )^⋆(E_Q))_{|Y×C} , there is a homomorphism

τ_Y : Sym^⋆ � V ⊗ E^∨_Y

�_G

−→ O_{Y×C}

with ~τ_{Y|Y×C} = τ_Y ∘ β. Formally, Y is defined as the scheme theoretic intersection of the closed subschemes

Y_d := � y ∈ Y � � ~τ^d_{Y|{y}×C} : ker�β^d_{|{y}×C} � −→ O_C is trivial � , d ≥ 0.

The family (E_Y, τ_Y) is the universal family of pseudo G-bundles parameterized by Y.

Remark 5.7.1. i) The scheme Y is equipped with a natural GL(Y )-action, and the vector bundle E_Y is linearized with respect to this group action. ii) Note that elimination theory shows that there is an open subscheme Y^0 that parameterizes the principal G-bundles. Moreover, there exists a universal principal G-bundle P_Y0 on Y^0 × C.

iii) There is a locally closed and GL(Y )-invariant subscheme Y^{ϑ,≥h} ⊂ Y^0 which parameterizes those principal G-bundles P that have topological type ϑ and instability degree at least h. By construction, every such principal bundle P is represented by at least one point in Y^{ϑ,≥h}, so that we have a surjective map Y^{ϑ,≥h} −→ Bun^{ϑ,≥h}_G . In fact, this map identifies Bun^{ϑ,≥h}_G with the quotient [Y^{ϑ,≥h}/ GL(Y )].

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 485

We proceed to parameterize ϱ-flagged pseudo G-bundles. For this, we fix the tuple x = (x_1, ..., x_b) of points on C and the type r = (r_{ij} , j = 1, ..., t_i, i = 1, ..., b) of the flaggings. The tuple (r_{i1}, ..., r_{iti} ) determines the conjugacy class of a parabolic subgroup of GL(V ). Pick representatives ~P_i for these conjugacy classes, i = 1, ..., b, and define

~F_i := � Isom � V ⊗ O_Y, E_{Y|(Y×{xi})} � / ~P_i, i = 1, ..., b, and F_ϱ-_{FlPsBun} := ~F_1 ×_Y · · · ×_Y ~F_b.

Remark 5.7.2. Since the vector bundle E_Y is linearized, ~F_i, i = 1, ..., b, and F_ϱ-_{FlPsBun} inherit GL(Y )-actions. The equivalence relation on geometric points that is induced by the group action on F_ϱ-_{FlPsBun} is isomorphy of ϱ-flagged pseudo G-bundles.

Acknowledgments

Alexander Schmitt acknowledges support by the DFG via a Heisenberg fellowship and via the Schwerpunkt program “Globale Methoden in der Komplexen Geometrie—Global Methods in Complex Geometry”. The article was partly written during the visit of A.S. to the Institut des Hautes Études Scientifiques where he benefitted from support of the European Commission through its 6th Framework Program “Structuring the European Research Area” and the contract Nr. RITA-CT-2004-505493 for the provision of Transnational Access implemented as Specific Support Action.

Jochen Heinloth was partially supported by the Leibniz-Preis of H. Esnault and E. Viehweg. He would like to thank G. Harder for raising the question a long time ago and U. Stuhler for his interest.

References

[1] M.F. Atiyah, R. Bott, The Yang–Mills equations over Riemann surfaces, Phil. Trans. R. Soc. Lond. A 308 (1983), 523-615.

[2] V. Balaji, I. Biswas, D.S. Nagaraj, Principal bundles with parabolic structure, Electron. Res. Announc. Amer. Math. Soc. 7 (2001), 37- 44. [3] A. Beauville, Sur la cohomologie de certains espaces de modules de fibrés vectoriels in Geometry and Analysis (Bombay, 1992), 37-40, Tata Inst. Fund. Res., Bombay, 1995.

[4] K.A. Behrend, The Lefschetz Trace Formula for the Moduli Space of Principal Bundles, PhD thesis, Berkeley, 1990, 96 pp., available at http://www.math.ubc.ca/∼behrend/thesis.html.

Documenta Mathematica 15 (2010) 423–488

486 J. Heinloth, A. H. W. Schmitt

[5] K.A. Behrend, The Lefschetz trace formula for algebraic stacks, Invent. Math. 112 (1993), 127-49.

[6] K.A. Behrend, Semi-stability of reductive group schemes over curves, Math. Ann. 301 (1995), 281-305.

[7] K.A. Behrend, Derived ℓ-adic categories for algebraic stacks, Mem.

Amer. Math. Soc. 163 (2003), no. 774.

[8] K.A. Behrend, A. Dhillon, Connected components of moduli stacks of torsors via Tamagawa numbers, Can. J. Math. 61 (2009), 3-28.

[9] U. Bhosle, A. Ramanathan, Moduli of parabolic G-bundles on curves, Math. Z. 202 (1989), 161-80.

[10] E. Bifet, F. Ghione, M. Letizia, On the Abel–Jacobi map for divisors of higher rank on a curve, Math. Ann. 299 (1994), 641-672.

[11] P. Deligne, Cohomologie étale, Seminaire de géométrie algébrique du Bois-Marie SGA 4 1/2, avec la collaboration de J.F. Boutot, A. Grothendieck, L. Illusie et J.L. Verdier, Lecture Notes in Mathematics, 569, Berlin–Heidelberg–New York, Springer-Verlag, iv+312 pp. [12] P. Deligne, La conjecture de Weil. II, Inst. Hautes Études Sci. Publ.

Math. 52 (1980), 137-252.

[13] M. Demazure, Schémas en groupes III: Structure des schémas en groupes réductifs, Séminaire de Géométrie Algébrique du Bois Marie 1962/64 (SGA 3), Dirigé par M. Demazure et A. Grothendieck, Lecture Notes in Mathematics, 153, Springer-Verlag, Berlin–New York, 1970, viii+529 pp.

[14] V.G. Drinfeld, C. Simpson, B-structures on G-bundles and local triviality, Math. Res. Letters 2 (1996), 823-9.

[15] T.L. Gómez, A. Langer, A.H.W. Schmitt, I. Sols, Moduli spaces for principal bundles in arbitrary characteristic, Adv. Math. 219 (2008), 1177-245.

[16] T.L. Gómez, A. Langer, A.H.W. Schmitt, I. Sols, Moduli spaces for principal bundles in large characteristic, Proceedings of the International Workshop on Teichmüller Theory and Moduli Problems, HRI, Allahabad, India (2006), Ramanujan Math. Soc. Lecture Notes Series in Mathematics 10, 281-371.

[17] G. Harder, Minkowskische Reduktionstheorie über Funktionenkörpern, Invent. Math. 7 (1969), 33-54.

Documenta Mathematica 15 (2010) 423–488

Moduli Stacks of Principal Bundles 487

[18] G. Harder, Chevalley groups over function fields and automorphic forms, Ann. of. Math. 100 (1974), 249-306.

[19] G. Harder, M.S. Narasimhan, On the cohomology groups of moduli spaces of vector bundles on curves, Math. Ann. 212 (1975), 215-48.

[20] G. Harder, unpublished notes.

[21] J. Heinloth, Über den Modulstack der Vektorbündel auf Kurven, Diploma thesis, Bonn, 1998, 64 pp, available at

http://staff.science.uva.nl/∼heinloth/.

[22] J. Heinloth, Semistable reduction for G-bundles on curves, J. Algebr.

Geom. 17 (2008), 167-83.

[23] J. Heinloth, Addendum to “Semistable reduction for G-bundles on curves”, J. Algebraic Geom. 19 (2010), 193-7.

[24] N. Hoffmann, On moduli stacks of G-bundles over a curve, in A. Schmitt (editor), Affine flag manifolds and principal bundles, Birkhäuser (to appear).

[25] D. Huybrechts, M. Lehn, The Geometry of Moduli Spaces of Sheaves, Aspects of Mathematics, E31, Friedr. Vieweg & Sohn, Braunschweig, 1997, xiv+269 pp.

[26] C. Kaiser, E. Riedel, Tamagawazahlen und die Poincaréreihen affiner Weylgruppen, J. reine angew. Math. 519 (2000), 31-9.

[27] H. Kraft, C. Procesi, Classical invariant theory, a primer, Lecture Notes, Version 2000, ii+125 pp. Available at

http://www.math.unibas.ch/.

[28] A. Langer, Moduli spaces of sheaves in mixed characteristic, Duke Math. J. 124 (2004), 571-86.

[29] Y. Laszlo, M. Olsson, The six operations for sheaves on Artin stacks I, II, Inst. Hautes Études Sci. Publ. Math. 107 (2008), 109-68, 169- 210.

[30] G. Laumon, L. Moret-Bailly, Champs algébriques, Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, 39, Springer-Verlag, Berlin, 2000, xii+208 pp.

[31] V.B. Mehta, C.S. Seshadri, Moduli of vector bundles on curves with parabolic structures, Math. Ann. 248 (1980), 205-39.

[32] D. Mumford, J. Fogarty, F. Kirwan, Geometric Invariant Theory, third edition, Ergebnisse der Mathematik und ihrer Grenzgebiete (2), 34, Springer-Verlag, Berlin, 1994, xiv+292 pp.

Documenta Mathematica 15 (2010) 423–488

488 J. Heinloth, A. H. W. Schmitt

[33] F. Neumann, U. Stuhler, Moduli stacks of vector bundles and Frobenius morphisms, preprint.

[34] M.C. Olsson, On proper coverings of Artin stacks, Adv. Math. 198 (2005), 93-106.

[35] A. Ramanathan, Moduli for principal bundles over algebraic curves I-II, Proc. Indian Acad. Sci. Math. Sci. 106 (1996), 301-28, 421-49.

[36] A.H.W. Schmitt, Singular principal bundles over higher-dimensional manifolds and their moduli spaces, Int. Math. Res. Not. 2002:23 (2002), 1183-209.

[37] A.H.W. Schmitt, A universal construction for moduli spaces of decorated vector bundles over curves, Transform. Groups 9 (2004), 167- 209.

[38] A.H.W. Schmitt, A closer look at semistability for singular principal bundles, Int. Math. Res. Not. 2004:62 (2004), 3327-66.

[39] C.S. Seshadri, Geometric reductivity over arbitrary base, Adv. Math.

26 (1977), 225-274.

[40] R. Steinberg, Endomorphisms of linear algebraic groups , Memoirs of the AMS, No. 80 (1968)

[41] U. Stuhler, Canonical parabolic subgroups of Arakelov group schemes: The function field case, Mathematica Göttingensis 2002 (preprint).

[42] C. Teleman, Borel–Weil–Bott theory on the moduli stack of Gbundles over a curve, Invent. Math. 134 (1998), no. 1, 1-57.

[43] C. Teleman, C. Woodward, Parabolic bundles, products of conjugacy classes and Gromov–Witten invariants, Ann. Inst. Fourier (Grenoble) 53 (2003), 713-48.

[44] A. Weil, Adeles and Algebraic Groups, with appendices by M. Demazure and Takashi Ono, Progress in Mathematics, 23, Birkhäuser, Boston, Mass., 1982, iii+126 pp.

J.H.

University of Amsterdam Korteweg–de Vries Institute for Mathematics Science Park 904 1098 XH Amsterdam The Netherlands J.Heinloth@uva.nl

A.H.W.S.

Freie Universität Berlin Institut für Mathematik Arnimallee 3 D-14195 Berlin Germany alexander.schmitt@fuberlin.de

Documenta Mathematica 15 (2010) 423–488

Documenta Math. 489

The Critical Values of Generalizations

of the Hurwitz Zeta Function

Goro Shimura

Received: November 10, 2009

Communicated by Don Blasius

Abstract. We investigate a few types of generalizations of the Hurwitz zeta function, written Z(s, a) in this abstract, where s is a complex variable and a is a parameter in the domain that depends on the type. In the easiest case we take a ∈ R, and one of our main results is that Z(−m, a) is a constant times E_m(a) for 0 ≤ m ∈ Z, where E_m is the generalized Euler polynomial of degree n. In another case, a is a positive definite real symmetric matrix of size n, and Z(−m, a) for 0 ≤ m ∈ Z is a polynomial function of the entries of a of degree ≤ mn. We will also define Z with a totally real number field as the base field, and will show that Z(−m, a) ∈ Q in a typical case.

2010 Mathematics Subject Classification: 11B68, 11M06, 30B50, 33E05.

Introduction

This paper is divided into four parts. In the first part we consider a generalization of Hurwitz zeta function given by

(0.1) ζ(s; a, γ) = ∞� n=0 γ^n(n + a)^{−s},

where s ∈ C, 0 < a ∈ R, and γ ∈ C, 0 < |γ| ≤ 1. Clearly the infinite series is convergent for Re(s) > 1. For γ = 1 this becomes

�_∞ n=0(n+a)^{−s}, which is the classical Hurwitz zeta function usually denoted by ζ(s, a). This generalization is not new. It was considered by Lerch in [Le], a work five years after the paper [Hu] of Hurwitz in 1882. Its analytic properties can be summarized as follows.

Theorem 0.1. For a and γ as above the product (e^{2πis} −1)Γ (s)ζ(s; a, γ) can be continued to an entire function in s. In addition, there exists a holomorphic function in (s, a, γ)∈C^3, defined for Re(a)>0 and γ /∈ � x∈R � � x≥1� with no condition on s, that coincides with the product when Re(s) > 1, 0 < a ∈ R, and 0 < |γ| ≤ 1.

The proof will be given in §1.1.

To state a more interesting fact, we first put

Documenta Mathematica 15 (2010) 489–506

490 Goro Shimura

(0.2) e(z) = exp(2πiz) (z ∈ C), and define a function E_{c,n}(t) in t for c ∈ C and 0 < n ∈ Z, that is called the nth generalized Euler polynomial, by

(0.3)

(1 + c)e^{tz} e^z + c = ∞� n=0 E_{c,n}(t) n! z^n.

We assume c = −e(α) with α ∈ R, /∈ Z. The function E_{c,n}(t) was introduced in [S07]. If c = 1, E_{1,n}(t) is the classical Euler polynomial of degree n. In [S07] we showed that E_{c,n}(t) is a polynomial in t of degree n; it is also a polynomial in (1 + c)^{−1}. Its properties are listed in [S07, pp. 25–26]. We mention here only (0.3a) E_{c,n}(1 − t) = (−1)^nE_c−1_{,n}(t), (see [S07, (4.3f)]), which will become necessary later. Now we have Theorem 0.2. For 0 < k ∈ Z, Re(a) > 0, and γ /∈ � x ∈ R � � x ≥ 1� the value ζ(1 − k, a; γ) is a polynomial function of a and (γ − 1)^{−1}. More precisely, we have (0.4) ζ(1 − k; a, γ) = E_{c,k−1}(a)/(1 + c^{−1}) for such k, a, and γ, where c = −γ^{−1}.

This will be proven in §1.2.

As for the original Hurwitz function, there is a well known relation (0.5) ζ(1 − k, a) = −B_k(a)/k for 0 < k ∈ Z, where B_k is the k-th Bernoulli polynomial. This is essentially due to Hurwitz; see [Hu, p. 92]; cf. also [E, p.27, (11)] and [WW, p. 267, 13.14].

In [S07] and [S08] we investigated the critical values of the L-function L(s, χ) with a Dirichlet character χ, and proved especially (see [S07, Theorem 4.14] and [S08, Theorem 1.4]) Theorem 0.3. Let χ be a nontrivial primitive Dirichlet character modulo a positive integer d, and let k be a positive integer such that χ(−1) = (−1)^k.

(i) If d = 2q + 1 with 0 < q ∈ Z, then

(0.6) L(1 − k, χ) = d^{k−1} 2^kχ(2) − 1 q� b=1 (−1)^bχ(b)E_{1,k−1}(b/d).

(ii) If d = 4d_0 with 1 < d_0 ∈ Z, then

(0.7) L(1 − k, χ) = (2d_0)^{k−1}

d_0−1�

a=1 χ(a)E_{1,k−1}(2a/d).

In §1.4 we will give a shorter proof for these formulas by means of (0.4), and in Section 2 we will prove a functional equation for ζ(s; a, γ) by producing an expression for ζ(1 − s; a, γ).

The second part of the paper concerns the analogue of (0.1) defined when the base field is a totally real algebraic number field F. If F ≠ Q, there are

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 491

nontrivial units, which cause considerable difficulties, and for this reason we cannot give a full generalization of which (0.1) is a special case. However, taking such an F as the base field, we will present a function of a complex variable s and two parameters a and p in F, that includes as a special case at least ζ(s; a, γ) with a ∈ Q and γ a root of unity. We then prove in Theorem 3.4 a rationality result on its critical values.

The third part is a kind of interlude. Observing that the formula for L(k, χ) (not L(1 − k, χ)) involves the Gauss sum G(χ) of χ, we will give in Section 4 a formula for G(χλ)/G(χ) for certain Dirichlet characters χ and λ.

The fourth and final part of the paper, which has a potential of future development, concerns the analogue of (0.1) defined for a complex variable s, with nonnegative and positive definite symmetric matrices of size n in place of n and a. We will show in Section 5 that it is an entire function of s and also that its value at s = −m for 0 ≤ m ∈ Z is a polynomial function of the variable symmetric matrix of degree ≤ mn.

1. Proof of Theorems 0.1, 0.2, and 0.3

1.1. To prove Theorem 0.1, assuming that 0 < a ∈ R and 0 < |γ| ≤ 1, we start from an easy equality Γ (s)(n + a)^{−s} =

�_∞ 0 x^{s−1}e^{−(n+a)x}dx. Therefore

Γ (s)ζ(s; a, γ) = ∞� n=0 Γ (s)γ^n(n + a)^{−s} = ∞� n=0 �_∞ 0 x^{s−1}γ^ne^{−(n+a)x}dx

= �_∞ 0 ∞� n=0 x^{s−1}γ^ne^{−(n+a)x}dx =

�_∞ 0 x^{s−1}e^{−ax} 1 − γe^{−x} dx. Our calculation is justified for σ = Re(s) > 1, since ∞� n=0 �_∞ 0 � �x^{s−1}γ^ne^{−(n+a)x} � �dx ≤^∞ � n=0 Γ (σ)(n + a)^{−σ} < ∞.

Thus we obtain

(1.1) Γ (s)ζ(s; a, γ) =

�_∞ 0 x^{s−1}e^{x(1−a)} e^x − γ dx for Re(s) > 1.

We now consider �_{0+} ∞ z^{s−1}e^{z(1−a)} e^z − γ dz with the standard symbol

�_{0+} ∞ of contour integration. The integral is the sum of three integrals:

�_δ ∞, � on the circle |z| = δ, and

�_∞ δ , where 0 < δ ∈ R; we naturally take the limit as δ tends to 0. We take z^{s−1} = exp � (s − 1) log z � for the first integral

�_δ ∞ with log z ∈ R for 0 < z ∈ R; for the evaluation of the other integrals we continue z^{s−1} analytically without passing through the positive real axis. Then the first and third integrals produce

(e(s) − 1)

�_∞ δ x^{s−1}e^{x(1−a)} e^x − γ dx, which is meaningful for every s ∈ C and every (a, γ) ∈ C^2 such that

Documenta Mathematica 15 (2010) 489–506

492 Goro Shimura

(1.1a) Re(a) > 0 and γ /∈ � x ∈ R � � x > 1�.

As for � , we first observe that given γ ∈ C, we can find a small δ_0 ∈ R, > 0, such that e^z ≠ γ for 0 < |z| ≤ δ_0, since the map z → w = e^z sends the punctured disc 0 < |z| ≤ δ_0 into a punctured disc 0 < |w − 1| < ε that does not contain γ. (This is clearly so even for γ = 1.) Therefore � is meaningful for every s ∈ C and sufficiently small δ in both cases γ ≠ 1 and γ = 1; the integral is independent of δ because of Cauchy’s theorem. Now put z = δe^{iθ} with δ such that 0<δ < δ_0 and 0 ≤ θ < 2π. Then z^{s−1} = exp{(s−1)(log δ +iθ)}, and so for s = σ + iτ with real σ and τ, we have |z^{s−1}| = δ^{σ−1}|e^{−θτ} | ≤ δ^{σ−1}e^{2π|τ |}. If γ ≠ 1, we see that Min_{|z|≤δ0} |e^z − γ| > 0, and so |e^{z(1−a)}/(e^z − γ)| is bounded for |z| ≤ δ_0. If γ = 1, the function e^{z(1−a)}/(e^z − γ) is 1/z plus a holomorphic function at z = 0. Thus for 0 < δ ≤ δ_0 we see that � � � � � ≤ Mδσ if γ ≠ 1 and � � � � � ≤ Mδσ−1 if γ = 1 with a constant M that depends on a, γ, and δ_0, and so � tends to 0 as δ → 0 if Re(s) > 1, and we obtain

(1.2) (e(s) − 1)Γ (s)ζ(s; a, γ) =

�_{0+} ∞ z^{s−1}e^{z(1−a)} e^z − γ dz for 0 < |γ| ≤ 1, 0 < a ∈ R, and Re(s) > 1. (If γ ≠ 1, the condition Re(s) > 0 instead of Re(s) > 1 is sufficient.) Now the right-hand side of (1.2) is meaningful for every (s, a, γ) ∈ C^3 under condition (1.1a) and so it establishes the product on the left-hand side as an entire function of s. If γ ≠ 1, the contour integral can define the product for the variables s, a, γ as described in Theorem 0.1. The integrand as a function of (z, s, a, γ) is not finite in a domain including γ = 1, and so the result for γ = 1 must be stated separately.

Remark. If 0 < |γ| ≤ 1 and γ ≠ 1, then the series of (0.1) is convergent for Re(s) > 0 and defines a holomorphic function of s there. This is clear if |γ| < 1. For |γ| = 1 and γ ≠ 1, this follows from [S07, Lemma 4.3].

We are interested in the value of ζ(s; a, γ) at s = −m with 0 ≤ m ∈ Z. We first note � (e(s) − 1)Γ (s) � s=−m = 2πi(−1)

m/m!.

For s = −m the function z^{s−1} in the integrand is a one-valued function, and so �_δ ∞ + �_∞ δ = 0. Therefore

(1.3)

�_{0+} ∞ = � = 2πi · Res_{z=0} z^{−m−1}e^{(1−a)z} e^z − γ . By (0.3), for γ ≠ 1 we have

z^{−m−1}e^{(1−a)z} e^z − γ = 1 1 − γ ∞� n=0 E_{−γ,n}(1 − a) n! z^{n−m−1},

and so the residue in question is (1 − γ)^{−1}E_{−γ,m}(1 − a)/m!. Combining this with (0.3a) and (1.2), we obtain

(1.4) ζ(−m; a, γ) = E_{c,m}(a)/(1 + c^{−1}) for 0 ≤ m ∈ Z,

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 493

where c = −γ^{−1}. This proves (0.4). In [S07, p. 26] we showed that E_{c, n}(t) is a polynomial in t and (1+c)^{−1}. For c = −γ^{−1} we have (1+c)^{−1} = 1+(γ −1)^{−1}, and so we obtain Theorem 0.2.

For the reader’s convenience, we give a proof of (0.5) here. If γ = 1, instead of (0.2) we use ze^{tz}/(e^z − 1) =

�_∞ n=0 B_n(t)z^n/n!. Then we obtain (0.5) in the same manner as in the case γ ≠ 1.

1.3. Let us insert here a historical remark. Fixing a positive integer m and an integer a such that 0 ≤ a ≤ m, Hurwitz considered in [Hu] an infinite series

(1.5) f(s, a) = ∞� n=0 (mn + a)^{−s}.

Since this depends on m, he also denoted it by f(s, a|m). He proved analytic continuation of these functions and stated a functional equation for f(1−s, a), basically following Riemann’s methods for the investigation of ζ(s) in [R]. At that time not much was known about Dirichlet’s L-function beyond his formulas for the class number of a binary quadratic form and his theorem about prime numbers in an arithmetic progression. Employing the results on f(s, a), Hurwitz was able to prove that the L-function for a quadratic character has analytic continuation and satisfies a functional equation. Using the standard notation ζ(s, a) =

�_∞ n=0(n + a)^{−s} employed at present, we have f(s, a|m) = m^{−s}ζ(s, a/m), and so he considered ζ(s, a) only for a ∈ Q. It is noticeable however that he proved essentially (0.5) as we already said.

As noted at the beginning of the paper, Lerch investigated the series of (0.1); one can also find an exposition of this topic in [E, p. 27, §1.11]. The paper [Li] of Lipschitz may be mentioned in this connection.

1.4. Let the symbols be as in Theorem 0.3(i). Put

Λ(s) = ∞� n=1 (−1)^nχ(n)n^{−s}.

Then Λ(s) + L(s, χ) = 2

�_∞

n=1 χ(2n)(2n)^{−s} = χ(2)2^{1−s}L(s, χ), and so

(1.6) Λ(s) = L(s, χ) � χ(2)2^{1−s} − 1 � . Since � a � 1 ≤ a < d � = � a � 1 ≤ a ≤ q � ⊔ � d − a � 1 ≤ a ≤ q � , we have

Λ(s)= q� a=1 ∞� n=0 (−1)^{nd+a}χ(a)(nd+a)^{−s}+ q� a=1 ∞� n=0 (−1)^{nd+d−a}χ(−a)(nd+d−a)^{−s},

and so d^sΛ(s) equals q� a=1 (−1)^aχ(a)

�_∞� n=0 (−1)^n � n + a d �_{−s}

− χ(−1) ∞� n=0 (−1)^n � n + d − a d �_{−s}�

= q� a=1 (−1)^aχ(a) � ζ(s; a/d, −1) − (−1)^kζ(s; 1 − a/d, −1) � . Putting s = 1 − k and employing (0.4) and (0.3a), we obtain (0.6).

Our next task is to prove (0.7). Let d = 4d_0 with 1 < d_0 ∈ Z as in Theorem 1.3(ii). We note an easy fact(see [S08, Lemma 1.3]):

Documenta Mathematica 15 (2010) 489–506

494 Goro Shimura

(1.7) χ(2d_0 + a) = −χ(a) for every a ∈ Z. Observe that � x ∈ Z � � x > 0, d_0 ∤x� is a disjoint union (∗) � nd + a � � 0<a<d_0, 0 ≤ n∈Z� ⊔ �nd + 2d_0 + a � � 0<a<d_0, 0 ≤ n∈Z� ⊔ � nd − a � � 0<a<d_0, 0<n∈Z� ⊔ �nd + 2d_0 − a � � 0<a<d_0, 0 ≤ n∈Z�.

The sum of � χ(x)x^{−s} for x belonging to the first two sets equals

d_0−1�

a=1 �_∞� ν=0 χ(a)(4νd_0 + a)^{−s} + ∞� ν=0 χ(2d_0 + a) � 2(2ν + 1)d_0 + a

�_{−s}� . Employing (1.7), we see that this equals

(1.8)

d_0−1�

a=1 ∞� m=1 (−1)^mχ(a)(2md_0 + a)^{−s} = (2d_0)^{−s}

d_0−1�

a=1 χ(a)ζ(s; 2a/d, −1).

Similarly, from the last two sets of (∗) we obtain

d_0−1�

a=1 �_∞� ν=1 χ(−a)(4νd_0 − a)^{−s} + ∞� ν=0 χ(2d_0 − a) � 2(2ν + 1)d_0 − a

�_{−s} �

= − d_0−1�

a=1 ∞� m=0 χ(−a)(−1)^m(2md_0 + 2d_0 − a)^{−s}

= −(2d_0)^{−s}

d_0−1�

a=1 χ(−a)ζ(s; 1 − 2a/d, −1)

by (1.7). Thus, adding (1.8) to this and putting s = 1−k, from (0.4) we obtain

(2d_0)^{1−k} L(1 − k, χ) = 2^{−1}

d_0−1�

a=1 χ(a) � E_{1,k−1}(2a/d) − χ(−1)E_{1,k−1}(1 − 2a/d) � . Suppose χ(−1) = (−1)^k; then applying (0.3a) to E_{1,k−1}(1 − 2a/d), we obtain (0.7). The proof of Theorem 0.3 is now complete

1.5. The case d = 4 is excluded in Theorem 0.3(ii). In this case, however, the matter is simpler. Indeed, for μ_4(n) = � −1 n � we have

L(s, μ_4) = ∞� m=0 (−1)^m(2m + 1)^{−s}

= 2^{−s} ∞� m=0 (−1)^m(m + 1/2)^{−s} = 2^{−s}ζ(s; 1/2, −1),

and so by (0.4) we obtain (1.9) L(1 − k, μ_4) = 2^{k−2}E_{1,k−1}(1/2) = E_{1,k−1}/2

for every odd positive integer k, where E_{1,n} denotes the nth Euler number. This is classical, except that the result is usually given in terms of L(k, μ_4) instead of L(1 − k, μ_4).

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 495

1.6. Let us now show that a special case of Theorem 0.3(ii) can be given in a somewhat different way. Let ψ be a primitive character whose conductor d is odd, μ_4 the primitive character modulo 4 as above, and k a positive integer such that ψ(−1) = (−1)^{k+1}; put m = (d − 1)/2. Then

(1.10) L(1 − k, ψμ_4) = (−1)^m(2d)^{k−1} m� j=1 (−1)^j ψ(2j)E_{1,k−1}

�_1 2 +^j_d � . This was given in [S07, (6.2)], if in terms of L(k, ψμ_4), but we can derive it also from Theorem 0.3(ii) as follows. Take χ = ψμ_4 in (0.7). Then the sum on the right-hand side of (0.7) is

�_{2m}

a=1 χ(a)E_{1,k−1}(a/2d), which equals �_{2m}

b=1 χ(d − b)E_{1,k−1} � (d − b)/2d � . Since the bth term is nonvanishing only for even b, employing (0.3a), we see that the last sum equals ψ(−1) times �_m

j=1(ψμ_4)(d − 2j)E_{1,k−1} � (d + 2j)/2d � . Since d − 2j = 2(m − j) + 1, we have μ_4(d − 2j) = (−1)^{m−j} , and so we obtain (1.10).

1.7. We can show that ζ(−m; a, γ) for 0 ≤ m ∈ Z is a polynomial in a by a formal calculation as follows. Assuming that |γ| < 1, we have

ζ(−m; a, γ) = a^m + ∞� n=1 γ^n(n + a)^m = a^m + m� ν=0 � m ν � a^{m−ν} c_ν

with c_ν =

�_∞ n=1 n^ν γ^n, and so ζ(−m; a, γ) is a polynomial in a at least for |γ| < 1, and so Theorem 0.1 guarantees the same in a larger domain as described in that theorem

We have c_{ν−1} = γ(1 − γ)^{−ν} P_ν (γ) for 1 ≤ ν ∈ Z with a polynomial P_ν introduced in [S07, (2.16)]; see also [S08, (4.3)]. We showed that P_{ν+1}(γ) = (γ− 1)^ν E_{−γ,ν} (0) for ν > 0 in [S07, (4.6)] and that γ^{n−2}P_n(γ^{−1}) = P_n(γ) in [S07,

(2.19)]; also, E_{c,n}(t) =

�_n k=0 � n k � E_{c,k}(0)t^{n−k} by [S08, (1.15)]. Combining

these together, we obtain (0.4).

Though clearly this is not the best way to prove (0.4), at least it explains an elementary aspect of the nature of the problem. In Section 5, we will return to this idea in our discussion in the higher-dimensional case.

2. The functional equation for ζ(s; a, γ)

2.1. For Re(s) > 1 Hurwitz proved (see [Hu, p. 93, 1)] and [WW, p. 269])

(2.1) ζ(1 − s, a) = 2Γ (s) (2π)^s � cos(πs/2) ∞� n=1 cos(2πna)

n^s

+ sin(πs/2) ∞� n=1 sin(2πna) n^s � . Therefore it is natural to ask if there is a meaningful formula for ζ(1 − s, a; γ). Though this was essentially done by Lerch in [Le], here we take a different approach. For s ∈ C, a ∈ R, p ∈ R, and ν = 0 or 1 we put

(2.2) D^ν (s; a, p) = � −a≠n∈Z

(n + a)^ν |n + a|^{−ν−s}e � p(n + a) � ,

Documenta Mathematica 15 (2010) 489–506

496 Goro Shimura

(2.3) T^ν (s; a, p) = g_ν (s)D^ν (s; a, p), g_ν (s) = π^{−(s+ν)/2}Γ � (s + ν)/2 � . These were introduced in [S08]. In particular, we proved (2.4) T^ν (1 − s; a, p) = i^{−ν} e(ap)T^ν (s; −p, a).

Let γ = e(p) and b = 1 − a with 0 < a < 1. Then it is easy to verify that (2.5a) D^0(s; a, p) = e(ap)ζ(s; a, γ) + e(−bp)ζ(s; b, γ^{−1}), (2.5b) D^1(s; a, p) = e(ap)ζ(s; a, γ) − e(−bp)ζ(s; b, γ^{−1}), and so (2.6) 2e(ap)ζ(s; a, γ) = D^0(s; a, p) + D^1(s; a, p). Employing (2.3) and (2.4), we obtain

(2.7) 2ζ(1 − s; a, γ) = g_0(s) g_0(1 − s)

D^0(s; −p, a) − ig_1(s) g_1(1 − s)

D^1(s; −p, a).

From (2.5a, b) we see that D^ν (s; −p, a) is a linear combination of ζ(s; −p, δ) and ζ(s; 1 + p, δ^{−1}), where δ = e(a). Thus, for −1 < p < 0 we have 2ζ(1 − s; a, γ) = e(−ap)Aζ(s; −p, δ) + e(−a − ap)Bζ(s; 1 + p, δ^{−1}) with (2.8) A = g_0(s) g_0(1 − s) − ig_1(s) g_1(1 − s)

, B = g_0(s) g_0(1 − s) + ig_1(s) g_1(1 − s) . Recalling that Γ (s/2)Γ ((s + 1)/2) = 2^{1−s}π^{1/2}Γ (s) and Γ (s)Γ (1 − s) = π/ sin(πs), we find that (2.9) A = 2^{1−s}π^{−s}e(−s/4)Γ (s), B = 2^{1−s}π^{−s}e(s/4)Γ (s), and so we obtain (2.10) ζ(1 − s; a, γ) = e(−ap)Γ (s) (2π)^s � e(−s/4)ζ(s; −p, δ) + e(s/4 − a)ζ(s; p + 1, δ^{−1}) � . at least when −1 < p < 0 and 0 < a < 1, where γ = e(p) and δ = e(a).

This does not apply to the case γ = 1. In this case we have 2ζ(s; a, 1) = D^0(s; a, 0) + D^1(s; a, 0) for 0 < a ≤ 1, D^ν (s; 0, a) = δζ(s; 1, δ) + (−1)^ν δ^{−1}ζ(s; 1, δ^{−1}).

Repeating the same argument as in the case γ ≠ 1, we find that 2ζ(1 − s; a, 1) = δAζ(s; 1, δ) + δ^{−1}Bζ(s; 1, δ^{−1}) with the same A and B as in (2.8) and (2.9), and so (2.11) ζ(1 − s; a, 1) = Γ (s) (2π)^s � e � a − s 4 � ζ(s; 1, δ) + e � s 4 − a � ζ(s; 1, δ^{−1}) � . where δ = e(a), 0 < a ≤ 1. This gives (2.1). Indeed, we have

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 497

e(±a)ζ(s; 1, δ^{±1}) = ∞� m=1 δ^{±m} m^s = ∞� m=1 cos(2πma) ± i sin(2πma) m^s , and so a simple calculation transforms (2.11) into (2.1).

Returning to (2.10) in which we assumed −1 < p < 0, put q = −p. Then 0 < q < 1 and

(2.12)

(2π)^s Γ (s) ζ � 1 − s; a, e(q)^{−1} �

= e(−s/4) ∞� h=0 e � a(h + q) � (h + q)^s

+ e(s/4) ∞� h=0 e � a(q − h − 1) � (h + 1 − q)^s . Then employing (0.4), for 0 < s = k ∈ Z we obtain

(2.13)

(2πi)^k (k − 1)!(1 + c^{−1})

E_{c,k−1}(a) = � h∈Z e � a(h + q) � (h + q)^k , where c = −e(q). This formula was given in [S07, (4.5)]. Thus we have given a proof of (2.13) different from that of [S07]. (The case k = 1 must be handled carefully; see [S07, pp. 26–27].) In [S08] we asked the question whether the parameter k in (2.13) can be extended to a complex variable, and presented D^ν (s; a, p) as an answer. Since (2.13) is a special case of (2.12), we can now say that (2.12) is another answer to that question.

3. The case of a totally real number field

3.1. Let F be a totally real algebraic number field. We ask whether we can define a function similar to ζ(s; a, γ) by taking the totally positive integers in F in place of n in (0.1). We are going to give a partially affirmative answer to this question. We let g denote the maximal order of F, d the different of F relative to Q, and a the set of all archimedean primes of F. For each v ∈ a we denote by F_v the v-completion of F, identified with R. In other words, v defines an injection of F into R, and for ξ ∈ F we denote by ξ_v the image of ξ under this injection. We put [F : Q] = g, F_a = � v∈a F_v , and F^×_a = � v∈a F^×_v .

Then F_a can be identified with R^g , and for ξ ∈ F the map ξ → (ξ_v )_{v∈a} defines an injection of F into F_a. We then put

e_a(ξ) = e � � v∈a ξ_v � (ξ ∈ F_a),

ξ^k = � v∈a ξ^{kv}_v , ξ^a = � v∈a ξ_v, (k = (k_v )_{v∈a} ∈ Z^a, ξ ∈ F^×_a ).

We also put N(ξ) = N_{F/Q}(ξ) for ξ ∈ F. Then N(ξg) = |N(ξ)| = |ξ^a| for ξ ∈ F^×. We write ξ ≫ 0 if ξ_v > 0 for every v ∈ a and put g^×_+ = � u ∈ g^× � � u ≫ 0�.

Now for s ∈ C, a fractional ideal b, and a, p ∈ F we put

(3.1) ζ(s; b, a, p) = [g^×_+ : U]^{−1} � 0≪ξ∈b+a (mod U)

|N(ξ)|^{−s}e_a(pξ).

Here the sum is taken over F^×/U under the condition that ξ ≫ 0 and ξ − a ∈ b. We take a subgroup U of g^×_+ of finite index such that u − 1 ∈ a^{−1}b ∩

Documenta Mathematica 15 (2010) 489–506

498 Goro Shimura

p^{−1}(b^{−1}d^{−1} ∩ a^{−1}d^{−1}) for every u ∈ U. Clearly such a U exists, the sum of (3.1) is meaningful, and ζ(s; b, a, p) is well defined independently of the choice of U.

This is an analogue of (0.1), but it should be remembered that here both a and p belong to F. Thus (1.5) is a special case of (3.1).

Next, let k ∈ Z^a. With s, b, a, and p as above, we put (3.2) D_k(s; b, a, p) = [g^×_+ : U]^{−1} � 0≠ξ∈b+a (mod U)

ξ^{−k}|ξ|^{k−sa}e_a(pξ),

where the summation is the same as in (3.1) except that this time we do not impose the condition ξ ≫ 0. This is well defined and both (3.1) and (3.2) are convergent for Re(s) > 1.

Lemma 3.2. Let k ∈ Z^a with k_v = 0 or 1 for every v ∈ a. Then the product D_k(s; b, a, p) � v∈a Γ � (s + k_v)/2 � can be continued to a meromorphic function of s on the whole s-plane that is holomorphic except for possible simple poles at s = 0 and 1, which occur only when k = 0. The pole at s = 0 occurs if and only if k = 0 and a ∈ b.

This is included in [S00, Lemma 18.2], as D_k(s; b, a, p) is a special case of the series D_k(s, κ) of [S00, (18.1)]. Notice that D_k(s; b, a, p) is finite at s = 0 for every k.

Lemma 3.3. For 0 < μ ∈ Z and k ∈ Z^a with k_v = 0 or 1 the following assertions hold:

(i) D_k(1 − μ; b, a, p) = 0 if k_v − μ /∈ 2Z for some v ∈ a. (ii) Suppose k_v − μ ∈ 2Z for every v ∈ a; then D_k(1 − μ; b, a, p) ∈ Q_{ab}, where Q_{ab} denotes the maximal abelian extension of Q; in particular, D_k(1 − μ; b, a, 0) ∈ Q.

Proof. Suppose k_v − μ /∈ 2Z for one particular v. Then Γ � (s + k_v)/2 � has a pole at s = 1 − μ, and so (i) follows from Lemma 3.2. As for (ii), that D_k(1 − μ; b, a, 0) ∈ Q is given in Proposition 18.10(ii) of [S00]. For any p ∈ F, we see that D_k(s; b, a, p) is a finite Q_{ab}-linear combination of D_k(s; b^′, a^′, 0) with several (b^′, a^′), and so D_k(1 − μ; b, a, p) ∈ Q_{ab}.

Now our principal result on ζ(s; b, a, p) can be stated as follows.

Theorem 3.4. (i) ζ(s; b, a, p) can be continued to a meromorphic function of s on the whole s-plane, which is holomorphic except for a possible simple pole at s = 1.

(ii) Let 0 < μ ∈ Z. Then ζ(1 − μ; b, a, p) ∈ Q_{ab}, and in particular, ζ(1 − μ; b, a, 0) ∈ Q.

Proof. For ξ ∈ F^× we note an easy fact � k∈Z^a/2Z^a

ξ^{−k}|ξ|^k =

� 2_g if ξ ≫ 0,

0 otherwise,

where g = [F : Q]. Therefore we obtain

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 499

(3.3) 2^gζ(s; b, a, p) = � k∈Z^a/2Z^a

D_k(s; b, a, p),

and so assertion (i) follows immediately from Lemma 3.2. Take μ as in (ii). By Lemma 3.3(i), the terms on the right-hand side of (3.3) vanish except for the term with k such that k_v − μ ∈ 2Z for every v. Therefore we obtain the desired result from Lemma 3.3(ii), and our proof is complete.

4. Some explicit expressions for Gauss sums

4.1. There are two kinds of formulas for the critical values of L(s, χ): one is for L(k, χ) and the other for L(1−k, χ). The former involves π and the Gauss sum of χ, whereas the latter does not. In a sense L(1 − k, χ) is conceptually more natural than L(k, χ), but there is an interesting aspect in the computation of L(k, χ), since it allows us to find an explicit expression for a certain Gauss sum. This can be achieved by computing L(k, χ) in two different ways, which involve two different Gauss sums. Let us begin with the definition of a Gauss sum and an easy lemma.

Given a primitive or an imprimitive Dirichlet character χ^′ modulo a positive integer, we take the primitive character χ associated with χ^′, and define the Gauss sum G(χ^′) to be the same as the Gauss sum G(χ) of χ, given by

(4.1) G(χ) = d� a=1 χ(a)e(a/d),

where d is the conductor of χ. Now we have an elementary

Lemma 4.2. (i) Let χ_1, . . . , χ_m be Dirichlet characters. Then the number G(χ_1) · · · G(χ_m)/G(χ_1 · · · χ_m) belongs to the field generated by the values of χ_1, . . . , χ_m over Q.

(ii) Let ψ and χ be primitive characters of conductor c and d, respectively. If c and d are relatively prime, then

(4.2) G(ψχ) = ψ(d)χ(c)G(ψ)G(χ).

Proof. For the proof of (i) see [S78, Proposition 4.12], which generalizes [S76, Lemma 8]. In the setting of (ii) take r, s ∈ Z so that cr + ds = 1. Then for x, y ∈ Z the map (x, y) → xds + ycr gives a bijection of (Z/cZ) × (Z/dZ) onto Z/cdZ, and so

G(ψχ) = c� x=1 d� y=1 e � (xds + ycr)/cd � ψ(xds)χ(ycr)

= c� x=1 ψ(xds)e(xs/c) d� y=1 χ(ycr)e(yr/d),

which proves (4.2).

Theorem 4.3. Let χ be a primitive character of conductor d such that χ(−1) = −1, and let λ(m) =

�_3 m � . Suppose d is odd and 0 < d/9 ∈ Z.

Then

Documenta Mathematica 15 (2010) 489–506

500 Goro Shimura

(4.3)

G(χλ) G(χ) = � 2 √ 3χ(2) d−1� a=1 (χλ)(a)

� d−g�

j=1−g

(−1)^j χ(j) � , where g = [d/6] + 1.

Proof. In [S07, Theorem 6.3(v)] we gave a formula for L(k, χλ). Taking k = 1 and χ̄ in place of χ, we obtain 2 √ 3χ(2)(πi)^{−1}G(χ)L(1, χ̄λ) = d−g�

j=1−g

(−1)^j χ(j),

since E_{1,0}(t) = 1. Now χ̄λ is primitive and has conductor 4d, and so the formula [S07, (4.34)] applied to χ̄λ produces

(πi)^{−1}G(χλ)L(1, χ̄λ) = d−1� a=1 (χλ)(a).

Taking the quotient of these two formulas, we obtain (4.3).

In [S07, Theorem 6.3] we gave eight formulas for L(k, χλ), where λ is a “constant” character and χ is a “variable” character. In the above theorem we employed only one of those formulas. We can actually state results about G(χλ)/G(χ) in the other seven cases, but they are not so interesting, since we can apply (4.2) to χλ in those cases, and the case we employed in the above theorem is the only case to which (4.2) is not applicable. Even in that case, the significance of (4.3) is rather obscure. Still, the formula is clear-cut and nontrivial, and we state it here with the hope that future researchers will be able to clarify its nature in a better perspective.

We end our discussion of this subject by showing the quantity of (4.3) can be determined in a different way. We begin with some preliminary results.

Lemma 4.4. Let χ and ψ be primitive characters of conductor p^m and p^n, respectively, where p is a prime number and m, n are positive integers. Suppose m ≥ n and χψ has conductor p^m. Then

(4.4) G(χ)G(ψ) = G(χψ)

p^n�

a=1 χ(1 − p^{m−n}a)ψ(a).

This was given in [S76, (4.2)].

Lemma 4.5. Let χ be a primitive character of conductor c, where c = 3^m with m > 1 or c = 2^m with m > 3, and let μ_3 and μ_4 denote the primitive characters of conductor 3 and 4, respectively. Let χ^′ = χμ_3 if c = 3^m and χ^′ = χμ_4 if c = 2^m. Then G(χ^′) = εG(χ) with ε = ±1 determined by χ(1 − 3^{m−1}) = e(ε/3) if c = 3^m and χ(1 − 2^{m−2}) = e(ε/4) if c = 2^m.

Proof. We first consider the case c = 2^m. By (4.4), G(χ)G(μ_4)/G(χ^′) = β − γ with β = χ(1−2^{m−2}) and γ = χ(1+2^{m−2}). Since m > 3, we have (1−2^{m−2})^2 ≡ 1 − 2^{m−1} (mod 2^m), (1 − 2^{m−2})(1 + 2^{m−2}) ≡ 1 (mod 2^m), and (1 − 2^{m−2})^4 ≡ 1 (mod 2^m), and so β^4 = βγ = 1. Suppose β = ±1. Then χ(1 − 2^{m−1}) = 1, and so χ(1 − 2^{m−1}a) = χ(1 − 2^{m−1})^a = 1 for every a ∈ Z, which means that χ

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 501

has conductor ≤ 2^{m−1}, a contradiction. Thus β ≠ ±1, and so β = εi with ε = ±1. Since G(μ_4) = 2i, we have G(χ)/G(χ^′) = (β − β^{−1})/2i = ε, which proves the case c = 2^m.

If c = 3^m, we have similarly G(χ)G(μ_3)/G(χ^′) = β−γ with β = χ(1−3^{m−1}) and γ = χ(1 + 3^{m−1}). We easily see that βγ = β^3 = 1 and β ≠ 1. Since G(μ_3) = √ 3i, we have G(χ)/G(χ^′) = (β − β^{−1})/ √ 3i = ε, and ε is determined by β = e(ε/3). This completes the proof.

4.6. Returning to the setting of Theorem 4.3, put d = 3^mf with m ∈ Z and 0 < f ∈ Z, 3 ∤ f; put also χ = χ_0χ_1 with characters χ_0 and χ_1 of conductor 3^m and f, respectively. Since λ = μ_3μ_4, we have χλ = χ_0μ_3χ_1μ_4. By (4.2) we have G(χ_1μ_4) = 2iχ_1(4)μ_4(f)G(χ_1), and so

G(χλ) = (χ_1μ_4)(3^m)(χ_0μ_3)(4f)G(χ_0μ_3)G(χ_1μ_4) = 2i(−1)^mχ_0(f)χ(4)χ_1(3^m)λ(f)G(χ_0μ_3)G(χ_1).

Also, G(χ) = χ_0(f)χ_1(3^m)G(χ_0)G(χ_1). Therefore

G(χλ)/G(χ) = 2i(−1)^mλ(f)χ(4)G(χ_0μ_3)/G(χ_0).

Applying Lemma 4.5 to G(χ_0μ_3)/G(χ_0), we thus obtain

(4.5) G(χλ)/G(χ) = 2i(−1)^mλ(f)χ(4)ε,

where ε = ±1 is determined by χ_0(1 − 3^{m−1}) = e(ε/3).

5. The case of a domain of positivity

5.1. There is a natural analogue of ζ(s; a, γ) defined on the space of symmetric matrices. To be explicit, with a positive integer n we denote by V the set of all real symmetric matrices of size n, and write h > 0 resp. h ≥ 0 for h ∈ V when h is positive definite resp. nonnegative. We put V_C = V ⊗_R C,

κ = (n + 1)/2, P = � h ∈ V � � h > 0�, and H = � x + iy ∈ V_C � x ∈ V, y ∈ P � . For h ∈ V we denote by λ(h) and μ(h) the maximum and minimum absolute value of eigenvalues of h, respectively. We easily see that V is a normed space with λ(h) as the norm of h, that is, λ(ch) = |c|λ(h) for c ∈ R and λ(h + k) ≤ λ(h) + λ(k). For 0 ≤ d ∈ Z we denote by S_d the space of all C-valued homogeneous polynomial functions on V of degree d. Here are two easy facts:

(5.1) tr(gh) ≥ λ(h)μ(g) if g, h ∈ P.

(5.2) |ξ(h)| ≤ c_ξλ(h)^d for every ξ ∈ S_d and h ∈ V with a positive constant c_ξ that depends only on ξ.

To prove (5.1), we may assume that g is diagonal. For g = diag[μ_1, . . . , μ_n] we have tr(gh) =

�_n

i=1 μ_ih_{ii} ≥ μ(g)tr(h) ≥ μ(g)λ(h), since tr(h) is the sum of all eigenvalues of h. As for (5.2), given h ∈ V, take an orthogonal matrix p so

Documenta Mathematica 15 (2010) 489–506

502 Goro Shimura

that h =^tp · diag[κ_1, . . . , κ_n]p with κ_i ∈ R. Since |p_{ij} | ≤ 1 and |κ_i| ≤ λ(h), we see that |h_{ij} | ≤ nλ(h), from which we obtain (5.2).

We now consider three types of infinite series:

(5.3) Φ(s; L, a, z) = � h∈L det � 2πi(h − z)

�_{−s} e � tr(a(h − z)) � , (5.4) F (s; L, a, z) = � h∈L, h+a>0

det(h + a)^{−s}e � tr(hz) � , (5.5) F_0(s; L, a, z) = � 0≤h∈L

det(h + a)^{−s}e � tr(hz) � . Here s ∈ C, L is a lattice in V, a ∈ V, z ∈ H, and the sum of (5.4) is extended over all h ∈ L such that h + a ∈ P ; the sum of (5.3) is simply over all h ∈ L; in (5.5) we assume that a > 0 and the sum is extended over all nonnegative h in L. For z ∈ H and s ∈ C we define det(−2πiz)^s so that it coincides with det(2πp)^s if z = ip with p ∈ P.

Lemma 5.2. For every ξ ∈ S_d the infinite series

(5.6) � h∈L, h+a>0

det(h + a)^sξ(h + a)e � tr(hz) �

converges absolutely and locally uniformly for (s, a, z) ∈ C × V × H.

Proof. For a fixed positive number α the number of h ∈ L such that λ(h)≤α is finite, as � h∈V � � λ(h)≤α� is compact and L is discrete in V. Thus, to prove the convergence of (5.6), we can restrict h to those that satisfy λ(h) > λ(a)+1 for every a ∈ A, where A is a fixed compact subset of V. For such an h we have 1 ≤ λ(h + a) < 2λ(h) and det(h + a) ≤ λ(h + a)^n ≤ 2^nλ(h)^n. Also, by (5.2), |ξ(h + a)| ≤ c_ξλ(h + a)^d ≤ c_ξ2^dλ(h)^d. Thus for Re(s) = σ we have | det(h + a)^sξ(h + a)| ≤ 2^{nσ+d}c_ξλ(h)^{nσ+d}. On the other hand, for 0 < N ∈ Z the number of h ∈ L such that N ≤ λ(h) < N + 1 is less than CN^b with positive constants C and b. Put g = 2πIm(z). Then |e(tr(hz) � | = e^{−tr(gh)}.

Since −tr(gh) ≤ −λ(h)μ(g) by (5.1), our partial sum can be majorized by 2^{nσ+d}c_ξC

�_∞ N=1(N + 1)^{nσ+d+b}e^{−Nμ(g)}, which proves our lemma.

Theorem 5.3. (i) The infinite series of (5.3) converges absolutely and locally uniformly in (s, a, z) ∈ � s ∈ C � � Re(s) > n� × V × H. Thus it defines a holomorphic function in s for Re(s) > n.

(ii) The infinite series of (5.4) and (5.5) converge absolutely and locally uniformly in (s, a, z) ∈ C × V × H, and so they define entire functions of s.

(iii) For Re(s) > n we have

(5.7) vol(V/L)F (κ − s; L, a, z) = Γ_n(s)Φ(s; L^′, a, z),

where L^′ = � x ∈ V � tr(xL) ⊂ Z � and Γ_n(s) = π^{n(n−1)/4} n−1� k=0 Γ � s − (k/2) � .

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 503

(iv) For 0 ≤ m ∈ Z the values F (−m; L, a, z), F_0(−m; L, a, z), and Φ(κ + m; L, a, z) are polynomial functions of a of degree ≤ mn, whose coefficients depend on L and z.

Statement (iv) for F_0 can be taken literally, but the cases of F and Φ require some clarifications, which will be given in the proof.

Proof. Assertion (i) is included in [S82, Lemma 1.3]; (ii) follows from Lemma 5.2. To prove (iii), given s ∈ C and p ∈ P, we consider a function g on V defined by

g(u) = � e^{−tr(up)} det(u)^{s−κ} (u ∈ P ), 0 (u /∈ P ), and define its Fourier transform ĝ by

ĝ(t) = � V e � − tr(ut) � g(u)du (t ∈ V ),

where du = � i≤j du_{ij} . As shown in [S82, (1.22)], ĝ(t) = Γ_n(s) det(p + 2πit)^{−s},

provided Re(s) > κ − 1. Then the Poisson summation formula establishes equality (5.7) with both sides multiplied by e � tr(az) � for z = (−2πi)^{−1}p when the series of (5.3) and (5.4) are convergent, which is the case at least when Re(s) > n. Since both sides of (5.7) are holomorphic in z if Re(s) > n, we obtain (iii) as stated.

To prove (iv), take a C-basis B of

�_{mn} d=0 S_d. For 0 ≤ m ∈ Z we have

(5.8) F_0(−m; L, a, z) = � 0≤h∈L

det(h + a)^me � tr(hz) � . We can put det(h+a)^m = � β∈B β(a)f_β (h) with polynomial functions f_β , and so (5.8a) F_0(−m; L, a, z) = � β∈B β(a)G_β (z) with

(5.8b) G_β (z) = � 0≤h∈L

f_β(h)e � tr(hz) � . Thus F_0(−m; L, a, z) is a polynomial in a as stated in (iv). This argument is basically valid for F in place of F_0, but the functions corresponding to G_β in that case may depend on a. To avoid that difficulty, we first take a compact subset A of V and restrict a to A. As shown in the proof of Lemma 5.2, we can find a subset M of L independent of a such that � h ∈ L � h > 0, h + a > 0 � = M ⊔ K_a, with a finite set K_a for each a ∈ A. Then, taking F in place of F_0, we obtain, for a ∈ A,

(5.9a) F (−m; L, a, z) = � β∈B β(a)H_β (z) with

(5.9b) H_β (z) = � h∈K_a

f_β(h)e � tr(hz) � + � h∈M f_β(h)e � tr(hz) � .

Documenta Mathematica 15 (2010) 489–506

504 Goro Shimura

Thus the statement about F (−m; L, a, z) in (iv) must be understood in the sense of (5.9a, b). It is a polynomial in a whose coefficients H_β(z) is the sum of a “principal part” that is independent of a and a finite sum depending on a. As for the value of Φ, from (5.7) we see that Φ is an entire functions of s.

Also Γ_n(s)^{−1} is nonzero for (n − 1)/2 < s ∈ R. Thus Φ(κ + m; L^′, a, z) is a nonzero constant times F (−m; L, a, z), and so is a polynomial in a in the sense explained above.

5.4. Let us add some remarks. Clearly F_0 of (5.5) is a natural generalization of (0.1), but we introduced F and Φ as in (5.4) and (5.3), as we think they are natural objects of study closely related to (5.5). It must be remembered, however, that (5.5) includes (0.1) as a special case only if |γ| < 1. To define something like (5.5) that includes (0.1) with |γ| = 1 is one of the open problems in this area.

Next, there are four classical types of domains of positivity associated with tube domains discussed in [S82]. Our V, P, and H in this section belong to the easiest type. We can in fact define the analogues of (5.3), (5.4), and (5.5) for all three other types of domains, and prove the results similar to Theorem 5.3 in those cases.

As to the nature of the polynomials in the variable a obtained in Theorem 5.3(iv), we do not have their description as explicit as what we know about E_{c,m}(t). Still, we can show that they are of a rather special kind. For that purpose we need a matrix of differential operators ∂_a = (∂_{ij} )^n_{i,j=1} on V as folows. Taking a variable symmetric matrix a = (a_{ij} ) on V, we put ∂_{ii} = ∂/∂a_{ii} and ∂_{ij} = 2^{−1}∂/∂a_{ij} for i ≠ j. Then for every φ ∈ S_d we can define a diffrential operator φ(∂_a). In particular, taking φ(a) = det(a), we put

(5.10) Δ_a = det(∂_a) = � σ sgn(σ)∂_{1σ(1)} · · · ∂_{nσ(n)},

where σ runs over all permutations of {1, . . . , n}. It is well known that

(5.11) Δ_a � det(a)^s � = n−1� k=0 (s + k/2) · det(a)^{s−1}.

This is a special case of a general formula on φ(∂_a) det(z)^s for φ ∈ S_d given in [S84].

Fixing L and z, for 0 ≤ m ∈ Z put

(5.12) E_m(a) = F_0(−m; L, a, z).

We have shown that E_m is a polynomial of degree ≤ mn. Notice that E_0(a) = � 0≤h∈L e � tr(hz) � . From (5.8) and (5.11) we obtain

(5.13) Δ_aE_m(a) = n−1� k=0 (m + k/2) · E_{m−1}(a).

This is a generalization of the formula (d/dt)E_{c,m}(t) = mE_{c,m−1}(t), noted in [S07, (4.3c)].

Documenta Mathematica 15 (2010) 489–506

On Generalizations of the Hurwitz Zeta Function 505

References

[E] A. Erdélyi (ed.), Higher Transcendental Functions I, McGraw-Hill, New York, 1953.

[Hu] A. Hurwitz, Einige Eigenschaften der Dirichlet’schen Functionen F (s) = � �_D n � · 1/n^s, die bei der Bestimmung der Classenanzahlen binärer quadratischer Formen auftreten, Zeitschrift für Math. und Phys. xxvii (1882), 86–101 (= Mathematische Werke I, 72–88).

[Le] M. Lerch, Note sur la fonction K(w, x, s) =

�_∞ k=0 e^{2kπix}/(w + k)^s, Acta mathematica, 11 (1887), 19–24.

[Li] R. Lipschitz, Untersuchung der Eigenschaften einer Gattung von unendlichen Reihen, Journ. für die reine u. angew. Mathematik, 105 (1889), 127–156.

[R] B. Riemann, Über die Anzahl der Primzahlen unter einer gegebenen Grösse, Monatsberichten der Berliner Akademie 1859 (= Gesammelte Mathematische Werke, 145–153).

[S76] G. Shimura, The special values of the zeta functions associated with cusp forms, Communications on pure and applied Mathematics, 29 (1976), 783–804 (=Collected Papers II, 740–761).

[S78] G. Shimura, The special values of the zeta functions associated with Hilbert modular forms, Duke Mathematical Journal 45 (1978), 637–679. (Corrections to this paper were given in Duke Mathematical Journal 48 (1981), 697. A better revised version of the paper can be found in Collected Papers III, 75–114.)

[S82] G. Shimura, Confluent hypergeometric functions on tube domains, Mathematische Annalen, 260 (1982), 269–302 (=Collected Papers III, 388– 421).

[S84] G. Shimura, On differential operators attached to certain representations of classical groups, Inventiones mathematicae, 77 (1984), 463–488 (=Collected Papers III, 584–609).

[S00] G. Shimura, Arithmeticity in the theory of automorphic forms, Mathematical Surveys and Monographs, vol. 82, American Mathematical Society, 2000.

[S07] G. Shimura, Elementary Dirichlet series and modular forms, Springer Monographs in Mathematics, Springer, 2007.

[S08] G. Shimura, The critical values of certain Dirichlet series, Documenta Mathematika 13, (2008), 775–794.

[WW] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th ed., Cambridge, 1927.

Documenta Mathematica 15 (2010) 489–506

506 Goro Shimura

Goro Shimura Department of Mathematics Princeton University Princeton NJ 08544–1000 USA goro@Math.Princeton.EDU

Documenta Mathematica 15 (2010) 489–506

Documenta Math. 507

Locally Well Generated

Homotopy Categories of Complexes

Jan Šťovíček^1

Abstract. We show that the homotopy category of complexes K(B) over any finitely accessible additive category B is locally well generated. That is, any localizing subcategory L in K(B) which is generated by a set is well generated in the sense of Neeman. We also show that K(B) itself being well generated is equivalent to B being pure semisimple, a concept which naturally generalizes right pure semisimplicity of a ring R for B = Mod-R.

2010 Mathematics Subject Classification: 18G35 (Primary) 18E30, 18E35, 16D90 (Secondary) Keywords and Phrases: compactly and well generated triangulated categories, complexes, pure semisimplicity

Introduction

The main motivation for this paper is to study when the homotopy category of complexes K(B) over an additive category B is compactly generated or, more generally, well generated.

In the last few decades, the theory of compactly generated triangulated categories has become an important tool unifying concepts from various fields of mathematics. Standard examples are the unbounded derived category of a ring or the stable homotopy category of spectra. The key property of such a category T is the Brown Representability Theorem, cf. [30, 25], originally due to Brown [9]:

Any contravariant cohomological functor F : T → Ab which sends coproducts to products is representable.

1The author was supported by the Research Council of Norway through the Storforskproject “Homological and geometric methods in algebra” and also by the grant GAUK 301- 10/252216.

Documenta Mathematica 15 (2010) 507–525

508 Jan Šťovíček

This theorem is an important tool and has been used in several places. We mention Neeman’s proof of the Grothendieck Duality Theorem [30], Krause’s work on the Telescope Conjecture [28, 24], or Keller’s representation theorem for algebraic compactly generated triangulated categories [23]. Recently, there has been a growing interest in giving criteria for certain homotopy categories K(B) to be compactly generated, [15, 20, 29, 31]. Here, B typically was a suitable subcategory of a module category. The main reason for studying such homotopy categories were results concerning the Grothendieck Duality Theorem [17, 31] and relative homological algebra [19]. There is, however, a conceptual reason, too. Namely, every algebraic triangulated category is triangle equivalent to a full subcategory of some homotopy category, [25, §7.5].

It turned out when studying the homotopy category of complexes of projective modules over a ring R in [31] that it is useful to consider well generated triangulated categories in this context. More precisely, K(Proj-R) is always well generated, but may not be compactly generated. Well generated categories have been defined by Neeman [32] in a natural attempt to extend results such as the Brown Representability from compactly generated triangulated categories to a wider class of triangulated categories.

Although one has already known for some time that there exist rather natural triangulated categories, such as the homotopy category of complexes of abelian groups, which are not even well generated, one has typically viewed those as rare and exceptional cases.

We will give some arguments to show that this interpretation is not very accurate. First, the categories K(Mod-R) for a ring R are rarely well generated. It happens if and only if R is right pure semisimple, which establishes the converse of [15, §4 (3), p. 17]. Moreover, we generalize this result to the homotopy categories K(B) with B additive finitely accessible. This way, we obtain a fairly complete answer regarding when K(Flat-R) is compactly or well generated, see [15, Question 4.2].

We also give a partial remedy for the typical failure of K(B) to be well generated. Roughly speaking, the main problem with K(B), where B is finitely accessible, is that it may not have any set of generators at all. But if we take a localizing subcategory L generated by any set of objects, it will automatically be well generated. We will call a triangulated category with this property locally well generated.

We will also give basic properties of locally well generated categories and see that some of the usual results regarding localization hold in the new setting. For example, any localizing subcategory generated by a set of objects is realized as the kernel of a localization endofunctor. This version of a Bousfield localization theorem generalizes [26, §7.2] and [2, 5.7]. However, one has to be more careful. The Brown Representability theorem as stated above does not work for locally well generated categories in general, and there are localizing subcategories which are not associated to any localization endofunctor. We illustrate this in Example 3.7.

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 509

Acknowledgements. The author would like to thank Henning Krause for several helpful discussions and suggestions, as well as for his hospitality during the author’s visits in Paderborn.

1. Preliminaries

Let T be a triangulated category. A triangulated subcategory S ⊆ T is called thick if, whenever X ∐ Y ∈ S, then also X ∈ S. From now on, we will assume that T has arbitrary (set-indexed) coproducts. A full triangulated subcategory L ⊆ T is called localizing if it is closed under forming coproducts. Note that by [32, 1.6.8], T has splitting idempotents and any localizing subcategory L ⊆ T is thick.

If S is any class of objects of T , we denote by Loc S the smallest localizing subcategory of T which contains S. In other words, Loc S is the closure of S under shifts, coproducts and triangle completions.

Given T and a localizing subcategory L ⊆ T , one can construct the so-called Verdier quotient T /L by formally inverting in T all morphisms in the class Σ(L) defined as

Σ(L) = {f | ∃ triangle X^f→ Y → Z → X[1] in T such that Z ∈ L}.

It is a well known fact that the Verdier quotient always has coproducts, admits a natural triangulated structure, and the canonical localization functor Q : T → T /L is exact and preserves coproducts, [32, Chapter 2]. However, one has to be careful, since T /L might not be a usual category in the sense that the homomorphism spaces might be proper classes rather than sets. This fact, although often inessential and neglected, as T /L has a very straightforward and constructive description, may nevertheless have important consequences in some cases; see eg. [6].

Let L : T → T be an exact endofunctor of T . Then L is called a localization functor if there exists a natural transformation η : Id_T → L such that Lη_X = η_{LX} and η_{LX} : LX → L^2X is an isomorphism for each X ∈ T . It is easy to check that the full subcategory Ker L of T given by

Ker L = {X ∈ T | LX = 0}

is always localizing [2, 1.2]. Moreover, there is a canonical triangle equivalence between T / Ker L and Im L, the essential image of L; see [32, 9.1.16] or [26, 4.9.1]. This among other things implies that all morphism spaces in T / Ker L are sets. Note that although Im L has coproducts as a category, it might not be closed under coproducts in T . This type of localization, coming from a localization functor, is often referred to as Bousfield localization. However, not every localizing subcategory L is realized as the kernel of a localization functor, [6, 1.3]. Namely, L is of the form Ker L for some localization functor if and only if the inclusion L → T has a right adjoint, [2, 1.6].

A central concept in this paper is that of a well generated triangulated category. Let κ be a regular cardinal number. An object Y in a category with arbitrary

Documenta Mathematica 15 (2010) 507–525

510 Jan Šťovíček

coproducts is called κ–small provided that every morphism of the form

Y −→ � i∈I X_i

factorizes through a subcoproduct � i∈J X_i with |J| < κ.

Definition 1.1. Let T be a triangulated category with arbitrary coproducts and κ be a regular cardinal. Then T is called κ–well generated provided there is a set S of objects of T satisfying the following conditions:

(1) If X ∈ T such that T (Y, X) = 0 for each Y ∈ S, then X = 0; (2) Each object Y ∈ S is κ–small;

(3) For any morphism in T of the form f : Y → � i∈I X_i with Y ∈ S, there exists a family of morphisms f_i : Y_i → X_i such that Y_i ∈ S for each i ∈ I and f factorizes as

Y −−−→ � i∈I Y_i � f_i

−−−→ � i∈I X_i.

The category T is called well generated if it is κ–well generated for some regular cardinal κ.

This definition differs to some extent from Neeman’s original definition in [32, 8.1.7]. The equivalence between the two follows from [27, Theorem A] and [27, Lemmas 4 and 5]. Note that if κ = ℵ_0, then condition (3) is vacuous and ℵ_0– well generated triangulated categories are precisely the compactly generated triangulated categories in the usual sense.

The key property of well generated categories is that the Brown Representability Theorem holds:

Proposition 1.2. [32, 8.3.3] Let T be a well generated triangulated category. Then:

(1) Any contravariant cohomological functor F : T → Ab which takes coproducts to products is, up to isomorphism, of the form T (−, X) for some X ∈ T .

(2) If S is a set of objects of T which meets assumptions (1), (2) and (3) of Definition 1.1 for some cardinal κ, then T = Loc S.

Next we turn our attention to categories of complexes. Let B be an additive category. Using a standard notation, we denote by C(B) the category of chain complexes

X : · · · → X^{n−1 dn−1}→ X^{n dn}→ X^{n+1} → . . . ,

of objects of B. By K(B), we denote the factor-category of C(B) modulo the ideal of null-homotopic chain complex morphisms. It is well known that K(B) has a triangulated structure where triangle completions are constructed using mapping cones (see for example [14, Chapter I]). Moreover, if B has arbitrary coproducts, so have them both C(B) and K(B), and the canonical functor C(B) → K(B) preserves coproducts.

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 511

We will often take for B module categories or their subcategories. In this case, R will denote an associative unital ring and Mod-R the category of all (unital) right R–modules. By Proj-R and Flat-R we denote, respectively, the full subcategories of projective and flat R–modules.

In fact, our considerations will usually work in a more general setting. Let A be a skeletally small additive category and Mod-A be the category of all contravariant additive functors A → Ab. We will call such functors right A–modules. Then Mod-A shares many formal properties with usual module categories. We refer to [18, Appendix B] for more details. Correspondingly, we denote by Proj-A the full subcategory of projective functors and by Flat-A the category of flat functors. We discuss the categories of the form Flat-A more in detail in Section 4 since those are, up to equivalence, precisely the so called additive finitely accessible categories. Many natural abelian categories are of this form.

Finally, we spend a few words on set-theoretic considerations. All our proofs work in ZFC with an extra technical assumption: the axiom of choice for proper classes. The latter assumption has no algebraic significance, it is only used to keep arguments simple in the following case:

Let F : C → D be a covariant additive functor. If we know, for example by the Brown Representability Theorem, that the composition of functors

C^F−−−−−→ D^{D(−,X)}

−−−−−→ Ab is representable for each X ∈ D, we would like to conclude that F has a right adjoint G : D → C. In order to do that, we must for each Y ∈ C choose one particular value for GY from a class of mutually isomorphic candidates.

2. Pure semisiplicity

A relatively straightforward but crucial obstacle causing a homotopy category of complexes K(B) not to be well generated is that the additive base category B is not pure semisimple. Here, we use the following very general definition:

Definition 2.1. An additive category B with arbitrary coproducts is called pure semisimple if it has an additive generator. That is, there is an object X ∈ B such that B = AddX, where AddX stands for the full subcategory formed by all objects which are summands in (possibly infinite) coproducts of copies of X.

The term is inspired by the case B = Mod-R, where we have the following proposition:

Proposition 2.2. A ring R is right pure semisimple (that is, each pure monomorphism between right R–modules splits) if and only if Mod-R is pure semisimple in the sense of Definition 2.1.

Proof. If every pure monomorphism in Mod-R splits, then also every pure epimorphism splits. That is, every module is pure projective, or equivalently a summand in a direct sum of finitely presented modules. By a theorem of

Documenta Mathematica 15 (2010) 507–525

512 Jan Šťovíček

Kaplansky, [21, Theorem 1], it follows that every module is a direct sum of countably generated modules. Hence, Mod-R is pure semisimple according to our definition. In fact, one can show more in this case: Every module is even a direct sum of finitely presented modules; see for example [16] or [18, App. B]. Let us conversely assume that Mod-R is a pure semisimple additive category. Using [3, Theorem 26.1], which is a variation of [21, Theorem 1] for higher cardinalities, we see that if Mod-R = AddX for some κ–generated module X, then each module in Mod-R is a direct sum of λ–generated modules where λ = max(κ, ℵ_0). This fact implies that every module is Σ–pure injective, [12]. In particular, each pure monomorphism in Mod-R splits and R is right pure semisimple. □

If R is an artin algebra, then the conditions of Proposition 2.2 are well-known to be further equivalent to R being of finite representation type; see [4, Theorem A]. For more details and references on this topic, we also refer to [16]. It turns out that the pure semisimplicity condition has a nice interpretation for finitely accessible additive categories as well. We will discuss this more in detail in Section 4.

For giving a connection between pure semisimplicity of B and properties of K(B), we recall a structure result for the so-called contractible complexes in C(B). A complex Y ∈ C(B) is contractible if it is mapped to a zero object under C(B) → K(B). It is clear that the complexes of the form

I_{X,n} : · · · → 0 → 0 → X = X → 0 → 0 → . . . ,

such that the first X is in degree n, are contractible. Moreover, all other contractible complexes are obtained in the following way:

Lemma 2.3. Let B be an additive category with splitting idempotents and Y ∈ C(B). Then the following are equivalent:

(1) Y is contractible;

(2) Y is isomorphic in C(B) to a complex of the form � n∈Z I_{Xn ,n}.

Proof. (2) =⇒ (1). This is trivial given the fact that the functor C(B) → K(B) preserves those componentwise coproducts of complexes which exist in C(B).

(1) =⇒ (2). Let us fix a contractible complex in K(B):

Y : . . .^{dn−2}−−−→ Y^{n−1 dn−1}−−−→ Y^{n dn}−−−→ Y^{n+1 dn+1}−−−→ . . . .

By definition, the identity morphism of Y is homotopy equivalent to the zero morphism in C(B), so there are morphisms s^n : Y^n → Y^{n−1} in B such that

1_Y n = d^{n−1}s^n + s^{n+1}d^n.

When composing with d^n, we get d^n = d^ns^{n+1}d^n, so s^{n+1}d^n : Y^n → Y^n is idempotent in B for each n ∈ Z. Hence there are morphisms p^n : Y^n → X_n and j^n : X_n → Y^n in B such that p^nj^n = 1_{Xn} and j^np^n = s^{n+1}d^n. Let us

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 513

denote by f^n : X_{n−1} ∐ X_n → Y^n and g^n : Y^n → X_{n−1} ∐ X_n the morphisms defined as follows:

f^n = (d^{n−1}j^{n−1}, j^n), and g^n = � p^{n−1}s^n

p^n � . Using the identities above, it is easy to check that f^ng^n = 1_Y n and g^nf^n is an isomorphism in B for each n. Therefore, both f^n and g^n are isomorphisms and g^nf^n is the identity morphism. Finally, it is straightforward to check that the family of morphisms (f_n | n ∈ Z) induces an (iso)morphism f : � n∈Z I_{Xn ,n} → Y in C(B). □

It is not difficult to see that the condition of B having splitting idempotents is really necessary in Lemma 2.3. However, there is a standard construction which allows us to amend B with the missing summands if B does not have splitting idempotents.

Definition 2.4. Let B be an additive category. Then an additive category B̄ is called an idempotent completion of B if

(1) B̄ has splitting idempotents; (2) B is a full subcategory of B̄;

(3) Every object in B̄ is a direct summand of an object in B.

It is a classical result that idempotent completions always exist. We refer for example to [5, §1] for a particular construction. Moreover, it is well-known that if B has arbitrary coproducts, then also B̄ has them and they are compatible with coproducts in B.

Now we can state the main result of the section showing that for K(B) being generated by a set (and, in particular, for K(B) being well generated), the category B is necessarily pure semisimple.

Theorem 2.5. Let B be an additive category with arbitrary coproducts and assume that there is a set of objects S ⊆ K(B) such that K(B) = Loc S. Then B is pure semisimple.

Proof. Note that we can replace S by a singleton {Y }; take for instance Y = � Z∈S Z. Let us denote by X ∈ B the coproduct � n∈Z Y^n of all components of Y . We will show that B = AddX. First, we claim that K(AddX) is a dense subcategory of K(B), that is, each object in K(B) is isomorphic to one in K(AddX). Indeed, Y ∈ K(AddX) and one easily checks that the closure of K(AddX) under taking isomorphic objects in K(B) is a localizing subcategory. Hence K(AddX) is dense in K(B) and the claim is proved. Suppose for the moment that B has splitting idempotents. If we identify B with the full subcategory of K(B) formed by complexes concentrated in degree zero, we have proved that each object Z ∈ B is isomorphic to a complex Q ∈ K(AddX). That is, there is a chain complex homomorphism f : Z → Q such that Q ∈ C(AddX) and f becomes an isomorphism in K(B). In particular,

Documenta Mathematica 15 (2010) 507–525

514 Jan Šťovíček

the mapping cone C_f of f is contractible:

C_f : . . . −→ Q^{−3 d−3}−→ Q^{−2 (d} −2 0 ) −→ Q^{−1} ∐ Z^{(d−1,f 0)}−→ Q^{0 d0}−→ Q^1 −→ . . .

Here, f^0 is the degree 0 component of f. Consequently, Lemma 2.3 yields the following commutative diagram in B with isomorphisms in columns:

Q^{−2 (d} −2 0 ) −−−−→ Q^{−1} ∐ Z^{(d−1,f 0)}

−−−−−→ Q^0 ∼= � � �^∼= � � �^∼= � � � U ∐ V^{(0 10 0 )}−−−−→ V ∐ W^{(0 10 0 )}−−−−→ W ∐ Z It follows that V, W and also Q^{−1} ∐ Z and Z are in AddX. Hence B = AddX. Finally, let B be a general additive category with coproducts and B̄ be its idempotent completion. From the fact that K(B) has splitting idempotents, [32, 1.6.8], one easily sees that the full embedding K(B) → K(B̄) is dense. We already know that if K(B) = Loc S for a set S, then B̄ = AddX for some X ∈ B̄. In fact, we can take X ∈ B by the above construction. But then clearly B = AddX when the additive closure is taken in B. Hence B is pure semisimple. □

Remark. When studying well generated triangulated categories, an important role is played by so-called κ–localizing subcategories, see [32, 26]. We recall that given a cardinal number κ, a κ–coproduct is a coproduct with fewer than κ summands. If T is a triangulated category with arbitrary κ–coproducts, a thick subcategory L ⊆ T is called κ–localizing if it is closed under taking κ– coproducts. In this context, one can state the following “bounded” version of Theorem 2.5:

Let κ be an uncountable regular cardinal and B be an additive category with κ–coproducts. If K(B) is generated as a κ–localizing subcategory by a set S of fewer than κ objects, then there is X ∈ B such that every object of B is a summand in a κ–coproduct of copies of X.

Note that Theorem 2.5 gives immediately a wide range of examples of categories which are not well generated. For instance, K(Mod-R) is not well generated for any ring R which is not right pure semisimple. One can take R = Z or R = k(· ⇒ ·), the Kronecker algebra over a field k. The fact that K(Ab) is not well generated was first observed by Neeman, [32, E.3.2], using different arguments. In fact, we can state the following proposition, which we later generalize in Section 5:

Proposition 2.6. Let R be a ring. Then the following are equivalent:

(1) K(Mod-R) is well generated; (2) K(Mod-R) is compactly generated; (3) R is right pure semisimple.

If R is an artin algebra, the conditions are further equivalent to:

(4) R is of finite representation type.

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 515

Proof. (2) =⇒ (1) is clear, as compactly generated is the same as ℵ_0–well generated. (1) =⇒ (3) follows by Theorem 2.5 and Proposition 2.2. (3) =⇒ (2) has been proved by Holm and Jørgensen, [15, §4 (3), p. 17]. Finally, the equivalence between (3) and (4) is due to Auslander, [4, Theorem A]. □

3. Locally well generated triangulated categories

We have seen in the last section that a triangulated category of the form K(Mod-R) is often not well generated. One might get an impression that handling such categories is hopeless, but the main problem here actually is that the category is very big in the sense that it is not generated by any set. Otherwise, it has a very reasonable structure. We shall see that it is locally well generated in the following sense:

Definition 3.1. A triangulated category T with arbitrary coproducts is called locally well generated if Loc S is well generated for any set S of objects of T .

In fact, we prove that K(Mod-A) is locally well generated for any skeletally small additive category A. To this end, we first need to be able to measure the size of modules and complexes.

Definition 3.2. Let A be a skeletally small additive category and M ∈ Mod-A. Recall that M is a contravariant additive functor A → Ab by definition. Then the cardinality of M, denoted by |M|, is defined as

|M| = � A∈S |M(A)|,

where |M(A)| is just the usual cardinality of the group M(A) and S is a fixed representative set for isomorphism classes of objects from A. The cardinality of a complex Y = (Y^n, d^n) ∈ K(Mod-A) is defined as

|Y | = � n∈Z |Y^n|.

It is not so difficult to see that the category of all complexes whose cardinalities are bounded by a given regular cardinal always gives rise to a well-generated subcategory of K(Mod-A):

Lemma 3.3. Let A be a skeletally small additive category and κ be an infinite cardinal. Then the full subcategory S_κ formed by all complexes of cardinality less than κ meets conditions (2) and (3) of Definition 1.1.

In particular, T_κ = Loc S_κ is a κ–well generated subcategory of K(Mod-A) for any regular cardinal κ.

Proof. Let Y ∈ K(Mod-A) such that |Y | < κ. If (Z_i | i ∈ I) is an arbitrary family of complexes in K(Mod-A), we can construct their coproduct as a componentwise coproduct in C(Mod-A). Then whenever f : Y → � i∈I Z_i is a morphism in C(Mod-A), it is straightforward to see that f factorizes through � i∈J Z_i for some J ⊆ I of cardinality less than κ. Hence Y is κ–small in K(Mod-A).

Documenta Mathematica 15 (2010) 507–525

516 Jan Šťovíček

Regarding part (3) of Definition 1.1, consider a morphism f : Y → � i∈I Z_i. We have the following factorization in the abelian category of complexes C(Mod-A):

Y^{(fi )}−→ � i∈I Im f_i^j−→ � i∈I Z_i.

Here, f_i : Y → Z_i are the compositions of f with the canonical projections π_i : � i^′ ∈I Zi^′ → Zi, and j stands for the obvious inclusion. It is easy to see

that | Im f_i| < κ for each i ∈ I and that the morphism j is a coproduct of the inclusions Im f_i → Z_i. Hence (3) is satisfied.

For the second part, let κ be regular and T_κ = Loc S_κ. Let us denote by S^′ a representative set of objects in S_κ. It only remains to prove that S^′ satisfies condition (1) of Definition 1.1, which is rather easy. Namely, let X ∈ T_κ such that T_κ(Y, X) = 0 for each Y ∈ S^′. Then T^′ = {Y ∈ T_κ | T_κ(Y, X) = 0} defines a localizing subcategory of T_κ containing S_κ. Hence, T^′ = T_κ and X = 0. □

We will also need (a simplified version of) an important result, which is essentially contained already in [32]. It says that the property of being well generated is preserved when passing to any localizing subcategory generated by a set. In particular, every well generated category is locally well generated.

Proposition 3.4. [26, Theorem 7.2.1] Let T be a well generated triangulated category and S ⊆ T be a set of objects. Then Loc S is a well generated triangulated category, too.

Now, we are in a position to state a theorem which gives us a major source of examples of locally well generated triangulated categories.

Theorem 3.5. Let A be a skeletally small additive category. Then the triangulated category K(Mod-A) is locally well generated.

Proof. As in Lemma 3.3, we denote by S_κ the full subcategory of K(Mod-A) formed by complexes of cardinality less than κ and put T_κ = Loc S_κ, the localizing class generated by S_κ in K(Mod-A). Then T_κ is (κ–)well generated for each regular cardinal κ by Lemma 3.3 and clearly

K(Mod-A) = � κ regular

S_κ = � κ regular

T_κ.

Now, if S ⊆ K(Mod-A) is a set of objects, then S ⊆ T_κ for some κ. Hence also Loc S ⊆ T_κ and Loc S is well generated by Proposition 3.4. It follows that K(Mod-A) is locally well generated. □

Having obtained a large class of examples of locally well generated triangulated categories, one might ask for some basic properties of such categories. We will prove a version of the so-called Bousfield Localization Theorem here:

Proposition 3.6. Let T be a locally well generated triangulated category and S ⊆ T be a set of objects. Then T /Loc S is a Bousfield localization; that

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 517

is, there is a localization functor L : T → T such that Ker L = Loc S. In particular, we have

Im L = {X ∈ T | T (Y, X) = 0 for each Y ∈ S},

there is a canonical triangle equivalence between T /Loc S and Im L given by the composition

Im L^⊆−→ T^Q−→ T /Loc S, and all morphism spaces in T /Loc S are sets.

Proof. The proof is rather standard. Loc S is well generated, so it satisfies the Brown Representability Theorem (see Proposition 1.2). Hence the inclusion i : Loc S → T has a right adjoint by [32, 8.4.4]. The composition of this right adjoint with i gives a so-called colocalization functor Γ : T → T whose essential image is equal to Loc S. The definition of a colocalization functor is formally dual to the one of a localization functor; see [26, §4.12] for details. A well-known construction then yields a localization functor L : T → T such that Ker L = Loc S. We refer to [32, 9.1.14] or [26, 4.12.1] for details. The rest follows from [32, 9.1.16] or [26, 4.9.1]. □

Remark. Proposition 3.6 has been proved before for well generated triangulated categories. This is implicitly contained for example in [26, §7.2]. It also generalizes more classical results, such as a corresponding statement for the derived category D(B) of a Grothendieck category B, [2, 5.7]. To see this, one only needs to observe that D(B) is well generated, see [26, Example 7.7].

An obvious question is whether the Brown Representability Theorem also holds for locally well generated categories, as this was the crucial feature of well generated categories. Unfortunately, this is not the case in general, as the following example suggested by Henning Krause shows.

Example 3.7. According to [10, Exercise 1, p. 131], one can construct an abelian category B with some Ext-spaces being proper classes. Namely, let U be the class of all cardinals, and let B = Mod-Z⟨U⟩, the category of all “modules over the free ring on the proper class of generators U.” That is, an object X of B is an abelian group such that each κ ∈ U has a Z-linear action on X and this action is trivial for all but a set of cardinals. Such a category admits a valid set-theoretical description in ZFC. If we denote by Z the object of B whose underlying group is free of rank 1 and κ · Z = 0 for each κ ∈ U, then Ext^1_B(Z, Z) is a proper class (see also [26, 4.15] or [6, 1.1]). Given the above description of objects of B, one can easily adjust the proof of Theorem 3.5 to see that K(B) is locally well generated. Let K_{ac}(B) stand for the full subcategory of all acyclic complexes in K(B). Then K_{ac}(B) is clearly a localizing subcategory of K(B), hence locally well-generated. It has been shown in [6] that K_{ac}(B) does not satisfy the Brown Representability Theorem. In fact, one proved even more: K_{ac}(B) is localizing in K(B), but it is not a kernel of any localization functor L : K(B) → K(B). More

Documenta Mathematica 15 (2010) 507–525

518 Jan Šťovíček

specifically, the composition of functors, the second of which is contravariant,

K_{ac}(B)^⊆−−−−→ K(B)^{K(B)(−,Z)}

−−−−−−−→ Ab is not representable by any object of K_{ac}(B).

Yet another natural question is what other triangulated categories are locally well generated. A deeper analysis of this problem is left for future research, but we will see in Section 4 that K(B) is locally well generated for any finitely accessible additive category B. For now, we will prove that the class of locally well generated triangulated categories is closed under some natural constructions. Let us start with a general lemma, which holds even if morphism spaces in the quotient T /L are proper classes:

Lemma 3.8. Let T be a triangulated category and L ⊆ L^′ be two localizing subcategories of T . Then L^′/L is a localizing subcategory of T /L.

Proof. It is easy to see that L^′/L is a full subcategory of T /L which is closed under taking isomorphic objects, see [33, Théorème 4-2] or [22, Proposition 1.6.5]. The rest follows directly from the construction of T /L. □

Now we can show that taking localizing subcategories and localizing with respect to a set of objects preserves the locally well generated property.

Proposition 3.9. Let T be a locally well generated triangulated category.

(1) Any localizing subcategory L of T is itself locally well generated. (2) The Verdier quotient T /Loc S is locally well generated for any set S of objects in T .

Proof. (1) is trivial. For (2), put L = Loc S and consider a set C of objects in T /L. We have to prove that the localizing subcategory generated by C in T /L is well generated. Since the objects of T and T /L coincide by definition, we can consider a localizing subcategory L^′ ⊆ T defined by L^′ = Loc (S ∪ C). One easily sees using Lemma 3.8 that L^′/L = Loc C in T /L. Since both L and L^′ are well generated by definition, so is L^′/L by [26, 7.2.1]. Hence T /L is locally well generated. □

We conclude this section with an immediate consequence of Theorem 3.5 and Proposition 3.9, which will be useful in the next section:

Corollary 3.10. Let A be a small additive category and B be a full subcategory of Mod-A which is closed under arbitrary coproducts. Then K(B) is locally well generated.

4. Finitely accessible additive categories

There is a natural generalization of module categories, namely the additive version of finitely accessible categories in the terminology of [1]. As we have seen, there is quite a lot of freedom to choose B in the above Corollary 3.10. We will use this fact and a standard trick to (seemingly) generalize Theorem 3.5

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 519

from module categories to finitely accessible additive categories. We start with a definition.

Definition 4.1. Let B be an additive category which admits arbitrary filtered colimits. Then:

• An object X ∈ B is called finitely presentable if the representable functor B(X, −) : B → Ab preserves filtered colimits.

• The category B is called finitely accessible if there is a set A of finitely presentable objects from B such that every object in B is a filtered colimit of objects from A.

Note that if B is finitely accessible, the full subcategory fp(B) of B formed by all finitely presentable objects in B is skeletally small, [1, 2.2]. Several other general properties of finitely accessible categories will follow from Proposition 4.2. Finitely accessible categories occur at many occasions. The simplest and most natural example is the module category Mod-R over an associative unital ring. It is well-known that finitely presentable objects in Mod-R coincide with finitely presented R–modules in the usual sense. The same holds for Mod-A, the category of modules over a small additive category A. Motivated by representation theory, finitely accessible categories were studied by Crawley-Boevey [8] under the name locally finitely presented categories; see [8, §5] for further examples. The term from [8], however, may cause some confusion in the light of other definitions. Namely, Gabriel and Ulmer [11] have defined the concept of a locally finitely presentable category which is, in our terminology, a cocomplete finitely accessible category. As the latter concept has been used quite substantially in one of our main references, [26], we stick to the terminology of [1]. The crucial fact about finitely accessible additive categories is the following representation theorem:

Proposition 4.2. The assignments A → Flat-A and B → fp(B) form a bijective correspondence between

(1) equivalence classes of skeletally small additive categories A with splitting idempotents, and (2) equivalence classes of additive finitely accessible categories B.

Proof. See [8, §1.4]. □

Remark. The correspondence from Proposition 4.2 restricts, using [8, §2.2], to a bijection between equivalence classes of skeletally small additive categories with finite colimits (equivalently, with cokernels) and equivalence classes of locally finitely presentable categories in the sense of Gabriel and Ulmer [11].

One of the main results of this paper has now become a mere corollary of preceding results:

Theorem 4.3. Let B be a finitely accessible additive category. Then K(B) is locally well generated.

Documenta Mathematica 15 (2010) 507–525

520 Jan Šťovíček

Proof. Let us put A = fp(B), the full subcategory of B formed by all finitely presentable objects. Using Proposition 4.2, we see that B is equivalent to the category Flat-A. The category K(Flat-A) is locally well generated by Corollary 3.10, and so must be K(B). □

The remaining question when K(B) is κ–well generated and which cardinals κ can occur will be answered in the next section. For now, we know by Theorem 2.5 that a necessary condition is that B be pure semisimple. In fact, we will show that this is also sufficient, but at the moment we will only give a better description of pure semisimple finitely accessible additive categories.

Proposition 4.4. Let B be a finitely accessible additive category. Then the following are equivalent:

(1) B is pure semisimple in the sense of Definition 2.1;

(2) Each object in B is a coproduct of (indecomposable) finitely presentable objects;

(3) Each flat right A–module is projective, where A = fp(B).

Proof. For the whole argument, we put A = fp(B) and without loss of generality assume that B = Flat-A.

(1) =⇒ (3). Assume that Flat-A is pure semisimple. As in the proof for Proposition 2.2, we can use a generalization [3, Theorem 26.1] of Kaplansky’s theorem, to deduce that there is a cardinal number λ such that each flat A– module is a direct sum of at most λ–generated flat A–modules. The key step is then contained in [13, Corollary 3.6] which says that under the latter condition A is a right perfect category. That is, it satisfies the equivalent conditions of Bass’ theorem [18, B.12] (or more precisely, its version for contravariant functors A → Ab). One of the equivalent conditions is condition (3). (3) =⇒ (2). This is a consequence of Bass’ theorem; see [18, B.13]. (2) =⇒ (1). Trivial, B = AddX where X = � Y ∈A Y . □

For further reference, we mention one more condition which one might impose on a finitely accessible additive category. Namely, it is well known that for a ring R, the category Flat-R is closed under products if and only if R is left coherent. This generalizes in a natural way for finitely accessible additive categories. Let us recall that an additive category A is said to have weak cokernels if for each morphism X → Y there is a morphism Y → Z such that A(Z, W ) → A(Y, W ) → A(X, W ) is exact for all W ∈ A.

Lemma 4.5. Let B be a finitely accessible additive category and A = fp(B). Then the following are equivalent:

(1) B has products.

(2) Flat-A is closed under products in Mod-A. (3) A has weak cokernels.

Proof. See [8, §2.1]. □

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 521

Remark. If B has products, one can give a more classical proof for Proposition 4.4. Namely, one can then replace the argument by Guil Asensio, Izurdiaga and Torrecillas [13] by an older and simpler argument by Chase [7, Theorem 3.1].

5. When is the homotopy category well generated?

In this final section, we have developed enough tools to answer the question when exactly is the homotopy category of complexes K(B) well generated if B is a finitely accessible additive category. This way, we will generalize Proposition 2.6 and also give a rather complete answer to [15, Question 4.2] asked by Holm and Jørgensen. Finally, we will give another criterion for a triangulated category to be (or not to be) well generated and this way construct other classes of examples of categories which are not well generated. First, we recall a crucial result due to Neeman:

Lemma 5.1. Let A be a skeletally small additive category. Then the homotopy category K(Proj-A) is ℵ_1–well generated. If, moreover, A has weak cokernels, then K(Proj-A) is compactly generated.

Proof. Neeman has proved in [31, Theorem 1.1] that, given a ring R, the category K(Proj-R) is ℵ_1–well generated, and if R is left coherent then K(Proj-R) is even compactly generated. The actual arguments, contained in [31, §§4–7], immediately generalize to the setting of projective modules over small categories. The role of finitely generated free modules over R is taken by representable functors, and instead of the duality between the categories of left and right projective finitely generated modules we consider the duality between the idempotent completions of the categories of covariant and contravariant representable functors. □

We already know that K(B) is always locally well generated. When employing Lemma 5.1, we can show the following statement, which is one of the main results of this paper:

Theorem 5.2. Let B be a finitely accessible additive category. Then the following are equivalent:

(1) K(B) is well generated; (2) K(B) is ℵ_1–well generated; (3) B is pure semisimple.

If, moreover, B has products, then the conditions are further equivalent to (4) K(B) is compactly generated.

Proof. (1) =⇒ (3). If K(B) is well generated, it is in particular generated by a set of objects as a localizing subcategory of itself; see Proposition 1.2. Hence B is pure semisimple by Theorem 2.5.

(3) =⇒ (2) and (4). If B is pure semisimple and A = fp(B), then B is equivalent to Flat-A by Proposition 4.2, and Flat-A = Proj-A by Proposition 4.4. The conclusion follows by Lemmas 5.1 and 4.5.

Documenta Mathematica 15 (2010) 507–525

522 Jan Šťovíček

(2) or (4) =⇒ (1). This is obvious. □

Remark. (1) Neeman proved in [31] more than stated in Lemma 5.1. He described a particular set of generators for K(Proj-A) satisfying conditions of Definition 1.1. Namely, K(Proj-A) is always ℵ_1–well generated by a representative set of bounded below complexes of finitely generated projectives. Moreover, he gave an explicit description of compact objects in K(Proj-A) in [31, 7.12]. (2) An exact characterization of when K(B) is compactly generated and thereby a complete answer to [15, Question 4.2] does not seem to be known. We have shown that this reduces to the problem when K(Proj-A) is compactly generated. A sufficient condition is given in Lemma 5.1, but it is probably not necessary. On the other hand, if R = k[x_1, x_2, x_3, . . . ]/(x_ix_j ; i, j ∈ N) where k is a field, then K(Flat-R) coincides with K(Proj-R), but the latter is not a compactly generated triangulated category; see [31, 7.16] for details.

Example 5.3. The above theorem adds other locally well generated but not well generated triangulated categories to our repertoire. For example K(T F), where T F stands for the category of all torsion-free abelian groups, has this property.

We finish the paper with some examples of triangulated categories where the fact that they are not generated by a set is less obvious. For this purpose, we will use the following criterion:

Proposition 5.4. Let T be a locally well generated triangulated category and L be a localizing subcategory. Consider the diagram

L^⊆−−−−→ T^Q−−−−→ T /L.

If two of the categories L, T and T /L are well generated, so is the third.

Proof. If L = Loc S and T /L = Loc C for some sets S, C, let L^′ be the localizing subcategory of T generated by the set of objects S ∪ C. Lemma 3.8 yields the equality T /L = L^′/L. Hence also T = L^′, so T is generated by a set, and consequently T is well generated.

If L and T are well generated, so is T /L by [26, 7.2.1]. Finally, one knows that X ∈ T belongs to L if and only if QX = 0; see [32, 2.1.33 and 1.6.8]. Therefore, if T and T /L are well generated, so is L by [26, 7.4.1]. □

Remark. We stress here that by saying that T /L is well generated, we in particular mean that T /L is a usual category in the sense that all morphism spaces are sets and not proper classes.

Now we can conclude by showing that some homotopy categories of acyclic complexes are not well generated.

Example 5.5. Let R be a ring, K_{ac}(Mod-R) be the full subcategory of K(Mod-R) formed by all acyclic complexes, and L = Loc {R}. It is well-known but also an easy consequence of Proposition 3.6 that the composition

K_{ac}(Mod-R)^⊆−→ K(Mod-R)^Q−→ K(Mod-R)/L

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 523

is a triangle equivalence between K(Mod-R)/L and K_{ac}(Mod-R). By Proposition 2.6, K(Mod-R) is well generated if and only if R is right pure semisimple. Therefore, K_{ac}(Mod-R) is well generated if and only if R is right pure semisimple by Proposition 5.4. In fact, K_{ac}(Mod-R) is not generated by any set of objects if R is not right pure semisimple. As particular examples, we may take R = Z or R = k(·⇒·) for any field k.

Example 5.6. Let B be a finitely accessible category. Recall that B is equivalent to Flat-A for A = fp(B). Then the natural exact structure on Flat-A coming from Mod-A is nothing else than the well-known exact structure given by pure exact short sequences in B (see eg. [8]).

We denote by K_{pac}(Flat-A) the full subcategory of K(Flat-A) formed by all complexes exact with respect to this exact structure, and call such complexes pure acyclic. More explicitly, X ∈ K(Flat-A) is pure acyclic if and only if X is acyclic in Mod-A and all the cycles Z^i(X) are flat. Note that K_{pac}(Flat-A) is closed under taking coproducts in K(Flat-A).

Neeman proved in [31, Theorem 8.6] that X ∈ K(Flat-A) is pure acyclic if and only if there are no non-zero homomorphisms from any Y ∈ K(Proj-A) to X. Then either by combining Proposition 3.6 with Lemma 5.1 or by using [31, 8.1 and 8.2], one shows that the composition

K_{pac}(Flat-A)^⊆−→ K(Flat-A)^Q−→ K(Flat-A)/K(Proj-A)

is a triangle equivalence. Now again, Proposition 5.4 implies that K_{pac}(Flat-A) is well generated if and only if B is pure semisimple. If B is of the form Flat-R for a ring R, this precisely means that R is right perfect.

As a particular example, K_{pac}(T F) is locally well generated but not well generated, where T F stands for the class of all torsion-free abelian groups.

References

[1] J. Adámek and J. Rosický, Locally Presentable and Accessible Categories, London Math. Soc. Lect. Note Ser., Vol. 189, Cambridge Univ. Press, Cambridge, 1994.

[2] L. Alonso Tarrío, A. Jeremías López, M. J. Souto Salorio, Localization in categories of complexes and unbounded resolutions, Canad. J. Math. 52 (2000), no. 2, 225–247.

[3] F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Second edition, Graduate Texts in Mathematics 13, Springer-Verlag, New York, 1992.

[4] M. Auslander, Large modules over artin algebras, in Algebra, topology and categories, Academic Press, New York, 1976, pp. 1–17.

[5] P. Balmer and M. Schlichting, Idempotent completion of triangulated categories, J. Algebra 236 (2001), no. 2, 819–834.

[6] C. Casacuberta and A. Neeman, Brown representability does not come for free, Math. Res. Lett. 16 (2009), no. 1, 1–5.

Documenta Mathematica 15 (2010) 507–525

524 Jan Šťovíček

[7] S. U. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97 (1960), 457–473.

[8] W. Crawley-Boevey, Locally finitely presented additive categories, Comm.

Algebra 22 (1994), no. 5, 1641–1674.

[9] E. H. Brown, Jr., Cohomology theories, Ann. of Math. (2) 75 1962, 467– 484.

[10] P. Freyd, Abelian Categories. An Introduction to the Theory of Functors, Harper & Row, Publishers, New York 1964.

[11] P. Gabriel and F. Ulmer, Lokal präsentierbare Kategorien, Lecture Notes in Mathematics, Vol. 221, Springer-Verlag, Berlin-New York, 1971.

[12] L. Gruson and C. U. Jensen, Deux applications de la notion de Ldimension, C. R. Acad. Sci. Paris Sér. A 282 (1976), 23–24.

[13] P. A. Guil Asensio, M. C. Izurdiaga and B. Torrecillas, Decomposition properties of strict Mittag-Leffler modules, J. Algebra 310 (2007), no. 1, 290–302.

[14] D. Happel, Triangulated Categories in the Representation Theory of Finite-dimensional Algebras, London Mathematical Society Lecture Note Series, 119. Cambridge University Press, Cambridge, 1988.

[15] H. Holm and P. Jørgensen, Compactly generated homotopy categories, Homology, Homotopy Appl. 9 (2007), no. 1, 257–274.

[16] B. Huisgen-Zimmermann, Purity, algebraic compactness, direct sum decompositions, and representation type, in Trends in Mathematics (H. Krause and C. M. Ringel, Eds.), pp. 331-367, Basel (2000) Birkhäuser.

[17] S. Iyengar and H. Krause, Acyclicity versus total acyclicity for complexes over Noetherian rings, Doc. Math. 11 (2006), 207–240.

[18] C. U. Jensen and H. Lenzing, Model Theoretic Algebra, Gordon and Breach S. Publishers, 1989.

[19] P. Jørgensen, Existence of Gorenstein projective resolutions and Tate cohomology, J. Eur. Math. Soc. (JEMS) 9 (2007), no. 1, 59–76.

[20] P. Jørgensen, The homotopy category of complexes of projective modules, Adv. Math. 193 (2005), no. 1, 223–232.

[21] I. Kaplansky, Projective modules, Ann. of Math (2) 68 (1958), 372–377. [22] M. Kashiwara and P. Schapira, Sheaves on Manifolds, Grundlehren der Mathematischen Wissenschaften 292, Springer-Verlag, Berlin, 1990.

[23] B. Keller, Deriving DG categories, Ann. Sci. École Norm. Sup. (4) 27 (1994), no. 1, 63–102.

[24] H. Krause, Cohomological quotients and smashing localizations, Amer. J.

Math. 127 (2005), no. 6, 1191–1246.

[25] H. Krause, Derived categories, resolutions, and Brown representability, Interactions between homotopy theory and algebra, 101–139, Contemp. Math., 436, Amer. Math. Soc., Providence, RI, 2007.

[26] H. Krause, Localization theory for triangulated categories, to appear in “Triangulated Categories”, Ed. T. Holm, P. Jørgensen, R. Rouquier, London Math. Soc. Lect. Note Ser., Vol. 375, Cambridge Univ. Press.

Documenta Mathematica 15 (2010) 507–525

Locally Well Generated Homotopy Categories . . . 525

[27] H. Krause, On Neeman’s well generated triangulated categories, Doc.

Math. 6 (2001), 121–126.

[28] H. Krause, Smashing subcategories and the telescope conjecture—an algebraic approach, Invent. Math. 139 (2000), no. 1, 99–133.

[29] H. Krause, The stable derived category of a Noetherian scheme, Compos.

Math. 141 (2005), no. 5, 1128–1162.

[30] A. Neeman, The Grothendieck duality theorem via Bousfield’s techniques and Brown representability, J. Amer. Math. Soc. 9 (1996), no. 1, 205–236.

[31] A. Neeman, The homotopy category of flat modules, and Grothendieck duality, Invent. Math. 174 (2008), 255–308.

[32] A. Neeman, Triangulated Categories, Annals of Mathematics Studies 148, Princeton University Press, Princeton, NJ, 2001.

[33] J.-L. Verdier, Catégories derivées. In Séminaire de Géométrie Algébrique du Bois-Marie SGA 4^1_2 , Lecture Notes in Mathematics, Vol. 569, Springer- Verlag, 1977.

Jan Šťovíček Charles University (Prague) Faculty of Math. and Phys. Department of Algebra Sokolovska 83, 186 75 Praha Czech Republic stovicek@karlin.mff.cuni.cz

Documenta Mathematica 15 (2010) 507–525

Documenta Mathematica 15 (2010)

Documenta Math. 527

Semigroup Properties

for the Second Fundamental Form

Feng-Yu Wang^1

Received: April 12, 2009

Communicated by Friedrich Götze

Abstract. Let M be a compact Riemannian manifold with boundary ∂M and L = δ+Z for a C^1-vector field Z on M. Several equivalent statements, including the gradient and Poincaré/log-Sobolev type inequalities of the Neumann semigroup generated by L, are presented for lower bound conditions on the curvature of L and the second fundamental form of ∂M. The main result not only generalizes the corresponding known ones on manifolds without boundary, but also clarifies the role of the second fundamental form in the analysis of the Neumann semigroup. Moreover, the Lévy-Gromov isoperimetric inequality is also studied on manifolds with boundary.

2010 Mathematics Subject Classification: 60J60, 58G32. Keywords and Phrases: Second fundamental form, gradient estimate, Neumann semigroup, log-Sobolev inequality, Poincaré inequality.

1 Introduction

The main purpose of this paper is to find out equivalent properties of the Neumann semigroup on manifolds with boundary for lower bounds of the second fundamental form of the boundary. To explain the main idea of the study, let us briefly recall some equivalent semigroup properties for curvature lower bounds on manifolds without boundary.

Let M be a connected complete Riemannian manifold without boundary and let L = Δ + Z for some C^1-vector field Z on M. Let P_t be the diffusion semigroup generated by L, which is unique and Markovian if the curvature of L is bounded below, namely (see [3]),

Ric − ∇Z ≥ −K (1.1)

1Supported in part by NNSFC(10721091) and the 973-Project.

Documenta Mathematica 15 (2010) 527–543

528 Feng-Yu Wang

holds on M for some constant K ∈ R. The following is a collection of known equivalent statements for (1.1), where the first two ones on gradient estimates are classical in geometry (see e.g. [1, 5, 6, 7]), and the remainder follows from Propositions 2.1 and 2.6 in [2] (see also [9]):

(i) |∇P_tf|^2 ≤ e^{2Kt}P_t|∇f|^2, t ≥ 0, f ∈ C^1_b (M);

(ii) |∇P_tf| ≤ e^{Kt}P_t|∇f|, t ≥ 0, f ∈ C^1_b (M);

(iii) P_tf^2 − (P_tf)^2 ≤ e^{2Kt} − 1 K P_t|∇f|^2, t ≥ 0, f ∈ C^1_b (M);

(iv) P_tf^2 − (P_tf)^2 ≥

1 − e^{−2Kt} K |∇P_tf|^2, t ≥ 0, f ∈ C^1_b (M);

(v) P_t(f^2 log f^2) − (P_tf^2) log(P_tf^2) ≤

2(e^{2Kt} − 1) K P_t|∇f|^2, t ≥ 0, f ∈ C^1_b (M);

(vi) (P_tf){P_t(f log f) − (P_tf) log(P_tf)} ≥

1 − e^{−2Kt} 2K |∇P_tf|^2, t ≥ 0, f ∈ C^1_b (M), f ≥ 0.

These equivalent statements for the curvature condition are crucial in the study of heat semigroups and functional inequalities on manifolds. For the case that M has a convex boundary, these equivalences are also true for P_t the Neumann semigroup (see [10] for one more equivalent statement on Harnack inequality). The question is now can we extend this result to manifolds with non-convex boundary, and furthermore describe the second fundamental using semigroup properties?

So, from now on we assume that M has a boundary ∂M. Let N be the inward unit normal vector field on ∂M. Then the second fundamental form is a twotensor on T ∂M, the tangent space of ∂M, defined by

I(X, Y ) = −⟨∇_X N, Y ⟩, X, Y ∈ T ∂M.

If I ≥ 0(i.e. I(X, X) ≥ 0 for X ∈ T ∂M), then ∂M (or M) is called convex. In general, we intend to study the lower bound condition of I; namely, I ≥ −σ on ∂M for some σ ∈ R.

For x ∈ M, let E^x be the expectation taken for the reflecting L-diffusion process X_t starting from x. So, for a bounded measurable functional Φ of X,

EΦ : x → E^xΦ

is a function on M. Moreover, let l_t be the local time of X_t on ∂M. According to [8, Theorem 5.1], (1.1) and I ≥ −σ imply

|∇P_tf| ≤ e^{Kt}E � |∇f|(X_t)|e^{σlt} � , t > 0, f ∈ C^1(M). (1.2)

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 529

To see that (1.2) is indeed equivalent to (1.1) and I ≥ −σ, we shall make use of the following formula for the second fundamental form established recently by the author in [12]: for any f ∈ C^∞(M) satisfying the Neumann condition Nf|_{∂M} = 0,

I(∇f, ∇f) = √ π|∇f|^2 2 lim_{t→0} 1 √ t log (P_t|∇f|^p)^{1/p}

|∇P_tf|

(1.3)

holds on ∂M for any p ∈ [1, ∞). With help of this result and stochastic analysis on the reflecting diffusion process, we are able to prove the following main result of the paper.

Theorem 1.1. Let M be a compact Riemannian manifold with boundary and let P_t be the Neumann semigroup generated by L = Δ + Z. Then for any constants K, σ ∈ R, the following statements are equivalent to each other:

(1) Ric − ∇Z ≥ −K on M and I ≥ −σ on ∂M;

(2) (1.2) holds;

(3) |∇P_tf|^2 ≤ e^{2Kt}(P_t|∇f|^2)Ee^{2σlt} , t ≥ 0, f ∈ C^1(M);

(4) P_t(f^2 log f^2) − (P_tf^2) log P_tf^2 ≤ 4E � |∇f|^2(X_t)

�_t 0 e^{2σ(lt −lt−s)+2Ks}ds � , t ≥ 0, f ∈ C^1(M);

(5) P_tf^2 −(P_tf)^2 ≤ 2E � |∇f|^2(X_t)

�_t 0 e^{2σ(lt −lt−s)+2Ks}ds � , t ≥ 0, f ∈ C^1(M);

(6) |∇P_tf|^2 ≤ ≤ � 2K

1 − e^{−2Kt}

�_2� P_t(f log f) − (P_tf) log P_tf � E � f(X_t)

�_t 0 e^{2σls −2Ks}ds � , t > 0, f ≥ 0, f ∈ C^1(M);

(7) |∇P_tf|^2 ≤

2K^2 (1 − e^{−2Kt})^2 � P_tf^2 − (P_tf)^2 � E �_t 0 e^{2σls−2Ks}ds, t ≥ 0, f ∈

C^1(M).

Theorem 1.1 can be extended to a class of non-compact manifolds with boundary such that the local times l_t is exponentially integrable. According to [13] the later is true provided I is bounded, the sectional curvature around ∂M is bounded above, the drift Z is bounded around ∂M, and the injectivity radius of the boundary is positive. To avoid technical complications, here we simply consider the compact case.

In the next section, we shall provide a result on gradient estimate and nonconstant lower bounds of curvature and second fundamental form, which implies the equivalences among (1), (2) and (3) as a special case. Then we present a complete proof for the remainder of Theorem 1.1 in Section 3. As mentioned above, for manifolds without boundary or with a convex boundary an equivalent Harnack inequality for the curvature condition has been presented in [10].

Documenta Mathematica 15 (2010) 527–543

530 Feng-Yu Wang

Due to unboundedness of the local time which causes an essential difficulty in the study of Harnack inequality, the corresponding result for lower bound conditions of the curvature and the second fundamental form is still open. Nevertheless, log-Harnack and Harnack inequalities for the Neumann semigroup on non-convex manifolds have been provided by [13, Theorem 5.1] and [14, Theorem 4.1] respectively. Finally, as an extension to a result in [4] where manifolds without boundary is considered, the Lévy-Gromov isoperimetric inequality is derived in Section 4 for manifolds with boundary.

2 Gradient estimate

Let K_1, K_2 ∈ C(M) be such that

Ric − ∇Z ≥ −K_1 on M, I ≥ −K_2 on ∂M. (2.1)

According to [8, Theorem 5.1] this condition implies

|∇P_tf| ≤ E � |∇f|(X_t)e^{� t0 K1 (Xs)ds+� t0 K2 (Xs)dls} � , t ≥ 0, f ∈ C^1(M). (2.2)

The main purpose of this section is to prove that these two statements are indeed equivalent to each other. To prove that (2.2) implies (2.1), we need the following results collected from [11, Proof of Lemma 2.1] and [13, Theorem 2.1, Lemma 2.2, Proposition A.2] respectively:

(I) For any λ > 0, Ee^{λlt} < ∞.

(II) For X_0 = x ∈ ∂M, lim sup_{t→0}^1_t |El_t − 2 � t/π| < ∞.

(III) For X_0 = x ∈ ∂M, there exists a constant c > 0 such that El^2_t ≤ ct, t ∈ [0, 1].

(IV) Let ρ be the Riemannian distance. For δ > 0 and X_0 = x ∈ M \ ∂M such that ρ(x, ∂M) ≥ δ, the stopping time τ_δ := inf{t > 0 : ρ(X_t, x) ≥ δ} satisfies P(τ_δ ≤ t) ≤ c exp[−δ^2/(16t)] for some constant c > 0 and all t > 0.

Theorem 2.1. (2.1), (2.2) and the following inequality are equivalent to each other:

|∇P_tf|^2 ≤ (P_t|∇f|^2)E � e^{2 � t0 K1(Xs )ds+2 � t0 K2(Xs)dls} � , t ≥ 0, f ∈ C^1(M). (2.3)

Proof. Since by [8] (2.1) implies (2.2) which is stronger than (2.3) due to the Schwartz inequality, it remains to deduce (2.1) from (2.3).

(a) Proof of Ric − ∇Z ≥ −K_1. It suffices to prove at points in the interior. Let X_0 = x ∈ M \ ∂M. For any ε > 0 there exists δ > 0 such that

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 531

B̄(x, δ) ⊂ M \ ∂M, sup

y∈B̄(x,δ)

|K_1(y) − K_1(x)| ≤ ε, (2.4)

where B̄(x, δ) is the closed geodesic ball at x with radius δ. Since l_t = 0 for t ≤ τ_δ , by (2.3), (I) and (IV) we have

|∇P_tf|^2(x) ≤ (P_t|∇f|^2(x))Ee^{2 � t0 K1(Xs)ds+2 � t0 K2(Xs )dls}

≤ (P_t|∇f|^2(x)) � e^{2t(K1(x)+ε)}P(τ_δ ≥ t) + � P(τ_δ < t)Ee^{4t‖K1 ‖∞+4‖K2 ‖∞lt} � ≤ (P_t|∇f|^2(x))e^{2t(K1(x)+ε)} + Ce^{−λ/t}, t ∈ (0, 1]

for some constants C, λ > 0. This implies

lim sup t→0 |∇P_tf|^2(x) − |∇f|^2(x) t ≤ lim sup t→0 e^{2t(K1(x)+ε)}P_t|∇f|^2(x) − |∇f|^2(x) t . (2.5) Now, let f ∈ C^∞(M) with Nf|_{∂M} = 0, we have

P_tf = f +

�_t 0 P_sLfds, t ≥ 0.

Then

lim sup t→0 |∇P_tf|^2(x) − |∇f|^2(x) t = lim_{t→0} 1 t � � � �_t 0 ∇P_sLfds � � � 2 + 2 �_t 0 ⟨∇f, ∇P_sLf⟩ds � (x).

(2.6)

Moreover, according to the last display in the proof of [8, Theorem 5.1] (the initial data u_0 ∈ O_x(M) was missed in the right hand side therein),

∇P_tLf = u_0E � M_tu^{−1}_t ∇Lf(X_t) � , where u_t is the horizontal lift of X_t on the frame bundle O(M), and M_t is a d × d-matrices valued right continuous process satisfying M_0 = I and (see [8, Corollary 3.6])

‖M_t‖ ≤ exp � ‖K_1‖_∞t + ‖K_2‖_∞l_t � . So, due to (I), |∇P_·Lf| is bounded on [0, 1] × M and ∇P_sLf → ∇Lf as s → 0. Combining this with (2.6) we obtain

lim sup t→0 |∇P_tf|^2(x) − |∇f|^2(x) t = 2⟨∇f, ∇Lf⟩(x). (2.7)

Documenta Mathematica 15 (2010) 527–543

532 Feng-Yu Wang On the other hand, applying the Itô formula to |∇f|^2(X_t) we have

P_t|∇f|^2(x) = |∇f|^2(x) +

�_t 0 P_sL|∇f|^2(x)ds + E

�_t 0 N|∇f|^2(X_s)dl_s

≤ |∇f|^2(x) +

�_t 0 P_sL|∇f|^2(x)ds + ‖∇|∇f|^2‖_∞El_t.

(2.8)

Since l_t = 0 for t ≤ τ_δ, by (III) and (IV) we have

El_t ≤ � (El^2_t )P(τ_δ ≤ t) ≤ c_1e^{−λ/t}, t ∈ (0, 1] for some constants c_1, λ > 0. So, it follows from (2.8) that

lim sup t→0 P_t|∇f|^2(x) − |∇f|^2(x) t ≤ L|∇f|^2(x).

Combining this with (2.5) and (2.7), we arrive at 1 2 L|∇f|^2(x) − ⟨∇f, ∇Lf⟩(x) ≥ −(K_1(x) + ε), f ∈ C^∞(M), Nf|_{∂M} = 0.

According to the Bochner-Weitzenböck formula, this is equivalent to (Ric − ∇Z)(x) ≥ −(K_1(x) + ε). Therefore, Ric − ∇Z ≥ −K_1 holds on M by the arbitrariness of x ∈ M \ ∂M and ε > 0.

(b) Proof of I ≥ −K_2. Let X_0 = x ∈ ∂M. For any f ∈ C^∞(M) with Nf|_{∂M} = 0, (2.3) implies that |∇P_tf|^2(x) ≤ e^{C1t}(P_t|∇f|^2(x))Ee^{2 � t0 K2 (Xs)dls} , (2.9) where C_1 = 2‖K_1‖_∞. Let ε_t = 2 sup_{s∈[0,t]} |K_2(X_s) − K_2(x)|.

By the continuity of the reflecting diffusion process we have ε_t ↓ 0 as t ↓ 0. Since there exists c_0 > 0 such that for any r ≥ 0 one has e^r ≤ 1 + r + c_0r^{3/2}e^r, we obtain

log Ee^{2 � t0 K2(Xs )dls} ≤ log � 1 + 2K_2(x)El_t + E(ε_tl_t) + C_2E(l^{3/2}_t e^{C2lt} ) � (2.10) for some constant C_2 > 0. Moreover, by (I) and (III) we have

E(l^{3/2}_t e^{C2lt} ) ≤ (El^2_t )^{3/4}(Ee^{4C2lt} )^{1/4} ≤ C_3t^{3/4}, t ∈ (0, 1] for some constant C_3 > 0. Substituting this and (2.10) into (2.9), we arrive at

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 533

lim sup t→0 1 √ t log |∇P_tf|^2(x) P_t|∇f|^2(x)

≤ lim sup t→0 2K_2(x)El_t + E(ε_tl_t) √ t . Since Eε^2_t → 0 as t → 0 and El^2_t ≤ ct due to (III), this and (II) imply

lim sup t→0 1 √ t log |∇P_tf|^2(x) P_t|∇f|^2(x) ≤ 4K_2(x) √ π . Combining this with (1.3) for p = 2 we complete the proof.

3 Proof of Theorem 1.1

Applying Theorem 2.1 to K_1 = K and K_2 = σ we conclude that (1), (2) and (3) are equivalent to each other. Noting that the log-Sobolev inequality (4) implies the Poincaré inequality (5) (see e.g. [6]), it suffices to prove that (2) ⇒ (4), (5) ⇒ (1), and (2) ⇒ (6) ⇒ (7) ⇒ (1), where “ ⇒” stands for “implies”. We shall complete the proof step by step.

(a) (2) ⇒ (4). By approximations we may assume that f ∈ C^∞(M) with Nf|_{∂M} = 0. In this case d dt P_tf = LP_tf = P_tLf.

So, for fixed t > 0 it follows from (2) that d ds P_{t−s}{(P_sf^2) log P_sf^2} = −P_{t−s}

|∇P_sf^2|^2 P_sf^2

≥ −4e^{2Ks}P_{t−s}

(E[f|∇f|(X_s)e^{σls} ])^2 P_sf^2 ≥ −4e^{2Ks}P_{t−s}E[|∇f|^2(X_s)e^{2σls} ].

(3.1)

Next, by the Markov property, for F_s = σ(X_r : r ≤ s), s ≥ 0, we have

P_{t−s}(E[|∇f|^2(X_s)e^{2σls} ])(x) = E^xE^{Xt−s} [|∇f|^2(X_s)e^{2σls} ] = E^x[E^x(e^{2σ(lt −lt−s)}|∇f|^2(X_t)|F_{t−s})] = E^x[|∇f|^2(X_t)e^{2σ(lt −lt−s)}].

Combining this with (3.1) we obtain d ds P_{t−s}{(P_sf^2) log P_sf^2} ≥ −4E � |∇f|^2(X_t)e^{2Ks+2σ(lt −lt−s )} � , s ∈ (0, t).

This implies (4) by integrating both sides with respect to ds from 0 to t.

Documenta Mathematica 15 (2010) 527–543

534 Feng-Yu Wang

(b1) (5) ⇒ Ric − ∇Z ≥ −K. Let X_0 = x ∈ M \ ∂M and f ∈ C^∞(M) with Nf|_{∂M} = 0. By (5) we have

P_tf^2 − (P_tf)^2 ≤ 2E � |∇f|^2(X_t)

�_t 0 e^{2Ks+2σ(lt −lt−s )}ds � . (3.2)

Let δ > 0 and τ_δ be as in the proof of Theorem 2.1(a). Then

E � |∇f|^2(X_t)

�_t 0 e^{2Ks+2σ(lt −lt−s)}ds �

≤ (P_t|∇f|^2)

�_t 0 e^{2Ks}ds + t‖∇f‖_∞e^{2Kt}E[e^{2σlt} 1_{{τδ <t}}] ≤ e^{2Kt} − 1 2K P_t|∇f|^2(x) + ce^{−λ/t}, t ∈ (0, 1]

holds for some constants c, λ > 0 according to (IV). Combining this with (3.2) we conclude that

P_tf^2(x) − (P_tf)^2(x) ≤ e^{2Kt} − 1 K P_t|∇f|^2(x) + 2ce^{−λ/t}, t ∈ (0, 1]. (3.3)

Since f ∈ C^∞(M) with Nf|_{∂M=0}, we have

P_tf^2 − (P_tf)^2 = f^2 +

�_t 0 P_sLf^2ds − � f + �_t 0 P_sLfds

�_2

= �_t 0 (P_sLf^2 − 2fP_sLf)ds −

� �_t 0 P_sLfds

�_2 . (3.4)

Moreover, by the continuity of s → P_sLf, we have � �_t 0 P_sLfds

�_2 = (Lf)^2t^2 + ∘(t^2), (3.5)

where and in what follows, for a positive function (0, 1] ∋ t → ξ_t the notion ∘(ξ_t) stands for a variable such that ∘(ξ_t)/ξ_t → 0 as t → 0; while ◯(ξ_t) satisfies that ◯(ξ_t)/ξ_t is bounded for t ∈ (0, 1]. Moreover, since

P_sLf^2 − 2fP_sLf =Lf^2 − 2fLf +

�_s 0 (P_rL^2f^2 − 2fP_rL^2f)dr + E �_s 0 (NLf^2 − 2f(x)NLf)(X_r)dl_r,

and due to (IV)

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 535 � � � �E �_t 0 � NLf^2 − 2f(x)NLf � (X_r)dl_r � � � � ≤ c^1El^s ≤ c^2e^{−λ/s}, s ∈ (0, 1]

holds for some constants c_1, c_2, λ > 0, it follows from the continuity of P_s in s that

�_t 0 (P_sLf^2 − 2fP_sLf)ds = 2t|∇f|^2 + t^2 2 (L^2f^2 − 2fL^2f) + ∘(t^2).

Combining this with (3.4) and (3.5) we obtain

P_tf^2(x)−(P_tf)^2(x) =

= 2t|∇f|^2(x) + t^2 2 (L^2f^2 − 2fL^2f)(x) − t^2(Lf)^2(x) + ∘(t^2)

= 2t|∇f|^2(x) + t^2(2⟨∇f, ∇Lf⟩ + L|∇f|^2)(x) + ∘(t^2).

(3.6)

Similarly,

P_t|∇f|^2(x) = |∇f|^2(x) +

�_t 0 P_sL|∇f|^2(x)ds + E

�_t 0 N|∇f|^2(X_s)dl_s

= |∇f|^2(x) + tL|∇f|^2(x) + ∘(t).

Combining this with (3.3) and (3.6) we arrive at 1 t^2 � t^2(2⟨∇f, ∇Lf⟩ + L|∇f|^2)(x) + ∘(t^2) �

≤ e^{2Kt} − 1 Kt L|∇f|^2(x) + ∘(1) + 1 t � e2Kt − 1 Kt − 2 � |∇f|^2(x).

Letting t → 0 we obtain

L|∇f|^2(x) − 2⟨∇f, ∇Lf⟩(x) ≥ −2K|∇f|^2(x), which implies (Ric − ∇Z)(x) ≥ −K by the Bochner-Weitzenböck formula. (b2) (5) ⇒ I ≥ −σ. Let X_0 = x ∈ ∂M and f ∈ C^∞(M) with Nf|_{∂M} = 0. Noting that Lf^2 − 2fLf = 2|∇f|^2, by the Itô formula we have

P_tf^2(x) − (P_tf)^2(x) = f^2 +

�_t 0 P_sLf^2ds − � f + �_t 0 P_sLfds

�_2

= 2 �_t 0 P_s|∇f|^2(x)ds + 2

�_t 0 [P_s(fLf)(x) − f(x)P_sLf(x)]ds + ◯(t^2).

(3.7)

Since Nf|_{∂M} = 0 implies

Documenta Mathematica 15 (2010) 527–543

536 Feng-Yu Wang

0 = ⟨∇f, ∇⟨N, ∇f⟩⟩ = Hess_f (N, ∇f) − I(∇f, ∇f),

it follows that

I(∇f, ∇f) = Hess_f (N, ∇f) = 1 2 N|∇f|^2. (3.8)

So, by the Itô formula, (II) and (III) yield

P_s|∇f|^2(x) = |∇f|^2(x) +

�_s 0 P_rL|∇f|^2(x)dr + E

�_s 0 N|∇f|^2(X_r)dl_r

= |∇f|^2(x) + ◯(s) + 2E

�_s 0 I(∇f, ∇f)(X_r )dl_r

= |∇f|^2(x) + 4 √ s √ π I(∇f, ∇f)(x) + ∘(s^{1/2}).

(3.9)

Moreover, since (fNLf)(X_r) − f(x)(NLf)(X_r) is bounded and goes to zero as r → 0, it follows from (III) that

2E �_t 0 ds �_s 0 [(fNf)(X_r) − f(x)(NLf)(X_r)]dl_r = ∘(t^{3/2}).

So, by the Iô formula

2 �_t 0 [P_s(fLf)(x) − f(x)P_sLf(x)]ds = 2 �_t 0 ds �_s 0 [P_rL(fLf)(x) − f(x)P_rL^2f(x)]dr

+ 2E

�_t 0 ds �_s 0 [(fNLf)(X_r) − f(x)(NLf)(X_r)]dl_r = ∘(t^{3/2}).

Combining this with (3.7) and (3.9) we arrive at

lim_{t→0} 1 t √ t � P_tf^2(x) − (P_tf)^2(x) − 2t|∇f|^2(x) �

= 8 √ π I(∇f, ∇f)(x) lim_{t→0} 1 t √ t �_t 0 √ s ds = 16 3 √ π I(∇f, ∇f)(x).

(3.10)

On the other hand, by the Itô formula for |∇f|^2(X_t), it follows from (3.8) and (II) that

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 537

A_t := = 1 t √ t E � |∇f|^2(X_t)

�_t 0 e^{2Ks+2σ(lt −lt−s)}ds − t|∇f|^2(x) �

= 1 √ t � E|∇f|^2(X_t) − |∇f|^2(x) � + E � |∇f|^2(X_t) t √ t �_t 0 � e^{2Ks+2σ(lt −lt−s )} − 1 � ds �

= 1 √ t � �_t 0 P_sL|∇f|^2(x)ds + E

�_t 0 N|∇f|^2(X_s)dl_s �

+ E � |∇f|^2(X_t) t √ t �_t 0 � e^{2Ks+2σ(lt −lt−s)} − 1 � ds �

= 4 √ π I(∇f, ∇f)(x) + ∘(1) + E � |∇f|^2(X_t) t √ t �_t 0 � e^{2Ks+2σ(lt −lt−s)} − 1 � ds � . (3.11)

Since by (I) and (III) � � � �E � |∇f|^2(X_t) − |∇f|^2(x)

� �^t 0 � e^{2Ks+2σ(lt −lt−s)} − 1 � ds � � � ≤ t � E � |∇f|^2(X_t) − |∇f|^2(x)

�_2�1/2� E � e^{2Kt+2σlt} − 1

�_2�1/2

= ∘(t) · � E[4σ^2l^2_t ] + ∘(t) � = ∘(t^2),

it follows from (I) and (II) that

E � |∇f|^2(X_t)

�_t 0 � e^{2Ks+2σ(lt −lt−s )} − 1 � ds �

= ∘(t^2) + |∇f|^2(x)E

�_t 0 � e^{2Ks+2σ(lt −lt−s )} − 1 � ds = ∘(t^{3/2}) +

4σ|∇f|^2(x) √ π �_t 0 �√ t − √ t − s � ds = 4σt √ t 3 √ π |∇f|^2(x) + ∘(t^{3/2}).

Combining this with (3.11) we arrive at

A_t ≤ ∘(1) + 4 √ π I(∇f, ∇f)(x) + 4σ 3 √ π |∇f|^2(x).

So, (3.10) and (5) imply that 16 3 √ π I(∇f, ∇f)(x) ≤ lim sup_{t→0} 2A_t ≤ 8 √ π I(∇f, ∇f)(x) + 8σ 3 √ π |∇f|^2(x).

Documenta Mathematica 15 (2010) 527–543

538 Feng-Yu Wang

Therefore, I(∇f, ∇f)(x) ≥ −σ|∇f|^2(x).

(c) (2) ⇒ (6). Let f ≥ 0 be smooth satisfying the Neumann boundary condition. We have d ds P_s � (P_{t−s}f) log P_{t−s}f � = P_s

|∇P_{t−s}f|^2

P_{t−s}f . This implies

P_t(f log f) − (P_tf) log P_tf =

�_t 0 P_s

|∇P_{t−s}f|^2

P_{t−s}f ds. (3.12)

On the other hand, by (2) and applying the Schwartz inequality to the probability measure^{2K}_{1−exp[−2Kt]} e^{−2Ks}ds on [0, t], we obtain

|∇P_tf|^2 = = � 2K 1 − e^{−2Kt}

�_t 0 |∇P_s(P_{t−s}f)|e^{−2Ks}ds

�_2

≤ � 2K 1 − e^{−2Kt}

�_t 0 E � |∇P_{t−s}f|(X_s)e^{σls−Ks} � ds �_2

≤ � 2K

1 − e^{−2Kt}

�_2� E �_t 0 |∇P_{t−s}f|^2

P_{t−s}f

(X_s)ds

� �_t 0 E � P_{t−s}f(X_s)e^{2σls −2Ks} � ds = � 2K

1 − e^{−2Kt}

�_2� � t 0 P_s

|∇P_{t−s}f|^2

P_{t−s}f ds � �_t 0 E � P_{t−s}f(X_s)e^{2σls−2Ks} � ds. Combining this with (3.12) and noting that the Markov property implies

E[P_{t−s}f(X_s)e^{2σls} ] = E[(E^{Xs} f(X_{t−s}))e^{2σls} ] = E[e^{2σls} E(f(X_t)|F_s)] = E[E(f(X_t)e^{2σls} |F_s)] = E[f(X_t)e^{2σls} ],

we obtain (6).

(d) (6) ⇒ (7). The proof is similar to the classical one for the log-Sobolev inequality to imply the Poincaré inequality. Let f ∈ C^∞(M). SInce M is compact, 1 + εf > 0 for small ε > 0. Applying (6) to 1 + εf in place of f, we obtain

|∇P_tf|^2 ≤ 2K ε^2(1 − e^{−2Kt}) � P_t(1 + εf) log(1 + εf) − (1 + εP_tf) log(1 + εP_tf) �

· E � (1 + εf(X_t))

�_t 0 e^{2σls−2Ks}ds � . (3.13)

Since by Taylor’s expansion

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 539

P_t(1 + εf) log(1 + εf) − (1 + εP_tf) log(1 + εP_tf) = ε^2 2 � P_tf^2 − (P_tf)^2 � + ∘(ε^2),

letting ε → 0 in (3.13) we obtain (7).

(e1) (7) ⇒ Ric − ∇Z ≥ −K. Let X_0 = x ∈ M \ ∂M and f ∈ C^∞(M) with Nf|_{∂M} = 0. by (I) and (IV) we have

Ee^{2σls} = 1 + E[e^{2σls} 1_{{τδ ≤s}}] = 1 + ∘(s). So, E �_t 0 e^{2σls−2Ks}ds =

1 − exp[−2Kt] 2K + ∘(t).

Combining this with (3.6) and (7), we conclude that, at point x,

|∇P_tf|^2 − |∇f|^2 t ≤ ≤ K 1 − e^{−2Kt} � 2|∇f|^2 + t � 2⟨∇f, ∇Lf⟩ + L|∇f|^2 � − |∇f|^2 t + ∘(1) = 1 t � 2Kt 1 − e^{−2Kt} − 1 � |∇f|^2 + Kt 1 − e^{−2Kt} � 2⟨∇f, ∇Lf⟩ + L|∇f|^2 � + ∘(1).

Letting t → 0 and using (2.7), we obtain

2⟨∇f, ∇Lf⟩ ≤ K|∇f|^2 + ⟨∇f, ∇Lf⟩ + 1 2 L|∇f|^2

at point x. This implies Ric − ∇Z ≥ −K at this point according to the Bochner-Weitzenböck formula.

(e2) (7) ⇒ I ≥ −σ. Let X_0 = x ∈ ∂M and f ∈ C^∞(M) with Nf|_{∂M} = 0. It follows from (3.10), (7) and (II) that at point x, |∇Ptf|^2 ≤ ≤ 2K^2 (1 − e^{−2Kt})^2 ( 2t|∇f|^2 +

16t^{3/2} 3 √ π I(∇f, ∇f) + ∘(t^{3/2}) )( t + 8σt^{3/2} 3 √ π + ∘(t^{3/2}) )

= 4K^2t^2 (1 − e^{−2Kt})^2

|∇f|^2 +

4K^2t^{5/2} (1 − e^{−2Kt})^2 ( 8 3 √ π I(∇f, ∇f) + 8σ 3 √ π |∇f|^2 ) + ∘(t^{1/2}).

Combining this with (2.7) we deduce at point x that

0 = lim_{t→0} 1 √ t � |∇P_tf|^2 −

4K^2t^2 (1 − e^{−2Kt})^2

|∇f|^2 �

≤ lim_{t→0}

4K^2t^2 (1 − e^{−2Kt})^2 � 8 3 √ π I(∇f, ∇f) + 8σ 3 √ π |∇f|^2 �

= 8 3 √ π I(∇f, ∇f) + 8σ 3 √ π |∇f|^2.

Documenta Mathematica 15 (2010) 527–543

540 Feng-Yu Wang

Therefore, I(∇f, ∇f)(x) ≥ −σ|∇f|^2(x).

4 Lévy-Gromov isoperimetric inequality

As a dimension-free version of the classical Lévy-Gromov isoperimetric inequality, it is proved in [4] that if M does not have boundary then for V ∈ C^2(M) such that Ric − Hess_V ≥ R > 0 the following inequality

U (μ(f)) ≤ � M � U^2(f) + R^{−1}|∇f|^2 dμ, (4.1)

holds for any smooth function f with values in [0, 1], where μ(dx) := C(V )^{−1}e^{V (x)}dx for C(V ) = � M e^{V (x)}dx is a probability measure on M, and U = φ ∘ Φ^{−1} for Φ(r) = (2π)^{−1}

�_r −∞ e^{−s2 /2}ds and φ = Φ^′. Since U (0) = U (1) = 0, taking f = 1_A (by approximations) in (4.1) for a smooth domain A ⊂ M, we obtain the isoperimetric inequality

RU (A) ≤ μ_∂ (∂A), (4.2) where μ_∂ (∂A) is the area of ∂A induced by μ. This inequality is crucial in the study of Gaussian type concentration of μ (see [4, 9]). Obviously, (4.1) follows from the following semigroup inequality by letting t → ∞:

U (P_tf) ≤ P_t � U^2(f) + R^{−1}(1 − e^{−2Rt})|∇f|^2. (4.3)

In this section we aim to extend (4.3) to manifolds with boundary. Now, let again M be compact with boundary ∂M, and let P_t be the Neumann semigroup generated by L = Δ + Z. We shall prove an analogue of (4.3) for the curvature and second fundamental condition in Theorem 1.1(1).

Theorem 4.1. Let Ric − ∇Z ≥ −K and I ≥ −σ for some constants K ∈ R and σ ≥ 0. Then for any smooth function f with values in [0, 1],

U (P_tf) ≤ E � U^2(f)(X_t) + |∇f|^2(X_t)

(e^{2Kt} − 1)e^{2σlt} K , t ≥ 0. (4.4)

If in particular ∂M is convex (i.e. σ = 0), then

U (P_tf) ≤ P_t � U^2(f) + |∇f|^2(X_t) e^{2Kt} − 1 K , t ≥ 0.

If moreover K < 0, then (4.1) and (4.2) hold for R = −K > 0.

Proof. It suffices to prove the first assertion. To this end, we shall use the following equivalent condition for Ric − ∇Z ≥ −K (see e.g. the proof of [9, (1.14)]):

Γ_2(f, f) := 1 2 L|∇f|^2 − ⟨∇f, ∇Lf⟩ ≥ −K|∇f|^2 +

|∇|∇f|^2|^2 4|∇f|^2

. (4.5)

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 541

To prove (4.4), we consider the process

η_s = U^2(P_{t−s}f)(X_s) + |∇P_{t−s}f|^2(X_s)

(e^{2Ks} − 1)e^{2σls} K , s ∈ [0, t].

To apply the Itô formula for η_s, recall that X_s solves the equation

dX_s = √ 2 u_s ∘ dB_s + N(X_s)dl_s,

where u_s is the horizontal lift of X_s and B_s is the Brownian motion on R^d provided M is d-dimensional. So,

dη_s = √ 2 � 2(U U^′)(P_{t−s}f)(X_s) +

(e^{2Ks} − 1)e^{2σls} K ∇|∇P_{t−s}f|^2(X_s), u_sdB_s �

+ � 2(U^{′2} + U U^{′′})(P_{t−s}f)|∇P_{t−s}f|^2 + 2Γ_2(P_{t−s}f, P_{t−s}f)

(e^{2Ks} − 1)e^{2σls} K + 2|∇P_{t−s}f|^2e^{2Ks+2σls} � (X_s)ds + (e^{2Ks} − 1)e^{2σls} K � N|∇P_{t−s}f|^2 + 2σ|∇P_{t−s}f|^2 � (X_s)dl_s.

Noting that U U^{′′} = −1 and σ ≥ 0 so that e^{2σls} ≥ 1, combining this with (3.8), I ≥ −σ and (4.5), we obtain

dη_s ≥ √ 2 � 2(U U^′)(P_{t−s}f)(X_s) +

(e^{2Ks} − 1)e^{2σls} K ∇|∇P_{t−s}f|^2(X_s), u_sdB_s �

+ � 2U^{′2}(P_{t−s}f)|∇P_{t−s}f|^2 +

(e^{2Ks} − 1)e^{2σls} |∇|∇P_{t−s}f|^2|^2 2K|∇P_{t−s}f|^2 � (X_s)ds.

Therefore, there exists a martingale M_s for s ∈ [0, t] such that

dη^{1/2}_s = dM_s + dη_s 2η^{1/2}_s −

− � �2(U U^′)(P_{t−s}f)∇P_{t−s}f +^{(e2Ks−1)e2σls}_K ∇|∇P_{t−s}f|^2 � �^2(X_s)

4η^{3/2}_s

= dM_s + 1 4η^{3/2}_s

B_sds,

where

Documenta Mathematica 15 (2010) 527–543

542 Feng-Yu Wang

B_s :=2η_s � 2U^{′2}(P_{t−s}f)|∇P_{t−s}f|^2 +

(e^{2Ks} − 1)e^{2σls} |∇|∇P_{t−s}f|^2|^2 2K|∇P_{t−s}f|^2 � (X_s) − � �2(U U^′)(Pt−sf)∇Pt−sf + e^{2Ks} − 1 K e^{2σls} ∇|∇P_{t−s}f|^2 � �^2(Xs) ≥ (e^{2Ks} − 1)e^{2σls} K � U 2(P_{t−s}f)|∇|∇P_{t−s}f|2|2 2|∇P_{t−s}f|^2

+ 4|∇P_{t−s}f|^4U^{′2}(P_{t−s}f)

− 4(U U^′)(P_{t−s}f)⟨∇P_{t−s}f, ∇|∇P_{t−s}f|^2⟩ � (X_s) ≥0. So, η^{1/2}_s is a sub-martingale on [0, t]. Therefore, Eη^{1/2}_0 ≤ Eη^{1/2}_t , which is nothing but (4.4).

References

[1] D. Bakry, Transformations de Riesz pour les semigroupes symétriques, Lecture Notes in Math. No. 1123, 130–174, Springer, 1985.

[2] D. Bakry, On Sobolev and logarithmic Sobolev inequalities for Markov semigroups, New Trends in Stochastic Analysis, 43–75, World Scientific, 1997.

[3] D. Bakry and M. Emery, Hypercontractivité de semi-groupes de diffusion, C. R. Acad. Sci. Paris. Sér. I Math. 299(1984), 775–778.

[4] D. Bakry and M. Ledoux, Lévy-Gromov’s isoperimetric inequality for an infinite dimensional diffusion operator, Invent. Math. 123(1996), 259–281.

[5] H. Donnely and P. Li, Lower bounds for the eigenvalues of Riemannian manifolds, Michigan Math. J. 29 (1982), 149–161.

[6] J.-D. Deuschel and D. W. Stroock, Large Deviations, Academic Press, New York, 1989.

[7] K. D. Elworthy, Stochastic flows on Riemannian manifolds, Diffusion Processes and Related Problems in Analysis, vol. II, Progress in Probability, 27, 37–72, Birkhäuser, 1992.

[8] E. P. Hsu, Multiplicative functional for the heat equation on manifolds with boundary, Michigan Math. J. 50(2002), 351–367.

[9] M. Ledoux, The geometry of Markov diffusion generators, Ann. de la Facul. des Sci. de Toulouse 9 (2000), 305–366.

[10] F.-Y. Wang, Equivalence of dimension-free Harnack inequality and curvature condition, Int. Equ. Operat. Theory 48(2004), 547–552.

Documenta Mathematica 15 (2010) 527–543

Semigroup Properties for the Second Fundamental Form 543

[11] F.-Y. Wang, Gradient estimates and the first Neumann eigenvalue on manifolds with boundary, Stoch. Proc. Appl. 115(2005), 1475–1486.

[12] F.-Y. Wang, Second fundamental form and gradient of Neumann semigroups, J. Funct. Anal. 256(2009), 3461–3469.

[13] F.-Y. Wang, Harnack inequalities on manifolds with boundary and applications, to appear in J. Math. Pures Appl.

[14] F.-Y. Wang, Harnack inequality for SDE with multiplicative noise and extension to Neumann semigroup on non-convex manifolds, to appear in Annals of Probab.

Feng-Yu Wang School of Mathematical Sci. and Lab. Math. Com. Sys., Beijing Normal University Beijing 100875 China wangfy@bnu.edu.cn

Alternate Address:

Department of Mathematics Swansea University Singleton Park SA2 8PP UK F.Y.Wang@swansea.ac.uk

Documenta Mathematica 15 (2010) 527–543

Documenta Mathematica 15 (2010)

Documenta Math. 545

Frames and Finite Group Schemes over

Complete Regular Local Rings

Eike Lau

Received: November 10, 2009 Revised: May 21, 2010

Communicated by Peter Schneider

Abstract. Let p be an odd prime. We show that the classification of p-divisible groups by Breuil windows and the classification of commutative finite flat group schemes of p-power order by Breuil modules hold over every complete regular local ring with perfect residue field of characteristic p. We set up a formalism of frames and windows with an abstract deformation theory that applies to Breuil windows.

2010 Mathematics Subject Classification: 14L05, 14F30 Keywords and Phrases: Finite group scheme, p-divisible group, frame, window, deformation theory, Dieudonné display

1 Introduction

Let R be a complete regular local ring of dimension r with perfect residue field k of odd characteristic p. Let W (k) be the ring of Witt vectors of k. One can write R = S/ES with S = W (k)[[x_1, . . . , x_r]]

such that E ∈ S is a power series with constant term p. Let σ be the endomorphism of S that extends the Frobenius automorphism of W (k) by σ(x_i) = x^p_i . Following Vasiu and Zink, a Breuil window relative to S → R is a pair (Q, ϕ) where Q is a free S-module of finite rank, and where

ϕ : Q → Q^{(σ)}

is an S-linear map with cokernel annihilated by E.

Theorem 1.1. The category of p-divisible groups over R is equivalent to the category of Breuil windows relative to S → R.

Documenta Mathematica 15 (2010) 545–569

546 Eike Lau

If R has characteristic p, this follows from more general results of A. de Jong [dJ]; this case is included here only for completeness. If r = 1 and E is an Eisenstein polynomial, Theorem 1.1 was conjectured by Breuil [Br] and proved by Kisin [K1]. When E is a deformation of an Eisenstein polynomial the result is proved in [VZ1].

Like in these cases one can deduce a classification of commutative finite flat group schemes of p-power order over R: A Breuil module relative to S → R is a triple (M, φ, ψ) where M is a finitely generated S-module annihilated by a power of p and of projective dimension at most one, and where

φ : M → M^{(σ)}, ψ : M^{(σ)} → M

are S-linear maps with φψ = E and ψφ = E. If R has characteristic zero, such triples are equivalent to pairs (M, φ) such that the cokernel of φ is annihilated by E.

Theorem 1.2. The category of commutative finite flat group schemes over R annihilated by a power of p is equivalent to the category of Breuil modules relative to S → R.^1

This result is applied in [VZ2] to the question whether abelian schemes or pdivisible groups defined over the complement of the maximal ideal in Spec R extend to Spec R.

Frames and windows

To prove Theorem 1.1 we show that Breuil windows are equivalent to Dieudonné displays over R, which are equivalent to p-divisible groups over R by [Z2]; the same route is followed in [VZ1]. So the main part of this article is purely module theoretic.

We introduce a notion of frames and windows (motivated by [Z3]) which allows to formulate a deformation theory that generalises the deformation theory of Dieudonné displays developed in [Z2] and that also applies to Breuil windows. Technically the main point is the formalism of σ_1 in Definition 2.1; the central result is the lifting of windows in Theorem 3.2.

This is applied as follows. Let m_R be the maximal ideal of R. For each positive integer a we consider the rings S_a = S/(x_1, . . . , x_r )^aS and R_a = R/m^a_R. There is an obvious notion of Breuil windows relative to S_a → R_a and a functor

κ_a : (Breuil windows relative to S_a → R_a) → (Dieudonné displays over R_a).

Here κ_1 is trivially an equivalence because S_1 = W (k) and R_1 = k. The deformation theory implies that on both sides lifts from a to a + 1 are classified by lifts of the Hodge filtration in a compatible way. Thus κ_a is an equivalence for all a by induction, and Theorem 1.1 follows.

1Recently, Theorems 1.1 and 1.2 have been extended to the case p = 2. See: A relation between Dieudonné displays and crystalline Dieudonné theory (in preparation).

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 547

Complements

There is some freedom in the choice of the Frobenius lift on S. Namely, let σ be a ring endomorphism of S which preserves the ideal J = (x_1, . . . , x_r) and which induces the Frobenius on S/pS. If the endomorphism σ/p of J/J^2 is nilpotent modulo p, Theorems 1.1 and 1.2 hold without change. All of the above equivalences of categories are compatible with the natural duality operations on both sides.

If the residue field k is not perfect, there is an analogue of Theorems 1.1 and 1.2 for connected groups. Here p = 2 is allowed. The ring W (k) is replaced by a Cohen ring of k, and the operators ϕ and φ must be nilpotent modulo the maximal ideal of S.

In the first version of this article [L3] the formalism of frames was introduced only to give an alternative proof of the results of Vasiu and Zink [VZ1]. In response, they pointed out that both their and this approach apply in greater generality, e.g. in the case where E ∈ S takes the form E = g + pϵ such that ϵ is a unit and g divides σ(g) for a general Frobenius lift σ as above. However, the method of loc. cit. seems not to give Theorem 1.1 completely.

All rings in this article are commutative and have a unit. All finite flat group schemes are commutative.

Acknowledgements. The author thanks A. Vasiu and Th. Zink for valuable discussions, in particular Th. Zink for sharing his notion of κ-frames and for suggesting to include section 10, and the referee for many helpful comments.

2 Frames and windows

Let p be a prime. The following notion of frames and windows differs from [Z3]. Some definitions and arguments could be simplified by assuming that the relevant rings are local, which is the case in our applications, but we work in greater generality until section 4.

If S is a ring equipped with a ring endomorphism σ, for an S-module M we write M^{(σ)} = S ⊗_{σ,S} M, and for a σ-linear map of S-modules g : M → N we denote by g^♯ : M^{(σ)} → N its linearisation, g^♯(s ⊗ m) = sg(m). If g^♯ is invertible, g is called a σ-linear isomorphism.

Definition 2.1. A frame is a quintuple

F = (S, I, R, σ, σ_1)

consisting of a ring S, an ideal I of S, the quotient ring R = S/I, a ring endomorphism σ : S → S, and a σ-linear map of S-modules σ_1 : I → S, such that the following conditions hold:

i. I + pS ⊆ Rad(S),

ii. σ(a) ≡ a^p mod pS for a ∈ S,

Documenta Mathematica 15 (2010) 545–569

548 Eike Lau

iii. σ_1(I) generates S as an S-module.

We do not assume here that R is the specific ring considered in the introduction. In our examples σ_1(I) contains the element 1.

Lemma 2.2. For every frame F there is a unique element θ ∈ S such that σ(a) = θσ_1(a) for a ∈ I.

Proof. Condition iii means that the homomorphism σ^♯_1 : I^{(σ)} → S is surjective. Let us choose b ∈ I^{(σ)} such that σ^♯_1(b) = 1. Then necessarily θ = σ^♯(b). For a ∈ I we compute σ(a) = σ^♯_1(b)σ(a) = σ^♯_1(ba) = σ^♯(b)σ_1(a) as desired. Definition 2.3. Let F be a frame. A window over F , also called an F - window, is a quadruple P = (P, Q, F, F_1) where P is a finitely generated projective S-module, Q ⊆ P is a submodule, F : P → P and F_1 : Q → P are σ-linear map of S-modules, such that the following conditions hold:

1. There is a decomposition P = L ⊕ T with Q = L ⊕ IT , 2. F_1(ax) = σ_1(a)F (x) for a ∈ I and x ∈ P , 3. F_1(Q) generates P as an S-module.

A decomposition as in 1 is called a normal decomposition of (P, Q) or of P. Remark 2.4. The operator F is determined by F_1. Indeed, if b ∈ I^{(σ)} satisfies σ^♯_1(b) = 1, then condition 2 implies that F (x) = F^♯_1 (bx) for x ∈ P . In particular we have F (x) = θF_1(x) when x lies in Q. Remark 2.5. Condition 1 implies that

1^′. P/Q is a projective R-module.

If finitely generated projective R-modules lift to projective S-modules, necessarily finitely generated because I ⊆ Rad(S), condition 1 is equivalent to 1^′. In all our examples, this lifting property holds because S is either local or I-adic. Lemma 2.6. Let F be a frame, let P = L ⊕ T be a finitely generated projective S-module, and let Q = L ⊕ IT . The set of F -window structures (P, Q, F, F_1) on these modules is mapped bijectively to the set of σ-linear isomorphisms Ψ : L ⊕ T → P by the assignment Ψ(l + t) = F_1(l) + F (t) for l ∈ L and t ∈ T . The triple (L, T, Ψ) is called a normal representation of (P, Q, F, F_1).

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 549

Proof. If (P, Q, F, F_1) is an F -window, by conditions 2 and 3 of Definition 2.3 the linearisation of Ψ is surjective, thus bijective since P and P^{(σ)} are projective S-modules of equal rank by conditions i and ii of Definition 2.1. Conversely, if Ψ is given, one gets an F -window by F (l + t) = θΨ(l) + Ψ(t) and F_1(l + at) = Ψ(l) + σ_1(a)Ψ(t) for l ∈ L, t ∈ T , and a ∈ I.

Example. The Witt frame of a p-adic ring R is

W_R = (W (R), I_R, R, f, f_1)

where W (R) is the ring of p-typical Witt vectors of R, f is its Frobenius endomorphism, and f_1 : I_R → W (R) is the inverse of the Verschiebung homomorphism. Here θ = p. We have I_R ⊆ Rad(W (R)) because W (R) is I_R-adic; see [Z1, Proposition 3]. Windows over W_R are 3n-displays over R in the sense of [Z1], called displays in [M2], which is the terminology we follow.

Functoriality

Let F = (S, I, R, σ, σ_1) and F^′ = (S^′, I^′, R^′, σ^′, σ^′_1) be frames.

Definition 2.7. A homomorphism of frames α : F → F^′, also called a frame homomorphism, is a ring homomorphism α : S → S^′ with α(I) ⊆ I^′ such that σ^′α = ασ and σ^′_1α = u · ασ_1 for a unit u ∈ S^′. If u = 1, then α is called strict.

Remark 2.8. The unit u is unique because ασ_1(I) generates S^′ as an S^′-module. We have α(θ) = uθ^′. If we want to specify u, we say that α is a u-homo-morphism. There is a unique factorisation of α into frame homomorphisms

F^{α′}−→ F^{′′ ω}−→ F^′

such that α^′ is strict and ω is an invertible u-homomorphism. Here F^{′′} is the u^{−1}-twist of F^′ defined as F^{′′} = (S^′, I^′, R^′, σ^′, u^{−1}σ^′_1). Let α : F → F^′ be a u-homomorphism of frames.

Definition 2.9. Let P be an F -window and let P^′ be an F^′-window. A homomorphism of windows g : P → P^′ over α, also called an α-homomorphism, is an S-linear map g : P → P^′ with g(Q) ⊆ Q^′ such that F^′g = gF and F^′_1g = u · gF_1. A homomorphism of F -windows is an id_P -homomorphism in the previous sense.

Lemma 2.10. For each F -window P there is a base change window α_∗P over F^′ together with an α-homomorphism of windows P → α_∗P that induces a bijection Hom_F ′ (α_∗P, P^′) = Hom_α(P, P^′) for all F^′-windows P^′.

Proof. Clearly this requirement determines α_∗P uniquely. It can be constructed explicitly as follows: If (L, T, Ψ) is a normal representation of P, a normal representation of α_∗P is (S^′ ⊗_S L, S^′ ⊗_S T, Ψ^′) where Ψ^′ is defined by Ψ^′(s^′ ⊗ l) = uσ^′(s^′) ⊗ Ψ(l) and Ψ^′(s^′ ⊗ t) = σ^′(s^′) ⊗ Ψ(t).

Documenta Mathematica 15 (2010) 545–569

550 Eike Lau

If α_∗P = (P^′, Q^′, F^′, F^′_1), then P^′ = S^′ ⊗_S P , and Q^′ ⊆ P^′ is the S^′-submodule generated by I^′P^′ and by the image of Q.

Remark 2.11. As suggested in [VZ2], the above definitions of frames and windows can be generalised as follows. Instead of condition iii of Definition 2.1, the element θ given by Lemma 2.2 is taken as part of the data. For a uhomomorphism α : F → F^′ of generalised frames in this sense it is necessary to require that α(θ) = uθ^′. For a window over a generalised frame the relation F (x) = θF_1(x) of Remark 2.4 becomes part of the definition, and condition 3 of Definition 2.3 is replaced by the requirement that F_1(Q) + F (P ) generates P . Then the results of sections 2–4 hold for generalised frames and windows as well. Details are left to the reader.

Limits

Windows are compatible with projective limits of frames in the following sense. Assume that for each positive integer n we have a frame

F_n = (S_n, I_n, R_n, σ_n, σ_{1n})

and a strict frame homomorphism π_n : F_{n+1} → F_n such that the involved maps S_{n+1} → S_n and I_{n+1} → I_n are surjective and Ker(π_n) is contained in Rad(S_{n+1}). We obtain a frame lim←− F_n = (S, I, R, σ, σ_1) with S = lim←− S_n etc. By definition, an F_∗-window is a system P_∗ of F_n-windows P_n together with isomorphisms π_{n∗}F_{n+1} ∼= F_n.

Lemma 2.12. The category of (lim←− F_n)-windows is equivalent to the category of F_∗-windows.

Proof. The obvious functor from (lim←− F_n)-windows to F_∗-windows is fully faithful. We have to show that for an F_∗-window P_∗, the projective limit lim←− P_n = (P, Q, F, F_1) defined by P = lim←− P_n etc. is a window over lim←− F_n. The condition Ker(π_n) ⊆ Rad(S_{n+1}) implies that P is a finitely generated projective S-module and that P/Q is projective over R. In order that P has a normal decomposition it suffices to show that each normal decomposition of P_n lifts to a normal decomposition of P_{n+1}. Assume that P_n = L^′_n ⊕ T^′_n and P_{n+1} = L_{n+1} ⊕ T_{n+1} are normal decompositions and let P_n = L_n ⊕ T_n be induced by the second. Since T_n ⊗ R_n ∼= P_n/Q_n ∼= T^′_n ⊗ R_n and L_n ⊗ R_n ∼= Q_n/IP_n ∼= L^′_n ⊗ R_n, we have T_n ∼= T^′_n and L_n ∼= L^′_n. Hence the two decompositions of P_n differ by an automorphism of L_n ⊕T_n of the type ω = �_{a b} c d � with c : L_n → I_nT_n. Now ω lifts to an endomorphism ω^′ =

�_{a′ b′}

c^′ d^′ � of L_{n+1} ⊕ T_{n+1} with c^′ : L_{n+1} → I_{n+1}T_{n+1}, and ω^′ is an automorphism since Ker(π_n) ⊆ Rad(S_{n+1}). The required lifting of normal decompositions follows. All remaining window axioms for lim←− P_n are easily checked.

Remark 2.13. Assume that S_1 is a local ring. Then all S_n and S are local too. Hence lim←− F_n satisfies the lifting property of Remark 2.5, so the normal decomposition of P in the preceding proof is automatic.

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 551

Duality

Let P, P^′, and P^{′′} be windows over a frame F . A bilinear form of F - windows β : P × P^′ → P^{′′} is an S-bilinear map β : P × P^′ → P^{′′} such that β(Q × Q^′) ⊆ Q^{′′} and

β(F_1(x), F^′_1(x^′)) = F^{′′}_1 (β(x, x^′)) (2.1)

for x ∈ Q and x^′ ∈ Q^′. Let F also denote the F -window (S, I, σ, σ_1). For every F -window P there is a unique dual F -window P^t together with a bilinear form P × P^t → F which induces for each F -window P^′ an isomorphism Hom(P^′, P^t) ∼= Bil(P × P^′, F ). Explicitly we have P^t = (P^∨, Q^t, F^t, F^t_1 ) where P^∨ = Hom_S (P, S) and

Q^t = {x^′ ∈ P^∨ | x^′(Q) ⊆ I}.

The operators F^t_1 and F^t are determined by (2.1) with σ_1 in place of F^{′′}_1 . If (L, T, Ψ) is a normal representation for P, a normal representation for P^t is given by (T^∨, L^∨, Ψ^t) where (Ψ^t)^♯ is equal to ((Ψ^♯)^{−1})^∨. This shows that F^t_1 and F^t are well-defined. There is a natural isomorphism P^{tt} ∼= P. For a more detailed exposition of the duality formalism in the case of (Diedonné) displays we refer to [Z1, Definition 19] or [L2, Section 3].

Lemma 2.14. Let α : F → F^′ be a u-homomorphism of frames and let c ∈ S^′ be a unit such that c^{−1}σ^′(c) = u. For all F -windows P there is a natural isomorphism (depending on c)

α_∗(P^t) ∼= (α_∗P)^t.

Proof. We consider the F^′-window F^′_u = (S^′, I^′, uσ^′, uσ^′_1). The given bilinear form P × P^t → F induces a bilinear form α_∗P × α_∗(P^t) → F^′_u; this is easily verified using that under base change by α each of the operators F_1, F^′_1, and F^{′′}_1 = σ_1 accounts for one factor of u in (2.1). Multiplication by c is an isomorphism of F^′-windows F^′_u ∼= F^′. The resulting bilinear form α_∗P × α_∗(P^t) → F^′ induces an isomorphism α_∗(P^t) ∼= (α_∗P)^t.

3 Crystalline homomorphisms

Definition 3.1. A homomorphism of frames α : F → F^′ is called crystalline if the functor α_∗ : (F -windows) → (F^′-windows) is an equivalence of categories.

Theorem 3.2. Let α : F → F^′ be a strict frame homomorphism that induces an isomorphism R ∼= R^′ and a surjection S → S^′ with kernel a ⊂ S. We assume that there is a finite filtration a = a_0 ⊇ · · · ⊇ a_n = 0 with σ(a_i) ⊆ a_{i+1} and σ_1(a_i) ⊆ a_i such that σ_1 is elementwise nilpotent on a_i/a_{i+1}. We assume that finitely generated projective S^′-modules lift to projective S-modules. Then α is crystalline.

Documenta Mathematica 15 (2010) 545–569

552 Eike Lau

In many applications the lifting property of projective modules holds because a is nilpotent or S is local. The proof of Theorem 3.2 is a variation of the proofs of [Z1, Theorem 44] and [Z2, Theorem 3].

Proof. The homomorphism α factors into F → F^{′′} → F^′ where the frame F^{′′} is determined by S^{′′} = S/a_1, so by induction we may assume that σ(a) = 0. The functor α_∗ is essentially surjective because normal representations (L, T, Ψ) can be lifted from F^′ to F . In order that α_∗ is fully faithful it suffices to show that α_∗ is fully faithful on automorphisms because a homomorphism g : P → P^′ can be encoded by the automorphism

�_{1 0} g 1 � of P ⊕ P^′. Since for a window P over F an automorphism of α_∗P can be lifted to an S-module automorphism of P , it suffices to prove the following assertion.

Assume that P = (P, Q, F, F_1) and P^′ = (P, Q, F^′, F^′_1) are two F -windows such that F ≡ F^′ and F_1 ≡ F^′_1 modulo a. Then there is a unique F -window isomorphism g : P ∼= P^′ with g ≡ id modulo a.

We write F^′_1 = F_1 + η and F^′ = F + ε and g = 1 + ω, where the σ-linear maps η : Q → aP and ε : P → aP are given, and where ω : P → aP is an arbitrary S-linear map. The induced g is an isomorphism of windows if and only if gF_1 = F^′_1g on Q, which translates into the identity

η = ωF_1 − F^′_1ω. (3.1)

We fix a normal decomposition P = L ⊕ T , thus Q = L ⊕ IT . For l ∈ L, t ∈ T , and a ∈ I we have

η(l + at) = η(l) + σ_1(a)ε(t), ω(F_1(l + at)) = ω(F_1(l)) + σ_1(a)ω(F (t)), F^′_1(ω(l + at)) = F^′_1(ω(l)) + σ_1(a)F^′(ω(t)).

Here F^′ω = 0 because for a ∈ a and x ∈ P we have F^′(ax) = σ(a)F^′(x), and σ(a) = 0. As σ_1(I) generates S we see that (3.1) is equivalent to: � ε = ωF on T, η = ωF_1 − F^′_1ω on L. (3.2)

Since Ψ : L ⊕ T^{F1+F}−−−−→ P is a σ-linear isomorphism, to give ω is equivalent to give a pair of σ-linear maps

ω_L = ωF_1 : L → aP, ω_T = ωF : T → aP.

Let λ : L → L^{(σ)} be the composition L ⊆ P^{(Ψ♯)−1}−−−−→ L^{(σ)} ⊕ T^{(σ) pr1}−−→ L^{(σ)} and let τ : L → T^{(σ)} be analogous with pr_2 in place of pr_1. Then the restriction ω|_L is equal to ω^♯_Lλ + ω^♯_T τ, and (3.2) becomes: � ω_T = ε|_T , ω_L − F^′_1ω^♯_Lλ = η|_L + F^′_1ω^♯_T τ.

(3.3)

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 553

Let H be the abelian group of σ-linear maps L → aP . We claim that the endomorphism U of H given by U(ω_L) = F^′_1ω^♯_Lλ is elementwise nilpotent, which implies that 1 − U is bijective, and (3.3) has a unique solution in (ω_L, ω_T ) and thus in ω. The endomorphism F^′_1 of aP is elementwise nilpotent because F^′_1(ax) = σ_1(a)F^′(x) and because σ_1 is elementwise nilpotent on a by assumption. Since L is finitely generated it follows that U is elementwise nilpotent.

Remark 3.3. The same argument applies if instead of σ_1 being elementwise nilpotent one demands that λ is (topologically) nilpotent, which is the original situation in [Z1, Theorem 44]; see section 10.

4 Abstract deformation theory

Definition 4.1. The Hodge filtration of a window P is the submodule

Q/IP ⊆ P/IP.

Lemma 4.2. Let α : F → F^′ be a strict homomorphism of frames such that S = S^′; thus R → R^′ is surjective and we have I ⊆ I^′. Then F -windows P are equivalent to pairs consisting of an F^′-window P^′ = (P^′, Q^′, F^′, F^′_1) and a lift of its Hodge filtration to a direct summand V ⊆ P^′/IP^′.

Proof. The equivalence is given by the functor P → (α_∗P, Q/IP ), which is easily seen to be fully faithful. We show that it is essentially surjective. Let an F^′-window P^′ and a lift of its Hodge filtration V ⊆ P^′/IP^′ be given and let Q ⊆ P^′ be the inverse image of V ; thus Q ⊆ Q^′. We have to show that P = (P^′, Q, F^′, F^′_1|_Q) is an F -window. First we need a normal decomposition for P; this is a decomposition P^′ = L ⊕ T such that V = L/IL. Since P^′ has a normal decomposition, P has one too for at least one choice of V . By modifying the isomorphism P^′ ∼= L ⊕ T with an automorphism (^{1 0}_{c 1} ) of L ⊕ T for some homomorphism c : L → I^′T one reaches every lift of the Hodge filtration. It remains to show that F^′_1(Q) generates P^′. In terms of a normal decomposition P^′ = L ⊕ T for P this means that F^′_1 + F^′ : L ⊕ T → P^′ is a σ-linear isomorphism, which holds because P^′ is an F^′-window.

Assume that a strict homomorphism of frames α : F → F^′ is given such that S → S^′ is surjective with kernel a, and I^′ = IS^′. We want to factor α into strict frame homomorphisms

(S, I, R, σ, σ_1)^{α1}−→ (S, I^{′′}, R^′, σ, σ^{′′}_1 )^{α2}−→ (S^′, I^′, R^′, σ^′, σ^′_1) (4.1)

such that α_2 satisfies the hypotheses of Theorem 3.2.

Necessarily I^{′′} = I + a. The main point is to define σ^{′′}_1 : I^{′′} → S, which is equivalent to defining a σ-linear map σ^{′′}_1 : a → a that extends the restriction of σ_1 to I ∩ a and satisfies the hypotheses of Theorem 3.2. Once this is achieved, Theorem 3.2 and Lemma 4.2 will show that F -windows are equivalent to F^′- windows P^′ plus a lift of the Hodge filtration of P^′ to a direct summand of P/IP , where P^{′′} = (P, Q^{′′}, F, F^{′′}_1 ) is the unique lift of P^′ under α_2.

Documenta Mathematica 15 (2010) 545–569

554 Eike Lau

5 Dieudonné frames

Let R be a noetherian complete local ring with maximal ideal m_R and with perfect residue field k of characteristic p. If p = 2, we assume that p annihilates R. Let Ŵ (m_R) ⊂ W (R) be the ideal of all Witt vectors whose coefficients lie in m_R and converge to zero m_R-adically. There is a unique subring W(R) of W (R) which is stable under the Frobenius f such that the projection W(R) → W (k) is surjective with kernel Ŵ (m_R), and the ring W(R) is also stable under the Verschiebung v; see [Z2, Lemma 2]. Let I_R be the kernel of the projection to the first component W(R) → R. Then v : W(R) → I_R is bijective.

Definition 5.1. The Dieudonné frame associated to R is

D_R = (W(R), I_R, R, f, f_1)

with f_1 = v^{−1}.

Here θ = p. Windows over D_R are Dieudonné displays over R in the sense of [Z2]. We note that W(R) is a local ring, which guarantees the existence of normal decompositions; see Remark 2.5. The inclusion W(R) → W (R) is a strict homomorphism of frames D_R → W_R.

If R^′ has the same properties as R, a local ring homomorphism R → R^′ induces a strict frame homomorphism D_R → D_R′ .

Assume that R^′ = R/b for an ideal b which is equipped with elementwise nilpotent divided powers γ. Then W(R) → W(R^′) is surjective with kernel Ŵ (b) = W (b) ∩ Ŵ (m_R). In this situation, a factorisation (4.1) of the homomorphism D_R → D_R′ can be defined as follows. We recall that the γ-divided Witt polynomials are defined as

w^′_n(X_0, . . . , X_n) = (p^n − 1)!γ_pn (X_0) + (p^{n−1} − 1)!γ_pn−1 (X_1) + · · · + X_n.

Thus p^nw^′_n is the usual Witt polynomial w_n(X_0, . . . , X_n) = X^{pn}_0 + · · · + p^nX_n. Let b^{<∞>} be the W (R)-module of all sequences [b_0, b_1, . . .] with elements b_i ∈ b that converge to zero m_R-adically, such that x ∈ W (R) acts on b^{<∞>} by [b_0, b_1, . . .] → [w_0(x)b_0, w_1(x)b_1, . . .]. We have an isomorphism of W (R)- modules log : Ŵ (b) ∼= b^{<∞>}; b → (w^′_0(b), w^′_1(b), . . .);

see the remark after [Z1, Cor. 82]. For b ∈ Ŵ (b) we call log(b) the logarithmic coordinates of b. Let I_{R/R}′ = I_R + Ŵ (b).

In logarithmic coordinates, the restriction of f_1 to I_R ∩ Ŵ (b) is given by

f_1([0, b_1, b_2, . . .]) = [b_1, b_2, . . .].

Thus f_1 : I_R → W(R) extends uniquely to an f-linear map

f̃_1 : I_{R/R′} → W(R)

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 555

with f̃_1([b_0, b_1, . . .]) = [b_1, b_2, . . .] on Ŵ (b), and we obtain a factorisation

D_R^{α1}−→ D_{R/R}′ = (W(R), I_{R/R}′ , R^′, f, f̃_1)^{α2}−→ D_R′ . (5.1)

Proposition 5.2. The frame homomorphism α_2 is crystalline.

This is a reformulation of [Z2, Theorem 3] if m_R is nilpotent, and the general case is an easy consequence. As explained in section 4, it follows that deformations of Dieudonné displays from R^′ to R are classified by lifts of the Hodge filtration; this is [Z2, Theorem 4].

Proof of Proposition 5.2. When m_R is nilpotent, α_2 satisfies the hypotheses of Theorem 3.2; the required filtration of a = Ŵ (b) is a_i = p^ia. In general, these hypotheses are not fulfilled because f_1 : a → a is only topologically nilpotent. However, one can find a sequence of ideals R ⊃ I_1 ⊃ I_2 · · · which define the m_R-adic topology such that each b ∩ I_n is stable under the divided powers of b. Indeed, for each n there is an l with m^l_R ∩ b ⊆ m^n_Rb; for I_n = m^n_Rb + m^l_R we have b ∩ I_n = m^n_Rb. The proposition holds for each R/I_n in place of R, and the general case follows by passing to the projective limit, using Lemma 2.12.

6 κ-frames

The results in this section are essentially due to Th. Zink (private communication); see also [Z3, Section 1] and [VZ1, Section 3].

Definition 6.1. A κ-frame is a frame F = (S, I, R, σ, σ_1) such that

iv. S has no p-torsion,

v. W (R) has no p-torsion,

vi. σ(θ) − θ^p = p · unit in S.

The numbering extends i–iii of Definition 2.1. In the following we refer to conditions i–vi without explicitly mentioning Definitions 2.1 and 6.1. Remark 6.2. If ii and iv hold, we have a (non-additive) map

τ : S → S, τ(x) = σ(x) − x^p p , and vi says that τ(θ) is a unit. Condition v is satisfied if and only if the nilradical N (R) has no p-torsion, for example if R is reduced, or flat over Z_{(p)}.

Proposition 6.3. To each κ-frame F one can associate a u-homomorphism of frames κ : F → W_R lying over id_R for a well-defined unit u of W (R). The homomorphism κ and the unit u are functorial in F with respect to strict frame homomorphisms.

Documenta Mathematica 15 (2010) 545–569

556 Eike Lau

Proof. Conditions iv and ii imply that there is a well-defined ring homomorphism δ : S → W (S) with w_nδ = σ^n; see [Bou, IX.1, proposition 2]. We have fδ = δσ. Let κ be the composite ring homomorphism

κ : S^δ−→ W (S) → W (R).

Then fκ = κσ and κ(I) ⊆ I_R. Clearly κ is functorial in F . To define u we write 1 = � y_iσ_1(x_i) in S with x_i ∈ I and y_i ∈ S. This is possible by iii.

Recall that θ = � y_iσ(x_i); see the proof of Lemma 2.2. Let u = � κ(y_i)f_1κ(x_i).

Then pu = κ(θ) because pf_1 = f and fκ = κσ. We claim that f_1κ = u · κσ_1. By condition v this is equivalent to the relation p · f_1κ = pu · κσ_1, which holds since pf_1 = f and pu = κ(θ) and θσ_1 = σ. It remains to show that u is a unit in W (R). Let pu = κ(θ) = (a_0, a_1, . . .) as a Witt vector. By Lemma 6.4 below, u is a unit if and only if a_1 is a unit in R. In W_2(S) we have δ(θ) = (θ, τ(θ)) because (w_0, w_1) applied to both sides gives (θ, σ(θ)). Hence a_1 is a unit by vi. We conclude that κ : F → W_R is a u-homomorphism of frames. Finally, u is functorial in F by its uniqueness, see Remark 2.8.

Lemma 6.4. Let R be a ring with p ∈ Rad(R) and let u ∈ W (R) be given. For an integer r ≥ 0 let p^ru = (a_0, a_1, a_2, . . .). The element u is a unit in W (R) if and only if a_r is a unit in R.

Proof. Assume first that r = 0. It suffices to show that an element ū of W_{n+1}(R) that maps to 1 in W_n(R) is a unit. If ū = 1 + v^n(x) with x ∈ R, then ū^{−1} = 1 + v^n(y) where y ∈ R is determined by the equation x + y + p^nxy = 0, which has a solution since p ∈ Rad(R). For general r, by the case r = 0 we may replace R by R/pR. Then we have p(b_0, b_1, . . .) = (0, b^p_0, b^p_1, . . .) in W (R), which reduces the assertion to the case r = 0.

Corollary 6.5. Let F be a κ-frame with S = W (k)[[x_1, . . . , x_r]] for a perfect field k of odd characteristic p. Assume that σ extends the Frobenius automorphism of W (k) by σ(x_i) = x^p_i . Then u is a unit in W(R), and κ induces a u-homomorphism of frames κ : F → D_R.

Proof. We claim that δ(S) lies in W(S). Indeed, δ(x_i) = [x_i] because w_n applied to both sides gives x^{pn}_i . Thus for each multi-exponent e = (e_1, . . . , e_r) the element δ(x^e) = [x^e] lies in W(S). Let m_S be the maximal ideal of S. Since W(S) = lim←− W(S/m^n_S ) and since for each n all but finitely many x^e lie in m^n_S , the claim follows. Hence the image of κ : S → W (R) is contained in W(R). By its construction the unit u lies in W(R); it is invertible in W(R) because the inclusion W(R) → W (R) is a local homomorphism of local rings.

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 557 7 The main frame Let R be a complete regular local ring with perfect residue field k of characteristic p ≥ 3. We choose a ring homomorphism S = W (k)[[x_1, . . . , x_r]]^π−→ R such that x_1, . . . , x_r map to a regular system of parameters of R. Since the graded ring of R is isomorphic to k[x_1, . . . , x_r], one can find a power series E_0 ∈ S with constant term zero such that π(E_0) = −p. Let E = E_0 + p and I = ES. Then R = S/I. Let σ : S → S be the ring endomorphism that extends the Frobenius automorphism of W (k) by σ(x_i) = x^p_i . We have a frame B = (S, I, R, σ, σ_1) where σ_1 is defined by σ_1(Ey) = σ(y) for y ∈ S. Lemma 7.1. The frame B is a κ-frame.

Proof. Let θ ∈ S be the element given by Lemma 2.2. The only condition to be checked is that τ(θ) is a unit in S. Let E^′_0 = σ(E_0). Since σ_1(E) = 1, we have θ = σ(E) = E^′_0 + p. Hence

τ(θ) = σ(E^′_0) + p − (E^′_0 + p)^p p ≡ 1 + τ(E^′_0) mod p.

Since the constant term of E_0 is zero, the same is true for τ(E^′_0), which implies that τ(θ) is a unit as required.

Thus Proposition 6.3 and Corollary 6.5 give a ring homomorphism κ from S to W(R), which is a u-homomorphism of frames κ : B → D_R.

Here the unit u ∈ W(R) is determined by the identity pu = κσ(E). Theorem 7.2. The frame homomorphism κ is crystalline (Definition 3.1). To prove this we consider the following auxiliary frames. Let J ⊂ S be the ideal J = (x_1, . . . , x_r), and let m_R be the maximal ideal of R. For each positive integer a let S_a = S/J^aS and R_a = R/m^a_R. Then R_a = S_a/ES_a, where E is not a zero divisor in S_a. There is a well-defined frame B_a = (S_a, I_a, R_a, σ_a, σ_{1a}) such that the projection S → S_a is a strict frame homomorphism B → B_a. Indeed, σ induces an endomorphism σ_a of S_a because σ(J) ⊆ J, and for y ∈ S_a one can define σ_{1a}(Ey) = σ_a(y).

Documenta Mathematica 15 (2010) 545–569

558 Eike Lau

For simplicity, the image of u in W(R_a) is denoted by u as well. The uhomomorphism κ induces a u-homomorphism

κ_a : B_a → D_{Ra}

because for e ∈ N^r we have κ(x^e) = [x^e], which maps to zero in W(R_a) when e_1 + · · · + e_r ≥ a. We note that B_a is again a κ-frame, so the existence of κ_a can also be viewed as a consequence of Proposition 6.3.

Theorem 7.3. For each positive integer a the homomorphism κ_a is crystalline.

To prepare for the proof, for each a ≥ 1 we will construct the following commutative diagram of frames, where vertical arrows are u-homomorphisms and where horizontal arrows are strict.

B_{a+1}^ι �

κ_{a+1} �

B̃_{a+1}^π �

κ̃_{a+1} �

B_a

κ_a � D_{Ra+1}^{ι′} � D_{Ra+1 /Ra}^{π′} � D_{Ra}

(7.1)

The upper line is a factorisation (4.1) of the projection B_{a+1} → B_a. This means that the frame B̃_{a+1} necessarily takes the form

B̃_{a+1} = (S_{a+1}, Ĩ_{a+1}, R_a, σ_{a+1}, σ̃_{1(a+1)})

with Ĩ_{a+1} = ES_{a+1} + J^a/J^{a+1}. We define σ̃_{1(a+1)} : Ĩ_{a+1} → S_{a+1} to be the extension of σ_{1(a+1)} : ES_{a+1} → S_{a+1} by zero on J^a/J^{a+1}. This is well-defined because ES_{a+1} ∩ J^a/J^{a+1} = E(J^a/J^{a+1})

and because for x ∈ J^a/J^{a+1} we have σ_{1(a+1)}(Ex) = σ_{a+1}(x), which is zero since σ(J^a) ⊆ J^{ap}.

The lower line of (7.1) is the factorisation (5.1) with respect to the trivial divided powers on the kernel m^a_R/m^{a+1}_R .

In order that the diagram commutes it is necessary and sufficient that κ̃_{a+1} is given by the ring homomorphism κ_{a+1}.

It remains to show that κ̃_{a+1} is a u-homomorphism of frames. The only nontrivial condition is that f̃_1κ_{a+1} = u · κ_{a+1}σ̃_{1(a+1)} on Ĩ_{a+1}. This relation holds on ES_{a+1} because κ_{a+1} is a u-homomorphism of frames. On J^a/J^{a+1} we have κ_{a+1}σ̃_{1(a+1)} = 0 by definition. For y ∈ S_{a+1} and e ∈ N^r with e_1 + · · · + e_r = a we compute

f̃_1(κ_{a+1}(x^ey)) = f̃_1([x^e]κ_{a+1}(y)) = f̃_1([x^e])f(κ_{a+1}(y)) = 0

because log([x^e]) = [x^e, 0, 0, . . .] and thus f̃_1([x^e]) = 0. As these x^e generate J^a, the required relation on Ĩ_{a+1} follows. Thus the diagram is constructed.

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 559

Proof of Theorem 7.3. We use induction on a. The homomorphism κ_1 is crystalline because it is invertible. Assume that κ_a is crystalline for some positive integer a and consider the diagram (7.1). The homomorphism π^′ is crystalline by Proposition 5.2, while π is crystalline by Theorem 3.2; the required filtration of J^a/J^{a+1} is trivial. Hence κ̃_{a+1} is crystalline. By Lemma 4.2, lifts of windows under ι or under ι^′ are classified by lifts of the Hodge filtration. Since κ_{a+1} lies over the identity of R_{a+1} and since κ̃_{a+1} lies over the identity of R_a, it follows that κ_{a+1} is crystalline too.

Proof of Theorem 7.2. The frame homomorphism κ : B → D_R is the projective limit of the frame homomorphisms κ_a : B_a → D_{Ra} . By Lemma 2.12, B-windows are equivalent to compatible systems of B_a-windows for a ≥ 1, and D_R-windows are equivalent to compatible systems of D_{Ra} -windows for a ≥ 1. Thus Theorem 7.2 follows from Theorem 7.3.

8 Classification of group schemes

The following consequences of Theorem 7.2 are analogous to [VZ1]. Recall that we assume p ≥ 3. Let B = (S, I, R, σ, σ_1) be the frame defined in section 7.

Definition 8.1. A Breuil window relative to S → R is a pair (Q, ϕ) where Q is a free S-module of finite rank and where ϕ : Q → Q^{(σ)} is an S-linear map with cokernel annihilated by E.

Lemma 8.2. Breuil windows relative to S → R are equivalent to B-windows in the sense of Definition 2.3.

Proof. This is similar to [VZ1, Lemma 1]. For a B-window (P, Q, F, F_1) the module Q is free over S because I = ES is free. Hence F^♯_1 : Q^{(σ)} → P is bijective, and we can define a Breuil window (Q, ϕ) where ϕ is the inclusion Q → P composed with the inverse of F^♯_1 . Conversely, if (Q, ϕ) is a Breuil window, Coker(ϕ) is a free R-module. Indeed, ϕ is injective because it becomes bijective over S[E^{−1}], so Coker(ϕ) has projective dimension at most one over S, which implies that it is free over R by using depth. Thus one can define a B-window as follows: P = Q^{(σ)}, the inclusion Q → P is ϕ, F_1 : Q → Q^{(σ)} is given by x → 1 ⊗ x, and F (x) = F_1(Ex). The two constructions are mutually inverse.

By [Z2], p-divisible groups over R are equivalent to Dieudonné displays over R. Together with Theorem 7.2 and Lemma 8.2 this implies:

Corollary 8.3. The category of p-divisible groups over R is equivalent to the category of Breuil windows relative to S → R.

Let us use the following abbreviation: An admissible torsion S-module is a finitely generated S-module annihilated by a power of p and of projective dimension at most one.

Documenta Mathematica 15 (2010) 545–569

560 Eike Lau

Definition 8.4. A Breuil module relative to S → R is a triple (M, φ, ψ) where M is an admissible torsion S-module together with S-linear maps φ : M → M^{(σ)} and ψ : M^{(σ)} → M such that φψ = E and ψφ = E.

When R has characteristic zero, each of the maps φ and ψ determines the other one; see Lemma 8.6 below.

Theorem 8.5. The category of (commutative) finite flat group schemes over R annihilated by a power of p is equivalent to the category of Breuil modules relative to S → R.

This follows from Corollary 8.3 by the arguments of [K1] or [VZ1]. For completeness we give a detailed proof here.

Proof of Theorem 8.5. In this proof, all finite flat group schemes are of p-power order over R, and all Breuil modules or windows are relative to S → R. A homomorphism g : (Q_0, ϕ_0) → (Q_1, ϕ_1) of Breuil windows is called an isogeny if it becomes invertible over S[1/p]. Then g is injective, and its cokernel is naturally a Breuil module; the required ψ is induced by the S-linear map Eϕ^{−1}_1 : Q^{(σ)}_1 → Q_1. A homomorphism γ : G_0 → G_1 of p-divisible groups is called an isogeny if it becomes invertible in Hom(G_0, G_1) ⊗ Q. Then γ is a surjection of fppf sheaves, and its kernel is a finite flat group scheme. We denote isogenies by X_∗ = [X_0 → X_1]. A homomorphism of isogenies q : X_∗ → Y_∗ is called a quasi-isomorphism if its cone is a short exact sequence. In the case of p-divisible groups this means that q induces an isomorphism of finite flat group schemes on the kernels; in the case of Breuil windows this means that q induces an isomorphism of Breuil modules on the cokernels. The equivalence between p-divisible groups and Breuil windows preserves isogenies and short exact sequences, and thus also quasi-isomorphisms of isogenies. We note the following two facts.

(a) Each finite flat group scheme over R of p-power order is the kernel of an isogeny of p-divisible groups over R. See [BBM, Théorème 3.1.1].

(b) Each Breuil module is the cokernel of an isogeny of Breuil windows. This is analogous to [VZ1, Proposition 2]; a proof is also given below.

Let us define an additive functor H → M(H) from finite flat group schemes to Breuil modules. We write each H as the kernel of an isogeny of p-divisible groups G_0 → G_1 and define M(H) as the cokernel of the associated isogeny of Breuil windows. Assume that h : H → H^′ is a homomorphism of finite flat group schemes, and H^′ is written as the kernel of an isogeny of p-divisible groups G^′_0 → G^′_1. We embed H into G^{′′}_0 = G_0 ⊕ G^′_0 by (1, h) and define G^{′′}_1 = G^{′′}_0 /H. The coordinate projections G_0 ← G^{′′}_0 → G^′_0 induce homomorphisms of isogenies G_∗ ← G^{′′}_∗ → G^′_∗ such that the first map is a quasi-isomorphism, and the composition induces h on the kernels. Let Q_∗ ← Q^{′′}_∗ → Q^′_∗ be the associated homomorphisms of isogenies of Breuil windows. The first map is a quasiisomorphism, and the composition induces a homomorphism M(h) : M(H) → M(H^′) on the cokernels.

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 561

One has to show that the construction is independent of the choice and defines an additive functor. This is an easy verification based on the following observation: If a homomorphism of isogenies of p-divisible groups q : G_∗ → G^′_∗ induces zero on the kernels, then q is null-homotopic.

The construction of an additive functor M → H(M) from Breuil modules to finite flat group schemes is analogous. Each M is written as the cokernel of an isogeny of Breuil windows Q_0 → Q_1, and H(M) is defined as the kernel of the associated isogeny of p-divisible groups. If m : M → M^′ is a homomorphism of Breuil modules and if M^′ is written as the cokernel of an isogeny of Breuil windows Q^′_0 → Q^′_1, let Q^{′′}_0 be the kernel of the surjection Q^{′′}_1 = Q_1 ⊕Q^′_1 → M^′ given by (m, 1). The coordinate inclusions Q_1 → Q^{′′}_1 ← Q^′_1 induce homomorphisms of isogenies Q_∗ → Q^{′′}_∗ ← Q^′_∗, where the second map is a quasi-isomorphism. The associated homomorphisms of isogenies of p-divisible groups induce a homomorphism of finite flat group schemes H(m) : H(M) → H(M^′) on the kernels.

Again, it is easy to verify that this construction is independent of the choice and defines an additive functor, using that a homomorphism of isogenies of Breuil windows is null-homotopic if and only if it induces zero on the cokernels. Clearly the two functors are mutually inverse.

Finally, let us prove (b). If (M, φ, ψ) is a Breuil module, one can find free S-modules P and Q together with surjective S-linear maps ξ : Q → M and ξ^′ : P → M^{(σ)} and S-linear maps φ̃ : Q → P and ψ̃ : P → Q which lift φ and ψ such that φ̃ψ̃ = E and ψ̃φ̃ = E. Next one can choose an isomorphism α : P ∼= Q^{(σ)} compatible with the projections ξ^′ and ξ^{(σ)} to M^{(σ)}. Let ϕ = αφ̃. Then (Q, ϕ) is a Breuil window, and (M, φ, ψ) is the cokernel of the isogeny of Breuil windows (Ker ξ, ϕ^′) → (Q, ϕ), where ϕ^′ is the restriction of ϕ.

Lemma 8.6. If R has characteristic zero, the category of Breuil modules relative to S → R is equivalent to the category of pairs (M, φ) where M is an admissible torsion S-module and where φ : M → M^{(σ)} is an S-linear map with cokernel annihilated by E.

Proof. Cf. [VZ1, Proposition 2]. For a non-zero admissible torsion S-module M the set of zero divisors on M is equal to p = pS because every associated prime of M has height one and contains p. In particular, M → M_p is injective. The hypothesis of the lemma means that E ∉ p. For a given pair (M, φ) as in the lemma this implies that φ_p : M_p → M^{(σ)}_p is surjective, thus bijective because both sides have the same finite length. It follows that φ is injective, and (M, φ) is extended uniquely to a Breuil module by ψ(x) = φ^{−1}(Ex).

Duality

The dual of a Breuil window (Q, ϕ) is the Breuil window (Q, ϕ)^t = (Q^∨, ψ^∨) where Q^∨ = Hom_S(Q, S) and where ψ : Q^{(σ)} → Q is the unique S-linear map with ψϕ = E. Here we identify (Q^{(σ)})^∨ and (Q^∨)^{(σ)}. For a p-divisible group

Documenta Mathematica 15 (2010) 545–569

562 Eike Lau

G over R let G^∨ be the Serre dual of G, and let M(G) be the Breuil window associated to G by the equivalence of Corollary 8.3.

Proposition 8.7. There is a functorial isomorphism λ_G : M(G^∨) ∼= M(G)^t.

Proof. The equivalence between p-divisible groups over R and Dieudonné displays over R is compatible with duality by [L2, Theorem 3.4]. It is easy to see that the equivalence of Lemma 8.2 preserves duality, so it remains to show that the functor κ_∗ preserves duality as well. By Lemma 2.14 it suffices to find a unit c ∈ W(R) with c^{−1}f(c) = u. Since E has constant term p, u maps to 1 in W (k) and thus lies in 1 + Ŵ (m_R). Hence we can define c^{−1} by the infinite product uf(u)f^2(u) · · · , which converges in W(R) = lim←− W(R/m^n) in the sense that for each n, all but finitely many factors map to 1 in W(R/m^n).

The dual of a Breuil module M = (M, φ, ψ) is defined as the Breuil module M^t = (M^⋆, ψ^⋆, φ^⋆) where M^⋆ = Ext^1_S(M, S). Here we identify (M^{(σ)})^⋆ and (M^⋆)^{(σ)} using that ( )^{(σ)} preserves projective resolutions as σ is flat. For a finite flat group scheme H over R of p-power order let H^∨ be the Cartier dual of H and let M(H) be the Breuil module associated to H by the equivalence of Theorem 8.5.

Proposition 8.8. There is a functorial isomorphism λ_H : M(H^∨) ∼= M(H)^t.

Proof. Choose an isogeny of p-divisible groups G_0 → G_1 with kernel H. Then M(H) is the cokernel of M(G_0) → M(G_1), which implies that M(H)^t is the cokernel of M(G_1)^t → M(G_0)^t. On the other hand, H^∨ is the kernel of G^∨_1 → G^∨_0 , so M(H^∨) is the cokernel of M(G^∨_1 ) → M(G^∨_0 ). The isomorphisms λ_{Gi} of Proposition 8.7 give an isomorphism λ_H : M(H^∨) ∼= M(H)^t. One easily checks that λ_H is independent of the choice of G_∗ and functorial in H.

9 Other lifts of Frobenius

One may ask how much freedom we have in the choice of σ for the frame B. Let R = S/ES be as in section 7; in particular we assume that p ≥ 3. Let J = (x_1, . . . , x_r). To begin with, let σ : S → S be an arbitrary ring endomorphism such that σ(J) ⊂ J and σ(a) ≡ a^p modulo pS for a ∈ S. We consider the frame B = (S, I, R, σ, σ_1)

with σ_1(Ey) = σ(y). Again this is a κ-frame; the proof of Lemma 7.1 uses only that σ preserves J. Thus Proposition 6.3 gives a homomorphism of frames

κ : B → W_R.

By the assumptions on σ we have σ(J) ⊆ J^p + pJ, which implies that the endomorphism σ : J/J^2 → J/J^2 is divisible by p.

Proposition 9.1. The image of κ : S → W (R) lies in W(R) if and only if the endomorphism σ/p of J/J^2 is nilpotent modulo p.

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 563

We have a non-additive map τ : J → J given by τ(x) = (σ(x) − x^p)/p. Let m be the maximal ideal of S. We write gr_n(J) = m^nJ/m^{n+1}J.

Lemma 9.2. For n ≥ 0 the map τ preserves m^nJ and induces a σ-linear endomorphism of k-modules gr_n(τ) : gr_n(J) → gr_n(J). We have gr_0(τ) = σ/p as an endomorphism of gr_0(J) = J/(J^2 + pJ). There is a commutative diagram of the following type with πi = id

gr_n(J)^{grn(τ )} � π � gr_n(J)

gr_0(J)^{gr0(τ )} � gr_0(J). i �

Proof. Let J^′ = p^{−1}mJ as an S-submodule of J ⊗ Q. Then J ⊂ J^′, and gr_n(J) is an S-submodule of gr_n(J^′) = m^nJ^′/m^{n+1}J^′. The composition J^τ−→ J ⊂ J^′ can be written as τ = σ/p − φ/p, where φ(x) = x^p. One checks that φ/p : m^nJ → m^{n+1}J^′ (which requires p ≥ 3 when n = 0) and that σ/p : m^nJ → m^nJ^′. Hence σ/p and τ induce the same map m^nJ → gr_n(J^′). This map is σ-linear and zero on m^{n+1}J because this holds for σ/p, and its image lies in gr_n(J) because this is true for τ.

We define i : gr_0(J) → gr_n(J) by x → p^nx. For n ≥ 1 let K_n be the image of m^{n−1}J^2 → gr_n(J). Then i maps gr_0(J) bijectively onto gr_n(J)/K_n, so there is a unique homomorphism π : gr_n(J) → gr_0(J) with kernel K_n such that πi = id. Clearly i commutes with gr(τ). Thus, in order that the diagram commutes, it suffices that gr_n(τ) vanishes on K_n. We have σ(J) ⊆ mJ, which implies that (σ/p)(m^{n−1}J^2) ⊆ m^{n+1}J^′, and the assertion follows.

Proof of Proposition 9.1. Recall that κ = πδ, where δ : S → W (S) is defined by w_nδ = σ^n for n ≥ 0, and where π : W (S) → W (R) is the obvious projection. For x ∈ J and n ≥ 1 let

τ_n(x) = (σ(x)^{pn−1} − x^{pn} )/p^n,

thus τ_1 = τ. It is easy to see that

τ_{n+1}(x) ∈ J · τ_n(x),

in particular we have τ_n : J → J^n. If δ(x) = (y_0, y_1, . . .), the coefficients y_n are determined by y_0 = x and w_n(y) = σw_{n−1}(y) for n ≥ 1, which translates into the equations y_n = τ_n(y_0) + τ_{n−1}(y_1) + · · · + τ_1(y_{n−1}).

Assume now that σ/p is nilpotent on J/J^2 modulo p. By Lemma 9.2 this implies that gr_n(τ) is nilpotent for every n ≥ 0. We will show that for x ∈ J the element δ(x) lies is W(S), which means that the above sequence (y_n) converges to zero. Assume that for some N ≥ 0 we have y_n ∈ m^N J for all but finitely

Documenta Mathematica 15 (2010) 545–569

564 Eike Lau

many n. The last two displayed equations give that y_n − τ(y_{n−1}) ∈ m^{N+1}J for all but finitely many n. As gr_N (τ) is nilpotent it follows that y_n ∈ m^{N+1}J for all but finitely many n. Thus δ(x) ∈ W(S) and in particular κ(x) ∈ W(R). Conversely, if σ/p is not nilpotent on J/J^2 modulo p, then gr_0(τ) is not nilpotent by Lemma 9.2, so there is an x ∈ J such that τ^n(x) ∉ mJ for all n ≥ 0. For δ(x) = (y_0, y_1, . . .) we have y_n ≡ τ^nx modulo mJ. The projection S → R induces an isomorphism J/mJ ∼= m_R/m^2_R. It follows that κ(x) lies in W (m_R) but not in Ŵ (m_R), thus κ(x) ∉ W(R).

Now we assume that σ/p is nilpotent on J/J^2 modulo p. Then we have a homomorphism of frames κ : B → D_R.

As earlier let B_a = (S_a, I_a, R_a, σ_a, σ_{1a}) with S_a = S/J^a and R_a = R/m^a_R. The proof of Lemma 7.1 shows that B_a is a κ-frame. Since W(R_a) is the image of W(R) in W (R_a), we get a homomorphism of frames compatible with κ:

κ_a : B_a → D_{Ra} .

Theorem 9.3. The homomorphisms κ and κ_a are crystalline.

Proof. The proof is similar to that of Theorems 7.2 and 7.3. First we repeat the construction of the diagram (7.1). The restriction of σ_{1(a+1)} to E(J^a/J^{a+1}) = p(J^a/J^{a+1}) is given by σ_1 = σ/p = τ, which need not be zero in general, but still σ_1 extends uniquely to J^a/J^{a+1} by the formula σ_1 = σ/p. In order that κ̃_{a+1} is a u-homomorphism of frames we need that f̃_1κ_{a+1} = u · κ_{a+1}σ̃_{1(a+1)} on J a/J a+1. Here u acts on J a/J a+1 as the identity. By the proof of Proposition 9.1, for x ∈ J^a/J^{a+1} we have in W (J^a/J^{a+1})

δ(x) = (x, τ(x), τ^2 (x), . . .).

Since σ̃_{1(a+1)}(x) = τ(x), the required relation follows easily. To complete the proof we have to show that π : B̃_{a+1} → B_a is crystalline. Now σ/p is nilpotent modulo p on J^n/J^{n+1} for n ≥ 1. Indeed, for n = 1 this is our assumption, and for n ≥ 2 the endomorphism σ/p of J^n/J^{n+1} is divisible by p^{n−1} since σ(J) ⊆ pJ + J^p. In order to apply Theorem 3.2 we need another sequence of auxiliary frames: For c ∈ N let S_{a+1,c} = S_{a+1}/p^cJ^aS_{a+1} and let B̃_{a+1,c} = (S_{a+1,c}, I_{a+1,c}, R_a, . . .) be the obvious quotient frame of B̃_{a+1}. Then B_a is isomorphic to B̃_{a+1,0}, and B̃_{a+1} is the projective limit of B̃_{a+1,c} for c → ∞. Theorem 3.2 shows that each projection B̃_{a+1,c+1} → B̃_{a+1,c} is crystalline, which implies that π is crystalline by Lemma 2.12.

If σ/p is nilpotent on J/J^2 modulo p, then Corollary 8.3, Theorem 8.5, and the duality Propositions 8.7 and 8.8 follow as before.

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 565

10 Nilpotent windows

All results in this article have a nilpotent counterpart where only connected p-divisible groups and nilpotent windows are considered; in this case k need not be perfect and p need not be odd. The necessary modifications are standard, but for completeness we work out the details.

10.1 Nilpotence condition

Let F = (S, I, R, σ, σ_1) be a frame. For an F -window P = (P, Q, F, F_1) there is a unique S-linear map V^♯ : P → P^{(σ)}

with V^♯(F_1(x)) = 1 ⊗ x for x ∈ Q. In terms of a normal representation Ψ : L ⊕ T → P of P we have V^♯ = (1 ⊕ θ)(Ψ^♯)^{−1} for θ as in Lemma 2.2. For simplicity, the composition

P^{V ♯}−−→ P^{(σ) (V ♯)(σ)}

−−−−−→ P^{(σ2)} → · · · → P^{(σn)}

is denoted (V^♯)^n. The nilpotence condition depends on the choice of an ideal J ⊂ S such that σ(J) + I + θS ⊆ J, which we call an ideal of definition for F .

Definition 10.1. Let J ⊂ S be an ideal of definition for F . An F -window P is called nilpotent (with respect to J) if (V^♯)^n ≡ 0 modulo J for sufficiently large n.

Remark 10.2. For an F -window P we consider the composition

λ : L ⊆ L ⊕ T^{(Ψ♯)−1}−−−−→ L^{(σ)} ⊕ T^{(σ)} → L^{(σ)}.

Then P is nilpotent if and only if λ is nilpotent modulo J.

10.2 Nil-crystalline homomorphisms

If α : F → F^′ is a homomorphism of frames and J ⊂ S and J^′ ⊂ S^′ are ideals of definition with α(J) ⊆ J^′, the functor α_∗ preserves nilpotent windows. We call α nil-crystalline if it induces an equivalence between nilpotent F -windows and nilpotent F^′-windows. The following variant of Theorem 3.2 formalises [Z1, Theorem 44].

Theorem 10.3. Let α : F → F^′ be a homomorphism of frames that induces an isomorphism R ∼= R^′ and a surjection S → S^′ with kernel a ⊂ S. We assume that there is a finite filtration a = a_0 ⊇ · · · ⊇ a_n = 0 such that σ(a_i) ⊆ a_{i+1} and σ_1(a_i) ⊆ a_i. We assume that finitely generated projective S^′-modules lift to projective S-modules. If J ⊂ S is an ideal of definition for F such that J^na = 0 for large n, then α is nil-crystalline with respect to J ⊂ S and J^′ = J/a ⊂ S^′.

Documenta Mathematica 15 (2010) 545–569

566 Eike Lau

Proof. The assumptions imply that a ⊆ I ⊆ J, in particular J^′ is well-defined. An F -window P is nilpotent if and only if α_∗P is nilpotent. Using this, the proof of Theorem 3.2 applies with the following modification in its final paragraph. We claim that the endomorphism U of H is nilpotent, which again implies that 1−U is bijective. Since P is nilpotent, λ is nilpotent modulo J, so λ is nilpotent modulo J^n for each n ≥ 1 as J is stable under σ. Since J^na = 0 by assumption, the claim follows from the definition of U.

10.3 Nilpotent displays

Let R be a ring which is complete and separated in the c-adic topology for an ideal c ⊂ R containing p. We consider the Witt frame

W_R = (W (R), I_R, R, f, f_1).

Here I_R ⊆ Rad R as required since W (R) = lim←− W_n(R/c^n) and the successive kernels in this projective system are nilpotent. The inverse image of c is an ideal of definition J ⊂ W (R). Nilpotent windows over W_R with respect to J are displays over R which are nilpotent over R/c. By [Z1] and [L1] these are equivalent to p-divisible groups over R which are infinitesimal over R/c. (Here one uses that displays and p-divisible groups over R are equivalent to compatible systems of the same objects over R/c^n for n ≥ 1; cf. Lemma 2.12 above and [M1, Lemma 4.16].)

Assume that R^′ = R/b for a closed ideal b ⊆ c equipped with (not necessarily nilpotent) divided powers. One can define a factorisation

W_R^{α1}−→ W_{R/R}′ = (W (R), I_{R/R}′ , R^′, f, f̃_1)^{α2}−→ W_R′

of the projection of frames W_R → W_R′ as follows. Necessarily I_{R/R}′ = I_R + W (b). The divided Witt polynomials define an isomorphism

log : W (b) ∼= b^∞,

and f̃_1 : I_{R/R}′ → W (R) extends f_1 such that f̃_1([b_0, b_1, . . .]) = [b_1, b_2, . . .] in logarithmic coordinates on W (b). Let J^′ ⊂ W (R^′) be the image of J. This is an ideal of definition for W_R′ , and J is an ideal of definition for W_{R/R}′ . We assume that the c-adic topology of R can be defined by a sequence of ideals R ⊃ I_1 ⊃ I_2 · · · such that b ∩ I_n is stable under the divided powers of b for each n. This is automatic when c is nilpotent or when R is noetherian; see the proof of Proposition 5.2.

Proposition 10.4. The homomorphism α_2 is nil-crystalline with respect to the ideals of definition J for W_{R/R}′ and J^′ for W_R′ .

This is essentially [Z1, Theorem 44].

Proof. By a limit argument the assertion is reduced to the case where c ⊂ R is a nilpotent ideal; see Lemma 2.12. Then Theorem 10.3 applies: The required

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 567

filtration of a = W (b) is a_i = p^ia. The condition J^na = 0 for large n is satisfied because J^n ⊆ I_R for some n and I^{n+1}_R ⊆ p^nW (R) for all n, and W (b) ∼= b^∞ is annihilated by some power of p.

10.4 The main frame

Let now R be a complete regular local ring with arbitrary residue field k of characteristic p. Let C be a complete discrete valuation ring with maximal ideal pC and residue field k. We choose a surjective ring homomorphism

S = C[[x_1, . . . , x_r]] → R

that lifts the identity of k such that x_1, . . . , x_r map to a regular system of parameters for R. There is a power series E ∈ S with constant term p such that R = S/ES. Let σ : S → S be a ring endomorphism which induces the Frobenius on S/pS and preserves the ideal (x_1, . . . , x_r). Such σ exist because C has a Frobenius lift; see [Gr, Chap. 0, Théorème 19.8.6]. We consider the frame B = (S, I, R, σ, σ_1)

where σ_1(Ey) = σ(y). Here θ = σ(E). The proof of Lemma 7.1 shows that B is again a κ-frame, so we have a u-homomorphism of frames

κ : B → W_R.

Let m ⊂ S and n ⊂ W (R) be the maximal ideals.

Theorem 10.5. The homomorphism κ is nil-crystalline with respect to the ideals of definition m of B and n of W_R.

Proof. The proof of Theorem 9.3 applies with the following modification: The initial case a = 1 is not trivial because C is not isomorphic to W (k) if k is not perfect, but one can apply [Z3, Theorem 1.6]. In the diagram (7.1) the frame homomorphisms π^′ and π are only nil-crystalline in general; whether π is crystalline depends on the choice of σ.

10.5 Connected group schemes

One defines Breuil windows relative to S → R and Breuil modules relative to S → R as before. A Breuil window (Q, ϕ) or a Breuil module (M, φ, ψ) is called nilpotent if ϕ or φ is nilpotent modulo the maximal ideal of S. The proof of Lemma 8.2 shows that nilpotent Breuil windows are equivalent to nilpotent B-windows. Hence Theorem 10.5 implies:

Corollary 10.6. Connected p-divisible groups over R are equivalent to nilpotent Breuil windows relative to S → R.

Similarly we have:

Documenta Mathematica 15 (2010) 545–569

568 Eike Lau

Theorem 10.7. Connected finite flat group schemes over R of p-power order are equivalent to nilpotent Breuil modules relative to S → R.

This is proved like Theorem 8.5, using two additional remarks:

Lemma 10.8. Every connected finite flat group scheme H over R is the kernel of an isogeny of connected p-divisible groups.

Proof. We know that H is the kernel of an isogeny of p-divisible groups G → G^′. There is a functorial exact sequence 0 → G_0 → G → G_1 → 0 of p-divisible groups where G_0 is connected and G_1 is etale. Since Hom(H, G_1) is zero, H is the kernel of the isogeny G_0 → G^′_0.

Lemma 10.9. Every nilpotent Breuil module (M, φ, ψ) relative to S → R is the cokernel of an isogeny of nilpotent Breuil windows.

Proof. See also [K2, Section 1.3]. As in the proof of Theorem 8.5 we see that (M, φ, ψ) is the cokernel of an isogeny of Breuil windows (Q, ϕ) → (Q^′, ϕ^′). There is a functorial exact sequence 0 → Q_0 → Q → Q_1 → 0 of Breuil windows where Q_0 is nilpotent and where Q_1 is etale in the sense that ϕ : Q_1 → Q^{(σ)}_1 is bijective. Indeed, by [Z2, Lemma 10] it suffices to construct the sequence over k. Let ϕ_k : Q ⊗_S k → Q^{(σ)} ⊗_S k be the special fibre of ϕ. Then Q_0 ⊗_S k is the kernel of the obvious iterate (ϕ_k)^n : Q ⊗_S k → Q^{(σn)} ⊗_S k for large n. We claim that the free S-modules Q_1 and Q^′_1 have the same rank. Let us identify C with S/(x_1, . . . , x_r). Since Q → Q^′ becomes bijective over S[1/p], the homomorphism Q ⊗_S C → Q^′ ⊗_S C becomes bijective over C[1/p]. Hence the etale parts (Q ⊗_S C)_1 and (Q^′ ⊗_S C)_1 have the same rank. The claim follows since (Q ⊗_S C)_1 = Q_1 ⊗_S C and similarly for Q^′.

Let us consider M̄ = Q^′_1/Q_1. Here ϕ^′ induces a homomorphism φ̄ : M̄ → M̄^{(σ)}, which is surjective as Q^′_1 is etale. The natural surjection π : M → M̄ satisfies π^{(σ)}φ = φ̄π. Since φ_k is nilpotent it follows that φ̄_k is nilpotent, thus M̄ = 0 by Nakayama’s lemma. Hence Q_1 → Q^′_1 is bijective because both sides are free of the same rank, and consequently M = Q^′_0/Q_0 as desired.

References

[BBM] P. Berthelot, L. Breen, W. Messing: Théorie de Dieudonné cristalline II. Lecture Notes in Math. 930, Springer Verlag, Berlin, 1982

[Bou] N. Bourbaki: Éléments de mathématique, Algèbre commutative, Chap. 8 & 9. Masson, Paris, 1983

[Br] C. Breuil: Schemas en groupes et corps des normes, 13 pages, unpublished manuscript (1998)

[dJ] A. J. de Jong: Finite locally free groups schemes in characteristic p and Dieudonné modules. Invent. Math. 114 (1993), no. 1, 89–137

Documenta Mathematica 15 (2010) 545–569

Frames and Finite Group Schemes 569

[Gr] A. Grothendieck, J. Dieudonné: Éléments de géométrie algébrique, IV, Étude locale des schémas et des morphismes de schémas, Première partie, Publ. Math. IHES No. 20 (1964), 259 pp.

[K1] M. Kisin: Crystalline representations and F -crystals, Algebraic geometry and number theory, 459–496, Progr. Math., Vol. 253, Birkhäuser, Boston, 2006 [K2] M. Kisin: Modularity of 2-adic Barsotti-Tate representations. Invent.

Math. 178 (2009), no. 3, 587–634 [L1] E. Lau: Displays and formal p-divisible groups. Invent. Math. 171 (2008), no. 3, 617–628 [L2] E. Lau: A duality theorem for Dieudonné displays. Ann. Sci. Éc. Norm.

Sup. (4) 42 (2009), no. 2, 241–259 [L3] E. Lau: A note on Vasiu-Zink windows. arXiv:0811.4545 [M1] W. Messing: The crystals associated to Barsotti-Tate groups: with applications to abelian schemes. Lecture Notes in Math. 264, Springer Verlag, Berlin-New York, 1972 [M2] W. Messing: Travaux de Zink. Séminaire Bourbaki, Vol. 2005/2006, Astérisque No. 311 (2007), Exp. No. 964, 341–364 [VZ1] A. Vasiu, Th. Zink: Breuil’s classification of p-divisible groups over regular local rings of arbitrary dimension. To appear in: Advanced Studies in Pure Mathematics, Proceeding of Algebraic and Arithmetic Structures of Moduli Spaces, Hokkaido University, Sapporo, Japan, September 2007 [VZ2] A. Vasiu, Th. Zink: Purity results for p-divisible groups and abelian schemes over regular bases of mixed characteristic, Documenta Math. 15 (2010) 571–599 [Z1] Th. Zink: The display of a formal p-divisible group. Cohomologies padiques et applications arithmétiques, I, Astérisque No. 278 (2002), 127–248 [Z2] Th. Zink: A Dieudonné theory for p-divisible groups. Class field theory—its centenary and prospect, 139–160, Adv. Stud. Pure Math. 30, Math. Soc. Japan 2001 [Z3] Th. Zink: Windows for displays of p-divisible groups. Moduli of abelian varieties (Texel Island, 1999), 491–518, Progr. Math. 195, Birkhäuser, Basel, 2001

Eike Lau Fakultät für Mathematik Universität Bielefeld D-33501 Bielefeld lau@math.uni-bielefeld.de

Documenta Mathematica 15 (2010) 545–569

Documenta Mathematica 15 (2010)

Documenta Math. 571

Purity Results for p-Divisible Groups

and Abelian Schemes over Regular Bases

of Mixed Characteristic

Adrian Vasiu and Thomas Zink

Received: January 21, 2010 Revised: March 19. 2010

Communicated by Peter Schneider

Abstract. Let p be a prime. Let (R, m) be a regular local ring of mixed characteristic (0, p) and absolute index of ramification e. We provide general criteria of when each abelian scheme over Spec R \ {m} extends to an abelian scheme over Spec R. We show that such extensions always exist if e ≤ p−1, exist in most cases if p ≤ e ≤ 2p−3, and do not exist in general if e ≥ 2p − 2. The case e ≤ p − 1 implies the uniqueness of integral canonical models of Shimura varieties over a discrete valuation ring O of mixed characteristic (0, p) and index of ramification at most p − 1. This leads to large classes of examples of Néron models over O. If p > 2 and index p − 1, the examples are new.

2010 Mathematics Subject Classification: 11G10, 11G18, 14F30, 14G35, 14G40, 14K10, 14K15, 14L05, 14L15, and 14J20. Keywords and Phrases: rings, group schemes, p-divisible groups, Breuil windows and modules, abelian schemes, Shimura varieties, and Néron models.

To Michel Raynaud, for his 71th birthday

1 Introduction

Let p be a prime number. We recall the following global purity notion introduced in [V1], Definitions 3.2.1 2) and 9) and studied in [V1] and [V2].

Documenta Mathematica 15 (2010) 571–599

572 Adrian Vasiu and Thomas Zink

Definition 1 Let X be a regular scheme that is faithfully flat over Spec Z_{(p)}. We say X is healthy regular (resp. p-healthy regular), if for each open subscheme U of X which contains X_Q and all generic points of X_{Fp} , every abelian scheme (resp. p-divisible group) over U extends uniquely to an abelian scheme (resp. a p-divisible group) over X.

In (the proofs of) [FC], Chapter IV, Theorems 6.4, 6.4^′, and 6.8 was claimed that every regular scheme which is faithfully flat over Spec Z_{(p)} is healthy regular as well as p-healthy regular. This claim was disproved by an example of Raynaud–Gabber (see [Ga] and [dJO], Section 6): the regular scheme Spec W (k)[[T_1, T_2]]/(p − (T_1T_2)^{p−1}) is neither p-healthy nor healthy regular. Here W (k) is the ring of Witt vectors with coefficients in a perfect field k of characteristic p. The importance of healthy and p-healthy regular schemes stems from their applications to the study of integral models of Shimura varieties. We have a local version of Definition 1 as suggested by Grothendieck’s work on the classical Nagata–Zariski purity theorem (see [Gr]).

Definition 2 Let R be a local noetherian ring with maximal ideal m such that depth R ≥ 2. We say that R is quasi-healthy (resp. p-quasi-healthy) if each abelian scheme (resp. p-divisible group) over Spec R \ {m} extends uniquely to an abelian scheme (resp. a p-divisible group) over Spec R.

If R is local, complete, regular of dimension 2 and mixed characteristic (0, p), then the fact that R is p-quasi-healthy can be restated in terms of finite flat commutative group schemes annihilated by p over Spec R (cf. Lemma 20). Our main result is the following theorem proved in Subsections 4.4 and 5.2.

Theorem 3 Let R be a regular local ring of dimension d ≥ 2 and of mixed characteristic (0, p). We assume that there exists a faithfully flat local R-algebra R̂ which is complete and regular of dimension d, which has an algebraically closed residue class field k, and which is equipped with an epimorphism R̂ ↠ W (k)[[T_1, T_2]]/(p − h) where h ∈ (T_1, T_2)W (k)[[T_1, T_2]] is a power series whose reduction modulo the ideal (p, T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ) is non-zero. Then R is quasihealthy. If moreover d = 2, then R is also p-quasi-healthy.

For instance, Theorem 3 applies if the strict completion of R is isomorphic to W (k)[[T_1, . . . , T_d]]/(p−T_1 ·. . .·T_m) with 1 ≤ m ≤ min{d, 2p−3} (cf. Subsection 5.3). The following consequence is also proved in Subsection 5.2.

Corollary 4 Let R be a regular local ring of dimension d ≥ 2 and of mixed characteristic (0, p). Let m be the maximal ideal of R. We assume that p /∈ m^p. Then R is quasi-healthy. If moreover d = 2, then R is also p-quasi-healthy.

Directly from Theorem 3 and from very definitions we get:

Corollary 5 Let X be a regular scheme that is faithfully flat over Spec Z_{(p)}. We assume that each local ring R of X of mixed characteristic (0, p) and dimension at least 2 is such that the hypotheses of Theorem 3 hold for it (for

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 573

instance, this holds if X is formally smooth over the spectrum of a discrete valuation ring O of mixed characteristic (0, p) and index of ramification e ≤ p−1). Then X is healthy regular. If moreover dim X = 2, then X is also p-healthy regular.

The importance of Corollary 5 stems from its applications to Néron models (see Section 6). Theorem 31 shows the existence of large classes of new types of Néron models that were not studied before in [N], [BLR], [V1], [V2], or [V3], Proposition 4.4.1. Corollary 5 encompasses (the correct parts of) [V1], Subsubsection 3.2.17 and [V2], Theorem 1.3. Theorem 28 (i) shows that if X is formally smooth over the spectrum of a discrete valuation ring O of mixed characteristic (0, p) and index of ramification e at least p, then in general X is neither p-healthy nor healthy regular. From this and Raynaud–Gabber example we get that Theorem 3 and Corollary 4 are optimal. Even more, if R = W (k)[[T_1, T_2]]/(p − h) with h ∈ (T_1, T_2), then one would be inclined to expect that R is p-quasi-healthy if and only if h does not belong to the ideal (p, T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ); this is supported by Theorems 3 and 28 and by Lemma 12. In particular, parts (ii) and (iii) of Theorem 28 present two generalizations of the Raynaud–Gabber example.

Our proofs are based on the classification of finite flat commutative group schemes of p power order over the spectrum of a local, complete, regular ring R of mixed characteristic (0, p) and perfect residue class field. For dim R = 1 this classification was a conjecture of Breuil [Br] proved by Kisin in [K1] and [K2] and reproved by us in [VZ], Theorem 1. Some cases with dim R ≥ 2 were also treated in [VZ]. The general case is proved by Lau in [L1], Theorems 1.2 and 10.7. Proposition 15 provides a new proof of Raynaud’s result [R2], Corollary 3.3.6.

Subsection 5.1 disproves an additional claim of [FC], Chapter V, Section 6. It is the claim of [FC], top of p. 184 on torsors of liftings of p-divisible groups which was not previously disproved and which unfortunately was used in [V1] and [V2], Subsection 4.3. This explains why our results on p-healthy regular schemes and p-quasi-healthy regular local rings work only for dimension 2 (the difficulty is for the passage from dimension 2 to dimension 3). Implicitly, the phealthy part of [V2], Theorem 1.3 is proved correctly in [V2] only for dimension 2. The paper is structured as follows. Different preliminaries on Breuil windows and modules are introduced in Section 2. In Section 3 we study morphisms between Breuil modules. Our basic results on extending properties of finite flat group schemes, p-divisible groups, and abelian schemes are presented in Sections 4 and 5. Section 6 contains applications to integral models and Néron models.

Acknowledgement. The first author would like to thank Binghamton and Bielefeld Universities for good conditions with which to write this note; he was partially supported by the NSF grant DMS #0900967. The second author

Documenta Mathematica 15 (2010) 571–599

574 Adrian Vasiu and Thomas Zink would like to thank Eike Lau for helpful discussions. Both authors would like to thank the referee for several valuable comments.

2 Preliminaries In this paper the notions of frame and window are in a more general sense than in [Z1]. The new notions are suggested by the works [Br], [K1], [VZ], and [L1]. In all that follows we assume that a ring is unitary and commutative and that a finite flat group scheme is commutative and (locally) of p power order. Definition 6 A frame F = (R, S, J, σ, σ̇, θ) for a ring R consists of the following data:

(a) A ring S and an ideal J ⊂ S. (b) An isomorphism of rings S/J ∼= R. (c) A ring homomorphism σ : S → S. (d) A σ-linear map σ̇ : J → S. (e) An element θ ∈ S.

We assume that pS + J is in the radical of S, that σ induces the Frobenius endomorphism on S/pS, and that the following equation holds: σ(η) = θσ̇(η), for all η ∈ J. (1) Assume that Sσ̇(J) = S. (2) In this case we find an equation 1 = � i ξ_iσ̇(η_i) with ξ_i ∈ S and η_i ∈ J. From this and (1) we get that θ = � i ξ_iσ(η_i). Therefore for each η ∈ J we have σ(η) = � i ξ_iσ(η)σ̇(η_i) = � i ξ_iσ̇(ηη_i) = � i ξ_iσ(η_i)σ̇(η) = θσ̇(η).

We conclude that the equation (2) implies the existence and uniqueness of an element θ such that the equation (1) is satisfied.

If M is an S-module we set M^{(σ)} := S ⊗_{σ,S} M. The linearization of a σ-linear map ϕ : M → N is denoted by ϕ^♯ : M^{(σ)} → N.

Definition 7 A window with respect to F is a quadruple (P, Q, F, Ḟ ) where: (a) P is a finitely generated projective S-module. (b) Q ⊂ P is an S-submodule. (c) F : P → P is a σ-linear map.

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 575

(d) Ḟ : Q → P is a σ-linear map.

We assume that the following three conditions are satisfied:

(i) There exists a decomposition P = T ⊕ L such that Q = JT ⊕ L.

(ii) F (y) = θḞ (y) for y ∈ Q and Ḟ (ηx) = σ̇(η)F (x) for x ∈ P and η ∈ J.

(iii) F (P ) and Ḟ (Q) generate P as an S-module.

If (2) holds, then from the second part of (ii) we get that for x ∈ P we have F (x) = 1F (x) = � i ξ_iσ̇(η_i)F (x) = � i ξ_iḞ (η_ix); if moreover x ∈ Q, then F (x) = � i ξ_iσ(η_i)Ḟ (x) = θḞ (x). Thus if (2) holds, then we have an inclusion F (P ) ⊂ SḞ (Q) and the first condition of (ii) follows from the second condition of (ii). A decomposition as in (i) is called a normal decomposition. We note that for each window (P, Q, F, Ḟ ) as above, the S-linear map

F^♯ ⊕ Ḟ^♯ : S ⊗_{σ,S} T ⊕ S ⊗_{σ,S} L → T ⊕ L (3)

is an isomorphism. Conversely an arbitrary isomorphism (3) defines uniquely a window with respect to F equipped with a given normal decomposition. Let R be a regular local ring of mixed characteristic (0, p). Let m be the maximal ideal of R and let k := R/m.

A finite flat group scheme H over Spec R is called residually connected if its special fibre H_k over Spec k is connected (i.e., has a trivial étale part). If R is complete, then H is residually connected if and only if H as a scheme is connected and therefore in this case we will drop the word residually. We apply the same terminology to p-divisible groups over Spec R. In this section we will assume moreover that k is perfect and that R is complete (in the m-adic topology). Let d = dim R ≥ 1.

We choose regular parameters t_1, . . . , t_d of R. We denote by W (†) the ring of Witt vectors with coefficients in a ring †. We set S := W (k)[[T_1, . . . , T_d]]. We consider the epimorphism of rings

S ↠ R,

which maps each indeterminate T_i to t_i.

Let h ∈ S be a power series without constant term such that we have

p = h(t_1, . . . , t_d).

We set E := p − h ∈ S. Then we have a canonical isomorphism

S/ES ∼= R.

As R is a regular local ring of mixed characteristic (0, p), we have E /∈ pS. We extend the Frobenius automorphism σ of W (k) to S by the rule

σ(T_i) = T^p_i .

Documenta Mathematica 15 (2010) 571–599

576 Adrian Vasiu and Thomas Zink

Note that σ : S → S is flat. Let σ̇ : ES → S be the σ-linear map defined by the rule σ̇(Es) := σ(s).

Definition 8 We refer to the sextuple L = (R, S, ES, σ, σ̇, σ(E)) as a standard frame for the ring R. A window for this frame will be called a Breuil window.

As σ̇(E) = 1, the condition (2) holds for L. Let Ŵ (R) ⊂ W (R) be the subring defined in [Z2], Introduction and let σ_R be its Frobenius endomorphism. There exists a natural ring homomorphism

κ : S → Ŵ (R)

which commutes with the Frobenius endomorphisms, i.e. for all s ∈ S we have

κ(σ(s)) = σ_R(κ(s)).

The element κ(T_i) is the Teichmüller representative [t_i] ∈ Ŵ (R) of t_i.

Theorem 9 (Lau [L1], Theorem 1.1) If p ≥ 3, then the category of Breuil windows is equivalent to the category of p-divisible groups over Spec R.

This theorem was proved first in some cases in [VZ], Theorem 1. As in [VZ], the proof in [L1] shows first that the category of Breuil windows is equivalent (via κ) to the category of Dieudonné displays over Ŵ (R). Theorem 9 follows from this and the fact (see [Z2], Theorem) that the category of Dieudonné displays over Ŵ (R) is equivalent to the category of p-divisible groups over Spec R. There exists a version of Theorem 9 for connected p-divisible groups over Spec R as described in the introductions of [VZ] and [L1]. This version holds as well for p = 2, cf. [L1], Corollary 10.6.

The categories of Theorem 9 have natural exact structures [Me2]. The equivalence of Theorem 9 (or of its version for p ≥ 2) respects the exact structures. For a prime ideal p of R which contains p, let κ(p)^{perf} be the perfect hull of the residue class field κ(p) of p. We deduce from κ a ring homomorphism κ_p : S → W (κ(p)^{perf} ) = Ŵ (κ(p)^{perf} ).

Proposition 10 Let G be a p-divisible group over R. If p = 2, we assume that G is connected. Let (P, Q, F, Ḟ ) be the Breuil window of G. Then the classical Dieudonné module of G_{κ(p)}perf is canonically isomorphic (in a functorial way) to W (κ(p)^{perf} ) ⊗_{κp,S} P endowed with the σ_{κ(p)}perf -linear map σ_{κ(p)}perf ⊗ F .

Proof. If G is connected, we consider its display (P^′, Q^′, F^′, Ḟ^′) over W (R). By [L1], Theorem 1.1 and Corollary 10.6 we have P^′ = W (R)⊗_{κ,S}P . Let us denote by D(G) the Grothendieck–Messing crystal associated to G, cf. [Me1]. By [Z1], Theorem 6 there is a canonical and functorial isomorphism D(G)_{W (R)} ∼= P^′ ∼= W (R)⊗_{κ,S}P . The functor D commutes with base change. If we apply this

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 577

to the morphism of pd-extensions W (R) → W (κ(p)^{perf} ) of R and κ(p)^{perf} (respectively), we get that D(G_{κ(p)}perf ) ∼= D(G)_{W (κ(p)}perf_) ∼= W (κ(p)^{perf} ) ⊗_{κp,S} P . From this the proposition follows provided G is connected. In the case p ≥ 3 the same argument works if we replace (P^′, Q^′, F^′, Ḟ^′) by the Dieudonné display of G over Ŵ (R). But in this case the isomorphism D(G)_{Ŵ (R)} ∼= P^′ follows from [L2], Theorem 6.9. □

All results in this paper are actually independent of the nonconnected part of the last Proposition. This is explained in the proof of Corollary 21. In what follows we will not need to keep track of the σ_{κ(p)}perf -linear maps σ_{κ(p)}perf ⊗ F and thus we will simply call W (κ(p)^{perf} ) ⊗_{κp,S} P the fibre of the Breuil window (P, Q, F, Ḟ ) over p.

We often write a Breuil window in the form (Q, ϕ) originally proposed by Breuil, where ϕ is the composite of the inclusion Q ⊂ P with the inverse of the S-linear isomorphism Ḟ^♯ : Q^{(σ)} ∼= P . In this notation P , F , and Ḟ are omitted as they are determined naturally by Ḟ^♯ and thus by ϕ (see [VZ], Section 2). A Breuil window in this form is characterized as follows: Q is a finitely generated free S-module and ϕ : Q → Q^{(σ)} is a S-linear map whose cokernel is annihilated by E. We note that this implies easily that there exists a unique S-linear map ψ : Q^{(σ)} → Q such that we have

ϕ ∘ ψ = E id_Q(σ) , ψ ∘ ϕ = E id_Q .

Clearly the datum (Q, ψ) is equivalent to the datum (Q, ϕ). In the notation (Q, ϕ), its fibre over p is W (κ(p)^{perf} ) ⊗_{κp,S} Q^{(σ)} = W (κ(p)^{perf} ) ⊗_{σκp,S} Q. The dual of a Breuil window is defined as follows. Let M be a S-module. We set M̂ := Hom_S(M, S). A S-linear map M → S defines a homomorphism M^{(σ)} → S^{(σ)} = S. This defines a S–linear map:

M̂^{(σ)} = S ⊗_{σ,S} Hom_S(M, S) → Hom_S(M^{(σ)}, S) = ^M (σ).

It is clearly an isomorphism if M is a free S-module of finite rank and therefore also if M is a finitely generated S-module by a formal argument which uses the flatness of σ : S → S.

If (Q, ϕ) is a Breuil window we obtain a S-linear map

ϕ̂ : Q̂^{(σ)} = ^(Q(σ)) → Q̂.

More symmetrically we can say that if (Q, ϕ, ψ) is a Breuil window then (Q̂, ψ̂, ϕ̂) is a Breuil window. We call (Q̂, ψ̂, ϕ̂) the dual Breuil window of (Q, ϕ, ψ).

Taking the fibre of a Breuil window (Q, ϕ) over p is compatible with duals as we have:

W (κ(p)^{perf} )⊗_{κp,S}Q̂^{(σ)} ∼= Hom_{W (κ(p)}perf_)(W (κ(p)^{perf} )⊗_{κp,S}Q^{(σ)}, W (κ(p)^{perf} )). (4) Documenta Mathematica 15 (2010) 571–599

578 Adrian Vasiu and Thomas Zink

We recall from [VZ], Definition 2 and [L1] that a Breuil module (M, φ) is a pair, where M is a finitely generated S-module which is of projective dimension at most 1 and which is annihilated by a power of p and where φ : M → M^{(σ)} is a S-linear map whose cokernel is annihilated by E. We note that the map φ is always injective (the argument for this is the same as in [VZ], Proposition 2 (i)). It follows formally that there exists a unique S-linear map ϑ : M^{(σ)} → M such that we have

φ ∘ ϑ = E id_M (σ) , ϑ ∘ φ = E id_M .

We define the dual Breuil module (M^∗, ϑ^∗, φ^∗) of (M, φ, ϑ) by applying the functor M^∗ = Ext^1_S(M, S) in the same manner we did for windows. It is easy to see that the S-module M^∗ has projective dimension at most 1. The fibre of (M, φ) (or of (M, φ, ϑ)) over p is

W (κ(p)^{perf} ) ⊗_{κp,S} M^{(σ)} = W (κ(p)^{perf} ) ⊗_{σκp,S} M. (5)

The duals are again compatible with taking fibres as we have:

W (κ(p)^{perf} ) ⊗_{σκp,S} M^∗ ∼= ∼= Ext^1_{W (κ(p)perf )}(W (κ(p)perf ) ⊗_{σκp,S} M, W (κ(p)perf )) = Hom_{W (κ(p)}perf_)(W (κ(p)^{perf} ) ⊗_{σκp,S} M, W (κ(p)^{perf} ) ⊗_Z Q). (6)

Assume that p annihilates M, i.e. M is a module over S̄ = S/pS. As depth M is the same over either S or S̄ and it is d if M ≠ 0, we easily get that M is a free S̄-module. From this we get that M^∗ = Hom¯_S(M, S̄) (to be compared with the last isomorphism of (6)). Thus in this case the duality works exactly as for windows.

If p ≥ 3, it follows from Theorem 9 that the category of finite flat group schemes over Spec R is equivalent to the category of Breuil modules (the argument for this is the same as for [VZ], Theorem 2). We have a variant of this for p = 2 (cf. [L1], Theorem 10.7): the category of connected finite flat group schemes over Spec R is equivalent to the category of nilpotent Breuil modules (i.e., of Breuil modules (M, φ) that have the property that the reduction of φ modulo the maximal ideal of S is nilpotent in the natural way).

We recall from [VZ], Subsection 6.1 that the Breuil module of a finite flat group scheme H over Spec R is obtained as follows. By a theorem of Raynaud (see [BBM], Theorem 3.1.1) we can represent H as the kernel

0 → H → G_1 → G_2 → 0

of an isogeny G_1 → G_2 of p-divisible groups over Spec R. If p = 2, then we assume that H and G_1 are connected. Let (Q_1, ϕ_1) and (Q_2, ϕ_2) be the Breuil windows of G_1 and G_2 (respectively). Then the Breuil module (M, φ) of H is the cokernel of the induced map (Q_1, ϕ_1) → (Q_2, ϕ_2) in a natural sense. From Proposition 10 we get that the classical covariant Dieudonné module of H_{κ(p)}perf is canonically given by (5).

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 579

3 Morphisms between Breuil modules

In this section, let R be a complete regular local ring of mixed characteristic (0, p) with maximal ideal m and perfect residue class field k. We write R = S/ES, where d = dim R ≥ 1, S = W (k)[[T_1, . . . , T_d]], and E = p − h ∈ S are as in Section 2. We use the standard frame L of the Definition 8. Let e ∈ N^∗ be such that p ∈ m^e \ m^{e+1}. It is the absolute ramification index of R. Let r̄ := (T_1, . . . , T_d) ⊂ S̄ := S/pS = k[[T_1, . . . , T_d]]. Let h̄ ∈ r̄ ⊂ S̄ be the reduction modulo p of h. The surjective function ord : S̄ ↠ N ∪ {∞} is such that ord(r̄^i \ r̄^{i+1}) = i for all i ≥ 0 and ord(0) = ∞. Let gr R := gr_m R. The obvious isomorphism of graded rings

k[T_1, . . . , T_d] → gr R (7)

maps the initial form of h̄ to the initial form of p. Thus e is the order of the power series h̄.

Lemma 11 We assume that R is such that p /∈ m^p (i.e., e ≤ p − 1). Let C be a S-module which is annihilated by a power of p. Let φ : C → C^{(σ)} be a S-linear map whose cokernel is annihilated by E. We assume that there exists a power series f ∈ S \ pS which annihilates C. Then we have:

(a) If p /∈ m^{p−1} (i.e., if e ≤ p − 2), then C = 0.

(b) If e = p − 1, then either C = 0 or the initial form of p in gr R generates an ideal which is a (p − 1)-th power.

Proof. It suffices to show that C = 0 provided either e ≤ p − 2 or e = p − 1 and the initial form of p in gr R generates an ideal which is not a (p − 1)-th power. By the lemma of Nakayama it suffices to show that C/pC = 0. It is clear that φ induces a S-linear map C/pC → (C/pC)^{(σ)}. Therefore we can assume that C is annihilated by p.

Let u be the smallest non-negative integer with the following property: for each c ∈ C there exists a power series g_c ∈ S̄ such that ord(g_c) ≤ u and g_c annihilates c.

From the existence of f in the annihilator of C we deduce that the number u exists. If C ≠ 0, then we have u > 0. We will show that the assumption that u > 0 leads to a contradiction and therefore we have C = 0. By the minimality of u there exists an element x ∈ C such that for each power series a in the annihilator a ⊂ S̄ of x we have ord(a) ≥ u. Consider the S̄-linear injection S̄/a → C (8)

which maps 1 to x. Let a^{(p)} ⊂ S̄ be the ideal generated by the p-th powers of elements in a. Each power series in a^{(p)} has order ≥ pu.

If we tensorize the injection (8) by σ : S̄ → S̄ we obtain a S̄-linear injection

S̄/a^{(p)} ∼= S̄ ⊗_{σ,S̄} S̄/a → C^{(σ)}.

Documenta Mathematica 15 (2010) 571–599

580 Adrian Vasiu and Thomas Zink

Thus each power series in the annihilator of 1 ⊗ x ∈ C^{(σ)} has at least order pu. On the other hand the cokernel of φ is by assumption annihilated by h̄. Thus h̄(1 ⊗ x) is in the image of φ. By the definition of u we find a power series g ∈ S̄ with ord(g) ≤ u which annihilates h̄(1 ⊗ x). Thus gh̄ ∈ a^{(p)}. We get

u + ord(h̄) ≥ ord(gh̄) ≥ pu.

Therefore e = ord(h̄) ≥ (p − 1)u ≥ p − 1. In the case (a) we obtain a contradiction which shows that C = 0.

In the case e = p − 1 we obtain a contradiction if u > 1. Assume that u = 1. As gh̄ ∈ a^{(p)} and as ord(gh̄) = p, there exists a power series f̄ ∈ S̄ of order 1 and a non-zero element ξ ∈ k such that

gh̄ ≡ ξf̄^p mod r̄^{p+1}.

This shows that the initial forms of g and f̄ in the graded ring gr_{r̄} S̄ differ by a constant in k. If we divide the last congruence by f̄ we obtain

h̄ ≡ ξf̄^{p−1} mod r̄^p.

By the isomorphism (7) this implies that initial form of p in gr R generates an ideal which is a (p − 1)-th power. Contradiction. □

Lemma 12 We assume that d = 2 and we consider the ring S̄ = k[[T_1, T_2]]. Let h̄ ∈ S̄ be a power series of order e ∈ N^∗. Then the following two statements are equivalent:

(a) The power series h̄ does not belong to the ideal r̄^{(p)} + r̄^{2(p−1)} = (T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ) of S̄.

(b) If C is a S̄-module of finite length equipped with a S̄-linear map φ : C → C^{(σ)} whose cokernel is annihilated by h̄, then C is zero.

Proof. We consider the S̄-linear map

τ : k = k[[T_1, T_2]]/(T_1, T_2) → k^{(σ)} = k[[T_1, T_2]]/(T^p_1 , T^p_2 )

that maps 1 to T^{p−1}_1 T^{p−1}_2 modulo (T^p_1 , T^p_2 ). If h̄ ∈ r̄^{(p)} + r̄^{2(p−1)}, then the cokernel of τ is annihilated by h̄. From this we get that (b) implies (a). Before proving the other implication, we first make some general remarks. The Frobenius endomorphism σ : S̄ → S̄ is faithfully flat. If △ is an ideal of S̄, then with the same notations as before we have σ(△)S̄ = △^{(p)}. Let C be a S̄-module of finite type. Let a ⊂ S̄ be the annihilator of C. Then a^{(p)} is the annihilator of C^{(σ)} = S̄⊗_{σ,}¯_S C. This is clear for a monogenic module C. If we have more generators for C, then we can use the formula

a^{(p)} ∩ b^{(p)} = (a ∩ b)^{(p)}

which holds for flat ring extensions in general.

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 581

We say that a power series f ∈ S̄ of order u is normalized with respect to (T_1, T_2) if it contains T^u_1 with a non-zero coefficient. This definition makes sense with respect to any regular system of parameters T̃_1, T̃_2 of S̄. We now assume that (a) holds and we show that (b) holds. Thus the S̄-module C has finite length and the cokernel of φ : C → C^{(σ)} is annihilated by h̄. Let k^′ be an infinite perfect field that contains k. Let S̄^′ := k^′[[T_1, T_2]]. To show that C = 0, it suffices to show that S̄^′ ⊗¯_S C = 0. Thus by replacing the role of k by the one of k^′, we can assume that k is infinite. This assumption implies that for almost all λ ∈ k, the power series h̄ is normalized with respect to (T_1, T_2 + λT_1). By changing the regular system of parameters (T_1, T_2) in S̄, we can assume that h̄ is normalized with respect to (T_1, T_2). By the Weierstraß preparation theorem we can assume that h̄ is a Weierstraß polynomial ([Bou], Chapter 7, Section 3, number 8). Thus we can write

h̄ = T^e_1 + a_{e−1}(T_2)T^{e−1}_1 + . . . + a_1(T_2)T_1 + a_0(T_2),

where a_0(T_2), . . . , a_{e−1}(T_2) ∈ T_2k[[T_2]].

We note that the assumption (a) implies that e ≤ 2p − 3.

Let u be the minimal non-negative integer such that there exists a power series of the form T^u_1 + g ∈ S̄, with g ∈ T_2S̄, for which we have (T^u_1 + g)C = 0. By our assumptions, such a non-negative integer u exists.

We will show that the assumption that C ≠ 0 leads to a contradiction. This assumption implies that u ≥ 1. The annihilator a of the module C has a set of generators of the following form:

T^{ui}_1 + g_i, (with i = 1, . . . , l), g_i (with i = l + 1, . . . , m),

where u_i ≥ u for i = 1, . . . , l and g_i ∈ T_2S̄ for i = 1, . . . , m. As the cokernel of φ is annihilated by h̄ we find that (T^u_1 + g)h̄C^{(σ)} = 0. As the annihilator of C^{(σ)} is generated by the elements

T^{pui}_1 + g^p_i (with i = 1, . . . , l), g^p_i (with i = l + 1, . . . , m), (9)

we obtain the congruence

(T^u_1 + g)h̄ ≡ 0 mod (T^{up}_1 , T^p_2 ). (10)

We consider this congruence modulo T_2. We have g ≡ 0 mod (T_2) and h̄ ≡ T^e_1 mod (T_2) because h̄ is a Weierstraß polynomial. This proves that

T^u_1 T^e_1 ≡ 0 mod (T^{up}_1 ).

But this implies that u + e ≥ up. If u ≥ 2, then e ≥ up − u ≥ 2p − 2 and this contradicts the inequality e ≤ 2p − 3. Therefore we can assume that u = 1. By replacing (T_1, T_2) with (T_1 +g, T_2), without loss of generality we can assume that T_1C = 0 and (cf. (10) and the equality u = 1) that

T_1h̄ ≡ 0 mod r̄^{(p)}.

Documenta Mathematica 15 (2010) 571–599

582 Adrian Vasiu and Thomas Zink

This implies that up to a unit in S̄ we can assume that h̄ is of the form:

h̄ ≡ T^s_2 T^{p−1}_1 +^∞ � i=0 T^{i+p}_2 δ_i(T_1) mod (T^p_1 ),

where 0 ≤ s ≤ p − 2 and where each δ_i ∈ k[T_1] has degree at most p − 2. Let now v be the smallest natural number such that T^v_2 C = 0. Then the annihilator a of C is generated by T_1, T^v_2 and the annihilator a^{(p)} of C^{(σ)} is generated by T^p_1 , T^{pv}_2 . As the cokernel of φ is annihilated by h̄, we find that T^v_2 h̄C^{(σ)} = 0. Thus we obtain the congruence

T^v_2 (T^s_2 T^{p−1}_1 + ∞� i=0 T^{i+p}_2 δ_i(T_1)) ≡ 0 mod (T^p_1 , T^{pv}_2 ).

But this implies v + s ≥ pv. Thus s ≥ (p − 1)v ≥ p − 1 and (as 0 ≤ s ≤ p − 2) we reached a contradiction. Therefore C = 0 and thus (a) implies (b). □

Proposition 13 We assume that p /∈ m^p (i.e., e ≤ p − 1). If p ∈ m^{p−1}, then we also assume that the ideal generated by the initial form of p in gr R is not a (p − 1)-th power (thus p > 2).

We consider a morphism α : (M_1, φ_1) → (M_2, φ_2) of Breuil modules for the standard frame L. Let p be a prime ideal of R which contains p. We consider the W (κ(p)^{perf} )-linear map obtained from α by base change

W (κ(p)^{perf} ) ⊗_{σκp,S} M_1 → W (κ(p)^{perf} ) ⊗_{σκp,S} M_2. (11)

Then the following two properties hold:

(a) If (11) is surjective, then the S-linear map M_1 → M_2 is surjective. (b) If (11) is injective, then the S-linear map M_1 → M_2 is injective and its cokernel is a S-module of projective dimension at most 1.

Proof. We prove (a). We denote by p̃ the ideal of S which corresponds to p via the isomorphism S/(E, p) ∼= R/(p). It follows from the lemma of Nakayama that (M_1)_{p̃} → (M_2)_{p̃} is a surjection. Let us denote by (C, φ) the cokernel of α. We conclude that C is annihilated by an element f /∈ p̃ ⊃ pS. Therefore we conclude from Lemma 11 that C = 0. Thus (a) holds.

Part (b) follows from (a) by duality as it is compatible with taking fibres (6). Indeed for the last assertion it is enough to note that the kernel of the surjection M^∗_2 ↠ M^∗_1 has clearly projective dimension at most 1. □

Remark. If e = p − 1 and the ideal generated by the initial form of p in gr R is a (p − 1)-th power, then the Proposition 13 is not true in general. This is so as there exist non-trivial homomorphisms (Z/pZ)_R → μ_{p,R} for suitable such R’s.

Proposition 14 We assume that R has dimension d = 2 and that h ∈ S does not belong to the ideal (p, T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ) of S. Let α : (M_1, φ_1) → (M_2, φ_2)

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 583

be a morphism of Breuil modules for the standard frame L. We assume that for each prime ideal p of R with p ∈ p ≠ m, the W (κ(p)^{perf} )-linear map obtained from α by base change

W (κ(p)^{perf} ) ⊗_{σκp,S} M_1 → W (κ(p)^{perf} ) ⊗_{σκp,S} M_2 (12)

is surjective (resp. is injective).

Then the S-linear map M_1 → M_2 is surjective (resp. is injective and its cokernel is a S-module of projective dimension at most 1).

Proof. As in the last proof we only have to treat the case where the maps (12) are surjective. We consider the cokernel (C, φ) of α. As in the last proof we will argue that C = 0 but with the role of Lemma 11 being replaced by Lemma 12. It suffices to show that C̄ := C/pC is zero. Let φ̄ : C̄ → C̄^{(σ)} be the map induced naturally by φ.

Lemma 12 is applicable if we verify that C̄ is a S̄-module of finite length. We denote by p̄ the ideal of S̄ = S/pS which corresponds to p via the isomorphism S̄/(h̄) ∼= R/pR. It follows from (12) by the lemma of Nakayama that for each prime ideal p̄ ⊃ h̄S̄ different from the maximal ideal of S̄ the maps α_p : (M_1)¯_p → (M_2)¯_p are surjective. Using this one constructs inductively a regular sequence f_1, . . . , f_{d−1}, h̄ in the ring S̄ such that the elements f_1, . . . , f_{d−1} annihilate C̄. As C̄ is a finitely generated module over the 1-dimensional local ring S̄/(f_1, . . . , f_{d−1}), we get that C̄[1/h̄] is a module of finite length over the regular ring A = S̄[1/h̄]. If we can show that C̄[1/h̄] = 0, then it follows that C̄ is of finite length.

As we are in characteristic p, the Frobenius σ acts on the principal ideal domain A = S̄[1/h̄]. By the definition of a Breuil module the maps φ_i[1/h̄] for i = 1, 2 become isomorphisms. Therefore φ gives birth to an isomorphism:

φ̄[1/h̄] : C̄[1/h̄] → (C̄[1/h̄])^{(σ)}. (13)

As A is regular of dimension d − 1, for each A-module ‡ of finite length we have

length ‡^{(σ)} = p^{d−1} length ‡.

We see that the isomorphism (13) is only possible if C̄[1/h̄] = 0. Thus C̄ has finite length and therefore from Lemma 12 we get that C̄ = 0. This implies that C = 0. □

4 Extending epimorphisms and monomorphisms

In this section let R be a regular local ring of mixed characteristic (0, p) with maximal ideal m and residue class field k. Let K be the field of fractions of R.

4.1 Complements on Raynaud’s work

We first reprove Raynaud’s result [R2], Corollary 3.3.6 by the methods of the previous sections. We state it in a slightly different form.

Documenta Mathematica 15 (2010) 571–599

584 Adrian Vasiu and Thomas Zink

Proposition 15 We assume that p /∈ m^{p−1} (thus p > 2). Let H_1 and H_2 be finite flat group schemes over Spec R. Let β : H_1 → H_2 be a homomorphism, which induces an epimorphism (resp. monomorphism) H_{1,K} → H_{2,K} between generic fibres. Then β is an epimorphism (resp. monomorphism).

Proof. We prove only the statement about epimorphisms because the case of a monomorphism follows by Cartier duality. It is enough to show that the homomorphism H_1 → H_2 is flat. By the fibre criterion of flatness it is enough to show that the homomorphism β_k : H_{1,k} → H_{2,k} between special fibres is an epimorphism. To see this we can assume that R is a complete local ring with algebraically closed residue class field k.

We write R ∼= S/(p − h), with S = W (k)[[T_1, . . . , T_d]]. Then the reduction h̄ ∈ k[[T_1, . . . , T_d]] of h modulo p is a power series of order e < p − 1. By Noether normalization theorem we can assume that h̄ contains the monom T^e_1 . By replacing R with R/(T_2, . . . , T_d), we can assume that R is one-dimensional. We consider the morphism

(M_1, φ_1) → (M_2, φ_2)

of Breuil modules associated to β. Let (C, φ) be its cokernel. Let C̄ := C/C_0, where C_0 is the S-submodule of C whose elements are annihilated by a power of the maximal ideal r of S. The S-linear map φ factors as

φ̄ : C̄ → S ⊗_{σ,S} C̄

and the cokernel of φ̄ is annihilated by h̄. The maximal ideal r of S is not associated to S ⊗_{σ,S} C̄. Thus either C̄ = 0 or depth C̄ ≥ 1. Therefore the S-module C̄ is of projective dimension at most 1. As C̄ is annihilated by a power of p, we conclude that (C̄, φ̄) is the Breuil module of a finite flat group scheme D over Spec R. We have induced homomorphisms

H_1 → H_2 → D.

The composition of them is zero and the second homomorphism is an epimorphism because it is so after base change to k. As H_{1,K} ↠ H_{2,K} is an epimorphism we conclude that D_K = 0. But then D = 0 and the Breuil module (C̄, φ̄) is zero as well. We conclude by Lemma 11 that C = 0. □

The next proposition is proved in [R2], Remark 3.3.5 in the case of biconnected finite flat group schemes H and D.

Proposition 16 Let R be a discrete valuation ring of mixed characteristic (0, p) and index of ramification p − 1; we have K = R[1/p]. Let β : H → D be a homomorphism of residually connected finite flat group schemes over Spec R which induces an isomorphism (resp. epimorphism) over Spec K. Then β is an isomorphism (resp. epimorphism).

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 585

Proof. It is enough to show the statement about isomorphisms. Indeed, assume that β_K is an epimorphism. Consider the schematic closure H_1 of the kernel of β_K in H. Then H/H_1 → D is an isomorphism.

Therefore we can assume that β_K is an isomorphism. By extending R we can assume that R is complete and that k is algebraically closed. By considering the Cartier dual homomorphism β^t : D^t → H^t one easily reduces the problem to the case when H is biconnected. As the case when D is also biconnected is known (cf. [R2], Remark 3.3.5), one can easily reduce to the case when D is of multiplicative type. Then D contains μ_{p,R} as a closed subgroup scheme. We consider the schematic closure H_1 of μ_{p,K} in H. Using an induction on the order of H it is enough to show that the natural homomorphism β_1 : H_1 → μ_{p,R} is an isomorphism. This follows from [R2], Proposition 3.3.2 3^∘. For the sake of completeness we reprove this in the spirit of the paper.

We write R = S/(E), where E ∈ S = W (k)[[T ]] is an Eisenstein polynomial of degree e = p − 1. The Breuil window of the p-divisible group μ_p∞_{,R} is given by S → S^{(σ)} ∼= S f → Ef.

The Breuil module (N, τ) of μ_{p,R} is the kernel of the multiplication by p : μ_p∞_{,R} → μ_p∞_{,R} and therefore it can be identified with

N = k[[T ]] → N^{(σ)} = k[[T ]]^{(σ)} ∼= k[[T ]] f → T^ef.

Let (M, φ) be the Breuil module of H_1. As H_1 is of height 1 we can identify M = k[[T ]]. Then φ : M → M^{(σ)} ∼= M is the multiplication by a power series g ∈ k[[T ]] of order ord(g) ≤ e = p − 1. To the homomorphism β_1 : H_1 → μ_{p,R} corresponds a morphism α_1 : (M, φ) → (N, τ) that maps 1 ∈ M to some element a ∈ N. We get a commutative diagram:

k[[T ]]^a � g � k[[T ]]

T^e � k[[T ]]^{ap} � k[[T ]].

We obtain the equation ga = a^pT^{p−1}. As a ≠ 0 this is only possible if

ord(g) = (p − 1)(ord(a) + 1).

As ord(g) ≤ p − 1, we get that ord(a) = 0 and ord(g) = p − 1. As ord(a) = 0, both α_1 and β_1 are isomorphisms. Thus β : H → D is an isomorphism. □

4.2 Basic extension properties

The next three results will be proved for p = 2 under certain residually connectivity assumptions. But in Subsection 4.3 below we will show how these results hold under no residually connectivity assumptions even if p = 2.

Documenta Mathematica 15 (2010) 571–599

586 Adrian Vasiu and Thomas Zink

Proposition 17 We assume that dim R ≥ 2, that p /∈ m^p, and that the initial form of p in gr R generates an ideal which is not a (p − 1)-th power. Let β : H_1 → H_2 be a homomorphism of finite flat group schemes over Spec R which induces an epimorphism (resp. a monomorphism) over Spec K. If p = 2, we assume as well that H_1 and H_2 (resp. that the Cartier duals of H_1 and H_2) are residually connected.

Then β is an epimorphism (resp. a monomorphism).

Proof. As before we can assume that R is a complete regular local ring. We can also restrict our attention to the case of epimorphisms. By Proposition 15 we can assume that p ∈ m^{p−1}. Let p be a minimal prime ideal which contains p. We show that the assumption that p ∈ p^{p−1} leads to a contradiction. Then we can write p = uf^{p−1}, where u, f ∈ R and f is a generator of the prime ideal p. It follows from our assumptions that u /∈ m and that f ∈ m \ m^2. Therefore the initial form of p in gr R generates an ideal which is a (p − 1)-th power. Contradiction.

We first consider the case when k is perfect. Let α : (M_1, φ_1) → (M_2, φ_2) denote also the morphism of Breuil modules associated to β : H_1 → H_2. As p /∈ p^{p−1}, we can apply Proposition 15 to the ring R_p. It follows that β induces an epimorphism over the spectrum of the residue class field κ(p) of p and thus also of its perfect hull κ(p)^{perf} . From this and the end of Section 2 we get that the hypotheses of Proposition 13 hold for α. We conclude that α is an epimorphism and thus β is also an epimorphism.

Let R → R^′ be a faithfully flat extension of noetherian local rings, such that mR^′ is the maximal ideal of R^′ and the extension of residue class fields k → k^′ is radical. We consider the homomorphism of polynomial rings gr R → gr R^′. As gr R and gr R^′ are unique factorization domains, it is easy to see that the condition that the initial form of p is not a (p − 1)-th power is stable by the extension R → R^′. But β is an epimorphism if and only if β_R′ is so. Therefore we can assume that the residue class field of R is perfect and this case was already proved. □

Proposition 18 We assume that dim R = 2. Let U = Spec R \ {m}. We also assume that the following technical condition holds:

(*) there exists a faithfully flat local R-algebra R̂ which is complete, which has an algebraically closed residue class field k, and which has a presentation R̂ = S/(p − h) where S = W (k)[[T_1, T_2]] and where h ∈ (T_1, T_2) does not belong to the ideal (p, T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ).

Let β : H_1 → H_2 be a homomorphism of finite flat group schemes over Spec R. We also assume that for each geometric point Spec L → U such that L has characteristic p the homomorphism β_L is an epimorphism (resp. a monomorphism); thus β_U : H_{1,U} → H_{2,U} is an epimorphism (resp. a monomorphism). If p = 2, we assume that H_1 and H_2 (resp. that the Cartier duals of H_1 and H_2) are residually connected.

Then β is an epimorphism (resp. a monomorphism).

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 587

Proof. We have dim R̂/mR̂ = 0 and thus Spec(R̂) \ (Spec(R̂) ×_{Spec R} U) is the closed point of Spec(R̂). Based on this we can assume that R = R̂. Thus the proposition follows from Proposition 14 in the same way Proposition 17 followed from Propositions 15 and 13. □

Corollary 19 We assume that the assumptions on R of either Proposition 17 or Proposition 18 are satisfied (thus dim R ≥ 2). We consider a complex

0 → H_1 → H_2 → H_3 → 0

of finite flat group schemes over Spec R whose restriction to U = Spec R\{m} is a short exact sequence. If p = 2, then we assume that H_2 and H_3 are residually connected. Then 0 → H_1 → H_2 → H_3 → 0 is a short exact sequence.

Proof. Propositions 17 and 18 imply that H_2 → H_3 is an epimorphism. Its kernel is a finite flat group scheme isomorphic to H_1 over U and thus (as we have dim R ≥ 2) it is isomorphic to H_1. □

4.3 Dévissage properties

In this subsection we explain how one can get the results of Subsection 4.2 under no residually connectivity assumptions for p = 2.

We assume that dim R = 2 and that p is arbitrary. Let U = Spec R \ {m}. Let V be a locally free O_U -module of finite rank over U. The R-module H^0(U, V) is free of finite rank. Using this it is easy to see that each finite flat group scheme over U extends uniquely to a finite flat group scheme over Spec R. This is clearly an equivalence between the category of finite flat group schemes over U and the category of finite flat group schemes over Spec R. The same holds if we restrict to finite flat group schemes annihilated by p.

Next we also assume that R is complete. Each finite flat group scheme H over Spec R is canonically an extension

0 → H^∘ → H → H^{ét} → 0,

where H^∘ is connected and H^{ét} is étale over Spec R. In particular a homomorphism from a connected finite flat group scheme over Spec R to an étale finite flat group scheme over Spec R is zero. From this one easily checks that if H_1 → H_2 is a homomorphism of finite flat group schemes over Spec R which is an epimorphism over U and if H_1 is connected, then H_2 is connected as well.

Lemma 20 We assume that dim R = 2 and that R is complete. Then the following four statements are equivalent:

(a) Each short exact sequence of finite flat group schemes over U extends uniquely to a short exact sequence of finite flat group schemes over Spec R.

Documenta Mathematica 15 (2010) 571–599

588 Adrian Vasiu and Thomas Zink

(b) Let H_1 and H_2 be connected finite flat group schemes over Spec R. A homomorphism H_1 → H_2 over Spec R is an epimorphism if its restriction to U is an epimorphism.

(c) Let H_1 and H_2 be connected finite flat group schemes over Spec R which are annihilated by p. A homomorphism H_1 → H_2 over Spec R is an epimorphism if its restriction to U is an epimorphism.

(d) The regular ring R is p-quasi-healthy.

Proof. It is clear that (a) implies (b). We show that (b) implies (a). Let

0 → H_1 → H_2 → H_3 → 0

be a complex of finite flat group schemes over Spec R whose restriction to U is a short exact sequence. It suffices to show that β : H_1 → H_2 is a monomorphism. Indeed, in this case we can form the quotient group scheme H_2/H_1 and the homomorphism H_2/H_1 → H_3 is an isomorphism as its restriction to U is so. We check that the homomorphism

β^∘ : H^∘_1 → H^∘_2

is a monomorphism. Let H_4 be the finite flat group scheme over R whose restriction to U is H^∘_{2,U} /H^∘_{1,U} . We have a complex 0 → H^∘_1 → H^∘_2 → H_4 → 0 whose restriction to U is exact. We conclude that H_4 is connected. Thus we have an epimorphism H^∘_2 ↠ H_4 (as we are assuming that (b) holds) whose kernel is H^∘_1 . Therefore (b) implies that β^∘ is a monomorphism. As β^∘ is a monomorphism, it suffices to show that the induced homomorphism β̄ : H_1/H ∘_1 → H_2/H ∘_1 is a monomorphism. In other words, without loss of generality we can assume that H_1 = H^{ét}_1 is étale.

Let H^{′′}_1 be the kernel of H^{ét}_2 → H^{ét}_3 ; it is a finite étale group scheme over Spec R. Let H^′_1 be the kernel of H_1 → H^{′′}_1 . It suffices to show that H^′_1 → H^∘_2 is a monomorphism. Therefore we can also assume that H_2 is connected. This implies that H_3 is connected. As we are assuming that (b) holds, H_2 → H_3 is an epimorphism. Its kernel is H_1 and therefore β : H_1 → H_2 is a monomorphism. Thus (b) implies (a).

We show that (c) implies (b). The last argument shows that a short exact sequence of finite flat group schemes over U annihilated by p extends to a short exact sequence of finite flat group schemes over Spec R. We start with a homomorphism H_2 → H_3 between connected finite flat group schemes over Spec R which induces an epimorphism over U. We extend the kernel of H_{2,U} → H_{3,U} to a finite flat group scheme H_1 over Spec R. Then we find a complex

0 → H_1 → H_2 → H_3 → 0

whose restriction to U is a short exact sequence. To show that H_2 → H_3 is an epimorphism it is equivalent to show that H_1 → H_2 is a monomorphism.

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 589

As H_{1,U} has a composition series whose factors are annihilated by p, we easily reduce to the case where H_1 is annihilated by p. We embed H_2 into a p-divisible group G over Spec R. To check that H_1 → H_2 is a monomorphism, it suffices to show that H_1 → G[p] is a monomorphism. But this follows from the second sentence of this paragraph.

It is clear that (a) implies (d). We are left to show that (d) implies (c). It suffices to show that a homomorphism β : H_1 → H_2 of finite flat group schemes over Spec R annihilated by p is a monomorphism if its restriction β_U : H_{1,U} → H_{2,U} is a monomorphism. We embed H_2 into a p-divisible group G over Spec R. The quotient G_U /H_{1,U} is a p-divisible group over U which extends to a pdivisible group G^′ over Spec R (as we are assuming that (d) holds). The isogeny G_U → G^′_U extends to an isogeny G → G^′. Its kernel is a finite flat group scheme and therefore isomorphic to H_1. We obtain a monomorphism H_1 → G. Thus β : H_1 → H_2 is a monomorphism, i.e. (d) implies (c). □

Corollary 21 Propositions 17 and 18 (and thus implicitly Corollary 19) hold without any residually connectivity assumption for p = 2.

Proof. We can assume that R is complete. By considering an epimorphism R ↠ R^′ with R^′ regular of dimension 2, we can also assume that dim R = 2. Based on Lemma 20, it suffices to prove Propositions 17 and 18 in the case when connected finite flat group schemes are involved. But this case was already proved in Subsection 4.2. This also shows that for p ≥ 3 we can restrict to the connected case and avoid to apply Proposition 10 for nonconnected p-divisible groups. □

Corollary 22 We assume that k is perfect and that R = W (k)[[T_1, T_2]]/(p − h) with h ∈ (T_1, T_2). Let h̄ ∈ k[[T_1, T_2]] be the reduction of h modulo p. Then the fact that R is or is not p-quasi-healthy depends only on the orbit of the ideal (h̄) of k[[T_1, T_2]] under automorphisms of k[[T_1, T_2]].

Proof. The category of Breuil modules associated to connected finite flat group schemes over Spec R annihilated by p is equivalent to the category of pairs (M, φ), where M is a free k[[T_1, T_2]]-module of finite rank and where φ : M → M^{(σ)} is a k[[T_1, T_2]]-linear map whose cokernel is annihilated by h̄ and whose reduction modulo the ideal (T_1, T_2) is nilpotent in the natural sense. The last category depends only on the orbit of (h̄) under automorphisms of k[[T_1, T_2]]. The corollary follows from the last two sentences and the equivalence of (c) and (d) in Lemma 20. □

4.4 The p-quasi-healthy part of Theorem 3

In this subsection we show that if R is as in Theorem 3 for d = 2, then R is p-quasi-healthy. It follows from the definition of a p-divisible group and the uniqueness part of the first paragraph of Subsection 4.3, that it is enough to show that a complex 0 → H_1 → H_2 → H_3 → 0 of finite flat group schemes

Documenta Mathematica 15 (2010) 571–599

590 Adrian Vasiu and Thomas Zink

over Spec R is a short exact sequence if its restriction to Spec R \ {m} is a short exact sequence. This is a local statement in the faithfully flat topology of Spec R and thus to check it we can assume that R = R̂ = W (k)[[T_1, T_2]/(p − h) with h ∈ (T_1, T_2) but h /∈ (p, T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ). By Lemma 20 we can assume that H_2 and H_3 are connected. Thus 0 → H_1 → H_2 → H_3 → 0 is a short exact sequence, cf. Corollary 19. □

5 Extending abelian schemes

Proposition 23 Let R be a regular local ring of mixed characteristic (0, p).

(a) Let U = Spec R \ {m}, where m is the maximal ideal of R. Let Ă be an abelian scheme over U. If the p-divisible group of Ă extends to a p-divisible group over Spec R, then Ă extends uniquely to an abelian scheme A over Spec R.

(b) If R is p-quasi-healthy, then R is quasi-healthy.

Proof. The uniqueness part of (a) is well known (cf. [R1], Chapter IX, Corollary 1.4). Part (a) is a particular case of either proof of [V2], Proposition 4.1 (see remark that starts the proof) or [V2], Remark 4.2. Part (b) follows from (a). □

Lemma 24 Let S ↠ R be a ring epimorphism between local noetherian rings whose kernel is an ideal a with a^2 = 0 and depth_R a ≥ 2. We assume that depth R ≥ 2 and that R is quasi-healthy. Then S is quasi-healthy as well.

Proof. Let m and n be the maximal ideals of R and S (respectively). We set U = Spec R \ {m} and V = Spec S \ {n}.

Let B̆ be an abelian scheme over V and let Ă be its reduction over U. Then Ă extends uniquely to an abelian scheme A over Spec R. Let π : A ↠ Spec R be the projection. It is well-known that the set of liftings of A with respect to Spec R → Spec S is a trivial torsor under the group H^0(Spec R, R^1π_∗Hom(Ω_{A/R}, a)) and that the set of liftings of Ă with respect to V ↠ U is a trivial torsor under the group H^0(U, R^1π_∗Hom(Ω_{A/R}, a)). As depth_R a ≥ 2, the last two groups are equal. Thus there exists a unique abelian scheme B over Spec S which lifts A and whose restriction to V is B̆. □

Proposition 25 Let S be a complete noetherian local ring of mixed characteristic (0, p). Let S ↠ R be a ring epimorphism with kernel a (thus R is a complete noetherian local ring). We assume that there exists a sequence of ideals a = a_0 ⊃ a_1 ⊃ . . .

such that the intersection of these ideals is 0 and for all i ≥ 0 we have a^2_i ⊂ a_{i+1} and depth_S a_i/a_{i+1} ≥ 2. We also assume that depth R ≥ 2 and that R is quasihealthy. Let n be the maximal ideal of S. Let V := Spec S \ {n}.

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 591

(a) Then each abelian scheme over V that has a polarization extends to an abelian scheme over Spec S.

(b) We assume that S is integral and geometrically unibranch (like S is normal). Then S is quasi-healthy.

Proof. By a well-known theorem we have S = lim_← S/a_i.

For (b) (resp. (a)) we have to show that each abelian scheme Ă (resp. each abelian scheme Ă that has a polarization λ_Ă) over V extends to an abelian scheme over Spec S. We write U_i = (Spec S/a_i) \ {n}. The topological space underlying U_i is independent of i and it will be denoted by U. It is easy to see that depth S/a_i ≥ 2. By Lemma 24 the ring S/a_i is quasi-healthy. We denote by Ă_i the base change of Ă to U_i. Then Ă_i extends uniquely to an abelian scheme A_i over Spec S/a_i. If S is integral and geometrically unibranch, then from [R1], Chapter XI, Theorem 1.4 we get that Ă is projective over V . Thus from now on we can assume that there exists a polarization λ_Ă of Ă and we will not anymore differentiate between parts (a) and (b).

From the uniqueness of A_i we easily get that the reduction of λ_Ă modulo a_i extends uniquely to a polarization λ_{Ai} of A_i (this also follows from [R1], Chapter IX, Corollary 1.4). We get that the A_i’s inherit a compatible system of polarizations. From this and the algebraization theorem of Grothendieck, we get that there exists an abelian scheme A over Spec S which lifts the A_i’s. Next we will prove that the p-divisible group G of A restricts over V to the p-divisible group Ğ of Ă. This implies that Ă extends to an abelian scheme over Spec S (cf. Proposition 23 (a)) which is then necessarily isomorphic to A. Let G_i[m] be the kernel of the multiplication by p^m : A_i → A_i, and let G[m] be the kernel of the multiplication by p^m : A → A.

Let C_i[m] be the S/a_i-algebra of global functions on G_i[m]. Then B[m] = lim_← C_i[m] is the S-algebra of global functions on G[m].

We write Spec C̆[m] = Ğ[m], where C̆[m] is a finite O_{Ğ[m]}-algebra. We have a natural homomorphism:

H^0(V, C̆[m]) → H^0(U, (C_i[m])^∼) = C_i[m].

Here (C_i[m])^∼ is the restriction to U of the O_{Spec S/ai} -algebra associated to C_i[m]. The last equality follows from the fact that depth S/a_i ≥ 2. This gives birth to an S-algebra homomorphism

H^0(V, C̆[m]) → B[m].

If we restrict it to a homomorphism between O_V -algebras we obtain a homomorphism of finite flat group schemes over V

G[m]_V → Ğ[m]

and thus a homomorphism of corresponding p-divisible groups G_V → Ğ over V . By construction this is an isomorphism if we restrict it to U. As V is

Documenta Mathematica 15 (2010) 571–599

592 Adrian Vasiu and Thomas Zink

connected, from the following proposition we conclude that G_V → Ğ is an isomorphism. □

Proposition 26 Let β : G → G^′ be a homomorphism of p-divisible groups over a noetherian scheme X. Then the set Y of points x ∈ X such that β_x is an isomorphism is open and closed in X. Moreover β_Y is an isomorphism.

Proof. It is clear that β is an isomorphism if and only if β[1] : G[1] → G^′[1] is an isomorphism. Therefore the subfunctor of X defined by the condition that β_Y is an isomorphism is representable by an open subscheme Z ⊂ X. By the theorems of Tate and de Jong on extensions of homomorphisms between p-divisible groups, we get that the valuative criterion of properness holds for Z → X. Thus Z is as well closed in X and therefore we can take Y = Z. □

5.1 Counterexample for the p-quasi-healthy context

Lemma 24 does not hold for the p-quasi-healthy context even in the simplest cases. Here is an elementary counterexample. We take R = W (k)[[T_1]]. From Subsection 4.4 we get that R is p-quasi-healthy. We take S = R[T_2]/(T^2_2 ). Let V := Spec S \ {n}, where n is the maximal ideal of S. Let O := R_{(T1 )}; we have a natural identification V = Spec S[^1_{T1} ] ∪ Spec O[T_2]/(T^2_2 ).

Let E_k be an elliptic curve over Spec k. We can identify the formal deformation space of E_k with Spf R. Let E be the elliptic curve over Spec R which is the algebraization of the uni-versal elliptic curve over Spf R. Let ι_1 : R → S[^1_{T1} ] be the W (k)-monomorphism that maps T_1 to T_1 + T_2T^{−1}_1 ; it lifts the natural W (k)-monomorphism R → R[^1_{T1} ]. The W (k)-monomorphism ι_1 gives birth to an elliptic curve E_1 over Spec S[^1_{T1} ] whose restriction to Spec S[^1_{T1} ]/(T_2) = Spec R[^1_{T1} ] extends to the elliptic curve E over Spec R.

We check that the assumption that E_1 extends to an elliptic curve E_V over V leads to a contradiction. To E_V and E_U correspond morphisms U → V → A^1, where A^1 is the j-line over Spec W (k). As the topological spaces of U and V are equal, we get that we have a natural factorization U → V → Spec R → A^1, where we identify Spec R with the completion of A^1 at its k-valued point defined by E_k. As S = H^0(V, O_V ), the image of ι_1 is contained in S. Contradiction. But the p-divisible group G_1 of E_1 extends to a p-divisible group G_V over V . This is so as each p-divisible group over Spec O extends uniquely to an étale p-divisible group over Spec O[T_2]/(T^2_2 ).

Finally we check that the assumption that G_V extends to a p-divisible group G_2 over Spec S leads to a contradiction. Let E_2 be the elliptic curve over Spec S which lifts E and whose p-divisible group is G_2. Let ι_2 : R → S be the W (k)-homomorphism that defines E_2. We check that the resulting two W (k)- homomorphisms ι_1, ι_2 : R → S[^1_{T1} ] are equal. It suffices to show that their composites ι_3, ι_4 : R → �S_{(p)} with the natural W (k)-monomorphism S[^1_{T1} ] → �S_{(p)} = �R_{(p)}[T_2]/(T^2_2 ) are equal (here ^△ denotes the completion of the local ring △). But this follows from Serre–Tate deformation theory and the fact that the

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 593

composites ι_5, ι_6 : R → �R_{(p)} of ι_3, ι_4 with the W (k)-epimorphism �S_{(p)} ↠ �R_{(p)}, are equal. As the two W (k)-homomorphisms ι_1, ι_2 : R → S[^1_{T1} ] are equal, the image of ι_1 is contained in S. Contradiction.

We conclude that S is not p-quasi-healthy. A similar argument shows that for all n ≥ 2, the ring R[T_2]/(T^n_2 ) is not p-quasi-healthy.

This counterexample disproves the claims on [FC], top of p. 184 on torsors of liftings of p-divisible groups.

5.2 Proofs of Theorem 3 and Corollary 4

Let m be the maximal ideal of R. Let U = Spec R \ {m}. Let d = dim R. We prove Theorem 3. We first assume that d = 2. It is enough to show that R is p-quasi-healthy, cf. Proposition 23 (b). But this follows from Subsection 4.4. We next assume that d ≥ 3. We have to show that each abelian scheme over U extends uniquely to an abelian scheme over Spec R. This is a local statement in the faithfully flat topology of Spec R and thus to check it we can assume that R = R̂ is complete with algebraically closed residue class field k. We have an epimorphism R ↠ W (k)[[T_1, T_2]]/(p − h) where h is a power series in the maximal ideal of W (k)[[T_1, T_2]] whose reduction modulo (p, T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ) is non-zero. As W (k)[[T_1, T_2]]/(p − h) is p-quasi-healthy (cf. the case d = 2), from Proposition 25 we get that R is quasi-healthy. This proves Theorem 3. We prove Corollary 4. Thus dim R = d ≥ 2 and p /∈ m^p. As in the previous paragraph we argue that we can assume that R = R̂ is complete with algebraically closed residue class field k. We write R = S/(p − h) where h ∈ (T_1, . . . , T_d) is such that its reduction h̄ ∈ S̄ = S/pS modulo p is a power series of order e = ord(h̄) ≤ p − 1. Due to Noether normalization theorem we can assume that h̄ contains the monom T^e_1 . We set R^′ := S/(p − h, T_3, . . . , T_d); if d = 2, then R^′ = R. From Proposition 25 applied to the epimorphism R ↠ R^′, we get that it suffices to show that R^′ is quasi-healthy and p-quasi-healthy. Thus in order not to complicate the notations, we can assume that d = 2 (i.e., R = R^′). As e ≤ p − 1, the reduction of h̄ modulo the ideal (T^p_1 , T^p_2 , T^{p−1}_1 T^{p−1}_2 ) is non-zero. Thus Corollary 4 follows from Theorem 3. □

5.3 Example

Let R be a regular local of mixed characteristic (0, p) such that the strict completion of R is isomorphic to

C_k[[T_1, . . . , T_d]]/(p − T^{e1}_1 · . . . · T^{em}_m )

where C_k is a Cohen ring of the field k, where 1 ≤ m ≤ d, and where the m-tuple (e_1, . . . , e_m) ∈ N^m has the property that there exists a disjoint union {1, . . . , m} = I_1 � I_2 for which we have m_1 := � i∈I_1 ei ∈ {1, . . . , p − 1} and

m_2 := � i∈I_2 ei ∈ {0, . . . , p − 2}.

To check that R is quasi-healthy we can assume that the field k is algebraically closed and that R = W (k)[[T_1, . . . , T_d]]/(p − T^{e1}_1 · . . . · T^{em}_m ) (thus C_k = W (k)).

Documenta Mathematica 15 (2010) 571–599

594 Adrian Vasiu and Thomas Zink

We consider the ring epimorphism R ↠ R^′ := W (k)[[T_1, T_2]]/(p − T^{m1}_1 T^{m2}_2 ) that maps T_i with i ∈ I_1 to T_1, that maps T_i with i ∈ I_2 to T_2, and that maps T_i with i > m to 0. From Theorem 3 we get that R is quasi-healthy. Concrete example: if 1 ≤ m ≤ min{d, 2p − 3} and if the strict completion of R is C_k[[T_1, . . . , T_d]]/(p − T_1 · . . . · T_m), then R is quasi-healthy. From this and Corollary 5 we get that each étale scheme over Spec O[T_1, . . . , T_d]/(p − T_1 · . . . · T_m) is healthy regular, provided O is a discrete valuation ring of mixed characteristic (0, p) and index of ramification 1.

5.4 Regular schemes which are not (p-) healthy

Let R be a local regular ring of dimension 2 and mixed characteristic (0, p). Let m be the maximal ideal of R. Let U = Spec R \ {m}.

The ring R is (p-) quasi-healthy if and only if Spec R is (p-) healthy regular. The next lemma provides an easy criterion for when R is not (p-) quasi-healthy.

Lemma 27 We assume that there exists a homomorphism H → D of finite flat group schemes over Spec R which is not an epimorphism and whose restriction to U is an epimorphism. Then R is neither quasi-healthy nor p-quasi-healthy.

Proof. We embed the Cartier dual D^t of D into an abelian scheme A over Spec R, cf. [BBM], Theorem 3.1.1. The Cartier dual homomorphism H^t_U → D^t_U is a closed immersion. The abelian scheme A_U /H^t_U over U does not extend to an abelian scheme over Spec R. Based on [R1], Chapter IX, Corollary 1.4, the argument for this is similar to the one used to prove that (d) implies (c) in Lemma 20. Thus R is not quasi-healthy. From Proposition 23 (a) we get that the p-divisible group of A_U /H^t_U does not extend to Spec R. Thus the fact that R is not p-quasi-healthy follows from either Lemma 20 or Proposition 23 (a). □ Based on Lemma 27, the following theorem adds many examples to the classical example of Raynaud–Gabber.

Theorem 28 We consider the ring S = W (k)[[T_1, T_2]]. Let h ∈ (T_1, T_2) \ pS. Let R := S/(p − h). Let S̄ := S/pS and let h̄ be the reduction of h modulo p. We assume that one of the following three properties hold:

(i) The element h̄ is divisible by u^p, where u is a power series in the maximal ideal of S̄ (the class of rings R for which (i) holds includes O[[T ]], where O is a totally ramified discrete valuation ring extension of W (k) of index of ramification at least equal to p).

(ii) There exists a regular sequence u, v in S̄ such that u^{p−1}v^{p−1} divides h̄.

(iii) We can write h̄ = (aT^p_1 + bT^p_2 + cT^{p−1}_1 T^{p−1}_2 )c, where a, b, c ∈ S̄.

Then R is neither p-quasi-healthy nor quasi-healthy.

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 595

Proof. It is enough to construct a homomorphism β : H → D of connected finite flat group schemes over Spec R which is not an epimorphism but whose restriction to U is an epimorphism, cf. Lemma 27.

We will construct H and D by specifying their Breuil modules (M, φ) and (N, τ) (respectively) associated to a standard frame for R. We first present with full details the case (i) and then we will only mention what are the changes required to be made for the other two cases (ii) and (iii).

We assume that the condition (i) holds. We set M = S̄^3 and we identify M^{(σ)} with S̄^3. We choose an element t ∈ S̄ such that t and u are a regular sequence in S̄. We define the homomorphism φ by the following matrix:

Γ = � � 0 0 u^p t − t^pu^{p−1} u (u − t^{p−1})(t − t^pu^{p−1}) u^{p−1} 0 u^{p−1}(u − t^{p−1})

� � .

It is easy to see that there exists a matrix Δ ∈ M_{3×3}(S̄) such that

ΔΓ = ΓΔ = u^pI_3,

where I_3 is the unit matrix. It follows that the cokernel of φ is annihilated by u^p and thus also by h̄. Moreover the image of φ is contained in (t, u)M. Therefore (M, φ) is the Breuil module H of a connected finite flat group scheme over Spec R annihilated by p.

We set N = S̄ and N^{(σ)} = S̄ and we define τ as the multiplication by u^p. This defines another connected finite flat group scheme D over Spec R annihilated by p.

One easily checks the following equation of matrices:

(t^p, u^p, (tu)^p)Γ = u^p(t, u, tu).

This equation shows that the S-linear map M → N defined by the matrix (t, u, tu) is a morphism of Breuil modules

α : (M, φ) → (N, τ).

As α is not surjective, the homomorphism β : H → D associated to α is not an epimorphism. Let p ≠ m be a prime ideal of R which contains p. The base change of α by κ_p : S → W (κ(p)^{perf} ) (of Section 2) is an epimorphism as the cokernel of α is k. This implies that β_U : H_U → D_U is an epimorphism. We assume that the condition (ii) holds. The proof in this case is similar to the case (i) but with the definitions of M, Γ, τ, and M → N modified as follows. Let M = S̄^2. Let Γ = � u^{p−1} 0 0 v^{p−1} � . Let τ be defined by (uv)^{p−1}. Let M → N be defined by the matrix (v u).

Documenta Mathematica 15 (2010) 571–599

596 Adrian Vasiu and Thomas Zink

We assume that the condition (iii) holds. Let M = S̄^2. Let Γ = � aT_1 + cT^{p−1}_2 aT_2 bT_1 bT_2 + cT^{p−1}_1 � . Let τ be defined by aT^p_1 + bT^p_2 + cT^{p−1}_1 T^{p−1}_2 . Let M → N be defined by the matrix (T_1 T_2). The determinant of Γ is h̄. □

6 Integral models and Néron models

Let O be a discrete valuation ring of mixed characteristic (0, p) and of index of ramification at most p − 1. Let K be the field of fractions of O. A flat O-scheme ⋆ is said to have the extension property, if for each O-scheme X which is a healthy regular scheme, every morphism X_K → ⋆_K of K-schemes extends uniquely to a morphism X → ⋆ of O-schemes (cf. [V1], Definition 3.2.3 3)).

Lemma 29 Let Z_K be a regular scheme which is formally smooth over Spec K. Then there exists at most one regular scheme which is a formally smooth Oscheme, which has the extension property, and whose fibre over Spec K is Z_K .

Proof. Let Z_1 and Z_2 be two regular schemes which are formally smooth over Spec O, which satisfy the identity Z_{1,K} = Z_{2,K} = Z_K , and which have the extension property. Both Z_1 and Z_2 are healthy regular schemes, cf. Corollary 5. Thus the identity Z_{1,K} = Z_{2,K} extends naturally to morphisms Z_1 → Z_2 and Z_2 → Z_1, cf. the fact that both Z_1 and Z_2 have the extension property. Due to the uniqueness part of the extension property, the composite morphisms Z_1 → Z_2 → Z_1 and Z_2 → Z_1 → Z_2 are identity automorphisms. Thus the identity Z_{1,K} = Z_{2,K} extends uniquely to an isomorphism Z_1 → Z_2. □

Corollary 30 The integral canonical models of Shimura varieties defined in [V1], Definition 3.2.3 6) are unique, provided they are over the spectrum of a discrete valuation ring O as above.

Let d ≥ 1 and n ≥ 3 be natural numbers. We assume that n is prime to p. Let A_{d,1,n} be the Mumford moduli scheme over Spec Z[^1_n ] that parameterizes principally polarized abelian scheme over Spec Z[^1_n ]-schemes which are of relative dimension d and which have level-n symplectic similitude structures (cf. [MFK], Theorems 7.9 and 7.10). For Néron models over Dedekind domains we refer to [BLR], Chapter I, Subsection 1.2, Definition 1.

Theorem 31 Let D be a Dedekind domain which is a flat Z[^1_n ]-algebra. Let K be the field of fractions of D. We assume that the following two things hold:

(i) the only local ring of D whose residue class field has characteristic 0, is K; Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 597

(ii) if v is a prime of D whose residue class field has a prime characteristic p_v ∈ N^∗, then the index of ramification of the local ring of v is at most p_v − 1.

Let N be a finite A_{d,1,n,D}-scheme which is a projective, smooth D-scheme. Then N is the Néron model over D of its generic fibre N_K.

Proof. Let Y be a smooth D-scheme. Let δ_K : Y_K → N_K be a morphism of K-scheme. Let V be an open subscheme of Y which contains Y_K and all generic points of fibres of Y in positive characteristic and for which δ_K extends uniquely to a morphism δ_V : V → N (cf. the projectiveness of N ). Let (B_V , λ_V ) be the pull back to V of the universal principally polarized abelian scheme over A_{d,1,n,D} via the composite morphism ν_V : V → N → A_{d,1,n,D}. From Corollary 5 we get that B_V extends uniquely to an abelian scheme B over Y . From [R1], Chapter IX, Corollary 1.4 we get that λ_V extends (uniquely) to a polarization λ of B. The level-n symplectic similitude structure of (B_V , λ_V ) defined naturally by ν_V extends uniquely to a level-n symplectic similitude structure of (B, λ), cf. the classical Nagata–Zariski purity theorem. Thus ν_V extends uniquely to a morphism ν : Y → A_{d,1,n,D}. As Y is a normal scheme, as N is finite over A_{d,1,n,D}, and as ν restricted to V factors through N , the morphism ν factors uniquely through a morphism δ : Y → N which extends δ_V and thus also δ_K. Hence the Theorem follows from the very definition of Néron models. □

Remarks. (a) From Theorem 31 and [V3], Remark 4.4.2 and Example 4.5 we get that there exist plenty of Néron models over O whose generic fibres are not finite schemes over torsors of smooth schemes over Spec K. We can take N to be the pull back to O of those Néron models of Theorem 31 whose generic fibres have the above property (cf. [V3], Remark 4.5). If p > 2 and e = p − 1, then these Néron models N are new (i.e., their existence does not follow from [N], [BLR], [V1], [V2], or [V3]).

(b) One can use Theorem 28 (i) and Artin’s approximation theorem to show that Theorem 31 does not hold in general if there exists a prime v of D whose residue class field has a prime characteristic p_v ∈ N^∗ and whose index of ramification is at least p_v. Counterexamples can be obtained using integral models of projective Shimura varieties of PEL type, cf. [V3], Corollary 4.3.

References

[Br] Breuil, Ch.: Schémas en groupes et corps de normes, 13 pages, unpublished manuscript (1998).

[BBM] Berthelot P., Breen, L., and Messing, W.: Théorie de Dieudonné cristalline II, Lecture Notes in Math., Vol. 930, Springer-Verlag, New York, 1982.

Documenta Mathematica 15 (2010) 571–599

598 Adrian Vasiu and Thomas Zink

[BLR] Bosch, S., Lütkebohmert, W., and Raynaud, M.: Néron models, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), Vol. 21, Springer-Verlag, Berlin, 1990.

[Bou] N. Bourbaki, Éléments de mathématique. Algèbre commutative.

Chapitres 5 à 7. Reprint. Masson, Paris, 1985.

[dJO] de Jong, J. and Oort, F.: On extending families of curves, J. Algebraic Geom. 6 (1997), no. 3, pp. 545–562.

[FC] Faltings, G. and Chai, C.-L.: Degeneration of abelian varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), Vol. 22, Springer- Verlag, Berlin, 1990.

[Ga] Gabber, O.: Letter to Ogus, July 22, 1992, 2 pages.

[Gr] Grothendieck, A. et al.: Cohomologie locale des faisceau cohérents et théorèms de Lefschetz locaux et globaux, Séminaire de Géométrie Algébrique du Bois-Marie, 1962, Adv. Stud. Pure Math., Vol. 2, North-Holland Publishing Co., Amsterdam; Masson & Cie, Éditeur, Paris, 1968.

[K1] Kisin, M.: Crystalline representations and F -crystals, Algebraic geometry and number theory, pp. 459–496, Progr. Math., Vol. 253, Birkhäuser Boston, Boston, MA, 2006.

[K2] Kisin, M.: Modularity of 2-adic Barsotti–Tate representations, Invent.

Math.. Vol. 178 (2009), no. 3, pp. 587–634.

[L1] Lau, E.: Frames and finite group schemes over complete regular local rings, Documenta Math. 15 (2010) 545–569

[L2] Lau, E.: A relation between Dieudonné displays and crystalline Dieudonné theory, arXiv 14.Jun.2010.

[Me1] Messing, W.: The crystals associated to Barsotti-Tate groups: with applications to abelian schemes, Lecture Notes in Mathematics, Vol. 264, Springer-Verlag, Berlin-New York, 1972.

[Me2] Messing, W.: Travaux de Zink [Works of Zink], Séminaire Bourbaki.

Vol. 2005/2006, Exp. No. 964, Astérisque, No. 311 (2007), pp. 341– 364.

[MFK] Mumford, D., Fogarty, J., and Kirwan, F.: Geometric invariant theory.

Third edition, Ergebnisse der Mathematik und ihrer Grenzgebiete (2), Vol. 34, Springer-Verlag, Berlin, 1994.

[N] Néron, A.: Modèles minimaux des variétés abéliennes, Inst. Hautes Études Sci. Publ. Math., Vol. 21, 1964.

Documenta Mathematica 15 (2010) 571–599

Purity Results for p-Divisible Groups and . . . 599

[R1] Raynaud, M.: Faisceaux amples sur les schémas en groupes et les espaces homogènes, Lecture Notes in Mathematics, Vol. 119, Springer- Verlag, Berlin-New York, 1970.

[R2] Raynaud, M.: Schémas en groupes de type (p,...,p), Bull. Soc. Math.

France, Vol. 102 (1974), pp. 241–280.

[V1] Vasiu, A.: Integral canonical models of Shimura varieties of preabelian type, Asian J. Math. 3 (1999), no. 2, pp. 401–518.

[V2] Vasiu, A.: A purity theorem for abelian schemes, Mich. Math. J. 54 (2004), no. 1, pp. 71–81.

[V3] Vasiu, A.: Projective integral models of Shimura varieties of Hodge type with compact factors, J. reine angew. Math. 618 (2008), pp. 51– 75. [VZ] Vasiu, A. and Zink, Th.: Breuil’s classification of p-divisible groups over regular local rings of arbitrary dimension, Adv. Stud. Pure Math. 58, pp. 461–479, Algebraic and Arithmetic Structures of Moduli Spaces (Sapporo 2007), Math. Soc. Japan, 2010.

[Z1] Zink, Th.: The display of a formal p-divisible group, Cohomologies padiques et applications arithmétiques. I, Astérisque, No. 278 (2002), pp. 127–248.

[Z2] Zink, Th.: A Dieudonné theory for p-divisible groups, Class field theory—its centenary and prospect (Tokyo, 1998), pp. 139–160, Adv. Stud. Pure Math., Vol. 30, Math. Soc. Japan, Tokyo, 2001.

Adrian Vasiu P. O. Box 6000, Department of Mathematical Sciences Binghamton University Binghamton, New York 13902- 6000 U.S.A.

adrian@math.binghamton.edu

Thomas Zink Fakultät für Mathematik Universität Bielefeld P.O. Box 100 131 D-33 501 Bielefeld Germany zink@math.uni-bielefeld.de

Documenta Mathematica 15 (2010) 571–599

Documenta Mathematica 15 (2010)

Documenta Math. 601

Hankel Operators and the Dixmier Trace

on Strictly Pseudoconvex Domains

Miroslav Engliš, Genkai Zhang

Received: November 20, 2009 Revised: June 11, 2010

Communicated by Patrick Delorme

Abstract. Generalizing earlier results for the disc and the ball, we give a formula for the Dixmier trace of the product of 2n Hankel operators on Bergman spaces of strictly pseudoconvex domains in C^n. The answer turns out to involve the dual Levi form evaluated on boundary derivatives of the symbols. Our main tool is the theory of generalized Toeplitz operators due to Boutet de Monvel and Guillemin.

2000 Mathematics Subject Classification: Primary 32A36; Secondary 47B35, 47B06, 32W25 Keywords and Phrases: Dixmier trace, Toeplitz operator, Hankel operator, Bergman space, Hardy space, strictly pseudoconvex domain, pseudodifferential operator, Levi form

1. Introduction

Let Ω be a bounded strictly pseudoconvex domain in C^n with smooth boundary, and L^2_{hol}(Ω) the Bergman space of all holomorphic functions in L^2(Ω). For a bounded measurable function f on Ω, the Toeplitz and the Hankel operator with symbol f are the operators T_f : L^2_{hol}(Ω) → L^2_{hol}(Ω) and H_f : L^2_{hol}(Ω) → L^2(Ω) ⊖ L^2_{hol}(Ω), respectively, defined by

(1) T_f g := Π(fg), H_f g := (I − Π)(fg),

where Π : L^2(Ω) → L^2_{hol}(Ω) is the orthogonal projection. It has been known for some time that for f holomorphic and n > 1, the Hankel operator H_f

Research supported by GA AV ČR grant no. IAA100190802, Czech Ministry of Education research plan no. MSM4781305904, and the Swedish Research Council (VR).

Documenta Mathematica 15 (2010) 601–622

602 M. Engliš, G. Zhang

belongs to the Schatten ideal S^p if and only if f is in the diagonal Besov space B^p(Ω) and p > 2n, or f is constant (so H_f = 0) and p ≤ 2n; see Arazy, Fisher and Peetre [1] for Ω = B^n, the unit ball of C^n, and Li and Luecking [21] for general smoothly bounded strictly pseudoconvex domains Ω. This phenomenon is called a cutoff at p = 2n. In dimension n = 1, the situation is slightly different, in that the cutoff occurs not at p = 2 but at p = 1. One can rephrase the above results also in terms of membership in the Schatten classes of the commutators [T_f , T_g ] := T_f T_g − T_g T_f of Toeplitz operators. In fact, it is immediate from (1) that

T_{f g} − T_g T_f = H^∗_g H_f ,

and also that T_f T_g = T_{f g} if f or g is holomorphic; thus for holomorphic f and g [T_f , T_g ] = H^∗_g H_f .

In any case, it follows that there are no nonzero trace-class Hankel operators H_f , with f holomorphic, if n = 1, and similarly the product H^∗_{f 1} H_{f 2} . . . H^∗_{f 2n−1} H_{f 2n} = [T_{f 2} , T_{f1} ] . . . [T_{f 2n} , T_{f2n−1} ], with f_1, . . . , f_{2n} holomorphic, is never trace-class if n > 1. In particular, there is no hope for n > 1 of having an analogue of the well-known formula for the unit disc,

(2) tr[T_f , T_f ] = � D |f^′(z)|^2 dm(z)

expressing the trace of the commutator [T_f , T_f ] as the square of the Dirichlet norm of the holomorphic function f, which is one of the best known Moebius invariant integrals. (This formula actually holds for Toeplitz operators on any Bergman space of a bounded planar domain, if the Lebesgue area measure dm(z) is replaced by an appropriate measure associated to the domain, see [2].) A remarkable substitute for (2) on the unit ball B^n is the result of Helton and Howe [19], who showed that for smooth functions f_1, . . . , f_{2n} on the closed ball, the complete anti-symmetrization [T_{f1} , T_{f2} , . . . , T_{f2n} ] of the 2n operators T_{f1} , . . . , T_{f2n} is trace-class and

tr[T_{f1} , T_{f2} , . . . , T_{f2n} ] = � B^n

df_1 ∧ df_2 ∧ · · · ∧ df_{2n}.

There is, however, a generalization of (2) to the unit ball B^n, n > 1, in a different direction — using the Dixmier trace. This may be notable especially in view of the prominent applications of the Dixmier trace in noncommutative differential geometry [9].

Namely, it was shown by the present authors and Guo [12] that for f_1, . . . , f_n and g_1, . . . , g_n smooth on the closed ball, the product [T_{f1} , T_{g1} ] . . . [T_{fn} , T_{gn} ] belongs to the Dixmier class S^{Dixm} and has Dixmier trace equal to

(3) Tr_ω([T_{f1} , T_{g1} ] . . . [T_{fn} , T_{gn} ]) = 1 n! � ∂B^n n� j=1 {f_j , g_j }_b dσ,

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 603

where dσ is the normalized surface measure on ∂B^n and {f, g}_b is the “boundary Poisson bracket” given by

{f, g}_b := n� j=1 � ∂f

∂z_j ∂g ∂z_j − ∂f ∂z_j ∂g ∂z_j � − (RfRg − RfRg),

with R :=

�_n

j=1 z_j^∂_{∂zj} and R :=

�_n j=1 z_j^∂_{∂zj} the anti-holomorphic and the holomorphic part of the radial derivative, respectively. In particular, for f holomorphic on B^n and smooth on the closed ball, (H^∗_f H_f )^n = [T_f , T_f ]^n ∈ S^{Dixm} and

Tr_ω((H^∗_f H_f )^n) = 1 n! � ∂B^n

�^n� j=1 � � � ∂f ∂z_j � � �^2 − |Rf|^2

�_n dσ.

Note that for n = 1 the right-hand side vanishes, in accordance with the fact that in dimension 1 the cutoff occurs at p = 1 instead of p = 2n = 2; in fact, it was shown by Rochberg and the first author [13] that for n = 1 actually |H_f | = (H^∗_f H_f )^{1/2}, rather than H^∗_f H_f , is in the Dixmier class for any f ∈ C^∞(D), and

Tr_ω(|H_f |) = � ∂D |∂f| dσ,

so, in particular,

Tr_ω(|H_f |) = � ∂D |f^′| dσ = ‖f^′‖_{H1}

for f ∈ C^∞(D) holomorphic on D, where H^1 denotes the Hardy 1-space on the unit circle.

In this paper, we generalize the result of [12] to arbitrary bounded strictly pseudoconvex domains Ω with smooth boundary. Our result is that for any 2n functions f_1, g_1, . . . , f_n, g_n ∈ C^∞(Ω),

(4) Tr_ω(H^∗_{f1} H_{g1} . . . H^∗_{fn} H_{gn} ) = 1 n!(2π)^n � ∂Ω n� j=1 L(∂_bg_j , ∂_bf_j ) η ∧ (dη)^{n−1},

where ∂_b stands for the boundary ∂-operator [14], η ∧ (dη)^{n−1} is a certain measure on ∂Ω, and L stands for the dual of the Levi form on the anti-holomorphic tangent bundle; see §§ 2 and 4 below for the details.

In contrast to [12], where we were using the so-called pseudo-Toeplitz operators of Howe [18], our proof here relies on Boutet de Monvel’s and Guillemin’s theory of Toeplitz operators on the Hardy space H^2(∂Ω) with pseudodifferential symbols. (This is also the approach used in [13], however the situation Ω = D treated there is much more manageable.)

Documenta Mathematica 15 (2010) 601–622

604 M. Engliš, G. Zhang

In fact, it turns out that for any classical pseudodifferential operator Q on ∂Ω of order −n, the corresponding Hardy-Toeplitz operator T_Q belongs to the Dixmier class and

(5) Tr_ω(T_Q) = 1 n!(2π)^n � ∂Ω σ_{−n}(Q)(x, η(x)) η(x) ∧ (dη(x))^{n−1},

where σ_{−n}(Q) is the principal symbol of Q, and η is a certain 1-form on ∂Ω; see again §2 below for the details. In particular, in view of the results of Guillemin [16] [17], this means that on Toeplitz operators T_Q of order ≤ −n, the Dixmier trace Tr_ω T_Q coincides with the residual trace Tr_{Res} T_Q, a quantity constructed using the meromorphic continuation of the ζ function of T_Q (Wodzicki [24], Boutet de Monvel [7], Ponge [23], Lesch [20], Connes [9]).

We recall the necessary prerequisites on the Dixmier trace, Hankel operators and the Boutet de Monvel-Guillemin theory in Section 2. The proofs of (5) and (4) appear in Sections 3 and 4, respectively. Some concluding comments are assembled in the final Section 5.

Throughout the paper, we will denote Bergman-space Toeplitz operators by T_f , in order to distinguish them from the Hardy-space Toeplitz operators T_f and T_Q. Since Hankel operators on the Hardy space never appear in this paper, Hankel operators on the Bergman space are denoted simply by H_f .

2. Background

2.1 Generalized Toeplitz operators. Let r be a defining function for Ω, that is, r ∈ C^∞(Ω), r < 0 on Ω, and r = 0, ‖∂r‖ > 0 on ∂Ω. Denote by η the restriction to ∂Ω of the 1-form Im(∂r) = (∂r − ∂r)/2i. The strict pseudoconvexity of Ω guarantees that η is a contact form, i.e. the half-line bundle Σ := {(x, ξ) ∈ T^∗(∂Ω) : ξ = tη_x, t > 0}

is a symplectic submanifold of T^∗(∂Ω). Equip ∂Ω with a measure with smooth positive density, and let L^2(∂Ω) be the Lebesgue space with respect to this measure. The Hardy space H^2(∂Ω) is the subspace in L^2(∂Ω) of functions whose Poisson extension is holomorphic in Ω; or, equivalently, the closure in L^2(∂Ω) of C^∞_{hol}(∂Ω), the space of boundary values of all the functions in C^∞(Ω) that are holomorphic on Ω. (In dimensions greater than 1, H^2(∂Ω) can also be characterized as the null-space of the ∂_b-operator, which will appear in Section 4 further on.) We will also denote by W^s(∂Ω), s ∈ R, the Sobolev spaces on ∂Ω, and by W^s_{hol}(∂Ω) the corresponding subspaces of nontangential boundary values of functions holomorphic in Ω. (Thus W^0(∂Ω) = L^2(∂Ω) and W^0_{hol}(∂Ω) = H^2(∂Ω).)

Unless otherwise specified, by a pseudodifferential operator or Fourier integral operator (ΨDO or FIO for short) on ∂Ω we will always mean an operator which is “classical”, i.e. whose total symbol (or amplitude) in any local coordinate

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 605

system has an asymptotic expansion

p(x, ξ) ∼ ∞� j=0 p_{m−j} (x, ξ),

where p_{m−j} is C^∞ in x, ξ, and is positive homogeneous of degree m − j in ξ for |ξ| > 1. Here j runs through nonnegative integers, while m can be any integer; and the symbol “∼” means that the difference between p and

�_{k−1} j=0 p_{m−j} should belong to the Hörmander class S^{m−k}, for each k = 0, 1, 2, . . . . The set of all classical ΨDOs on ∂Ω as above (i.e. of order m) will be denoted by Ψ^m_{cl} ; and we set, as usual, Ψ_{cl} := � m∈Z Ψ^m_{cl} and Ψ^{−∞} := � m∈Z Ψ^m_{cl} . The operators in Ψ^{−∞} are precisely the smoothing operators, i.e. those given by a C^∞ Schwartz kernel; and for any P, Q ∈ Ψ_{cl}, we will write P ∼ Q if P − Q is smoothing. Note that if P ∈ Ψ^m_{cl} , then P is continuous from W^s(∂Ω) into W^{s−m}(∂Ω), for any s ∈ R.

For Q ∈ Ψ^m_{cl} , the generalized Toeplitz operator T_Q : W^m_{hol}(∂Ω) → H^2(∂Ω) is defined as T_Q = ΠQ,

where Π : L^2(∂Ω) → H^2(∂Ω) is the orthogonal projection (the Szegö projection). Alternatively, one may view T_Q as the operator

T_Q = ΠQΠ

on all of W^m(∂Ω). Actually, T_Q maps continuously W^s(∂Ω) into W^{s−m}_{hol} (∂Ω), for each s ∈ R, because Π is bounded on W^s(∂Ω) for any s ∈ R (see [6]). It is known that the generalized Toeplitz operators T_P , P ∈ Ψ_{cl}, have the following properties.

(P1) They form an algebra which is, modulo smoothing operators, locally isomorphic to the algebra of classical ΨDOs on R^n.

(P2) In fact, for any T_Q there exists a ΨDO P of the same order such that T_Q = T_P and P Π = ΠP .

(P3) If P, Q are of the same order and T_P = T_Q, then the principal symbols σ(P ) and σ(Q) coincide on Σ. One can thus define unambiguously the order of a generalized Toeplitz operator as ord(T_Q) := min{ord(P ) : T_P = T_Q}, and its principal symbol (or just “symbol”) as σ(T_Q) := σ(Q)|_Σ if ord(Q) = ord(T_Q). (The symbol is undefined if ord(T_Q) = −∞.)

(P4) The order and the symbol are multiplicative: ord(T_P T_Q) = ord(T_P ) + ord(T_Q) and σ(T_P T_Q) = σ(T_P )σ(T_Q).

(P5) If ord(T_Q) ≤ 0, then T_Q is a bounded operator on L^2(∂Ω); if ord(T_Q) < 0, then it is even compact.

(P6) If Q ∈ Ψ^m_{cl} and σ(T_Q) = 0, then there exists P ∈ Ψ^{m−1}_{cl} with T_P = T_Q.

In particular, if T_Q ∼ 0, then there exists a ΨDO P ∼ 0 such that T_Q = T_P .

Documenta Mathematica 15 (2010) 601–622

606 M. Engliš, G. Zhang

(P7) We will say that a generalized Toeplitz operator T_Q of order m is elliptic if σ(T_Q) does not vanish. Then T_Q has a parametrix, i.e. there exists a Toeplitz operator T_P of order −m, with σ(T_P ) = σ(T_Q)^{−1}, such that T_QT_P ∼ I_H2_{(∂Ω)} ∼ T_P T_Q.

We refer to the book [5], especially its Appendix, and to the paper [4] (which we have loosely followed in this section) for the proofs and additional information on generalized Toeplitz operators.

2.2 The Poisson operator. Let K denote the Poisson extension operator on Ω, i.e. K solves the Dirichlet problem

(6) ΔKu = 0 on Ω, Ku|_{∂Ω} = u.

(Thus K acts from functions on ∂Ω into functions on Ω. Here Δ is the ordinary Laplace operator.) By the standard elliptic regularity theory (see e.g. [22]), K acts continuously from W^s(∂Ω) onto the subspace W^{s+1/2}_{harm} (Ω) of all harmonic functions in W^{s+1/2}(Ω). In particular, it is continuous from L^2(∂Ω) into L^2(Ω), and thus has a continuous Hilbert space adjoint K^∗ : L^2(Ω) → L^2(∂Ω). The composition K^∗K =: Λ

is known to be an elliptic positive ΨDO on ∂Ω of order −1. We have

(7) Λ^{−1}K^∗K = I_L2_{(∂Ω)},

while KΛ^{−1}K^∗ = Π_{harm},

the orthogonal projection in L^2(Ω) onto the subspace L^2_{harm}(Ω) of all harmonic functions. (Indeed, from (7) it is immediate that the left-hand side acts as the identity on the range of K, while it trivially vanishes on Ker K^∗ = (Ran K)^⊥.) Comparing (7) with (6), we also see that the restriction

γ := Λ^{−1}K^∗|_L2_{harm(Ω)}

is the operator of “taking the boundary values” of a harmonic function. Again, by elliptic regularity, γ extends to a continuous operator from W^s_{harm}(Ω) onto W^{s−1/2}(∂Ω), for any s ∈ R, which is the inverse of K. The operators Λ_w := K^∗wK,

with w a smooth function on Ω, are governed by a calculus developed by Boutet de Monvel [3]. It was shown there that for w of the form

(8) w = r^mg, m = 0, 1, 2, . . . , g ∈ C^∞(Ω),

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 607

Λ_w is a ΨDO on ∂Ω of order −m − 1, with symbol

(9) σ(Λ_w )(x, ξ) =

(−1)^mm! 2|ξ|^{m+1} g(x) ‖η_x‖^m.

(In particular, σ(Λ)(x, ξ) = 1/2|ξ|.)

By abstract Hilbert space theory, K has, as an operator from L^2(∂Ω) into L^2(Ω), the polar decomposition

(10) K = U(K^∗K)^{1/2} = UΛ^{1/2},

where U is a partial isometry with initial space Ran K^∗ = (Ker K)^⊥ and final space Ran K; that is, U is a unitary operator from L^2(∂Ω) onto L^2_{harm}(Ω). The operators γ, K and U = KΛ^{−1/2} can be used to “transfer” operators on L^2_{harm}(Ω) ⊂ L^2(Ω) into operators on L^2(∂Ω). The following proposition appears as Proposition 8 in [11]; we reproduce its (short) proof here for completeness.

Proposition 1. γΠK = T^{−1}_Λ ΠΛ.

Proof. Set Π_Λ := KT^{−1}_Λ ΠΛγ, an operator on L^2_{harm}(Ω); we need to show that Π_Λ = Π|_L2_{harm} . Since T^{−1}_Λ ΠΛ acts as the identity on the range of Π, it is immediate that Π^2_Λ = Π_Λ; furthermore, Π_Λ = KT^{−1}_Λ ΠK^∗ = KΠT^{−1}_Λ ΠK^∗ is evidently self-adjoint. Thus Π_Λ is the orthogonal projection in L^2_{harm}(Ω) onto Ran Π_Λ. But

Ran Π_Λ = (Ker Π_Λ)^⊥ = (Ker KΠT^{−1}_Λ ΠK^∗)^⊥ = (Ker T^{−1/2}_Λ ΠK^∗)^⊥ = (Ker ΠK^∗)^⊥ = Ran KΠ = KH^2(∂Ω) = W^{1/2}_{hol} (Ω) = L^2_{hol}(Ω).

So, indeed, Π_Λ = Π. □ Similarly to (10), the bounded (in fact — since Λ is of order < 0 — even compact) operator Λ^{1/2}Π on L^2(∂Ω) has polar decomposition

Λ^{1/2}Π = W (ΠΛΠ)^{1/2} = W T^{1/2}_Λ ,

where W is a partial isometry with initial space Ran ΠΛ^{1/2} = H^2(∂Ω) and final space Ran Λ^{1/2}Π = Λ^{1/2}H^2(∂Ω); in particular,

(11) W^∗W = I on H^2(∂Ω).

The following proposition is analogous to Corollary 9 of [11].

Documenta Mathematica 15 (2010) 601–622

608 M. Engliš, G. Zhang

Proposition 2. Let w ∈ C^∞(Ω) be of the form (8). Then

U^∗T_wU = W T^{−1/2}_Λ T_{Λw} T^{−1/2}_Λ W^∗ = W T_{Qw} W^∗,

where Q_w is a ΨDO on ∂Ω of order −m with

σ(Q_w)(x, ξ)|_Σ =

(−1)^mm!

|ξ|^m g(x) ‖η_x‖^m.

Proof. By Proposition 1, ΠK = KT^{−1}_Λ ΠΛ = KΠT^{−1}_Λ ΠΛ; hence

U^∗T_wU = Λ^{−1/2}K^∗ΠwΠKΛ^{−1/2} = Λ^{1/2}ΠT^{−1}_Λ ΠK^∗wKΠT^{−1}_Λ ΠΛ^{1/2} = Λ^{1/2}ΠT^{−1}_Λ ΠΛ_wΠT^{−1}_Λ ΠΛ^{1/2} = Λ^{1/2}ΠT^{−1}_Λ T_{Λw} T^{−1}_Λ ΠΛ^{1/2}

= W T^{−1/2}_Λ T_{Λw} T^{−1/2}_Λ W^∗,

proving the first equality. The second equality follows from (9) and the properties (P1) and (P4). □ 2.3 The Dixmier trace. Recall that if A is a compact operator acting on a Hilbert space then its sequence of singular values {s_j (A)}^∞_{j=1} is the sequence of eigenvalues of |A| = (A^∗A)^{1/2} arranged in nonincreasing order. In particular if A ≫ 0 this will also be the sequence of eigenvalues of A in nonincreasing order. For 0 < p < ∞ we say that A is in the Schatten ideal S_p if {s_j (A)} ∈ l^p(Z_{>0}). If A ≫ 0 is in S_1, the trace class, then A has a finite trace and, in fact, tr(A) = � j s_j (A). If however we only know that

s_j (A) = O(j^{−1}) or that

S_k(A) := k� j=1 s_j (A) = O(log(1 + k))

then A may have infinite trace. However in this case we may still try to compute its Dixmier trace, Tr_ω(A). Informally Tr_ω(A) = lim_k^1_{log k} S_k(A) and this will actually be true in the cases of interest to us. We begin with the definition. Select a continuous positive linear functional ω on l^∞(Z_{>0}) and denote its value on a = (a_1, a_2, ...) by Lim_ω(a_k). We require of this choice that Lim_ω(a_k) = lim a_k if the latter exists. We require further that ω be scale invariant; a technical requirement that is fundamental for the theory but will not be of further concern to us.

Let S^{Dixm} be the class of all compact operators A which satisfy

(12)

� S_k(A)

log(1 + k) � ∈ l^∞.

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 609

With the norm defined as the l^∞-norm of the left-hand side of (12), S^{Dixm} becomes a Banach space [15]. For a positive operator A ∈ S^{Dixm}, we define the Dixmier trace of A, Tr_ω(A), as Tr_ω(A) = Lim_ω(^{Sk (A)}_{log(1+k)} ). Tr_ω(·) is then extended by linearity to all of S^{Dixm}. Although this definition does depend on ω the operators A we consider are measurable, that is, the value of Tr_ω(A) is independent of the particular choice of ω. We refer to [9] for details and for discussion of the role of these functionals.

It is a result of Connes [8] that if Q is a ΨDO on a compact manifold M of real dimension n and ord(Q) = −n, then Q ∈ S^{Dixm} and

(13) Tr_ω(Q) = 1 n!(2π)^n � (T^∗M)_1

σ(Q).

(Here (T^∗M)_1 denotes the unit sphere bundle in the cotangent bundle T^∗M, and the integral is taken with respect to a measure induced by any Riemannian metric on M; since σ(Q) is homogeneous of degree −n, the value of the integral is independent of the choice of such metric.) In the next section, we will see that for Toeplitz operators T_Q on ∂Ω, Ω ⊂ C^n, the “right” order for T_Q to belong to S^{Dixm} is not − dim_R ∂Ω = −(2n − 1), but − dim_C Ω = −n.

3. Dixmier trace of generalized Toeplitz operators

Let T be a positive self-adjoint generalized Toeplitz operator on ∂Ω of order 1 with σ(T ) > 0. Let 0 < λ_1 ≤ λ_2 ≤ λ_3 ≤ . . . be the points of its spectrum (counting multiplicities) and let N(λ) denote the number of λ_j ’s less than λ. It was shown in Theorem 13.1 in [5] that as λ → +∞,

(14) N(λ) = vol(Σ_T ) (2π)^n λ^n + O(λ^{n−1}),

where Σ_T is the subset of Σ where σ(T ) ≤ 1, and vol(Σ_T ) is its symplectic volume.

Using properties of generalized Toeplitz operators, it is easy to derive from here the formula for the Dixmier trace.

Theorem 3. Let T be a generalized Toeplitz operator on H^2(∂Ω) of order −n. Then T ∈ S^{Dixm}, and

Tr_ω(T ) = 1 n!(2π)^n � ∂Ω σ(T )(x, η_x) η ∧ (dη)^{n−1}.

In particular, T is measurable.

Proof. As the Dixmier trace is defined first on positive operators and then extended to all of S^{Dixm} by linearity, while T may be split into its real and imaginary parts each of which can be expressed as a difference of two positive generalized Toeplitz operators of the same order, it is enough to prove the

Documenta Mathematica 15 (2010) 601–622

610 M. Engliš, G. Zhang

assertion when T is positive self-adjoint with σ(T ) > 0. Then T is elliptic, and it follows from Seeley’s theorem on complex powers of ΨDO’s and from the property (P2) that T^{−1/n} is also a generalized Toeplitz operator, with symbol σ(T )^{−1/n} and of order 1 (see [10], Proposition 16, for the detailed argument). Thus the eigenvalues λ_1 ≤ λ_2 ≤ . . . of T^{−1/n} satisfy (14). Consequently,

S_k(T ) = k� j=1 s_j (T ) = k� j=1 λ^{−n}_j = � [λ_1,λ_k ]

λ^{−n} dN(λ) = � [λ_1,λ_k ] � c N(λ) + O � N(λ)^{−1− 1n} � dN(λ) = �_k 1 � c N + O(N^{−1− 1n} ) � dN = c log k + O(1).

Here we have temporarily denoted c := (2π)^{−n} vol(Σ_T −1/n ). Dividing by log(k + 1) and letting k tend to infinity, it follows that T ∈ S^{Dixm} and

(15) Tr_ω(T ) = lim_{k→∞}

S_k(T ) log(k + 1)

= c.

Let us parameterize Σ as (x, tη_x) with x ∈ ∂Ω, t > 0. The subset Σ_T −1/n is then characterized by

σ(T )(x, tη_x)^{−1/n} ≤ 1, or t ≤ σ(T )(x, η_x)^{1/n}.

A routine computation, which we postpone to the next lemma, shows that the symplectic volume on Σ with respect to the above parameterization is given by

t^{n−1} (n−1)! dt ∧ η(x) ∧ (dη(x))

n−1. Consequently,

vol(Σ_T −1/n ) = � ∂Ω �_{σ(T )(x,ηx)}1/n 0 t^{n−1} (n − 1)!

dt ∧ η ∧ (dη)^{n−1} = 1 n! � ∂Ω σ(T )(x, η_x) η ∧ (dη)^{n−1}.

Combining this with (15) and the definition of c, the assertion follows. □

Remark 4. Observe that, in analogy with (13), the last integral is independent of the choice of the defining function. Indeed, if r is replaced by gr, with g > 0 on ∂Ω, then η = Im(∂r) is replaced by gη (since ∂(gr) = g∂r on the set where r = 0), and η ∧ (dη)^{n−1} by gη ∧ (g dη + dg ∧ η)^{n−1} = g^n η ∧ (dη)^{n−1} (because η ∧ η = 0); as σ(T )(x, ξ) is homogeneous of degree −n in ξ, the integrand remains unchanged. □

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 611

Lemma 5. With respect to the parameterization Σ = {(x, tη_x) : x ∈ ∂Ω, t > 0}, the symplectic form on Σ is given by

ω = t dη + dt ∧ η = d(tη).

Consequently, the symplectic volume in the (x, t) coordinates is given by

ω^n n! = t^{n−1} (n − 1)!

dt ∧ η ∧ (dη)^{n−1}.

We are supplying a proof of this simple fact below, since we were unable to locate it in the literature (though we expect that it must be at least implicitly contained e.g. somewhere in [5]).

Proof. Recall that if (x_1, x_2, . . . , x_{2n−1}) is a real coordinate chart on ∂Ω and (x, ξ) the corresponding local coordinates for a point (x; ξ_1dx_1 + · · · + ξ_{2n−1}dx_{2n−1}) in T^∗∂Ω, then the form α = ξ_1dx_1 +· · ·+ξ_{2n−1}dx_{2n−1} is globally defined and the symplectic form is given by ω = dα = dξ_1 ∧dx_1 +· · ·+dξ_{2n−1} ∧ dx_{2n−1}. Since exterior differentiation commutes with restriction (or, more precisely, with the pullback j^∗ under the inclusion map j : Σ → T^∗∂Ω), it follows that the symplectic form ω_Σ = j^∗ω on Σ is given by ω_Σ = d(j^∗α). As in our case j^∗α = tη, the first formula follows. (We will drop the subscript Σ from now on.) The second formula is immediate from the first since η ∧ η = 0 and (dη)^n = 0. □

The following corollary is immediate upon combining Theorem 3 and Proposition 2.

Corollary 6. Assume that f ∈ C^∞(Ω) vanishes at ∂Ω to order n. Then T_f belongs to the Dixmier class, is measurable, and

Tr_ω(T_f ) = 1 n!(4π)^n � ∂Ω N^nf η ∧ (dη)^{n−1} ‖η‖^n , where N denotes the interior unit normal derivative.

4. Dixmier trace for products of Hankel operators

It is known [5] that the symbol of the commutator of two generalized Toeplitz operators is given by the Poisson bracket (with respect to the symplectic structure of Σ) of their symbols:

σ([T_P , T_Q]) =^1_i {σ(T_P ), σ(T_Q)}_Σ.

We need an analogous formula for the semi-commutator T_{P Q}−T_P T_Q of two generalized Toeplitz operators. Not surprisingly, it turns out to be given (at least in the cases of interest to us) by an appropriate “half” of the Poisson bracket.

Documenta Mathematica 15 (2010) 601–622

612 M. Engliš, G. Zhang

Let us denote by T^{′′} ⊂ T ∂Ω ⊗ C the anti-holomorphic complex tangent space to ∂Ω, i.e. the elements of T^{′′}_x , x ∈ ∂Ω, are the vectors

�_n

j=1 a_j^∂_{∂zj} , a_j ∈ C, such that � j a_j^{∂r}_{∂zj} (x) = 0. (This notation follows [6], p. 141.) On the open subset U_m of ∂Ω where^{∂r}_{∂zm} ≠ 0 (as m ranges from 1 to n, these subsets cover all of ∂Ω), T^{′′} is spanned by the n − 1 vector fields

R_j := ∂ ∂z_j − ∂r/∂z_j ∂r/∂z_m ∂ ∂z_m

, j ≠ m.

(Thus R_j depends also on m, although this is not reflected by the notation.) The (similarly defined) holomorphic complex tangent space T^′ is, analogously, spanned on U_m by the n − 1 vector fields

R_j := ∂ ∂z_j − ∂r/∂z_j ∂r/∂z_m ∂ ∂z_m

, j ≠ m,

while the whole complex tangent space T ∂Ω ⊗ C is spanned there by the R_j , R_j and

E := n� j=1 ∂r ∂z_j ∂ ∂z_j − ∂r ∂z_j ∂ ∂z_j

(the “complex normal” direction).

The boundary d-bar operator ∂_b : C^∞(∂Ω) → C^∞(∂Ω, T^{′′∗}) is defined as the restriction ∂_bf := df|_T ′′ ,

or, more precisely, ∂_bf = df̃|_T ′′ for any smooth extension f̃ of f to a neighbourhood of ∂Ω in C^n (the right-hand side is independent of the choice of such extension). On U_m, T^{′′∗} admits dz_j |_T ′′ , j ≠ m, as a basis and

∂_bf = � j R_j f dz_j |_T ′′ .

Under our parameterization of Σ by (x, t) ∈ ∂Ω × R_+, the tangent bundle T Σ is identified with T ∂Ω × R, being spanned at each (x, tη_x) ∈ Σ by R_j , R_j , E and the extra vector T :=^∂_{∂t} . Recall that the Levi form L^′ is the Hermitian form on T^′ defined by

L^′(X, Y ) := n� j,k=1

∂^2r ∂z_j ∂z_k

X_j Y_k if X = � j X_j ∂ ∂z_j

, Y = � k Y_k ∂ ∂z_k . The strong pseudoconvexity of Ω means that L^′ is positive definite. Similarly, one has the positive-definite Levi form L^{′′} on T^{′′} defined by

L^{′′}(X, Y ) := n� j,k=1

∂^2r ∂z_k∂z_j

X_j Y_k if X = � j X_j ∂ ∂z_j

, Y = � k Y_k ∂ ∂z_k .

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 613 In terms of the complex conjugation X → X given by X_j^∂_{∂zj} = X_j^∂_{∂zj} , mapping T^′ onto T^{′′} and vice versa, the two forms are related by (16) L^{′′}(X, Y ) = L^′(Y , X) ∀X, Y ∈ T^{′′}.

By the usual formalism, L^{′′} induces a positive definite Hermitian form^1 on the dual space T^{′′∗} of T^{′′}; we denote it by L. Namely, if L^{′′} is given by a matrix L with respect to some basis {e_j }, then L is given by the inverse matrix L^{−1} with respect to the dual basis {ê_k} satisfying ê_k(e_j ) = δ_{jk} . An alternative description is the following. For any α ∈ T^{′′∗}, let Z^{′′}_α ∈ T^{′′} be defined by L^{′′}(X, Z^{′′}_α) = α(X) ∀X ∈ T^{′′}.

(This is possible, and Z^{′′}_α is unique, owing to the non-degeneracy of L^{′′}. Note that α → Z^{′′}_α is conjugate-linear.) Then L(α, β) = L^{′′}(Z^{′′}_β , Z^{′′}_α) = α(Z^{′′}_β ) = β(Z^{′′}_α).

Let, in particular, Z^{′′}_f := Z^{′′}_{∂bf} , so that L^{′′}(X, Z^{′′}_f ) = ∂_bf(X) ∀X ∈ T^{′′}, and denote by Z^′_f ∈ T^′ the similarly defined holomorphic vector field satisfying L^′(Y, Z^′_f ) = ∂_bf(Y ) ∀Y ∈ T^′, where ∂_bf := df|_T ′ . Set Z_f := i(Z^{′′}_f − Z^′_f ) ∈ T^′ + T^{′′}.

These objects are related to the symplectic structure of Σ as follows. Note that dη = i∂∂r = i n� k,l=1

∂^2r ∂z_k∂z_l dz_k ∧ dz_l,

hence dη(X^′ + X^{′′}, Y^′ + Y^{′′}) = iL^′(X^′, Y^{′′}) − iL^′(Y^′, X^{′′}) for all X^′, Y^′ ∈ T^′ and X^{′′}, Y^{′′} ∈ T^{′′}. It follows that dη is a non-degenerate skew-symmetric bilinear form on T^′ + T^{′′}, and (17) dη(X, Z_f ) = Xf ∀X ∈ T^′ + T^{′′}.

1or, perhaps more appropriately, a positive definite Hermitian bivector Documenta Mathematica 15 (2010) 601–622

614 M. Engliš, G. Zhang Indeed,

dη(X^′ + X^{′′}, Z_f ) = iL^′(X^′, −iZ^′_f ) − iL^′(iZ^{′′}_f , X^{′′}) = L^′(X^′, Z^′_f ) + L^{′′}(X^{′′}, Z^{′′}_f ) = ∂_bf(X^′) + ∂_bf(X^{′′}) = df(X^′ + X^{′′}).

Let us define E_T ∈ T^′ + T^{′′} by (18) dη(X, E_T ) = dη(X, E) ∀X ∈ T^′ + T^{′′} (again, this is possible and unambiguous by virtue of the non-degeneracy of dη on T^′ + T^{′′}), and set E_⊥ :=

E − E_T η(E) = E − E_T i‖η‖^2 . The vector field E_⊥ is usually called the Reeb vector field, and is defined by the conditions η(E_⊥) = 1, i_{E⊥} dη = 0.

Proposition 7. Let f, g ∈ C^∞(∂Ω), and let F, G be the functions on Σ ∼= ∂Ω × R_+ given by F (x, t) = t^{−k}f(x), G(x, t) = t^{−m}g(x).

Then the Poisson bracket of F and G is given by {F, G}_Σ = t^{−k−m−1} � Z_f g + mgE_⊥f − kfE_⊥g � . Proof. Recall that the Hamiltonian vector field H_F of F is the pre-dual of dF with respect to the symplectic form ω_Σ ≡ ω on Σ, namely ω(X, H_F ) = dF (X) = XF, ∀X ∈ T Σ.

Since F = t^{−k}f(x), we have dF = t^{−k}df − kt^{−k−1}fdt, so (19) H_F = t^{−k}H_f − kt^{−k−1}fH_t. We claim that (20) H_t = E_⊥, H_f = 1 t Z_f − E_⊥f T.

We check the formula for H_t, i.e. ω(X, H_t) = dt(X) ∀X ∈ T Σ.

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 615

For X = T ,

ω(T, E_⊥) = 1 η(E)

(tdη + dt ∧ η)(T, E − E_T ) = 1 η(E) dt ∧ η(T, E − E_T ) = η(E) − η(E_T ) η(E) = 1 = dt(T ),

since η vanishes on T^′ + T^{′′} ∋ E_T . Similarly, for X = X^′ ∈ T^′,

ω(X^′, E_⊥) = 1 η(E) t dη(X^′, E_⊥)

vanishes by the definition (18) of E_T , and so does dt(E_⊥) since E_⊥ contains no t-differentiations. Analogously for X = X^{′′} ∈ T^{′′}. Finally, for X = E we have

ω(E, E_⊥) = − 1 η(E) ω(E, E_T ) = − 1 η(E) t dη(E, E_T ) = − 1 η(E) t dη(E_T , E_T ) = 0 = dt(E),

where in the third equality we have used (18) for X = E_T . Next we check the formula for H_f . For X = T , both ω(X, H_f ) and df(X) are zero. For X ∈ T^′ + T^{′′}, we have ω(X, T ) = dt ∧ η(X, T ) = −η(X) = 0 and the equality follows by (17). Finally for X = E

ω(E, H_f ) = t dη(E,^1_t Z_f ) + dt ∧ η(E, −E_⊥f T ) = dη(E_T , Z_f ) + η(E)E_⊥f = E_T f + η(E)E_⊥f by (17) = E_T f + (E − E_T )f,

which indeed coincides with df(E) = Ef. By (20) and (19), we thus get

H_F = t^{−k−1}Z_f − t^{−k}E_⊥f T − kt^{−k−1}fE_⊥.

Consequently,

{F, G}_Σ = ω(H_F , H_G) = H_F G = t^{−k−m−1}Z_f g + mt^{−k−m−1}gE_⊥f − kt^{−k−m−1}fE_⊥g,

and the assertion follows. □

Documenta Mathematica 15 (2010) 601–622

616 M. Engliš, G. Zhang

Corollary 8. Let f, g ∈ C^∞(∂Ω), and denote by f, g also the corresponding functions on Σ ∼= ∂Ω × R_+ constant on each fiber. Then

{f, g}_Σ = 1 t Z_f g = i

L(∂_bf, ∂_bg) − L(∂_bg, ∂_bf) t . Proof. Immediate upon taking m = k = 0 in the last proposition, and observing that 1 i Z_f g = Z^{′′}_f g − Z^′_f g = dg(Z^{′′}_f ) − dg(Z^′_f )

= ∂_bg(Z^{′′}_f ) − ∂_bg(Z^′_f ) = ∂_bg(Z^{′′}_f ) − ∂_bg(Z^′_f )

= L(∂_bg, ∂_bf) − L(∂_bg, ∂_bf),

since Z^′_f = Z^{′′}_f by virtue of (16). □

We are now ready to state the main result of this section and, in some sense, of this paper.

Theorem 9. Let U, W have the same meaning as in Proposition 2. Then for f, g ∈ C^∞(Ω), U^∗(T_{f g} − T_g T_f )U = W T_QW^∗,

where T_Q is a generalized Toeplitz operator on ∂Ω of order −1 with principal symbol

(21) σ(T_Q)(x, tη_x) = 1 t L(∂_bf, ∂_bg)(x).

Proof. By Proposition 2,

U^∗(T_{f g} − T_g T_f )U = W (T_{Qf g} − T_{Qg} T_{Qf} )W^∗,

where T_{Qf} = T^{−1/2}_Λ T_{Λf} T^{−1/2}_Λ is a generalized Toeplitz operator of order 0 with symbol σ(T_{Qf} )(x, ξ) = f(x). By (P1) and (P4), the expression T_{Qf g} − T_{Qg} T_{Qf} is thus a generalized Toeplitz operator T_Q of order 0 with symbol σ(T_Q) = σ(T_{Qf g} ) − σ(T_{Qg} )σ(T_{Qf} ) = fg − gf = 0; thus by (P6), it is indeed, in fact, a generalized Toeplitz operator of order −1. It remains to show that its symbol, which we denote by ρ(f, g), is given by (21).

By the general theory, ρ(f, g) is given by a local expression, i.e. one involving only finitely many derivatives of f and g at the given point, and linear in f and g. (Indeed, the proof of Proposition 2.5 in [5] shows that the construction, for a given ΨDO Q, of the ΨDO P from property (P2), i.e. such that T_Q = T_P and [P, Π] = 0, is completely local in nature, so the total symbol of the P corresponding to Q = Λ_f is given by local expressions in terms of the total symbol of Λ_f , hence, by local expressions in terms of f; the claim thus follows

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 617

from the product formula for the symbol of ΨDOs.) It is therefore enough to show that

(22) ρ(f, g) = 1 t L(∂_bf, ∂_bg)

for functions f, g of the form uv, with u, v holomorphic on Ω.^2 Next, if u and v are holomorphic on Ω, then T_v T_f = T_{vf} and T_f T_u = T_{f u} for any f; consequently, using Proposition 2 and (11),

U^∗(T_{uf vg} − T_{vg} T_{uf} )U = U^∗T_v (T_{f g} − T_g T_f )T_uU = U^∗T_v UU^∗(T_{f g} − T_g T_f )UU^∗T_uU = W T_{Qv} W^∗W (T_{Qf g} − T_{Qg} T_{Qf} )W^∗W T_{Qu} W^∗ = W T_{Qv} (T_{Qf g} − T_{Qg} T_{Qf} )T_{Qu} W^∗.

By (P4) we see that ρ(uf, vg) = u ρ(f, g) v.

Since also L(∂_buf, ∂_bvg) = u L(∂_bf, ∂_bg) v (because ∂_b(uf) = u ∂_bf for holomorphic u), it in fact suffices to prove (22) when f, g are both conjugate-holomorphic, i.e. ∂_bf = ∂_bg = 0. However, in that case T_{f g} = T_f T_g , so, using again Proposition 2 and (11),

U^∗(T_{f g} − T_g T_f )U = U^∗[T_f , T_g ]U = [U^∗T_f U, U^∗T_g U] = [W T_{Qf} W^∗, W T_{Qg} W^∗] = W [T_{Qf} , T_{Qg} ]W^∗,

implying that

ρ(f, g) = σ([T_{Qf} , T_{Qg} ]) =^1_i {σ(T_{Qf} ), σ(T_{Qg} )}_Σ =^1_i {f, g}_Σ = L(∂_bf, ∂_bg) − L(∂_bg, ∂_bf) t by Corollary 8 =^1_t L(∂_bf, ∂_bg),

completing the proof. □ Remark 10. It seems much more difficult to obtain a formula for the symbol of T_{P Q} − T_P T_Q for general ΨDOs P and Q. □ We are now ready to prove the main result on Dixmier traces.

2In fact, even holomorphic polynomials u, v would do.

Documenta Mathematica 15 (2010) 601–622

618 M. Engliš, G. Zhang

Theorem 11. Let f_1, g_1, . . . , f_n, g_n ∈ C^∞(Ω). Then the operator

H = H^∗_{g1} H_{f1} H^∗_{g2} H_{f2} . . . H^∗_{gn} H_{fn}

on L^2_{hol}(Ω) belongs to the Dixmier class, and

(23) Tr_ω(H) = 1 n!(2π)^n � ∂Ω L(∂_bf_1, ∂_bg_1) . . . L(∂_bf_n, ∂_bg_n) η ∧ (dη)^{n−1}.

In particular, H is measurable.

Proof. Denote, for brevity, V_j := T^{−1/2}_Λ (T_{Λfj gj} −T_{Λgj} T^{−1}_Λ T_{Λfj} )T^{−1/2}_Λ . We have seen in the last theorem that H^∗_{gj} H_{fj} = T_{gj fj} − T_{gj} T_{fj} satisfies

U^∗H^∗_{gj} H_{fj} U = W V_j W^∗

and that V_j is a generalized Toeplitz operator of order −1 with symbol given by σ(V_j )(x, tη_x) =^1_t L(∂_bf_j , ∂_bg_j ). By iteration and using (11), it follows that

U^∗H^∗_{g1} H_{f1} H^∗_{g2} H_{f2} . . . H^∗_{gn} H_{fn} U = W V_1V_2 . . . V_nW^∗ = W V W^∗,

where V := V_1V_2 . . . V_n is a generalized Toeplitz operator of order −n with symbol σ(V )(x, tη_x) = t^{−n}

�_n

j=1 L(∂_bf_j , ∂_bg_j ). An application of Theorem 3 completes the proof. □

Corollary 12. Let f be holomorphic on Ω and C^∞ on Ω. Then |H_f |^{2n} is in the Dixmier class, measurable, and

Tr_ω(|H_f |^{2n}) = 1 n!(2π)^n � ∂Ω L(∂_bf, ∂_bf)^n η ∧ (dη)^{n−1}.

By standard matrix algebra, one has^3

L(∂_bf, ∂_bg) = � ∂g̃ 0 �_∗ �

∂∂r ∂r ∂r 0

�_{−1} � ∂f̃ 0 � , 3Let, quite generally, X be an operator on C^n, u ∈ C^n, and denote by A the compression of X to the orthogonal complement u^⊥ of u, i.e. A = P X|_{Ran P} where P : C^n → u^⊥ is

the orthogonal projection. Assume that A is invertible. Then the block matrix [ X u u^∗ 0 ] ∈ C^{(n+1)×(n+1)} is invertible, and for any v, w ∈ C^n,

⟨A^{−1}P v, P w⟩ = [ w 0 ]_∗ [ X u u^∗ 0

]_{−1} [ v 0 ] . Indeed, switching to a convenient basis we may assume that u = [0, . . . , 0, 1]^t. Write X = [ A b c^∗ d ] , with b, c ∈ C^n, d ∈ C. Then [ X u u^∗ 0 ] = A b 0 c^∗ d 1 0 1 0 = 1 0 b 0 1 d 0 0 1

A 0 0 0 0 1 0 1 0

1 0 0 0 1 0 c^∗ 0 1 ,

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 619

where f̃, g̃ are any smooth extensions of f, g ∈ C^∞(∂Ω) to a neighbourhood of ∂Ω.

In particular, for Ω = B^d, the unit ball, with the defining function r(z) = |z|^2 − 1, we obtain

(24) L(∂_bf, ∂_bg) = n� j=1 ∂f̃ ∂z_j ∂g̃ ∂z_j

− Rf̃Rg̃,

where R :=

�_n

j=1 z_j^∂_{∂zj} is the anti-holomorphic radial derivative. One also easily checks that η ∧ (dη)^{n−1} = (2π)^n dσ where dσ is the normalized surface measure on ∂B^n. The last two theorems thus recover, as they should, the results from [12] (Theorem 4.4 — which is the formula (3) above — and Corollary 4.5 there).

Note also that for n = 1, the expression (24) vanishes; in this case U^∗H^∗_g H_f U is thus in fact of order not −1 but −2 (so that |H^∗_g H_f |^{1/2} is in the Dixmier class rather than H^∗_g H_f ), and some additional work is needed to compute the symbol (and, from it, the Dixmier trace); see [13].

Finally, we pause to remark that the value of the integral (23) remains unchanged under biholomorphic mappings, as well as changes of the defining function. Indeed, if r is replaced by gr, with g > 0 on ∂Ω, then T^{′′} and ∂_b are unaffected, while the Levi form L on T^{′′} gets multiplied by g. Hence its dual L gets multiplied by g^{−1}, and as η ∧ (dη)^{n−1} transforms into g^nη ∧ (dη)^{n−1} (cf. Remark 4), the integrand in (23) does not change. Similarly, if ϕ : Ω_1 → Ω_2 is a biholomorphic map and r is a defining function for Ω_2, one can choose ϕ ∘ r as the defining function for Ω_1; then it is immediate, in turn, that ϕ sends T^′ into T^′ and T^{′′} into T^{′′}, and that it transforms each of η, η ∧ (dη)^{n−1}, ∂_b, ∂_b, L and L into the corresponding object on the other domain. Hence L(∂_bf, ∂_bg) = (ϕ_∗L)(ϕ^∗∂_bf, ϕ^∗∂_bg) = L(∂_b(f ∘ ϕ), ∂_b(g ∘ ϕ)) and, finally, ϕ^∗( � j L(∂_bf_j , ∂_bg_j ) η ∧ (dη)^{n−1}) = � j L(∂_b(f_j ∘ ϕ), ∂_b(g_j ∘ ϕ)) η ∧ (dη)^{n−1}, proving the claim. Note that e.g. even in the formula (3) for Ω = B^n, the invariance of the value of the integral under biholomorphic self-maps of the ball is definitely not apparent.

5. Concluding remarks

5.1 Manifolds. The results in this paper should all be generalizable to arbitrary strictly pseudoconvex manifolds.

whence

1 0 0 0 1 0 c^∗ 0 1 [ X u u^∗ 0

]_{−1}

1 0 b 0 1 d 0 0 1 = A 0 0 0 0 1 0 1 0 −1 = A^{−1} 0 0 0 0 1 0 1 0 ,

and the claim follows.

The formula for L(∂_bf, ∂_bg) is obtained upon taking X = L, u = ∂r, v = ∂f and w = ∂g.

Documenta Mathematica 15 (2010) 601–622

620 M. Engliš, G. Zhang

5.2 Residual trace. Comparing Theorem 3 with the results of Guillemin [16] [17], we see that the Dixmier trace for generalized Toeplitz operators coincides (possibly up to different normalization) with the residual trace of Wodzicki, Guillemin, Manin and Adler. This is completely analogous to the situation for ΨDOs, cf. Connes [8], Theorem 1.

5.3 Nonsmooth symbols. For the unit disc D in C, the analogue of Corollary 12 is Tr_ω(|H_f |) = � ∂D |f^′(e^{iθ})| dθ 2π for f holomorphic on D and smooth on D; see [13]. It was shown in [13] that the smoothness assumption can be dispensed with: namely, for f holomorphic on D, |H_f | ∈ S^{Dixm} if and only if f^′ belongs to the Hardy 1-space H^1(∂D), and then Tr_ω(|H_f |) = ‖f^′‖_H1 .

We expect that the same situation prevails also for general domains Ω of the kind studied in this paper, in the following sense. For f holomorphic on Ω, denote

L_f (z) := � ∂f 0 �_∗ � ∂∂r ∂r ∂r 0

�_{−1} � ∂f 0 � (z).

This is a smooth function defined in some neighbourhood of ∂Ω in Ω, whose boundary values coincide with L(∂_bf, ∂_bf) if f is smooth up to the boundary.

Conjecture. Let f be holomorphic on Ω. Then |H_f |^{2n} ∈ S^{Dixm} if and only if

‖f‖_L := lim sup_{ϵ↘0} � 1 n!(2π)^n � r=−ϵ

|L_f |^n |η ∧ (dη)^{n−1}|

�_{1/2n}

is finite, and then Tr_ω(|H_f |^{2n}) = ‖f‖^{2n}_L .

The proof for the disc went by showing first that ‖f^′‖_{H1} actually dominates the S^{Dixm} norm of |H_f |; the result then followed from the one for f ∈ C^∞(D) by a straightforward approximation argument. This approach might also work for general domains Ω (with ‖f‖_L and |H_f |^{2n} replacing ‖f^′‖_H1 and |H_f |), but the techniques for doing so (estimates for the oscillation of f^′ on Carleson-type rectangles, etc.) are outside the scope of this paper.

5.4 Higher type. The generalized Toeplitz operators on H^2(∂Ω) of higher type m, m = 1, 2, . . . , are defined as T^{(m)}_Q = Π_mQΠ_m, where Q is a ΨDO on ∂Ω as before and Π_m is the orthogonal projection in L^2(∂Ω) onto the subspace H^2_{(m)}(∂Ω) of functions annihilated by the m-th symmetric power of ∂_b; in other words,

H^2_{(m)}(∂Ω) = closure of {f ∈ C^∞(∂Ω) : R_{j1} R_{j2} . . . R_{jm} f = 0 ∀j_1, j_2, . . . , j_m}.

Documenta Mathematica 15 (2010) 601–622

Hankel Operators and the Dixmier Trace 621

For m = 1, this recovers the ordinary Szegö projector Π and the generalized Toeplitz operators discussed so far. As shown in §15.3 of [5], the projectors Π_m have almost the same microlocal description as Π, so it is conceivable that our results could also be extended to these higher type Toeplitz operators.

5.5 Weighted spaces. Our methods also work, with only minimal modifications, for L^2_{hol}(Ω) replaced by the weighted Bergman spaces L^2_{hol}(Ω, |r|^ν ) ⊂ L^2(Ω, |r|^ν ), with any ν > −1. The formulas in Theorems 9 and 11, and in Corollary 12, remain unchanged (i.e. they do not depend on ν). Finally, it is immediate from Theorem 3, the property (P4) and the proof of Theorem 9 that the formulas in Theorem 11 and Corollary 12 also remain valid for Hankel operators on the Hardy space H^2(∂Ω).

References

[1] J. Arazy, S.D. Fisher, J. Peetre: Hankel operators on weighted Bergman spaces, Amer. J. Math. 110 (1988), 989–1053.

[2] J. Arazy, S.D. Fisher, S. Janson, J. Peetre: An identity for reproducing kernels in a planar domain and Hilbert-Schmidt Hankel operators, J. reine angew. Math. 406 (1990), 179–199.

[3] L. Boutet de Monvel: Boundary problems for pseudo-differential operators, Acta Math. 126 (1971), 11–51.

[4] L. Boutet de Monvel: On the index of Toeplitz operators in several complex variables, Invent. Math. 50 (1979), 249–272.

[5] L. Boutet de Monvel, V. Guillemin: The spectral theory of Toeplitz operators, Ann. Math. Studies 99, Princeton University Press, Princeton, 1981.

[6] L. Boutet de Monvel, J. Sjöstrand: Sur la singularité des noyaux de Bergman et de Szegö, Astérisque 34–35 (1976), 123–164.

[7] L. Boutet de Monvel: Vanishing of the logarithmic trace of generalized Szegö projectors, Algebraic Analysis of Differential Equations from Microlocal Analysis to Exponential Asymptotics: Festschrift in Honor of Takahiro Kawai (T. Aoki, H. Majima, Y. Takei, and N. Tose, eds.), Springer, 2008.

[8] A. Connes: The action functional in noncommutative geometry, Comm.

Math. Phys. 117 (1988), 673–683.

[9] A. Connes: Noncommutative geometry, Academic Press, San Diego, 1994. [10] M. Engliš: Toeplitz operators and weighted Bergman kernels, J. Funct.

Anal. 255 (2008), 1419–1457.

[11] M. Engliš: Weighted Bergman kernels for logarithmic weights, Pure Appl.

Math. Quarterly (Kohn special issue) 6 (2010), 781–813.

[12] M. Engliš, K. Guo, G. Zhang: Toeplitz and Hankel operators and Dixmier traces on the unit ball of C^n, Proc. Amer. Math. Soc. 137 (2009), 3669– 3678.

[13] M. Engliš, R. Rochberg: The Dixmier trace of Hankel operators on the Bergman space, J. Funct. Anal. 257 (2009), 1445–1479.

Documenta Mathematica 15 (2010) 601–622

622 M. Engliš, G. Zhang

[14] G.B. Folland, J.J. Kohn: The Neumann problem for the Cauchy-Riemann complex, Princeton Univ. Press, Princeton, 1972.

[15] I.C. Gohberg, M.G. Krein: Introduction to the theory of linear nonselfadjoint operators, Translations of Mathematical Monographs, vol. 18, Amer. Math. Soc., Providence, 1969.

[16] V. Guillemin: Residue traces for certain algebras of Fourier integral operators, J. Funct. Anal. 115 (1993), 391–417.

[17] V. Guillemin: Gauged Lagrangian distributions, Adv. Math. 102 (1993), 184–201.

[18] R. Howe: Quantum mechanics and partial differential equations, J. Funct.

Anal. 38 (1980), 188–254.

[19] J.W. Helton, R.E. Howe: Traces of commutators of integral operators, Acta Math. 135 (1975), 271–305.

[20] M. Lesch: Pseudodifferential operators and regularized traces, preprint, arXiv:math/0901.1689 (2009).

[21] H. Li, D. Luecking: Schatten class of Hankel and Toeplitz operators on the Bergman space of strongly pseudoconvex domains, Multivariable operator theory (Seattle, 1993), pp. 237-257, Contemp. Math., vol. 185, Amer. Math. Soc., Providence, 1995.

[22] J.-L. Lions, E. Magenes: Problèmes aux limites non homogènes et applications, vol. 1, Dunod, Paris, 1968.

[23] R. Ponge: Noncommutative residue invariants for CR and contact manifolds, J. reine angew. Math. 614 (2008), 117–151.

[24] M. Wodzicki: Non-commutative residue I, Lecture Notes in Mathematics vol. 1289, pp. 320–399, Springer, New York, 1987.

Miroslav Engliš Mathematics Institute Silesian University at Opava Na Rybníčku 1 74601 Opava Czech Republic and Mathematics Institute Žitná 25 11567 Prague 1 Czech Republic englis@math.cas.cz

Genkai Zhang Department of Mathematical Sciences Chalmers TH and Göteborg University SE-412 96 Göteborg Sweden genkai@chalmers.se

Documenta Mathematica 15 (2010) 601–622

Documenta Math. 623

Galois Representations Attached to

Hilbert-Siegel Modular Forms

Claus M. Sorensen

Received: January 22, 2009 Revised: June 3, 2010

Communicated by Don Blasius

Abstract. This article is a spinoff of the book of Harris and Taylor [HT], in which they prove the local Langlands conjecture for GL(n), and its companion paper by Taylor and Yoshida [TY] on local-global compatibility. We record some consequences in the case of genus two Hilbert-Siegel modular forms. In other words, we are concerned with cusp forms π on GSp(4) over a totally real field, such that π_∞ is regular algebraic (that is, π is cohomological). When π is globally generic (that is, has a non-vanishing Fourier coefficient), and π has a Steinberg component at some finite place, we associate a Galois representation compatible with the local Langlands correspondence for GSp(4) defined by Gan and Takeda in a recent preprint [GT]. Over Q, for π as above, this leads to a new realization of the Galois representations studied previously by Laumon, Taylor and Weissauer. We are hopeful that our approach should apply more generally, once the functorial lift to GL(4) is understood, and once the so-called book project is completed. An application of the above compatibility is the following special case of a conjecture stated in [SU]: If π has nonzero vectors fixed by a non-special maximal compact subgroup at v, the corresponding monodromy operator at v has rank at most one.

2010 Mathematics Subject Classification: 11F33, 11F41, 11F70, 11F80 Keywords and Phrases: Galois representations, Hilbert-Siegel modular forms, monodromy

Documenta Mathematica 15 (2010) 623–670

624 Claus M. Sorensen

1 Introduction

The interplay between modular forms and Galois representations has shown to be extremely fruitful in number theory. For example, the Hasse-Weil conjecture, saying that the L-function of an elliptic curve over Q has meromorphic continuation to C, was proved in virtue of this reciprocity. Some of the most basic examples are Hilbert modular forms and Siegel modular forms, both very well-studied in the literature. In this paper, we study a mixture of these. First, we introduce the Siegel upper half-space (of complex dimension three):

H^{df}= {Z = X + iY ∈ M_2(C) symmetric, with Y positive definite}.

For a moment, we will view the symplectic similitude group GSp(4) as an affine group scheme over Z, by choosing the non-degenerate alternating form to be � 0 I −I 0 � . Later, beyond this introduction, we will switch to a skew-diagonal form. The similitude character is denoted by c throughout. We then consider the subgroup GSp(4, R)^+ of elements with positive similitude. It acts on H in the standard way, by linear fractional transformations. More precisely, by the formula:

gZ = (AZ + B)(CZ + D)^{−1}, g = � A B C D � ∈ GSp(4, R)^+, Z ∈ H.

The automorphy factor CZ + D will be denoted by j(g, Z) from now on. Next, we look at the d-fold product of this setup. In more detail, we will concentrate on a discrete subgroup Γ inside GSp(4, R)^{+d}, and its diagonal action on H^d. To exhibit examples of such Γ, we bring into play a totally real number field F , of degree d over Q, and label the real embeddings by σ_i. This ordering is used to identify GSp(4, O)^+ with a discrete subgroup Γ. Here the plus signifies that we look at elements whose similitude is a totally positive unit in O, the ring of integers in F . Finally, in order to define modular forms for Γ, we fix weights

k_i = (k_{i,1}, k_{i,2}), k_{i,1} ≥ k_{i,2} ≥ 3, i = 1, . . . , d.

For each i, introduce the irreducible algebraic representation ρ_{ki} of GL(2, C),

Sym^{ki,1 −ki,2} (C^2) ⊗ det^{ki,2} .

The underlying space of ρ_{ki} is just a space of polynomials in two variables, homogeneous of a given degree. Following [Bai], we then define a Hilbert- Siegel modular form for Γ, with weights k_i, to be a holomorphic vector-valued function

f : H^d → d� i=1 Sym^{ki,1 −ki,2} (C^2) ⊗ det^{ki,2}

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 625

satisfying the following transformation property for every Z ∈ H^d and γ ∈ Γ:

f(γZ) = d� i=1 ρ_{ki} (c(γ_i)^{−1}j(γ_i, Z_i)) · f(Z).

Such f are automatically holomorphic at infinity, by the Koecher principle. The form is often assumed to be cuspidal, that is, it vanishes at infinity. These modular forms have rich arithmetic properties. To exploit them, it is useful to switch to an adelic setup and instead look at automorphic representations. For instance, this immediately gives rise to a workable Hecke theory. Thus, from now on in this paper, instead of f we will focus on a cuspidal automorphic representation π of GSp(4) over the totally real field F . The analogues of Hilbert-Siegel modular forms are those π which are holomorphic discrete series at infinity. It is a basic fact that such π do not admit Whittaker models. However, it is generally believed that the L-function of π coincides with the L-function of a π^′ which does admit a Whittaker model. Hence, for our purposes, there is no serious harm in assuming the existence of such a model. For a while though, let us not make this assumption, and explain in detail the expectations regarding Hilbert-Siegel modular forms and their associated Galois representations.

Let π be a cuspidal automorphic representation of GSp(4) over some totally real field F , and denote by S_π the set of finite places where π is ramified. For each infinite place v, we assume that π_v is an essentially discrete series representation, and that π_v has central character a → a^{−w}. Here w is an integer, independent of v. Under these assumptions, and a choice of an isomorphism ι : Q̄_ℓ → C, it is expected that there should be a semisimple continuous Galois representation ρ_{π,ι} : Gal(F̄ /F ) → GL_4(Q̄_ℓ)

with the following properties: ρ_{π,ι} is unramified at v /∈ S_π not dividing ℓ, and

L_v(s − 3 2 , π, spin) = det(1 − ιρ_{π,λ}(Frob_v) · q^{−s}_v )^{−1}.

Here Frob_v is the geometric Frobenius. More prudently, the above spin Lfactor should actually lie in L[q^{−s}_v ] for some number field L inside C, and instead of ι one could focus on the finite place of L it defines. In the rational case F = Q, the existence of ρ_{π,ι} is now known, due to the work of many people (Chai-Faltings, Laumon, Shimura, Taylor and Weissauer). See [Lau] and [Wei] for the complete result. For arbitrary F , not much is known. Of course, when π is CAP (cuspidal associated to parabolic), or a certain functorial lift (endoscopy, base change or automorphic induction), ρ_{π,ι} is known to exist by [BRo]. However, in most of these cases ρ_{π,ι} is reducible. In the opposite case, that is, when π genuinely belongs to GSp(4), the representation ρ_{π,ι} should be irreducible. Obviously, this is the case we are interested in. Actually, we will aim higher and consider the ramified places S_π too. The impetus for doing

Documenta Mathematica 15 (2010) 623–670

626 Claus M. Sorensen

so, is the recent work of Gan and Takeda [GT], in which they prove the local Langlands conjecture for GSp(4). To an irreducible admissible representation π_v , they associate an L-parameter

rec_{GT}(π_v ) : W^′_{Fv} = W_{Fv} × SL(2, C) → GSp(4, C).

The notation rec_{GT} is ours. This correspondence is natural in a number of respects. For example, it preserves the L- and ϵ-factors defined by Shahidi in the generic case [Sha]. See section 2.2.2 below for a discussion of the complete list of desiderata. Now, the representation ρ_{π,ι} should satisfy local-global compatibility. That is, for any finite place v (not dividing ℓ), the restriction ρ_{π,ι}|_{WFv} should correspond to rec_{GT}(π_v ) through the usual dictionary [Tat]. As it stands, this is only morally true; one has to twist π_v . The precise folklore prediction is:

Conjecture. Let π be a cuspidal automorphic representation of GSp(4) over some totally real field F . Assume there is a cuspidal automorphic representation of GL(4) over F , which is a weak lift of π. Moreover, we assume that

π^{∘ df}= π ⊗ |c|^{w2} is unitary, for some w ∈ Z.

Finally, at each infinite place v, we assume that π_v is an essentially discrete series representation with the same central and infinitesimal character as the finite-dimensional irreducible algebraic representation V_{μ(v)} of highest weight

t = � � � � t_1

t_2 t_3 t_4

� � � � → t^{μ1 (v)1} t^{μ2 (v)2} c(t)^{δ(v)−w} , δ(v)^{df}= 1 2 (w − μ_1(v) − μ_2(v)).

Here μ_1(v) ≥ μ_2(v) ≥ 0 are integers such that μ_1(v)+μ_2(v) has the same parity as w. In particular, the central character ω_{πv} is of the form a → a^{−w} at each infinite place v. Under these assumptions, for each choice of an isomorphism ι : Q̄_ℓ → C, there is a unique irreducible continuous representation

ρ_{π,ι} : Gal(F̄ /F ) → GSp_4(Q̄_ℓ)

characterized by the following property: For each finite place v ∤ ℓ of F , we have ιWD(ρ_{π,ι}|_{WFv} )^{F −ss} ≃ rec_{GT}(π_v ⊗ |c|^{− 32} ).

Moreover, π^∘ is tempered everywhere. Consequently, ρ_{π,ι} is pure of weight w^{df}= w + 3. The representation ρ_{π,ι} has the following additional properties:

• ρ^∨_{π,ι} ≃ ρ_{π,ι} ⊗ χ^{−1} where the similitude character χ = ω_π∘ · χ^{−w}_{cyc} is totally odd.

• The representation ρ_{π,ι} is potentially semistable at any finite place v|ℓ.

Moreover, ρ_{π,ι} is crystalline at a finite place v|ℓ when π_v is unramified.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 627

• The Hodge-Tate weights are given by the following recipe: Fix an infinite place v, and use the same notation for the place above ℓ it defines via ι.

dim¯_{Qℓ} gr^j (ρ_{π,ι} ⊗_{Fv} B_{dR})^{Gal(F̄v /Fv )} = 0,

unless j belongs to the set

δ(v) + {0, μ_2(v) + 1, μ_1(v) + 2, μ_1(v) + μ_2(v) + 3},

in which case the above dimension is equal to one.

The notation used will be explained carefully in the main body of the text below. Our main result is a proof of this conjecture in a substantial number of cases. The depth (and the Swan conductor) are defined below in Section 4.5, as is J_Q.

Main Theorem.

(a) The above conjecture holds for globally generic π such that, for some finite place v, the local component π_v is an unramified twist of the Steinberg representation.

(b) Let ρ_{π,ι} be the Galois representation attached to a globally generic cusp form π as in part (a). Let v ∤ ℓ be a finite place of F such that π_v is Iwahori-spherical and ramified. Then ρ_{π,ι}|_{IFv} acts unipotently. Moreover,

– π_v of Steinberg type ⇐⇒ monodromy has rank 3. – π_v has a unique J_Q-fixed line ⇐⇒ monodromy has rank 2. – π_v para-spherical ⇐⇒ monodromy has rank 1.

(c) Let ρ_{π,ι} be the Galois representation attached to a globally generic cusp form π as in part (a). Let v ∤ ℓ be a finite place of F such that π_v is supercuspidal, and not a lift from GO(2, 2). Then ρ_{π,ι}|_{WFv} is irreducible. Furthermore, ρ_{π,ι} is trivial on some finite index subgroup of I_{Fv} , and

f_{Swan}(ρ_{π,ι}|_{IFv} ) = 4 · depth(π_v ).

Part of our original motivation for writing this paper, was to determine the rank of the monodromy operator for ρ_{π,ι} at a place v where π_v is Iwahorispherical (that is, has nonzero vectors fixed by an Iwahori-subgroup). The question is completely answered by part (b). Here J_Q denotes the Klingen parahoric, and by π_v being para-spherical we mean that it has nonzero vectors fixed by a non-special maximal compact subgroup. The first two statements in (b) are part of the Conjecture on p. 11 in [GTi], while the latter statement in (b) is part of Conjecture 3.1.7 on p. 41 in [SU]. The holomorphic analogue of the latter would have applications to the Bloch-Kato conjecture for modular forms of square-free level. See [SU] and the authors thesis [Sor].

Documenta Mathematica 15 (2010) 623–670

628 Claus M. Sorensen

The proof of part (b) essentially follows from the local-global compatibility from part (a), and the classification of the Iwahori-spherical representations of GSp(4). The dimensions of the parahoric fixed spaces for each class of representations were tabulated in [Sch]. We only need the generic ones. For those six types of representations, the data are reproduced in Table A in section 4.5 below.

The proof of part (a) is an application of the monumental work of Harris- Taylor [HT], and its refinement by Taylor-Yoshida [TY]. Let us briefly sketch the simple strategy: First, since π is globally generic, one can lift it to an automorphic representation Π on GL(4) using theta series, by utilizing the close connection with GO(3, 3). This is a well-known, though unpublished, result of Jacquet, Piatetski-Shapiro and Shalika. Other proofs exist in the literature. For example, see [AS] for an approach using the converse theorem. We make use of Theorem 13.1 in [GT], saying that the lift π → Π is strong. That is, compatible with the local Langlands correspondence everywhere. We note that, by the Steinberg assumption, Π must be cuspidal. Next, we base change Π to a CM extension E over F , and twist it by a suitable character χ to make it conjugate self-dual. We can now apply [HT] and [TY] to the representation Π_E (χ), in order to get a Galois representation ρ_{ΠE (χ),ι} over E. Since E is arbitrary, a delicate patching argument shows how to descend this collection to F , after twisting by ρ_{χ̌,ι}.

We note that the main theorem continues to hold if some π_v is a generalized Steinberg representation of Klingen type (see section 2 below), or a supercuspidal not coming from GO(2, 2). The point being that the local lift Π_v on GL(4) should remain a discrete series. However, eventually the book project of the Paris 7 GRFA seminar should make any local assumption at v superfluous. In fact, almost complete results of S.-W. Shin have been announced very recently (to pin down the Frobenius semisimplification, at the time of writing, one has to make a regularity assumption, which should be removable by a p-adic deformation argument). See Expected Theorem 2.4 in [Har]. Furthermore, the assumption that π is globally generic is used exclusively to get a strong lift to GL(4). Our understanding is that the current state of the trace formula should at least give a weak lift more generally. See [Art] in conjunction with [Whi]. In this respect, there is a very interesting preprint of Weissauer [We2], in which he proves that if π is a discrete series at infinity, it is weakly equivalent to a globally generic representation. However, apparently he needs to work over Q. Perhaps ideas from [Lab] will be useful in treating F of degree at least two. In any case, to get a strong lift, one would have to show that the L-packets defined in [GT] satisfy the expected character relations. This seems to be quite difficult.

In part (c) we let f_{Swan} denote the Swan conductor, closely related to the more commonly used Artin conductor, and the depth of π_v is defined in [MP]. The precise definitions are recalled below in section 4.5. The proof of part (c) relies on two essential ingredients. One is a formula, due to Bushnell and Frolich [BF],

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 629

relating the depth to the conductor in the case of supercuspidals on GL(n). The second is a paper of Pan, showing that the local theta correspondence preserves depth [Pan]. In particular, if π_v has depth zero, we deduce that ρ_{π,ι} is tamely ramified at v. We finish the paper with another criterion for tame ramification, due to Genestier and Tilouine [GTi] over Q: Suppose π^{JQ,χ}_v is nonzero, for some non-trivial character χ of F^∗_v inflated to the units, then ρ_{π,ι} is tamely ramified:

ρ_{π,ι}|_{IFv} = 1 ⊕ 1 ⊕ χ ⊕ χ.

Here χ is the character of I_{Fv} obtained via local class field theory. Moreover, one can arrange for the two eigenspaces, for 1 and χ, to be totally isotropic.

From our construction of the compatible system ρ_{π,ι} in part (a), one deduces that it is motivic in the sense defined on p. 60 in [BRo]: There is a smooth projective variety X_{/F} , and an integer n, such that ρ_{π,ι} is a constituent of

H^j (X ×_F F̄ , Q̄_ℓ)(n),

for all ℓ, where w = j − 2n. By invoking the Weil restriction, it is enough to show the analogous result for ρ_{π,ι}|_{ΓE} for some CM extension E over F . For a detailed argument, we refer to the proof of Proposition 5.2.1 on p. 86 in [BRo]. Over E, the variety is a self-product of the universal abelian variety over a simple Shimura variety. See the bottom isomorphism on p. 98 in [HT]. As in the case of Hilbert modular forms [BRo], one would like to have actual motives over E associated with π. Seemingly, one of the main obstacles in deriving this from [HT] is a multiplicity one issue for the unitary groups considered there: Is the positive integer a in part (6) on p. 12 of [TY] in fact equal to one? Conjecturally, one should even have motives over F attached to π. Even over Q this is not yet known. One problem is that the Hecke correspondences on a Siegel threefold do not extend to a given toroidal compactification. For a more thorough discussion of these matters, and a slightly different approach, see [H].

Many thanks are due to D. Ramakrishnan for his suggestion that I should look at the Hilbert-Siegel case by passing to a CM extension, and for sharing his insights on many occasions. I am also grateful to M. Harris for useful correspondence regarding the patching argument in section 4.3. Finally, I am thankful to C. Skinner and A. Wiles for discussions relevant to this paper, and for their encouragement and support.

2 Lifting to GL(4)

We will describe below how to transfer automorphic representations of GSp(4), of a certain type, to GL(4). Throughout, we work over a totally real base field F . Let us take π to be a globally generic cuspidal automorphic representation of GSp(4), with central character ω_π. We do not assume it is unitary. For v|∞,

π_v ≃ π^W_{μ(v)}, μ_1(v) ≥ μ_2(v) ≥ 0, μ_1(v) + μ_2(v) ≡ w (mod 2).

Documenta Mathematica 15 (2010) 623–670

630 Claus M. Sorensen

The notation is explained more carefully below. Here we fix the integer w such that ω_{πv} takes nonzero a → a^{−w} for all archimedean places v. In particular,

π^{∘ df}= π ⊗ |c|^{w2} is unitary.

Using theta series, one can then associate an automorphic representation Π of GL(4) with the following properties: It has central character ω^2_π, and satisfies^1

• Π ⊗ ω^{−1}_π ≃ Π^∨.

• For v|∞, the L-parameter of Π_v has the following restriction to C^∗,

z → |z|^{−w} · � � � � � (z/z̄)^{ν1+ν22} (z/z̄)^{ν1−ν22} (z/z̄)^{− ν1−ν22} (z/z̄)^{− ν1+ν22}

� � � � � ,

where ν_1 = μ_1 + 2 and ν_2 = μ_2 + 1 give the Harish-Chandra parameter of π_v . Here we suppress the dependence on v, and simply write μ_i = μ_i(v).

• L(s, Π_v) = L(s, π_v, spin), for finite v such that π_v is unramified.

In fact, Gan and Takeda have recently defined a local Langlands correspondence for GSp(4) such that the above lift is strong. That is, the L-parameters of π_v and Π_v coincide at all places v. For later applications, we would like Π to have a square-integrable component. Using table 2 on page 51 in [GT], we can ensure this by assuming the existence of a finite place v_0 where π_{v0} is of the form

π_{v0} = � St_{GSp(4)}(χ) St(χ, τ)

=⇒ Π_{v0} = � St_{GL(4)}(χ) St(τ).

Here St_{GSp(4)}(χ) is the Steinberg representation twisted by the character χ, which need not be unramified. Also, Π_{v0} is supercuspidal if π_{v0} is a supercuspidal not coming from GO(2, 2). Most of the notation used here is selfexplanatory, except maybe the symbol St(χ, τ): It denotes the generalized Steinberg representation, of Klingen type, associated to a supercuspidal τ on GL(2) and a non-trivial quadratic character χ such that τ ⊗ χ = τ. We refer to page 35 in [GT] for more details. As a bonus, the existence of such a place v_0 guarantees that Π is cuspidal: Otherwise, π is a theta lift from GO(2, 2), but by [GT] the above π_{v0} do not participate here.

2.1 The archimedean case

2.1.1 Discrete series for GL(2, R)

In this section, we briefly set up notation for the discrete series representations of GL(2, R). Throughout we use Harish-Chandra parameters, as opposed to

1We normalize the isomorphism W^{ab}_R ≃ R^∗ using the absolute value |z|_C^{df}= |z|^2.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 631

Blattner parameters. We will follow the notation of [Lau]. Thus, for each positive integer n, we let σ_n be the unique (essentially) discrete series representation of GL(2, R) which has the same central character and the same infinitesimal character as the finite-dimensional irreducible representation Sym^{n−1}(C^2).

σ_n(λ)^{df}= σ_n ⊗ | det |^λ,

for each λ ∈ C. More concretely, σ_n is induced from the neutral component:

σ_n = Ind^{GL(2,R)}

GL(2,R)^+ (σ + n ),

where σ^+_n is a certain representation of GL(2, R)^+ on the Hilbert space of

f : H → C holomorphic, ‖f‖^2 = � H |f(x + iy)|^2y^{n−1}dxdy < ∞.

Here H denotes the upper half-plane in C, and GL(2, R)^+ acts by the formula

σ^+_n � a c b d � f(z) = (ad − bc)^n(cz + d)^{−n−1}f( az + b cz + d ). If instead of z we use z̄ in the automorphy factor, this also defines a representation σ^−_n on the anti-holomorphic functions on H. Then σ_n can be thought of as the direct sum σ^+_n ⊕ σ^−_n , where a non-trivial coset representative acts by reflection in the y-axis. Its Jacquet-Langlands correspondent σ^{JL}_n is simply Sym^{n−1}(C^2) viewed as a representation of the Hamilton quaternions H^∗ embedded into GL(2, C) in the standard fashion. Note that σ_n is not unitary, unless n = 1. However, after a suitable twist it becomes unitary. Moreover,

Hom_{GL(2,R)}+ (σ^+_n (

1 − n 2 ), L^2_{cusp}(R^∗_+Γ\GL(2, R)^+))

can be identified with the space of weight n+1 elliptic cusp forms for the discrete subgroup Γ. The weight n + 1 is the Blattner parameter of σ_n, describing its minimal K-types. Up to isomorphism, σ_n is easily seen to be invariant under twisting by the sign character of R^∗. Consequently, σ_n is automorphically induced from a character on C^∗. More generally, its twist σ_n(λ) is induced from z → |z|^{2λ−1}z^n = |z|^{n−1+2λ}(z/z̄)^{n2} .

We want to write down an L-parameter for σ_n(λ). Thus, we let W_R denote the Weil group of R, generated by C^∗ and an element j such that j^2 = −1 and jz = z̄j for all z ∈ C^∗. To σ_n(λ) is associated a conjugacy class of homomorphisms ϕ_n(λ) : W_R → GL(2, C) with semisimple images. By the above remarks, a concrete representative is:

ϕ_n(λ) : z → |z|^{n−1+2λ} · � (z/z̄)^{n2}

(z/z̄)^{− n2} � , ϕ_n(λ) : j → � 1 (−1)^n � . We note that the image of ϕ_n(λ) is bounded precisely when σ_n(λ) is unitary.

Documenta Mathematica 15 (2010) 623–670

632 Claus M. Sorensen

2.1.2 Discrete series for GSp(4, R)

We parametrize the discrete series representations of GSp(4, R) in accordance with [Lau]. Throughout, we realize symplectic groups with respect to the form J = � S −S � , S = � 1 1 � . The similitude character is denoted by c. We take B to be the Borel subgroup consisting of upper triangular matrices. The maximal torus T is of the form

T = {t = � � � � t_1

t_2

t_3

t_4

� � � � : c(t) = t^1t^4 = t^2t^3}.

We identify its group of rational characters X^∗(T ) with the set of triples of integers μ = μ_0 ⊕ (μ_1, μ_2), such that μ_1 + μ_2 ≡ μ_0 (mod 2), using the recipe:

t^{μ df}= t^{μ1}_1 t^{μ2}_2 c(t)^{μ0 −μ1−μ22} .

Its restriction to the center G_m takes a → a^{μ0} . Inside X^∗(T ) we have the cone of B-dominant weights X^∗(T )^+ consisting of all tuples μ such that μ_1 ≥ μ_2 ≥ 0. By a fundamental result of Chevalley, the finite-dimensional irreducible algebraic representations are classified by their highest weights. For a B-dominant weight μ as above, we let V_μ be the corresponding algebraic representation of GSp(4). Its central character is given by μ_0 as described above. To describe the infinitesimal character of V_μ, we consider half the sum of B-positive roots:

δ^{df}= 0 ⊕ (2, 1).

The Harish-Chandra isomorphism identifies the center of the universal enveloping algebra, Z(g), with the invariant symmetric algebra Sym(t_C)^W . Under this isomorphism, the aforementioned infinitesimal character corresponds to

ν^{df}= μ + δ = μ_0 ⊕ (ν_1, ν_2) = μ_0 ⊕ (μ_1 + 2, μ_2 + 1).

Up to infinitesimal equivalence, there are precisely two essentially discrete series representations of GSp(4, R) with the same central character and the same infinitesimal character as V_μ. Together, they form an L-packet,

{π^W_μ , π^H_μ }.

Here π^W_μ is the unique generic member, that is, it has a Whittaker model. The other member π^H_μ is holomorphic, and does not have a Whittaker model. They both have central character a → a^{μ0} for real nonzero a. Another way to distinguish the two representations, is to look at their (g, K)-cohomology: The

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 633

generic member π^W_μ has cohomology of Hodge type (2, 1) and (1, 2), whereas π^H_μ contributes cohomology of Hodge type (3, 0) and (0, 3). For example,

H^{3,0}(g, K; π^H_μ ⊗ V^∗_μ ) ≃ H^{0,3}(g, K; π^H_μ ⊗ V^∗_μ ) ≃ C,

and similarly for π^W_μ . We have consistently used the Harish-Chandra parameter ν. Other authors prefer the Blattner parameter, because of its connection to the weights of Siegel modular forms. In our case, the relation is quite simple:

k = (k_1, k_2), k_1 = ν_1 + 1 = μ_1 + 3, k_2 = ν_2 + 2 = μ_2 + 3.

See Theorem 12.21 in [Kn] for example. A word of caution: It is really only fair to call k the Blattner parameter in the holomorphic case. In the generic case, it does not give the highest weight of the minimal K-type. The restriction of π^H_μ to the neutral component GSp(4, R)^+, consisting of elements with positive similitude, decomposes as a direct sum of a holomorphic part π^{H+}_μ and a dual anti-holomorphic part π^{H−}_μ . If we assume μ_0 = 0, so that these are unitary,

Hom_{GSp(4,R)}+ (π^{H+}_μ , L^2_{cusp}(R^∗_+Γ\GSp(4, R)^+))

can be identified with cuspidal Siegel modular forms of weight k for the discrete subgroup Γ. The minimal K-type of π^{H+}_μ , where K is isomorphic to U(2), is

Sym^{k1−k2} (C^2) ⊗ det^{k2} .

This is the algebraic representation of GL(2, C) with highest weight t^{k1}_1 t^{k2}_2 . Next, we wish to explain how π^W_μ and π^H_μ can be described explicitly as certain theta lifts: Up to equivalence, there are precisely two 4-dimensional quadratic spaces over R of discriminant one. Namely, the anisotropic space V_{4,0} and the split space V_{2,2}. The latter can be realized as M(2, R) equipped with the determinant. The former can be taken to be H endowed with the reduced norm. In particular,

GSO(2, 2) = (GL(2, R) × GL(2, R))/R^∗, GSO(4, 0) = (H^∗ × H^∗)/R^∗.

Here R^∗ is embedded in the centers by taking a to the element (a, a^{−1}). Thus irreducible representations of GSO(2, 2) correspond to pairs of irreducible representations of GL(2, R) having the same central character. Similarly for GSO(4, 0). Now suppose σ and σ^′ are irreducible representations of GL(2, R) with the same central character. We say that the representation σ ⊗ σ^′ is regular if σ ≠ σ^′. The induced representation of the whole similitude group GO(2, 2) then remains irreducible, and we denote it by (σ ⊗ σ^′)^+ following the notation of [Rob]. On the other hand, in the invariant case where σ = σ^′, there are exactly two extensions of σ ⊗ σ to a representation of GO(2, 2). By Theorem 6.8 in [Rob], precisely one of these extensions participates in the theta correspondence with GSp(4, R). It is again denoted by (σ⊗σ)^+. The analogous

Documenta Mathematica 15 (2010) 623–670

634 Claus M. Sorensen

results hold in the anisotropic case. Now, the following two identities can be found in several places in the literature. See [Moe] for example, or Proposition 4.3.1 in [HK]:

π^W_μ = θ((σ_{ν1 +ν2} ( 1 2 (μ_0 − ν_1 − ν_2 + 1)) ⊗ σ_{ν1 −ν2} ( 1 2 (μ_0 − ν_1 + ν_2 + 1)))^+), and π^H_μ = θ((σ^{JL}_{ν1 +ν2} ( 1 2 (μ_0 − ν_1 − ν_2 + 1)) ⊗ σ^{JL}_{ν1 −ν2} ( 1 2 (μ_0 − ν_1 + ν_2 + 1)))^+).

Here the equalities signify infinitesimal equivalence. Since we are dealing with theta correspondence for similitude groups, it is unnecessary to specify an additive character. As a result, we can exhibit a parameter for the μ-packet above:

ϕ_μ : z → |z|^{μ0} · � � � � � (z/z̄)^{ν1+ν22} (z/z̄)^{ν1 −ν22} (z/z̄)^{− ν1−ν22} (z/z̄)^{− ν1+ν22}

� � � � � ,

and ϕ_μ : j → � � � 1 1 (−1)^{μ0+1} (−1)^{μ0+1}

� � � .

Visibly, ϕ_μ maps into the dual of the elliptic endoscopic group, consisting of � � � � a b e f g h c d

� � � � = � � � � 1 1 1 1

� � � � � � � � a b c d e f g h

� � � � � � � � 1 1 1 1

� � � � −1

such that ad − bc equals eh − fg. Furthermore, the restriction of ϕ_μ ⊗ | · |^{−3} to C^∗ is a direct sum of distinct characters of the form z → z^pz̄^q for two integers p and q such that p + q = μ_0 − 3. They come in pairs: If the type (p, q) occurs, so does (q, p). We say that π^W_μ and π^H_μ are regular algebraic (up to a twist).

2.1.3 The Langlands classification for GL(4, R)

The Langlands classification for GL(4, R) describes all its irreducible admissible representations up to infinitesimal equivalence. The building blocks are the essentially discrete series σ_n(λ), and the characters sgn^n(λ) of the multiplicative group R^∗. The representations of GL(4, R) are then constructed by parabolic induction. For example, start out with the representations σ_n(λ) and σ_n′ (λ^′).

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 635

We view their tensor product as a representation of the parabolic associated with the partition (2, 2), by making it trivial on the unipotent radical. Consider

Ind^{GL(4,R)}

P_{(2,2)} (σn(λ) ⊗ σn^′ (λ

′)),

where we use normalized induction. Consequently, this is unitary when σ_n(λ) and σ_n′ (λ^′) are both unitary. By interchanging their roles, we may assume that

Re(λ) ≥ Re(λ^′).

In this case, the induced representation has a unique irreducible quotient. We denote it by σ_n(λ) ⊞ σ_n′ (λ^′) and call it the isobaric sum. Its L-parameter is

ϕ = ϕ_n(λ) ⊕ ϕ_n′ (λ^′) : W_R → GL(4, C).

We want to know when it descends to a parameter for GSp(4, R). First, in the case where n = n^′, it maps into the Levi subgroup of the Siegel parabolic:

P = { � A c ·^τ A^{−1} � � � � � 1 x y 1 z x 1 1

� � � �}.

Here τ is transposition with respect to the skew diagonal. This means the packet for GSp(4, R) should be obtained by induction from the Klingen parabolic,

Q = { � � t A t^{−1} det(A) � � � � � � 1 z 1 1 −z 1

� � � � � � � � 1 x y 1 x 1 1

� � � �}.

To be more precise, consider the following (unitarily) induced representation:

Ind^{GSp(4,R)}

Q (σ_n(λ^′) ⊗ | · |^{2λ−2λ′} ).

When Re(λ) is strictly greater than Re(λ^′) it has a unique irreducible quotient. At the other extreme, when λ = λ^′ it decomposes into a direct sum of two limits of discrete series. Secondly, in the case where n ≠ n^′ we try to conjugate ϕ into the dual of the elliptic endoscopic group. The determinant condition becomes:

λ − λ^′ = 1 2 (n^′ − n) ∈ Z_+. (1)

If this is satisfied, the isobaric sum descends to a packet for GSp(4, R), whose members can be constructed by theta correspondence as discussed above:

{π^W_μ , π^H_μ }, μ_0 = n − 1 + 2λ, ν_1 = 1 2 (n^′ + n), ν_2 = 1 2 (n^′ − n).

Documenta Mathematica 15 (2010) 623–670

636 Claus M. Sorensen

2.2 The non-archimedean case 2.2.1 The local Langlands correspondence for GL(n)

We will quickly review the parametrization of the irreducible admissible representations of GL(n, F ), up to isomorphism, where F is a finite extension of Q_p. We will suppress F and denote this set by Π(GL(n)). This parametrization was originally conjectured by Langlands, for any connected reductive group, and recently proved for GL(n) in [HT] and [Hen] by two different methods. We let W_F be the Weil group of F . That is, the dense subgroup of the Galois group acting as integral powers of Frobenius on the residue field. It gets a topology by decreeing that the inertia group I_F is open. From local class field theory,

F^{∗ ∼}→ W^{ab}_F .

Here the isomorphism is normalized such that uniformizers correspond to lifts of the geometric Frobenius. It is used tacitly to identify characters of F^∗ with characters of W_F . For arbitrary n, we consider the set Φ(GL(n)) consisting of conjugacy classes of continuous semisimple n-dimensional representations

ϕ : W^′_F = W_F × SL(2, C) → GL(n, C).

The group W^′_F is sometimes called the Weil-Deligne group. The local Langlands correspondence is then a canonical collection of bijections rec_n, one for each n,

rec_n : Π(GL(n))^{1:1}→ Φ(GL(n))

associating an L-parameter ϕ_π to a representation π. It satisfies a number of natural properties, which in fact determine the collection uniquely. Namely,

• The bijection rec_1 is given by local class field theory as above.

• For any two π ∈ Π(GL(n)) and σ ∈ Π(GL(r)), we have equalities � L(s, π × σ) = L(s, ϕ_π ⊗ ϕ_σ ), ϵ(s, π × σ, ψ) = ϵ(s, ϕ_π ⊗ ϕ_σ , ψ).

• The L-parameter of π ⊗ χ ∘ det equals ϕ_π ⊗ χ, for any character χ.

• For any π as above, det(ϕ_π ) corresponds to its central character ω_π.

• For any π as above, rec_n(π^∨) is the contragredient of rec_n(π).

Here ψ is a non-trivial character of F , used to define the ϵ-factors. The collection rec_n does not depend on it. The L and ϵ-factors on the left-hand side are those from [JPS]: They are first defined for generic representations, such as supercuspidals, and then one extends the definition to all representations using the Langlands classification. For the explicit formulas, see [Kud] or [Wed].

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 637

For the right-hand side, the definition of the L and ϵ-factors can be found in [Tat]: The L-factors are given fairly explicitly, whereas the ϵ-factors are defined very implicitly. One only has an abstract characterization due to Deligne and Langlands. For a good review of these definitions, we again refer to [Wed]. It is useful to instead consider the (Frobenius semisimple) Weil-Deligne representation of W_F associated with a parameter ϕ as above. This is a pair (r, N) consisting of a semisimple representation r of W_F , and an operator N satisfying the equation r(w) ∘ N ∘ r(w)^{−1} = |w|_F · N

for all w ∈ W_F . This N is called the monodromy operator, and it is automatically nilpotent. The correspondence relies on the Jacobson-Morozov theorem:

r(w) = ϕ(w, � |w|^{12}_F

|w|^{− 12}_F � ), exp(N) = ϕ(1, � 1 1 1 � ). The local Langlands correspondence rec_n satisfies a number of additional natural properties, expected to hold more generally, of which we mention only a few:

• π is supercuspidal ⇔ ϕ_π is irreducible (and the monodromy is trivial).

• π is essentially discrete series ⇔ ϕ_π does not map into a proper Levi.

• π is essentially tempered ⇔ ϕ_π |_{WF} has bounded image in GL_n(C).

• π is generic ⇔ the adjoint L-factor L(s, Ad ∘ ϕ_π ) has no pole at s = 1.

Here Ad denotes the adjoint representation of GL_n(C) on its Lie algebra gl_n(C).

2.2.2 The local Langlands correspondence for GSp(4)

For GSp(4), the presence of endoscopy makes the parametrization of Π(GSp(4)) more complicated. It is partitioned into finite subsets L_ϕ, called L-packets, each associated with a parameter ϕ as above mapping into the subgroup GSp(4, C). We use the notation Φ(GSp(4)) for the set of GSp(4, C)-conjugacy classes of such ϕ. The first attempt to define these L-packets, when p is odd, is the paper [Vig]. The crucial case is when ϕ does not map into a proper Levi subgroup. In this case, Vigneras defined certain subsets L_ϕ by theta lifting from various forms of GO(4). However, she did not prove that these L_ϕ exhaust all of Π(GSp(4)). The work of Vigneras was later refined, so as to include the case p = 2, in the paper [Ro2]. More recently, Gan and Takeda [GT] were able to prove the exhaustion, for all primes p. To do that, they used work of Muic-Savin, Kudla-Rallis, and Henniart. The main theorem of [GT] gives a finite-to-one surjection L : Π(GSp(4)) ↠ Φ(GSp(4)),

attaching an L-parameter ϕ_π to a representation π, and having the properties:

Documenta Mathematica 15 (2010) 623–670

638 Claus M. Sorensen

• π is essentially discrete series ⇔ ϕ_π does not map into a proper Levi.

• For any generic or non-supercuspidal π ∈ Π(GSp(4)), and σ ∈ Π(GL(r)), � � � γ(s, π × σ, ψ) = γ(s, ϕ_π ⊗ ϕ_σ , ψ), L(s, π × σ) = L(s, ϕ_π ⊗ ϕ_σ ), ϵ(s, π × σ, ψ) = ϵ(s, ϕ_π ⊗ ϕ_σ , ψ).

• The L-parameter of π ⊗ χ ∘ c equals ϕ_π ⊗ χ, for any character χ.

• For any π as above, c(ϕ_π) corresponds to its central character ω_π.

In the generic case, the invariants occurring on the left-hand side of the second condition are those from [Sha]. The definition can be extended to non-generic non-supercuspidals, using the Langlands classification. See page 13 in [GT]. For non-generic supercuspidals, L satisfies an additional technical identity, which we will not state here. It expresses a certain Plancherel measure as a product of four γ-factors. One has to include this last property to ensure the uniqueness of L, as long as a satisfying theory of γ-factors is absent in this setup. For completeness, let us mention a few extra properties of the map L: For a given parameter ϕ, the elements of the fiber L_ϕ correspond to characters of the group

A_ϕ = π_0(Z_{GSp(4,C)}(imϕ)/C^∗) = � Z/2Z, 0. Moreover, an L-packet L_ϕ contains a generic member exactly when L(s, Ad∘ϕ) has no pole at s = 1. If in addition ϕ|_{WF} has bounded image, the members of L_ϕ are all essentially tempered, and the generic member is unique. It is indexed by the trivial character of A_ϕ. Next, we wish to at least give some idea of how the reciprocity map L is constructed in [GT]: The key is to make use of theta liftings from various orthogonal similitude groups. In analogy with the archimedean case, there are two 4-dimensional quadratic spaces over F of discriminant one. We abuse notation slightly, and continue to denote the anisotropic space by V_{4,0} and the split space by V_{2,2}. They can be realized as D equipped with the reduced norm, where D is a possibly split quaternion algebra over F . Again,

GSO(2, 2) = (GL(2, F ) × GL(2, F ))/F^∗, GSO(4, 0) = (D^∗ × D^∗)/F^∗,

as previously, where D is here the division quaternion algebra. Furthermore, one looks at the 6-dimensional quadratic space D ⊕ V_{1,1}. When D is split, this is simply V_{3,3}. There is then a natural isomorphism, as given on page 9 in [GT],

GSO(3, 3) = (GL(4, F ) × F^∗)/{(a · I, a^{−2}) : a ∈ F^∗}.

Now, start with an irreducible representation π of GSp(4, F ). By Theorem 5.3 in [GT], which relies on the work [KR] of Kudla and Rallis on the conservation conjecture, it follows that there are two possible mutually exclusive scenarios:

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 639

1. π participates in the theta correspondence with GSO(4, 0),

2. π participates in the theta correspondence with GSO(3, 3).

In the first case, one has two essentially discrete series representations σ and σ^′ of GL(2, F ) having the same central character, such that π is the theta lift

π = θ((σ^{JL} ⊗ σ^{′JL})^+) = θ((σ^{′JL} ⊗ σ^{JL})^+).

By the local Langlands correspondence for GL(2), we have associated parameters ϕ_σ and ϕ_σ′ with equal determinants. We then conjugate their sum ϕ_σ ⊕ϕ_σ′ into the dual of the elliptic endoscopic group as in the archimedean case,

ϕ_π = ϕ_σ ⊕ ϕ_σ′ : W^′_F → GL(2, C) ×_C∗ GL(2, C) ⊂ GSp(4, C).

In the second case, we write θ(π) as a tensor product Π ⊗ ω_π for an irreducible representation Π of GL(4, F ). The local Langlands correspondence for GL(4) yields a parameter ϕ_Π. We need to know that it maps into GSp(4, C) after conjugation. When π is a discrete series, this follows from a result of Muic and Savin [MS], stated as Theorem 5.4 in [GT]: Indeed, the exterior square L-factor

L(s, Π, ∧^2 ⊗ ω^{−1}_π )

has a pole at s = 0. When π is not a discrete series, Gan and Takeda compute θ(π) explicitly, using standard techniques developed by Kudla. For a summary, we refer to Table 2 on page 51 in their paper [GT]. It follows by inspection that ϕ_Π can be conjugated into a Levi subgroup of GSp(4, C). Their computation works even for p = 2, and hence completes the exercise of Waldspurger [Wal]. Finally, in Proposition 11.1 of [GT], it is shown by a global argument that the above construction is consistent with that of Vigneras and Roberts.

2.3 The globally generic case

In the global situation, functoriality predicts that one should be able to transfer automorphic representations from GSp(4) to GL(4). It is widely believed that this should eventually follow by using trace formula techniques. See [Art] for a discussion on this approach. In the globally generic case, it has been known for some time that one can obtain (weak) lifts using theta series. This was first announced by Jacquet, Piatetski-Shapiro and Shalika, but to the best of our knowledge they never wrote it up. However, many of the details are to be found in [Sou]. Moreover, there is an alternative proof in [AS] relying on the converse theorem. In this section, we wish to quote a recent refinement of the above transfer, due to Gan and Takeda [GT]. First, for completeness, let us recall the notion of being globally generic: Consider the upper-triangular Borel subgroup

B = { � � � s t ct^{−1}

cs^{−1}

� � � � � � 1 u 1 1 −u 1

� � � � � � 1 x y 1 z x 1 1

� � �}.

Documenta Mathematica 15 (2010) 623–670

640 Claus M. Sorensen

We let N denote its unipotent radical. Now let F be a number field, and pick a non-trivial character ψ of A_F trivial on F . By looking at ψ(u + z) we can view it as an automorphic character of N. An automorphic representation π of GSp(4) over F is then said to be globally generic if the Whittaker functional f → � N(F )\N(A_F )

f(n)ψ^{−1}(n)dn, f ∈ π,

is not identically zero. This notion does not depend on ψ. As a consequence of the theta series approach we are about to discuss, Soudry proved the strong multiplicity one property in [Sou] for globally generic cusp forms π on GSp(4). As mentioned above, the exterior square ∧^2 defines an isogeny between the groups GL(4) and GSO(3, 3). Thus, we need the global theta correspondence for similitude groups. For this, we refer to section 5 of [HK], noting that the normalization there differs slightly from [GT]. We will quickly review the main features of the definition: The Weil representation ω_ψ extends naturally to

R = {(g, h) ∈ GSp(4) × GO(3, 3) : c(g) · c(h) = 1}.

Then, a Schwartz-Bruhat function φ defines a theta kernel θ_φ on R by the usual formula. The theta series lifting of a form f in π is hence given by the integral

θ_φ(f)(h) = � Sp(4,F )\Sp(4,A_F )

θ_φ(gg_h, h)f(gg_h)dg,

where g_h is any element with inverse similitude c(h). The space spanned by all such theta series θ_φ(f) constitute an automorphic representation of GO(3, 3), which we will denote by θ(π). It is independent of ψ. By Proposition 1.2 in [Sou], it is nonzero precisely when π is globally generic. In fact, one can express the Whittaker functional for θ(π) in terms of that for π given above. In particular, θ(π) is always generic, even though it may not be cuspidal. From now on, we will only view θ(π) as a representation of the subgroup GSO(3, 3). As such, it remains irreducible. See Lemma 3.1 in [GT] for example. In turn, via the identification ∧^2 we view θ(π) as a representation Π ⊗ ω_π. We then have:

Theorem 1. The global theta lifting π → θ(π) = Π ⊗ ω_π defines an injection from the set of globally generic cuspidal automorphic representations π of GSp(4) to the set of generic automorphic representations Π of GL(4) with central character ω_Π = ω^2_π. Moreover, this lifting has the following properties:

• Π ≃ Π^∨ ⊗ ω_π.

• It is a strong lift, that is, ϕ_{Πv} = ϕ_{πv} for all places v.

• The image of the lifting consists precisely of those Π satisfying:

1. Π is cuspidal and L^S (s, Π, ∧^2 ⊗ ω^{−1}_π ) has a pole at s = 1, or

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 641

2. Π = σ ⊞ σ^′ for cuspidal σ ≠ σ^′ on GL(2) with central character ω_π.

In the latter case, π is the theta lift of the cusp form σ ⊗ σ^′ on GSO(2, 2).

P roof. See section 13 in [GT]. □

The refinements, due to Gan and Takeda, are primarily: The characterization of the image, and the fact that the global lift is compatible with the local Langlands correspondence at all (finite) places. The result that the lift is strong, in this sense, essentially follows from the construction of the local reciprocity map. However, locally one has to check that ϕ_Π is equivalent to ϕ_σ ⊕ϕ_σ′ , when π is the theta lift of any σ ⊗σ^′ on GSO(2, 2). This is the content of Corollary 12.13 in [GT]. It is a result of their explicit determination of the theta correspondence.

3 Base change to a CM extension

In this section we will construct representations, for which the results from [HT] on Galois representations apply. For that purpose, we will fix an arbitrary CM (quadratic) extension E/F , and an arbitrary Hecke character χ of E with the property: χ|_A∗_F = ω^{−1}_π .

Since ω_{πv} is of the form a → a^{−w} at each infinite place v, it follows that every such χ is automatically algebraic. For all but finitely many E, the global base change Π_E , to be defined below, is cuspidal. In fact, we will choose a suitable quadratic CM extension E of F such that v_0 is totally split in E, and a suitable Hecke character χ of E. The suitability refers to the fact that the Arthur-Clozel base change Π_E will be cuspidal, and that its twist by χ will be conjugate self-dual, Π_E (χ)^θ ≃ Π_E (χ)^∨.

Furthermore, Π_E (χ) is regular algebraic of weight zero, and we can arrange for it to have at least one square integrable component, by imposing the condition that E splits completely at v_0. Hence Theorem C in [HT] applies. In this section, we briefly review results of Arthur and Clozel on base change for GL(n), and discuss the compatibility with the local Langlands correspondence.

3.1 Local base change

Now that the p-adic local Langlands correspondence is available for GL(n), due to the works of Harris-Taylor and Henniart, base change makes sense for an arbitrary finite extension of local fields E/F . Indeed, a representation Π_E of GL(n, E) is the base change of a representation Π of GL(n, F ) precisely when

ϕ_{ΠE} = ϕ_Π|_W ′_E .

Documenta Mathematica 15 (2010) 623–670

642 Claus M. Sorensen

However, eventually we will use results from [AC]. At the time this book was written, one had to resort to a harmonic analytic definition of base change which we will review below. Fortunately, the compatibility of the two definitions has been checked by other authors. We will give precise references later. The latter definition only works for a cyclic extension E/F . For simplicity, we take it to be quadratic, and let θ be the non-trivial element in its Galois group. By lemma 1.1 in [AC], the norm map on GL(n, E), taking γ → γγ^θ, defines an injection

N : {θ-conjugacy classes in GL(n, E)} → {conjugacy classes in GL(n, F )}.

This is used to define transfer of orbital integrals: Two compactly supported smooth functions f and f_E are said to have matching orbital integrals when

O_γ (f) = � T O_{δθ}(f_E ), γ = N δ, 0, γ is not a norm.

For the definitions of the integrals involved here, we refer to page 15 in [AC]. It is the content of Proposition 3.1 in [AC] that any f_E has a matching function f. The fundamental lemma in this case is Theorem 4.5 in [AC]. We can now state Shintani’s definition of local base change, following Definition 6.1 in [AC]: Let Π and Π_E be irreducible admissible representations of GL(n, F ) and GL(n, E) respectively, and assume that Π^θ_E is isomorphic to Π_E . Let I_θ be an intertwining operator between these, normalized such that I^2_θ is the identity. This determines I_θ up to a sign. We then say that Π_E is a base change of Π if and only if tr(Π_E (f_E ) ∘ I_θ) = c · trΠ(f)

for all matching functions f and f_E as above. The non-zero constant c depends only on the choice of measures, and of I_θ. By Theorem 6.2 in [AC] local base change makes sense for tempered representations. Using the Langlands classification, the lift then extends to all representations. For this, see the discussion on page 59 in [AC]. Since Shintani’s definition is employed in [AC], we will need:

Theorem 2. Shintani’s harmonic analytic definition of the local cyclic base change lifting is compatible with the local Langlands correspondence for GL(n).

P roof. In the non-archimedean case, this is part 5 of Lemma VII.2.6 on page 237 in [HT]. The archimedean case was settled, in general, by Clozel [Clo]. □

As an example in the archimedean case, let us base change σ_n(λ) ⊞ σ_n′ (λ^′) to GL(4, C). For simplicity, we will stick to the case of interest in this paper where it descends to a discrete series L-packet for GSp(4, R). That is, we assume (1).

−w^{df}= n − 1 + 2λ = n^′ − 1 + 2λ^′

Following [Kna] we let [z] denote^z_{|z|} . Then the unitarily induced representation

Ind^{GL(4,C)}

B ([·]^n ⊗ [·]^{−n} ⊗ [·]^{n′} ⊗ [·]^{−n′} ) ⊗ | det |^{−w}

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 643

has a unique irreducible quotient. This is the base change we are looking for. The Langlands correspondence for GL(n, C), which is much simpler than the real case, was first studied by Zelobenko and Naimark. A good reference for their results is the expository paper [Kna]. In the non-archimedean case,

St_{GL(4)}(χ)_E = St_{GL(4)}(χ_E ), χ_E = χ ∘ N_{E/F} .

However, the generalized Steinberg representation St(τ) may not base change to a discrete series. Indeed, if ω_{E/F} denotes the associated quadratic character,

St(τ)_E = � St(τ_E ) St_{GL(2)}(ψ) ⊞ St_{GL(2)}(ψ^θ) when � τ ≠ τ ⊗ ω_{E/F} τ = τ ⊗ ω_{E/F} .

Here ψ ≠ ψ^θ is a certain character of E^∗, with automorphic induction τ.

3.2 Global base change

We now let E/F denote an arbitrary CM extension of the totally real field F . Thus, the extension E/F is quadratic, and E is totally imaginary. We let θ be the non-trivial element in the Galois group. Let Π and Π_E be automorphic representations of GL(n, A_F ) and GL(n, A_E ) respectively. We will assume Π_E is invariant under θ. Then, we say that Π_E is a strong base change lift of Π if

Π_{E,w} = Π_{v,Ew}

for all places w|v. Here, the right-hand side is the local base change of Π_v to GL(n, E_w). When v is split in E, this lift is naturally identified with Π_v . By comparing trace formulas for GL(n), no stabilization required, Arthur and Clozel proved that such lifts always exist. More precisely, we have the following:

Theorem 3. There is a unique strong base change lift Π → Π_E between isobaric automorphic representations on GL(n, A_F ) and GL(n, A_E ), satisfying:

• ω_{ΠE} = ω_Π ∘ N_{E/F} .

• The image of the lifting consists precisely of the θ-invariant Π_E .

• If Π is cuspidal, Π_E is cuspidal if and only if Π ≠ Π ⊗ ω_{E/F} .

P roof. This is essentially Theorem 4.2 combined with Theorem 5.1 in [AC]. Arthur and Clozel makes the assumption that Π is induced from cuspidal. This is now superfluous; the residual spectrum of GL(n) is understood by [MW]. □

Note that, if Π is cuspidal, Π_E is cuspidal for all but finitely many CM extensions E. Indeed, the self-twist condition is satisfied if the discriminant of E does not divide the conductor of Π. The theory of base change goes hand-in-hand with automorphic induction, which is a strong lift from isobaric automorphic representations of GL(n, A_E ) to those of GL(2n, A_F ) compatible with the rec_n,

π → I^F_E (π), ϕ_I F_{E (π)v} = Ind^{Fv}_{Ew} (ϕ_{πw} ),

Documenta Mathematica 15 (2010) 623–670

644 Claus M. Sorensen

for all w|v. Again, this is due to Arthur and Clozel in much greater generality. See Theorem 6.2 in [AC]. For the compatibility with rec_n at the ramified places, we again refer to Lemma VII.2.6 in [HT]. In analogy with the above, we have the following result, which is not needed for the proof of the main theorem, but we include it for future use:

Theorem 4. There is a strong automorphic induction lift π → I^F_E (π) between isobaric automorphic representations on GL(n, A_E ) and GL(2n, A_F ), satisfying:

• ω_I F_{E (π)} = ω_π|_A∗_F .

• The image consists precisely of the Π such that Π = Π ⊗ ω_{E/F} .

• If π is cuspidal, I^F_E (π) is cuspidal if and only if π ≠ π^θ.

P roof. This is due to Arthur and Clozel. See section 6 of chapter 3 in [AC]. □

For the sake of completeness, let us mention a few links between base change and automorphic induction. For any two cuspidal π and Π as above, we have:

I^F_E (Π_E ) = Π ⊞ (Π ⊗ ω_{E/F} ), I^F_E (π)_E = π ⊞ π^θ.

3.3 Conjugate self-dual twists

Let us now take any CM extension E/F , and consider Π_E , where Π is the theta series lifting of our original globally generic π on GSp(4). We will assume π_{v0} is of (twisted) Steinberg type at some finite place v_0 of F . Hence Π_{E,w0} is Steinberg at all places w_0 of E dividing v_0, and this ensures Π_E is cuspidal. In [HT], one associates Galois representations to certain conjugate self-dual representations. Π_E itself may not satisfy this condition, when ω_{π,E} ≠ 1, but certain twists do:

Π_E (χ)^θ ≃ Π_E (χ)^∨ ⇔ χ|_A∗_F = ω^{−1}_π ω^n_{E/F} ,

for n = 0 or n = 1. Such Hecke characters χ of E exist: Indeed, by Frobenius reciprocity, any Hecke character of F has infinitely many extensions to E; they are precisely the constituents of the induced representation of the compact idele class group C^1_E . By modifying this argument slightly, one can even control the ramification of the extensions if need be. Now, recall that for every place v|∞,

ω_{πv} (a) = a^{−w},

for all a ∈ R^∗. Therefore, to retain algebraicity, take n = 0 above. In this case, it follows that all the extensions χ are automatically algebraic. That is,

χ_w(z) = z^az̄^b, a = a(w) ∈ Z, b = b(w) ∈ Z, a + b = w,

for each infinite place w of E, not to be confused with the weight! For such characters χ, the twist Π_E (χ) remains regular algebraic, and the weight is zero.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 645

4 Galois representations

4.1 Galois representations over CM extensions

Let E be an arbitrary CM extension of the totally real field F . One of the ultimate goals of the book project [Har], is to attach an ℓ-adic Galois representation ρ_{Π,ι} to a regular algebraic conjugate self-dual cuspidal automorphic representation Π of GL(n, A_E ), and a choice of an isomorphism ι : Q̄_ℓ → C. See expected Theorem 2.4 in [Har] for a more precise formulation. In the case where Π has a square-integrable component at some finite place, pioneering work on this problem was done by Clozel [Cl] and Kottwitz [Kot], relating ρ_{Π,ι}|_{WEw} to the unramified component Π_w at most places w. Their work was later extended to all places w ∤ ℓ in [HT], by Harris and Taylor, in the course of proving the local Langlands conjecture. However, in [HT] the monodromy operator is ignored. This issue has been taken care of by Taylor and Yoshida in [TY], resulting in:

Theorem 5. Let E be a CM extension of a totally real field F , and let Π be a cuspidal automorphic representation of GL(n, A_E ) satisfying the conditions:

• Π_∞ is regular algebraic, H^•(g, K; Π_∞ ⊗ V^∗) ≠ 0.

• Π is conjugate self-dual, Π^∨ ≃ Π^θ.

• Π_{w0} is (essentially) square integrable for some finite place w_0.

Fix an isomorphism ι : Q̄_ℓ → C. Then there is a continuous representation

ρ_{Π,ι} : Gal(F̄ /E) → GL(n, Q̄_ℓ)

such that for every finite place w of E, not dividing ℓ, we have the following:

ιWD(ρ_{Π,ι}|_{WEw} )^{F −ss} ≃ rec_n(Π_w ⊗ | det |^{1−n2} ).

P roof. This is Theorem 1.2 in [TY], which is a refinement of Theorem VII.1.9 in [HT]. Indeed, the former result identifies the monodromy operator: By Corollary VII.1.11 in [HT] it is known that Π_w is tempered for all finite places w. Therefore, by parts (3) and (4) of Lemma 1.4 in [TY], it suffices to show that ιWD(ρ_{Π,ι}|_{WEw} ) is pure. That is, up to a shift, the weight filtration coincides with the monodromy filtration. This is proved in [TY] by a careful study of the Rapoport-Zink weight spectral sequence, the main new ingredient being the vanishing outside the middle-degree in Proposition 4.4 in [TY]. □

A word about the notation used in the previous Theorem: First, V denotes an irreducible algebraic representation over C of the group R_{E/Q}GL(n), which we will denote by G. Then g denotes the Lie algebra of G(R), and K is a maximal compact subgroup times Z_G (R). The symbol W D(ρ) stands for the Weil- Deligne representation corresponding to an ℓ-adic representation ρ of W_{Ew} ,

Documenta Mathematica 15 (2010) 623–670

646 Claus M. Sorensen

where w ∤ ℓ. This pair (r, N) is obtained by fixing a lift Frob_w of the geometric Frobenius, and a continuous surjective homomorphism t_ℓ : I_{Ew} → Z_ℓ, and then writing ρ(Frob^m_w σ) = r(Frob^m_w σ)exp(t_ℓ(σ)N)

for σ ∈ I_{Ew} and integers m. Then r is a representation of W_{Ew} having an open kernel, and N is a nilpotent operator satisfying the formula mentioned above:

N ∘ r(Frob_w) = q_w · r(Frob_w) ∘ N.

Here q_w is the order of the residue field of E_w. The isomorphism class of (r, N) is independent of the choices made. Finally, the superscript F − ss signifies Frobenius semisimplification. That is, leave N unchanged, but semisimplify r. The representations ρ_{Π,ι} above satisfy a number of additional nice properties:

• Π is square integrable at some finite w_0 ∤ ℓ =⇒ ρ_{Π,ι} is irreducible.

• Let w ∤ ℓ be a finite place of E, and let α be an eigenvalue of ρ_{Π,ι}(σ) for some σ ∈ W_{Ew} . Then α belongs to Q̄, and for every embedding Q̄ → C,

|α| ∈ q^{Z2}_w .

• Let w ∤ ℓ be a finite place, with Π_w unramified, and let α be an eigenvalue of ρ_{Π,ι}(Frob_w). Then α belongs to Q̄, and for every embedding Q̄ → C,

|α| = q^{n−12}w .

• The representation ρ_{Π,ι} is potentially semistable at any finite place w|ℓ.

Moreover, ρ_{Π,ι} is crystalline at a finite place w|ℓ when Π_w is unramified.

The first property is clear since rec_n(Π_{w0} ⊗ | det |^{1−n2} ) is indecomposable. This was observed in Corollary 1.3 in [TY]. It is expected to continue to hold if w_0|ℓ (and even without the square-integrability condition, admitting the book project). The second and the third property are parts 1 and 2 of Theorem VII.1.9 in [HT]. The former is a special case of Lemma I.5.7 in [HT], which apparently follows from the Rapoport-Zink weight spectral sequence in conjunction with de Jong’s theory of alterations. The latter follows from Deligne’s work on the Weil conjectures. The last property comes down to the comparison theorems of p-adic Hodge theory. To clarify these comments, we will briefly sketch how ρ_{Π,ι} is realized geometrically in [HT]: One starts off with an n^2-dimensional central division algebra B over E, equipped with a positive involution ∗ such that ∗|_E = θ. It is assumed to satisfy a list of properties, which are irrelevant for our informal discussion. For a fixed β ∈ B such that ββ^∗ = 1, look at the unitary similitude group G defined as follows: For a commutative Q-algebra R,

G(R) = {x ∈ (B^{op} ⊗_Q R)^∗: x^∗βx = c(x)β, with c(x) ∈ R^∗}.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 647

The element β is chosen such that, at infinity, the derived group takes the form

G^{der}(R) = U(n − 1, 1) × U(n)^{[F :Q]−1}.

The group G has an associated Shimura variety of PEL type. That is, for each sufficiently small compact open subgroup K inside the finite adeles G(A_f ), there is a smooth proper variety X_K over E classifying isogeny classes of polarized abelian schemes A of dimension [F : Q]n^2, endowed with a certain homomorphism from B into End(A)_Q and a so-called level-structure relative to K. On X_K one defines a Q̄_ℓ-sheaf L_ξ by fixing an algebraic representation ξ of G defined over Q̄_ℓ. Then, consider the following direct limit over subgroups K, endowed with natural commuting actions of G(A_f ) and of the Galois group of E:

H^m(X, L_ξ )^{df}= lim−→_K H^m_{et} (X_K ×_E F̄ , L_ξ ) = � π_f

π_f ⊗ R^m_ξ (π_f ).

Here π_f runs over the irreducible admissible representations of G(A_f ), and R^m_ξ (π_f ) is a finite-dimensional continuous Galois representation of E. To construct ρ_{Π,ι}, we first descend Π to an automorphic representation Π̃ of B^{op,∗} via the Jacquet-Langlands correspondence. Using results of Clozel and Labesse, one shows that ψ × Π̃ is a base change from G, for some algebraic Hecke character ψ of E. In this way, we end up with an automorphic representation π of G, and R^{n−1}_ξ (π^∨_f )^{ss} ≃ ρ^a_{Π,ι} ⊗ ρ_{ψ,ι}

for some positive integer a. For details see p. 228 in [HT], and p. 12 in [TY].

4.2 Hodge-Tate weights

We will now describe the Hodge-Tate weights, which are certain numerical invariants of the restriction of ρ_{Π,ι} to the Galois group of E_w for each place w|ℓ. We briefly recall their definition: Let K be a finite extension of Q_ℓ. Following Fontaine, we introduce the field of ℓ-adic periods B_{dR}. This is a K-algebra, it comes equipped with a discrete valuation v_{dR}, and has residue field C_ℓ. The topology on B_{dR} is coarser than the one coming form the valuation. The Galois group of K acts continuously on B_{dR}. If t ∈ B_{dR} is a uniformizer, then we have

g · t = χ_{cyc}(g)t,

where χ_{cyc} is the ℓ-adic cyclotomic character. The valuation defines a filtration:

Fil^j (B_{dR})^{df}= t^j B^+_{dR}, gr^j (B_{DR})^{df}= Fil^j (B_{dR})/Fil^{j+1}(B_{dR}) ≃ C_ℓ(j).

If V is a finite-dimensional continuous Q̄_ℓ-representation of Gal(Q̄_ℓ/K), we let

D_{dR}(V )^{df}= (V ⊗_{Qℓ} B_{dR})^{Gal(Q̄ℓ/K)}.

Documenta Mathematica 15 (2010) 623–670

648 Claus M. Sorensen

This is a module over Q̄_ℓ ⊗_{Qℓ} K, inheriting a filtration from B_{dR}. We say that V is de Rham if this module is free of rank dim¯_{Qℓ} (V ). In this case, for each embedding τ : K → Q̄_ℓ we introduce a multiset of integers HT_τ (V ). It contains dim¯_{Qℓ} (V ) elements, and j occurs with multiplicity equal to the dimension of

gr^j (V ⊗_{τ,K} B_{dR})^{Gal(Q̄ℓ/K)} = gr^j D_{dR}(V ) ⊗¯_{Qℓ⊗Qℓ K,1⊗τ} Q̄_ℓ.

over Q̄_ℓ. If this is nonzero, j is called a Hodge-T ate weight for V relative to the embedding τ. Now we specialize the discussion, and take V to be the restriction of ρ_{Π,ι} as above. We will quote a result from [HT], as stated in [Har], relating the Hodge-Tate weights to the highest weights of the algebraic representation V^∗. Recall, this is the irreducible algebraic representation of G(C) such that the tensor product Π_∞ ⊗ V^∗ has cohomology. By the definition of the Q-group G, G(R) = � σ∈Σ GL_n(E ⊗_{F,σ} R), G(C) = � σ∈Σ GL_n(E ⊗_{F,σ} C),

where Σ is the set of embeddings σ : F → R. For each such σ, following [Har], we let {σ̃, σ̃^c} denote the two complex embeddings of E extending it. We write

V^∗ = ⊗_{σ∈Σ}V^∗_σ, V^∗_σ = V^∗_{σ̃} ⊗ V^∗_{σ̃}c .

Here V^∗_{σ̃} is naturally identified with an irreducible algebraic representation of the group GL_n(C), and we consider its highest weight relative to the lower triangular Borel. This is the character of the diagonal torus corresponding to

μ(σ̃) = (μ_1(σ̃) ≤ μ_2(σ̃) ≤ · · · ≤ μ_n(σ̃)).

Similarly, we get a dominant n-tuple of integers μ(σ̃^c) for V^∗_{σ̃}c . It is given by:

μ_i(σ̃^c) = −μ_{n−i+1}(σ̃),

by the polarization condition. The multisets HT_τ for ρ_{Π,ι} are determined by:

Theorem 6. Fix an embedding s : E → Q̄_ℓ, and let w denote the associated finite place of E above ℓ. Then the Hodge-Tate weights of ρ_{Π,ι} restricted to the Galois group Gal(Q̄_ℓ/E_w) at w, where E_w = s(E)^−, are all of the form

j = i − μ_{n−i}(ι(s)^c), i = 0, . . . , n − 1.

In particular, the Hodge-Tate weights all occur with multiplicity one.

P roof. This is part 4 of Theorem VII.1.9 on p. 227 in [HT], but with the normalization used in [Har] in (2.6) on p. 5: The shift from ι(s) to ι(s)^c reflects the fact that we work with the dual of the Π in [HT]. Note that the inequalities on p. 3 in [Har] should be reversed. □

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 649

4.3 Patching

The next key step is to descend the family ρ_{ΠE (χ),ι} ⊗ χ^{−1} to the base field F . This is done by a patching argument, used in various guises by other authors. For example, see Proposition 4.3.1 in [BRo], or section 4.3 in [BRa]. Here we will use a variant of Proposition 1.1 in [Har], which in turn is based on the discussion on p. 230-231 in [HT]. The proof in [Har] is somewhat brief, and somewhat imprecise at the end, so we decided to include a more detailed proof below. Hopefully, this might serve as a convenient reference. In this section, we use Γ_F as shorthand notation for the absolute Galois group Gal(F̄ /F ). The setup is the following: We let I be a set of cyclic Galois extensions E, of a fixed number field F , of prime degree q_E . For every E ∈ I we assume we are given an n-dimensional continuous semisimple ℓ-adic Galois representation over E,

ρ_E : Γ_E → GL_n(Q̄_ℓ).

Here ℓ is a fixed prime. The family of representations {ρ_E} is assumed to satisfy:

(a) Galois invariance: ρ^σ_E ≃ ρ_E , ∀σ ∈ Gal(E/F ),

(b) Compatibility: ρ_E |_{ΓEE′} ≃ ρ_E′ |_{ΓEE′} ,

for all E and E^′ in I. These conditions are certainly necessary for the ρ_E to be of the form ρ|_{ΓE} for a representation ρ of Γ_F . What we will show, is that in fact (a) and (b) are also sufficient conditions if I is large enough. That is,

Definition 1. Following [Har], for a finite set S of places of F , we say that I is S-general if and only if the following holds: For any finite place v /∈ S, and any finite extension M of F , there is an E ∈ I linearly disjoint from M such that v splits completely in E. In this case, there will be infinitely many such E.

Recall that since E is Galois over F , it is linearly disjoint from M precisely when E ∩ M = F . Moreover, it is of prime degree, so this just means E is not contained in M. Hence, I being S-general is equivalent to: For v /∈ S, there are infinitely many E ∈ I in which v splits. A slightly stronger condition is:

Definition 2. We say that I is strongly S-general if and only if the following holds: For any finite set Σ of places of F , disjoint from S, there is an E ∈ I in which every v ∈ Σ splits completely.

To see that this is indeed stronger, we follow Remark 1.3 in [Har]: Fix a finite place v /∈ S, and a finite extension M of F . Clearly we may assume M ≠ F is Galois. Let {M_i} be the subfields of M, Galois over F , with a simple Galois group. For each i we then choose a place v_i of F , not in S, which does not split completely in M_i. We take Σ to be {v, v_i} in the above definition, and get an E ∈ I in which v and every v_i splits. If E was contained in M, it would be one of the M_i, but this contradicts the choice of v_i. Thus, E and M are disjoint.

Documenta Mathematica 15 (2010) 623–670

650 Claus M. Sorensen

Example. Let Σ = {p_i} be a finite set of primes. As is well-known, for odd p_i,

p_i splits in Q( √ d) ⇐⇒ p_i ∤ d and � d p_i � = 1.

Here d is any square-free integer. Moreover, 2 splits when d ≡ 1 mod 8. The set of all integers d satisfying the congruences d ≡ 1 mod p_i, for all i, form an arithmetic progression. By Dirichlet’s Theorem, it contains infinitely many primes. Therefore, the following family of imaginary quadratic extensions

I = {Q( √ −p): almost all primes p}

is strongly ∅-general. This gives rise to a similar family of CM extensions of any given totally real field F , by taking the set of all the composite fields F I.

The main result of this section, is a strengthening of Proposition 1.1 in [Har]:

Lemma 1. Let I be an S-general set of extensions E over F , of prime degree q_E , and let ρ_E be a family of semisimple Galois representations satisfying the conditions (a) and (b) above. Then there is a continuous semisimple

ρ : Γ_F → GL_n(Q̄_ℓ), ρ|_{ΓE} ≃ ρ_E ,

for all E ∈ I. This determines the representation ρ uniquely up to isomorphism.

P roof. The proof below is strongly influenced by the proofs of Proposition 1.1 in [Har], and of Theorem VII.1.9 in [HT]. We simply include more details and clarifications. The proof is quite long and technical, so we divide it into several steps. Before we construct ρ, we start off with noting that it is necessarily unique: Indeed, for any place v /∈ S, we find an E ∈ I in which v splits. In particular, E_w = F_v for all places w of E dividing v. Thus, all the restrictions ρ|_{ΓFv} are uniquely determined. We conclude that ρ is unique, by the Cebotarev Density Theorem. For the construction of ρ, we first establish some notation used throughout the proof: We fix an arbitrary base point E_0 ∈ I, and abbreviate

ρ_0^{df}= ρ_{E0} , Γ_0^{df}= Γ_{E0} , G_0^{df}= Gal(E_0/F ), q_0^{df}= q_{E0} .

We let H denote the Zariski closure of ρ_0(Γ_0) inside GL_n(Q̄_ℓ), and consider its identity component H^∘. Define M to be the finite Galois extension of E_0 with

Γ_M = ρ^{−1}_0 (H^∘), Gal(M/E_0) = π_0(H).

Let T be the set of isomorphism classes of irreducible constituents of ρ_0, ignoring multiplicities. By property (a), the group G_0 acts on T from the right. We note that τ and τ^σ occur in ρ_0 with the same multiplicity. We want to describe the G_0-orbits on T . First, we have the set P of fixed points τ = τ^σ for all σ.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 651 The set of non-trivial orbits is denoted by C. Note that any c ∈ C has prime cardinality q_0. For each such c, we pick a representative τ_c ∈ T , and let C_0 be the set of all these representatives {τ_c}. Each τ ∈ C_0 obviously has a trivial stabilizer in G_0.

Step 1: The extensions of ρ_0 to Γ_F .

Firstly, a standard argument shows that each τ ∈ P has an extension τ̃ to Γ_F . This uses the divisibility of Q̄^∗_ℓ , in order to find a suitable intertwining operator τ ≃ τ^σ . All the other extensions are then obtained from τ̃ as unique twists: τ̃ ⊗ η, η ∈ Ĝ_0.

Here Ĝ_0 is the group of characters of G_0. Secondly, for a τ ∈ c, we introduce τ̃^{df}= Ind^{ΓF}_{Γ0} (τ).

Since τ is not Galois-invariant, this τ̃ is irreducible. It depends only on the orbit c containing τ, and it is invariant under twisting by Ĝ_0. It has restriction τ̃|_{Γ0} ≃ � σ∈G_0

τ^σ .

If we let m_τ denote the multiplicity with which τ ∈ T occurs in ρ_0, we get that { � τ ∈C_0

m_τ · τ̃ } ⊕ { � τ ∈P � η∈Ĝ_0 m τ̃,η · (τ̃ ⊗ η)}

is an extension of ρ_0 to Γ_F for all choices of non-negative m_{τ̃,η} ∈ Z such that � η∈Ĝ_0

m_{τ̃ ,η} = m_τ for every fixed τ ∈ P .

Step 2: ρ_0(Γ_{NE0} ) is dense in H, when N is linearly disjoint from M over F . To see this, let us momentarily denote the Zariski closure of ρ_0(Γ_{NE0} ) by H_N . N is a finite extension, so H_N has finite index in H. Consequently, we deduce that H^∘_N = H^∘. Now, NE_0 and M are linearly disjoint over E_0, and therefore Γ_0 = Γ_{NE0} · Γ_M =⇒ ρ_0(Γ_0) ⊂ ρ_0(Γ_{NE0} ) · H^∘ ⊂ H_N .

Taking the closure, we obtain that H_N = H.

Step 3: If N is a finite extension of F , linearly disjoint from M over F . Then: (1) τ|_{ΓN E0} is irreducible, for all τ ∈ T . (2) τ̃|_{ΓN} is irreducible, for all τ ∈ P . (3) τ|_{ΓN E0} ≃ τ^′|_{ΓN E0} ⇒ τ ≃ τ^′, for all τ, τ^′ ∈ T .

Documenta Mathematica 15 (2010) 623–670

652 Claus M. Sorensen (4) τ̃|_{ΓN} ≃ (τ̃^′ ⊗ η)|_{ΓN} ⇒ τ ≃ τ^′ and η = 1, for all τ, τ^′ ∈ P and η ∈ Ĝ_0.

Parts (1) and (3) follow immediately from Step 2, and obviously (1) implies (2). Also, part (3) immediately implies that τ ≃ τ^′ in (4). Suppose η ∈ Ĝ_0 satisfies:

τ̃ |_{ΓN} ≃ τ̃ |_{ΓN} ⊗ η|_{ΓN} for some τ ∈ P . In other words, η|_{ΓN} occurs in End_{ΓN E0} (τ̃ |_{ΓN} ), which is trivial by part (1). So, η is trivial on Γ_N and on Γ_0. Hence, η = 1 by disjointness. Step 4: τ̃ |_{ΓN} is irreducible for all τ ∈ C_0. That is, part (2) holds for all τ ∈ T . Since N and E_0 are linearly disjoint over F , we see that Γ_F = Γ_E · Γ_0. Hence, τ̃|_{ΓN} = Ind^{ΓF}_{Γ0} (τ)|_{ΓN} ≃ Ind^{ΓN}_{ΓN E0} (τ|_{ΓN E0} ), by Mackey theory. Now, τ|_{ΓN E0} is irreducible and not Galois-invariant. Step 5: Suppose E ∈ I is linearly disjoint from M over F . Then, for a unique choice of non-negative integers m_{τ̃,η,E} with η-sum m_τ , we have the formula:

ρ_E ≃ { � τ ∈C_0

m_τ · τ̃|_{ΓE} } ⊕ { � τ ∈P � η∈Ĝ_0

m_{τ̃,η,E} · (τ̃ ⊗ η)|_{ΓE} }.

In particular, ρ_0 and ρ_E have a common extension to Γ_F .

The uniqueness of the m_{τ̃,η,E} follows directly from part (4) in Step 3. Recall, ρ_E |_{ΓEE0} ≃ ρ_0|_{ΓEE0} ≃ { � τ ∈C_0

m_τ · � σ∈G_0

τ|^σ_{ΓEE0} } ⊕ { � τ ∈P

m_τ · τ|_{ΓEE0} },

by the compatibility condition (b). Here all the τ|^σ_{ΓEE0} are distinct by (3). First, let us pick an arbitrary τ ∈ P . As representations of G_0, viewed as the Galois group of EE_0 over E by disjointness, we have

Hom_{ΓEE0} (τ̃ |_{ΓE} , ρ_E ) ≃ � η∈Ĝ_0

dim¯_{Qℓ} Hom_{ΓE} ((τ̃ ⊗ η)|_{ΓE} , ρ_E) · η.

The Q̄_ℓ-dimension of the left-hand side clearly equals m_τ , and the right-hand side defines the partition m_{τ̃ ,η,E} of m_τ . Next, let us pick an arbitrary τ ∈ C_0. By the same argument, using that τ̃ is invariant under twisting by Ĝ_0, we get:

Hom_{ΓEE0} (τ̃|_{ΓE} , ρ_E ) ≃ dim¯_{Qℓ} Hom_{ΓE} (τ̃ |_{ΓE} , ρ_E ) · � η∈Ĝ_0 η. Now the left-hand side obviously has dimension m_τ q_0. We deduce that τ̃|_{ΓE} occurs in ρ_E with multiplicity m_τ . Counting dimensions, we obtain the desired decomposition of ρ_E . Note that we have not used the Galois invariance of ρ_E . In fact, it is a consequence of the above argument, assuming E ∩ M = F .

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 653

Step 6: Fix an E_1 ∈ I disjoint from M over F . Introduce the representation

ρ^{df}= { � τ ∈C_0

m_τ · τ̃ } ⊕ { � τ ∈P � η∈Ĝ_0

m_{τ̃ ,η,E1} · (τ̃ ⊗ η)}.

Then ρ|_{ΓE} ≃ ρ_E for all extensions E ∈ I linearly disjoint from ME_1 over F .

By definition, and Step 5, we have that ρ|_{ΓE1} ≃ ρ_{E1} . Take E ∈ I to be any extension, disjoint from ME_1 over F . We compare the decomposition of ρ|_{ΓE} ,

ρ|_{ΓE} = { � τ ∈C_0

m_τ · τ̃ |_{ΓE} } ⊕ { � τ ∈P � η∈Ĝ_0

m_{τ̃,η,E1} · (τ̃ ⊗ η)|_{ΓE} },

to the decomposition of ρ_E in Step 5. We need to show the multiplicities match:

m_{τ̃,η,E} = m_{τ̃ ,η,E1} , ∀τ ∈ P , ∀η ∈ Ĝ_0.

By property (b), for the pair {E, E_1}, we know that ρ|_{ΓE} and ρ_E become isomorphic after restriction to Γ_{EE1} . Once we prove EE_1 is linearly disjoint from M over F , we are done by (2) and (4). The disjointness folllows immediately:

EE_1 ⊗_F M ≃ E ⊗_F E_1 ⊗_F M ≃ E ⊗_F ME_1 ≃ EE_1M.

Step 7: ρ|_{ΓE} ≃ ρ_E for all E ∈ I.

By Step 6, we may assume E ∈ I is contained in ME_1. Now take an auxiliary extension E ∈ I linearly disjoint from ME_1 over F . Consequently, using (b),

ρ|_{ΓE} ≃ ρ_E ⇒ ρ|_{ΓEE} ≃ ρ_E |_{ΓEE} ≃ ρ_E |_{ΓEE} .

Thus, ρ|_{ΓE} agrees with ρ_E when restricted to Γ_{EE} . It suffices to show that the union of these subgroups Γ_{EE} , as E varies, is dense in Γ_E . Again, we invoke the Cebotarev Density Theorem. Indeed, let w be a place of E, lying above v /∈ S. It is then enough to find an E ∈ I, as above, such that w splits completely in EE. Then Γ_{Ew} is contained in Γ_{EE} . We know, by the S-generality of I, that we can find an E ∈ I, not contained in ME_1, in which v splits completely. This E works: This follows from elementary splitting theory, as E and E are disjoint.

This finishes the proof of the patching lemma. □

Remark. From the proof above, we infer the following concrete description of the patch-up representation ρ. First fix any E_0 ∈ I, and let P be the set of Galois-invariant constituents τ of ρ_{E0} . For each such τ, we fix an extension τ̃ to F once and for all. Furthermore, let C_0 be a set of representatives for the non-trivial Galois orbits of constituents of ρ_{E0} . Then ρ is of the following form

ρ ≃ { � τ ∈C_0

m_τ · Ind^{ΓF}_{Γ0} (τ)} ⊕ { � τ ∈P � η∈Gal(E_0/F )^∧

m_{τ̃,η} · (τ̃ ⊗ η)}.

Documenta Mathematica 15 (2010) 623–670

654 Claus M. Sorensen

Here the m_{τ̃,η} are some non-negative integers with η-sum m_τ , the multiplicity of τ in ρ_{E0} . This fairly explicit description may be useful in deriving properties of ρ from those of ρ_{E0} .

For future reference, we finish this section with a few remarks on the generalization of the patching lemma to solvable extensions. Thus, I now denotes a collection of solvable Galois extensions E over F , and we assume we are given Galois representations ρ_E , as above, satisfying (a) and (b). For any L over F ,

I_L^{df}= {E ∈ I : L ⊂ E}.

Loosely speaking, we say that I is S-general if it is S-general in prime layers:

Definition 3. Following [Har], for a finite set S of places of F , we say that I is S-general if and only if the following holds: For every L such that I_L ≠ ∅,

{prime degree extensions K/L, with I_K ≠ ∅}

is S(L)-general in the previous sense. S(L) denotes the places of L above S.

From now on, we will make the additional hypothesis that all the extensions E ∈ I have uniformly bounded heights. That is, there is an integer H_I such that every index [E : F ] has at most H_I prime divisors (not necessarily distinct).

Lemma 2. Assume the collection I has uniformly bounded heights. Then I is S-general if and only if the following condition holds for every L with I_L ≠ ∅: Given a finite place w /∈ S(L) and a finite extension M over L, there is an extension E ∈ I_L linearly disjoint from M over L, in which w splits completely.

P roof. The if part follows immediately by unraveling the definitions. The only if part is proved by induction on the maximal height of the collection I_L over L, the height one case being the definition. Suppose I_L has maximal height H, and assume the lemma holds for smaller heights. Let w and M be as above. By S-generality, there is a prime degree extension K over L with I_K ≠ ∅, disjoint from M over L, in which w splits. Fix a place w̃ of K above w. Now, I_K clearly has maximal height less than H. By the induction hypothesis there is an E ∈ I_K , disjoint from MK over K, in which w̃ splits. This E works. □

Under the above assumptions on I, a given place w /∈ S(L) splits completely in infinitely many E ∈ I_L, unless L belongs to I. One has a stronger notion:

Definition 4. We say that I is strongly S-general if and only if the following holds: For any L such that I_L ≠ ∅, and any finite set Σ of places of L disjoint from S(L), there is an E ∈ I_L in which every v ∈ Σ splits completely.

As in the prime degree case, treated above, one shows that this is indeed a stronger condition. Our next goal is to prove the following generalization of the patching lemma to certain collections of solvable extensions:

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 655

Theorem 7. Let I be an S-general collection of solvable Galois extensions E over F , with uniformly bounded heights, and let ρ_E be a family of n-dimensional continuous semisimple ℓ-adic Galois representations satisfying the conditions (a) and (b) above. Then there is a continuous semisimple representation

ρ : Γ_F → GL_n(Q̄_ℓ), ρ|_{ΓE} ≃ ρ_E ,

for all E ∈ I. This determines the representation ρ uniquely up to isomorphism.

P roof. Uniqueness is proved by paraphrasing the argument in the prime degree situation. The existence of ρ is proved by induction on the maximal height of I over F , the height one case being the previous patching lemma. Suppose I has maximal height H, and assume the Theorem holds for smaller heights. Take an arbitrary prime degree extension K over F , with I_K ≠ ∅. Clearly I_K is an S(K)-general set of solvable Galois extensions of K, of maximal height strictly smaller than H. Moreover, the subfamily {ρ_E}_{E∈IK} obviously satisfies (a) and (b). By induction, we find a continuous semisimple ℓ-adic representation

ρ_K : Γ_K → GL_n(Q̄_ℓ), ρ_K |_{ΓE} ≃ ρ_E ,

for all E ∈ I_K . We then wish to apply the prime degree patching lemma to the family {ρ_K }, as K varies over extensions as above. By definition, such K do form an S-general collection over F . It remains to show that {ρ_K } satisfies (a) and (b). To check property (a), take any σ ∈ Γ_F , and note that ρ^σ_K agrees with ρ_K after restriction to Γ_E for an arbitrary extension E ∈ I_K . The union of these Γ_E is dense in Γ_K by the Cebotarev Density Theorem: Every place w of K, outside S(K), splits in some E ∈ I_K , so the union contains Γ_{Kw} . To check property (b), fix prime degree extensions K and K^′ as above. Note that

(ρ_K |_{ΓKK′} )|_{ΓEE′} ≃ (ρ_K′ |_{ΓKK′} )|_{ΓEE′} , ∀E ∈ I_K , ∀E^′ ∈ I_K′ .

We finish the proof by showing that the union of these Γ_{EE}′ is dense in Γ_{KK}′ . Let w be an arbitrary place of KK^′ such that w|_F does not lie in S. Choose an extension E ∈ I_K linearly disjoint from KK^′ over K, in which w|_K splits. Then pick an extension E^′ ∈ I_K′ linearly disjoint from EK^′ over K^′, in which w|_K′ splits. By elementary splitting theory, w splits in EK^′, and any place of EK^′ above w splits in EE^′. Consequently, w splits in EE^′, see the diagram:

EE^′ � � � �

EK^′ � � � � E^′

E KK^′ � � � � � � � �

K K^′

Documenta Mathematica 15 (2010) 623–670

656 Claus M. Sorensen The union then contains the Galois group of (KK^′)_w. Done by Cebotarev. □ The previous result should be compared to Corollary 1.2 in [Har].

4.4 Galois representations associated to π Let π be the globally generic cusp form on GSp(4) introduced earlier, Π its lift to GL(4), and let Π_E be the base change of Π to GL(4) over a CM extension E of F . Recall that, for certain algebraic Hecke characters χ of E, the twisted representation Π_E (χ) is conjugate self-dual. We consider the representations ρ_{π,ι,E}^{df}= ρ_{ΠE (χ),ι} ⊗ ρ_{χ̌,ι}.

Up to isomorphism, this is independent of χ. Indeed, for each place w ∤ ℓ of E, ιWD(ρ_{π,ι,E}|_{WEw} )^{F −ss} ≃ rec_4(Π_{E,w} ⊗ | det |^{− 32} ).

We only consider CM extensions E, in which v_0 splits, such that Π_E is cuspidal. Here v_0 is the place of F where π_{v0} is of Steinberg type. This collection I is certainly strongly ∅-general, according to the example in the previous section. Moreover, the family of 4-dimensional Galois representations ρ_{π,ι,E} satisfies the patching conditions (a) and (b). For example, to check the Galois invariance, ρ^θ_{π,ι,E} ≃ ρ_{ΠE (χ)}θ_{,ι} ⊗ ρ_{χ̌}θ_{,ι} ≃ ρ_{ΠE (χ)}∨_{,ι} ⊗ ρ_{χ̌}θ_{,ι} ≃ ρ_{ΠE (χ}θ_{),ι} ⊗ ρ_{χ̌}θ_{,ι}, by our choice of χ. Taking χ^θ instead of χ, then shows that ρ^θ_{π,ι,E} is isomorphic to ρ_{π,ι,E} by the aforementioned independence. Alternatively, one can use the local description of ρ_{π,ι,E} above at the unramified places, and the fact that Π_E is a base change from F . To check the compatibility, note that for w ∤ ℓ, ιWD(ρ_{π,ι,E}|_{W(EE′ )w} )^{F −ss} ≃ rec_4(Π_{v,(EE}′_{)w} ⊗ | det |^{− 32} ), and similarly for ρ_{π,ι,E}′ . See Lemma VII.2.6 in [HT]. Now (b) follows from Cebotarev. By the patching lemma, we finally get a continuous representation ρ_{π,ι} : Γ_F → GL_4(Q̄_ℓ), ρ_{π,ι}|_{ΓE} ⊗ ρ_{χ,ι} ≃ ρ_{ΠE (χ),ι}.

It is irreducible, since ρ_{ΠE (χ),ι} is known to be irreducible [TY], and satisfies: ιWD(ρ_{π,ι}|_{WFv} )^{F −ss} ≃ rec_{GT}(π_v ⊗ |c|^{− 32} ), at each finite place v ∤ ℓ of F . Here rec_{GT} is the local Langlands correspondence for GSp(4), as defined by Gan and Takeda in [GT]. To see this, pick any E in which v splits, and use the local description of ρ_{π,ι,E} together with the fact that Π is a strong lift of π. From the list of properties of ρ_{ΠE (χ),ι}, we then read off: Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 657

• Let v ∤ ℓ be a finite place of F , and let α be an eigenvalue of ρ_{π,ι}(σ) for some σ ∈ W_{Fv} . Then α belongs to Q̄, and for every embedding Q̄ → C,

|α| ∈ q^{Z2}_v .

• Let v ∤ ℓ be a finite place, with π_v unramified, and let α be an eigenvalue of ρ_{π,ι}(Frob_v ). Then α belongs to Q̄, and for every embedding Q̄ → C,

|α| = q^{w+32}_v .

• The representation ρ_{π,ι} is potentially semistable at any finite place v|ℓ.

Moreover, ρ_{π,ι} is crystalline at a finite place v|ℓ when π_v is unramified.

For the second part, we recall that χ is an algebraic Hecke character with infinity types z^az̄^b, where a + b = w. In particular, for the unitary twist π^∘ we have:

L_v(s − 1 2 (w + 3), π^∘, spin) = det(1 − ιρ_{π,ι}(Frob_v) · q^{−s}_v )^{−1}

at all places v ∤ ℓ where π^∘ is unramified. Note that, by twisting ρ_{π,ι} with integral powers of the cyclotomic character χ_{cyc}, we may alter the motivic weight w+3 by any even integer. We compare with the motivic weight k_1+k_2−3 in [Wei].

Temperedness of π^∘: From the above, it follows immediately that π^∘ has unitary Satake parameters at all places v ∤ ℓ where π^∘ is unramified. In fact, π^∘ is tempered at every place v: Indeed, by Corollary VII.1.11 in [HT], we know that Π_E is essentially tempered everywhere. That is, ϕ_{πv} |_{WEw} has bounded image in GL_4(C) for every finite place w of E. Consequently, the same holds for ϕ_{πv} |_{WFv} .

The image of ρ_{π,ι}: Since the eigenvalues of ρ_{π,ι}(Frob_v) coincide with the integral Satake parameters of π_v, for finite v ∤ ℓ where π_v is unramified, Cebotarev yields:

ρ^∨_{π,ι} ≃ ρ_{π,ι} ⊗ χ^{−1}, χ^{df}= ω_π∘ · χ^{−w−3}_{cyc} , where we confuse ω_π∘ with its finite order ℓ-adic avatar. In other words, the space of ρ_{π,ι} has a non-degenerate bilinear form preserved by Γ_F with similitude χ. We have already observed that ρ_{π,ι} is irreducible, so by Schur’s lemma this bilinear form must be symmetric or symplectic. Thus, the image of ρ_{π,ι} can always be conjugated into GO(4) or GSp(4). Under our running assumptions on π, in fact into the latter: Otherwise, by local-global compatibility at the place v_0 ∤ ℓ, the L-parameter of Π_{v0} is of orthogonal type. That is, it maps

rec(Π_{v0} ) : W^′_{Fv0} = W_{Fv0} × SL(2, C) → GO(4, C).

However, Π_{v0} is the transfer of π_{v0} , so rec(Π_{v0} ) also preserves a symplectic form on C^4. Now, Π_{v0} is a generalized Steinberg representation, and one verifies that

Z_{GL(4,C)}(im(rec(Π_{v0} ))) = C^∗

Documenta Mathematica 15 (2010) 623–670

658 Claus M. Sorensen

by an easy computation. Indeed, rec(Π_{v0} ) is of the form ϕ ⊠ S_d, where ϕ is an irreducible representation of W_{Fv0} , and S_d is the d-dimensional irreducible representation of SL(2, C). Ergo, the above symplectic form must agree with the orthogonal form up to a scalar. This is a contradiction. The symplecticity of ρ_{π,ι}, just shown, is a special case of Theorem F on p. 6 in [CCl] when ω_π is trivial. This result from [CCl] has recently been generalized to the CM case in [BCh]. When F = Q, the symplecticity of ρ_{π,ι} is shown in [Wei], for globally generic π, using Poincare duality. Indeed, by [Sou], π occurs with multiplicity one, so ρ_{π,ι} can be realized as the π_f -isotypic component of H^3 of a Siegel threefold. The cup product pairing then provides the desired symplectic form.

Baire category theory: To check that the image of ρ_{π,ι} is in fact contained in GSp_4(L), for some finite extension L over Q_ℓ, we invoke the Baire Category Theorem: Every locally compact Hausdorff space is a Baire space (that is, the union of any countable collection of closed sets with empty interior has empty interior). We will apply it to the compact subgroup ρ_{π,ι}(Γ_F ) inside GSp_4(Q̄_ℓ).

ρ_{π,ι}(Γ_F ) = � L/Q_ℓ finite

ρ_{π,ι}(Γ_F ) ∩ GSp_4(L)

is a countable union of closed subgroups, since each L is complete. Therefore,

ρ_{π,ι}(Γ_F ) ∩ GSp_4(L) has non-empty interior,

for some L, and hence this is an open subgroup. That is, the image of Γ_M for some finite extension M over F . In particular, it has finite index in ρ_{π,ι}(Γ_F ). By enlarging L, to accomodate the finitely many coset representatives, we can arrange for the image of ρ_{π,ι} to be contained in the L-rational points GSp_4(L).

Total oddness: χ(c) = −1 for every complex conjugation c ∈ Γ_F from Q̄ → C.

Hodge-Tate weights: Let us fix an embedding s : F → Q̄_ℓ, and let v be the associated place of F above ℓ. We wish to compute the Hodge-Tate weights of ρ_{π,ι} restricted to Γ_{Fv} , where F_v = s(F )^−. That is, for each integer j, evaluate

dim¯_{Qℓ} gr^j (ρ_{π,ι} ⊗_{Fv} B_{dR})^{ΓFv} .

We will reduce this to the analogous result for ρ_{ΠE (χ),ι} already mentioned. Thus, we fix a CM extension E, in which v splits. Once and for all, we fix a divisor w of v, and look at a corresponding embedding s̃ : E → Q̄_ℓ over s. This canonically identifies E_w = s̃(E)^− with F_v . Now note that, for characters χ as above, ρ_{π,ι}|_{ΓFv} ⊗ ρ_{χ,ι}|_{ΓEw} ≃ ρ_{ΠE (χ),ι}|_{ΓEw} .

Therefore, we first record the Hodge-Tate weight of ρ_{χ,ι}|_{ΓEw} . The associated complex embedding ι(s̃) defines an infinite place of E, where χ has the form z^az̄^b. As is well documented elsewhere in the literature, for example in [Bla], the Hodge-Tate weight is then −b, with our choice of normalization. Therefore,

dim¯_{Qℓ} gr^j (ρ_{π,ι} ⊗_{Fv} B_{dR})^{ΓFv} = dim¯_{Qℓ} gr^{j−b}(ρ_{ΠE (χ),ι} ⊗_{Ew} B_{dR})^{ΓEw} ,

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 659

since D_{dR} is a ⊗-functor. It remains to find the highest weight of the V with

H^•(g, K; Π_E (χ)_∞ ⊗ V^∗) ≠ 0.

More precisely, we let σ = ι(s) ∈ Σ, and consider the two complex embeddings {σ̃, σ̃^c} of E extending σ. Here σ̃ = ι(s̃). In our earlier notation, we need to compute the quadruple μ(σ̃^c). For this, we follow the proof of Lemma 3.14 on p. 114 in [Cl2]: We consider the local component of Π_E (χ) at the infinite place of E above σ. We know its L-parameter, so according to p. 113 in [Cl2]: � � � � � μ_1(σ̃^c) = b + 3 −^1_2 (w + n^′), μ_2(σ̃^c) = b + 2 −^1_2 (w + n), μ_3(σ̃^c) = b + 1 −^1_2 (w − n), μ_4(σ̃^c) = b + 0 −^1_2 (w − n^′).

Here we have introduced n = ν_1 − ν_2 and n^′ = ν_1 + ν_2. Moreover, the motivic weight w + 3 is denoted by w. From the above, and the result from section 4.2, we deduce that the Hodge-Tate weights of ρ_{π,ι}|_{ΓFv} are given by the sequence: 1 2 (w − n^′) < 1 2 (w − n) < 1 2 (w + n) < 1 2 (w + n^′).

In particular, they are distinct. We will rewrite this slightly. For each σ ∈ Σ,

δ = δ(σ)^{df}= 1 2 (w − n^′) = 1 2 (w − μ_1 − μ_2) ∈ Z.

With this notation, the set of Hodge-Tate weights takes the following form:

HT(ρ_{π,ι}|_{ΓFv} ) = {δ, ν_2 + δ, ν_1 + δ, ν_1 + ν_2 + δ}.

In the case F = Q it is customary to take w = k_1 + k_2 − 3, that is, δ = 0. In this case, we recover the Hodge types given in Theorem III on p. 2 in [Wei].

4.5 Consequences of local-global compatibility Parahoric subgroups: We fix a finite place v of F , and define certain compact open subgroups of GSp_4(F_v ), known as the parahoric subgroups. They arise as stabilizers of points in the Bruhat-Tits builidng. We refer to [Tit] for a general discussion. First, we have the hyperspecial maximal compact subgroup

K = K_v^{df}= GSp_4(O_v ).

Inside of it, we have the pullbacks of the two parabolics via the reduction map: � J_P = J_{P,v}^{df}= {k ∈ K: k (mod v) ∈ P (F_v)}, J_Q = J_{Q,v}^{df}= {k ∈ K: k (mod v) ∈ Q(F_v)}.

Documenta Mathematica 15 (2010) 623–670

660 Claus M. Sorensen

They are usually called the Siegel and Klingen parahoric, respectively. Moreover, I = I_v^{df}= J_P ∩ J_Q = {k ∈ K: k (mod v) ∈ B(F_v )}

is called the (upper-triangular) Iwahori subgroup. Furthermore, let us introduce

η = η_v^{df}= � � � 1 1 ϖ_v ϖ_v

� � �, c(η) = −ϖ^v, η^2 = ϖ^v · I^4.

This η is occasionally referred to as the Atkin-Lehner element. It depends on the choice of a uniformizer ϖ_v, but it is well-defined modulo the maximal compact subgroup of the torus T_c. An explicit calculation shows that the η-conjugate ηKη^{−1} is another hyperspecial maximal compact subgroup containing the Siegel parahoric. There is one more maximal compact subgroup containing I. Namely,

K̃ = K̃_v^{df}= subgroup generated by J_Q and its η-conjugate.

This is the paramodular, or non-special, subgroup. We have thus described all parahoric subgroups of GSp_4(F_v ) up to conjugacy. Note that η normalizes K̃ and J_P , hence I. Therefore, if J is any one of these subgroups, and π is an irreducible admissible representation, π(η) is a well-defined operator on the Jinvariants π^J . Its square is multplication by ω_π(ϖ_v ). In particular, if ω_π = 1, the eigenvalues of π(η) are ±1. These are tabulated in table 3 on p. 16 in [Sch].

Nilpotent orbits: Suppose π is an irreducible representation of GSp_4(F_v ), assumed to be Iwahori-spherical. That is, π^I ≠ 0. Then its L-parameter is given by a semisimple element in GSp_4(C) plus a compatible nilpotent element N in the Lie algebra gsp_4(C), both viewed up to conjugacy. Here we list the finitely many possibilities for N. First, by the theory of the Jordan normal form, � � � � 0 1 0 0 0

� � � �, � � � � 0 1 0 0 1 0

� � � �, � � � � 0 1 0 1 0 0

� � � �, � � � � 0 1 0 1 0 1 0

� � � �

represent the non-trivial nilpotent classes in gl_4(C). An explicit computation verifies that the third representative cannot be conjugated into gsp_4(C). Recall that sp_4(C) consists of X such that JX is symmetric. Here J is the antidiagonal symplectic form fixed throughout the paper. However, the other three representatives are in fact symplectic in this sense: They are conjugate to

N_1^{df}= � � � 0 0 1 0 0

� � �, N^{2 df}= � � � 0 1 0 0 −1 0

� � �, N^{3 df}= � � � 0 1 0 1 0 −1 0

� � �

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 661

respectively. Again, this follows immediately from the theory of normal forms. Each N_i is contained in sp_4(C). Note that N_i has rank i. It may be useful to observe that N_1 is a root vector for the long simple root β(t) = 2t_2, whereas N_2 is a root vector for the short simple root α(t) = t_1 − t_2. Their sum is N_3. By the Jacobson-Morozov theorem, [Jac, Theorem 3], the N_i in fact represent the GSp_4(C)-conjugacy classes of nilpotent elements in gsp_4(C). To aid comparison with [Sch], let us make the following remark: For the L-parameter of π to have a more transparent semisimple part, one often takes a different set of representatives, see p. 6 in [Sch]. For example, the two nilpotent elements

N^′_1^{df}= � � � � 0 1 0 0 0

� � � �, N^{′2 df}= � � � � 0 1 0 1 0 0

� � � �,

are GSp_4(C)-conjugate to N_1 and N_2 respectively. This is easy to check.

Iwahori-spherical generic representations: By a well-known result of Casselman, see [Car] for a nice review, the Iwahori-spherical π are precisely the constituents of unramified principal series. The way they decompose, in the case of GSp_4, was written out explicitly in [ST]. One gets 17 families of representations,

I, IIa, IIb, IIIa, IIIb, IV a − IV d, V a − V d, V Ia − V Id,

according to how the unramified principal series breaks up. We refer to pages 6-8 in [Sch] for a precise definition of each class of representations. Fortunately, here we are only interested in the generic representations. That is, the 6 classes

I, IIa, IIIa, IV a, V a, V Ia.

We will briefly recall the definition of each of these classes. To do that, we will first introduce the notation used in [ST]: For three quasi-characters χ_i, let

χ_1 × χ_2 ⋊ χ_3^{df}= Ind_B (χ_1 ⊗ χ_2 ⊗ χ_3)

be the principal series for GSp_4 obtained by normalized induction from

χ_1 ⊗ χ_2 ⊗ χ_3 : t → χ_1(t_1)χ_2(t_2)χ_3(c(t)).

Similarly, if τ is an irreducible representation of GL_2, and χ is a character, let

τ ⋊ χ^{df}= Ind_P (τ ⊗ χ), χ ⋊ τ^{df}= Ind_Q(χ ⊗ τ).

Again, we use normalized induction, and we identify the Levi subgroups of P and Q with GL_2 × GL_1 in the natural way. Having this notation at hand, we describe the generic classes of Iwahori-spherical representations discussed above:

Documenta Mathematica 15 (2010) 623–670

662 Claus M. Sorensen

(I) π = χ_1 × χ_2 ⋊ χ_3,

(IIa) π = St_{GL(2)}(χ_1) ⋊ χ_2,

(IIIa) π = χ_1 ⋊ St_{GL(2)}(χ_2),

(IV a) π = St_{GSp(4)}(χ),

(V a) π ⊂ St_{GL(2)}(ν^{1/2}ξ_0) ⋊ ν^{−1/2}χ

(V Ia) π ⊂ 1 ⋊ St_{GL(2)}(χ)

Here all the characters χ and χ_i are unramified. Moreover, ν denotes the normalized absolute value, and ξ_0 is the non-trivial unramified quadratic character. According to Table 1 on p. 9 in [Sch], only IV a and V a are discrete series. Type V Ia representations are the analogues of limits of discrete series. Table 3 on p. 16 in [Sch] lists the dimensions of the parahoric fixed spaces for all 17 families above, plus additional data such as the Atkin-Lehner eigenvalues when ω_π = 1. Below, we concatenate parts of Table 2 and parts of Table 3 in [Sch]. That is,

type N K K̃ J_P J_Q I I 0 1 2 4 4 8 IIa N_1 0 1 1 2 4 IIIa N_2 0 0 2 1 4 IV a N_3 0 0 0 0 1 V a N_2 0 0 0 1 2 V Ia N_2 0 0 1 1 3

Table A: Parahoric fixed spaces and monodromy

We note that the assignment of monodromy operators in [Sch] is compatible with the local Langlands correspondence, as defined by Gan and Takeda via theta correspondence. This follows from the explicit calculations in section 12 of [GT], see their remarks on p. 33. By local-global compatibility, we deduce:

Corollary 1. Let ρ_{π,ι} be the Galois representation attached to a globally generic cusp form π as above. Let v ∤ ℓ be a finite place of F such that π_v is Iwahori-spherical and ramified. Then ρ_{π,ι}|_{IFv} acts unipotently. In fact, the image ρ_{π,ι}(I_{Fv} ) is topologically generated by a GSp_4(Q̄_ℓ)-conjugate of exp(N_i), where i = � � � 1, π_v of type IIa, 2, π_v of type IIIa, Va, or VIa, 3, π_v of type IVa.

In particular, we have the following consequences conjectured in [GTi] and [SU]:

• π_v of Steinberg type ⇐⇒ monodromy has rank 3.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 663

• π_v has a unique J_Q-fixed line ⇐⇒ monodromy has rank 2.

• π_v para-spherical ⇐⇒ monodromy has rank 1.

P roof. This follows immediately from Table A above. □

The first two consequences are part of the Conjecture on p. 11 in [GTi]. Note that part 4 of that Conjecture is false: If π_v has a unique J_P -fixed line, one cannot deduce that monodromy has rank one. The last consequence is Conjecture 3.1.7 on p. 41 in [SU], for globally generic π as above. Skinner and Urban used the holomorphic analogue as a substitute for deep results of Kato, in order to study Selmer groups for certain modular forms of square-free level. Another application to the Bloch-Kato conjecture in this context, contingent on the holomorphic analogue of the third consequence above, was given in [Sor].

Supercuspidal generic representations: According to Table 2 on p. 51 in [GT], there are two types of supercuspidal generic representations π of GSp_4. Firstly,

π = θ((σ ⊗ σ^′)^+),

for distinct supercuspidal representations σ ≠ σ^′ on GL_2. In this case, the lift to GL_4 is the isobaric sum σ ⊞ σ^′. Secondly, if π is not a lift from GO_{2,2}, when lifted to GL_4 it remains supercuspidal. Again, by local-global compatibility:

Corollary 2. Let ρ_{π,ι} be the Galois representation attached to a globally generic cusp form π as above. Let v ∤ ℓ be a finite place of F such that π_v is supercuspidal. Then ρ_{π,ι} is trivial on some finite index subgroup of I_{Fv} . Moreover,

π_v is not a lift from GO_{2,2} ⇐⇒ ρ_{π,ι}|_{WFv} is irreducible.

On the contrary, when π_v is a lift from GO_{2,2}, the restriction ρ_{π,ι}|^{ss}_{WFv} breaks up as a sum of two non-isomorphic irreducible two-dimensional representations.

P roof. This follows from the foregoing discussion. □

For a moment, let us continue with the setup of the previous Corollary. The exponent of the Artin conductor of ρ_{π,ι}|_{IFv} is defined by the standard formula:

f(ρ_{π,ι}|_{IFv} )^{df}= ∞� i=0 1 [Ĩ_{Fv} : Ĩ_{Fv ,i}]

· codim¯_{Qℓ} (ρ^{ĨFv ,i}π,ι ) ∈ Z,

where Ĩ_{Fv ,i} is the ith ramification group in Ĩ_{Fv} , in turn some finite quotient of I_{Fv} through which ρ_{π,ι} factors. This sum is finite. The exponent of the Swan conductor, f_{Swan}, is given by the same formula except the summation starts at i = 1. By irreducibility, it is easy to see that ρ_{π,ι} has no nonzero I_{Fv} -invariants:

f_{Swan}(ρ_{π,ι}|_{IFv} ) = f(ρ_{π,ι}|_{IFv} ) − 4.

Documenta Mathematica 15 (2010) 623–670

664 Claus M. Sorensen

We wish to relate this to the depth of π_v , a non-negative rational number measuring its wild ramification. We very briefly recall the definition: Let G be (the rational points of) a connected reductive group over F_v , and let x be a point on its extended Bruhat-Tits building [Tit]. Its stabilizer G_x is the corresponding parahoric subgroup. In [MP], Moy and G. Prasad defined an exhaustive descending filtration of G_x, consisting of open subgroups G_{x,r} parametrized by non-negative real numbers r. They then defined a pro-p group G_{x,r}+ to be the union of the G_{x,s} for s > r. The breaks r, where G_{x,r}+ is a proper subgroup of G_{x,r}, is known to form an unbounded discrete subset of R. The depth of π is

depth(π)^{df}= inf{r: π^{Gx,r+} ≠ 0, some x} ∈ Q.

Here π is any irreducible admissible representation of G. Our goal is to show:

Proposition 1. Let ρ_{π,ι} be the Galois representation attached to a globally generic cusp form π as above. Let v ∤ ℓ be a finite place of F such that π_v is supercuspidal, and not a lift from GO_{2,2}. Then we have the following identity:

f_{Swan}(ρ_{π,ι}|_{IFv} ) = 4 · depth(π_v ).

P roof. As is well-known, see [Tat], the Artin conductor fits into the ϵ-factor:

ϵ(s, ιWD(ρ_{π,ι}|_{WFv} ), ψ) = ϵ(0, ιWD(ρ_{π,ι}|_{WFv} ), ψ) · q^{−s(f(ρπ,ι|IFv )+4n(ψ))} v . Here ψ is some fixed non-trivial character of F_v , and n(ψ) is the largest n such that ψ is trivial on p^{−n}_v . Similarly, if Π_v is the supercuspidal lift of π_v to GL_4,

ϵ(s, Π_v , ψ) = ϵ(0, Π_v, ψ) · q^{−s(f(Πv )+4n(ψ))} v . Here f(Π_v ) is the standard conductor of Π_v , that is, the smallest f such that Π_v has nonzero vectors fixed by the subgroup consisting of elements in GL_4(O_v ) whose last row is congruent to (0, . . . , 0, 1) modulo p^f_v . Hence, we deduce that

f(ρ_{π,ι}|_{IFv} ) = f(Π_v ),

since the local Langlands correspondence for GL_4 preserves ϵ-factors. The determinant twist can be ignored. Now, the key ingredient is the following formula due to Bushnell and Frölich [BF], which holds for supercuspidals on any GL_n, f(Π_v ) = n · depth(Π_v ) + n, n = 4.

We note, in passing, that this formula was generalized to the square integrable case in [LR]. It remains to explain why π_v and Π_v have the same depth. Keep in mind that Π_v ⊗ ω_{πv} is the theta lift of π_v to GSO_{3,3}. Now invoke the main result from [Pan], suitably extended to incorporate similitudes. For this last step, Lemma 2.2 on p. 7 in [GT] is very useful. We omit the details. □

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 665

Tame ramification: In the previous Proposition, let us take π_v to have depth zero. In other words, π_v has nonzero vectors fixed by the pro-unipotent radical of some parahoric subgroup. In this special case, ρ_{π,ι}|_{IFv} factors through the tame quotient I^t_{Fv} , a pro-cyclic group of pro-order prime-to-p. More concretely, ρ_{π,ι}|_{IFv} is the direct sum of four ℓ-adic characters of I_{Fv} , of finite order primeto-p. Below, we will state a related result, due to Genestier and Tilouine in the rational case. Let χ be any complex character of F^∗_v and view it as a character

χ : J_{Q,v} → GL(2, F_v) × F^∗_v → F^∗_v → C^∗,

where the second map is projection. If π is an irreducible admissible representation of GSp_4, we will be looking at the space π^{JQ,χ} of vectors on which J_Q acts via the character χ. When χ ≠ 1, this is non-trivial only for principal series:

Lemma 3. Let π be an irreducible generic representation of GSp_4(F_v ), and let χ be a non-trivial character of F^∗_v , viewed as a character of J_Q as above. Then π^{JQ,χ} is nonzero if and only if π is a tamely ramified principal series of the form π = χ̃ × (unram.) ⋊ (unram.), for some extension χ̃ of χ inflated to a tamely ramified character of O^∗_v .

P roof. First, let us assume π^{JQ,χ} contains nonzero vectors. On such vectors, the Iwahori subgroup I acts via the character χ⊗1⊗1. By Roche’s construction of types for principal series [Roc], see the formulation on p. 10 in [So2], we deduce that π must be a subquotient of a principal series representation of the form χ̃ × χ_1 ⋊ χ_2 as in the Lemma. That is, both χ_i are unramified, and χ̃ extends χ. Our goal is to show that this principal series is necessarily irreducible. For that, we use the criterion from Theorem 7.9 in [Tad]. Since χ̃ is ramified, the only way it could be reducible is if χ_1 = ν^{±1}. Recall that ν denotes the normalized absolute value on F_v . For simplicity, let us assume that χ_1 = ν. The other case is taken care of by taking the dual. Then, by Lemmas 3.4 and 3.9 in [ST], there is a sequence

0 → χ̃ ⋊ St_{GL(2)}(σ) → χ̃ × ν ⋊ ν^{−1/2}σ → χ̃ ⋊ 1_{GL(2)}(σ) → 0,

where we write χ_2 as ν^{−1/2}σ. Both constituents are irreducible. However, the quotient is non-generic, so π must be the subrepresentation. It remains to check (χ̃ ⋊ St_{GL(2)}(σ))^{JQ ,χ} = 0.

This is done by explicit calculation: We fix a complete set of representatives,

Q\G/J_Q = {1, s_1, s_1s_2s_1}, s_1^{df}= � � � 1 1 1 1

� � �, s^{2 df}= � � � 1 1 −1 1

� � �.

Documenta Mathematica 15 (2010) 623–670

666 Claus M. Sorensen

We are inducing from the Klingen parabolic, and an easy argument shows that the χ-vectors in the induced representation are given by the χ-vectors in the representation of the Levi subgroup. In our case, we get the three contributions:

• (χ̃ ⊗ St_{GL(2)}(σ))^{Q∩JQ ,χ} = χ̃^{O∗,χ} ⊗ St_{GL(2)}(σ)^{GL2(O)} = 0,

• (χ̃ ⊗ St_{GL(2)}(σ))^{Q∩s1 JQs1 ,χ} = χ̃^{O∗} ⊗ St_{GL(2)}(σ)^{I,χ} = 0,

• (χ̃ ⊗ St_{GL(2)}(σ))^{Q∩s1 s2 s1 JQs1s−12 s1 ,χ} = χ̃^{O∗,χ′} ⊗ St_{GL(2)}(σ)^{GL2(O)} = 0.

Here χ^′ is some irrelevant character. This proves the only if part of the Lemma. The converse is easier. Indeed, by the same observation, it suffices to check that (χ̃ ⊗ χ_1 ⊗ χ_2)^{B∩JQ,χ} = χ̃^{O∗,χ} ⊗ χ^{O∗}_1 ⊗ χ^{O∗}_2 ≠ 0,

as follows from our assumptions on these characters. This finishes the proof. □ As a last application of local-global compatibility, in conjunction with the previous Lemma, we obtain the following result due to Genestier and Tilouine in the rational case F = Q; compare to the second part of Theorem 2.2.5 in [GTi].

Corollary 3. Let ρ_{π,ι} be the Galois representation attached to a globally generic cusp form π as above. Let v ∤ ℓ be a finite place of F such that π^{JQ,χ}_v is nonzero for some non-trivial tamely ramified character χ of O^∗_v . It follows that ρ_{π,ι}|_{IFv} = 1 ⊕ 1 ⊕ χ ⊕ χ.

Here χ is the character of I_{Fv} obtained via local class field theory. Moreover, one can arrange for the two eigenspaces, for 1 and χ, to be totally isotropic.

P roof. The previous Lemma. See also (vi) of Proposition 12.15 in [GT]. □

In [GTi], this result was proved by a careful study of the bad reduction of Siegel threefolds with Klingen level structure at v. The eigenspace polarization comes from the cohomology of each irreducible component of the special fiber.

References

[AC] J. Arthur and L. Clozel, Simple algebras, base change, and the advanced theory of the trace formula. Annals of Mathematics Studies, 120. Princeton University Press, Princeton, NJ, 1989.

[Art] J. Arthur, Automorphic representations of GSp(4). Contributions to automorphic forms, geometry, and number theory, 65-81, Johns Hopkins Univ. Press, Baltimore, MD, 2004.

[AS] M. Asgari and F. Shahidi, Generic transfer from GSp(4) to GL(4). Compos. Math., 142, 2006, no. 3, 541-550.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 667

[Bai] W. Baily, On the Hilbert-Siegel modular space. Amer. J. Math., 81, 1959 846-874.

[BCh] J. Bellaiche and G. Chenevier, The sign of Galois representations attached to automorphic forms for unitary groups, preprint, April, 2008.

http://arxiv.org/pdf/0804.2860

[Bla] D. Blasius, On the critical values of Hecke L-series. Ann. of Math., 2, 124, 1986, no. 1, 23-63.

[BRa] D. Blasius and D. Ramakrishnan, Maass forms and Galois representations. Galois groups over Q, Berkeley, CA, 1987, 33-77, Math. Sci. Res. Inst. Publ., 16, Springer, New York, 1989.

[BRo] D. Blasius and J. Rogawski, Motives for Hilbert modular forms. Invent.

Math. 114, 1993, no. 1, 55-87.

[BF] C. Bushnell and A. Frohlich, Nonabelian congruence Gauss sums and p-adic simple algebras. Proc. London Math. Soc., 3, 50, 1985, no. 2, 207-264.

[Car] P. Cartier, Representations of p-adic groups: a survey. Automorphic forms, representations and L-functions, Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977, Part 1, pp. 111-155, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979.

[CCl] G. Chenevier and L. Clozel, Corps de nombres peu ramifies et formes automorphes autoduales, preprint, September, 2007.

http://arxiv.org/pdf/0706.3336

[Clo] L. Clozel, Changement de base pour les representations temperees des groupes reductifs reels. Ann. Sci. Ecole Norm. Sup., 4, 15, 1982, no. 1, 45-115.

[Cl2] L. Clozel, Motifs et formes automorphes: applications du principe de fonctorialite. Automorphic forms, Shimura varieties, and L-functions, Vol. I, Ann Arbor, MI, 1988, 77-159, Perspect. Math., 10, Academic Press, Boston, MA, 1990.

[Cl] L. Clozel, Representations galoisiennes associees aux representations automorphes autoduales de GL(n). Inst. Hautes Etudes Sci. Publ. Math. No. 73, 1991, 97-145.

[GT] W. T. Gan and S. Takeda, The local Langlands conjecture for GSp(4), submitted, 2007.

http://www.math.ucsd.edu/~wgan/

[GTi] A. Genestier and J. Tilouine, Systemes de Taylor-Wiles pour GSp_4.

Formes automorphes. II. Le cas du groupe GSp(4). Asterisque No. 302, 2005, 177-290.

[Har] M. Harris, Construction of automorphic Galois representations, preprint, first version.

http://www.math.jussieu.fr/~harris/

Documenta Mathematica 15 (2010) 623–670

668 Claus M. Sorensen

[HK] M. Harris and S. Kudla, Arithmetic automorphic forms for the nonholomorphic discrete series of GSp(2). Duke Math. J. 66, 1992, no. 1, 59-121.

[HT] M. Harris and R. Taylor, The geometry and cohomology of some simple Shimura varieties. With an appendix by Vladimir G. Berkovich. Annals of Mathematics Studies, 151. Princeton University Press, Princeton, NJ, 2001.

[H] M. Harris, Occult period invariants and critical values of the degree four L-function of GSp(4). Contributions to automorphic forms, geometry, and number theory, 331-354, Johns Hopkins Univ. Press, Baltimore, MD, 2004.

[Hen] G. Henniart, Une preuve simple des conjectures de Langlands pour GL(n) sur un corps p-adique. Invent. Math. 139, 2000, no. 2, 439-455.

[Jac] N. Jacobson, Completely reducible Lie algebras of linear transformations. Proc. Amer. Math. Soc. 2, 1951. 105-113.

[JPS] H. Jacquet, I. Piatetskii-Shapiro and J. Shalika, Rankin-Selberg convolutions. Amer. J. Math. 105, 1983, no. 2, 367-464.

[Kna] A. Knapp, Local Langlands correspondence: the Archimedean case. Motives, Seattle, WA, 1991, 393-410, Proc. Sympos. Pure Math., 55, Part 2, Amer. Math. Soc., Providence, RI, 1994.

[Kn] A. Knapp, Representation theory of semisimple groups. An overview based on examples. Reprint of the 1986 original. Princeton Landmarks in Mathematics. Princeton University Press, Princeton, NJ, 2001.

[Kot] R. Kottwitz, On the λ-adic representations associated to some simple Shimura varieties. Invent. Math. 108, 1992, no. 3, 653-665.

[Kud] S. Kudla, The local Langlands correspondence: the non-Archimedean case. Motives, Seattle, WA, 1991, 365-391, Proc. Sympos. Pure Math., 55, Part 2, Amer. Math. Soc., Providence, RI, 1994.

[KR] S. Kudla and S. Rallis, On first occurrence in the local theta correspondence. Automorphic representations, L-functions and applications: progress and prospects, 273-308, Ohio State Univ. Math. Res. Inst. Publ., 11, de Gruyter, Berlin, 2005.

[Lab] J.-P. Labesse, Changement de base CM et series discretes, preprint.

http://www.math.jussieu.fr/~harris/

[LR] J. Lansky and A. Raghuram, On the correspondence of representations between GL(n) and division algebras. Proc. Amer. Math. Soc. 131, 2003, no. 5, 1641-1648.

[Lau] G. Laumon, Fonctions zetas des varietes de Siegel de dimension trois.

Formes automorphes. II. Le cas du groupe GSp(4). Asterisque No. 302, 2005, 1-66.

Documenta Mathematica 15 (2010) 623–670

Galois Representations . . . 669

[Moe] C. Moeglin, Correspondance de Howe pour les paires reductives duales:

quelques calculs dans le cas archimedien. J. Funct. Anal. 85, 1989, no. 1, 1-85.

[MW] C. Moeglin and J.-L. Waldspurger, Le spectre residuel de GL(n). Ann.

Sci. Ecole Norm. Sup., 4, 22, 1989, no. 4, 605-674.

[MP] A. Moy and G. Prasad, Unrefined minimal K-types for p-adic groups.

Invent. Math. 116, 1994, no. 1-3, 393-408.

[MS] G. Muic and G. Savin, Symplectic-orthogonal theta lifts of generic discrete series. Duke Math. J. 101, 2000, no. 2, 317-333.

[Pan] S.-Y. Pan, Depth preservation in local theta correspondence. Duke Math.

J. 113, 2002, no. 3, 531-592.

[Ram] D. Ramakrishnan, Pure motives and automorphic forms. Motives, Seattle, WA, 1991, 411-446, Proc. Sympos. Pure Math., 55, Part 2, Amer. Math. Soc., Providence, RI, 1994.

[Rob] B. Roberts, The non-Archimedean theta correspondence for GSp(2) and GO(4). Trans. Amer. Math. Soc. 351, 1999, no. 2, 781-811.

[Ro2] B. Roberts, Global L-packets for GSp(2) and theta lifts. Doc. Math. 6, 2001, 247-314.

[Roc] A. Roche, Types and Hecke algebras for principal series representations of split reductive p-adic groups. Ann. Sci. Ecole Norm. Sup., 4, 31, 1998, no. 3, 361-413.

[ST] P. Sally and M. Tadic, Induced representations and classifications for GSp(2, F ) and Sp(2, F ). Mem. Soc. Math. France (N.S.) No. 52, 1993, 75-133.

[Sch] R. Schmidt, Iwahori-spherical representations of GSp(4) and Siegel modular forms of degree 2 with square-free level. J. Math. Soc. Japan 57, 2005, no. 1, 259-293.

[Sha] F. Shahidi, A proof of Langlands’ conjecture on Plancherel measures;

complementary series for p-adic groups. Ann. of Math., 2, 132, 1990, no. 2, 273-330.

[SU] C. Skinner and E. Urban, Sur les deformations p-adiques de certaines representations automorphes. J. Inst. Math. Jussieu 5, 2006, no. 4, 629- 698.

[Sor] C. Sorensen, Level-raising for Saito-Kurokawa forms, preprint.

http://www.math.princeton.edu/~csorense/

[So2] C. Sorensen, Potential level-lowering for GSp(4), preprint.

http://www.math.princeton.edu/~csorense/

[Sou] D. Soudry, A uniqueness theorem for representations of GSO(6) and the strong multiplicity one theorem for generic representations of GSp(4). Israel J. Math. 58, 1987, no. 3, 257-287.

Documenta Mathematica 15 (2010) 623–670

670 Claus M. Sorensen

[Tad] M Tadic, Representations of p-adic symplectic groups. Compositio Math. 90, 1994, no. 2, 123-181.

[Tat] J. Tate, Number theoretic background. Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, pp. 3-26, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979.

[TY] R. Taylor and T. Yoshida, Compatibility of local and global Langlands correspondences. J. Amer. Math. Soc. 20, 2007, no. 2, 467-493.

[Tit] J. Tits, Reductive groups over local fields. Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, pp. 29-69, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979.

[Vig] M.-F. Vigneras, Correspondances entre representations automorphes de GL(2) sur une extension quadratique de GSp(4) sur Q, conjecture locale de Langlands pour GSp(4). The Selberg trace formula and related topics (Brunswick, Maine, 1984), 463-527, Contemp. Math., 53, Amer. Math. Soc., Providence, RI, 1986.

[Wal] J.-L. Waldspurger, Un exercice sur GSp(4, F ) et les representations de Weil. Bull. Soc. Math. France 115, 1987, no. 1, 35-69.

[Wed] T. Wedhorn, The local Langlands correspondence for GL(n) over p-adic fields, preprint.

http://arxiv.org/pdf/math/0011210

[Wei] R. Weissauer, Four dimensional Galois representations. Formes automorphes. II. Le cas du groupe GSp(4). Asterisque No. 302, 2005, 67- 150.

[We2] R. Weissauer, Existence of Whittaker models related to four dimensional symplectic Galois representations, preprint.

http://arxiv.org/pdf/math/0703218

[Whi] D. Whitehouse, The twisted weighted fundamental lemma for the transfer of automorphic forms from GSp(4). Formes automorphes. II. Le cas du groupe GSp(4). Asterisque No. 302, 2005, 291-436.

Claus M. Sorensen Department of Mathematics Princeton University USA claus@princeton.edu

Documenta Mathematica 15 (2010) 623–670

Documenta Math. 671

Arithmetic of a fake projective plane

and related elliptic surfaces

Amir Džambić

Received: July 2, 2008

Communicated by Thomas Peternell

Abstract. The purpose of the present paper is to explain the fake projective plane constructed by J. H. Keum from the point of view of arithmetic ball quotients. Beside the ball quotient associated with the fake projective plane, we also analize two further naturally related ball quotients whose minimal desingularizations lead to two elliptic surfaces, one already considered by J. H. Keum as well as the one constructed by M. N. Ishida in terms of p-adic uniformization.

2000 Mathematics Subject Classification: 11F23,14J25,14J27 Keywords and Phrases: Fake projective planes, arithmetic ball quotients

1 Introduction

In 1954, F. Severi raised the question if every smooth complex algebraic surface homeomorphic to the projective plane P_2(C) is also isomorphic to P_2(C) as an algebraic variety. To that point, this was classically known to be true in dimension one, being equivalent to the statement that every compact Riemann surface of genus zero is isomorphic to P_1(C). F. Hirzebruch and K. Kodaira were able to show that in all odd dimensions P_n(C) is the only algebraic manifold in its homeomorphism class. But it took over 20 years until Severi’s question could be positively answered. One obtains it as a consequence of S-T. Yau’s famous results on the existence of Kähler-Einstein metrics on complex manifolds. Two years after Yau’s results, in [Mum79], D. Mumford discussed the question, if there could exist algebraic surfaces which are not isomorphic to P_2(C), but which are topologically close to P_2(C), in the sense that they have same Betti numbers as P_2(C). Such surfaces are nowadays commonly called fake projective planes, see [BHPVdV04]. The following characterization of fake projective planes follows immediately from standard results in the theory of algebraic surfaces in combination with above mentioned Yau’s result:

Documenta Mathematica 15 (2010) 671–686

672 Amir Džambić

Lemma 1.1. A smooth algebraic surface X is a fake projective plane if and only if c_2(X) = 3, c^2_1(X) = 9, q(X) = p_g (X) = 0, and kod(X) = 2. In particular, the universal covering of X is isomorphic to the unit ball B_2 ⊂ C^2 and consequently X ∼= Γ\B_2 (1.1)

where Γ is a discrete, cocompact, and torsion free subgroup of Aut(B_2) ∼= PSU(2, 1).

Here, c_2(X) and c^2_1(X) denote the two Chern numbers of X which are interpreted as the Euler number and the selfintersection number of the canonical divisor respectively, q(X) is the irregularity, p_g(X) the geometric genus, and kod(X) is the Kodaira dimension of X.

In the above mentioned work [Mum79], Mumford was also able to show the existence of fake projective planes, constructing an example. However, his construction is based on the theory of p-adic uniformization and his example is not presented in the form (1.1), as one naturally would expect. Moreover, his example is not even a complex surface, but a surface defined (apriori) over the field of 2-adic numbers Q_2. But, p-adic methods were for long time the only way for producing examples of fake projective planes, of which only fnitely many can exist, as pointed out by Mumford. Further examples of p-adic nature have been given by M. -N. Ishida and F. Kato ([IK98]), whereas the first complex geometric example seems to be the one constructed by J. H. Keum in [Keu06]. Motivated by the work of M. N. Ishida ([Ish88]), the author finds a fake projective plane as a degree 7 (ramified) cyclic covering of an explicitely given properly elliptic surface. Again, as all the examples before, Keum’s example is not given as a ball quotient. The breakthrough in the study of fake projective planes came with the recent work of G. Prasad and S. Yeung, [PY07], where the authors succeeded to determine all fake projective planes. The main technical tool in their proof is a general volume formula developed by Prasad which is applied to the case of SU(2, 1), and combined with the fact that the fundamental group of a fake projective plane is arithmetic. The resulting arithmetic groups are given rather explicitely in terms of Bruhat-Tits theory.

In the following paper we identify Keum’s fake projective plane with a ball quotient X_Γ′ = Γ^′ \B_2. In fact, this ball quotient appears in [PY07] (see [PY07], 5. 9, and there the examples associated with the pair (7,2)). However, in this paper we use a slightly modified approach to this quotient, motivated by [Kat], who identified Mumford’s fake projective plane as a connected component of a certain Shimura variety. Moreover, Mumford’s 2-adic example can be considered as a kind of a “2-adic completion“ of a ball quotient. This ball quotient also appears in [PY07] and is also associated to the pair (7, 2) (in the sense of [PY07]), but this ball quotient is not isomorphic to X_Γ′ as remarked in [Keu08].

Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 673

Let us briefly describe the approach. We start with an explicit division algebra D over Q with an involution of second kind ι_b, a particular maximal order O, and we consider the arithmetic group Γ = Γ_{O,b} consisting of all norm-1 elements in O which are unitary with respect to the hermitian form corresponding to ι_b. Now, Γ^′ appears as a principal congruence subgroup of index 7 in Γ. The explicit knowledge of Γ allows us to see particular elements of finite order in Γ and gives us the possibility to explain the elliptic surface appearing in [Keu06] from the point of view of ball quotients, namely as the minimal desingularization of quotient singularities of X_Γ = Γ\B_2. Passing to a particular group Γ̃ containing Γ with index 3, we identify the minimal desingularization of the ball quotient X_{Γ̃} with the elliptic surface of Ishida ([Ish88]) which is originally given in terms of p-adic uniformization. We illustrate the situation in the following diagram:

X_Γ′ 7 � ~X_Γ �

� X_Γ 3 � ~X_{Γ̃} � X_{Γ̃}

There, the arrows indicate finite cyclic coverings of compact ball quotients with announced degree, X_Γ′ is a fake projective plane, X_Γ and X_{Γ̃} are singular ball quotients, having only cyclic singularities and ~X_Γ, ~X_{Γ̃} are the canonical resolutions of singularities and are both smooth minimal elliptic surfaces of Kodaira dimension one. Identifying ~X_{Γ̃} with Ishida’s elliptic surface in [Ish88], we know the singular fibers of its elliptic fibration. Explicit knowledge of the finite covering X_Γ −→ X_{Γ̃} gives the elliptic fibration of ~X_Γ, already determined by Keum.

Acknowledgment: I would like to express my gratitude to the referee for his careful reading of the manuscript and for pointing out a mistake in an earlier version of the paper.

2 Preliminiaries on arithmetic ball quotients

In this section, we discuss arithmetically defined groups which act properly discontinuously on a symmetric domain isomorphic to the two-dimensional complex unit ball and collect some basic properties of the corresponding locally symmetric spaces.

Documenta Mathematica 15 (2010) 671–686

674 Amir Džambić

2.1 Arithmetic lattices

If H is a hermitian form over C in three variables with two negative and one positive eigenvalue, then we speak of a form with signature (2, 1). The set of positive definite lines

B_H = {[l] ∈ P_2(C) | H(l, l) > 0} ⊂ P_2(C) (2.1)

with respect to such a hermitian form H is isomorphic to the two dimensional complex unit ball B_2. Alternatively, we can see B_H as the symmetric space B_H ∼= SU(H)/K_0 associated with the Lie group SU(H), that is the group of isometries with respect to H of determinant 1, where K_0 is a maximal compact subgroup in SU(H). Every cocompact discrete and torsion free subgroup Γ of SU(H) acts properly discontinously on B_H as a group of linear fractional transformations, but not effectively in general. However, the image PΓ of Γ in PSU(H) acts effectively. The orbit space X_Γ = Γ\B_H has a natural structure of a complex manifold, and even more: it has the structure of a smooth projective algebraic variety. Arithmetic subgroups of SU(H) provide a large natural class of discrete groups which act on B_H . By the classification theory of forms of algebraic groups, all arithmetic groups which act on the ball can be constructed as follows:

Let F be a totally real number field and K/F a pure imaginary quadratic extension (CM extension) of K. Let A be a 9-dimensional central simple algebra over K and assume that on A exists an involution of second kind, i. e. an antiautomorphism ι : A → A such that ι^2 = id and the restriction ι|_K is the complex conjugation x → x ∈ Gal(K/F ). In that case, using the Skolem- Noether theorem, we can always normalize ι in such a way that the extension ι_C on A ⊗ C ∼= M_3(C) of ι is the hermitian conjugation, ι_C(m) = m^t. In this case we say that ι is the canonical involution of second kind. As a central simple algebra over a number field, A is a cyclic algebra

A = A(L, σ, α) = L ⊕ Lu ⊕ Lu^2, (2.2)

where L/K is an (cyclic) extension of number fields of degree 3, σ is a generator of Gal(L/K) and u ∈ A satisfies α = u^3 ∈ K^∗, au = ua^σ for all a ∈ L. This data already determine the isomorphy class of A. The structure of a division algebra is determined by the class of α in K^∗/N_{L/K} (L^∗) by class field theory: A is a division algebra if and only if α /∈ N_{L/K} (L^∗), otherwise A is the matrix algebra M_3(K). We note that L is a splitting field of A, i. e. A ⊗ L ∼= M_3(L) and that we can embedd A in M_3(L) if we put:

a → � � a 0 0 0 a^σ 0 0 0 a^{σσ} � � for a ∈ L, u → � � 0 0 α 1 0 0 0 1 0 � � (2.3)

and extend linearly to all A.

Consider again the canonical involution ι of second kind on A and let b ∈ A be

Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 675

an ι-invariant element, i. e. an element with b^ι = b. Then ι_b : a → ba^ιb^{−1} defines a further involution of second kind. Let A^{(1)} denote the group of elements in A of reduced norm 1 considered as an algebraic group and let G_b = {g ∈ A^{(1)} | gg^{ιb} = 1}. Then, G_b is an algebraic group defined over F . Let us further assume that the matrix corresponding to b, obtained from the embedding A → M_3(C) induced by id ∈ Hom(F, C), represents a hermitian form of signature (2, 1), and for every id ≠ τ ∈ Hom(F, C) the induced matrix is a hermitian form of signature (3, 0). Then the group of real valued points G_b(R) is isomorphic to the product SU(2, 1) × SU(3)^{[F :Q]−1}. Since SU(3) is compact, according to the Theorem of Borel and Harish-Chandra, every arithmetic subgroup of G_b(F ) is a lattice in SU(2, 1), i. e. a discrete subgroup of finite covolume and acts properly discontinuously on the ball. The arithmetic subgroups derived from the pair (A, ι_b) can be specified in terms of orders in A: Every such group is commensurable to a group

Γ_{O,b} = {γ ∈ O | γγ^{ιb} = 1, nr(γ) = 1},

where O is a ι_b-invariant order in A and nr(·) denotes the reduced norm. For instance, take A = M_3(K) and let H ∈ M_3(K) be hermitian with the property that its signature is (2, 1) when considered as matrix over C and that the signature of all matrices obtained by applying non-trivial Galois automorphisms τ ∈ Gal(F/Q) to the entries is (3, 0). M_3(o_K ) is definitively an order in M_3(K) and the arithmetic group Γ_H = SU(H, o_K ) is called the (full) Picard modular group. On the other hand, the arithmetic lattices constructed from the division algebras are generally called arithmetic lattices of second kind.

2.2 Invariants of arithmetic ball quotients

Keeping the notations from the last paragraph, let G_b be an algebraic group derived from a pair (A, ι_b) for which b satisfies the additional condition G_b(R) ∼= SU(2, 1) × SU(3)^{[F :Q]−1}. Let Γ be an arithmetic subgroup in G_b(F ) and denote X_Γ = Γ\B_2 the corresponding locally symmetric space. Then, the Godement’s compactness criterion implies that X_Γ is compact, except in the case where A is the matrix algebra over an imaginary quadratic field K. After a possible descent to a finite index normal subgroup, we can assume that Γ is torsion free and X_Γ is smooth. There is always a volume form μ on B_2 such that the volume vol_μ(Γ) of a fundamental domain of Γ is exactly the Euler number of X_Γ, when Γ is torsion free and cocompact. Under the assumption that the arithmetic group is so-called principal arithmetic subgroup this volume can be given explicitely by formulas involving exclusively data of arithmetical nature. A principal arithmetic group Λ is defined as Λ = G_b(F ) ∩ � v P_v , where {P_v} is a collection of parahoric subgroups P_v ⊂ G_b(F_v ) (v a non-archimedian place of F ), such that � v P_v is open in the adelic group G_b(A_F ) (see [Pra89], 3. 4, or [BP89],1. 4. for details). Let us recall this formula for principal arithmetic subgroups of SU(2, 1) established in [PY07] where the reader will find omitted details (see also [Pra89] and [BP89] for the general case). Let D_K and D_F

Documenta Mathematica 15 (2010) 671–686

676 Amir Džambić

denote the absolute values of discriminants of the number fields K and F and ζ_F (·) the Dedekind zeta function of F . For Re(s) > 1 a L-function is defined by L(s, χ_{K/F} ) = � v (1 − χ_{K/F} (p_v)N(p_v)^{−s})^{−1} where v runs over all finite places of F , p_v denotes the prime ideal of o_F corresponding to v, N(p_v) = |o_F /p_v| and χ_{K/F} (·) is a character defined to be 1,-1 or 0 according to whether p_v splits, remains prime or ramifies in K.

Lemma 2.1 (see [PY07]). Let Λ ⊂ G_b(F ) be a principal arithmetic subgroup. Then

vol_μ(Λ) = 3

D^{5/2}_K D_F

(16π^5)^{−[F :Q]}ζ_F (2)L(3, χ_{K/F} )E

where E = � v∈S e(v) is a product running over a finite set S of nonarchimedian places of F determined by the localization of Λ with rational numbers e(v), given explicitely in [PY07] 2. 5.

The above formula not only gives the Euler number of a smooth ball quotient X_Γ, when Γ is torsion free finite index normal subgroup of a principal arithmetic Λ, but also other numerical invariants. Namely, by Hirzebruch’s Proportionality Theorem, c^2_1(X_Γ) = 3c_2(X_Γ) for any smooth and compact ball quotient. Consequently, the Noether formula implies for the Euler-Poincaré characteristic χ(X_Γ) := χ(O_{XΓ} ) of the structure sheaf O_{XΓ} (arithmetic genus): χ(X_Γ) = c_2(X_Γ)/3. Similarly, the signature sign(X_Γ) equals to c_2(X_Γ)/3 by Hirzebruch’s Signature Theorem. In general, the remaining Hodge numbers (irregularity and the geometric genus) are not immediately given. But, for a large class of arithmetic groups, namely congruence subgroups of second kind, i. e. those defined by congruences and contained in division algebras, there is a vanishing Theorem of Rogawski (see [BR00], Theorem 1), saying that for such groups H^1(Γ, C) vanishes. Then it follows that the irregularity of the corresponding ball quotients vanishes, since we can identify the two cohomology groups H^∗(Γ) and H^∗(X_Γ).

3 Construction of the fake projective plane

Let ζ = ζ_7 = exp(2πi/7) and L = Q(ζ). Then, L contains the quadratic subfield K = Q(λ) ∼= Q( √ −7) with λ = ζ +ζ^2 +ζ^4 =^{−1+√−7}_2 . The automorphism σ : ζ → ζ^2 generates a subgroup of Gal(L/Q) of index 2 and leaves K invariant, therefore, ⟨σ⟩ = Gal(L/K). We put α = λ/λ. As we have seen before (compare (2.2)), the triple (L, σ, α) defines a cyclic algebra D = D(L, σ, α) over K.

Lemma 3.1. The algebra D is a division algebra and has an involution of second kind. The assignement a → ā for a ∈ L, u → ᾱu^2 defines the canonical involution of second kind ι. Let b = tr(λ) + λ̄u + λ̄u^2. Then, the induced hermitian matrix H_b has the signature (2, 1).

Proof. The choice of α ensures that α /∈ N_{L/K} (L^∗) by Hilbert’s Theorem 90. This proves the first statement. The remaining statements are proven in an elementary way, using the matrix representation of D given in (2.3).

Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 677

Hence, the algebraic group G_b is a Q-form of the real group SU(2, 1). Now, we construct an arithmetic subgroup in G_b(Q) derived from a maximal order in D. For this let O = o_L ⊕ o_Lλ̄u ⊕ o_Lλ̄u^2. (3.1)

Clearly, O is an order in D. Also one easily sees that O is invariant under the involution ι_b defined by b. We know even more:

Lemma 3.2. O is a maximal order in D.

Proof. O is maximal if and only if the localization O_v is maximal for every finite place v. Over a local field, any central simple algebra A_v contains (up to a conjugation) the unique maximal order M_v (see [Rei03]). Therefore the discriminant d(M_v) completely characterizes M_v . The discriminant d(O) is easily computed to be 2^6. Since d(O_v ) = d(O)_v , we immediately see that at all places v not dividing 2, d(O_v ) = 1. Exactly at those places D_v is the matrix algebra, since α is an unit there, and O_v is maximal by [Rei03], p. 185. At the two places λ and λ̄ dividing 2, D_v is a division algebra. There d(O_v ) is exactly the discriminant of the maximal order M_v ([Rei03], p. 151). Let Γ_{O,b} = G_b(Q) ∩ O = {γ ∈ O | γγ^{ιb} = 1, nr(γ) = 1} (3.2)

be the arithmetic subgroup of G_b(Q) defined by O. We shall summarize some properties of Γ_{O,b}:

Lemma 3.3. Γ_{O,b} is a principal arithmetic subgroup. Every torsion element in Γ_{O,b} has the order 7. All such elements are conjugate in D.

Proof. By definition, Γ_{O,b} will be principal if at all finite places p of Q its localization is a parahoric subgroup of G_b(Q_p). Since O is maximal, at all places p ≠ 2 the localization Γ^{[p]}_{O,b} is the special unitary group SU(H_b, o_p), where o_p = o_K ⊗ Q_p. Then by [Tit79], Γ^{[p]}_{O,b} is maximal parahoric. Since 2 is split in K, there is a division algebra D_2 over Q_2 such that D ⊗ Q_2 = D_2 ⊕ D^o_2, where D^o_2 denotes the opposite algebra to D_2. The projection to the first factor gives an isomorphism G_b(Q_2) ∼= D^{(1)}_2 , the group of elements of reduced norm 1 in D_2. Let M_2 be the maximal order in D_2. Then Γ^{[2]}_{O,b} = M^{(1)}_2 . Again, by [Tit79], this is a maximal parahoric group. In order to prove the second statement let us consider an element τ of finite order in Γ_{O,b}. Let η be an eigenvalue of τ. Then η is a root of unity and Q(η) is a commutative subfield of D. Conversly, every cyclotomic subfield of D containing K gives rise to an element of finite order in D. Consequently, we have a bijection between the set of the conjugacy classes of elements of finite order in D and the cyclotomic fields C ⊂ D which contain the center K of D. Since L is the only such field, only elements of order 7, 2 and 14 can occur. But since the reduced norm of −1 is −1 again, elements of order 2 don’t belong to Γ. Thus, only elements of order 7 are possible.

Documenta Mathematica 15 (2010) 671–686

678 Amir Džambić

Let us now consider a particular congruence subgroup of Γ_{O,b}, namely the principal congruence subgroup

Γ_{O,b}(λ) = {γ ∈ Γ_{O,b} | γ ≡ 1 mod λ} (3.3)

We have

Lemma 3.4. Γ_{O,b}(λ) is torsion free subgroup of index [Γ_{O,b} : Γ_{O,b}(λ)]=7.

Proof. By Lemma 3.3 we have to show that Γ_{O,b}(λ) contains no elements of order 7. Let γ be an element in Γ_{O,b}(λ) of finite order k. The eigenvalues of the representing matrix m_γ of γ are k-th roots of unity. Let η be such an eigenvalue and E = Q(η). Then E ∼= L by arguments in the proof of Lemma 3.3. Since γ belongs to the congruence subgroup defined by λ, λ divides the coefficients of m_γ − 1_3 ∈ M_3(E). Let x be an eigenvector of m_γ . Multiplying with an integer we can assume x ∈ o^3_E . Then λ|(m_γ −1_3)x = (η −1)x from which follows that λ divides η − 1 in o_E. Taking the norms we have N_{E/Q}(λ)|N_{E/Q}(η − 1)|k. This is not possible when assuming k = 7. Therefore, Γ_{O,b}(λ) is torsion free. In order to compute the index, we make use of the strong approximation property which holds for G_b. It allows us to express the index [Γ_{O,b} : Γ_{O,b}(a)] of an arbitrary principal congruence subgroup Γ_{O,b}(a) defined by some ideal a = � p^{np} of o_K as a product of local indices � p|a[Γ^{[p]}_{O,b} : Γ^{[p]}_{O,b}(p^{np} )], where p = p ∩ Q. In the case in question, we have [Γ_{O,b} : Γ_{O,b}(λ)] = [Γ^{[2]}_{O,b} : Γ^{[2]}_{O,b}(λ)]. But in the proof of Lemma 3.3 we already determined the structure of the localizations of Γ_{O,b}: Γ^{[2]}_{O,b} ∼= M^{(1)}_2 and therefore Γ^{[2]}_{O,b}(λ) is the congruence subgroup M^{(1)}_2 (π_{D2} ), where π_{D2} is the uniformizing element of D_2. It follows from a Theorem of Riehm ([Rie70] Theorem 7, see also [PY07]) that [M^{(1)}_2 : M^{(1)}_2 (π_{D2} )] = [F^∗_23 : F^∗_2] = 7.

Let us in the following shortly write Γ for Γ_{O,b} and Γ^′ for Γ_{O,b}(λ). The main result of this section is

Theorem 3.5. The ball quotient X_Γ′ is a fake projective plane.

Proof. First we would like to compute the Euler number c_2(X_Γ′ ) of X_Γ′ . Since Γ^′ is torsion free, c_2(X_Γ′ ) = vol(Γ^′ ) = [Γ : Γ^′ ]vol_μ(Γ) = 7vol_μ(Γ). By Lemma 3.3 Γ is principal, so we can apply Lemma 2.1 in order to compute vol_μ(Γ). Well known is the value ζ_Q(2) = π^2/6. The other value L(3, χ_K ) = −^7_8 π^37^{−5/2} is computed using functional equation and the explicit formula for generalized Bernoulli numbers. In the last step, we determine the local factors E. Looking at [PY07], 2. 2. non trivial local factors e(v) can only occur for v = 2 and v = 7. Sections 2. 4. and 2. 5. of [PY07] give e(2) = 3 and e(7) = 1 since the localizations of Γ are maximal parahoric. Altoghether we get vol_μ(Γ) = 3/7 and c_2(X_Γ′ ) = 3. Proportionality Theorem gives c^2_1(X_Γ′ ) = 9. Rogawski’s vanishing result implies q(X_Γ′ ) = 0. Then automatically p_g(X_Γ′ ) = 0. As a smooth compact ball quotient X_Γ′ is a surface of general type. By Lemma 1.1 X_Γ′ is a fake projective plane.

Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 679

4 Structure of X_Γ

Let the notations be as in the last section and in particular Γ := Γ_{O,b}, Γ^′ := Γ_{O,b}(λ), let in addition B denote the ball defined by (the matrix representation of) b. In this section we are interested in the structure of the ball quotient X_Γ = Γ\B by the arithmetic group Γ. According to Lemma 3.3, the elements of finite order in D correspond to the 7-th roots of unity. Hence, all elements of finite order in Γ are conjugated to a power of ζ = ζ_7. The torsion element ζ doesn’t belong to Γ, since b is not invariant under the operation b → ζbζ^ι. But ζcζ^ι = c for c = ζ + ζ^{−1}, which is ι-invariant element of signature (2, 1). For this reason Z = g^{−1}ζg is an element of order 7 in Γ, where g ∈ D is chosen such that gbg^{−1} = c. Therefore X_Γ is isomorphic to the quotient X_Γ′ /⟨Z⟩ by the finite subgroup ⟨Z⟩ < Γ. Let ψ : X_Γ′ −→ X_Γ′ /⟨Z⟩ denote the canonical projection.

Proposition 4.1. The branch locus of ψ consists of three isolated points Q_1,Q_2,Q_3. They are cyclic singularities of X_Γ, all of type (7, 3). Outside of Q_1,Q_2,Q_3, X_Γ is smooth. The minimal resolution of each singularity Q_i, i = 1, 2, 3, is a chain of three rational curves E_{i,1}, E_{i,2}, E_{i,3} with selfintersections (E_{i,1})^2 = −3, (E_{i,2})^2 = (E_{i,3})^2 = −2 and (E_{i,1} · E_{i,2}) = (E_{i,2} · E_{i,3}) = 1, (E_{i,1} · E_{i,3}) = 0 (Hirzebruch-Jung string of type (−3)(−2)(−2)).

Proof. The branch locus of ψ doesn’t depend explicitely on Γ^′ and is in fact the image of the fixed point set in B of non-trivial finite order elements in Γ under the canonical projection B −→ Γ\B coming from the ball. The number of its components is exactly the number of Γ-equivalence classes of elliptic fixed points in B. By (2.3) the matrix representation m_ζ of ζ is just m_ζ = diag(ζ, ζ^2, ζ^4). Only one (projectivized) eigenvector of m_ζ –namely e_1–lies in the ball defined by c and represents an elliptic fixed point. Let x := g^{−1}e_1 denote the corresponding fixed point in B of Z. Note that ζ can be embedded into D in three different ways, namely as ζ, ζ^σ or ζ^{σσ} . The two non-trivial embeddings give two further Γ-inequivalent fixed points x^σ and x^{σσ} in the same way as x is given. Let Q_i ∈ X_Γ, i = 1, 2, 3 be the images of x, x^σ , x^{σσ} under the canonical projection. They give the three branch points. It is left to show that there are no more such points and that there are no curves in the branch locus. We will give an argument for it subsequent to the next Proposition. Looking at the action of ⟨m_ζ ⟩ around e_1 we find that around Q_i X_{ΓO,b} looks like C^2/G, with G ∼= ⟨diag(ζ, ζ^3), which represents a cyclic singularity of type (7, 3). By standard methods we get the minimal resolution stated above.

Let ~X_Γ^ρ−→ X_Γ denote the minimal resolution of all singularities of X_Γ. Our goal is to determine the structure of ~X_Γ. We start with topological invariants.

Proposition 4.2. c_2( ~X_Γ) = 12, sign( ~X_Γ) = −8. Consequently c^2_1( ~X_Γ) = 0, χ( ~X_Γ) = 1.

Documenta Mathematica 15 (2010) 671–686

680 Amir Džambić

Proof. In [Hol98], R. -P. Holzapfel introduced two rational invariants of a twodimensional complex orbifold (X, B) (in the sense of [Hol98]), called the Euler height e(X, B) (see [Hol98], 3. 3.) and the Signature height sign(X, B) ([Hol98], 3. 4.), which in the case of a smooth surface are the usual Euler number and the signature. In the general case, Euler- and Signature height contain contributions coming from the orbital cycle B, a marked cycle of X, which should be thought as a virtual branch locus of a finite covering of X. Most important result on these invariants is the nice property that they behave multiplicatively under finite coverings with respect to the degree. In particular, if Y^f−→ (X, B) is a uniformization of (X, B), i. e. a smooth surface which is a finite Galois cover of (X, B), ramified exactly over B, then c_2(Y ) = deg(f)e(X, B), sign(Y ) = deg(f)sign(X, B). In our case, X_Γ′ is an uniformization of the orbifold (X_Γ, Q_1, Q_2, Q_3). Since X_Γ′ is a fake projective plane, we have e(X_Γ′ ) = 3, sign(X_Γ′ ) = 1. Applying Holzapfels formulas [Hol98] prop. 3.3.4, and prop. 3.4.3, we get e(X_Γ) = 3, sign(X_Γ) = 1. The birational resolution map ρ consists of 9 monoidal transformations. Then, using [Hol98], p. 142 ff, we obtain e( ~X_Γ) = 3+9, sign( ~X_Γ) = 1−9. The other invariants are immediately obtained using facts from the general theory mentioned at the end of section 2.2.

Proof of Proposition 4.1 continued. From the proof of the above Proposition we can deduce that there are no more branch points than we have found. Namely, if we assume that there are more, and knowing that no branch curves exist, we immediately obtain a contradiction to the equality between the orbital invariants c_2(X_Γ′ ) = 7e(X_Γ) = 7(e(X_Γ) − � (1 − 1/d_i)) (by definition we have e(X_Γ) = e(X_Γ) − � (1 − 1/d_i), where sum is taken over the branch locus, and d_i appears in the type (d_i, e_i) of the branch point Q_i, see [Hol98], 3. 3). Let us give an argument that no branch curves are possible. Such a curve must be subball quotient C = D/G, with D ⊂ B, D ∼= B_1 a disc fixed by a reflection in Γ and G ⊂ Γ an arithmetic subgroup consisting of all elements in Γ acting on D. Then G is commensurable to a group of elements with reduced norm 1 in an order of a quaternion subalgebra Q ⊂ D, which is necessarily a division algebra. But for dimension reasons D cannot contain quaternion algebras. Therefore C doesn’t exist.

In the next step we compute the irregularity and the geometric genus.

Proposition 4.3. q( ~X_Γ) = p_g ( ~X_Γ) = 0.

Proof. Due to the fact that χ( ~X_Γ) = 1 − q( ~X_Γ) + p_g( ~X_Γ) = 1, by preceding propostion 4.2, it suffices to show that one of the above invariants vanishes, let’s say p_g( ~X_Γ) = dim H^0( ~X_Γ, Ω^2_{~XΓ} ). We know that p_g(X_Γ′ ) = 0. Let Ω^2_{XΓ} denote the space of holomorphic 2-forms on (the singular surface) X_Γ. Then Ω^2_{XΓ} is exactly the space of ⟨ζ⟩-invariant 2-forms on X_Γ′ , i. e. Ω^2_{XΓ} = (Ω^2_{XΓ′} )^{⟨ζ⟩} (see [Gri76]). On the other hand we have an isomorphism between Ω^2_{~XΓ} and

Ω^2_{XΓ} (again by [Gri76]). Altogether, p_g ( ~X_Γ) = 0.

Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 681

Let us remark at this stage, that even if we know some invariants of ~X_Γ, we still need to determine the Kodaira dimension in order to classify ~X_Γ, since there exist surfaces with these invariants in every Kodaira dimension. We will determine kod( ~X_Γ) discussing the second plurigenus of ~X_Γ. Using an argument of Ishida [Ish88] we first prove

Lemma 4.4. Let A_2(Γ, j) denote the space of Γ-automorphic forms of weight 2 with respect to the Jacobian determinant as the factor of automorphy and let P_2( ~X_Γ) be the second plurigenus of ~X_Γ. Then P_2( ~X_Γ) = dim A_2(Γ, j).

Proof. We can identify A_2(Γ, j) with the space of ⟨ζ⟩-invariant sections H^0(X_Γ′ , K^{⊗2}_{XΓ′} )^{⟨ζ⟩}. Every such section can be regarded as a holomorphic section s ∈ H^0(X^{sm}_Γ , K^{⊗2}_X sm_Γ ), where X^{sm}_Γ = X_Γ\{Q_1, Q_2, Q_3} denotes the smooth part of X_Γ. We can think of X^{sm}_Γ as an open dense subset of ~X_Γ. The crucial point is to show that s has a holomorphic continuation along the exceptional locus. For this, let (s) be the divisor of ~X_Γ corresponding to s and write (s) in three different ways as (s) = a_{i,1}E_{i,1} + a_{i,2}E_{i,2} + a_{i,3}E_{i,3} + D_i, i = 1, 2, 3, with E_{i,j} as in Proposition 4.1 and no E_{i,j} is contained in the support of D_i. Then, we have to show that a_{i,j} are nonnegative integers. Let K denote the canonical divisor of ~X_Γ. We notice that (s) and 2K are linearly equivalent. With our convention stated in Proposition 4.1 the adjunction formula gives the following intersection numbers:

((s) · E_{i,1}) = (2K · E_{i,1}) = 2, ((s) · E_{i,2}) = (2K · E_{i,2}) = 0, (4.1) ((s) · E_{i,3}) = (2K · E_{i,3}) = 0.

On the other hand,

((s) · E_{i,1}) = (a_{i,1}E_{i,1} + a_{i,2}E_{i,2} + a_{i,3}E_{i,3} + D_i · E_{i,1}) = −3a_{i,1} + a_{i,2} + d_{i,1}, ((s) · E_{i,2}) = a_{i,1} − 2a_{i,2} + a_{i,3} + d_{i,2}, (4.2) ((s) · E_{i,3}) = a_{i,2} − 2a_{i,3} + d_{i,3},

with some nonnegative integers d_{i,j} . Now, (4.1) and (4.2) lead to a system of linear equations, which has positive solutions a_{i,j} , j = 1, 2, 3.

In [Hir66], F. Hirzebruch developed a formula for the dimension of spaces of automorphic forms A_k(Δ, j) of weight k with respect to a discrete and cocompact group which acts properly discontinously on some bounded hermitian symmetric domain with emphasis on ball quotient case. Let us recall this formula in the case of quotients of the n-dimensional ball:

Let Δ be a discrete group which acts properly discontinuously on the n-dimensional ball B_n with a compact fundamental domain. For δ ∈ Δ let Δ_δ be the centralizer of δ in Δ, F ix(δ) the fixed point set of δ in B_n, and m(δ)

Documenta Mathematica 15 (2010) 671–686

682 Amir Džambić

the number of elements in Δ_δ which act trivially on F ix(δ). If r(δ) denotes the dimension of F ix(δ) let R(r(δ), k) be the coefficient of z^{r(δ)} in the formal power series expansion of (1−z)^{k(n+1)−1}

�_n

i=r(δ)+1 1 1−ν_i +ν_iz , where νr(δ)+1, . . . , νn are

the eigenvalues of δ normal to F ix(δ). R(r(δ), k) is a polynomial in k of degree r(δ). Hirzebruch’s result is:

dim A_k(Δ, j) = � [δ] e(Δ_δ \F ix(δ))j^k_δ m(δ)(r(δ) + 1)

R(r(δ), k), (4.3)

where e(Δ_δ \F ix(δ)) is the “virtual Euler number“ (in the sense of [Hir66]), j_δ is the Jacobian determinant evaluated at an arbitrary point of F ix(δ) and the sum is running over all conjugacy classes [δ] of elements with fixed points in B_n.

We apply this formula to the group Γ, which after some elementary calculations in combination with Lemma 4.4 gives the following result.

Proposition 4.5. P_2( ~X_Γ) = 1.

We use the above Proposition and an argument of Keum (see [Keu08]) to get

Corollary 4.6. kod( ~X_Γ) = 1. Moreover, ~X_Γ is a minimal elliptic surface.

Proof. If ~X_Γ were of general type, the Riemann-Roch Theorem would imply P_2( ~X_Γ) ≥ 2, which contradicts the Proposition 4.5. Also ~X_Γ is not rational by Castelnuovo’s criterion. Assuming kod( ~X_Γ) = 0, ~X_Γ can only an Enriques surface because of its topological invariants and because the selfintersection number of the canonical divisor is zero by Proposition 4.2 ~X_Γ is not a blowup of an Enriques surface. The canonical divisor K_{XΓ} of the normal surface X_Γ is a Q-Cartier divisor such that K_{XΓ′} is numerically equivalent to ψ^∗K_{XΓ} , where ψ : X_Γ′ −→ X_Γ denotes the degree-7 quotient morphism. Working with intersection numbers of Q-divisors, it follows that (K_{XΓ′} ·K_{XΓ′} ) = deg(ψ)(K_{XΓ} · K_{XΓ} ) and therefore (K_{XΓ} · K_{XΓ} ) = 9/7. This implies, with ρ : K_{~XΓ} −→ K_{XΓ} being the minimal desingularization, that (ρ^∗K_{XΓ} · K_{~XΓ} ) = (K_{XΓ} · K_{XΓ} ) > 0. Therefore K_{~XΓ} is not numerically equivalent to zero. But the canonical divisor of an Enriques surface is numerically trivial. Contradiction. Since c_2( ~X_Γ) = 12 and c^2_1( ~X_Γ) = 0, ~X_Γ has to be minimal by the classification theory (see [BHPVdV04]).

Remark 4.7. In the above mentioned recent paper [Keu08], J. H. Keum studies systematically quotients of fake projective planes by finite groups of automorphisms. According to his results the minimal desingularizations of such quotients can only be surfaces of general type or surfaces of Kodaira dimension 1. Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 683

5 Another elliptic surface

In this section we will study the ball quotient by an arithmetic group which contains Γ. Its desingularization turns out to be another elliptic surface, which has been already studied by Ishida [Ish88] p-adically. From there we obtain the elliptic fibration on both of these surfaces.

5.1 Passage to the normalizer

In general, the normalizer NΛ in G(R) of a principal arithmetic group Λ ⊂ G(Q) is a maximal arithmetic group ([BP89], prop. 1. 4.). In fact, for the principal group Γ = Γ_{O,b}, we infer from [PY07], 5. 4. that the normalizer Γ̃ of Γ in the projective group PG(R) = G(R)/{center} contains Γ with index 3. Morover, Γ̃ ∩ G_b(Q) = Γ. It is easily shown, that the matrix τ =

�_{0 0 α}

1 0 0 0 1 0 � has the order three, normalizes Γ, and lastly represents a class in PG_b(R) ∼= PU(H_b). Consequently, X_{Γ̃} = X_Γ/⟨τ⟩. Let X_Γ^φ−→ X_{Γ̃} denote the canonical projection. In the same way as in the Lemma 4.1, we obtain the following

Lemma 5.1. The ball quotient X_{Γ̃} is smooth outside four points Q, P_1, P_2, P_3, which are cyclic quotient singularities of type (7, 3) (represented by Q) and (3, 2) (represented by P_1, P_2, P_3). The minimal resolution of Q is a Hirzebruch-Jung string A_1 + A_2 + A_3 of type (−3)(−2)(−2) and each of P_i-s is resolved by a Hirzebruch-Jung string F_{i,1} + F_{i,2} of type (−2) (−2), i = 1, 2, 3.

Proof. Let g ∈ D be the element introduced at the begining of section 4. Using the relation τg = g^σ τ, which in fact holds for any g ∈ D, it is directly checked that τ permutes the three lines x, x^σ and x^{σσ} which are fixed by Z. Consequently the three singular points Q_1, Q_2, Q_3 of X_Γ are mapped to one single point Q ∈ X_{Γ̃} by φ. This point remains a quotient singularity of type (7, 3). There is at least one singularity more, call it P_1, coming from the positive definite eigenline of τ corresponding to the eigenvalue ω =^1_2 (−1 + √ −3). It is a quotient singularity of type (3, 2) since around it τ acts as diag(ω, ω^2). In order to show that there are two more singularities, we make use of the relation between orbifold invariants of X_Γ and X_{Γ̃}. We know namely that e(X_Γ) = 3e(X_{Γ̃}). Furthermore, the (topological) Euler number e(X_{Γ̃}) equals 3. In the same way as in the proof of Proposition 4.1 we exclude branch curves. Then by definition e(X_{Γ̃}) = 3 − 6/7 −

�_r k=1(1 − 1/d_k), where r denotes the number of elliptic branch points ≠ Q, and d_k appears in the type (d_k, e_k) of the k-th branch point. On the other hand e(X_Γ) = 3/7 = 3e(X_{Γ̃}). This holds only if r = 3 and d_k = 3 for all k, as a short calculation shows. This gives two further branch points P_2 and P_3. Using the same argument with the signature height we conclude that all branch points, not of type (7, 3) must be of type (3, 2). Namely, assuming the opposite we always get a contradiction to the equation sign(X_Γ) = 3sign(X_{Γ̃}).

Again, we can ask about the structure of the minimal desingularization ~X_{Γ̃} of

Documenta Mathematica 15 (2010) 671–686

684 Amir Džambić

X_{Γ̃} as we did before for X_Γ. With the same methods used in the investigation of X_Γ we get

Proposition 5.2. ~X_{Γ̃} is a minimal elliptic surface of Kodaira dimension one with p_g = q = 0.

Proof. The topological invariants are computed using the Euler- and Signature height presented in the proof of Proposition 4.2 and Lemma 5.1. We get the same topological invariants as in Proposition 4.2: e( ~X_{Γ̃}) = 12, τ( ~X_{Γ̃}) = −8. The assertion about the irregularity and the geometric genus follows directly from the (proof of) Proposition 4.3, since we have χ( ~X_{Γ̃}) = 1 again. Lastly, we can apply Hirzebruch’s formula in order to compute the second plurigenus, since the proof of Lemma 4.4 works in the present case without any change. Therefore, we can identify the second plurigenus with the dimension dim A_2(Γ̃, j) of the corresponding space of automorphic forms. By elementary calculations, (4.3) leads to P_2( ~X_{Γ̃}) = 1. As in the proof of Corollary 4.6 we deduce the asserted Kodaira dimension.

5.2 Elliptic fibration

We have to mention, that alternatively to the approach we have described, for the proof of Proposition 5.2 we can completely refer to [Ish88], some of whose arguments we have already used before. There, the author a priori works over a non-archimedian field, but most of his arguments work independently of it. Morover, in [Ish88], section 4, the singular fibers of the elliptic fibration on X_{Γ̃} are completely determined. The non-multiple singular fibers are closely related to the exceptional curves on ~X_{Γ̃}.To be precise, we have

Theorem 5.3 (compare [Ish88], section 4). ~X_{Γ̃} admits an elliptic fibration f over P_1. f has exactly one multiple fiber of multiplicity 2 and one multiple fiber of multiplicity 3. Furthermore, it has four non-multiple singular fibers, all of type I_3 (in Kodaira’s notation) B_0 = A_2 + A_3 + D_0, B_1 = F_{1,1} + F_{1,2} + D_1, B_2 = F_{2,1} + F_{2,2} + D_2, B_3 = F_{3,1} + F_{3,2} + D_3.

We can now use the knowledge of the elliptic fibration on X_{Γ̃} to reconstruct the elliptic fibration on X_Γ. Since we know the finite covering φ, this is not a difficulty anymore. Again the non-multiple singular fibers contain the exceptional curves. For the proof of the next Theorem we can also refer to [Keu06] whose starting point was exactly the determination of the elliptic fibration.

Theorem 5.4 (see [Keu06], Proposition 2. 1.). The elliptic fibration g on X_Γ over P_1 has exactly two multiple fibers, one of multiplicity two and one of multiplicity three. It has four non-multiple singular fibers, one of type I_9: C_0 = E_{1,2} + E_{1,3} + E_{2,2} + E_{2,3} + E_{3,2} + E_{3,3} + D_{1,0} + D_{2,0} + D_{3,0}, and three of type I_1: A_i = D^′_i, i = 1, 2, 3. There D^′_i is the inverse image of D_i under φ.

Documenta Mathematica 15 (2010) 671–686

Arithmetic of a fake projective plane. . . 685

References

[BHPVdV04] Wolf P. Barth, Klaus Hulek, Chris A. M. Peters, and Antonius Van de Ven. Compact complex surfaces. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, Bd. 4. Springer-Verlag, Berlin, 2. ed edition, 2004.

[BP89] Armand Borel and Gopal Prasad. Finiteness theorems for discrete subgroups of bounded covolume in semi-simple groups. Inst. Hautes Études Sci. Publ. Math., (69):119–171, 1989.

[BR00] Don Blasius and Jonathan Rogawski. Cohomology of congruence subgroups of SU(2, 1)^p and Hodge cycles on some special complex hyperbolic surfaces. In Regulators in analysis, geometry and number theory, volume 171 of Progr. Math., pages 1–15. Birkhäuser Boston, Boston, MA, 2000.

[Gri76] Phillip A. Griffiths. Variations on a theorem of Abel. Invent. Math., 35:321–390, 1976.

[Hir66] Friedrich Hirzebruch. Elliptische Differentialoperatoren auf Mannigfaltigkeiten. In Festschr. Gedächtnisfeier K. Weierstrass, pages 583–608. Westdeutscher Verlag, Cologne, 1966.

[Hol98] Rolf-Peter Holzapfel. Ball and surface arithmetics. Aspects of Mathematics, E29. Friedr. Vieweg & Sohn, Braunschweig, 1998.

[IK98] Masa-Nori Ishida and Fumiharu Kato. The strong rigidity theorem for non-Archimedean uniformization. Tohoku Math. J. (2), 50(4):537–555, 1998.

[Ish88] Masa-Nori Ishida. An elliptic surface covered by Mumford’s fake projective plane. Tohoku Math. J. (2), 40(3):367–396, 1988.

[Kat] Fumiharu Kato. On the Shimura variety having Mumford’s fake projective plane as a connected component. Math. Z., 259(3):631-641,2008.

[Keu06] JongHae Keum. A fake projective plane with an order 7 automorphism. Topology, 45(5):919–927, 2006.

[Keu08] JongHae Keum. Quotients of fake projective planes. Geom. Topol., 12(4):2497–2515, 2008

[Mum79] David Mumford. An algebraic surface with K ample, (K^2) = 9, p_g = q = 0. Amer. J. Math., 101(1):233–244, 1979.

[Pra89] Gopal Prasad. Volumes of S-arithmetic quotients of semi-simple groups. Inst. Hautes Études Sci. Publ. Math., (69):91–117, 1989.

[PY07] Gopal Prasad and Sai-Kee Yeung. Fake projective planes. Invent.

Math., 168(2):321–370, 2007.

Documenta Mathematica 15 (2010) 671–686

686 Amir Džambić

[Rei03] Irving Reiner. Maximal orders. London Mathematical Society Monographs. New Series, 28. The Clarendon Press Oxford University Press, Oxford, 2003.

[Rie70] Carl Riehm. The norm 1 group of a p-adic division algebra. Amer. J.

Math., 92:499–523, 1970.

[Tit79] Jacques Tits. Reductive groups over local fields. In Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, pages 29–69. Amer. Math. Soc., Providence, R.I., 1979.

Amir Džambić Institut für Mathematik Johann Wolfgang Goethe-Universität Robert-Mayer-Str.6-8 D-60325 Frankfurt am Main dzambic@math.uni-frankfurt.de

Documenta Mathematica 15 (2010) 671–686

Documenta Math. 687

Interface and mixed boundary value problems

on n-dimensional polyhedral domains

Constantin Băcuţă^1, Anna L. Mazzucato^2, Victor Nistor^3, and Ludmil Zikatanov^4

Received: December 1, 2008

Communicated by Eckhard Meinrenken

Abstract. Let μ ∈ Z_+ be arbitrary. We prove a well-posedness result for mixed boundary value/interface problems of second-order, positive, strongly elliptic operators in weighted Sobolev spaces K^μ_a (Ω) on a bounded, curvilinear polyhedral domain Ω in a manifold M of dimension n. The typical weight η that we consider is the (smoothed) distance to the set of singular boundary points of ∂Ω. Our model problem is P u := − div(A∇u) = f, in Ω, u = 0 on ∂_DΩ, and D^P_ν u = 0 on ∂_ν Ω, where the function A ≥ ϵ > 0 is piece-wise smooth on the polyhedral decomposition Ω̄ = ∪_jΩ̄_j , and ∂Ω = ∂_D Ω ∪ ∂_N Ω is a decomposition of the boundary into polyhedral subsets corresponding, respectively, to Dirichlet and Neumann boundary conditions. If there are no interfaces and no adjacent faces with Neumann boundary conditions, our main result gives an isomorphism P : K^{μ+1}_{a+1} (Ω) ∩ {u = 0 on ∂_DΩ, D^P_ν u = 0 on ∂_N Ω} → K^{μ−1}_{a−1} (Ω) for μ ≥ 0 and |a| < η, for some η > 0 that depends on Ω and P but not on μ. If interfaces are present, then we only obtain regularity on each subdomain Ω_j . Unlike in the case of the usual Sobolev spaces, μ can be arbitrarily large, which is useful in certain applications. An important step in our proof is a regularity result, which holds for general strongly elliptic operators that are not necessarily positive. The regularity result is based, in turn, on a study of the geometry of our polyhedral domain when endowed with the metric (dx/η)^2, where η is the weight (the smoothed distance to the singular set). The wellposedness result applies to positive operators, provided the interfaces are smooth and there are no adjacent faces with Neumann boundary conditions.

1The work of C. Bacuta is partially supported by NSF DMS-0713125. 2The work of A. Mazzucato is partially supported by NSF grant DMS-0405803 and DMS- 0708902.

3The work of V. Nistor is partially supported by NSF grant DMS-0555831, DMS-0713743, and OCI-0749202.

4The work of L. Zikatanov is partially supported by NSF grant DMS-0810982 and OCI- 0749202.

Documenta Mathematica 15 (2010) 687–745

688 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

2010 Mathematics Subject Classification: Primary 35J25; Secondary 58J32, 52B70, 51B25.

Keywords and Phrases: Polyhedral domain, elliptic equations, mixed boundary conditions, interface, weighted Sobolev spaces, wellposedness, Lie manifold.

Introduction

Let Ω ⊂ R^n be an open, bounded set. Consider the boundary value problem � Δu = f in Ω u|_{∂Ω} = g, on Ω, (1) where Δ is the Laplace operator. For Ω smooth, this boundary value problem has a unique solution u ∈ H^{s+2}(Ω) depending continuously on f ∈ H^s(Ω) and g ∈ H^{s+3/2}(∂Ω), s ≥ 0. See the books of Evans [25], Lions and Magenes [49], or Taylor [72] for proofs of this basic and well known result. It is also well known that this result does not extend to non-smooth domains Ω. For instance, Jerison and Kenig prove in [35] that if g = 0 and Ω ⊂ R^n, n ≥ 3, is an open, bounded set such that ∂Ω is Lipschitz, then Equation (1) has a unique solution in W^{s,p}(Ω) depending continuously on f ∈ W^{s−2,p}(Ω) if, and only if, (1/p, s) belongs to a certain explicit hexagon. They also prove a similar result if Ω ⊂ R^2. A consequence of this result is that the smoothness of the solution u (measured by the order s of the Sobolev space W^{s,p}(Ω) containing it) will not exceed, in general, a certain bound that depends on the domain Ω and p, even if f is smooth.

In addition to the Jerison and Kenig paper mentioned above, a deep analysis of the difficulties that arise for ∂Ω Lipschitz is contained in the papers of Babuška [4], Baouendi and Sjöstrand [9], Băcuţă, Bramble, and Xu [14], Babuška and Guo [31, 30], Brown and Ott [13], Jerison and Kenig [33, 34], Kenig [38], Kenig and Toro [39], Koskela, Koskela and Zhong [43, 44], Mitrea and Taylor [58, 60, 61], Verchota [73], and others (see the references in the aforementioned papers). Results more specific to curvilinear polyhedral domains are contained in the papers of Costabel [17], Dauge [19], Elschner [20, 21], Kondratiev [41, 42], Mazya and Rossmann [54], Rossmann [63] and others. Excellent references are also the monographs of Grisvard [27, 28] as well as the recent books [45, 46, 52, 53, 62], where more references can be found.

In this paper, we consider the boundary value problem (1) when Ω is a bounded curvilinear polyhedral domain in R^n, or, more generally, in a manifold M of dimension n and, Poisson’s equation Δu = f is replaced by a positive, strongly elliptic scalar equation. We define curvilinear polyhedral domains inductively in Section 2. We allow polyhedral domains to be disconnected for technical reasons, more precisely, for the purpose of defining them inductively. Our results, however, are formulated for connected polyhedral domains. Many polyhedral

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 689

domains are Lipschitz domains, but not all. This fact is discussed in detail by Vogel and Verchota in [74], where they also prove that the harmonic measure is absolutely continuous with respect to the Lebesgue measure on the boundary as well as the solvability of Equation (1) if f = 0 and g ∈ L^{2−ϵ}(∂Ω), thus generalizing several earlier, classical results. See also the excellent book [50]. The generalized polyhedra we considered are of combinatorial type if no cracks are present. (For a discussion of more general domains, see the references [68, 74, 75].)

Instead of working with the usual Sobolev spaces, as in several of the papers mentioned above, we shall work in some weighted analogues of these papers. Let Ω^{(n−2)} ⊂ ∂Ω be the set of singular (or non-smooth) boundary points of Ω, that is, the set of points p ∈ ∂Ω such ∂Ω is not smooth in a neighborhood of p. We shall denote by η_{n−2}(x) the distance from a point x ∈ Ω to the set Ω^{(n−2)}. We agree to take η_{n−2} = 1 if there are no such points, that is, if ∂Ω is smooth. We then consider the weighted Sobolev spaces

K^μ_a (Ω) = {u ∈ L^2_{loc}(Ω), η^{|α|−a}_{n−2} ∂^αu ∈ L^2(Ω), for all |α| ≤ μ}, μ ∈ Z_+, (2)

which we endow with the induced Hilbert space norm. A similar definition yields the weighted Sobolev spaces K^s_a(∂Ω), s ∈ R_+. By including an extra weight h in the above spaces we obtain the spaces hK^μ_a (Ω) and hK^s_a(∂Ω) (where h is required to be an admissible weight, see Definition 3.8 and Subsection 5.1). These spaces are closely related to the weighted Sobolev spaces on non-compact manifolds considered, for example in the references [41, 42, 46, 54, 62, 63] mentioned above, as well as in the works of Erkip and Schrohe [22], Grubb [29], Schrohe [65], as well as the sequence of papers of Schrohe and Schulze [66, 67] concerning related results on boundary value problems on non-compact manifolds and, more generally, on the analysis on non-compact manifolds. The main result of this article, Theorem 1.2 applies to operators with piecewise smooth coefficients, such as div a∇u = f, where a is allowed to have only jumps across the interface. A simplified version of that result, when formulated for the Laplace operator Δ on R^n with Dirichlet boundary conditions, reads as follows. In this theorem and throughout this paper, Ω will always denote an open set.

Theorem 0.1. Let Ω ⊂ R^n be a bounded, curvilinear polyhedral domain and μ ∈ Z_+. Then there exists η > 0 such that the boundary value problem (1) has a unique solution u ∈ K^{μ+1}_{a+1} (Ω) for any f ∈ K^{μ−1}_{a−1} (Ω), any g ∈ K^{μ+1/2}_{a+1/2} (∂Ω), and any |a| < η. This solution depends continuously on f and g. If a = μ = 0, this solution is the solution of the associated variational problem.

The case n = 2 of the above theorem is Theorem 6.6.1 in the excellent monograph [45]. Results in higher dimensions related to the ones in our paper can be found, for instance, in [19, 45, 51, 54, 62]. These works also use the framework of the K^μ_a (Ω) spaces. The spaces hK^μ_a (Ω), with h an admissible weight are somewhat more general (see Definition 3.8 for a definition of admissible weights). We

Documenta Mathematica 15 (2010) 687–745

690 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

also take the dimension n of the ambient Euclidean space R^n ⊃ Ω to be arbitrary. Furthermore, we impose mixed Dirichlet/Neumann boundary conditions and allow the boundary conditions to change along (n − 2)-dimensional, piecewise smooth hypersurfaces in each hyperface of Ω. To handle this situation, we include in the singular set of Ω all points where the boundary conditions change, giving rise to a polyhedral structure on Ω which is not entirely determined by geometry, but also takes into account the specifics of the boundary value problem. However, we consider only second order, strongly elliptic systems. For n = 3, mixed boundary value problems for such systems in polyhedral domains were studied in weighted L^p spaces by Mazya and Rossmann [54] using point estimates for the Green’s function [55]. Since we work in L^2-based spaces, we use instead coercive estimates, which directly generalize to arbitrary dimension and to transmission problems. We use manifolds in order to be able to prove estimates inductively. The method of layer potentials seems to give more precise results, but is less elementary (see for example [38, 59, 60, 75]). Solvability of mixed boundary value problems from the point of view of parametrices and pseudodifferential calculus can be found in the papers by Eskin [23, 24], Vishik and Eskin [76, 77, 78], and Boutet de Monvel [10, 11] among others. As we have already pointed out, it is not possible to obtain full regularity in the usual Sobolev spaces, when the smoothness of the solution as measured by μ + 1 in Theorem 0.1 is too large. On the other hand, the weighted Sobolev spaces have proved themselves to be as convenient as the usual Sobolev spaces in applications. Possible applications are to partial differential equations, algebraic geometry, representation theory, and other areas of pure and applied mathematics, as well as to other areas of science, such as continuum mechanics, quantum mechanics, and financial mathematics. See for example [7, 8, 48], where optimal rates of convergence were obtained for the Finite element method on 3D polyhedral domains and for 2D transmission problems using weighted Sobolev spaces.

The paper is organized as follows. In Section 1, we introduce the mixed boundary value/interface problem that we study, namely Equation (6), and state the main results of the paper, Theorem 1.1 on the regularity of (6) in weighted spaces of arbitrarily high Sobolev index, and Theorem 1.2 on the solvability of (6) under additional conditions on the operator (positivity) and on the domain (smooth interfaces and no two adjacent faces with Neumann boundary conditions). In Section 2, we give a notion of curvilinear, polyhedral domain in arbitrary dimension using induction, then we specialize to the familiar case of polygonal domains in R^2 and polyhedral domains in R^3, and describe the desingularization Σ(Ω) of the domain Ω in these familiar settings. Before discussing the desingularization in higher dimension, we recall briefly needed notions from the theory of Lie manifolds with boundary in Section 3. Then, in Section 4 we show that Σ(Ω), also defined by induction on the dimension, naturally carries a structure of Lie manifold with boundary. We also discuss the construction of the canonical weight function r_Ω, which extends smoothly to Σ(Ω) and is comparable to the distance to the singular set. In turn, the Lie manifold structure

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 691

on Σ(Ω) allows to identify the spaces K^μ_a (Ω), μ ∈ Z_+, with standard Sobolev spaces on Σ(Ω), and hence lead to a definition of the weighted Sobolev spaces on the boundary K^s_a(∂Ω), s ∈ R. Lastly Section 6 contains the proofs of the main results and most of lemmas of the paper; in particular, it contains a proof of the weighted Hardy-Poincaré inequality used to establish positivity or strict coercivity for the problem of Equation (6). An earlier version of this paper was first circulated as an IMA Preprint in August 2004.

We conclude this Introduction with a word on notation. By Ω we always mean an open set in R^n. By a diffeomorphisms, we mean a C^∞ invertible map with C^∞ inverse. By C we shall denote a generic constant that may change from line to line. We also denote Z_+ = {0, 1, 2, 3, . . .}.

Acknowledgments

We thank Bernd Ammann, Ivo Babuška, Wolfgang Dahmen, Alexandru Ionescu, and Daniel Tătaru for useful discussions. We also thank Johnny Guzman for pointing the reference [42] to us and Yu Qiao for carefully reading our paper. The second named author would like to thank Institute Henri Poincaré in Paris and the Max Planck Institute for Mathematics in Bonn for their hospitality while parts of this work were being completed.

1 The problem and statement of the main results

We begin by introducing the class of differential operators and the associated mixed Dirichlet-Neumann boundary value/interface problem that will be the object of study. For simplicity, we consider primarily the scalar case, although our results extend to systems as well. Then, we state the main results of this article, namely the regularity and the well-posedness of the mixed boundary value/interface problem (6) in weighted Sobolev spaces for n-dimensional, curvilinear polyhedral domains Ω ⊂ R^n. These are stated in Theorems 1.2 and 1.1.

Our analysis is general enough to extend to a bounded subdomain Ω ⊂ M of a compact Riemannian manifold M. Initially the reader may assume the polyhedron is straight, that is, informally, that every j-dimensional component of the boundary, j = 1, . . . , n − 1 is a subset of an affine space. A complete definition of a curvilinear polyhedral domain is given in Section 2.

1.1 The differential operator P and the associated problem

Let us denote by Ω ⊂ R^n a bounded, curvilinear stratified polyhedral domain (see Definition 2.1). The domain Ω need not be connected, nor convex. We assume that we are given a decomposition

Ω = ∪^N_{j=1}Ω_j , (3)

Documenta Mathematica 15 (2010) 687–745

692 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

where Ω_j are disjoint polyhedral subdomains. In particular, every face of Ω is also a face of one of the domains Ω_j . This is possible since the faces of Ω are not determined only by the geometry of Ω. As discussed in Section 4, a face of codimension 1 of Ω is called a hyperface. For well-posedness results, we shall assume that Γ = ∪^N_{j=1}∂Ω_j \ ∂Ω, (4)

is a finite collection of disjoint, smooth (n − 1)-hypersurfaces. We observe that, since each Ω_j is a polyhedron, each component of Γ intersects ∂Ω transversely. We refer to Γ as the interface.

We also assume that the boundary of Ω is partition into two disjoint subsets

∂Ω = ∂_DΩ ∪ ∂_N Ω, (5)

with ∂_N Ω consisting of a union of open faces of Ω. For well-posedness results, we shall assume that ∂_N Ω does not contain adjacent faces of ∂Ω. We are interested in studying the following mixed boundary value/interface problem for a certain class of elliptic, scalar operators P described below: � � � � �

P u = f on Ω, u|_{∂D Ω} = g_D on ∂_DΩ, D^P_ν u|_{∂N Ω} = g_N on ∂_N Ω, u^+ = u^−, D^{P +}_ν u = D^{P −}_ν u on Γ. (6)

Above, ν is the unit outer normal to ∂Ω, which is defined almost everywhere, D^P_ν is the conormal derivative associated to the operator P (see (10)), and ± refers to one-sided, non-tangential limits at the interface Γ. We observe that D^{P ±}_ν is well-defined a.e. on each side of the interface Γ, since each smooth component of Γ is the boundary of exactly two adjacent polyhedral domains Ω_j , by (4). The coefficients of P will have in general jump discontinuities along Γ.

We next introduce the class of differential operators that we consider. At first, the reader may assume P = −Δ, the Laplace operator. We shall write Re(z) :=^1_2 (z + z), or simply Re z for the real part of a complex number z. Let u ∈ H^2_{loc}(Ω). We shall study the following scalar, differential operator in divergence form

P u(x) = − n� j,k=1

∂_j � A_{jk} (x)∂_k u(x) � + n� j=1 B_j (x)∂_j u(x) + C(x)u(x). (7)

The coefficients A_{jk} , B_j , C are real valued with only jump discontinuities on the interface Γ, the operator P is required to be uniformly strongly elliptic and to satisfy another positivity condition. More precisely, the coefficients of P are

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 693

assumed to satisfy:

A_{jk} , B_j , C ∈ ⊕^N_{j=1}C^∞(Ω_j ) ∩ L^∞(Ω) (8a) Re �^n�

j,k=1

[A_{jk} (x)]ξ_j ξ_k � ≥ ϵ n� j=1 |ξ_j |^2, ∀ξ_j ∈ C, ∀x ∈ Ω, and (8b)

2C(x) − n� j=1 ∂_j B_j (x) ≥ 0, (8c)

for some ϵ > 0.

For scalar equations, one may weaken the uniform strong ellipticity condition (8b), but this is not needed for our purposes. Our results extend to systems satisfying the strong Legendre–Hadamard condition, namely Re �^n�

j,k=1 m� p,q=1

[A_{jk} (x)]_{pq} ξ_{jp}ξ_{kq} � ≥ ϵ n� j=1 m� p=1 |ξ_{jp}|^2, ∀ξ_{jp} ∈ C, (9)

and a condition on the lower-order terms equivalent to (8c). This condition is not satisfied however by the system of anisotropic elasticity in R^3, for which nevertheless the well-posedness result holds if the elasticity tensor is positive definite on symmetric matrices [56].

In (8a), the “regularity condition on the coefficients of P ” means that the coefficients and their derivatives of all orders have well-defined limits from each side of Γ, but as equivalence classes in L^∞ they may have jump discontinuities along the interface. This condition can be relaxed, but it allows us to state a regularity result of arbitrary order in each subdomains for the solution to the problem (6). The conormal derivative associated to the operator P is formally defined by:

D^ν_P u(x) = n� i,j=1

ν_i A_{ij} ∂_j u(x), (10)

where ν = (ν^i) is the unit outer normal vector to the boundary of Ω. We give meaning to (10) in the sense of trace at the boundary. In particular, for u regular enough D^P_ν u is defined almost everywhere on the boundary as a non-tangential limit.

The problem (6) with g_D = 0 is interpreted in a weak (or variational) sense, using the bilinear form B(u, v) defined by:

B(u, v) := n� j,k=1 � A_{jk} ∂_ku, ∂_j v � + n� j=1 � B_j ∂_j u, v � + � Cu, v � , (11)

which is well-defined for any u, v ∈ H^1(Ω). Then, (6) is weakly equivalent to

B(u, v) = (f, v)_L2_{(Ω)} + (g_N , v)_{∂N Ω}, (12)

Documenta Mathematica 15 (2010) 687–745

694 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

where the second parenthesis denotes the pairing between a distribution and a (suitable) function. The jump or transmission conditions, u^+ = u^−, D^P_ν u^+ = D^P_ν u^− at the interface Γ follow from the weak formulation and the H^1-regularity of weak solutions, and hence justify passing from the strong formulation (6) to the weak one (12). Otherwise, in general, the difference D^{P +}_ν u − D^{P −}_ν u may be non-zero and may be included as a distributional term in f.

Condition (8c) implies the Hardy-Poincaré type inequality

ReB(u, u) > C(η_{n−2}u, η_{n−2}u)_L2 , (13)

if there are no adjacent faces with Neumann boundary conditions and the interface is smooth. In fact, it is enough to assume that the latter is satisfied instead of (8c). For applications, however, it is more convenient to have the concrete condition (8c).

Problems of the form (6) arise in many applications. An important example is given by (linear) elastostatics. In this case, [P u]^i = −

�_3

jkl=1 ∂j C ijkl ∂

ku^l, i = 1, 2, 3, where C is the fourth-order elasticity tensor, modelling the response of an elastic body under small deformations. Dirichlet or displacement boundary conditions correspond to clamping (parts of) the boundary, while Neumann or traction boundary conditions correspond to loading mechanically (parts of) the boundary. Interfaces arise due to the use of different materials. A careful analysis of mixed Dirichlet/Neumann boundary value problems for linear elastostatics in 3-dimensional curvilinear, polyhedral domains, was carried out by two of the authors in [56]. There, the concept of a “domain with polyhedral structure” is more general than in this paper and includes cracks. In [48], they studied mixed boundary value/interface problems and the implementation of the Finite Element Method on “domains with polygonal structure” with nonsmooth interfaces (see also [15]). The results of this paper can be extended to include domains with cracks, as in [56] and [48], but the topological machinery used there, including the notion of an “unfolded boundary” [19] in arbitrary dimensions is significantly more complex. (See [12] for related results.)

1.1.1 Operators on manifolds

We turn to consider the assumptions on P when the domain Ω is a curvilinear, polyhedral domain in a manifold M of the same dimension. Let then E be a vector bundle on M endowed with a hermitian metric. A coordinate free expression of the conditions in Equations (8a)–(8c) is obtained as follows. We assume that there exist a metric preserving connection ∇ : Γ(E) → Γ(E ⊗T^∗M), a smooth endomorphism A ∈ End(E ⊗ T^∗M), and a first order differential operator P_2 : Γ(E) → Γ(E) with smooth coefficients such that

A + A^∗ ≥ 2ϵI for some ϵ > 0. (14)

Then we define P_1 = ∇^∗A∇ and P = P_1 +P_2. In particular, the operator P will satisfy the strong Lagrange–Hadamard condition in a neighborhood of Ω in M.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 695

Note that if Ω ⊂ R^n and the vector bundle E is trivial, then the condition of (14) reduces to the conditions of (8), by taking ∇ to be the trivial connection. We can allow A to have jump discontinuities as well along polyhedral interfaces.

1.2 The main results

We are ready to state the principal results of this paper. We continue to assume hypotheses (3)–(5) on the domain Ω and its decomposition into disjoint subdomains Ω_j separated by the interface Γ.

We begin with a regularity results for solutions to the problem (6) in weighted Sobolev spaces hK^μ_a , μ ∈ Z_+, a ∈ R, where

K^μ_a (Ω) := {u ∈ L^2_{loc}(Ω), η^{|α|− a}_{n−2} ∂^αu ∈ L^2(Ω), for all |α| ≤ μ} , μ ∈ Z_+, and hK^μ_a (Ω) := {hu, u ∈ K^μ_a (Ω)}.

(See Section 5 for a detailed discussion and main properties of these spaces.) Above, η_{n−2} is the distance to the singular set in Ω given in Definition 2.5, while h is a so-called admissible weight described in Definition 3.8. Initially, the reader may assume that h = r^b_Ω, b ∈ R, where r_Ω is a function comparable to the distance function η_{n−2} close to the singular set, but with better regularity than η_{n−2} away from the singular set. (We refer again to Subsection 5.1 for more details). The weight h is important in the applications of the theory developed here for numerical methods, where appropriate choices of h yield quasi-optimal rates of convergence for the Finite Element approximation to the weak solution of the problem (6) (see [6, 7, 8, 48]).

Theorem 1.1. Let Ω ⊂ R^n be a bounded, curvilinear polyhedral domain of dimension n. Assume that the operator P satisfies conditions (8a) and (8b). Let μ ∈ Z_+, a ∈ R, and u ∈ hK^1_{a+1}(Ω) be such that P u ∈ hK^{μ−1}_{a−1} (Ω_j ), for all j, u|_{∂D Ω} ∈ hK^{μ+1/2}_{a+1/2} (∂_D Ω), D^P_ν u|_{∂N Ω} ∈ hK^{μ−1/2}_{a−1/2} (∂_N Ω). If h is an admissible weight, then u ∈ hK^{μ+1}_{a+1} (Ω_j ), for all j = 1, . . . , N, and

‖u‖_{hK}μ+1_{a+1 (Ωj )} ≤ C

�^N� k=1 ‖P u‖_{hK}μ−1_{a−1 (Ωk )} + ‖u‖_{hK}0_{a+1(Ω)}+

‖u|_{∂D Ω}‖_{hK}μ+1/2_{a+1/2 (∂D Ω)}) + ‖u|_{∂N Ω}‖_{hK}μ−1/2_{a−1/2 (∂N Ω)}

� (15)

for a constant C = C(Ω, P, μ, a, h) > 0, independent of u.

The proof of the regularity theorem exploits Lie manifolds and their structure to reduce to the classical case of bounded, smooth domains. The proof can be found in Section 6. Note that in this theorem we do not require the interfaces to be smooth and we allow for adjacent faces with Neumann boundary conditions. Under additional conditions on the set Ω and its boundary ensuring strict coercivity of the bilinear form B of equation (11), we obtain a well-posedness result

Documenta Mathematica 15 (2010) 687–745

696 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

for problem (6). In [48], two of the authors obtained a well-posedness result in an augmented space on polygonal domains with “Neumann-Neumann vertices,” i.e., vertices for which both sides joining at the vertex are given Neumann boundary conditions, and for which the interface Γ is not smooth. Such result is based on specific spectral properties of operator pencils near the vertices and is not easily extendable to higher dimension. Note that K^μ_a (Ω) = hK^μ_0 (Ω) for a suitable admissible weight h and hence there is no loss of generality to assume a = 0 in Theorem 1.1. We will use the same reasoning to simplify the statements of the following results.

Theorem 1.2. Let Ω ⊂ R^n be a bounded, connected curvilinear polyhedral domain of dimension n. Assume that ∂Ω_N does not contain any two adjacent hyperfaces, that ∂_DΩ is not empty, and that the interface Γ is smooth. In addition, assume that the operator P satisfies conditions (8). Let W_μ(Ω), μ ∈ Z_+, be the set of admissible weights h such that the map P̃ (u) := (P u, u|_{∂D Ω}, D^P_ν u|_{∂N Ω}) establishes an isomorphism

P̃ : {u ∈^N � j=1 hK^{μ+1}_1 (Ω_j ) ∩ hK^1(Ω), D^P_ν u^+ = D^P_ν u^− on Γ}

→ N� j=1 hK^{μ−1}_{−1} (Ω_j ) ⊕ hK^{μ+1/2}_{1/2} (∂_DΩ) ⊕ hK^{μ−1/2}_{−1/2} (∂_N Ω).

Then the set W_μ(Ω) is an open set containing 1.

Theorem 1.2 reduces to a well-known, classical result when Ω is a smooth bounded domain. (See Remark 6.11 for a result on smooth domains that is not classical.) The same is true for the following result, Theorem 1.3, which works for general domains on manifolds. Note however that for manifolds it is more difficult to express the coercive property, so for more complete results we restrict to the case of operators of Laplace type.

Theorem 1.3. Let Ω ⊂ M be a bounded, connected curvilinear polyhedral domain of dimension n. Assume that every connected component of Ω has a non-empty boundary and that the operator P satisfies condition (14). Assume additionally that no two adjacent hyperfaces of ∂Ω are endowed with Neumann boundary conditions and that the interface Γ is smooth. Let c ∈ C and W^′_μ(Ω) be the set of admissible weights h such that the map P̃_c(u) := (P u + cu, u|_{∂Ω}, D^P_ν u|_{∂Ω}) establishes an isomorphism

P̃_c : {u ∈^N � j=1 hK^{μ+1}_1 (Ω_j ) ∩ hK^1(Ω), u^+ = u^−, D^P_ν u^+ = D^P_ν u^− on Γ}

→ N� j=1 hK^{μ−1}_{−1} (Ω_j ) ⊕ hK^{μ+1/2}_{1/2} (∂_DΩ) ⊕ hK^{μ−1/2}_{−1/2} (∂_N Ω).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 697

Then the set W^′_μ(Ω) is an open set, which contains 1 if the real part of c is large or if P = ∇^∗A∇ with A satisfying (14).

For the rest of this section, Ω and P will be as in Theorem 1.2. We discuss some immediate consequences of Theorem 1.2. Analogous results can be obtained from Theorem 1.3, but we will not state them explicitly. The continuity of the inverse of P̃ is made explicit in the following corollary.

Corollary 1.4. Let A satisfy (14). There exists a constant C = C(Ω, P, μ, a, h) > 0, independent of f, g_D, and g_N , such that

‖u‖_{hK}1_{(Ω)} + ‖u‖_{hK}μ+1_{1 (Ωj )} ≤ C

�^N� j=1 ‖P u‖_{hK}μ−1_{−1 (Ωj )}

+ ‖u|_{∂D Ω}‖_{hK}μ+1/2_{1/2 (∂D Ω)} + ‖D^P_ν u|_{∂N Ω}‖_{hK}μ+1/2_{1/2 (∂N Ω)} � , for any u ∈ hK^1(Ω) and any j.

From the fact that η_{n−2} is equivalent to r_Ω by Proposition 4.9 and Corollary 4.11, we obtain the following corollary.

Corollary 1.5. Let A satisfy (14). There exists η > 0 such that

(P, D^P_ν ) : {u ∈ N� j=1 K^{μ+1}_{a+1} (Ω_j ) ∩ K^1_{a+1}(Ω), u|_{∂D Ω} = 0,

D^P_ν u^+ = D^P_ν u^− on Γ} → N� j=1 K^{μ−1}_{a−1} (Ω_j ) ⊕ K^{μ−1/2}_{a−1/2} (∂_N Ω)

is an isomorphism for all μ ∈ Z_+ and all |a| < η.

Note above and in what follows that the interface matching condition u^+ = u^− follows from u ∈ K^1_{a+1}(Ω).

Proof. From the results in Sections 5 and 5.1, K^{μ+1}_{a+1} = r^a_ΩK^{μ+1}_1 and r^a_Ω is an admissible weight for any a ∈ R. The result then follows from the fact that W_μ(Ω) is an open set containing the weight 1 by Theorem 1.2. The following corollary gives a characterization of the set W_μ(Ω) in the spirit of [15]. There, similar arguments give that for n = 2 the constant η in the previous corollary is η = π/α_M , where α_M is the largest angle of Ω. See also [42].

Corollary 1.6. Let h = r^a_Ω and A satisfy (14). Assume that for all λ ∈ [0, 1] the map

(P, D^P_ν ) : {u ∈ h^λK^1(Ω), u|_{∂D Ω} = 0, D^P_ν u|_{∂N Ω} = 0} → h^λK^{−1}_{−1}(Ω) is Fredholm. Then h ∈ W_μ(Ω).

Documenta Mathematica 15 (2010) 687–745

698 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

The corollary holds for more general weights h = � H x^{aH}_H , where x_H is the distance to an hyperface H at infinity (see Section 5.1), as long as all a_H ≥ 0 or all a_H ≤ 0.

Proof. We proceed as in [15]. The family P_λ := h^{−λ}P h^λ is continuous for λ ∈ [0, 1], consists of Fredholm operators by hypothesis, and is invertible for λ = 0 by Theorem 1.2. It follows that the family P_λ consists of Fredholm operators of index zero. To prove that these operators are isomorphisms, it is hence enough to prove that they are either injective or surjective. Assume first that a ≥ 0 in the definition of h. Then K^{1+λ}_1 (Ω) = h^λK^1(Ω) ⊂ K^1(Ω). Therefore P is injective on

h^λK^1(Ω) ∩ {u|_{∂D Ω} = 0, D^ν_P u|_{∂N Ω} = 0}.

This, in turn, gives that P_λ is injective. Assume that a ≤ 0 and consider

P_λ : h^λK^1(Ω) ∩ {u|_{∂Ω} = 0, D^ν_P u|_{∂N Ω} = 0} → h^λK^{−1}_{−1}(Ω). (16)

We have (P_λ)^∗ = (P^∗)_{−λ}. The same argument as above shows that P^∗_λ is injective, and hence that it is an isomorphism, for all 0 ≤ λ ≤ 1. Hence P_λ is an isomorphism for all 0 ≤ λ ≤ 1.

2 Polyhedral domains

In this section we introduce the class of domains to which the results of the previous sections apply. We then specialize to domains in 2 and 3 dimensions and provide ample examples. The reader may at first concentrate on this case. We describe how to desingularize the domain in arbitrary dimension later in the paper, using the theory of Lie manifolds, which we recall in the next section. Let Ω be a proper open set in R^n or more generally in a smooth manifold M of dimension n. Our main focus is the analysis of partial differential equations on Ω, specifically the mixed boundary value/interface problem (6). For this reason, we give Ω a structure that is not entirely determined by geometry, rather it takes into account the boundary and interface conditions for the operator P in problem (6).

We assume that Ω is given together with a smooth stratification:

Ω^{(0)} ⊂ Ω^{(1)} ⊂ . . . ⊂ Ω^{(n−2)} ⊂ Ω^{(n−1)} := ∂Ω ⊂ Ω^{(n)} := Ω̄. (17)

We recall that a smooth stratification S_0 ⊂ S_1 ⊂ . . . ⊂ X of a topological space X is an increasing sequence of closed sets S_j = S_j (X) such that each point of X has a neighborhood that meets only finitely many of the sets S_j , S_0 is a discrete subset, S_{j+1} ∖ S_j , j ≥ 0, is a disjoint union of smooth manifolds of dimension j + 1, and X = ∪S_j . Some of the sets S_j may be empty for 0 ≤ j ≤ j_0 < dim(X).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 699

We will always assume that the stratification {Ω^{(j)}} satisfies the condition that Ω^{(j)} ∖ Ω^{(j−1)} has finitely many connected components, for all j. This assumption is automatically satisfied if Ω is bounded, and it is not crucial, but simplifies some of the later constructions.

We proceed by induction on the dimension to define a polyhedral structure on Ω. Our definition is very closely related to that of Whitney stratified spaces [79]. We first agree that a curvilinear polyhedral domain of dimension n = 0 is simply a finite set of points. Then, we assume that we have defined curvilinear polyhedral domains in dimension ≤ n − 1, n ≥ 1, and define a curvilinear polyhedral domain in a manifold M of dimension n next. We shall denote by B^l the open unit ball in R^l and by S^{l−1} := ∂B^l its boundary. In particular, we identify B^0 = {1}, B^1 = (−1, 1), and S^0 = {−1, 1}.

Definition 2.1. Let M be a smooth manifold of dimension n ≥ 1. Let Ω ⊂ M be an open subset endowed with the stratification (17). Then Ω ⊂ M is a stratified, curvilinear polyhedral domain if for every point p ∈ ∂Ω, there exist a neighborhood V_p in M such that:

(i) if p ∈ Ω^{(l)} \ Ω^{(l−1)}, l = 1, . . . , n − 1, there is a curvilinear polyhedral domain ω_p ⊂ S^{n−l−1}, ω_p ≠ S^{n−l−1}, and

(ii) a diffeomorphism ϕ_p : V_p → B^{n−l} × B^l such that ϕ_p(p) = 0 and

ϕ_p(Ω ∩ V_p) = {rx^′, 0 < r < 1, x^′ ∈ ω_p} × B^l, (18)

inducing a homeomorphism of stratified spaces.

Given any p ∈ ∂Ω, let 0 ≤ ℓ(p) ≤ n − 1 be the smallest integer such that p ∈ Ω^{(ℓ(p))}, but p /∈ Ω^{(ℓ(p)−1)} (by convention we set Ω^{(l)} = ∅ if l < 0). By construction, ℓ(p) is unique given p. Then, the domain ω_p ⊂ S^{n−ℓ(p)−1} in the definition above will be called the link of Ω at p. We identify the ”ball” B^0 = {1} and the “sphere” S^0 = ∂B^1 = {−1, 1}. In particular if ℓ(p) = n − 1, then ω_p is a point.

The notion of a stratified polyhedron is well known in the literature (see for example the monograph [71]). However, our definition is more general, and well suited for applications to partial differential equations. See the papers of Babuška and Guo [5], Mazya and Rossmann [54], and Verchota and Vogel [74, 75] for related definitions. We remark that, according to the above definition, Ω does not need to be bounded, nor connected, nor convex. For applications to the analysis of boundary value/interface problems, however, we will always assume Ω is connected. The boundary ∂Ω need not be connected either, but it does have finitely many connected components. We also stress that polyhedral domains will always be open subsets.

The condition ω_p ≠ S^{n−l−1} can be relaxed to ω_p ≠ S^{n−l−1}, thus allowing for cracks and slits, but not punctured domains of the form M ∖ {p}. We will not pursue this generality in the paper, given also that submanifolds of codimension greater than 2 consists of irregular boundary points for elliptic equations and

Documenta Mathematica 15 (2010) 687–745

700 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

may lead to ill-posedness in boundary value problems. We refer to the articles [48, 56] for a detailed analysis of polyhedral domains with cracks in 2 and 3 dimensions.

We continue with some comments on Definition 2.1 before providing several concrete examples in dimension n = 1, 2, 3. We denote by tB^l the ball of radius t in R^l, l ∈ N, centered at the origin. We also let tB^0 to be a point independent of t. Sometimes it is convenient to replace Condition (18) with the equivalent condition that there exist t > 0 such that

ϕ_p(Ω ∩ V_p) = {rx^′, 0 < r < t, x^′ ∈ ω_p} × tB^l. (19)

We shall interchange conditions (18) and (19) at will from now on. For a cone or an infinite wedge, t = +∞, so cones and wedges are particular examples of polyhedral domain.

We have the following simple result that is an immediate consequence of the definitions.

Proposition 2.2. Let ψ : M → M^′ be a diffeomorphism and let Ω ⊂ M be a curvilinear polyhedral domain. Then ψ(Ω) is also a curvilinear polyhedral domain.

Next, we introduce the singular set of Ω, Ω_{sing} := Ω^{(n−2)}. A point p ∈ Ω^{(n−2)} will be called a singular point for Ω. We recall that a point x ∈ ∂Ω is called a smooth boundary point of Ω if the intersection of ∂Ω with a small neighborhood of p is a smooth manifold of dimension n − 1. In view of Definition 2.1, the point p is smooth if ϕ_p satisfies

ϕ_p(Ω ∩ V_p) = (0, t) × B^{n−1}. (20)

This observation is consistent with ω_p being a point in this case, since it is a polyhedral domain of dimension 0.

Any point p ∈ ∂Ω that is not a smooth boundary point in this sense is a singular point. But the singular set may include other points as well, in particular the points where the boundary conditions change, i.e., the points of the boundary of ∂_DΩ in ∂Ω, and the points where the interface Γ meets ∂Ω. It is known [36, 37] that the solution to the problem (6) near such points behaves in a similar way as in the neighborhood of non-smooth boundary points. We call the non-smooth points in ∂Ω the true or geometric singular points, while we call all the other singular points artificial singular points.

The true singular points can be characterized by the condition that the domain ω_p of Definition 2.1 be an “irreducible” subset of the sphere S^{n−l−1}, in the sense of the following definition.

Definition 2.3. A subset ω ⊂ S^{n−1} := ∂B^n, the unit sphere in R^n will be called irreducible if R_+ω := {rx^′, r > 0, x^′ ∈ ω} cannot be written as V + V^′ for a linear subspace V ⊂ R^k of dimension ≥ 1 and V^′ an arbitrary subset of R^{n−k}. (The sum does not have to be a direct sum and, in fact, V^′ is not assumed to be an affine subspace.)

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 701

For example, (0, α) ⊂ S^1 is irreducible if, and only if, α ≠ π. A subset ω ⊂ S^{n−1} strictly contained in an open half-space is irreducible, but the intersection of S^{n−1}, n ≥ 2, with an open half-space is not irreducible.

If p ∈ Ω^{(0)}, then we shall call p a vertex of Ω and we shall interpret the condition (18) as saying that ϕ_p defines a diffeomorphism such that

ϕ_p(Ω ∩ V_p) = {rx^′, 0 < r < t, x^′ ∈ ω_p}. (21)

This interpretation is consistent with our convention that the set B^0 (the zero dimensional unit ball) consists of a single point. We shall call any open, connected component of Ω^{(1)} ∖ Ω^{(0)} an (open) edge of Ω, necessarily a smooth curve in M. Similarly, any open, connected component of Ω^{(j)} ∖ Ω^{(j−1)} shall be called a (open) j–face if 2 ≤ j ≤ n − 1. A n − 1-face will be called a hyperface. A j–face H is a smooth manifold of dimension j, but in general it is not a curvilinear polyhedral domain (except if n = 2), because there might not exist a j-manifold containing the closure of H in ∂Ω. This point will be addressed in terms of the desingularization Σ(Ω) of Ω constructed in Section 4.

Notations 2.4. From now on, Ω will denote a curvilinear polyhedral domain in a manifold M of dimension n with given stratification Ω^{(0)} ⊂ Ω^{(1)} ⊂ . . . ⊂ Ω^{(n)} := Ω.

Some or all of the sets Ω^{(j)}, j = 0, . . . , n − 2, in the stratification of Ω may be empty. In fact, Ω^{(n−2)} is empty if, and only if, Ω is a smooth manifold, possibly with boundary, a particular case of a curvilinear, stratified polyhedron. Finally we introduce the notion of distance to the singular set Ω^{(n−2)} of Ω (if not empty) on which the constructions of the Sobolev spaces K^μ_a (Ω) given in Section 5 is based. If Ω^{(n−2)} = ∅, we let η_{n−2} ≡ 1.

Definition 2.5. Let Ω be a curvilinear, stratified polyhedral domain of dimension n. The distance function η_{n−2}(x) from x to the singular set Ω^{(n−2)} is η_{n−2}(x) := inf_γ ℓ(γ), (22)

where ℓ(γ) is the length of the curve γ, and γ ranges through all smooth curves γ : [0, 1] → Ω, γ(0) = x, p := γ(1) ∈ Ω^{(n−2)}.

If Ω is not bounded, for example Ω is an infinite cone, then we modify the definition of the distance function as follows:

η_{n−2}(x) := χ(inf_γ ℓ(γ)), where

χ ∈ C^∞([0, +∞)), χ(s) = � � � s, 0 ≤ s ≤ 1 ≥ 1, s ≥ 1 2, s ≥ 3,

(23)

which has the effect of making η_{n−2} a bounded function.

Documenta Mathematica 15 (2010) 687–745

702 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

2.1 Curvilinear polyhedral domains in 1, 2, and 3 dimensions

In this subsection we give some examples of curvilinear polyhedral domains Ω in R^2, in S^2, or in R^3. These examples are crucial in understanding Definition 2.1, which we specialize here for n = 2, n = 3. The desingularization Σ(Ω) and the function r_Ω will be introduced in the next subsection in these special cases. We have already defined a polyhedron in dimension 0 as a finite collection of points. Accordingly, a subset Ω ⊂ R or Ω ⊂ S^1 is a curvilinear polyhedral domain if, and only if, it is a finite union of open intervals. Let M be a smooth 2-manifold or R^2. Definition 2.1 can be more explicitly stated as follows.

Definition 2.6. A subset Ω ⊂ M together with smooth stratification Ω^{(0)} ⊂ Ω^{(1)} ≡ ∂Ω ⊂ Ω^{(2)} ≡ Ω will be called a curvilinear, stratified polygonal domain if, for every point of the boundary p ∈ ∂Ω, there exists a neighborhood V_p ⊂ M of p and a diffeomorphism ϕ_p : V_p → B^2, ϕ_p(p) = 0, such that:

(a) ϕ_p(V_p ∩ Ω) = { (r cos θ, r sin θ), 0 < r < 1, θ ∈ ω_p }, where ω_p is a union of open intervals of the unit circle such that ω_p ≠ S^1;

(b) if p ∈ Ω^{(1)} ∖ Ω^{(0)}, then ω_p is exactly an interval of length π.

Any point p ∈ Ω^{(0)} is a vertex of Ω, and p is a true vertex precisely when ω_p is not an interval of length π. The open, connected components of ∂Ω ∖ Ω^{(0)} are the (open) sides of Ω. In view of condition (b) above, sides are smooth curves γ_j : [0, 1] → M, j = 1, . . . , N, with no common interior points. Recall that by hypothesis, there are finitely many vertices and sides. The condition that ω_p ≠ S^1 implies that either a side γ_j has a vertex in common with another side γ_k or γ_j is a closed smooth curve or an unbounded smooth curve. In the special case Ω^{(1)} ∖ Ω^{(0)} = ∅, Ω has only isolated conical points (see Example 2.11 in the next subsection), while if Ω^{(0)} = ∅, Ω has smooth boundary.

Notations 2.7. Any curvilinear, stratified polygon in R^2 will be denoted by P and its stratification by P^{(0)} ⊂ P^{(1)} = ∂P ⊂ P^{(2)} = P.

Let now M be a smooth 3-manifold or R^3. Definition 2.1 can also be stated more explicitly.

Definition 2.8. A subset Ω ⊂ M together with a smooth stratification Ω^{(0)} ⊂ Ω^{(1)} ⊂ Ω^{(2)} ≡ ∂Ω ⊂ Ω^{(3)} ≡ Ω will be called a curvilinear, stratified polyhedral domain if, for every point of the boundary p ∈ ∂Ω, there exists a neighborhood V_p ⊂ M of p and a diffeomorphism ϕ_p : V_p → B^l × B^{3−l}, ϕ_p(p) = 0, such that:

(a) ϕ_p(V_p ∩ Ω) = { (y, rx^′), y ∈ B^l, 0 < r < t, x^′ ∈ ω_p }, where t ∈ (0, +∞] and ω_p ⊂ S^{2−l} is such that ω_p ≠ S^{2−l};

(b) if l = 0 (i.e., if p ∈ Ω^{(0)}), then ω_p ⊂ S^2 is a stratified, curvilinear polygonal domain;

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 703

(c) if l = 1 (i.e., if p ∈ Ω^{(1)} ∖ Ω^{(0)}), then ω_p is a finite, disjoint union of finitely many open intervals in S^1 of total length less than 2π.

(d) if l = 2 then p is a smooth boundary point;

(e) ϕ_p preserves the stratifications.

Each point p ∈ Ω^{(0)} is a vertex of Ω and p is a true vertex precisely when ω_p is an irreducible subset of S^2 (according to Definition 2.3). The open, connected components of Ω^{(1)} ∖ Ω^{(0)} are the edges of Ω, smooth curves with no interior common points by condition (c) above. The open, connected components of Ω^{(2)} ∖ Ω^{(1)}, smooth surfaces with no common interior points, are the faces of Ω. Recall that by hypothesis, there are only finitely many vertices, edges, and faces in Ω. The condition that ω_p be not the whole sphere S^{2−l} (l = 1, 0) implies that either an edge γ_j has a vertex in common with another edge γ_k or γ_j is a closed smooth curve or an unbounded smooth curve (such as in a wedge), and similarly for faces. Again, in the the case Ω^{(1)} = Ω^{(0)}, Ω has only isolated conical points, in the case Ω^{(0)} = ∅, Ω has only edge singularities, and in the case Ω^{(1)} = Ω^{(0)} = ∅, Ω is smooth. The following subsection contains several examples.

2.2 Definition of Σ(Ω) and of r_Ω if n = 2 or n = 3

We now introduce the desingularization Σ(Ω) for some of the typical examples of curvilinear polyhedral domains in n = 2 or n = 3. The desingularization of a domain Ω ⊂ M depends in general on M, but we do not explicitly show this dependence in the notation, and generally ignore it in order to streamline the presentation, given that the manifold M will be mostly implicit. Associated to the singularization is the function r_Ω, which is comparable with the distance to the singular set η_{n−2} but is more regular. We also frame these definitions as examples. The general case (of which the examples considered here are particular cases) is in Section 4. The reader can skip this part at first reading. The case n = 2 of a polygonal domain P in R^2 is particularly simple. We use the notation in Definition 2.6.

Example 2.9. The desingularization Σ(P) of P will replace each of the vertices A_j , j = 1, . . . , k, of P with a segment of length α_j > 0, where α_j is the magnitude of the angle at A_j (if A_j is an artificial vertex, then α_j = π). We can realize Σ(P) in three dimensions as follows. Let θ_j be the angle in a polar coordinates system (r_j , θ_j ) centered at A_j . Let ϕ_j be a smooth function on P that is equal to 1 on {r_j < ϵ} and vanishes outside V_j := {r_j < 2ϵ}. By choosing ϵ > 0 small enough, we can arrange that the sets V_j do not intersect. We define then

Φ : P ∖ {A_1, A_2, . . . , A_k} → P × R ⊂ R^3

by Φ(p) = (p, � ϕ_j (p)θ_j (p)). Then Σ(P) is (up to a diffeomorphism) the closure in R^3 of Φ(P). The desingularization map is κ(p, z) = p. The structural Lie

Documenta Mathematica 15 (2010) 687–745

704 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

algebra of vector fields V(P) on Σ(P) is given by (the lifts of) the smooth vector fields X on P ∖ {A_1, A_2, . . . , A_k} that on V_j = {r_j < 2ϵ} can be written as

X = a_r(r_j , θ_j )r_j ∂_{rj} + a_θ(r_j , θ_j )∂_{θj} , (24)

with a_r and a_θ smooth functions of (r_j , θ_j ) on [0, 2ϵ) × [0, α_j ]. We can take r_Ω(x) := ψ(x)

�_k j=1 r_j (x), where ψ is a smooth, nowhere vanishing function on Σ(Ω). (Such a factor ψ can always be introduced, and the function r_Ω is determined only up to this factor. We shall omit this factor in the examples below.)

The examples of a domain with a single edge or of a domain with a single vertex are among of the most instructive. Example 2.10. Let first Ω be the wedge

W := {(r cos θ, r sin θ, z), 0 < r, 0 < θ < α, z ∈ R }, (25)

where 0 < α < 2π, and x = r cos θ and y = r sin θ define the usual cylindrical coordinates (r, θ, z), with (r, θ, z) ∈ [0, ∞) × [0, 2π) × R. Then the manifold of generalized cylindrical coordinates is, in this case, just the domain of the cylindrical coordinates on W:

Σ(W) = [0, ∞) × [0, α] × R.

The desingularization map is κ(r, θ, z) = (r cos θ, r sin θ, z) and the structural Lie algebra of vector fields of Σ(W) is

a_r(r, θ, z)r∂_r + a_θ(r, θ, z)∂_θ + a_z(r, θ, z)r∂_z ,

where a_r, a_z, and a_θ are smooth functions on Σ(W). Note that the vector fields in V(W) may not extend to the closure W. We can take r_Ω = r, the distance to the Oz-axis.

At this stage, we can describe a domain with one conical point and its desingularization in any dimension.

Example 2.11. Let next Ω be a domain with one conical point, that is, Ω is a curvilinear, stratified polyhedron in R^n such that Ω^{(j)} = Ω^{(0)} for all 1 ≤ j ≤ n − 2. We assume Ω is bounded for simplicity. Let p ∈ Ω^{(0)} denote the single vertex of Ω. There exists a neighborhood V_p of p such that, up to a local change of coordinates,

V_p ∩ Ω = {rx^′, 0 ≤ r < ϵ, x^′ ∈ ω}, (26)

for some smooth, connected domain ω ⊂ S^{n−1} := ∂B^n. Then we can realize Σ(Ω) in R^{2n} as follows. Assume p = 0, the origin, for simplicity. We define Φ(x) = (x, |x|^{−1}x) for x ≠ p, where |x| is the distance from x to the origin (i.e., to p). The set Σ(Ω) is defined to be the closure of the range of Φ. The map κ is the projection onto the first n components. The map κ is one-to-one, except that κ^{−1}(p) = {p} × ω. We can take r_Ω(x) = |x|. The Lie algebra of vector fields V(Ω) consists of the vector fields on Σ(Ω) that are tangent to κ^{−1}(p). This example is due to Melrose [57].

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 705

Example 2.12. Let Ω ⊂ R^3 be a convex polyhedral domain, such that all edges are straight segments. To construct Σ(Ω), we combine the ideas used in the previous examples. First, for each edge e we define (r_e, θ_e, z_e) to be a coordinate system aligned to that edge and such that θ_e ∈ (0, α_e), as in Example 2.10. Let v_1, v_2, . . . , v_b be the set of vertices of Ω and e_1, . . . , e_a be the set of edges. Then, for x not on any edge of Ω, we define Φ(x) ∈ R^{3+a+b} by

Φ(x) = � x, θ_{e1} , θ_{e2} , . . . , θ_{ea} , |x − v_1|^{−1}(x − v_1), . . . , |x − v_b|^{−1}(x − v_b) � . The desingularization Σ(Ω) ⊂ R^{3+a+b} is defined as the closure of the range of Φ. The resulting set will be a manifold with corners with several different types of hyperfaces. Namely, the manifold Σ(Ω) will have a hyperface for each face of Ω, a hyperface for each edge of Ω, and, finally, a hyperface for each vertex of Ω. The last two types of hyperfaces are the so-called hyperfaces at infinity of Σ(Ω). Let x_H be the distance to the hyperface H. We can take then r_Ω = � H x_H , where H ranges through the hyperfaces at infinity of Σ(Ω).

We can imagine Σ(Ω) as follows. Let ϵ > 0. Remove the sets {x ∈ Ω, |x − v_j | ≤ ϵ} and {x ∈ Ω, |x − e_k| ≤ ϵ^2}. Call the resulting set Ω_ϵ. Then, for ϵ small enough, the closure of Ω_ϵ is diffeomorphic to Σ(Ω).

The example above can be generalized to a curvilinear, stratified polyhedron, using local change of coordinates as in Example 2.9 in 2 dimensions. A detailed construction will be given in Section 4.

A nonstandard example of a curvilinear polyhedral domain is given below.

Example 2.13. We start with a connected polygonal domain P with connected boundary and we deform it, within the class of connected polygonal domains, until one, and exactly one of the vertices, say A, touches the interior of another edge, say [B, C]. (It is clear that such a deformation exists since we allow each side to have arbitrary finite curvature and length.) Let Ω be the resulting connected open set. Then Ω will be a curvilinear polyhedral domain. We define the set Σ(Ω) as for the polygonal domain P, but by introducing polar coordinates in the whole neighborhood of the point A.

If we deform P to Ω, Σ(P) will deform continuously to a space Σ^′(Ω), different from Σ(Ω). For certain purposes, the desingularization Σ^′(Ω) is better suited than Σ(Ω).

3 Lie manifolds with boundary

The construction of the desingularization Σ(Ω) of a general, curvilinear, stratified polyhedron Ω in n dimensions will be discussed in Section 4. Σ(Ω) will be used both in the definition of weighted Sobolev spaces on the boundary and the proof of a weighted Hardy-Poincaré inequality in Subsection 6.2, which in turn is crucial in establishing coercive estimates for the mixed boundary value/interface problem (6). Since the construction of the desingularization Σ(Ω) relies on properties of manifolds with a Lie structure at infinity, we now

Documenta Mathematica 15 (2010) 687–745

706 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

recall the definition of a Lie manifold from [2] and of a Lie manifold with boundary from [1], in order to make this paper as self-contained as possible. We also recall a few other needed definitions and results from those papers.

3.1 Definition

We recall that a topological space M is, by definition, a manifold with corners if every point p ∈ M has a coordinate neighborhood diffeomorphic to [0, 1)^k × (−1, 1)^{n−k}, k = 0, 1, . . . , n, such that the transition functions are smooth (including at the boundary). Given p ∈ M, the least integer k with the above property is called the depth of p. Since the transition functions are smooth, it therefore makes sense to talk about smooth functions on M, these being the functions that correspond to smooth functions on [0, 1)^k ×(−1, 1)^{n−k}. We denote by C^∞(M) the set of smooth functions on a manifold with corners M. Throughout this paper, M will denote a manifold with corners, not necessarily compact. We shall denote by M_0 the interior of M and by ∂M = M ∖ M_0 the boundary of M. The set M_0 consists of the set of points of depth zero of M. It is usually no loss of generality to assume that M_0 is connected. Let M_k denote the set of points of M of depth k and F_0 be a connected component of M_k. We shall call F_0 an open face of codimension k of M and F := F_0 a face of codimension k of M. A face of codimension 1 will be called a hyperface of M, so that ∂M is the union of all hyperfaces of M. In general, a face of M need not be a smooth manifold (with or without corners). A face F ⊂ M which is a submanifold with corners of M will be called an embedded face. Anticipating, a Lie manifold with boundary M_0 is the interior of a manifold with corners M together with a Lie algebra of vector fields V on M satisfying certain conditions. To state these conditions, it will be convenient first to introduce a few other concepts.

Definition 3.1. Let M be a manifold with corners and V be a space of vector fields on M. Let U ⊂ M be an open set and Y_1, Y_2, . . . , Y_k be vector fields on U ∩ M_0. We shall say that Y_1, Y_2, . . . , Y_k form a local basis of V on U if the following three conditions are satisfied:

(i) there exist vector fields X_1, X_2, . . . , X_k ∈ V, Y_j = X_j on U ∩ M_0;

(ii) V is closed under products with smooth functions in C^∞(M) (i.e., V = C^∞(M)V) and for any X ∈ V, there exist smooth functions ϕ_1, ϕ_2, . . . , ϕ_k ∈ C^∞(M_0) such that

X = ϕ_1X_1 + ϕ_2X_2 + . . . + ϕ_kX_k on U ∩ M_0 ; (27) and (iii) if ϕ_1, ϕ_2, . . . , ϕ_k ∈ C^∞(M) and ϕ_1X_1 +ϕ_2X_2 +. . .+ϕ_k X_k = 0 on U ∩M_0, then ϕ_1 = ϕ_2 = . . . = ϕ_k = 0 on U.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 707

We now recall structural Lie algebras of vector fields from [2].

Definition 3.2. A subspace V ⊆ Γ(M, T M) of the Lie algebra of all smooth vector fields on M is said to be a structural Lie algebra of vector fields on M provided that the following conditions are satisfied:

(i) V is closed under the Lie bracket of vector fields;

(ii) every vector field X ∈ V is tangent to all hyperfaces of M;

(iii) C^∞(M)V = V; and

(iv) for each point p ∈ M there exist a neighborhood U_p of p in M and a local basis of V on U_p.

The concept of Lie structure at infinity, defined next, is also taken from [2].

Definition 3.3. A Lie structure at infinity on a smooth manifold M_0 is a pair (M, V), where M is a compact manifold, possibly with corners, and V ⊂ Γ(M, T M) is a structural Lie algebra of vector fields on M with the following properties:

(i) M_0 = M ∖ ∂M, the interior of M, and

(ii) If p ∈ M_0, then any local basis of V in a neighborhood of p is also a local basis of the tangent space to M_0. (In particular, the constant k of Equation (27) equals n, the dimension of M_0.)

A manifold with a Lie structure at infinity (or, simply, a Lie manifold) is a manifold M_0 together with a Lie structure at infinity (M, V) on M_0. We shall sometimes denote a Lie manifold as above by (M_0, M, V), or, simply, by (M, V), because M_0 is determined as the interior of M.

Let V_b be the set of vector fields on M that are tangent to all faces of M. Then (M, V_b) is a Lie manifold [57]. See [1, 2, 47] for more examples.

3.2 Riemannian metric

Let (M, V) be a Lie manifold and g a Riemannian metric on M_0 := M ∖ ∂M. We shall say that g is compatible (with the Lie structure at infinity (M, V)) if, for any p ∈ M, there exist a neighborhood U_p of p in M and a local basis X_1, X_2, . . . , X_n of V on U_p that is orthonormal with respect to g on U_p. It was proved in [2] that (M_0, g_0) is necessarily of infinite volume and complete. Moreover, all the covariant derivatives of the Riemannian curvature tensor of g are bounded.

We also know that the injectivity radius is bounded from below by a positive constant, i.e., (M_0, g_0) is of bounded geometry [18]. (A manifold with bounded geometry is a Riemannian manifold with positive injectivity radius and with bounded covariant derivatives of the curvature tensor, see for example [16] or [69] and references therein).

Documenta Mathematica 15 (2010) 687–745

708 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

3.3 V-differential operators

We are especially interested in the analysis of the differential operators generated using only derivatives in V. Let Diff^∗_V (M) be the algebra of differential operators on M generated by multiplication with functions in C^∞(M) and by differentiation with vector fields X ∈ V. The space of order m differential operators in Diff^∗_V (M) will be denoted Diff^m_V (M). A differential operator in Diff^∗_V (M) will be called a V-differential operator. We define the set Diff^∗_V (M; E, F ) of V-differential operators acting between sections of smooth vector bundles E, F → M in the usual way [1, 2].

A simple but useful property of the differential operator in Diff^∗_V (M) is that

x^sP x^{−s} ∈ Diff^∗_V (M) (28)

for any P ∈ Diff^∗_V (M) and any defining function x of some hyperface of M [3]. This property is easily proved using the fact that X is tangent to the hyperface defined by x, for any X ∈ V (a proof of a slightly more general fact is included in Corollary 6.3).

3.4 Lie manifolds with boundary

A subset N ⊂ M is called a submanifold with corners of M if N is a closed submanifold of M such that N is transverse to all faces of M and any face of N is a component of N ∩ F for some face F of M. The following definition is a reformulation of a definition of [1].

Definition 3.4. Let (N, W) and (M, V) be Lie manifolds, where N ⊂ M is a submanifold with corners and

W = {X|_N, X ∈ V, X|_N tangent to N}.

We shall say that (N, W) is a tame submanifold of (M, V) if, for any p ∈ ∂N and any X ∈ T_pM, there exist Y ∈ V and Z ∈ T_pN such that X = Y (p) + Z.

Let N ⊂ M be a submanifold with corners. We assume that M and N are endowed with the Lie structures (N, W) and (M, V). We shall say that N is a regular submanifold of (M, V) if we can choose a tubular neighborhood V of N_0 := N ∖ ∂N = N ∩ M_0 in M_0, a compatible metric g_1 on N_0, a product-type metric g_1 on V that reduces to g_1 on N_0, and a compatible metric on M_0 that restricts to g_1 on V . Theorem 5.8 of [2] states that every tame submanifold is regular. The point of this result is that it is much easier to check that a submanifold is tame than to check that it is regular.

In the case when N is of codimension one in M, the condition that N be tame is equivalent to the fact that there exists a vector field X ∈ V that restricts to a normal vector of N in M. The neighborhood V will then be of the form V ≃ (∂N_0) × (−ε_0, ε_0). Moreover, there will exist a compatible metric on M_0 that restricts to the product metric g_1 + dt^2 on V , where g_1 is a compatible metric on N_0.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 709

Let A be a subset of M. We denote by ∂_MA := A ∖ A the boundary of A computed within M, which should not be confused with ∂A = A ∖ A_0, where A_0 is the interior of A, as a manifold with corners. Let D ⊂ M be an open subset. We say that D is a Lie domain in M if, and only if,

∂_MD = ∂_MD (29)

and ∂_MD is a regular submanifold of M. The condition (29) is included in order to make sure that D is on only one side of its boundary. A typical example of a Lie domain D ⊂ M is obtained by considering a regular submanifold with corners N ⊂ M of codimension one with the property that M ∖ N consists of two connected components. Any of these two components will be a Lie domain.

Definition 3.5. A Lie manifold with boundary is a triple (O_0, O, V^′), where O_0 is a smooth manifold with boundary, O is a compact manifold with corners containing O_0 as an open subset, and V^′ is a Lie algebra of vector fields on O with the property that there exists a Lie manifold (M_0, M, V), a Lie domain D in M and a diffeomorphism ϕ : O → D such that ϕ(O_0) = D ∩ M_0 and Dϕ(V|_D) = V^′.

We continue with some simple observations. First note that if (O_0, O, V) is a Lie manifold with boundary, then O_0 is determined by (O, V). Indeed, if we remove from O the hyperfaces H with the property that V consists only of vectors tangent to H, then the resulting set is O_0. Therefore, we can denote the Lie manifold with boundary (O_0, O, V) simply by (O, V). Another observation is that ∂O_0, the boundary of O_0 (as a smooth manifold with boundary), has a canonical structure of Lie manifold (∂O_0, D = ∂_MD, W), where W = {X|_D, X ∈ V, X|_D is tangent to D}. The compactification D is the closure of ∂O_0 in O.

3.5 Sobolev spaces

The main reason for considering Lie manifolds (with or without boundary) in our setting is that they carry some naturally defined Sobolev spaces and these Sobolev spaces behave almost exactly like the Sobolev spaces on a compact manifold with a smooth boundary. Let us recall one of the equivalent definitions in [1]. See also [16, 32, 57, 64, 70] for results on Sobolev spaces on non-compact manifolds.

Definition 3.6. Fix a Lie manifold (M, V). The spaces L^2(M_0) = L^2(M_0) are defined using the natural volume form on M_0 given by an arbitrary compatible metric g on M_0 (i.e., compatible with the Lie structure at infinity). All such volume forms are known to define the same space L^2(M), but with possibly different norms. Let k ∈ Z_+. Choose a finite set of vector fields X ⊂ V such that C^∞(M)X = V. The system X gives rise to the norm

‖u‖^2_{X ,Ω} := � ‖X_1X_2 . . . X_μu‖^2_L2_{(Ω)} , 1 ≤ p < ∞, (30)

Documenta Mathematica 15 (2010) 687–745

710 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

the sum being over all possible choices of 0 ≤ l ≤ k and all possible choices of vector fields X_1, X_2, . . . , X_l ∈ X , not necessarily distinct. We then set

H^k(M_0) = H^k(M) := {u ∈ L^2(M), ‖u‖_{X ,M} < ∞}.

The spaces H^s(M_0) = H^s(M) are defined by duality (with pivot L^2(M_0)) when −s ∈ Z_+, and then by interpolation, as above.

Let (O_0, O, V) be a Lie manifold with boundary. We shall assume that O is the closure of a Lie domain D of the Lie manifold M. The Sobolev spaces H^k(O_0) are defined as the set of restrictions to O_0 of distributions u ∈ H^k(M_0), using the notation of Definition 3.5, k ∈ Z. In particular, we obtain the following description of H^k(O_0) from [1].

Lemma 3.7. We have, for k ≥ 0,

H^k(O_0) = {u ∈ L^2(O_0), ‖u‖_X < ∞}, and H^{−k}(O_0) = H^k_0 (O_0)^∗,

where H^k_0 (O_0) is the closure of C^∞_c (O_0) in H^k(M_0).

Definition 3.8. The hyperfaces of O that do not intersect the boundary ∂O_0 of the manifold with boundary O_0 will be called hyperfaces at infinity. Let x_H be a defining function of the hyperface H of O. Any function of the form h = � x^{aH}_H , where H ranges through the set of hyperfaces at infinity of O and a_H ∈ R, will be called an admissible weight. If h is an admissible weight, we set hH^μ(O_0) = {h u; u ∈ H^μ(O_0)}

with the induced norm.

Later in the paper, we will identify the weighted Sobolev spaces K^s_a(Ω) with suitable spaces hH^s(O_0) in Proposition 5.7 and utilize the spaces hH^s(∂O_0) to define the spaces K^s_a(∂Ω) on the boundary in Definition 5.8, for Ω a curvilinear, stratified polyhedral domain in dimension n. The following proposition, which summarizes the relevant results from Theorem 3.4 and 3.7 from [1], will then imply Theorem 5.9.

Proposition 3.9. The restriction to the boundary extends to a continuous, surjective map hH^μ(O_0) → hH^{μ−1/2}(∂O_0), for any μ ≥ 1 and any admissible weight h. The kernel of this map, for μ = 1, consists of the closure of C^∞_c (O_0) in hH^1(O_0).

For D, O, O_0 as in the proposition above, hH^s(D), hH^s(O), and hH^s(O_0) will all denote the same space.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 711

4 Desingularization of polyhedra

In this section, we introduce a desingularization procedure that we shall use for studying curvilinear polyhedral domains. The desingularization will carry a natural structure of Lie manifold with boundary. This construction will allow us to study curvilinear polyhedral domains using Lie manifolds with boundary. The desingularization of a domain Ω ⊂ M depends on M in general (since Ω depends on M), but we do not include the dependence on M in the notation, and generally ignore this issue in order to streamline the presentation, since the manifold M will be clear from the context in most cases. As before, Ω ⊂ M denotes a curvilinear, stratified polyhedral domain in an n-dimensional manifold M. We shall construct by induction on n a canonical manifold with corners Σ(Ω) and a differentiable map κ : Σ(Ω) → Ω that is a diffeomorphism from the interior of Σ(Ω) to Ω. In particular, the map κ allows us to identify Ω with a subset of Σ(Ω). We shall also construct a canonical Lie algebra of vector fields V(Ω) on Σ(Ω). The manifold Σ(Ω) will be called the desingularization of Ω, the map κ will be called the desingularization map, and the Lie algebra of vector fields will be called the structural Lie algebra of vector fields of Σ(Ω). We shall also introduce in this section a smooth weight function r_Ω equivalent to η_{n−2}.

The space Σ(Ω) that we construct is not optimal if the links ω_p are not connected. A better desingularization would be obtained if one considers a diffeomorphism ϕ_{pC} for each connected component C of V_p ∩ Ω that maps C to a conic set of the form ω_{p,C} ×B^λ, with λ largest possible. The difference between these two constructions is seen by looking at the Example 2.13.

Notations 4.1. From now on V_p and ϕ_p : V_p → tB^{n−l} × tB^l, l = ℓ(p), will denote a neighborhood of p ∈ ∂Ω in M ⊃ Ω and ϕ_p will be a diffeomorphism satisfying the conditions of Definition (2.1). In addition, ω_p ⊂ S^{n−l−1} will be the curvilinear, stratified polyhedron such that

ϕ_p(V_p ∩ Ω) = {(rx^′, x^{′′})}, r ∈ (0, t), x^′ ∈ ω_p and x^{′′} ∈ tB^l},

i.e., ω_p is the link of Ω at p. This notation will remain fixed throughout the paper.

Recall that 0 ≤ ℓ(p) ≤ n − 1 is defined to be the smallest integer such that p ∈ Ω^{(ℓ(p))}, but p /∈ Ω^{(ℓ(p)−1)}. If ℓ(p) = 0, then B^l is reduced to a point, and we just drop x^{′′} from the notation above. We will assume that ϕ_p extends to the closure of V_p, if necessary.

4.1 The desingularization Σ(Ω)

We now define the canonical desingularization of a curvilinear polyhedral domain Ω ⊂ M, M an n-dimensional smooth manifold. For n = 0, Ω consists of finitely many points. Then we define Σ(Ω) = Ω and κ = id. To define Σ(Ω) for general Ω, we shall proceed by induction.

Documenta Mathematica 15 (2010) 687–745

712 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

We need first to make the important observation that the set ω_p, p ∈ ∂Ω, of Definition 2.1 is determined up to a linear isomorphism of R^{n−l−1}. Indeed, let S_p ⊂ ∂Ω be the maximal connected manifold of dimension l = ℓ(p) passing through p that is, the connected component of Ω^{(l)} ∖ Ω^{(l−1)} containing p. Let (T_pS_p)^⊥ = T_pM/T_pS_p. The differential Dϕ_p : T_pM → R^n = T_0R^n of the map ϕ_p at p has then the property that Dϕ_p(T_pS_p) = T_0R^l, Dϕ_p � (T_pS_p)^⊥ � = T_0R^n/T_0R^l = R^{n−l}. We will define a canonical set N_p ⊂ (T_pS_p)^⊥ such that

Dϕ_p(N_p) ≃ R_+ω_p.

Since the definition of N_p, which we give next, is independent of any choices used in the definition of a polyhedral domain, it follows that ω_p is unique, up to a linear isomorphism of R^{n−l−1}. It remains to define the set N_p with the desired independence property. It is enough to define the complement of N_p. This complement is the projection onto (T_pS_p)^⊥ = T_pM/T_pS_p of the set γ^′(0) ∈ T_pM, where γ ranges through the set of smooth curves γ : [0, 1] → M, with γ(t) ∉ Ω for t > 0, and γ(0) = p.

We let then σ_p := N_p/R_+, the set of rays in N_p, for p ∈ ∂Ω. Any choice of a metric on T_pM/T_pS_p ⊃ N_p will identify σ_p with a subset of the unit sphere of T_pM/T_pS_p, which depends however on the metric. In particular, Dϕ_p : σ_p → ω_p is a diffeomorphism. If p is not in the singular set Ω^{(n−2)} of Ω, then σ_p consists exactly of one point. The map κ is the projection onto the second component and is one-to-one above Ω and above Ω^{(n−1)} ∖ Ω^{(n−2)} ⊂ ∂Ω. We now proceed with the induction step. Assume Σ(ω) and κ : Σ(ω) → ω have been constructed for all curvilinear, stratified polyhedral domains ω of dimension at most n − 1. If p ∈ Ω, we then set σ_p = {0} = Σ(σ_p). Let Ω be an arbitrary curvilinear, stratified polyhedral domain of dimension n. We define

Σ(Ω) := � p∈Ω {p} × Σ(σ_p) = Ω ∪ � p∈∂Ω

{p} × Σ(σ_p). (31)

In particular, if Ω is a bounded domain with smooth boundary, then Σ(Ω) ≃ Ω. This definition is consistent as ω_p is a curvilinear polyhedral domain of dimension at most n−1. Below, an open embedding will mean a diffeomorphism onto an open subset of the codomain.

Proposition 4.2. Let Ω ⊂ M and Ω^′ ⊂ M^′ be curvilinear, stratified polyhedral domains and Φ : M → M^′ be an open embedding such that Φ(Ω) is a union of connected components of Ω^′ ∩Φ(M). Then the embedding Φ defines a canonical map Σ(Φ) : Σ(Ω) → Σ(Ω^′) such that

Σ(Φ ∘ Φ^′) = Σ(Φ) ∘ Σ(Φ^′),

for all open embeddings Φ and Φ^′ for which Σ(Φ ∘ Φ^′), Σ(Φ) ∘ Σ(Φ^′) are welldefined.

Proof. The proof is by induction. There is nothing to prove for n = 0. Let p ∈ Ω. We have that Φ(Ω) ⊂ Ω^′, and hence Φ(p) ∈ Ω^′, as well. Let V^′_p be an

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 713

open neighborhood of Φ(p) in M^′ such that there exists a diffeomorphism ϕ^′_p : V^′_p → B^{n−l} × B^l satisfying the condition (18) of the definition of a polyhedral domain (i.e., ϕ^′_p(Ω^′ ∩ V^′_p ) is R_+ω^′_p × B^l, for some curvilinear polyhedral domain ω^′_p ⊂ S^{n−l−1}). By decreasing V^′_p , if necessary, we can assume that V^′_p ⊂ Φ(M). Then V^′_p ∩ Φ(Ω) is a union of connected components of V^′_p ∩ Ω^′. Therefore ω^′_p is a union of connected components of Φ(ω_p), where ω_p ⊂ S^{n−l−1} is associated to p ∈ Ω in the same way as ω^′_p was associated to Φ(p) ∈ Ω^′. The induction hypothesis then gives rise to a canonical, injective map Σ(ω_p) → Σ(ω^′_p). The map Σ(Φ) is obtained by combining these different maps.

The functoriality (i.e., the relation Σ(Φ∘Φ^′) = Σ(Φ)∘Σ(Φ^′)) is proved similarly by induction.

Here is a corollary of the above proof.

Corollary 4.3. If Ω = Ω^′ ∪Ω^{′′} is the disjoint union of two open sets, then the inclusions Σ(Ω^′) ⊂ Σ(Ω) and Σ(Ω^′) ⊂ Σ(Ω) defined in Proposition 4.2 realize Σ(Ω) = Σ(Ω^′) ∪ Σ(Ω^{′′}), where the union is a disjoint union.

Proof. We use the same argument as in the proof of Proposition 4.2.

The desingularization has a simple behavior with respect to products.

Lemma 4.4. We have a canonical identification

Σ(M^′ × Ω) = M^′ × Σ(Ω),

for any smooth manifolds M and M^′ and any curvilinear polyhedral domain Ω ⊂ M.

Proof. Since M^′ is smooth, we can choose the structural local diffeomorphism ϕ_{(p,q)} in M^′ × Ω to be given by ϕ_p × ψ_q , where ψ_p is a local coordinate chart defined in a neighborhood of p ∈ M^′ and ϕ_q is the local diffeomorphism of a neighborhood of q in Ω. Indeed, then

Σ(M^′ ×Ω) := ∪_{p,q} {(p, q)}×Σ(σ_{(p,q)}) = ∪_{p,q} {(p, q)}×Σ(σ_q) = M^′ ×Σ(Ω), (32)

where q ∈ Ω and p ∈ M^′. Consequently, there is a canonical bijection σ_{(p,q)} ≃ σ_q for any q ∈ Ω and any p ∈ M^′ (so (p, q) is in the closure of M^′ × Ω in M^′ × M).

It remains to define the topology and differentiable structure on Σ(Ω). These definitions will again be canonical if we require that the map of the above lemma, as well as the maps κ and Σ(ϕ), be differentiable, for any open embedding ϕ.

Let V_p ⊂ M and ϕ_p be as in Equation (19). By Proposition 4.2, we may assume that ϕ_p is the identity, so that p = 0, V_p = B^{n−l} × B^l, and V_p ∩ Ω = Iω_p × B^l, with I = (0, 1). Let (Σ(ω_p), κ^′_p) be the canonical desingularization of ω_p in S^{n−l−1}. We shall need the following lemma.

Documenta Mathematica 15 (2010) 687–745

714 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

Lemma 4.5. We have a canonical identification

Σ(V_p ∩ Ω) = [0, 1) × Σ(ω_p) × B^l

such that the desingularization map

κ_p : [0, 1) × Σ(ω_p) × B^l → V_p ∩ Ω ⊂ B^{n−l} × B^l

is given by κ_p(r, x^′, y) = (rκ^′_p(x^′), y).

Proof. We may assume p = 0. Let I = (0, 1). The closure of V_0 ∩ Ω in V_0 = V_p is the disjoint union {0} × B^l ∪ Iω_0 × B^l. Accordingly, we decompose Σ(V_0 ∩Ω, M) into two disjoint sets, corresponding to this splitting of the closure of V_0 ∩Ω. Recall that by definition Σ(V_0 ∩Ω) is the union ∪_{p∈V0 ∩Ω} {p}×Σ(σ_p). Using also Lemma 4.4, we then obtain

Σ(V_0 ∩ Ω) = Σ(V_0 ∩ Ω) ∪ � q∈B^l

{(0, q)} × Σ(ω_0)

= Σ((0, 1) × ω_0 × B^l) ∪ � q∈B^l

{(0, q)} × Σ(ω_0)

= (0, 1) × Σ(ω_0) × B^l ∪ {0} × Σ(ω_0) × B^l = [0, 1) × Σ(ω_0) × B^l.

The formula for κ_0 follows from the definition.

Since Σ(Ω) is the union of all the sets Σ(V_p ∩ Ω), with V_p in the covering above, we can define the topology and smooth structure on Σ(Ω) by induction as follows (there is nothing to define in the case Ω has dimension zero, since then Σ(Ω) = Ω).

Definition 4.6. Let ϕ_p : V_p → B^{n−l} × B^l and ω_p be as in Definition 2.1. The topology and smooth structure on Σ(Ω) are such that the induced structure on Σ(V_p ∩ Ω) is the same as the one obtained from the canonical identification Σ(V_p ∩ Ω) = [0, 1) × Σ(ω_p) × B^l of Lemma 4.5.

The smooth structure on Σ(Ω) is therefore defined using a covering with sets of the form Σ(V_p ∩ Ω) (this desingularization is with respect to V_p and not M ⊂ Ω!). We need to prove that the transition functions are smooth. This property follows from the fact that the maps ϕ_p are diffeomorphisms and from Lemma 4.5.

We have therefore completed the definition of the desingularization Σ(Ω) and of its smooth structure.

4.2 The distance to singular boundary points

We continue with a study of the geometric and, especially, metric properties of Σ(Ω). We first argue that Σ(Ω) has embedded faces and hence that every hyperface of Σ(Ω) has a defining function.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 715

Let F_0 be an open hyperface of a manifold with corners M. Then F_0 is a manifold of dimension n − 1. Its closure F , in general, will not necessarily be a manifold, because it may have self-intersections. (A typical example is the boundary of a curvilinear polygonal domain with only one vertex, the “tear drop domain.”) By induction, however, it follows that F_0 ∩ V_p will be a manifold with corners, for any p. In particular, we obtain that all (closed) faces of Σ(Ω) are embedded submanifolds of Σ(Ω). Let H be a hyperface of Σ(Ω), since H is an embedded submanifold of codimension 1, there will exist a function x_H > 0 on Ω, H = {x_H = 0}, and dx_H ≠ 0 on H. A function x_H with this property is called a defining function of H [57].

One of the main reasons for introducing the desingularization space Σ(Ω) is the following result.

Proposition 4.7. Let Ω be a bounded, curvilinear, stratified polyhedral domain and g_1 and g_2 be two smooth Riemannian metrics on M. Let us fix k and assume Ω^{(k)} ≠ ∅. Let f_j (x) be the modified distance from x ∈ Ω to the set Ω^{(k)} in the metric g_j , computed within Ω. Then the quotient f_2/f_1 extends to a continuous function on Σ(Ω).

Proof. It is enough to prove the given property in the neighborhood of every point p ∈ Ω. So let us fix p ∈ Ω. By replacing V_p with a smaller neighborhood of p, if necessary, we can also assume that g_2(ξ) ≤ Cg_1(ξ), which implies that f_2 ≤ Cf_1, and hence that f_2/f_1 is bounded.

We shall prove the statement by induction on n. In the case n = 1, the only possibility is that k = 0, or otherwise Ω^{(k)} = ∅. Then f(x) is the distance to the vertices of Ω. Recall that Ω is a disjoint union of open intervals in this case, so that we can reduce to consider a single interval. If say Ω = [a, b], then close to a, f_j (x) = a_j (x)(x − a), with a_j smooth near a and a_j (a) ≠ 0. The same situation holds at b. This proves our result in the case n = 1. We now proceed with the induction step.

The function f_1/f_2 is clearly continuous on the open set Ω. Fix p ∈ ∂Ω. We shall construct an open neighborhood U_p of p in Ω such that f_1/f_2 extends to a continuous function on κ^{−1}(U_p). Let V_p be as in the definition of polyhedral domains (Definition 2.1). We shall identify V_p ∩ Ω with Iω_p × B^l using the diffeomorphism ϕ_p of Equation (19). If l > k, that is, p ∈ Ω^{(l)} ∖ Ω^{(k)}, then both f_1 and f_2 extend to continuous, non-vanishing functions on V_p ∩ Ω, which can be lifted to continuous, non-vanishing functions on κ^{−1}(V_p ∩ Ω). We shall assume hence that k ≥ l.

On a smaller neighborhood V^′ ⊂ V_p, if necessary, we can arrange that the function f_1 gives the distance to V^{(k)}_p , that is, that the point of Ω^{(k)} closest to x ∈ V^′ ∩ Ω is, in fact, in V_p. By decreasing V^′ even further, we can further arrange that the same holds for f_2. Then we shall take U_p := V^′. To prove that f_2/f_1 extends to a continuous function on κ^{−1}(U_p), it is enough to do that in the case Ω = V_p ∩ Ω, because the quotient f_2/f_1 does not change on U_p ∩Ω if we replace Ω with V_p ∩Ω, as explained in the paragraph above. We can also assume that g_2 is the standard Euclidean metric, but then we have to

Documenta Mathematica 15 (2010) 687–745

716 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

prove that f_1/f_2 extends to a nowhere vanishing continuous function on Σ(Ω). (Using also Proposition 4.2, we have reduced to the case Ω = Iω_p × B^l ⊂ R^n, I = (0, t).)

The scaling property of the Euclidean metric and our assumption that k ≥ l imply that f_2(rx^′, x^{′′}) = rf_2(x^′, x^{′′}),

for any r ∈ [0, 1]. Let g_0 be a constant metric on R^n that coincides with g_1 at the origin.

Let f_0 be associated to g_0 in the same way as f_j is associated to g_j , for j = 1, 2, i.e., f_0(x) = dist(x, Ω^{(k)}) using the metric g_0. We then have similarly f_0(rx^′, x^{′′}) = rf_0(x^′, x^{′′}), so that the quotient f_0(rx^′, x^{′′})/f_1(rx^′, x^{′′}) does not depend on r. We can therefore fix r = 1. Consequently, we can work with the lower dimensional polyhedral domain ω := ω_p × B^l instead of Ω = Iω_p × B^l, and prove that f_0/f_1 extends by continuity to Σ(ω). It remains to see that we can use induction to prove the existence of this extension. Since ω is by construction a stratified polyhedron, we denote by ω^{(k)} = ω^{(k)} × B^l k < n, its associated stratification, where we set ω^{(k−l−1)}_p = ∅ if k − l − 1 < 0 as before. Let f^′_1 be the distance function to ω^{(k−1)} on ω (i.e., computed within ω, with respect to the metric induced by g_1, as in the statement of Proposition 4.7). We let f^′_1 = 1 if ω^{(k−l−1)}_p = ∅.

We define f^′_0 similarly. The inductive hypothesis guarantees that f^′_0/f^′_1 extends to a continuous function on Σ(ω) = Σ(ω_p) × B^l. On the other hand, it is easy to see that both f_1/f^′_1 and f^′_1/f_1 extend to continuous functions on ω if we set them to be equal to 1 on ω^{(k−1)}. The same is true of f_0/f^′_0 and f^′_0/f_0. Putting all these estimates together, it follows that

f_0/f_1 = (f_0/f^′_0)(f^′_0/f^′_1)(f^′_1/f_1)

extends to a continuous, nowhere vanishing function on Σ(ω). Let us tackle now the case g_2 arbitrary. Let f_0 be defined as before. We then have that f_2(rx^′, x^{′′}) = rf_0(x^′, x^{′′}) + r^2h(rx^′, x^{′′}), with h a continuous function on Σ(V_p × Ω) that vanishes on Ω^{(k)}. Then

f_2 f_1 = f_0 f_1 + r h(rx^′ , x^{′′}) f_1(x^′, x^{′′}) . The function f_0/f_1 was already shown to extend by continuity to Σ(Ω). The same argument as above shows that h/f_1 extends by continuity to a nowhere vanishing function on

[ϵ, 1) × Σ(ω_p) × B^l ⊂ [0, 1) × Σ(ω_p) × B^l =: Σ(Ω).

The continuity of f_2/f_1 then follows from the boundedness of f_2/f_1. The resulting function does not vanish at r = 0, because it is equal to f_0/f_1 there. It was already proved that it does not vanish for ϵ > 0. The proof is complete.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 717

We shall need also the following corollary of the above proof.

Corollary 4.8. Identify V_p ∩Ω = Ω with Iω_p ×B^l, I = (0, a), l = ℓ(p), using the diffeomorphism ϕ_p given in Definition 2.1. Let g be a smooth metric on V_p, and let f(x) be the distance from x to Ω^{(k)}, k ≥ l, f^′(x^′, x^{′′}) be the distance from (x^′, x^{′′}) ∈ ω := ω_p × B^l to ω^{(k−1)} (within ω, as in Proposition 4.7) if ω^{(k−1)} ≠ ∅, and f^′(x^′, x^{′′}) = 1 otherwise. Assume ω_p is connected. Then

f(rx^′, x^{′′})/rf^′(x^′, x^{′′})

extends to a continuous, nowhere vanishing function on Σ(Ω) = [0, a)×Σ(ω_p)× B^l.

Proof. Assume first that ω^{(k−1)} ≠ ∅, where ω^{(k)} is defined as in Proposition 4.7. Let f_0 and f^′_0 be defined in the same way f and f^′ were defined, but replacing g with a constant metric g_0. Then the proof of Proposition 4.7 gives that f_0(rx^′, x^{′′})/rf^′_0(x^′, x^{′′}) is independent of r. Hence f_0(rx^′, x^{′′})/rf^′_0(x^′, x^{′′}) extends to a continuous, nowhere vanishing function on Σ(Ω), as it was shown in the proof of Proposition 4.7. Then

f(rx^′, x^{′′}) rf^′(x^′, x^{′′}) = f(rx^′, x^{′′}) f_0(rx^′, x^{′′}) × f_0(rx^′, x^{′′}) rf^′_0(rx^′, x^{′′}) × f^′_0(x^′, x^{′′}) f^′(x^′, x^{′′}) . We have just argued that the middle quotient in the above product extends to a continuous function on Σ(Ω). The other two quotients also extend to continuous functions on Σ(Ω), by Proposition 4.7 applied to Ω and ω. Let us assume now that ω^{(k−1)} = ∅. Then the same proof applies, given that f^′_0/f^′ = 1 clearly extends to a continuous function on Σ(Ω).

4.3 The weight function r_Ω

Recall that η_{n−2}(x), given in Definition 2.5, denotes the distance from x ∈ Ω to the singular set Ω^{(n−2)}.

The main goal of this subsection is to define on any curvilinear polyhedral domain Ω a function r_Ω : Ω → [0, ∞)

that lifts to a smooth function on Σ(Ω) and is equivalent to η_{n−2}. (Additional properties of r_Ω will be established later on.) This will lead to a definition of the Sobolev spaces K^m_a (Ω) as weighted Sobolev spaces on Lie manifolds with boundary, Proposition 5.7. We again proceed by induction on n. We define r_Ω = 1 if n ≤ 1 (recall Ω^{(n−2)} = ∅ if n < 2) or if Ω^{(n−2)} = ∅, that is, Ω is a smooth manifold, possibly with boundary.

Assume now that a function r_ω was defined for all curvilinear polyhedral domains ω of dimension < n and let us define it for a given bounded n-dimensional curvilinear polyhedral domain Ω.

We localize first to a neighborhood of a generic point p ∈ ∂Ω and then use a partition of unity argument. We recall that by definition there exists a

Documenta Mathematica 15 (2010) 687–745

718 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

neighborhood V_p of p in M, a diffeomorphism ϕ_p : V_p → B^{n−l} × B^l, for some 0 ≤ l = ℓ(p) ≤ n − 1, and a polyhedral domain ω_p ⊂ S^{n−l−1} such that ϕ_p(V_p ∩ Ω) = I ω_p × B^l, I = (0, ϵ), see Condition (18)). Therefore, we can assume that ϕ_p is the identity map and replace in what follows V_p with ϕ^{−1}_p

�_1 2 B^{n−l} ×^1_2 B^l � . Since r_Ω is already defined equal to 1 if p ∈ Ω^{(n−1)} ∖Ω^{(n−2)}, we restrict n − l − 1 ≥ 1 above. Let r_{ωp} be the function associated to the curvilinear polyhedral domain ω_p. Then we define

r_{VP} (rx^′, x^{′′}) := rr_{ωp} (x^′), (rx^′, x^{′′}) ∈ Ω ⊂ V_p, (33)

if x^′ ∈ ω_p, x^{′′} ∈ B^l, and 1 ≤ l = ℓ(p) ≤ n − 2. Following our usual procedures, we set r_{Vp} (rx^′) = rr_{ωp} (x^′) if l = 0.

We consider next a locally finite covering of Ω with open sets U_α of one of the three following forms

(i) U_α ⊂ U_α ⊂ Ω with ∂U_α smooth;

(ii) U_α = V_p with ℓ(p) = n − 1 (i.e., p is not in the singular set of Ω); or

(iii) such that for any x ∈ U_α ∩ Ω, the point of Ω^{(n−2)} closest to x is in V_p with ℓ(p) ≤ n − 2, and

p ∈ U_α ⊂ U_α ⊂ V_p. (34)

A condition similar to (iii) above was already used in the proof of Proposition 4.7. The conditions (i) and (ii) above correspond exactly to the case when (∂U_α ∩ ∂Ω) is smooth (this includes the case when (∂U_α ∩ ∂Ω) is empty). We then set

r_α = � 1 if (∂U_α ∩ ∂Ω) is smooth r_{Vp} if U_α is as in (34).

(35)

and define r_Ω = � α φ_αr_α, (36)

where φ_α is a smooth partition of unity subordinated to U_α. If Ω is not bounded, we define instead:

r_Ω = χ � � α φ_αr_α � , (37)

where χ is defined as in (23). We notice that the definition of r_Ω is not canonical, because it depends on a choice of a covering {U_α} of Ω as above and a choice of a subordinated partition of unity.

Proposition 4.9. Let Ω be a curvilinear, stratified polyhedral domain of dimension n ≥ 2. Then r_Ω defined in Equation (36) (or (37)) is continuous on Ω and r_Ω ∘ κ is smooth on Σ(Ω). Moreover, η_{n−2}/r_Ω extends to a continuous, nowhere vanishing function on Σ(Ω) and r_α/r_Ω extends to a smooth function on Σ(V_p ∩ Ω).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 719

Proof. Let η_{−1} := 1 for the inductive step. We shall prove the statement on η_{n−2}/r_Ω by induction on n ≥ 1. Since r_Ω = 1 for polyhedral domains of dimension n = 0, the result is obviously true for n = 1. We now proceed with the inductive step.

We shall use the above results, in particular, Proposition 4.7, for k = n−2 ≥ 0. Thus f = η_{n−2} in the notation of Proposition 4.7. Let f_α(x) be the distance from x ∈ V_p to V_p ∩ Ω^{(n−2)}, if U_α ⊂ V_p is as in Equation (34) (so ℓ(p) ≤ n − 2 in this case). Thus f_α = f on U_α ∩ Ω, by the construction of U_α. We identify once again V_p ∩ Ω with (0, ϵ) ω_p × B^l, l = ℓ(p), using the diffeomorphism ϕ_p, and set again ω := ω_p × B^l. Also, for any x ∈ ω, let f^′_α(x) be the distance from x to the singular set ω^{(n−l−2)} of ω if it is not empty, f^′_α(x) = 1 otherwise. Let r_α be as in the definition of r_Ω, Equation (36). Then

f_α(rx^′, x^{′′}) r_α(rx^′, x^{′′}) = f_α(rx^′, x^{′′}) rf^′_α(x^′, x^{′′}) f^′_α(x^′, x^{′′}) r_{ωp} (x^′, x^{′′})

, for (rx^′, x^{′′}) ∈ V_p ∩ Ω.

The quotient f^′_α(rx^′, x^{′′})/rf^′_α(x^′, x^{′′}) extends to a continuous, nowhere vanishing function on Σ(V_p ∩ Ω), by Corollary 4.8. By the induction hypothesis, the quotient f^′_α(x^′, x^{′′})/r_{ωp} (x^′, x^{′′}) also extends to a continuous, nowhere vanishing function on Σ(ω) = Σ(ω_p) × B^l. Since this quotient is independent of r, it also extends to a continuous, nowhere vanishing function on Σ(V_p ∩Ω). Hence f_α/r_α extends to a continuous, nowhere vanishing function on Σ(V_p). Therefore

r/f = � α φ_αr_α/f = � α φ_αr_α/f_α

extends to a continuous function on Σ(Ω).

The quotient r/f is immediately seen to be non-zero everywhere, from the definition. Hence f/r also extends to a continuous function on Σ(Ω). We have already noticed that r_α/f extends to a continuous, nowhere vanishing function on Σ(V_p). Hence r_α/r_Ω = (r_α/f)(f/r_Ω) extends to a continuous, nowhere vanishing function on Σ(V_p ∩ Ω). Since both r_α and r_Ω are smooth on Σ(V_p ∩ Ω) and the set of zeroes of r_Ω is the union of transversal manifolds on which r_Ω has simple zeroes, it follows that r_α/r_Ω extends to a smooth function on Σ(V_p). Since U_α ⊂ V_p is compact, it follows from a compactness argument that r_α and r are equivalent on U_α. The proof is complete.

We can now prove the following result, which will be used in the proof of Theorem 6.4.

Proposition 4.10. Let Ω be a bounded, curvilinear, stratified polyhedral domain. Suppose r_Ω, r^′_Ω are two functions on Ω defined by formula (36) (or (37)) with possibly different choices of open covering {U_α}, subordinate partition {φ_α}, and diffeomorphisms ϕ_p. Then r^′_Ω/r_Ω extends to a smooth, nowhere vanishing function on Σ(Ω).

Documenta Mathematica 15 (2010) 687–745

720 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

Proof. We know from Proposition 4.9, that f/r^′_Ω and f/r_Ω extend to continuous, nowhere vanishing functions on Σ(Ω). Hence r^′_Ω/r_Ω extends to a continuous, nowhere vanishing function on Σ(Ω). Since both r^′_Ω and r_Ω are smooth functions on Σ(Ω) and the set of zeroes of r_Ω is a union of transverse manifolds, each a set of simple zeroes of r_Ω, it follows that the quotient r^′_Ω/r_Ω is smooth on Σ(Ω).

We obtain the following corollary. Let H ⊂ Σ(Ω) be a hyperface (i.e., face of maximal dimension) of Σ(Ω). Recall that a defining function of H is a smooth function x_H ≥ 0 defined on Σ(Ω), such that H = {x = 0} and dx_H ≠ 0 on H. All the faces of Σ(Ω) are closed subsets of Σ(Ω), by definition. We have already noticed that any face of Σ(Ω) has a defining function. We then have the following corollary.

Corollary 4.11. Let η = � H x_H , where H ranges through the set of hyperfaces of Σ(Ω) that do not intersect ∂Ω ∖ Ω^{(n−2)}. Then η/r_Ω extends to a smooth, nowhere vanishing function on Σ(Ω).

Proof. This is a local statement that can be checked by induction, as in the previous proofs.

In particular, since the function r_Ω is anyway determined only up to a factor of h ∈ C^∞(Σ(Ω)), h ≠ 0, we obtain that we could take r_Ω = � H x_H , where H ranges through the set of hyperfaces of Σ(Ω) that do not intersect ∂Ω∖Ω^{(n−2)}. The function r_Ω, for various versions of the set Ω, will play an important role in the inductive definition of the structural Lie algebra of vector fields V(Ω) on Σ(Ω), which we address next. The faces considered in the above corollary are the hyperfaces at infinity of Σ(Ω). See Definition 3.8.

4.4 The structural Lie algebra of vector fields

We now proceed to define by induction a canonical Lie algebra of vector fields V(Ω) on Σ(Ω), for Ω a curvilinear, stratified polyhedral domain of dimension n ≥ 1. In view of Corollary 4.3, we can assume that Ω is connected. We denote by X (M) := Γ � M; T M � the space of vector fields on a manifold M. We let

V(Ω) = X (Ω) = X (Σ(Ω)), if n = 1. (38)

In other words, there is no restriction on the vector fields X ∈ V(Ω), if Ω has dimension one.

Assume now that the Lie algebra of vector fields V(ω) has been defined on Σ(ω) for all curvilinear polyhedral domains ω of dimension 1 ≤ k ≤ n − 1 and let us define V(Ω) for a curvilinear polyhedral domain of dimension n. We fix p ∈ ∂Ω and let V_p and ϕ_p be as in Definition 2.1, as usual. We identify V_p ∩ Ω with (0, 1)ω_p × B^l using ϕ_p. Assume 1 ≤ ℓ(p) ≤ n − 2, so that in particular ω_p is a

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 721

curvilinear polyhedral domain of dimension ≥ 1. Let M_1 := [0, 1)×Σ(ω_p)×B^l. We notice that

T M_1 = T ([0, 1) × Σ(ω_p) × B^l) = T ([0, 1)) × T Σ(ω_p) × T B^l

and hence X � M_1 � = Γ � M_1; T [0, 1) � ×_{M1} Γ � M_1; T Σ(ω_p) � ×_{M1} Γ � M_1; T B^l � ⊂ Γ � M_1; T [0, 1) � × Γ � M_1; T Σ(ω_p) � × Γ � M_1; T B^l � . Then we define

V(V_p ∩ Ω) = {X = (X_1, X_2, X_3) ∈ X � M_1 � X_1 ∈ Γ � M_1; T [0, 1) � , X_2 ∈ Γ � M_1; T Σ(ω_p) � , X_3 ∈ Γ � M_1; T B^l � Y_1 := r^{−1}_Ω X_1 and Y_3 := r^{−1}_Ω X_3 are smooth, and X_2(t, x^′, x^{′′}) ∈ V � {t} × ω_p × {x^{′′}} � = V(ω_p), for any fixed t, x^{′′}}. (39)

In Equation (39) above, “smooth” means, “smooth including at r = 0.” If ℓ(p) = 0, then we just drop the component X_3, but keep the same conditions on X_1 and X_2. By Proposition 4.10, the definition of V(V_p ∩ Ω) is independent of the choice of r_Ω. All vector fields are assumed to be smooth. Finally, we define V(Ω) to consist of the vector fields X ∈ X (Σ(Ω)) such that X|_{Vp∩Ω} ∈ V(V_p ∩ Ω) for all p ∈ Ω^{(n−2)}. In particular, only the smoothness condition is imposed on our vector fields at the smooth points of ∂Ω. Note that the vector fields in V(Ω) may not extend to the closure Ω, in general. This was seen in Example 2.10.

4.5 Lie manifolds with boundary

We now proceed to show that the pair (Σ(Ω), V(Ω)) defines a Lie manifold with boundary, introduced in [1], and the construction of which was recalled in Definition 3.5.

We first establish some lemmata.

Lemma 4.12. Let X ∈ X (Σ(Ω)) be such that X = 0 in a neighborhood of the boundary of Σ(Ω). Then X ∈ V(Ω).

Proof. The result follows immediately by induction from the definition of V(Ω).

We also get the following simple fact.

Lemma 4.13. If f : Σ(Ω) → C is a smooth function and X ∈ V(Ω), then X(f) is a smooth function on Σ(Ω) and fX ∈ V.

Proof. The vector field X is smooth on Σ(Ω), hence X(f) is smooth on Σ(Ω). The second statement is local, so it is enough to check it on Ω and on each V_p, on which it is as a direct consequence of the definition and induction.

Documenta Mathematica 15 (2010) 687–745

722 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

Lemma 4.14. For any X ∈ V(Ω) and any continuous function f : Ω → C such that f ∘ κ is smooth on Σ(Ω), we have

X(f) = f̃ r_Ω,

where f̃ is a smooth function on Σ(Ω). In particular, X(r_Ω) = f_X r_Ω, where f_X is a smooth function on Σ(Ω).

Proof. This is a local statement that can be checked by induction in any neighborhood V_p, using the definition, as follows. Let us use the notation of Equation (39) and write

X = (X_1, 0, 0) + (0, X_2, 0) + (0, 0, X_3).

We shall write, with abuse of notation, X_1 = (X_1, 0, 0). Define X_2 and X_3 similarly. It is enough to check that X_j f(rx^′, x^{′′}) is of the indicated form, for j = 1, 2, 3. We have X_1 = r_ΩY_1 and X_3 = r_ΩY_3, where Y_1 and Y_3 are smooth (in appropriate spaces), by Equation (39). This observation proves our lemma if X = X_1 or X = X_3. If X = X_2, then we have

(Xf)(r, x^′, x^{′′}) = X_2(f(rx^′, x^{′′})) = r_{ωp} f_1(r, x^′, x^{′′}), (40)

with f_1 a smooth function on Σ(V_p ∩ Ω) = [0, ϵ) × Σ(ω_p) × R^l, by the induction hypothesis. Moreover, given that by assumption (39) κ_∗X is a vector field tangent to the sphere S^{n−l−1}, we see that Xf(0, x^′, x^{′′}) = 0. Therefore Xf = rr_{ωp}f̃, for some smooth function f̃ on Σ(V_p ∩ Ω). Let us denote r_α = rr_{ωp} , as in Equation (35) and in Proposition 4.9. Proposition 4.9 gives that r_α/r_Ω is smooth on its domain of definition. Hence Xf = r_αf_1 = r_Ω(r_α/r_Ω)f_1 = r_Ωf̃, with f̃ smooth on each Σ(V_p ∩ Ω). Hence f̃ is smooth on Σ(Ω).

We next characterize which vector fields on Ω are restrictions of vector fields on V(Ω). We begin by showing that the restriction property is local.

Lemma 4.15. Let Y be a vector field on Ω with the property that every point p ∈ Ω has a neighborhood U_p in M such that Y = X_U on U ∩ Ω, for some X_U ∈ V(Ω). Then there exists X ∈ V(Ω) such that Y is the restriction of X to Ω.

Proof. Let us cover Ω with a locally finite family of sets U_p, p ∈ B ⊂ Ω. Let ψ_p, p ∈ B, be a subordinated partition of unity. We claim that X = � p∈B ψ_pX_{Up} ∈ V(Ω) (by Lemma 4.13) satisfies X(x) = Y (x), x ∈ Ω. Indeed, X(x) = � p∈B ψ_p(x)X_{Up} (x) = � � ψ_p(x) � Y (x) = Y (x).

We can now prove the following lemma.

Lemma 4.16. Let Y be a smooth vector field on Ω. Then r_ΩY is the restriction to Ω ⊂ Σ(Ω) of a vector field X in V(Ω).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 723

Proof. By Lemma 4.15, it is enough to check this statement on a neighborhood V_p of some p ∈ ∂Ω. We shall proceed by induction. Since the desingularization and the definition of r_Ω are covariant with respect to diffeomorphism (that respect the stratification of Ω), we can assume that V_p = B^{n−l} × B^l and that V_p ∩ Ω ≃ (0, 1)ω_p × B^l. Assume first that Y = ∂_j is a constant vector field on V_p. Let α_t(x^′, x^{′′}) = (tx^′, x^{′′}). Then Dα_t(∂_j ) = t∂_j . Therefore,

Dα_t(X) = X, (41)

where X = r_Ω∂_j , where r_Ω can be taken, on V_p, to be given by rr_{ωp} . Let us decompose ∂_j = (Y_1, Y_2, Y_3) on V_p using the notation of Equation (39). Then Y_3 is constant. In fact, either Y_3 = ∂_j or Y_3 = 0. In any instance, if we write X = (X_1, X_2, X_3), then X_3 = r_ΩY_3 satisfies the condition of Equation (39). The relation (41) gives that Y_1(r, x^′, x^{′′}) = a_1(x^′)∂_r and Y_2(r, x^′, x^{′′}) = r^{−1}Z(x^′), with a_1 a smooth function and Z a smooth vector field on ω_p. Clearly X_1 = r_ΩY_1 will satisfy the conditions of Equation (39). The induction hypothesis then gives that X_2(r, x^′, x^{′′}) = r_ΩY_2(r, x^′, x^{′′}) = r_{ωp} (x^′)Z(x^′) is the restriction to V_p ∩ Ω of a smooth vector field in V(V_p ∩ Ω). (This vector field depends only on the second factor in Σ(V_p ∩ Ω) = [0, 1) × ω_p × B^l.)

We now identify a canonical metric on the vector fields V. Recall that the concept of local basis of a space of vector fields was defined in Definition 3.1.

Proposition 4.17. Let us fix a metric h on M ⊃ Ω. Let q ∈ Σ(Ω) be arbitrary. Then there exists a neighborhood U of q in Σ(Ω) and X_1, X_2, . . . , X_n ∈ V(Ω) that form a local basis of V(Ω) on U and satisfy

h(X_j , X_k) = r^2_Ωδ_{jk}.

In other words, the vectors X_1, X_2, . . . , X_n form an orthonormal system on Ω ∩ U for the metric r^{−2}_Ω h. A local basis X_1, X_2, . . . , X_n with this property will be called a local orthonormal basis of V(Ω) over U.

Proof. If q ∈ Ω ⊂ Σ(Ω), the result follows from Lemma 4.12. Let p = κ(q). We shall hence assume that p ∈ ∂Ω. This is again a local statement in p ∈ ∂Ω. We can therefore proceed by induction. If the dimension n of Ω is 1, then there is nothing to prove because r_Ω = 1 in this case.

Once again, we let ϕ_p : V_p → B^{n−l} × B^l and ω_p be as in Definition 2.1. We can assume that ϕ_p is the identity map. If we can prove the result for the function r = r_Ω, then we can prove it for the function r^′ = f^′r, where f^′, 1/f^′ ∈ C^∞(Σ(Ω)), simply by replacing X_j with f^′X_j . By Proposition 4.9, we can therefore assume that r_Ω = rr_{ωp} on V_p ∩ Ω. Let q = (0, x^′, x^{′′}) ∈ [0, 1) × Σ(ω_p) × B^l.

Let h_0 be the standard metric on V_p. For the induction hypothesis, we shall need that the metric h_0 is given by

h_0(r, x^′, x^{′′}) = (dr)^2 + r^2(dx^′)^2 + (dx^{′′})^2 (42)

Documenta Mathematica 15 (2010) 687–745

724 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

on Ω ∩ V_p = (0, 1)ω_p × B^l. Here (dx^′)^2 denotes the metric on ω_p induced by the Euclidean metric on the sphere S^{n−l−1}. In other words, if X = (X_1, X_2, X_3) is a vector field on V_p ∩ Ω, written using the product decomposition explained above (or as in the Equation (39)), then

h_0(X) = ‖X_1‖^2 + r^2‖X_2‖^2 + ‖X_3‖^2

where the norms come from the standard metrics, respectively, on T [0, 1), on T S^{n−l−1} ⊃ T ω_p, and on T R^l.

Let us assume first that h = h_0, the standard metric on R^n. By the induction hypothesis, we can construct Y_2, . . . , Y_{n−l} ∈ V(ω_p) forming a local orthonormal basis of V over some small neighborhood U^′ of x^′ in Σ(ω_p) (i.e., {Y_2, . . . , Y_{n−l}} ⊂ V(ω_p) is orthonormal with respect to the metric r^{−2}_{ωp} (dx^′)^2). Here (dx^′)^2 denotes the metric on ω_p induced by the Euclidean metric on the sphere S^{n−l−1}, as above. Let Y_1 = r_Ω∂_r and Y_j = r_Ω∂_j , j = n − l + 1, . . . , n, where ∂_j forms the standard basis of R^{l−1}. Then we claim that we can take U = [0, 1) × U^′ × B^l and

{X_1, X_2, . . . , X_n} = {Y_1} ∪ {Y_2, . . . , Y_{n−l}} ∪ {Y_{n−l+1}, . . . , Y_n}. (43)

(If n − l = 1, then the second set in the above union is empty. If l = 0, then the third set in the above union is empty.) Indeed, {X_1, . . . , X_n} is a local basis by construction and by the local definition of V(Ω) in Equation (39). Let us check that this is an orthonormal local basis. To this end, we shall use the form of the standard metric h_0 given in Equation (42), to obtain

h_0(X_1) = r^2_Ω‖∂_r‖^2 = r^2_Ω , h_0(X_{n−l+1}) = . . . = h_0(X_n) = r^2_Ω

and h_0(X_2) = . . . = h_0(X_{n−l}) = r^2‖X_2‖^2 = r^2r^2_{ωp} = r^2_Ω .

It is also clear that {X_1, X_2, . . . , X_n} is an orthogonal system. This completes the induction step if h = h_0, the standard metric on R^n.

If h is not the standard metric on V_l, we can nevertheless chose a matrix valued function T defined on a neighborhood of q in U such that h(T ξ, T η) = h_0(ξ, η). We then let X_j = T Y_j and replace U with this smaller neighborhood.

This lemma gives the following corollary.

Corollary 4.18. Let X, Y ∈ V(Ω) and h be a fixed metric on M. Then the function r^{−2}_Ω h(X, Y ), defined first on Ω, extends to a smooth function on Σ(Ω).

Proof. This is a local statement in the neighborhood of each point q ∈ Σ(Ω). Let X_1, X_2, . . . , X_n be a local basis of V on a neighborhood U of q in Σ(Ω) satisfying the conditions of Proposition 4.17 (i.e., orthogonal with respect to r^{−2}_Ω h). Let X = � ϕ_j X_j and Y = � ψ_j X_j on U ∩ Ω, where ϕ_j , ψ_j are smooth functions on Σ(Ω). Then r^{−2}_Ω h(X, Y ) = � ϕ_j ψ_j is smooth on U.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 725

Lemma 4.19. Let p ∈ ∂Ω and X_1, X_2, . . . , X_n be vector fields on Ω that define a local basis of T M on U, for some neighborhood U of p. Then r_ΩX_1, r_ΩX_2, . . . , r_ΩX_n is a local basis of V(Ω) on U, that is, for any Y ∈ V(Ω), there exist unique smooth function ϕ_1, ϕ_2, . . . , ϕ_n on Σ(Ω) satisfying

Y = ϕ_1r_ΩX_1 + ϕ_2r_ΩX_2 + . . . + ϕ_nr_ΩX_n on U ∩ Ω ⊂ Σ(Ω). (44)

Conversely, if a vector field Y on Ω satisfies Condition (44) for any p and any local basis X_1, . . . , X_n of T M at p, then Y is the restriction to Ω of a vector field in V(Ω).

Proof. The converse part is easier, so we prove it first. Let Y be a vector field on Ω that satisfies Condition (44) for any p and any local basis X_1, . . . , X_n of T M at p. Fix an arbitrary p ∈ Ω. Lemmata 4.13 and 4.16 give that ϕ_j r_ΩX_j is the restriction to Ω of a vector field in V(Ω). Hence on each U ∩ Ω, Y is the restriction of a vector field Y_U ∈ V(Ω). Lemma 4.15 then gives the converse part of our lemma.

We now prove the direct part of the lemma. We can assume that the vector fields X_1, . . . , X_n form an orthonormal system on U with respect to some fixed metric h on M. We know from Lemma 4.16 that r_ΩX_j ∈ V(Ω). Let then Y ∈ V(Ω) and note that ϕ_j = r^{−1}_Ω h(Y, X_j ) = r^{−2}_Ω h(Y, r_ΩX_j ) ∈ C^∞(Σ(Ω)), by Corollary 4.18. Then Y =

�_n j=1 ϕ_j r_ΩX_j on U ∩ Ω. The local uniqueness of the functions ϕ_j follows from the fact that r_ΩX_1, r_ΩX_2, . . . , r_ΩX_n also form a local basis of T Ω on U ∩ Ω.

We are now ready to prove the following characterizations of V(Ω). We notice that the restriction map V(Ω) ∋ X → X|_Ω is injective, so we may identify V(Ω) with a subspace of the space Γ(Ω, T M) of vector fields on Ω.

Proposition 4.20. Let Ω ⊂ M be a curvilinear, stratified polyhedral domain of dimension n and let X be a smooth vector field on Ω. Fix an arbitrary metric h on M. Then X ∈ V(Ω) if, and only if, r^{−1}_Ω h(X, Y ) extends to a smooth function on Σ(Ω) for any smooth vector field Y on Ω.

Proof. In one direction the result follows from Lemma 4.16 and Corollary 4.18. Indeed, let X ∈ V(Ω) and Y be a smooth vector field on Ω. Then r_ΩY ∈ V(Ω) by Lemma 4.16 and hence r^{−1}_Ω h(X, Y ) = r^{−2}_Ω h(X, r_ΩY ) extends to a smooth function on Σ(Ω) by Corollary 4.18. (We have already used this argument in the proof of the previous lemma.)

Conversely, assume that r^{−1}_Ω h(X, Y ) extends to a smooth function on Σ(Ω) for any smooth vector field on Ω. The statement that X ∈ V(Ω) is a local statement, by Lemma 4.15. So let p ∈ Ω and let U be an arbitrary neighborhood of p. Choose smooth vector fields defined in a neighborhood of Ω in M such that X_1, X_2, . . . , X_n is a local orthonormal basis on U (orthonormal with respect to h). Let ϕ_j = r^{−1}_Ω h(Y, X_j ), by assumption ϕ_j ∈ C^∞(Σ(Ω). Then Y =

�_n j=1 ϕ_j X_j on U ∩ Ω and �_n

j=1 ϕ_j X_j ∈ V(Ω). Lemma 4.15 then shows that X ∈ V(Ω).

Documenta Mathematica 15 (2010) 687–745

726 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

We now prove the main characterization of the structural Lie algebra of vector fields V(Ω).

Theorem 4.21. Let Ω ⊂ M be a bounded curvilinear, stratified polyhedral domain of dimension n. Then V(Ω) is generated as a vector space by the vector fields of the form ϕ r_ΩX, where ϕ ∈ C^∞(Σ(Ω)) and X is a smooth vector field on Ω.

Proof. We know that ϕr_ΩX ∈ V(Ω) whenever X is a smooth vector field on Ω, by Lemmata 4.13 and 4.16. This remark shows that the linear span of vectors of the form ϕ r_ΩX, where ϕ ∈ C^∞(Σ(Ω)) and X is a smooth vector field in a neighborhood of Σ, is contained in V(Ω).

Conversely, let Y ∈ V(Ω). Then Lemma 4.19 shows that we can find, in the neighborhood U_p of any point p ∈ Ω vector fields X_{1p}, X_{2p}, . . . , X_{np} and smooth functions ϕ_{jp} such that Y = � ϕ_{jp}r_ΩX_{jp} on U_p. The result then follows using a finite partition of unity on Σ(Ω) subordinated to the covering U_p.

If we drop the condition that Ω be bounded, we obtain the following result, which was established in the first half of the above proof.

Proposition 4.22. Let Ω ⊂ M be a curvilinear polyhedral domain of dimension n. Then V(Ω) consists of the set of vector fields that locally can be written as linear combinations of vector fields of the form ϕr_ΩX, where ϕ ∈ C^∞(Σ(Ω)) and X is a smooth vector field on Ω.

We are finally in the position to endow Σ(Ω) with a structure of Lie manifold, which we will exploit in the following sections to study the mixed boundary value/interface problem (6). We set ∂^{′′}Σ(Ω) to be the union of all hyperfaces (i.e., faces of maximal dimension) H of Σ(Ω) such that κ(H) ⊂ Ω lies in the singular set Ω^{(n−2)}, and let ∂^′Σ(Ω) = ∂Σ(Ω) ∖ ∂^{′′}Σ(Ω). In particular, ∂^{′′}Σ(Ω) is the union of the hyperfaces at infinity of Σ(Ω), see Definition 3.8. The next theorem is the main result of this subsection.

Theorem 4.23. Let Ω be a bounded curvilinear, stratified polyhedral domain and let

O_0 := Σ(Ω) ∖ ∂^{′′}Σ(Ω) = Ω ∪ ∂^′Σ(Ω) = κ^{−1}(Ω ∖ Ω^{(n−2)}).

Then (O_0, Σ(Ω), V(Ω)) is a Lie manifold with boundary ∂^′Σ(Ω). The projection map κ : O_0 → Ω ∖ Ω^{(n−2)} is such that κ^{−1}(p) consists of exactly one point if p ∈ Ω ∖ Ω^{(n−2)}.

Proof. The last statement (on the number of elements in κ^{−1}(p), p ∈ Ω ∖ Ω^{(n−2)}) follows from the definition. Therefore, to prove the proposition, we need, using the notation of Definition 3.5, to construct a compactification O of O_0 that identifies with the closure of a Lie domain in a Lie manifold M. We shall choose then O = Σ(Ω). Then we shall let M be the “double” of Σ(Ω), also denoted^dΣ(Ω). More precisely, M is obtained from the disjoint union of

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 727

two copies of Σ(Ω) by identifying the hyperfaces that are not at infinity. We let V to be the set of smooth vector fields on M such that the restriction to either copy of Σ(Ω) is in V(Ω).

Let D be obtained from the closure of Ω in M by removing the closure of ∂^′Σ(Ω). Then D is an open subset of M whose closure is Σ(Ω). Moreover, ∂_MD (the boundary of D regarded as a subset of M) is the closure of ∂^′Σ(Ω). To prove our theorem, we shall check that M is a manifold with corners, that (M, V) is a Lie manifold, and that ∂D is a regular submanifold of M. Each of these properties is local, so it can be checked in the neighborhood of a point of M. Fix V_p = (0, ϵ) × ω_p × B^l. Then the union of the two copies of Σ(V_p) is the double^dΣ(V_p) of Σ(V_p). Denote by^dω_p the double of ω_p. Then

dΣ(V_p) = [0, ϵ) ×^dω_p × B^l.

An inductive argument then shows that^dΣ(Ω) is a manifold with corners and that ∂D is a regular submanifold of M.

Let us check that V satisfies the conditions defining a Lie manifold structure on M. It follows from Theorem 4.21 that V is a C^∞(M)–module (this checks condition (iii) of Definition 3.2). Theorem 4.21 and Lemmata 4.14, 4.13 show that V is closed under Lie brackets (this checks condition (i) of Definition 3.2). Condition (ii) of that definition follows from the definition of V(Ω). Condition (iv) of Definition 3.2 as well as Condition (ii) of Definition 3.3 were proved in Lemma 4.19. This shows that (M, V) is a Lie manifold.

An immediate consequence of the above Proposition is that the boundary ∂O_0 = ∂^′Σ(Ω) of O_0 = Σ(Ω) ∖ ∂^{′′}Σ(Ω) will acquire the structure of a Lie manifold, as explained after the definition of a Lie manifold with boundary, Definition 3.5. Let D be the closure of ∂O_0 in O. Then the Lie structure at infinity is (∂O_0, D, W), where

W = {X|_D, X ∈ V, X|_D is tangent to D}. (45)

As always, X ∈ W is completely determined by its restriction to O_0.

5 Weighted Sobolev spaces

One of the main goals of this work, as mentioned already, is the study of mixed boundary value/interface problems for second-order elliptic operators on ndimensional curvilinear, stratified polyhedral domains Ω in the framework of certain weighted Sobolev spaces. This framework is adapted to the singular geometry of polyhedral domains and allows to obtain optimal regularity, which does not hold in general in the standard (unweighted) spaces. We begin by giving a rigorous definition of the weighted spaces. Let f be a continuous function on Ω, f > 0 on the interior of Ω. We define the μ-th

Documenta Mathematica 15 (2010) 687–745

728 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

Sobolev space with weight f and index a by

K^μ_{a,f} (Ω) = {u ∈ L^2_{loc}(Ω), f^{|α|− a}∂^αu ∈ L^2(Ω), for all |α| ≤ μ} , μ ∈ Z_+. (46) The norm on K^μ_{a,f} (Ω) is given by

‖u‖^2_Kμ_{a,f (Ω)} := � |α|≤μ

‖f^{|α|− a}∂^αu‖^2_L2_{(Ω)} . (47)

Definition 5.1. Let f, g be two continuous, non-negative functions on Ω. We shall say that f and g are equivalent (written f ∼ g) if there exists a constant C > 0 such that C^{−1}f(x) ≤ g(x) ≤ Cf(x), for all x ∈ Ω.

Clearly, if f ∼ g, then the norms ‖u‖_K^μ_{a,f (Ω)} and ‖u‖_K^μ_{a,g (Ω)} are equivalent, and hence we have K^μ_{a,f} (Ω) = K^μ_{a,g}(Ω) as Banach spaces.

Definition 5.2. Let f = η_{n−2} be the distance to Ω^{(n−2)}, as before. Then we define K^μ_a (Ω) = K^μ_{a,f} (Ω) and ‖u‖_K^μ_{a (Ω)} = ‖u‖_K^μ_{a,f (Ω)}.

For example, K^0(Ω) = L^2(Ω). For Ω a polygon in the plane, η_{n−2}(x) = η_0(x) is the distance from x to the vertices of Ω and the resulting spaces K^μ_a (Ω) are the spaces considered in Kondratiev’s paper [41]. Above in Definition 5.2, we can and will replace η_{n−2} with the equivalent function r_Ω by Proposition 4.9. If μ ∈ N = Z_+ ∖ {0}, we define K^{−μ}_{−a} (Ω) to be the dual of ∘ K^μ_a (Ω) := K^μ_a (Ω) ∩ {∂^j_ν u|_{∂Ω} = 0, j = 0, 1, . . . , μ − 1} (48)

with pivot K^0(Ω). Later in this Section, we will identify K^m_a (Ω) with a suitable space hH^μ(Σ(Ω)) using the Lie structure on Σ(Ω). Then, Theorem 3.4 of [1] (see also Lemma 3.7 and Proposition 3.9) gives that C^∞_c (Ω) is dense in^∘K^μ_a (Ω) and consequently K^{−μ}_{−a} (Ω) is the completion of the space of smooth functions u on Ω satisfying

‖u‖_K−μ_{−a (Ω)} = sup

0≠v∈C^∞_c (Ω)

|(u, v)| ‖v‖_K^μ_{a (Ω)}

< +∞. (49)

In order to make the identification K^μ_a (Ω) ≈ hH^μ(Σ(Ω)), for suitable h, we introduce next a class of “admissible weights” h.

5.1 The set of weights If h > 0 on Ω, we denote

hK^μ_a (Ω) := {hu, u ∈ K^μ_a (Ω)}, (50)

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 729

with induced norm, that is ‖hu‖_{hK}^μ_{a (Ω)} = ‖u‖_K^μ_{a (Ω)}.

A weight h on Ω will be called admissible if it is admissible on Σ(Ω). One of the main examples of an admissible weight is η^a_{n−2}, for a ∈ R. We recall that an admissible weight on Σ(Ω) is a function h of the form h = � H x^{aH}_H , where H ranges through the set of hyperfaces at infinity of Σ(Ω) and a_H ∈ R. The topology is induced from the topology on the set {(a_H )} of exponents. As discussed after Corollary 4.11, we can always assume r_Ω := � H x_H . In particular, r^a_Ω, a ∈ R, is the most important example of an admissible weight. It is more suitable to use this weight, which is intimately related to the structure of Lie manifold on Σ(Ω) (∖∂”Σ(Ω)) described in Theorem 4.23, instead of η^a_{n−2}. We also have that r^t_ΩK^μ_a (Ω) = K^μ_{a+t}(Ω), (51)

so in a statement about the spaces hK^μ_a (Ω), where h is an admissible weight, we can usually assume that a = 0, without loss of generality. These spaces are weighted Sobolev spaces in the sense of the following definition. (These spaces are sometimes called Babuška–Kondratiev spaces.)

Definition 5.3. Let h be an admissible weight on Ω. The weighted Sobolev space of order μ ∈ Z and weight h on Ω is the space hK^μ_0 (Ω).

5.2 Sobolev spaces and Lie manifolds

We now identify the weighted Sobolev space K^μ_a (Ω) with hH^μ(Σ(Ω)), for a suitable admissible weight h; more precisely, h = r^{a−n/2}_Ω . The following description of V(Ω) for Ω a curvilinear polyhedral domain in R^n will be useful. It follows readily from Theorem 4.21.

Corollary 5.4. Let Ω ⊂ R^n be a bounded curvilinear, polyhedral domain. Then

V(Ω) = {ϕ_1r_Ω∂_1 + ϕ_2r_Ω∂_2 + . . . + ϕ_nr_Ω∂_n, where ϕ_j ∈ C^∞(Σ(Ω))}.

We shall denote by Diff^k_Ω := Diff_{V(Ω)}(Σ(Ω)) (52)

the space of differential operators with coefficients in C^∞(Σ(Ω)) of order ≤ k on Σ(Ω) generated by V(Ω). The algebra of differential operators Diff^∞_Ω is an example of the algebra of differential operators considered in 3.3. From the last corollary, we obtain directly the following lemma.

Lemma 5.5. Let X_1, X_2, . . . , X_k be smooth vector fields on M. Then

P := r^k_ΩX_1X_2 . . . X_k ∈ Diff^k_Ω.

Moreover, Diff^k_Ω is generated linearly by ϕP , with P as above and ϕ ∈ C^∞(Σ(Ω)).

Documenta Mathematica 15 (2010) 687–745

730 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

Proof. For k = 1, this follows from Lemma 4.16. Next, we have

r^{k+1}_Ω X_0X_1 . . . X_k = r_ΩX_0r^k_ΩX_1 . . . X_k − kX_0(r_Ω)r^k_ΩX_1 . . . X_k.

The fact that P ∈ Diff^k_Ω then follows by induction, since X_0(r_Ω) ∈ C^∞(Σ(Ω)), by Lemma 4.14.

Conversely, we can similarly check by induction (using the same identity above) that the product r_ΩX_1r_ΩX_2 . . . r_ΩX_k can be written as a linearly combination of differential operators of the form ϕP , with ϕ ∈ C^∞(Σ(Ω)) and P as above. Since r_ΩX generate V(Ω) as a C^∞(Σ(Ω))–module (see Corollary 5.4 or the second part of Theorem 4.21), the result follows.

We next provide a different description of the weighted Sobolev spaces K^μ_a (Ω), μ ∈ Z_+. For a multiindex α, we denote

(r_Ω∂)^α := (r_Ω∂_1)^{α1} (r_Ω∂_2)^{α2} . . . (r_Ω∂_n)^{αn} . (53)

Theorem 5.6. Let Ω ⊂ R^n be a bounded curvilinear, stratified polyhedral domain and ‖u‖^2_{μ,a} := � |α|≤μ

‖r^{−a}_Ω (r_Ω∂)^α u‖^2_L2_{(Ω)}.

Then ‖u‖_{μ,a} is equivalent to ‖u‖_K^μ_{a (Ω)} of Definition 5.2. In particular,

K^μ_a (Ω) = {u, ‖u‖_{μ,a} < ∞}.

Proof. We have that

u ∈ K^μ_a (Ω) ⇔ r^{|α|−a}_Ω ∂^αu ∈ L^2(Ω) for all |α| ≤ μ by Proposition 4.9 ⇔ r^{−a}_Ω (r_Ω∂)^αu ∈ L^2(Ω) for all |α| ≤ μ by Proposition 5.5.

Above the corresponding square integrability conditions define the topology on the indicated spaces. Therefore ⇔ also means that the topologies are the same.

We are in position to identify the spaces K^μ_a with Sobolev spaces on Lie manifolds. If Ω is a bounded curvilinear, stratified polyhedral domain, we let

O_0 := Σ(Ω) ∖ ∂^{′′}Σ(Ω) = Ω ∪ ∂^′Σ(Ω) = κ^{−1}(Ω ∖ Ω^{(n−2)}),

as in Theorem 4.23. Since (O_0, O := Σ(Ω), V(Ω)) is a Lie manifold with boundary by the same theorem, the definitions of Sobolev spaces on Lie manifolds (with or without boundary) of Subsection 3.5 provide us with natural spaces H^s(Σ(Ω)) = H^s(O) = H^s(O_0) and H^s(∂^′Σ(Ω)) = H^s(∂O_0). For the last equality we used that the boundary of O_0 is ∂^′Σ(Ω).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 731

Proposition 5.7. Let Ω be an n-dimensional, bounded curvilinear, stratified polyhedral domain and let h be an admissible weight on Ω. We have an equality

hK^μ_a (Ω) = hr^{a−n/2}_Ω H^μ(Σ(Ω)), μ ∈ Z.

Proof. This is again a local statement. We can therefore assume that Ω ⊂ R^n. Furthermore, it is enough to prove the statement in the case h = 1, since the weight h does not enter into the condition on derivatives in the definition 50 of weighted spaces. Equation (51) and Proposition 4.9 show that we can also assume a = 0. Recall from Lemma 3.7 that the spaces H^k(Σ(Ω)) are defined using L^2(Σ(Ω)). In turn, L^2(Σ(Ω)) is defined using the volume element of a compatible metric. A typical compatible metric is r^{−2}_Ω g_e, where g_e is the Euclidean metric. Therefore the volume element on Σ(Ω) is r^{−n}_Ω dx, where dx is the Euclidean volume element. In particular, v ∈ L^2(Ω) ⇔ v ∈ r^{−n/2}_Ω L^2(Σ(Ω)). We notice next that r^{−t}_Ω (r_Ω∂)^αr^t_Ω − (r_Ω∂)^α is a linear combination with C^∞(Σ(Ω))–coefficients of monomials (r_Ω∂)^β, with |β| < |α|, by the second part of Lemma 4.14. From this observation we obtain

u ∈ K^μ_0 (Ω) ⇔ (r_Ω∂)^αu ∈ L^2(Ω) for all |α| ≤ μ by Theorem 5.6

⇔ (r_Ω∂)^αu ∈ r^{−n/2}_Ω L^2(Σ(Ω)) for all |α| ≤ μ

⇔ (r_Ω∂)^αr^{n/2}_Ω u ∈ L^2(Σ(Ω)) for all |α| ≤ μ

⇔ u ∈ r^{−n/2}_Ω H^μ(Σ(Ω)).

This proves that K^μ_a (Ω) = r^{a−n/2}_Ω H^μ(Σ(Ω)) for μ ∈ Z_+. For μ ∈ Z_−, we observe that, for (O, O_0, V) a Lie manifold with boundary in a manifold with corner M, the set of restrictions of distributions u ∈ H^{−μ}(M) to O_0 is the dual of the closure of C^∞_c (O_0) in H^{−μ}(M). Hence

K^{−μ}_0 (Ω) :=^∘K^μ_a (Ω)^∗ = � r^{−n/2}_Ω^∘H^μ(Σ(Ω))

�_∗ = r^{−n/2}_Ω H^{−μ}(Σ(Ω)).

The proof is concluded.

The identification given in Proposition 5.7 above allows to define weighted spaces on the boundary hK^m_a (∂Ω). We recall that the closure of a hyperface of a curvilinear, stratified polyhedral domain Ω need not be contained in any smooth n − 1 manifold. Consequently, we utilize the desingularization Σ(Ω). In the special case that Ω ⊂ R^n is a (bounded) convex, stratified polyhedron that in addition has straight faces (i.e., each connected component D^{(l)}_j of Ω^{(l)} ∖ Ω^{(l−1)}, l = 1, . . . , n − 1 is contained in an affine space V^{(l)}_j of dimension l), for example an n-simplex, we can more simply define the spaces on the boundary as follows:

K^μ_a (D^{(n−1)}_j ) = {u ∈ L^2_{loc}(D^{(n−1)}_j ), r^{k− a}_Ω X_1 . . . X_ku ∈ L^2(D^{(n−1)}_j ), 0 ≤ k ≤ l} ,

Documenta Mathematica 15 (2010) 687–745

732 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

for all choices of vector fields X_j in a basis of the linear space containing D^{(n−1)}_j . Then for any admissible weight h,

hK^μ_a (∂Ω) = {hu, u ∈ L^2_{loc}(∂Ω), u|_D(n−1)_j ∈ K^μ_a (D^{(n−1)}_j ), for all j}. (54)

In the general case of a curvilinear, stratified polyhedral domain, we exploit the structure of Lie manifold on Σ(Ω), following the notation of Proposition 5.7.

Definition 5.8. Let Ω be a bounded, curvilinear, stratified polyhedral domain. Then we define

hK^μ_a (∂Ω) := hr^{a−(n−1)/2}

Ω H^μ(∂^′Σ(Ω)),

for any admissible weight h.

Note that on each hyperface, the natural weight is the distance to the boundary of that face, not the distance to the set of singular boundary points of that face. The spaces K^{−μ}_{−a} (∂Ω) are defined to be the duals of K^μ_a (∂Ω) with pivot L^2(∂Ω). For reasons that will be explained later, we do not have to restrict to functions with vanishing trace when studying weighted Sobolev spaces on the boundary. In particular, the usual difficulties that appear in the treatment of Sobolev spaces of fractional order on smooth, bounded domains [49], do not arise when studying the weighted Sobolev spaces on ∂Ω, and we can define the spaces K^s_a(∂Ω), with s ∉ Z, by complex interpolation. A similar attempt at defining K^s_a(Ω), with s ∈ Z + 1/2, would lead to the usual difficulties encountered in the case of smooth domain [49].

We next prove a trace theorem, generalizing the corresponding well-known result for smooth domains. Let C^∞_c (Ω) be the space of compactly supported functions on the open set Ω.

Theorem 5.9. The restriction C^∞_c (Ω∖Ω^{(n−2)}) ∋ u → u|_{∂Ω} ∈ C^∞_c (∂Ω∖Ω^{(n−2)}) extends to a continuous, surjective map

T r : K^μ_a (Ω) → K^{μ−1/2}_{a−1/2} (∂Ω), μ ≥ 1.

Moreover, C^∞_c (Ω) is dense in the kernel of this map if μ = 1. Similarly, the normal derivative ∂_ν extends to a continuous, surjective map

∂_ν : K^μ_a (Ω) → K^{μ−3/2}_{a−3/2} (∂Ω), μ ≥ 1.

The result is a consequence of similar results for Lie manifolds contained in Theorems 3.4 and 3.7 of [1] recalled here in Proposition 3.9. For the normal derivative, we also use the fact that the rescaled normal vector r_Ων extends to a smooth vector field, first on the boundary of Σ(Ω), and then on the whole of Σ(Ω). The rescaled normal vector is then a unit normal vector for the boundary of Σ(Ω).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 733

Proof. The map H^μ(Σ(Ω)) → H^{μ−1/2}(∂^′Σ(Ω)), where we follow the notation of Proposition 5.7, is well defined, continuous, and surjective by Proposition 3.9. Proposition 5.7 then shows that the map

hK^μ_a (Ω) = hr^{a−n/2}_Ω H^μ(Σ(Ω)) → hr^{a−n/2}_Ω H^{μ−1/2}(∂Σ(Ω)) = hK^{μ−1/2}_{a−1/2} (∂Ω)

is also well defined, continuous, and surjective.

The density of C^∞_c (Ω) in the subspace of elements in hK^1_a(Ω) with trace zero also follows from Proposition 3.9 and Proposition 5.7.

6 Proofs

In this section, we establish the main results of the paper, Theorems 1.1, 1.2, 1.3, using material from previous sections. We first discuss some results on the behavior of differential operators on the spaces hK^m_a (Ω).

6.1 Differential operators

We recall that the algebra Diff^∞_Ω is the natural algebra of differential operators on Ω associated to the Lie algebra of vector fields V(Ω), namely, it is generated as an algebra by X ∈ V(Ω) and ϕ ∈ C^∞(Σ(Ω)). (This algebra was used also in Equation (52) and in Subsection 3.3.)

Proposition 6.1. Let P be a differential operator of order m on a manifold M with smooth coefficients. Let Ω ⊂ M be a curvilinear, stratified polyhedral domain. Then P maps hK^μ_a (Ω) to hK^{μ−m}_{a−m} (Ω) continuously, for any admissible weight h and any μ ∈ Z. Moreover, the resulting family h^{−λ}P h^λ : K^μ_a (Ω) → K^{μ−m}_{a−m} (Ω) of bounded operators depends continuously on λ.

Before proceeding with the proof, we discuss a corollary, which will be relevant in showing that Theorems 1.2 and 1.3 hold. Following the notation of those theorems, below W_μ(Ω) represents the set of admissible weights h such that

the map P̃ (u) := (P u, u|_{∂D Ω}, D^P_ν u|_{∂N Ω}) is an isomorphism { N� j=1 hK^{μ+1}_1 (Ω_j ) ∩

hK^1(Ω); u^+ = u^−, D^P_ν u^+ = D^P_ν u^− on Γ} ≃ N� j=1 hK^{μ−1}_{−1} (Ω_j )⊕hK^{μ+1/2}_{1/2} (∂_D Ω)⊕

hK^{μ−1/2}

−1/2 (∂N Ω).

Proposition 6.2. The set W_μ(Ω) is open.

Proof. This follows directly from Proposition 6.1. Indeed, the family P : �_N j=1 hK^{μ+1}_1 (Ω_j )∩hK^1(Ω) → hK^{μ−1}_{−1} (Ω) is unitarily equivalent to h^{−1}P h :

�_N

j=1 K^{μ+1}_1 (Ω_j ) ∩ K^1(Ω) → K^{μ−1}_{−1} (Ω). The result then follows since the set of invertible operators is open.

Documenta Mathematica 15 (2010) 687–745

734 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

For the proof of Proposition 6.1, we observe that if Ω ⊂ R^n, the principal symbol of (r_Ω∂)^α is (ıξ)^α. This result follows from the definition of the principal symbol in [2, 1] and from Corollary 5.4. (The reader can just assume σ � (r_Ω∂)^α � = (ıξ)^α by definition.)

Corollary 6.3. Let P be a differential operator of order m on M with smooth coefficients. Then

(i) P_0 := r^m_Ω P ∈ Diff_Ω;

(ii) P is uniformly strongly elliptic if, and only if, r^m_Ω P is uniformly strongly elliptic in Diff^m_Ω ;

(iii) h^λP h^{−λ} depends continuously on λ;

(iv) P maps hK^μ_a (Ω) → hK^{μ−m}_{a−m} (Ω) continuously.

Proof. The relation r^m_Ω P ∈ Diff^m_Ω was proved as part of Lemma 5.5. Strong ellipticity is a local property, so we can assume Ω ⊂ R^n. The proof of Lemma 5.5 shows that P and r^m_Ω P have the same principal symbol. Therefore they are elliptic (or strongly elliptic) at the same time.

For any X ∈ V and any defining function x of some hyperface at infinity of Σ(Ω), we have that x^λXx^{−λ} = X − λx^{−1}X(x). Since x^{−1}X(x) is a smooth function (as X is tangent to the face defined by x), we see that x^λXx^{−λ} ∈ Diff^1_Ω and depends continuously on λ, establishing (iii). It also shows, in particular, that Diff^k_Ω is conjugation invariant with respect to defining functions of hyperfaces at infinity (Equation (28)). We can therefore assume that h = 1. Since (Σ(Ω), V(Ω)) is a Lie manifold with boundary (Theorem 4.23) any P_0 ∈ Diff^k_Ω maps H^μ(Σ(Ω)) → H^{μ−k}(Σ(Ω)) continuously. (This simple property, proved in [1], is an immediate consequence of the definitions.) The continuity of P = r^{−m}_Ω P_0 : K^μ_a (Ω) → K^{μ−m}_{a−m} (Ω) then follows using also the fact that multiplication by r^{−m}_Ω defines an isometry K^{μ−m}_a (Ω) ≃ K^{μ−m}_{a−m} (Ω).

6.2 A weighted Hardy–Poincaré’s inequality

The stepping stones in the proof of our main result on the solvability of the mixed boundary value/interface problem (6), Theorem 1.2, consist of

(i) a Hardy–Poincaré type inequality (Theorem 6.4);

(ii) the regularity result for polyhedra (Theorem 1.1).

We address the Hardy-Poincaré inequality first and turn to the proof of the regularity result, which is more general and of independent interest in the next subsection. Let dx = dx_1dx_2 . . . dx_n denote the standard volume element in R^n. We continue to denote by Ω a curvilinear, stratified polyhedral domain satisfying hypotheses (3)–(5).

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 735

Theorem 6.4. Let Ω be a bounded, connected, curvilinear, stratified polyhedral domain Ω ⊂ M. Assume that ∂_DΩ ≠ ∅ and ∂_N Ω does not contain any two adjacent hyperfaces. Then there exists a constant κ_Ω > 0, depending only on the polyhedral structure of Ω, such that

‖u‖^2_K0_{1(Ω)} := � Ω |u(x)|^2 η_{n−2}(x)^2 dx ≤ κ_Ω � Ω |∇u(x)|^2 dx, (55)

for any function u ∈ H^1_{loc}(Ω) such that u|_{∂D Ω} = 0.

Above, if u/η_{n−2} is not square integrable, the statement of the theorem is understood to mean that ∇u is not square integrable either. By Propositions 4.9 and 4.10, we can replace the distance to the singular set η_{n−2} with the more regular weight r_Ω.

The proof proceeds by induction on the dimension n. We discuss first the case n = 2, 3.

The case n = 2. In view of the local nature of the definition of a curvilinear, stratified polygonal domain, Definition 2.6, it will be sufficient to have the Hardy-Poincaré inequality in a sector. By abuse of notation, we shall write u(r, θ) := u(r cos θ, r sin θ) for a function u(x_1, x_2) expressed in polar coordinates. The proof of the following elementary lemma can be found in e.g. [62][Subsection 2.3.1]. See also [40].

Lemma 6.5. Let C = C_R(α, β) := {(r cos θ, r sin θ) ∈ R^2, 0 < r < R, β < θ < α}, 0 < α − β < 2π. Then � C |u|^2 r^2 dx ≤ π^2 (α − β)^2 � C |∇u|^2dx

for any u ∈ H^1_{loc}(C) satisfying u(r, θ) = 0 if θ = β or θ = α. The same result holds if C is the disjoint union of domains C_R(α, β), for different values of R, α, and β.

From the Lemma above, we obtain the case n = 2 in Theorem 6.4, the first step in our induction proof. A detailed proof can be found e.g. in the papers [15, 56].

Lemma 6.6. Let Ω be a connected, curvilinear, stratified polygonal domain in a two dimensional manifold M. Assume that ∂_DΩ ≠ ∅ and ∂_N Ω does not contain any two adjacent sides of Ω. Fix an arbitrary metric g on M and let η_0(z) be the distance from z to the vertices of Ω. Then there exists a constant κ_Ω > 0 such that � Ω |u(w)|^2 η_0(w)^2 dz ≤ κ_Ω � Ω |∇u(w)|^2dz

for any u ∈ H^1_{loc}(Ω) satisfying u = 0 on ∂_DΩ.

Documenta Mathematica 15 (2010) 687–745

736 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

The case n = 3. The proof of Theorem 6.4 for n = 3 combines the methods used in the previous two Lemmata and the inequality for the case n = 2. We give a self-contained proof again, especially because the induction step in the general case is very similar. The general case n > 3 will be completed using Proposition 4.10.

Proof. Let us fix, for any p ∈ ∂Ω, a neighborhood V_p of p in M and a diffeomorphism ϕ_p : V_p → U = B^{3−l} × B^l as in Definition 2.8, where l = ℓ(p). We denote C := ϕ_p(V_p ∩ Ω). We shall use the notation ω_p introduced in that definition. By decreasing V_p, if necessary, we may assume that ϕ_p extends to a diffeomorphism defined in a neighborhood of V_p in R^3.

Since η_{n−2} = η_1 is the distance to the singular set Ω^{(1)} of Ω, we need only discuss two cases:

(a) l = ℓ(p) = 0, i.e., p is a true or artificial vertex;

(b) l = ℓ(p) = 1, i.e., p belongs to a true or artificial edge.

If l = 0, we denote by ψ_0(x^′) the distance from a point x^′ ∈ ω_p ⊂ S^2 to the vertices of ω_p and let r_p(w) = ρψ_0(x^′), if ϕ_p(w) = ρx^′, where 0 < ρ and x^′ ∈ ω_p. If l = 1, we let r_p(w) = r if ϕ_p(w) = (r cos θ, r sin θ, z), where 0 < r, 0 < θ < α, and z ∈ R. (These definitions agree with the general definition of r_Ω given in (36) with r_p = r_α given in (35).) As before, the function η_1(x)/r_p(x) is bounded for any p, provided that we choose the neighborhoods V_p small enough, uniformly in p. Below, we shall write u(x) instead of u(ϕ^{−1}_p (x)), by abuse of notation.

If l = 1, C = C^′ × (−1, 1), so that we exploit the Hardy-Poincaré inequality in a sector of Lemma 6.5. In fact � V_p∩Ω

|u(w)|^2 η_1(w)^2 dw = C � Ω∩V_p

|u(x)|^2 r^2 � � � � ∂w ∂x � � � � dx ≤ C � C |u(x)|^2

r^2 dx. (56)

so that we obtain � C |u(x)|^2 r^2 dx =

�_1 −1 � C^′

|u(x)|^2

r^2 dx_1dx_2 � dx_3 ≤ �_1 −1 � C^′

|∇_{(x1,x2)}u(x)|^2 dx_1dx_2 � dx_3 ≤

�_1 −1 � C^′

|∇u(x)|^2 dx_1dx_2 � dx_3 ≤ C � V_p∩Ω

|∇u(w)|^2 dw. (57)

We perform a similar calculation on V_p ∩ Ω when l = 0, using spherical coordinates instead. Recall that C = ϕ_p(V_p ∩ Ω) = {ρx^′, 0 < ρ < 1, x^′ ∈ ω_p}, hence following (56) and using that Cη_1(x) ≥ ρψ_0(x) The inequality � V_p∩Ω

|u(w)|^2 η_1(w)^2 dw ≤ C � C |u(x)|^2 ρ^2ψ_0(x^′)^2 dx, x = ρx^′, |x^′| = 1, (58)

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 737

Next, we observe that ∇u(ρx^′) = ρ^{−1}∇^′u(ρx^′)+∂_ρu(ρx^′), with ∇^′ the gradient of a function defined on ω_p, so that |∇^′u(ρx^′)|^2 ≤ ρ^2|∇u(ρx^′)|, which gives � C |u(x)|^2 ρ^2ψ_0(x)^2 dx =

�_1 0 � ω_p

|u(ρx^′)|^2 ψ^2_0 dx^′ � dρ

≤ C �_1 0 � ω_p

|∇^′u(ρx^′)|^2dx^′ � dρ ≤ C

�_1 0 � ω_p

ρ^2|∇u(ρx^′)|^2dx^′ � dρ ≤ C � V_p∩Ω

|∇u(w)|^2 dw. (59)

We can rewrite the above inequalities simply as � V_p∩Ω

|u(w)|^2 η_1(w)^2 dz ≤ C_p � V_p∩Ω

|∇u(w)|^2 dz ≤ C_p � Ω |∇u(w)|^2 dw, (60)

where the constant C_p depends on the point p ∈ Ω^{(1)} but not on u. To conclude the proof, as before we cover the singular set Ω^{(1)} with finitely many sets V_p = V_{pk} . Let C_0 > η^{−2}_1 outside the union of the sets V_{pk} . Let κ_Ω = C_0C_Ω + � C_{pk} , where C_Ω is the standard Poincaré inequality constant for the domain Ω. We add all inequalities (60) for p = p_k and combine it with the Poincaré inequality to get � Ω |u(w)|^2 η^2_1 (w) dw ≤ κ_Ω � Ω |∇u(w)|^2dw. (61)

The proof of Theorem 6.4 is now complete for n = 3.

The general case n > 3. To conclude the proof of theorem 6.4, we need only establish the induction step. The induction step follows very closely the proof of the case n = 3. The only delicate point is showing that the ratio η_{n−2}(x)/r_α(x) is bounded on Ω, where η_{n−2} is the distance to the singular set Ω^{(n−2)} of Ω and r_α is as in Equation 35. This fact was established in Proposition 4.9.

We conclude with an immediate corollary of Theorem 6.4, which will be used in the proof of Theorem 1.2

Corollary 6.7. There exists a constant κ^′_Ω > 0, depending only on Ω, such that 1 κ^′_Ω

‖u‖^2_K1_{(Ω)} ≤ � Ω |∇u(x)|^2 dx ,

for any function u ∈ H^1_{loc}(Ω) such that u|_{∂D Ω} = 0, if ∂_DΩ ≠ ∅ and ∂_N Ω does not contain any two adjacent hyperfaces.

Documenta Mathematica 15 (2010) 687–745

738 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

6.3 Proofs of the main results

In this subsection, we finally tackle the proofs of the main results of the paper. We first show how the proof of the regularity property for the mixed boundary value/interface problem (6), Theorem 1.1 can be obtained from the results of [1] and the theory developed in Section 4. The following result was proved in [1].

Theorem 6.8. Let (M, V) be a Lie manifold with boundary and P_0 := r^2_ΩP ∈ Diff^2(M) be a second order, uniformly strongly elliptic operator. Let h be an admissible weight and u ∈ hH^1(M) be such that P u ∈ hH^{μ−1}(M) and u|_{∂M} ∈ hH^{μ+1/2}(∂M), μ ∈ Z_+. Then u ∈ hH^{μ+1}(M) and

‖u‖_{hH}μ+1_{(M)} ≤ C � ‖P u‖_{hH}μ−1_{(M)} + ‖u‖_{hH}0_{(M)} + ‖u|_{∂Ω}‖_{hH}μ+1/2_{(∂M)} � . (62)

For mixed boundary value/interface problems we need the following extension of this theorem, which is proved exactly in the same way.

Theorem 6.9. Let (M, V) be a Lie manifold with boundary and P_0 = r^2_ΩP ∈ Diff^2(M) be a second order, uniformly strongly elliptic operator with jump discontinuities on sub Lie manifolds of M that partition it into subsets M_j . Assume that ∂M = ∂_D M ∪ ∂_N M is a disjoint decomposition into open, disjoint subsets. Let h be an admissible weight and u ∈ hH^1(M) be such that P u ∈ hH^{μ−1}(M_j ) and u|_{∂M} ∈ hH^{μ+1/2}(∂M), μ ∈ Z_+. Then u ∈ hH^{μ+1}(M_j ) and ‖u‖_{hH}μ+1_{(Mj )} + ‖u‖_{hH}1_{(M)} ≤ C � � k ‖P u‖_{hH}μ−1_{(Mk )} + ‖u‖_{hH}0_{(M)}

+ ‖u|_{∂Ω}‖_{hH}μ+1/2_{(∂D M)} + ‖D^P_ν u|_{∂Ω}‖_{hH}μ−1/2_{(∂N M)} � . Theorem 1.1 then follows by applying the above theorem to P_0 := r^2_ΩP , which is strongly elliptic by Corollary 6.3(ii), and using the identifications of Proposition 5.7 and Definition 5.8.

We now prove Theorem 1.2 assuming the results stated in the previous subsection. The proof of Theorem 1.3 is completely similar.

Remark 6.10. In the statement of Theorems 1.2 and 1.3, the spaces K^{μ+1}_1 (Ω_j ) are defined intrinsically, without reference to Ω. However, the interface Γ is assumed smooth for well-posedness in this paper (more general conditions on Γ were for example considered in [48]) and the points where Γ intersects ∂Ω, necessarily transversely, are included in the singular sets Ω^{(n−2)} of Ω; consequently, r_Ω is equivalent to r_{Ωj} in each Ω_j .

Proof. We first notice that Theorem 5.9 allows us to reduce the proof to the case g_D = 0.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 739

We continue to denote with W_μ(Ω) the set of weights such that the operator P̃ , defined below, is an isomorphism

P̃ := (P u, u|_{∂D Ω}, D^P_ν u|_{∂N Ω}) :

{u ∈ N� j=1 hK^{μ+1}_1 (Ω_j ) ∩ hK^1(Ω); u|_{∂D Ω} = 0, u^+ = u^−, D^P_ν u^+ = D^P_ν u^− on Γ}

→ N� j=1 hK^{μ−1}_{−1} (Ω_j ) ⊕ hK^{μ−1/2}_{−1/2} (∂_N Ω), (63)

which is an open set by Proposition 6.2. Therefore, it is enough to show that 1 ∈ W_μ(Ω) to complete the proof.

For solvability, we consider the case μ = 0. For μ = 0, the problem (6) is interpreted in the weak sense (11), using that K^1(Ω) ⊂ H^1(Ω). More precisely, we let H := {u ∈ K^1(Ω), u = 0 on ∂_D Ω}, (64) and we define the weak solution u of Equation (11) with g_D = 0 as the unique u ∈ K^1(Ω) satisfying u = 0 on ∂_DΩ in trace sense and

B_P (u, v) = Φ(v) for all v ∈ H, (65)

where the element Φ ∈ H^∗ is defined by Φ(u) = � Ω fu dx + � ∂_N Ω gN u dS(x),

this last integral being the pairing between K^{1/2}_{1/2}(∂Ω) and K^{−1/2}_{−1/2}(∂Ω). Here, we have employed the trace property, Theorem 5.9. We will establish the existence and uniqueness of u by using the Lax-Milgram Lemma and coercive estimates for P in weighted Sobolev spaces, which in turn follow from the (uniform) strong ellipticity of P and the Hardy-Poincaré inequality of Theorem 6.4. This result gives the first step of the proof, that is, 1 ∈ W_0(Ω). We refer to [26] for the version of the Lax–Milgram lemma needed in this proof, where P contains lower-order terms.

Indeed, the sesquilinear form B is continuous on H × H by Proposition 6.1. Furthermore, assumptions 8 on the coefficients A_{jk} , B_j , and C of the operator P , together with Corollary 6.7 imply the following inequality for the real part of B(u, v): Re � P u, u � = � Ω � Re n� j,k=1

A_{jk} ∂_ku∂_j u � dx + � (2C − � j ∂_j B_j )u, u � /2

≥ ϵ n� j=1 ‖∂_j u‖^2 ≥ ϵ‖u‖^2_K1_{(Ω)} =: ϵ‖u‖^2_K1_{(Ω)}, (66)

which shows that B is strictly coercive on H.

The assumptions of the Lax-Milgram lemma are therefore satisfied, Hence P : H → H^∗ is an isomorphism (i.e., P is continuous with continuous inverse), proving that 1 ∈ W_0(Ω).

Documenta Mathematica 15 (2010) 687–745

740 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

We next consider the case μ ≥ 1 and prove that W_0(Ω) ⊂ W_μ(Ω) for any μ ∈ Z_+, so that, in particular, 1 ∈ W_μ(Ω). We pick h ∈ W_0(Ω) and observe that by the regularity theorem, Theorem 1.1, the map P̃ of Equation 63 above is surjective. Since this map is also continuous (Proposition 6.1) and injective (because h ∈ W_0(Ω)), it is an isomorphism by the open mapping theorem. This observation shows that W_0(Ω) ⊂ W_μ(Ω), for any μ ∈ Z_+. Since we have already proved that W_μ(Ω) is open, the proof is complete.

Remark 6.11. It seems that it would be more natural to work in the framework of stratified spaces than in the framework of polyhedral domains. For example, if we consider a smooth, bounded domain Ω ⊂ R^n and a submanifold X ⊂ ∂Ω of lower dimension, then we can consider η_{n−2}(x) to be the distance from x to X. Then Theorem 1.2 remains true, with essentially the same proof, by taking Ω^{(n−2)} := X in this case.

References

[1] B. Ammann, A. D. Ionescu, and V. Nistor. Sobolev spaces on Lie manifolds and regularity for polyhedral domains. Doc. Math., 11:161–206 (electronic), 2006.

[2] B. Ammann, R. Lauter, and V. Nistor. On the geometry of Riemannian manifolds with a Lie structure at infinity. Int. J. Math. Math. Sci., 2004(1- 4):161–193, 2004.

[3] B. Ammann, R. Lauter, and V. Nistor. Pseudodifferential operators on manifolds with a Lie structure at infinity. Ann. of Math. (2), 165(3):717– 747, 2007.

[4] I. Babuška. Finite element method for domains with corners. Computing (Arch. Elektron. Rechnen), 6:264–273, 1970.

[5] I. Babuška and B. Q. Guo. The h-p version of the finite element method for domains with curved boundaries. SIAM J. Numer. Anal., 25(4):837–861, 1988.

[6] C. Bacuta. Subspace interpolation with applications to elliptic regularity.

Numer. Funct. Anal. Optim., 29(1-2):88–114, 2008.

[7] C. Bacuta, V. Nistor, and L. Zikatanov. Improving the rate of convergence of high-order finite elements on polyhedra. I. A priori estimates. Numer. Funct. Anal. Optim., 26(6):613–639, 2005.

[8] C. Bacuta, V. Nistor, and L. Zikatanov. Improving the rate of convergence of high-order finite elements on polyhedra. II. Mesh refinements and interpolation. Numer. Funct. Anal. Optim., 28(7-8):775–824, 2007.

[9] M. Baouendi and J. Sjöstrand. Analytic regularity for the Dirichlet problem in domains with conic singularities. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 4(3):515–530, 1977.

[10] L. Boutet de Monvel. Opérateurs pseudo-différentiels analytiques et problèmes aux limites elliptiques. Ann. Inst. Fourier (Grenoble), 19(2):169–268 (1970), 1969.

[11] L. Boutet de Monvel. Boundary problems for pseudo-differential operators.

Acta Math., 126(1-2):11–51, 1971.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 741

[12] R. Brown and I. Mitrea. The mixed problem for the Lamé system in a class of Lipschitz domains. J. Differential Equations, 246(7):2577–2589, 2009.

[13] R. Brown and K. Ott. The mixed problem for the Laplacian Lipschitz domains. preprint.

[14] C. Băcuţă, J.H. Bramble, and J Xu. Regularity estimates for elliptic boundary value problems in Besov spaces. Math. Comp., 72:1577–1595, 2003.

[15] C. Băcuţă, V. Nistor, and L. Zikatanov. A note on improving the rate of convergence of ‘high order finite elements’ on polygons. Numerische Matematik, 100:165–184, 2005.

[16] M. Cheeger, J. Gromov and M. Taylor. Finite propagation speed, kernel estimates for functions of the Laplace operator, and the geometry of complete Riemannian manifolds. J. Differential Geom., 17(1):15–53, 1982.

[17] M. Costabel. Boundary integral operators on curved polygons. Ann. Mat.

Pura Appl. (4), 133:305–326, 1983.

[18] M. Crainic and R. Fernandes. Integrability of Lie brackets. Ann. of Math.

(2), 157(2):575–620, 2003.

[19] M. Dauge. Elliptic boundary value problems on corner domains, volume 1341 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1988. Smoothness and asymptotics of solutions.

[20] J. Elschner. The double layer potential operator over polyhedral domains.

I. Solvability in weighted Sobolev spaces. Appl. Anal., 45(1-4):117–134, 1992.

[21] J. Elschner. On the double layer potential operator over polyhedral domains: solvability in weighted Sobolev spaces and spline approximation. In Symposium “Analysis on Manifolds with Singularities” (Breitenbrunn, 1990), volume 131 of Teubner-Texte Math., pages 57–64. Teubner, Stuttgart, 1992.

[22] A.K. Erkip and E. Schrohe. Normal solvability of elliptic boundary value problems on asymptotically flat manifolds. J. Funct. Anal., 109:22–51, 1992.

[23] G. Eskin. Boundary value problems for second-order elliptic equations in domains with corners. In Pseudodifferential operators and applications (Notre Dame, Ind., 1984), volume 43 of Proc. Sympos. Pure Math., pages 105–131. Amer. Math. Soc., Providence, RI, 1985.

[24] G. Eskin. Index formulas for elliptic boundary value problems in plane domains with corners. Trans. Amer. Math. Soc., 314(1):283–348, 1989.

[25] L. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 1998.

[26] G. Folland. Introduction to partial differential equations. Princeton University Press, Princeton, NJ, second edition, 1995.

[27] P. Grisvard. Elliptic problems in nonsmooth domains, volume 24 of Monographs and Studies in Mathematics. Pitman (Advanced Publishing Program), Boston, MA, 1985.

[28] P. Grisvard. Singularities in boundary value problems, volume 22 of Research in Applied Mathematics. Masson, Paris, 1992.

Documenta Mathematica 15 (2010) 687–745

742 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

[29] G. Grubb. Functional calculus of pseudodifferential boundary problems, volume 65 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, second edition, 1996.

[30] B. Guo and I. Babuška. Regularity of the solutions for elliptic problems on nonsmooth domains in R^3. II. Regularity in neighbourhoods of edges. Proc. Roy. Soc. Edinburgh Sect. A, 127(3):517–545, 1997.

[31] B. Guo and I. Babuška. Regularity of the solutions for elliptic problems on nonsmooth domains in R^3. I. Countably normed spaces on polyhedral domains. Proc. Roy. Soc. Edinburgh Sect. A, 127(1):77–126, 1997.

[32] J. Heinonen and P. Koskela. Quasiconformal maps in metric spaces with controlled geometry. Acta Math., 181(1):1–61, 1998.

[33] D. Jerison and C. Kenig. The Dirichlet problem in nonsmooth domains.

Ann. of Math. (2), 113(2):367–382, 1981.

[34] D. Jerison and C. Kenig. The Neumann problem on Lipschitz domains.

Bull. Amer. Math. Soc. (N.S.), 4(2):203–207, 1981.

[35] D. Jerison and C. Kenig. The inhomogeneous Dirichlet problem in Lipschitz domains. J. Funct. Anal., 130(1):161–219, 1995.

[36] R. Kellogg. Singularities in interface problems. In Numerical Solution of Partial Differential Equations, II (SYNSPADE 1970) (Proc. Sympos., Univ. of Maryland, College Park, Md., 1970), pages 351–400. Academic Press, New York, 1971.

[37] R. Kellogg. On the Poisson equation with intersecting interfaces. Applicable Anal., 4:101–129, 1974/75. Collection of articles dedicated to Nikolai Ivanovich Muskhelishvili.

[38] C. Kenig. Recent progress on boundary value problems on Lipschitz domains. In Pseudodifferential operators and applications (Notre Dame, Ind., 1984), volume 43 of Proc. Sympos. Pure Math., pages 175–205. Amer. Math. Soc., Providence, RI, 1985.

[39] C. Kenig and T. Toro. Harmonic measure on locally flat domains. Duke Math. J., 87(3):509–551, 1997.

[40] V. Kondrat^′ev. Boundary-value problems for elliptic equations in conical regions. Dokl. Akad. Nauk SSSR, 153:27–29, 1963.

[41] V. Kondrat^′ev. Boundary value problems for elliptic equations in domains with conical or angular points. Transl. Moscow Math. Soc., 16:227–313, 1967.

[42] V. Kondrat^′ev. The smoothness of the solution of the Dirichlet problem for second order elliptic equations in a piecewise smooth domain. Differencial^′nye Uravnenija, 6:1831–1843, 1970.

[43] P. Koskela. Extensions and imbeddings. J. Funct. Anal., 159(2):369–383, 1998.

[44] P. Koskela and X. Zhong. Hardy’s inequality and the boundary size. Proc.

Amer. Math. Soc., 131(4):1151–1158 (electronic), 2003.

[45] V. Kozlov, V. Maz^′ya, and J. Rossmann. Elliptic boundary value problems in domains with point singularities, volume 52 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 1997.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 743

[46] V. Kozlov, V. Maz^′ya, and J. Rossmann. Spectral problems associated with corner singularities of solutions to elliptic equations, volume 85 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2001.

[47] R. Lauter and V. Nistor. Analysis of geometric operators on open manifolds: a groupoid approach. In N.P. Landsman, M. Pflaum, and M. Schlichenmaier, editors, Quantization of Singular Symplectic Quotients, volume 198 of Progress in Mathematics, pages 181–229. Birkhäuser, Basel - Boston - Berlin, 2001.

[48] H. Li, A. Mazzucato, and V. Nistor. Analysis of the finite element method for transmission/mixed boundary value problems on general polygonal domains. Electronic Transactions Numerical Analysis, 37:41–69, 2010.

[49] J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and applications. Vol. I. Springer-Verlag, New York, 1972. Translated from the French by P. Kenneth, Die Grundlehren der mathematischen Wissenschaften, Band 181.

[50] W. McLean. Strongly elliptic systems and boundary integral equations.

Cambridge Univ. Press, Cambridge, 2000.

[51] V. Maz^′ja and B. A. Plamenevskiĭ. Elliptic boundary value problems on manifolds with singularities. In Problems in mathematical analysis, No. 6: Spectral theory, boundary value problems (Russian), pages 85–142, 203. Izdat. Leningrad. Univ., Leningrad, 1977.

[52] V. Maz^′ya, S. Nazarov, and B. Plamenevskij. Asymptotic theory of elliptic boundary value problems in singularly perturbed domains. Vol. I, volume 111 of Operator Theory: Advances and Applications. Birkhäuser Verlag, Basel, 2000. Translated from the German by Georg Heinig and Christian Posthoff.

[53] V. Maz^′ya, S. Nazarov, and B. Plamenevskij. Asymptotic theory of elliptic boundary value problems in singularly perturbed domains. Vol. II, volume 112 of Operator Theory: Advances and Applications. Birkhäuser Verlag, Basel, 2000. Translated from the German by Plamenevskij.

[54] V. Maz’ya and J. Roßmann. Weighted L_p estimates of solutions to boundary value problems for second order elliptic systems in polyhedral domains. ZAMM Z. Angew. Math. Mech., 83(7):435–467, 2003.

[55] V. G. Maz^′ya and J. Rossmann. Point estimates for Green’s matrix to boundary value problems for second order elliptic systems in a polyhedral cone. ZAMM Z. Angew. Math. Mech., 82(5):291–316, 2002.

[56] A. Mazzucato and V. Nistor. Well-posedness and regularity for the elasticity equation with mixed boundary conditions on polyhedral domains and domains with cracks. Arch. Ration. Mech. Anal., 195(1):25–73, 2010.

[57] R. Melrose. Geometric scattering theory. Stanford Lectures. Cambridge University Press, Cambridge, 1995.

[58] D. Mitrea, M. Mitrea, and M. Taylor. Layer potentials, the Hodge Laplacian, and global boundary problems in nonsmooth Riemannian manifolds. Mem. Amer. Math. Soc., 150(713):x+120, 2001.

Documenta Mathematica 15 (2010) 687–745

744 C. Bacuta, A. L. Mazzucato, V. Nistor, L. Zikatanov

[59] M. Mitrea and V. Nistor. Boundary value problems and layer potentials on manifolds with cylindrical ends. Czechoslovak Math. J., 57(132)(4):1151– 1197, 2007.

[60] M. Mitrea and M. Taylor. Boundary layer methods for Lipschitz domains in Riemannian manifolds. J. Funct. Anal., 163(2):181–251, 1999.

[61] M. Mitrea and M. Taylor. Potential theory on Lipschitz domains in Riemannian manifolds: L^P Hardy, and Hölder space results. Comm. Anal. Geom., 9(2):369–421, 2001.

[62] S. Nazarov and B. Plamenevsky. Elliptic problems in domains with piecewise smooth boundaries, volume 13 of de Gruyter Expositions in Mathematics. Walter de Gruyter & Co., Berlin, 1994.

[63] J. Rossmann. The asymptotics of the solutions of linear elliptic variational problems in domains with edges. Z. Anal. Anwendungen, 9(6):565–578, 1990.

[64] E. Schrohe. Spectral invariance, ellipticity, and the Fredholm property for pseudodifferential operators on weighted Sobolev spaces. Ann. Global Anal. Geom., 10(3):237–254, 1992.

[65] E. Schrohe. Fréchet algebra techniques for boundary value problems: Fredholm criteria and functional calculus via spectral invariance. Math. Nachr., 199:145–185, 1999.

[66] E. Schrohe and B.-W. Schulze. Boundary value problems in Boutet de Monvel’s algebra for manifolds with conical singularities. I. In Pseudodifferential calculus and mathematical physics, volume 5 of Math. Top., pages 97–209. Akademie Verlag, Berlin, 1994.

[67] E. Schrohe and B.-W. Schulze. Boundary value problems in Boutet de Monvel’s algebra for manifolds with conical singularities II. In Boundary value problems, Schrödinger operators, deformation quantization, volume 8 of Math. Top. Akademie Verlag, Berlin, 1995.

[68] S. Semmes. Good metric spaces without good parameterizations. Rev.

Mat. Iberoamericana, 12(1):187–275, 1996.

[69] M. Shubin. Spectral theory of elliptic operators on noncompact manifolds.

Astérisque, 207:5, 35–108, 1992. Méthodes semi-classiques, Vol. 1 (Nantes, 1991).

[70] M. Shubin. Pseudodifferential operators and spectral theory. Springer- Verlag, Berlin, second edition, 2001. Translated from the 1978 Russian original by Stig I. Andersson.

[71] D. A. Stone. Stratified polyhedra. Lecture Notes in Mathematics, Vol. 252.

Springer-Verlag, Berlin, 1972.

[72] M. Taylor. Partial differential equations I, Basic theory, volume 115 of Applied Mathematical Sciences. Springer-Verlag, New York, 1995.

[73] G. Verchota. Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in Lipschitz domains. J. Funct. Anal., 59(3):572–611, 1984.

[74] G. Verchota and A. Vogel. A multidirectional Dirichlet problem. J. Geom.

Anal., 13(3):495–520, 2003.

[75] G. Verchota and A. Vogel. The multidirectional Neumann problem in R^4.

Math. Ann., 335(3):571–644, 2006.

Documenta Mathematica 15 (2010) 687–745

Boundary value problems 745

[76] M. Višik and G. Èskin. General boundary-value problems wtih discontinuous boundary conditions. Dokl. Akad. Nauk SSSR, 158:25–28, 1964.

[77] M. Višik and G. Èskin. Sobolev-Slobodeckiĭ spaces of variable order with weighted norms, and their applications to mixed boundary value problems. Sibirsk. Mat. Z̆., 9:973–997, 1968.

[78] M. Višik and G. Èskin. Mixed boundary value problems for elliptic systems of differential equations. Thbilis. Sahelmc.. Univ. Gamoqeneb. Math. Inst. S̆rom., 2:31–48. (loose errata), 1969.

[79] H. Whitney. Tangents to an analytic variety. Ann. of Math. (2), 81:496– 549, 1965.

Constantin Băcuţă University of Delaware Department of Mathematical Sciences 501 Ewing Hall Newark, DE 19716-2553 USA bacuta@math.udel.edu

Anna L. Mazzucato Pennsylvania State University Department of Mathematics University Park, PA 16802 USA alm24@psu.edu

Victor Nistor Pennsylvania State University Department of Mathematics University Park, PA 16802 USA and Inst. Math. Romanian Acad. PO BOX 1-764, 014700 Bucharest Romania nistor@math.psu.edu

Ludmil T. Zikatanov Pennsylvania State University Department of Mathematics University Park, PA 16802 USA ltz@math.psu.edu

Documenta Mathematica 15 (2010) 687–745

Documenta Mathematica 15 (2010)

Documenta Math. 747

The Rank-One Limit of the Fourier-Mukai Transform

Gerard van der Geer and Alexis Kouvidakis

Received: October 15. 2009

Communicated by Gavril Farkas

Abstract. We give a formula for the specialization of the Fourier- Mukai transform on a semi-abelian variety of torus rank 1.

2010 Mathematics Subject Classification: 14C25, 14H40

1. Introduction

Let π : X^⋆ → S be a semi-abelian variety of relative dimension g over the spectrum S of a discrete valuation ring R with algebraically closed residue field k such that the generic fibre X_η is a principally polarized abelian variety. We assume that X^⋆ is contained in a complete rank-one degeneration X . In particular, the special fibre X_0 of X is a complete variety over k containing as an open part the total space of the G_m-bundle associated to a line bundle J → B over a (g − 1)-dimensional abelian variety B. The normalization ν : P → X_0 of X_0 can be identified with the P^1-bundle over B associated to J and X_0 is obtained by identifying the zero-section of P with the infinity-section of P, both isomorphic to B, by a translation. Moreover, X_0 is provided with a theta divisor that is the specialization of the polarization divisor on the generic fibre. If c_η is an algebraic cycle on X_η we can take the Fourier-Mukai transform φ_η := F (c_η) and consider the limit cycle (specialization) φ_0 of φ_η . A natural question is: What is the limit φ_0 of φ_η?

If q : P → B denotes the natural projection of the P^1-bundle, the Chow ring A^∗(P) of P is the extension A^∗(B)[η]/(η^2 − η · q^∗c_1(J)) of the Chow ring A^∗(B) of B with η = c_1(O_P(1)). We consider now cycles with rational coefficients. We denote by c_0 the specialization of the cycle c_η on X_0. We can write c_0 as ν_∗(γ) with γ = q^∗z + q^∗w · η.

Theorem 1.1. Let c_η be a cycle on X_η with c_0 = ν_∗(q^∗z + q^∗w · η), for z, w ∈ A^∗(B). The limit φ_0 of the Fourier-Mukai transform φ_η = F (c_η ) is given by φ_0 = ν_∗(q^∗a + q^∗b · η) with

a = F_B (w) +

2g−2�

n=0 n� m=0 (−1)^m (n + 2)!

F_B [(z + w · c_1(J)) · c^m_1 (J)] · c^{n−m+1}_1 (J)

Documenta Mathematica 15 (2010) 747–763

748 Gerard van der Geer and Alexis Kouvidakis and b = 2g−2�

n=0 n� m=0 (−1)^m (n + 2)!

F_B [(((−1)^{n+1} − 1)z − w · c_1(J)) · c^m_1 (J)] · c^{n−m}_1 (J) ,

where F_B is the Fourier-Mukai transform on the abelian variety B.

We denote algebraic equivalence by^a=. The relation c_1(J)^a=0 implies the following result.

Theorem 1.2. With the above notation the limit φ_0 satisfies

φ_0^a= ν_∗(q^∗F_B (w) − q^∗F_B (z) · η) .

Note that this is compatible with the fact that for a principally polarized abelian variety A of dimension g the Fourier-Mukai transform satisfies F_A ∘ F_A = (−1)^g(−1_A)^∗.

Beauville introduced in [2] a decomposition on the Chow ring with rational coefficients of an abelian variety using the Fourier-Mukai transform. Theorem 1.2 can be used to deduce non-vanishing results for Beauville components of cycles on the generic fibre of a semi-abelian variety of rank 1; we refer to § 7 for examples.

We prove the theorem by constructing a smooth model Y of X ×_S X to which the addition map X^⋆ ×_S X^⋆ → X^⋆ extends and by choosing an appropriate extension of the Poincaré bundle to Y. The proof is then reduced to a calculation in the special fibre. We refer to Fulton’s book [8] for the intersection theory we use. The theory in that book is built for algebraic schemes over a field. In our case we work over the spectrum of a discrete valuation ring. But as is stated in § 20.1 and 20.2 there, most of the theory in Fulton’s book, including in particular the statements we use in this paper, is valid for schemes of finite type and separated over S. However, for us projective space denotes the space of hyperplanes and not lines, which conflicts with Fulton’s book, but is in accordance with [10].

2. Families of abelian varieties with a rank one degeneration

We now assume that R is a complete discrete valuation ring with local parameter t, field of quotients K and algebraically closed residue field k. Suppose that (X^⋆, L) is a semi-abelian variety over S = Spec(R) such that the generic fibre X_η is abelian and the special fibre X^∗_0 has torus rank 1; moreover, we assume that L is a cubical invertible sheaf (meaning that L satisfies the theorem of the cube, see [7], p. 2, 8) and L_η is ample. In particular, the special fibre of X^⋆ fits in an exact sequence

1 → T_0 → X^∗_0 → B → 0,

where B is an abelian variety over k and T_0 the multiplicative group G_m over k. The torus T_0 lifts uniquely to a torus T_i of rank 1 over S_i = Spec(R/(t^{i+1}) in X^∗_i = X^⋆ ×_S S_i. The quotient X^∗_i /T_i is an abelian variety B_i over S_i. The system {B_i}^∞_{i=1} defines a formal abelian variety which is algebraizable, resulting

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 749

in an abelian scheme B, so that we have an exact sequence of group schemes over S 1 → T → G^π→ B → 0, cf. [F-C, p. 34]. We assume now that we are given a line bundle M on B defining a principal polarization λ : B → B^t and consider L = π^∗(M). This defines a cubical line bundle on G. The extension G is given by a homomorphism c of the character group Z ∼= Z of T to B^t. The semi-abelian group scheme dual to X^⋆ defines a similar extension

1 → T^t → G^t → B^t → 0

and the polarization provides an isomorphism ϕ of the character group Z of T with the character group Z^t of T^t. Now the degenerating abelian variety (i.e. semi-abelian variety) X^⋆ over S gives rise to the set of degeneration data (cf. [7], p 51, Thm 6.2, or [1], Def. 2.3):

(i) an abelian variety B over S and a rank 1 extension G. This amounts to a S-valued point b of B = B^t.

(ii) a K-valued point of G lying over b.

(iii) a cubical ample sheaf L on G inducing the polarization on B and an action of Z = Z^t on L_η.

A section s ∈ Γ(G, L) possesses the analogue of a classical Fourier expansion as explained in [7], p. 37. So s can be written uniquely as s = � χ∈Z σ_χ(s), where σ_χ : Γ(G, L) → Γ(B, M_χ) is a R-linear homomorphism and M_χ is the twist of M by χ: in fact π_∗(O_G) = ⊕_χO_χ with O_χ the subsheaf consisting of χ-eigenfunctions. (We refer to [7], p. 43; note also the sign conventions there in the last lines.) We have now by the action

T^∗_ct_{(y)}M ∼= M_{ϕ(y)} ∼= M ⊗ O_{ϕ(y)}, y ∈ Z^t.

This satisfies σ_{χ+1}(s) = ψ(1)τ(χ)T^∗_b (σ_χ(s)), where τ is given by a point of G(K) lying over b and ψ is a cubical trivialization of T^∗_{ct(y)}M^{−1}_η as in [7], p. 44, Thm. 5.1. We refer to Faltings-Chai’s theorem (6.2) of [7], p. 51 for the degeneration data.

The compactification X of X^⋆ is now constructed as a quotient of the action of Z^t on a so-called relatively complete model. Such a relatively complete model P̃ for G can be constructed here in an essentially unique way. If B is trivial (i.e. dim(B) = 0) and if the torus is T = Spec(R[z, z^{−1}]) it is given as the toroidal variety obtained by gluing the affine pieces

U_n = Spec(R[x_n, y_n]), with x_ny_n = t

where G ⊂ P̃ is given by x_n = z/t^n, y_n = t^{n+1}/z, (cf. [13], also in [7], p. 306). By glueing we obtain an infinite chain P̃_0 of P^1’s in the special fibre. We can ‘divide’ by the action of Z^t; this is easy in the analytic case, more involved in the algebraic case, but amounts to the same, cf. [13], also [7], p. 55-56. In the special fibre we find a rational curve with one ordinary double point. If instead we divide by the action of nZ^t for n > 1 we find a cycle consisting of n copies of P^1.

Documenta Mathematica 15 (2010) 747–763

750 Gerard van der Geer and Alexis Kouvidakis

In case the abelian part B is not trivial we take as a relatively complete model the contracted (or smashed) product P̃ ×^T G with P̃ the relatively complete model for the case that B is trivial. Call the resulting space P̃ . Then P̃ corresponds by Mumford’s [loc. cit., p 29] to a polyhedral decomposition of Z^t ⊗ R = R with Z^t the cocharacter group of T . Then we essentially quotient by the action of Z^t or nZ^t as before and obtain a proper X → S. We describe the central fibre X_0 of X . Let b be the k-valued point of B ∼= B^t that determines the above G_m-extension. If M denotes a line bundle defining the principal polarization of B we let M_b be the translation of M by b and we set J = M ⊗ M^{−1}_b and define the projective bundle P = P(J ⊕ O_B) with projection q : P → B. The bundle P has two natural sections (with images) P_1 and P_2 corresponding to the projections J ⊕ O_B → J and J ⊕ O_B → O_B . We have O(P_1) ∼= O(P_2) ⊗ q^∗J and O(1) ∼= O(P_1) with O(1) the natural line bundle on P. We denote by P the non-normal variety obtained by gluing the sections P_1 and P_2 under a translation by the point b. The singular locus of P has support isomorphic to B. The line bundle L̃ = O(P_1) ⊗ q^∗M_b ∼= O(P_2) ⊗ q^∗M descends to a line bundle L on P with a unique ample divisor D, see [14]. The central fibre X_0 of the family π : X → S is then equal to P̄. The cubical invertible sheaf L on X^⋆ extends (uniquely) to X and its restriction to the central fibre P̄ is the line bundle L, see [15].

3. Extension of the addition map

The addition map μ : X^⋆ ×_S X^⋆ → X^⋆ of the semi-abelian scheme X^⋆ does not extend to a morphism X ×_S X → X , but it does so after a small blow-up of X ×_S X as we shall see.

The degeneration data of X^⋆ defines (product) degeneration data for X^⋆ ×_S X^⋆. Indeed, we can take the fibre product of the relatively complete model P̃^′ = P̃ ×_S P̃ and this corresponds (e.g. via [13], Corollary (6.6)) to the standard polyhedral decomposition of R^2 = (Z^t ⊗ R)^2 by the lines x = m and y = n for m, n ∈ Z. The special fibre of the model P̃^′ is an infinite union of P^1 × P^1- bundles over B × B glued along the fibres over 0 and ∞. The compactified model of X ×_S X is obtained by taking the ‘quotient’ of P̃^′ under the action of Z^t × Z^t. This is not regular; for example the criterion of Mumford ([13], p. 29, point (D)]) is not satisfied. We can remedy this by subdividing. For example, by taking the decomposition of R^2 given by the lines x = m, y = n and x + y = l for m, n, l ∈ Z.

The special fibre of this model is an infinite union of copies of P^1 × P^1-bundles over B × B blown up in the two anti-diagonal sections (0, ∞) = P_1 × P_2 and (∞, 0) = P_2 × P_1. This is regular.

Both polyhedral decompositions are invariant under the action of translations (x, y) → (x + a, y + b) for fixed a, b ∈ Z. This means that we can form the ‘quotient’ by Z^t × Z^t ∼= Z^2 (or a subgroup nZ^t × nZ^t) and obtain a completed semi-abelian variety Y of relative dimension 2g over S. We denote by ϵ : Y → Y^′ = X ×_S X the natural map. We shall write V for Y_0 and σ : Ṽ → V for

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 751

its normalization. Then Ṽ is an irreducible component of the special fibre of P̃ ′. We denote by τ : Ṽ → P × P the blow up map and by E_{12} and E_{21} the exceptional divisors over the blowing up loci P_1 × P_2 and P_2 × P_1, respectively. Now consider the addition map μ : X^⋆ ×_S X^⋆ → X^⋆ with X^⋆ as in § 2. This morphism induces (and is induced by) a map μ̃ : G ×_S G → G. However, this map does not extend to a morphism of the relatively complete model P̃^′ since the corresponding (covariant) map (Z^t ⊗ R)^2 → (Z^t ⊗ R) does not map cells to cells. After subdividing (by adding the lines x + y = l with l ∈ Z) this property is satisfied (cf. [11], Thm. 7, p. 25). This means that the map μ extends to μ̃ : P̃^′ → P̃ for the polyhedral decomposition given by this subdivision. It is compatible with the action of Z and Z × Z and hence descends to a morphism μ̄ : Y → X . We summarize:

Proposition 3.1. The addition map of group schemes μ : X^⋆ ×_S X^⋆ → X^⋆ extends to a morphism μ̄ : Y → X .

We now describe an explicit local construction of the model Y by blowing up the model X ×_S X . Let A^{g+1}_S = Spec(R[x_1, . . . , x_{g+1}]) denote affine Sspace. In local coordinates, inside A^{g+1}_S , we may assume that the g-dimensional fibration π : X^⋆ → S is given by the equation x_1x_2 = t, where the coordinates x_3, . . . , x_{g+1} are not involved, see [14] p. 361-362. We may assume that the zero section of the family is defined by x_i = 1 for i = 1, . . . , g + 1. We form the fibre product π : Y^′ = X ×_S X . We denote by Λ the support of the singular locus of X_0. The (2g + 1)-dimensional variety Y^′ is singular in the special fibre along Σ = Λ ×_k Λ ∼= B ×_k B of dimension 2g − 2. The generic fibre Y^′_η is the product X_η ×_K X_η of the abelian variety X_η , while the zero fibre Y^′_0 is singular. The local equations of Y^′ in a neighborhood of the singular locus of the family are given in our local coordinates by the system x_1x_2 = t, x^′_1x^′_2 = t. The singular locus Σ of Y^′ is given by the equations x_1 = x_2 = x^′_1 = x^′_2 = t = 0. The above blow up ϵ : Y → Y^′ is a small blow up and can be described directly as follows: we blow up Y^′ along its subvariety Π defined by x_1 = x^′_2 = 0 (a 2-plane contained in the central fibre of Y^′). The proper transform Y of Y^′ is smooth. In local coordinates, the blow-up is given by the graph Γ_ϕ ⊆ Y^′ × P^1 of the rational map ϕ : Y^′ −→ P^1 given by ϕ(x_1, . . . , x^′_{g+1}, t) = (x_1 : x^′_2). The equations of the graph Γ_ϕ ⊆ Y^′ × P^1 ⊆ A^{2(g+1)}_S ×_S P^1_S are given by the system x_1x_2 = t, ux^′_2 − vx_1 = 0, ux_2 − vx^′_1 = 0 , where u, v are homogeneous coordinates on P^1.

For later calculations we write down the morphism μ̄ explicitly on the special fibre. We start with g = 1; then B is trivial and we may restrict the map to an irreducible component of the special fibre of the relatively complete model P̃ ×_S P̃ and get the map m : P1 × P1 → P1 given by ((a : b), (a′ : b′)) → (aa′ : bb^′). This is not defined in the points (0, ∞) and (∞, 0). After blowing up these points (which is the blow up Y → Y^′) the rational map becomes a regular map m̃ : Ṽ → P^1. It is defined by the two sections prop(p^∗_1{0}) + prop(p^∗_2{0}) and prop(p^∗_1{∞})+prop(p^∗_2{∞}) of the linear system |τ^∗(F_1 +F_2)−E_{12} −E_{21}| with

Documenta Mathematica 15 (2010) 747–763

752 Gerard van der Geer and Alexis Kouvidakis

F_1 and F_2 the horizontal and vertical fibre (with prop( ) meaning the proper transform). The map m̃ descends to a map m̄ : V → P̄ which is the restriction of the morphism μ̄ : Y → X to the central fibre.

For the case g > 1, note that we have the addition map μ_X ⋆ . Its restriction to the special fibre extends to a map of the relatively complete model and then restricts to a morphism m̃ : Ṽ → P that lifts the addition map μ_B of B. That means that it comes from a surjective bundle map (cf. [10], Ch. II, Prop. 7.12) δ : m^∗_1(J ⊕ O_B ) ∼= (p^∗_1q^∗J ⊗ p^∗_2q^∗J) ⊕ O_Ṽ → N

with m_1 := μ_B ∘ (q × q) ∘ τ : Ṽ → B and N = τ^∗(p^∗_1O(P_1) ⊗ p^∗_2O(P_1)) ⊗ O(−E_{12} −E_{21})) with p_i : P×P → P the ith projection. Then m^∗_1(J ⊕O_B )^∨ ⊗N is isomorphic to the direct sum of

τ^∗p^∗_1O(P_i) ⊗ τ^∗p^∗_2O(P_i) ⊗ O(−E_{12} − E_{21}) (i = 1, 2).

The map δ is then given by the two sections prop(p^∗_1P_i) + prop(p^∗_2P_i) of τ^∗p^∗_1O(P_i) ⊗ τ^∗p^∗_2O(P_i) ⊗ O(−E_{12} − E_{21}) for i = 1, 2. The map m̃ descends to a map m̄ : V → P̄ which is the restriction of the morphism μ̄ : Y → X to the central fibre.

4. Extension of the Poincaré bundle

We denote by j_0 : X_0 → X and i_0 : Y_0 → Y the inclusions of the special fibre. Recall that we write V for Y_0 and Ṽ for its normalization. We denote by P_η the Poincaré bundle on Y^′_η and by P_B the Poincaré bundle on B.

Theorem 4.1. The Poincaré bundle P_η has an extension P such that the pull back of P_0 := i^∗_0P to Ṽ satisfies σ^∗P_0 ∼= τ^∗(q × q)^∗P_B ⊗ O(−E_{12} − E_{21}).

Proof. We have the following commutative diagram of maps

V^{m̄} P

Ṽ σ

τ m̃ P ν

P q P × P q×q p_i P q B B × B

q_i μ_B B Let L be the theta line bundle on the family X introduced in § 2. We define the extension of P_η by

P := μ̄^∗L ⊗ ρ^∗_1L^{−1} ⊗ ρ^∗_2L^{−1}, where we denote by ρ_1, ρ_2 : Y → X the compositions of the natural projections ρ^′_i : Y^′ → X with the blowing up map ϵ : Y → Y^′ of § 3. We then have σ^∗P_0 = σ^∗(m̄^∗j^∗_0 L)⊗σ^∗i^∗_0ρ^∗_1L^{−1} ⊗σ^∗i^∗_0ρ^∗_2L^{−1}. Now m̄^∗j^∗_0 L = m̄^∗L̄ and by using

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 753

the description of L̄ in § 2 we have σ^∗(m̄^∗j^∗_0 L) = m̃^∗ν^∗L̄ = m̃^∗(O(P_1) ⊗ q^∗M_b). In view of O(P_1) = O(1) we have by the discussion at the end of § 3 that

m̃^∗O(P_1) = τ^∗p^∗_1O(P_1) ⊗ τ^∗p^∗_2O(P_1) ⊗ O(−E_{12} − E_{21})

and m̃^∗q^∗M_b = τ^∗(q × q)^∗μ^∗_B M_b. On the other hand we have

σ^∗(i^∗_0ρ^∗_i L) = τ^∗p^∗_i ν^∗L̄ = τ^∗p^∗_i O(P_1) ⊗ τ^∗(q × q)^∗q^∗_i M_b

and putting this together we get the result. □

5. The basic construction

The fibration π : Y → S is a flat map since Y is irreducible and S is smooth 1- dimensional, see [10], Ch. III, Proposition 9.7. The maps ρ_i = Y → X , i = 1, 2, defined in the proof of Theorem 4.1, are flat maps too since they are maps of smooth irreducible varieties with fibres of constant dimension g, see e.g. [12], Corollary of Thm. 23.1.

We denote by Y_0 (resp. Y_η ) the special fibre (resp. the generic fibre) and by i_0 : Y_0 → Y (resp. i_η : Y_η → Y) the corresponding embedding. According to [8], Example 10.1.2, i_0 is a regular embedding. Similarly, j_0 : X_0 → X is a regular embedding. We consider the diagram

Y_0^{i0}

π_0 Y π Spec(k)^s S

Let i^∗_0 : A_k(Y) → A_{k−1}(Y_0) be the Gysin map (see [8], Example 5.2.1). Since Y_0 is an effective Cartier divisor in Y the Gysin map i^∗_0 coincides with the Gysin map for divisors (see [8], Example 5.2.1 (a) and § 2.6).

We now consider specialization of cycles, see [8], § 20.3. Note that according to [8], Remark 6.2.1., in our case we have s^!a = i^∗_0a, a ∈ A_∗(Y). If Z is a flat scheme over the spectrum of a discrete valuation ring S the specialization homomorphism σ_Z : A_k(Z_η ) → A_k(Z_0) is defined as follows, see [8], pg. 399: If β_η is a cycle on Z_η we denote by β an extension of β_η in Z (e.g. the Zariski closure of β_η in Z) and then σ_Z (β_η ) = i^∗_0(β), where i_0 : Z_0 → Z is the natural embedding.

Let c_η be a cycle on X_η and let φ_η = F (c_η) be the Fourier-Mukai transform. It is defined by F (c_η ) = ρ_{2∗}(e^{c1(Pη )} ·ρ^∗_1c_η) ∈ A_∗(X_η ). Let σ_X : A_k(X_η ) → A_k(X_0) be the specialization map. We have to determine σ_X (F (c_η )). If β_η is a cycle on Y_η, we have ρ_{2∗}σ_Y (β_η ) = σ_X ρ_{2∗}(β_η ) by applying [8] Proposition 20.3 (a) to the proper map ρ_2 : Y → X . By choosing β_η = e^{c1(Pη )} · ρ^∗_1c_η we have

(1) σ_X (F (c_η )) = ρ_{2∗}σ_Y (e^{c1(Pη )} · ρ^∗_1c_η ) .

Therefore, in order to compute σ_X (F(c_η )) we have to identify σ_Y (e^{c1(Pη )} ·ρ^∗_1c_η). We take the extension e^{c1(P)} of e^{c1(Pη )} and the extension of ρ^∗_1c_η given by ρ^∗_1c,

Documenta Mathematica 15 (2010) 747–763

754 Gerard van der Geer and Alexis Kouvidakis

where c is the Zariski closure of c_η in X . Since i_η : Y_η → Y is an open embedding and hence a flat map of dimension 0, we have i^∗_η(e^{c1(P)} · ρ^∗_1c) = e^{c1(Pη )} · ρ^∗_1c_η , see [8], Proposition 2.3 (d). In other words, the cycle e^{c1(P)} · ρ^∗_1c extends the cycle e^{c1(Pη )} · ρ^∗_1c_η and hence σ_Y (e^{c1(Pη )} · ρ^∗_1c_η ) = i^∗_0(e^{c1(P)} · ρ^∗_1c). Now, for any k-cycle a on Y we have the identity i^∗_0(c_1(P) · a) = c_1(P_0) · i^∗_0(a) in A_{k−2}(Y_0), where P_0 = i^∗_0P is the pull back of the line bundle and i^∗_0a the Gysin pull back to the divisor Y_0. This follows from applying the formula in [8], Proposition 2.6 (e) to i_0 : Y_0 → Y, with D = Y_0, X = Y and L = P the Poincaré bundle. Hence (2) σ_Y (e^{c1(Pη )} · ρ^∗_1c_η) = e^{c1(P0)} · i^∗_0(ρ^∗_1c) .

By the Moving Lemma (see [8], § 11.4), we may choose the cycle c on the regular X such that it intersects the singular locus Λ of the central fibre properly. Since Λ ⊆ X_0 the cycle c_0 = j^∗_0 (c) meets Λ properly by the following dimension argument. We have dim(c ∩ Λ) = dim(c_0 ∩ Λ), hence dim(c_0 ∩ Λ) = dim(c) + dim(Λ) − dim(X) = (dim(c) − 1) + dim(Λ) − (dim(X) − 1) = dim(c_0) + dim(Λ) − dim(X_0).

Since Λ is of codimension 1 in X_0 = P̄, saying that c_0 meets Λ properly, is equivalent to saying that no component of c_0 is contained in Λ. Lemma 5.1. There exists a cycle γ on P with c_0 = ν_∗γ that meets the sections P_i for i = 1, 2 properly.

Proof. If Λ is the singular locus of P̄ and A = P_1 ∪ P_2 its preimage in P, then P̄\Λ ∼= P\A. We may assume that the cycle c_0 is irreducible and we consider the support of c_0 ∩ (P̄\Λ) as a subset W of P\A. Its Zariski closure γ = W̄ is an irreducible cycle on P. Then ν_∗γ is an irreducible cycle on P̄ since the map ν is a projective map. Also, ν_∗γ ∩ (P̄\Λ) = c_0 ∩ (P̄\Λ), hence ν_∗γ is the Zariski closure of c_0 ∩ (P̄\Λ) and so, by the irreducibility, we have ν_∗γ = c_0. □

Lemma 5.2. If c_0 = ν_∗γ, then we have i^∗_0ρ^∗_1c = σ_∗(τ^∗(p^∗_1γ)). Proof. We denote the restriction of ρ_i to the special fibre again by ρ_i. Then we have i^∗_0ρ^∗_1c = ρ^∗_1c_0 since ρ_1 is a flat map and i_0, j_0 are regular embeddings (see [8], Theorem 6.2 (b) and Remark 6.2.1). We will use the following commutative diagram Ṽ τ σ V ϵ

ρ_i

P × P

p_i

P × P

ρ^′_i

P^ν P

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 755

We may assume that c_0 and γ are irreducible k-cycles. We claim that ρ^∗_1c_0 is irreducible. Indeed, the map ρ_1 is a flat map of relative dimension g. The cycle ρ^∗_1c_0 is then a cycle of pure dimension k + g and contains the proper transform of (ρ^′_1)^∗c_0 and that is an irreducible cycle. Any other irreducible component of ρ^∗_1c_0 must have support on the preimage of Λ. But since the cycle c_0 intersects Λ along a k − 1-cycle, there is no irreducible component of ρ^∗_1c_0 on the preimage of Λ. On the other hand, since γ meets the sections P_i properly, the cycle τ^∗p^∗_1γ is an irreducible cycle, and hence so is σ_∗(τ^∗p^∗_1γ). But as ρ^∗_1c_0 and σ_∗(τ^∗p^∗_1γ) coincide outside the exceptional divisor of V , they have to coincide everywhere. □

Proposition 5.3. We have σ_X (F(c_η )) = ρ_{2∗}(e^{c1(P0)} · σ_∗(τ^∗p^∗_1γ)).

Proof. By equation (2) and Lemma 5.2 we have

(3) σ_Y (e^{c1(Pη )} · ρ^∗_1c_η ) = e^{c1(P0 )} · σ_∗τ^∗(p^∗_1γ) .

The result follows from equation (1). □

In order to calculate the limit of the Fourier-Mukai transform we are thus reduced to a calculation in the special fibre.

6. A calculation in the special fibre - Proof of the main theorem

Recall the normalization map σ : Ṽ → V . Suppose we have a cycle ρ on Ṽ with σ_∗ρ = c_0. We can consider the intersection c_1(P_0)^k · c_0, that is a successive intersection of a cycle with a Cartier divisor on the singular variety V . On the other hand we have the cycle σ_∗(c_1(σ^∗P_0)^k · ρ) and the projection formula ([8], Proposition 2.5 (c)) implies that

c_1(P_0)^k · c_0 = σ_∗(c_1(σ^∗P_0)^k · ρ).

Now we will use the following diagram of maps.

Ṽ^σ τ V

P × P

p_1 α_2 q×q α_1 p_2 P P q ν P × B

β_1 κ_1 B × P β_2 κ_2 P q ν P

B B × B

q_1 q_2 B

Lemma 6.1. Let x be a cycle on B × B. Then the following holds.

(1) p_{2∗}((q × q)^∗x) = 0.

(2) p_{2∗}((q × q)^∗x · p^∗_1η) = q^∗q_{2∗}x.

Documenta Mathematica 15 (2010) 747–763

756 Gerard van der Geer and Alexis Kouvidakis

Proof. For (1) we observe that p_{2∗} = κ_{2∗}α_{1∗}, and (q × q)^∗ = α^∗_1β^∗_2 and α_{1∗}α^∗_1 = 0. For (2) we use the identities

p_{2∗}((q × q)^∗x · p^∗_1η) = p_{2∗}(α^∗_2β^∗_1 x · α^∗_2κ^∗_1η) = p_{2∗}α^∗_2(β^∗_1 x · κ^∗_1η) = κ_{2∗}α_{1∗}α^∗_2(β^∗_1 x · κ^∗_1η) = κ_{2∗}β^∗_2 β_{1∗}(β^∗_1 x · κ^∗_1η) = κ_{2∗}β^∗_2 (x · β_{1∗}κ^∗_1η) = q^∗q_{2∗}(x · q^∗_1 q_∗η) = q^∗q_{2∗}x. □ Consider the following diagram of maps

P_i

λ_i

P_i × P_j

λ_{ij}

E_{ij}

ϵ_{ij} π_{ij}

P q P × P

p_1

q×q Ṽ τ

σ B B × B

q_1

q_2 V

B where p_i, q_i are the projections to the ith factor, π_{ij} the canonical map of the projective bundle E_{ij} and the maps λ_i, λ_{ij} and ϵ_{ij} the natural inclusions. The map (q × q) ∘ λ_{ij} is an isomorphism.

By the adjunction formula, the normal bundles to P_1, P_2 are N_{P1} (P) = J and N_{P2} (P) = J^{−1}. The exceptional divisors E_{12} and E_{21} are projective bundles over the blowing up loci P_i × P_j . By identifying P_i × P_j with B × B, via the map (q × q) ∘ λ_{ij} , we have E_{12} = P(q^∗_1 J^{−1} ⊕ q^∗_2 J) and E_{21} = P(q^∗_1 J ⊕ q^∗_2 J^{−1}). We set ξ_{ij} = c_1(O(1)) on E_{ij} . By standard theory [[10], ch. II, Theorem 8.24 (c)] we have ϵ^∗_{ij} E_{ij} = −ξ_{ij} . We now introduce the notation γ := c_1(J), γ_i = q^∗_i γ, η_i = p^∗_i η, i = 1, 2.

Note that γ is algebraically equivalent to 0, but not rationally equivalent to 0. We have the quadratic relations (ξ_{ij} − π^′_{ij}^∗γ_j )(ξ_{ij} + π^′_{ij}^∗γ_i) = 0 where π^′_{ij} : E_{ij} → B × B is the natural map, showing that ξ^2_{ij} is expressible in lower powers.

Lemma 6.2. Suppose that ξ satisfies the relation ξ^2 + (a − b)ξ − ab = 0. Then, with ϕ_k = (b^k −(−a)^k)/(b+a) we have ξ^k = ϕ_kξ +abϕ_{k−1} for any k ≥ 1 (where we put ϕ_0 = 0).

Proof. Immediate by checking the relation with ξ = b or ξ = −a. □

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 757

Applying the above for the classes ξ_{ij} of the bundles E_{ij} , considered as bundles over B × B via the isomorphism (q × q) ∘ λ_{ij} , we get, by choosing

ϕ_k = k−1� m=0 (−1)^mγ^m_1 γ^{k−1−m} 2 , that ξ^k_{12} =π^{′∗}_{12}ϕ_k · ξ_{12} + π^{′∗}_{12}(γ_1γ_2ϕ_{k−1}), ξ^k_{21} =(−1)^{k+1}π^{′∗}_{21}ϕ_k · ξ_{21} + (−1)^kπ^{′∗}_{21}(γ_1γ_2ϕ_{k−1}) .

We view now the bundles E_{ij} as bundles over P_i × P_j and, for any k ≥ 0, we write ξ^k_{ij} = π^∗_{ij} A_{ij} (k)ξ_{ij} + π^∗_{ij} B_{ij} (k), for some cycles A_{ij} (k), B_{ij} (k) on P_i × P_j . By the above relations we have (q × q)_∗λ_{ij∗}A_{ij} (k) = (−1)^{(k+1)j} ϕ_k .

Lemma 6.3. We have

λ_{ij∗}A_{ij} (k) = (−1)^{(k+1)j} [(q × q)^∗ϕ_k · η_1η_2 − (q × q)^∗(ϕ_k γ_j ) · η_i] . Proof. We let ψ_{ij} = (q × q) ∘ λ_{ij} : P_i × P_j → B × B be the natural isomorphism. We then have the identity

λ_{ij∗}A_{ij} (k) = λ_{ij∗}(ψ^∗_{ij} ψ_{ij∗}A_{ij} (k)) = (q × q)^∗ψ_{ij∗}A_{ij} (k) · λ_{ij∗}1_{Pi×Pj} . But λ_{ij∗}1_{Pi×Pj} = p^∗_1P_i · p^∗_2P_j = η_i(η_j − p^∗_j q^∗γ) = η_1η_2 − η_i · (q × q)^∗γ_j and the result follows. □ Lemma 6.4. For a cycle class x = q^∗z + q^∗w · η on P the cycle class τ_∗(τ^∗p^∗_1x · (E^k_{12} + E^k_{21})) for k ≥ 1 is given by

k−2� m=0 (−1)^m{(q × q)^∗q^∗_1 [(((−1)^{k+1} − 1)z + (−1)^{k+1}wγ) γ^m] · η_1η_2

+ (−1)^k(q × q)^∗q^∗_1 [(z + wγ) γ^m] · η_1 · p^∗_2q^∗γ + (q × q)^∗q^∗_1 (zγ^{m+1}) · η_2} · p^∗_2q^∗γ^{k−2−m}.

Note that for k = 1 the above sum is zero.

Proof. Since ϵ^∗_{ij} E_{ij} = −ξ_{ij} we have E^k_{ij} = (−1)^{k−1}ϵ_{ij∗}ξ^{k−1}_{ij} . Therefore τ_∗(τ^∗p^∗_1x · E^k_{ij} ) =(−1)^{k−1}p^∗_1x · τ_∗ϵ_{ij∗}ξ^{k−1}_{ij} =(−1)^{k−1}p^∗_1x · λ_{ij∗}π_{ij∗}(π^∗_{ij} A_{ij} (k − 1)ξ_{ij} + π^∗_{ij} B_{ij} (k − 1)) =(−1)^{k−1}p^∗_1x · λ_{ij∗}A_{ij} (k − 1) since π_{ij∗}ξ_{ij} = 1_{Pi×Pj} . Note that since A_{ij} (0) = 0 the above calculation shows that τ_∗(τ^∗p^∗_1x · E_{ij} ) = 0. By Lemma 6.3 and by using the relation p^∗_1x = (q × q)^∗q^∗_1 z + (q × q)^∗q^∗_1 w · η_1, we have

τ_∗(τ^∗p^∗_1x · E^k_{ij} ) =(−1)^{k(j+1)+1}((q × q)^∗q^∗_1 z + (q × q)^∗q^∗_1 w · η_1) · [(q × q)^∗ϕ_{k−1} · η_1η_2 − (q × q)^∗(ϕ_{k−1}γ_j ) · η_i]

Documenta Mathematica 15 (2010) 747–763

758 Gerard van der Geer and Alexis Kouvidakis

and this equals

(−1)^{k(j+1)+1}[(q × q)^∗(q^∗_1 z · ϕ_{k−1}) · η_1η_2 − (q × q)^∗(q^∗_1 z · ϕ_{k−1}γ_j ) · η_i + (q × q)^∗(q^∗_1 w · ϕ_{k−1}) · η^2_1 η_2 − (q × q)^∗(q^∗_1 w · ϕ_{k−1}γ_j ) · η_1η_i] We then have, by using the formula η^2 = q^∗γ · η, that τ_∗(τ^∗p^∗_1x · E^k_{12}) = (−1)^{k+1}[(q × q)^∗(q^∗_1 (z + wγ) · ϕ_{k−1}) · η_1η_2 −(q × q)^∗(q^∗_1 (z + wγ) · ϕ_{k−1}) · η_1 · p^∗_2q^∗γ] and τ_∗(τ^∗p^∗_1x · E^k_{21}) = −(q × q)^∗(q^∗_1 z · ϕ_{k−1}) · η_1η_2 + (q × q)^∗(q^∗_1 (z γ) · ϕ_{k−1}) · η_2. Using ϕ_{k−1} =

�_{k−2}

m=0(−1)^mγ^m_1 · γ^{k−2−m}_2 we deduce the proposition. □ We state now the basic result of this section. Proposition 6.5. Let z, w be cycles on B. Then we have p_{2∗}τ_∗(e^{c1(σ∗ P0)} · τ^∗(p^∗_1(q^∗z + q^∗w · η)) = q^∗a + q^∗b · η, with a and b as in Theorem 1.1.

Proof. We put x = q^∗z + q^∗w · η. We want to calculate p_{2∗}τ_∗(e^{τ ∗(q×q)∗c1(PB )−E12−E21} · τ^∗(p^∗_1x)) which equals p_{2∗}(e^{(q×q)∗c1(PB )} · τ_∗(e^{−E12−E21} · τ^∗p^∗_1x)).

Since E_{12} · E_{21} = 0 we have

e^{−E12−E21} = 1 + 2g� k=1 (−1)^k k! (E^k_{12} + E^k_{21})

and so τ_∗(e^{−E12−E21} · τ^∗p^∗_1x) equals

p^∗_1x + 2g� k=1 (−1)^k k! τ_∗[τ^∗p^∗_1x · (E^k_{12} + E^k_{21})].

We have

p_{2∗}((q × q)^∗e^{c1(PB )} · p^∗_1x) = = p_{2∗}(e^{(q×q)∗c1(PB )} · p^∗_1(q^∗z + q^∗w η)) = p_{2∗}((q × q)^∗(e^{c1(PB )}q^∗_1 z) + (q × q)^∗(e^{c1(PB )}q^∗_1 w) p^∗_1η) = 0 + q^∗q_{2∗}(e^{c1(PB )}q^∗_1 w) = q^∗F_B (w) by Lemma 6.1. Combining the above with Lemma 6.4 we find that p_{2∗}τ_∗(e^{τ ∗(q×q)∗c1(PB )−E12−E21} · τ^∗(p^∗_1x))

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 759

is the sum of the four terms: the first is q^∗F_B (w), the second is 2g� k=2 k−2� m=0 (−1)^{k+m} k! {p_{2∗}[(q × q)^∗[e^{c1(PB )}q^∗_1 [(((−1)^{k+1} − 1)z+

(−1)^{k+1}wγ) γ^m]] · η_1]} · η · q^∗γ^{k−2−m}, the third term is 2g� k=2 k−2� m=0 (−1)^m k! {p_{2∗}[(q × q)^∗[e^{c1(PB )}q^∗_1 [(z + wγ) γ^m]] · η_1]} · q^∗γ^{k−1−m},

and finally the fourth is 2g� k=2 k−2� m=0 (−1)^{k+m} k! {p_{2∗}[(q × q)^∗[e^{c1(PB )}q^∗_1 (zγ^{m+1})]]} · η · q^∗γ^{k−2−m} .

By applying now Lemma 6.1 and by making the substitution n = k − 2 we get the desired expression. □ Corollary 6.6. Let z, w be cycles on B. Then modulo algebraic equivalence we have

p_{2∗}τ_∗(e^{c1(σ∗P0 )} · τ^∗(p^∗_1(q^∗z + q^∗w · η))^a= q^∗F_B (w) − q^∗F_B (z) · η. Proof. Indeed, since c_1(J)^a=0 it is clear that a^a= F_B (w) and b^a= − q^∗F_B (z) since the only non zero term of the sum corresponds to m = 0, n = 0. □ We conclude now with the proof of the basic Theorem 1.1 and Theorem 1.2: Proof. By Proposition 5.3 we have φ_0 = σ_X F (c_η) = ρ_{2∗}(e^{c1(P0 )} · σ_∗(τ^∗p^∗_1γ)). By the projection formula we have e^{c1(P0)} · σ_∗(τ^∗p^∗_1γ) = σ_∗(e^{c1(σ∗P0)} · τ^∗p^∗_1γ). Observe now that ρ_2 ∘ σ = ν ∘ (p_2 ∘ τ) : Ṽ → P̄, see the diagram in the proof of Lemma 5.2. The proof then follows from Proposition 6.5 and Corollary 6.6. □

7. Applications Let X → S be a completed rank-one degeneration as described in § 2. According to Beauville [2] we have a decomposition of A^i_Q(X_η ) into subspaces which are eigenspaces for the action by multiplication by an integer on X_η: A^i_Q(X_η) = ⊕_j A^i_{(j)}(X_η ) such that n^∗(x) = n^{2i−j} x for x ∈ A^i(X_η ). (Beauville works over C, but his proof does not use more than the Fourier-Mukai transform which works over the residue field of η.) The multiplication map n acts as multiplication by n^{2i} on homology and therefore all cycles in A^i_{(j)}(X_η) are homologically trivial for j ≠ 0. Since under the Fourier-Mukai transform we have F (A^i_{(j)}(X_η )) = A^{g−i+j}_{(j)} (X_η), the elements of A^i that lie in A^i_{(j)} are characterized by the codimension of their Fourier transform (namely g − i + j).

Documenta Mathematica 15 (2010) 747–763

760 Gerard van der Geer and Alexis Kouvidakis

Suppose now that c = � c^{(j)} ∈ A^i(X_η ) with c^{(j)} ∈ A^i_{(j)}(X_η), where the decomposition corresponds to φ := F (c) = � φ^{(j)} with φ^{(j)} ∈ A^{g−i+j} (X_η).

Theorem 7.1. Let c = c_η = � c^{(j)} ∈ A^i(X_η) with c^{(j)} ∈ A^i_{(j)}(X_η ). Assume

for some j^′ that φ^{(j′ )}_0 ≠ 0, where φ_0 is the specialization of φ and φ^{(j′ )}_0 the codimension g − i + j^′-part of φ_0. Then c^{(j′ )} ≠ 0.

Proof. The specialization map preserves the codimension of cycles. Therefore, if c^{(j′ )} = 0 then φ^{(j′ )} = 0, hence φ^{(j′ )}_0 = 0 and this contradicts our assumption. □ This theorem, which holds as well for cycles modulo algebraic equivalence, can be used to prove non-vanishing results for cycles. For the rest of this section we work modulo algebraic equivalence. For example, consider a threefold Z/S such that Z_η is a smooth cubic threefold and Z_0 is a generic nodal cubic threefold. We shall consider the Picard variety of the Fano surface of this degenerating cubic threefold and this will give us a degenerating abelian variety of dimension 5, cf. [5].

As is well-known the nodal cubic threefold Z_0, and hence its Fano surface, corresponds to a canonical genus 4 curve C in P^3, see e.g. [9] Section 2. The genericity assumption means that the curve C is a generic curve and hence we may assume by Ceresa’s result [4] that the class C^{(1)} does not vanish in the Jacobian B of the curve C. Since C is a trigonal curve we have by [6] that C^{(j) a}= 0 for j ≥ 2. Hence the Beauville decomposition of C is [C]^a= C^{(0)} + C^{(1)} with F_B (C^{(0)}) ∈ A^1_{(0)}(B) and F_B (C^{(1)}) ∈ A^2_{(1)}(B).

The Picard variety X /S of the Fano surface of Z/S defines a principally polarized semi-abelian variety with central fibre a rank-one extension of the Jacobian B of the curve C, see [9], Corollary 6.3 and Section 10. The principal polarization on X_η is induced by a geometrically defined divisor Θ. Let Σ be the Fano surface of lines in Z_η. If s ∈ Σ we denote by l_s the corresponding line in Z_η. For each s ∈ Σ we have the divisor

D_s = {s^′ ∈ Σ, l_s′ ∩ l_s ≠ ∅}

on Σ as defined in [5]. We then have a natural map

Σ → Pic^0(Σ), s → D_s − D_{s0} ,

with s_0 ∈ Σ a base point. It is well known that the cohomology class of Σ in Pic^0(Σ) is equal to that of the cycle Θ^3/3!, see [5]. By [2], Propositions 3 and 4, we have that A^3_{(j)}(X_η) = 0 for j < 0 and A^5_{(j)}(X_η) = 0 for j ≠ 0. We have therefore the decomposition

[Σ]^a= Σ^{(0)} + Σ^{(1)} + Σ^{(2)} with Σ^{(j)} ∈ A^3_{(j)}.

Indeed, Σ^{(j)} ∈ A^3_{(j)}(X_η ), hence F (Σ^{(j)}) ∈ A^{2+j}_{(j)} (X_η) which is zero for j ≥ 3.

Now we show that Σ^{(1) a}≠ 0, and we thus obtain a cycle which is homologically

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 761

but not algebraically equivalent to zero. Since Θ ∈ A^1_{(0)}(X_η ) this implies that Σ is homologically, but not algebraically equivalent to Θ^3/3! . We denote by X the completed rank one degeneration of X_η. The class [Σ] degenerates to a cycle [Σ_0] = ν_∗(γ) on the central fibre X_0 of class

γ^a= q^∗[C] + 1 2 q^∗[C ∗ C] · η,

where C ∗ C is the Pontryagin product, see [9], Propositions 10.1 and 8.1. In order to see that Σ^{(1) a}≠ 0 it suffices by Theorem 7.1 to show that φ^{(1)}_0^a≠ 0 with φ_0 the limit of the Fourier-Mukai transform. By Theorem 1.2, we have

φ_0^a= ν_∗( 1 2 q^∗[F_B (C) · F_B (C)] − q^∗F_B (C) · η),

hence φ^{(1)}_0^a= ν_∗(q^∗[F_B (C^{(0)}) · F_B (C^{(1)})] − q^∗F_B (C^{(1)}) · η).

Since C^{(1) a}≠ 0 we conclude that φ^{(1)}_0^a≠ 0, and this implies the result. By using the specialization of the Fourier-Mukai transform we can deduce the specialization of the Beauville decomposition. We do this working modulo algebraic equivalence.

Proposition 7.2. Let c = c_η ∈ A^i(X_η) with specialization c_0 = ν_∗(q^∗z + q^∗w · η), where z ∈ A^i(B) and w ∈ A^{i−1}(B). Let c = � c^{(j)} with c^{(j)} ∈ A^i_{(j)}(X_η), and let z = � z^{(j)} with z^{(j)} ∈ A^i_{(j)}(B) and w = � w^{(j)} with w^{(j)} ∈ A^{i−1}_{(j)} (B) be the Beauville decompositions. If c^{(j)}_0 is the specialization of c^{(j)}, then

c^{(j)}_0^a= ν_∗(q^∗z^{(j)} + q^∗w^{(j)} · η) .

Proof. By the proof of the main theorem in [2], the component c^{(j)} is defined as (−1)^gF ((−1)^∗ϕ^{(j)}) with ϕ^{(j)} ∈ A^{g−i+j} (X_η ) (notation as above). The inversion on X_η leaves the cell decomposition of the toroidal compactification invariant and hence extends naturally to X_0. So c^{(j)}_0 equals (−1)^g F ((−1)^∗ϕ^{(j)}_0 ) with ϕ^{(j)}_0 ∈ A^{g−i+j} (X_0). Therefore, by Theorem 1.2, we have

c^{(j)}_0^a= (−1)^gF ((−1)^∗ν_∗(q^∗F_B (w^{(j)}) − q^∗F_B (z^{(j)}) · η)) a= (−1)^{g+j} (−1)^{g−1+j} ν_∗(−q^∗z^{(j)} − q^∗w^{(j)} · η) = ν_∗(q^∗z^{(j)} + q^∗w^{(j)} · η) . □ For example, let C → S be a genus g curve with C_η a smooth curve and C_0 a one-nodal curve with normalization C̃_0. Let p be the node of C_0 and x_1, x_2 the points of C̃_0 lying over p. The compactified Jacobian X = P_{C/S} is then a complete rank one degeneration with central fibre the P^1-bundle over Pic^0(C̃_0) associated to the line bundle J = O(x_1 − x_2). Let ū : C → X be the compactified Abel-Jacobi map and let c_η = [ū(C_η )]. The cycle c_η specializes then to the cycle c_0 = [ū(C_0)] with c_0^a= ν_∗(q^∗[pt] + q^∗c̃_0 · η), where [pt] is the

Documenta Mathematica 15 (2010) 747–763

762 Gerard van der Geer and Alexis Kouvidakis

class of a point and c̃_0 is the class of the Abel-Jacobi image of the smooth curve C̃_0 in Pic^0(C̃_0), see e.g. [9], Proposition 7.1. By Proposition 7.2 we have then

c^{(j)}_0^a= � q^∗c̃^{(j)}_0 · η, j ≠ 0 , q^∗[pt] + q^∗c̃^{(0)}_0 · η, j = 0 .

Acknowledgement The second author thanks the Korteweg-de Vries Instituut van de Universiteit van Amsterdam, where part of this work was done, for its support and hospitality.

References

[1] V. Alexeev, I. Nakamura: On Mumford’s construction of degenerating abelian varieties. Tohoku Math. J. 51 (1999), p. 399–420.

[2] A. Beauville: Sur l’anneau de Chow d’une variété abélienne. Math. Annalen 273 (1986), 647–651.

[3] A. Beauville: Algebraic Cycles on Jacobian Varieties. Compositio Math.

140 (2004), 683–688.

[4] G. Ceresa: C is not algebraically equivalent to C^− in its Jacobian. Ann. of Math. 117 (1983), 285–291.

[5] H. Clemens, Ph. Griffiths: The intermediate Jacobian of the cubic threefold. Ann. Math. 95 (1972), 281–356.

[6] E. Colombo, B. van Geemen: Notes on curves in a Jacobian. Compositio Math. 88 (1993), 333–353.

[7] G. Faltings, C.L. Chai: Degeneration of abelian varieties. Ergebnisse der Mathematik, Springer Verlag.

[8] W. Fulton: Intersection Theory. Ergebnisse der Mathematik. 3. Folge, 2, 1998, Berlin, Springer Verlag.

[9] G. van der Geer, A. Kouvidakis: A Note on Fano Surfaces of Nodal Cubic Threefolds, arXiv 0902.3877v1. In: Algebraic and Arithmetic structures of Moduli spaces (Sapporo 2007). Advanced Studies in Pure Mathematics 58, (2010), 27–45.

[10] R. Hartshorne: Algebraic Geometry. Graduate Texts in Math, Springer Verlag 1977.

[11] G. Kempf, F. Knudsen, D. Mumford, B. Saint-Donat: Toroidal embeddings I, Lecture Notes in Math. 339, Springer Verlag 1972.

[12] H. Matsumura: Commutative ring theory. Cambridge University Press, 1986.

[13] D. Mumford: An analytic construction of degenerating abelian varieties over complete rings. Comp. Math. 24, (1972), 239–272.

[14] D. Mumford: On the Kodaira dimension of the Siegel modular variety.

In Open Problems in Geometry. Lecture Notes in Math. 997, 348–375. Springer Verlag 1983.

[15] Y. Namikawa: A new compactification of the Siegel space and degeneration of Abelian varieties, I, II. Math. Ann. 221, (1976), 97–141, 201–241.

Documenta Mathematica 15 (2010) 747–763

The Rank-One Limit of the Fourier-Mukai Transform 763

Gerard van der Geer Korteweg-de Vries Instituut Universiteit van Amsterdam Postbus 94248 1090 GE Amsterdam The Netherlands G.B.M.vanderGeer@uva.nl

Alexis Kouvidakis Department of Mathematics University of Crete GR-71409 Heraklion Greece kouvid@math.uoc.gr

Documenta Mathematica 15 (2010) 747–763

Documenta Mathematica 15 (2010)

Documenta Math. 765

An Inverse K-Theory Functor

Michael A. Mandell^1

Received: March 3, 2010

Communicated by Lars Hesselholt

Abstract. Thomason showed that the K-theory of symmetric monoidal categories models all connective spectra. This paper describes a new construction of a permutative category from a Γ-space, which is then used to re-prove Thomason’s theorem and a noncompleted variant.

2010 Mathematics Subject Classification: Primary 19D23, 55P47; Secondary 18D10, 55P42 Keywords and Phrases: Gamma space, permutative category, connective spectrum

1. Introduction

In [15], Segal described a functor from (small) symmetric monoidal categories to infinite loop spaces, or equivalently, connective spectra. This functor is often called the K-theory functor: When applied to the symmetric monoidal category of finite rank projective modules over a ring R, the resulting spectrum is Quillen’s algebraic K-theory of R. A natural question is then which connective spectra arise as the K-theory of symmetric monoidal categories? Thomason answered this question in [18], showing that every connective spectrum is the K-theory of a symmetric monoidal category; moreover, he showed that the K-theory functor is an equivalence between an appropriately defined stable homotopy category of symmetric monoidal categories and the stable homotopy category of connective spectra.

This paper provides a new proof of Thomason’s theorem by constructing a new homotopy inverse to Segal’s K-theory functor. As a model for the category of infinite loop spaces, we work with Γ-spaces, following the usual conventions of [1, 4]: We understand a Γ-space to be a functor X from Γ^{op} (finite based sets) to based simplicial sets such that X(0) = ∗. A Γ-space has an associated spectrum [15, §1] (or [4, §4] with these conventions), and a map of Γ-spaces X → Y is called a stable equivalence when it induces a stable equivalence of

1The author was supported in part by NSF grant DMS-0804272

Documenta Mathematica 15 (2010) 765–791

766 Michael A. Mandell

the associated spectra. We understand the stable homotopy category of Γspaces to be the homotopy category obtained by formally inverting the stable equivalences. The foundational theorem of Segal [15, 3.4], [4, 5.8] is that the stable homotopy category of Γ-spaces is equivalent to the stable category of connective spectra.

On the other side, the category of small symmetric monoidal categories admits a number of variants, all of which have equivalent stable homotopy categories. We discuss some of these variants in Section 3 below. For definiteness, we state the main theorem in terms of the category of small permutative categories and strict maps: The objects are the small permutative categories, i.e., those symmetric monoidal categories with strictly associative and unital product, and the maps are the functors that strictly preserve the product, unit, and symmetry. Segal [15, §2] constructed K-theory as a composite functor K^′ = N ∘ K^′ from permutative categories to Γ-spaces, where K^′ is a functor from permutative categories to Γ-categories, and N is the nerve construction applied objectwise to a Γ-category to obtain a Γ-space. We actually use a slightly different but weakly equivalent functor K = N ∘ K described in Section 3. A stable equivalence of permutative categories is defined to be a map that induces a stable equivalence on K-theory Γ-spaces. (We review an equivalent more intrinsic homological definition of stable equivalence in Proposition 3.8 below.) We understand the stable homotopy category of small permutative categories to be the homotopy category obtained from the category of small permutative categories by formally inverting the stable equivalences. In Section 4, we construct a functor P from Γ-spaces to small permutative categories. Like K, we construct P as a composite functor P = P ∘ S, with P a functor from Γ-categories to permutative categories and S a functor from simplicial sets to categories applied objectwise. The functor S is the left adjoint of the Quillen equivalence between the category of small categories and the category of simplicial sets from [7, 17]; the right adjoint is Ex^2 N, where Ex is Kan’s right adjoint to the subdivision functor Sd. As we review in Section 2, we have natural transformations

(1.1) N S X ←− Sd^2 X −→ X and S NX −→ X

which are always weak equivalences, where we understand a weak equivalence of categories as a functor that induces a weak equivalences on nerves. The functor P from Γ-categories to permutative categories is a certain Grothendieck construction (homotopy colimit)

P(X ) = A � AX ,

we describe in detail in Section 4. In brief, A is a category whose objects are the sequences of positive integers ⃗m = (m_1, . . . , m_r) including the empty sequence, and whose morphisms are generated by permuting the sequence, maps of finite (unbased) sets, and partitioning; for a Γ-category X, we get a (strict) functor AX from A to the category of small categories satisfying

AX (m_1, . . . , m_r) = X (m_1) × · · · × X (m_r)

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 767

and AX () = X (0) = ∗ (the category with a unique object ∗ and unique morphism). The concatenation of sequences induces the permutative product on PX with ∗ in AX () as the unit. In Section 4, we construct a natural transformation of permutative categories and natural transformations of Γ-categories

(1.2) PKC −→ C and X ←− WX −→ KPX ,

where W is a certain functor from Γ-categories to itself (Definition 4.8). In Section 5, we show that these natural transformations are natural stable equivalences, which then proves the following theorem, the main theorem of the paper.

Theorem 1.3. The functor P from Γ-spaces to small permutative categories preserves stable equivalences. It induces an equivalence between the stable homotopy category of Γ-spaces and the stable homotopy category of permutative categories, inverse to Segal’s K-theory functor.

The arguments actually prove a “non-group-completed” version of this theorem. To explain this, recall that a Γ-space X is called special [4, p. 95] when the canonical map X(a ∨ b) → X(a) × X(b) is a weak equivalence for any finite based sets a and b; we define a special Γ-category analogously. Note that because of the weak equivalences in (1.1), a Γ-category X is special if and only if the Γ-space NX is special, and a Γ-space X is special if and only if the Γ-category S X is special. For special Γ-spaces, the associated spectrum is an Ω-spectrum after the zeroth space [15, 1.4]; the associated infinite loop space is the group completion of X(1). For any permutative category C, KC is a special Γ-space and KC is a special Γ-category. We show in Corollary 5.5 that the natural transformation PKC → C of (1.2) is a weak equivalence for any permutative category C, and we show in Theorem 4.10 and Corollary 5.6 that the natural transformations W X → X and W X → KPX of (1.2) are (objectwise) weak equivalences for any special Γ-category X . We obtain the following theorem.

Theorem 1.4. The following homotopy categories are equivalent:

(i) The homotopy category obtained from the category of small permutative categories by inverting the weak equivalences.

(ii) The homotopy category obtained from the subcategory of special Γspaces by inverting the objectwise weak equivalences.

Theorem 1.3 implies that for an arbitrary Γ-space X, the Γ-space KP X is a special Γ-space stably equivalent to X. A construction analogous to P on the simplicial set level produces such a special Γ-space more directly: For a Γ-space X, we get a functor AX from A to based simplicial sets with

AX(m_1, . . . , m_r) = X(m_1) × · · · × X(m_r)

and AX() = X(0) = ∗. Define

EX = hocolim_A AX.

Documenta Mathematica 15 (2010) 765–791

768 Michael A. Mandell

Using the Γ-spaces X(n ∧ (−)), we obtain a Γ-space E^ΓX,

E^ΓX(n) = E(X(n ∧ (−)))/NA,

with EX → E^ΓX(1) a weak equivalence. The inclusion of X(1) as AX(1) provides a natural transformation of simplicial sets X(1) → EX and of Γspaces X → E^ΓX. In Section 6, we prove the following theorems about these constructions.

Theorem 1.5. For any Γ-space X, the Γ-space E^ΓX is special and the natural map X → E^ΓX is a stable equivalence. If X is special, then the natural map X → E^ΓX is an objectwise weak equivalence.

Theorem 1.6. For any Γ-space X, the simplicial set EX has the natural structure of an E_∞ space over the Barratt-Eccles operad (and in particular the structure of a monoid).

The previous two theorems functorially produce two additional infinite loop spaces from the Γ-space X, the infinite loop space of the spectrum associated to E^ΓX and the group completion of EX. Since the map X → E^ΓX is a stable equivalence, it induces a stable equivalence of the associated spectra and hence the associated infinite loop spaces. The celebrated theorem of May and Thomason [12] then identifies the group completion of EX.

Corollary 1.7. For any Γ-space X, the group completion of the E_∞ space EX is equivalent to the infinite loop space associated to X.

As a consequence of Theorem 1.5, the Γ-space E^ΓX is homotopy initial among maps from X to a special Γ-space. Theorem 1.6 then identifies EX ≃ E^ΓX(1) as a reasonable candidate for the (non-completed) E_∞ space of X. Motivated by Theorem 1.4, we propose the following definition.

Definition 1.8. We say a map of Γ-spaces X → Y is a pre-stable equivalence when the map EX → EY is a weak equivalence.

With this definition we obtain the equivalence of the last three homotopy categories in the following theorem from the theorems above. We have included the first category for easy comparison with other non-completed theories of E_∞ spaces; we prove the equivalence in Section 6.

Theorem 1.9. The following homotopy categories are equivalent:

(i) The homotopy category obtained from the category of E_∞ spaces over the Barratt-Eccles operad (in simplicial sets) by inverting the weak equivalences.

(ii) The homotopy category obtained from the category of Γ-spaces by inverting the pre-stable equivalences.

(iii) The homotopy category obtained from the subcategory of special Γspaces by inverting the objectwise weak equivalences.

(iv) The homotopy category obtained from the category of small permutative categories by inverting the weak equivalences.

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 769

The previous theorem provides a homotopy theory for permutative categories and Γ-spaces before group completion, which now allows the construction of “spectral monoid rings” associated to Γ-spaces. For a topological monoid M, the suspension spectrum Σ^∞_+ M has the structure of an associative S-algebra (A_∞ ring spectrum) with M providing the multiplicative structure. The spectral monoid ring is a stable homotopy theory refinement of the monoid ring Z[π_0M], which is π_0Σ^∞_+ M or π^S_0 M. For a Γ-space X, we can use EX in place of M and Σ^∞_+ EX is an E_∞ ring spectrum with the addition on EX providing the multiplication on Σ^∞_+ EX. The spectral group ring of the associated infinite loop space, Σ^∞_+ Ω^∞X, is the localization of Σ^∞_+ EX with respect the multiplicative monoid π_0EX ⊂ π^S_0 EX. Spectral monoid rings and algebras arise in the construction of twisted generalized cohomology theories (as explained, for example, in [3, 2.5] and [2]), and the localization Σ^∞_+ EX → Σ^∞_+ Ω^∞X, specifically, plays a role in current work in extending notions of log geometry to derived algebraic geometry and stable homotopy theory (see the lecture notes by Rognes on log geometry available at [14]).

Acknowledgments. This paper owes an obvious debt to the author’s collaborative work with A. D. Elmendorf [5, 6]; the author thanks A. D. Elmendorf for many useful conversations and remarks. The author thanks Andrew J. Blumberg for all his help.

2. Review of Γ-categories and Γ-spaces

This section briefly reviews the equivalence between the homotopy theory of Γspaces and of Γ-categories. We begin by introducing the notation used throughout the paper.

Notation 2.1. We denote by n the finite set {1, . . . , n} and n the finite based set {0, 1, . . . , n}, with zero as base-point. We write N for the category with objects the finite sets n for n ≥ 0 (with 0 the empty set) and morphisms the maps of sets. We write F for the category with objects the finite based sets n for n ≥ 0 and morphisms the based maps of based sets.

We typically regard a Γ-space or Γ-category as a functor from F to simplicial sets or categories rather than from the whole category of finite based sets.

Definition 2.2. A Γ-space is a functor X from F to simplicial sets with X(0) = ∗. A map of Γ-spaces is a natural transformation of functors from F to simplicial sets. A Γ-category is a functor X from F to the category of small categories with X (0) = ∗, the category with the unique object ∗ and the unique morphism id_∗. A map of Γ-categories is a natural transformation of functors from F to small categories.

We emphasize that X must be a strict functor to small categories: For ϕ: m → n and ψ : n → p, the functors X (ψ ∘ ϕ) and X (ψ) ∘ X (ϕ) must be equal (and not just naturally isomorphic). A map of Γ-categories f : X → Y consists of a

Documenta Mathematica 15 (2010) 765–791

770 Michael A. Mandell

sequence of functors f_n : X (n) → Y(n) such that for every map ϕ: m → n in F, the diagram

X (m)^{fm} �

X (ϕ) � Y(m)

Y(ϕ) � X (n)_{fn} � Y(n)

commutes strictly. In particular, applying the nerve functor objectwise to a Γcategory then produces a Γ-space. We use this in defining the “strict” homotopy theory of Γ-categories.

Definition 2.3. A map X → Y of Γ-spaces is a weak equivalence if each map X(n) → Y (n) is a weak equivalence of simplicial sets. A map of Γcategories X → Y is a weak equivalence if the induced map NX → NY is a weak equivalence of Γ-spaces.

More important than weak equivalence is the notion of stable equivalence, which for our purposes is best understood in terms of very special Γ-spaces. A Γ-space X is special when for each n the canonical map

X(n) −→ X(1) × · · · × X(1) = X(1)^{×n}

is a weak equivalence. This canonical map is induced by the indicator maps n → 1 which send all but one of the non-zero element of n to 0. For a special Γ-space, π_0X(1) is an abelian monoid under the operation

π_0X(1) × π_0X(1) ∼= π_0X(2) −→ π_0X(1)

induced by the map 2 → 1 sending both non-basepoint elements of 2 to the non-basepoint element of 1. A special Γ-space is very special when the monoid π_0X(1) is a group.

Definition 2.4. A map of Γ-spaces f : X → Y is a stable equivalence when for every very special Γ-space Z, the map f^∗ : [Y, Z] → [X, Z] is a bijection, where [−, −] denotes maps in the homotopy category obtained by formally inverting the weak equivalences. A map of Γ-categories X → Y is a stable equivalence when the induced map NX → NY of Γ-spaces is a stable equivalence.

Equivalently, a map of Γ-spaces is a stable equivalence if and only if it induces a weak equivalence of associated spectra [4, 5.1,5.8].

In order to compare the homotopy theory of Γ-spaces and Γ-categories, we use the Fritsch-Latch-Thomason Quillen equivalence of the category of simplicial sets and the category of small categories [7, 17]. We call a map in the category of small categories a weak equivalence if it induces a weak equivalence on nerves. The nerve functor has a left adjoint “categorization functor” c, which generally does not behave well homotopically. However, c ∘ Sd^2 preserves weak equivalences, where Sd^2 = Sd ∘ Sd is the second subdivision functor [8, §7].

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 771

The functor Ex^2 N is right adjoint to c Sd^2, and for any simplicial set X and any category C, the unit and counit of the adjunction, X −→ Ex^2 Nc Sd^2 X and c Sd^2 Ex^2 NC −→ C, are always weak equivalences. Since the natural map X → Ex^2 X is always a weak equivalence and the diagrams

Sd^2 X � ∼ � Nc Sd^2 X ∼ � c Sd^2 NC ∼ � X^∼ � ∼ � Ex^2 Sd^2 X � Ex^2 Nc Sd^2 X c Sd^2 Ex^2 NC^∼ � C

commute, we have natural weak equivalences (2.5) Nc Sd^2 X ←− Sd^2 X −→ X and c Sd^2 NC −→ C.

The functor Sd^2 takes the one-point simplicial set ∗ to an isomorphic simplicial set; replacing Sd^2 by an isomorphic functor if necessary, we can arrange that Sd^2 ∗ = ∗.

Definition 2.6. Let S be the functor from Γ-spaces to Γ-categories obtained by applying c Sd^2 objectwise.

We then obtain the natural weak equivalences of Γ-spaces and Γ-categories (1.1) from (2.5). Inverting weak equivalences or stable equivalences, we get equivalences of homotopy categories.

Proposition 2.7. The functors N and S induce inverse equivalences between the homotopy categories of Γ-spaces and Γ-categories obtained by inverting the weak equivalences.

Proposition 2.8. The functors N and S induce inverse equivalences between the homotopy categories of Γ-spaces and Γ-categories obtained by inverting the stable equivalences.

Since both the weak equivalences and stable equivalences of Γ-spaces provide the weak equivalences in model structures (see, for example, [4]), the homotopy categories in the previous propositions are isomorphic to categories with small hom sets.

3. Review of the K-theory functor

This section reviews Segal’s K-theory functor from symmetric monoidal categories to Γ-spaces and some variants of this functor. All the material in this section is well-known to experts, and most can be found in [5, 10, 11, 18]. We include it here to refer to specific details, for completeness, and to make this paper more self-contained.

For a small symmetric monoidal category C, we typically denote the symmetric monoidal product as □ and the unit as u. We construct a Γ-category KC as follows.

Documenta Mathematica 15 (2010) 765–791

772 Michael A. Mandell

Construction 3.1. Let KC(0) = ∗ the category with a unique object ∗ and the identity map. For n in F with n > 0, we define the category KC(n) to have as objects the collections (x_I , f_{I,J} ) where

• For each subset I of n = {1, . . . , n}, x_I is an object of C, and • For each pair of disjoint subsets I, J of n, f_{I,J} : x_{I∪J} −→ x_I □ x_J is a map in C such that

• When I is the empty set ∅, x_I = u and f_{I,J} is the inverse of the unit isomorphism.

• f_{I,J} = γ∘f_{J,I} where γ is the symmetry isomorphism x_J □x_I ∼= x_I □x_J . • Whenever I_1, I_2, and I_3 are mutually disjoint, the diagram

x_{I1 ∪I2 ∪I3}^{fI1 ,I2∪I3} �

f_{I1∪I2 ,I3} � x_{I1} □ x_{I2 ∪I3}

id □f_{I2 ,I3} � x_{I1 ∪I2} □ x_{I3 fI1 ,I2 □id} � x_{I1} □ x_{I2} □ x_{I3}

commutes (where we have omitted notation for the associativity isomorphism in C). We write f_{I1,I2 ,I3} for the common composite into a fixed association.

A morphism g in KC(n) from (x_I , f_{I,J} ) to (x^′_I , f^′_{I,J} ) consists of maps h_I : x_I → x^′_I in C for all I such that h_∅ is the identity and the diagram

x_{I∪J}^{hI∪J} �

f_{I,J} � x^′_{I∪J}

f^′_{I,J} � x_I □ x_{J hI □hJ} � x^′_I □ x^′_J

commutes for all disjoint I, J.

The categories KC(n) assemble into a Γ-category as follows. For ϕ: m → n in F and X = (x_I , f_{I,J} ) in KC(m), define ϕ_∗X = Y = (y_I , g_{I,J} ) where y_I = x_ϕ−1_{(I)} and g_{I,J} = f_ϕ−1_{(I),ϕ}−1_{(J)} (replacing ∗ with u or vice-versa if m or n is 0), and likewise on maps. We obtain a Γ-space by applying the nerve functor to each category KC(n).

Definition 3.2. For a symmetric monoidal category C, KC is the Γ-space KC(n) = NKC(n).

In terms of functoriality, K is obviously functorial in strict maps of symmetric monoidal categories, i.e., functors F : C → D that strictly preserve the product □, the unit object and isomorphism, and the associativity and symmetry isomorphisms. In fact, K extends to a functor on the strictly unital op-lax

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 773

maps: An op-lax map of symmetric monoidal categories consists of a functor F : C → D, a natural transformation

λ: F (x □ y) −→ F (x) □ F (y),

and a natural transformation ϵ: F (u) → u such that the following unit, symmetry, and associativity diagrams commute,

F (u □ y)

F (η) � λ � F (u) □ F (y) ϵ � F (x □ y)^{F (γ)} � λ � F (y □ x) λ � F (y) u □ F (y) η � F (x) □ F (y)_γ � F (y) □ F (x)

F (x □ y) □ F (z) λ � � � �

F ((x □ y) □ z)

F (α) �

λ � � � � (F (x) □ F (y)) □ F (z) α � F (x □ (y □ z)) λ � � � � F (x) □ (F (y) □ F (z))

F (x) □ F (y □ z) λ � � � �

where η, γ, and α denote the unit, symmetry and associativity isomorphisms, respectively. An op-lax map is strictly unital when the unit map ϵ is the identity (i.e., F strictly preserves the unit object). A strictly unital op-lax map C → D induces a map of Γ-categories KC → KD sending (x_I , f_{I,J} ) in KC(n) to (F (x_I ), λ ∘ F (f_{I,J} )) in KD(n), and likewise for morphisms. We will need the following additional structure in Section 5. Recall that an op-lax natural transformation ν : F → G between op-lax maps is a natural transformation such that the following diagrams commute.

F (x □ y)^ν � λ � G(x □ y) λ � F (u)^ν � ϵ � � � � � G(u) ϵ � � � � F (x) □ F (y)_{ν□ν} � G(x) □ G(y) u

An op-lax natural transformation between strictly unital op-lax maps induces a natural transformation between the induced maps of Γ-categories, compatible with the Γ-structure. We summarize the discussion of the previous paragraphs in the following proposition.

Documenta Mathematica 15 (2010) 765–791

774 Michael A. Mandell

Proposition 3.3. K and K are functors from the category of small symmetric monoidal categories and strictly unital op-lax maps to the category of Γcategories and the category of Γ-spaces, respectively. An op-lax natural transformation induces a natural transformation on K and a homotopy on K between the induced maps.

In particular, by restricting to the subcategory consisting of the permutative categories and the strict maps, we get the functors K and K in the statements of the theorems in the introduction. These functors admit several variants, which extend to different variants of the category of symmetric monoidal categories.

Variant 3.4. In the construction of K, we can require the maps f_{I,J} to be isomorphisms. This is Segal’s original K-theory functor as described for example in [11]. The natural domain of this functor is the category of small symmetric monoidal categories and strictly unital strong maps; these are the strictly unital op-lax maps where λ is an isomorphism.

Variant 3.5. In the construction of K, we can require the maps f_{I,J} to go the other direction, i.e., f_{I,J} : x_I □ x_J −→ x_{I∪J} .

This is the functor called Segal K-theory in [5]; its natural domain is the category of small symmetric monoidal categories and strictly unital lax maps. A lax map C → D consists of a functor and natural transformations

λ: F (x) □ F (y) −→ F (x □ y) and ϵ: u −→ F (u)

making the evident unit, symmetry, and associativity diagrams commute. Put another way, (F, λ, ϵ) defines an op-lax map C → D if and only if (F^{op}, λ, ϵ) defines a lax map C^{op} → D^{op}.

We also have variants which loosen the unit condition, but the constructions occur most naturally by way of functors between different categories of small symmetric monoidal categories. The inclusion of the category with strictly unital op-lax maps into the category with op-lax maps has a left adjoint U. Concretely, UC has objects the objects of C plus a new disjoint object v. Morphisms in UC between objects of C are just the morphisms in C, and morphisms to and from v are defined by

UC(x, v) = C(x, u), UC(v, x) = ∅, UC(v, v) = {id_v},

for x an object of C and u the unit in C. We obtain a symmetric monoidal product on UC from the symmetric monoidal product on C with v chosen to be a strict unit (i.e., v □ x = x for all x in UC); the inclusion of C in UC is then op-lax monoidal and the functor UC → C sending v to u is strictly unital op-lax (in fact, strict). Then K ∘ U defines a functor from the category of small symmetric monoidal categories and op-lax maps to Γ-categories. To compare these variants and to understand K, we construct weak equivalences

(3.6) p_n : KC(n) −→ C × · · · × C = C^{×n}.

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 775

Define p_n to be the functor sends the object (x_I , f_{I,J} ) of KC(n) to the object (x_{{1}}, . . . , x_{{n}}) of C^{×n}, and likewise for maps. This functor has a right adjoint q_n that sends (y_1, . . . , y_n) to the system (x_I , f_{I,J} ) with

x_{{i1 ,...,ir }} = (· · · (y_{i1} □ y_{i2} ) □ · · · ) □ y_{ir}

for i_1 < · · · < i_r and the maps f_{I,J} induced by the associativity and symmetry isomorphisms. In the case n = 1, these are inverse isomorphisms of categories, and under these isomorphisms, (3.6) is induced by the indicator maps n → 1. Because an adjunction induces inverse homotopy equivalences on nerves, this proves the following proposition.

Proposition 3.7. For any small symmetric monoidal category C, KC is a special Γ-space with KC(1) isomorphic to NC.

Similar observations apply to the variant functors above. We have natural transformations relating the strictly unital strong construction to both the strictly unital lax and op-lax constructions. It follows that the K-theory Γspaces obtained are naturally weakly equivalent. Likewise, the constructions with the weakened units map to the constructions with strict units. Since the map UC → C induces a homotopy equivalence on nerves, these natural transformations induce natural weak equivalences of Γ-spaces. Recall that we say that a functor between small categories is a weak equivalence when it induces a weak equivalence on nerves. As a consequence of the previous proposition, the K-theory functor preserves weak equivalences. As in the introduction, we say that a strictly unital op-lax map of symmetric monoidal categories is a stable equivalence if it induces a stable equivalence on K-theory Γ-spaces, or equivalently, if it induces a weak equivalence on the group completion of the nerves. Quillen’s homological criterion to identify the group completion [13] then applies to give an intrinsic characterization of the stable equivalences.

Proposition 3.8. A map of symmetric monoidal categories C → D is a stable equivalence if and only if it induces an isomorphism of localized homology rings

H_∗C[(π_0C)^{−1}] −→ H_∗D[(π_0D)^{−1}]

obtained by inverting the multiplicative monoids π_0C ⊂ H_0C and π_0D ⊂ H_0D.

Although not needed in what follows, for completeness of exposition, we offer the following well-known observation on the homotopy theory of the various categories of symmetric monoidal categories. Recall that we say that a functor between small categories is a weak equivalence when it induces a weak equivalence on nerves. The following theorem can be proved using the methods of [10, 4.2] and [6, 4.2].

Theorem 3.9. The following homotopy categories are equivalent:

(i) The homotopy category obtained from the category of small permutative categories and strict maps by inverting the weak equivalences.

Documenta Mathematica 15 (2010) 765–791

776 Michael A. Mandell

(ii) The homotopy category obtained from the category of small symmetric monoidal categories and strict maps by inverting the weak equivalences.

(iii) The homotopy category obtained from the category of small symmetric monoidal categories and strictly unital strong maps by inverting the weak equivalences.

(iv) The homotopy category obtained from the category of small symmetric monoidal categories and strictly unital op-lax maps by inverting the weak equivalences.

(v) The homotopy category obtained from the category of small symmetric monoidal categories and strictly unital lax maps by inverting the weak equivalences.

4. Construction of the inverse K-theory functor

In this section we construct the inverse K-theory functor P as a Grothendieck construction (or homotopy colimit) over a category A described below. We construct the natural transformations displayed in (1.2) relating the composites KP and PK with the identity. This section contains only the constructions; we postpone almost all homotopical analysis to the next section. We begin with the construction of the category A. As indicated in the introduction, we define the objects of A to consist of the sequences of positive integers (n_1, . . . , n_s) for all s ≥ 0, with s = 0 corresponding to the empty sequence (). We think of each n_i as the finite (unbased) set n_i, and we define the maps in A to be the maps generated by maps of finite sets, permutations in the sequence, and partitioning n_i into subsets. We make this precise in the following definition.

Definition 4.1. For ⃗m = (m_1, . . . , m_r) and ⃗n = (n_1, . . . , n_s) with r, s > 0, we define the morphisms A(⃗m, ⃗n) to be the subset of the maps of finite (unbased) sets m_1 ∐ · · · ∐ m_r −→ n_1 ∐ · · · ∐ n_s satisfying the property that the inverse image of each subset n_j is either empty or contained in a single m_i (depending on j). For the object (), we define A((), ⃗n) consist of a single point for all ⃗n in A and we define A(⃗m, ()) to be empty for ⃗m ≠ ().

For a Γ-category X , let AX () = X (0) and AX (n_1, . . . , n_s) = X (n_1) × · · · × X (n_s).

For a map ϕ: ⃗m → ⃗n in A, define Aϕ: X (m_1) × · · · × X (m_r) −→ X (n_1) × · · · × X (n_s)

as follows. If s = 0, then r = 0 and ϕ is the identity, and we take Aϕ to be the identity. If r = 0 and s > 0, we take Aϕ to be the map X (0) → X (n_j ) on each coordinate. If r > 0, then by definition, for each j, the subset n_j of

n_1 ∐ · · · ∐ n_s

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 777

has inverse image either empty or contained in a single m_i for some i; if the inverse image is non-empty, then ϕ restricts to a map of unbased sets m_i → n_j , which we extend to a map of based sets m_i → n_j that is the identity on the basepoint 0. In this case, we define Aϕ on the j-th coordinate to be the composite of the projection X (m_1) × · · · × X (m_r) −→ X (m_i)

and the map X (m_i) → X (n_j ) induced by the restriction of ϕ. In the case when the inverse image of n_j is empty, we define Aϕ on the j-th coordinate to be the composite of the projection

X (m_1) × · · · × X (m_r) −→ ∗ = X (0) and the map X (0) → X (n_j ). An easy check gives the following observation.

Proposition 4.2. A is a functor from the category of small Γ-categories to the category of functors from A to the category of small categories.

We can now define the functors P and P , at least on the level of functors to small categories.

Definition 4.3. Let PX = A � AX . Let P = P ∘ S.

More concretely, the category PX has as objects the disjoint union of the objects of AX (⃗n) where ⃗n varies over the objects of A. For x ∈ AX (⃗m) and y ∈ AX (⃗n), a map in PX from x to y consists of a map ϕ: ⃗m → ⃗n in A together with a map ϕ_∗x → y in AX (⃗n), where ϕ_∗ = Aϕ is the functor AX (⃗m) → AX (⃗n) above.

Variant 4.4. We can regard AX as a contravariant functor on A^{op} and form the contravariant Grothendieck construction P^{lax}X = A^{op} � AX . This has the same objects as PX but for x ∈ AX (⃗m) and y ∈ AX (⃗n), a map in P^{lax}X from x to y consists of a map ϕ: ⃗n → ⃗m in A together with a map x → ϕ_∗y. This functor is better adapted to the category of symmetric monoidal categories and strictly unital lax maps. All results and constructions in this paper admit analogues for P^{lax}, replacing “op-lax” with “lax” in the work below.

The category A has the structure of a permutative category under concatenation of sequences, with the empty sequence as the unit and the symmetry morphisms induced by permuting elements in the sequences. The category of small categories is symmetric monoidal under cartesian product and the functor AX : A → Cat associated to a Γ-category X is a strong symmetric monoidal functor. For formal reasons, then the Grothendieck construction PX naturally obtains the structure of a symmetric monoidal category; we can describe this structure concretely as follows. For any object x in AX (⃗m), we can write x = (x_1, . . . , x_r) for objects x_i in X (m_i); then for y in AX (⃗n),

x □ y = (x_1, . . . , x_r, y_1, . . . , y_s) ∈ Ob AX (m_1, . . . , m_r, n_1, . . . , n_s),

where we understand the unique object of AX () as a strict unit. The product on maps admits an analogous description. This concrete description makes it

Documenta Mathematica 15 (2010) 765–791

778 Michael A. Mandell

clear that PX is in fact a permutative category. Moreover, a map X → Y of Γ-categories induces a strict map of permutative categories PX → PY. We obtain the following theorem.

Theorem 4.5. P defines a functor from the category of Γ-categories to the category of permutative categories and strict maps.

Next we construct the natural transformations of (1.2). Starting with a symmetric monoidal category C, we construct the map PKC → C using the homotopy colimit property of the Grothendieck construction. Specifically, we construct functors α_{⃗m} from APKC(⃗m) to C and suitably compatible natural transformations for the maps in A. For each ⃗m in A, define the functor α_{⃗m} : AKC(⃗m) = KC(m_1) × · · · × KC(m_r) −→ C to take the object ⃗X = (X_1, . . . , X_r) to (· · · (x^1_{m1} □ x^2_{m2} ) □ · · · ) □ x^r_{mr}

where X_i = (x^i_I , f_{I,J} ) for I ⊂ m_i, and likewise for maps in KC(⃗m). For ⃗m = (), we understand α_{()} to include the category AKC() = ∗ in C as the unit u and the identity on u.

For a map ϕ in A from ⃗m to ⃗n, define α_ϕ : α_{⃗m}(y_1, . . . , y_r) −→ α_{⃗n}(ϕ_∗(y_1, . . . , y_r)) to be the map induced by the associativity, symmetry, and inverse unit isomorphisms in C and the maps f^i_{I1,...,Ik} in y_i: if ϕ sends m_i into n_{j1} , . . . , n_{jt} , then composing maps f^i_{I,J} in y_i gives a well-defined map

f_{I1,...,It} : x^i_{mi} −→ (· · · (x^i_{I1} □ x^i_{I2} ) □ · · · ) □ x^i_{It} where I_k is the subset of m_i landing in n_{jk} . The map α_ϕ is a natural transformation of functors from α_{⃗m} to α_{⃗n} ∘ ϕ_∗. Moreover, given a map ψ from ⃗n to ⃗p in A, the following diagram commutes

α_{⃗m} ⃗X^{αϕ} �

α_{ψ∘ϕ} � α_{⃗n}(ϕ_∗ ⃗X)

α_ψ � α_{⃗p}((ψ ∘ ϕ)_∗ ⃗X) = α_{⃗p}(ψ_∗ϕ_∗ ⃗X)

for any ⃗X in APKC(⃗m).

Definition 4.6. Let α : PKC → C be the functor A � AX → KC that sends ⃗X in AKC(⃗m) to α_{⃗m} ⃗X and sends the map

ϕ: ⃗m −→ ⃗n, f : ϕ_∗ ⃗X −→ ⃗Y to the map α_{⃗n}(f) ∘ α_ϕ in C.

Examining the construction of α and the symmetric monoidal structure on PKC, we obtain the following theorem.

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 779

Theorem 4.7. The functor α : PKC → C satisfies the following properties.

(i) α is a strictly unital strong map of symmetric monoidal categories. (ii) α is natural up to natural transformation in strictly unital op-lax maps. (iii) α is a strict map when C is a permutative category. (iv) α is natural in strict maps.

The meaning of (ii) and (iv) is that for a strictly unital op-lax map F : C → D, the diagram PKC � α � PKD α � C � D commutes up to natural transformation, namely, the natural transformation λ: F (x_1 □ · · · □ x_r) −→ F (x_1) □ · · · □ F (x_r) which is part of the structure of the op-lax map. When C → D is a strict map, the diagram commutes strictly (the natural transformation is the identity). For the remaining natural transformation in (1.2), note that for a Γ-category X , we have a canonical inclusion ι: X (n) → KPX (n) sending an object x in X (n) to the object ιx = (x_I , f_{I,J} ) in KPX (n) with x_I = π^I_∗ (x) ∈ X (m) = AX (m) for m = |I|, I = {i_1, . . . , i_m} with i_1 < · · · < i_m, and π^I : n → m the map that sends i_k to k and every other element of n to 0. The map f_{I,J} : x_{I∪J} −→ x_I □ x_J = (x_I , x_J ) ∈ AX (|I|, |J|) is induced by the map (|I ∪ J|) → (|I|, |J|) in A corresponding to the partition of the ordered set I ∪ J into I and J. This does not fit together into a map of Γ-categories: For a map ϕ: m → n in F, ι(ϕ_∗x)_I = π^I_∗ (ϕ_∗x), but ϕ_∗(ιx)_I = π^{ϕ−1I}_∗ (x).

Writing ϕ^′ for the map in N corresponding to the restriction of ϕ to the map ϕ^{−1}I → I, then π^I ∘ ϕ = ϕ^′ ∘ π^{ϕ−1I} in F. We can interpret ϕ^′ as a map π^{ϕ−1I}_∗ (x) −→ π^I_∗ (ϕ_∗x) in PX . These maps in turn assemble to a map ω_ϕ : ϕ_∗ιx −→ ιϕ_∗x in KPX , natural in x.

Definition 4.8. For a Γ-category X , let WX (n) be the category whose objects consist of triples (y, x, g) with y an object of KP(n), x an object of X (n) and

Documenta Mathematica 15 (2010) 765–791

780 Michael A. Mandell

g : y → ιx a map in KP(n). The morphisms of WX (n) are the commuting diagrams. For ϕ: m → n in F, define

WX (ϕ): WX (m) −→ WX (n)

to be the functor that takes (y, x, g) to (ϕ_∗y, ϕ_∗x, ω_ϕ ∘ ϕ_∗g).

We note for later use that for (y, x, g) an object in WX (n), writing y = (y_I , f_{I,J} ) with y_I in PX , we must have each y_I in AX () or AX (m_I ) for some m_I . This is because ιx_I is in AX (n) and maps in A cannot decrease the length of the sequence.

We claim that the categories WX (n) and functors WX (ϕ) assemble into a Γ-category. For ϕ: m → n, ψ : n → p, and I ⊂ p, write

π^I ∘ ψ ∘ ϕ = ψ^′ ∘ π^{ψ−1 I} ∘ ϕ = ψ^′ ∘ ϕ^′ ∘ π^{ϕ−1(ψ−1 I)}

as above, with ψ^′ : ψ^{−1}I → I and ϕ^′ : ϕ^{−1}(ψ^{−1}I) → ψ^{−1}I the restrictions of ψ and ϕ, using the natural order on I ⊂ p, ψ^{−1}I ⊂ n, and ϕ^{−1}(ψ^{−1}I) ⊂ m to view these as maps in F. Then ψ^′ ∘ ϕ^′ : (ψ ∘ ϕ)^{−1}I → I is the restriction of ψ ∘ ϕ; this is the check required to see that the diagram

π^{(ψ∘ϕ)−1 I}

∗ x � � � � � π^ψ

−1 I

∗ (ϕ_∗x) � � � π^I_∗ ((ψ ∘ ϕ)_∗x)

in PX commutes. Examination of the structure maps f_{I,J} in ιx shows that the diagram

(ψ ∘ ϕ)_∗ιx^{ψ∗ωϕ} �

ω_{ψ∘ϕ} � � � � ψ^∗ι(ϕ^∗x)

ω_ψ � � � � ι((ψ ∘ ϕ)_∗x)

in KPX commutes. This proves the following theorem.

Theorem 4.9. The maps WX (ϕ) above make WX into a Γ-category.

Since WX is natural in maps of Γ-categories X , we can regard W as an endofunctor on Γ-categories. By construction, the forgetful functors ω : WX → X and υ : WX → KPX are natural transformations of endofunctors. For fixed n, the functor WX (n) → X (n) is a left adjoint: The right adjoint sends x in X (n) to (ιx, x, id_{ιx}) in WX (n). It follows that ω is always a weak equivalence of Γ-categories. We summarize this in the following theorem.

Theorem 4.10. The maps υ : WX → KPX and ω : WX → X are natural transformations of endofunctors on Γ-categories, and ω is a weak equivalence for any X .

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 781

5. Proof of Theorems 1.3 and 1.4

This section provides the homotopical analysis of the functors and natural transformations constructed in the previous section. This leads directly to the proof of the main theorem, Theorem 1.3, and its non-completed variant, Theorem 1.4.

Most of the arguments hinge on the following lemma of Thomason [16]:

Lemma 5.1 (Thomason). Let A be a small category and F a functor from A to the category of small categories. There is a natural weak equivalence of simplicial sets hocolim_A NF −→ N(A � F ).

The natural transformation is easy to describe. We write an object of A � F as (⃗n, x) with ⃗n an object of A and x an object of F⃗n, and we write a map in A � F as (ϕ, f): (⃗n, x) → (⃗p, y) where ϕ: ⃗n → ⃗p is a map in A and f : F (ϕ)(x) → y is a map in F ⃗p. Then a q-simplex of the nerve N(A � F ) is a sequence of q composable maps

(⃗n_0, x_0)^{(ϕ1,f1 )}� (⃗n_1, x_1)^{(ϕ2,f2)}� · · ·^{(ϕq ,fq )} � (⃗n_q , x_q ).

Likewise, a q-simplex in the homotopy colimit consists of a sequence of q composable maps in A together with q composable maps in F (⃗n_0):

⃗n_0^{ϕ1} � ⃗n_1^{ϕ2} � · · ·^{ϕq} � ⃗nq

x_0^{f1} � x_1^{f2} � · · ·^{fq} � xq .

The natural transformation sends this simplex of the homotopy colimit to the simplex

(⃗n_0, x_0)^{(ϕ1,f1 )}� (⃗n_1, x^′_1)^{(ϕ2,f} ′ 2)� · · ·^{(ϕq ,f ′q )} � (⃗n_q , x^′_q ),

where x^′_k = F (ϕ_{k,...,1})(x_k ) and f^′_k = F (ϕ_{k−1,...,1})(f_k) for ϕ_{k,...,1} = ϕ_k ∘ · · · ∘ ϕ_1. A Quillen Theorem A style argument proves that this map is a weak equivalence [16, §1.2].

Applying Thomason’s lemma to the Grothendieck construction A � AX , we get the following immediate observation.

Proposition 5.2. P preserves weak equivalences.

The following theorem provides the main homotopical result we need for the remaining arguments in this section.

Theorem 5.3. Let X be a special Γ-category. Then the inclusion of X (1) in PX is a weak equivalence.

Proof. Recall that N denotes the category with objects n = {1, . . . , n} and morphisms the maps of sets. We have an inclusion η : N → A sending 0 to () and n to (n) for n > 0. We have a functor ϵ: A → N sending ⃗n = (n_1, . . . , n_s)

Documenta Mathematica 15 (2010) 765–791

782 Michael A. Mandell

to n with n = n_1 + · · · + n_s. Let BX be the functor from A to small categories defined by BX (⃗n) = ϵ^∗X (⃗n) = X (ϵ(⃗n)) = X (n).

Then the maps n → n_j coming from the partition of n as ⃗n induce a natural transformation of functors BX → AX . The hypothesis that X is special implies that this map is an objectwise weak equivalence. Now applying Thomason’s lemma, it suffices to show that the inclusion of NX (1) in hocolim_A NBX is a weak equivalence.

Since BX = ϵ^∗X as a functor on A and X = η^∗BX as a functor on N , we have canonical maps

(5.4) hocolim_N NX −→ hocolim_A NBX −→ hocolim_N NX

induced by ϵ and η. The composite map on hocolim_N NX is induced by ϵ ∘ η = Id_N , and is therefore the identity. The composite map on hocolim_A NBX is induced by η ∘ ϵ. We have a natural transformation from η ∘ ϵ to the identity functor on A induced by the partition maps,

η ∘ ϵ(⃗n) = (n) −→ (n_1, . . . , n_s) = ⃗n.

Because BX (η ∘ ϵ(⃗n)) = X (n) = BX (⃗n), we get a homotopy from the composite map on hocolim_A NBX to the identity. In other words, we have shown that the maps in (5.4) are inverse homotopy equivalences. Since 1 is the final object in N , the inclusion of NX (1) in hocolim_N NX is a homotopy equivalence, and it follows that the inclusion of NX (1) in hocolim_A NBX is a homotopy equivalence. □

When X = KC for a small symmetric monoidal category C, we have the canonical isomorphism KC(1) ∼= C, and the composite map

C ∼= KC(1) −→ PKC −→ C

is the identity on C. Since KC is always a special Γ-category, we get the following corollary.

Corollary 5.5. The natural map α : PKC → C is always a weak equivalence.

We also get a comparison for KPX when X is special.

Corollary 5.6. If X is special, then υ : WX → KPX is a weak equivalence.

Proof. Let X be a special Γ-category. The restriction of the map ω to the 1- categories, WX (1) → X (1), is an equivalence of categories, and the composite map X (1) −→ WX (1) −→ KPX (1) = PX is the map in the theorem, and therefore a weak equivalence. It follows that the restriction of υ to the 1-categories is a weak equivalence. Since the map ω : WX → X is a weak equivalence, WX is also a special Γ-category, and it follows that υ is a weak equivalence. □

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 783

Together with Proposition 2.7 and Theorem 4.10, Corollaries 5.5 and 5.6 prove Theorem 1.4. To prove Theorem 1.3, we need to see that the map υ is always a stable equivalence. For this we use the following technical lemma.

Lemma 5.7. The diagram

WKPX^υ � ω � � � � KPKPX Kα � KPWX KPυ � KPω � � � � KPX commutes up to natural transformation of maps of Γ-categories. All maps in the diagram are weak equivalences.

Proof. The weak equivalence statement follows from the diagram statement since α and ω are always weak equivalences and K and P preserve weak equivalences. For the diagram statement, it suffices to show that the diagrams

WKC^υ � ω � � � � KPKC Kα � PKPX α � PWX Pυ� P ω � � � � KC PX

commute up to natural transformation of maps of Γ-categories (on the left) for all C and up to op-lax natural transformation (on the right) for all X . On the left, starting with an object (y, x, g) in WKC(n), the top left composite takes this to Kα(y) and the diagonal arrow takes this to x; the effect on maps in WKC(n) admits the analogous description. Since Kα(ιx) = x, Kα(g) is a map from Kα(y) to x, which is natural in WKC(n), and compatible with the Γ-structure.

On the right, consider an element X = (X_1, . . . , X_s) in AWX (⃗n), where X_i = (y^i, x^i, g^i) is an object in WX (n_i). As per the remark following Definition 4.8, we can write y^i = (y^i_I , f_{I,J} ) for y^i_I some object of X (m_I ) (thought of as AX (m) or AX ()) for some m_I , where I ranges over the subsets of n_i. The left down composite sends X to

α(y^1, . . . , y^s) = (y^1_{mn1} , . . . , y^s_{mns} )

since the symmetric monoidal product in PX is concatenation. An analogous description applies to maps of X in PWX . The diagonal in the diagram sends X to (x^1, . . . , x^s) and we have the map

(g^i_{mni} ): (y^i_{mni} ) −→ (ιx^i_{mni} ) = (x^i).

in PX . This map is natural in X in PWX and is a strictly monoidal natural transformation. □

Proof of Theorem 1.3. Given Propositions 2.7 and 2.8, Theorem 4.10, and Corollaries 5.5 and 5.6, it suffices to show that the map υ : WX → KPX

Documenta Mathematica 15 (2010) 765–791

784 Michael A. Mandell

is always a stable equivalence. Writing [−, −] for maps in the homotopy category obtained by formally inverting the weak equivalences, we need to show that υ^∗ : [KPX , Z] −→ [WX , Z]

is a bijection for every very special Γ-category Z. Since K and P preserve weak equivalences, they induce functors on the homotopy category. Using this and the fact that υ is a weak equivalence for a special Γ-category, we get a map

R : [WX , Z] −→ [KPX , Z]

as follows: Given f in [WX , Z], the map Rf in [KPX , Z] is the composite

KPX^{KPω−1}� KPWX^{KPf} � KPZ^{υ−1} � WZ^ω � Z.

To see that the composite map on [WX , Z] is the identity, consider the following diagram,

X WX ω ∼ �^f � Z

WX ω ∼ �

υ � WWX Wω ∼ � ω ∼ � Wf � υ � WZ ω ∼ �

υ ∼ � KPX KPWX KPω ∼ �_{KPf} � KPZ

which commutes by naturality. We see that Wω is a weak equivalence (as marked) by the two-out-of-three property since ω is always a weak equivalence. The map R(f)∘υ is the composite map in the homotopy category of the part of this diagram starting from the copy of WX in the first column and traversing maps and inverse maps to Z by going down, right twice, and then up twice; this agrees with the composite map in the homotopy category obtained by going up and then right twice, f ∘ ω^{−1} ∘ ω = f. On the other hand, starting with g in [KPX , Z], then

R(g ∘ υ) = ω ∘ υ^{−1} ∘ KP(g ∘ υ ∘ ω^{−1}).

The solid arrow part of the diagram

KPX WKPX^{Wg} � υ ∼ �

ω ∼ � WZ υ ∼ �

ω ∼ � Z

KPWX_{KPυ} � KPω �

KPKPX_{KPg} � Kα �

KPZ commutes and Lemma 5.7 implies that the whole diagram commutes in the homotopy category. By naturality of ω, the composite ω ∘ Wg ∘ ω^{−1} is g, and it follows that R(g ∘ υ) is g. □

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 785

6. Special Γ-spaces and non-completed E_∞ spaces

This section explores the analogue in simplicial sets of the construction of P in small categories, which provides a functor E from Γ-spaces to E_∞ spaces over the Barratt-Eccles operad. This section is entirely independent from the rest of the paper and we have written it to be as self-contained as possible without being overly repetitious. We assume familiarity with Γ-spaces, but not with Γ-categories or permutative categories (except where we compare E and P in Proposition 6.5).

Definition 4.1 describes a category A whose objects are the sequences of positive integers (including the empty sequence). We think of a positive integer as a finite (unbased) set, and maps between sequences ⃗m = (m_1, . . . , m_r) and ⃗n = (n_1, . . . , n_s) are generated by permuting elements in the sequence, maps of finite sets, and partitioning finite sets. For a Γ-space X, let AX be the functor from A to based simplicial sets with

AX(⃗n) = X(n_1) × · · · × X(n_s)

for s > 0 and AX() = ∗. In terms of the maps in A, a permutation of sequences induces the corresponding permutation of factors; a map of finite unbased sets ϕ: n → p induces the corresponding map X(ϕ) (for the corresponding ϕ: n → p); a partition n = p_1 ∐ · · · ∐ p_t induces the map

X(n) −→ X(p_1) × · · · × X(p_t)

induced by the maps n → p_i that pick out the elements of the subset p_i and send all the other elements to the basepoint. We consider the homotopy colimit.

Definition 6.1. Let EX = hocolim_A AX.

It is clear from the definition that E preserves weak equivalences. The proof of the remainder of the following theorem is identical to the proof of Theorem 5.3.

Theorem 6.2. E preserves weak equivalences. If X is a special Γ-space, then the inclusion of X(1) in EX is a weak equivalence.

Recall that the Barratt-Eccles operad E has as its n-th simplicial set E(n) = NT Σ_n the nerve of the translation category on the n-th symmetric group Σ_n, with operadic multiplication induced by block sum of permutations. For any permutation σ in Σ_n, we have a functor

σ : A^{×n} −→ A

induced by permutation and concatenation:

σ(⃗m^1, . . . , ⃗m^n) = (m^{σ1}_1 , . . . , m^{σ1}_{rσ1} , m^{σ2}_1 , . . . , m^{σn}_{rσn} ).

Permutation induces a natural transformation

AX^{×n} −→ AX

covering σ; we therefore get an induced map on homotopy colimits

σ_∗ : (EX)^{×n} −→ EX.

Documenta Mathematica 15 (2010) 765–791

786 Michael A. Mandell

For any other element σ^′ ∈ Σ_n, the permutation σ^′σ^{−1} induces a natural transformation between functors

σ, σ^′ : A^{×n} −→ A,

compatible with the natural transformations AX^{×n} → AX covering them. These fit together to induce a map

(6.3) E(n) × EX^{×n} ∼= NT Σ_n × hocolim_A×n AX^{×n} −→ EX.

An easy check of the definitions proves the following proposition, a restatement of Theorem 1.6.

Proposition 6.4. The maps (6.3) define an action of the operad E on the simplicial set EX. This action is natural in maps of the Γ-space X. Thus, E defines a functor from Γ-spaces to E_∞ spaces over E.

To compare the functor E with the functor P, recall that the nerve of a permutative category has the natural structure of an E space with the map σ_∗ : NC^{×n} → NC (for σ in Σ_n) induced by the permutation and the permutative product. In Section 5, we reviewed the map from the homotopy colimit of the nerve to the nerve of the Grothendieck construction, which we can now interpret as a natural transformation EN → NP. The following proposition is clear from explicit description of the map in that section.

Proposition 6.5. For a Γ-category X , the canonical map ENX → NPX is a map of E spaces and a weak equivalence.

Next we define the Γ-space version of the functor EX. For this we use the Γ-spaces X_n defined by X_n(m) = X(nm), where we use lexicographical ordering to make nm a functor of m from F to F. Taking advantage of the fact that nm is also a functor of n, the construction EX_{(−)} defines a functor from F to simplicial sets. However, since we require Γ-spaces to satisfy X(0) = ∗, we need a reduced version.

Definition 6.6. Let E^ΓX be the Γ-space with E^ΓX(n) the based homotopy colimit in the category of based simplicial sets

E^ΓX(n) = hocolim^∗_A AX_n.

The inclusions η_n : X_n(1) → E^ΓX(n) now assemble to a map of Γ-spaces X → E^ΓX. Since A has an initial object (), the nerve NA is contractible. The map

EX_n = hocolim_A AX_n −→ (hocolim_A AX_n)/NA = hocolim^∗_A AX_n = E^ΓX(n)

is therefore a weak equivalence. Applying Theorem 6.2 objectwise to the map X → E^ΓX, we get the following theorem.

Theorem 6.7. E^Γ preserves weak equivalences. If X is a special Γ-space, then the natural map X → E^ΓX is a weak equivalence.

We prove the following theorem at the end of the section.

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 787

Theorem 6.8. For a Γ-space X, E^ΓX is a special Γ-space. Finally, we need one further variant of this construction. Let AEX be the functor from A to simplicial sets with AEX(⃗n) = EX_{n1} × · · · × EX_{ns} and AE() = EX_0 = E∗: Although EX_{(−)} is not a Γ-space, it is an F-space (functor from F to simplicial sets), and this is all that is needed for the construction of the functor AEX. Let E^2X be the simplicial set E^2X = hocolim_A AEX (homotopy colimit in the category of unbased simplicial sets). The map of F-spaces EX_{(−)} → E^ΓX(−) induces a weak equivalence AEX → AE^ΓX and a weak equivalence E^2X → E(E^ΓX).

The advantage of E^2X over E(E^ΓX) is that we can construct a map E^2X → EX as follows. For each ⃗m in A, we have a map

AEX(⃗m) = EX_{m1} × · · · × EX_{mr} ∼= hocolim_A×r (AX_{m1} × · · · × AX_{mr} ) −→ hocolim_A AX = EX induced by the functor ρ_{⃗m} : A^{×r} → A, defined by

ρ_{⃗m} : (⃗n_1, . . . , ⃗n_r) → (m_1n_{1,1}, . . . , m_1n_{1,s1} , m_2n_{2,1}, . . . , m_rn_{r,sr} ) (where ⃗n_i = (n_{i,1}, . . . , n_{i,si} )), together with the canonical isomorphism AX_{m1} (⃗n_1) × · · · × AX_{mr} (⃗n_r) ∼= AX(ρ_{⃗m}(⃗n_1, . . . , ⃗n_r)) covering ρ_{⃗m}. These maps are compatible with maps ⃗m in A, and so induce a map α : E^2X → EX. The technical fact about this map we need is the following lemma, which is an easy check of the construction. Lemma 6.9. The diagram EX^η � Eη � id � � � � E^2X α � E^2X_α � EX commutes where η is induced by the inclusion of EX as AEX(1) and Eη is induced by the inclusion of AX in AEX.

Applying the lemma to X_n, we get a commuting diagram of F-spaces. We can turn this into a diagram of Γ-spaces by taking the quotient by EX_0 = E∗ or E^2X_0 = E^2∗ at each spot. We then get a commutative diagram of Γ-spaces E^ΓX^η � Eη � id � � � � � E^2X_{(−)}/E^2∗ α � E^2X_{(−)}/E^2∗_α � E^ΓX.

Documenta Mathematica 15 (2010) 765–791

788 Michael A. Mandell

We note that E^2∗ is contractible, and since E^ΓX is special, η is weak equivalence. It follows that all maps in the diagram are weak equivalences. Since both

η : E^ΓX −→ E^ΓE^ΓX and E^Γη : E^ΓX −→ E^ΓE^ΓX

factor through the corresponding map E^ΓX → E^2X/E^2∗, we get the following proposition.

Proposition 6.10. The maps η and E^Γη from E^ΓX to E^ΓE^ΓX coincide in the strict homotopy category of Γ-spaces, i.e., the homotopy category obtained by formally inverting the objectwise weak equivalences.

We use this observation to prove the following theorem, which together with Theorems 6.7 and 6.8 imply Theorem 1.5.

Theorem 6.11. For any Γ-space X, η : X → E^ΓX is a stable equivalence. Moreover η is the initial map from X to a special Γ-space in the strict homotopy category of Γ-spaces.

Proof. We need to show that for any special Γ-space Z, the map η induces a bijection [E^ΓX, Z] → [X, Z] where [−, −] denotes maps in the strict homotopy category of Γ-spaces. Since E^Γ preserves weak equivalences, it induces a functor on the strict homotopy category. Given a map g in [X, Z], E^Γg is a map in [E^ΓX, E^ΓZ], and since η : Z → EZ is a weak equivalence, we can compose with the map η^{−1} in the strict homotopy category to get an element Rg = η^{−1} ∘E^Γg in [E^ΓX, Z]. By naturality of η, R is a retraction. By examination of the solid arrow commuting diagram

X^η � E^ΓX^g � η ∼ � Z η ∼ � E^ΓX_{EΓη} � id �

E^ΓE^ΓX_{EΓg} � E^ΓZ

and applying the previous proposition, we see that R is a bijection. □

The previous theorem also provides the final piece for the proof of Theorem 1.9.

Proof of Theorem 1.9. The equivalence of (iii) and (iv) is Theorem 1.4 proved in the last section. The previous theorem proves the equivalence of (ii) and (iii), and [12, 1.8] (and the argument for [9, 1.1]) prove the equivalence of (i) and (iii). □ We close with the proof of Theorem 6.8. We thank Irene Sami for help putting together this argument.

Proof of Theorem 6.8. It suffices to show that for every j > 0, the map

(6.12) EX_{j+1} −→ EX_j × EX

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 789

is a weak equivalence. Using EX_j in place of E^ΓX(j) has the advantage that we can write EX_j × EX as a homotopy colimit: EX_j × EX ∼= hocolim_{A×A}(AX_j × AX).

For clarity in formulas that follow, we will use brackets [m] rather than bold m to denote finite based sets.

The map (6.12) is induced by the diagonal functor A → A × A and the natural transformation AX_{j+1}(⃗m) −→ AX_j (⃗m) × AX(⃗m).

We get a map (6.13) EX_j × EX −→ EX_{j+1} induced by the concatenation functor A × A → A and the natural transformation AX_j (⃗m) × AX(⃗n) −→ AX_{j+1}(⃗m □ ⃗n) (where □ denotes concatenation), sending

X([jm_1]) × · · · × X([jm_r]) −→ X([(j + 1)m_1]) × · · · × X([(j + 1)m_r]) by the map induced by the inclusion of [j] in [j + 1], and the map X([n_1]) × · · · × X([n_s]) −→ X([(j + 1)n_1]) × · · · × X([(j + 1)n_s]) induced by including the non-basepoint element 1 of [1] as the element j + 1 of [j + 1]. We show that (6.12) and 6.13 are inverse generalized simplicial homotopy equivalences.

First we show that the composite on E_{j+1} is (generalized simplicial) homotopic to the identity. We denote the composite on E_{j+1} as (D, d). It is induced by the functor D : A → A that sends ⃗m to the concatenation ⃗m □ ⃗m and the natural transformation

d: X_{j+1}(m_i) =

X([(j + 1)m_i]) −→ X([(j + 1)m_i]) × X([(j + 1)m_i]) = X_{j+1}(m_i, m_i)

induced in the first factor by sending the element j +1 of [j +1] to the basepoint and induced in the second factor by sending the elements 1, . . . , j of [j + 1] to the basepoint.

We construct a new map (H, h) from E_{n+1} to itself and simplicial homotopies from (H, h) to (D, d) and from (H, h) to the identity as follows. Let H be the functor A → A that sends (m_1, . . . , m_r) to ((j + 1)m_1, . . . , (j + 1)m_r) and let

h: AX_{j+1}(⃗m) = AX((j + 1)m_1, . . . , (j + 1)m_r) −→ AX((j + 1)^2m_1, . . . , (j + 1)^2m_r) = AX_{j+1}(H ⃗m)

be the natural transformation induced by the diagonal map in F from [j + 1] to [(j + 1)^2]; then the functor H and natural transformation h induce a map (H, h) from EX_{j+1} to itself.

Documenta Mathematica 15 (2010) 765–791

790 Michael A. Mandell

We have a natural transformation ϕ from H to D formed by concatenation and permutation from the maps

((j + 1)m_i) −→ (m_i, m_i)

in A sending collapsing the first j copies of m_i to the first m_i by the codiagonal map and sending the last copy of m_i onto the second m_i. The composite map

AX_{j+1}(⃗m)^h � AX_{j+1}(H ⃗m)^{AXj+1 (ϕ)}� AX_{j+1}(D ⃗m)

is d. Thus, the natural transformation ϕ induces a homotopy between the maps (H, h) and (D, d) on the homotopy colimit E_{j+1}.

Likewise, we have a natural transformation ψ from H to the identity induced by the maps ((j + 1)m_i) → (m_i) in A that collapse the j + 1 copies of m_i by the codiagonal. Since the composite

AX_{j+1}(⃗m)^h � AX_{j+1}(H ⃗m)^{AXj+1 (ψ)}� AX_{j+1}(⃗m)

is the identity, it follows that ψ induces a homotopy from H to the identity on EX_{j+1}. This constructs the generalized simplicial homotopy equivalence between the composite map and the identity map on EX_{j+1}. The argument for the other composite is easier: The composite on EX_j × EX is induced by the functor D_2 from A × A to itself

D_2(⃗m, ⃗n) = (⃗m □ ⃗n, ⃗m □ ⃗n)

and the natural transformation

d_2 : AX_j (⃗m) × AX(⃗n) −→ AX_j (⃗m □ ⃗n) × AX(⃗m □ ⃗n)

induced on the first factor by the inclusion of ⃗m in ⃗m □ ⃗n and on the second factor by the inclusion of ⃗n in ⃗m □ ⃗n. Since these maps

(⃗m, ⃗n) −→ (⃗m □ ⃗n, ⃗m □ ⃗n)

assemble to a natural transformation in A × A from the identity functor to D_2, they induce a homotopy on EX_j × EX between the identity and the map induced by D_2, d_2. □

References

1. D. W. Anderson, Spectra and Γ-sets, Algebraic topology (Proc. Sympos.

Pure Math., Vol. XXII, Univ. Wisconsin, Madison, Wis., 1970), Amer. Math. Soc., Providence, R.I., 1971, pp. 23–30.

2. M. Ando, A. J. Blumberg, and D. Gepner, Twists of K-theory and T MF , preprint arXiv:1002.3004.

3. M. Ando, A. J. Blumberg, D. Gepner, M. J. Hopkins, and C. Rezk, Units of ring spectra and Thom spectra, preprint arXiv:0810.4535.

4. A. K. Bousfield and E. M. Friedlander, Homotopy theory of Γ-spaces, spectra, and bisimplicial sets, Geometric applications of homotopy theory (Proc. Conf., Evanston, Ill., 1977), II, Lecture Notes in Math., vol. 658, Springer, Berlin, 1978, pp. 80–130.

Documenta Mathematica 15 (2010) 765–791

An Inverse K-Theory Functor 791

5. A. D. Elmendorf and M. A. Mandell, Rings, modules, and algebras in infinite loop space theory, Adv. Math. 205 (2006), no. 1, 163–228.

6. , Permutative categories, multicategories and algebraic K-theory, Alg. & Geo. Top. 9 (2009), no. 4, 2391–2441.

7. Rudolf Fritsch and Dana May Latch, Homotopy inverses for nerve, Math.

Z. 177 (1981), no. 2, 147–179.

8. Daniel M. Kan, On c. s. s. complexes, Amer. J. Math. 79 (1957), 449–476. 9. Igor Kříž and J. P. May, Operads, algebras, modules and motives, Astérisque (1995), no. 233, iv+145pp.

10. J. P. May, E_∞ spaces, group completions, and permutative categories, New Developments in Topology (Proc. Sympos. Algebraic Topology, Oxford, 1972), Cambridge Univ. Press, London, 1974, pp. 61–93. London Math. Soc. Lecture Note Ser., No. 11.

11. , The spectra associated to permutative categories, Topology 17 (1978), no. 3, 225–228.

12. J. P. May and R. Thomason, The uniqueness of infinite loop space machines, Topology 17 (1978), no. 3, 205–224.

13. D. McDuff and G. Segal, Homology fibrations and the “group-completion” theorem, Invent. Math. 31 (1975/76), no. 3, 279–284.

14. J. Rognes, et al., p-Adic Geometry and Homotopy Theory, Conference at Hotel Alexandra, Loen, Norway, August 2009, lecture notes,

http://folk.uio.no/rognes/yff/alexandra.html

15. Graeme Segal, Categories and cohomology theories, Topology 13 (1974), 293–312.

16. R. W. Thomason, Homotopy colimits in the category of small categories, Math. Proc. Cambridge Philos. Soc. 85 (1979), no. 1, 91–109.

17. , Cat as a closed model category, Cahiers Topologie Géom.

Différentielle 21 (1980), no. 3, 305–324.

18. , Symmetric monoidal categories model all connective spectra, Theory Appl. Categ. 1 (1995), no. 5, 78–118.

Michael A. Mandell Department of Mathematics Indiana University Bloomington IN 47405 mmandell@indiana.edu

Documenta Mathematica 15 (2010) 765–791

Documenta Mathematica 15 (2010)

Documenta Math. 793

Special Subvarieties Arising from Families

of Cyclic Covers of the Projective Line

Dedicated to Frans Oort on the occasion of his 75th birthday

Ben Moonen

Received: July 14, 2010 Revised: September 2, 2010

Communicated by Peter Schneider

Abstract. We consider families of cyclic covers of P^1, where we fix the covering group and the local monodromies and we vary the branch points. We prove that there are precisely twenty such families that give rise to a special subvariety in the moduli space of abelian varieties. Our proof uses techniques in mixed characteristics due to Dwork and Ogus.

2010 Mathematics Subject Classification: 11G15, 14H40, 14G35 Keywords and Phrases: Special subvarieties, Jacobians, complex multiplication

Introduction

According to a conjecture of Coleman, if we fix a genus g � 4 and consider smooth projective curves C over C of genus g, there should be only finitely many such curves, up to isomorphism, such that Jac(C) is an abelian variety of CM type. This conjecture is known to be false for g ∈ {4, 5, 6, 7}, by virtue of the fact that for these genera there exist special subvarieties S ⊂ A_g (also known as subvarieties of Hodge type) of positive dimension that are contained in the (closed) Torelli locus and that meet the open Torelli locus. All known examples of such special subvarieties S arise from families of cyclic covers of P^1. As input for this we fix integers m � 2 and N � 4, together with an N-tuple a = (a_1, . . . , a_N ); then we consider cyclic covers C_t → P^1

Documenta Mathematica 15 (2010) 793–819

794 Ben Moonen

with covering group Z/mZ, branch points t_1, . . . , t_N in P^1, and with local monodromy a_i about t_i. Varying the branch points we obtain an (N − 3)- dimensional closed subvariety Z = Z(m, N, a) ⊂ A_g given by the Jacobians of the curves C_t, and for certain choices of (m, N, a) it can be shown that Z is a special subvariety.

The main purpose of this paper is to give a list of monodromy data (m, N, a) such that Z(m, N, a) is special, and to prove that there are no further such examples.

By construction, the Jacobians J_t come equipped with an action of the group ring Z[μ_m]. This action defines a special subvariety S(μ_m) ⊂ A_g that contains Z and whose dimension can be easily calculated in terms of the given monodromy data (m, N, a). We always have N − 3 � dim S(μ_m), and if equality holds Z = S(μ_m) is special. To search for triples (m, N, a) for which dim S(μ_m) = N − 3 is something that can be done on a computer, and it is therefore surprising that this appears not to have been done until recently. Thus, while examples in genera 4 and 6 have been given by de Jong and Noot in [6]—and in fact, these examples at least go back to Shimura’s paper [24]— examples with g = 5 and g = 7 were found only much later; see Rohde [22]. At any rate, with the help of a computer program we find twenty examples with dim S(μ_m) = N − 3. The main result of this paper is that this list is complete:

Main theorem. — Consider monodromy data (m, N, a) as above. Then the closed subvariety Z(m, N, a) ⊂ A_{g,C} is special if and only if (m, N, a) is equivalent to one of the twenty triples listed in Table 1.

Note that if N − 3 < dim S(μ_m), which means that the inclusion Z ⊂ S(μ_m) is strict, Z could a priori still be a special subvariety. The main point of our result is that even in these cases we are able to prove that Z is not special.

To get a feeling for the difficulty of the problem, consider, as an example, the family of (smooth projective) curves of genus 8 given by y^{10} = x(x − 1)(x − t)^2, where t ∈ T = P^1_C \ {0, 1, ∞} is a parameter. The corresponding family of Jacobians J → T decomposes, up to isogeny, as a product J^{old} × J^{new} of two abelian fourfolds. (The old part comes from the quotient family u^5 = x(x − 1)(x − t)^2; the new part is the family of Pryms.) Both J^{old} and J^{new} give rise to a 1-dimensional special subvariety in A_4, and they both admit an action by Z[ζ_5] = Z[ζ_{10}], with the same multiplicities on the tangent spaces at the origin. A priori it might be true that J^{old} and J^{new} are isogenous, in which case the family J → T would define a special subvariety in A_8. Our theorem says, in this particular example, that this does not happen. From the perspective of special points and the André-Oort conjecture, one could state the problem, in the example at hand, as follows. There are infinitely many values for t such that J^{old}_t is of CM type; likewise for J^{new}_t . Do there exist infinitely many t such that J^{old}_t and J^{new}_t are simultaneously of CM type?

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 795

Our theorem, combined with a result of Yafaev [25], implies the answer is no, at least if we assume the Generalized Riemann Hypothesis. See Corollary 3.7.

Our proof of the main theorem uses techniques from characteristic p and is based on a method that in some particular cases has already been used by de Jong and Noot in [6], Section 5. For a suitable choice of a prime number p, the Jacobians in our family will, at least generically, have ordinary reduction in characteristic p. Moreover, if we assume Z(m, N, a) ⊂ A_g to be special then by a result of Noot [18] we can arrange things in such a way that the canonical liftings of these ordinary reductions are again Jacobians. Already over the Witt vectors of length 2 this is a very restrictive condition that, using the results of Dwork and Ogus in [8], can be turned into something computable. In individual cases (such as the example sketched above, or the examples treated in [6]), these techniques give a rather effective method to prove that some given family of curves does not give rise to a special subvariety in A_{g,C}. To do this for arbitrary data (m, N, a) is much harder, and some perseverance is required to deal with the combinatorics that is involved. It would be interesting to have a purely Hodge-theoretic proof of the main theorem; as it is, we do not even have a Hodge-theoretic method that works well in individual examples.

Let us give an overview the contents of the individual sections. In Section 1 we quickly review the notion of a special subvariety and we summarize some facts we need. In Section 2 we introduce the families of curves that we want to consider. In Section 3 we discuss the special subvariety S(μ_m) that contains Z(m, N, a), we give the list of data (m, N, a) for which Z(m, N, a) = S(μ_m) and we state the main results. Sections 4 and 5 contain the main technical tools for the proof. In Section 4 we discuss how the VHS associated with our family of curves decomposes and we give some results about the monodromy of the summands. In Section 5 we briefly review the techniques of [8] and we give some refinements that we need in order to deal with hyperelliptic families. In Sections 6 and 7, finally, we prove the main theorem, first in the case N = 4, then for N � 5. We refer to the beginning of Section 6 for a brief explanation of how the proof works.

Acknowledgements. I thank Frans Oort for his encouragement and for stimulating discussions. It is a great pleasure to dedicate this paper to him. I thank Dion Gijswijt and Fokko van de Bult for helpful suggestions related to the combinatorics involved in the proof of Lemma 7.2. Further I thank Maarten Hoeve, who wrote two Python programs (available upon request from the author) to test some of the properties we need. The results of one of these programs are used in the proof of Lemma 7.2. Finally, I thank the referee for his or her comments on the paper and for some very helpful suggestions regarding the exposition.

Documenta Mathematica 15 (2010) 793–819

796 Ben Moonen

Notation. If x is a real number, ⟨x⟩ = x − ⌊x⌋ denotes its fractional part. For a ∈ Z/mZ or a ∈ Z we denote by [a]_m the unique representative of the class a (resp. the class a mod m) in {0, . . . , m − 1}.

1. Some preliminaries about special subvarieties

In this section we work over C. We recall the notion of a special subvariety. For further details we refer to [12], where the terminology “subvarieties of Hodge type” was used, and [20].

(1.1) Consider the moduli space A_{g,[n]} of g-dimensional principally polarized abelian varieties with a level n structure, for some n � 3. We first briefly recall the description of this moduli space as a Shimura variety.

Let V_Z := Z^{2g} ⊂ V := Q^{2g}, and let Ψ: V_Z × V_Z → Z be the standard symplectic form. Let G := CSp(V_Z, Ψ) be the group of symplectic similitudes. Let S := Res_{C/R} G_m be the Deligne torus, and let H be the space of homomorphisms h: S → G_R that define a Hodge structure of type (−1, 0) + (0, −1) on V_Z for which ±(2πi) · Ψ is a polarization. The pair (G_Q, H) is a Shimura datum, and A_g can be described as the associated Shimura variety. Concretely, if K_n := � g ∈ G(Ẑ) � g ≡ 1 mod n � then A_{g,[n]}(C) ∼= G(Q)\H × G(A_{fin})/K_n.

In order to define special subvarieties, consider an algebraic subgroup H ⊂ G_Q such that Y_H := � h ∈ H � � h factors through H_R�

is non-empty. The group H(R) acts on Y_H by conjugation. It can be shown (see [11], Section I.3, or [12], 2.4) that Y_H is a finite union of orbits under H(R). We remark that the condition that Y_H is non-empty imposes strong restrictions on H; it implies, for instance, that H is reductive. If Y^+ ⊂ Y_H is a connected component and ηK_n ∈ G(A_{fin})/K_n, the image of Y^+ × {ηK_n} in A_{g,[n]} is an algebraic subvariety.

(1.2) Definition. — A closed irreducible algebraic subvariety S ⊂ A_{g,[n]} is called a special subvariety if there exist Y^+ ⊂ Y_H and ηK_n ∈ G(A_{fin})/K_n as above such that S(C) is the image of Y^+ × {ηK_n} in A_{g,[n]}(C).

We refer to [12] and [20] for alternative descriptions and basic properties of special subvarieties.

(1.3) As level structures play no role in what we are doing, we prefer to state our results in terms of the moduli stack A_g. Of course this is a stack, not a variety, but we allow ourselves to abuse terminology and speak of special subvarieties in A_g (over C), where “special substack” would perhaps be more correct. By definition, then, a special subvariety S ⊂ A_g is a closed, reduced and irreducible algebraic substack such that for some (equivalently: any) n � 3 the irreducible components of the inverse image of S under the natural map

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 797

A_{g,[n]} → A_g are special. (It is in fact enough to require that some irreducible component is special.)

(1.4) Let f: X → T be a family of g-dimensional abelian varieties over an irreducible non-singular complex algebraic variety T . Choose a principal polarization λ of X/T , and let ϕ: T → A_g be the resulting morphism. Whether or not the closure of ϕ(T ) is a special subvariety of A_g only depends on the isogeny class of the generic fibre of X/T as an abelian variety over the function field of T . If we replace X/T by an isogenous family or choose a different λ, the morphism ϕ is replaced by some other morphism ϕ^′: T → A_g, but if ϕ(T ) is special then so is ϕ^′(T ). (This is even true without the assumption that λ is a principal polarization, but we shall not need this.) Without ambiguity we may therefore say that X/T is special if ϕ(T ) ⊂ A_g is special for some choice of a polarization.

One property we shall use is that if X/T is isogenous to Y_1 ×Y_2 and X is special, the factors Y_i are both special. The converse is not true: if Y_1/T and Y_2/T are special, it is not necessarily the case that (Y_1 × Y_2)/T is special.

(1.5) Let f: X → T be as in 1.4. Consider the Q-VHS over T with fibres the first cohomology groups H^1(X_t, Q). Let b ∈ T (C) be a Hodge-generic point for this VHS, and let M ⊂ GL � H^1(X_b, Q) � be the generic Mumford-Tate group of the family. Choose a principal polarization λ of X/T , let ϕ: T → A_g be the resulting morphism, and write Z := ϕ(T ). Finally, let S ⊂ A_g be the smallest special subvariety containing Z.

In order to calculate the dimension of S, it suffices to know the adjoint real group M^{ad}_R . More precisely, if M^{ad}_R = Q_1 × · · · × Q_r is the decomposition of this group as a product of simple factors, dim(S) =

�_r i=1 d(Q_i), where d(Q_i) is a contribution that only depends on the isomorphism class of the simple group Q_i. The only cases that are relevant for us are that • d(Q) = 0 if Q is anisotropic (compact); • d(Q) = pq if Q ∼= PSU(p, q); • d(Q) = h(h + 1)/2 if Q ∼= PSp_{2h}.

2. The setup

In this section, given data (m, N, a) as in the introduction (see 2.1 below), we construct a family of cyclic covers of P^1 over some base scheme T . For later purposes we shall do this over a ring R of finite type over Z.

(2.1) Let m and N be integers with m � 2 and N � 2, and consider an Ntuple of positive integers a = (a_1, . . . , a_N ) such that gcd(m, a_1, . . . , a_N ) = 1. We further require that a_i ≢ 0 modulo m for all i and

�_N

i=1 a_i ≡ 0 modulo m.

The triple (m, N, a) serves as input for our constructions.

We call two such triples (m, N, a) and (m^′, N^′, a^′) equivalent if m = m^′ and N = N^′ and if the classes of a and a^′ in (Z/mZ)^N are in the same orbit under

Documenta Mathematica 15 (2010) 793–819

798 Ben Moonen

(Z/mZ)^∗ × S_N . Here we let (Z/mZ)^∗ act diagonally by multiplication, and the symmetric group S_N acts by permutation of the indices. In what follows we shall usually assume N � 4 but for some arguments it is useful to allow N to be 2 or 3.

(2.2) Let (m, N, a) be a triple as in 2.1. Let R be the ring Z[1/m, u]/Φ_m with Φ_m the mth cyclotomic polynomial. We write ζ ∈ R for the class of u; it is a root of unity of order m. We embed R into C by sending ζ to exp(2πi/m). The element ζ defines an isomorphism of R-group schemes (Z/mZ)_R^∼−→ μ_{m,R} by (b mod m) → ζ^b.

Let U ⊂ (A^1_R)^N be the complement of the big diagonals. In other words, U is the R-scheme of ordered N-tuples (t_1, . . . , t_N ) of distinct points in A^1. Let B ⊂ P^2_U be the projective curve over U obtained as the Zariski closure of the affine curve whose fibre over a point (t_1, . . . , t_N ) is given by

y^m = (x − t_1)^{a1} · · · (x − t_N )^{aN} = N� i=1 (x − t_i)^{ai} .

We have a μ_m-action on B over U by ζ · (x, y) = (x, ζ · y). The rational function x defines a morphism π_B : B → P^1_U .

There exist an open subscheme T ⊂ U, a smooth proper curve f: C → T equipped with an action of μ_{m,T} , and a μ_{m,T} -equivariant morphism ρ: C → B_T , such that for every point t ∈ T the morphism on fibres ρ_t: C_t → B_t is a normalization of B_t. Let π := π_B ∘ ρ: C → P^1_T , which is a finite morphism that realizes P^1_T as the quotient of C by the action of μ_{m,T} . If the context requires it, we include the data (m, N, a) in the notation, writing C = C(m, N, a) for instance. Further we write J → T for the Jacobian of C over T . If k is a field and t = (t_1, . . . , t_N ) ∈ T (k), we can also describe π_t: C_t → P^1_k as the μ_m-cover of P^1_k with branch points t_1, . . . , t_N and local monodromy about t_i given by the element ζ^{ai} ∈ μ_m.

The assumption that gcd(m, a_1, . . . , a_N ) = 1 implies that the fibres of f: C → T are geometrically irreducible. Let r_i := gcd(m, a_i). The Hurwitz formula gives that the fibres have genus

(2.2.1) g = 1 +

(N − 2)m −

�_N i=1 r_i 2 , so we obtain a morphism ψ: T → M_g over R. Define

(2.2.2) ϕ: T → A_g

to be the composition of ψ with the Torelli morphism. Up to isomorphism, the morphism ψ, and hence also ϕ, only depends on the equivalence class of the triple (m, N, a) for the equivalence relation defined in 2.1.

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 799

(2.3) Remark. — For computational purposes we have restricted our attention to the case where all branch points t_i are in A^1 ⊂ P^1, and we have not fixed any of these branch points, thereby creating some redundancy and excluding families where one of the branch points is fixed to be the point at ∞. For our main results, the only thing that really matters is the closure of the image of ϕ_C: T_C → A_{g,C}. For instance, while the family of curves y^{10} = x(x − 1)(x − λ) is not among the families we consider (the point at ∞ being a branch point), the subvariety of A_9 we obtain from this family is the same as the one obtained by taking m = 10, with N = 4 and a = (1, 1, 1, 7).

(2.4) Convention. — In what follows we shall in several steps replace the base scheme T by a subscheme. In such a case, it will be understood that we replace C by its restriction to the new base scheme, and we again write f: C → T for the curve thus obtained. Similarly, we retain the notation for various other objects associated with our family of curves.

(2.5) Notation. — Let M be a module over some commutative R-algebra, or a sheaf on some R-scheme, on which the group scheme μ_m acts. For n ∈ Z/mZ we write M_{(n)} := � x ∈ M � ζ(x) = ζ^n · x � , which in the sheaf case has to be interpreted on the level of local sections. We refer to M_{(n)} as the n-eigenspace of M. We have M = ⊕_{n∈Z/mZ} M_{(n)}.

(2.6) Recall that r_i = gcd(m, a_i). Consider the μ_m-cover π: C_t → P^1 for some t ∈ T (k), where k is a field. For i ∈ {1, . . . , N} and n ∈ Z, let

l(i, n) := −1 + � r_i − na_i m � = � −na_i m � ,

where the second equality easily follows from the fact that r_i = gcd(m, a_i). Consider the differential forms

(2.6.1) ω_{n,ν} := y^n · (x − t_1)^ν · N� i=1 (x − t_i)^{l(i,n)} · dx ,

and note that these only depend on the pair (n mod m, ν). The following result is standard.

(2.7) Lemma. — Let n ∈ Z/mZ with n ≠ 0. The forms ω_{n,ν} for 0 � ν � −2 +

�_N i=1 �_{−nai} m � are regular 1-forms on C_t and they form a k-basis for H^0(C_t, Ω^1)_{(n)}.

Documenta Mathematica 15 (2010) 793–819

800 Ben Moonen

3. The special subvariety given by the action of the covering group

In this section we work over C and we fix a triple (m, N, a) as in 2.1 with N � 4. We retain the notation introduced in the previous section, with the convention that all objects are now considered over C via the chosen embedding R → C.

(3.1) Definition. — We let Z(m, N, a) ⊂ A_{g,C} be the scheme-theoretic (or rather, stack-theoretic) image of the morphism ϕ: T → A_g of (2.2.2).

In other words, Z(m, N, a) is the reduced closed substack of A_{g,C} with underlying topological space ϕ(T ). We note that Z(m, N, a) only depends on the equivalence class of (m, N, a) and does not depend on the choice of the open subscheme T in 2.1. The dimension of Z(m, N, a) equals N − 3.

(3.2) Notation. — It will be convenient to write

(3.2.1) I(m) := � (Z/mZ) \ {0 mod m} � /{±1} .

Recall that ⟨x⟩ denotes the fractional part of x. For n ∈ Z/mZ we define

(3.2.2) d_n := � −1 +

�_N i=1 �_{−nai} m � if n ≢ 0, 0 if n ≡ 0,

which by Lemma 2.7 is the dimension of the (n)-eigenspace of H^0(C_t, Ω^1), for any t ∈ T (C).

(3.3) The substack Z(m, N, a) ⊂ A_g is contained in a special subvariety S(μ_m) ⊂ A_g determined by the action of Z[μ_m] on the relative Jacobian J → T . More precisely, S(μ_m) is the largest closed, reduced and irreducible substack S ⊂ A_g containing Z(m, N, a) such that the homomorphism Z[μ_m] → End(J/T ) induced by the action of μ_m on C/T extends to an action of Z[μ_m] on the universal abelian scheme over S.

Choose a base point b ∈ T (C), and let (J_b, λ) be the corresponding Jacobian with its principal polarization. With (V_Z, Ψ) as in 1.1, choose a symplectic similitude σ: H_1(J_b, Z)^∼−→ V_Z, where we equip H_1(J_b, Z) with its Riemann form (i.e., the polarization, in the sense of Hodge theory, that corresponds with λ). Via σ, the action of μ_m on J_b induces a structure of a Q[μ_m]-module on V = V_Z ⊗ Q. Consider the algebraic subgroup H ⊂ G_Q = CSp(V, Ψ) of Q[μ_m]-linear symplectic similitudes, i.e., the subgroup given by

H := GL_{Q[μm]}(V ) ∩ CSp(V, Ψ) .

With notation as in 1.1, the image of Y_H ⊂ H under the map

H →→ G(Z)\H ∼= G(Q)\H × G(A_{fin})/G(Ẑ) ∼= A_g (C)

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 801

is (the set of C-points of) a finite union of algebraic subvarieties of A_g, and the special subvariety S(μ_m) is the unique irreducible component of this image that contains Z(m, N, a).

The dimension of S(μ_m) is given by

(3.3.1) dim S(μ_m) = � d_{−n}d_n +

�_{dk (dk +1)} 2 if m = 2k is even, 0 if m is odd,

where the first sum runs over the pairs ±n ∈ I(m) with 2n ≢ 0. See [14], Section 5; see also Remark 4.6 below. In particular, as Z(m, N, a) ⊂ S(μ_m) we have

(3.3.2) N − 3 � dim S(μ_m) .

If equality holds then Z(m, N, a) = S(μ_m) ⊂ A_g is a special subvariety; it then follows that among the Jacobians J_t, for t ∈ T (C), there are, up to isomorphism, infinitely many Jacobians of CM type. (Here we use that on a special subvariety the CM points lie dense.)

(3.4) Inventory of examples. — Table 1 lists twenty triples (m, N, a) with N � 4 for which N − 3 = dim S(μ_m), so that Z(m, N, a) ⊂ A_{g,C} is a special subvariety. Our assumption that N � 4 means we are only considering the cases that give rise to a special subvariety of positive dimension. The first column of the table gives a number that we assign to each example for reference. The examples are sorted first by genus, then by degree of the cover. The second column gives the genus of the curves in the family. In the next three columns we give the data (m, N, a). In most cases there is a unique a = (a_1, . . . , a_N ) in its equivalence class such that 1 � a_1 � · · · � a_N � m − 1 with � a_i = 2m, and if there is a unique such representative, this is the one we list. If N = 4 there are usually two such representatives, the second one being (m − a_4, m − a_3, m − a_2, m − a_1); we list the one which lexicographically comes first. In the last column we give references to places in the literature where the example can be found. Here “S(i)” refers to example (i) in [24], “Mi” refers to example i in the appendix of [17], and dJN(1.3.i) refers to example (1.3.i) in [6]. These examples can also be found in [22]; see 4.8 below.

(3.5) Remark. — If we have a triple (m, N, a) as in 2.1 with N = 3, the associated subvariety Z = Z(m, N, a) is a special point in A_g .

The following theorem is the main result of this paper. It says that the list of examples in Table 1 is exhaustive.

(3.6) Theorem. — Consider data (m, N, a) as in 2.1, with N � 4. Then Z(m, N, a) ⊂ A_{g,C} is a special subvariety if and only if (m, N, a) is equivalent to one of the twenty examples listed in Table 1.

By what was explained above, it only remains to be shown that Z(m, N, a) is not special if (m, N, a) is not equivalent to one of the triples in the table. In 4.9

Documenta Mathematica 15 (2010) 793–819

802 Ben Moonen

genus m N a references (�) 1 2 4 (1, 1, 1, 1) (�) 2 2 6 (1, 1, 1, 1, 1, 1) (�) 2 3 4 (1, 1, 2, 2) (�) 2 4 4 (1, 2, 2, 3) (�) 2 6 4 (2, 3, 3, 4) (�) 3 3 5 (1, 1, 1, 1, 2) S(1), M41 (�) 3 4 4 (1, 1, 1, 1) (�) 3 4 5 (1, 1, 2, 2, 2) S(3), M43 (�) 3 6 4 (1, 3, 4, 4) (�) 4 3 6 (1, 1, 1, 1, 1, 1) S(2), M23, dJN(1.3.1) (�) 4 5 4 (1, 3, 3, 3) S(4), dJN(1.3.2) (�) 4 6 4 (1, 1, 1, 3) (�) 4 6 4 (1, 1, 2, 2) (�) 4 6 5 (2, 2, 2, 3, 3) (�) 5 8 4 (2, 4, 5, 5) (�) 6 5 5 (2, 2, 2, 2, 2) S(5), M44 (�) 6 7 4 (2, 4, 4, 4) S(6), dJN(1.3.3) (�) 6 10 4 (3, 5, 6, 6) (�) 7 9 4 (3, 5, 5, 5) (�) 7 12 4 (4, 6, 7, 7)

Table 1: monodromy data that give rise to a special subvariety

we shall first prove this for m = 2. In Section 6 we shall prove the theorem for N = 4. The case N > 4 is treated in Section 7.

Combining the theorem with the main result of [25] we obtain, for N = 4, the following finiteness result for the number of CM fibres.

(3.7) Corollary. — Assume the Generalized Riemann Hypothesis for CM

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 803

fields. If we have a triple (m, N, a) with N = 4 and the equivalence class of this triple is not among the twenty examples listed in Table 1 then up to isomorphism there are finitely many Jacobians of CM type in the family J → T_C.

4. Decomposition of the variation of Hodge structure

In this section we again work over C. We fix a triple (m, N, a) as in 2.1 with N � 4. The corresponding family of curves C → T gives rise to a variation of Hodge structure over T (over C) on which Q[μ_m] acts. We describe the resulting decomposition of the VHS, and we give some results about the monodromy of the summands.

(4.1) Let (m, N, a) be as in 2.1. For n ∈ Z/mZ, let N(n) be the number of indices i ∈ {1, . . . , N} such that na_i ≢ 0 modulo m. In particular, N(n) = N if n ∈ (Z/mZ)^∗. If n ≠ 0 then d_n + d_{−n} = N(n) − 2.

Let m^′ � 2 be a divisor of m, say with m = rm^′. Write N^′ := N(r mod m), and consider the N^′-tuple a^′ in (Z/m^′Z)^{N ′} obtained from the N-tuple (a_1 mod m^′, . . . , a_N mod m^′) by omitting the zero entries. Then (m^′, N^′, a^′) is again a triple as in 2.1; we refer to it as the triple obtained from (m, N, a) by reduction modulo m^′.

(4.2) As in 2.2, consider the family of curves f: C → T associated with the triple (m, N, a), where, as in the previous section, we work over C. The cohomology groups H^1(C_t, Q) are the fibres of a polarized Q-VHS with underlying local system V := R^1f^{an}_∗ Q_C . This Q-VHS comes equipped with an action of the group ring Q[μ_m] = � d|m K_d, where K_d = Q[t]/Φ_d is the cyclotomic field of dth roots of unity. Accordingly we have a decomposition of Q-VHS,

(4.2.1) V = ⊕_{d|m}V^{[d]} ,

where V^{[d]} is a polarized Q-VHS over T equipped with an action of K_d.

(4.3) Let (m, N, a) be as in 2.1, with N � 4. Let m^′ � 2 be a proper divisor of m, and let (m^′, N^′, a^′) be the triple obtained from (m, N, a) by reduction modulo m^′, as in 4.1.

Let ρ: A^N → A^{N ′} be the projection map, omitting the coordinates x_i for all indices i with a_i ≡ 0 modulo m^′. Performing the construction of 2.2 we may choose T = T (m, N, a) ⊂ A^N and T^′ = T (m^′, N^′, a^′) ⊂ A^{N ′} such that ρ maps T to T^′. (The map T → T^′ is then dominant.) If f^′: C^′ → T^′ is the family of curves associated with the triple (m^′, N^′, a^′), the pull-back ρ^∗C^′ = C^′ ×_T ′ T can be identified with the quotient of C/T modulo the action of μ_r ⊂ μ_m, where r = m/m^′.

Let V^′ = V(m^′, N^′, a^′) be the Q-VHS over T^′ associated with the triple (m^′, N^′, a^′). The quotient morphism C → ρ^∗C^′ over T gives a map ρ^∗V^′ → V

Documenta Mathematica 15 (2010) 793–819

804 Ben Moonen

and this induces an isomorphism ρ^∗V^′ ∼= ⊕_{d|m}′ V^{[d]}. We refer to the sub-Q- VHS ρ^∗V^′ as the old part associated with the divisor m^′. The direct summand V^{[m]} ⊂ V is called the new part; in the decomposition (4.2.1) it is the only direct summand that is not contained in an old part.

(4.4) Lemma. — Let the notation and assumptions be as in 4.3. Let g = g(m, N, a) and g^′ = g(m^′, N^′, a^′) be the respective genera. If Z(m, N, a) ⊂ A_{g,C} is a special subvariety then Z(m^′, N^′, a^′) ⊂ A_g′_{,C} is special, too. Proof. Suppose Z(m, N, a) is special. Write J = J(m, N, a) → T and J^′ = J(m^′, N^′, a^′) → T^′ for the respective Jacobians. Then ρ^∗J^′ is an isogeny factor of J. Hence, if θ: T → A_g′_{,C} is the morphism corresponding to ρ^∗J^′, it follows from 1.4 that the Zariski closure of the image of θ is a special subvariety. But θ is just the composition of the projection ρ: T → T^′, which is dominant, and the morphism ϕ(m^′, N^′, a^′): T^′ → A_g′_{,C} associated with the data (m^′, N^′, a^′). Hence the closure of the image of θ is Z(m^′, N^′, a^′). □

(4.5) With notation as in 2.5, the C-local system V_C decomposes as V_C = ⊕_{n∈Z/mZ}V_{C,(n)}. The relation with (4.2.1) is that V^{[d]}_C is the sum of all V_{C,(n)} with ord(n) = d. We have V_{C,(0)} = 0, and for n ≠ 0 the C-local system V_{C,(n)} has rank N(n) − 2, where N(n) is defined as in 4.1. (See also [7], Section 2.) With real coefficients, and with I(m) as in (3.2.1), we have a decomposition of R-VHS

V_R = � � � ±n∈I(m),2n≢0

V_{R,(±n)} � � ⊕ V_{R,( m2 )} ,

where the last summand only occurs if m is even. The decomposition is such that V_{R,(±n)} ⊗_R C = V_{C,(n)} ⊕ V_{C,(−n)} and V_{R,(} m_{2 )} ⊗_R C = V_{C,(} m_{2 )} (for even m) .

On the summand V_{R,(±n)} the polarization of the VHS induces a (−1)-hermitian form β_{±n} of signature (d_n, d_{−n}); see also [7], Corollary (2.21) and (2.23). In case m is even, the polarization induces a symplectic form β^m_2 on V_{R,(} m_{2 )}. As in 3.3 we choose a base point b ∈ T (C), and a symplectic similitude σ: H^1(J_b, Q)^∼−→ V . Via this similitude, we identify V with the fibre of V at b. Correspondingly, we write V_{R,(±n)} for the direct summand of V_R that under σ maps to the fibre at b of V_{R,(±n)}.

For what follows, it will be convenient to choose the base point b to be a Hodgegeneric point with respect to the variation V, so from now on we assume this. Define Mon ⊂ GL(V ) and Hdg ⊂ GL(V ) to be the algebraic monodromy groups of the Q-local system V and the Hodge group of the fibre at b, respectively. (Since we have chosen b to be Hodge-generic, Hdg is the generic Hodge group of the VHS.) By [3], Theorem 1, the identity component Mon^0 is a semisimple normal subgroup of Hdg.

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 805

(4.6) Remark. — The generic Hodge group Hdg is contained in the algebraic group H := GL_{Q[μm ]}(V ) ∩ CSp(V, Ψ) considered in 3.3. Extending scalars to R we have

(4.6.1) H_R ∼= � � � ±n∈I(m),2n≢0

U(V_{R,(±n)}, β_{±n}) � � × Sp(V_{R,( m2 )}, β m_2 ) ,

where the symplectic factor only occurs if m is even. Our formula (3.3.1) follows from this together with what was explained in 1.5.

We have Mon^0 ⊂ Hdg ⊂ H. The next proposition gives us information about the projections of the R-group Mon^0_R onto the various factors in the decomposition (4.6.1).

(4.7) Proposition. — (i) Suppose we have ±n ∈ I(m) with 2n ≢ 0 such that d_n � 1 and d_{−n} � 1. Then the image of Mon^0_R in U(V_{R,(±n)}, β_{±n}) is the special unitary group SU(V_{R,(±n)}, β_{±n}), which is isomorphic to SU(d_n, d_{−n}). (ii) If m is even, the group Mon^0_R projects surjectively to the symplectic group Sp(V_{R,(} m_{2 )}, β^m_2 ), which is isomorphic to Sp_{2h,R} with h = d^m_2 .

Proof. For (i), see Rohde [22], Theorem 5.1.1. For (ii), assume m is even, and let h := d^m_2 . There are then 2h+2 indices i for which a_i is even, and without loss of generality we may assume these are the indices i ∈ {1, . . . , 2h + 2}. With the above notation, V_{R,(} m_{2 )} is the same as V^{[2]}_R , and if we define Mon^{[2]} ⊂ GL(V^{[2]}) as the algebraic monodromy group of the Q-local system V^{[2]} then the image of Mon^0 in Sp(V_{R,(} m_{2 )}, β^m_2 ) equals Mon^{[2],0}_R . Further, V^{[2]} is just the local system obtained from the family of hyperelliptic curves u^2 = (x − t_1) · · · (x − t_{2h+2}); cf. 4.3. By [1], Theorem 1 (see also [2]), the connected algebraic monodromy group of this local system is the full symplectic group. □

(4.8) Let (m, N, a) be a triple as in 2.1, with N � 4. Consider the following condition.

(4.8.1) There exists a ±n ∈ I(m) with {d^n, d^{−n}} = {1, N − 3}, and for all other ±n^′ ∈ I(m), either d_n′ = 0 or d_{−n}′ = 0.

All examples in Table 1, with the exception of Example �, satisfy this condition. It has been proven by Rohde in [22] that these nineteen examples are the only examples (up to equivalence) of triples (m, N, a) with N � 4 that satisfy (4.8.1).

(4.9) We now prove Theorem 3.6 for m = 2. In this case N is even, g = (N − 2)/2, and up to equivalence a = (1, . . . , 1) is the only possibility. Further, Z(2, N, a) ⊂ A_{g,C} is the closure of the hyperelliptic locus in A_g . The assertion is that this is not special for g � 3. This is true because for g � 3 the hyperelliptic locus is not dense in A_g , whereas by (ii) of Proposition 4.7 the generic Hodge group Hdg is the full symplectic group.

Documenta Mathematica 15 (2010) 793–819

806 Ben Moonen

In what follows we may therefore assume m > 2.

5. Canonical liftings of ordinary Jacobians in positive characteristic

(5.1) We need to recall some definitions and results from the paper [8] by Dwork and Ogus. We first discuss their theory in a general setting. After that, from 5.4 on, we return to the specific families of curves that interest us, and we explain how the results of [8] apply to that situation.

Given an irreducible base scheme T and a smooth projective curve f: C → T we write ω_{C/T} for Ω^1_{C/T} . Consider the Hodge bundle E = E(C/T ) := f_∗ω_{C/T} , which is a vector bundle on T of rank g, the genus of the fibres. We have a Kodaira-Spencer map KS: Sym^2(E) → Ω^1_{T /R} and we define

K = K (C/T ) := Ker � Sym^2(E)^{mult}−−−→ f_∗(ω^{⊗2}_{C/T} ) � , Q = Q(C/T ) := Coker � f_∗(ω^{⊗2}_{C/T} )^{∨ mult∨}−−−−→ Sym^2(E)^∨ � , where “mult” is the multiplication map. We remark that Q can be thought of as the pull-back to T of the normal bundle to the Torelli locus inside A_g. Outside the hyperelliptic locus, mult is surjective and K is the dual of Q.

(5.2) Let k be an algebraically closed field of characteristic p > 0. Consider a smooth projective curve C/k of genus g such that its Jacobian J is ordinary. Let λ be the natural principal polarization of J. By Serre-Tate theory (see [9] or [10], Chap. 5) we have a canonical lifting of (J, λ) to a principally polarized abelian variety (J^{can}, λ^{can}) over the ring of Witt-vectors W (k). In general, for g � 4 this canonical lifting is not the Jacobian of a curve over W (k). More precisely, Dwork and Ogus show that in general not even the canonical lifting over W_2(k), the Witt-vectors of length 2, is again a Jacobian. Following [8] we call the ordinary curve C/k pre-W_2-canonical if there exists a smooth projective curve Y over W_2(k) such that (J^{can}, λ^{can}) over W_2(k) is isomorphic, as a principally polarized abelian variety, to the Jacobian of Y . The main advantage of working modulo p^2 is that in this case there is a natural class β_{C/k} in Q(C/k) that vanishes if and only if C/k is pre-W_2-canonical; see [8], Prop. (2.4). This invariant β_{C/k} cannot be defined in a family of curves (in a sense that can be made precise, see [8], § 3), but its Frobenius pullback can, as we shall discuss next.

Let T be a smooth k-scheme, and let F_T : T → T be its absolute Frobenius endomorphism. Consider a smooth projective curve f: C → T such that all fibres C_t are ordinary. This assumption permits us to view the inverse Cartier operator as an O_T -linear homomorphism

γ: F^∗_T E → E ,

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 807

with E = E(C/T ) the Hodge bundle. This map γ is the inverse transpose of the Frobenius action on R^1f_∗O_C .

Dwork and Ogus define a global section β̃_{C/T} of F^∗_T Q(C/T ) such that for any t ∈ T (k) the value of β̃_{C/T} at t is F^∗_k (β_{Ct /k}). See [8], Prop. 2.7. The sheaf F^∗_T Q(C/T ) comes equipped with a canonical flat connection

∇: F^∗_T Q(C/T ) → F^∗_T Q(C/T ) ⊗ Ω^1_{T /k} .

In particular, still with T smooth over k, if C_t/k is pre-W_2-canonical for all t ∈ T (k), the section β̃_{C/T} is zero, so certainly ∇β̃_{C/T} = 0. One of the main points of [8], then, is that ∇β̃_{C/T} can be calculated explicitly. The result is easiest to state under the additional hypothesis that the fibres C_t are not hyperelliptic. We note that this assumption is not always satisfied in the situation we want to consider. In Prop. 5.8 we shall give a modified version of the next result that also works for hyperelliptic families.

If the C_t are not hyperelliptic, the multiplication map Sym^2(E) → f_∗(ω^{⊗2}) is surjective, so, with notation as introduced in 5.1, β̃_{C/T} can be viewed as an O_T -linear map F^∗_T K → O_T .

The following result is [8], Prop. 3.2. (In [8] the result is stated under some versality assumption on the family C/T but one easily verifies that their Prop. 3.2 is true without this assumption.)

(5.3) Proposition (Dwork-Ogus). — With assumptions and notation as above, and assuming the curves C_t to be non-hyperelliptic, −∇(β̃_{C/T} ): F^∗_T K → Ω^1_{T /k} is equal to the composition

F^∗_T K ^{incl}−−→ F^∗_T Sym^2(E)^{Sym2(γ)}−−−−−−→ Sym^2(E)^{KS}−−→ Ω^1_{T /k} .

(5.4) Assumptions. — In the rest of this section we fix data (m, N, a) as in 2.1 with m > 2 and N � 4, and we consider the family of curves f: C → T as constructed in 2.2. We assume that (m, N, a) is not equivalent to one of the triples listed in Table 1. We further assume that the closed subvariety Z(m, N, a) ⊂ A_{g,C} is a special subvariety; our aim is to derive a contradiction. Without loss of generality we may suppose (m, N, a) is minimal with respect to the above assumptions, by which we mean that there is no triple (m^′, N^′, a^′) that satisfies our assumptions and for which we have 4 � N^′ < N or N^′ = N and 2 � m^′ < m. In particular, it follows from Lemma 4.4 that if m^′ is a proper divisor of m and (m^′, N^′, a^′) is obtained from (m, N, a) by reduction modulo m^′, as in 4.3, either N^′ � 3 or (m^′, N^′, a^′) is equivalent to one of the twenty triples listed in Table 1.

Documenta Mathematica 15 (2010) 793–819

808 Ben Moonen

(5.5) Lemma. — (i) The subsheaf f_∗(ω^{⊗2}_{C/T} )_{(0)} of μ_m-invariant sections of f_∗(ω^{⊗2}_{C/T} ) is a locally free O_T -module of rank N − 3.

(ii) The Kodaira-Spencer morphism KS: Sym^2(E) → Ω^1_{T /R} factors over the composite map

Sym^2(E)^{pr}−−→ Sym^2(E)_{(0)}^{mult}−−−→ f_∗(ω^{⊗2}_{C/T} )_{(0)}

and the induced map KS_{(0)}: f_∗(ω^{⊗2}_{C/T} )_{(0)} → Ω^1_{T /R} is a fibrewise injective homomorphism of vector bundles.

Proof. (i) By a result of Chevalley and Weil in [5], for every t ∈ T (C) the subspace of μ_m-invariants in H^0(C_t, Ω^{⊗2}) has dimension N − 3. (ii) The fibre of Sym^2(E)_{(0)} at a point t is dual to the space H^1(C_t, Θ)_{(0)}, which parametrizes the deformations of C_t for which the μ_m-action deforms along. Since we have a μ_m-action on the whole family C/T , the Kodaira-Spencer map factors through the projection Sym^2(E) → Sym^2(E)_{(0)}. For any family of curves it also factors through the multiplication map Sym^2(E) → f_∗(ω^{⊗2}_{C/S}); hence KS factors through f_∗(ω^{⊗2}_{C/T} )_{(0)}. The last assertion of (ii) just says that at any t ∈ T (k) our family is complete in the sense of deformation theory: if D → Spec � k[ϵ] � is a first-order deformation of C_t with its μ_m-action, D/k[ϵ] can be obtained by pull-back from our family. This is clear, as the quotient D/μ_m is isomorphic to P^1_{k[ϵ]}. □

(5.6) Lemma. — There exists a prime number p with p ≡ 1 modulo m and, for p a prime of R = Z[1/m, u]/Φ_m above p, a dense open subset U of T_0 := T ⊗_R (R/p), such that for any algebraically closed field k of characteristic p and any t ∈ U(k) the curve C_t is ordinary and the Jacobian J_t is pre-W_2-canonical.

Proof. Let p be any prime number with p ≡ 1 mod m. Note that in this case R/p = F_p for any prime p ⊂ R above p. We write T ⊗ F_p for T ⊗_R (R/p). By [4], Prop. 7.4, there is a Zariski open U ⊂ T ⊗ F_p such that C_t is ordinary for all t ∈ U(k). On the other hand, by a theorem of Noot [18], [19], in the slightly more precise formulation of [13], Thm. 4.2, the assumption that Z = Z(m, N, a) is special implies that for p large enough and t ∈ T_0(k) any ordinary point, the canonical lifting of J_t gives a W (k)-valued point of Z. In particular, J_t is then pre-W_2-canonical. □

(5.7) For most choices of (m, N, a) the general member in our family of curves C → T is not hyperelliptic. In this case we may, and will, choose p and U in Lemma 5.6 such that the curves C_t with t ∈ U(k) are non-hyperelliptic. It may happen, however, that Z(m, N, a) is fully contained in the hyperelliptic locus, in which case we call (m, N, a) a hyperelliptic triple. This occurs, for instance, if m = 2m^′ is even and a is of the form (a_1, a_2, m^′, . . . , m^′), or if N = 4 and a = (1, 1, m − 1, m − 1). In such a case we will just choose p and U as in Lemma 5.6.

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 809

The following variant of Prop. 5.3 is the essential tool in our proof of Theorem 3.6. Let p and U be chosen as above, and let C_U → U be the restriction of C/T to U. With notation as in 2.5 and 5.1 we have eigenspace decompositions Q(C_U /U) = ⊕_{n∈Z/mZ} Q_{(n)}; likewise for other O_U [μ_m]-modules such as K (C_U /U) and E_U = E(C_U /U). Accordingly we can write β̃_{CU /U} = � n β̃_{(n)},

with β̃_{(n)} a section of F^∗_U Q_{(n)}.

(5.8) Proposition. — With assumptions and notation as in 5.4 and 5.7, the composite map (5.8.1)

F^∗_U K_{(0)} ^{incl}−−→ F^∗_U Sym^2(E_U )_{(0)}^{Sym2(γ)}−−−−−−→ Sym^2(E_U )_{(0)}^{mult(0)}−−−−−→ f_∗(ω^{⊗2}_{C/U} )_{(0)}

is zero.

Proof. If (m, N, a) is non-hyperelliptic this is immediate from Prop. 5.3 together with (ii) of Lemma 5.5. So from now on we may assume that Z(m, N, a) is contained in the hyperelliptic locus. Let ι ∈ Aut(C_U /U) be the hyperelliptic involution. We remark that ι may or may not be contained in the subgroup μ_m ⊂ Aut(C_U /U); by inspection of the hyperelliptic examples mentioned in 5.7 we see that both cases occur.

Let ω = Ω^1_{CU /U} . In the hyperelliptic case the multiplication map Sym^2(E_U ) → f_∗(ω^{⊗2}) is no longer surjective. However, if we denote the invariants under the action of ι by a subscript “even”,

mult_{(even)}: Sym^2(E_U )_{(even)} → f_∗(ω^{⊗2})_{(even)}

is again surjective; see for instance [21], Lemmas 2.12 and 2.13. The assumption that Z(m, N, a) is fully contained in the hyperelliptic locus implies that f_∗(ω^{⊗2})_{(0)} ⊂ f_∗(ω^{⊗2})_{(even)}. Hence also mult_{(0)} is surjective, and we may view β̃_{(0)} as an O_U -linear map F ∗_U K_{(0)} → O_U .

Our assumptions imply that β̃_{(0)}, hence also ∇β̃_{(0)}, is zero, so all that remains to be checked is that for the 0-component the analogue of Prop. 5.3 holds. For this we can follow the proof of [8], Prop. 3.2: The proof that loc. cit. diagram (3.2.9) is commutative does not use the assumption that the curves are non-hyperelliptic and therefore goes through in the hyperelliptic case. Moreover, in the notation of that proof, we can choose the lifted family Y /T (where Y/T is our C_U /U) such that it has an action of μ_m. Taking 0-components in diagram (3.2.9) then gives that −∇β̃_{(0)} equals the composition of (5.8.1) and KS_{(0)}, and by (ii) of Lemma 5.5 we conclude that the map (5.8.1) is zero. □

(5.9) Lemma. — Write q = (p − 1)/m. Let n ∈ Z/mZ, and let A = A_n(t) ∈ GL_{dn} (O_U ) be the matrix of the Cartier operator γ^{−1}: E_{U,(n)} → F^∗_U E_{U,(n)} with regard to the frames

ω_{n,0}, . . . , ω_{n,dn−1} , respectively ω_{n,0} ⊗ 1, . . . , ω_{n,dn−1} ⊗ 1 .

Documenta Mathematica 15 (2010) 793–819

810 Ben Moonen

Then the matrix coefficient A_{ρ,σ} , for ρ, σ ∈ {0, . . . , d_n − 1}, equals

(5.9.1) (−1)^Σ · � j_1 +···+j_N =Σ � q · [−na_1]_m j_1 � · · · � q · [−na_N ]_m j_N � · t^{j1}_1 · · · t^{jN}_N ,

where Σ = (d_n − σ)(p − 1) + (ρ − σ).

Proof. This is the dual version of [4], Lemma 5.1, part (i). □

We remark that the result of Bouw in [4] is valid in a more general context. She uses this to prove the existence of cyclic covers whose p-rank reaches a natural upper bound imposed by the local monodromy data; see [4], Thm. 6.1.

6. Proof of the main result: four branch points

In this section we prove Theorem 3.6 in the case N = 4. Let us first try to explain the idea of the argument, by way of guide for the reader. Assume we have a triple (m, N, a) that is not one of the twenty examples in Table 1 but such that Z(m, N, a) is special. We want to show that this is impossible. We have the family of curves C → T over a ring R of finite type over Z; we then consider the reduction modulo p, with p chosen as in 5.7. The nontrivial information we have, exploiting the assumption that Z(m, N, a) is special, is that this gives a family of ordinary Jacobians in characteristic p such that the canonical liftings over W_2(k) are again Jacobians. In Prop. 5.8 we have translated this, based on the theory in [8], into the vanishing of a certain abstractly defined map. Lemma 5.9 enables us to calculate this map explicitly. To apply this, we need a differential form that gives us an element in the source of the map (5.8.1); we write down such a form in 6.2 below. The fact that the image of this element is zero then gives us a polynomial identity (6.2.1). By some combinatorial arguments we then show that this identity cannot hold if (m, N, a) is not equivalent to one of the twenty special triples in Table 1.

(6.1) We retain the assumptions made in 5.4. In addition we assume N = 4. Let D(m, a) := � ±n ∈ I(m) � d_n = d_{−n} = 1 � . (Here I(m) is as defined in (3.2.1) and d_n is given by (3.2.2). Though not indicated in the notation, d_n depends on a.)

If ±n ∈ D(m, a), the equalities d_n = d_{−n} = 1 imply that na_i ≢ 0 modulo m for all i ∈ {1, . . . , 4}. Hence,

(6.1.1) [−na_i]_m = m − [na_i]_m for all i, and 4� i=1 [−na_i]_m = 2m ,

where we recall that [b]_m denotes the representative of the class (b mod m) in {0, 1, . . . , m − 1}.

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 811

We first observe that dim S(μ_m) > 1. Indeed, if dim S(μ_m) = 1 then (4.8.1) holds, and by the results of [22], Chapter 6, (m, N, a) is one of the triples in Table 1, which contradicts our assumptions.

For n ∈ Z/mZ we have d_n + d_{−n} � 2, and if m is even then d^m_2 � 1. The inequality dim S(μ_m) > 1 is therefore equivalent to the fact that #D(m, a) � 2. Choose two distinct pairs ±n and ±n^′ in D(m, a). Note that if m is even, we may have n = −n or n^′ = −n^′.

(6.2) Choose p and U as in Lemma 5.6, where we may further assume that the curves C_t for t ∈ U(k) are either all non-hyperelliptic or all hyperelliptic. We keep the notation introduced in the previous section; in particular we recall that K (C_U /U) = ⊕_{n∈Z/mZ} K_{(n)}.

It follows from (6.1.1) and the definition of the forms ω_{n,ν} in (2.6.1) that η := ω_{n,0} ⊗ ω_{−n,0} − ω_n′_{,0} ⊗ ω_{−n}′_{,0} is a section of K_{(0)}. For ν ∈ {±n, ±n^′} the matrix A_ν = A_ν (t) of Lemma 5.9 is a polynomial in F_p[t_1, . . . , t_4]. As the Jacobians of the curves C_t for t ∈ U(k) are ordinary, the Cartier operator γ^{−1} in Lemma 5.9 is an isomorphism of vector bundles, so A_ν (t) is invertible as a section of O_U . Because ω_{n,0} · ω_{−n,0} = ω_n′_{,0} · ω_{−n}′_{,0} is a non-zero section of f_∗(ω^{⊗2}), it follows from Prop. 5.8 that (6.2.1) A_n · A_{−n} = A_n′ · A_{−n}′ as polynomials.

Define B_ν := A_ν |_{t1=0}, the polynomial obtained from A_ν by substituting t_1 = 0. Explicitly, (6.2.2)

B_ν = (−1)^{p−1} · � j_2 +j_3 +j_4 =p−1 � q · [−νa_2]_m j_2 � · · · � q · [−νa_4]_m j_4 � · t^{j2}_2 t^{j3}_3 t^{j4}_4 .

Fix an index ι ∈ {2, 3, 4}, and write {1, 2, 3, 4} = {1, ι} ∐ {κ, λ}. Let v_n(ι) be the largest integer v such that B_n is divisible by t^v_ι . From (6.2.2) and (6.1.1) we find v_n(ι) = max � 0, (p − 1) − q · [−na_κ]_m − q · [−na_λ]_m � = max � 0, q · [na_κ]_m + q · [na_λ]_m − (p − 1) � , and similarly for v_{−n}(ι).

Next let w_{±n}(ι) be the largest integer w such that B_n · B_{−n} is divisible by t^w_ι . We find

w_{±n}(ι) = max � 0, q · [na_κ]_m + q · [na_λ]_m − (p − 1) � + max � 0, q · [−na_κ]_m + q · [−na_λ]_m − (p − 1) � , which by (6.1.1) we can rewrite as

(6.2.3) w_{±n}(ι) = max � 0, q · [na_κ]_m + q · [na_λ]_m − (p − 1) � + max � 0, q · [na_1]_m + q · [na_ι]_m − (p − 1) � = q · max � [na_1]_m + [na_ι]_m, [na_κ]_m + [na_λ]_m � − (p − 1) .

Documenta Mathematica 15 (2010) 793–819

812 Ben Moonen

(6.3) Lemma. — Consider two 4-tuples (b_1, b_2, b_3, b_4) and (b^′_1, b^′_2, b^′_3, b^′_4) in {1, . . . , m − 1}^4 with

�_4 i=1 b_i = 2m =

�_4 i=1 b^′_i. Suppose that for all partitions {1, 2, 3, 4} = {1, ι} ∐ {κ, λ} we have {b_1 + b_ι, b_κ + b_λ} = {b^′_1 + b^′_ι, b^′_κ + b^′_λ} as sets. Then there is an even permutation σ ∈ A_4 of order 2 such that either b^′_i = b_{σ(i)} for all i or b^′_i = m − b_{σ(i)} for all i.

Proof. Straightforward checking of all 8 = 2^3 possible combinations (two for each partition). □

(6.4) The relation (6.2.1) implies that for any partition {1, 2, 3, 4} = {1, ι} ∐ {κ, λ} we have w_{±n}(ι) = w_{±n}′ (ι). Since

�_4

i=1 [na_i]_m = 2m =

�_4 i=1 [n^′a_i]_m, it follows from (6.2.3) that � [na_1]_m + [na_ι]_m, [na_κ]_m + [na_λ]_m � = � [n^′a_1]_m + [n^′a_ι]_m, [n^′a_κ]_m + [n^′a_λ]_m � as sets. By the lemma it follows, possibly after replacing n by −n, which we may do, that there is an even permutation σ ∈ A_4 of order 2 such that [n^′a_i]_m = [na_{σ(i)}]_m for all i. As the pairs ±n and ±n^′ are distinct, σ ≠ 1. Possibly after a permutation of the indices we may therefore assume that

(6.4.1)

[n^′a_1]_m = [na_2]_m , [n^′a_3]_m = [na_4]_m , [n^′a_2]_m = [na_1]_m , [n^′a_4]_m = [na_3]_m .

Since gcd(m, a_1, . . . , a_4) = 1 this implies that gcd(m, n) = gcd(m, n^′).

(6.5) Let r = gcd(n, m). Let m^′ = m/r, and consider the triple (m^′, N^′, a^′) obtained from (m, N, a) by reduction modulo m^′. Then we have a bijection D(m, a)^∼−→ D(m^′, a^′) by (±n) → (±^n_r ). Hence #D(m^′, a^′) � 2. In particular, N^′ = 4, and (m^′, N^′, a^′) is not equivalent to one of the triples listed in Table 1. By our minimality assumption on (m, N, a), see 5.4, it therefore follows that r = 1. Hence we may replace the 4-tuple a by n^′a = (n^′a_1, . . . , n^′a_4), which means we may set n^′ = 1 in the above. In this case, (6.4.1) tells us that n^2 = 1 in (Z/mZ), and the 4-tuple a has the form a = (a_1, na_1, a_3, na_3) with n ≠ ±1 and (6.5.1) (n + 1)(a_1 + a_3) = 2m .

From these relations we want to deduce that there is a pair ±ν ∈ D(m, a) with gcd(m, ν) ≠ 1, thereby obtaining a contradiction. Write m = 2^k · M with M odd.

First assume n ≢ −1 modulo M. For an odd prime number ℓ and an exponent e � 1, the congruence n^2 ≡ 1 mod ℓ^e only has n ≡ ±1 as solutions. Hence there is an odd prime divisor ℓ of m such that n ≢ −1 mod ℓ. But then (6.5.1) gives a_1 + a_3 ≡ 0 mod ℓ, and since gcd(m, a_1, . . . , a_4) = 1 we further have a_1 ≢ 0 mod ℓ and a_3 ≢ 0 mod ℓ. Taking ν := m/ℓ we find that ±ν ∈ D(m, a); contradiction.

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 813

The only remaining possibility is that n ≡ −1 modulo M, and therefore n ≢ −1 mod 2^k. In particular, k � 2. In this case (6.5.1) implies a_1 +a_3 ≡ 0 mod 4, in which case ±m/4 ∈ D(m, a); contradiction. This completes the proof of Thm. 3.6 in the case N = 4.

7. Proof of the main result: five or more branch points

We now turn to the case N � 5. The idea behind the proof is the same as in the previous section, but there are some additional difficulties. In 7.2 and 7.3 we prove two technical results. Once we have these, we can again write down elements in the source of the map (5.8.1). Similar to what we did in Section 6, this gives us polynomial identities (7.4.1), and with some elementary combinatorial arguments we can then conclude the proof.

(7.1) Assumptions. — We retain the assumptions made in 5.4. In addition we now assume N � 5. Again we assume (m, N, a) is minimal. Because we have already proven Thm. 3.6 for N = 4, it is again true that if m^′ is a proper divisor of m and (m^′, N^′, a^′) is obtained from (m, N, a) by reduction modulo m^′, either N^′ � 3 or (m^′, N^′, a^′) is equivalent to one of the twenty triples listed in Table 1.

(7.2) Lemma. — With assumptions as in 7.1, there exists an index n ∈ (Z/mZ)^∗ such that {d_n, d_{−n}} ≠ {0, N − 2}.

With the terminology introduced in 4.3, the lemma says that the new part of the local system V (as in Section 4) is not isotrivial.

Proof. We assume {d_n, d_{−n}} = {0, N − 2} for all n ∈ (Z/mZ)^∗, and we seek to derive a contradiction. It will be convenient to consider the function δ_a: Z/mZ → Z_{�0} given by δ_a(n) =

�_N i=1 �_{−nai} m � . Note that for n ≠ 0 the d_n defined in (3.2.2) equals −1 + δ_a(n). For n ∈ (Z/mZ)^∗ we have δ_a(n) � 1 and δ_a(n) + δ_a(−n) = N. Our assumption is equivalent to the condition that

(7.2.1) {δ_a(n), δ_a(−n)} = {1, N − 1} for all n ∈ (Z/mZ)^∗.

Possibly after replacing a = (a_1, . . . , a_N ) by −a, we may assume δ_a(1) = 1, which means that

(7.2.2) [a_1]_m + · · · + [a_N ]_m = m .

We divide the proof into a couple of steps.

Step 1. Our first goal is to show that m > 60. For a given m, (7.2.2) leaves only finitely many possible triples (m, N, a), up to equivalence. With the help of a small computer program we check that for m � 60 the only two possibilities with N � 5 and {δ_a(n), δ_a(−n)} = {1, N − 1} for all n ∈ (Z/mZ)^∗ are given (up to equivalence) by

(7.2.3) m = 6 , N = 5 , a = (1, 1, 1, 1, 2) ;

Documenta Mathematica 15 (2010) 793–819

814 Ben Moonen

(7.2.4) m = 6 , N = 6 , a = (1, 1, 1, 1, 1, 1) .

So it remains to show that for these triples, Z(m, N, a) is not special. In case (7.2.3), we have g = 7 and the family of Jacobians J → T decomposes, up to isogeny, as a product of three factors: J ∼ Y_1 × Y_2 × Y_3, with — Y_1 a pull-back of the Legendre family of elliptic curves, which is Example � in Table 1; this is the old factor corresponding to the divisor 2 of m, — Y_2 a pull-back of Example �; this is the old factor corresponding to the divisor 3 of m, — Y_3 the new part.

(The new part Y_3 is in fact an isotrivial family of 3-dimensional abelian varieties of CM type, but we will not need this.) Let b ∈ T (C) be a Hodge-generic point. The fibre Y_{1,b} is an elliptic curve with endomorphism ring Z; its Hodge group is isomorphic with SL_2. The fibre Y_{2,b} is an abelian threefold that is easily seen to be simple. (E.g., use the fact that Example � is special, together with [23], Thm. 5.) By [16], Prop. 3.8 the Hodge group of Y_{1,b} × Y_{2,b} is the product of the two Hodge groups. Hence the smallest special subvariety S ⊂ A_7 that contains Z(m, N, a) has dimension at least 1 + 2 = 3 (see 1.5), and since N − 3 = 2 < 3 this means that Z(m, N, a) is not special.

In case (7.2.4), we have g = 10 and the family of Jacobians J → T decomposes, up to isogeny, as a product of three factors: J ∼ Y_1 × Y_2 × Y_3, with — Y_1 a pull-back of Example �; this is the old factor corresponding to the divisor 2 of m, — Y_2 a pull-back of Example �; this is the old factor corresponding to the divisor 3 of m, — Y_3 the new part.

(In this case the new part Y_3 is an isotrivial family of 4-dimensional abelian varieties of CM type; again we will not need this.) For a Hodge-generic point b ∈ T (C) the fibre Y_{1,b} is an abelian surface with endomorphism ring Z; its Hodge group H_1 = Hdg(Y_{1,b}) is isomorphic with Sp_4. The fibre Y_{2,b} is an abelian fourfold. By Thm. 1.1 of [26] we have End(Y_{2,b}) = Z[ζ_3], and the tangent multiplicities for the factor Y_2 (=Example �) are given by d_{(1 mod 3)} = 3 and d_{(2 mod 3)} = 1. By [15], 7.4, it follows that for the generic Hodge group H_2 = Hdg(Y_{2,b}) we have H_{2,R} ∼= U(1, 3). If H = Hdg(J_b) is the generic Hodge group in our family of Jacobians, H projects surjectively to H_1 and H_2. It follows that among the simple factors of H^{ad}_R both a factor PSp_4 and a factor PSU(1, 3) occur; this implies that the smallest special subvariety S ⊂ A_7 that contains Z(m, N, a) has dimension at least 3 + 3 = 6 (again see 1.5), and since N − 3 = 3 < 6 this means that Z(m, N, a) is not special.

Step 2. The function δ_a has the property that δ_a(n_1 + n_2) � δ_a(n_1) + δ_a(n_2). In particular, if n_1, n_2 and n_1 + n_2 are all in (Z/mZ)^∗ then by (7.2.1) we have the implication

(7.2.5) δ_a(n_1) = δ_a(n_2) = 1 ⇒ δ_a(n_1 + n_2) = 1 .

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 815

Step 3. Next we show that m is not divisible by 2, 3 or 5. Let p ∈ {2, 3, 5}, and suppose m is divisible by p. Let m^′ = m/p and let (m^′, N^′, a^′) be obtained from (m, N, a) by reduction modulo m^′. The new triple cannot be one of the examples listed in Table 1, for this would imply (by inspection of the table) that m = p · m^′ � 5 · 12 = 60, which we have excluded. Hence our minimality assumption on the triple (m, N, a) implies that N^′ � 3.

Since N � 5, there are at least two indices i such that a_i ≡ 0 modulo m^′. For p = 2 this contradicts (7.2.2). Hence 2 ∈ (Z/mZ)^∗ and by repeated application of (7.2.5), starting from δ_a(1) = 1, we find that δ_a(2^k) = 1 for all k. For p = 3 the only possibility left, in view of (7.2.2), is that there are precisely two indices i with [a_i]_m = m/3 and that [a_i]_m < m/3 for all remaining indices. This contradicts the fact that δ_a(2) = 1. Hence 3 does not divide m. Finally take p = 5. The fact that δ_a(2) = 1 implies that there is a unique index i with [a_i]_m > m/2 and that [a_i]_m < m/2 for all remaining indices. Since N � 5 and N^′ � 3 this leaves (possibly after a permutation of the indices) two possibilities: either

[a_1]_m = 3m/5 , [a_2]_m = m/5 , [a_i]_m < m/5 for all i > 2, or m/2 < [a_1]_m < 3m/5 , [a_2]_m = [a_3]_m = m/5 , [a_i]_m < m/5 for all i > 3.

In both cases we get a contradiction with the fact that δ_a(4) = 1.

Step 4. We now show that m has at most four distinct prime divisors. To see this, let p be any prime divisor of m, let m^′ = m/p and let (m^′, N^′, a^′) be obtained from (m, N, a) by reduction modulo m^′. If the new triple is one of the examples listed in Table 1, it can only be Example �, for otherwise inspection of the table gives that m^′ (and hence m) is divisible by 2, 3, or 5, which we have excluded. Example � has N^′ = 4 branch points, so this fact, together with our minimality assumption on the triple (m, N, a), implies that N^′ � 4. The previous argument shows that for any prime divisor p of m, there are at most 4 indices i such that a_i is not divisible by m/p. On the other hand, a_i ≢ 0 mod m, so for a given index i there can be at most one prime divisor p of m such that a_i is divisible by m/p. As N � 5 it follows that m has at most four distinct prime divisors.

Step 5; conclusion of the proof. Combining the conclusion of Step 3 with (7.2.5), we find that for all ρ ∈ {1, 2, 3, 4, 5} we have (ρ mod m) ∈ (Z/mZ)^∗ and δ_a(ρ mod m) = 1.

Let ν be an integer such that gcd(m, ν) = 1 and δ_a(ν mod m) = 1. Let ρ be the smallest positive integer such that gcd(m, ν + ρ) = 1. The fact that m has at most four distinct prime divisors, all greater than 5, implies that ρ � 5. But then gcd(ρ, m) = 1 and from (7.2.5) we get that δ_a(ν + ρ mod m) = 1. Repeating this, we find that δ_a(n) = 1 for all n ∈ (Z/mZ)^∗, which contradicts the fact that δ_a(n) + δ_a(−n) = N > 3. This completes the proof of the lemma. □

Documenta Mathematica 15 (2010) 793–819

816 Ben Moonen

(7.3) Our next goal is to show there exist two distinct pairs ±n and ±n^′ in I(m) with

(7.3.1) d_{−n} = d_{−n}′ = 1 , and d_n = d_n′ = N − 3 .

(In particular, n ≢ 0 and n^′ ≢ 0.) For this we work over C and we consider the generic Mumford-Tate group M of the family C/T . As in 1.5, let M^{ad}_R = Q_1 × · · · × Q_r be the decomposition of M^{ad}_R as a product of simple factors. The assumption that Z(m, N, a) is special means that N − 3 =

�_r i=1 d(Q_i), with notation as in 1.5. Further, this assumption implies that the connected algebraic monodromy group Mon^0 of the family is a normal subgroup of M; in particular, Mon^{0,ad}_R = � i∈K Q_i for some subset K ⊂ {1, . . . , r}.

By Lemma 7.2 there exists an index n in (Z/mZ)^∗ with {d_n, d_{−n}} ≠ {0, N − 2}. By Prop. 4.7 it follows that one of the simple factors Q_i, say Q_1, is a PSU(d_n, d_{−n}), which gives d(Q_1) = d_nd_{−n}. Because n ∈ (Z/mZ)^∗ we have d_n +d_{−n} = N −2; hence d_nd_{−n} � N −3 with equality of and only if {d_n, d_{−n}} = {1, N − 3}. Possibly after replacing n by −n we therefore have d_n = N − 3 and d_{−n} = 1. Further, the relation N − 3 =

�_r i=1 d(Q_i) implies that all other simple factors Q_2, . . . , Q_r are anisotropic (i.e., compact).

Our assumptions imply that there is another index pair ±n^′ ∈ I(m) with d_n′ ≠ 0 and d_{−n}′ ≠ 0, for if this is not the case then (m, N, a) satisfies (4.8.1), which implies it is one of the examples of Table 1. If m = 2m^′ is even and n^′ = m^′ then by Prop. 4.7 one of the factors Q_i is a PSp_{2h} with h = d_n′ > 0. As N − 3 � 2, this factor cannot be the factor Q_1 = PSU(1, N − 3), and since PSp_{2h} is not anisotropic we arrive at a contradiction. So n^′ ≠ −n^′, and, again by Prop. 4.7, one of the Q_i is a non-compact unitary factor PSU(d_n′ , d_{−n}′ ). This factor must be the factor Q_1; hence {d_n′ , d_{−n}′ } = {1, N − 3}, which gives what we want.

(7.4) Consider two distinct pairs ±n and ±n^′ in I(m) for which (7.3.1) holds. Let Γ ∈ GL_{N−3}(O_U ) be the matrix of γ_{(n)}: F^∗_U E_{U,(n)} → E_{U,(n)} with regard to the frames given by the forms ω_{n,σ}. It is the inverse of the matrix A = A_n of Lemma 5.9. Similarly, let Γ^′ be the matrix of γ_{(n}′_), and let A^′ = A_n′ be its inverse. Further, let c and c^′ be the sections of O^∗_U (the inverses of the 1 × 1 matrices A_{−n} and A_{−n}′ of Lemma 5.9) such that γ(ω_{−n,0} ⊗ 1) = c · ω_{−n,0} and γ(ω_{−n}′_{,0} ⊗ 1) = c · ω_{−n}′_{,0}.

For σ ∈ {0, 1, . . . , N − 4}, let η_σ ∈ Γ(U, K_{(0)}) be given by

η_σ := ω_{−n,0} ⊗ ω_{n,σ} − ω_{−n}′_{,0} ⊗ ω_n′_{,σ} .

As ω_{−n,0} · ω_{n,ρ} = ω_{−n}′_{,0} · ω_n′_{,ρ} as sections of f_∗(ω^{⊗2}), the image of η_σ under Sym^2(γ) equals

N−4� ρ=0 � c · Γ_{ρ,σ} − c^′ · Γ^′_{ρ,σ} � · (ω_{−n,0} · ω_{n,ρ}) .

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 817

Because the sections ω_{−n,0} ·ω_{n,ρ} for ρ ∈ {0, . . . , N −4} are linearly independent, it follows from Prop. 5.8 that c · Γ_{ρ,σ} − c^′ · Γ^′_{ρ,σ} for all σ, ρ ∈ {0, 1, . . . , N − 4}, which can be rewritten as

(7.4.1) c^{−1} · A_{ρ,σ} = c^{′,−1} · A^′_{ρ,σ} .

Choose two distinct indices κ, λ in {1, 2, . . . , N}, and write {1, . . . , N} = {κ, λ} ∐ I. For ν ∈ {0, 1}, define v_n(ν) to be the largest integer v such that A_{ν,ν} |_{tκ =0} is divisible by t^v_λ. Similarly, let v_{−n} be the largest integer v such that c^{−1}|_{tκ =0} is divisible by t^v_λ. Using the explicit formulas for c^{−1} and the matrix A from Lemma 5.9, we find

v_{−n} = max � 0, (p − 1) − q · � i∈I [na_i]_m � , v_n(0) = max � 0, (N − 3)(p − 1) − q · � i∈I [−na_i]_m � , v_n(1) = 0 .

(Recall that q = (p − 1)/m.)

Next we define w_n(ν) = v_{−n} + v_n(ν) to be the largest integer w such that � c^{−1} · A_{ν,ν} � |_{tκ=0} is divisible by t^w_λ . Similar to (6.1.1), it follows from the fact that d_{−n} = 1 and d_n = N − 3 that [−na_i]_m = m − [na_i]_m for all i and �_N

i=1 [na_i]_m = 2m. Using these relations we obtain

w(0) = max � (p − 1) − q · � i /∈I

[na_i]_m, (p − 1) − q · � i∈I [na_i]_m �

= � �(p − 1) − q · � i /∈I

[na_i]_m � � = q · � m − [na_κ]_m − [na_λ]_m � , w(1) = max � 0, (p − 1) − q · � i∈I [na_i]_m �

= max � 0, (p − 1) − q · � i /∈I

[na_i]_m � = q · max � 0, [na_κ]_m + [na_λ]_m − m � .

We can do the same calculations for the pair ±n^′; let us call w^′(0) and w^′(1) the resulting values. From (7.4.1) we get the relations w(0) = w^′(0) and w(1) = w^′(1). It follows that for all choices of κ and λ we have [na_κ]_m + [na_λ]_m = [n^′a_κ]_m + [n^′a_λ]_m. This readily implies that [na_i]_m = [n^′a_i]_m for all i ∈ {1, . . . , N}. As gcd(m, a_1, . . . , a_N ) = 1 it follows that n = n^′, which contradicts our assumption that the pairs ±n and ±n^′ are distinct. This completes the proof of Theorem 3.6. □

Documenta Mathematica 15 (2010) 793–819

818 Ben Moonen

References

[1] N. A’Campo, Tresses, monodromie et le groupe symplectique. Comment. Math. Helv. 54 (1979), 318–327.

[2] J. Achter, R. Pries, The integral monodromy of hyperelliptic and trielliptic curves. Math. Ann. 338 (2007), 187–206.

[3] Y. André, Mumford-Tate groups of mixed Hodge structures and the theorem of the fixed part. Compositio Math. 82 (1992), 1–24.

[4] I. Bouw, The p-rank of ramified covers of curves. Compositio Math. 126 (2001), 295–322.

[5] C. Chevalley, A. Weil, Über das Verhalten der Integrale 1. Gattung bei Automorphismen des Funktionenkörpers. Abh. Math. Semin. Univ. Hambg. 10 (1934), 358–361.

[6] J. de Jong, R. Noot, Jacobians with complex multiplication. In: Arithmetic algebraic geometry (Texel, 1989), Progr. Math. 89, Birkhäuser, 1991, pp. 177– 192.

[7] P. Deligne, G. Mostow, Monodromy of hypergeometric functions and nonlattice integral monodromy. Inst. Hautes Études Sci. Publ. Math. 63 (1986), 5–89.

[8] B. Dwork, A. Ogus, Canonical liftings of Jacobians. Compositio Math. 58 (1986), 111–131.

[9] N. Katz, Serre-Tate local moduli. In: Algebraic surfaces, Lecture Notes in Math. 868, Springer-Verlag, 1981, pp. 138–202.

[10] W. Messing, The crystals associated to Barsotti-Tate groups: with applications to abelian schemes. Lecture Notes in Math. 264, Springer-Verlag, 1972. [11] B. Moonen, Special points and linearity properties of Shimura varieties. PhD thesis, University of Utrecht, 1995.

[12] B. Moonen, Linearity properties of Shimura varieties. I. J. Alg. Geom. 7 (1998), 539–567.

[13] B. Moonen, Linearity properties of Shimura varieties. II. Compositio Math. 114 (1998), 3–35.

[14] B. Moonen, F. Oort, The Torelli locus and special subvarieties. Preprint, August 2010, 43pp.

[15] B. Moonen, Yu. Zarhin, Hodge classes and Tate classes on simple abelian fourfolds. Duke Math. J. 77 (1995), 553–581.

[16] B. Moonen, Yu. Zarhin, Hodge classes on abelian varieties of low dimension. Math. Ann. 315 (1999), 711–733.

[17] G. Mostow, On discontinuous action of monodromy groups on the complex n-ball. J. Amer. Math. Soc. 1 (1988), 555–586.

[18] R. Noot, Hodge classes, Tate classes, and local moduli of abelian varieties. PhD thesis, University of Utrecht, 1992.

[19] R. Noot, Models of Shimura varieties in mixed characteristic. J. Alg. Geom. 5 (1996), 187–207.

[20] R. Noot, Correspondances de Hecke, action de Galois et la conjecture d’André-Oort (d’après Edixhoven et Yafaev). Sém. Bourbaki, Exp. 942.

Documenta Mathematica 15 (2010) 793–819

Special Subvarieties and Families of Cyclic Covers 819

Astérisque 307 (2006), 165–197.

[21] F. Oort, J. Steenbrink, The local Torelli problem for algebraic curves. In: Journées de Géometrie Algébrique d’Angers, Sijthoff & Noordhoff, 1980, pp. 157–204.

[22] J. Rohde, Cyclic coverings, Calabi-Yau manifolds and complex multiplication. Lecture Notes in Math. 1975, Springer, 2009.

[23] G. Shimura, On analytic families of polarized abelian varieties and automorphic functions. Ann. of Math. (2) 78 (1963), 149–192.

[24] G. Shimura, On purely transcendental fields of automorphic functions of several variable. Osaka J. Math. 1 (1964), 1–14.

[25] A. Yafaev, A conjecture of Yves André’s. Duke Math. J. 132 (2006), 393– 407.

[26] Yu. Zarhin, The endomorphism rings of Jacobians of cyclic covers of the projective line. Math. Proc. Cambridge Philos. Soc. 136 (2004), 257–267.

Ben Moonen University of Amsterdam KdV Institute for Mathematics PO Box 94248 1090 GE Amsterdam The Netherlands

Documenta Mathematica 15 (2010) 793–819

Documenta Mathematica 15 (2010)

Documenta Math. 821

Duality and Integrability

on Contact Fano Manifolds

Jarosław Buczyński^1

Received: February 2 2010 Revised: June 8, 2010

Communicated by Thomas Peternell

Abstract. We address the problem of classification of contact Fano manifolds. It is conjectured that every such manifold is necessarily homogeneous. We prove that the Killing form, the Lie algebra grading and parts of the Lie bracket can be read from geometry of an arbitrary contact manifold. Minimal rational curves on contact manifolds (or contact lines) and their chains are the essential ingredients for our constructions.

2010 Mathematics Subject Classification: Primary: 14M17; Secondary: 53C26, 14M20, 14J45;

Keywords and Phrases: complex contact manifold, Fano variety, minimal rational curves, adjoint variety, Killing form, Lie bracket, Lie algebra grading

1 Introduction

In this article we are interested in the classification of contact Fano manifolds. We review the relevant definitions in §2. So far the only known examples of contact Fano manifolds are obtained as follows. For a simple Lie group G consider its adjoint action on P(g), where g is the Lie algebra of G. This action has a unique closed orbit X and this X has a natural contact structure. In this situation X is called a projectivised minimal nilpotent orbit, or the adjoint variety of G. By the duality determined by the Killing form, equivalently we can consider the coadjoint action of G on P(g^∗) and X is isomorphic to the unique closed orbit in P(g^∗).

1Dedicated in memory of Marcin Hauzer.

Documenta Mathematica 15 (2010) 821–841

822 Jarosław Buczyński

Conjecture 1.1 (LeBrun, Salamon). If X is a Fano complex contact manifold, then X is the adjoint variety of a simple Lie group G.

This problem originated with a problem in Riemannian geometry. In [Ber55] a list of all possible holonomy groups of simply connected Riemannian manifolds is given. The existence problem for all the cases has been solved locally. Also compact non-homogeneous examples with most of the possible holonomy groups were constructed with the unique exception of the quaternion-Kähler manifolds. It is conjectured that the compact quaternion-Kähler manifolds must be homogeneous (see [LeB95] and references therein).

Conjecture 1.2 (LeBrun, Salamon). Let M be a compact quaternion-Kähler manifold. Then M is a homogeneous symmetric space (more precisely, it is one of the Wolf spaces — see [Wol65]).

The relation between the conjectures is given by the construction of a twistor space. The S^2-bundle of complex structures on tangent spaces to a quaternion- Kähler manifold M is called the twistor space of M. If M is compact, it has positive scalar curvature, and then the twistor space X has a natural complex structure and is a contact Fano manifold with a Kähler-Einstein metric. In particular, the twistor space of a Wolf space is an adjoint variety. Hence Conjecture 1.1 implies Conjecture 1.2. Conversely, if X is a contact Fano manifold with Kähler-Einstein metric, then it is a twistor space of a quaternion-Kähler manifold — see [LeB95].

In order to study the non-homogeneous contact manifolds (potentially nonexistent) it is natural to assume Pic X ≃ Z and further that X is not isomorphic to a projective space. This only exludes the adjoint varieties of types A and C (see §2 for more details).

With this assumption, we take a closer look at three pieces of the homogeneous structure on adjoint varieties: the Killing form B on g, the Lie algebra grading g = g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1 ⊕ g_2 (see [LM02, §6.1] and references therein) and a part of the Lie bracket on g. Understanding the underlying geometry allows us to define the appropriate generalisations of these notions on arbitrary contact Fano manifolds.

An essential building block for our constructions is the notion of a contact line (or simply line) on X. These contact lines were studied by Kebekus [Keb01], [Keb05] and Wiśniewski [Wiś00]. Also they are an instance of minimal rational curves, which are studied extensively. The geometry of contact lines was the original motivation to study Legendrian subvarieties in projective space (see [Bucz09] for an overview and many details). We briefly review the subject of lines on contact Fano manifolds in §3.1.

The key ingedient is the construction of a family of divisors D_x parametrised by points x ∈ X (see §3.3). These divisors are swept by pairs of intersecting contact lines, one of which passes through x. In other words, set theoretically D_x is the set of points of X, which can be joined with x using at most 2 intersecting contact lines. The idea to study these loci comes from Wiśniewski [Wiś00] where he observed, that (under an additional minor assumption)

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 823

these loci contain some non-trivial divisorial components and he studied the intersection numbers of certain curves on X with the divisorial components. Here we prove all the components of D_x are divisorial and draw conclusions from that observation going into a different direction than those of [Wiś00].

Theorem 1.3. Let X be a contact Fano manifold with Pic X ≃ Z and assume X is not isomorphic to a projective space. Then the locus D_x ⊂ X swept by the pairs of intersecting contact lines, one of which passes through x ∈ X is of pure codimension 1 and thus D_x determines a divisor on X. Let ⟨D⟩ ⊂ H^0(O(D_x)) be the linear system spanned by these divisors. Let ϕ: X → P⟨D⟩^∗ be the map determined by the linear system ⟨D⟩ and let ψ : X → P⟨D⟩ be the map x → D_x. Then:

(i) both ϕ and ψ are regular maps.

(ii) there exists a unique up to scalar non-degenerate bilinear form B on ⟨D⟩, which determines an isomorphism P⟨D⟩^∗ ≃ P⟨D⟩ making the following diagram commutative:

P⟨D⟩^∗ ≃ � X ϕ � � �_ψ � � � P⟨D⟩.

(iii) The bilinear form B is either symmetric or skew-symmetric.

(iv) If X ⊂ P(g^∗) is the adjoint variety of simple Lie group G, then ⟨D⟩ = g and B is the Killing form on g.

With the notation of the theorem, after fixing a pair of general points x, w ∈ X there are certain natural linear subspaces of ⟨D⟩, which we denote ⟨D⟩_{−2}, ⟨D⟩_{−1}, ⟨D⟩_0, ⟨D⟩_1 and ⟨D⟩_2 (see §5 for details).

Theorem 1.4. If X ⊂ P(g^∗) is the adjoint variety of a simple Lie group G with Pic X ≃ Z and X not isomorphic to a projective space, then there exists a choice of a maximal torus of G and a choice of order of roots of g, such that ⟨D⟩_i = g_i for every i ∈ {−2, −1, 0, 1, 2}, where g = g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1 ⊕ g_2 is the Lie algebra grading of g.

Finally, if X is the adjoint variety of G, then there is a rational map

[·, ·]: X × X � P(g),

which is the Lie bracket on g (up to projectivisation). Also there is a divisor D ⊂ X × X, such that for general (x, z) ∈ D the Lie bracket [x, z] is in X. We recover this bracket restricted to D for general contact manifolds:

Documenta Mathematica 15 (2010) 821–841

824 Jarosław Buczyński

Theorem 1.5. For X and D_x and in Theorem 1.3, let D ⊂ X × X be the divisor consisting of pairs (x, z) ∈ X × X, such that z ∈ D_x. There exists a rational map [·, ·]^D : D � X, such that [x, z]^D = y, where y is an intersection point of a pair of contact lines that join x and z. In particular, this intersection point y and the pair of lines are unique for general pair (x, z) ∈ D. Moreover, if X is the adjoint variety of a simple Lie group G, then [·, ·]^D is the restricion of the Lie bracket.

In §2 we introduce and motivate our assumptions and notation. In §3 we review the notion of contact lines and their properties. We continue by studying certain types of loci swept by those lines and calculate their dimensions. In particular we prove there Theorem 3.6, which is a part of results summarised in Theorem 1.3. We also study the tangent bundle to D_x as a subspace of T X.

In §4 we study the duality of maps ϕ and ψ introduced in Theorem 1.3 together with the consequences of this duality. This section is culminated with the proof of Theorem 1.3.

In §5 we generalise the Lie algebra grading to arbitrary contact manifolds and prove Theorem 1.4.

In §6 we prove that certain lines are integrable with respect to a special distribution on D_x and we apply this to prove Theorem 1.5.

Acknowledgements

The author is supported by Marie Curie International Outgoing Fellowship. The author would like to thank the following people for many enlightening discussions: Jun-Muk Hwang, Stefan Kebekus, Joseph M. Landsberg, Jarosław Wiśniewski and Fyodor L. Zak. Comments of Laurent Manivel helped to improve the presentation in the paper.

2 Preliminaries

Throughout the paper all our projectivisations P are naive. This means, if V is a vector space, then PV = (V \ 0)/C^∗, and similarly for vector bundles. A complex manifold X of dimension 2n + 1 is contact if there exists a vector subbundle F ⊂ T X of rank 2n fitting into an exact sequence:

0 → F → T X^θ→ L → 0

such that the derivative dθ ∈ H^0(

�_2 F^∗ ⊗L) of the twisted form θ ∈ H^0(T^∗X ⊗ L) is nowhere degenerate. In particular, dθ_x is a symplectic form on the fibre of contact distribution F_x. See [Bucz09, §E.3 and Chapter C] and references therein for an overview of the subject.

A projective manifold X is Fano, if its anticanonical divisor K_X^∗ =

�_{dim X} T X is ample.

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 825

If X is a projective contact manifold, then by Theorem of Kebekus, Peternell, Sommese and Wiśniewski [KPSW00] combined with a result by Demailly [Dem02], X is either a projectivisation of a cotangent bundle to a smooth projective manifold or X is a contact Fano manifold, with Pic X ≃ Z. In the second case, since K_X ≃ (L^∗)^{⊗(n+1)}, by [KO73], either X ≃ P^{2n+1} or Pic X = Z · [L]. Here we are interested in the case X ≄ P^{2n+1}. Thus our assumption spelled out below only exclude some well understood cases (the projectivised cotangent bundles and the projective space) and they agree with the assumptions of Theorems 1.3, 1.4 and 1.5.

Notation 2.1. Throughout the paper X denotes a contact Fano manifold with Pic X generated by the class of L, where L = T X/F and F ⊂ T X is the contact distribution on X. We also assume dim X = 2n + 1.

From Theorem of Ye [Ye94] it follows that n ≥ 2.

We will also consider the homogeneous examples of contact manifolds (i.e. the adjoint varieties). Thus we fix notation for the Lie group and its Lie algebra.

Notation 2.2. Throughout the paper G denotes a simple complex Lie group, not of types A or C (i.e. not isomorphic to SL_n nor Sp_{2n} nor their discrete quotients). Further g is the Lie algebra of G. Thus g is one of so_n (types B and D), or one of the exceptional Lie algebras g_2, f_4, e_6, e_7 or e_8.

The contact structure on P^{2n−1} = P(C^{2n}) is determined by a symplectic form ω on C^{2n}. The precise relation between the contact and symplectic structures is decribed for instance in [Bucz09, §E.1] (see also [LeB95, Ex. 2.1]). In particular, for all x ∈ X, the projectivisation of a fibre of the contact distribution PF_x comes with a natural contact structure.

Let M be a projective contact manifold (in our case M = X with X as in Notation 2.1 or M = P^{2n−1}). A subvariety Z ⊂ M is Legendrian, if for all smooth points z ∈ Z the tangent space T_zZ is contained in the contact distribution of M and Z is of pure dimension^1_2 (dim M − 1). Recall from [Har95, Lecture 20] or [Mum99, III.§3,§4] the notion of tangent cone. For a subvariety Z ⊂ X, and a point x ∈ Z let τ_xZ ⊂ T_xX be the tangent cone of Z at x. In this article we will only need the following elementary properties of the tangent cone:

• τ_xZ is an affine cone (i.e. it is invariant under the standard action of C^∗ on T_xX).

• dim_x Z = dim τ_xZ and thus if Z is irreducible, then dim Z = dim τ_xZ.

• If x ∈ Z_1 ⊂ Z_2 ⊂ X, then τ_xZ_1 ⊂ τ_xZ_2.

• If Z is smooth at x, then τ_xZ = T_xZ.

Since τ_xZ is a cone, let Pτ_xZ ⊂ PT_xX be the corresponding projective variety.

Documenta Mathematica 15 (2010) 821–841

826 Jarosław Buczyński

3 Loci swept out by lines

A rational curve l ⊂ X is a contact line (or simply a line) if deg L|_l = 1. Let RatCurves^n(X) be the normalised scheme parametrising rational curves on X, as in [Kol96, II.2.11]. Let Lines(X) ⊂ RatCurves^n(X) be the subscheme parametrising lines. Then every component of Lines(X) is a minimal component of X in the sense of [HM04]. We fix H ≠ ∅ a union of some irreducible components of Lines(X).

By a slight abuse of notation, from now on we say l is a (contact) line if and only if l ∈ H. For simplicity, the reader may choose to restrict his attention to one of the extreme cases: either to the case H = Lines(X) (and thus be consistent with [Wiś00] and the first sentence of this section) or to the case where H is one of the irreducible components of Lines(X) (and thus be consistent with [Keb01, Keb05]). In general it is expected that Lines(X) (with X as in Notation 2.1) is irreducible and all the cases are the same.

3.1 Legendrian varieties swept by lines

We denote by C_x ⊂ X the locus of contact lines through x ∈ X. Let C_x := Pτ_xC_x ⊂ P(T X). Note that with our assumptions both C_x and C_x are closed subsets of X or P(T_xX) respectively.

The following theorem briefly summarises results of [Keb05] and earlier:

Theorem 3.1. With X as in Notation 2.1 let x ∈ X be any point. Then:

(i) There exist lines through x, in particular C_x and C_x are non-empty.

(ii) C_x is Legendrian in X and C_x ⊂ P(F_x) and C_x is Legendrian in P(F_x).

(iii) If in addition x is a general point of X, then C_x is smooth and each irreducible component of C_x is linearly non-degenerate in P(F_x). Further C_x is isomorphic to the projective cone over C_x ⊂ P(F_x), i.e. C_x ≃ C̃_x ⊂ P(F_x ⊕ C), in such a way that lines through x are mapped bijectively onto the generators of the cone and restriction of L to C_x via this isomorphism is identified with the restriction of O_{P(Fx⊕C)}(1) to C̃_x. In particular all lines through x are smooth and two different lines intersecting at x will not intersect anywhere else, nor they will share a tangent direction.

Proof. Part (i) is proved in [Keb01, §2.3].

The proof of (ii) is essentially contained in [KPSW00, Prop. 2.9]. Explicit statements are in [Keb01, Prop. 4.1] for C_x and in [Wiś00, Lemma 5] for C_x. Also [HM99] may claim the authorship of this observation, since the proof in the homogeneous case is no different than in the general case. Assume x ∈ X is a general point. The statements of (iii) are basically [Keb05, Thm 1.1], which however assumes (in the statement) that H is irreducible. This is never used in the proof, with the exception of the argument for the irreducibility of C_x — see however Remark 3.2. Thus C_x is smooth and C_x is

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 827

isomorphic to the cone over C_x as claimed. Each irreducible component C_x is non-degenerate in PF_x by [Keb01, Thm 4.4] — again the statement is only for C_x, not for its components, however the proof stays correct in this more general setup. In particular, [Keb01, Lemma 4.3] implies that C_x polarised by L|_{Cx} is not isomorphic with a linear subspace with polarised by O(1). Thus the other results of this theorem give alternate (but more complicated) proof of that generalised non-degeneracy. □ Remark 3.2. Note that (assuming H is irreducible) Kebekus [Keb05] also stated that C_x and C_x are irreducible for general x. However it was observed by Kebekus himself together with the author that there is a gap in the proof. This gap is on page 234 in Step 2 of proof of Proposition 3.2 where Kebekus claims to construct “a well defined family of cycles” parametrised by a divisor D^0. This is not necessarily a well defined family of cycles: Condition (3.10.4) in [Kol96, §I.3.10] is not necessarily satisfied if D^0 is not normal and there seem to be no reason to expect that D^0 is normal. As a consequence the map Φ: D^0 → Chow(X) is not necessarily regular at non-normal points of D^0 and it might contract some curves. Let us define:

C^2 ⊂ X × X C^2 := {(x, y) | y ∈ C_x} ,

i.e. this is the locus of those pairs (x, y), which are both on the same contact line. Again this locus is a closed subset of X × X. Analogously, define: C^3 := C^2 ×_X C^2

so that:

C^3 ⊂ X × X × X C^3 := {(x, y, z) | y ∈ C_x, z ∈ C_y} .

Finally, for x ∈ X we also define C^2_x:

C^2_x ⊂ X × X ≃ {x} × X × X C^2_x := {(y, z) | y ∈ C_x, z ∈ C_y } ,

with the scheme structure of the fibre of C^3 under the projection on the first coordinate. Since for all x ∈ X all irreducible components of C_x are of dimension n (see Theorem 3.1) we conclude:

Proposition 3.3. All C^2, C^2_x, C^3 are projective subschemes, they are all of pure dimension, and their dimensions are:

• dim C^2 = 3n + 1.

Documenta Mathematica 15 (2010) 821–841

828 Jarosław Buczyński

• dim C^2_x = 2n.

• dim C^3 = 4n + 1. □

3.2 Joins and secants of Legendrian subvarieties

For subvarieties Y_1, Y_2 ⊂ P^N recall that their join Y_1 ∗ Y_2 is the closure of the locus of lines between points y_1 ∈ Y_1 and y_2 ∈ Y_2. Note that the expected dimension of Y_1 ∗ Y_2 is dim Y_1 + dim Y_2 + 1. We are only concerned with two special cases: either Y_1 and Y_2 are disjoint or Y_1 = Y_2.

Lemma 3.4. If Y_1, Y_2 ⊂ P^N are two disjoint subvarieties of dimensions k − 1 and N −k respectively, then their join Y_1 ∗Y_2 fills out the ambient space, i.e. this join is of expected dimension.

Proof. Let p ∈ P^N be a general point and consider the projection π : P^N � P^{N−1} away from p. Let Z_i = π(Y_i) for i = 1, 2. Since p is general, dim Z_i = dim Y_i and thus Z_1 ∩ Z_2 is non-empty. Let q ∈ Z_1 ∩ Z_2 be any point. The preimage π^{−1}(q) is a line in P^N intersecting both Y_1 and Y_2 and passing through p. □ Recall, that the special case of join is when Y = Y_1 = Y_2 and σ_2(Y ) := Y ∗ Y is the secant variety of Y .

Proposition 3.5. • Let Y ⊂ P^{2n−1} be an irreducible linearly nondegenerate Legendrian variety. Then σ_2(Y ) = P^{2n−1}.

• Let Y_1, Y_2 ⊂ P^{2n−1} be two disjoint Legendrian subvarieties. Then Y_1∗Y_2 = P^{2n−1}.

Proof. If Y is irreducible, then this is proved in the course of proof of Prop. 17(2) in [LM07].

If Y_1 and Y_2 are disjoint, then the result follows from Lemma 3.4. □

3.3 Divisors swept by broken lines

Following the idea of Wiśniewski [Wiś00] we introduce the locus of broken lines (or reducible conics, or chains of 2 lines) through x:

D_x := � y∈C_x

C_y.

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 829

Note that D_x is a closed subset of X as it can be interpreted as the image of projective variety C^2_x ⊂ X × X under a proper map, which is the projection onto the last coordinate. By analogy to the case of lines consider also:

D^2 ⊂ X × X D^2 := {(x, z) | ∃_{y∈Cx} s.t. z ∈ C_y} ,

i.e. D^2 is the projection of C^3 onto first and third coordinates. Thus again D^2 is a closed subset of the product. Set theoretically D_x is the fibre over x of (either of) the projection D^2 → X and if we consider D^2 as a reduced scheme, then we can assign to D_x the scheme structure of the fibre. It follows immediately from the above discussion and Proposition 3.3, that every component of D_x has dimension at most 2n and every component of D^2 has dimension at most 4n + 1. In fact the equality holds.

Theorem 3.6. Let x ∈ X be any point. Then the locus D_x is of pure codimension 1.

Proof. Assume first that x ∈ X is a general point. Recall, that C^2_x ⊂ X × X has two projections:

C^2_x^{π2} � �

π_1 � D_x

C_x

Fix (D_x)^• to be an irreducible component of D_x. Then (D_x)^• is dominated by some component (C^2_x)^• of C^2_x. Dimension of (C^2_x)^• is equal to 2n by Proposition 3.3.

For y ∈ C_x the fiber π_1^{−1}(y) ⊂ C^2_x is equal to {y} × C_y. In particular, by Theorem 3.1(ii) the fibers of π_1 have constant dimension n. Thus (C^2_x)^• is mapped onto an irreducible component (C_x)^• of C_x. Finally, let C^′ be an irreducible component of the preimage π_1^{−1}(x) which is contained in (C^2_x)^•. Note that C^′ can be identified with an irreducible component of C_x, because π_1^{−1}(x) = {x} × C_x.

We claim that the projectivised tangent cone Pτ_x(D_x)^• contains the join of two tangent cones (Pτ_xC^′) ∗ (Pτ_x(C_x)^•) ⊂ PF_x ⊂ PT_xX.

The proof of the claim is a baby version of [HK05, Thm 3.11]. There however Hwang and Kebekus assume C_x is irreducible and thus their results do not neccessarily apply directly here. Let l_0 be a general line through x contained in C^′ and let l be a general line through x contained in (C_x)^•. To prove the claim it is enough to show there exists a surface S ⊂ D_x containing l_0 and l which is smooth at x, since in such a case T_xS ⊂ τ_xD_x and PT_xS is the line between PT_xl and PT_xl_0.

Documenta Mathematica 15 (2010) 821–841

830 Jarosław Buczyński

We obtain S by varying l_0. Consider H_l ⊂ H the parameter space for lines on X, which intersect l. By Theorem 3.1(iii) the space H_l comes with a projection ξ : H_l � l, which maps l^′ ∈ H_l to the intersection point of l and l^′, and which is well defined on an open subset containg all lines through x. By generality of our choices, l_0 is a smooth point of H_l and ξ is submersive at l_0. In the neighbourhood of l_0 choose a curve A ⊂ H_l smooth at l_0 for which ξ|_A is submersive at l_0. Then the locus in X of lines which are in A sweeps a surface S ⊂ X, which is smooth at x, contains l_0, and contains an open subset of l around x. Thus the claim is proved and:

(Pτ_xC^′) ∗ (Pτ_x(C_x)^•) ⊂ Pτ_x(D_x)^• (3.7)

Now we claim that F_x ⊂ τ_xD_x. For this purpose we separate two cases. In the first case C^′ = (C_x)^•. Then Pτ_xC^′ is non-degenerate by Theorem 3.1 and thus (Pτ_xC^′) ∗ (Pτ_x(C_x)^•) = σ_2(Pτ_xC^′) = P(F_x)

by Proposition 3.5. Combining with (3.7) we obtain the claim. In the second case C^′ and (C_x)^• are different components of C_x. Then by generality of x and by Theorem 3.1, the two tangent cones (Pτ_xC^′) and (Pτ_x(C_x)^•) are disjoint. Thus again

(Pτ_xC^′) ∗ (Pτ_x(C_x)^•) = P(F_x)

by Proposition 3.5. Combining with (3.7) we obtain the claim. Thus in any case for a general x ∈ X, every component of D_x has dimension at least 2n. The dimension can only jump up at special points when one has a fibration, thus also at special points every component of D_x has dimension at least 2n. Earlier we observed that dim D_x ≤ 2n, thus the theorem is proved. □ Proposition 3.8. If X is the adjoint variety of G, and x ∈ X, then D_x is the hyperplane section of X ⊂ P(g) perpendicular to x via the Killing form.

Proof. Let X = G/P , where P is the parabolic subgroup preserving x. Notice, that D_x must be reduced (because D is reduced and D_x is a general fibre of D). Also D_x is P -invariant, because the set of lines is G invariant and D_x is determined by x and the geometry of lines on X. We claim, there is a unique P -invariant reduced divisor on X, and thus it must be the hyperplane section as in the statment of proposition.

So let Δ be a P -invariant divisor linearly equivalent to L^k for some k ≥ 0. Also let ρ_Δ be a section of L^k which determines Δ. The module of sections H^0(L^k) is an irreducible G-module by Borel-Weil theorem (see [Ser95]), with some highest weight ω. Since the Lie algebra p of P contains all positive root spaces, by [FH91, Prop. 14.13] there is a unique 1-dimensional p-invariant submodule of H^0(L^k), it is the highest weight space H^0(L^k)_ω. So ρ_Δ ∈ H^0(L^k)_ω and Δ is unique.

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 831

The hyperplane section of X ⊂ P(g) perpendicular to x via the Killing form is a divisor in |L|, and it is P -invariant, and so are its multiples in |L^k|. So by the uniqueness Δ must be equal to k times this hyperplane section. Thus Δ is reduced if and only k = 1 and so D_x is the hyperplane section. □ 3.4 Tangent bundles restricted to lines

Let l be a line through a general point y ∈ X. Recall from [Keb05, Fact 2.3] that:

T X|_l ≃ O_l(2) ⊕ O_l(1)^{n−1} ⊕ O_l^{n−1} ⊕ O_l^2

F |_l ≃ O_l(2) ⊕ O_l(1)^{n−1} ⊕ O_l^{n−1} ⊕ O_l(−1) T l ≃ O_l(2)

and for general z ∈ l:

T C_z|_{l\{z}} ≃ O_l(2) ⊕ O_l(1)^{n−1}.

If x ∈ X is a general point and y ∈ C_x is a general point of any of the irreducible components of C_x and l is a line through y, then we want to express T D_x|_l in terms of those splittings. In a neighbourhood of l the divisor D_x is swept by deformations l_t of l = l_0 such that l_t intersects C_x. By the standard deformation theory argument taking derivative of l_t by t at a point z ∈ l, we obtain that:

T_zD_x ⊃ � s(z) ∈ T_zX | ∃s ∈ H^0(T X|_l) s.t. s(y) ∈ T_yC_x � (3.9)

Moreover, at a general point z we have equality in (3.9). If we mod out T X|_l by the rank n positive bundle (T X|_l)^{>0} := O_l(2) ⊕ O_l(1)^{n−1}, then we are left with a trivial bundle O_l^{n+1}. Thus, since by Theorem 3.6 the dimension of T_zD_x = 2n for general z ∈ l, the vector space T_yC_x must be transversal to (T X|_l)^{>0} at y. In particular, if z ≠ y, then dimension of the right hand side in (3.9) is 2n and thus (3.9) is an equality for each point z ∈ l, such that z is a smooth point of D_x. We conclude:

Proposition 3.10. Let x ∈ X be a general point and y ∈ C_x be a general point of any of the irreducible components of C_x and l be any line through y. Then there exists a subbundle Γ ⊂ T X|_l such that:

Γ = O_l(2) ⊕ O_l(1)^{n−1} ⊕ O_l^n,

Γ ∩ F |_l = O_l(2) ⊕ O_l(1)^{n−1} ⊕ O_l^{n−1} = (F |_l)^{≥0}

and if z ∈ l is a smooth point of D_x, then T_zD_x = Γ_z. □ Documenta Mathematica 15 (2010) 821–841

832 Jarosław Buczyński

4 Duality

An effective divisor Δ on X is an element of divisor group (and thus a positive integral combination of codimension 1 subvarieties of X) and also a point in the projective space P(H^0O_X (Δ)) or a hyperplane in P(H^0O_X (Δ)^∗). In this section we will constantly interchange these three interpretations of Δ. In order to avoid confusion we will write:

• Δ^{div} to mean the divisor on X;

• Δ^P to mean the point in P(H^0O_X (Δ)) or in a fixed linear subsystem.

• Δ^{P⊥} to mean the hyperplane in P(H^0O_X (Δ)^∗) or in dual of the fixed subsystem.

In §3.3 we have defined D ⊂ X × X, which we now view as a family of divisors on X parametrised by X. Since the Picard group of X is discrete and X is smooth and connected, it follows that all the divisors D_x are linearly equivalent. Thus let E ≃ L^{⊗k} be the line bundle O_X (D_x). Consider the following vector space ⟨D⟩ ⊂ H^0(E):

⟨D⟩ := span {s_x : x ∈ X} where s_x is a section of E vanishing on D_x.

Hence P⟨D⟩ is the linear system spanned by all the D_x. Further, consider the map ϕ : X → P⟨D⟩^∗

determined by the linear system ⟨D⟩, i.e. mapping point x ∈ X to the hyperplane in P⟨D⟩ consisting of all divisors containing x.

Remark 4.1. Note that ϕ is regular, since for every x ∈ X there exists w ∈ X, such that x /∈ D_w (or equivalently, w /∈ D_x).

Since E is ample, it must intersect every curve in X and hence ϕ does not contract any curve. Therefore ϕ is finite to one.

Proposition 4.2. If X is an adjoint variety, then k = 1, i.e. E ≃ L. If k = 1 and the automorphism group of X is reductive, then X is isomorphic to an adjoint variety.

Proof. If X is the adjoint variety of G, and x ∈ X, then D_x is the hyperplane section of X ⊂ P(g) by Proposition 3.8.

If k = 1 and the automorphism group of X is reductive, since ϕ is finite to one, we can apply Beauville Theorem [Bea98]. Thus X is isomorphic to an adjoint variety. □

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 833

4.1 Dual map

In algebraic geometry it is standard to consider maps determined by linear systems (such as ϕ defined above). However in our situation, we also have another map determined by the family of divisors D. Namely:

ψ : X → P⟨D⟩

x → D_x^P.

So let S ⊂ O_X ⊗ ⟨D⟩^∗ ≃ X × ⟨D⟩^∗ be the pullback under ϕ of the universal hyperplane bundle, i.e. the corank 1 subbundle such that the fibre of S over x is D_x^{P⊥} ⊂ ⟨D⟩^∗. We note that P(S) is both a projective space bundle on X and also it is a divisor on X × P⟨D⟩^∗. Also D = (id_X ×ϕ)^∗P(S) as divisors. We can also consider the line bundle dual to the cokernel of S → O_X ⊗ ⟨D⟩^∗, i.e. the subbundle S^⊥ ⊂ O_X ⊗ ⟨D⟩. This line subbundle determines section X → X × P⟨D⟩, where x → (x, D_x^P). So ψ is the composition of the section and the projection: X → X × P⟨D⟩ → P⟨D⟩.

Every map to a projective space is determined by some linear system. We claim the ψ is determined by ⟨D⟩, precisely the system that defines ϕ and thus that there is a natural linear isomorphism between P⟨D⟩ and P⟨D⟩^∗.

Proposition 4.3. We have ψ^∗O_{P⟨D⟩}(1) ≃ E and the linear system cut out by hyperplanes

ψ^∗H^0 � O_{P⟨D⟩}(1) � := � ψ^∗s : s ∈ ⟨D⟩^∗ � ⊂ H^0(E)

is equal to ⟨D⟩.

Proof. For fixed x ∈ X let ϕ(x)^⊥ ⊂ P⟨D⟩ be the hyperplane dual to ϕ(x) ∈ P⟨D⟩^∗. To prove the proposition it is enough to prove

ψ^∗(ϕ(x)^⊥) = D_x^{div}. (4.4)

Since we have the following symmetry property of D:

x ∈ D_y ⇐⇒ y ∈ D_x,

the set theoretic version of (4.4) follows easily:

y ∈ ψ^∗(ϕ(x)^⊥) ⇐⇒ ψ(y) ∈ ϕ(x)^⊥ ⇐⇒ D_y^{P⊥} ∋ ϕ(x) ⇐⇒ D_y ∋ x.

However, in order to prove the equality of divisors in (4.4) we must do a bit more of gymnastics, which translates the equivalences above into local equations. The details are below.

The pull back of ϕ(x)^⊥ by the projection X × P⟨D⟩ → P⟨D⟩ is just X × ϕ(x)^⊥. Then the pull-back of the product by the section X → X × P⟨D⟩ associated

Documenta Mathematica 15 (2010) 821–841

834 Jarosław Buczyński

to S^⊥ is just the subscheme of X defined by � y ∈ X | (S^⊥)_y ⊂ ϕ(x)^⊥ � (locally, this is just a single equation: the spanning section of S^⊥ satisfies the defining equation of ϕ(x)^⊥). But this is clearly equal to the dual equation {y | P(S_y) ∋ ϕ(x)}. If we let ρ_x be the section ρ_x : X → X × X ρ_x(y) := (y, x) then we have:

ψ^∗(ϕ(x)^⊥) = ρ_x^∗ ∘ (id_X ×ϕ)^∗(P(S)) = ρ_x^∗(D) = D_x^{div} as claimed. □ Thus we have a canonical linear isomorphism f : P⟨D⟩^∗ → P⟨D⟩ giving rise to the following commutative diagram: P⟨D⟩^∗ ≃ � X ϕ � � �_ψ � � � P⟨D⟩.

(4.5)

We will denote the underlying vector space isomorphism ⟨D⟩^∗ → ⟨D⟩ (which is unique up to scalar) with the same letter f. The choice of f combined with the canonical pairing ⟨D⟩ × ⟨D⟩^∗ → C, determines a non-degenerate bilinear form B : ⟨D⟩ × ⟨D⟩ → C, with the following property:

B(ϕ(x), ϕ(y)) = 0 ⇐⇒ (x, y) ∈ D ⇐⇒ x ∈ D_y ⇐⇒ y ∈ D_x. (4.6) Proposition 4.7. If X is the adjoint variety of G, then ⟨D⟩ = H^0(L) ≃ g and B is (up to scalar) the Killing form on g.

Proof. Follows immediately from Proposition 3.8 and Equation 4.6. □ Corollary 4.8. ϕ(x) = ϕ(y) if and only if D_x = D_y.

Proof. It is immediate from the definition of ψ and from Diagram (4.5). □ 4.2 Symmetry Note that B has the property that for x ∈ X, B(ϕ(x), ϕ(x)) = 0 (because x ∈ D_x).

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 835

Proposition 4.9. The bilinear form B is either symmetric or skew-symmetric.

Proof. Consider two linear maps ⟨D⟩ → ⟨D⟩^∗:

α(v) := B(v, ·) and β(v) := B(·, v).

If v = ϕ(x) for some x ∈ X, then ker � α(v) � = span � ker � α(v) � ∩ ϕ(X) � = span � ϕ(D_x) �

and analogously ker(β(v)) = span(ϕ(D_x)). So ker(α(v)) = ker(β(v)) and hence α(v) and β(v) are proportional. Therefore there exists a function λ : X → C such that:

λ(x)α(ϕ(x)) = β(ϕ(x)).

So for every x, y ∈ X we have:

B(ϕ(x), ϕ(y)) = λ(x)B(ϕ(y), ϕ(x)) = λ(x)λ(y)B(ϕ(x), ϕ(y))

and hence:

∀(x, y) ∈ X × X \ D λ(x)λ(y) = 1.

Taking three different points we see that λ is constant and λ ≡ ±1. Therefore ±α(ϕ(x)) = β(ϕ(x)) and by linearity this extends to ±α = β so B is either symmetric or skew-symmetric as stated in the proposition. □ Example 4.10. If X is one of the adjoint varieties, then B is symmetric (because the Killing form is symmetric).

Remark 4.11. Consider P^{2n+1} with a contact structure arising from a symplectic form ω on C^{2n+2}. Recall, that this homogeneous contact Fano manifold does not satisfy our assumptions, namely, its Picard group is not generated by the equivalence class of L — in this case L ≃ O_P2n+1 (2). However, Wiśniewski in [Wiś00] considers also this generalised situation and defines D_x to be the divisor swept by contact conics (i.e. curves C with degree of L|_C = 2) tangent to the contact distribution F . Then for the projective space D_x is just the hyperplane perpendicular to x with respect to ω. And thus in this case ⟨D⟩ = H^0 (O_P2n+1 (1)) and the bilinear form B defined from such family of divisors would be proportional to ω, hence skew-symmetric.

Proof of Theorem 1.3. D_x is a divisor by Theorem 3.6. ϕ is regular by Remark 4.1. ψ is regular by (4.5). The non-degenerate bilinear form B is constructed in §4.1. It is either symmetric or skew-symmetric by Proposition 4.9. In the adjoint case B is the Killing form by Proposition 4.7. □ Documenta Mathematica 15 (2010) 821–841

836 Jarosław Buczyński Corollary 4.12. If B is symmetric, then ψ(X) ⊂ P⟨D⟩ is contained in the quadric B(v, v) = 0.

Corollary 4.13. If x ∈ X, then ψ(C_x) is contained in a linear subspace of dimension at most

�_{dim ⟨D⟩} 2 � . Proof. If y, z ∈ C_x, then z ∈ D_y, so B(ψ(y), ψ(z)) = 0. Therefore span(ψ(C_x)) is an isotropic linear subspace, which cannot have dimension bigger than

�_{dim ⟨D⟩} 2 � . □

5 Grading Suppose X ⊂ Pg is the adjoint variety of G. Assume further that a maximal torus and an order of roots in g has been chosen, then g has a natural grading (see [LM02, §6.1]):

g = g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1 ⊕ g_2 where:

(i) g_0 ⊕ g_1 ⊕ g_2 is the parabolic subalgebra p of X. (ii) g_0 is the maximal reductive subalgebra of p.

(iii) for all i ∈ {−2, −1, 0, 1, 2} the vector space g_i is a g_0-module. (iv) g_2 is the 1-dimensional highest root space, (v) g_{−2} is the 1-dimensional lowest root space.

(vi) The restriction of the Killing form to each g_2 ⊕ g_{−2}, g_1 ⊕ g_{−1} and g_0 is non-degenerate, and the Killing form B(g_i, g_j ) is identically zero for i ≠ −j.

(vii) The Lie bracket on g respects the grading, [g_i, g_j ] ⊂ g_{i+j} (where g_k = 0 for k /∈ {−2, −1, 0, 1, 2}).

In fact the grading is determined by g_{−2} and g_2 together with the geometry of X only. So let X be as in Notation 2.1 and let x and w be two general points of X. Define the following subspaces of ⟨D⟩:

• ⟨D⟩_2 to be the 1-dimensional subspace ψ(x); • ⟨D⟩_{−2} to be the 1-dimensional subspace ψ(w); • ⟨D⟩_1 to be the linear span of affine cone of ψ(C_x ∩ D_w); • ⟨D⟩_{−1} to be the linear span of affine cone of ψ(C_w ∩ D_x);

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 837

• ⟨D⟩_0 to be the vector subspace of ⟨D⟩, whose projectivisation is: � y∈C_x∪C_w

f(D_y^{P⊥})

In the homogeneous case this is precisely the grading of g.

Proof of Theorem 1.4. First note that the classes of the 1-dimensional linear subspaces g_2 and g_{−2} are both in X (as points in Pg). Moreover, they are a pair of general points, because the action of the parabolic subgroup P < G preserves g_2 and moves freely g_{−2}. This is because T̂_{[g−2]}X = [g_{−2}, g] = [g_{−2}, p]. So fix x = [g_2] and w = [g_{−2}]. We claim the linear span of C_x (respectively C_w ) is just g_2 ⊕ g_1 (respectively g_{−2} ⊕ g_{−1}). To see that, we observe the lines on X through x are contained in the intersection of X and the projective tangent space P(T̂_xX) ⊂ P(g). In fact this intersection is equal to C_x: if y ≠ x is a point of the intersection, then the line in Pg through x and y intersects X with multiplicity at least 3, but X is cut out by quadrics (see for instance [Pro07, §10.6.6]), so this line must be contained in X. Also C_x is non-degenerate in P(F̂_x) ⊂ P(T̂_xX). However F̂_x is a p-invariant hyperplane in P(T̂_xX) and the unique p-invariant hyperplane in

T̂_xX = [g, g_2] = [g_{−2}, g_2] ⊕ g_1 ⊕ g_2 is F̂_x = [g_{−1} ⊕ g_0 ⊕ g_1 ⊕ g_2, g_2] = g_1 ⊕ g_2.

Further we have seen in Proposition 3.8 that D_x (respectively D_w) is the intersection of P(g_2^{⊥B} ) = P(g_2 ⊕ g_1 ⊕ g_0 ⊕ g_{−1}) and X (respectively P(g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1) and X). Equivalently, f(D_x^{P⊥}) = P(g_2 ⊕ g_1 ⊕ g_0 ⊕ g_{−1}). Thus:

C_x ∩ D_w = C_x ∩ f(D_w^{P⊥}) = C_x ∩ P(g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1) = C_x ∩ P(g_1).

C_x ∩P(g_1) is non-degenerate in P(g_1), thus ⟨D⟩_1 = g_1 and analogously ⟨D⟩_{−1} = g_{−1}.

It remains to prove ⟨D⟩_0 = g_0.

P⟨D⟩_0 = � y∈C_x∪C_w

f(D_z^{P⊥})

= (C_x ∪ C_w)^{⊥B}

= P(g_2 ⊕ g_1 ⊕ g_{−1} ⊕ g_{−2})^{⊥B} = P(g_0).

□ We also note the following lemma in the homogeneous case:

Documenta Mathematica 15 (2010) 821–841

838 Jarosław Buczyński

Lemma 5.1. If X is the adjoint variety of G, then

X ∩ P(g_1) ⊂ C_x

where x is the point of projective space corresponding to g_2.

Proof. Suppose y ∈ X ∩ Pg_1 and let l ⊂ Pg be the line through x and y. Note that l ⊂ P(g_1 ⊕ g_2). Since g_1 ⊕ g_2 ⊂ [g, g_2] = T̂_xX, hence l ∩ X has multiplicity at least 2 at x. Thus l ∩ X has degree at least 3 and since X is cut out by quadrics, l is contained in X. □

6 Cointegrable subvarieties

Definition 6.1. A subvariety Δ ⊂ X is F -cointegrable if T_xΔ ∩ F_x ⊂ F_x is a coisotropic subspace for general point x of each irreducible component of Δ.

Note that this is equivalent to the definition given in [Bucz09, §E.4] — this follows from the local description of the symplectic form on the symplectisation of the contact manifold (see [Bucz09, (C.15)]).

Clearly, every codimension 1 subvariety of X is F -cointegrable. Assume Δ ⊂ X is a subvariety of pure dimension, which is F -cointegrable and let Δ_0 be the locus where T_xΔ∩F_x ⊂ F_x is a coisotropic subspace of dimension dim Δ − 1. We define the Δ-integrable distribution Δ^⊥ to be the distribution defined over Δ_0 by:

Δ^⊥_x := (T_xΔ ∩ F_x)^{⊥dθ} ⊂ F_x

We say an irreducible subvariety A ⊂ X is Δ-integral if A ⊂ Δ, A ∩ Δ_0 ≠ ∅, and T A ⊂ Δ^⊥ over the smooth points of A ∩ Δ_0.

Lemma 6.2. Let A_1 and A_2 be two irreducible Δ-integral subvarieties. Assume dim A_1 = dim A_2 = codim_X Δ. Then either A_1 = A_2 or A_1 ∩ A_2 ⊂ Δ \ Δ_0. □ Theorem 6.3. Consider a general point x ∈ X. Then:

(i) D_x (as reduced, but possibly not irreducible subvariety of X) is F -cointegrable.

(ii) For general y in any of the irreducible components of C_x all lines through y are D_x-integral.

(iii) For general z in any of the irreducible components of D_x the intersection C_x ∩ C_z is a unique point and the chain of two lines connecting x to z is unique.

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 839

Proof. Part (i) is immediate, since D_x is a divisor, by Theorem 3.6. To prove part (ii) let l be a line through y. Then by Proposition 3.10:

T_zD_x ∩ F_z = (F |_l)^{≥0}

and for general z ∈ l we have (T_zD_x ∩ F_z )^{⊥dθz} ⊂ F_z is the O(2) part, i.e. the part tangent to l. So l is D_x-integral as claimed.

To prove (iii), let U ⊂ X be an open dense subset of points u ∈ X where two different lines through u do not share the tangent direction and do not meet in any other point. Note that since x is a general point, x ∈ U and thus each irreducible component of C_x and D_x intersects U. Thus generality of z implies that z ∈ U and thus each irreducible component of C_z and D_z intersects U. Also C_x ∩ C_z intersects U. So fix y ∈ C_x ∩ C_z ∩ U.

By (ii) and Lemma 6.2 the line l_z through z which intersects C_x is unique. In the same way let l_x be the unique line through x intersecting C_z. Thus

C_x ∩ C_z = l_x ∩ l_z.

In particular, y ∈ l_x ∩ l_z. But since y ∈ U the intersection l_x ∩ l_z is just one point and therefore: C_x ∩ C_z = {y} . □ As a consequence of part (iii) of the theorem the surjective map π_{13} : C^3 → D is birational. Thus consider the inverse rational map D � C^3 and compose it with the projection on the middle coordinate π_2 : C^3 → X. We define the composition to be the bracket map:

[·, ·]^D : D � C^{3 π2}→ X.

In this setting, for (x, z) ∈ D, one has [x, z]^D = y = C_x ∩ C_z, whenever the intersection is just one point.

Theorem 6.4. If X is the adjoint variety of G, then the bracket map defined above agrees with the Lie bracket on g, in the following sense: Let ξ, ζ ∈ g and set η := [ξ, ζ] (the Lie bracket on g). Denote by x, y and z the projective classes in Pg of ξ, η and ζ respectively. If x ∈ D_z and η ≠ 0, then the bracket map satisfies [x, z]^D = y.

Proof. It is enough to prove the statement for a general pair (x, z) ∈ D. Suppose further w ∈ C_z is a general point. Then the pair (x, w) ∈ X × X is a general pair. Thus by Theorem 1.4, we may assume ξ ∈ g_2 and ζ ∈ g_{−1}. The restriction of the Lie bracket to [ξ, g_{−1}] determines an isomorphism g_{−1} → g_1 of g_0-modules. In particular the minimal orbit X ∩ Pg_{−1} is mapped onto X ∩ Pg_1 under this isomorphism. In particular y ∈ X ∩ Pg_1 ⊂ C_x (see Lemma 5.1). Analogously y ∈ C_z , so y ∈ C_x ∩ C_z. □ Documenta Mathematica 15 (2010) 821–841

840 Jarosław Buczyński

References

[Bea98] Arnaud Beauville. Fano contact manifolds and nilpotent orbits. Comment. Math. Helv., 73(4):566–583, 1998.

[Ber55] Marcel Berger. Sur les groupes d’holonomie homogène des variétés à connexion affine et des variétés riemanniennes. Bull. Soc. Math. France, 83:279–330, 1955.

[Bucz09] Jarosław Buczyński. Algebraic Legendrian varieties. Dissertationes Math. (Rozprawy Mat.), 467:86, 2009. PhD thesis, Institute of Mathematics, Warsaw University, 2008.

[Dem02] Jean-Pierre Demailly. On the Frobenius integrability of certain holomorphic p-forms. In Complex geometry (Göttingen, 2000), pages 93–98. Springer, Berlin, 2002.

[FH91] William Fulton and Joe Harris. Representation theory, volume 129 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1991. A first course, Readings in Mathematics.

[Har95] Joe Harris. Algebraic geometry, volume 133 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1995. A first course, Corrected reprint of the 1992 original.

[HK05] Jun-Muk Hwang and Stefan Kebekus. Geometry of chains of minimal rational curves. J. Reine Angew. Math., 584:173–194, 2005.

[HM99] Jun-Muk Hwang and Ngaiming Mok. Varieties of minimal rational tangents on uniruled projective manifolds. In Several complex variables (Berkeley, CA, 1995–1996), volume 37 of Math. Sci. Res. Inst. Publ., pages 351–389. Cambridge Univ. Press, Cambridge, 1999.

[HM04] Jun-Muk Hwang and Ngaiming Mok. Birationality of the tangent map for minimal rational curves. Asian J. Math., 8(1):51–63, 2004.

[Keb01] Stefan Kebekus. Lines on contact manifolds. J. Reine Angew. Math., 539:167–177, 2001.

[Keb05] Stefan Kebekus. Lines on complex contact manifolds. II. Compos. Math., 141(1):227–252, 2005.

[KO73] Shoshichi Kobayashi and Takushiro Ochiai. Characterizations of complex projective spaces and hyperquadrics. J. Math. Kyoto Univ., 13:31–47, 1973.

[Kol96] János Kollár. Rational curves on algebraic varieties, volume 32 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 1996.

[KPSW00] Stefan Kebekus, Thomas Peternell, Andrew J. Sommese, and Jarosław A. Wiśniewski. Projective contact manifolds. Invent. Math., 142(1):1–15, 2000.

Documenta Mathematica 15 (2010) 821–841

Duality and Integrability on Contact Fano . . . 841

[LeB95] Claude LeBrun. Fano manifolds, contact structures, and quaternionic geometry. Internat. J. Math., 6(3):419–437, 1995.

[LM02] Joseph M. Landsberg and Laurent Manivel. Construction and classification of complex simple Lie algebras via projective geometry. Selecta Math. (N.S.), 8(1):137–159, 2002.

[LM07] Joseph M. Landsberg and Laurent Manivel. Legendrian varieties. Asian J. Math., 11(3):341–359, 2007.

[Mum99] David Mumford. The red book of varieties and schemes, volume 1358 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, expanded edition, 1999. Includes the Michigan lectures (1974) on curves and their Jacobians, With contributions by Enrico Arbarello.

[Pro07] Claudio Procesi. Lie groups. Universitext. Springer, New York, 2007. An approach through invariants and representations.

[Ser95] Jean-Pierre Serre. Représentations linéaires et espaces homogènes kählériens des groupes de Lie compacts (d’après Armand Borel et André Weil). In Séminaire Bourbaki, Vol. 2, pages Exp. No. 100, 447–454. Soc. Math. France, Paris, 1995.

[Wiś00] Jarosław A. Wiśniewski. Lines and conics on fano contact manifolds. http://www.mimuw.edu.pl/~jarekw/, 2000.

[Wol65] Joseph A. Wolf. Complex homogeneous contact manifolds and quaternionic symmetric spaces. J. Math. Mech., 14:1033–1047, 1965.

[Ye94] Yun-Gang Ye. A note on complex projective threefolds admitting holomorphic contact structures. Invent. Math., 115(2):311–314, 1994.

Jarosław Buczyński Institut Fourier 100 rue des maths, BP 74 38402 St Martin d’Hères jabu@mimuw.edu.pl France

Documenta Mathematica 15 (2010) 821–841

Documenta Mathematica 15 (2010)

Documenta Math. 843

Q-Fano Threefolds of Large Fano Index, I

Yuri Prokhorov^∗

Received: January 6, 2009 Revised: February 8, 2010

Communicated by Thomas Peternell

Abstract. We study Q-Fano threefolds of large Fano index. In particular, we prove that the maximum possible Fano index is attained only by the weighted projective space P(3, 4, 5, 7).

2010 Mathematics Subject Classification: 14J45, 14J30, 14E30. Keywords and Phrases: Q-Fano variety, Sarkisov link, linear system

1. Introduction

The Fano index of a smooth Fano variety X is the maximal integer q(X) that divides the anti-canonical class in the Picard group Pic(X) [IP99]. It is wellknown [KO73] that q(X) ≤ dim X + 1. Moreover, q(X) = dim X + 1 if and only if X is a projective space and q(X) = dim X if and only if X is a quadric hypersurface. In this paper we consider generalizations of Fano index for the case of singular Fanos admitting terminal singularities.

A normal projective variety X is called Fano if some positive multiple −nK_X of its anti-canonical Weil divisor is Cartier and ample. Such X is called a Q-Fano variety if it has only terminal Q-factorial singularities and its Picard number is one. This class of Fano varieties is important because they appear naturally in the Minimal Model Program.

For a singular Fano variety X the Fano index can be defined in different ways. For example, we can define

qW(X) := max{q | −K_X ∼ qA, A is a Weil Q-Cartier divisor},

qQ(X) := max{q | −K_X ∼_Q qA, A is a Weil Q-Cartier divisor}. If X has at worst log terminal singularities, then the Picard group Pic(X) and Weil divisor class group Cl(X) are finitely generated and Pic(X) is torsion free (see e.g. [IP99, §2.1]). Moreover, the numerical equivalence of Q-Cartier

∗The author was partially supported by the Russian Foundation for Basic Research (grants No 06-01-72017-MNTI a, 08-01-00395-a) and Leading Scientific Schools (grants No NSh- 1983.2008.1, NSh-1987.2008.1)

Documenta Mathematica 15 (2010) 843–872

844 Yuri Prokhorov

divisors coincides with Q-linear one. This implies, in particular, that the Fano indices qW(X) and qQ(X) defined above are positive integers. If X is smooth, these numbers coincide with the Fano index q(X) defined above. Note also that qQ(X) = qW(X) if the group Cl(X) is torsion free.

Theorem 1.1 ([Suz04]). Let X be a Q-Fano threefold. Then qW(X) ∈ {1, . . . , 11, 13, 17, 19}. All these values, except possibly for qW(X) = 10, occur. Moreover, if qW(X) = 19, then the types of non-Gorenstein points and Hilbert series of X coincide with that of P(3, 4, 5, 7).

It can be easily shown (see proof of Proposition 3.6) that the index qQ(X) takes values in the same set {1, . . . , 11, 13, 17, 19}. Thus one can expect that P(3, 4, 5, 7) is the only example of Q-Fano threefolds with qQ(X) = 19. In general, we expect that Fano varieties with extremal properties (maximal degree, maximal Fano index, etc.) are quasihomogeneous with respect to an action of some connected algebraic group. This is supported, for example, by the following facts:

Theorem 1.2 ([Pro05], [Pro07]). (i) Let X be a Q-Fano threefold. Assume that X is not Gorenstein. Then −K^3_X ≤ 125/2 and the equality holds if and only if X is isomorphic to the weighted projective space P(1^3, 2).

(ii) Let X be a Fano threefold with canonical Gorenstein singularities.

Then −K^3_X ≤ 72 and the equality holds if and only if X is isomorphic to P(1^3, 3) or P(1^2, 6, 4).

The following proposition is well-known (see, e.g., [BB92]). It is an easy exercise for experts in toric geometry.

Proposition 1.3. Let X be a toric Q-Fano 3-fold. Then X is isomorphic to either P^3, P^3/μ_5(1, 2, 3, 4), or one of the following weighted projective spaces: P(1^3, 2), P(1^2, 2, 3), P(1, 2, 3, 5), P(1, 3, 4, 5), P(2, 3, 5, 7), P(3, 4, 5, 7). We characterize the weighted projective spaces above in terms of Fano index. The following is the main result of this paper.

Theorem 1.4. Let X be a Q-Fano threefold. Then qQ(X) ∈ {1, . . . , 11, 13, 17, 19}.

(i) If qQ(X) = 19, then X ≃ P(3, 4, 5, 7). (ii) If qQ(X) = 17, then X ≃ P(2, 3, 5, 7).

(iii) If qQ(X) = 13 and dim | − K_X | > 5, then X ≃ P(1, 3, 4, 5). (iv) If qQ(X) = 11 and dim | − K_X | > 10, then X ≃ P(1, 2, 3, 5). (v) qQ(X) ≠ 10.

(vi) If qQ(X) ≥ 7 and there are two effective Weil divisors A ≠ A_1 such that −K_X ∼_Q qQ(X)A ∼_Q qQ(X)A_1, then X ≃ P(1^2, 2, 3).

(vii) If qW(X) = 5 and dim | −^1_5 K_X | > 1, then X ≃ P(1^3, 2). Note that in cases (iii) and (iv) assumptions about | − K_X | are really needed. Indeed, there are examples of non-toric Q-Fano threefolds with qQ(X) = 13 and 11.

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 845

Example 1.5 ([BS07], see also Proposition 3.6). Let X = X_d ⊂ P(a_1, . . . , a_5) be a general hypersurface of degree d. Assume that X is a Q-Fano with qQ(X) ≥ 10 and such that O_P(1)|_X is a primitive element of Cl(X), then X is one of the following:

(i) X = X_{12} ⊂ P(1, 4, 5, 6, 7), qQ(X) = 11, dim | − K_X | = 10; (ii) X = X_{10} ⊂ P(2, 3, 4, 5, 7), qQ(X) = 11, dim | − K_X | = 8; (iii) X ≃ X_{12} ⊂ P(3, 4, 5, 6, 7), qQ(X) = 13, dim | − K_X | = 5.

In the proof we follow the use some techniques developed in our previous paper [Pro07]. By Proposition 1.3 it is sufficient to show that our Q-Fano X is toric. First, as in [Suz04], we apply the orbifold Riemann-Roch formula to find all the possibilities for the numerical invariants of X. In all cases there is some special element S ∈ |−K_X | having four irreducible components. This S should be a toric boundary, if X is toric. Further, we use birational transformations like Fano-Iskovskikh “double projection” [IP99] (see [Ale94] for the Q-Fano version). Typically the resulting variety is a Fano-Mori fiber space having “simpler” structure. In particular, its Fano index is large if this variety is a Q-Fano. By using properties of our “double projection” we can show that the pair (X, S) is log canonical (LC). Then, in principle, the assertion follows by Shokurov’s toric conjecture [McK01]. We prefer to propose an alternative, more explicit proof. In fact, the image of X under “double projection” is a toric variety and the inverse map preserves the toric structure. In the last section we describe Sarkisov links between toric Q-Fanos that start with blow ups of singular points.

Acknowledgements. The work was conceived during the author’s stay at the University of Warwick in the spring of 2008. The author is grateful to Professor M. Reid for invitation, hospitality and fruitful discussions. Part of the work was done at Max-Planck-Institut für Mathematik, Bonn in August 2008. Finally, the author would like to thank the referee for careful reading the manuscript and constructive suggestions.

2. Preliminaries, the orbifold Riemann-Roch formula and its applications

Notation. Throughout this paper, we work over the complex number field C. We employ the following standard notation: ∼ denotes linear equivalence; ∼_Q denotes Q-linear equivalence.

Let E be a rank one discrete valuation of the function field C(X) and let D be a Q-Cartier divisor on X. a(E, D) denotes the discrepancy of E with respect to a boundary D. Let f : X̃ → X be a birational morphism such that E appears as a prime divisor on X̃. Then ord_E (D) denotes the coefficient of E in f^∗D.

2.1. The orbifold Riemann-Roch formula [Rei87]. Let X be a threefold with terminal singularities and let D be a Weil Q-Cartier divisor on X. Let B = {(r_P , b_P )} be the basket of singular points of X [Mor85a], [Rei87]. Here

Documenta Mathematica 15 (2010) 843–872

846 Yuri Prokhorov

each pair (r_P , b_P ) correspond to a point P ∈ B of type^1_{rP} (1, −1, b_P ). For brevity, describing a basket we will list just indices of singularities, i.e., we will write B = {r_P } instead of B = {(r_P , b_P )}. In the above situation, the Riemann-Roch formula has the following form

(2.2) χ(D) = 1 12 D · (D − K_X ) · (2D − K_X )+ + 1 12 D · c_2 + � P ∈B

c_P (D) + χ(O_X ),

where

c_P (D) = −i_P r^2_P − 1 12r_P + i_P −1�

j=1 b_P j(r_P − b_P j) 2r_P . Clearly, computing c_P (D), we always may assume that 1 ≤ b_P ≤ r_P /2. 2.3. Now let X be a Fano threefold with terminal singularities, let q := qQ(X), and let A be an ample Weil Q-Cartier divisor on X such that −K_X ∼_Q qA. By (2.2) we have

(2.4) χ(tA) = χ(O_X ) + t(q + t)(q + 2t) 12 A^3 + tA · c_2 12 + � P ∈B

c_P (tA),

where χ(O_X ) = 1 and

c_P (tA) = −i_{P,t} r^2_P − 1 12r_P + i_{P,t} −1�

j=1 b_P j(r_P − b_P j) 2r_P . If q > 2, then χ(−A) = 0. Using this equality we obtain (see [Suz04])

(2.5) A^3 = 12 (q − 1)(q − 2) � 1 − A · c_2 12 + � P ∈B

c_P (−A) � . In the above notation, applying (2.2), Serre duality and Kawamata-Viehweg vanishing to D = K_X , we get the following important equality (see, e.g., [Rei87]):

(2.6) 24 = −K_X · c_2(X) + � P ∈B � r_P − 1 r_P � . Theorem 2.7 ([Kaw92a], [KMMT00]). In the above notation,

(2.8) −K_X · c_2(X) ≥ 0, � P ∈B � r_P − 1 r_P � ≤ 24.

Proposition 2.9. Let X be a Fano threefold with terminal singularities and let Ξ be an n-torsion element in the Weil divisor class group. Let B^Ξ be the collection of points P ∈ B where Ξ is not Cartier. Then

(2.10) 2 = � P ∈B^Ξ

b_P i_{Ξ,P} � r_P − b_P i_{Ξ,P} � 2r_P .

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 847

where i_{Ξ,P} is taken so that Ξ ∼ i_{Ξ,P} K_X near P ∈ B and is the residue mod r_P . Assume furthermore that n is prime. Then

(i) n ∈ {2, 3, 5, 7}.

(ii) If n = 7, then B^Ξ = (7, 7, 7).^† (iii) If n = 5, then B^Ξ = (5, 5, 5, 5), (10, 5, 5), or (10, 10). (iv) If n = 3, then � P ∈B^Ξ rP = 18.

(v) If n = 2, then � P ∈B^Ξ rP = 16.

Proof. By Kawamata-Viehweg vanishing theorem, Riemann-Roch (2.2), and Serre duality we have χ(O_X ) = 1,

0 = χ(Ξ) = 1 + � P c_P (Ξ),

0 = χ(K_X + Ξ) = 1 +^1_{12} K_X · c_2(X) + � P ∈B cP (KX + Ξ).

Subtracting we get

0 = − 1 12 K_X · c_2(X) + � P ∈B

(c_P (Ξ) − c_P (K_X + Ξ)).

Since ni_{Ξ,P} ≡ 0 mod r_P ,

0 = − 1 12 K_X · c_2(X) + 1 12 � P ∈B � r_P − 1 r_P � − � P ∈B

b_P i_{Ξ,P} � r_P − b_P i_{Ξ,P} � 2r_P . This proves (2.10).

Now assume that n is prime. If P ∈ B^Ξ, then n | r_P . Write r_P = nr^′_P . Since r_P | ni_P , i_P = r^′_P i^′_P , where n ∤ i^′_P . Let ( )_n be the residue mod n. Then 2 = � P ∈B^Ξ

b_P i^′_{Ξ,P} r^′ � nr^′_P − b_P i^′_{Ξ,P} r^′_P � 2nr^′_P = r^′_P (b_P i^′_{Ξ,P} )_n � n − (b_P i^′_{Ξ,P} )_n � 2n . Therefore, 4n^2 = � P ∈B^Ξ

r_P (b_P i^′_{Ξ,P} )_n � n − (b_P i^′_{Ξ,P} )_n � . Denote ξ_P := (b_P i^′_{Ξ,P} )_n. Then 0 < ξ_P < n, gcd(n, ξ_P ) = 1, and

4n = � P ∈B^Ξ

r^′_P ξ_P (n − ξ_P ) ≥ n^2 4 � P ∈B^Ξ

r^′_P , 16 ≥ n � P ∈B^Ξ

r^′_P .

If n ≥ 11, then � r^′_P = 1, n | r^′_P , and r_P ≥ n^2 ≥ 121, a contradiction.

Therefore, n ≤ 7. Consider the case n = 7. Then ξ_P (n − ξ_P ) = 6, 10, or 12. The only solution is B^Ξ = (7, 7, 7). The case n = 5 is considered similarly. If n = 3, then ξ_P (n − ξ_P ) = 3 and � r_P = 3 � r^′_P = 18. Similarly, if n = 2, then ξ_P (n − ξ_P ) = 1 and � r_P = 2 � r^′_P = 16. This finishes the proof. □

†More delicate computations show that this case does not occur. (We do not need this.)

Documenta Mathematica 15 (2010) 843–872

848 Yuri Prokhorov

3. Computations with Riemann-Roch on Q-Fano threefolds of large Fano index

Lemma 3.1 (see [Suz04]). Let X be a Fano threefold with terminal singularities with q := qW(X), let A := −^1_q K_X , and let r be the Gorenstein index of X. Then

(i) r and q are coprime; (ii) rA^3 is an integer.

Lemma 3.2. Let X be a Fano threefold with terminal singularities.

(i) If −K_X ∼ qL for some Weil divisor L, then q divides qW(X). (ii) If −K_X ∼_Q qL for some Weil divisor L, then q divides qQ(X). (iii) qW(X) divides qQ(X).

(iv) Let q := qQ(X) and let K_X + qA ∼_Q 0. If the order of K_X + qA in the group Cl(X) is prime to q, then qW(X) = qQ(X).

Proof. To prove (i) write −K_X ∼ qW(X)A and let d = gcd(qW(X), q). Then d = u qW(X) + vq for some u, v ∈ Z. Hence, dA = u qW(X)A + vqA ∼ quL + qvA = q(uL + vA). Since A is a primitive element of Cl(X), q = d and q | qW(X).

(ii) can proved similarly and (iii) is a consequence of (ii).

To show (iv) assume that Ξ := K_X + qA is of order n. By our condition qu + nv = 1, where u, v ∈ Z. Put A^′ := A − uΞ. Then qA^′ = qA − quΞ = qA − Ξ ∼ −K_X . Hence, q = qW(X) by (i) and (iii). □

Lemma 3.3. Let X be a Fano threefold with terminal singularities.

(i) qQ(X) ∈ {1, . . . , 11, 13, 17, 19}. (ii) If qQ(X) ≥ 5, then −K^3_X ≤ 125/2.

Proof. Denote q := qQ(X) and write, as usual, −K_X ∼_Q qA. Thus n(K_X + qA) ∼ 0 for some positive integer n. The element K_X + qA defines a cyclic étale in codimension one cover π : X^′ → X so that X^′ is a Fano threefold with terminal singularities and K_X ′ + qA^′ ∼ 0, where A^′ := π^∗A. Let σ : X^{′′} → X^′ be a Q-factorialization. (If X^′ is Q-factorial, we take X^{′′} = X^′). Run K-MMP on X^{′′}: ψ : X^{′′} � X̄. At the end we get a Mori-Fano fiber space X̄ → Z. Let A^{′′} := σ^{−1}(A^′) and Ā := ψ_∗A^{′′}. Then −K¯_X ∼ qĀ. If dim Z > 0, then for a general fiber F of X̄/Z, we have −K_F ∼ qĀ|_F . This is impossible because q > 3. Thus dim Z = 0 and X̄ is a Q-Fano.

(i) By Lemma 3.2 the number q divides qW(X̄). On the other hand, by Theorem 1.1 we have qW(X̄) ∈ {1, . . . , 11, 13, 17, 19}. This proves (i). To show (ii) we note that −K^3_{X̄} ≥ −K^3_X ′′ = −K^3_X ′ ≥ −K^3_X ′′ . Here the first inequality holds because for Fanos (with at worst log terminal singularities) the number −^1_6 K^3 is nothing but the leading term in the asymptotic Riemann- Roch and dim | − tK_X ′′ | ≤ dim | − tK¯_X |. Now the assertion of (ii) follows from Theorem 1.2. □

From Lemmas 3.2 and 3.3 we have

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 849

Corollary 3.4. Let X be a Fano threefold with terminal singularities.

(i) If −K_X ∼ qL for some Weil divisor L and q ≥ 5, then q = qW(X). (ii) If −K_X ∼_Q qL for some Weil divisor L and q ≥ 5, then q = qQ(X).

Lemma 3.5 (cf. [Suz04]). Let X be a Fano threefold with terminal singularities and let q := qW(X). Assume that qW(X) ≥ 8. Then one of the following holds:

q = 8, B = (3^2, 5), (3^2, 5, 9), (3, 5, 11), (3, 7), (3, 9), (5, 7), (7, 11), (7, 13), (11), q = 9, B = (2, 4, 5), (2^3, 5, 7), (2, 5, 13), q = 10, B = (7, 11), q = 11, B = (2, 3, 5), (2, 5, 7), (2^2, 3, 4, 7), q = 13, B = (3, 4, 5), (2, 3^2, 5, 7), q = 17, B = (2, 3, 5, 7), q = 19, B = (3, 4, 5, 7).

In all cases the group Cl(X) is torsion free.

Proof. We use a computer program written in PARI [PARI]^‡. Below is the description of our algorithm. Step 1. By Theorem 2.7 we have � P ∈B(1 − 1/rP ) ≤ 24. Hence there is only

a finite (but very huge) number of possibilities for the basket B = {[r_P , b_P ]}. In each case we know −K_X · c_2(X) from (2.6). Let r := lcm({r_P }) be the Gorenstein index of X.

Step 2. By Lemma 3.3 qQ(X) ∈ {8, . . . , 11, 13, 17, 19}. Moreover, the condition gcd(q, r) = 1 (see Lemma 3.1) eliminates some possibilities. Step 3. In each case we compute A^3 and −K^3_X = q^3A^3 by formula (2.5). Here, for D = −A, the number i_P is uniquely determined by qi_P ≡ b_P mod r_P and 0 ≤ i_P < r_P . Further, we check the condition rA^3 ∈ Z (Lemma 3.1) and the inequality −K^3_X ≤ 125/2 (Lemma 3.3).

Step 4. Finally, by the Kawamata-Viehweg vanishing theorem we have χ(tA) = h^0(tA) for −q < t. We compute χ(tA) by using (2.4) and check conditions χ(tA) = 0 for −q < t < 0 and χ(tA) ≥ 0 for t > 0. At the end we get our list. To prove the last assertion assume that Cl(X) contains an n-torsion element Ξ. Clearly, we also may assume that n is prime. By Proposition 2.9 we have � n|r_i ri ≥ 16. Moreover, � n|r_i ri ≥ 18 if n = 3.

This does not hold in any case of our list. □

Proposition 3.6. Let X be a Q-Fano threefold with qQ(X) ≥ 9. Let q := qQ(X) and let −K_X ∼_Q qA. Then the group Cl(X) is torsion free, qW(X) = qQ(X), and one of the following holds:

‡The PARI code is available at http://mech.math.msu.su/department/algebra/staff/

prokhorov/q-fano.

Documenta Mathematica 15 (2010) 843–872

850 Yuri Prokhorov

dim |kA| q B A^3 |A| |2A| |3A| |4A| |5A| |6A| |7A| | − K|

9 (2, 4, 5)^1_{20} 0 1 2 4 6 8 11 19 9 (2, 2, 2, 5, 7)^1_{70} −1 0 0 1 1 2 3 5 10 (7, 11)^2_{77} −1 0 1 1 3 4 6 13 11 (2, 3, 5)^1_{30} 0 1 2 3 5 7 9 23 11 (2, 5, 7)^1_{70} 0 0 0 1 2 3 4 10 11 (2, 2, 3, 4, 7)^1_{84} −1 0 0 1 1 2 3 8 13 (3, 4, 5)^1_{60} 0 0 1 2 3 4 5 19 13 (2, 3, 3, 5, 7)^1_{210} −1 −1 0 0 0 1 1 5 17 (2, 3, 5, 7)^1_{210} −1 0 0 0 1 1 2 12 19 (3, 4, 5, 7)^1_{420} −1 −1 0 0 0 0 1 8

Proof. First we claim that qW(X) = qQ(X). Assume the converse. Then, as in the proof of Lemma 3.3, the class of K_X + qA is a non-trivial n-torsion element in Cl(X) defining a global cover π : X^′ → X. We have K_X ′ + qA^′ ∼ 0, where A^′ = π^∗A. Hence X^′ is such as in Lemma 3.5 and by Corollary 3.5 we have Cl(X^′) ≃ Z · A^′ and qW(X^′) = qQ(X^′) ≥ q. The Galois group μ_n acts naturally on X^′. Consider, for example, the case q = 11 and B_X ′ = (2, 3, 5) (all other cases are similar). Then X^′ has three cyclic quotient singularities whose indices are 2, 3, and 5. These points must be μ_n-invariant. Hence the variety X has cyclic quotient singularities of indices 2n, 3n, and 5n. By Lemma 3.2 we have gcd(q, n) ≠ 1. In particular, n ≥ 11. This contradicts (2.8). Therefore, qW(X) = qQ(X) and so X is such as in Lemma 3.5.

Now we have to exclude only the case q = 9, B = (2, 5, 13). But in this case by (2.6) and (2.5) we have A^3 = 9/130 and −K_X · c_2 = 621/130. On the other hand, by Kawamata-Bogomolov’s bounds [Kaw92a] we have 2673/130 = (4q^2 − 3q)A^3 ≤ 4K_X · c_2 = 1242/65 [Suz04, Proposition 2.2]. The contradiction shows that this case is impossible. Finally, the values of A^3 and dimensions of |kA| are computed by using (2.5) and (2.4). □

Corollary 3.7. Let X be a Q-Fano threefold satisfying assumptions of (i)-(v) of Theorem 1.4. Then X has only cyclic quotient singularities.

Proof. Indeed, in these cases the indices of points in the basket B are distinct numbers and moreover B contains no pairs of points of indices 2 and 4. Then the assertion follows by [Mor85a], or [Rei87] □

Corollary 3.8. Let X be a Q-Fano threefold with qQ(X) ≥ 9. Then dim |A| ≤ 0.

Computer computations similar to that in Lemma 3.5 allow us to prove the following.

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 851

Lemma 3.9. Let X be a Fano threefold with terminal singularities, let q := qW(X), and let A := −^1_q K_X .

(i) If q ≥ 5 and dim |A| > 1, then q = 5, B = (2), and A^3 = 1/2. (ii) If q ≥ 7 and dim |A| > 0, then q = 7, B = (2, 3), A^3 = 1/6.

3.10. Proof of (vi) and (vii) of Theorem 1.4. (vii) Apply Lemma 3.9. Then the result is well-known: in fact, 2A is Cartier and by Riemann-Roch dim |2A| = 6 = dim X + 3. Hence X is a variety of Δ-genus zero [Fuj75], i.e., a variety of minimal degree. Then X ≃ P(1^3, 2).

(vi) Put q := qQ(X), Ξ := K_X + qA, and Ξ_1 := A − A_1. By our assumption nΞ ∼ nΞ_1 ∼ 0 for some integer n. If either Ξ ≁ 0 or Ξ_1 ≁ 0, then elements Ξ and Ξ^′ define an étale in codimension one finite cover π : X^′ → X such that K_X ′ + qA^′ ∼ 0 and A^′ ∼ A^′_1, where A^′ := π^∗A and A^′_1 := π^∗A_1. If Ξ ∼ Ξ_1 ∼ 0, we put X^′ = X. In both cases, the following inequalities hold: qW(X^′) ≥ 7 and dim |A^′| ≥ 1. By Lemma 3.9 we have B(X^′) = (2, 3) and qQ(X^′) = qW(X^′) = 7. Note that the Gorenstein index of X^′ is strictly less than qW(X^′). In this case, X^′ ≃ P(1^2, 2, 3) according to [San96].^§ Now it is sufficient to show that π is an isomorphism. Assume the converse. By our construction, there is an action of a cyclic group μ_p ⊂ Gal(X^′/X), p is prime, such that π is decomposed as π : X^′ → X^′/μ_p → X. Here X^′/μ_p is a Q-Fano threefold and there is a torsion element of Cl(X^′/μ_p) which is not Cartier exactly at points where X^′ → X^′/μ_p is not étale. There are exactly four such points and two of them are points of indices 2 and 3. Thus the basket of X^′/μ_p consists of points of indices p, p, 2p, and 3p. This contradicts Proposition 2.9.

Lemma 3.11. Let X be a Q-Fano threefold with q := qQ(X). If there are three effective different Weil divisors A, A_1, A_2 such that −K_X ∼_Q qA ∼_Q qA_1 ∼_Q qA_2 and A ≁ A_1, then q ≤ 5.

Proof. Assume that q ≥ 6. As in 3.10 consider a cover π : X^′ → X. Thus on X^′ we have A^′ ∼ A^′_1 ∼ A^′_2 and −K_X ′ ∼ qA^′. Moreover, dim |A^′| = 1 according to Lemma 3.9. In this case, the action of Gal(X^′/X) on the pencil |A^′| is trivial (because there are three invariant members A^′, A^′_1, and A^′_2). But then A ∼ A_1 ∼ A_2, a contradiction. □

4. Birational construction

4.1. Let X be a Q-Fano threefold and let A be the ample Weil divisor that generates the group Cl(X)/∼_Q. Thus we have −K_X ∼_Q qA. Let M be a mobile linear system without fixed components and let c := ct(X, M ) be the canonical threshold of (X, M ). So the pair (X, cM ) is canonical but not terminal. Assume that −(K_X + cM ) is ample.

Recall that, for any point P ∈ X, the class of K_X is a generator of the local Weil divisor class group Cl(X, P ).

§The result also can be easily proved by using birational transformations similar to that in §4.

Documenta Mathematica 15 (2010) 843–872

852 Yuri Prokhorov

Lemma 4.2. Let P ∈ X be a point of index r > 1. Assume that M ∼ −mK_X near P , where 0 < m < r. Then c ≤ 1/m.

Proof. According to [Kaw92b] there is an exceptional divisor Γ over P of discrepancy a(Γ) = 1/r. Let φ: Y → X be a resolution. Clearly, Γ is a prime divisor on Y . Write

K_Y = φ^∗K_X + 1 r Γ + � δ_iΓ_i, M_Y = φ^∗M − ord_Γ(M )Γ − ord_{Γi} (M )Γ_i,

where M_Y is the birational transform of M and Γ_i are other φ-exceptional divisors. Then

K_Y + cM_Y = φ^∗(K_X + cM ) + (1/r − c ord_Γ(M ))Γ + . . .

and so 1/r − c ord_Γ(M ) ≥ 0. On the other hand, ord_Γ(M ) ≡ m/r mod Z (because mK_X + M ∼ 0 near P ). Hence, ord_Γ(M ) ≥ m/r and c ≤ 1/m. □

4.3. In the construction below we follow [Ale94]. Let f : X̃ → X be a K + cM - crepant blowup such that X̃ has only terminal Q-factorial singularities: (4.4) K_{X̃} + cM̃ = f^∗(K_X + cM ).

As in [Ale94], we run K + cM -MMP on X̃. We get the following diagram (Sarkisov link of type I or II)

(4.5)

X̃ � f � � � � X̄ g � � � �

X X̂ where the varieties X̃ and X̄ have only Q-factorial terminal singularities, ρ(X̃) = ρ(X̄) = 2, f is a Mori extremal divisorial contraction, X̃ � X̄ is a sequence of log flips, and g is a Mori extremal contraction (either divisorial or fiber type). Thus one of the following possibilities holds:

a) dim X̂ = 1 and g is a Q-del Pezzo fibration; b) dim X̂ = 2 and g is a Q-conic bundle; or c) dim X̂ = 3, g is a divisorial contraction, and X̂ is a Q-Fano threefold.

In this case, denote q̂ := qQ(X̂).

Let E be the f-exceptional divisor. In all what follows, for a divisor D on X, let D̃ and D̄ denote strict birational transforms of D on X̃ and X̄, respectively. If g is birational, we put D̂ := g_∗D̄.

Claim 4.6 ([Ale94]). If the map g of (4.5) is birational, then Ē is not an exceptional divisor. If g is of fiber type, then Ē is not composed of fibers.

Proof. Assume the converse. If g is birational, this implies that the map g ∘ χ ∘ f^{−1} : X � X̂ is an isomorphism in codimension 1. Since both X and X̂ are Fano threefolds, this implies that g ∘ χ ∘ f^{−1} is in fact an isomorphism. On the other hand, the number of K + cM -crepant divisors on X̂ is less than that on X, a contradiction. If dim X̂ ≤ 2, then Ē is a pull-back of an ample

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 853

Weil divisor on X̂. But then nĒ is a movable divisor for some n > 0. This contradicts exceptionality of E. □ 4.7. Notation. If |kA| ≠ ∅, let S_k ∈ |kA| be a general member. Write

(4.8)

K_{X̃} = f^∗K_X + αE, S̃_k = f ∗S_k − β_kE, M̃ = f ∗M − β_0E.

Then (4.9) c = α/β_0.

Remark 4.10. If α < 1, then a(E, |−K_X |) < 1. On the other hand, 0 = K_X + |−K_X | is Cartier. Hence, a(E, |−K_X |) ≤ 0 and K_{X̃} + f^{−1}_∗ |−K_X | is linearly equivalent to a non-positive multiple of E. Therefore, f^{−1}_∗ |−K_X | ⊂ |−K_{X̃} | and so dim|−K¯_X | = dim|−K_{X̃} | ≥ dim|−K_X |.

In our situation X has only cyclic quotient singularities (see Corollary 3.7). So, the following result is very important.

Theorem 4.11 ([Kaw96]). Let (Y ∋ P ) be a terminal cyclic quotient singularity of type^1_r (1, a, r − a), let f : Ỹ → Y be a Mori divisorial contraction, and let E be the exceptional divisor. Then f(E) = P , f is the weighted blowup with weights (1, a, r − a) and the discrepancy of E is a(E) = 1/r. We call this f the Kawamata blowup of P .

4.12. Notation. Assume that g is birational. Let F̄ be the g-exceptional divisor and let F̃ and F be its proper transforms on X̃ and X, respectively. Let n be the maximal integer dividing the class of F̄ in Cl(X̄). Let Θ be an ample Weil divisor on X̂ that generates Cl(X̂)/∼_Q. Write Ŝ_k ∼_Q s_kΘ and Ê ∼_Q eΘ, where s_k, e ∈ Z, s_k ≥ 0, e ≥ 1. Note that s_k = 0 if and only if S̄_k is contracted by g.

Lemma 4.13. In the above notation assume that the group Cl(X) is torsion free. Write F ∼ dA, where d ∈ Z, d ≥ 1. Then Cl(X̂) ≃ Z ⊕ Z_n and d = ne. Proof. Write F̄ ∼ nḠ, where Ḡ is an integral Weil divisor. Then Ē ∼ eΘ̄ + kḠ for some k ∈ Z and Cl(X̂) ≃ Cl(X̄)/F̄ Z ≃ Z ⊕ Z_n. We have

Z_d ≃ Cl(X)/⟨F ⟩ ≃ Cl(X̄)/⟨Ē, F̄ ⟩ ≃ Z ⊕ Z/⟨eΘ̄ + kḠ, nḠ⟩. Since the last group is of order ne, we have d = ne. □ From now until the end of this section we consider the case where X̂ is a surface.

Documenta Mathematica 15 (2010) 843–872

854 Yuri Prokhorov

Lemma 4.14. Assume that X̂ is a surface. Then X̂ is a del Pezzo surface with Du Val singularities of type A_n. The linear system |−K_{X̂} | is base point free. If moreover the group Cl(X) is torsion free, then so is Cl(X̂) and there are only the following possibilities:

(i) K^2_{X̂} = 9, X̂ ≃ P^2; (ii) K^2_{X̂} = 8, X̂ ≃ P(1^2, 2); (iii) K^2_{X̂} = 6, X̂ ≃ P(1, 2, 3);

(iv) K^2_{X̂} = 5, X̂ has a unique singular point, point of type A_4.

Proof. By the main result of [MP08b] the surface X̂ has only Du Val singularities of type A_n. Since ρ(X̂) = 1 and X̂ is uniruled, −K_{X̂} is ample. Further, since both X̄ and X̂ have only isolated singularities and Pic(X̄/X̂) ≃ Z, there is a well-defined injective map g^∗ : Cl(X̂) → Cl(X̄). Hence the group Cl(X̂) is torsion free whenever Cl(X) is. The remaining part follows from the classification of del Pezzo surfaces with Du Val singularities (see, e.g., [MZ88]). □

Lemma 4.15. Let φ: Y → Z be a Q-conic bundle (we assume that Y is Qfactorial and ρ(Y/Z) = 1). Suppose that there are two prime divisors D_1 and D_2 such that φ(D_i) = Z, the log divisor K_Y + D_1 + D_2 is φ-linearly trivial and canonical. Suppose furthermore that Z is singular and let o ∈ Z be a singular point. Then o ∈ Z is of type A_{r−1} for some r ≥ 2 and there is a Sarkisov link Ỹ σ � � � � χ � Ȳ φ̄ � � � � Y φ � � � � � Z̄ δ � � � � �

Z where σ is the Kawamata blowup of a cyclic quotient singularity^1_r (1, a, r − a) over o, χ is a sequence of flips, φ̄ is a Q-conic bundle with ρ(Ȳ /Z̄) = 1, and δ is a crepant contraction of an irreducible curve to o. Moreover, if D̄_i is the proper transform of D_i on Ȳ , then the divisor K¯_Y + D̄_1 + D̄_2 is linearly trivial over Z and canonical.

Proof. Regard Y/Z as an algebraic germ over o. Since D_i are generically sections, the fibration φ has no discriminant curve. By [MP08c] the central fiber C := φ^{−1}(o)_{red} is irreducible and by the main result of [MP08b] Y/Z is toroidal, that is, it is analytically isomorphic to a toric contraction:

Y ≃ (C^2 × P^1)/μ_r(a, r − a, 1)

for some r, a ∈ Z with r ≥ 2 and gcd(a, r) = 1. Here the map Y → Z is the projection to Z ≃ C^2/μ_r(a, r − a). In particular, Y has exactly two singular points and these points are cyclic quotients of types^1_r (1, a, r − a) and

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 855 1 r (−1, a, r − a). Since the pair (Y, D_1 + D_2) is canonical, D_1 ∩ D_2 = ∅. On the other hand, the divisor D_1 + D_2 ∼ −K_Y must contain all points on indices > 1. Hence Sing(Y ) = (D_1 + D_2) ∩ C. Further, the divisors D_i are quotients of two disjointed sections of C^2 × P^1 → C^2 by μ_r. Therefore, D_i · C = 1/r. Now consider the Kawamata blowup σ : Ỹ → Y of C ∩ D_1. Let E be the exceptional divisor and let D̃_i be the proper transform of D_i. Since K_Ỹ = σ^∗K_Y +^1_r E and the pair (Y, D_1 + D_2) is canonical, we have

K_Ỹ + D̃_1 + D̃_2 = σ^∗(K_Y + D_1 + D_2).

It is easy to check locally that the proper transform C̃ of the central fiber C does not meet D̃_1. Moreover, C̃ ∩ E is a smooth point of Ỹ and E. Thus we have D̃_1 · C̃ = 0, E · C̃ = 1, and D̃_2 · C̃ = D_2 · C = 1/r. Hence, K_Ỹ · C̃ = −1/r. Since the set-theoretical fiber over o in Ỹ coincides with E ∪ C̃, the divisor −K_Ỹ is ample over Z and C̃ generates a (flipping) extremal ray R. Run the MMP over Z in this direction, i.e., starting with R. Assume that we end up with a divisorial contraction φ̄ : Ȳ → Z̄. Then φ̄ must contract the proper transform Ē of E. Here Z̄/Z is a Mori conic bundle and the map Y � Z̄ is an isomorphism in codimension one, so it is an isomorphism. Moreover, Z̄/Z has a section, the proper transforms of D_i. Hence the fibration Z̄/Z is toroidal over o. Consider Shokurov’s difficulty [Sho85]

d(W ) := #{exceptional divisors of discrepancy < 1}.

Then d(Y ) = d(Z̄) = 2(r − 1). On the other hand,

d(Z̄) − 1 ≤ d(Ȳ ) < d(Ỹ ) = r − 1 + a − 1 + r − a − 1 = 2r − 3

(because the map Ỹ � Ȳ is not an isomorphism). The contradiction shows that our MMP ends up with a Q-conic bundle. Clearly, the divisor K¯_Y +D̄_1+D̄_2 is linearly trivial and canonical. By [MP08b] the surface Z̄ has at worst Du Val singularities of type A. Hence the morphism δ is crepant [Mor85b]. □

Corollary 4.16. In the above notation assume that Ȳ is a toric variety. Then so is Y .

Corollary 4.17. Notation as in Lemma 4.15. Assume that the base surface Z is toric. Then so is Y .

Proof. Induction by the number e of crepant divisors of Z. If e = 0, then Y is smooth and Y ≃ P(E ), where E is a decomposable rank-2 vector bundle on Z. □

Proposition 4.18. In notation of 4.3, let X̂ be a surface. Let Γ ∈ | − K_{X̂} | and let G := g^{−1}(Γ). Suppose that there are two prime divisors D_1 and D_2 such that g(D_i) = X̂ and K_{X̂} + D_1 + D_2 + G ∼ 0. Then the pair (X̄, D_1 + D_2) is canonical. If furthermore the surface X̂ is toric, then so are X̄ and X.

Proof. Clearly, we may replace Γ with a general member of | − K_{X̂} |. Note that G is an elliptic ruled surface and K_G + D_1|_G + D_2|_G ∼ 0. Hence divisors

Documenta Mathematica 15 (2010) 843–872

856 Yuri Prokhorov

D_1|_G and D_2|_G are disjointed sections. This shows that D_1 ∩ D_2 is either empty or consists of fibers. Assume that D_1 ∩ D_2 ≠ ∅. We can take Γ so that G ∩ D_1 ∩ D_2 = ∅. By adjunction −K_{D1} ∼ Ḡ|_{D1} + D_2|_{D1} . Since D_1 is a rational surface (birational to X̂), the divisor Ḡ|_{D1} +D_2|_{D1} must be connected, a contradiction. Thus, D_1 ∩ D_2 = ∅.

Therefore both divisors D_1 and D_2 contain no fibers and so D_1 ≃ D_2 ≃ X̂. Then the pair (X̄, D_1 + D_2) is PLT by the Inversion of Adjunction. Since K¯_X + D_1 + D_2 is Cartier, this pair must be canonical. The second assertion follows by Corollary 4.17. □

5. Case qQ(X) = 10

Consider the case qQ(X) = 10. We assume that a Q-Fano threefold with qQ(X) = 10 exists and get a contradiction applying Construction (4.5). By Proposition 3.6 the group Cl(X) is torsion free and B = (7, 11). Recall also that

(5.1) |A| = ∅, dim |2A| = 0, and dim |3A| = 1.

For r = 7 and 11, let P_r be a (unique) point of index r. In notation of §4, take M := |3A|. By (5.1) there exist a (unique) irreducible divisor S_2 ∈ | − 2K_X | and M is a pencil without fixed components. Let S_3 ∈ M = |3A| be a general member.

Apply Construction (4.5). Notations of 4.3 and 4.7 will be used freely. Near P_{11} we have A ∼ −10K_X , so M ∼ −8K_X . By Lemma 4.2 we get c ≤ 1/8. In particular, the pair (X, M ) is not canonical. For some a_1, a_2 ∈ Z we can write

K_{X̃} + 5S̃_2 = f^∗(K_X + 5S_2) − a_1E ∼ −a_1E,

K_{X̃} + 2S̃_2 + 2S̃_3 = f^∗(K_X + 2S_2 + 2S_3) − a_2E ∼ −a_2E.

Therefore,

(5.2)

K¯_X + 5S̄_2 + a_1Ē ∼ 0, K¯_X + 2S̄_2 + 2S̄_3 + a_2Ē ∼ 0,

where dim |S_2| = 0 and dim |S_3| = 1. Using (4.8) we obtain

(5.3)

5β_2 = a_1 + α, 2β_2 + 2β_3 = a_2 + α.

Since S_3 ∈ M is a general member, by (4.9) we have c = α/β_3 ≤ 1/8, so

(5.4) 8α ≤ β_3 and a_2 ≥ 15α + 2β_2.

5.5. First we consider the case where f(E) is either a curve or a Gorenstein point on X. Then α and β_k are non-negative integers. In particular, a_2 ≥ 15. From (5.2) and (5.4) we obtain that g is birational. Indeed, otherwise restricting the second relation of (5.2) to a general fiber V we get that −K_V is divisible by some number a^′ ≥ a_2 ≥ 15. This is impossible because V is either P^1 or a smooth del Pezzo surface.

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 857

Thus g is birational and X̂ is a Q-Fano. Again from (5.2) and (5.4) in notation of 4.12 we get −K_{X̂} ∼ 2Ŝ_2 + 2Ŝ_3 + a_2Ê ∼_Q (2s_2 + 2s_3 + a_2e)Θ, where s_2, s_3 ≥ 0, e ≥ 1, and a_2 ≥ 15. This immediately gives us qQ(X̂) ≥ 15 and e = 1, that is, Ê ∼_Q Θ. By Proposition 3.6 the group Cl(X̂) is torsion free. In particular, Ê ∼ Θ and |Θ| ≠ ∅. On the other hand, again by Proposition 3.6 we have |Θ| = ∅, a contradiction.

5.6. Therefore f(E) is a non-Gorenstein point P_r of index r = 7 or 11. By Theorem 4.11 f is Kawamata blowup and α = 1/r. Near P_r we can write A ∼ −l_rK_X , where l_r ∈ Z and 10l_r ≡ 1 mod r. Then S_k + kl_rK_X is Cartier near P_r. Therefore, β_k ≡ kl_rα mod Z and so β_k = kl_r/r + m_k, where m_k = m_{k,r} ∈ Z. Explicitly, we have the following values of α, β_k, and a_k:

r α β_2 β_3 a_1 a_2

7^1_7^3_7 + m_2^1_7 + m_3 2 + 5m_2 1 + 2m_2 + 2m_3

11^1_{11}^9_{11} + m_2^8_{11} + m_3 4 + 5m_2 3 + 2m_2 + 2m_3 Claim 5.7. If r = 7, then m_3 ≥ 1.

Proof. Follows from c = α/β_3 ≤ 1/8. □ If g is not birational, then, as above, restricting relations (5.2) to a general fiber V we get −K_V ∼ 5S̄_2|_V + a_1Ē|_V ∼ 2S̄_2|_V + 2S̄_3|_V + a_2Ē|_V , where E|_V ≠ 0 and S_2|_V , S_3|_V , and E|_V are proportional to −K_V (because ρ(X̄/X̂) = 1). Since V is either P^1, or a smooth del Pezzo surface, S_2|_V = 0 and a_i ≤ 3. So, r = 7. By the above claim and computations in the table we have a_2 = 3, m_1 = 1, and m_2 = 0. Hence, a_1 = 2. But then −K_V ∼ 2Ē|_V ∼ 2S̄_3|_V + 3Ē|_V , a contradiction.

Thus g is birational. Below we will use notation of 4.12. Since S̄_3 is moveable, s_3 ≥ 1. Put u := s_2 + em_2, v := s_3 + em_3.

5.8. Case: r = 11. Since Cl(X)/∼_Q ≃ Z·Θ, pushing down (5.2) to X̂ we obtain the following relations

(5.9) q̂ = 5s_2 + (4 + 5m_2)e = 5u + 4e, q̂ = 2s_2 + 2s_3 + (3 + 2m_2 + 2m_3)e = 2u + 2v + 3e.

Assume that u = 0. Then q̂ = 4e. The only solution of (5.9) with q̂ allowed by Proposition 3.6 is the following: q̂ = 8, v = 1, e = 2. Hence, s_2 = 0 and s_3 = 1. In particular, dim |Θ| ≥ dim |S_3| = 1. On the other hand, by Lemma 4.13 the

Documenta Mathematica 15 (2010) 843–872

858 Yuri Prokhorov

group Cl(X̂) is torsion free and by Lemma 3.9 the divisor Θ is not moveable, a contradiction.

Therefore, u ≥ 1. By the first relation in (5.9) q̂ ≥ 9. Hence the group Cl(X̂) is torsion free (Proposition 3.6). Then by Lemma 4.13 we have F ∼ eA. Since |A| = ∅, e ≥ 2. Again by (5.9) q̂ ≥ 13 and e is odd. Thus, e = 3, u = 1, and q̂ = 17. Further, s_3 + em_3 = v = 3 and s_3 = 3 (because S̄_3 is moveable). By Proposition 3.6 we have 1 = dim |S_3| ≤ dim |3Θ| = 0, a contradiction.

5.10. Case: r = 7. Recall that m_3 ≥ 1 by Claim 5.7. As in 5.8 write

(5.11) q̂ = 5s_2 + (2 + 5m_2)e = 5u + 2e, q̂ = 2s_2 + 2s_3 + (1 + 2m_2 + 2m_3)e = 2u + 2v + e.

Hence, v = s_3 + em_3 ≥ 1 + e.

If u = 0, then q̂ = 2e = 2v + e, e = 2v, and q̂ = 4v ≥ 4(1 + e) = 4(1 + 2v), a contradiction. If u = 2, then q̂ is even ≥ 12. Again we have a contradiction. Assume that u ≥ 3. Using the first relation in (5.11) and Proposition 3.6 we get successively

u = 3, q̂ ≥ 17, |Θ| = ∅, e ≥ 2, q̂ ≥ 19, |2Θ| = ∅, e ≥ 3, and so q̂ ≥ 21, a contradiction.

Therefore, u = 1. Then q̂ = 5 + 2e = 2 + 2v + e and 2v = 3 + e = 2v ≥ 2 + 2e. So, e = 1, v = 2, q̂ = 7. Since m_3 ≥ 1, s_3 = v −em_3 = 1. Hence, Ŝ_3 ∼_Q Θ. Since dim |Ŝ_3| ≥ 1, by (vi) of Theorem 1.4 we have X̂ ≃ P(1^2, 2, 3). In particular, the group Cl(X̂) is torsion free. By Lemma 4.13 the divisor F generates the group Cl(X). This contradicts |A| = ∅.

The last contradiction finishes the proof of (v) of Theorem 1.4.

6. Case qQ(X) = 11 and dim | − K_X | ≥ 11

In this section we consider the case qQ(X) = 11 and dim | − K_X | ≥ 11. By Proposition 3.6 the group Cl(X) is torsion free and B = (2, 3, 5). Recall that dim |A| = 0, dim |2A| = 1, and dim |3A| = 2.

It is easy to see that, for m = 1, 2, and 3, general members S_m ∈ | − mK_X | are irreducible. For r = 2, 3, 5, let P_r be a (unique) point of index r. In notation of §4, take M := |2A|. By the above, M is a pencil without fixed components. Apply Construction (4.5). Near P_5 we have A ∼ −K_X and M ∼ −2K_X . By Lemma 4.2 we get c ≤ 1/2. In particular, the pair (X, M ) is not canonical.

Proposition 6.1. In the above notation, f is the Kawamata blowup of P_5 and X̂ is a del Pezzo surface with Du Val singularities with K2_{X̂} = 5 or 6. Moreover,

for k = 1, 2 and 3, the image C_k := g(S̄_k) is a curve on X̂ with −K_{X̂} · C_k = k.

Proof. Similar to (5.2)-(5.3) we have for some a_1, a_2, a_3 ∈ Z:

(6.2)

K¯_X + 11S̄_1 + a_1Ē ∼ 0, K¯_X + S̄_1 + 5S̄_2 + a_2Ē ∼ 0, K¯_X + 2S̄_1 + 3S̄_3 + a_3Ē ∼ 0,

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 859

(6.3)

11β_1 = a_1 + α, β_1 + 5β_2 = a_2 + α, 2β_1 + 3β_3 = a_3 + α.

Since S_2 ∈ M is a general member, by (4.9) we have c = α/β_2 ≤ 1/2, so 2α ≤ β_2 and a_2 ≥ 9α + β_1. Since 2S_1 ∼ S_2, we have 2β_1 ≥ β_2. Thus β_1 ≥ α and a_1, a_2 ≥ 10α.

First we consider the case where f(E) is either a curve or a Gorenstein point on X. Then α and β_k are integers, so a_1, a_2 ≥ 10. Restricting (6.2) to a general fiber of g we obtain that g is birational. Moreover, in notation of 4.12 we have q̂ ≥ 15, the group Cl(X̂) is torsion free, and Ê ∼ Θ. In particular, |Θ| ≠ ∅. This contradicts Proposition 3.6.

6.4. Therefore P := f(E) is a non-Gorenstein point of index r = 2, 3 or 5. As in 5.6 we have the following values of β_k and a_k:

r β1 β2 β3 a1 a2 a3

2^1_2 + m1 m2^1_2 + m3 5 + 11m1 m1 + 5m2 2 + 2m1 + 3m3

3^2_3 + m1^1_3 + m2 m3 7 + 11m1 1 + m1 + 5m2 1 + 2m1 + 3m3

5^1_5 + m1^2_5 + m2^3_5 + m3 2 + 11m1 2 + m1 + 5m2 2 + 2m1 + 3m3

Claim 6.5. If r = 2 or 3, then m_2 ≥ 1.

Proof. Follows from 1/2 ≥ c = α/β_2 = 1/rβ_2. □

Assume that g is birational. By Proposition 3.6 and Remark 4.10 we have dim | − K_{X̂} | ≥ | − K_X | = 23. So, in notation of 4.12, q̂ ≤ 11. If S̄_1 is not contracted, then by the first relation in (6.2) we have q̂ ≥ 11 + a_1 ≥ 13, a contradiction. Therefore the divisor S̄_1 is contracted. By Lemma 4.13 the group Cl(X̂) is torsion free and Ê ∼ Θ. Hence, q̂ = a_1 ≤ 7, m_1 = 0, and r ≠ 5. But then m_2 ≥ 1 (see Claim 6.5) and a_2 ≥ 5. This contradicts the second relation in (6.2).

Therefore g is of fiber type. Restricting (6.2) to a general fiber we get a_i ≤ 3. Thus, r = 5 and a_1 = a_2 = a_3 = 2. Moreover, divisors S̄_1, S̄_2, and S̄_3 are g-vertical. Since S̄_3 is irreducible and dim |S̄_3| = 2, the variety X̂ cannot be a curve. Therefore X̂ is a surface and the images g(S̄_1), g(S̄_2), and g(S̄_3) are curves. Since dim |S̄_1| = 0, we have dim |g(S̄_1)| = 0. Hence, K^2_{X̂} ≤ 6 and g(S̄_1) is a line on X̂. By Lemma 4.14 there are only two possibilities: X̂ ≃ P(1, 2, 3) and X̂ is an A_4-del Pezzo surface. □

6.6. Consider the case where X̂ is an A_4-del Pezzo surface. Assume that S̄_6 is g-vertical. By Riemann-Roch for Weil divisors on surfaces with Du Val singularities [Rei87] we have dim |S̄_6| = dim |g(S̄_6)| = 6. On the other hand, dim |S̄_6| = dim |S_6| = 7, a contradiction. Thus g(S̄_5) = X̂. Since K_X + S_5 + S_6 ∼ 0, K¯_X + S̄_5 + S̄_6 + Ē ∼ 0.

Documenta Mathematica 15 (2010) 843–872

860 Yuri Prokhorov

Therefore S̄_6 and Ē are sections of g. By Proposition 4.18 the pair (X̄, S̄_6 + Ē) is canonical. Now since S̄_5 is nef, the map X̄ � X̃ is a composition of steps of the K¯_X + S̄_6 + Ē-MMP. Hence the pair (X̃, S̃_6 + E) is also canonical. In particular, S̃_6 ∩ E = ∅ and so P_5 = f(E) /∈ S_6, a contradiction.

6.7. Now consider the case X̂ ≃ P(1, 2, 3). As above, if g(S̄_5) is a curve, then dim |g(S̄_5)| = 5 and g(S̄_5) ∼ 5g(S̄_1). On the other hand, g(S̄_5) ∼ −^5_6 K_{X̂} . But then dim |g(S̄_5)| = 4, a contradiction. Therefore, g(S̄_5) = X̂. Similar to (6.2) we have K¯_X + 2S̄_5 + S̄_1 + a_4Ē ∼ 0. This shows that a_4 = 0 and S̄_5 is a section of g. Thus we can write K¯_X + S̄_5 + G + Ē ∼ 0, where G is a g-trivial Weil divisor, i.e., G = g^∗Γ for some Weil divisor Γ. Pushing down this equality to X we get G ∼ 6S̄_1, i.e., Γ ∈ | − K_{X̂} |. By Proposition 4.18 varieties X̄ and X are toric. This proves (iv) of Theorem 1.4.

7. Case qQ(X) = 13 and dim | − K_X | ≥ 6

In this section we consider the case qQ(X) = 13 and dim | − K_X | ≥ 6. By Proposition 3.6 B = (3, 4, 5). Recall that

dim |A| = dim |2A| = 0, dim |3A| = 1, dim |4A| = 2, and dim |5A| = 3. Therefore, for m = 1, 3, 4, and 5, general members S_m ∈ | − mK_X | are irreducible. For r = 3, 4, 5, let P_r be a (unique) point of index r. In notation of §4, take M := |4A|. Since 1 = dim |3A| > dim M = 2, the linear system M has no fixed components. Apply Construction (4.5). Near P_5 we have A ∼ −2K_X and M ∼ −3K_X . By Lemma 4.2 we get c ≤ 1/3. In particular, the pair (X, M ) is not canonical.

Proposition 7.1. In the above notation, f is the Kawamata blowup of P_5, g is birational, it contracts S̄_1, and X̂ ≃ P(1^3, 2). Moreover, in notation of 4.12 we have Ŝ_3 ∼ Ŝ_4 ∼ Ê ∼ Θ and Ŝ_5 ∼ 2Θ.

Proof. Similar to (5.2)-(5.3) we have for some a_1, a_2, a_3 ∈ Z:

(7.2)

K¯_X + 13S̄_1 + a_1Ē ∼ 0, K¯_X + S̄_1 + 4S̄_3 + a_2Ē ∼ 0, K¯_X + S̄_1 + 3S̄_4 + a_3Ē ∼ 0,

(7.3)

13β_1 = a_1 + α, β_1 + 4β_3 = a_2 + α, β_1 + 3β_4 = a_3 + α.

Since S_4 ∈ M is a general member, by (4.9) we have c = α/β_4 ≤ 1/3, 3α ≤ β_4 and a_3 ≥ 8α + β_1. Since 4S_1 ∼ S_4, we have 4β_1 ≥ β_4. Thus β_1 ≥ α and a_1 ≥ 12α.

First we consider the case where f(E) is either a curve or a Gorenstein point on X. Then α and β_k are integers. In particular, a_1 ≥ 12. From the first relation in (7.2) we obtain that g is birational. Moreover, in notation of 4.12

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 861

we have q̂ ≥ 13 and Ê ∼ Θ. In particular, |Θ| ≠ ∅. By Proposition 3.6 we have q̂ = 13, a_1 = 13, S̄_1 is contracted, and α = 1. This contradicts (7.3). Therefore P := f(E) is a non-Gorenstein point of index r = 3, 4 or 5. By Theorem 4.11 α = 1/r. Similar to 5.6 we have (here m_k ∈ Z_{≥0})

r β_1 β_3 β_4 β_5 a_1 a_2 a_3

3^1_3 + m_1 m_3^1_3 + m_4^2_3 + m_5 4 + 13m_1 m_1 + 4m_3 1 + m_1 + 3m_4

4^1_4 + m_1^3_4 + m_3 m_4^1_4 + m_5 3 + 13m_1 3 + m_1 + 4m_3 m_1 + 3m_4

5^2_5 + m_1^1_5 + m_3^3_5 + m_4 m_5 5 + 13m_1 1 + m_1 + 4m_3 2 + m_1 + 3m_4

Claim 7.4. If r = 3 or 4, then m_4 ≥ 1.

Proof. Follows from 1/3 ≥ c = α/β_4 = 1/rβ_4. □

If g is not birational, then a_1 = 3, r = 4, m_4 ≥ 1, and a_3 ≥ 3. In this case, a_2 = a_3 = 3, g is a generically P^2-bundle, and divisors S̄_1, S̄_3, S̄_4 are g-vertical. Since dim |S̄_4| > 1 and the divisor S̄_4 is irreducible, we have a contradiction. Therefore g is birational. Below we will use notation of 4.12. By Proposition 3.6 we have dim | − K_{X̂} | ≥ | − K_X | = 19 and q̂ ≤ 13. From the first relation in (7.2) we see that S̄_1 is contracted. By Lemma 4.13 the group Cl(X̂) is torsion free and Ê ∼ Θ. Moreover, m_1 = 0 (because 13m_1 < a_1e = q̂ ≤ 13). Thus q̂ = a_1 = 4, 3, and 5 in cases r = 3, 4, and 5, respectively. In cases r = 3 and 4 we have q̂ ≥ 3 + a_3 ≥ 6, a contradiction. Therefore, r = 5, q̂ = 5, and s_3 = s_4 = 1. Since dim |Θ| ≥ 1, by (vi) of Theorem 1.4 we have X̂ ≃ P(1^3, 2). Since dim |S_5| = 3 and dim |Θ| = 2, s_5 ≥ 2. Similar to (7.2)-(7.3) we have K¯_X + S̄_3 + 2S̄_5 + a_4Ē ∼ 0, 2s_5 + a_4 = 4, and a_4 = β_3 +2β_5 −α = m_3 +2m_5. Thus, s_5 = 2 and a_4 = β_5 = 0, i.e., P_5 /∈ S_5. □

Lemma 7.5. (i) S_1 ∩ S_3 is a reduced irreducible curve.

(ii) S_1 ∩ S_3 ∩ S_4 = {P_5}.

Proof. (i) Recall that A^3 = 1/60 by Proposition 3.6. Write S_1 ∩ S_3 = C + Γ, where C is a reduced irreducible curve passing through P_5 and Γ is an effective 1-cycle. Suppose, Γ ≠ 0. Then 1/4 = S_1 · S_3 · S_5 > S_5 · C. Since P_5 /∈ S_5, C ⊄ S_5 and S_5 · C ≥ 1/4, a contradiction. Hence, S_1 ∩ S_3 = C. (ii) Assume that S_1 ∩ S_3 ∩ S_4 ∋ P ≠ P_5. Since 1/5 = S_1 · S_3 · S_4 = S_4 · C and P, P_5 ∈ S_4 ∩ C, we have C ⊂ S_4. If there is a component C^′ ≠ C of S_1 ∩ S_4 not contained in S_5, then, as above, 1/3 = S_1 · S_4 · S_5 ≥ S_5 · C + S_5 · C^′ ≥ 1/2, a contradiction. Thus we can write S_1 ∩ S_4 = C + Γ, where Γ is an effective 1-cycle with Supp Γ ⊂ S_5. In particular, P_5 /∈ Γ. The divisor 12A is Cartier at P_3 and P_4. We get 1 5 = 12A^3 = 12A · S_1 · (S_4 − S_3) = 12A · Γ ∈ Z,

a contradiction. □

Documenta Mathematica 15 (2010) 843–872

862 Yuri Prokhorov

Lemma 7.6. Let X be a Q-Fano threefold and D = D_1 + · · · + D_4 be a divisor on X, where D_i are irreducible components. Let P ∈ X be a cyclic quotient singularity of index r. Assume that K_X +D∼_Q 0, P /∈ D_4, D_1 ∩D_2 ∩D_3 = {P }, and D_1 · D_2 · D_3 = 1/r. Then the pair (X, D) is LC.

Proof. Let π : (X^♯, P^♯) → (X, P ) be the index-one cover. For k = 1, 2, 3, let D^♯_k be the preimage of D_k and let D^♯ := D^♯_1 + D^♯_2 + D^♯_3. By our assumptions D^♯_1 ∩ D^♯_2 ∩ D^♯_3 = {P^♯}. Since D_1 · D_2 · D_3 = 1/r, locally near P^♯ we have D^♯_1 · D^♯_2 · D^♯_3 = 1. Hence D^♯ is a simple normal crossing divisor (near P^♯). In particular, (X^♯, D^♯) is LC near P^♯ and so is (X, D) near P . Thus the pair (X, D) is LC in some neighborhood U ∋ P . Since D_1 ∩D_2 ∩D_3 = {P }, P is a center of LC singularities for (X, D). Let H be a general hyperplane section through P . Write λD_4 ∼_Q H, where λ > 0. If (X, D) is not LC in X \U, then the locus of log canonical singularities of the pair (X, D +ϵH −(λϵ+δ)D_4) is not connected for 0 < δ ≪ ϵ ≪ 1. This contradicts Connectedness Lemma [Sho92], [Kol92]. Therefore the pair (X, D) is LC. □

7.7. Proof of (iii) of Theorem 1.4. By Lemma 7.6 the pair (X, S_1 + S_3 + S_4 +S_5) is LC. Since K_X +S_1 +S_3 +S_4 +S_5 ∼ 0, it is easy to see that a(E, S_1 + S_3+S_4+S_5) = −1. Thus K_{X̃} +S̃_1+S̃_3+S̃_4+S̃_5 = f^∗(K_X +S_1+S_3+S_4+S_5) ∼ 0. Therefore the pairs (X̄, S̄_1 + S̄_3 + S̄_4 + S̄_5 + Ē) and (X̂, Ŝ_3 + Ŝ_4 + Ŝ_5 + Ê) are also LC. It follows from Proposition 7.1 and its proof that X̂ ≃ P(1^3, 2), Ê ∼ Ŝ_3 ∼ Ŝ_4 ∼ Θ, and Ŝ_5 ∼ 2Θ. We claim that Ŝ_3 + Ŝ_4 + Ŝ_5 + Ê is a toric boundary (for a suitable choice of coordinates in P(1^3, 2)). Let (x_1 : x^′_1 : x^{′′}_1 : x_2) be homogeneous coordinates in P(1^3, 2). Clearly, we may assume that Ê = {x_1 = 0}, Ŝ_3 = {x′_1 = 0}, and Ŝ_4 = {αx_1 + α′x′_1 + α′′x′′_1 = 0} for some constants α, α^′, α^{′′}. Since (X̂, Ŝ_3 +Ŝ_4 +Ê) is LC, α^{′′} ≠ 0 and after a coordinate change we may assume that Ŝ_4 = {x^{′′}_1 = 0}. Further, the surface Ŝ_5 is given by the equation βx_2 +ψ(x_1, x^′_1, x^{′′}_1 ) = 0, where β is a constant and ψ is a quadratic form. If β = 0, then Ŝ_3 ∩ Ŝ_4 ∩ Ê ∩ Ŝ_5 ≠ ∅ and the pair (X̂, Ŝ_3 + Ŝ_4 + Ŝ_5 + Ê) cannot be LC. Thus β ≠ 0 and after a coordinate change we may assume that Ŝ_5 = {x_2 = 0}. Therefore Ŝ_3 + Ŝ_4 + Ŝ_5 + Ê is a toric boundary. Then by Lemma 7.8 below the varieties X̄, X̃, and X are toric. This proves (iii) of Theorem 1.4.

Lemma 7.8 (see, e.g., [McK01, 3.4]). Let V be a toric variety and let Δ be the toric (reduced) boundary. Then every valuation ν with discrepancy −1 with respect to K_V + Δ is toric, that is, there is a birational toric morphism Ṽ → V such that ν corresponds to an exceptional divisor.

8. Case qQ(X) = 17

Consider the case qQ(X) = 17. By Proposition 3.6 B = (2, 3, 5, 7) and |A| = ∅, dim |2A| = dim |3A| = dim |4A| = 0, dim |5A| = dim |6A| = 1, dim |7A| = 2. Therefore, for m = 2, 3, 5, and 7 general members S_m ∈ | − mK_X | are irreducible. For r = 2, 3, 5, 7, let P_r be a (unique) point of index r. In

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 863

notation of §4, take M := |5A| and apply Construction (4.5). Near P_7 we have A ∼ −5K_X and M ∼ −4K_X . By Lemma 4.2 we get c ≤ 1/4. In particular, the pair (X, M ) is not canonical.

Proposition 8.1. In the above notation, f is the Kawamata blowup of P_7, g is birational, it contracts S̄_2, and X̂ ≃ P(1^2, 2, 3). Moreover, in notation of 4.12 we have Ŝ_3 ∼ Ŝ_5 ∼ Θ, Ê ∼ 2Θ, and Ŝ_7 ∼ 3Θ.

Proof. Similar to (5.2)-(5.3) we have for some a_1, a_2, a_3 ∈ Z:

(8.2)

K¯_X + 7S̄_2 + S̄_3 + a_1Ē ∼ 0, K¯_X + S̄_2 + 5S̄_3 + a_2Ē ∼ 0, K¯_X + S̄_2 + 3S̄_5 + a_3Ē ∼ 0,

(8.3)

7β_2 + β_3 = a_1 + α, β_2 + 5β_3 = a_2 + α, β_2 + 3β_5 = a_3 + α.

Since S_5 ∈ M is a general member, by (4.9) we have c = α/β_5 ≤ 1/4, so 4α ≤ β_5 and a_3 ≥ 11α + β_2. Since S_2 + S_3 ∼ S_5, we have β_2 + β_3 ≥ β_5 ≥ 4α. Hence, a_1 ≥ 6β_2 + 3α and a_2 ≥ 4β_3 + 3α.

First we consider the case where f(E) is either a curve or a Gorenstein point on X. Then α and β_k are integers. In particular, a_3 ≥ 11 and by the third relation in (8.2) we obtain that g is birational. Moreover, in notation of 4.12 we have q̂ ≥ 11. In particular, the group Cl(X̂) is torsion free and so Ê ≥ 2Θ. Hence, q̂ ≥ 2a_3 ≥ 22, a contradiction.

Therefore P := f(E) is a non-Gorenstein point of index r = 2, 3, 5 or 7. Similar to 5.6 we have α = 1/r and

r β_2 β_3 β_5 β_7 a_1 a_2 a_3

2 m_2^1_2 + m_3^1_2 + m_5^1_2 + m_7 7m_2 + m_3 2 + m_2 + 5m_3 1 + m_2 + 3m_5

3^1_3 + m_2 m_3^1_3 + m_5^2_3 + m_7 2 + 7m_2 + m_3 m_2 + 5m_3 1 + m_2 + 3m_5

5^1_5 + m_2^4_5 + m_3 m_5^1_5 + m_7 2 + 7m_2 + m_3 4 + m_2 + 5m_3 m_2 + 3m_5

7^3_7 + m_2^1_7 + m_3^4_7 + m_5 m_7 3 + 7m_2 + m_3 1 + m_2 + 5m_3 2 + m_2 + 3m_5

Claim 8.4. (i) If r = 2, then m_5 ≥ 2 and m_2 + m_3 ≥ 2.

(ii) If r = 3, then m_5 ≥ 1 and m_2 + m_3 ≥ 1. (iii) If r = 5, then m_5 ≥ 1.

Proof. Note that 1/4 ≥ c = α/β_5 = 1/rβ_5 and rβ_5 ≥ 4. This gives us inequalities for m_5. The inequalities for m_2 + m_3 follows from β_2 + β_3 ≥ β_5. □

From this we have min(a_1, a_2, a_3) ≥ 3. Moreover, the equality min(a_1, a_2, a_3) = 3 holds only if r = 7. Therefore the contraction g can be of fiber type only if a_1 = 3, r = 7, m_2 = m_3 = 0, min(a_1, a_2, a_3) = 3, r = 7, m_2 = m_3 = m_5 = 0, a_3 = 2, and a_2 = 1. Then g is a del Pezzo fibration of degree 9 and by the first relation in (8.2) divisors Ŝ_2 and Ŝ_3 are g-vertical. But then a_2 = 3, a

Documenta Mathematica 15 (2010) 843–872

864 Yuri Prokhorov

contradiction. From now on we assume that g is birational. Thus we use notation of 4.12 as usual.

Since S̄_5 is moveable, it is not contracted. Therefore, s_5 ≥ 1. By (8.2) we have q̂ = 7s_2 + s_3 + a_1e, q̂ = s_2 + 5s_3 + a_2e, q̂ = s_2 + 3s_5 + a_3e. Put u := s_2 + em_2, v := s_3 + em_3, w := s_5 + em_5.

8.5. Case: r = 2. Then a_3 ≥ 7 and q̂ ≥ 3s_5 + a_3 ≥ 10. Hence the group Cl(X̂) is torsion free. So, e ≥ 2 and q̂ ≥ 3s_5 + 2a_3 ≥ 17. In this case, |Θ| = ∅. Therefore, s_5 ≥ 2 and q̂ ≥ 3s_5 + 2a_3 ≥ 20, a contradiction. 8.6. Case: r = 3. Then q̂ = 7s_2 + s_3 + (2 + 7m_2 + m_3)e = 7u + v + 2e, q̂ = s_2 + 5s_3 + (m_2 + 5m_3)e = u + 5v, q̂ = s_2 + 3s_5 + (1 + m_2 + 3m_5)e = u + 3w + e.

Assume that u > 0. Then q̂ ≥ 9. Hence the group Cl(X̂) is torsion free and e ≥ 2. Since dim |S_5| = 1 and dim |Θ| ≤ 0, we have s_5 ≥ 2. Since m_5 ≥ 1 (see Claim 8.4), we have w ≥ 4 and q̂ > 13. In this case, s_5 ≥ 5, a contradiction. Therefore, u = 0, m_2 = 0, s_3 ≠ 0, m_3 ≥ 1, and v ≥ 2. So, q̂ = 5v ≥ 10. Then we get a contradiction by (v) of Theorem 1.4. 8.7. Case: r = 5. Then q̂ = 7s_2 + s_3 + (2 + 7m_2 + m_3)e = 7u + v + 2e, q̂ = s_2 + 5s_3 + (4 + m_2 + 5m_3)e = u + 5v + 4e, q̂ = s_2 + 3s_5 + (m_2 + 3m_5)e = u + 3w.

From the first two relations we have 3u = 2v + e and 1 ≤ u ≤ 2. Further, q̂ − 4u = 3(v + e), so q̂ ≡ u mod 3.

If u = 2, then e is even and q̂ = 14 + v + 2e ≥ 18. So, q̂ = 19, a contradiction. Thus u = 1, 3 = 2v + e, and q̂ = 7 + v + 2e ≥ 9. By (v) of Theorem 1.4 q̂ is odd. Hence, v is even, e = 3, v = 0, q̂ = 13. In this case, s_5 + 3m_5 = w = 4. By Claim 8.4 m_5 = s_5 = 1. Note that the group Cl(X̂) is torsion free and s_2 = 1. Thus dim |Θ| > 0. This contradicts Proposition 3.6. 8.8. Case: r = 7. Then q̂ = 7s_2 + s_3 + (3 + 7m_2 + m_3)e = 7u + v + 3e, q̂ = s_2 + 5s_3 + (1 + m_2 + 5m_3)e = u + 5v + e, q̂ = s_2 + 3s_5 + (2 + m_2 + 3m_5)e = u + 3w + 2e.

Assume that u > 0. Then q̂ ≥ 10, the group Cl(X̂) is torsion free and so e ≥ 2, q̂ ≥ 13, u = 1. From the first two relations we get q̂ + 2 = 7v. Hence, v = 3, q̂ = 19, e = 3, and s_2 = 0. This contradicts the equality 1 = u = s_2 + em_2.

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 865

Therefore, u = 0 and s_2 = m_2 = 0. From the first two relations we get q̂ = 7v. Thus, q̂ = 7, v = 1, e = 2, w = 1, m_3 = m_5 = 0, and s_3 = s_5 = 1. By Lemma 4.13 the group Cl(X̂) is torsion free and so dim |Θ| ≥ dim |S̄_5| > 0. From (vi) of Theorem 1.4 we have X̂ ≃ P(1^2, 2, 3). In particular, dim |Θ| = 1. Further, similar to (8.2) we have

K¯_X + S̄_3 + 2S̄_7 + a_4Ē ∼ 0, β_3 + 2β_7 = a_4 + α.

This gives us a_4 = 2β_7 and s_7 + a_4 = 3. Since dim |S_7| = 2, s_7 > 1, s_7 = 3, Ŝ_7 ∼ 3Θ, a_4 = 0, and β_7 = 0, i.e., P_7 /∈ S_7. □ Lemma 8.9. (i) S_2 ∩ S_3 is a reduced irreducible curve.

(ii) S_2 ∩ S_3 ∩ S_5 = {P_7}.

Proof. (i) Similar to the proof of (i) of Lemma 7.5.

(ii) Put C := S_3 ∩ S_4. Assume that S_2 ∩ S_3 ∩ S_5 ∋ P ≠ P_7. Since 1/7 = S_2 ·S_3 ·S_5 = S_5 ·C and P, P_7 ∈ S_5 ∩C, we have C ⊂ S_5. If there is a component C^′ ≠ C of S_2 ∩ S_5 not contained in S_7, then, as above, 7/15 = S_2 · S_7 · S_7 ≥ S_7 · C + S_7 · C^′ ≥ 2/5, a contradiction. Thus we can write S_2 ∩ S_5 = C + Γ, where Γ is an effective 1-cycle with Supp Γ ⊂ S_7. In particular, P_7 /∈ Γ. The divisor 30A is Cartier at P_2, P_3, and P_5. We get 120 210 = 120A^3 = 30A · S_2 · (S_5 − S_3) = 30A · Γ ∈ Z,

a contradiction. □

Now the proof of (ii) of Theorem 1.4 can be finished similar to 7.7: the pair (X̂, Ŝ_3 + Ŝ_5 + Ê + Ŝ_7) is LC and the corresponding discrepancy of S̄_2 is equal to −1.

9. Case qQ(X) = 19

Consider the case qQ(X) = 19. By Proposition 3.6 B = (3, 4, 5, 7) and |A| = ∅, |2A| = ∅, dim |3A| = dim |4A| = dim |5A| = dim |6A| = 0, dim |7A| = 1. Therefore, for m = 3, 4, 5, and 7 general members S_m ∈ | − mK_X | are irreducible. For r = 3, 4, 5, 7, let P_r be a (unique) point of index r. In notation of §4, take M := |7A| = |S_7| and apply Construction (4.5). Near P_5 we have A ∼ −4K_X and M ∼ −3K_X . By Lemma 4.2 we get c ≤ 1/3. In particular, the pair (X, M ) is not canonical.

Proposition 9.1. In the above notation, f is the Kawamata blowup of P_5, g is birational, it contracts S̄_3, and X̂ ≃ P(1^2, 2, 3). Moreover, in notation of 4.12 we have Ŝ_4 ∼ Ŝ_7 ∼ Θ, Ê ∼ 3Θ, and Ŝ_5 ∼ 2Θ.

Documenta Mathematica 15 (2010) 843–872

866 Yuri Prokhorov

Proof. Similar to (5.2)-(5.3) we have for some a_1, a_2, a_3, a_4 ∈ Z:

(9.2)

K¯_X + 5S̄_3 + S̄_4 + a_1Ē ∼ 0, K¯_X + S̄_3 + 4S̄_4 + a_2Ē ∼ 0, K¯_X + S̄_4 + 3S̄_5 + a_3Ē ∼ 0, K¯_X + S̄_5 + 2S̄_7 + a_4Ē ∼ 0,

(9.3)

5β_3 + β_4 = a_1 + α, β_3 + 4β_4 = a_2 + α, β_4 + 3β_5 = a_3 + α, β_5 + 2β_7 = a_4 + α.

Remark 9.4. Since S_7 ∈ M is a general member, by (4.9) we have c = α/β_7 ≤ 1/3, so 3α ≤ β_7 and a_4 ≥ 5α + β_5. Further, S_3 + S_4 ∼ S_7. Thus, β_3 + β_4 ≥ β_7 ≥ 3α, a_1 ≥ 4β_3 + 2α, and a_2 ≥ 3β_4 + 2α.

Assume that X̂ is a surface. Then X̂ is such as in Lemma 4.14. From the first and second relations in (9.2) we obtain that S_3 and S_4 are g-vertical. Since dim |S̄_k| = 0, dim |g(S̄_k)| = 0, k = 3, 4. Hence, K^2_{X̂} ≤ 6 and the curves g(S̄_k) are in fact lines on X̂. In particular, g(S̄_3) ∼ g(S̄_4). This implies S̄_3 ∼ S̄_4 and S_3 ∼ S_4, a contradiction.

Now assume that X̂ is a curve and let G be a general fiber of g. Clearly, divisors S̄_3 and S̄_4 are g-vertical. If the divisor S̄_5 is also g-vertical, then k_3S̄_3 ∼ k_4S̄_4 ∼ k_5S̄_5 ∼ G, where the k_i are the multiplicities of corresponding fibers. Considering proper transforms on X we get 3k_3 = 4k_4 = 5k_5 and so k_3 = 20k, k_4 = 14k, k_5 = 12k for some k ∈ Z. This contradicts the main result of [MP08a]. Therefore the divisor S̄_5 is g-horizontal. In this case, the degree of the general fiber is 9. As above we have k_3S̄_3 ∼ k_4S̄_4 ∼ G, 3k_3 = 4k_4. So, k_3 = 4k, k_4 = 3k, k ∈ Z. Again by [MP08a] g has no fibers of multiplicity divisible by 4.

From now on we assume that g is birational. Then in notation of 4.12,

(9.5) q̂ = 5s_3 + s_4 + a_1e = s_3 + 4s_4 + a_2e = s_4 + 3s_5 + a_3e.

Consider the case where f(E) is either a curve or a Gorenstein point on X. Then α and β_k are integers. By Remark 9.4

a_1 + a_2 = 5(β_3 + β_4) + β_3 − 2α ≥ 13α ≥ 13.

On the other hand, from (9.5) we obtain 2q̂ ≥ 6s_3 + 5s_4 + 13 ≥ 18. So, q̂ ≥ 9 (both S̄_3 and S̄_4 cannot be contracted). In this case, the group Cl(X̂) is torsion free and by Lemma 4.13 we have Ê ≥ 3Θ. Since a_4 ≥ 5, we have Ê ∼ 3Θ, q̂ ≥ 15, and S̄_3 is contracted. In this situation, |Θ| = ∅, so s_5, s_7 ≥ 2. This contradicts the fourth relation in (9.2).

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 867

Therefore P := f(E) is a non-Gorenstein point of index r = 3, 4, 5 or 7. Similar to 5.6 we have α = 1/r and

r β_3 β_4 β_5 β_7 a_1 a_2 a_3

3 m_3^1_3 + m_4^2_3 + m_5^1_3 + m_7 5m_3 + m_4 1 + m_3 + 4m_4 2 + m_4 + 3m_5

4^1_4 + m_3 m_4^3_4 + m_5^1_4 + m_7 1 + 5m_3 + m_4 m_3 + 4m_4 2 + m_4 + 3m_5

5^2_5 + m_3^1_5 + m_4 m_5^3_5 + m_7 2 + 5m_3 + m_4 1 + m_3 + 4m_4 m_4 + 3m_5

7^2_7 + m_3^5_7 + m_4^1_7 + m_5 m_7 2 + 5m_3 + m_4 3 + m_3 + 4m_4 1 + m_4 + 3m_5

Claim 9.6. (i) If r = 3 or 4, then m_7 ≥ 1 and m_3 + m_4 ≥ 1.

(ii) If r = 7, then m_7 ≥ 1.

Proof. To get inequalities for m_7 we use 1/3 ≥ c = α/β_7 = 1/rβ_7, rβ_7 ≥ 3. The inequalities for m_3 + m_4 follows from β_3 + β_4 ≥ β_7. □

Thus, in all cases a_1, a_2 ≥ 1. Put u := s_3 + em_3, v := s_4 + em_4, w := s_5 + em_5.

9.7. Case: r = 3. Then u + v > e(m_3 + m_4) ≥ e by Claim 9.6. Further, q̂ = 5s_3 + s_4 + (5m_3 + m_4)e = 5u + v, q̂ = s_3 + 4s_4 + (1 + m_3 + 4m_4)e = u + 4v + e, q̂ = s_4 + 3s_5 + (2 + m_4 + 3m_5)e = v + 3w + 2e.

If u = 0, then v = q̂ = e + 4v, a contradiction.

Assume that u ≥ 2. Then q̂ ≥ 10, u ≤ 3, the group Cl(X̂) is torsion free and by Lemma 4.13 we have e ≥ 3. If u = 2, then v ≥ 2, q̂ ≥ 13, v = q̂ − 10, and e ≤ q̂ − 2 − 4v ≤ 2, a contradiction. If u = 3, then v = 2, e = 6, q̂ = 17, and m_3 = m_4 = 0. This contradicts Claim 9.6.

Therefore, u = 1. Then v = q̂ − 5, 19 = e + 3q̂, and q̂ ≤ 6. We get only one solution: q̂ = 6, u = v = w = e = 1. Recall that m_3 + m_4 ≥ 1 by Claim 9.6. Hence either s_3 = 0 and Ŝ_4 ∼_Q Ŝ_5 ∼_Q Ê ∼_Q Θ or s_4 = 0 and Ŝ_3 ∼_Q Ŝ_5 ∼_Q Ê ∼_Q Θ. In both cases Ŝ_5 ≁ Ê (otherwise S̄_5 ∼ Ē + lF̄ for some l ∈ Z and so S_5 ∼ lF , a contradiction). Then we get a contradiction by Lemma 3.11.

9.8. Case: r = 4. As in the previous case, u + v > e and q̂ = 5s_3 + s_4 + (1 + 5m_3 + m_4)e = 5u + v + e, q̂ = s_3 + 4s_4 + (m_3 + 4m_4)e = u + 4v.

If u is even, then so is q̂. Hence, q̂ ≤ 10. From the first relation we have u = 0, q̂ = 4v, and e = 3v. This contradicts u + v > e. Therefore u is odd. Assume that u = 1. Then q̂ = 5 + v + e = 1 + 4v and e = 3v − 4. Since u + v > e, there is only one possibility: v = e = 2, q̂ = 9. Then the group Cl(X̂) is torsion free. By Lemma 4.13 we have F ∈ |2A| ≠ ∅, a contradiction. Finally, assume u ≥ 3. Then u = 3 and q̂ = 15 + v + e = 3 + 4v ≥ 16. Thus, q̂ = 19, v = 4, and e = 0, a contradiction.

Documenta Mathematica 15 (2010) 843–872

868 Yuri Prokhorov

9.9. Case: r = 7. Then q̂ = 5s_3 + s_4 + (2 + 5m_3 + m_4)e = 5u + v + 2e, q̂ = s_3 + 4s_4 + (3 + m_3 + 4m_4)e = u + 4v + 3e, q̂ = s_4 + 3s_5 + (1 + m_4 + 3m_5)e = v + 3w + e.

In this case, u = (3v + e)/4 > 0. Assume that u ≥ 2. Then q̂ ≥ 13 and the group Cl(X̂) is torsion free. By Lemma 4.13 we have e ≥ 3. Further, u = 2, and q̂ ≥ 17. We get m_3 = 0, s_3 = 2, e ≥ 4, q̂ = 19, e = 4, and v = 1. This contradicts the last relation.

Therefore, u = 1. Then 3v + e = 4. Assume that e = 4. Then v = 0, q̂ = 13, w = 3, s_4 = 0, s_3 = 1, and m_4 = m_3 = 0. Since dim |Θ| = dim |2Θ| = 0, we have s_5 ≥ 3. Recall that m_7 ≥ 1 by Claim 9.6. Hence, β_7 ≥ 1 and a_4 = 2β_7 ≥ 2. This contradicts the fourth relation in (9.2).

Therefore, e < 4. In this case, e = 1, v = 1, and q̂ = 8. Then Ê ∼_Q Θ and either Ŝ_3 ∼_Q Θ or Ŝ_4 ∼_Q Θ (because u = v = 1). This contradicts (vi) of Theorem 1.4.

9.10. Case: r = 5. From (9.2) we obtain

(9.11) q̂ = 5s_3 + s_4 + (2 + 5m_3 + m_4)e = 5u + v + 2e, q̂ = s_3 + 4s_4 + (1 + m_3 + 4m_4)e = u + 4v + e, q̂ = s_4 + 3s_5 + (m_4 + 3m_5)e = v + 3w.

Then e = 3v − 4u. If u ≥ 2, then e = 3v − 4u ≤ 3v − 6, and so v ≥ 3. Hence, q̂ ≥ 15 and the group Cl(X̂) is torsion free. By Lemma 4.13 we have e ≥ 3. So q̂ = 19, e = 3, s_3 = 0, and 2 = u = em_3 ≥ 3, a contradiction. Assume that u = 1, then e = 3v − 4 and v ≥ 2. Further, q̂ = 7v − 3 = v + 3w ≤ 19. We get q̂ = 11 and e = 2. This contradicts Lemma 4.13. Therefore, u = 0. Then e = 3v, q̂ = 7v = 7, v = 1, e = 3, and w = 2. By Lemma 4.13 the group Cl(X̂) is torsion free. Thus s_3 = 0, i.e., S̄_3 is contracted, s_4 = 1, s_5 = 2, and m_5 = β_5 = 0. This means, in particular, that P_5 /∈ S_5. From the fourth relation in (9.2) we get a_4 = 1 and s_7 = 1. In particular, dim |Θ| > 0 and X̂ ≃ P(1^2, 2, 3) by (vi) of Theorem 1.4. □ Lemma 9.12. (i) S_3 ∩ S_4 is a reduced irreducible curve.

(ii) S_3 ∩ S_4 ∩ S_7 = {P_5}.

Proof. (i) Similar to the proof of (i) of Lemma 7.5.

(ii) Put C := S_3 ∩ S_4. Assume that S_3 ∩ S_4 ∩ S_7 ∋ P ≠ P_5. Since 1/5 = S_3 ·S_4 ·S_7 = S_7 ·C and P, P_5 ∈ S_7 ∩C, we have C ⊂ S_7. If there is a component C^′ ≠ C of S_3 ∩ S_7 not contained in S_5, then, as above, 1/4 = S_3 · S_7 · S_5 ≥ S_5 · C + S_5 · C^′ ≥ 2/7, a contradiction. Thus we can write S_3 ∩ S_7 = C + Γ, where Γ is an effective 1-cycle with Supp Γ ⊂ S_5. In particular, P_5 /∈ S_5. The divisor 84A is Cartier at P_3, P_4, and P_7. We get 9 5 = 84A · S_3 · (S_7 − S_4) = 84A · Γ ∈ Z,

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 869

a contradiction. □

Now the proof of (i) of Theorem 1.4 can be finished similar to 7.7.

10. Toric Sarkisov links

Proposition 10.1. Let X be a toric Q-Fano threefold and let P ∈ X be a cyclic quotient singularity of index r. Let f : X̃ → X be the Kawamata blowup of P ∈ X. Then a general member of | − K_X | is a normal surface having at worst Du Val singularities. The linear system | − K_X | has only isolated base points. In particular, −K_{X̃} is nef and big. The map f : X̃ → X can be completed by a toric Sarkisov link (cf. (4.5)).

Proof. This can be shown by explicit computations in all cases of Proposition 1.3. Consider, for example, the case X = P(3, 4, 5, 7). Let x_3, x_4, x_5, x_7 be quasi-homogeneous coordinates in P(3, 4, 5, 7). A section S ∈ | − K_X | is given by a quasi-homogeneous polynomial of degree 19. By taking this polynomial as a general linear combination of x^5_3x_4, x^3x^2_5, x^4_3x_7, x_4x^3_5, x^3_4x_7, x_5x^2_7 we see that the base locus of | − K_X | is the union of four coordinate points and the surface S has only quotient singularities. Since K_S is Cartier, the singularities of S are Du Val. Further, we can write K_{X̃} + S̃ = f^∗(K_X + S) ∼ 0, where S̃ is the proper transform of S. Hence, S̃ ∈ | − K_{S̃}| and the linear system | − K_{X̃} | has only isolated base points outside of f^{−1}(P ). In particular, −K_{X̃} is nef. It is easy to check that −K^3_{X̃} > 0, i.e., −K_{X̃} is big. Recall that ρ(X̃) = 2. So, the Mori cone NE(X̃) has exactly two extremal rays, say R_1 and R_2. Let R_1 is generated by f-exceptional curves. If −K_{X̃} is ample, we run the MMP starting from R_2. Otherwise we make a flop in R_2 and run the MMP. Clearly, we obtain Sarkisov link (4.5). □

Explicitly, for weighted projective spaces from Proposition 1.3, we have the

following diagram of Sarkisov links. Here an arrow X_1^{1r}−→ X_2 indicates that there is a Sarkisov link described above that starts from the Kawamata blowup of a cyclic quotient singularity of index r > 1 on X_1 and the target variety is X_2.

Documenta Mathematica 15 (2010) 843–872

870 Yuri Prokhorov

P^1-bundle P(1, 2, 3, 5) 1 3 � � � � � � 1 2 � � � � � � 1 5 � Q-conic bundle

P(1^3, 2)

1 2 �

P(3, 4, 5, 7)^1_5 �

1 7

�

1 4

�

1 3 �

P(1^2, 2, 3)

1 3 �

1 2

�

P^3

P(1, 3, 4, 5)

1 5

�

1 4 � 1 3 �

P(2, 3, 5, 7) 1 5 �

1 3 �

1 2

�

1 7

�

del Pezzo fibration

References

[Ale94] V. Alexeev. General elephants of Q-Fano 3-folds. Compositio Math., 91(1):91–116, 1994.

[BB92] A. A. Borisov and L. A. Borisov. Singular toric Fano three-folds.

Mat. Sb., 183(2):134–141, 1992.

[BS07] G. Brown and K. Suzuki. Computing certain Fano 3-folds. Japan J.

Indust. Appl. Math., 24: 241-250, 2007.

[Fuj75] T. Fujita. On the structure of polarized varieties with Δ-genera zero.

J. Fac. Sci. Univ. Tokyo Sect. IA Math., 22:103–115, 1975. [IP99] V. A. Iskovskikh and Y. G. Prokhorov. Fano varieties. Algebraic geometry. V., volume 47 of Encyclopaedia Math. Sci. Springer, Berlin, 1999.

[Kaw92a] Y. Kawamata. Boundedness of Q-Fano threefolds. In Proceedings of the International Conference on Algebra, Part 3 (Novosibirsk, 1989), volume 131 of Contemp. Math., pages 439–445, Providence, RI, 1992. Amer. Math. Soc.

[Kaw92b] Y. Kawamata. The minimal discrepancy coefficients of terminal singularities in dimension three. Appendix to V.V. Shokurov’s paper ”3-fold log flips”. Russ. Acad. Sci., Izv., Math., 40(1):95–202, 1992.

[Kaw96] Y. Kawamata. Divisorial contractions to 3-dimensional terminal quotient singularities. In Higher-dimensional complex varieties (Trento, 1994), pages 241–246. de Gruyter, Berlin, 1996.

[KMMT00] J. Kollár, Y. Miyaoka, S. Mori, and H. Takagi. Boundedness of canonical Q-Fano 3-folds. Proc. Japan Acad. Ser. A Math. Sci., 76(5):73–77, 2000.

Documenta Mathematica 15 (2010) 843–872

Q-Fano Threefolds of Large Fano Index, I 871

[KO73] S. Kobayashi and T. Ochiai. Characterizations of complex projective spaces and hyperquadrics. J. Math. Kyoto Univ., 13:31–47, 1973.

[Kol92] J. Kollár, editor. Flips and abundance for algebraic threefolds. Société Mathématique de France, Paris, 1992. Papers from the Second Summer Seminar on Algebraic Geometry held at the University of Utah, Salt Lake City, Utah, August 1991, Astérisque No. 211 (1992).

[McK01] J. McKernan. A simple characterization of toric varieties. In Proc.

Algebraic Geom. Symp. Kinosaki, pages 59–72, 2001.

[Mor85a] S. Mori. On 3-dimensional terminal singularities. Nagoya Math. J., 98:43–66, 1985.

[Mor85b] D. R. Morrison. The birational geometry of surfaces with rational double points. Math. Ann., 271(3):415–438, 1985.

[MP08a] S. Mori and Y. Prokhorov. Multiple fibers of del Pezzo fibrations.

Proc. Steklov Inst. Math., 264:131–145, 2009 [MP08b] S. Mori and Y. Prokhorov. On Q-conic bundles. Publ. RIMS, 44(2):315–369, 2008.

[MP08c] S. Mori and Y. Prokhorov. On Q-conic bundles, II. Publ. RIMS, 44(3):955–971, 2008.

[MZ88] M. Miyanishi and D.-Q. Zhang. Gorenstein log del Pezzo surfaces of rank one. J. Algebra, 118(1):63–84, 1988.

[Pro05] Y. G. Prokhorov. On the degree of Fano threefolds with canonical Gorenstein singularities. Russian Acad. Sci. Sb. Math., 196(1):81– 122, 2005.

[Pro07] Y. G. Prokhorov. The degree of Q-Fano threefolds. Russian Acad.

Sci. Sb. Math., 198(11):1683–1702, 2007.

[Rei87] M. Reid. Young person’s guide to canonical singularities. In Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), volume 46 of Proc. Sympos. Pure Math., pages 345–414. Amer. Math. Soc., Providence, RI, 1987.

[San96] T. Sano. Classification of non-Gorenstein Q-Fano d-folds of Fano index greater than d − 2. Nagoya Math. J., 142:133–143, 1996.

[Sho85] V. V. Shokurov. A nonvanishing theorem. Izv. Akad. Nauk SSSR Ser. Mat., 49(3):635–651, 1985.

[Sho92] V. V. Shokurov. Three-dimensional log perestroikas. Izv. Ross. Akad.

Nauk Ser. Mat., 56(1):105–203, 1992.

[Suz04] K. Suzuki. On Fano indices of Q-Fano 3-folds. Manuscripta Math., 114(2):229–246, 2004.

[PARI] The PARI Group, Bordeaux. PARI/GP, version 2.3.4, 2008. available from http://pari.math.u-bordeaux.fr/.

Documenta Mathematica 15 (2010) 843–872

872 Yuri Prokhorov

Yuri Prokhorov Department of Algebra Faculty of Mathematics Moscow State University Moscow 117234 Russia prokhoro@gmail.com

Documenta Mathematica 15 (2010) 843–872

Documenta Math. 873

On Reductions of Families

of Crystalline Galois Representations

Gerasimos Dousmanis

Received: September 3, 2010

Communicated by Peter Schneider

Abstract. Let K_f be the finite unramified extension of Q_p of degree f and E any finite large enough coefficient field containing K_f . We construct analytic families of étale (φ, Γ)-modules which give rise to families of crystalline E-representations of the absolute Galois group G_{Kf} of K_f . For any irreducible effective two-dimensional crystalline E-representation of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} induced from a crystalline character of G_{K2f} , we construct an infinite family of crystalline E-representations of G_{Kf} of the same Hodge-Tate type which contains it. As an application, we compute the semisimplified mod p reductions of the members of each such family.

2010 Mathematics Subject Classification: 11F80, 11F85. Keywords and Phrases: Wach modules, (φ, Γ)-modules, reductions of crystalline Galois representations.

Contents

1 Introduction 874 1.1 Preliminaries and statement of results . . . . . . . . . . . . . . 876

2 Overview of the theory 884 2.1 Étale (φ, Γ)-modules and Wach modules . . . . . . . . . . . . 884 2.2 Wach modules of restricted representations . . . . . . . . . . . 887

3 Effective Wach modules of rank one 889

4 Families of effective Wach modules of arbitrary weight and rank 895

Documenta Mathematica 15 (2010) 873–938

874 Gerasimos Dousmanis

5 Families of two-dimensional crystalline representations 902 5.1 Families of rank two Wach modules . . . . . . . . . . . . . . . . 903 5.2 Corresponding families of rank two filtered φ-modules . . . . . 912

6 Reductions of crystalline representations 914 6.1 Reductions of reducible two-dimensional crystalline representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 917 6.2 Proof of theorem 1.5 . . . . . . . . . . . . . . . . . . . . . . . . 919 6.3 Proof of theorem 1.7 . . . . . . . . . . . . . . . . . . . . . . . . 928

1 Introduction

Let p be a prime number and Q̄_p a fixed algebraic closure of Q_p. Let N be a positive integer and g = � n≥1 a_nq^n a newform of weight k ≥ 2 over Γ_1(N)

with character ψ. The complex coefficients a_n are algebraic over Q and may be viewed as elements of Q̄_p after fixing embeddings Q̄ → C and Q̄ → Q̄_p. By work of Eichler-Shimura when k = 2 and Deligne when k > 2, there exists a continuous irreducible two-dimensional p-adic representation ρ_g : G_Q −→ GL_2(Q̄_p) attached to g. If l ∤ pN, then ρ_g is unramified at l and det(X − ρ_g (Frob_l)) = X^2 − a_lX + ψ (l) l^{k−1}, where Frob_l is any choice of an arithmetic Frobenius at l. The contraction of the maximal ideal of the ring of integers of Q̄_p via an embedding Q̄ → Q̄_p gives rise to the choice of a place of Q̄ above p, and the decomposition group D_p at this place is isomorphic to the local Galois group G_{Qp} via the same embedding. The local representation

ρ_{g,p} : G_{Qp} −→ GL_2(Q̄_p),

obtained by restricting ρ_g to D_p, is de Rham with Hodge-Tate weights {0, k−1} ([Tsu99]). If p ∤ N the representation ρ_{g,p} is crystalline and the characteristic polynomial of Frobenius of the weakly admissible filtered φ-module D_{k,ap} := D_{cris} (ρ_{g,p}) attached to ρ_{g,p} by Fontaine is X^2 − a_pX + ψ (p) p^{k−1} ([Fal89] and [Sc90]). The roots of Frobenius are distinct if k = 2 and conjecturally distinct if k ≥ 3 (see [CE98]). In this case, weak admissibility imposes a unique up to isomorphism choice of the filtration of D_{k,ap} , and the isomorphism class of the crystalline representation ρ_{g,p} is completely determined by the characteristic polynomial of Frobenius of D_{k,ap} . The mod p reduction ρ̄_{g,p} : G_{Qp} −→ GL_2(F̄_p) of the local representation ρ_{g,p} is well defined up to semisimplification and plays a role in the proof of Serre’s modularity conjecture, now a theorem of Khare and Wintenberger [KW09a], [KW09b], which states that any irreducible continuous odd Galois representation ρ : G_Q −→ GL_2(F̄_p) is similar to a representation of the form ρ̄_g for a certain newform g which should occur in level N(ρ), an integer prime-to-p, and weight κ(ρ) ≥ 2, which Serre explicitly defined in [Ser87]. If ρ_{g,p} is crystalline, the semisimplified mod p reduction ρ̄_{g,p} has been given concrete descriptions in certain cases by work of Berger-Li-Zhu [BLZ04] combined with work of Breuil [Bre03], which extended previous results of Deligne, Fontaine,

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 875

Serre and Edixhoven, and more recently by Buzzard-Gee [BG09] using the padic Langlands correspondence for GL_2 (Q_p) . For a more detailed account and the shape of these reductions see [Ber10, §5.2].

Recall that (up to unramified twist) all irreducible two-dimensional crystalline representations of G_{Qp} with fixed Hodge-Tate weights in the range [0; p] have the same irreducible mod p reduction. Reductions of crystalline representations of G_{Qpf} := Gal(Q̄_p/Q_pf ) with f ≠ 1, where Q_pf is the unramified extension of Q_p of degree f, are more complicated. For example, in the simpler case where f = 2, there exist irreducible two-dimensional crystalline representation of G_{Qp2} with Hodge-Tate weights in the range [0; p − 1] sharing the same characteristic polynomial and filtration, with distinct irreducible or reducible reductions (cf. Proposition 6.22).

The purpose of this paper is to extend the constructions of [BLZ04] to twodimensional crystalline representations of G_{Qpf} , and to compute the semisimplified mod p reductions of the crystalline representations constructed. The strategy for computing reductions is to fit irreducible representations of G_{Kf} which are not induced from crystalline characters of G_{K2f} into families of representations of the same Hodge-Tate type and with the same mod p reduction, which contain some member which is either reducible or irreducible induced. Serre’s conjecture has been recently generalized by Buzzard, Diamond and Jarvis [BDJ] for irreducible totally odd two-dimensional F̄_p-representations of the absolute Galois group of any totally real field unramified at p, and has subsequently been extended by Schein [Sch08] to cases where p is odd and tamely ramified in F. Crystalline representations of the absolute Galois group of finite unramified extensions of Q_p arise naturally in this context of the conjecture of Buzzard, Diamond and Jarvis, and their modulo p reductions are crucial for the weight part of this conjecture (see [BDJ, §3]).

Let F be a totally real number field of degree d > 1, and let I = {τ_1, ..., τ_d} be the set of real embeddings of F. Let k = (k_{τ1} , k_{τ2} , ..., k_{τd} , w) ∈ N^{d+1}_{≥1} with k_{τi} ≡ wmod 2. We denote by O the ring of integers of F and we let n ≠ 0 be an ideal of O. The space S_k(U_1(n)) of Hilbert modular cusp forms of level n and weight k is a finite dimensional complex vector space endowed with actions of Hecke operators T_q indexed by the nonzero ideals q of O (for the precise definitions see [Tay89]). Let 0 ≠ g ∈ S_k(U_1(n)) be an eigenform for all the T_q, and fix embeddings Q̄ → C and Q̄ → Q̄_p. By constructions of Rogawski-Tunnell [RT83], Ohta [Oht84], Carayol [Car86], Blasius-Rogawski [BR89], Taylor [Tay89], and Jarvis [Jar97], one can attach to g a continuous Galois representation ρ_g : G_F → GL_2(Q̄_p), where G_F is the absolute Galois group of the totally real field F. Fixing an isomorphism between the residue field of Q̄_p with F̄_p, the mod p reduction ρ̄_g : G_F → GL_2(F̄_p) is well defined up to semisimplification. A continuous representation ρ : G_F −→ GL_2(F̄_p) is called modular if ρ ∼ ρ̄_g for some Hilbert modular eigenform g. Conjecturally, every irreducible totally odd continuous Galois representation ρ : G_F −→ GL_2(F̄_p) is modular ([BDJ]). We now assume that k_{τi} ≥ 2 for all i. We fix an isomorphism

Documenta Mathematica 15 (2010) 873–938

876 Gerasimos Dousmanis

Q̄_p^i≃ C and an algebraic closure F̄ of F. For each prime ideal p of O lying above p we denote by F_p the completion of F at p, and we fix an algebraic closure F̄_p of F_p and an F -embedding F̄ → F̄_p. These determine a choice of a decomposition group D_p ⊂ G_F an isomorphism D_p ≃ G_{Fp} . For each embedding τ : F_p → Q̄_p,

let k_τ be the weight of g corresponding to the embedding τ_{|F} : F → Q̄_p^i≃ C. By works of Blasius-Rogawski [BR93], Saito [Sai09], Skinner [Ski09], and T. Liu [Liu09], the local representation ρ_{g,Fp} : G_{Fp} −→ GL_2(Q̄_p), obtained by restricting ρ_g to the decomposition subgroup G_{Fp} , is de Rham with labeled Hodge-Tate weights {^{k−kτ}_2 ,^{k+kτ −2}_2 }_{τ :Fp→}¯_{Qp} , where k = max{k_{τi} }. This has also been proved by Kisin [Kis08, Theorem 4.3] under the assumption that ρ_{g,Fp} is residually irreducible. If p is odd, unramified in F and prime to n, then ρ_{g,Fp} is crystalline by works of Breuil [Bre99, Théorème 1(1)] and Berger [Ber04a, Théorème IV.2.1].

In the newform case, assuming that ρ_{g,p} is crystalline, the weight of g and the eigenvalue of the Hecke operator T_p on g completely determine the structure of the filtered φ-module D_{cris}(ρ_{g,p}). In the Hilbert modular newform case, assuming that ρ_{g,Fp} is crystalline, the structure of D_{cris}(ρ_{g,Fp} ) is more complicated and the characteristic polynomial of Frobenius and the labeled Hodge-Tate weights do not suffice to completely determine its structure. The filtration of D_{cris}(ρ_{g,Fp} ) is generally unknown, and, even worse, the characteristic polynomial of Frobenius and the filtration are not enough to determine the structure of the filtered φ-module D_{cris}(ρ_{g,Fp} ). In this case, the isomorphism class is (roughly) determined by an extra parameter in �¯ Q^×_p

�_{fp −1} (for a precise statement see [Dou10, §§6, 7]). As a consequence, if f_p ≥ 2 there exist infinite families of non-isomorphic, irreducible two-dimensional crystalline representations of G_{Qpfp} sharing the same characteristic polynomial and filtration. For higher-dimensional crystalline E-representations of G_{Qpf} , we mention that even in the simpler case of three-dimensional crystalline representations of G_{Qp} , there exist non-isomorphic Frobenius-semisimple crystalline representations sharing the same characteristic polynomial and filtration, with the same mod p reductions with respect to appropriately chosen Galois-stable O_E -lattices. This follows by applying the constructions of §4 to the higher-dimensional case, and a proof is not included in this paper.

Acknowledgements. I thank Fred Diamond for suggesting this problem and for his feedback, Laurent Berger for useful suggestions, and Seunghwan Chang for detailed comments on drafts. The last parts of the paper were written during visits at the I.H.P. and the I.H.É.S. in Spring 2010. I thank both institutions for their hospitality and the C.N.R.S. and the S.F.B. 478 “Geometrische Strukturen in der Mathematik” of Münster University for financial support.

1.1 Preliminaries and statement of results

Throughout this paper p will be a fixed prime number, K_f = Q_pf the finite unramified extension of Q_p of degree f, and E a finite large enough extension of

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 877

K_f with maximal ideal m_E and residue field k_E . We simply write K whenever the degree over Q_p plays no role. We denote by σ_K the absolute Frobenius of K. We fix once and for all an embedding K^{τ0}→ E and we let τ_j = τ_0 ∘ σ^j_K for all j = 0, 1, ..., f − 1. We fix the f-tuple of embeddings | τ |:= (τ_0, τ_1, ..., τ_{f −1}) and we denote E^{|τ |} := � τ :K→E

E. The map ξ : E ⊗ K → E^{|τ |} with ξ_K (x ⊗ y) =

(xτ(y))_τ and the embeddings ordered as above is a ring isomorphism. The ring automorphism 1_E ⊗σ_K : E ⊗K → E ⊗K transforms via ξ to the automorphism φ : E^{|τ |} → E^{|τ |} with φ(x_0, x_1, ..., x_{f −1}) = (x_1, ..., x_{f −1}, x_0). We denote by e_j = (0, ..., 1, ..., 0) the idempotent of E^{|τ |} where the 1 occurs in the τ_j -th coordinate for each j ∈ {0, 1, ..., f − 1}.

It is well-known (see for instance [BM02, Lemme 2.2.1.1]) that every continuous representation ρ : G_K → GL_n(Q̄_p) is defined over some finite extension of Q_p. Let ρ : G_K → GL_E (V ) be a continuous E-linear representation. Recall that D_{cris}(V ) = (B_{cris} ⊗_{Qp} V )^{GK} , where B_{cris} is the ring constructed by Fontaine in [Fon88], is a filtered φ-module over K with E-coefficients, and V is crystalline if and only if D_{cris}(V ) is free over E ⊗ K of rank dim_E V. One can easily prove that V is crystalline as an E-linear representation of G_K if and only if it is crystalline as a Q_p-linear representation of G_K (cf. [CDT99] appendix B). We may therefore extend E whenever appropriate without affecting crystallinity. By a variant of the fundamental theorem of Colmez and Fontaine ([CF00], Théorème A) for nontrivial coefficients, the functor V → D_{cris}(V ) is an equivalence of categories from the category of crystalline E-linear representations of G_K to the category of weakly admissible filtered φ-modules (D, φ) over K with E-coefficients (see [BM02], §3). Such a filtered module D is a module over E ⊗ K and may be viewed as a module over E^{|τ |} via the ring isomorphism ξ defined above. Its Frobenius endomorphism is bijective and semilinear with respect to the automorphism φ of E^{|τ |}. For each embedding τ_i of K into E we define D_i := e_iD. We

have the decomposition D =^{f −1} � i=0 D_i, and we filter each component D_i by set-

ting Fil^jD_i := e_iFil^jD. An integer j is called a labeled Hodge-Tate weight with respect to the embedding τ_i of K in E if and only if e_iFil^{−j}D ≠ e_iFil^{−j+1}D and is counted with multiplicity dim_E � e_iFil^{−j}D/e_iFil^{−j+1}D � . Since the Frobenius endomorphism of D restricts to an E-linear isomorphism from D_i to D_{i−1} for all i, the components D_i are equidimensional over E. As a consequence, there are n = rank_{E⊗K} (D) labeled Hodge-Tate weights for each embedding, counting multiplicities. The labeled Hodge-Tate weights of D are by definition the f-tuple of multisets (W_i)_{τi} , where each such multiset W_i contains n integers, the opposites of the jumps of the filtration of D_i. For crystalline characters we usually write (−k_0, −k_1, ..., −k_{f −1}) instead of {−k_i}_{τi} . The characteristic polynomial of a crystalline E-linear representation of G_K is the characteristic polynomial of the E^{|τ |}-linear map φ^f , where (D, φ) is the weakly admissible filtered φ-module corresponding to it by Fontaine’s functor.

Definition 1.1. A filtered φ-module (D, φ) is called F-semisimple, non-F-

Documenta Mathematica 15 (2010) 873–938

878 Gerasimos Dousmanis

semisimple, or F-scalar if the E^{|τ |}-linear map φ^f has the corresponding property.

We may twist D by some appropriate rank one weakly admissible filtered φmodule (see Proposition 3.5) and assume that W_i = {−w_{in−1} ≤ ... ≤ −w_{i2} ≤ −w_{i1} ≤ 0} for all i = 0, 1, ..., f − 1, for some non-negative integers w_{ij} . The Hodge-Tate weights of a crystalline representation V are the opposites of the jumps of the filtration of D_{cris}(V ). If they are all non-positive, the crystalline representation is called effective or positive. To avoid trivialities, throughout the paper we assume that at least one labeled Hodge-Tate weight is strictly negative.

Notation 1.2. Let k_i be nonnegative integers which we call weights. Assume that after ordering them and omitting possibly repeated weights we get w_0 < w_1 < ... < w_{t−1}, where w_0 is the smallest weight, w_1 the second smallest weight,..., and w_{t−1}, for some 1 ≤ t ≤ f, is the largest weight. The largest weight w_{t−1} will be usually denoted by k. For convenience we define w_{−1} = 0. Let I_0 = {0, 1, ..., f − 1} and I^+_0 = {i ∈ I_0 : k_i > 0}. For j = 1, 2, ..., t − 1 we let I_j = {i ∈ I_0 : k_i > w_{j−1}} and for j = t we define I_t = ∅. Let f^+ = � �I^+_0 � � be the number of strictly positive weights. For each subset J ⊂ I_0 we write f_J = � i∈J e_i and E^{|τJ |} = f_J · E^{|τ |}. We may

visualize the sets E^{|τIj |} as follows: E^{|τI0 |} is the Cartesian product E^f . Starting with E^{|τI0 |}, we obtain E^{|τI1 |} by killing the coordinates where the smallest weight occurs i.e. by killing the i-th coordinate for all i with k_i = w_0. We obtain E^{|τI2 |} by further killing the coordinates where the second smallest weight w_1 occurs and so on.

For any vector ⃗x ∈ E^{|τ |} we denote by x_i its i-th coordinate and by J_{⃗x} its support {i ∈ I_0 : x_i ≠ 0}. We define as norm of ⃗x with respect to φ the

vector Nm_φ(⃗x) :=^{f −1} � i=0 φ^i(⃗x) and we write v_p(Nm_φ(⃗x)) := v_p

�_{f −1} � i=0 x_i � , where

v_p is the normalized p-adic valuation of Q̄_p. If ℓ is an integer we write ⃗ℓ = (ℓ, ℓ, ..., ℓ) and v_p(⃗x) > ⃗ℓ (resp. if v_p(⃗x) ≥ ⃗ℓ) if and only if v_p(x_i) > ℓ (resp. v_p(x_i) ≥ ℓ) for all i. Finally, for any matrix A ∈ M_n(E^{|τ |}) we define as its φ-norm the matrix Nm_φ(A) := Aφ(A) · · · φ^{f −1}(A), with φ acting on each entry of A.

In §3 we construct the effective crystalline characters of G_{Kf} . More precisely, for i = 0, 1, ..., f − 1 we construct E-characters χ_i of G_{Kf} with labeled Hodge- Tate weights −e_{i+1} = (0, ..., −1, ...0) with the −1 appearing in the (i + 1)- place for all i, and we show that any crystalline E-character of G_{Kf} with labeled Hodge-Tate weights {−k_i}_{τi} can be written uniquely in the form χ = η · χ^{k1}_0 · χ^{k2}_1 · · · · · χ^{kf −1}_{f −2} · χ^{k0}_{f −1} for some unramified character η of G_{Kf} . In the same section we prove the following.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 879

Theorem 1.3. Let {ℓ_i, ℓ_{i+f} } = {0, k_i}, where the k_i, i = 0, 1, ..., f − 1 are nonnegative integers. Let f^+ be the number of strictly positive k_i and assume that f^+ ≥ 1.

(i) The crystalline character χ_{⃗ℓ} = χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} of G_{K2f} has labeled Hodge-Tate weights (−ℓ_0, −ℓ_1, ..., −ℓ_{2f −1}) and does not extend to G_{Kf} . The induced representation Ind^{Kf}_{K2f} � χ_{⃗ℓ} � is irreducible and crystalline with labeled Hodge-Tate weights {0, −k_i}_{τi} .

(ii) Let V be an irreducible two-dimensional crystalline E-representation of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} , whose restriction to G_{K2f} is reducible. There exist an unramified character η of G_{Kf} and nonnegative integers m_i, i = 0, 1, ..., 2f − 1, with {m_i, m_{i+f} } = {0, k_i} for all i = 0, 1, ..., f − 1, such that

V ≃ η ⊗ Ind^{Kf}_{K2f} � χ^{m1}_0 · χ^{m2}_1 · · · · · χ^{m2f −1}_{2f −2} · χ^{m0}_{2f −1} � .

(iii) Ind^{Kf}_{K2f} � χ_{⃗ℓ} � ≃ Ind^{Kf}_{K2f} (χ_{⃗m}) if and only if χ_{⃗ℓ} = χ_{⃗m} or χ^σ_{⃗ℓ} = χ_{⃗m}, where

χ^σ_{⃗ℓ} = χ^{ℓ′1}_0 ·χ^{ℓ′2}_1 ·· · ··χ^{ℓ′2f −1}_{2f −2} ·χ^{ℓ′f}_{2f −1}, with ℓ^′_i = ℓ_{i+f} and indices viewed modulo 2f. (iv) Up to twist by some unramified character, there exist precisely 2^{f + −1} distinct isomorphism classes of irreducible two-dimensional crystalline Erepresentations of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} , induced from crystalline characters of G_{K2f} .

Next, we turn our attention to generically irreducible families of twodimensional crystalline E-representations of G_{Kf} . For any irreducible effective two-dimensional crystalline E-representation of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} which is induced from a crystalline character of G_{K2f} , we construct an infinite family of crystalline E-representations of G_{Kf} of the same Hodge-Tate type which contains it. The members of each of these families have the same semisimplified mod p reductions which we explicitly compute. Let V_{⃗ℓ} = Ind^{Kf}_{K2f} � χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} � , where {ℓ_i, ℓ_{i+f} } = {0, k_i} for all i = 0, 1, ..., f − 1, and assume that at least one k_i is strictly positive. Theorem 1.3 asserts that V_{⃗ℓ} is irreducible and crystalline with labeled Hodge- Tate weights {0, −k_i}_{τi} . We describe the members of the family containing V_{⃗ℓ} in terms of their corresponding by the Colmez-Fontaine theorem weakly admissible filtered φ-modules.

Definition 1.4. We define the following four types of matrices

t_1: � p^{ki} 0 X_i 1 � , t_2: � X_i 1 p^{ki} 0 � , t_3: � 1 X_i 0 p^{ki} � , t_4 : � 0 p^{ki} 1 X_i � , Documenta Mathematica 15 (2010) 873–938

880 Gerasimos Dousmanis

where the X_i are indeterminates. Let k = max{k_i, i = 0, 1, ..., f − 1} and let

m := � ⌊^{k−1}_{p−1} ⌋ if k ≥ p and k_i ≠ p for some i, 0 if k ≤ p − 1 or k_i = p for all i.

Let P ( −→ X ) = (P_1 (X_1) , P_2 (X_2) , ..., P_f (X_f )) be a matrix whose coordinates P_j (X_j ) are matrices of type 1, 2, 3 or 4. To each such f-tuple we attach a type-vector ⃗i ∈ {1, 2, 3, 4}^f , where for any j = 1, 2, ..., f, the j-th coordinate of ⃗i is defined to be the type of the matrix P_j . We write P (−→X ) = P^{⃗i}(−→X ). The set of all f-tuples of matrices of type 1, 2, 3, 4 will be denoted by P. There is no loss to assume that the first f − 1 coordinates of P ( −→ X ) are of type 1 or 2 (see Remark 6.13) and unless otherwise stated we always assume so. Matrices of type t_1 or t_3 are called of odd type while matrices of type t_2 or t_4 are called of even type.

For any vector ⃗a = (α_1, α_2, ..., α_f ) ∈ (p^mm_E )^f we obtain a matrix

P^{⃗i} (⃗α) = (P_1 (α_1) , P_2 (α_2) , ..., P_f (α_f ))

by evaluating each indeterminate X_i at α_i. We view indices of f-tuples mod f, so P_f = P_0. To construct the family containing V_{⃗ℓ} we choose the types of the matrices P_i as follows: (1) If ℓ_1 = 0, P_1 = t_2; (2) If ℓ_1 = k_1 > 0, P_1 = t_1.

For i = 2, 3, ..., f − 1 we choose the type of the matrix P_i as follows: (1) If ℓ_i = 0, then:

• If an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, P_i = t_2;

• If an odd number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, P_i = t_1.

(2) If ℓ_i = k_i > 0, then:

• If an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, P_i = t_1;

• If an odd number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, P_i = t_2.

Finally, we choose the type of the matrix P_0 as follows: (1) If ℓ_0 = 0, then:

• If an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_4;

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 881

• If an odd number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_3.

(2) If ℓ_0 = k_i > 0, then:

• If an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_2;

• If an odd number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_1.

We define families of rank two filtered φ-modules � D^{⃗i}_{⃗k} (⃗α) , φ � over E^{|τ |} by

equipping D^{⃗i}_{⃗k} (⃗α) = E^{|τ |}η_1 � E^{|τ |}η_2 with the Frobenius endomorphism defined by (φ (η_1) , φ (η_2)) = (η_1, η_2) P^{⃗i} (⃗α) and the filtration

Fil^j(D^{⃗i}_{⃗k} (⃗α)) =

� � � � � � � � �

E^{|τ |}η_1 � E^{|τ |}η_2 if j ≤ 0, E^{|τI0 |} (⃗xη_1 + ⃗yη_2) if 1 ≤ j ≤ w_0, E^{|τI1 |} (⃗xη_1 + ⃗yη_2) if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |} (⃗xη_1 + ⃗yη_2) if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1},

(1.1)

where ⃗x = (x_0, x_1, ..., x_{f −1}) and ⃗y = (y_0, y_1, ..., y_{f −1}), with

(x_i, y_i) = � (1, −α_i) if P_i has type 1 or 2, (−α_i, 1) if P_i has type 3 or 4. (1.2)

Theorem 1.5. Let ⃗i be the type-vector attached to the f-tuple (P_1, P_2, ..., P_f ) defined above. For any ⃗α ∈ (p^mm_E )^f ,

(i) The filtered φ-module D^{⃗i}_{⃗k}(⃗α) is weakly admissible and corresponds to a two-dimensional crystalline E-representations V^{⃗i}_{⃗k} (⃗α) of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} ;

(ii) V^{⃗i}_{⃗k} (⃗0) = Ind^{Kf}_{K2f} � χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} � ; (iii) V^{⃗i}⃗_k (⃗α) = V^{⃗i}⃗_k(⃗0);

(iv) � V^{⃗i}⃗_k (⃗α)_{|IKf}

�_{s.s.}

= ω^β_{2f,τ̄0} � ω^{pf β}_{2f,τ̄0} , where β = −^{2f −1} � i=0 p^iℓ_i;

(v) The residual representation V^{⃗i}⃗_k (⃗α) is irreducible if and only if 1 + p^f ∤ β;

(vi) Any irreducible member of the family � V^{⃗i}_{⃗k} (⃗α) , ⃗α ∈ (p^mm_E )^f � , other

than V^{⃗i}_{⃗k} (⃗0), is non-induced.

Documenta Mathematica 15 (2010) 873–938

882 Gerasimos Dousmanis

Notice that in the cases where 1 + p^f ∤ β, all the members of the fam- ily � V^{⃗i}_{⃗k} (⃗α) , ⃗α ∈ (p^mm_E)^f � are forced to be irreducible. Next, we compute the semisimplified reduction of any reducible two-dimensional crystalline Erepresentation of G_{Kf} . After enlarging E if necessary, any reducible rank two weakly admissible filtered φ-module D over E^{|τ |} with labeled Hodge-Tate weights {0, −k_i}_{τi} contains an ordered basis η = (η_1, η_2) in which the matrix

of Frobenius takes the form Mat_η (φ) = � ⃗α ⃗0 ⃗∗ ⃗δ � such that D_2 = � E^{|τ |} � η_2 is

a φ-stable weakly admissible submodule (see Proposition 6.4). The filtration of D in such a basis η has the form

Fil^j(D) =

� � � � � � �

E^{|τ |}η_1 � E^{|τ |}η_2 if j ≤ 0, E^{|τI0 |} (⃗xη_1 + ⃗yη_2) if 1 ≤ j ≤ w_0, E^{|τI1 |} (⃗xη_1 + ⃗yη_2) if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |} (⃗xη_1 + ⃗yη_2) if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1},

for some vectors ⃗x, ⃗y ∈ E^{|τ |} with (x_i, y_i) ≠ (0, 0) for all i. For each i ∈ I_0, let

m_i = � 0 if x_i ≠ 0 , k_i if x_i = 0.

Theorem 1.6. Let V be any reducible two-dimensional crystalline Erepresentation of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} corresponding to the weakly admissible filtered φ-module D as above.

(i) There exist unramified characters η_i of G_{Kf} such that V ≃ � ψ_1 ∗ 0 ψ_2 � , where ψ_1 = η_1 · χ^{m1}_0 · · · · · χ^{mf −1}_{f −2} · χ^{m0}_{f −1} and ψ_2 = η_2 · χ^{k1 −m1}_0 · χ^{k2 −m2}_1 · · · · · χ^{kf −1−mf −1}

f −2 · χ k_0 −m_0 f −1 ;

(ii) � V_{|IK}

�_{s.s.} = ω^{β1}_{f,τ̄0} � ω^{β2}_{f,τ̄0} , where β_1 = −^{f −1} � i=0 m_ip^i and β_2 =

f −1� i=0 (m_i − k_i) p^i.

The computation of the semisimplified mod p reduction of a reducible twodimensional crystalline representation is easy and does not require the construction of the Wach module (see §2.1 for the definition) corresponding to some G_{Kf} -stable lattice contained in it. Computing the non-semisimplified mod p reduction of a two-dimensional crystalline representations with reducible

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 883

reduction is an interesting problem not pursued in this paper. For results of this flavour for K = Q_p2 , see [CD09].

Up to twist by some unramified character, any split-reducible two-dimensional crystalline E-representations of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} is of the form

V_{⃗ℓ,⃗ℓ′} (η) = η · χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓf −1}_{f −2} · χ^{ℓ0}_{f −1} � χ^{ℓ′1}_0 · χ^{ℓ′2}_1 · · · · · χ^{ℓ′f −1}_{f −2} · χ^{ℓ′0}_{f −1},

for some unramified character η and some nonnegative integers ℓ_i and ℓ^′_i such that {ℓ_i, ℓ^′_i} = {0, k_i} for all i. In Theorem 1.5 we showed that each irreducible representation of G_{Kf} induced from some crystalline character of G_{K2f} belongs to an infinite family of crystalline representations of the same Hodge-Tate types with the same mod p reductions. In the next theorem we prove the same for any split-reducible, non-ordinary two-dimensional crystalline E-representation of G_{Kf} . We list the weakly admissible filtered φ-modules corresponding to these families. In order to construct the infinite family containing V_{⃗ℓ,⃗ℓ′} (η) , we define a matrix P^{⃗i}( −→ X ) ∈ P by choosing the (f − 1)-tuple (P_1, P_2, ..., P_{f −1}) as in Theorem 1.5. If η = η_c is the unramified character which maps the geometric Frobenius Frob_{Kf} of G_{Kf} to c, we replace the entry p^{k0} in the definition of the matrix P_0 by cp^{k0} . The type of the matrix P_0 is chosen as follows: (1) If ℓ_0 = 0, then:

• If an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_3;

• If an odd number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_4.

(2) If ℓ_0 = k_0 > 0, then:

• If an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_1;

• If an odd number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, P_0 = t_2.

Using the matrices P^{⃗i}( −→ X ) we define families of two-dimensional crystalline Erepresentations � V^{⃗i}_{⃗k} (⃗α) , ⃗α ∈ (p^mm_E )^f � of G_{Kf} as in Theorem 1.5 and prove the following.

Theorem 1.7. Let ⃗i be the type-vector attached to the f-tuple (P_1, P_2, ..., P_f ) defined above.

(i) There exists some unramified character μ such that V^{⃗i}_{⃗k} (⃗0) ≃ μ ⊗ V_{⃗ℓ,⃗ℓ′} (η);

(ii) Assume that ⃗ℓ ≠ ⃗0 and ⃗ℓ^′ ≠ ⃗0. For any ⃗α ∈ (p^mm_E )^f , V^{⃗i}⃗_k(⃗α) ≃ V^{⃗i}⃗_k(⃗0);

Documenta Mathematica 15 (2010) 873–938

884 Gerasimos Dousmanis

(iii) V_{⃗ℓ,⃗ℓ′} (η)_{|IKf} = ω^β_{f,τ̄0} � ω^{β′}_{f,τ̄0} , where β = −^{f −1} � i=0 ℓ_ip^i and β^′ = −^{f −1} � i=0 ℓ^′_ip^i.

A family as in Theorem 1.7 can contain simultaneously split and non-split reducible, as well as irreducible crystalline representations. For example, in the family � V^{(1,3)}_{⃗k} (⃗α), ⃗α ∈ (p^mm_E )^2 � , the representation V^{(1,3)}_{⃗k} (⃗α) is split-

reducible if and only if ⃗α = ⃗0, non-split-reducible if and only if precisely one of the coordinates α_i of ⃗α is zero, and irreducible if and only if α_0α_1 ≠ 0 (cf. Proposition 6.21). The families of Wach modules which give rise to V^{(1,3)}_{⃗k} (⃗α) contain infinite sub-families of non-split reducible Wach modules which can be used to compute the non-semisimplified mod p reduction of the corresponding crystalline representations with respect to G_{Kf} -stable O_E -lattices. Some reducible two-dimensional crystalline representations with labeled Hodge-Tate weights {0, −k_i}_{τi} are easily recognized by looking at their trace of Frobenius. More precisely, if Tr � φ^f � ∈ O^×_E , then the representation is reducible (cf.

Proposition 6.5), with the converse being false.

2 Overview of the theory

2.1 Étale (φ, Γ)-modules and Wach modules

The general theory of (φ, Γ)-modules works for arbitrary finite extensions K of Q_p. However, a theory of Wach modules, which is our main tool and which we briefly recall in this section, currently exists only when K is unramified over Q_p. We temporarily allow K to be any finite extension of Q_p; we will go back to assume that K is unramified after Theorem 2.2. Let K_n = K(ζ_pn ), where ζ_pn is a primitive p^n-th root of unity inside Q̄_p, and let K_∞ = ∪_{n≥1}K_n. Let χ : G_K → Z^×_p be the cyclotomic character, and let H_K = ker χ = Gal(Q̄_p/K_∞) and Γ_K = G_K /H_K = Gal(K_∞/K). Fontaine ([Fon90]) has constructed topological rings A and B endowed with continuous commuting Frobenius φ and G_{Qp} - actions. Unless otherwise stated and whenever applicable, continuity means continuity with respect to the topologies induced by the weak topologies of the rings A and B. Let A_K = A^{HK} and B_K = B^{HK} , and define A_{K ,E} := O_E ⊗_{Zp} A_K and B_{K ,E} := E ⊗_{Qp} B_K . The actions of φ and Γ_K extend to A_{K,E} and B_{K ,E} by O_E (resp. E, k_E )-linearity, and one easily sees that A_{K,E} = A^{HK}_E and B_{K,E} = B^{HK}_E .

Definition 2.1. A (φ, Γ)-module over A_{K,E} (resp. B_{K,E} ) is an A_{K,E} -module of finite type (resp. a free B_{K,E} -module of finite type) endowed with a semilinear and continuous action of Γ_K , and with a semilinear map φ which commutes with the action of Γ_K . A (φ, Γ)-module M over A_{K,E} is called étale if φ^∗(M) = M, where φ^∗(M) is the A_{K,E} -module generated by the set φ(M). A (φ, Γ)- module M over B_{K,E} is called étale if it contains a basis (e_1, ..., e_d) over B_{K,E} such that (φ(e_1), ..., φ(e_d)) = (e_1, ..., e_d)A for some matrix A ∈ GL_d (A_{K,E} ) .

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 885

If V is a continuous E-linear representation of G_K , we equip the B_{K,E} -module D(V ) := (B_E ⊗_E V )^{HK} with a Frobenius endomorphism φ defined by φ(b ⊗ v) := φ(b) ⊗ v, where φ on the right hand side is the Frobenius of B_E , and with an action of Γ_K given by ḡ(b ⊗ v) := gb ⊗ gv for any g ∈ G_K . This Γ_K -action commutes with φ and is continuous. Moreover, D(V ) is an étale (φ, Γ)-module over B_{K,E} . Conversely, if D is an étale (φ, Γ)-module over B_{K,E} , let V(D) := � B_E ⊗_{BK,E} D

�_{φ=1}

, where φ(b ⊗ d) := φ(b) ⊗ φ(d). The E-vector space V(D) is finite dimensional and is equipped with a continuous E-linear G_K -action given by g(b ⊗ d) := gb ⊗ ḡd. We have the following fundamental theorem of Fontaine.

Theorem 2.2. [Fon90]

(i) There is an equivalence of categories between continuous E-linear representations of G_K and étale (φ, Γ)-modules over B_{K,E} given by

D : Rep_E (G_K ) → Mod^{ét}_{(φ,Γ)} (B_{K,E} ) : V −→ D(V ) := (B_E ⊗_E V )^{HK} ,

with quasi-inverse functor

V : Mod^{ét}_{(φ,Γ)} (B_{K,E} ) → Rep_E (G_K ) : D −→ V(D) := � B_E ⊗_{BK,E} D

�_{φ=1} . (ii) There is an equivalence of categories between continuous O_E -linear representations of G_K and étale (φ, Γ)-modules over A_{K,E} given by

D : Rep_{OE} (G_K ) → Mod^{ét}_{(φ,Γ)} (A_{K,E} ) : T −→ D(T ) := (A_E ⊗_{OE} T)^{HK} ,

with quasi-inverse functor

T : Mod^{ét}_{(φ,Γ)} (A_{K,E} ) → Rep_{OE} (G_K ) : D −→ T(D) := � A_E ⊗_{AK,E} D

�_{φ=1} . We return to assume that K is unramified over Q_p. In this case A_K has the form

A_K = {^∞ � n=−∞

α_nπ^n_K : α_n ∈ O_K and lim_{n→−∞}α_n = 0} for some element π_K which

can be thought of as a formal variable. The Frobenius endomorphism φ of A_K extends the absolute Frobenius of O_K and is such that φ(π_K ) = (1 + π_K )^p − 1. The Γ_K -action of A_K is O_K -linear, commutes with Frobenius, and is such that γ(π_K ) = (1 + π_K )^{χ(γ)} − 1 for all γ ∈ Γ_K . For simplicity we write π instead of π_K . The ring A_K is local with maximal ideal (p), fraction field B_K = A_K [^1_p ], and residue field E_K := k_K ((π)), where k_K is the residue field of K. The rings A_K , A_{K,E} , B_K and B_{K,E} contain the subrings A^+_K = O_K [[π]], A^+_{K,E} := O_E ⊗_{Zp} A^+_K , B^+_K = A^+_K [^1_p ] and B^+_{K,E} := E ⊗_{Qp} B^+_K respectively, and these subrings are equipped with the restrictions of the φ and the Γ_K -actions of the rings containing them. There is a ring isomorphism

ξ : A^+_{K,E} → � τ :K→E

O_E [[π]] (2.1)

Documenta Mathematica 15 (2010) 873–938

886 Gerasimos Dousmanis

given by ξ (a ⊗ b) = (aτ_0 (b) , aτ_1 (b) , ..., aτ_{f −1} (b)) , where τ_i

�_∞ � n=0 β_nπ^n � = ∞� n=0 τ_i (β_n) π^n for all b =^∞ � n=0 β_nπ^n ∈ A^+_K . The ring O_E [[π]]^{|τ |} := � τ :K→E

O_E [[π]]

is equipped via ξ with commuting O_E -linear actions of φ and Γ_K given by

φ(α_0(π), α_1(π), ..., α_{f −1}(π)) = (α_1(φ(π)), ..., α_{f −1}(φ(π)), α_0(φ(π))) (2.2) and γ(α_0(π), α_1(π), ..., α_{f −1}(π)) = (α_0(γπ), α_1(γπ), ..., α_{f −1}(γπ)) (2.3)

for all γ ∈ Γ_K .

Definition 2.3. Suppose k ≥ 0. A Wach module over A^+_{K,E} (resp. B^+_{K,E} ) with weights in [−k; 0] is a free A^+_{K,E} -module (resp. B^+_{K,E} -module) N of finite rank, endowed with an action of Γ_K which becomes trivial modulo π, and also with a Frobenius map φ which commutes with the action of Γ_K and such that φ(N) ⊂ N and N/φ^∗(N) is killed by q^k, where q := φ(π)/π.

A natural question is to determine the types of étale (φ, Γ)-modules which correspond to crystalline representations via Fontaine’s functor. An answer is given by the following theorem of Berger who built on previous work of Wach [Wac96], [Wac97] and Colmez [Col99].

Theorem 2.4. [Ber04a]

(i) An E-linear representation V of G_K is crystalline with Hodge-Tate weights in [−k; 0] if and only if D(V ) contains a unique Wach module N(V ) of rank dim_E V with weights in [−k; 0]. The functor V → N(V ) defines an equivalence of categories between crystalline representations of G_K and Wach modules over B^+_{K,E} , compatible with tensor products, duality and exact sequences.

(ii) For a given crystalline E-representation V, the map T → N(T) := N(V )∩ D(T) induces a bijection between G_K -stable, O_E -lattices of V and Wach modules over A^+_{K,E} which are A^+_{K,E} -lattices contained in N(V ). Moreover D(T) = A_{K,E} ⊗_A+_{K,E} N(T).

(iii) If V is a crystalline E-representation of G_K , and if we endow N(V ) with the filtration Fil^iN(V ) = {x ∈ N(V )|φ(x) ∈ q^iN(V )}, then we have an isomorphism D_{cris}(V ) → N(V )/πN(V )

of filtered φ-modules over E^{|τ |} (with the induced filtration on N(V )/πN(V )).

In view of Theorems 2.2 and 2.4, constructing the Wach module N(T ) of a G_K -stable O_E -lattice T in a crystalline representation V amounts to explicitly constructing the crystalline representation. Indeed, we have

V ≃ E ⊗_{OE} � A_{K,E} ⊗_A+_{K,E} N(T)

�_{φ=1} . Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 887

An obvious advantage of using Wach modules is that instead of working with the more complicated rings A_{K,E} and B_{K,E} , one works with the simpler ones A^+_{K,E} and B^+_{K,E} .

2.2 Wach modules of restricted representations

In this section we relate the Wach module of an effective n-dimensional effective crystalline E-representation V_{Kf} of G_{Kf} to the Wach module of its restriction V_{Kdf} to G_{Kdf} .

Proposition 2.5. (i) The Wach module associated to the representation V_{Kdf} is given by

N(V_{Kdf} ) = B^+_{Kdf ,E} ⊗_B+_{Kf ,E} N(V_{Kf} ),

where N(V_{Kf} ) is the Wach module associated to V_{Kf} .

(ii) If T_{Kf} is a G_{Kf} -stable O_E -lattice in V_f associated to the Wach-module N(T_{Kf} ), then V_{df} contains some G_{Kdf} -stable O_E -lattice T_{Kdf} whose associated Wach module is

N(T_{Kdf} ) = A^+_{Kdf ,E} ⊗_A+_{Kf ,E} N(T_{Kf} ).

Proof. (i) Since N(V_{Kf} ) is a free B^+_{Kf ,E} -module of rank dim_E V contained in D(V_{Kf} ), N := B^+_{Kdf ,E} ⊗_B+_{Kf ,E} N(V_{Kf} ) is a free B^+_{Kdf ,E}-module of rank dim_E V contained in D(V_{Kdf} ) ⊇ D(V_{Kf} ). Moreover, N is endowed with an action of Γ_{Kdf} which becomes trivial modulo π, and also with a Frobenius map φ which commutes with the action of Γ_{Kdf} and such that φ(N) ⊂ N and N/φ^∗(N) is killed by q^k. Hence N= N(V_{Kdf} ) by the uniqueness part of Theorem 2.4(i). Part (ii) follows immediately from Theorem 2.4(ii) since A^+_{Kdf ,E} ⊗_A+_{Kf ,E} N(T_{Kf} ) is an A^+_{Kdf ,E} -lattice in N(V_{Kdf} ).

We fix once and for all an embedding τ^0_{Kdf} : K_{df} → E and we let τ^j_{Kdf} = τ^0_{Kdf} ∘ σ^j_{Kdf} for j = 0, 1, ..., df − 1, where σ_{Kdf} is the absolute Frobenius of K_{df} . We fix the df-tuple of embeddings | τ_{Kdf} |:= (τ^0_{Kdf} , τ^1_{Kdf} , ..., τ^{df −1}_{Kdf} ). We adjust the notation of §1.1 for the embeddings of K_f into E to the relative situation considered in this section. Let ι be the natural inclusion of K_f into K_{df} , in the sense that ι ∘ σ_{Kf} = σ_{Kdf} ∘ ι, where σ_{Kf} is the absolute Frobenius of K_f . This induces a natural inclusion of A^+_K to A^+_{Kdf} which we also denote by ι. Let τ^j_{Kf} := τ^0_{Kdf} ∘ ι ∘ σ^j_{Kf} for j = 0, 1, ..., f − 1. We fix the f-tuple of embeddings | τ_{Kf} |:= (τ^0_{Kf} , τ^1_{Kf} , ..., τ^{f −1}_{Kf} ). Since the restriction of σ_{Kdf} to K_f is σ_{Kf} , we

Documenta Mathematica 15 (2010) 873–938

888 Gerasimos Dousmanis

obtain the following commutative diagram

A^+_{Kf ,E}^{ξKf}−−−−→ O^{|τKf |}_E [[π]]

1_{OE} ⊗ι � � � � � �θ A^+_{Kdf ,E}^{ξKdf}−−−−→ O^{|τKdf |}_E [[π]]

where θ is the ring homomorphism defined by

θ(α_0, α_1, ..., α_{f −1}) = (α_0, α_1, ..., α_{f −1}, α_0, α_1, ..., α_{f −1}, ..., α_0, α_1, ..., α_{f −1}) � � �

d-times

=: (α_0, α_1, ..., α_{f −1})^{⊗d}.

For any matrix A ∈ M_n � O^{|τKf |}_E [[π]] � we denote by A^{⊗d} the matrix obtained by replacing each entry ⃗α of A by ⃗α^{⊗d}. A similar commutative diagram is obtained by replacing A^+_K by B^+_K and O^{|τK |}_E [[π]] by O^{|τK |}_E [[π]][^1_p ]. The following proposition follows easily from the discussion above.

Proposition 2.6. Let V_{Kf} , V_{Kdf} , T_{Kf} , and T_{Kdf} be as in Proposition 2.5.

(i) If the Wach module N(V_{Kf} ) of V_{Kf} is defined by the actions of φ and Γ_{Kf} given by (φ(η_1), φ(η_2), ..., φ(η_n)) = η · Π_{Kf} and (γ(η_1), γ(η_2), ..., γ(η_n)) = η · G^γ_{Kf} for all γ ∈ Γ_{Kf} for some ordered basis η = (η_1, η_2, ..., η_n), then the Wach module N(V_{Kdf} ) of V_{Kdf} is defined by (φ(η^′_1), φ(η^′_2), ..., φ(η^′_n)) = η^′ · Π_{Kdf} and (γ(η^′_1), γ(η^′_2), ..., γ(η^′_n)) = η^′ · G^γ_{Kdf} for all γ ∈ Γ_{Kdf} , where

Π_{Kdf} = � Π_{Kf}

�_{⊗d} and G^γ_{Kdf} = � G^γ_{Kf}

�_{⊗d}

for all γ ∈ Γ_{Kdf} , for some ordered basis η^′ of N(V_{Kdf} ).

(ii) If the Wach module N(T_{Kf} ) of T_{Kf} is defined by the actions of φ and Γ_{Kf} given by (φ(η_1), φ(η_2), ..., φ(η_n)) = η · Π_{Kf} and (γ(η_1), γ(η_2), ..., γ(η_n)) = η ·G^γ_{Kf} for all γ ∈ Γ_{Kf} for some ordered basis η = (η_1, η_2, ..., η_n), then the Wach module N(T_{Kdf} ) of T_{Kdf} is defined by (φ(η^′_1), φ(η^′_2), ..., φ(η^′_n)) = η^′ · Π_{Kdf} and (γ(η^′_1), γ(η^′_2), ..., γ(η^′_n)) = η^′ · G^γ_{Kdf} for all γ ∈ Γ_{Kdf} , where

Π_{Kdf} = � Π_{Kf}

�_{⊗d} and G^γ_{Kdf} = � G^γ_{Kf}

�_{⊗d}

for all γ ∈ Γ_{Kdf} , for some ordered basis η^′ of N(V_{Kdf} ).

Corollary 2.7. If V_{Kf} is a two-dimensional effective crystalline E-representation of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} , i = 0, 1, ..., f − 1, then V_{Kdf} is an effective crystalline E-representation of G_{Kdf} with labeled Hodge-Tate weights {0, −k_i}_{τi} , i = 0, 1, ..., df − 1, with k_j = k_j for all i, j = 0, 1, ..., df − 1 with i ≡ jmod f.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 889

Proof. By Proposition 2.6 there exist ordered bases η and η^′ of N(V_{Kf} ) and N(V_{Kdf} ) respectively, such that φ � η � = η · Π_{Kf} , γ � η � = η · G^γ_{Kf} for all γ ∈

Γ_{Kf} and φ � η^′ � = η^′ · � Π_{Kf}

�_{⊗d} , γ � η^′ � = η^′ · � G^γ_{Kf}

�_{⊗d}

for all γ ∈ Γ_{Kdf} . By

Theorem 2.4, x ∈ Fil^j � N(V_{Kf} ) � if and only if φ (x) ∈ q^j N(V_{Kf} ), from which

it follows that Fil^j � N(V_{Kdf} ) � = � Fil^j � N(V_{Kf} ) �⊗d for all j. By Theorem 2.4,

D(V_{Kf} ) ≃ N(V_{Kf} )/πN(V_{Kf} ) as filtered φ-modules over E^{|τKf |}. This implies

that Fil^j � D(V_{Kdf} ) � = � Fil^j � D(V_{Kf} ) �⊗d for all j and the corollary follows.

3 Effective Wach modules of rank one

In this section we construct the rank one Wach modules over O_E [[π]]^{|τ |} with labeled Hodge-Tate weights {−k_i}_{τi} .

Definition 3.1. Recall that q =^{φ(π)}_π where φ (π) = (1 + π)^p − 1. We define

q_1 = q and q_n = φ^{n−1} (q) for all n ≥ 1. Let λ_f =^∞ � n=0 �_{qnf +1} p � . For each

γ ∈ Γ_K , we define λ_f ,_γ =^{λf}_{γλf} .

Lemma 3.2. For each γ ∈ Γ_K , the functions λ_f and λ_{f,γ} ∈ Q_p[[π]] have the following properties:

(i) λ_f (0) = 1;

(ii) λ_{f,γ} ∈ 1 + πZ_p [[π]] .

Proof. (i) This is clear since^{qn (0)}_p = 1 for all n ≥ 1. (ii) One can easily check that^q_{γq} ∈ 1 + πZ_p [[π]] . From this we deduce that λ_{f,γ} ∈ 1 + πZ_p [[π]] .

Consider the rank one module N_{⃗k,c} = � O_E [[π]]^{|τ |} � η equipped with the semilinear φ and Γ_K -actions defined by φ(η) = (c · q^{k1} , q^{k2} , ..., q^{kf −1} , q^{k0} )η and γ(η)= (g^γ_1 (π), g^γ_2 (π), ...g^γ_{f −1}(π), g^γ_0 (π))η for all γ ∈ Γ_K , where c ∈ O^×_E . We want to define the functions g_i(π) = g^γ_i (π) ∈ O_E [[π]] appropriately to make N_{⃗k,c} a Wach module over O_E [[π]]^{|τ |}. The actions of φ and γ should commute and a short computation shows that g_0 should satisfy the equation

φ^f (g_0) = g_0 � γq q �_{k0} φ( γq q )^{k1} · · · φ^{f −1}( γq q )^{kf −1} . (3.1)

Lemma 3.3. Equation 3.1 has a unique ≡ 1mod π solution in Z_p[[π]] given by

g_0 = λ^{k0}_{f,γ} φ(λ_{f,γ} )^{k1} φ^2(λ_{f,γ} )^{k2} · · · φ^{f −1}(λ_{f,γ} )^{kf −1} .

Documenta Mathematica 15 (2010) 873–938

890 Gerasimos Dousmanis

Proof. Notice that φ^f (λ_f ) =^{λf}_( q_{p )} and φ^f (γλ_f ) =^{γλf}_( γq_{p )} , hence λ_{f,γ} =^{λf}_{γλf} solves

the equation φ^f (u) = u

�_{γq} q � . It is straightforward to check that

g_0 = λ^{k0}_{f,γ} φ(λ_{f,γ} )^{k1} φ^2(λ_{f,γ} )^{k2} · · · φ^{f −1}(λ_{f,γ} )^{kf −1}

is a solution of equation 3.1. By Lemma 3.2, g_0 ≡ 1mod π. If g_0 and g^′_0 are two solutions of equation 3.1 congruent to 1mod π, then (^{g′0}_{g0} ) ∈ Z_p[[π]] is fixed by φ^f and is congruent to 1mod π, hence equals 1.

Commutativity of φ with the Γ_K -actions implies that

g1 = ( q γq )^{k1} φ( q γq )^{k2} · · · φ^{f −2}( q γq )^{kf −1} φ^{f −1}(λ_{f,γ} )^{k0} φ^f (λ_{f,γ} )^{k1} · · · φ^{2f −2}(λ_{f,γ} )^{kf −1} ,

· · · · · ·

g_{f −2} = ( q γq )^{kf −2} φ( q γq )^{kf −1} φ^2(λ_{f,γ} )^{k0} φ^3(λ_{f,γ} )^{k1} · · · φ^{f +1}(λ_{f,γ} )^{kf −1} ,

g_{f −1} = ( q γq )^{kf −1} φ(λ_{f,γ} )^{k0} φ^2(λ_{f,γ} )^{k1} φ^3(λ_{f,γ} )^{k2} · · · φ^f (λ_{f,γ} )^{kf −1} ,

and Lemma 3.2 implies that g_i ≡ 1mod π for all i.

Proposition 3.4. We equip N_{⃗k,c} = � O_E [[π]]^{|τ |} � η with semilinear φ and Γ_K -actions defined by φ(η) = (c · q^{k1} , q^{k2} , ..., q^{kf −1} , q^{k0} )η and γ(η) = (g^γ_1 (π), g^γ_2 (π), ...g^γ_{f −1}(π), g^γ_0 (π))η for the g_i(π) = g^γ_i (π) defined above, where c ∈ O^×_E . The module N_{⃗k,c} is a Wach module over O_E [[π]]^{|τ |} with labeled Hodge- Tate weights {−k_i}_{τi} . Moreover, D_{⃗k,c} ≃ E^{|τ |} � O^{|τ |}_E � N_{⃗k,c}/πN_{⃗k,c} � as filtered φ-

modules over E^{|τ |}, where D_{⃗k,c} = � E^{|τ |} � η is the filtered φ-module with Frobenius endomorphism φ(η) = (c · p^{k1} , p^{k2} , ..., p^{kf −1} , p^{k0} )η and filtration

Fil^j(D_{⃗k,c}) =

� � � � � � �

E^{|τI0 |}η if j ≤ w_0, E^{|τI1 |}η if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |}η if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1}.

Proof. (i) To prove that Γ_K acts on N_{⃗k,c}, it suffices to prove that g^{γ1γ2}_i (π) = g^{γ1}_i γ_1(g^{γ2}_i ) for all γ_1, γ_2 ∈ Γ_K and i ∈ I_0. This follows immediately from the cocycle relations q γ_1γ_2(q) = q γ_1(q) γ_1 � q γ_2(q) � and λ_{f,γ1 γ2} = λ_{f,γ1} γ_1(λ_{f,γ2} ),

and the definition of the g^γ_i (π). Since g^γ_i (π) ≡ 1mod π for all i ∈ I_0, the action of Γ_K on N_{⃗k,c}/πN_{⃗k,c} is trivial. (ii) Let k = max{k_0, k_1, ..., k_{f −1}} and let φ^∗(N_{⃗k,c}) be the O_E [[π]]^{|τ |}-linear span of the set φ(N_{⃗k,c}). Let c_1 = c^{−1} and c_i = 1 if

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 891

i ≠ 1. Since q^kη =^{f −1} � i=0 � q^{k−ki} c_ie_i � φ(η) ∈ φ^∗(N_{⃗k,c}), it follows that q^k kills

N_{⃗k,c}/φ^∗(N_{⃗k,c}). (iii) To compute the filtration of N_{⃗k,c}, we use the fact that q^j | φ(x) if and only if π^j | x for any x ∈ O_E [[π]]. Let x = (x_0, x_1, ..., x_{f −1})η ∈ N_{⃗k,c}.

By Theorem 2.4, x ∈ Fil^jN_{⃗k,c} if and only if φ(x) ∈ q^j N_{⃗k,c} or equivalently q^j | φ(x_i)q^{ki} for all i ∈ I_0. If j ≤ k_i there are no restrictions on the x_i, whereas if j > k_i this is equivalent to x_i ≡ 0mod π^{j−ki} . Therefore,

e_iFil^jN_{⃗k,c} = � e_iN_{⃗k,c} if j ≤ k_i, e_iπ^{j−ki} O_E [[π]]η if j ≥ 1 + k_i.

This implies that

E^{|τ |} � O^{|τ |}_E

e_iFil^j � N_{⃗k,c}/πN_{⃗k,c} � = � e_iE^{|τ |}η if j ≤ k_i,

0 if j ≥ 1 + k_i.

For the filtration, we have

E^{|τ |} � O^{|τ |}_E

Fil^j � N_{⃗k,c}/πN_{⃗k,c} � = f −1�

i=0

� � �E^{|τ |} � O^{|τ |}_E

e_iFil^j(N_{⃗k,c}/πN_{⃗k,c}) � � � .

Recall from Notation 1.2 that after ordering the weights k_i and omitting possibly repeated weights we get w_0 < w_1 < ... < w_{t−1}. By the formulas above,

Fil^j(D_{⃗k,c}) =

� � � � � � � � � � � � � � � � � � �

E^{|τ |} � � i∈I_0

e_i � η if j ≤ w_0,

E^{|τ |} � � {i∈I_0 :k_i>w_0 }

e_i � η if 1 + w_0 ≤ j ≤ w_1,

E^{|τ |} � � {i∈I_0 :k_i>w_1 }

e_i � η if 1 + w_1 ≤ j ≤ w_2

· · · · · ·

E^{|τ |} � � {i∈I_0 :k_i>w_{t−2} }

e_i � η if 1 + w_{t−2} ≤ j ≤ w_{t−1},

0 if j ≥ 1 + w_{t−1}.

The formula for the filtration follows immediately, recalling that I_j = {i ∈ I_0 :

k_i > w_{j−1}} for each j = 1, 2, ..., t − 1, and E^{|τIr |} := E^f � � i∈I_r

e_i � for each

r = 0, 1, ..., t − 1. The isomorphism of filtered φ-modules is obvious.

Proposition 3.5. Let k_0, k_1, ..., k_{f −1} be arbitrary integers.

Documenta Mathematica 15 (2010) 873–938

892 Gerasimos Dousmanis

(i) The weakly admissible rank one filtered φ-modules over E^{|τ |} with labeled Hodge-Tate weights {−k_i}_{τi} are of the form D_{⃗k,⃗α} = � E^{|τ |} � η, with φ(η) = (α_0, α_1, ..., α_{f −1})η for some ⃗α = (α_0, α_1, ..., α_{f −1}) ∈ (E^×)^{|τ |} such that v_p(Nm_φ(⃗α)) = � i∈I_0

k_i and

Fil^j(D_{⃗k,⃗α}) =

� � � � � � �

E^{|τI0 |}η if j ≤ w_0, E^{|τI1 |}η if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |}η if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1}.

(ii) The filtered φ-modules D_{⃗k,⃗α} and D_{⃗v,⃗β} are isomorphic if and only if ⃗k = ⃗v and Nm_φ(⃗α) = Nm_φ(⃗β).

Proof. Follows easily arguing as in [Dou10], §§4 and 6.

Corollary 3.6. All the effective crystalline E-characters of G_K are those constructed in Proposition 3.4.

Let c ∈ O^×_E and ⃗k = (−k_1, −k_2, ..., −k_{f −1}, −k_0) . We denote by χ_{c,⃗k} the crystalline character of G_K corresponding to the Wach module N_{⃗k,c} = � O_E [[π]]^{|τ |} � η with φ action defined by φ(e) = (c·q^{k1} , q^{k2} , ..., q^{kf −1} , q^{k0} )η and the unique commuting with it Γ_K -action defined in Proposition 3.4. When c = 1 we simply write χ_{⃗k}. By Proposition 3.4 the crystalline character χ_i := χ_{ei} has labeled Hodge-Tate weights −e_{i+1} for all i. By taking tensor products we see that χ_{c,⃗k} = χ_{c,⃗0} · χ^{k1}_0 · χ^{k2}_1 · · · · · χ^{kf −1}_{f −2} · χ^{k0}_{f −1}. As usual, we denote by Frob_p be the geometric Frobenius of G_{Qp} and by Frob_K the geometric Frobenius of G_K . We have the following.

Lemma 3.7. (i) The unramified character of G_{Kf} which maps Frob_{Kf} to c equals χ_{c,⃗0} for any c ∈ O^×_E ;

(ii) For any i = 0, 1, ..., f − 1, (χ_i)_{|GK2f} = χ_i · χ_{i+f} , where the character on the left hand side is a character of G_{Kf} and the characters on the right hand side are characters of G_{K2f} ;

(iii) If χ is a crystalline character of G_{Kf} with labeled Hodge-Tate weights {−k_i}_{τi} , i = 0, 1, ..., f − 1, its restriction to G_{K2f} has labeled weights {−k_i}_{τi} , i = 0, 1, ..., 2f − 1, with k_{i+f} = k_i for all i = 0, 1, ..., f − 1;

(iv) If χ and ψ are crystalline characters of G_{Kf} , then χ_{|GKdf} = ψ_{|GKdf} if and only if χ = η · ψ, where η is an unramified character of G_{Kf} which maps Frob_{Kf} to a d-th root of unity.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 893

Proof. (i) Let^f √ c be any choice of an f-th root of c in E. The filtered φ-module with trivial filtration and φ(e) =^f √ c · e corresponds to the unramified character η of G_{Qp} which maps Frob_p to^f √ c. Since the Frob_{Kf} = (Frob_p)^f_{|Kf} , the restriction of η_c of η to K_f maps Frob_{Kf} to c. By Proposition 2.6 the rank one filtered φ-module corresponding to the unramified character η_c has trivial filtration and Frobenius φ(e) = (^f √ c,^f √ c, ...,^f √ c) e, and by Proposition 3.5(ii) the latter is isomorphic to the rank one filtered φ-module with trivial filtration and φ(e) = (c, 1, ...1) e. Part (ii) follows from the definition of the characters χ_i and Proposition 2.6. Part (iii) follows immediately from part (ii). For part (iv) it suffices to prove that any crystalline character η of G_{Kf} with trivial restriction to G_{Kdf} is an unramified character of G_{Kf} which maps Frob_{Kf} to a d-th root of unity. The restriction of η to G_{Kdf} has all its labeled Hodge-Tate weights equal to zero, and by Corollary 2.7 so does η. By part (i) η is an unramified character of G_{Kf} which maps Frob_{Kf} to some constant, say c. The restriction of η to G_{Kdf} is trivial and maps Frob_{Kdf} = � Frob_{Kf}

�_d

|K_{df} to c

d, therefore c is a d-th root of unity and part (iv) follows.

Let χ be any E-character of G_K , and let h ∈ G_{Qp} . Since K is unramified over Q_p, it is h-stable and the character χ^h with χ^h (g) := χ � hgh^{−1} � is well defined.

We have h_{|K} =: σ^{n(h)}_K for a unique integer n (h) modulo f. We denote by T (χ) the rank one O_E -representation of G_K defined by γe = χ (γ) e for any basis element e and any γ ∈ G_K .

Lemma 3.8. Let χ be the crystalline character corresponding to the Wach module defined in Proposition 3.4, and let h ∈ G_{Qp} . Let η_1 = � h̄^{−1}_{|K} � · η. The rank

one module N^h := � O_E [[π]]^{|τ |} � η_1 endowed with semilinear Frobenius and Γ_K - actions defined by

φ (η_1) = � c · q^{kf +1−n(h)} , q^{kf +2−n(h)} , ..., q^{k2f −n(h)} � η_1 and

γ (η_1) = � g^{hγh−1}

f +1+n(h^{−1}), g hγh^{−1} f +2−n(h), ..., g hγh^{−1} 2f −1−n(h), g hγh^{−1} 2f −n(h) � η_1,

where the indices are viewed modulo f, is a Wach module whose corresponding crystalline character is χ^h.

Proof. It is trivial to check that N^h with the above defined actions is a Wach

module. By Theorems 2.2 and 2.4, T (χ) ≃ � A_{K,E} ⊗_A+_{K,E} N (T (χ))

�_{φ=1}

, hence there exists some α ∈ A_{K,E} such that φ (α ⊗ η) = α ⊗ η and γ (α ⊗ η) = χ (γ) (α ⊗ η) for all γ ∈ G_K . This is equivalent to

φ (α) · ξ^{−1} � c · q^{k1} , q^{k2} , ..., q^{k0} � ⊗ η = α ⊗ η and (3.2)

γ (α) · ξ^{−1} � g^γ_1 , g^γ_2 , ...g^γ_{f −1}, g^γ_0 � ⊗ η = χ (γ) α ⊗ η (3.3)

for all γ ∈ G_K , where ξ is the isomorphism defined in formula 2.1. A little computation shows that for any (x_0, x_1, ..., x_{f −1}) ∈ O_E [[π]]^{|τ |},

h^{−1} � ξ^{−1} (x_0, x_1, ..., x_{f −1}) � = ξ^{−1} � x_{f −n(h)}, x_{f +1−n(h)}, ..., x_{2f −1−n(h)} � . (3.4)

Documenta Mathematica 15 (2010) 873–938

894 Gerasimos Dousmanis

Let α_1 := h^{−1}α ∈ A_{K,E} . We show that φ (α_1 ⊗ η_1) = α_1 ⊗η_1 and γ (α_1 ⊗ η_1) = χ^h (γ) (α_1 ⊗ η_1) for all γ ∈ G_K . Indeed,

φ (α_1 ⊗ η_1) = φ � h^{−1}α � ⊗ φ (η_1)

= h^{−1}φ (α) · ξ^{−1} � c · q^{kf +1−n(h)} , q^{kf +2−n(h)} , ..., q^{k2f −n(h)} � ⊗ η_1 3.4= h_{−1}φ (α) · h_{−1}ξ_{−1} �c · q_{k1} , q_{k2} , ..., q_{kf −1} , q_{k0} � ⊗ h_{−1}η

3.2= h_{−1} (α ⊗ η) = α_1 ⊗ η_1.

Also,

γ (α1 ⊗ η1) = γ ( h^{−1}α ) · ξ^{−1} ( g^{hγh−1}

f +1−n(h), g hγh−1 f +2−n(h), ..., g hγh−1 2f −1−n(h), g hγh−1 2f −n(h) ) ⊗ η1

3.4= h−1 (hγh−1α · ξ−1 (ghγh^{−1}_1 , ghγh^{−1}_2 , ..., ghγh^{−1}_{f −1} , ghγh^{−1}_f ) ⊗ η)

3.3= h−1 (χ (hγh−1) α ⊗ η) = χh (γ) (α_1 ⊗ η_1)

for all γ ∈ G_K . By Theorems 2.2 and 2.4, it follows that the crystalline character which corresponds to N^h is χ^h.

Corollary 3.9. If χ is a crystalline E-characters of G_K with labeled Hodge- Tate weights {−k_i}_{τi} , the character χ^h is crystalline with labeled Hodge-Tate weights {−ℓ_i}_{τi} , where ℓ_i = k_{f +i−n(h)} for all i, with the indices f + i − n (h) viewed modulo f.

Corollary 3.10. The representation

V_{Kf} ≃ Ind^{Kf}_{K2f} � χ^{k1}_0 · χ^{k2}_1 · · · · · χ^{k2f −1}_{2f −2} · χ^{k0}_{2f −1} �

is crystalline. Moreover, V_{Kf} is irreducible if and only if k_i ≠ k_{i+f} for some i ∈ {0, 1, ..., f − 1}.

Proof. Since V_{K2f} is crystalline, V_{Kf} is crystalline. The corollary follows from Mackey’s irreducibility criterion and Corollary 3.9.

Proposition 3.11. Let V_K be an irreducible two-dimensional crystalline Erepresentation of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} , whose restriction to G_{K2f} is reducible. There exist some unramified character η of G_{Kf} and some nonnegative integers ℓ_i, i = 0, 1, ..., 2f − 1 with {ℓ_i, ℓ_{i+f} } = {0, k_i} for all i = 0, 1, ..., f − 1 and ℓ_i ≠ ℓ_{i+f} for some i ∈ {0, 1, ..., f − 1}, such that

V_{Kf} ≃ η ⊗ Ind^{Kf}_{K2f} � χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} � . Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 895

Proof. Let χ be a constituent of V_{K2f} . By Corollary 3.6, χ = χ_c · χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} for some c ∈ O^×_E and some integers ℓ_i. Let η be the unramified character of G_{Kf} which maps Frob_{Kf} to^2 √ c. Arguing as in the proof of Lemma 3.7(i) we see that the restriction of η to G_{K2f} is χ_c, hence χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −2} is a constituent of � η^{−1} ⊗ V_{Kf} � |K_{2f} . Since η

−1 ⊗ V_{Kf} is irreducible,

η^{−1} ⊗ V_{Kf} ≃ Ind^{Kf}_{K2f} � χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} �

by Frobenius reciprocity. By Mackey’s formula and Corollary 3.9,

V_{K2f} ≃ � χ_c · χ^{ℓ1}_0 · χ^{ℓ2}_1 · · · · · χ^{ℓ2f −1}_{2f −2} · χ^{ℓ0}_{2f −1} � � � � χ_c · χ^{ℓ1+f}_0 · χ^{ℓ2+f}_1 · · · · · χ^{ℓ3f −1}_{2f −2} · χ^{ℓ3f}_{2f −1} � , where the indices of the exponents of the second summand are viewed modulo 2f. By Corollary 2.7, the restricted representation V_{K2f} has labeled Hodge- Tate weights {0, −k_i}_{τi} , i = 0, 1, 2, ..., 2f − 1, where k_{i+f} = k_i for all i = 0, 1, ..., f − 1. The labeled Hodge-Tate weights of the direct sum of characters in formula 3 with respect to the embedding τ_i of K_{2f} to E are {−ℓ_i, −ℓ_{i+f} } for all i = 0, 1, 2, ..., 2f − 1, with the indices i + f viewed modulo 2f. Therefore {ℓ_i, ℓ_{i+f} } = {0, k_i} for all i = 0, 1, ..., f − 1. The rest of the proposition follows from Corollary 3.10.

Proposition 3.12. Up to twist by some unramified character, there exist precisely 2^{f + −1} distinct isomorphism classes of irreducible crystalline two-dimensional E-representations of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} , whose restriction to G_{K2f} is reducible.

Proof. In Proposition 3.11, notice that ℓ_{i+f} = k_i−ℓ_l for all i = 0, 1, ..., f−1. The corollary follows since Ind^{Kf}_{K2f} (χ) ≃ Ind^{Kf}_{K2f} (ψ) if and only if {χ, χ^h} = {ψ, ψ^h}, where h is any element in G_{Qp} lifting a generator of Gal (K_{2f} /K_f ) .

4 families of effective Wach modules of arbitrary weight and rank

We extend the method used by Berger-Li-Zhu in [BLZ04] for two-dimensional crystalline representations of G_{Qp} , in order to construct families of Wach modules of effective crystalline representations of G_K of arbitrary rank. Fixing a basis, we need to exhibit matrices Π and G_γ such that Πφ(G_γ ) = G_γ γ(Π) for all γ ∈ Γ_K , with some additional properties imposed by Theorem 2.4. In the two-dimensional case, for representations of G_{Qp} and for a suitable basis, it is trivial to write down such a matrix Π assuming that the valuation of the trace of Frobenius of the corresponding filtered φ-module is suitably large, and the

Documenta Mathematica 15 (2010) 873–938

896 Gerasimos Dousmanis

main difficulty is in constructing a Γ_K -action which commutes with Π. When K ≠ Q_p, finding a matrix Π which gives rise to a prescribed weakly admissible filtration seems to be already hard, even in the two-dimensional case. Assuming that such a matrix Π is available, it is usually very hard to explicitly write down the matrices G_γ . There are exceptions to this, for example some split-reducible two-dimensional crystalline representations. In the general case, instead of explicitly writing down the matrices G_γ we prove that such matrices exist using a successive approximation argument.

Let S = {X_i ; i = 0, 1, ..., m − 1} be a set of indeterminates, were m ≥ 1 is any integer. We extend the actions of φ and Γ_K defined in equations 2.2 and 2.3 on the ring O_E [[π]]^{|τ |} := � τ :K→E

O_E [[π]] to an action on O_E [[π, S]]^{|τ |} := � τ :K→E

O_E [[π, S]], by letting φ and Γ_K act trivially on each indeterminate X_i. We let φ and Γ_K act on the matrices of M^S_n := M_n(O_E [[π, S]]^{|τ |}) entry-wise for any integer n ≥ 2. For any integer s ≥ 0, we write ⃗π^s = (π^s, π^s, ..., π^s) , and for any α ∈ O_E [[π, S]] and any vector ⃗r = (r_0, r_1, ..., r_{f −1}) with nonnegative integer coordinates we write α^{⃗r} = (α^{r0} , α^{r1} , ..., α^{rf −1} ) . As usual, we assume that k_i are nonnegative integers and we write k := w_{t−1} = max{k_0, k_1,..., k_{f −1}}. Let ℓ ≥ k be any fixed integer. We start our constructions with the following lemma.

Lemma 4.1. Let Π_i = Π_i(S), i = 0, 1, ..., f − 1 be matrices in M_n(O_E [[π, S]]) such that det(Π_i) = c_iq^{ki} , with c_i ∈ O_E [[π]]^×. We denote by Π(S) the matrix (Π_1, Π_2, ..., Π_{f −1}, Π_0) and view it as an element of M^S_n via the natural isomorphism M^S_n ≃ M_n(O_E [[π, S]])^{|τ |}. We denote by P_i = P_i(S) the reduction of Π_imod π for all i. Assume that for each γ ∈ Γ_K there exists a matrix G^{(ℓ)}γ = G^{(ℓ)}γ (S) ∈ M^S_n such that:

1. G^{(ℓ)}_γ (S) ≡ −→ Idmod ⃗π^ℓ;

2. G^{(ℓ)}γ (S) − Π(S)φ(G^{(ℓ)}γ (S))γ(Π(S)^{−1} ) ∈ ⃗π^ℓM^S_n ;

3. There is no nonzero matrix H ∈ M_n(O_E [[S]]^{|τ |}) such that HU = p^{f t}UH for some t > 0, where U = Nm_φ(P ) and P = P (S) = (P_1, P_2, ..., P_{f −1}, P_0) ;

4. For each s ≥ ℓ + 1 the operator

H −→ H − Q_f H(p^{f (s−1)}Q^{−1}_f ) : M_n (O_E [[S]]) −→ M_n (O_E [[S]]) , (4.1)

where Q_f = P_1P_2 · · · P_{f −1}P_0, is surjective.

Then for each γ ∈ Γ_K there exists a unique matrix G_γ (S) ∈ M^S_n such that

(i) G_γ (S) ≡ −→ Idmod ⃗π and

(ii) Π(S)φ(G_γ (S)) = G_γ (S)γ(Π(S)).

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 897

Proof. Uniqueness: Suppose that both the matrices G_γ (S) and G^′_γ (S) satisfy the conclusions of the lemma and let H = G^′_γ (S)G_γ (S)^{−1}. We easily see that H ∈ ⃗Id + ⃗πM^S_n and HΠ(S) = Π(S)φ (H) . We’ll show that H = ⃗Id. We write H = ⃗Id + π^tH_t + · · · , where H_t ∈ M_n(O_E [[S]]^{|τ |}) for some t ≥ 1 and Π(S) = P + πP^{(1)} + π^2P^{(2)} + · · · , and we will show that H_t = 0. Since HΠ(S) = Π(S)φ (H), we have (H − ⃗Id)Π(S) = Π(S)φ(H − ⃗Id). We divide both sides of this equation by π^t using that φ(π) = qπ, and reduce mod π. Since q ≡ pmod π, this gives H_tP = p^tP φ (H_t) which implies that H_tU = p^{f t}Uφ^f (H_t), where U = Nm_φ(P ). Since φ acts trivially on X_i and O_E , the map φ^f acts trivially on M_n(O_E [[S]]^{|τ |}). Therefore H_tU = p^{f t}UH_t and H_t = 0 by assumption (iii) of the lemma.

Existence: Fix a γ ∈ Γ_K . By assumptions (i) and (ii) of the lemma, there exists a matrix G^{(ℓ)}γ ∈ ⃗Id + ⃗π^ℓ M^S_n such that

G^{(ℓ)}_γ − Π(S)φ(G^{(ℓ)}_γ )γ(Π(S)^{−1}) = ⃗π^ℓR^{(ℓ)}

for some matrix R^{(ℓ)} = R^{(ℓ)}(γ) ∈ M^S_n . We shall prove that for each s ≥ ℓ + 1 there exist matrices R^{(s)} = R^{(s)}(γ) ∈ M^S_n and G^{(s)}_γ ∈ M^S_n such that G^{(s)}_γ ≡ G^{(s−1)}_γ mod ⃗π^{s−1}M^S_n and G^{(s)}_γ − Π(S)φ(G^{(s)}_γ )γ(Π(S)^{−1}) = ⃗π^sR^{(s)}. Let

G^{(s)}_γ = G^{(s−1)}_γ + ⃗π^{s−1}H^{(s)}, where H^{(s)} ∈ M_n(O_E [[S]]^{|τ |}) and write R^{(s)} = R̄(s) + ⃗π · C with C ∈ M S_n . We need ( G^{(s−1)} γ + ⃗π^{(s−1)}H^{(s)} ) −Π(S) ( φ(G^{(s−1)}_γ ) + ⃗φ (π)^{(s−1)}φ ( H^{(s)} )) γ(Π(S)^{−1}) ∈ ⃗π^sM^S_n ,

or equivalently

G^{(s−1)} γ − Π(S)φ(G^{(s−1)}_γ )γ(Π(S)^{−1}) + ⃗π^{(s−1)}H^{(s)}−

− ⃗(qπ)^{(s−1)}Π(S)φ � H^{(s)} � γ(Π(S)^{−1}) ∈ ⃗π^sM^S_n .

The latter is equivalent to

⃗π^{(s−1)}R^{(s−1)} + ⃗π^{(s−1)}H^{(s)} − ⃗(qπ)^{(s−1)}Π(S)φ � H^{(s)} � γ(Π(S)^{−1}) ∈ ⃗π^sM^S_n ,

which is in turn equivalent to

H^{(s)} − ⃗q^{(s−1)}Π(S)φ � H^{(s)} � γ(Π(S)^{−1}) ≡ −R^{(s−1)}mod ⃗πM^S_n .

This holds if and only if

H^{(s)} − ⃗p^{(s−1)}P (S) φ � H^{(s)} � P (S)^{−1} = −R̄^{(s−1)}. (4.2)

Notice that ⃗p^{(s−1)}P (S)^{−1} ∈ M_n(O_E [[S]]^{|τ |}) since s − 1 ≥ ℓ ≥ k = max{k_0, k_1, ..., k_{f −1}}. We write

H^{(s)} = � H^{(s)}_1 , H^{(s)}_2 , ..., H^{(s)}_{f −1}, H^{(s)}_0 �

Documenta Mathematica 15 (2010) 873–938

898 Gerasimos Dousmanis and −R̄^{(s−1)} = � R̄^{(s−1)} 1 , R̄^{(s−1)}_2 , ..., R̄^{(s−1)}_{f −1} , R̄^{(s−1)}_0 � . Equation 4.2 is equivalent to the system of equations in M_n (O_E [[S]])

H^{(s)}_i − P_i · H^{(s)}_{i+1} · � p^{s−1}P^{−1}_i � = R̄^{(s−1)}_i , (4.3) where i = 1, 2, ..., f, with indices viewed mod f. These imply that H^{(s)}_1 − Q_f H^{(s)}_1 (p^{f (s−1)}Q^{−1}_f ) = R̄^{(s−1)}_1 + Q_1R̄^{(s−1)}_2 (p^{(s−1)}Q^{−1}_1 )+ + Q_2R̄^{(s−1)}_3 (p^{2(s−1)}Q^{−1}_2 ) + · · · + Q_{f −1}R̄^{(s−1)}_0 (p^{(s−1)(f −1)}Q^{−1}_{f −1}), where Q_i = P_1 · · · P_i for all i = 1, 2, ..., f. From equations 4.3 we see that the matrices H^{(s)}_i , i = 2, 3, ..., f, are uniquely determined by the matrix H^{(s)}_1 , so it suffices to prove that the operator defined in formula 4.1 contains A = R̄^{(s−1)}_1 + Q_1R̄^{(s−1)}_2 (p^{(s−1)}Q^{−1}_1 ) + Q_2R̄^{(s−1)}_3 (p^{2(s−1)}Q^{−1}_2 ) + · · · +Q_{f −1}R̄^{(s−1)}_0 (p^{(s−1)(f −1)}Q^{−1}_{f −1})

in its image. Since p^{i(s−1)}Q^{−1}_i ∈ M_n (O_E [[S]]) for all i, this is true by assumption (iv) of the lemma. We define G_γ (S) = lim_{s→∞}G^{(s)}_γ (S) and the proof is complete.

Let �M_n be the ring M_n (O_E [[S]]) /I where I is the ideal of M_n (O_E [[S]]) generated by the set {p · Id, X_i · Id : X_i ∈ S} . We use the notation of Lemma 4.1 and its proof, and we are interested in the image of the operator H → H − Q_f H(p^{f ℓ}Q^{−1}_f ) : �M_n → �M_n where bar denotes reduction modulo I. Proposition 4.2. If the operator

H → H − Q_f H(p^{f ℓ}Q^{−1}_f ) : �M_n → �M_n (4.4) is surjective, then for each s ≥ ℓ + 1 the operator defined in formula 4.1 is surjective.

Proof. Case (i). s ≥ k + 2. In this case f(s − 1) −^{f −1} � i=0 k_i ≥ f (s − 1 − k) ≥ f ≥ 1. Since Q^{−1}_f = P^{−1}_0 P^{−1}_{f −1}P^{−1}_{f −2}...P^{−1}_1 and det(P_i) = c̄_ip^{ki} , it follows that p^{f (s−1)}Q^{−1}_f ∈ pM_n(O_E [[S]]). Let B be any matrix in M_n (O_E [[S]]) . We write

B = B − Q_f B � p^{f (s−1)}Q^{−1}_f � + pB_1

for some matrix B_1 ∈ M_n (O_E [[S]]) . Similarly,

B_1 = B_1 − Q_f B_1 � p^{f (s−1)}Q^{−1}_f � + pB_2

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 899

for some matrix B_2 ∈ M_n (O_E [[S]]) and

B = (B + pB_1) − Q_f (B + pB_1) � p^{f (s−1)}Q^{−1}_f � + p^2B_2.

Continuing in the same fashion we get B = �_N � i=0 p^iB_i � − Q_f

�_N � i=0 p^iB_i � � p^{f (s−1)}Q^{−1}_f � + p^{N+1}B_{N+1}

for some matrix B_{N+1}∈ M_n (O_E [[S]]) with B_0 = B. Let H =^∞ � i=0 p^iB_i. Then

H ∈ M_n (O_E [[S]]) and B = H − Q_f H � p^{f (s−1)}Q^{−1}_f � . Case (ii). ℓ = k and s = k + 1. We reduce modulo the ideal I defined before Proposition 4.2. Let A be any element of M_n (O_E [[S]]) . The operator

H −→ H − Q_f H � p^{f ℓ}Q^{−1}_f � : �M_n → �M_n

contains Ā = Amod I in its image by the assumption of the lemma. Let A = A_0 − Q_f A_0 � p^{f ℓ}Q^{−1}_f � mod I for some matrix A_0 ∈ M_n (O_E [[S]]) . We write

A = A_0 − Q_f A_0 � p^{f ℓ}Q^{−1}_f � + pB_m + X_0B_0 + · · · + X_{m−1}B_{m−1}

for matrices B_i ∈ M_n (O_E [[S]]) . Similarly B_i = B^0_i − Q_f B^0_i � p^{f ℓ}Q^{−1}_f � mod I

for matrices B^0_i ∈ M_n (O_E [[S]]) and for all i. Then

A = A_0 − Q_f A_0 � p^{f ℓ}Q^{−1}_f � + pB^0_m − Q_f � pB^0_m � � p^{f ℓ}Q^{−1}_f � + +X_0B^0_1 − Q_f � X_0B^0_1 � � p^{f ℓ}Q^{−1}_f � + + · · · + X_{m−1}B^0_{m−1} − Q_f � X_{m−1}B^0_{f −1} � � p^{f ℓ}Q^{−1}_f � mod I^2,

therefore

A = (A_0 + pB^0_m + X_0B^0_1 + · · · + X_{m−1}B^0_{m−1})−

− Q_f (A_0 + pB^0_m + X_0B^0_1 + · · · + X_{f −1}B^0_{m−1}) � p^{f ℓ}Q^{−1}_f � mod I^2.

By induction, A = H − Q_f H � p^{f ℓ}Q^{−1}_f � for some H ∈ M_n (O_E [[S]]) .

The surjectivity assumption of Proposition 4.2 is usually trivial to check thanks to the following proposition.

Proposition 4.3. Assume that ℓ > k or ℓ = k and the weights k_i are not all equal. Then the operator defined in formula 4.4 is surjective.

Documenta Mathematica 15 (2010) 873–938

900 Gerasimos Dousmanis

Proof. The proposition follows immediately because det Q_f = c̄p^{k1+k2 +···+kf} , where c̄ = c̄_1c̄_2 · · · c̄_f , since fℓ > k_1 + · · · + k_f and p ∈ I.

The following lemma summarizes the results of this section. We use the notation of Lemma 4.1.

Lemma 4.4. Let ℓ ≥ k be a fixed integer. We assume that for each γ ∈ Γ_K there exists a matrix G^{(ℓ)}_γ = G^{(ℓ)}_γ (S) ∈ M^S_n such that:

1. G^{(ℓ)}γ (S) ≡ −→ Idmod ⃗π^ℓ;

2. G^{(ℓ)}_γ (S) − Π(S)φ(G^{(ℓ)}_γ (S))γ(Π(S)^{−1} ) ∈ ⃗π^ℓM^S_n ;

3. There is no nonzero matrix H ∈ M_n(O_E [[S]]^{|τ |}) such that HU = p^{f t}UH for some t > 0;

4. If ℓ = k and k = k_i for all i, we additionally assume that the operator

H → H − Q_f H(p^{f ℓ}Q^{−1}_f ) : �M_n → �M_n is surjective.

Then for each γ ∈ Γ_K there exists a unique matrix G_γ (S) ∈ M^S_n such that

(i) G_γ (S) ≡ −→ Idmod ⃗π, and (ii) Π(S)φ(G_γ (S)) = G_γ (S)γ(Π(S)).

For any vector ⃗a = (a_0, a_1, ..., a_{f −1}) ∈ m^{|S|}_E we denote by Π(⃗a) = (Π_1(a_1), Π_2(a_2), ..., Π_{f −1}(a_{f −1}), Π_0(a_0)) the matrix obtained from Π(S) = (Π_1(X_1), Π_2(X_2), ..., Π_{f −1}(X_{f −1}), Π_0(X_0)) by substituting a_i ∈ m_E in each indeterminate X_i of Π_i(X_i).

Proposition 4.5. For any ⃗a = (a_0, a_1, ..., a_{f −1}) ∈ m^{|S|}_E and any γ_1, γ_2, γ ∈ Γ_K , the following equations hold:

(i) G_{γ1γ2} (⃗a) = G_{γ1} (⃗a)γ_1(G_{γ2} (⃗a)) and (ii) Π(⃗a)φ(G_γ (⃗a)) = G_γ (⃗a)γ(Π(⃗a)).

Proof. Both matrices G_{γ1γ2} (S) and G_{γ1} (S)γ_1(G_{γ2} (S)) are ≡ −→ Idmod ⃗π and are solutions in A of the equation Π(S)φ(A) = Aγ(Π(S)). They are equal by the uniqueness part of Lemma 4.1. The second equation follows from part (ii) of the same lemma.

For any vector ⃗a ∈ m^{|S|}_E we equip the module N(⃗a) =^n � i=1 � O_E [[π]]^{|τ |} � η_i with semilinear φ and Γ_K -actions defined by (φ(η_1), φ(η_2), ..., φ(η_n)) = (η_1, η_2, ..., η_n)Π(⃗a) and (γ(η_1), γ(η_2), ..., γ(η_n)) = (η_1, η_2, ..., η_n)G_γ (⃗a) for any γ ∈ Γ_K . Proposition 4.5 implies that (γ_1γ_2)x= γ_1(γ_2x) and φ(γx) = γ(φ(x)) for all x ∈ N(⃗a) and γ, γ_1, γ_2 ∈ Γ_K . Since G_γ (⃗a) ≡ −→ Idmod ⃗π, it follows that Γ_K acts trivially on N(⃗a)/πN(⃗a).

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 901

Proposition 4.6. For any ⃗a ∈ m^{|S|}_E , the module N(⃗a) equipped with the φ and Γ_K -actions defined above is a Wach module over O_E [[π]]^{|τ |} corresponding (by Theorem 2.4) to some G_K -stable O_E -lattice inside some n-dimensional crystalline E-representation of G_K with Hodge-Tate weights in [−k; 0]. Proof. The only thing left to prove is that q^kN(⃗a) ⊂ φ^∗(N(⃗a)). Since det(Π_i) = c_iq^{ki} we have det Π(⃗a) = (c_1q^{k1} , c_2q^{k2} , ..., c_0q^{k0} ) and

(q^kη_1, q^kη_2, ..., q^kη_n) = (η_1, η_2, ..., η_n) det Π(⃗a) � c^{−1}_1 q^{k−k1} , c^{−1}_2 q^{k−k2} , ..., c^{−1}_0 q^{k−k0} � = (η_1, η_2, ..., η_n) (Π(⃗a) · adj (Π(⃗a))) � c^{−1}_1 q^{k−k1} , c^{−1}_2 q^{k−k2} , ..., c^{−1}_0 q^{k−k0} � = (φ(η_1), φ(η_2), ..., φ(η_n)) · (adjΠ(⃗a)) � c^{−1}_1 q^{k−k1} , c^{−1}_2 q^{k−k2} , ..., c^{−1}_0 q^{k−k0} � . Hence (q^kη_1, q^kη_2, ..., q^kη_n) ∈ φ^∗(N(⃗a)) and q^kN(⃗a) ⊂ φ^∗(N(⃗a)).

We proceed to prove the main theorem concerning the modulo p reductions of the crystalline representations corresponding to the families of Wach modules constructed in Proposition 4.6. By reduction modulo p we mean reduction modulo the maximal ideal m_E of the ring of integers of the coefficient field E. If T is a G_K -stable O_E -lattice in some E-linear representation V of G_K , we denote by V = k_E � O_E

T the reduction of V modulo p, where k_E is the residue

field of O_E . The reduction V depends on the choice of the lattice T, and a theorem of Brauer and Nesbitt asserts that the semisimplification

V^{s.s.} = � k_E � O_E T �_{s.s.}

is independent of T. Instead of the precise statement “there exist G_K -stable O_E -lattices T_V and T_W inside the E-linear representation V and W of G_K respectively, such that k_E � O_E

T_V ≃ k_E � O_E

T_W ”, we abuse notation and write

V ≃ W . For each ⃗a ∈ m^{|S|}_E , let V (⃗a) = E ⊗_{OE} T(⃗α), where T(⃗α) = T(D(⃗a)), and D(⃗a) = A_{K,E} � A^+_{K,E}

N(⃗a). The representations V (⃗a) are n-dimensional crystalline

E-representations of G_K with Hodge-Tate weights in [−k; 0]. Concerning their mod p reductions, we have the following theorem.

Theorem 4.7. For any ⃗a ∈ m^{|S|}_E , the isomorphism V (⃗a) ≃ V (⃗0) holds.

Proof. We prove that the k_E -linear representations k_E � O_E

T(⃗a) and k_E � O_E

T(⃗0)

of G_K are isomorphic. Since Π(S) and G_γ (S) ∈ M^S_n , we have G_γ (⃗a) ≡ G_γ (⃗0)mod m_E and Π(⃗a) ≡ Π(⃗0)mod m_E. As (φ, Γ_K )-modules over k_E ((π))^{|τ |}, D(⃗a)/m_E D(⃗a) ≃ D(⃗0)/m_ED(⃗0). Hence T (D(⃗a)/m_E D(⃗a)) ≃ T � D(⃗0)/m_ED(⃗0) � , where T is Fontaine’s functor on representations mod m_E . Since Fontaine’s functor is exact, T (D(⃗a)/m_ED(⃗a)) ≃ T(⃗a)/m_ET(⃗a) and T(⃗a)/m_ET(⃗a) ≃ T(⃗0)/m_ET(⃗0).

Documenta Mathematica 15 (2010) 873–938

902 Gerasimos Dousmanis

5 Families of two-dimensional crystalline representations

The main difficulty in applying Lemma 4.4 is in constructing the matrices G^{(ℓ)}_γ (S) which satisfy conditions (1) and (2). Conditions (3) and (4) are usually easy to check. Throughout this section we retain the notations of Lemma 4.4. We denote by E_{ij} the 2 × 2 matrix with 1 in the (i, j)-entry and 0 everywhere else. Recall that E_{ij} · E_{kl} = δ_{jk} · E_{il}, where δ is the Kronecker delta function. Also recall our assumption that at least one of the weights k_i is strictly positive.

Proposition 5.1. The operator H → H − Q_f H(p^{f ℓ}Q^{−1}_f ) : ~M_2 → ~M_2 is surjective, unless ℓ = k, k = k_i for all i and Q̄_f ∈ {E_{11}, E_{22}}.

Proof. It is straightforward to check that Q̄_f = E_{ij} for some i, j ∈ {1, 2} and

p^{kℓ}Q^{−1}_f mod I = � � � � � E_{22} if Q̄_f = E_{11}, E_{11} if Q̄_f = E_{22}, −E_{12} if Q̄_f = E_{12}, −E_{21} if Q̄_f = E_{21}.

If Q̄_f = E_{11} (respectively E_{22}), the image is the set of matrices with zero (1, 2) (respectively (2, 1)) entry, while if Q̄_f = E_{12} or Q̄_f = E_{21} the operator becomes � h_{11} h_{12} h_{21} h_{22} � −→ � h_{11} h_{12} + h_{21} h_{21} h_{22} �

and � h_{11} h_{12} h_{21} h_{22} � −→ � h_{11} h_{12} h_{21} + h_{12} h_{22} �

respectively and is clearly surjective. The proposition follows from Proposition 4.3.

Lemma 5.2. If the matrix Q_f = P_1P_2 · · · P_{f −1}P_f (with P_f = P_0) does not have eigenvalues which are a scalar multiple of each other, then the matrix U = Nm_φ(P ), where P = (P_1, P_2, ..., P_{f −1}, P_0) , satisfies condition (3) of Lemma 4.4.

Proof. Let H ∈ M_n(O_E [[S]]^{|τ |}) be a nonzero matrix such HU = p^{f t}UH for some t > 0. We write H = (H_1, H_2, ..., H_f ) and U = (U_1, U_2, ..., U_f ) . Since P · φ(U) · P^{−1} = U, we have P_iU_{i+1}P^{−1}_i = U_i for all i. Since Q_f = U_1, none of the U_i has eigenvalues which are a scalar multiple of each other. If H is invertible then U_1 = Q_f has eigenvalues with quotient p^{f t} which contradicts the assumption of the lemma. If H is nonzero and not invertible, there exists an index i such that H_iU_i = p^{f t} U_iH_i and rank (H_i) = 1. There also exists an invertible matrix B such that

BH_iB^{−1} = � α_{11} 0 α_{21} 0 �

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 903

with (α_{11}, α_{21}) ≠ (0, 0) . Let Γ = BU_iB^{−1} and write Γ = (γ_{ij} ) . The equation H_iU_i = p^{f t}U_iH_i is equivalent to p^{f t}ΓBH_iB^{−1} = BH_iB^{−1}Γ which implies that γ_{12} = 0 and p^{f t}γ_{11}α_{11} = α_{11}γ_{11}. If α_{11} ≠ 0, then γ_{11} = 0 a contradiction since Γ is invertible. If α_{11} = 0, then p^{f t}α_{21}γ_{22} = α_{21}γ_{11} and p^{f t}γ_{22} = γ_{11} (since α_{21} ≠ 0). Since γ_{12} = 0, the latter implies that Γ has two eigenvalues with quotient p^{f t}. This in turn implies that U_i and its conjugate Q_f = U_1 have eigenvalues with quotient p^{f t} and contradicts the assumption of the lemma. Hence H = 0.

In the two-dimensional case, instead of checking condition (3) of Lemma 4.4 it is often more convenient to use following corollary.

Corollary 5.3. If Tr (Q_f ) ∉ Q̄_p, then the matrix U = Nm_φ(P ) satisfies condition (3) of Lemma 4.4.

Proof. Since the determinant of Q_f is a nonzero scalar, the eigenvalues of Q_f are a scalar multiple of each other if and only if Tr (Q_f ) is a scalar.

5.1 Families of rank two Wach modules

We now apply Lemma 4.4 for matrices Π_i as in the following definition.

Definition 5.4. For a fixed integer ℓ ≥ k = max{k_0, k_1, ..., k_{f −1}} we define matrices of the following four types

t_1: � c_iq^{ki} 0 X_iφ(z_i) 1 � , t_2: � X_iφ(z_i) 1 c_iq^{ki} 0 � ,

t_3: � 1 X_iφ(z_i) 0 c_iq^{ki} � , t_4: � 0 c_iq^{ki} 1 X_iφ(z_i) � , where X_i is an indeterminate, c_i ∈ O_E , and z_i is a polynomial of degree ≤ ℓ − 1 in Z_p[π] such that z_i ≡ p^{mℓ} mod π, where m_ℓ := ⌊^{ℓ−1}_{p−1} ⌋. Matrices of type t_1 or t_3 are called of odd type while matrices of type t_2 or t_4 are called of even type. We write Π^{⃗i}(S) = (Π_1(X_1), Π_2(X_2), ..., Π_{f −1}(X_{f −1}), Π_0(X_0)) with ⃗i = (i_1, i_2, ..., i_{f −1}, i_0) the vector in {1, 2, 3, 4}^f whose j-th coordinate i_j is the type of the matrix Π_j for all j ∈ I_0. We call ⃗i the type-vector attached to the matrix f-tuple Π^{⃗i}(S).

The polynomials z_i appearing in the entries of the matrices Π_i will be defined shortly. We will also define functions x^γ_i , y^γ_i ∈ 1 + πZ_p[[π]] such that

G^{(ℓ)}_γ − Π(S)φ(G^{(ℓ)}_γ )γ(Π(S)^{−1}) ∈ ⃗π^ℓM^S_2

for all γ ∈ Γ_K , where

G^{(ℓ)}_γ = diag � x^γ_0 , x^γ_1 , ..., x^γ_{f −1} � , � y^γ_0 , y^γ_1 , ..., y^γ_{f −1} � . Documenta Mathematica 15 (2010) 873–938

904 Gerasimos Dousmanis Let Π(S) = � (α_1, α_2, ...α_{f −1}, α_0) (β_1, β_2, ..., β_{f −1}, β_0) (γ_1, γ_2, ..., γ_{f −1}, γ_0) (δ_1, δ_2, ..., δ_{f −1}, δ_0) � with � α_i β_i γ_i δ_i �

belonging to the set � c_iq^{ki} 0 X_iφ(z_i) 1 � , � X_iφ(z_i) 1 c_iq^{ki} 0 � , � 1 X_iφ(z_i) 0 c_iq^{ki} � , � 0 c_iq^{ki} 1 X_iφ(z_i) � . For each i = 1, 2, ..., f we demand that all of the elements

x^γ_{i−1} − α_iφ (x^γ_i ) (γδ_i) − β_iφ (y^γ_i ) (γγ_i) ε_i (γq)^{ki} , β_iφ (y^γ_i ) (γα_i) − α_iφ (x^γ_i ) (γβ_i) ε_i (γq)^{ki} , (5.1)

y^γ_{i−1} − δ_iφ (y^γ_i ) (γα_i) − γ_iφ (x^γ_i ) (γβ_i) ε_i (γq)^{ki} , γ_iφ (x^γ_i ) (γδ_i) − δ_iφ (y^γ_i ) (γγ_i) ε_i (γq)^{ki} (5.2) of O_E [[π, X_0, ..., X_{f −1}]][q^{−1}] which belong to O_E [[π]][q^{−1}] are zero, and those which contain an indeterminate belong to π^ℓO_E [[π, X_0, ..., X_{f −1}]], where in the formulas above ε_i = 1 if Π_i has type 1 or 3 and ε_i = −1 if Π_i has type 2 or 4. As usual lower indices are viewed modulo f.

Proposition 5.5. For each i, equations 5.1 and 5.2 imply that

x^γ_{i−1} = � q γq �_{ℓi}

φ (w^γ_i ) and y^γ_{i−1} = � q γq �_ℓ′_i φ � (w^γ_i )^′ � , (5.3)

with ℓ_i ∈ {0, k_i}, w^γ_i ∈ {x^γ_i , y^γ_i }, ℓ^′_i = k_i − ℓ_i, and (w^γ_i )^′ = � x^γ_i if w^γ_i = y^γ_i , y^γ_i if w^γ_i = x^γ_i .

Proof. If Π_i is of type 1, then β_i = 0, α_i = c_iq^{ki} and δ_i = 1. We must have q^{ki} φ (x^γ_i ) = x^γ_{i−1} (γq)^{ki} and φ (y^γ_i ) = y^γ_{i−1}. The proposition holds with ℓ_i = k_i, w^γ_i = x^γ_i , ℓ^′_i = 0, and (w^γ_i )^′ = y^γ_i . The cases where Π_i is of type 2, 3, or 4 are identical.

From Proposition 5.5 it follows that

x^γ_0 =

�_{f −1} � i=0 φ^i � q γq �_{si} � φ^f � z^γ_f � and y^γ_0 =

�_{f −1} � i=0 φ^i � q γq �_s′_i � φ^f � z^γ_f

�_′� , (5.4) with s^′_i, s_i ∈ {ℓ_i, ℓ^′_i}. If z^γ_f = x^γ_0 , then � z^γ_f

�_′

= y^γ_0 , and by Lemma 3.3 equations 5.4 have unique ≡ 1mod π solutions given by

x^γ_0 =

f −1�

i=0 φ^i (λ_{f,γ} )^{si} and y^γ_0 =

f −1�

i=0 φ^i (λ_{f,γ} )^{s′i} . (5.5)

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 905

If If z^γ_f = y^γ_0 , then � z^γ_f

�_′

= x^γ_0 and equations 5.4 imply that

x^γ_0 =

f −1�

i=0 � φ^i � q γq �_{si} · φ^{i+f} � q γq �_s′_i � φ^{2f} (x^γ_0 ) , (5.6)

y^γ_0 =

f −1�

i=0 � φ^i � q γq �_s′_i · φ^{i+f} � q γq �_{si} � φ^{2f} (y^γ_0 ) , (5.7)

which by Lemma 3.3 have unique ≡ 1mod π solutions given by

x^γ_0 =

f −1�

i=0 � φ^i (λ_{2f,γ} )^{si} · φ^{i+f} (λ_{2f,γ} )^{s′i} � , (5.8)

y^γ_0 =

f −1�

i=0 � φ^i (λ_{2f,γ} )^{s′i} · φ^{i+f} (λ_{2f,γ} )^{s′i} � . (5.9)

Equations 5.3 for i = f give the unique ≡ 1mod π solutions for x^γ_{f −1} and y^γ_{f −1}, and continuing for i = f − 1, f − 2, ..., 2, we get the unique ≡ 1mod π solutions for x^γ_i and y^γ_i . We now define the polynomials z_i so that for each γ ∈ Γ_K , the matrix G^{(ℓ)}_γ ≡ −→ Idmod ⃗π satisfies the congruence G^{(ℓ)}_γ −Π(S)φ(G^{(ℓ)}_γ )γ(Π(S)^{−1}) ∈ ⃗π^ℓM^S_2 .

Lemma 5.6. Let R = { � i≥0 a_iπ^i ∈ Q_p[[π]] : v_p(a_i) +^i_{p−1} ≥ 0 for all i ≥ 0}. The

set R endowed with the addition and the multiplication of Q_p[[π]] is a subring of Q_p[[π]] which is stable under the φ and the Γ_K -actions. Moreover,

(i) (^{qn}_p )^{±1} ∈ R for all n ≥ 1 and (λ_f )^{±1} ∈ R for all f ≥ 1;

(ii) Let b = cp^N b^∗, where c ∈ O^×_E , n ∈ Z, and b^∗ ∈ R \ {0} is such that

b^∗ γb^∗ ∈ 1 + πZp[[π]] for all γ ∈ ΓK . If ℓ ≥ 1 is a fixed integer, there

exists some polynomial z = z(ℓ, b) ∈ Z_p[π] with deg_π z ≤ ℓ − 1 and z ≡ p^{mℓ} mod π, where m_ℓ = ⌊^{ℓ−1}_{p−1} ⌋, such that z − γz^b_{γb} ∈ π^ℓZ_p[[π]] for all γ ∈ Γ_K .

Proof. We notice that the coefficients a_i of π^i in^q_p are such that v_p(a_i)+^i_{p−1} ≥ 0 for all i = 0, 1, .... Motivated by this we consider the set R of all functions of Q_p[[π]] with the same property. This is a ring with the obvious operations,

stable under φ and Γ_K . One easily checks that

�_p q �_{±1}

∈ R and therefore �_{qn} p �_{±1} ∈ R for all n ≥ 1 from which (i) follows easily. (ii) Since Γ_K acts trivially on O^×_E we may replace b by c^{−1}b and assume that c = 1. We write b = p^nb^∗. Let p^mb = z + a, where a ∈ π^ℓQ_p[[π]] and deg_π z ≤ ℓ − 1, for integer

m which will be chosen large enough so that z ∈ Z_p[π]. Let z =^{ℓ−1} � j=0 z_j π^j . Since

Documenta Mathematica 15 (2010) 873–938

906 Gerasimos Dousmanis

p^{m+n}b^∗ = z + a and b^∗ ∈ R, we have v_p(z_j ) − m − n +^j_{p−1} ≥ 0 for all j ≥ 0. We need v_p(z_j ) > −1 for all j = 0, 1, ..., ℓ − 1 and it suffices to have m + n −^{ℓ−1}_{p−1} > −1. We choose m = ⌊^{ℓ−1}_{p−1} ⌋−n. Then z ∈ Z_p [π] , deg_π z ≤ ℓ−1 and z ≡ p^{m+n} = p^{mℓ} mod π, For any γ ∈ Γ_K , z − γz^b_{γb} = p^mb − a − bγ(b^{−1}) (p^m(γb) − γa) = bγ(b^{−1})γa − a ∈ π^ℓQ_p[[π]]. Since z ∈ Z_p [π] and bγ(b^{−1}) ∈ 1 + πZ_p[[π]], we have z − γz^b_{γb} ∈ π^ℓZ_p [[π]] = Z_p [[π]] ∩ π^ℓQ_p[[π]] for all γ ∈ Γ_K .

Lemma 5.7. For any γ ∈ Γ_K and i ∈ I_0,

(i) x^γ_i , y^γ_i ∈ 1 + πZ_p [[π]] ;

(ii) x^γ_i =^{ai}_{γai} and y^γ_i =^{bi}_{γbi} for some a_i and b_i with (a_i)^{±1} and (b_i)^{±1} ∈ R.

Proof. (i) is clear by the definition of the x^γ_i , y^γ_i and Lemma 3.2. (ii) Let i = 0. If z^γ_f = x^γ_0 , by equation 5.5 we have x^γ_0 =^{a0}_{γa0} , where a_0 =^{f −1} � i=0 φ^i (λ_f )^{si} ∈ R.

Since (λ_f )^{±1} ∈ R and R is φ-stable, (a_0)^{±1} ∈ R. If z^γ_f = y^γ_0 , by equation

5.8 we have x^γ_0 =^{a0}_{γa0} , where a_0 =^{f −1} � i=0 � φ^i (λ_f )^{si} φ^{i+f} (λ_f )^{s′i} � ∈ R, therefore (a_0)^{±1} ∈ R. The proof for y^γ_0 and (b_i)^{±1} is similar. For x^γ_{f −1}, notice that x^γ_{f −1} = �_q γq �_{ℓi} φ (w^γ_i ) =^γ � φ(c_0)(^q_p )^{ℓf} � φ(c_0)(^q_p )^{ℓf} with c

0 ∈ {a_0, b_0}. Since (a_0)^{±1} , (b_0)^{±1} ∈ R, it

follows that x^γ_{f −1} ∈ R. Since � φ (c_0)

�_q p �_{ℓf} �±1

∈ R, it follows that (a_{f −1})^{±1} ∈ R. Similarly y^γ_{f −1} and (b_{f −1})^{±1} ∈ R. The lemma follows by induction.

To define the polynomials z_i we will also need the following lemma.

Lemma 5.8. If α ∈ π^ℓO_E [[π]] and 0 ≤ k ≤ ℓ is an integer, then^{φ(α)}_{(γq)k} ∈ π^ℓO_E [[π]].

Proof. Since^{γq}_q ≡ 1mod π, it suffices to prove that^{φ(α)}_{qk} ∈ π^ℓO_E [[π]]. Let α = π^ℓβ for some β ∈ O_E [[π]]. We have φ

�_α

π^k � = φ (π)^{ℓ−k} φ (β) = q^{ℓ−k}π^{ℓ−k}φ (β) .

Hence^{φ(α)}_{qk} = π^kφ

�_α

π^k � = π^kq^{ℓ−k}π^{ℓ−k}φ (β) = π^ℓq^{ℓ−k}φ (β) ∈ π^ℓO_E [[π]].

Proposition 5.9. Let k = max{k_0, k_1, ..., k_{f −1}}, let ℓ ≥ k be a fixed integer and let m_ℓ = ⌊^{ℓ−1}_{p−1} ⌋. There exist polynomials z_i ∈ Z_p [π] with deg_π z_i ≤ ℓ − 1 such that z_i ≡ p^{mℓ} mod π with the following properties:

(i) G^{(ℓ)}_γ ≡ −→ Idmod ⃗π;

(ii) G^{(ℓ)}_γ − Π(S)φ(G^{(ℓ)}_γ )γ(Π(S)^{−1}) ∈ ⃗π^ℓM^S_2 for each γ ∈ Γ_K .

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 907

Proof. Suppose that P_i is of type 2 and α_i = X_iφ(z_i) for some polynomial z_i to be defined. Then β_i = 1 and β_iφ (y^γ_i ) = x^γ_{i−1} (γβ_i) implies that x^γ_{i−1} = φ (y^γ_i ) . We need

X_i � φ(z_i)φ (x^γ_i ) − x^γ_{i−1}φ(γz_i) � 1 (γq)^{ki}

∈ π^ℓO_E [[π, X_0, ..., X_{f −1}]]

for all γ ∈ Γ_K . By Lemma 5.8 it suffices to define z_i so that z_ix^γ_i − y^γ_i γz_i ∈ π^ℓO_E [[π]] for all γ ∈ Γ_K . Since x^γ_i ∈ 1 + πZ_p [[π]] for all γ ∈ Γ_K , this is equivalent to z_i −^{yγi}_xγ_i γz_i ∈ π^ℓO_E [[π]]. By Lemma 5.7 we have^{yγi}_xγ_i =^b_{γb} , where

b = a_i (b_i)^{−1} ∈ R. Since^{yγi}_xγ_i ∈ 1 + πZ_p [[π]] , the existence of the z_i follows from Lemmata 5.6 and 5.7. The proof for P_i of type 1, 3 and 4 is identical.

Proposition 5.10. If α (π) =^∞ � n=0 α_nπ^n ∈ Q_p[[π]] is such that v_p (α_i) ≥ 0 for

all i = 0, 1, 2, ..., p − 2 and v_p (α_{p−1}) > −1, then the first p − 1 coefficients of α (π)^p are in Z_p. In particular, the first p − 1 coefficients of the p-th power of any element of R are in Z_p.

Proof. Follows easily using the binomial expansion.

Proposition 5.11. If k_i = p for all i, then there exist polynomials z_i ∈ Z_p [π] with deg_π z_i ≤ p − 1 such that z_i ≡ 1mod π, and such that G^{(p)}_γ − Π(S)φ(G^{(p)}γ )γ(Π(S)^{−1}) ∈ ⃗π^pM^S_2 for any γ ∈ Γ_K .

Proof. Assume that P_i is of type 2 and let x^γ_0 and y^γ_0 be as in the proof of Proposition 5.9. First we notice that the exponents s_i and s^′_i in formulas 5.5 or 5.8 and 5.9 for the x^γ_0 and y^γ_0 are either 0 or p. With the notation of Lemma 5.7 we have^{yγ0}_xγ_0 = c_0 � γc^{−1}_0 � , where c_0 = a^{−1}_0 b_0. The formulas for a^{−1}_0 and b_0 in the proof of Lemma 5.7 imply that they are both p-th powers of elements of R. From the same formulas and Lemma 3.2 it follows that a^{−1}_0 (0) = b_0 (0) = 1. By Lemma 5.10, c_0 = z_0 + a for some polynomial z_0 ∈ Z_p[π] of degree ≤ p − 1 and constant term 1 and some a ∈ π^pQ_p[[π]]. For any γ ∈ Γ_K , z_0 −^{yγ0}_xγ_0 γz_0 = c_0 −a−c_0 � γc^{−1}_0 � (γc_0 − γa) = c_0 � γc^{−1}_0 � γa−a ∈ π^pQ_p[[π]]. Since

y^γ_0 x^γ_0 ∈ 1 + πZp[[π]] and z0 ∈ Zp[π], z0 − y^γ_0 x^γ_0 γz0 ∈ Zp[[π]] ∩ π

pQ_p[[π]] = π^pZ_p[[π]].

The proof for the other z_i is similar, using formulas 5.3 and noticing that �_q γq �_{±1} ∈ 1 + πZ_p[[π]]. The proof for P_i of type 1, 3 or 4 is identical.

Remark 5.12. If k_i = p for all i, then there exist polynomials z_i ∈ Z_p [π] with deg_π z_i ≤ p − 1 and z_i ≡ 1mod π which satisfy properties (i) and (ii) of Proposition 5.9. This follows immediately from Proposition 5.11.

Next, we explicitly determine when Tr (Q_f ) ∉ Q̄_p. We first need some definitions.

Documenta Mathematica 15 (2010) 873–938

908 Gerasimos Dousmanis

Definition 5.13. (i) We define C_1 to be the set of f-tuples (P_1, P_2, ..., P_f ) where the types of the matrices P_i are chosen as follows: P_1 ∈ {t_2, t_3}. For i = 2, 3, ..., f − 1, P_i ∈ {t_2, t_3} if an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, and P_i ∈ {t_1, t_4} if an odd number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type. Finally, P_0 = t_3 if an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, and P_0 = t_4 otherwise.

(ii) We define C_2 to be the set of f-tuples (P_1, P_2, ..., P_f ) where the types of the matrices P_i are chosen as follows: P_1 ∈ {t_1, t_4}. For i = 2, 3, ..., f−1, P_i ∈ {t_1, t_4} if an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, and P_i ∈ {t_2, t_3} if an odd number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type. Finally, P_0 = t_1 if an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, and P_0 = t_2 otherwise.

In Definition 5.13 the type of the matrix P_0 has been chosen so that an even number of coordinates of the f-tuple (P_1, P_2, ..., P_{f −1}, P_0) is of even type.

Definition 5.14. (i) We define C^∗_1 to be the set of f-tuples (P_1, P_2, ..., P_f ) where the types of the matrices P_i are chosen as follows: P_1 ∈ {t_2, t_3}. For i = 2, 3, ..., f − 1, P_i ∈ {t_2, t_3} if an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, and P_i ∈ {t_1, t_4} if an odd number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type. Finally, P_0 = t_2 if an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, and P_0 = t_1 otherwise.

(ii) We define C^∗_2 to be the set of f-tuples (P_1, P_2, ..., P_f ) where the types of the matrices P_i are chosen as follows: P_1 ∈ {t_1, t_4}. For i = 2, 3, ..., f −1, P_i ∈ {t_1, t_4} if an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, and P_i ∈ {t_2, t_3} if an odd number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type. Finally, P_0 = t_4 if an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, and P_0 = t_3 otherwise.

In Definition 5.14 the type of the matrix P_0 has been chosen so that an odd number of coordinates of the f-tuple (P_1, P_2, ..., P_{f −1}, P_0) is of even type.

Lemma 5.15. Assume that f ≥ 2 and, as before, let Q_f = P_1P_2 · · · P_f .

(i) If (P_1, P_2, ..., P_f ) ∈ C^∗_1 , then Q_f = � α β γ 0 � with β, γ nonconstant

polynomials in X_1, X_2, ..., X_f (with X_f = X_0), linearly independent over Q̄_p, and α nonscalar.

(ii) If (P_1, P_2, ..., P_f ) ∈ C^∗_2 , then Q_f = � 0 β γ δ � with β, γ nonconstant poly-

nomials in X_1, X_2, ..., X_f , linearly independent over Q̄_p, and δ nonscalar.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 909

(iii) If (P_1, P_2, ..., P_f ) ∈ C_1, then Q_f = � α β 0 δ � with β a nonzero polynomial in X_1, X_2, ..., X_f , and α, δ nonzero scalars.

(iv) If (P_1, P_2, ..., P_f ) ∈ C_2, then Q_f = � α 0 γ δ � with γ a nonzero polynomial in X_1, X_2, ..., X_f , and α, δ nonzero scalars.

Proof. Follows easily by induction on f.

Lemma 5.16. Assume that f ≥ 2.

(i) If an odd number of coordinates of (P_1, P_2, ..., P_f ) is of even type, then Q_f has one of the following forms:

(a) Q_f = � 0 β γ δ � with β, γ nonconstant polynomials in X_1, X_2, ..., X_f , linearly independent over Q̄_p, and δ nonscalar. This case occurs if and only if (P_1, P_2, ..., P_f ) ∈ C^∗_2 .

(b) Q_f = � α β γ 0 � with β, γ nonconstant polynomials in X_1, X_2, ..., X_f , linearly independent over Q̄_p, and α nonscalar. This case occurs if and only if (P_1, P_2, ..., P_f ) ∈ C^∗_1 .

(c) In any other case, Q_f = � α β γ δ � with β, γ nonconstant polynomials in X_1, X_2, ..., X_f , linearly independent over Q̄_p, αδ ≠ 0, and Tr (Q_f ) nonscalar.

(ii) If an even number of coordinates of (P_1, P_2, ..., P_f ) is of even type, then Q_f has one of the following forms:

(d) Q_f = � α β 0 δ � with β a nonzero polynomial in X_1, X_2, ..., X_f , and α, δ nonzero scalars. This case occurs if and only if (P_1, P_2, ..., P_f ) ∈ C_1.

(e) Q_f = � α 0 γ δ � with γ a nonzero polynomial in X_1, X_2, ..., X_f , and α, δ nonzero scalars. This case occurs if and only if (P_1, P_2, ..., P_f ) ∈ C_2.

(f) In any other case, Q_f = � α β γ δ � with β, γ nonconstant polynomials in X_1, X_2, ..., X_f , linearly independent over Q̄_p, αγ ≠ 0 and Tr (Q_f ) is nonscalar.

Documenta Mathematica 15 (2010) 873–938

910 Gerasimos Dousmanis

Proof. By induction on f. If f = 2 the proof of the lemma is by a direct computation. Suppose f ≥ 3. Case (i). An odd number of coordinates of (P_1, P_2, ..., P_f ) is of even type.

(a) If an odd number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, then P_0 ∈ {t_1, t_3}. We have the following three subcases:

(α) Q_{f −1} = � 0 β γ δ � with β, γ nonconstant polynomials in X_1, X_2, , , .X_{f −1},

linearly independent over Q̄_p, and δ nonscalar. If P_0 = t_1, then Q_f is as in case (c), and by Lemma 5.15 (P_1, P_2, ..., P_f ) ∉ C^∗_1 ∪ C^∗_2 . If P_0 = t_3, then Q_f is as in case (a). By the inductive hypothesis (P_1, P_2, ..., P_{f −1}) ∈ C^∗_2 , and since P_0 = t_3, (P_1, P_2, ..., P_f ) ∈ C^∗_2 .

(β) Q_{f −1} = � α β γ 0 � with β, γ nonconstant polynomials in X_1, X_2, , , .X_{f −1},

linearly independent over Q̄_p, and α nonscalar. If P_0 = t_1, then Q_f is as in case (b). By the inductive hypothesis (P_1, P_2, ..., P_{f −1}) ∈ C^∗_1 , and since P_0 = t_1, (P_1, P_2, ..., P_f ) ∈ C^∗_1 . If P_0 = t_3, then Q_f is as in case (c), and by Lemma 5.15 (P_1, P_2, ..., P_f ) ∉ C^∗_1 ∪ C^∗_2 .

(γ) Q_{f −1} = � α β γ δ � with β, γ nonconstant polynomials in X_1, X_2, , , .X_{f −1},

linearly independent over Q̄_p, αδ ≠ 0, and Tr (Q_f ) nonscalar. If P_0 ∈ {t_1, t_3} then Q_f is as in case (c), and by Lemma 5.15 (P_1, P_2, ..., P_f ) ∉ C^∗_1 ∪ C^∗_2 . (b) If an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, then P_0 ∈ {t_2, t_4}. We have the following three subcases:

(α) Q_{f −1} = � α β 0 δ � with β a nonzero polynomial in X_1, X_2, , , .X_{f −1},

and α, δ nonzero scalars. If P_0 = t_2, then Q_f is as in case (b). Since (P_1, P_2, ..., P_{f −1}) ∈ C_1 and P_0 = t_2, (P_1, P_2, ..., P_f ) ∈ C^∗_1 . If P_0 = t_4, then Q_f is as in case (c), and by Lemma 5.15 (P_1, P_2, ..., P_f ) ∉ C^∗_1 ∪ C^∗_2 .

(β) Q_{f −1} = � α 0 γ δ � with γ a nonzero polynomial in X_1, X_2, , , .X_{f −1}, and

α, δ nonzero scalars. If P_0 = t_2, then Q_f is as in case (c), and by Lemma 5.15 (P_1, P_2, ..., P_f ) ∉ C^∗_1 ∪ C^∗_2 . If P_0 = t_4, then Q_f is as in case (a). Since (P_1, P_2, ..., P_{f −1}) ∈ C_2 and P_0 = t_4, (P_1, P_2, ..., P_f ) ∈ C^∗_2 .

(γ) Q_{f −1} = � α β γ δ � with β, γ nonconstant polynomials in X_1, X_2, , , .X_f ,

linearly independent over Q̄_p, αγ ≠ 0 and Tr (Q_f ) is nonscalar. Then (P_1, P_2, ..., P_{f −1}) ∉ C_1 ∪ C_2. If P_0 ∈ {t_2, t_4}, then Q_f is as in case (c), and by Lemma 5.15 (P_1, P_2, ..., P_f ) ∉ C^∗_1 ∪ C^∗_2 .

Case (ii). An even number of coordinates of (P_1, P_2, ..., P_f ) is of even type. The rest of the lemma is proved by a case-by-case analysis similar to that of Case (i).

Corollary 5.17. Tr (Q_f ) ∈ Q̄_p if and only if (P_1, P_2, ..., P_{f −1}, P_0) ∈ C_1 ∪ C_2.

Remark 5.18. If (P_1, P_2, ..., P_f ) ∈ C_1 ∪ C_2, the filtered φ-modules D^{⃗i}_{⃗k} (⃗0)

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 911

are weakly admissible and the corresponding crystalline representation is splitreducible and ordinary (see §6.3). The filtered φ-modules D^{⃗i}_{⃗k} (⃗α) make sense

for any ⃗α ∈ O^f_E . One can check by induction that Tr � φ^f � = 1+p

f −1� i=0 k_i

, therefore whenever D^{⃗i}_{⃗k} (⃗α) is weakly admissible the corresponding crystalline representation is reducible (see Proposition 6.5). Since we have not constructed the Wach modules which give rise to these filtered modules, weak admissibility is not automatic and has to be checked.

We now turn our attention to condition (iv) of Lemma 4.4. By Proposition 5.1 the problematic cases are those with ℓ = k, all the weights k_i equal and Q_f ∈ {E_{11}, E_{22}}. We have the following.

Lemma 5.19. If Q̄_f = E_{11} then (P_1, ..., P_f ) ∈ C_1; (ii) If Q̄_f = E_{22}, then (P_1, ..., P_f ) ∈ C_2.

Proof. By induction on f. First, we notice that

P mod (p · Id, X_i · Id) = � � � � E_{22} if P = t_1, E_{12} if P = t_2, E_{11} if P = t_3, E_{21} if P = t_4.

Suppose that Q̄_f = E_{11} and f = 2. Then P_1 ∈ {t_2, t_3}. If P_1 = t_2 then P_0 = t_4 and if P_1 = t_3 then P_0 = t_3. Suppose Q̄_f = E_{11} and f > 2. Then Q̄_{f −1} = E_{11} and P_f = t_3 or Q̄_{f −1} = E_{12} and P_f = t_4. In the first case the inductive hypothesis implies that (P_1, P_2, ..., P_{f −1}) ∈ C_1 and P_f = t_3. If an even number of coordinates of (P_1, P_2, ..., P_{f −2}) is of even type, then P_{f −1} = t_3. In this case an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type and P_f = t_3, hence (P_1, ..., P_f ) ∈ C_1. If an odd number of coordinates of (P_1, P_2, ..., P_{f −2}) is of even type, then P_{f −1} = t_4. In this case an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type and P_f = t_3, hence (P_1, ..., P_f ) ∈ C_1. Now assume that Q̄_{f −1} = E_{12} and P_f = t_4. This implies that either Q̄_{f −2} = E_{12}, P_{f −1} = t_4 and P_f = t_4 which is absurd since in this case Q̄_f = 0, or Q̄_{f −2} = E_{11}, P_{f −1} = t_2 and P_f = t_4. If f = 3, then P_1 = t_3, P_2 = t_2, P_3 = t_4 and the lemma holds. If f ≥ 4 and an even number of coordinates (P_1, P_2, ..., P_{f −3}) is of even type, then P_{f −2} = t_3, P_{f −1} = t_2 and P_f = t_4. Then an odd number of coordinates (P_1, P_2, ..., P_{f −1}) is of even type and P_f = t_4, hence (P_1, ..., P_f ) ∈ C_1. If an odd number of coordinates (P_1, P_2, ..., P_{f −3}) is of even type, then P_{f −2} = t_4, P_{f −1} = t_2 and P_f = t_4. Then an odd number of coordinates (P_1, P_2, ..., P_{f −1}) is of even type and P_f = t_4, hence (P_1, ..., P_f ) ∈ C_1. Part (ii) is proved similarly.

Corollary 5.20. If (P_1, P_2, ..., P_f ) ∈ P and Tr (Q_f ) ∉ Q̄_p, then the operator

H → H − Q_f H(p^{f ℓ}Q^{−1}_f ) : ~M_2 → ~M_2

is surjective.

Documenta Mathematica 15 (2010) 873–938

912 Gerasimos Dousmanis

5.2 Corresponding families of rank two filtered φ-modules

Let Π^{⃗i}(S) = (Π_1(X_1), Π_2(X_2), ..., Π_{f −1}(X_{f −1}), Π_0(X_0)) with ⃗i ∈ {1, 2, 3, 4}^f and matrices Π_i(X_i) as in Definition 5.4. The definition of the Π_i and P_i = Π_imod π depends on the choice of the z_i in Proposition 5.9 and therefore on ℓ. For the rest of the paper we assume that (P_1, P_2, ..., P_0) ∉ C_1 ∪ C_2 and we choose ℓ = k = max{k_0, k_1, ..., k_{f −1}}.

Proposition 5.21. For any γ ∈ Γ_K , there exists a unique matrix G_γ (S) = G_γ (S) ∈ M^S_2 such that:

(i) G_γ (S) ≡ −→ Idmod ⃗π;

(ii) Π^{⃗i}(S)φ(G_γ (S)) = G_γ (S)γ(Π^{⃗i}(S)).

Proof. Conditions (1) and (2) of Lemma 4.4 are satisfied by Proposition 5.9. Condition (3) of Lemma 4.4 is satisfied by the assumption that (P_1, P_2, ..., P_0) ∉ C_1 ∪ C_2 and Corollaries 5.3 and 5.17. Finally, condition (4) of Lemma 4.4 is satisfied by Proposition 5.1 and Lemma 5.19. The proposition follows from Lemma 4.4.

For any ⃗a ∈ m^f_E we equip the module N^{⃗i}_{⃗k}(⃗a) = � O_E [[π]]^{|τ |} � η_1 � � O_E [[π]]^{|τ |} � η_2 with semilinear φ and Γ_K -actions defined as in Proposition 4.6. For any ⃗a ∈ m^f_E we consider the matrices of GL_2 � E^{|τ |} � obtained from the matrices P^{⃗i}(⃗a) = (P_1(X_1), P_2(X_2), ..., P_{f −1}(X_{f −1}), P_0(X_0)) by substituting X_j = a_j in P_j (X_j ). We define families of filtered φ-modules D^{⃗i}_{⃗k} (⃗a) = � E^{|τ |} � η_1 � � E^{|τ |} � η_2 with Frobenius endomorphisms given by (φ(η_1), φ(η_2)) = (η_1, η_2)P^{⃗i}(⃗a), and filtrations given by

Fil^j(D^{⃗i}_{⃗k} (⃗a)) =

� � � � � � �

E^{|τ |}η_1 � E^{|τ |}η_2 if j ≤ 0, E^{|τI0 |} (⃗xη_1 + ⃗yη_2) if 1 ≤ j ≤ w_0, E^{|τI1 |} (⃗xη_1 + ⃗yη_2) if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |} (⃗xη_1 + ⃗yη_2) if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1}, (5.10) where ⃗x = (x_0, x_1, ..., x_{f −1}) and ⃗y = (y_0, y_1, ..., y_{f −1}) with

(x_i, y_i) = � (1, −α_i) if P_i has type 1 or 2, (−α_i, 1) if P_i has type 3 or 4, (5.11)

and α_i = a_iz_i(0) for all i. Since ℓ = k, Remark 5.12 implies that α_i ∈ p^mm_E for all i, where

m := � ⌊^{k−1}_{p−1} ⌋ if k ≥ p and k_i ≠ p for some i, 0 if k ≤ p − 1 or k_i = p for all i.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 913

Proposition 5.22. For any ⃗a ∈ m^f_E the filtered φ-modules (D^{⃗i}_{⃗k} (⃗a) , φ) defined above are weakly admissible and D^{⃗i}_{⃗k} (⃗a) ≃ E^{|τ |} � O^{|τ |}_E

(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)) as filtered

φ-modules over E^{|τ |}.

Proof. By Theorem 2.4, ⃗xη_1 + ⃗yη_2 ∈ Fil^j(N^{⃗i}_{⃗k}(⃗a)) if and only if φ(⃗x)φ(η_1)+ φ(⃗y)φ(η_2) ∈ q^j N^{⃗i}_{⃗k}(⃗a) or equivalently

e_iφ(⃗x)φ(η_1 ) + e_iφ(⃗y)φ(η_2) ∈ q^j e_iN^{⃗i}_{⃗k}(⃗a) for all i ∈ I_0, (5.12) with the idempotents e_i as in §1.1. We fix some i ∈ I_0 and calculate in the case where Π_i is of type 2. Then Π_i(a_i) = � 0 c_iq^{ki} 1 a_iφ(z_i) � and equation 5.12 is

equivalent to � q^j | φ(y_i)q^{ki} , q^j | φ(x_i + y_ia_iz_i).

We use that q^j | φ(x) if and only if π^j | x for any x ∈ O_E [[π]]. If j ≥ 1 + k_i, then x_i, y_i ≡ 0mod π. If 1 ≤ j ≤ k_i, the system above is equivalent to π^j | x_i + y_ia_iz_i. Since a_iz_i ≡ α_imod π,

e_i⃗xη_1 + e_i⃗yη_2 + πN^{⃗i}_{⃗k}(⃗a) = � α_iȳ_ie_iη_1 + ȳ_ie_iη_2 + πN^{⃗i}_{⃗k} (⃗a) if 1 ≤ j ≤ k_i, 0 if j ≥ k_i

where ȳ_i = y_imod π can be any element of O_E . Since Fil^0(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)) = (O^{|τ |}_E )η_1 � (O^{|τ |}_E )η_2, we get

e_iFil^j(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)) = � � � e_i(O^{|τ |}_E )η_1 � e_i(O^{|τ |}_E )η_2 if j ≤ 0, e_i(O^{|τ |}_E )(⃗x^iη_1 + ⃗y^iη_2) if 1 ≤ j ≤ k_i, 0 if j ≥ 1 + k_i,

with e_i⃗x^i = (0, ..., x_i, ..., 0), e_i⃗y^i = (0, ..., y_i, ..., 0) and (x_i, y_i) = (−α_i, 1). Calculating for the other choices of Π_i(a_i) we see that for all i ∈ I_0, (x_i, y_i) is as in

formula 5.10. Since Fil^j(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)) =^{f −1} � i=0 e_iFil^j(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)), arguing as in the proof of Proposition 3.4 we get

Fil^j(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)) =

� � � � � � � � �

(O^{|τ |}_E )η_1 � (O^{|τ |}_E )η_2 if j ≤ 0, (O^{|τ |}_E )f_{I0} (⃗xη_1 + ⃗yη_2) if 1 ≤ j ≤ w_0, (O^{|τ |}_E )f_{I1} (⃗xη_1 + ⃗yη_2) if 1 + w_0 ≤ j ≤ w_1, · · · · · · (O^{|τ |}_E )f_{It−1} (⃗xη_1 + ⃗yη_2) if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1}, with ⃗x = (x_0, x_1, ..., x_{f −1}) and ⃗y = (y_0, y_1, ..., y_{f −1}) and (x_i, y_i) as in formula 5.10. The isomorphism D^{⃗i}_{⃗k} (⃗a) ≃ E^{|τ |} � O^{|τ |}_E

(N^{⃗i}_{⃗k}(⃗a)/πN^{⃗i}_{⃗k}(⃗a)) is now obvious.

The crystalline representation corresponding to D^{⃗i}_{⃗k} (⃗a) is denoted by V^{⃗i}_{⃗k,⃗a}.

Documenta Mathematica 15 (2010) 873–938

914 Gerasimos Dousmanis

6 Reductions of crystalline representations

In this section we explicitly compute the semisimplified modulo p reductions of the families of crystalline representations constructed in §5. We will need the following lemma.

Lemma 6.1. Let F be any field, G any group and H any finite index subgroup. Let V be an irreducible finite-dimensional F G-module whose restriction to H contains some F H-submodule W with dim_F V = [G : H] dim_F W. Then V ≃ Ind^G_H (W ) .

Proof. By Frobenius reciprocity there exists some nonzero α ∈ Hom_{F G}(Ind^G_H (W ) , V ). It is an isomorphism because V is irreducible and Ind^G_H (W ) and V have the same dimension over F.

We start with the reductions of crystalline characters and reducible twodimensional crystalline representations of G_K . The embeddings τ_i of K_f into E fixed in the introduction induce embeddings of residue fields k_{Kf}^{τ̄i}→ k_E . The level f fundamental characters ω_{f,τ̄i} of I_{Kf} are defined by composing the embeddings τ̄_i with the homomorphism I_{Kf} → k^×_{Kf} obtained from local class field theory, with uniformizers corresponding to geometric Frobenius elements. We recall the following lemma which follows immediately from [BDJ, Lemma 3.8], where the χ_i are as in §3.

Lemma 6.2. (i) (χ̄_i)_{|IKf} = ω^{−1}_{f,τ̄i+1} for i = 0, 1, ..., f −1; (ii) ω_{f,τ̄i} = ω^{pi}_{f,τ̄0} for all

i; (iii) ω^{1+pf}_{2f,τ̄0} = ω_{f,τ̄0} ; (iv) ω = � i∈I_0

ω_{f,τ̄i} , where ω is the cyclotomic character

modulo m_E.

Our next goal is to compute the determinant of a two-dimensional crystalline representations in terms of its labeled Hodge-Tate weights. To do this, we will need some facts about weakly admissible filtered φ-modules which we briefly recall. For the missing details we refer to [Dou10]. We remark that similar results for odd p have been obtained by Imai in [Ima09].

Proposition 6.3. Let (D, φ) be a rank two F-semisimple, nonscalar filtered φ-module over E^{|τ |} with labeled Hodge-Tate weights {0, −k_i}_{τi} . After enlarging E if necessary, there exists an ordered basis η of D over E^{|τ |} with respect to which the matrix of Frobenius takes the form Mat_η (φ) = diag(⃗α, ⃗δ) for some vectors ⃗α, ⃗δ ∈ (E^×)^{|τ |} with Nm_φ(⃗α) ≠ Nm_φ(⃗δ). The filtration in the same basis has the form of formula 5.10 for some vectors ⃗x, ⃗y ∈ E^{|τ |} with (x_i, y_i) ≠ (0, 0) for all i ∈ I_0. We call such a basis η a standard basis of (D, φ). The Frobeniusfixed submodules are 0, D, D_1 := � E^{|τ |} � η_1 and D_2 := � E^{|τ |} � η_2. The module D

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 915

is weakly admissible if and only if

(1) v_p(Nm_φ(⃗α)Nm_φ(⃗δ)) = � i∈I_0

k_i;

(2) v_p(Nm_φ(⃗α)) ≥ � {i∈I_0 : y_i=0}

k_i;

(3) v_p(Nm_φ(⃗δ)) ≥ � {i∈I_0 : x_i=0}

k_i.

Assuming that D is weakly admissible,

(i) The filtered φ-module D is irreducible if and only if both the inequalities (2) and (3) above are strict;

(ii) The filtered φ-module D is split-reducible if and only if both inequalities (2) and (3) are equalities, or equivalently I^+_0 ∩ J_{⃗x} ∩ J_{⃗y} = ∅. In this case, the only nontrivial weakly admissible submodules are D_i, i = 1, 2, and we have D = D_1 � D_2;

(iii) In any other case the filtered φ-module D is reducible, non-split.

In the Proposition above, if v_p(Nm_φ(⃗α)) = � {i∈I_0 : y_i=0}

k_i, the only nontriv-

ial weakly admissible submodule is (D_1, φ). If v_p(Nm_φ(⃗δ)) = � {i∈I_0 : x_i=0}

k_i,

the only nontrivial weakly admissible submodule is (D_2, φ). If (D, φ) is not F-semisimple, after extending E if necessary, there exists an ordered basis η = (η_1, η_2) of D over E^{|τ |} with respect to which the matrix of Frobenius takes the form

Mat_η(φ) = � ⃗α ⃗0 ⃗γ ⃗α �

for some vectors ⃗α ∈ (E^×)^{|τ |} and ⃗γ ∈ E (see [Dou10, §2.1]). The filtration in this basis has the shape of formula 5.10. The filtered φ-module (D, φ) is weakly admissible if any only if 2 · v_p(Nm_φ(⃗α)) = � i∈I_0

k_i and v_p(Nm_φ(⃗α)) ≥ � {i∈I_0 :x_i=0}

k_i. The corresponding crystalline representation is irreducible if and

only if the latter inequality is strict and reducible, non-split otherwise. In this case, the only φ-stable weakly admissible submodule is (D_2, φ) (see also [Dou10, § 5.4]). If (D, φ) is F-scalar, there exists an ordered basis η = (η_1, η_2) of D over

E^{|τ |} with respect to which Mat_η (φ) = diag � α · ⃗1, α · ⃗1 � for some α ∈ E^× and the filtration is as in formula 5.10. The only φ-stable submodules are the D_i, i = 1, 2 and D(c) = � E^{|τ |} � (η_1 + c · ⃗1 · η_2) for any c ∈ E^× (cf. [Dou10, §5.3]).

To summarize, we have the following.

Documenta Mathematica 15 (2010) 873–938

916 Gerasimos Dousmanis

Proposition 6.4. Let (D, φ) be a reducible weakly admissible rank two filtered φ-module over E^{|τ |} with labeled Hodge-Tate weights {0, −k_i}_{τi} . After enlarging E if necessary, there exists an ordered basis η = (η_1, η_2) of D over E^{|τ |} with

respect to which the matrix of Frobenius takes the form Mat_η(φ) = � ⃗α ⃗0 ∗ ⃗δ �

and is such that D_2 = � E^{|τ |} � η_2 is a φ-stable, weakly admissible submodule.

The following propositions which will be used in §§ 6.2 and 6.3.

Proposition 6.5. A rank two weakly admissible effective filtered φ-module (D, φ) with labeled Hodge-Tate weights {−k_i, 0}_{τi} and v_p � Tr(φ^f ) � = 0 is reducible.

Proof. If D is F-semisimple and nonscalar, see [Dou10, Corollary 7.2]. Suppose that this is not the case. Since we assume that k_i > 0 for at least one i, for any F-scalar or non-F-semisimple filtered φ-module with labeled weights {−k_i, 0}_{τi} , v_p � Tr(φ^f ) � ≠ 0. Indeed, in this case there exists an ordered basis η of D over E^{|τ |} with respect to which the matrix of Frobenius takes the form

Mat_η(φ) = � ⃗α ⃗0 ⃗γ ⃗α �

for some vectors ⃗α ∈ (E^×)^{|τ |} and ⃗γ ∈ E (see [Dou10, §2.1]). Weak admissibility implies that 2 · v_p(Nm_φ(⃗α)) = � i∈I_0

k_i > 0 (see [Dou10, Propositions 4.3 and

4.4]), therefore v_p � Tr(φ^f ) � = v_p (2 · Nm_φ(⃗α)) > 0.

The following lemma allows us to compute determinants of two-dimensional crystalline representations in terms of their labeled Hodge-Tate weights.

Lemma 6.6. If (D, φ) is a rank two weakly admissible filtered φ-module over K with E-coefficients and labeled Hodge-Tate weights {0, −k_i}_{τi} , then (∧^2_{E⊗K} D, ∧^2_{E⊗K} φ) is weakly admissible with labeled Hodge-Tate weights {−k_i}_{τi} .

Proof. Let η = (η_1, η_2) be a standard basis of (D, φ) such that Mat_η (φ) is as in Proposition 6.4 and Fil^jD as in Formula 5.10. Clearly (∧^2φ)(η_1 ∧ η_2) = ⃗α ·⃗δ(η_1 ∧ η_2). Since Fil^j(D ∧ D) = � j_1+j_2 =j

(Fil^{j1} D ∧_{E⊗K} Fil^{j2} D) and J_{⃗x} ∪ J_{⃗y} = I_0,

a simple computation yields

Fil^j(D ∧ D) =

� � � � �

E^{|τI0 |}(η_1 ∧ η_2) if j ≤ w_0, E^{|τI1 |}(η_1 ∧ η_2) if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |}(η_1 ∧ η_2) if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1},

from which the statement about the labeled Hodge-Tate weights follows immediately. Weak admissibility is clear.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 917

Corollary 6.7. If V is the crystalline representation corresponding to D, then

det V ≃ η · χ^{k1}_{e0} · χ^{k2}_{e1} · · · · · χ^{kf −1}_{ef −2} · χ^{k0}_{ef −1} and (det V )_{|IK} ≃ ω^α_{f,τ̄0} ,

where η is an unramified character of G_K and α = −^{f −1} � i=0 p^ik_i.

Proof. By Proposition 3.4 and Lemma 6.6 the crystalline character det V ⊗ � χ^{k1}_{e0} · χ^{k2}_{e1} · · · · · χ^{kf −1}_{ef −2} · χ^{k0}_{ef −1}

�_{−1}

has labeled Hodge-Tate weights {0}_{τi} . If the corresponding filtered φ-module has Frobenius endomorphism φ(η) = ⃗a·η, then by Proposition 3.5 Nm_φ(⃗a) = c ·⃗1 for some c ∈ E^× with v_p(c) = 0. Lemma 3.7 implies that det V ⊗ � χ^{k1}_{e0} · χ^{k2}_{e1} · · · · · χ^{kf −1}e_{f −2} · χ^{k0}_{ef −1}

�_{−1} is the unramified character of G_K which maps Frob_K to c. The rest of the corollary follows from Lemma 6.2.

We recall the following well-known proposition in which the field K has absolute inertia degree f and is not assumed to be unramified over Q_p.

Proposition 6.8. [Bre07, Prop. 2.7] Let ρ̄ : G_K → GL_2(F̄_p) be a continuous representation. Then

ρ̄_{|IK} ≃ � ω^m_{2f} ∗ 0 ω^{mpf}_{2f} �

for some integer m. The representation ρ̄ is irreducible if and only 1 + p^f ∤ m, and in this case ∗ = 0.

Corollary 6.9. Let χ be a crystalline character of G_{K2f} with labeled Hodge- Tate weights {−k_i}_{τi} , where the k_i are arbitrary integers for all i = 0, 1, ..., 2f − 1, and let V = Ind^{Kf}_{K2f} (χ) . The residual representation V is irreducible if and

only if 1 + p^f ∤^{2f −1} � i=0 p^ik_i.

Proof. Follows immediately from Lemma 6.2 and Proposition 6.8.

6.1 Reductions of reducible two-dimensional crystalline representations

In this section we compute the semisimplified modulo p reduction of any reducible two-dimensional crystalline representation of G_{Kf} .

Lemma 6.10. Let k_0, k_1, ..., k_{f −1} be arbitrary integers and let

Fil^jD =

� � � � �

E^{|τI0 |}η if j ≤ w_0, E^{|τI1 |}η if 1 + w_0 ≤ j ≤ w_1, · · · · · · E^{|τIt−1 |}η if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1}.

(6.1)

Documenta Mathematica 15 (2010) 873–938

918 Gerasimos Dousmanis

For each i ∈ I_0,

e_iFil^jD = � e_iE^{|τI0 |}η if j ≤ k_i, 0 if r ≥ 1 + k_i.

Proof. Let k_i = w_r for some r ∈ {1, ..., t − 1}. Since w_r > w_{r−1} we have i ∈ I_r from the definition of I_r . Similarly, since k_i = w_r we have i ∉ I_{r+1}. The same is clear for r = 0. Hence e_if_{Ir} = e_i and e_if_{Ir+1} = 0 for all r. Multiplying formula 6.1 by e_i, we get

e_iFil^jD = � e_iE^{|τI0 |}η if j ≤ w_r, 0 if r ≥ 1 + w_r .

Let D be as in Proposition 6.4 and let Mat_η (φ) = � ⃗α ⃗0 ∗ ⃗δ � . The filtration is

as in formula 5.10 for some vectors ⃗x, ⃗y ∈ E^{|τ |}. By Proposition 2.10 in [Dou10] (or by a direct computation),

Fil^j(D_2) = D_2 ∩ Fil^jD =

� � � � � � �

D_2 if j ≤ 0, E^{|τI0,⃗x |}η_2 if 1 ≤ j ≤ w_0,

· · · · · · E^{|τIt−1,⃗x |}η_2 if 1 + w_{t−2} ≤ j ≤ w_{t−1}, 0 if j ≥ 1 + w_{t−1},

where I_{r,⃗x} = I_r ∩ J^′_{⃗x} = {i ∈ I_r : x_i = 0}. Let ⃗δ = (δ_0, δ_1, ..., δ_{f −1}). By Lemma 6.10,

e_iFil^j(D_2) = � � � e_iE^{|τ |}η_2 if j ≤ 0 e_iE^{|τ |}f_J ′_{⃗x} η_2 if 1 ≤ j ≤ k_i,

0 if j ≥ 1 + k_i, therefore the labeled Hodge-Tate weight of D_2 with respect to the embedding τ_i is m_i = � 0 if x_i ≠ 0 , k_i if x_i = 0,

and (D_2, φ_2) corresponds to the effective crystalline character χ_{c,⃗0} · χ^{m0}_{ef −1} ·

χ^{m1}_{e0} · · · · · χ^{mf −1}e_{f −2} , where c = � � i∈I_0

δ_i � · p^− � i∈I0

k_i

. The following theorem follows

immediately from Corollary 6.7.

Theorem 6.11. (i) V ≃ � ψ_1 ∗ 0 ψ_2 � , where ψ_1 = η_1 · χ^{m0}_{ef −1} · χ^{m1}_{e0} · · · · · χ^{mf −1}e_{f −2} and ψ_2 = η_2 · χ^{k1 −m1}_{e0} · χ^{k2 −m2}_{e1} · · · · · χ^{kf −1−mf −1}

e_{f −2} · χ k_0 −m_0 e_{f −1} , where ηi are unramified characters of GKf .

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 919

(ii) � V_{|IK}

�_{s.s.} = ω^{α1}_{f,τ̄0} ⊕ ω^{α2}_{f,τ̄0} ,

where α_1 = −^{f −1} � i=0 m_ip^i and α_2 =^{f −1} � i=0 (m_i − k_i) p^i.

Notice that for an ordered basis is in Proposition 6.4, � V_{|IKf}

�_{s.s.}

only depends on the filtration with respect to that basis.

6.2 Proof of theorem 1.5

Let {ℓ_i, ℓ_{i+f} } = {0, k_i} for i = 0, 1, ..., f − 1 and assume that at least one k_i is strictly positive. In this section we construct infinite families of crystalline representations of Hodge-Tate type {0, −k_i}_{τi} which contain the irreducible representations V_{⃗ℓ} = Ind^{GKf}_{GK2f} � χ^{ℓ1}_{e0} · χ^{ℓ2}_{e1} · · · · · χ^{ℓ2f −1}e_{2f −2} · χ^{ℓ0}_{e2f −1} � of Proposition 3.11, and have the same mod p reductions with V_{⃗ℓ}. We choose f-tuples of matrices (Π_1, Π_2, ..., Π_f ) (with Π_f = Π_0), where the types of the matrices Π_i (recall Definition 5.4) are chosen as follows: (1) If ℓ_1 = 0, Π_1 ∈ {t_2, t_3}; (2) If ℓ_1 = k_1 > 0, Π_1 ∈ {t_1, t_4}.

For i = 2, 3, ..., f − 1, we choose the type of the matrix Π_i as follows: (1) If ℓ_i = 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_2, t_3};

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_1, t_4}.

(2) If ℓ_i = k_i > 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_1, t_4};

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_2, t_3}.

Finally, we choose the type of the matrix Π_0 as follows: (1) If ℓ_0 = 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_4;

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_3.

(2) If ℓ_0 = k_0 > 0, then:

Documenta Mathematica 15 (2010) 873–938

920 Gerasimos Dousmanis

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_2;

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_1.

Notice that from the choice of Π_0, an odd number of coordinates of (Π_1, Π_2, ..., Π_f ) is of even type. Let ⃗i = (i_1, i_2, ..., i_0) ∈ {1, 2, 3, 4}^f be the type-vector attached to (Π_1, Π_2, ..., Π_f ). For the matrices Π_i, we assume that c_i = 1 for all i. Let P_i = Π_imod π for each i and notice that from the choice of the matrices Π_i it follows that (P_1, P_2, ..., P_f ) ∉ C_1 ∪ C_2. The type of P_i is defined to be the type of Π_i. For any ⃗a ∈ m^f_E we consider the families of crystalline E-representations V^{⃗i}_{⃗k} (⃗a) of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} constructed in §5.2. We prove the following.

Proposition 6.12. (i) V^{⃗i}_{⃗k} (⃗0) = Ind^{Kf}_{K2f} � χ^{ℓ1}_{e0} · χ^{ℓ2}_{e1} · · · · · χ^{ℓ2f −1}e_{2f −2} · χ^{ℓ0}_{e2f −1} � and V^{⃗i}_{⃗k} (⃗0) is irreducible;

(ii) For any ⃗a ∈ m^f_E , V^{⃗i}⃗_k (⃗a) = V^{⃗i}⃗_k(⃗0);

(iii) For any ⃗a ∈ m^f_E, � V^{⃗i}⃗_k (⃗a)_{|IKf}

�_{s.s.} = ω^β_{2f,τ̄0} � ω^{pf β}_{2f,τ̄0} , where β =

−^{2f −1} � i=0 p^iℓ_i;

(iv) V^{⃗i}⃗_k (⃗a) is irreducible if and only if 1 + p^f ∤ β;

(v) Any irreducible member of the family � V^{⃗i}_{⃗k} (⃗a) , ⃗a ∈ m^f_E � , other than V^{⃗i}_{⃗k} (⃗0), is non-induced.

Proof. We restrict V^{⃗i}_{⃗k} (⃗0) to G_{K2f} . By the construction of the representation V^{⃗i}_{⃗k} (⃗0) in §5.1, there exists some G_{Kf} -stable lattice � T^{⃗i}_{⃗k}(⃗0) � G_{Kf} in- side V^{⃗i}_{⃗k} (⃗0) whose Wach module has φ-action defined by (φ (η_1) , φ (η_2)) = (η_1, η_2) Π(⃗0), where Π(⃗0) = (Π_1 (0) , Π_2 (0) , ..., Π_{f −1} (0) , Π_0 (0)) . By Proposition 2.6, the Wach module of the G_{K2f} -stable lattice � T^{⃗i}_{⃗k}(⃗0) � |G_{K2f} in- side � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

is defined by (φ (η_1) , φ (η_2)) = (η_1, η_2) Π (0)^{⊗2} , therefore

the filtered φ-module corresponding to � V^{⃗i}_{⃗k,⃗0} � |G_{K2f}

has Frobenius endomor-

phism (φ (η_1) , φ (η_2)) = (η_1, η_2) P (⃗0)^{⊗2}. By Corollary 2.7 the restricted representation � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

has labeled Hodge-Tate weights ({0, −k_i})_{τi} , i =

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 921

0, 1, ..., 2f − 1, with k_{i+f} = k_i for i = 0, 1, ..., f − 1, and filtration as in formula 5.10 for some vectors ⃗x, ⃗y, with the sets I_j being defined with respect to the 2f weights above. We prove that � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

is reducible and determine its

irreducible constituents. First, we change the basis to diagonalize the matrix of Frobenius. We see that

P_i (0) = � R �¯ β_i, γ̄_i � , with {β̄_i, γ̄_i} = {1, p^{ki} } if P_i has type 2 or 4, diag � ᾱ_i, δ̄_i � , with {ᾱ_i, δ̄_i} = {1, p^{ki} } if P_i has type 1 or 3,

where R �¯ β_i, γ̄_i � is the 2 × 2 matrix with β̄_i in the (1, 2) entry, γ̄_i in the (2, 1) entry, and zero on the diagonal. Let Q_0 = Id,

Q_1 = � Id if P_1 ∈ {t_1, t_3}, R if P_1 ∈ {t_2, t_4},

where R := R (1, 1) ,

Q_i = � � � � � Id if Q_{i−1} = Id and P_i ∈ {t_1, t_3}, R if Q_{i−1} = Id and P_i ∈ {t_2, t_4}, R if Q_{i−1} = R and P_i ∈ {t_1, t_3}, Id if Q_{i−1} = R and P_i ∈ {t_2, t_4}

(6.2)

for i = 2, 3, ..., 2f − 1. Let Q = (Q_0, Q_1, ..., Q_{2f −1}) . By the definition of the matrices Q_i, the matrix Q · P (⃗0)^{⊗2} · φ � Q^{−1} � is diagonal. By induction, Q_0 = Id and

Q_i =

� � � � � �

Id if an even number of coordinates of (P_1, P_2, ..., P_i) is of even type,

R if an odd number of coordinates of (P_1, P_2, ..., P_i) is of even type,

(6.3)

for i = 1, 2, ..., 2f − 1, where P_{i+f} = P_i for i = 0, 1, ..., f − 1. We claim that for each i = 0, 1, ..., f − 1, Q_i = Id if and only if Q_{i+f} = R. Indeed, for i = 0, Q_0 = Id. Since an odd number of coordinates of (P_1, P_2, ..., P_f ) is of even type, Q_f = R. Let q^r_{ij} be the r-th coordinate of the (i, j)-entry ⃗q_{ij} of Q for each i, j ∈ {1, 2} and r ∈ {0, 1, ..., 2f − 1}. Assume that i ∈ {1, 2, ..., f − 1}. From the definition of the matrices Q_i we see that

q^i_{11} =

� � � � � � �

1 if an even number of coordinates of (P_1, P_2, ..., P_i) is of even type,

0 if an odd number of coordinates of (P_1, P_2, ..., P_i) is of even type.

(6.4)

Documenta Mathematica 15 (2010) 873–938

922 Gerasimos Dousmanis

For any i = 0, 1, ..., f − 1 we have

q^{i+f}_{11} =

� � � � � � �

1 if an even number of coordinates of (P_1, P_2, ..., P_f , ...P_{i+f} ) is of even type,

0 if an odd number of coordinates of (P_1, P_2, ..., P_f , ...P_{i+f} ) is of even type.

(6.5)

Since an odd number of coordinates of (P_1, P_2, ..., P_f ) is of even type and P_i = P_{i+f} for all i, this is equivalent to

q^{i+f}_{11} =

� � � � �

1 if an odd number of coordinates of (P_1, P_2, ..., P_i) is of even type,

0 if an even number of coordinates of (P_1, P_2, ..., P_i) is of even type,

(6.6)

which implies that q^{i+f}_{11} = 1−q^i_{11} for all i = 0, 1, ..., f −1. Similarly q^{r+f}_{ij} = 1−q^r_{ij} for all entries ij. Consider the ordered basis ζ = (ζ_1, ζ_2) defined by (ζ_1, ζ_2) := (η_1, η_2) Q^{−1}. In the ordered basis ζ the filtration is as in formula 5.10 with the vector ⃗xη_1 + ⃗yη_2 replaced by ⃗x · (⃗q_{11} · ζ_1 + ⃗q_{12} · ζ_2) + ⃗y · (⃗q_{12} · ζ_1 + ⃗q_{22} · ζ_2) . Let ⃗z = ⃗x · ⃗q_{11} + ⃗y · ⃗q_{12} and ⃗w = ⃗x · ⃗q_{12} + ⃗y · ⃗q_{22}. From the definition of the matrices Q_i, the matrix of Frobenius in this new basis is the diagonal matrix

diag � ⃗λ, ⃗μ � := � Q_0 · P_1 · Q^{−1}_1 , ..., Q_{f −1} · P_f · Q^{−1}_f , Q_f · P_{f +1} · Q^{−1}_{f +1}, ..., Q_{2f −1} · P_0 · Q^{−1}_0 � .

We prove that Nm_φ(⃗λ) = Nm_φ (⃗μ) = p

f −1� i=0 k_i

· ⃗1. First we see that λ_iμ_i = p^{ki} for all i. Since Q_i = Id if and only if Q_{i+f} = R, a case by case analysis for the choices of Q_i and Q_{i+1}, bearing in mind that P_{i+f} = P_i, implies that Q_i · P_{i+1} · Q^{−1}_{i+1} = diag (λ_{i+1}, μ_{i+1}) if and only if Q_{i+f} · P_{i+f +1} · Q^{−1}_{i+f +1} = diag (μ_{i+1}, λ_{i+1}) . Therefore,

2f −1�

i=0 � Q_i · P_{i+1} · Q^{−1}_{i+1} �

= f −1�

i=0 � Q_i · P_{i+1} · Q^{−1}_{i+1} � · f −1�

i=0 � Q_{i+f} · P_i · Q^{−1}_{i+f +1} �

= f −1�

i=0 diag (λ_{i+1}, μ_{i+1}) ·

f −1�

i=0 diag (μ_{i+1}, λ_{i+1}) = p

f −1� i=0 k_i

· Id.

Next we notice that ⃗y = ⃗1 − ⃗x and ⃗q_{12} = ⃗1 − ⃗q_{11}, so ⃗z = ⃗x · ⃗q_{11} + � ⃗1 − ⃗x � · � ⃗1 − ⃗q_{11} � = ⃗1 + 2 · ⃗x · ⃗q_{11} − ⃗q_{11} − ⃗x. Since x_i and q^i_{11} ∈ {0, 1} for all i, z_i = 0 if

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 923

and only if q^i_{11} = 1 and x_i = 0, or q^i_{11} = 0 and x_i = 1. Recall from formula 5.11 that x_i = 0 if and only if P_i ∈ {t_3, t_4} and x_i = 1 if and only if P_i ∈ {t_1, t_2}. This combined with the definition of the matrices Q_i gives

z_i = 0 ⇔

� � � � � � � � � i = 0 and P_0 ∈ {t_3, t_4}, or

i ≥ 1, P_i ∈ {t_3, t_4} and an even number of coordinates of (P_1, P_2, ..., P_i) is of even type, or

i ≥ 1, P_i ∈ {t_1, t_2} and an odd number of coordinates of (P_1, P_2, ..., P_i) is of even type.

(6.7)

Similarly,

z_i = 1 ⇔

� � � � � � � � � � i = 0 and P_0 ∈ {t_1, t_2}, or

i ≥ 1, P_i ∈ {t_1, t_2} and an even number of coordinates of (P_1, P_2, ..., P_i) is of even type,

i ≥ 1, P_i ∈ {t_3, t_4} and an odd number of coordinates of (P_1, P_2, ..., P_i) is of even type.

(6.8)

We claim that z_{i+f} = 1 − z_i for all i = 0, 1, ..., f − 1. Indeed, z_{i+f} = 1 + 2 · x_{i+f} · q^{i+f}_{11} − q^{i+f}_{11} − x_{i+f} . Since P_i = P_{i+f} , we have x_i = x_{i+f} for all i, and since q^{i+f}_{11} = 1 − q^f_{11} we get z_{i+f} = 1 − z_i. Since z_i ∈ {0, 1} for all i,

2f −1�

i=0 z_i=0

k_i =

f −1�

i=0 z_i=0

k_i +

f −1�

i=0 z_{i+f} =0

k_i =

f −1�

i=0 k_i.

Since v_p (Nm_φ (⃗μ)) =^{f −1} � i=0 k_i =^{2f −1} � i=0 z_i=0

k_i, Proposition 6.3^1 implies that the rep-

resentation � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

is reducible. If D_2 := � E^{|τK2f |} � ζ_2, by [Dou10, proof

of Prop. 4.3] (or by a direct computation),

Fil^jD_2 = � � � D_2 if j ≤ 0, � E^{|τK2f |}f_{Ii,⃗z} � ζ_2 if 1 + w_{i−1} ≤ j ≤ w_i, i = 0, 1, ..., t − 1, 0 if j ≥ 1 + w_{t−1}, (6.9) where I_{i,⃗z} = I_i ∩ {j ∈ {0, 1, ..., 2f − 1} : z_j = 0}. Let i ∈ {0, 1, ..., 2f − 1}.

1F-semisimplicity is not assumed here, but the part of Proposition 6.3 used still holds.

Documenta Mathematica 15 (2010) 873–938

924 Gerasimos Dousmanis

Arguing as in Lemma 6.10 we see that

e_iFil^jD_2 =

� � � � � � � e_iE^{|τK2f |}ζ_2 if j ≤ 0,

e_i � �^{2f −1}� r=0 z_r =0

e_i � � E^{|τK}2f^|ζ_2 if 1 ≤ j ≤ k_i,

0 if j ≥ 1 + k_i.

Hence

e_iFil^jD_2 = � e_iE^{|τK2f |}ζ_2 if j ≤ 0,

0 if j ≥ 1 if z_i = 1 and

e_iFil^jD_2 = � e_iE^{|τK2f |}ζ_2 if j ≤ k_i, 0 if j ≥ 1 + k_i if z_i = 0. The labeled Hodge-Tate weight of D_2 with respect to the embedding τ_i of K_{2f} into E is 0 if z_i = 1 and −k_i if z_i = 0. Next we prove that

z_i = � 0 if ℓ_i = 0, 1 if ℓ_i = k_i > 0

for i = 0, 1, ..., f − 1, and

z_{i+f} = � 1 if ℓ_i = 0, 0 if ℓ_i = k_i > 0.

Since z_{i+f} = 1 − z_i for all i = 0, 1, ..., f − 1, it suffices to prove the first formula. Suppose that ℓ_1 = 0. Then P_1 ∈ {t_2, t_3} and by formula 6.7, z_1 = 0. If ℓ_1 = k_1 > 0, then P_1 ∈ {t_1, t_4} and formula 6.7 implies that z_1 = 1. Let i ∈ {1, 2, ..., f − 2} and assume that ℓ_i = 0. If an even number of coordinates of (P_1, P_2, ..., P_{i−1}) is of even type, then P_i ∈ {t_2, t_3} and formula 6.7 implies z_i = 0. Arguing similarly we see that if ℓ_i = k_i > 0, formula 6.8 implies z_i = 1. Finally, assume that i = f and ℓ_f = 0. If an even number of coordinates of (P_1, P_2, ..., P_{f −1}) is of even type, then P_0 = P_f = t_4 and formula 6.7 implies that z_0 = z_f = 0. We finish the proof by verifying similarly the remaining cases. By the formulas above, the labeled Hodge-Tate weight of D_2 with respect to the embedding τ_i is � −k_i if ℓ_i = 0, 0 if ℓ_i = k_i > 0 for i = 0, 1, ..., f − 1 and � −k_i if ℓ_i = k_i > 0, 0 if ℓ_i = 0

for i = f, f + 1, ..., 2f − 1. Therefore the labeled Hodge-Tate weight of D_2 with respect to the embedding τ_i is � − (k_i − ℓ_i) if i = 0, 1, ..., f − 1 −ℓ_i if i = f, f + 1, ..., 2f − 1.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 925

Since {ℓ_i, ℓ_{i+f} } = {0, k_i} for all i = 0, 1, ..., f − 1, the labeled Hodge- Tate weights of D_2 are (−ℓ_0, −ℓ_1, ..., −ℓ_{f −1}, −ℓ_f , −ℓ_{f +1}, ..., −ℓ_{2f −1}) . Since

Nm_φ (⃗μ) = p

f −1� i=0 k_i

· ⃗1, Proposition 3.5 implies that the crystalline character corresponding to D_2 is χ^{ℓ1}_{e0} · χ^{ℓ2}_{e1} · · · · · χ^{ℓ2f −1}_{e2f −2} · χ^{ℓ0}_{e2f −1} . Suppose that V^{⃗i}_{⃗k} (⃗0) is reducible. Then there exists some irreducible constituent of V^{⃗i}_{⃗k} (⃗0) whose restriction to G_{K2f} is χ^{ℓ1}_{e0} ·χ^{ℓ2}_{e1} ·· · ··χ^{ℓ2f −1}_{e2f −2} ·χ^{ℓ0}_{e2f −1} . Since the labeled weights of the latter character are (−ℓ_0, −ℓ_1, ..., −ℓ_{f −1}, −ℓ_f , ..., −ℓ_{2f −1}) , Corollary 2.7 implies that ℓ_i = ℓ_{i+f} for all i = 0, 1, ..., f −1. Since {ℓ_i, ℓ_{i+f} } = {0, k_i} for i = 0, 1, ..., f −1, and since some labeled weight is strictly positive this is absurd. Hence V^{⃗i}_{⃗k} (⃗0) is irreducible and its restriction to G_{K2f} contains χ^{ℓ1}_{e0} · χ^{ℓ2}_{e1} · · · · · χ^{ℓ2f −1}e_{2f −2} · χ^{ℓ0}_{e2f −1} as an irreducible constituent. By Frobenius reciprocity,

V^{⃗i}_{⃗k} (⃗0) = Ind^{Kf}_{K2f} � χ^{ℓ1}_{e0} · χ^{ℓ2}_{e1} · · · · · χ^{ℓ2f −1}_{e2f −2} · χ^{ℓ0}_{e2f −1} � . This finishes the proof of part (i). Part (ii) follows from Theorem 4.7 and parts (iii) and (4) follow from Corollary 6.9. For part (iv), notice that any irreducible induced member of V^{⃗i}_{⃗k} (⃗a) has the form η_c · Ind^{Kf}_{K2f} � χ^{ℓ′1}_{e0} · χ^{ℓ′2}_{e1} · · · · · χ^{ℓ′2f −1}_{e2f −2} · χ^{ℓ′0}_{e2f −1} � for some unramified character η_c and some nonnegative integers with {ℓ^′_i, ℓ^′_{i+f} } = {0, k_i} for all i (see Proposi-

tion 3.11). All the members of V^{⃗i}_{⃗k} (⃗a) have determinant (−1)^t p

f −1� i=0 k_i

, where t is the number of even coordinates of ⃗i. This equals the determinant of Ind^{Kf}_{K2f} � χ^{ℓ′1}_{e0} · χ^{ℓ′2}_{e1} · · · · · χ^{ℓ′2f −1}_{e2f −2} · χ^{ℓ′0}_{e2f −1} � and forces the unramified character η_c to be trivial. Hence the only irreducible induced member of our family is V^{⃗i}_{⃗k} (⃗0).

Remark 6.13. Let R be as in the proof of Proposition 6.12. If A is a set of 2×2 matrices, let RA := {R·A : A ∈ A} and AR := {A·R : A ∈ A}. We write {t_i, t_j } for a set which contains matrices of type t_i and t_j . Then R{t_1, t_2} = {t_1, t_2}, R{t_3, t_4} = {t_3, t_4}, {t_1, t_2}R = {t_3, t_4} and {t_3, t_4}R = {t_1, t_2}. In the definition of the matrices P_i we may always assume that P_i ∈ {t_1, t_2} for all i = 1, 2, ...f − 1. Indeed, let Q_0 = R, and for i = 1, 2, ..., f − 1 let

Q_i = � Id if P_i ∈ {t_1, t_2}, R if P_i ∈ {t_3, t_4}.

After changing the basis by the matrix Q = (Q_0, Q_1, ..., Q_{f −1}) we have P_i ∈ {t_1, t_2} for all i = 1, 2, ...f − 1. By the definition preceding Proposition 6.12, the type of the matrix P_0 ∈ {t_1, t_2, t_3, t_4} is uniquely determined by (P_1, P_2, ..., P_{f −1}) .

Theorem 6.14. Theorem 1.5 holds.

Documenta Mathematica 15 (2010) 873–938

926 Gerasimos Dousmanis

Proof. Follows from Proposition 6.12 and Remark 6.13.

Example 6.15. Let f = 2 and k_i > 0 for i = 0, 1. Up to twist by some unramified character, there exist two distinct isomorphism classes of irreducible two-dimensional crystalline E-representations of G_{K2} with labeled Hodge-Tate weights ({0, −k_0}, {0, −k_1}) induced from crystalline characters of G_{K4} . (i) If ℓ_0 = k_0 and ℓ_1 = k_1, then from the definition of the matrices Π_i preceding Proposition 6.12 and Remark 6.13, (Π_1, Π_0) = (t_1, t_2) . Let P_i = Π_imod π. The polynomials z_i in the definition of the matrices Π_i are such that z_i ≡ p^mmod π, where m := ⌊^{max{k0 ,k1}−1} p−1 ⌋, unless k_0 = k_1 = p in which case we define m = 0.

For any ⃗a = (a_0, a_1) ∈ m^2_E we consider the family of crystalline representations V^{(1,2)}_{⃗k,⃗a} constructed in §5.2. The corresponding family of filtered φ-modules is � D^{(1,2)}_{⃗k,⃗a} , φ � , with (φ (η_1) , φ (η_2)) = (η_1, η_2) P^{(1,2)}(⃗a), where

P^{(1,2)}(⃗a) = � � p^{k1} , a_0p^m � (0, 1) � a_1p^m, p^{k0} � (1, 0) � , and the filtrations are

Fil^j(D^{(1,2)}_{⃗k,⃗a} ) = � � � � � E^2η_1 � E^2η_2 if j ≤ 0, E^2 (⃗x · η_1 + ⃗y · η_2) if 1 ≤ j ≤ w_0, E^1f_{I1} (⃗x · η_1 + ⃗y · η_2) if 1 + w_0 ≤ j ≤ w_1, 0 if j ≥ 1 + w_1, (6.10) with w_0 = min{k_0, k_1} and w_1 = max{k_0, k_1},

f_{I1} = � � � (0, 1) if k_0 < k_1, (1, 0) if k_1 < k_0, (0, 0) if k_0 = k_1,

and (⃗x, ⃗y) = ((1, 1) , (0, 0)) . We have

V^{(1,2)}_{⃗k,⃗0} ≃ Ind^{K2}_{K4} � χ^{k1}_{e0} · χ^{k0}_{e3} � , and for any ⃗a ∈ m^2_E, � V^{(1,2)}_{⃗k,⃗a} � |I_{K2}

�_{s.s.}

≃ ω^{−(k0+pk1 )}

4,τ̄_0 � ω^{−(k0 +pk1)p2}

4,τ̄_0 .

Let α_i = a_ip^m and A = α_1 +p^{k1} α_0. Assume that A^2 ≠ −4p^{k0+k1} and let ε_0 ≠ ε_1 be the distinct roots of the characteristic polynomial X^2 −A·X +p^{k0+k1} . Arguing as in the proof of Proposition 2.2 in [Dou10], we get the following “standard parametrization” for the family V^{(1,2)}_{⃗k,⃗a} ,

φ (η_1) = (1, ε_0) η_1, φ (η_2) = � λ, ε_1 λ � η_2,

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 927

where λ = λ (α_0) = ε_1 ε_0 · � ε_1 − A + p^{k1} α_0 � (ε_0 − A + p^{k1} α_0) (notice that ε_i ≠ A − α_0p^{k1} ), and filtrations are as in Formula 6.10 with ⃗x = ⃗y = ⃗1.

(ii) If ℓ_0 = ℓ_1 = 0. Again, taking into account Remark 6.13, we may only consider the case (Π_1, Π_0) = (t_2, t_3) . For each ⃗a ∈ m^2_E consider the family V^{(2,3)}_{⃗k,⃗a} of two-dimensional crystalline E-representations of G_{K2} with labeled Hodge-Tate weights {0, −k_i}_{τi} , i = 0, 1. We have

V^{(2,3)}_{⃗k,⃗0} ≃ Ind^{K2}_{K4} � χ^{k1}_{e2} · χ^{k0}_{e1} � ≃ Ind^{K2}_{K4} � χ^{k1}_{e0} · χ^{k0}_{e3} � . For any ⃗a ∈ m^2_E, � V^{(2,3)}_{⃗k,⃗a} � |I_{K2}

�_{s.s.}

≃ ω^{−(k0+pk1 )}

4,τ_0 � ω^{−(k0 +pk1)p2}

4,τ_0 .

Notice that the family � V^{(1,2)}_{⃗k,⃗a} , ⃗a ∈ m^2_E � of case (i) coincides with the fam- ily � V^{(2,3)}_{⃗k,⃗a} , ⃗a ∈ m^2_E � , as the second family is obtained from the first one by changing the basis by the matrix Q = (R, R) .

(iii) Let f = 2, ℓ_0 = 0 and ℓ_1 = k_1 > 0. Then (Π_1, Π_0) = (t_1, t_4) . For each ⃗a ∈ m^2_E consider the family V^{(1,4)}_{⃗k,⃗a} of two-dimensional crystalline E-representations of G_{K2} with labeled Hodge-Tate weights {0, −k_i}_{τi} , i = 0, 1. Then

V^{(1,4)}_{⃗k,⃗0} ≃ Ind^{K2}_{K4} � χ^{k1}_{e0} · χ^{k0}_{e1} � , and for any ⃗a ∈ m^2_E, � V^{(1,4)}_{⃗k,⃗a} � |I_{K2}

�_{s.s.} ≃ ω^−(^{pk1 +p2k0} )

4,τ̄_0 � ω^−(^{pk1 +p2 k0})^{p2}

4,τ̄_0 .

Let α_i = a_ip^m and A = α_0 +p^{k0} α_1. Assume that A^2 ≠ −4p^{k0+k1} and let ε_0 ≠ ε_1 be the distinct roots of the characteristic polynomial X^2 −A·X +p^{k0+k1} . Arguing as in the proof of Proposition 2.2 in [Dou10], we get the following “standard parametrization” for the family V^{(1,4)}_{⃗k,⃗a} ,

φ (η_1) = (1, ε_0) η_1, φ (η_2) = � λ, ε_1 λ � η_2,

where λ = λ (α_1) = � ε_1 ε_0

�_2 · � A − p^{k0} α_1 − ε_0 � (A − p^{k0} α_1 − ε_1) (notice that ε_i ≠ A−α_1p^{k0} ), and filtrations as in Formula 6.10 with ⃗x = ⃗y = ⃗1. (iv) If f = 2 ℓ_0 = k_0 > 0 and ℓ_1 = 0. Then (Π_1, Π_0) = (t_2, t_1) and this gives the family obtained in case (iii).

Documenta Mathematica 15 (2010) 873–938

928 Gerasimos Dousmanis

Example 6.16. If f = 2, k_0 > 0 and k_1 = 0. Then up to unramified twist, Ind^{K2}_{K4} � χ^{k0}_{e3} � is a unique isomorphism class of two-dimensional crystalline irreducible E-representations of G_{K2} with labeled weights ({0, −k_0}, {0, 0}) induced from G_{K4} . We have

V^{(2,3)}_{⃗k,⃗0} ≃ Ind^{K2}_{K4} � χ^{k0}_{e3} � ≃ Ind^{K2}_{K4} � χ^{k0}_{e1} � , and for any ⃗a ∈ m^2_E, � V^{(2,3)}_{⃗k,⃗a} � |I_{K2}

�_{s.s.}

≃ ω^{−k0}_{4,τ̄0} � ω^{−p2 k0}

4,τ̄_0 .

Example 6.17. Let f = 3, k_i > 0 for all i = 0, 1, 2. Up to twist by some unramified character, there exist 4 distinct isomorphism classes of irreducible two-dimensional crystalline E-representations of G_{K3} with labeled Hodge-Tate weights ({0, −k_0}, {0, −k_1}, {0, −k_2}) induced from G_{K6} . One of those classes is represented by Ind^{K3}_{K6} � χ^{k1}_{e0} · χ^{k2}_{e1} · χ^{k0}_{e2} � . For the families containing it we have ℓ_i = k_i > 0 for all i = 0, 1, 2. Since k_0 > 0, Π_0 = t_2 if Π_2 = t_4 and Π_0 = t_1 if Π_2 = t_1. Hence (Π_1, Π_2, Π_0) ∈ {(t_4, t_4, t_2) , (t_4, t_1, t_1) , (t_1, t_2, t_1) , (t_1, t_3, t_2)}. By Remark 6.13 we may only consider the case (Π_1, Π_2, Π_0) = (t_1, t_2, t_1) . For any ⃗a ∈ m^3_E , consider the the families V^{(1,2,1)}_{⃗k,⃗a} of two-dimensional crystalline Erepresentations of G_{K3} with labeled Hodge-Tate weights {0, −k_i}_{τi} , i = 0, 1, 2. We have V^{(1,2,1)}

⃗k,⃗0 ≃ Ind

K_3 K_6 � χ^{k1}_{e0} · χ^{k2}_{e1} · χ^{k0}_{e2} � , and for any ⃗a ∈ m^3_E, � V^{(1,2,1)}

⃗k,⃗a � |I_{K3}

�_{s.s.}

≃ ω^−

(k0 +pk1 +p^2 k2)

6,τ̄_0 � ω^−

(k0+pk1 +p^2 k2)p^3

6,τ̄_0 .

6.3 Proof of theorem 1.7

Let V_{⃗ℓ,⃗ℓ′} (η) = η ·χ^{ℓ1}_{e0} ·χ^{ℓ2}_{e1} ·· · ··χ^{ℓ0}_{ef −1} � χ^{ℓ′1}_{e0} ·χ^{ℓ′2}_{e1} ·· · ··χ^{ℓ′0}_{ef −1} with {ℓ_i, ℓ^′_i} = {0, k_i} for all i, where η = η_c is the unramified character of G_{Kf} which maps the geometric Frobenius Frob_{Kf} of G_{Kf} to c ∈ O^×_E . As usual, we assume that at least one k_i is strictly positive. We choose f-tuples of matrices (Π_1, Π_2, ..., Π_f ) (with Π_f = Π_0) as follows: (1) If ℓ_1 = 0, Π_1 ∈ {t_2, t_3}; (2) If ℓ_1 = k_1 > 0, Π_1 ∈ {t_1, t_4}.

For i = 2, 3, ..., f − 1, we choose the type of the matrix Π_i as follows: (1) If ℓ_i = 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_2, t_3};

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_1, t_4}.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 929

(2) If ℓ_i = k_i > 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_1, t_4};

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{i−1}) is of even type, Π_i ∈ {t_2, t_3}.

Finally, we choose the type of the matrix Π_0 as follows: (1) If ℓ_0 = 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_3;

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_4.

(2) If ℓ_0 = k_i > 0, then:

• If an even number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_1;

• If an odd number of coordinates of (Π_1, Π_2, ..., Π_{f −1}) is of even type, Π_0 = t_2.

Notice that the type of Π_0 has been chosen so that an even number of coordinates of (Π_1, Π_2, ..., Π_f ) is of even type. We choose the units c_i appearing in the entries of the matrices Π_i in Definition 5.4 so that c_i = 1 for all i = 1, 2, ..., f −1, and c_0 = c. Let ⃗i be the type-vector attached to (Π_1, Π_2, ..., Π_f ) . We exclude those vectors ⃗i for which (Π_1, Π_2, ..., Π_f ) ∈ C_1 ∪ C_2, which is to exclude the cases where ⃗ℓ = ⃗0 or ⃗ℓ^′ = ⃗0. For any ⃗a ∈ m^f_E we consider the families of crystalline E-representations V^{⃗i}_{⃗k} (⃗a) of G_{Kf} with labeled Hodge-Tate weights {0, −k_i}_{τi} constructed in §5.2.

Proposition 6.18. (i) For any type vector ⃗i chosen as above there exists some unramified character μ such that μ ⊗ V^{⃗i}_{⃗k} (⃗0) ≃ V_{⃗ℓ,⃗ℓ′} (η);

(ii) For any ⃗a ∈ m^f_E , V^{⃗i}⃗_k (⃗a) ≃ V^{⃗i}⃗_k(⃗0) and � V^{⃗i}⃗_k (⃗a) � |I_{Kf} ≃ � V_{⃗ℓ,⃗ℓ′} (η) � |I_{Kf}

≃ ω^α_{f,τ̄0} ⊕ ω^{α′}_{f,τ̄0} ,

where α = −^{f −1} � i=i ℓ_ip^i and α^′ = −^{f −1} � i=0 ℓ^′_ip^i.

Documenta Mathematica 15 (2010) 873–938

930 Gerasimos Dousmanis

Proof. For simplicity assume that η = 1. The general case follows by choosing the unit c_0 in the definition of Π_0 appropriately. We restrict V^{⃗i}_{⃗k} (⃗0) to

G_{K2f} . By the construction of the representation V^{⃗i}_{⃗k} (⃗0) in §5.1, there ex-

ists some G_{Kf} -stable lattice � T^{⃗i}_{⃗k}(⃗0) � G_{Kf}

inside V^{⃗i}_{⃗k} (⃗0) whose Wach mod-

ule has φ-action defined by (φ (η_1) , φ (η_2)) = (η_1, η_2) · Π(⃗0). By Proposition 2.6, the Wach module of the G_{K2f} -stable lattice � T^{⃗i}_{⃗k}(⃗0) � |G_{K2f}

inside � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

is defined by (φ (η_1) , φ (η_2)) = (η_1, η_2) · Π (0)^{⊗2} , therefore the

filtered φ-module corresponding to � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

has Frobenius endomorphism

(φ (η_1) , φ (η_2)) = (η_1, η_2)·P (0)^{⊗2} . The restricted representation � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

has labeled weights ({0, −k_i})_{τi} , i = 0, 1, ..., 2f − 1, with k_{i+f} = k_i for i = 0, 1, ..., f − 1, and filtration as in formula 5.10 for some vectors ⃗x, ⃗y, with the sets I_j being defined with respect to the 2f weights above. We prove that � V^{⃗i}_{⃗k} (⃗0) � |G_{K2f}

is reducible and determine its irreducible constituents. First we

change the basis to diagonalize the matrix of Frobenius. We define matrices Q_i as in the proof of Proposition 6.12, and we let Q = (Q_0, Q_1, ..., Q_{2f −1}) . By the definition of the matrices Q_i, the matrix Q · P (0)^{⊗2} · φ � Q^{−1} � is diagonal.

By the proof of Proposition 6.12, Q_0 = Id and for i = 1, 2, ..., 2f − 1, Q_i is as in formula 6.3. We claim that for each i = 0, 1, ..., f − 1, Q_i = Q_{i+f} . Indeed, from the definition of the matrices Q_i we see that q^i_{11} and q^{i+f}_{11} are as in formulas 6.4 and 6.5 respectively in the proof of Proposition 6.12. Since an even number of coordinates of (P_1, P_2, ..., P_f ) are of even type, q^{i+f}_{11} = q^i_{11}. Similarly, q^{r+f}_{ij} = q^r_{ij} for any entry (i, j) . Consider the ordered basis ζ = (ζ_1, ζ_2) defined by (ζ_1, ζ_2) := (η_1, η_2) · Q^{−1}. Let ⃗q_{ij} be th (i, j)-entry of Q. In the new basis ζ the filtration is as in formula 5.10 with the vector ⃗xη_1 + ⃗yη_2 replaced by ⃗x · (⃗q_{11} · ζ_1 + ⃗q_{12} · ζ_2) + ⃗y · (⃗q_{12} · ζ_1 + ⃗q_{22} · ζ_2) . Let ⃗z = ⃗x · ⃗q_{11} + ⃗y · ⃗q_{12} and ⃗w = ⃗x·⃗q_{12} +⃗y·⃗q_{22}. The matrix of Frobenius in this new basis is the diagonal matrix diag � ⃗λ, ⃗μ � . Arguing as in Proposition 6.12, and taking into account that

q^{r+f}_{ij} = q^r_{ij} for all r = 0, 1, ..., f − 1 and all entries (i, j) we see that z_{r+f} = z_r for all r. From the proof of the same proposition, z_i = 0 if and only if q^i_{11} = 1 and x_i = 0 or q^i_{11} = 0 and x_i = 1. Formula 5.11 implies that x_i = 0 if and only if P_i ∈ {t_4, t_3} and x_i = 1 if and only if P_i ∈ {t_2, t_1}. Since z_i = z_{i+f} and k_i = k_{i+f} for all i = 0, 1, ..., f − 1,

2f −1�

i=0 z_i=0

k_i = 2

f −1�

i=0 z_i=0

k_i = 2

f −1�

i=0 Q_i =R P_i=t_1

k_i + 2

f −1�

i=0 Q_i=R P_i =t_2

k_i + 2

f −1�

i=0 Q_i =Id P_i=t_3

k_i + 2

f −1�

i=0 Q_i=Id P_i =t_4

k_i.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 931

We now show that the (2, 2) entry of^{2f −1} � i=0 � Q_iP_{i+1}Q^{−1}_{i+1} � is the p^n, where

n = 2

f −1�

i=0 Q_i =R P_i=t_1

k_i + 2

f −1�

i=0 Q_i=R P_i =t_2

k_i + 2

f −1�

i=0 Q_i =Id P_i=t_3

k_i + 2

f −1�

i=0 Q_i=Id P_i =t_4

k_i. (6.11)

Since the matrices Q_iP_{i+1}Q^{−1}_{i+1} are diagonal, and since Q_{i+f} = Q_i and P_{i+f} =

P_i for all i,

2f −1�

i=0 � Q_iP_{i+1}Q^{−1}_{i+1} � = f −1�

i=0 Q_i=Id P_{i+1}=t_4

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 · f −1�

i=0 Q_i =Id P_{i+1} =t_3

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 ·

f −1�

i=0 Q_i =Id P_{i+1}=t_1

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 · f −1�

i=0 Q_i=Id P_{i+1}=t_2

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 · f −1�

i=0 Q_i =R P_{i+1} =t_4

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 ·

f −1�

i=0 Q_i =R P_{i+1}=t_3

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 · f −1�

i=0 Q_i=R P_{i+1}=t_1

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 · f −1�

i=0 Q_i =R P_{i+1} =t_2

� Q_iP_{i+1}Q^{−1}_{i+1}

�_2 .

We notice that when Q_i = Id and P_{i+1} = t_4, then by formula 6.2, Q_{i+1} = R

and Q_iP_{i+1}Q^{−1}_{i+1} = diag � p^{ki+1} , 1 � . Therefore the product^{f −1} � i=0 Q_i =Id P_{i+1} =t_4 � Q_iP_{i+1}Q^{−1}_{i+1} �

has no contribution to the (2, 2) entry of^{2f −1} � i=0 � Q_iP_{i+1}Q^{−1}_{i+1} � . Similarly, the

products

f −1�

i=0 Q_i =Id P_{i+1} =t_1

� Q_iP_{i+1}Q^{−1}_{i+1} � , f −1�

i=0 Q_i=R P_{i+1}=t_3

� Q_iP_{i+1}Q^{−1}_{i+1} � and f −1�

i=0 Q_i =R P_{i+1} =t_2

� Q_iP_{i+1}Q^{−1}_{i+1} �

have no contribution to the (2, 2) entry of^{2f −1} � i=0 � Q_iP_{i+1}Q^{−1}_{i+1} � . We now compute

the product^{f −1} � i=0 Q_i =R P_{i+1} =t_1 � Q_iP_{i+1}Q^{−1}_{i+1} � . Formula 6.2 implies that if Q_i = R and

P_{i+1} = t_1 then Q_{i+1} = R, therefore Q_iP_{i+1}Q^{−1}_{i+1} = diag � 1, p^{ki+1} � . Again, by

formula 6.2, Q_i = R and P_{i+1} = t_1 is equivalent to Q_{i+1} = R and P_{i+1} = t_1.

Hence

Documenta Mathematica 15 (2010) 873–938

932 Gerasimos Dousmanis

f −1�

i=0 Q_i =R P_{i+1}=t_1

� Q_iP_{i+1}Q^{−1}_{i+1} � = f −1�

i=0 Q_{i+1} =R P_{i+1}=t_1

� Q_iP_{i+1}Q^{−1}_{i+1} � = f −1�

i=0 Q_i =R P_i=t_1

diag � 1, p^{ki+1} �

which contributes the fourth summand of the right hand side of equation 6.11. The claim made before formula 6.11 follows arguing similarly for the remaining

cases. Hence v_p (Nm_φ (⃗μ)) =^{2f −1} � i=0 z_i=0

k_i. Proposition 6.3 implies that � V^{⃗i}_{⃗k,⃗0} � |G_{K2f}

is reducible and (D_2, φ) is a weakly admissible submodule, where D_2 = � E^{2f} � · ζ_2. By [Dou10, proof of Prop. 4.3] (or by a direct computation),

Fil^jD_2 = � � � D_2 if j ≤ 0, � E^{|τK2f |} � f_{Ii,⃗z} ζ_2 if 1 + w_{i−1} ≤ j ≤ w_i for all i = 0, 1, ..., t − 1, 0 if j ≥ 1 + w_{t−1}, (6.12) where I_{i,⃗z} = I_i ∩ {j ∈ {0, 1, ..., 2f − 1} : z_j = 0}. As in the proof of Proposition 6.12, the labeled weight for the embedding τ_i is 0 if z_i = 1 and −k_i if z_i = 0. Next, we prove that for i = 0, 1, ..., f − 1,

z_i = z_{i+f} = � 0 if ℓ_i = 0, 1 if ℓ_i = k_i > 0. (6.13)

This is proved exactly as in Proposition 6.12, taking into account that an even number of the coordinates of (P_1, P_2, ..., P_f ) is of even type. We have z_i = 0 for all i if and only if ℓ_i = 0 for all i if and only if (Π_1, Π_2, ..., Π_f ) ∈ C_1 and z_i = 1 for all i if and only if ℓ_i = k_i > 0 for all i if and only if (Π_1, Π_2, ..., Π_f ) ∈ C_2, cases excluded. Therefore neither of the summands of V^{⃗i}_{⃗k} (⃗0) is unramified. By the discussion above the labeled weights of D_2 are � −ℓ^′_0, −ℓ^′_1, ..., −ℓ^′_{f −1}, −ℓ^′_0, −ℓ^′_1, ..., −ℓ^′_{f −1} � . By formula 6.13, v_p (Nm_φ (⃗μ)) =

2f −1� i=0 z_i=0

k_i =^{2f −1} � i=0 ℓ^′_i. By Proposition 3.5 and Lemma 3.7, the corresponding crys-

talline character is ψ = χ^{ℓ′1}_{e0} · χ^{ℓ′2}_{e1} · · · · · χ^{ℓ′f −1}_{ef −2} · χ^{ℓ′0}_{ef −1} · χ^{ℓ′1}_{e0} · χ^{ℓ′2}_{e1} · · · · · χ^{ℓ′f −1}_{ef −2} · χ^{ℓ′0}_{ef −1} . If V^{⃗i}_{⃗k} (⃗0) is irreducible, then by Frobenius reciprocity V^{⃗i}_{⃗k} (⃗0) = Ind^{Kf}_{K2f} (ψ) , which

is absurd by Corollary 3.10. Hence V^{⃗i}_{⃗k} (⃗0) is reducible and contains an irreducible constituent which restricts to ψ. By Lemma 3.7(iv) the only choices are η_{±1} · χ^{ℓ1}_{e0} · χ^{ℓ2}_{e1} · · · · · χ^{ℓf −1}e_{f −2} · χ^{ℓ0}_{ef −1} , and we are done after twisting by η_{∓1}. The rest of the proposition follows as in the proof of Proposition 6.12.

Theorem 6.19. Theorem 1.7 holds.

Proof. Follows from Proposition 6.18, taking into account Remark 6.13.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 933

Example 6.20. Let f = 2, ℓ_0 = 0 and ℓ_1 = k_{1.} Let (Π_1, Π_0) = (t_1, t_3) with c_0 = c_1 = 1. After possibly twisting by η_{±1} we have V^{(1,3)}_{⃗k} (⃗0) ≃ χ^{k1}_{e0} ⊕ χ^{k0}_{e1} .

In the next proposition we study closer the F-semisimple members of this family assuming that c = 1.

Proposition 6.21. Assume that V^{(1,3)}_{⃗k} (⃗α) is F-semisimple.

(i) V^{(1,3)}_{⃗k} ( ⃗α) is irreducible if and only if α_0α_1 ≠ 0, and is non-induced for all but finitely many such ⃗α;

(ii) V^{(1,3)}_{⃗k} (⃗α) is non-split reducible if and only if precisely one of the coordinates α_i of ⃗α is zero;

(iii) The families � V^{(1,3)}_{⃗k} ((α_0, 0)) , α_0 ∈ p^mm_E \ {0} � and � V^{(1,3)}_{⃗k} ((0, α_1)) , α_1 ∈ p^mm_E \ {0} � are disjoint;

(iv) V^{(1,3)}_{⃗k} (⃗0) is split-reducible.

Proof. The weakly admissible filtered φ-module corresponding to V^{(1,3)}_{⃗k} (⃗α) has Frobenius endomorphism

(φ (η_1) , φ (η_2)) = (η_1, η_2) � � p^{k1} , 1 � (0, α_0) (α_1, 0) � 1, p^{k0} � �

and filtration

Fil^j (D) = � � � � � (E × E)η_1 � (E × E)η_2 if j ≤ 0, (E × E)f_{I0} (⃗xη_1 + ⃗yη_2) if 1 ≤ j ≤ w_0, (E × E)f_{I1} (⃗xη_1 + ⃗yη_2) if 1 + w_0 ≤ j ≤ w_1,

0 if j ≥ 1 + w_1,

(6.14)

with ⃗x = (−α_0, 1) and ⃗y = (1, −α_1) . We diagonalize the matrix of Frobenius arguing as in the proof of Proposition 2.2 in [Dou10]. The characteristic polynomial is X^2 − � p^{k0} + p^{k1} + α_0α_1 � X + p^{k0+k1} , and we assume that � p^{k0} + p^{k1} + α_0α_1

�_2 ≠ 4p^{k0+k1} so that its roots ε_0 and ε_1 are distinct. We have the following cases.

Case (1) . α_0α_1 ≠ 0. We change the basis to ξ = (ξ_1, ξ_2) , where ξ_1 = � � ε_0 − p^{k1} − α_0α_1 � α_1,^{α0 (ε0−ε1 )}(^{ε0 −pk0} )(^{ε0 −pk0 −α0α1} )(^{ε1 −pk1 −α0 α1}) (2ε0 ε1 −p^{k0} ε1−p^{k1} ε0−α0 α1ε1 )(ε1−p^{k0} −α0α1 ) � η_1

+ � � ε_0 − p^{k1} − α_0α_1 � α_1,^{α0 (ε0−ε1 )}(^{ε1 −pk0} )(^{ε0 −pk0 −α0α1} )(^{ε1 −pk1 −α0 α1}) (2ε0 ε1 −p^{k0} ε1−p^{k1} ε0−α0 α1ε1 )(ε1−p^{k0} −α0α1 ) � η_2 and Documenta Mathematica 15 (2010) 873–938

934 Gerasimos Dousmanis

ξ_2 = � � ε_1 − p^{k1} − α_0α_1 � � ε_0 − p^{k1} � ,^{α20(ε0 −ε1 )}(^{ε1 −pk1 −α0α1} )(^{ε1−pk0 −α0 α1}) (2ε0 ε1 −p^{k0} ε1 −p^{k1} ε0 −α0α1 ε1 )(ε1 −p^{k0} −α0 α1) � η_1

+ � � ε_1 − p^{k1} − α_0α_1 � � ε_1 − p^{k1} � ,^{α20 (ε0−ε1 )}(^{ε1 −pk1 −α0 α1})(^{ε1 −pk0 −α0α1} ) (2ε0 ε1−p^{k0} ε1 −p^{k1} ε0 −α0 α1ε1 )(ε1 −p^{k0} −α0 α1) � η_2

In the ordered basis ξ we have φ (ξ_1) = (1, ε_0) ξ_1 and φ (ξ_2) = � λ,^{ε1}_λ � ξ_2,

where λ=− � ε_0 − p^{k1} − α_0α_1 � (ε_1 − p^{k1} − α_0α_1) · � ε_1 − p^{k0} − α_0α_1 � (ε_0 − p^{k0} − α_0α_1) · � 2ε_0ε_1 − p^{k0} ε_1 − p^{k1} ε_0 − α_0α_1ε_1 � (2ε_0ε_1 − p^{k0} ε_0 − p^{k1} ε_1 − α_0α_1ε_0) , and the filtration is as in formula 6.14, with ⃗xη_1 + ⃗yη_2 replaced by ξ_1 + ξ_2. By Proposition 6.3, the representation V^{(1,3)}_{⃗k} ( ⃗α) is irreducible. Arguing as in

the proof of Proposition 6.12(iv) we see that the representations V^{(1,3)}_{⃗k} ( ⃗α) are non-induced with the possibility of at most finitely many exceptions. Case (2). α_0 = 0, α_1 ≠ 0. We argue as above and see that in the ordered basis ξ = (ξ_1, ξ_2) , where

ξ_1 = η_2 and ξ_2 = � 1, p^{k0} − p^{k1}

α_1p^{k1} � η_1 − � α_1 p^{k0} − p^{k1}

, p^{k0−k1} � η_2

we have φ (ξ_1) = � 1, p^{k0} � ξ_1 and φ (ξ_2) = � λ (α_1) ,^{pk1}_{λ(α1)} � ξ_2, with λ (α_1) =

α^{−1}_1 � p^{k0} − p^{k1} � . The filtration in this basis is given by formula 6.14, with ⃗xη_1 + ⃗yη_2 replaced by ξ_1 + (0, 1) ξ_2. By Proposition 6.3 the representation V^{(1,3)}_{⃗k} ((0, α_1)) is reducible and non-split.

Case (3). α_1 = 0, α_0 ≠ 0. In the ordered basis ξ = (ξ_1, ξ_2) , where

ξ_1 = η_2 − � p^{k1} α_0 p^{k1} − p^{k0} , α_0 p^{k1} − p^{k0} � η_1 and ξ_2 = � α_0p^{k0} p^{k1} − p^{k0} , 1 � η_1,

we have φ (ξ_1) = � 1, p^{k0} � ξ_1 and φ (ξ_2) = � λ (α_0) ,^{pk1}_{λ(α0)} � ξ_2, with

λ (α_0) = α^{−1}_0 � p^{k1} − p^{k0} � p^{k1−k0} . The filtration in the basis ξ is given by formula 6.14, with ⃗xη_1 + ⃗yη_2 replaced by (1, 0) ξ_1 + ξ_2. By Proposition 6.3, V^{(1,3)}_{⃗k} ((α_0, 0)) is reducible, non-split. By [Dou10, Proposition 7.1] it follows that there are no isomorphisms between members of the families � V^{(1,3)}_{⃗k} ((α_0, 0)) , α_0 ∈ p^mm_E \ {0} � and � V^{(1,3)}_{⃗k} ((0, α_1)) , α_1 ∈ p^mm_E \ {0} � . Case (4) . α_0 = α_1 = 0. Then φ (η_1) = � p^{k1} , 1 � η_1 and φ (η_2) = � 1, p^{k0} � η_2, while the filtration is as in formula 6.14,with ⃗x = (0, 1) and ⃗y = (1, 0) . Since J_{⃗x} ∩ J_{⃗y} = ∅, Proposition 6.3 implies that V^{(1,3)}_{⃗k} (⃗0) is split-reducible.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 935

Proposition 6.22. Let 0 < v_p (ε_i) < k_0 + k_1 with ε_0 ≠ ε_1 such that ε_0ε_1 = p^{k0 +k1} and assume that 0 ≤ k_i ≤ p−1. Define the families of filtered φ-modules D (λ) with φ (η_1) = (1, ε_0) η_1, φ (η_2) = � λ, ε_1 λ � η_2,

and filtrations as in formula 6.10 with ⃗x = ⃗y = ⃗1. These filtered modules are weakly admissible, irreducible, sharing the same characteristic polynomial and filtration. Let V (λ) be the corresponding to D (λ) crystalline representations of G_{Qp2} .

(i) If λ =^{ε1}_{ε0}

�_{pk1 α−ε0}

p^{k1} α−ε_1 � , where α ∈ m_E , then � V (λ)_{|IQp2}

�_{ss} = ω^{−(k0 +pk1 )}

4,τ̄_0 � ω^{−(k0 +pk1 )p2}

4,τ̄_0 and V (λ) is irreducible;

(ii) If λ =

�_{ε1}

ε_0

�_2 �_{pk1 α−ε1}

p^k1 α−ε_0 � , where α ∈ m_E , then � V (λ)_{|IQp2}

�_{ss} = ω^−(^{pk1+p2 k0} )

4,τ̄_0 � ω^−(^{pk1 +p2k0} )^{p2}

4,τ̄_0 and V (λ) is irreducible;

(iii) If λ = 1, then V (λ) is reducible and V (λ)_{|IQp2} = ω^{−k1}_{2,τ̄0} � ω^{−pk0}_{2,τ̄0} .

Proof. The common characteristic polynomial is X^2 − (ε_0 + ε_1) X + p^{k0 +k1} . Parts (i) and (ii) follow from Examples 6.15 (i) and (iii) using the “standard parametrization” for the families V^{(1,2)}_{⃗k,⃗a} and V^{(1,4)}_{⃗k,⃗a} , and taking into account that m = 0 and Proposition 6.8. Part (iii) follows from Proposition 6.21(i) and a little computation to prove that if p^{k0} + p^{k1} + α_0α_1 = ε_0 + ε_1 and ε_0ε_1 = p^{k0 +k1} , then λ = 1.

References

[Ber04a] Berger, L., Limites de représentations cristallines, Comp. Math. 140, (2004) 1473-1498.

[Ber04b] Berger, L., An introduction to the theory of p-adic representations.

Geometric Aspects of Dwork Theory, (2004) 255–292, Walter de Gruyter, Berlin.

[Ber10] Berger, L., La correspondance de Langlands locale p-adique pour GL_2 (Q_p) . To appear in Astérisque.

[BLZ04] Berger, L., Li, H., Zhu, H.J., Construction of some families of 2- dimensional crystalline representations. Math. Ann. 329, (2004) 365- 377.

[BR89] Blasius, D., Rogawski, J., Galois representations for Hilbert modular forms. Bull. Amer. Math. Soc. (N.S.) Volume 21, Number 1 (1989), 65-69.

Documenta Mathematica 15 (2010) 873–938

936 Gerasimos Dousmanis

[BR93] Blasius, D., Rogawski, J., Motives for Hilbert modular forms. Invent.

Math. 114, no. 1, (1993) 55–87.

[Bre99] Breuil,C., Une remarque sur les représentations locales p-adiques et les congruences entre formes modulaires de Hilbert , Bull. Soc. math. de France 127, (1999) 459-472.

[Bre03] Breuil, C., Sur quelques représentations modulaires et p-adiques de GL_2(Q_p) II. J. Inst. Math. Jussieu 2, (2003) 23-58.

[Bre07] Breuil, C., Representations of Galois and of GL(2) in characteristic p. Cours à l’université de Columbia, automne 2007.

http://www.math.u-psud.fr/~breuil/PUBLICATIONS/New-York.pdf

[BM02] Breuil, C., Mézard, A., Multiplicités modulaires et representations de GL_2(Z_p) et de Gal(Q̄_p/Q_p) en ℓ = p. With an appendix by Guy Henniart. Duke Math. J. 115, (2002) 205-310.

[Bro] Brown, K., Cohomology of groups. Graduate Texts in Mathematics, 87. Springer-Verlag, New York, (1994). ISBN: 0-387-90688-6

[BDJ] Buzzard, K., Diamond, F., Jarvis, F., On Serre’s conjecture for mod ℓ Galois representations over totally real fields. To appear in Duke Math. J.

[BG09] Buzzard, K., Gee, T., Explicit reduction modulo p of certain 2- dimensional crystalline representations. IMRN, no. 12, (2009) 2303- 2317.

[Car86] Carayol, H., Sur les représentations l-adiques associées aux formes modulaires de Hilbert. Ann. Sci. École Norm. Sup. (4) 19, no. 3, (1986) 409–468.

[CD09] Chang, S., Diamond, F., Extensions of rank one (φ, Γ)-modules and crystalline representations. To appear in Comp. Math.

[CE98] Coleman, R., Edixhoven, B., On the semi-simplicity of the Upoperator on modular forms. Math. Annalen 310, no. 1, (1998) 119-127.

[Col99] Colmez, P., Represéntations cristallines et represéntations de hauter finie. J. Reine Angew. Math. 514, (1999) 119-143.

[CF00] Colmez, P., Fontaine, J-M., Construction des représentations padiques semi-stables. Invent. Math. 140, (2000) 1-43.

[CDT99] Conrad, B., Diamond, F., Taylor, R., Modularity of certain Barsotti- Tate Galois representations, J. Amer. Math. Soc. 12, no. 2, (1999) 521-567.

Documenta Mathematica 15 (2010) 873–938

Reductions of Families of Crystalline Representations 937

[Dim05] Dimitrov, M., Galois representations modulo p and cohomology of Hilbert modular varieties, Ann. Sci. École Norm. Sup. 38, no. 4, (2005) 505-551.

[Dou10] Dousmanis, G., Rank two filtered (φ, N)-modules with Galois descent data and coefficients. Trans. A.M.S. 362, no. 7, (2010) 3883-3910.

[Edi92] Edixhoven, B., The weight in Serre’s conjectures on modular forms.

Invent. Math. 109, (1992) 563-594.

[Fal89] Faltings, G., Crystalline cohomology and p-adic Galoisrepresentations. Algebraic analysis, geometry, and number theory, (1989) 25–80, Johns Hopkins Univ. Press, Baltimore, MD.

[Fon88] Fontaine, J.-M., Le corpes des périodes p-adiques. Périodes p-adiques (Bures-sur-Yvette, 1988). Asterisque 223, (1994) 59-111.

[Fon90] Fontaine, J.-M., Représentations p-adiques des corps locaux I. The Grothendieck Festschrift, Vol II, (1990) 249-309, Prog. Math. 87, Birkhäuser Boston, Boston, MA.

[FL83] Fontaine, J.-M., Laffaille, G., Construction de représentations padiques. Ann. Sci. École Norm. Sup. 15, no. 4, (1983) 547–608.

[FO] Fontaine, J.-M., Ouyang, Yi., Theory of p-adic Galois Representations. Forthcoming Springer book.

[FW79] Fontaine, J.-M., Wintenberger, J-P., Le “corps des normes” de certaines extensions algébriques de corps locaux. C.R. Acad. Sci. Paris Sér. A-B 288, no. 6, (1979) A367-A370.

[Ima09] Imai, N., Filtered modules corresponding to potentially semi-stable representations. J. of Number Theory 131, no. 2, (2011) 239-259.

[Jar97] Jarvis, F., On Galois representations associated to Hilbert modular forms. J. Reine Angew. Math. 491 (1997), 199–216.

[KW09a] Khare, C., Wintenberger, J.-P., Serre’s modularity conjecture (I).

Invent. Math. 178, no. 3, (2009) 485-504.

[KW09b] Khare, C., Wintenberger, J.-P., Serre’s modularity conjecture (II).

Invent. Math. 178, no. 3, (2009) 505-586.

[Kis08] Kisin, M., Potentially semi-stable deformation rings. J. Amer. Math.

Soc. 21, no. 2, (2008) 513–546.

[Liu09] Liu, T., Lattices in filtered (φ, N)-modules. Preprint.

http://www.math.purdue.edu/~tongliu/pub/wd.pdf

Documenta Mathematica 15 (2010) 873–938

938 Gerasimos Dousmanis

[Oht84] Ohta, M., Hilbert modular forms of weight one and Galois representations. Automorphic forms of several variables, Progr. Math. 46, (1984) 333–353.

[RT83] Rogawski, J., Tunnell, J., On Artin L-functions associated to Hilbert modular forms of weight one. Invent. Math. 74, no. 1, (1983) 1–42.

[Sai09] Saito, T., Hilbert modular forms and p-adic Hodge theory. Comp.

Math. 145, (2009) 1081-1113.

[Sch08] Schein, M., Weights in Serre’s conjecture for Hilbert modular forms:

the ramified case. Israel J. Math. 166 (2008), 369–391.

[Sc90] Scholl, A. J., Motives for modular forms. Invent. Math. 100, no. 2, (1990) 419–430.

[Ser87] Serre, J.-P., Sur les représentations modulaires de degré 2 de Gal(Q̄/Q), Duke Math. J., 54, (1987) 179–230.

[Ski09] Skinner, C., A note on the p-adic Galois representations attached to Hilbert modular forms. Documenta Math. 14, (2009) 241–258.

[Tay89] Taylor, R., On Galois representations associated to Hilbert modular forms. Invent. Math. 98, no. 2, (1989) 265–280.

[Tsu99] Tsuji, T., p-adic étale cohomology and crystalline cohomology in the semi-stable reduction case. Invent. Math. 137, no. 2, (1999) 233-411.

[Vie10] Vienney, M., Réduction des représentations cristallines de dimension 2 en poids inférieur à p^2.

2http://www.umpa.ens-lyon.fr/~mvienney/publis/reduction.pdf

[Wac96] Wach, N., Représentations p-adiques potentiellement cristallines.

Bull. Soc. Math. France. 124, (1996) 375-400.

[Wac97] Wach, N., Représentations cristallines de torsion. Comp. Math. 108, (1997) 185-240.

[Zoo] Zhu, H.-J. Crystalline representations of G_{Qpa} with coefficients.

Preprint.

Makis Dousmanis Université de Lyon UMPA ENS Lyon 46 allée d’Italie 69007 Lyon France Makis.Dousmanis@umpa.ens-lyon.fr

Documenta Mathematica 15 (2010) 873–938

Documenta Math. 939

Fuss-Catalan Numbers

in Noncommutative Probability

Wojciech Młotkowski^1

Received: January 3, 2010

Communicated by Friedrich Götze

Abstract. We prove that if p, r ∈ R, p ≥ 1 and 0 ≤ r ≤ p then the Fuss-Catalan sequence

�_{mp+r} m �_r

mp+r is positive definite. We study the

family of the corresponding probability measures μ(p, r) on R from the point of view of noncommutative probability. For example, we prove that if 0 ≤ 2r ≤ p and r + 1 ≤ p then μ(p, r) is ⊞-infinitely divisible. As a by-product, we show that the sequence^{mm}_{m!} is positive definite and the corresponding probability measure is ⊠-infinitely divisible.

2010 Mathematics Subject Classification: Primary 46L54; Secondary 44A60, 60C05 Keywords and Phrases: Fuss-Catalan numbers, free, boolean and monotonic convolution

1. Introduction

For natural numbers m, p, r let A_m(p, r) denote the number of all sequences (a_1, a_2, . . . , a_{mp+r}) such that: (1) a_i ∈ {1, 1 − p}, (2) a_1 + a_2 + . . . + a_s > 0 for all s such that 1 ≤ s ≤ mp + r and (3) a_1 + a_2 + . . . + a_{mp+r} = r. It turns out that this is given by the two-parameter Fuss-Catalan numbers (2.1) (see [5, 13]). Note that the right hand side of (2.1) allows us to define A_m(p, r) for all real parameters p and r. In particular, the Catalan numbers A_m(2, 1) are known as moments of the Marchenko–Pastur distribution:

(1.1) d~π(x) = 1 2π � 4 − x x dx on [0, 4],

which in the free probability theory plays the role of the Poisson measure. In this paper we are going to study the question for which parameters p, r ∈ R

1Research supported by MNiSW: N N201 364436, by ToK: MTKD-CT-2004-013389, by 7010 POLONIUM project: “Non-Commutative Harmonic Analysis with Applications to Operator Spaces, Operator Algebras and Probability” and by joint PAN-JSPS project: “Noncommutative harmonic analysis on discrete structures with applications to quantum probability”.

Documenta Mathematica 15 (2010) 939–955

940 Wojciech Młotkowski

the sequence {A_m(p, r)}^∞_{m=0} is positive definite, i.e. is the moment sequence of some probability measure (which we will denote μ(p, r)). Recently T. Banica, S. T. Belinschi, M. Capitaine and B. Collins [1] showed that if p > 1 then {A_m(p, 1)}^∞_{m=0} is the moment sequence of a probability measure which can be expressed as the multiplicative free power ~π^{⊠p−1}.

We are going to prove that if p, r ∈ R, p ≥ 1 and 0 ≤ r ≤ p then {A_m(p, r)}^∞_{m=0} is the moment sequence of a unique probability measure μ(p, r) which has compact support contained in [0, ∞). Moreover, if 0 ≤ 2r ≤ p and r + 1 ≤ p then μ(p, r) is infinitely divisible with respect to the free convolution ⊞. In some particular cases we are able to determine the multiplicative free convolution, the boolean power and the monotonic convolution of the measures μ(p, r). We will also prove that if 0 ≤ r ≤ p − 1 then the sequence

�_{mp+r} m �_∞ m=0 is positive definite and the corresponding probability measure can be expressed as μ(p−r, 1)^{⊎p} ▷ μ(p, r), where ⊎ and ▷ denote the boolean and the monotonic convolution, respectively.

The paper is organized as follows. In Section 2 we prove three combinatorial identities. Then we use them to derive some formulas for the generating functions. In Section 4 we regard the numbers A_m(p, r) as moments of a probability quasi-measure μ(p, r) (by this we mean a linear functional μ : R[x] → R satisfying μ(1) = 1). On the class of probability quasi-measures one can introduce the free, boolean and monotonic convolutions in combinatorial way. The class of compactly supported probability measures on R, regarded as a subclass of the former, is closed under these operations. We prove some formulas involving the probability quasi measures μ(p, r), for example we find the free R- and S-transforms (4.8), (4.11), the boolean powers μ(p, 1)^{⊎t} (4.18) and, in special cases, the multiplicative free (4.12), (4.13), (4.14) and the monotonic convolution (4.20) of the measures μ(p, r).

In Section 5 we prove that if p ≥ 1 and 0 ≤ r ≤ p then μ(p, r) is a measure (we conjecture that this condition is also necessary for p, r > 0). The proof involves the multiplicative free convolution ⊠. Moreover, we show that if 0 ≤ 2r ≤ p and r + 1 ≤ p then μ(p, r) is ⊞-infinitely divisible.

In the final part we extend our results to the dilations of the measures μ(p, r), with parameter h > 0. Taking the limit with h → 0 we prove in particular that the sequence

�_{mm} m! �_∞ m=0 is positive definite and the corresponding probability measure ν_0 is ⊠-infinitely divisible.

2. Some combinatorial identities

We will work with the two-parameter Fuss-Catalan numbers (see [5, 13]) defined by: A_0(p, r) := 1 and

(2.1) A_m(p, r) := r m! m−1� i=1 (mp + r − i)

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 941

for m ≥ 1, where p, r are real parameters. Note that (2.1) can be written as �_{mp+r} m �_r

mp+r , unless mp + r = 0. One can check that for m ≥ 0

(2.2) A_m(p, r) = A_m(p, r − 1) + A_{m−1}(p, p + r − 1), under convention that A_{−1}(p, r) := 0, and (2.3) A_m(p, p) = A_{m+1}(p, 1). It is also known (see [13]) that

(2.4) m� k=0 A_k (p, r)A_{m−k} (p, s) = A_m(p, r + s).

Now we are going to prove three identities, valid for c, d, p, r, t ∈ R, which will be needed later on. Proposition 2.1. (2.5) m� k=0 A_k(p − r, c)A_{m−k}(p, kr + d) = A_m(p, c + d).

Proof. It is easy to check that the formula is true for m = 0 and m = 1. Denoting the left hand side by S_m(p, r, c, d) we have from (2.2):

S_m(p, r, c, d) = m� k=0 A_k(p − r, c)A_{m−k}(p, kr + d)

= m� k=0 [A_k(p − r, c − 1) + A_{k−1}(p − r, p − r + c − 1)] A_{m−k}(p, kr + d)

= m� k=0 A_k(p − r, c − 1)A_{m−k}(p, kr + d)

+ m� k=1 A_{k−1}(p − r, p − r + c − 1)A_{m−k}(p, kr + d)

= S_m(p, r, c − 1, d) + m−1� k=0 A_k(p − r, p − r + c − 1)A_{m−1−k}(p, kr + r + d)

= S_m(p, r, c − 1, d) + S_{m−1}(p, r, p − r + c − 1, r + d), so that we have

S_m(p, r, c, d) = S_m(p, r, c − 1, d) + S_{m−1}(p, r, p − r + c − 1, r + d). Fix m and assume that (2.5) holds for m − 1. Now we prove that for m it holds for every natural c. Indeed, it holds for c = 0 and if it does for c − 1 then, by assumption and by (2.2):

S_m(p, r, c, d) = S_m(p, r, c − 1, d) + S_{m−1}(p, r, p − r + c − 1, r + d) = A_m(p, c + d − 1) + A_{m−1}(p, p + c + d − 1) = A_m(p, c + d),

Documenta Mathematica 15 (2010) 939–955

942 Wojciech Młotkowski

which proves that the statement is true for c. Therefore it holds for all natural c.

Now we note that both sides of (2.5) are polynomials on c of order m, therefore

the formula holds for all c ∈ R, which completes the inductive step. □

Proposition 2.2.

(1 − t) m� l=0 A_l � p, 1

�^{m−l}� j=0 A_{m−l−j} � p, j(p − 1) + r � t^j

(2.6)

+t m� j=0 A_{m−j} � p, j(p − 1) + r � t^j = A_m � p, r + 1 � .

Proof. Using first (2.4) and then (2.2) we obtain:

t m� j=0 A_{m−j} (p, j(p − 1) + r)t^j

+ (1 − t) m� l=0 A_l � p, 1

�^{m−l}� j=0 A_{m−l−j} � p, j(p − 1) + r � t^j

= t m� j=0 A_{m−j} (p, j(p − 1) + r)t^j

+ (1 − t) m� j=0 m−j� l=0 A_l(p, 1)A_{m−j−l}(p, j(p − 1) + r)t^j

= t m� j=0 A_{m−j} (p, j(p − 1) + r)t^j

+ (1 − t) m� j=0 A_{m−j} (p, j(p − 1) + r + 1)t^j

= m� j=0 A_{m−j} (p, j(p − 1) + r + 1)t^j − m−1� j=0 A_{m−j−1}(p, j(p − 1) + r + p)t^{j+1}

= A_m(p, r + 1). □

Proposition 2.3.

(2.7) m� k=0 A_{m−k}(p, k(p − 1) + r)p^k = � mp + r m � .

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 943

Proof. Denoting the left hand side by T_m(p, r) we use (2.2) and get T_m(p, r) = = m� k=0 A_{m−k}(p, k(p − 1) + r)p^k

= m� k=0 [A_{m−k}(p, k(p − 1) + r − 1) + A_{m−1−k}(p, k(p − 1) + p + r − 1)] p^k

= T_m(p, r − 1) + T_{m−1}(p, p + r − 1).

Now we proceed as in the proof of (2.5), using the binomial identity � mp + r m � = � mp + r − 1 m � + � mp + r − 1 m − 1 � . □ 3. Generating functions In this part we are going to study the generating functions

(3.1) B_p(z) := ∞� m=0 A_m(p, 1)z^m,

which are convergent in some neighborhood of 0 (to observe this one can use the inequality |A_m(p, r)| ≤ |r| � m(|p| + 1) + |r|

�_{m−1} /m! and apply the Cauchy’s radical test). From (2.4) and (2.3) we have

(3.2) B_p(z)^r = ∞� m=0 A_m(p, r)z^m and (3.3) B_p(z) = 1 + zB_p(z)^p.

Indeed, denoting the right hand side of (3.2) by A_{p,r}(z) we have A_{p,1}(z) = B_p(z) and, by (2.4), A_{p,r}(z) · A_{p,s}(z) = A_{p,r+s}(z), which implies that A_{p,r}(z) = B_p(z)^r. Taking r = p and applying (2.3) we get (3.3).

Now we are going to interpret formulas (2.5), (2.6), (2.7) in terms of these generating functions.

Proposition 3.1. For any real parameters p, r we have (3.4) B_{p−r} (zB_p(z)^r) = B_p(z).

Proof. First we note that if A(z) =

�_∞ m=0 a_mz^m, B(z) =

�_∞ n=1 b_nz^n then

(3.5) A(B(z)) = a_0 + ∞� m=1 z^m m� k=1 a_k � i_1 ,i_2,...,i_k ≥1 i_1 +i_2 +...+i_k =m

b_{i1} b_{i2} . . . b_{ik} .

Documenta Mathematica 15 (2010) 939–955

944 Wojciech Młotkowski

Putting b_i := A_{i−1}(p, r) for fixed k, m we have: � i_1 ,i_2,...,i_k ≥1 i_1 +i_2+...+i_k =m

b_{i1} b_{i2} . . . b_{ik} = � j_1 ,j_2,...,j_k ≥0 j_1 +j_2 +...+j_k =m−k

A_{j1} (p, r)A_{j2} (p, r) . . . A_{jk} (p, r)

= A_{m−k}(p, kr), the coefficient of B_p(z)^{kr} at z^{m−k}. Now we put a_k := A_k(p − r, 1) and applying (2.5), with c = 1, d = 0, we get m� k=1 a_k � i_1 ,i_2 ,...,i_k ≥1 i_1 +i_2 +...+i_k =m

b_{i1} b_{i2} . . . b_{ik}

(3.6)

= m� k=0 A_k(p − r, 1)A_{m−k}(p, kr) = A_m(p, 1),

as A_m(p, 0) = 0 for m ≥ 1, which completes the proof. □ Note that in the proof we applied (2.5) only with c = 1 and d = 0. For p, r, t ∈ R we denote

(3.7) D_{p,r,t}(z) :=

B_p(z)^{1+r} (1 − t)B_p(z) + t . Proposition 3.2. For p, r, t ∈ R we have

(3.8) D_{p,r,t}(z) = ∞� m=0 z^m m� k=0 A_{m−k}(p, k(p − 1) + r)t^k ,

in particular:

(3.9) D_{p,r,p}(z) = ∞� m=0 � mp + r m � z^m.

Moreover (3.10) D_{p−r,s,t} (zB_p(z)^r) B_p(z)^r = D_{p,r+s,t}(z). Proof. Using (2.6) we can verify that � (1 − t)B_p(z) + t � · �_∞ � m=0 z^m m� k=0 A_{m−k}(p, k(p − 1) + r)t^k � = B_p(z)^{1+r}

which proves (3.8). Formulas (3.9) and (3.10) are consequences of (2.7) and (3.4). □ Proposition 3.3. In some neighborhood of 0 we have (3.11) B_p � z(1 + z)^{−p} � = 1 + z, and more generally, for r ≠ 0 we have (3.12) B_p � (1 + z)^{1r} − 1 � (1 + z)^{−pr}

�_r

= 1 + z.

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 945

Proof. Since we have B_p(0) = 1 and B^′_p(0) = 1, there is a function f_p defined on a neighborhood of 0 such that f_p(0) = 0 and B(f_p(z)) = 1+z. Substituting z → f_p(z) in (3.3) we obtain f_p(z) = z(1 + z)^{−p}. Now we put z → (1 + w)^{1/r} − 1 to (3.11) and taking the r-th power we obtain (3.12). □

Remark. Note that (3.11) leads to an analytic proof of (3.4). Namely, substituting in (3.4) z → z(1 + z)^{−p} we get

B_{p−r} � z(1 + z)^{−p}B_p � z(1 + z)^{−p}

�_r� = B_{p−r} � z(1 + z)^{−p}(1 + z)^r � = 1 + z = B_p � z(1 + z)^{−p} � . Finally we note a symmetry possessed by our generating functions.

Proposition 3.4. For p, r, t ∈ R we have

B_p(−z)^r = B_{1−p}(z)^{−r},

(3.13) D_{p,r,t}(−z) = D_{1−p,−1−r,1−t}(z).

(3.14)

Proof. One can check that (−1)^mA_m(p, r) = A_m(1 − p, −r), which proves (3.13), and by the definition (3.7), (3.13) implies (3.14). □

4. Relations with noncommutative probability

By a probability quasi-measure we will mean a linear functional μ on the set R[x] of polynomials with real coefficients, satisfying μ(1) = 1. In the case when μ is given by μ(P ) = � P (t) d~μ(t) for some probability measure ~μ on R we will identify μ with ~μ and say that μ is proper or is just a probability measure. A probability quasi-measure μ is uniquely determined by its moment sequence {μ(x^m)}^∞_{m=0}. It is proper if and only if its moment sequence is positive definite, i.e. if_∞ � i,j=0

μ(x^{i+j} )α_iα_j ≥ 0

holds for every sequence {α_i}^∞_{i=0} of real numbers, with only finitely many nonzero entries. All probability measures encountered in this paper are compactly supported and therefore uniquely determined by their moment sequences. For a probability quasi-measure μ we define its moment generating function, which is the (at least formal) power series

M_μ(z) := ∞� m=0 μ(x^m)z^m

and its reflection ^μ by ^μ(x^m) := (−1)^mμ(x^m) or, equivalently, M_{^μ}(z) := M_μ(−z). If μ is a probability measure then so is ^μ and then we have ^μ(X) = μ(−X) for every Borel subset of R.

Documenta Mathematica 15 (2010) 939–955

946 Wojciech Młotkowski

For p, r, t ∈ R we define probability quasi-measures μ(p, r) and ν(p, r, t) by μ(p, r)(x^m) := A_m(p, r),

(4.1)

ν(p, r, t)(x^m) := m� k=0 A_{m−k}(p, k(p − 1) + r)t^k ,

(4.2)

in particular, by (2.7),

(4.3) ν(p, r, p)(x^m) = � mp + r m � . For example, μ(1, 1) = ν(1, 0, 1) = δ_1 and for every p ∈ R we have μ(p, 0) = ν(0, 0, 0) = δ_0. Note that ν(p, r, 0) = μ(p, r) so that the class of probability quasi-measures μ(p, r) is contained in that of ν(p, r, t), we will be interested however mainly in the former.

First we note that Proposition 3.4 leads to

Proposition 4.1. ^ μ(p, r) = μ(1 − p, −r),

(4.4) ^ ν(p, r, t) = ν(1 − p, −1 − r, 1 − t). □

(4.5)

There are several convolutions of probability quasi-measures, apart from the classical one: (μ ∗ ν)(x^n) :=

�_n k=0 �_n k � μ(x^k )ν(x^{n−k} ), which are related to various notions of independence (namely, the free, boolean and the monotonic independence) in noncommutative probability.

1. Free convolution (see [2, 15, 11]) is defined in the following way. For a probability quasi-measure μ we define its free R-transform (or the additive free transform) R_μ(z) by the formula:

(4.6) M_μ(z) = R_μ(zM_μ(z)) + 1.

The free cumulants r_m(μ) are defined as the coefficients of the Taylor expansion R_μ(z) =

�_∞ k=1 r_k(μ)z^k (combinatorial relation between moments and free cumulants is described in [11] and [4]). Then the free convolution μ ⊞ ν can be defined as the unique probability quasi-measure which satisfies (4.7) R_{μ⊞ν} (z) = R_μ(z) + R_ν (z). We also define free power μ^{⊞t}, t > 0, by R_μ⊞t (z) := tR_μ(z). As a consequence of (4.6) and (3.4) we obtain:

Proposition 4.2. For the free additive transform of μ(p, r) we have (4.8) R_{μ(p,r)}(z) = B_{p−r}(z)^r − 1 so that for the free cumulants we have r_m(μ(p, r)) = A_m(p − r, r), m ≥ 1. □

The free S-transform (or the free multiplicative transform) of a quasi-measure μ, with μ(x^1) ≠ 0, is defined by the relation (4.9) R_μ(zS_μ(z)) = z or, equivalently, M_μ � z(1 + z)^{−1}S_μ(z) � = 1 + z.

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 947

Then the multiplicative free convolution μ_1 ⊠ μ_2 and the multiplicative free power μ^{⊠t}, t > 0, are defined by (4.10) S_{μ1 ⊠μ2} (z) := S_{μ1} (z)S_{μ2} (z) and S_μ⊠t (z) := S_μ(z)^t. Proposition 4.3. For r ≠ 0 the S-transform of the measure μ(p, r) is equal to (4.11) S_{μ(p,r)}(z) =

(1 + z)^{1r} − 1 z � 1 + z

�^{r−p}_r . Consequently (4.12) μ(1 + p_1, 1) ⊠ μ(1 + p_2, 1) = μ(1 + p_1 + p_2, 1), and more generally (4.13) μ(p_1, r) ⊠ μ(1 + p_2, 1) = μ(p_1 + rp_2, r). We have also (4.14) μ(1 + p, 1)^{⊠t} = μ(1 + tp, 1). Proof. Formula (4.11) is a consequence of (3.12). In particular (4.15) S_{μ(1+p,1)}(z) = (1 + z)^{−p} which leads to (4.12), (4.13) and (4.14). □ 2. The boolean convolution μ_1 ⊎ μ_2 and the boolean power μ^{⊎t}, t > 0, (see [14, 3]) can be defined by putting 1 M_{μ1 ⊎μ2} (z) = 1 M_{μ1} (z) + 1 M_{μ2} (z)

− 1,

(4.16)

M_μ⊎t (z) =

M_μ(z) (1 − t)M_μ(z) + t . (4.17) Comparing this with definition (3.7) we get Proposition 4.4. For p, t ∈ R we have (4.18) μ(p, 1)^{⊎t} = ν(p, 0, t). □ 3. Monotonic convolution (see [10]) is an associative, noncommuting operation ▷ which is defined by: μ_1 ▷ μ_2 = μ iff (4.19) M_μ(z) = M_{μ1} � zM_{μ2} (z) � · M_{μ2} (z).

Then (3.4) and (3.10) yield Proposition 4.5. For any parameters a, b, r, t ∈ R we have μ(a, b) ▷ μ(a + r, r) = μ(a + r, b + r),

(4.20) ν(a, b, t) ▷ μ(a + r, r) = ν(a + r, b + r, t). □

(4.21)

Documenta Mathematica 15 (2010) 939–955

948 Wojciech Młotkowski

In the next section we are going to study which of the probability quasimeasures μ(p, r) and ν(p, r, t) are actually probability measures. For this purpose we will use some of the the following facts, which are available in literature (see [15, 11, 14, 10, 6, 7]): The class of all compactly supported probability measures on R is closed under the free, boolean, and monotonic convolution and also under taking the powers μ^{⊞s}, μ^{⊎t}, for s ≥ 1, t > 0. Moreover, the class of probability measures with compact support contained in [0, ∞) is closed under the free, multiplicative free, boolean and monotonic convolution and also under taking the powers μ^{⊞s}, μ^{⊠s} and μ^{⊎t} for s ≥ 1 and t > 0.

A probability measure μ on R (resp. on [0, ∞)) is called ⊞-infinitely divisible (resp. ⊠-infinitely divisible) if μ^{⊞t} (resp. μ^{⊠t}) is a probability measure for every t > 0. If μ has compact support and r_m(μ) are its free cumulants then μ is ⊞-infinitely divisible if and only if the sequence {r_{m+2}(μ)}^∞_{m=0} is positive definite.

5. Positivity

The aim of this section is to study which of the quasi measures μ(p, r) and ν(p, r, t) are actually measures, i.e. for which parameters p, r, t ∈ R the corresponding sequence is positive definite. We start with

Theorem 5.1. If p ≥ 1, 0 ≤ r ≤ p then {A_m(p, r)}^∞_{m=0} is the moment sequence of a probability measure μ(p, r) with a compact support contained in [0, ∞). If p ≤ 0, p − 1 ≤ r ≤ 0 then μ(p, r) is a probability measure which is the reflection of μ(1 − p, −r).

Proof. We know already that ~π = μ(2, 1) is the free Poisson law (1.1). Then, as was noted in [1], ~π is ⊠-infinitely divisible and for s > 0 we have π^{⊠s} = μ(1 + s, 1). Hence if p ≥ 1 then μ(p, 1) is a probability measure with a compact support contained in [0, ∞). By (2.3) it implies that the sequence A_m(p, p) = A_{m+1}(p, 1) is also positive definite, namely we have � R f(x) dμ(p, p)(x) = � R f(x)x dμ(p, 1)(x)

for any continuous function f on R. Hence μ(p, p), p ≥ 1, is a probability measure with a compact support contained in [0, ∞). For 1 ≤ r ≤ p we apply (4.13) to obtain:

μ(p, r) = μ(r, r) ⊠ μ(p/r, 1), which proves the first statement for the sector 1 ≤ r ≤ p. For r ∈ (0, 1) the measure μ(1, r) is related to the Euler beta function

(5.1) B(a, b) :=

�_1 0 x^{a−1}(1 − x)^{b−1} dx.

We will use its well known properties: B(a, 1 − a) =^π_{sin aπ} and B(a, b) = a−1 a+b−1 B(a − 1, b). If we define probability measure

(5.2) μ_r := sin πr π x^{r−1}(1 − x)^{−r} dx

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 949

on [0, 1] then we have � R x^m dμ_r(x) = sin πr π B(m + r, 1 − r) = m� k=1 r + i − 1 i = A_m(1, r).

which means that μ(1, r) = μ_r. Now for s ≥ 0 we have

μ(1 + rs, r) = μ(1, r) ⊠ μ(1 + s, 1),

which proves the first statement for (p, r) ∈ [1, +∞) × (0, 1). It remains to note that μ(p, 0) = δ_0 for every p ∈ R.

The second statement is a consequence of (4.4). □

We conjecture that the last theorem fully characterizes the set of parameters p, r ∈ R for which μ(p, r) is a measure (apart from the trivial case μ(p, 0) = δ_0). It is easy to check that A_0(p, r)A_2(p, r) − A_1(p, r)^2 = r(2p − 1 − r)/2, hence a necessary condition for positive definiteness of the sequence A_m(p, r) is that r(2p − 1 − r) ≥ 0.

Remark. According to Penson and Solomon [12]:

(5.3) μ(3, 1) = 6√ 108 � 2^{1/3} � 27 + 3 √ 81 − 12x

�_{2/3}

− 6x^{1/3} � 12πx^{2/3}(27 + 3 √ 81 − 12x)^{1/3} dx on [0, 27/4]. More generally, for μ(p, 1) with p ∈ N we refer to [8].

Corollary 5.1. If either 0 ≤ 2r ≤ p, r + 1 ≤ p or p ≤ 2r + 1, p ≤ r ≤ 0 then μ(p, r) is ⊞-infinitely divisible.

Proof. By Theorem 13.16 in [11], a compactly supported probability measure μ, with free cumulants r_m(μ), is ⊞-infinitely divisible if and only if the sequence {r_{m+2}(μ)}^∞_{m=0} is positive definite. Then it is sufficient to refer to (4.8) and to note that the numbers A_{m+2}(p − r, r) are the moments of the measure x^2 dμ(p − r, r)(x). □

Corollary 5.2. If 0 ≤ r ≤ p − 1, t > 0 then ν(p, r, t) is a probability measure with a compact support contained in [0, +∞). If p ≤ 1 + r ≤ 0, t < 1 then ν(p, r, t) is a probability measure which is the reflection of ν(1−p, −1−r, 1−t). In particular, if either 0 ≤ r ≤ p − 1 or p ≤ 1 + r ≤ 0 then the sequence �_{mp+r} m �_∞ m=0 is positive definite.

Proof. For 0 ≤ r ≤ p − 1, t > 0 we apply (4.21) and (4.18):

ν(p, r, t) = ν(p − r, 0, t) ▷ μ(p, r) = μ(p − r, 1)^{⊎t} ▷ μ(p, r)

and Theorem 5.1. Then we use (4.5). □

A measure ν on R is called symmetric if ^ν = ν. For a probability quasi-measure μ define its symmetrization μ^s by M_μs (z) := M_μ � z^2 � . If μ is a probability measure with support contained in [0, ∞) then μ^s is a symmetric measure on R, which satisfies � R f(t^2) dμ^s(t) = � R f(t) dμ(t) for every compactly supported continuous function on R. Denote by μ^s(p, r) and ν^s(p, r, t) the symmetrization

Documenta Mathematica 15 (2010) 939–955

950 Wojciech Młotkowski

of μ(p, r) and ν(p, r, t). Then, by (3.4) and (4.9), for the free additive transform we have (5.4) R_μs_{(p,r)}(z) = B_{p−2r} � z^2

�_r

− 1.

In the same way as Corollary 5.2 one can prove Corollary 5.3. If p ≥ 1, 0 ≤ r ≤ p then μ^s(p, r) is a symmetric probability measure on R. Moreover, if p − 2r ≥ 1 and 0 ≤ 3r ≤ p then μ^s(p, r) is ⊞-infinitely divisible. □ Let us record some formulas: μ^s(p, 1)^{⊎t} = ν^s(p, 0, t),

(5.5) μ^s(a, b) ▷ μ^s(a + 2r, r) = μ^s(a + 2r, b + r),

(5.6) ν^s(a, b, t) ▷ μ^s(a + 2r, r) = ν^s(a + 2r, b + r, t).

(5.7)

5.1. Picture for μ(p, r).

�

�

� � � � � � � � �

� � � � � � � � � � 1 −1 2

� � � � � �

� � � � � � � � �

� �

1

−1 p r

Σ_+

Σ^{⊞∞}_+

Σ_−

Σ^{⊞∞}_− 3 � � � � � � �

Σ^{⊞∞}_s

� � � � � � � � � � � � � � � � � � � � � � � �

Here we illustrate the main results concerning the measures μ(p, r).

(1) If μ(p, r) is a probability measure then r(2p − 1 − r) ≥ 0 (the right-top and left-bottom sector between the p-axis and the line r = 2p − 1), (2) Σ_+ (including Σ^{⊞∞}_+ and Σ^{⊞∞}_s ): μ(p, r) is a probability measure with a compact support contained in [0, ∞), (3) Σ_− (including Σ^{⊞∞}_− ): μ(p, r) is a probability measure, the reflection of μ(1 − p, −r), (4) Σ^{⊞∞}_+ ∪ Σ^{⊞∞}_− (including Σ^{⊞∞}_s ): μ(p, r) is ⊞-infinitely divisible, (5) Σ^{⊞∞}_s : the symmetrization of μ(p, r) is ⊞-infinitely divisible.

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 951

6. Dilations For a probability quasi-measure μ we define its dilation with parameter c > 0 by (D_cμ)(x^m) := c^mμ(x^m). Then for the moment generating function we have: M_{Dcμ}(z) = M_μ(cz) and similarly for the free R-transform: R_{Dcμ}(z) = R_μ(cz), while for the S-transform we have S_{Dcμ}(z) =^1_c S_μ(z). If μ is proper then we have (D_cμ)(X) = μ

�_1 c X � for every Borel subset X of R. In this part we are going to study dilations of the measures μ(p, r) and ν(p, r, t) and their limits as the parameter goes to 0.

For h ≥ 0 and a, p, r ∈ R define sequences � a m � h := 1 m! m−1� i=0 (a − ih),

(6.1)

A_m(p, r, h) := r m! m−1� i=1 (mp + r − ih),

(6.2)

with A_0(p, r, h) := 1. In particular A_m(p, r, h) =^r_{mp+r}

�_{mp+r} m � h whenever mp + r ≠ 0. Then, for h ≥ 0 and p, r, t ∈ R define probability quasi-measures:

μ(p, r, h)(x^m) := A_m(p, r, h),

(6.3)

ν(p, r, t, h)(x^m) := m� k=0 A_{m−k}(p, k(p − h) + r, h)t^k.

(6.4)

and their moment generating functions B_{p,r,h}(z) and D_{p,r,t,h}(z) respectively. Note that if h > 0 then A_m(p, r, h) = h^mA_m(p/h, r/h) and hence these probability quasi measures can be represented as dilations:

μ(p, r, h) = D_hμ(p/h, r/h),

(6.5) ν(p, r, t, h) = D_hν(p/h, r/h, t/h).

(6.6)

Therefore the corresponding moment generating functions are

B_{p,r,h}(z) = B_{p/h}(hz)^{r/h},

(6.7)

D_{p,r,t,h}(z) = D_{p/h,r/h,t/h}(hz) = hB_{p,h+r,h}(z) (h − t)B_{p,h,h}(z) + t . (6.8)

These formulas allow us to derive properties of the probability quasi-measures μ(p, r, h) and ν(p, r, t, h) directly from our previous results when h > 0, and, after taking the limit with h → 0, for h = 0.

Proposition 6.1. For h > 0 and p, r, t ∈ R

B_{p,h,h}(z) = 1 + zhB_{p,p,h}(z),

(6.9) log (B_{p,1,0}(z)) = zB_{p,p,0}(z),

(6.10)

D_{p,r,t,0}(z) =

B_{p,r,0}(z) 1 − ztB_{p,p,0}(z) . (6.11)

Documenta Mathematica 15 (2010) 939–955

952 Wojciech Młotkowski

Proof. First formula is a consequence of (3.3) and (6.7). Then we have B_{p,1,h}(z)^h − 1 h = B_{p,h,h}(z) − 1 h = zB_{p,p,h}(z).

Taking the limit with h → 0 we obtain (6.10). For (6.11) we write use (6.8) and (6.9) to get 1 h � (h − t)B_{p,h,h}(z) + t � = 1 − (t − h)

B_{p,h,h}(z) − 1 h = 1 − (t − h)zB_{p,p,h}(z)

and then we take limit with h → 0. □ Proposition 6.2. For h ≥ 0 and p, r, s ∈ R we have (6.12) B_{p−r,s,h} (zB_{p,r,h}(z)) = B_{p,s,h}(z). □ Proposition 6.3. For h ≥ 0 and p, r ∈ R we have

(6.13) ν(p, r, p, h)(x^m) = � mp + r m � h . Proof. For h > 0 the formula is a consequence of (6.6). Then we take limit with h → 0. □ Proposition 6.4. For h ≥ 0 and p, r, t ∈ R we have ^ μ(p, r, h) = μ(h − p, −r, h),

(6.14) ^ ν(p, r, t, h) = ν(h − p, −h − r, h − t, h).

(6.15)

Proof. First we note that A_m(p, r, h)(−1)^m = A_m(h − p, −r, h) and then we apply (6.8) and (3.14). □ Proposition 6.5. For the free transforms we have R_{μ(p,r,h)}(z) = B_{p−r,r,h}(z) − 1

(6.16)

S_{μ(p,r,h)}(z) =

(1 + z)^{h/r} − 1 hz (1 + z)^{(r−p)/r} for h > 0,

(6.17)

S_{μ(p,r,0)}(z) = log(1 + z) rz (1 + z)^{(r−p)/r},

(6.18)

S_{ν(p,0,t,0)}(z) = 1 t e^{−pzt(1+z)} .

(6.19)

In particular ν(p, 0, t, 0) = D_t � ν(1, 0, 1, 0)^{⊠p/t} � . Proof. Formulas (6.16), (6.17) are consequences of (6.7), (4.11) and (6.12). Therefore, for h > 0 we have

(6.20) B_{p,r,h} � (1 + z)^{h/r} − 1 h (1 + z)^{−p/r} � = 1 + z,

which leads to

(6.21) B_{p,r,0} � log(1 + z) r(1 + z)^{p/r} � = 1 + z

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 953

and to (6.18). In particular, substituting (1 + z) → e^{pzt(1+z)} , we have

(6.22) B_{p,p,0} � z t(1 + z) e^{−pzt(1+z)} � = e^{pzt(1+z)}

which, combined with (6.11) gives □ (6.23) D_{p,0,t,0} � z t(1 + z) e^{−pzt(1+z)} � = 1 1 −^z_{1+z}

= 1 + z.

Proposition 6.6. For h > 0 and p, t ∈ R we have μ(p, h, h)^{⊎t} = ν(p, 0, th, h),

(6.24) ν(p, 0, 1, 0)^{⊎t} = ν(p, 0, t, 0).

(6.25)

Proof. Since B_{p,0,0}(z) = 1, formula (6.25) is a consequence of (6.11). □

Proposition 6.7. For h ≥ 0, t > 0, a, b ∈ R we have μ(a, b, h) ▷ μ(a + r, r, h) = μ(a + r, b + r, h),

(6.26) ν(a, b, t, h) ▷ μ(a + r, r, h) = ν(a + r, b + r, t, h). □

(6.27)

Proposition 6.8. Assume that h ≥ 0.

1. If p ≥ h and 0 ≤ r ≤ p then μ(p, r, h) is a probability measure with support contained in [0, ∞). If p ≤ 0, p − h ≤ r ≤ 0 then μ(p, r, h) is a probability measure which is the reflection of μ(h − p, −r, h).

2. If either 0 ≤ 2r ≤ p, r + h ≤ p or p ≤ 2r + h, p ≤ r ≤ 0 then μ(p, r, h) is ⊞-infinitely divisible.

3. If 0 ≤ r ≤ p − h, t > 0 then ν(p, r, t, h) is a probability measure with a compact support contained in [0, +∞). If p ≤ h + r ≤ 0, t < h then ν(p, r, t, h) is a probability measure which is the reflection of ν(h − p, −h − r, h − t, h) In particular, if either 0 ≤ r ≤ p − h or p ≤ h + r ≤ 0 then the sequence �_{mp+r} m � h �_∞ m=0 is positive definite. □

We conclude with some remarks on the probability measure ν_0 := ν(1, 0, 1, 0), for which the moments are ν_0(x^m) =

�_m m � 0 =^{mm}_{m!} . From (4.9), (6.19) we have

S_{ν0} (z) = e^{−z1+z} ,

(6.28)

R_{ν0} � ze^{−z1+z} � = z,

(6.29)

M_{ν0} � z 1 + z e^{−z1+z} � = 1 + z.

(6.30)

Theorem 6.1. The sequence

�_mm m! �_∞ m=0 is positive definite and the corresponding probability measure ν_0 has compact support contained in [0, e]. Moreover, ν_0 is ⊠-infinitely divisible.

Proof. First observe that lim_{m→∞}^m

�_{mm}

m! = e, which implies that the support of ν_0 is contained in [0, e]. Now we recall (see Theorem 3.7.3 in [2]) that a probability measure μ with support contained in [0, ∞) is ⊠-infinite divisible if and only if the function Σ_μ(z) := S_μ � z(1 − z)^{−1} � can be expressed as Σ_μ(z) =

Documenta Mathematica 15 (2010) 939–955

954 Wojciech Młotkowski

e^{v(z)}, where v : C \ [0, ∞) → C is analytic, satisfies v(z) = v(z) and maps the upper half-plane C^+ into the lower half-plane C^−. In our case Σ_{ν0} (z) = e^{−z} and the function v(z) = −z does satisfy these assumptions. □

Let us briefly reconstruct the way we have obtained the measure ν_0. We started with ~π = μ(2, 1, 1), the free Poisson measure. Then

μ(p, h, h) = D_hμ(p/h, 1, 1) = D_h � ~π^{⊠ ph −1} � , so putting h = 1/n, p = 1 and using (6.24) with t = 1/h = n we have

(6.31) � D 1_n � ~π^{⊠n−1}

�_{⊎n}

−→ ν_0, with n → ∞,

where the convergence here means that the m-th moment of � D 1_n � ~π^{⊠n−1} �⊎n tends to^{mm}_{m!} . Note also that from (6.29) one can calculate free cumulants of ν_0: r_1 = 1, r_2 = 1, r_3 =^1_2 , r_4 =^{−1}_3 . Since r_4 < 0, the measure ν_0 is not ⊞-infinitely divisible.

References

[1] T. Banica, S. T. Belinschi, M. Capitaine, B. Collins, Free Bessel laws, to appear in Canadian J. Math.

[2] H. Bercovici, D. V. Voiculescu, Free convolutions of measures with unbounded support, Indiana Univ. Math. J. 42 (1993). 733–773.

[3] M. Bożejko, J. Wysoczański, Remarks on t-transformations of measures and convolutions, Annales Institute Henri Poincaré, 37/6 (2001) 737–761.

[4] D. Callan, Sets, lists and noncrossing partitions, Journal of Integer Sequences, 11 (2008), Art. 08.1.3.

[5] R. L. Graham, D. E. Knuth, O. Patashnik, Concrete mathematics, Addison-Wesley 1994.

[6] T. Hasebe, On monotone convolution and momotone infinite divisibility, arXiv:1002.3430v2.

[7] T. Hasebe, Monotone convolution semigroups, Studia Math. 200 (2010), 175–199.

[8] D.-Z. Liu, C. Song, Z.-D. Wang, On explicit probability densities associated with Fuss-Catalan numbers, arXiv:1008.0271v1.

[9] N. Muraki, Monotonic convolution and monotonic Levy-Hincin formula, preprint 2000.

[10] N. Muraki, Monotonic independence, monotonic central limit theorem and monotonic law of small numbers, Inf. Dim. Anal. Quantum Probab. Rel. Topics 4 (2001) 39–58.

[11] A. Nica, R. Speicher, Lectures on the Combinatorics of Free Probability, Cambridge University Press, 2006.

[12] K. A. Penson, A. I. Solomon, Coherent states from combinatorial sequences, Quantum theory and symmetries, Kraków 2001, World Sci.Publ., River Edge, NJ, 2002, 527–530.

[13] J. Riordan, Combinatorial identities, Willey 1968.

Documenta Mathematica 15 (2010) 939–955

Fuss-Catalan Numbers. . . 955

[14] R. Speicher, R. Woroudi, Boolean convolution, Fields Institute Communications 12 (1997), 267–279.

[15] D. V. Voiculescu, K. J. Dykema, A. Nica, Free random variables, CRM 1992.

Wojciech Młotkowski Mathematical Institute University of Wrocław Pl. Grunwaldzki 2/4 50-384 Wrocław Poland mlotkow@math.uni.wroc.pl

Documenta Mathematica 15 (2010) 939–955

Documenta Mathematica 15 (2010)

Documenta Math. 957

Almost Proper GIT-Stacks

and Discriminant Avoidance

Jason Starr and Johan de Jong^1

Received: August 2, 2008 Revised: March 8, 2010

Communicated by Alexander S. Merkurjev

Abstract. We prove that the classifying stack of an reductive group scheme over a field is very close to being proper. Using this we prove a result about isotrivial families of varieties. Fix a polarized variety with reductive automorphism group. To prove that every isotrivial family with this fibre has a rational section it suffices to prove this when the base is projective, i.e., the discriminant of the family is empty.

1. Introduction

Consider an algebraic stack of the form [Spec(k)/G] where G is a geometrically reductive group scheme over a field k. It turns out that such a stack is nearly proper, see Proposition 2.5.1. Our proof of this uses ideas very similar to those used by Totaro and Edidin-Graham in their work on equivariant Chow theory. It seems the application of these ideas here is novel.

Next, consider a pair (V, L) consisting of a projective variety V over k and an invertible sheaf. Also, fix an integer d ≥ 1. We would like to know if every d-dimensional family of polarized varieties X → S, N ∈ Pic(X), all of whose fibres are isomorphic to (V, L), has a rational section. For example this is true if V is a nodal plane cubic.

Theorem 1.0.1. (See Theorem 2.2.3 which is slightly more general.) Assume G = Aut(V, L) is geometrically reductive. If X → S has a rational section whenever S is a projective variety of dimension d then there is a rational section whenever S is a quasi-projective variety, provided dim S ≤ d.

1J. Starr was supported by NSF grants DMS-0846972, DMS-0758521 and DMS-0734178. A. J. de Jong was supported by NSF grants DMS-0600425 and DMS-0554442.

Documenta Mathematica 15 (2010) 957–972

958 Jason Starr and Johan de Jong

Loosely speaking this means that if you prove the existence of rational sections whenever the discriminant is empty then you prove it in general. For example, it implies that if you are trying to find rational sections of families of polarized homogenous varieties over surfaces then it suffices to do so in the case of families of homogenous varieties over projective nonsingular surfaces. Our proof of this theorem depends on the result on GIT-stacks mentioned above. In a forthcoming article, joint with Xuhua He, we use this to prove that certain families of polarized homogeneous varieties over surfaces always have rational sections. This is the crucial step in resolving Serre’s “Conjecture II” over function fields of surfaces, cf. [Ser02, p. 137], and also gives a proof of the first author’s Period-Index Theorem, cf. [dJ04], valid in arbitrary characteristic (another proof valid in arbitrary characteristic was proved independently by Max Lieblich, who also proved some beautiful extensions, cf. [Lie08]).

2. Isotrivial families

The title of this section is a little misleading as usually one thinks of an isotrivial family as having finite monodromy. As the reader will see such families are certainly examples to which our discussion applies, but we also allow for a positive dimensional structure group. The families will be isotrivial in the sense that the fibres over a Zariski open will be all isomorphic to a fixed variety V .

2.1. Generalities on Isom. Let U be a base scheme. Let f : X → U and g : Y → U be proper, flat morphisms. Let N be an f-ample invertible sheaf on X, and let L be a g-ample invertible sheaf on Y . Consider the functor that associates to a scheme T → U over U the set of pairs (ϕ, α), where ϕ : X_T → Y_T is an isomorphism over T and α : ϕ^∗L_T → N_T is an isomorphism of invertible sheaves. This functor is representable, see [Gro62, No. 221-19, §4.c], [Gro63, Corollaire 7.7.8], and [LMB00, Théorème 4.6.2.1]. We will call the representing U-scheme Isom_U ((X, N ), (Y, L)).

In fact this U-scheme is affine over U. To see this, it is first convenient to change L and N . For every integer N > 0 there is an obvious morphism

Isom_U ((X, N ), (Y, L)) → Isom_U ((X, N^N ), (Y, L^N )).

It is straightforward to verify that this morphism is finite. Therefore we can reduce to the case that L and N are relatively very ample and also have vanishing higher direct images. Then the natural map Isom_U ((X, N ), (Y, L)) → Isom_U (f_∗N , g_∗L)

is a closed immersion whose target is clearly affine over U, cf. [Gro63, 7.7.8, 7.7.9].

2.2. Statement of the result. Let k be an algebraically closed field of any characteristic. We assume given a projective scheme V over k and an ample invertible sheaf L over V . We let m = dim V . We introduce another integer d ≥ 1 which will be an upper bound for the dimension of the base of our families. We are going to ask the following question: Is it true that for any

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 959

polarized family of schemes over a ≤ d-dimensional base whose general fibre is V , there is a rational point on the generic fibre? We make this more precise as follows.

Situation 2.2.1. Here we are given a triple (K/k, X → S, N ), with the following properties: (a) The field K is an algebraically closed field extension of k. (b) The map X → S is a proper morphism to a projective variety S over K. (c) The dimension of S is at most d. (d) We are given an invertible sheaf N on X. (e) For a general point s ∈ S(K) we have (X_s, N_s) ∼= (V_K , L_K ).

The notation (V_K , L_K ) refers to the base change of the pair (V, L) to Spec K. Part (e) means that there exists a nonempty Zariski open U ⊂ S over which the morphism is flat and such that (X_s, N_s) ∼= (V_K , L_K ) as pairs over K for all s ∈ U. We will see in Lemma 2.3.2 that this implies Isom_U ((X, N ), (V_U , L_U )) is a torsor, hence all geometric fibres of X → S over U are isomorphic to a suitable base change of V .

Question 2.2.2. Suppose we are in Situation 2.2.1. Is there a rational point on the generic fibre of X → S? In other words: Is X(K(S)) not empty?

A natural problem that arises when studying this question is the possibility of bad fibres in the family X → S. Let us define the discriminant Δ of a family (K/k, X → S, N ) as in Situation 2.2.1 as the Zariski closure of the set of points s ∈ S(K) such that (X_s, L_s) is not isomorphic to (V_K , L_K ). A priori the codimension of (the closure of) Δ is assumed ≥ 1, and typically it will be 1. In this section we show that it often suffices to answer Question 2.2.2 in cases where the codimension of Δ is bigger, at least as long as we are answering the question for all families.

It is not surprising that the automorphism group G of the pair (V, L) is an important invariant of the situation. The group scheme G has T -valued points which are pairs (ϕ, α), where ϕ : V_T → V_T is an automorphism of schemes over T , and α : ϕ^∗L_T → L_T is an isomorphism of invertible sheaves. It is representable by Subsection 2.1. The group law is given by (ϕ, α) · (ψ, β) = (ϕ ∘ ψ, β ∘ ψ^∗(α)). And G is an affine group scheme over k. In the following theorem G^∘_{red} denotes the reduction of the identity component of G. Note that G^∘_{red} is a smooth affine group scheme (since k is algebraically closed, and hence perfect).

Theorem 2.2.3. Fix (V, L) and d as above. Assume that G^∘_{red} is reductive. If the answer to Question 2.2.2 is yes whenever Δ = ∅, then the answer to Question 2.2.2 is yes in all cases.

The proof has 2 parts: deformation and specialization. The deformation argument proves the following: For every triple (K/k, X → S, N ), there is a dense open subset U ⊂ S and a deformation of (X_U → U, N |_{XU} ) to a triple (K^′/k, X^′ → S^′, N^′) with trivial discriminant. The specialization argument proves the following: Every rational point of the generic fiber of X^′ → S^′ specializes to a rational point of the generic fiber of X → S. Thus Question 2.2.2

Documenta Mathematica 15 (2010) 957–972

960 Jason Starr and Johan de Jong

has a positive answer for (K/k, X → S, N ) if it has a positive answer for (K^′/k, X^′ → S^′, N^′).

2.3. A bijective correspondence. To deform the pair (X_U → U, N |_{XU} ), it is convenient to first convert the pair into a G-torsor over U, deform the torsor, and then convert this back into a triple. This subsection describes how to convert between pairs and G-torsors. As in subsection 2.2, denote by G the automorphism group scheme of (V, L). Following is a quick proof of a well-known result about homogeneous spaces.

Lemma 2.3.1. Let Γ be a finite type group scheme over k acting on a nonempty, reduced, finite type k-scheme X. If the induced morphism

Ψ : Γ ×_{Spec k} X → X ×_{Spec k} X, (g, x) → (g · x, x)

is surjective on geometric points, then it is flat so that X is a homogeneous space under Γ. If, moreover, Γ is smooth over k, then also X is smooth over k. Proof. By [Gro67, Théorème 11.1.1], the set U of points in Γ×_{Spec k} X at which Ψ is flat is open. The morphism Ψ is equivariant for the Γ ×_{Spec k} Γ-actions,

(Γ×_{Spec k} Γ)×_{Spec k} (Γ×_{Spec k} X) → Γ×_{Spec k} X, (γ^′, γ)·(g, x) := (γ^′gγ^{−1}, γ·x),

(Γ×_{Spec k} Γ)×_{Spec k} (X ×_{Spec k} X) → X ×_{Spec k} X, (γ^′, γ)·(x^′, x) := (γ^′ ·x^′, γ·x).

Therefore U is (Γ ×_{Spec k} Γ)-invariant. Every invariant subset of Γ ×_{Spec k} X is of the form Γ ×_{Spec k} V for a Γ-invariant subset V of X. Since X ×_{Spec k} X is reduced, Ψ is flat at every point of Γ ×_{Spec k} X mapping to a generic point of X ×_{Spec k} X. And such points exist by the hypothesis that Ψ is surjective. Therefore U is nonempty, i.e., V is nonempty. Finally, by the hypothesis that Ψ is surjective, the only nonempty, Γ-invariant open subset V of X is V = X. Therefore U equals Γ ×_{Spec k} X, i.e., Ψ is flat.

Finally, assume that Γ is smooth over k. For any k-point x of X (which exists since X is nonempty), the induced morphism

Ψ_x : Γ → X, g → g · x

is flat, since it is the base change of Ψ by the morphism

X → X ×_{Spec k} X, x^′ → (x^′, x).

Therefore, by [Gro67, Proposition 17.7.7], X is smooth over k. □

Lemma 2.3.2. Let U be a k-scheme. Let (X → U, N ) be a pair where X → U is a flat proper morphism and N is an invertible sheaf on X. Assume that the geometric fiber of (X, N ) over U is isomorphic to the base change of (V, L) for a dense set of geometric points of U. Also assume that U is reduced. Then the scheme T := Isom_U ((X, N ), (V, L)), with its natural G-action, is a G-torsor over U.

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 961

Proof. It suffices to prove that (X, N ) is locally in the fppf topology of U isomorphic to the constant family (V, L) × U. To prove this we need some notation.

Take N so large that L^N is very ample on V and has vanishing higher cohomology groups. Let n = dim Γ(V, L^N ). A choice of basis of Γ(V, L^N ) determines a closed immersion i : V → P^{n−1}. This determines a point [i] of the Hilbert scheme Hilb = HilbPn−1_{/k}. The smooth algebraic group PGL_n acts on Hilb, and we denote by Z the orbit of [i], which is a locally closed subscheme of Hilb. By Lemma 2.3.1, Z is a smooth scheme and the morphism PGL_n → Z associated to any k-point of Z is flat. By construction the pullback of the universal family over Z to PGL_n is canonically isomorphic to V × PGL_n, and the invertible sheaf O(1) pulls back to L^N ⊠ O.

The question is local on U so we may assume that U is affine. By our choice of N above, the invertible sheaf N^N is very ample on every fibre of X over U with vanishing higher cohomology groups. Hence after possibly shrinking U we can find a closed immersion X → P^{n−1}_U which restricts to the embedding given by the full linear series of N^N on every geometric fibre. Consider the associated moduli map m : U → Hilb. Since U is reduced, and since each pair (X_s, N_s) for a dense set of geometric points s is isomorphic to a base change of (V, L), we see that m(U) ⊂ Z.

This implies there is some surjective flat morphism U^′ → U and an U^′- isomorphism X^′ ∼= V × U^′ with the property that N^N pulls back to L^N . The fiber product U^′ = U ×_Z PGL_n parameterizes points of U together with an autmorphism of P^n transforming the fiber of X isomorphically to i(V ). Since PGL_n → Z is surjective and flat, U^′ → U is also surjective and flat. To finish, do the same thing for N + 1 to get some U^{′′} → U. Then over U^{′′′} := U^′ ×_U U^{′′} there is an isomorphism of the pullback of (X, N ) and the base change of (V, L). This proves the result. □

Conversely, given a left G-torsor T over U we will construct a flat proper family of varieties X → U and an invertible sheaf N on X such that Isom_U ((X, N ), (V_U , L_U )) is isomorphic to T . Of course it will turn out that X equals (V × T )/G (as an fppf sheaf), but we need to prove this is a scheme. The structure morphism π : T → U is a flat surjective morphism of finite type. We are going to descend the constant family V ×T to U using a descent datum

ϕ : V × T ×_U T → V × T ×_U T .

Before we describe the descent datum, we recall that the map

Ψ : G × T → T ×_U T , (g, t) → (g · t, t)

is an isomorphism. Also, let us denote m : V × G → V the map (v, g) → gv, where gv denote the natural action of g ∈ G on v ∈ V . Finally, we take

ϕ = Id_V × Ψ ∘ m × Id_T ∘ (Id_V × Ψ)^{−1}.

Documenta Mathematica 15 (2010) 957–972

962 Jason Starr and Johan de Jong

To verify the cocycle condition on T ×_U T ×_U T , we can think of ϕ as the map (v, gt, t) → (g^{−1}v, gt, t). If on V × T ×_U T ×_U T we have a point (v, g_1g_2t, g_2t, t) then pr^∗_{23}(ϕ)(v, g_1g_2t, g_2t, t) = (g_2v, g_1g_2t, g_2t, t) and pr^∗_{12}(ϕ) ∘ pr^∗_{23}(ϕ)(v, g_1g_2t, g_2t, t) = (g_1g_2v, g_1g_2t, g_2t, t) and pr^∗_{13}(ϕ)(v, g_1g_2t, g_2t, t) = ((g_1g_2)v, g_1g_2t, g_2t, t). Thus pr^∗_{13}(ϕ) = pr^∗_{12}(ϕ) ∘ pr^∗_{23}(ϕ) as desired. Because all the maps in question lift canonically to the invertible ample sheaf L this actually defines a descent datum on the pair (V, L) for T → U. As L is ample, this descent datum is effective, cf. [Gro62, No. 190, §B.1]. Thus there exists a pair (X → U, N ) over U and an isomorphism δ : T ×_U (X, N ) → T × (V, L) such that ϕ equals pr^∗_1δ ∘ pr^∗_2δ^{−1}.

Conclusion 2.3.3. The above constructions give a bijective correspondence between pairs (X → U, N ) and left G-torsors over U in case U is a reduced scheme over k.

Remark 2.3.4. The construction of the family (X, N )/U starting from the torsor T works more generally when k is a ring as long as: (1) V is a flat projective scheme of finite presentation over k, (2) L is ample, and (3) the automorphism group scheme G = Aut(V, L) is flat over k.

2.4. Deforming torsors over a Henselian DVR. Before proving Theorem 2.2.3, it is useful to say what is known without the hypothesis that G is reductive. We thank Ofer Gabber, Jean-Louis Colliot-Thélène and Max Lieblich for explaining the following proposition.

Proposition 2.4.1. Let R be a Henselian DVR with residue field k, and let G be a flat separated group scheme of finite type over Spec R. Every torsor for the closed fiber G_k over Spec k is the closed fiber of a torsor for G over Spec R.

Proof. We first give a proof when G is affine which is all we will use in this paper. The usual proof that every affine group scheme over a field is linear extends to affine, flat group schemes over a DVR, see [ABD^+65, Exposé VI_B, Remarque 11.11.1]. Choose a closed immersion G → GL_{n,R}. The quotient fppf sheaf X = GL_{n,R}/G is an algebraic space over R, cf. [Art74, Corollary 6.3]. In fact, by [Ana73, Proposition 3.4.2], there exists an fpqc cover Spec R^′ → Spec R such that the pullback Spec R^′ ×_{Spec R} X is a scheme. After base change to R^′, by [ABD^+65, Exposé VI_A, Proposition 9.2] the quotient morphism

GL_{n,R}′ → Spec R^′ ×_{Spec R} X

is faithfully flat, in fact is a G-torsor, and Spec R^′ ×_{Spec R} X is smooth over R^′ . But each of these statements (in the category of algebraic spaces) can be checked after faithfully flat base change. Thus also GL_{n,R} → X is faithfully flat, in fact a G-torsor, and X is smooth over R. Since H^1(k, GL_{n,k}) = {1}, any torsor for G_k is the fibre of the map GL_{n,k} → X_k over a k-point of X. Since R is Henselian and since X is smooth, the map X(R) → X(k) is surjective, and hence every G_k-torsor lifts.

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 963

In the general case, i.e., when G is not necessarily affine, we argue as follows. By [LMB00, Prop. 10.13.1], which relies upon Artin’s criterion for algebraicity of a stack, the classifying stack BG is an algebraic stack over Spec R. By [LMB00, Thm. 6.3], for each G_k-torsor there exists an affine Rscheme X, a smooth morphism ϕ : X → BG, and a k-point x of X such that ϕ(x) corresponds to the given G_k-torsor. Denote by t : Spec R → BG the 1-morphism associated to the trivial G-torsor. Since ϕ is smooth, the basechange pr_R : Spec R ×_{t,BG,ϕ} X → Spec R is smooth. Since t is a surjective flat morphism, the base-change, pr_X : Spec R ×_{t,BG,ϕ} X → X is surjective and flat. By [Gro67, §6.5], it follows that X is smooth over Spec R. Since R is Henselian and X is smooth over Spec R, X(R) → X(k) is surjective; in particular there is an R-morphism Spec R → X extending the given k-point of X. The composition of this morphism with ϕ determines a G-torsor over Spec R whose closed fiber is isomorphic to the given G_k-torsor over Spec k. □

Corollary 2.4.2. Let R be a DVR with residue field k, and let G be a separated, finite type, flat group scheme over Spec R. Let U be a finite type, integral k-scheme, and let T_U → U be a G_k-torsor. There exists an integral, flat, quasiprojective R-scheme Y , with nonempty special fibre Y_k, a G-torsor T → Y , and an open immersion j : Y_k → U such that j^∗T_U is isomorphic to T_k as G_k-torsors over Y_k. T � T_k � �^j � T_U � Y Yk

�^j � U

Proof. First we show there exists an integral, flat, quasi-projective R-scheme Z and an open immersion j : Z_k → U. It suffices to prove this after replacing U by a dense open subset. Thus first replace U by a dense open affine. And then replace U by the regular locus Reg(U) which is open by [Gro67, Corollaire 6.12.5] and which is dense since it contains the generic point of U (the stalk being a field since U is integral). In particular this implies that U → Spec k is a local complete intersection morphism, see [Gro67, Proposition 19.3.2]. So after shrinking U some more we may assume that U = Spec k[x_1, . . . , x_n]/(f_1, . . . , f_c) is a complete intersection, i.e., dim U = n − c. At this point we simply put Z = Spec R[x_1, . . . , x_n]/(F_1, . . . , F_c), where F_i ∈ R[x] lifts f_i. Define R^′ to be the local ring of Z at the generic point of Z_k. Then R^′ is a Noetherian 1-dimensional local ring. Denote by π a uniformizer of R. Clearly, π maps into m_R′ and R^′/πR^′ is the function field of Z_k, i.e., the function field of U. Because R^′ is R-flat, π is a nonzerodivisor. Thus R^′ is a DVR with residue field K = k(U).

By Proposition 2.4.1, the G_k torsor over R^′/πR^′ lifts to a G-torsor T^h over the Henselization of R^′. By a standard limit argument, this lift exists over an étale extension R^′ → R^{′′} contained in the Henselization of R^′. Note that the residue field R^{′′}/πR^{′′} of R^{′′} is still the function field of U. By a standard limit

Documenta Mathematica 15 (2010) 957–972

964 Jason Starr and Johan de Jong

argument, there is an étale morphism Y → Z such that Y_k → Z_k is an open immersion and such that R^{′′} is the local ring of Y at the generic point of Y_k. After replacing Y by an open subscheme, there is a G-torsor T over Y that pulls back to T^h over R^{′′}. We leave it to the reader to see that, after possible shrinking Y again, this torsor satisfies the conditions of the corollary. □

Corollary 2.4.2 above is a weak version of the deformation principle that we will establish later on. The remaining issue is whether there exists a datum (Y → Spec R, T → Y, j : Y_K → U) such that the generic fiber of Y → Spec R is projective. Presumably this is not always possible, but in case G is reductive we will show that it is.

Corollary 2.4.2 can be used to lift problems in char p > 0 to characteristic 0. Suppose that R is a complete discrete valuation ring with algebraically closed residue field k. Let Ω be an algebraic closure of the fraction field of R. We have in mind the case where char(k) = p > char(Ω) = 0. Suppose that V_R is a flat projective R scheme, and that L_R is an ample invertible sheaf over V_R. We assume that V_Ω and V_k are varieties. Let G_R denote the automorphism group scheme of (V_R, L_R) over R.

Corollary 2.4.3. Notations and assumptions as above. Fix d ∈ N. Assume that G_R is flat over R. If the answer to Question 2.2.2 is always ”yes” for the pair (V_Ω, L_Ω) then the answer is always ”yes” for the pair (V_k, L_k).

Proof. Let (K/k, X → S, N ) be a triple as in Situation 2.2.1 for the pair (V_k , L_k). Let U be the open subscheme of S over which all geometric fibres of (X, N ) are isomorophic to the base change of (V_k , L_k). The construction in Subsection 2.3 gives a corresponding G_K -torsor T_U over U. There exists an extension of complete discrete valuation rings R ⊂ R^′ such that the induced extension of residue fields is K/k, see [Gro63, Chapitre 0, 10.3.1]. We apply Corollary 2.4.2 to obtain Y → Spec R^′, T → Y and j : Y_K → U. According to Conclusion 2.3.3 and Remark 2.3.4 there exists a pair (X^′ → Y, N^′) over Y whose restriction to Y_K is isomorphic to (j^∗X|_U , j^∗N |_U ). Let Ω^′ be an algebraic closure of the field of fractions Q(R^′) of R^′. Since R ⊂ R^′ we may and do assume that Ω ⊂ Ω^′. Note that we do not know that the geometric fibre Y_Ω′ is irreducible. However, our assumptions imply that X^′ has a Ω^′(Y^′)-valued point for every irreducible component Y^′ of Y_Ω′ . To conclude we apply the lemma below. □

Lemma 2.4.4. Suppose that R is a DVR with algebraically closed residue field K. Let Ω be an algebraic closure of Q(R). Let Y → Spec R be a flat, finite type morphism, X → Y a projective morphism and let ξ ∈ Y_K . Assume in addition that (a) ξ is the generic point of an irreducible component C of the scheme Y_K , (b) the scheme Y_K is reduced at ξ, and (c) for every irreducible component Y^′ of Y_Ω there exists a Ω(Y^′)-valued point of X. Then X has a K(C)-valued point.

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 965

Proof. Note that right from the start we may replace R by its completion, and hence we may assume that R is excellent, cf. [Gro67, Scholie 7.8.3(iii)]. This will guarantee that the integral closure of R in a finite extension of Q(R) is finite over R, cf. [Gro67, Scholie 7.8.3(vi)]. (In fact this is not necessary if the fraction field of R has characteristic 0, cf. [Mat89, Lemma 1, p. 262].) By hypothesis, and a standard limit argument, there is a section of X_Ω → Y_Ω over a dense open V ⊂ Y_Ω, say s : V → X_Ω. By a standard limit argument, there is a finite extension Q(R) ⊂ L such that V and s are defined over L. Let R^′ be the integral closure of R in L. Since R is excellent the extension R ⊂ R^′ is a finite extension of DVRs. The residue field of R^′ is isomorphic to K as K is algebraically closed.

By construction the scheme Y_R′ = Y ×_R R^′ has special fibre equal to Y_K . The local ring O of Y_R′ at ξ is a DVR. This follows from flatness of Y_R′ /R^′ and property (b), see proof of 2.4.2. Thus the image of Spec Q(O) → Y_L is one of the generic points of Y_L and hence contained in V . Since X_R′ → Y_R′ is proper, we see that s|_{Spec Q(O)} extends to a O-valued point of X_R′ , and in particular we obtain a κ(ξ) = K(C)-valued point of (X_K )_{κ(ξ)} = X_{K(C)} as desired. □

For example this corollary always applies to the case where (V, L) is the pair consisting of a Grassmanian and its ample generator.

2.5. Deforming torsors for a reductive group. Under the additional hypothesis that G is a geometrically reductive linear algebraic group we can prove a stronger version of Corollary 2.4.2. First we prove that BG is proper over k in some approximate sense.

Proposition 2.5.1. Let G be a geometrically reductive group scheme over the field k. For each integer c, there exists a smooth k-scheme X, a smooth morphism ϕ : X → BG, and an open immersion j : X → X such that (i) X is a projective k-scheme, (ii) for every infinite field K and every morphism Spec K → BG, there exists a lift Spec K → X under ϕ.

(iii) X − X has codimension ≥ c,

The proof uses geometric invariant theory to construct X ⊂ X̄. With more care it may be possible to remove the assumption that K is infinite from (ii).

Proof. Step 1. A “nice” projective representation. By definition G is a linear group scheme. Let V be a finite dimensional k-vector space, and let ρ^′ : G → GL(V ) be a closed immersion of group schemes. Consider ρ : G → SL(V ⊕ k ⊕ k) defined by ρ(g) = diag(ρ^′(g), det(ρ^′(g))^{−1}, 1) (diagonal blocks). Observe that the intersection of Image(ρ) and G_mId is the trivial group scheme. Thus, without loss of generality, assume ρ is a closed embedding of G into SL(V ) such that Image(ρ) ∩ G_mId is the trivial group scheme. In other words, the induced morphism of group schemes Pρ : G → PGL(V ) is a closed immmersion.

Documenta Mathematica 15 (2010) 957–972

966 Jason Starr and Johan de Jong

Step 2. Making the “non-free” locus have codimension ≥ c. Denote the dimension of V by n > 1. Let W be a finite-dimensional k-vector space of dimension c. Denote by H the finite-dimensional k-vector space Hom(W, Hom(V, V )). There is a linear action σ : GL(V ) × H → H, where an element g ∈ GL(V ) acts on a linear map h : W → Hom(V, V ) by σ(g, h)(w) = g ∘ h(w). This restricts to a linear action of G on H. Step 3. The GIT quotient. The linear action of G on H determines an action of G on the projective space PH of lines in H. It comes with a natural linearization of the invertible sheaf L := O_{PH} (1) so that the action of G on H^0(PH, O(1)) = Hom(H, k) is the dual of ρ. Denote by PH^{ss}, resp. PH^s_{(0)}, the semistable, resp. properly stable, locus for the action of G on the pair (PH, L). Denote by X the uniform categorical quotient PH^{ss} � G and denote by p : PH^{ss} → X the quotient morphism. These exist by [MFK94, Thm. 1.10, App. 1.A, App. 1.C]. By the remark on [MFK94, p. 40], X is projective. Also, some power of L is the pullback under p of an ample invertible sheaf on X. Thus (i) is satisfied for X.

Step 4. A large open subset of PH^{ss}_{(0)} which is a G-torsor. For every element w ∈ W − {0}, define F_w to be the homogeneous, degree n polynomial on H defined by F_w(h) = det(h(w)). For every g ∈ SL(V ),

F_w(σ(g, h)) = det(σ(g, h)(w)) = det(gh(w)) = det(g)det(h(w)) = det(h(w)) = F_w(h).

Thus F_w is invariant for the action of SL(V ). Thinking of F_w as an element of Γ(PH, O(n)) it is invariant for the action of G. Denote by H_w ⊂ H, resp. PH_w ⊂ PH, the open complement of the zero locus of F_w. By what was said above, PH_w is contained in PH^{ss}. The next step is to prove that PH_w is contained in PH^s_{(0)}, and, in fact, the geometric quotient PH_w → PH_w/G is a G-torsor.

Let W^′ be a subspace of W such that W = span(w) ⊕ W^′. Denote by H^′ ⊂ H the subspace H^′ = Hom(W^′, Hom(V, V )). There is a morphism

q_w : H_w → GL(V ) × H^′, h → (h(w), h(w)^{−1} h|_W ′ ).

The morphism q_w is GL(V )-equivariant if we act on GL(V ) × H^′ on the first factor only. There is an inverse morphism

r_w : GL(V ) × H^′ → H_w

sending a pair (g, h^′) to the unique linear map W → Hom(V, V ) such that w → g and w^′ → gh^′(w^′) for every w^′ ∈ W^′. Thus, as a scheme with a left GL(V )-action, H_w is isomorphic to GL(V ) × H^′. For the same reason, as a scheme with a PGL(V )-action, PH_w is isomorphic to PGL(V ) × H^′. Thus the categorical quotient of PH_w by the action of G is the induced morphism PH_w → (PGL(V )/G) × H^′. Now the categorical quotient PGL(V ) → PGL(V )/G, which is also a geometric quotient, is a G-torsor, see [ABD^+65, Exposé VI_A, Théorème 3.2] or [MFK94, Proposition 0.9]. Thus also the categorical quotient

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 967

PH_w → (PGL(V )/G) × H^′ is a G-torsor. In particular, the action of G on PH_w is proper and free so that PH_w is contained in PH^{ss}_{(0)}.

Denote U = � PH_w, where the union is over all w ∈ W − {0}. This is a G-invariant open subscheme of PH^s_{(0)}. Therefore there exists a unique open subscheme X ⊂ X such that p^{−1}(X) = U. By the last paragraph, p : T → X is a G-torsor. Since U is smooth and p is flat, by [Gro67, §6.5] also X is smooth.

Step 5. Lifting K-valued points of BG to X, K infinite. Associated to the G-torsor U over X, there is a 1-morphism ϕ : X → BG. There are also morphisms of stacks [H/G] → BG and [PH/G] → BG because BG = [Spec k/G]. By construction, X is 2-equivalent to an open substack of [PH/G] as a stack over BG. The morphism [PH/G] → BG is smooth, since PH is smooth. Hence X → BG is smooth. For every field K and 1-morphism Spec K → BG, the 2-fibered product Spec K ×_{BG} [H/G] is a K-vector space, and Spec K ×_{BG} [PH/G] is the associated projective space. Thus Spec K ×_{BG} [PH/G] ∼= P^{cn2−1}. Finally, Spec K ×_{BG} X is a nonempty open subscheme of Spec K ×_{BG} [PH/G]. Since K is infinite every dense open subset of P^{dn2−1}_K contains a K-point. This proves (ii).

Step 6. The codimension of X − X is large. Finally, the codimension of X − X is at least as large as the codimension of PH − U. Choosing a basis (w_1, . . . , w_d) for W , PH − U is contained in the common zero locus of F_{w1} , . . . , F_{wc} , which clearly has codimension c. Therefore X − X has codimension at least c in X. This proves (iii). □

Corollary 2.5.2. Let the field k and the group scheme G be as in Proposition 2.5.1. Let R be a DVR containing k with residue field K. Let U be a finite type, integral K-scheme, and let T_U → U be a G-torsor. There exists a triple (Y → Spec R, T → Y, j : Y_K → U) as in Corollary 2.4.2 with the additional property that the generic fiber of Y is projective.

Proof. We may assume that dim U > 0. Let c be an integer larger than dim(U). Let (ϕ : X → BG, X ⊂ X) be as in Proposition 2.5.1. The torsor T_U corresponds to a 1-morphism U → BG. By condition (ii), the base-change morphism Spec K(U) → BG lifts to a morphism Spec K(U) → X. (Note that K(U) is infinite since dim U > 0.) After replacing U by a dense open subscheme, this comes from a morphism f : U → X lifting U → BG. Also, replace U by an open subscheme that is quasi-projective, say a nonempty open affine. Then for some positive integer N, there is a locally closed immersion of K-schemes, f^′ : U → (X × P^N_k )_K such pr_X ∘ f^′ equals f. Denote by m the codimension of f^′(U) in (X × P^N_k )_K .

The scheme (X × P^N_k )_R is flat and projective over Spec R. Choose a closed immersion in P^M_R for some positive integer M. As in the proof of 2.4.2 we will use that the scheme U is a local complete intersection at a general point, and we will use that X is smooth over k. This implies that f^′(U) is dense in a component of a complete intersection of (X × P^N_k )_K in P^M_K . More precisely,

Documenta Mathematica 15 (2010) 957–972

968 Jason Starr and Johan de Jong

for some positive integer e, there exist homogoneous, degree e polynomials F_1, . . . , F_m on P^M_K such that the scheme Y_K := V(F_1, . . . , F_m)∩(X ×P^N_k )_K has pure dimension dim(U) and contains a nonempty open subscheme U^′ that is an open subscheme of f^′(U). Let ~F_1, . . . , ~F_c be homogeneous, degree e polynomials on P^M_R such that for every i = 1, . . . , m,

(∗) ~F_i ≡ F_i (mod m_R).

Denote by Y the zero scheme V( ~F_1, . . . , ~F_m) ∩ (X × P^N_k )_R. Then Y is flat over Spec R by Grothendieck’s lemma, see [Mat89, Corollary, p. 179]. The closed fiber of Y equals Y_K . Moreover,

dim((X − X) × P^N_k ) − m ≤ dim X − c + N − m = dim f^′(U) − c < 0.

It is easy to see that the set of all possible choices of ~F_i satisfying (∗) forms a Zariski dense set of points in the relevant vector space of degree e polynomials over the field of fractions Q(R) of R. Thus the dimension count shows there exists a choice of ~F_1, . . . , ~F_c such that Y_{Q(R)} does not intersect � (X − X) × P^N_k � Q(R). In other words, the generic fiber of Y → Spec R is contained in

(X × P^N_k )_{Q(R)}.

Let η be a generic point of Y that specializes to the generic point of U^′. Replace Y by the closure of η, so that now Y is integral. (Presumably, a suitable application of Bertini’s theorem could be used to replace this step.) Then Y is an integral, flat, projective R-scheme, the closed fiber contains U^′ as an open subscheme, and the generic fiber is contained in Spec R ×_{Spec k} (X × P^N_k ). Define Y = Y − � Y ×_{Spec R} Spec K − U^′ � . This is an integral, flat, quasi-projective R-scheme whose generic fiber is projective. Moreover, Y_K equals U^′, which admits a dense, open immersion in S. Finally, the projection pr_X : Y → X, and the 1-morphism ϕ ∘ pr_X : Y → BG determine a G-torsor T over Y . By construction, the restriction of this Gtorsor to U^′ is isomorphic to the pullback of T_U by the open immersion, as desired. □

Remark 2.5.3. We remark that we did not claim that the generic fibre of Y → Spec (R) is geometrically irreducible. Since X is smooth and geometrically irreducible over k, it seems that with a careful choice of the ~F_i and some additional arguments one can obtain this property as well having Y_{Q(R)} smooth over Q(R).

Next we deduce a corollary to help prove Theorem 2.2.3. Let k be an algebraically closed field, and let (V, L) be a pair of a projective k-scheme and an ample invertible sheaf. Denote by G/k the group scheme G = Aut(V, L). Let (K/k, X → S, N ) be as in Situation 2.2.1. Denote by G^∘_{red} the reduced, connected component of the identity of G.

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 969

Corollary 2.5.4. Notations as above. Let R be a DVR containing k and with residue field K. If G^∘_{red} is reductive, there exists an integral, flat, quasiprojective R-scheme Y , a projective, flat morphism f : ~X → Y , an invertible sheaf ~N on X, and an open immersion j : Y_K → S such that:

(i) every geometric fiber of ( ~X, ~N ) over Y equals the base-change of (V, L), (ii) the restriction of ( ~X, ~N ) to Y_K is isomorphic to the pullback of j^∗(X, N ), and (iii) the generic fiber of Y → Spec R is projective.

In particular, let S^′ be an irreducible component of the geometric generic fibre of Y → Spec R. Then ( ~X → S^′, ~N ) over R is a triple (K^′/k, X^′ → S^′, N^′) with empty discriminant.

Proof. The hypothesis that G^∘_{red} is reductive implies that it is a geometrically reductive group scheme over k by a result of Haboush, see [Hab75] and [MFK94, Appendix 1.A, p. 191]. Note that G^∘_{red} is a closed normal subgroup scheme of G and that the quotient G/G^∘_{red} is a finite group scheme. A finite group scheme over k is geometrically reductive, and an extension of geometrically reductive group schemes is reductive, see [Fog69, Exercise, p. 189 and Lemma 5.57, p. 193]. Hence G is geometrically reductive. Thus the result of this Corollary follows from Corollary 2.5.2 above by applying the bijective correspondence of Conclusion 2.3.3. □

Proof of Theorem 2.2.3. Let us start with an arbitrary triple (K/k, X → S, N ). Let R = K[[t]]. So R is Henselian, contains k and has residue field K. Let ~X → Y → Spec R and ~N be as in Corollary 2.5.4. Denote by Ω/k an algebraic closure of the field of fractions Q(R) of R. Let S^′ be any irreducible component of Y_Ω and let X^′ = ~X|_S′ , N^′ = ~N |_S′ . Thus (Ω/k, X^′ → S^′, N^′) is a triple as in Situation 2.2.1. By construction, this has empty discriminant. By hypothesis, the generic fiber of X^′ → S^′ has a K^′(S^′)-point. At this point we apply Lemma 2.4.4 to conclude. □

3. Simple applications

As mentioned in the introduction, our main application of these results is to homogeneous spaces over fraction fields, which will appear in a forthcoming article. But in this section we want to indicate some simple applications of Theorem 2.2.3.

3.1. Fermat Hypersurfaces. As a first case we take V a Fermat hypersurface of degree d in P^{d2−1}

V : T^d_0 + T^d_1 + . . . T^d_d2_{−1} = 0,

Documenta Mathematica 15 (2010) 957–972

970 Jason Starr and Johan de Jong

with L = O_V (1), say over the complex numbers C. In this case the group scheme G is an extension of a finite group by G_m so certainly reductive. Consider the following family with general fibre (V, L) over P^2: (∗) � 0≤i,j≤d−1

X^iY^j Z^{2d−2−i−j} T^d_{i+dj} = 0,

We learned about this family in personal communication with Tom Graber. This family does not have a rational point over k(P^2). The reader may enjoy finding an elementary proof of this by looking at what it means to have a polynomial solution to the above. We conclude from Theorem 3.1 that there is a smooth projective family over a projective surface with every fibre isomorphic to (V, L), without a rational section. We like this example because it is not immediately obvious how to write one down explicitly.

There is another reason why the family given by (∗) is interesting. Tsen’s theorem asserts that, if n ≥ d^2 then any degree d hypersurface X ⊂ P^n_F , where F is the function field of a surface has a rational point. The authors of this paper wonder what the obstruction to the existence of a rational point is in the boundary case, namely degree d in P^{d2−1}. One guess is that it is a Brauer class, i.e., an element α in the Brauer group of F such that for finite extensions F^′/F one has: X(F^′) ≠ ∅ ⇔ α|_F ′ = 0. However, the example above shows that this is not the case.

Namely, in our example F = C(x, y) where x = X/Z and y = Y/Z. Anand Depokar pointed out that (∗) obtains a rational point over F (ξ) where ξ is a dth root of a nonzero polynomial of the form

f(x, y) = − � 0≤i,j≤d−1,(i,j)≠(0,0)

a_{i,j} x^iy^j .

(Just take T_0 = ξ and T_{i+jd} = a^{1/d}_{i,j} .) Let C ⊂ P^2 be an irreducible curve, not the line at infinity Z = 0. Suppose that α ramifies along C. The ramification data gives a cyclic extension C(C) ⊂ C(C)[g^{1/d′} ] of degree d^′, where 1 < d^′|d. There is a choice of of a_{i,j} such that the rational function f(x, y) restricts to a rational function on C such that both f|_C and g^{−1}f|_C are not d^′th powers. (Left to the reader.) Thus the pullback of α to F^′ is still ramified along the pullback of C to the surface whose function field is C(x, y)(ξ). Contradiction. Hence C does not exist. However, the only Brauer class on P^2 ramified along a single line is 0.

3.2. Projective spaces. Another case is where we take the pair (V, L) to be (P^n, O(n + 1)). Note that O(n + 1) = ω^{−1}_Pn so the families in question are canonically polarized, and we are just talking about the problem of having nontrivial families of Brauer-Severi varieties. In particular, our theorem reduces the problem of proving the nullity of the Brauer group of a curve to the problem of proving the nonexistence of Brauer-Severi varieties having no rational sections over projective nonsingular curves. As far as we know this is

Documenta Mathematica 15 (2010) 957–972

Almost Proper GIT-Stacks and Discriminant Avoidance 971

not really helpful, since the proof of Tsen’s theorem is pretty straigthforward anyway. However, it illustrates the idea!

References

[ABD^+65] M. Artin, J. E. Bertin, M. Demazure, P. Gabriel, A. Grothendieck, M. Raynaud, and J.-P. Serre. Schémas en groupes. Fasc. 2a: Exposés 5 et 6, volume 1963/64 of Séminaire de Géométrie Algébrique de l’Institut des Hautes Études Scientifiques. Institut des Hautes Études Scientifiques, Paris, 1963/1965.

[Ana73] Sivaramakrishna Anantharaman. Schémas en groupes, espaces homogènes et espaces algébriques sur une base de dimension 1. In Sur les groupes algébriques, pages 5–79. Bull. Soc. Math. France, Mém. 33. Soc. Math. France, Paris, 1973.

[Art74] M. Artin. Versal deformations and algebraic stacks. Invent. Math., 27:165–189, 1974.

[dJ04] A. J. de Jong. The period-index problem for the Brauer group of an algebraic surface. Duke Math. J., 123(1):71–94, 2004.

[Fog69] John Fogarty. Invariant theory. W. A. Benjamin, Inc., New York- Amsterdam, 1969.

[Gro62] Alexander Grothendieck. Fondements de la géométrie algébrique.

[Extraits du Séminaire Bourbaki, 1957–1962.]. Secrétariat mathématique, Paris, 1962.

[Gro63] A. Grothendieck. Éléments de géométrie algébrique. III. Étude locale des schémas et des morphismes de schémas. Inst. Hautes Études Sci. Publ. Math. 11 (1961), 349-511; ibid., (17):137–223, 1963.

http://www.numdam.org/item?id=PMIHES_1961__11__5_0.

[Gro67] A. Grothendieck. Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes de schémas. Inst. Hautes Études Sci. Publ. Math. 20 (1964), 101-355; ibid. 24 (1965), 5-231; ibid. 28 (1966), 5-255; ibid., (32):5–361, 1967.

http://www.numdam.org/item?id=PMIHES_1965__24__5_0.

[Hab75] W. J. Haboush. Reductive groups are geometrically reductive. Ann.

of Math. (2), 102(1):67–83, 1975.

[Lie08] Max Lieblich. Twisted sheaves and the period-index problem. Compos. Math., 144(1):1–31, 2008.

[LMB00] Gérard Laumon and Laurent Moret-Bailly. Champs algébriques, volume 39 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2000.

[Mat89] Hideyuki Matsumura. Commutative ring theory, volume 8 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, second edition, 1989. Translated from the Japanese by M. Reid.

Documenta Mathematica 15 (2010) 957–972

972 Jason Starr and Johan de Jong

[MFK94] D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)]. Springer-Verlag, Berlin, third edition, 1994.

[Ser02] Jean-Pierre Serre. Galois cohomology. Springer Monographs in Mathematics. Springer-Verlag, Berlin, english edition, 2002. Translated from the French by Patrick Ion and revised by the author.

Jason Starr 4-108 Math Tower Department of Mathematics Stony Brook University Stony Brook, NY 11794-3651 USA jstarr@math.sunysb.edu

Johan de Jong Department of Mathematics Columbia University New York USA aise.johan.de.jong@gmail.com

Documenta Mathematica 15 (2010) 957–972

Documenta Math. 973

Inheriting the Anti-Specker Property

Douglas S. Bridges

Received: December 9, 2009 Revised: July 26, 2010

Communicated by Anil Nerode

Abstract. The antithesis of Specker’s theorem from recursive analysis is further examined from Bishop’s constructive viewpoint, with particular attention to its passage to subspaces and products. Ishihara’s principle BD-N comes into play in the discussion of products with the anti-Specker property.

2010 Mathematics Subject Classification: 03F60, 54E35, 54E45 Keywords and Phrases: constructive, anti-Specker property, BD

1 Introduction

This note is set in the framework of BISH—Bishop-style constructive mathematics. For all practical purposes this is mathematics with intuitionistic logic, an appropriate set theory (such as that described in [1, 2]), and dependent choice. We assume some familiarity with standard constructive notions such as inhabited and located; more on these, and on constructive analysis in general, can be found in [4, 10].

First, we recall that a sequence (z_n)_{n�1} in a metric space (Z, ρ) is

– eventually bounded away from the point z ∈ Z if there exist N and δ > 0 such that ρ(z, z_n) > δ for all n � N;

– eventually bounded away from the subset X of Z if there exist N and δ > 0 such that ρ(x, z_n) > δ for all x ∈ X and all n � N;

– eventually not in X if there exists N such that z_n /∈ X for all n � N.

Documenta Mathematica 15 (2010) 973–980

974 Douglas S. Bridges

We call a metric space Z a one-point extension of a subspace X if Z = X∪{ζ} for some ζ such that ρ (ζ, X) > 0. Note that the expression “ρ (ζ, X) > 0” is used, without any implication that the distance from ζ to X exists, as shorthand for ∃_r > 0∀_{x∈X} (ρ(ζ, x) > r) .

If the distance ρ(x, X) exists, we say that X is located in Z.

In an earlier paper [6], we introduced the following (unrelativised)^1 anti- Specker property for X,

AS^1_X For some one-point extension Z of X, every sequence in Z that is eventually bounded away from each point of X is eventually not in X,

which expresses the antithesis of Specker’s famous theorem of recursion theory [14]. As is shown in [6], AS^1_X is independent of the one-point extension Z with respect to which it is stated. With classical logic, it is equivalent to the sequential compactness of X. Relative to BISH, AS^1_{[0,1]} is equivalent to Brouwer’s fan theorem FT_c for so-called “c-bars”[3]; so it is not unreasonable to regard the anti-Specker property as a serious candidate for the role of constructive substitute for the classical, and clearly nonconstructive, property of sequential compactness.

Now if AS^1_X is to be a decent substitute for a classical compactness property, we would expect it to have inheritance properties like those of the standard constructive notion of compactness (that is, completeness plus total boundedness). Thus we might hope to prove that every inhabited, closed, located subspace of a space with the anti-Specker property would have that same property; that if an inhabited subspace Y of a metric space has the anti-Specker property, then Y is closed and located; and that the product of two spaces with the anti-Specker property has that property. We address such concerns in this paper.^2

2 Anti-Specker for subspaces

For the proof of our first result we need a surprisingly useful result in constructive analysis, Bishop’s lemma: If Y is an inhabited, complete, located subset of a metric space X, then for each x ∈ X there exists y ∈ Y such that if ρ(x, y) > 0, then ρ(x, Y) > 0 ([4], page 92, Lemma (3.8)).

Proposition 1 Let X be a metric space with the property AS^1_X, and let Y be an inhabited, complete, located subspace of A. Then AS^1_Y holds.

1There is a more general, relativised, anti-Specker property; see [3, 6]. 2Some related work is found in [6, 7, 9]. For example, Proposition 10 of [9] tells us that the anti-Specker property is preserved by pointwise continuous mappings.

Documenta Mathematica 15 (2010) 973–980

Inheriting the Anti-Specker Property 975

Proof. Fix a one-point extension Z ≡ X ∪ {ζ} of X; then Y ∪ {ζ} is a one-point extension of Y. Consider a sequence (w_n)_{n�1} in Y ∪ {ζ} that is eventually bounded away from each point of Y. Given x ∈ X, we show that (w_n)_{n�1} is eventually bounded away from x. By Bishop’s lemma, there exists y ∈ Y such that if ρ (x, y) > 0, then ρ(x, Y) > 0. Choose N and δ > 0 such that ρ (w_n, y) > δ for all n � N. Either ρ (x, y) > 0 or ρ (x, y) < δ/2. In the first case, ρ (x, Y) > 0 and therefore ρ (w_n, x) � ρ(x, Y) > 0 for all n. In the second case, ρ (w_n, x) � δ/2 for all n � N. Thus the sequence (w_n)_{n�1} is eventually bounded away from x. Since x ∈ X is arbitrary, we can apply AS^1_X to show that w_n = ζ for all sufficiently large n. Hence AS^1_Y holds.

We can drop the completeness hypothesis in Proposition 1 if, instead, we require Y to be proximinal in X: that is, for each x ∈ X there exists y ∈ Y (a closest point to x in Y) such that ρ (x, y) = ρ(x, Y). For in that case, with Z, ζ, and (w_n)_{n�1} as in the above proof, and given x ∈ X, we construct a closest point y to x in Y. There exist δ > 0 and N such that ρ(w_n, y) > δ for all n � N. Either ρ(x, y) > δ/4 or ρ(x, y) < δ/2. In the first case, ρ(w_n, x) � ρ(x, Y) = ρ(x, y) > δ/4 for all n; in the second case, ρ(w_n, x) > δ/2 for all n � N. Thus the sequence (w_n)_{n�1} is eventually bounded away from x. As before, this leads us to the conclusion that AS^1_Y holds.

Next, consider an inhabited, located subset Y of a metric space X, such that AS^1_Y holds. We cannot expect to prove that Y is closed, since the proof of [9] (Proposition 14) shows that the countably infinite, located subspace

{0} ∪ � 1 n : n � 1 �

of [0, 1], whose closedness is an essentially nonconstructive proposition, has the anti-Specker property. However, we can prove that Y has a property classically equivalent to that of being closed. To do so, we need to define the complement of Y (in X):

∼Y ≡ {x ∈ X : ∀_{y∈Y} (x ≠ y)} ,

where “x ≠ y” means “ρ(x, y) > 0”.

Proposition 2 Let X be a metric space, and Y an inhabited, located subset of X with the property AS^1_Y . Then ∼Y is open in X.

Proof. Let Z ≡ Y ∪ {ζ} be any one-point extension of Y. Given x in ∼Y, we need only prove that ρ (x, Y) > 0; for then the open ball B(x, ρ(x, Y)) is contained in ∼Y. To that end, we may assume that ρ(x, Y) < 1/4. Construct an increasing binary sequence (λ_n)_{n�1} such that

λ_n = 0 ⇒ ρ (x, Y) < 2^{-n},

λ_n = 1 ⇒ ρ (x, Y) > 2^{-n-1}.

Documenta Mathematica 15 (2010) 973–980

976 Douglas S. Bridges

Note that λ_1 = 0. If λ_n = 0, pick z_n ∈ Y with ρ (x, z_n) < 2^{-n}; if λ_n = 1, set z_n = ζ. Given y ∈ Y, choose N such that ρ (x, y) > 2^{-N+1}. If n � N and λ_n = 0, then

ρ (y, z_n) � ρ(x, y) - ρ(x, z_n) > 2^{-N+1} - 2^{-n} � 2^{-N}.

It follows that

ρ(y, z_n) � min � 2^{-N}, ρ (ζ, Y) � (n � N) .

Hence the sequence (z_n)_{n�1} is eventually bounded away from each point y of Y. Using AS^1_Y , we see that z_n = ζ, and hence λ_n = 1, for all sufficiently large n. Thus there exists n such that ρ (x, Y) > 2^{-n-1}.

The foregoing proof provides a good example of how to set things up in order to apply the anti-Specker property: create a sequence in the one-point extension such that if the sequence is eventually not in the original space, then the desired property holds. Proofs of this kind can be used widely in constructive analysis in situations where the classical analyst would use sequential compactness.

3 Anti-Specker for products

So much for subspaces. We would also hope that the anti-Specker property will freely pass between a product space and each of its “factors”. The passage down from product to factors is relatively straightforward to prove.

Proposition 3 Let X ≡ X_1 × X_2 be the product of two inhabited metric spaces such that AS^1_X holds. Then AS^1_{Xk} holds for each k.

Proof. For each k, let Z_k ≡ X_k ∪ {ζ_k} be a one-point extension of X_k; then Z ≡ X∪{(ζ_1, ζ_2)} is a one-point extension of X. Consider any sequence (y_n)_{n�1} in Z_1 that is eventually bounded away from each point of X_1. Fixing ξ_2 in X_2, define a sequence (z_n)_{n�1} in Z by

z_n ≡ � � � (y_n, ξ_2) if y_n ∈ X_1

(ζ_1, ζ_2) if y_n = ζ_1.

Consider any (x_1, x_2) ∈ X. There exist N and δ > 0 such that ρ(y_n, x_1) � δ for all n � N. Hence

ρ (z_n, (x_1, x_2)) � min {δ, ρ ((ζ_1, ζ_2) , X)} > 0

for each n � N. Thus the sequence (z_n)_{n�1} is eventually bounded away from each point of X. By AS^1_X, there exists ν such that z_n = (ζ_1, ζ_2), and therefore y_n = ζ_1, for all n � ν. Hence AS^1_{X1} , and similarly AS^1_{X2} , holds.

Documenta Mathematica 15 (2010) 973–980

Inheriting the Anti-Specker Property 977

For a converse of this proposition we recall some notions discussed in [8]. A subset S of N is said to be pseudobounded if for each sequence (s_n)_{n�1} in S, there exists N such that s_n < n for all n � N. Our definition of pseudoboundedness is equivalent to the original one given by Ishihara in [11]; see [13]. In [11], Ishihara introduced the following principle, which has proved of considerable significance in constructive reverse mathematics:

BD-N Every inhabited, countable, pseudobounded subset of N is bounded.

Theorem 4 BISH + BD-N ⊢ Let X, Y be inhabited metric spaces, each having the anti-Specker property. Then the product space X × Y has the anti-Specker property.

Proof. Let X ∪ {ζ_1} be a one-point extension of X with ρ (ζ_1, X) > 1, and Y ∪ {ζ_2} a one-point extension of Y with ρ (ζ_2, Y) > 1. Then Z ≡ (X × Y) ∪ {(ζ_1, ζ_2)} is a one-point extension of X × Y. Let (z_n)_{n�1} be a sequence in Z that is eventually bounded away from each point of X×Y. Given x ∈ X, we aim to prove that the sequence (pr_1(z_{nk} ))_{n�1} is eventually bounded away from x. Fix ξ_2 ∈ Y. If necessary, replacing (z_n)_{n�1} by the sequence (z^′_n)_{n�1}, where

z^′_n ≡ � � � (x, ξ_2) if n = 1

z_{n-1} if n > 1,

we may assume that pr_1 (z_1) = x. Construct a binary mapping α on N^+ × N^+ such that

α(n, k) = 0 ⇒ ρ (pr_1(z_n), x) < 2^{-k} and n � k, α(n, k) = 1 ⇒ ρ (pr_1(z_n), x) > 2^{-k-1} or n < k.

Then α(1, 1) = 0, so the countable subset S ≡ � j ∈ N^+ : ∃_n (α(n, j) = 0) � of N^+ is inhabited. We prove that S is pseudobounded. To that end, let (s_k)_{k�1} be any sequence in S. By countable choice, there is a mapping k ⇝ n_k on N^+ such that α(n_k, s_k) = 0 for each k. Construct a binary sequence (λ_k)_{k�1} such that

λ_k = 0 ⇒ s_k < k,

λ_k = 1 ⇒ s_k > k 2 . Note that if λ_k = 1, then n_k � s_k > k/2,

ρ (pr_1(z_{nk} ), x) < 2^{-sk} < 2^{-k/2} < ρ(ζ_1, X) � ρ (ζ_1, x) ,

Documenta Mathematica 15 (2010) 973–980

978 Douglas S. Bridges

and so z_{nk} ∈ X × Y. Now construct a sequence (θ_k)_{k�1} in Y ∪ {ζ_2} as follows: if λ_k = 0, set θ_k = ζ_2; if λ_k = 1, set θ_k = pr_2(z_{nk} ) ∈ Y. Given y ∈ Y, compute a positive integer N such that ρ (z_n, (x, y)) > 2^{-N} for all n � N. Consider any k > 2N. If λ_k = 0, then ρ (θ_k, y) � ρ(ζ_2, Y) > 1 � 2^{-N}. If λ_k = 1, then

ρ (z_{nk} , (x, y)) > 2^{-N} > 2^{-sk} > ρ (pr_1(z_{nk} ), x)

and therefore

ρ(θ_k, y) = ρ (pr_2(z_{nk} ), y) = ρ (z_{nk} , (x, y)) > 2^{-N}.

Thus the sequence (θ_k)_{k�1} is eventually bounded away from each point of Y. Since AS^1_Y holds, there exists K such that θ_k = ζ_2 for all k � K. It follows that λ_k = 0, and therefore s_k < k, for all such k. This completes the proof that S is pseudobounded.

Applying BD-N, we can find J such that j < J for each j ∈ S. If n � J and ρ (pr_1(z_n), x) < 2^{-J-1}, then α(n, J) ≠ 1, so α(n, J) = 0 and therefore J ∈ S, a contradiction. It follows that if n � J, then ρ (pr_1(z_n), x) � 2^{-J-1}. Since x ∈ X is arbitrary, we conclude that the sequence (pr_1(z_n))_{n�1} is eventually bounded away from each point of X. Applying AS^1_X, we obtain N such that pr_1(z_n) = ζ_1, and therefore z_n = (ζ_1, ζ_2), for all n � N.

The question remains: is BD-N necessary in order to prove

(*) the product of any two spaces having the anti-Specker property also has that property.

The answer is “no”: R. Lubarsky [12] has a topological model in which (*) holds but BD-N does not. In a private communication, he has conjectured that the statement (*), which, in view of Theorem 4 and Lubarsky’s result, is weaker than BD-N, may be independent of BISH; in that case, it would be an interesting and possibly important business to find theorems of analysis that are equivalent, over BISH, to (*).

Acknowledgements. This work was supported by Marie Curie grant PIRSES-GA-2008-230822 from the European Union, with counterpart funding from the Ministry of Research, Science & Technology of New Zealand, for the project Construmath. The author is grateful to the Department of Mathematics & Statistics at the University of Canterbury, for releasing him to visit Munich under the terms of that award. He is also grateful to Helmut Schwichtenberg and his colleagues at the Mathematisches Institut der Ludwig- Maximilians-Universität München, for hosting him during his visit.

Documenta Mathematica 15 (2010) 973–980

Inheriting the Anti-Specker Property 979

References

[1] P. Aczel and M. Rathjen, Notes on Constructive Set Theory, Report No.

40, Institut Mittag-Leffler, Royal Swedish Academy of Sciences, 2001.

[2] P. Aczel and M. Rathjen, Constructive Set Theory, monograph, forthcoming.

[3] J. Berger and D.S. Bridges, ‘A fan-theoretic equivalent of the antithesis of Specker’s theorem’, Proc. Koninklijke Nederlandse Akad. Weten. (Indag. Math., N.S.), 18(2), 195–202, 2007.

[4] E.A. Bishop and D.S. Bridges, Constructive Analysis, Grundlehren der Math. Wiss. 279, Springer-Verlag, Heidelberg, 1985.

[5] D.S. Bridges, ‘Converses of Bishop’s lemma on located sets’, Proc. Koninklijke Nederlandse Akad. Wetenschappen (Indag. Math.). 11(1), 31–38, 2000.

[6] D.S. Bridges, ‘Constructive notions of equicontinuity’, Arch. Math. Logic 48, 437–448, 2009.

[7] D.S. Bridges, ‘Omniscience, sequential compactness, and the anti-Specker property’, Logic J. of the IGPL, online 20 at doi: 10.1093/jigpal/jzq001, 2010, 2010.

[8] D.S. Bridges, ‘Limited omniscience, anti-Specker properties, and the uniform continuity theorem’, preprint, Ludwig-Maximilians-Universität München, 2009.

[9] D.S. Bridges and H. Diener, ‘The anti-Specker property, positivity, and total boundedness’, Math. Logic Quart. 56(4), 434–441, 2010.

[10] D.S. Bridges and L.S. Vîţă, Techniques of Constructive Analysis, Universitext, Springer New York, 2006.

[11] H. Ishihara, ‘Continuity properties in constructive mathematics’, J. Symb.

Logic 57(2), 557–565, 1992.

[12] R. Lubarsky, ‘On the failure of BD-N’, preprint, Florida Atlantic University, Boca Raton, 2010.

[13] F. Richman, ‘Intuitionistic notions of boundedness in N’, Math. Logic Quart. 55(1), 31–36, 2009.

[14] E. Specker, ‘Nicht konstruktiv beweisbare Sätze der Analysis’, J. Symb.

Logic 14, 145–158, 1949.

Documenta Mathematica 15 (2010) 973–980

980 Douglas S. Bridges

Douglas S. Bridges Department of Mathematics & Statistics University of Canterbury Private Bag 4800 Christchurch 8140 New Zealand dugbridges@zoho.com

Documenta Mathematica 15 (2010) 973–980

Documenta Math. 981

Good Reduction of Affinoids

on the Lubin-Tate Tower

Jared Weinstein^1

Abstract. We analyze the geometry of the tower of Lubin- Tate deformation spaces, which parametrize deformations of a onedimensional formal module of height h together with level structure. According to the conjecture of Deligne-Carayol, these spaces realize the local Langlands correspondence in their ℓ-adic cohomology. This conjecture is now a theorem, but currently there is no purely local proof. Working in the equal characteristic case, we find a family of affinoids in the Lubin-Tate tower with good reduction equal to a rather curious nonsingular hypersurface, whose equation we present explicitly. Granting a conjecture on the L-functions of this hypersurface, we find a link between the conjecture of Deligne-Carayol and the theory of Bushnell-Kutzko types, at least for certain class of wildly ramified supercuspidal representations of small conductor.

2010 Mathematics Subject Classification: 14G22, 22E50, 11F70 Keywords and Phrases: Lubin-Tate spaces, local Langlands correspondence, semistable model, rigid analysis

1 Introduction

Let F be a non-archimedean local field. By the local Langlands correspondence, the irreducible admissible representations of GL_h(F ) are parametrized in a systematic way by h-dimensional representations of the Weil-Deligne group of F . This is established in [LRS93] for fields of positive characteristic and in [Hen00] and [HT01] for p-adic fields. The local Langlands correspondence appears in a geometric context; namely it is realized in the cohomology of the “Lubin- Tate tower”, a projective system of deformation spaces of a one-dimensional formal O_F -module of height h, cf. [Dri74]. We refer to this phenomenon as the conjecture of Deligne-Carayol, after the paper [Car90] which contains the

1The author was supported by NSF Postdoctoral Fellowship DMS-0803089.

Documenta Mathematica 15 (2010) 981–1007

982 Jared Weinstein

precise statement of the conjecture. The papers [Car83] and [Car86] prove the conjecture for the case h = 2. The complete conjecture of Deligne-Carayol was proved in [Boy99] for fields of positive characteristic and in [HT01] for p-adic fields. Both papers involve embedding F into a global field and appealing to results from the theory of Shimura varieties or Drinfeld modular varieties. In [Har02], Harris identifies some unsettled problems in the study of the local Langlands correspondence, and top among these is the lack of a purely local proof of the correspondence. Bushnell and Kutzko’s theory of types [BK93] parametrizes admissible representations of GL_h(F ) by finite-dimensional characters of open compact-mod-center subgroups. Naturally one hopes to link the parametrization by types to the parametrization by Weil-Deligne representations, so that one might obtain an “explicit local Langlands correspondence.” There have been some remarkable efforts in this direction, see [Hen92], [BH05a], [BH05b], [BH06], but these do not seem to interface with the geometric interpretation of the local Langlands correspondence afforded by the conjecture of Deligne-Carayol. Harris asks ([Har02], Question 9) whether the Bushnell-Kutzko types can be realized in the cohomology of analytic subspaces of the Lubin-Tate tower.

In the present effort we demonstrate progress towards an affirmative answer to this question. We construct a family of open affinoids Z of the Lubin-Tate tower which have good reduction equal to a hypersurface Z whose equation we give explicitly, cf. Thm. 1.1 below. The cohomology of these affinoids appears to contain exactly the Bushnell-Kutzko types for those supercuspidal representations whose Weil parameters are of the form Ind_{E/F} θ, where E/F is the unramified extension of degree h and θ is a character of the Weil group of E of conductor p^2_E, where p_E is the maximal ideal of O_E . We refer to these as the unramified supercuspidals of level π^2. The action of the Weil group on Z is completely transparent. The question of whether the affinoids Z really do realize the local Langlands correspondence for such representations is reduced to the calculation of certain L-functions attached to Z, see Conj. 1.6. It is hoped that this paper will initiate a systematic study of open affinoids with good reduction in the Lubin-Tate tower. The best outcome would be the construction of a semistable model for the Lubin-Tate spaces, using an appropriate covering by open affinoids. This is precisely what is done in [CM06] for the classical modular curves X_0(Np^3), and in [Weib] for Lubin-Tate curves with arbitrary level structure. Then the weight spectral sequence of Rapoport- Zink [RZ80] would compute the cohomology of the Lubin-Tate tower in terms of the reduction of the semistable model. A purely local proof of the conjecture of Deligne-Carayol would then be reduced to the computation of the zeta functions associated to the components of the reduction of the semistable model. Before stating our main theorem, we introduce some notation. We write X(π^n), n ≥ 0, for the system of rigid-analytic spaces comprising the Lubin-Tate tower of deformations of a height h one-dimensional formal O_F -module with Drinfeld level π^n structure; see §2.1 for definitions. Crucial to the analysis are the “canonical points” of X(π^n) arising from the canonical liftings of Gross [Gro86]:

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 983

these are the deformations with extra endomorphisms by the ring of integers in a separable extension E/F . Such a point is defined over the extension E_n/Ê^{nr} obtained by adjoining the π^n-division points of a formal Lubin-Tate O_E -module of height one.

In our analysis we concentrate on those canonical points for which the associated extension E/F is unramified. We refer to these as unramified canonical points. By performing explicit computations with coordinates, we find certain affinoid neighborhoods around each unramified canonical point x which have good reduction. These neighborhoods lie in a space intermediate in the covering X(π^2) → X(π), which we call X(K_{x,2}) = X(π^2)/K_{x,2}; for details, see §4.2. Briefly put, x determines an embedding of O_F -algebras O_E → M_n(O_F ), and K_{x,2} is the congruence subgroup defined by

K_{x,2} = � g ∈ 1 + πM_n(O_F ) � � � Tr((g − 1)O_E ) ⊂ p^2_F � . Our main result is:

Theorem 1.1. Assume that F has positive characteristic, with residue field F_q . Let x ∈ X(π^2) be an unramified canonical point. There exists an open affinoid neighborhood Z of the image of x in X(K_{x,2}) whose reduction is the smooth hypersurface Z in the variables V_1, . . . , V_h defined by the equation

det

� � � � � � �

V^{qh}_1 − V_1 V^{qh}_2 − V_2 V^{qh}_3 − V_3 · · · V^{qh}_{h−1} − V_{h−1} V^{qh}_h − V_h 1 V^q_1 V^q_2 · · · V^q_{h−2} V^q_{h−1} 0 1 V^{q2}_1 · · · V^{q2}_{h−3} V^{q2}_{h−2} . . .. . . . 0 0 0 · · · 1 V^{qh−1}_1

� � � � � � � = 0.

Remark 1.2. Let R be the noncommutative polynomial ring F_qh [τ]/(τ^{h+1}), whose multiplication law is given by τα = α^q τ, α ∈ F_qh . Let A = R ⊗_{Fqh} F_qh [V_1, . . . , V_h], and let Φ: A → A be the R-linear endomorphism which sends V_i to V^q_i . Let g = 1 + V_1τ + · · · + V_hτ^h ∈ A^×; then the coefficient of τ^n in Φ^h(g)g^{−1} is the determinant appearing in Thm. 1.1. This shows that the hypersurface Z admits a large group of automorphisms, namely R^×. See §5.3 for an interpretation of this automorphism group in terms of the Jacquet- Langlands correspondence.

Remark 1.3. We expect the condition char F > 0 to be unnecessary. This condition enables us to write down explicit models for universal deformations of formal O_F -modules with level structure, as in §2.2. It may be possible to remove this condition if one is more careful with error terms.

Remark 1.4. In Yoshida’s paper [Yos10] the space X(π) is treated, with no condition on the characteristic of F . In that case one finds an affinoid subdomain of X(π) ⊗ E_1 whose reduction is the Deligne-Lusztig variety for GL_h(k),

Documenta Mathematica 15 (2010) 981–1007

984 Jared Weinstein

see §3.5. Based on this calculation, Yoshida proceeds to show that the vanishing cycles of X(π) realize the local Langlands correspondence for supercuspidal representations “of depth zero”.

Remark 1.5. Thm. 1.1 agrees well with our work in [Weib], which gives a detailed description of a stable reduction of the tower X(π^n) when h = 2. In this case the curve Z is isomorphic over F_q to a disjoint union of copies of the “Hermitian curve” Y + Y^q = V^{q+1}. The Hermitian curve also happens to be isomorphic over F_q to the Deligne-Lusztig curve for SL_2(F_q ), but this seems to be a coincidence which does not persist for h > 2.

In order to apply Thm. 1.1 to the conjecture of Deligne-Carayol, it will be necessary to calculate the compactly supported ℓ-adic cohomology of Z, ℓ ≠ p, as a module for the action of the stabilizer of Z in GL_2(O_F ), which is the group U^1 = 1 + πM_h(O_F ). This in turn is equivalent to the calculation of the L-functions of some ℓ-adic sheaves on affine (h − 1)-space. To wit, let X be the hypersurface over F_qh whose equation is the one appearing in Thm. 1.1. Then X is an Artin-Schreier cover of A^{h−1}/F_qh with Galois group F_qh . For each character ψ of F_qh with values in Q^×_ℓ , let L_ψ be the corresponding lisse rank one sheaf on A^{h−1}. Then the zeta function Z(X, t) factors as a product of the L-functions L(A^{h−1}, L_ψ, t) as ψ runs over characters of F_qh .

Conjecture 1.6. Suppose ψ does not factor through Tr_{Fqh /Fqd} for any proper divisor d of h. Then

L(A^{h−1}, L_ψ, t) = � 1 + (−1)^hq^{h(h−1)2} t

�_{(−1)}h_q^{h(h−1)}_2 . The formula in Conj. 1.6 is striking: it implies that the contribution of the ψ-part of the Euler characteristic H^∗_c (X ⊗ F_q , Q_ℓ) to the quantities #X(F_qh ), #X(F_q2h ), . . . is the maximum possible under the constraints of the Riemann hypothesis for X. In fact we strongly suspect that X has the maximum number of F_qhn -rational points relative to its compactly supported Betti numbers. More to the point, Conj. 1.6 would also imply that H^{h−1}_c (Z, Q_ℓ) realizes the Bushnell-Kutzko types for the unramified supercuspidals of level π^2, and that the action of the Weil group of F on Z is in accord with the local Langlands correspondence. We postpone the details of this claim for future work, but see [Weia], §4 and §5 for a comprehensive calculation in the case h = 2.

Conj. 1.6 itself can be verified quite easily for h = 2, in which case X is a disjoint union of q copies of the Hermitian curve Y^q + Y = X^{q+1}: this curve is “maximal” over F_q2 in the sense that it attains the Hasse-Weil bound for the maximum number of F_q2 -rational points. Conj. 1.6 can be verified numerically for small values of q and h > 2, but unfortunately we cannot give a general proof at this time. The polynomial on the right-hand side of the equation in Thm. 1.1 is degenerate in the sense of [AS89], which frustrates efforts to determine even the degree of the rational function L(A^{h−1}, L_ψ, t).

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 985

The construction of the explicit local Langlands correspondence for unramified supercuspidals appears in [Hen92]. A salient feature of that paper is the discrepancy between two means of passing from a regular character of E^× to a supercuspidal representation of GL_h(F ). The first construction is the local Langlands correspondence, the second construction is induction from a compact-mod-center subgroup, and the discrepancy, which appears exactly when h is even, manifests as the nontrivial unramified quadratic character of E^×. Granting Conj. 1.6, we arrive at a geometric explanation for this behavior in terms of the eigenvalue of Frobenius on the middle cohomology of the hypersurface X, for these are positive if and only if h is odd. In the subsequent papers [BH05a] and [BH05b] on the explicit local Langlands correspondence there is a systematic treatment of this discrepancy between the two constructions in the “essentially tame” case; we find it very likely that this discrepancy can always be explained by the behavior of Frobenius eigenvalues acting on the cohomology of an open affinoid in the Lubin-Tate tower having good reduction. We outline our work: In §2, we review the relevant background material from [Dri74] on one-dimensional formal modules and the Lubin-Tate tower. In §3, we impose the condition that char F > 0 and establish a functorial construction of top exterior powers of one-dimensional formal O_F -modules which may be of independent interest. The heart of the paper is §4. Given an unramified canonical point x in X(π^2), we construct a coordinate Y on that space which is invariant under K_{x,2}. The coordinate Y is integral on a certain affinoid neighborhood of x in X(π^2), and the reduction of the minimal polynomial for Y over the ring of integral functions on X(1) gives the equation appearing in Thm. 1.1. We conclude in §5 with some basic observations about the hypersurface Z which we hope will illuminate the formulas in Conj. 1.6 and motivate future work linking Thm. 1.1 to the local Langlands and Jacquet-Langlands correspondences for GL_h(F ).

2 Preliminaries on formal modules

2.1 Definitions

Throughout this paper, F is a local non-archimedean field with ring of integers O_F , uniformizer π and residue field k having cardinality q, a power of the prime p. Let p be the maximal ideal of O_F , and let v be the valuation on F , normalized so that v(π) = 1. We also use v for the unique extension of this valuation to finitely ramified extension fields E of F contained in the completion of the separable closure of F .

Definition 2.1. Let R be a commutative O_F -algebra, with structure map i: O_F → R. A formal one-dimensional O_F -module over R is a power series F (X, Y ) = X + Y + · · · ∈ R�X, Y � which is commutative, associative, admits 0 as an identity, together with a power series [a]_F (X) ∈ R�X� for each a ∈ O_F satisfying [a]_F (X) ≡ i(a)X (mod X^2) and F ([a]_F (X), [a]_F (Y )) = [a]_F (F (X, Y )).

Documenta Mathematica 15 (2010) 981–1007

986 Jared Weinstein

The addition law on a formal O_F -module F will usually be written X +_F Y . If F and F^′ are two formal O_F -modules, there is an evident notion of an isogeny F → F^′, and Hom(F , F^′) has the structure of an O_F -module. If R is a k-algebra, we either have [π]_F (X) = 0 or else [π]_F (X) = f(X^{qh} ) for some power series f(X) with f^′(0) ≠ 0. In the latter case, we say F has height h over R.

Fix an integer h ≥ 1. Let Σ be a one-dimensional formal O_F -module over k of height h. The functor of deformations of Σ to complete local Noetherian Ô_F nr - algebras is representable by a universal deformation F^{univ} over an algebra A which is isomorphic to the power series ring Ô_F nr �u_1, . . . , u_{h−1}� in (h − 1) variables, cf. [Dri74]. That is, if A is a complete local Ô^{nr}_F -algebra with maximal ideal P , then the isomorphism classes of deformations of Σ to A are given exactly by specializing each u_i to an element of P in F^{univ}.

2.2 The universal deformation in the positive characteristic case

The results of the previous paragraph take a very simple form in the equal characteristic case. Assume char F = p, so that F = k((π)) is the field of Laurent series over k in one variable, with O_F = k�π�. Then a model for Σ is given by the simple rules

X +_Σ Y = X + Y [ζ]_Σ(X) = ζX, ζ ∈ k

[π]_Σ(X) = X^{qh}

The universal deformation F^{univ} also has a simple model over A:

X +_F univ Y = X + Y [ζ]_F univ (X) = ζX, ζ ∈ k

[π]_F univ (X) = πX + u_1X^q + · · · + u_{h−1}X^{qh−1} + X^{qh} . (2.2.1)

Let O_B = End Σ, and let B = O_B ⊗_{OF} F . Then B is the central division algebra over F of invariant 1/h. Let k_h/k be the field extension of degree h: then O_B is generated by the unramified extension O_E = k_h�π� of O_K of degree h, which acts on Σ in an evident way, together with the endomorphism Φ(X) = X^q. (The relations are Φ^h = π and Φζ = ζ^q Φ, ζ ∈ k_h.) Inasmuch as A = Ônr_F �u_1, . . . , u_{h−1}� is the moduli space of deformations of Σ, the automorphism group Aut Σ = O^×_B acts naturally on A. It is natural to ask how O^×_B acts on the level of coordinates. The action of an element ζ ∈ k^×_n is simple enough: ζ(u_i) = ζ^{qi −1}u_i, i = 1, . . . , h − 1. On the other hand the action of an element such as 1 + Φ ∈ O^×_B seems difficult to give explicitly.

2.3 Moduli of deformations with level structure

Let A be a complete local O_F -algebra with maximal ideal M, and let F be a one-dimensional formal O_F -module over A, and let h ≥ 1 be the height of

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 987

F ⊗ A/M.

Definition 2.2. Let n ≥ 1. A Drinfeld level π^n structure on F is an O_F - module homomorphism ϕ: (π^{−n}O_F /O_F )^{⊕h} → M for which the relation � x∈(p^{−1}/O_F )^{⊕h}

(X − ϕ(x)) � � � � [π]^F (X)

holds in A�X�. If ϕ is a Drinfeld level π^n structure, the images under ϕ of the standard basis elements (π^{−n}, 0, . . . , 0), . . . , (0, 0, . . . , π^{−n}) of (p^{−n}/O_F )^{⊕h} form a Drinfeld basis of F [π^n].

Fix a formal O_F -module Σ of height h over k. Let A be a noetherian local Ô^{nr}_F - algebra such that the structure morphism Ô^{nr}_F → A induces an isomorphism between residue fields. A deformation of Σ with level π^n structure over A is a triple (F , ι, ϕ), where ι: F ⊗ k → Σ is an isomorphism of O_F -modules over k and ϕ is a Drinfeld level π^n structure on F .

Proposition 2.3. [Dri74] The functor which assigns to each A as above the set of deformations of Σ with Drinfeld level π^n structure over A is representable by a regular local ring A(π^n) of relative dimension h − 1 over Ô^{nr}_F . Let X^{(n)}_1 , . . . , X^{(n)}_h ∈ A(π^n) be the corresponding Drinfeld basis for F^{univ}[π^n]; then these elements form a set of regular parameters for A(π^n).

There is a finite injection of Ô^{nr}_F -algebras A(π^n) → A(π^{n+1}) corresponding to the obvious degeneration map of functors. We therefore may consider A(π^n) as a subalgebra of A(π^{n+1}), with the equation [π]_u � X^{(n+1)} i � = X^{(n)}_i holding in A(π^{n+1}).

Let X(π^n) = Spf A(π^n), so that X(π^n) is a formal scheme of relative dimension h − 1 over Spf Ô^{nr}_F . Let X(π^n) be the generic fiber of X(π^n); then X(π^n) is a rigid analytic variety. The coordinates X^{(n)}_i are then analytic functions on X(π^n) with values in the open unit disc. We have that X(1) is the rigid-analytic open unit polydisc of dimension h − 1.

The group GL_h(O_F /π^nO_F ) acts on the right on X(π^n) and on the left on A(π^n). The degeneration map X(π^n) → X(1) is Galois with group GL_h(O_F /π^nO_F ). For an element M ∈ GL_h(O_F /π^nO_F ) and an analytic function f on X(π^n), we write M(f) for the translated function z → f(zM). When f happens to be one of the parameters X^{(n)}_i , there is a natural definition of M � X^{(n)}_i � when M ∈ M_h(O_F /π^nO_F ) is an arbitrary matrix: if M = (a_{ij} ), then M � X^{(n)}_i � = [a_{i1}]_F univ � X^{(n)}_1 � +_F univ · · · +_F univ [a_{ih}]_F univ � X^{(n)}_h � . (2.3.1)

3 Determinants

A natural first question in the study of the Lubin-Tate tower X(π^n) is to compute its zeroth cohomology; i.e. to determine its geometrically connected

Documenta Mathematica 15 (2010) 981–1007

988 Jared Weinstein

components along with the appropriate group actions. This question is answered completely by Strauch in [Str08b]. Let LT be a one-dimensional formal O_F -module over Ô_F nr for which LT ⊗k has height one. Let F_0 = F̂^{nr}, and for n ≥ 1, let F_n = F_0(LT[π^n]) be the classical Lubin-Tate extension. Let χ: Gal(F_n/F_0) → (O_F /π^nO_F )^× be the isomorphism of local class field theory, so that Gal(F_n/F_0) acts on LT[π^n] through χ. Finally, let X_{LT}(π^n) be the (zero-dimensional) space of deformations of LT ⊗k with Drinfeld π^n structure, so that X_{LT}(π^n)(F_n) is the set of bases for LT[π^n](F_n) as a free (O_F /π^nO_F )- module of rank one. We now paraphrase [Str08b], Thm. 4.4 in the context of the rigid-analytic spaces X(π^n).

Theorem 3.1. The geometrically connected components of X(π^n) are defined over F_n, and there is a bijection

π_0(X(π^n) ⊗ F_n) ~−→X_{LT}(π^n)(F_n).

Under this bijection, the action of an element (g, b, τ) in GL_h(O_F ) × O^×_B × Gal(F_n/F_0) on X_{LT}(π^n)(F_n) is through the character

(g, b, τ) → det(g) N_{B/F} (b)^{−1}χ(τ)^{−1} ∈ (O_F /π^nO_F )^×. (3.0.2)

(In [Str08b], π_0(X(π^n) ⊗ C_π) is identified with π_0(Spec(F_n ⊗_{F0} C_π)), where C_π is the completion of a separable closure of F . But this latter π_0, being the set of F_0-linear embeddings of F_n into C_π, is the same as the set of bases for LT[π^n](C_π). Thus Thm. 3.1 carries the same content as the theorem cited in [Str08b].)

As noted in the introduction to [Str08b], Thm. 3.1 suggests a determinant functor F → Λ^hF assigning to each deformation F of Σ a deformation Λ^hF of LT ⊗k. This functor would of course identify the top exterior power of the Tate module T (F ) with T (Λ^hF ). In this section we provide just such a determinant functor in the case of equal characteristic, taking advantage of the explicit model of the universal deformation F^{univ} described in §2.2. More precisely we prove:

Theorem 3.2. Assume char F > 0. For each n ≥ 1 there exists a morphism

μ_n : F^{univ}[π^n] × · · · × F^{univ}[π^n] → LT[π^n] ⊗ A

of group schemes over A = Ô_F nr �u_1, . . . , u_{h−1}� which is O_F -multilinear and alternating, and which satisfies the following properties:

1. The maps μ_n are compatible in the sense that

μ_n([π]_F univ (X_1), . . . , [π]_F univ (X_h)) = μ_{n−1}(X_1, . . . , X_h)

for n ≥ 2.

2. If X_1, . . . , X_h are sections of F^{univ}[π^n] over an A-algebra R which form a Drinfeld level π^n structure, then μ_n(X_1, . . . , X_h) is a Drinfeld level π^n structure for LT[π^n] ⊗ R.

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 989

Remark 3.3. It is also possible to show that μ_n transforms the action of GL_h(O_F )×O^×_B ×Gal(F_n/F̂^{nr}) on F^{univ}[π^n]×· · ·×F^{univ}[π^n] into the character defined in Eq. (3.0.2), but we will not be needing this.

The proof of Thm. 3.2 will occupy §3.1 and §3.3. Up to isomorphism there is only one formal O_F -module LT whose reduction has height one, so we are free to choose a model for it. For the remainder of the paper, LT will denote the formal O_F -module over Ô_F nr with operations

X +_{LT} Y = X + Y [α]_{LT}(X) = αX, α ∈ k

[π]_{LT}(X) = πX + (−1)^{h−1}X^q.

3.1 Determinants of level π structures

First define the polynomial in h variables

μ(X_1, . . . , X_h) = det � X^{qj}_i � ∈ k[X_1, . . . , X_h]

(the exponent j ranges from 0 to h − 1). Then μ is a k-linear alternating form, known as the Moore determinant, cf. [Gos96], Ch. 1. We will need two simple identities involving μ. The first is � 0≠a∈k^h

(a_1X_1 + · · · + a_hX_h) = (−1)^hμ(X_1, . . . , X_h)^{q−1}, (3.1.1)

in which the product runs over nonzero vectors a = (a_1, . . . , a_h) in k^h. Second, there is the identity

[π]_{LT}(μ(X_1, . . . , X_n)) = det � [π]_F univ (X_i) � � � � X^qi � � � � · · · � � � � X^q h−1 i � 1≤i≤h

, (3.1.2)

valid in A[X_1, . . . , X_n]. This is easily seen by expanding the first column of the matrix according to Eq. (2.2.1).

Lemma 3.4. If X_1, . . . , X_h are sections of F^{univ}[π], then μ(X_1, . . . , X_h) is a section of LT[π]. If the X_i form a Drinfeld basis for F^{univ}[π], then μ(X_1, . . . , X_h) constitutes a Drinfeld basis for LT[π].

Proof. Suppose X_1, . . . , X_h are sections of F^{univ}[π] over an A-algebra R. Then the claim that μ(X_1, . . . , X_h) is annihilated by [π]_{LT} follows from Eq. (3.1.2). Now assume that X_1, . . . , X_h is a Drinfeld basis for F^{univ}[π]. This means that � a∈k^h

(T − (a_1X_1 + · · · + a_hX_h)) divides [π]_F univ (T )

Documenta Mathematica 15 (2010) 981–1007

990 Jared Weinstein

in R�T �, hence in R[T ]. Since [π]_F univ (T ) is monic, these polynomials are equal: � a∈k^h

(T − (a_1X_1 + · · · + a_hX_h)) = πT + u_1T^q + · · ·+ u_{h−1}T^{qh−1} + T^{qh} (3.1.3)

Equating coefficients of T and using Eq. (3.1.1) shows that

μ(X_1, . . . , X_h)^{q−1} = (−1)^hπ.

On the other hand, � a∈k (T − aμ(X_1, . . . , X_h)) = T^q − μ(X_1, . . . , X_h)^{q−1}T = (−1)^{h−1}[π]_{LT}(T ),

which shows that μ(X_1, . . . , X_h) forms a Drinfeld basis for LT[π] ⊗ R.

3.2 Good reduction of an affinoid in X(π) In this interlude we find an affinoid in X(π) whose reduction is the Deligne- Lusztig variety for GL_h(k). This is nothing new in light of [Yos10], Prop. 6.15, but it will give a flavor of the corresponding calculation for X(π^2).

Proposition 3.5. There is an isomorphism of local Ô_F nr -algebras

Ô_{F nr} �X_1, . . . , X_h� μ(X_1, . . . , X_h)^{q−1} − (−1)^hπ

~−→A(π)

carrying X_i onto X^{(1)}_i .

Proof. Let A(π)^′ = Ô_F nr �X_1, . . . , X_h�/(μ(X_1, . . . , X_h)^{q−1} − (−1)^hπ). By Lemma 3.4 there is unique homomorphism A(π)^′ → A(π) of Ô_F nr -algebras carrying X_i onto X^{(1)}_i . Since the X^{(1)}_i form a system of regular local parameters of A(π), this homomorphism is surjective. The algebra A(π) is a Galois extension of A with group GL_h(k). But we can also furnish A(π)^′ with the structure of an A-algebra, by identifying u_i ∈ A with the coefficient of T^{qi} on the left-hand side of Eq. (3.1.3). Then A(π)^′ becomes a Galois extension of A with group GL_h(k) as well, and the homomorphism A(π)^′ → A(π) respects the A-algebra structure. We conclude that A(π)^′ → A(π) is an isomorphism.

Now let E/F be the unramified extension of degree h, and let E_1/E^{nr} be the extension obtained by adjoining a root ϖ of X^{qh−1} − (−1)^hπ. Then E_1/E^{nr} is totally tamely ramified of degree q^h − 1. Let X(1)^{ts} ⊂ X(1) ⊗ E_1 be the affinoid polydisc defined by the conditions

v(u_i) ≥ v(ϖ^{qh −qi} ) = q^h − q^i q^h − 1

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 991

The notation is borrowed from [CM06]: This is exactly the domain on which F^{univ}[π] admits no canonical subgroups; i.e. where F^{univ} is “too supersingular”. Whenever F is a deformation of Σ lying in X(1)^{ts}, all nonzero roots of F [π] have valuation equal to v(ϖ). By applying the change of variables X_i = ϖV_i to Prop. 3.5 we find:

Theorem 3.6. The preimage of X(1)^{ts} in X(π) ⊗ E_1 has reduction isomorphic to the smooth affine hypersurface over k with equation μ(V_1, . . . , V_h)^{q−1} = 1.

3.3 Determinants of structures of higher level.

Now let n ≥ 1, and suppose X_1, . . . , X_h are sections of F^{univ}[π^n]. We write [π^a]_u(X) as an abbreviation for [π^a]_F univ (X). We define the form μ_n by

μ_n(X_1, . . . , X_h) = � (a_1 ,...,a_h)

μ ([π^{a1} ]_u(X_1), . . . , [π^{ah} ]_u(X_h)) ,

where the sum runs over tuples of integers (a_1, . . . , a_h) with 0 ≤ a_i ≤ n − 1 whose sum is (h − 1)(n − 1). It is clear that μ_n is k-multilinear and alternating in X_1, . . . , X_h. Before proving that μ_n is O_F -linear, we will show:

Proposition 3.7. For sections X_1, . . . , X_h of F^{univ}[π^n], we have

[π]_{LT}(μ_n(X_1, . . . , X_h)) = μ_{n−1}([π]_u(X_1), . . . , [π]_u(X_h)).

In particular μ_n(X_1, . . . , X_h) is a section of the group scheme LT[π^n].

Proof. Let a = (a_1, . . . , a_h) be a tuple of nonnegative integers. Write [π^a](X) for the tuple ([π^{a1} ]_u(X_1), . . . , [π^{ah} ]_u(X_h)). Applying Eq. (3.1.2) we find

[π]_{LT}(μ ([π^a](X))) = det � [π^{ai +1}]_u(X_i) � � � � [π^{ai} ]^u(X^i)^q � � � � · · · � � � � [π^{ai} ]^u(X^i)^q h−1 �

= � σ∈S_h

sgn(σ)[π^{aσ(1) +1}]_u � X_{σ(1)}

�^{h−1}� j=1 [π^{aσ(j+1)} ]_u � X_{σ(j+1)}

�_qj

Now assume the X_i are sections of F^{univ}[π^n]: this means that the terms in the sum with a_{σ(1)} = n − 1 vanish. The expression [π]_{LT}(μ_n(X_1, . . . , X_n)) is thus a sum over pairs (a, σ), where σ ∈ S_h is a permutation and a = (a_1, . . . , a_h) is a tuple of integers satisfying the conditions

1. 0 ≤ a_i ≤ n − 1

2. a_{σ(1)} < n − 1 3. � i a_i = (n − 1)(h − 1)

Documenta Mathematica 15 (2010) 981–1007

992 Jared Weinstein

Let b = (b_1, . . . , b_h) be the tuple defined by

b_j = � a_j , j = σ(1) a_j − 1, j ≠ σ(1)

Note that each b_i is nonnegative: If a_j = 0 for some j ≠ σ(1), the condition � i a_i = (n − 1)(h − 1) forces a_k = n − 1 for all k ≠ j, which implies that a_{σ(1)} = n − 1, contradicting condition (ii) above. As (a, σ) runs over all pairs of tuples and permutations satisfying (1)–(3), the pair (b, σ) runs over all pairs of tuples and permutations satisfying 0 ≤ b_i ≤ n − 2 and � i b_i = (n − 1)(h − 1) − (h − 1) = (n − 2)(h − 1). We find

[π]_{LT} (μ_n(X_1, . . . , X_h)) = � (b,σ)

sgn(σ) h−1� j=1 [π^{bσ(j)+1} ]_u � X_{σ(j)}

�_qj

= � b μ([π^{b1 +1}]_u(X_1), . . . , [π^{bh +1}]_u(X_h))

= μ_{n−1} ([π]_u(X_1), . . . , [π]_u(X_h))

as required.

Now we can establish the O_F -linearity of μ_n. For this it suffices to show that μ_n([π]_u(X_1), X_2, . . . , X_{h−1}) = [π]_{LT}(μ_n(X_1, . . . , X_h)). We have

μ_n([π]_u(X_1), X_2, . . . , X_{h−1}) = � a μ([π^a](X)),

where a = (a_1, . . . , a_{h−1}) runs over tuples satisfying 1 ≤ a_1 ≤ n − 1, 0 ≤ a_i ≤ n − 1 for i > 1, and � i a_i = (h − 1)(n − 1) + 1. But these conditions force a_i ≥ 1 for i = 1, . . . , h. Write a_i = b_i + 1, so that 0 ≤ b_i ≤ n − 2 and � i b_i = (h − 1)(n − 1). Then

μ_n([π]_u(X_1), X_2, . . . , X_{h−1}) = � b μ([π^{b1 +1}]_u(X_1), . . . , [π^{bh +1}]_u(X_h))

= μ_{n−1}([π]_u(X_1), . . . , [π]_u(X_h)) = [π]_{LT}(μ_n(X_1, . . . , X_h))

by Prop. 3.7.

We have established part (1) of Thm. 3.2. Part (1) allows us to reduce part (2) to the case of n = 1, which has already been treated in Prop. 3.4. Recall that X^{(n)}_1 , . . . , X^{(n)}_h are the canonical coordinates on X(π^n). Thm. 3.2 shows that the function Δ^{(n)} = μ_n(X^{(n)}_1 , . . . , X^{(n)}_h ) is a nonzero root of [π^n]_{LT}(T ). The following simple lemma will be useful in the next section.

Lemma 3.8. Let M ∈ M_h(O_F /π^nO_F ) be a matrix. Then

μ_n(M(X^{(n)}_1 ), . . . , X^{(n)}_h ) + · · · + μ_n(X^{(n)}_1 , . . . , M(X^{(n)}_h )) = [Tr M]_{LT}(Δ^{(n)}).

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 993

4 An affinoid with good reduction

We now reach the technical heart of the paper. In this section we will construct an open affinoid neighborhood Z around an unramified canonical point x whose reduction is as in Thm. 1.1. These affinoids appear as connected components of the preimage of a subdisc X(1)^1 inside of the polydisc X(1). The polydisc X(1)^1 is small enough so that the local system F^{univ}[π] may be trivialized over X(1)^1, which is to say that the quotient map X(π) → X(1) admits a section over X(1)^1. An approximation to this section is computed explicitly in §4.1. A consequence is that the preimage of X(1)^1 in X(π) is a disjoint union of polydiscs X(π)^{1,x} indexed by the canonical points of X(π).

In §4.2 we turn to the space X(π^2). An unramified canonical point x ∈ X(π^2) determines a subgroup K_{x,2} of GL_h(O_F ) lying properly between 1 + πM_h(O_F ) and 1 + π^2M_h(O_F ). Let

X(K_{x,2}) = X(π^2)/K_{x,2}.

Then the affinoid Z of Thm. 1.1 is the preimage of X(π)^{1,x} in X(K_{x,2}). We introduce a family of coordinates Y (ζ) on X(π^2) which are invariant under K_{x,2}, one for each ζ in O_E . (The formation of the Y (ζ) is modeled on the determinant functor μ_2 from §3.) Thus the Y (ζ) are analytic functions on X(K_{x,2}); it turns out (Prop. 4.2) that the Y (ζ) are integral functions on Z. A simple linear combination Y of the coordinates Y (ζ) generates the ring of integral analytic functions on Z as an algebra over the ring of integral analytic functions on the polydisc X(π)^{x,1}. The equation for the reduction Z follows from the congruence calculated in Prop. 4.3.

We often work with affinoid algebras B over a field E, where E/F is a finitely ramified extension contained in the completion of the separable closure of F . For f ∈ B we write v(f) for the infimum of v(f(z)) as z runs though Spm B.

4.1 Analytic sections of F^{univ}[π]

Let E/F be the unramified extension of degree h, so that O_E = k_h�π�. Let F_0 be the deformation obtained by specializing the variables u_i to 0 in F^{univ}, so that [π]_{F0} (X) = πX + X^{qh} . Then F_0 admits endomorphisms by O_E . As a formal O_E -module, F_0 has height 1. We will denote by x^{(0)} the unramified canonical point in X(1) corresponding to F_0.

For n ≥ 1, let E_n be the extension of Ê^{nr} given by adjoining the roots of [π^n]_{F0} (X). Thus the preimages of x^{(0)} in X(π) are the points x = x^{(1)} ∈ X(π) corresponding to Drinfeld bases x_1, . . . , x_h ∈ p_{E1} for F_0[π]. Let X(1)^1 ⊂ X(1) be the affinoid neighborhood defined by the conditions v(u_i) ≥ 1, i = 1, . . . , h− 1. Let V_i = π^{−1}u_i, so that the V_i are a chart of integral coordinates on X(1)^1. The ring of integral analytic functions on X(1)^1 is therefore Ô_F nr ⟨V_1, . . . , V_{h−1}⟩. We claim that over X(1)^1 ⊗ E_1, the local system F^{univ}[π] may be trivialized. This means that every nonzero torsion point of F_0[π] can be “spread out” to a unique section of F^{univ}[π] over X(1)^1 ⊗ E_1. To be precise:

Documenta Mathematica 15 (2010) 981–1007

994 Jared Weinstein

Proposition 4.1. The preimage of X(1)^1⊗E_1 in X(π)⊗E_1 is the disjoint union of polydiscs X(π)^{1,x} over E_1, each containing a unique unramified canonical point x. For such a point x, corresponding to the basis x_1, . . . , x_h of F_0[π], we have the following congruence, valid in the ring of integral analytic functions on X(π)^{1,x}:

X^{(1)}_r ≡ (−1)^{h−1} det

� � � � � � � �

V_1 V_2 · · · V_{h−1} x_r 1 V^q_1 · · · V^q_{h−2} x^q_r + πx_rV^q_{h−1} 0 1 · · · V^{q2}_{h−3} x^{q2}_r + πx_rV^{q2}_{h−2} . . .. . . . 0 0 · · · 1 x^{qh−1}_r + πx_rV^{qh−1}_1

� � � � � � � � (4.1.1)

modulo π^{q−1+ qqh −1} .

Proof. Let x_1, . . . , x_h be a basis of F_0[π]. Consider the polynomial [π]_F univ (X) = πX + πV_1X^q + · · · + πV_{h−1}X^{qh−1} + X^{qh} ∈ O_F ⟨V_1, . . . , V_{h−1}⟩[X]. By studying the Newton polygon of the translate [π]_F univ (X − x_r ), we find that there is a unique root X_r ∈ O_{E1} ⟨V_1, . . . , V_{h−1}⟩ of [π]_F univ (X) for which v(X_r − x_r ) > v(x_r ) = 1/(q^h − 1). This root satisfies v(X_r − x_r) = v(x^q_r ) = q/(q^h − 1). Then v(X_r − x_s) = 1/(q^h − 1) for r ≠ s. This already implies that the preimage of X(1)^1 ⊗ E_1 in X(π) ⊗ E_1 is the union of polydiscs X(π)^{1,x}, where X(π)^{1,x} is the affinoid described by the inequalities v(X^{(1)}_r −x_r) ≥ v(x^q_r), r = 1, . . . , h.

Now let D ∈ O_{E1} [V_1, . . . , V_{h−1}] be the expression on the right hand side of Eq. (4.1.1). Expand the determinant in Eq. (4.1.1) along its first row and label the minors A_1, . . . A_h, signed appropriately so that D = h−1� i=1 V_iA_i + x_rA_h. (4.1.2)

That is,

A_i = (−1)^{h−i} det

� � � � � � � �

V^{qi}_1 V^{qi}_2 · · · V^{qi}_{h−i−1} x^{qi}_r + πx_rV^{qi}_{h−i} 1 V^{qi}_1 · · · V^{qi+1}_{h−i−2} x^{qi+1}_r + πx_rV^{qi+1}_{h−i−1} 0 1 · · · V^{qi+2}_{h−i−3} x^{qi+2}_r + πx_rV^{qi+2}_{h−i−2} . . .. . . . . . 0 0 · · · 1 x^{qh−1}_r + πx_r V^{qh−1}_1

� � � � � � � � (4.1.3)

for i = 1, . . . , h − 1, and A_h = 1.

In order to complete the proof of Prop. 4.1, we will show that [π]_F univ (D) is sufficiently close to 0 to ensure the congruence in Eq. (4.1.1). Observe that for i = 1, . . . , h − 1 we have the following congruence modulo π^{q+ qqh −1} :

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 995

D^{qi} ≡ (−1)^{h−1} det

V^{qi}_1 V^{qi}_2 · · · V^{qi}_{h−i} V^{qi}_{h−i+1} · · · V^{qi}_{h−1} x^{qi}_r 1 V^{qi+1}_1 . . . V^{qi+1}_{h−i−1} V^{qi+1}_{h−i} · · · V^{qi+1}_{h−2} x^{qi+1}_r . . .. . . . . . . . 0 0 . . . V^{qh−1}_1 V^{qh−1}_2 . . . V^{qh−1}_i x^{qh−1}_r 0 0 . . . 1 V^{qh}_1 . . . V^{qh}_{i−1} −πxr 0 0 . . . 0 1 . . . V^{qh+1}_{i−2} 0 . . . . . . . . . . . . . 0 0 . . . 0 0 . . . 1 0

Placing the final column of this matrix into position (h − i + 1) transforms

the above matrix into one of the form � A B 0 C � , where A is a matrix with

dimensions (h − i + 1) × (h − i + 1) and C is an upper triangular matrix with 1s along the diagonal. We find

D^{qi} ≡ (−1)^{h+i} det

V^{qi}_1 V^{qi}_2 · · · V^{qi}_{h−i−1} V^{qi}_{h−i} x^{qi}_r 1 V^{qi+1}_1 · · · V^{qi+1}_{h−i−2} V^{qi+1}_{h−i−1} x^{qi+1}_r 0 1 · · · V^{qi+2}_{h−i−3} V^{qi+2}_{h−i−2} x^{qi+2}_r . . . . . . . 0 0 · · · 1 V^{qh−1}_1 x^{qh−1}_r 0 0 · · · 0 1 −πxr

(mod π^{q+ qqh −1} ).

(4.1.4) We can apply elementary row operations to use the 1 in column h − i of this matrix to cancel the entries above it. When this is done, we find

D^{qi} ≡ −A_i (mod π^{q+ qqh −1} ), i = 1, . . . , h − 1 (4.1.5)

where A_1, . . . , A_{h−1} are the minors from Eq. (4.1.3). We also have

D^{qh} ≡ −πx_r ≡ −πx_rA_h (mod π^{q+ qqh −1} ). (4.1.6)

Combining Eqs. (4.1.2), (4.1.5) and (4.1.6) gives

[π]_F univ (D) = πD + πV_1D^q + · · · + πV_{h−1}D^{qh−1} + D^{qh} ≡ πD − π(V_1A_1 + · · · + V_{h−1}A_{h−1} + x_rA_h)

≡ 0 (mod π^{q+ qqh −1} ).

The ring of integral analytic functions on the polydisc X(π)^{1,x} is O_{E1} ⟨V_1, . . . , V_h⟩. In this ring we have the congruences D ≡ X^{(1)}r ≡ x_r (mod x^q_r). Let Y = D − X^{(1)}_r . Then Y ≡ 0 (mod x^q_r) and [π]_F univ (Y ) ≡ 0 (mod π^{q+1/(qh −1)}). Examining the Newton polygon of [π]_F univ (X) shows that Y ≡ 0 (mod π^{q−1+1/(qh −1)}).

Documenta Mathematica 15 (2010) 981–1007

996 Jared Weinstein

4.2 Some invariant coordinates on X(π^2).

Choose a compatible system of bases x^{(n)}_1 , . . . , x^{(n)}_h for F_0[π^n], n ≥ 1. This is tantamount to choosing a compatible system of unramified canonical points x^{(n)} ∈ X(π^n) lying above the point x^{(0)} ∈ X(1) corresponding to the deformation F_0. Since F_0 admits O_F -linear endomorphisms by O_E , our choice of compatible system induces an embedding of O_E into A = M_h(O_F ), and we identify O_E with its image. For M ∈ A, recall the definition of M(X^{(n)}_i ) from Eq. (2.3.1). We have ζ(X^{(n)}_i )(x^{(n)}) = ζx^{(n)}_i for i = 1, . . . , h, ζ ∈ k_h. The unit group A^× = GL_h(O_F ) has the usual filtration U^n_A = 1 + p^nA, n ≥ 1. Let C ⊂ A be the orthogonal complement of O_E under the standard trace pairing, and let p_E be the maximal ideal of O_E . Define a subgroup K_{x,2} of A^× by K_{x,2} = 1 + p^2_E + p_EC,

so that K_{x,2} lies between U^1_A and U^2_A. In what follows we will assume the choice of x is fixed and write simply K_2. Write X(K_2) for the quotient of X(π^2) by K_2.

We shall construct an alternating k-linear expression Y in the canonical coordinates X^{(2)}_1 , . . . , X^{(2)}_h which is fixed by K_2, so that it descends to an analytic function on X(K_2). It happens that Y satisfies a polynomial equation with coefficients in O_{E2} ⟨V_1, . . . , V_h⟩ whose reduction modulo the maximal ideal of O_{E2} gives the smooth hypersurface of Thm. 1.1.

We continue using the shorthand X_r = X^{(1)}_r . We introduce the new shorthand Y_r = X^{(2)}_r , so that [π]_F univ (Y_r) = X_r. Also we let Δ = Δ^{(1)} = μ(X_1, . . . , X_h); this is a locally constant function satisfying Δ^{q−1} = (−1)^hπ. For ζ ∈ O_E , let

W (ζ) = μ(ζ(Y_1), X_2, . . . , X_h) + · · · + μ(X_1, X_2, . . . , ζ(Y_h)).

Note that W (1) = μ_2(X_1, . . . , X_h) = Δ^{(2)}. We record the action of U^1_A on the functions W (ζ): For g = 1 + πM ∈ U^1_A, we have

g(W (ζ)) = W (ζ) + [Tr(Mζ)]_{LT}(Δ) (4.2.1)

by Lemma 3.8. It follows that W (ζ) is invariant under K_2, and that [π]_{LT}(W (ζ)) is invariant under U^1_A, so that [π]_{LT}(W (ζ)) belongs to A(π). We can see this directly: by Eq. (3.1.2) we have

[π]_{LT}(W (ζ)) = det � � � � ζ(X_1) X^q_1 · · · X^{qh−1}_1 . . . . .. . . . ζ(X_h) X^q_h · · · X^{qh−1}_h

� � � � , (4.2.2)

which visibly belongs to A(π).

We will use the symbol x to denote our compatible system of canonical points x^{(n)} ∈ X(π^n). Then f(x) is well-defined when f is an analytic function on any

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 997

of the spaces X(π^n). We will use X(π)^{1,x} to refer to the polydisc constructed in §4.1 using the canonical point x^{(1)}.

By Prop. 4.1, the restriction of the function [π]_{LT}(W (ζ)) to X(π)^{1,x} lies in O_{E1} ⟨V_1, . . . , V_h⟩, where we recall that the variables V_r = π^{−1}u_r form our chart of integral coordinates on X(1)^1. Let Z be the preimage of the polydisc X(π)^{1,x} in X(K_2) ⊗ E_2. It will be useful to transform the functions W (ζ) into integral functions Y (ζ) on Z for which |Y (ζ)|_Z = 1. Let w(ζ) = W (ζ)(x), and let

Y (ζ) = (−1)^{h−1}

W (ζ) − w(ζ) Δ . (4.2.3)

Proposition 4.2. There exists ε > 0 for which the congruence

Y (ζ)^q − Y (ζ) ≡

� � � � � � �

V_1 V_2 . . . V_{h−1} 0 1 V^q_1 . . . V^q_{h−2} (ζ^q − ζ)V^q_{h−1} 0 1 . . . V^{q2}_{h−3} (ζ^{q2} − ζ)V^{q2}_{h−2} . . . . . . . 0 0 · · · 1 (ζ^{qh−1} − ζ)V^{qh−1}_1

� � � � � � � (mod π^ε)

is valid in the ring of integral analytic functions on Z.

Proof. The idea is to apply Prop. 4.1 to Eq. (4.2.2). In preparation for this, we need some determinant identities. For i = 1, . . . , h, let B_i ∈ k[V_1, . . . , V_{h−1}] be (−1)^i times the determinant of the top left i × i submatrix of � � � � � � �

V_1 V_2 · · · V_{h−1} 0 1 V^q_1 · · · V^q_{h−2} V^q_{h−1} 0 1 · · · V^{q2}_{h−3} V^{q2}_{h−2} . . . . . . . 0 0 · · · 1 V^{qh−1}_1

� � � � � � �

Curiously, the transformation (V_1, . . . , V_{h−1}) → (B_1, . . . , B_{h−1}) is an involution. That is, the determinant of the top left i × i submatrix of � � � � � � �

B_1 B_2 · · · B_{h−1} 0 1 B^q_1 · · · B^q_{h−2} B^q_{h−1} 0 1 · · · B^{q2}_{h−3} B^{q2}_{h−2} . . . . . . . 0 0 · · · 1 B^{qh−1}_1

� � � � � � �

is (−1)^iV_i: this can be proven by induction on i. This implies the following identity, valid in the polynomial ring k[V_1, . . . , V_{h−1}, z_1, . . . , z_{h−1}]:

Documenta Mathematica 15 (2010) 981–1007

998 Jared Weinstein

det

� � � � � � � z_1B_1 z_2B_2 · · · z_{h−1}B_{h−1} 0

1 B^q_1 · · · B^q_{h−2} B^q_{h−1}

0 1 · · · B^{q2}_{h−3} B^{q2}_{h−2} . . .. . . . 0 0 .. . 1 B^{qh−1}_1

� � � � � � �

= det

� � � � � � �

V_1 V_2 · · · V_{h−1} 0

1 V^q_1 · · · V^q_{h−2} z_1V^q_{h−1}

0 1 · · · V^{q2}_{h−3} z_2V^{q2}_{h−2} . . .. . . . 0 0 · · · 1 z_{h−1}V^{qh−1}_1

� � � � � � � (4.2.4)

This is because both expressions equal

z_1B_1V^q_{h−1} + z_2B_2V^{q2}_{h−2} + · · · + z_{h−1}B_{h−1}V^{qh−1}_1 .

According to Prop. 4.1, the coordinate X_r may be expressed modulo π^{q−1+ qqh −1}

as a linear combination of the powers x_r, . . . , x^{qh−1}_r :

X_r ≡ (1−πB_h)x_r +B_1x^q_r +B_2x^{q2}_r +· · ·+B_{h−1}x^{qh−1}_r (mod π^{q−1+ qqh −1} ). (4.2.5)

For ζ ∈ k_h we have

ζ(Xr ) ≡ ζ(1−πB_h)xr+ζ^q B1x^q_r +ζ^{q2} B2x^{q2}_r +· · ·+ζ^{qh−1} B_{h−1}x^{qh−1}_r (mod π^{q−1+ qqh −1} )

(4.2.6)

Also, for i = 1, . . . , h − 1 we have

X^{qi}_r ≡ −πB^{qi}_{h−i}x_r + x^{qi}_r + B^{qi}_1 x^{qi+1}_r + · · · + B^{qi}_{h−1−i}x^{qh−1}_r (mod π^N ), (4.2.7)

where N ≥ q +^q_{qh −1} . Eqs. (4.2.6) and (4.2.7) may be combined into the

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 999

congruence of matrices

� � � � ζ(X_1) + E_1 · · · ζ(X_h) + E_h

X^q_1 · · · X^q_h . . . . . . . X^{qh−1}_1 · · · X^{qh−1}_h

� � � �

≡

� � � � � � � ζ(1 − πB_h) ζ^q B_1 ζ^{q2} B_2 . . . ζ^{qh−1} B_{h−1}

−πB^q_{h−1} 1 B^q_1 · · · B^q_{h−2}

−πB^{q2}_{h−2} 0 1 · · · B^{q2}_{h−3} . . .. . . . −πB^{qh−1}_1 0 0 · · · 1

� � � � � � �

× � � � x_1 · · · x_h . . . . . . . x^{qh−1}_1 · · · x^{qh−1}_h

� � � (4.2.8)

modulo π^N , where v(E_i) ≥ q − 1 + q/(q^h − 1). We take determinants of both

sides of Eq. (4.2.8). On the left hand side, we apply Eq. (4.2.2): the determinant

is congruent to [π]_{LT}(W (ζ)) modulo an error term π^δ , of valuation

δ ≥ q − 1 + q q^h − 1 + q + q^2 + · · · + q^{h−1}

q^h − 1

= q − 1 + q − 1

q^h − 1 + 1 q − 1 . On the right hand side, the determinant is Δ times

ζ − ζπB_h + (−1)^hπ det

� � � � � � � ζ^q B_1 ζ^{q2} B_2 . . . ζ^{qh−1} B_{h−1} 0

1 B^q_1 · · · B^q_{h−2} B^q_{h−1}

0 1 · · · B^{q2}_{h−3} B^{q2}_{h−2} . . .. . . . 0 0 · · · 1 B^{qh−1}_1

� � � � � � � ,

and by the identity in Eq. 4.2.4 this equals

ζ + (−1)^hπ det

� � � � � � �

V_1 V_2 . . . V_{h−1} 0

1 V^q_1 . . . V^q_{h−2} (ζ^q − ζ)V^q_{h−1}

0 1 . . . V^{q2}_{h−3} (ζ^{q2} − ζ)V^{q2}_{h−2} . . .. . . . 0 0 · · · 1 (ζ^{qh−1} − ζ)V^{qh−1}_1

� � � � � � � .

Documenta Mathematica 15 (2010) 981–1007

1000 Jared Weinstein

Equating determinants of both sides of Eq. (4.2.8) now yields

[π]_{LT}(W (ζ)) ≡

≡ ζΔ + (−1)^hπΔ det

� � � � � � �

V_1 V_2 . . . V_{h−1} 0 1 V^q_1 . . . V^q_{h−2} (ζ^q − ζ)V^q_{h−1} 0 1 . . . V^{q2}_{h−3} (ζ^{q2} − ζ)V^{q2}_{h−2} . . .. . . . 0 0 · · · 1 (ζ^{qh−1} − ζ)V^{qh−1}_1

� � � � � � � (mod π^δ )

The functions V_1, . . . , V_{h−1} vanish at the canonical point x; therefore so do the functions B_1, . . . , B_{h−1}. Applying the above congruence to x gives

[π]_{LT}(w(ζ)) ≡ ζΔ (mod π^δ ). (4.2.9)

We have W (ζ) = w(ζ) + (−1)^{h−1}ΔY (ζ), so that

[π]_{LT}(W (ζ)) = [π]_{LT}(w(ζ)) + (−1)^hπΔ(Y (ζ)^q − Y (ζ))

Therefore the congruence claimed in the proposition is valid modulo π^ε, where

ε = δ − 1 − 1 q − 1

≥ q − 2 + q − 1 q^h − 1

> 0.

The functions Y (ζ) on Z each generate a degree q algebra over the field of meromorphic functions on the polydisc X(π)^{1,x}. But the morphism Z → X(π)^{1,x}⊗E_2 has degree q^h. We will now construct a linear combination of the Y (ζ) which generates the entire ring of integral analytic functions on Z as an algebra over O_{E2} ⟨V_1, . . . , V_{h−1}⟩.

Let ζ, ζ^q , . . . , ζ^{qh} be a basis for k_h/k, and let β ∈ k_h be such that

Tr_{kh /k}(βζ^{qi} ) = � 1, i = 0, 0 i = 1, . . . , h − 1.

(4.2.10)

This implies that β, . . . , β^{qh−1} is a basis for k_h/k as well. Let Y = h−1� i=0 β^{qi} Y (ζ^{qi} ). (4.2.11)

Then the stabilizer of Y in U^1_A is exactly K_2.

Proposition 4.3. There exists ε > 0 for which the congruence

Y^{qh} − Y ≡

� � � � � � � �

V^{qh}_1 − V_1 V^{qh}_2 − V_2 · · · V^{qh}_{h−1} − V_{h−1} 0 1 V^q_1 · · · V^q_{h−2} V^q_{h−1} 0 1 · · · V^{q2}_{h−3} V^{q2}_{h−2} . . . . . . . 0 0 · · · 1 V^{qh−1}_1

� � � � � � � � (4.2.12)

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 1001

holds modulo π^ε in the ring of integral analytic functions on Z.

Proof. We have

Y^{qh} − Y = h−1∑ j=0 β^{qj} (Y (ζ^{qj} )^{qh} − Y (ζ^{qj} ))

= h−1∑ j=0 β^{qj} h−1∑ i=0 (Y (ζ^{qj} )^q − Y (ζ^{qj} ))^{qi}

≡ h−1∑ i=0 h−1∑ j=0 β^{qj} det

V^{qi}_1 V^{qi}_2 . . . V^{qi}_{h−1} 0 1 V^{qi+1}_1 . . . V^{qi+1}_{h−2} (ζ^{qi+j+1} − ζ^{qi+j} )V^{qi+1}_{h−1} 0 1 . . . V^{qi+2}_{h−3} (ζ^{qi+j+2} − ζ^{qi+j} )V^{qi+2}_{h−2} . . . . . . . 0 0 · · · 1 (ζ^{qi+j+h−1} − ζ^{qi+j} )V^{qh−1}_1

modulo π^ε, by Prop. 4.2. We now apply the orthogonality relations in Eq. (4.2.10). The term with i = 0 is (−1)^{h−1}B_h, and the term with 1 ≤ i ≤ h−1 is

det

� � � � � � � � � � � � � � � �

V^{qi}_1 V^{qi}_2 · · · V^{qi}_{h−i} · · · V^{qi}_{h−1} 0 1 V^{qi+1}_1 · · · V^{qi+1}_{h−i−1} · · · V^{qi+1}_{h−2} 0 0 1 · · · V^{qi+2}_{h−i−2} · · · V^{qi+2}_{h−3} 0 . . . . 0 0 · · · V^{qh−1}_1 · · · V^{qh−1}_i 0 0 0 · · · 1 · · · V^{qh}_{i−1} V^{qh}_i 0 0 · · · 0 · · · V^{qh+1}_{i−2} 0 . . . . . . 0 0 · · · 0 · · · 1 0

� � � � � � � � � � � � � � � �

= (−1)^{h−1}V^{qh}_i B^{qi}_{h−i},

so that

Y^{qh} − Y ≡ (−1)^{h−1}(B_h + V^{qh}_1 B_{h−1} + V^{qh}_2 B_{h−2} + · · · + V^{qh}_{h−1}B_1) (mod π^ε).

This last expression agrees with the determinant in the proposition, as can be seen by expanding along the first row.

4.3 Conclusion of the proof.

We now complete the proof of Thm. 1.1. Let x be an unramified canonical point on the Lubin-Tate tower. Since the unramified canonical points in X(1) lie in the same orbit under O^×_B = Aut Σ, we may assume that x lies above the point with u_1 = · · · = u_{h−1} = 0 in X(1). Recall that X(π)^{1,x} ⊂ X(π) ⊗ E_1 is the affinoid defined by the conditions v(u_i) ≥ 1 for i = 1, . . . , h − 1 and

Documenta Mathematica 15 (2010) 981–1007

1002 Jared Weinstein

v(X^{(1)}r − x_r) ≥ v(x^q_r ) for r = 1, . . . , h; we showed in Prop. 4.1 that X(π)^{1,x} is a polydisc over E_1.

The quotient X(K_{x,2}) → X(π) is Galois with group H = U^1_A/K_{x,2} ≈ F_qh . After passing to E_2 coefficients, the affinoid Z was defined as the inverse image of X(π)^{1,x} in this quotient. Therefore Z → X(π)^{1,x} ⊗ E_2 is an étale cover of affinoids with group H. Consider the integral coordinate Y on Z produced by Prop. 4.3: the calculation in §5.1 below shows that the action of a nonzero element of H translates Y by a nonzero element of F_qh . Thus the reduction of the cover Z → X(π)^{1,x} ⊗ E_2 is an étale cover of affine hypersurfaces over k, also with group H.

For a tuple V = (V_1, . . . , V_{h−1}), let d(V ) denote the determinant appearing on the right hand side of Eq. (4.2.12). Let Z^′ denote the hypersurface over k with equation Y^{qh} − Y = d(V ); then Z^′ → A^{h−1} is an Artin-Schreier cover of affine hypersurfaces with group H. Prop. 4.3 shows that Z → A^{h−1} factors through an H-equivariant morphism Z → Z^′. Since Z and Z^′ are both étale covers of A^{h−1} with group H, we find that Z → Z^′ is an isomorphism. Finally, Z^′ is isomorphic to the hypersurface described in Thm. 1.1 via Y = (−1)^{h−1}V_h. This concludes the proof of Thm. 1.1.

5 Group actions on a hypersurface

We close with a discussion of various group actions on the affinoid Z, with an eye towards linking Thm. 1.1 with the local Langlands correspondence and the Jacquet-Langlands correspondence. What follows is meant to indicate further directions of research; no proofs will be given.

A large open subgroup of GL_h(F ) × B^× × W_F acts on the Lubin-Tate tower X(π^n), cf. the introduction to [HT01]. To investigate the question of whether the cohomology of the affinoid Z realizes the appropriate correspondences among the three factor groups, it will be useful to compute the stabilizer of Z in each group, along with the action of the stabilizer on the reduction Z. We do precisely this for the groups GL_h(F ) and W_F . The hypersurface Z, when considered as an abstract variety over k, admits a nontrivial action by a large subquotient of B^×, but we cannot prove this action arises from the actual action of B^× on the Lubin-Tate tower.

Let X be the F_qh -rational model for Z/F_q from Conj. 1.6. That is, X ⊂ A^h_{Fqh} is the hypersurface with equation

det

� � � � � � � �

V^{qh}_1 − V_1 V^{qh}_2 − V_2 V^{qh}_3 − V_3 · · · V^{qh}_{h−1} − V_{h−1} V^{qh}_h − V_h 1 V^q_1 V^q_2 · · · V^q_{h−2} V^q_{h−1} 0 1 V^{q2}_1 · · · V^{q2}_{h−3} V^{q2}_{h−2} . . . . . . . 0 0 0 · · · 1 V^{qh−1}_1

� � � � � � � � = 0.

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 1003

The actions on Z we consider in this paragraph all descend to actions on the F_qh -rational model X.

5.1 The action of GL_h(F )

The affioid Z is stabilized by the group U^1_A = 1 + πM_h(O_F ), and the action of U^1_A on Z factors through the quotient H = U^1_A/K_2. The action of H on the reduction Z can be made completely explicit. We identify H with k_h = F_qh via the isomorphism 1 + γπ → γ, γ ∈ k_h. From Eq. (4.2.1) and the construction of Y in Eqs. (4.2.3) and (4.2.11) we see that the action of an element γ ∈ H on Z preserves the variables V_1, . . . , V_{h−1} and has the following effect on V_h:

V_h → V_h + h−1� j=1 β^{qj} Tr_{kh/k}(ζ^{qj} γ) = V_h + γ. (5.1.1)

Of course, this action descends to an action of H on X by F_qh -rational automorphisms.

We offer some brief remarks relating the characters of the group H to the theory of Bushnell-Kutzko types for GL_h(F ), wherein supercuspidal representations are constructed by induction from compact-mod-center subgroups. In fact, in our particular situation, the construction goes back to Howe [How77]. Suppose ψ is a character of H ≈ F_qh which does not factor through Tr_{Fqh /Fqd} for any proper divisor d of h. This character pulls back to a character of U^1_A = 1 + πM_h(O_F ), which we also call ψ. Recall that we have fixed an embedding of E into M_h(F ). Choose a character θ of E^× for which θ|_{1+pE} = ψ|_{1+pE} . Then θ is an admissible character in the sense that there is no proper subextension E^′ ⊂ E of E/F for which θ factors through the norm map E^× → (E^′)^×. The character θ has conductor p^2_E . Let η be the unique character of J = E^×U^1_A for which η|_E× = θ and η|_U 1_A = ψ. Then π(θ) = Ind^{GLh(F )}_J η is a supercuspidal representation of GL_h(F ) of level π^2: This is a special case of the construction used to prove Theorem 2 of [How77].

Therefore the question of whether the cohomology of Z realizes the Bushnell- Kutzko types for GL_h(F ) is a matter of determining which characters of H appear in the cohomology of X; this is discussed in Conj. 5.1 below.

5.2 The action of inertia

The action of the inertia subgroup I_F ⊂ W_F on Z can be made explicit as well. Let I_2 = Gal(E_2/E^{nr}); we identify I_2 with (O_E /π^2O_E )^× via the reciprocity map of local class field theory. Thus if α ∈ O^×_E , and x ∈ X(π^2) is an unramified canonical point corresponding to a basis x_1, . . . , x_h of F_0[π^2], then α(x) corresponds to the basis αx_1, . . . , αx_h. Since the definition of the affinoid Z only depends on the image of x in X(π), the stabilizer of Z in I_2 is the group (1 + πO_E )/(1 + π^2O_E ). The action of an element 1 + γπ ∈ 1 + πO_E on Z is exactly as in Eq. (5.1.1).

Documenta Mathematica 15 (2010) 981–1007

1004 Jared Weinstein

5.3 The action of B^×

More subtle is the action of O^×_B = Aut Σ. The algebra O_B is generated over O_F by O_E and Φ, where Φ^h = π and Φα = α^q Φ, α ∈ O_E . For n ≥ 1, let U^n_B = 1 + Φ^nO_B . Let C^B be the orthogonal complement of O_E in O_B , so that

C^B = O_E Φ ⊕ · · · ⊕ O_E Φ^{h−1},

and define a subgroup K^B_2 of O^×_B by

K^B_2 = 1 + p^2_E + p_E C,

so that K^B_2 lies properly between U^1_B and U^2_B . Let H^B = U^1_B /K^B_2 . Let R be the noncommutative ring F_qh [τ]/(τ^{h+1}) whose multiplication is given by the rule ατ = τα^q , α ∈ F_qh . Then H^B is isomorphic to 1 + τR. As we observed in Rmk. 1.2, R^× acts on X. It seems likely that the stabilizer of Z in O^×_B is U^1_B , and that the action of U^1_B on Z factors through the this action of H^B ∼= 1 + τR. The action of such a large group of F_qh -rational automorphisms has consequences for the cohomology of X which allow us to reinterpret Conj. 1.6. First, let us provide a short description of the representation theory of the nilpotent group H^B . The subgroup Z = 1 + τ^hR is the center of 1 + τR ∼= H^B . Let ψ be a character of Z ≈ F_qh which does not factor through Tr_{Fqh /Fqd} for any proper divisor d of h. There is a unique representation V_ψ of H^B lying over ψ, of dimension q^{h(h−1)/2}. Let H = H^∗_c (X ⊗ F_q, Q_ℓ), considered as a virtual module for the action of Gal(F_q /F_qh ) × H^B . Conj. 1.6 now takes the following alternate form:

Conjecture 5.1. Let H_ψ = Hom_HB (V_ψ, H), considered as a virtual module for the action of Gal(F_q/F_qh ). Then dim H_ψ = (−1)^{h−1}, and the eigenvalue of Frob_qh on H_ψ is q^{h(h−1)/2}.

The formalism of Bushnell-Kutzko types for GL_h(F ) in [BK93] has been extended to the context of its anisotropic form B^× by Broussous [Bro95]. Granting Conj. 5.1, it will not be difficult to detect the types for B^× in the middle cohomology of Z. The types for B^× appearing in H^{h−1}_c (Z, Q_ℓ) should correspond exactly to those types for GL_h(F ) which appear there; indeed this space should realize the correspondence between types. There has already been much work towards an “explicit Jacquet-Langlands correspondence”, whereby the admissible square-integrable duals of GL_h(F ) and of B^× are linked via the explicit parameterizations of each dual via types, see [Hen93], [BH00], [BH05c]. However there are still outstanding cases where the explicit Jacquet-Langlands correspondence is not established, including (in some instances) the supercuspidals π(θ) of §5.1. For these there may be some advantage to the cohomological point of view, given that the Jacquet-Langlands correspondence is already known to be realized in the cohomology of the Lubin-Tate tower, cf. [HT01], [Str08a].

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 1005

References

[AS89] Alan Adolphson and Steven Sperber, Exponential sums and Newton polyhedra: cohomology and estimates, Ann. of Math. (2) 130 (1989), no. 2, 367–406.

[BH00] Colin J. Bushnell and Guy Henniart, Correspondance de Jacquet- Langlands explicite. II. Le cas de degré égal à la caractéristique résiduelle, Manuscripta Math. 102 (2000), no. 2, 211–225.

[BH05a] , The essentially tame local Langlands correspondence. I, J.

Amer. Math. Soc. 18 (2005), no. 3, 685–710 (electronic).

[BH05b] , The essentially tame local Langlands correspondence. II. Totally ramified representations, Compos. Math. 141 (2005), no. 4, 979– 1011.

[BH05c] , Local tame lifting for GL(n). III. Explicit base change and Jacquet-Langlands correspondence, J. Reine Angew. Math. 580 (2005), 39–100.

[BH06] , The local Langlands conjecture for GL(2), Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 335, Springer-Verlag, Berlin, 2006.

[BK93] Colin J. Bushnell and Philip C. Kutzko, The admissible dual of GL(N) via compact open subgroups, Annals of Mathematics Studies, vol. 129, Princeton University Press, Princeton, NJ, 1993.

[Boy99] P. Boyer, Mauvaise réduction des variétés de Drinfeld et correspondance de Langlands locale, Invent. Math. 138 (1999), no. 3, 573–629.

[Bro95] Paul Broussous, Le dual admissible d’une algèbre à division locale:

une paramétrisation par des types simples à la Bushnell et Kutzko, Prépublication de l’Institut de Recherche Mathématique Avancée [Prepublication of the Institute of Advanced Mathematical Research], 1995/18, Université Louis Pasteur Département de Mathématique Institut de Recherche Mathématique Avancée, Strasbourg, 1995, Thèse, Université de Strasbourg I (Louis Pasteur), Strasbourg, 1995.

[Car83] Henri Carayol, Sur les représentations ℓ-adiques attachees aux formes modulaires de Hilbert, C. R. Acad. Sci. Paris. 296 (1983), no. 15, 629–632.

[Car86] Henri Carayol, Sur la mauvaise réduction des courbes de Shimura, Compositio Math. 59 (1986), no. 2, 151–230.

Documenta Mathematica 15 (2010) 981–1007

1006 Jared Weinstein

[Car90] H. Carayol, Nonabelian Lubin-Tate theory, Automorphic forms, Shimura varieties, and L-functions, Vol. II (Ann Arbor, MI, 1988), Perspect. Math., vol. 11, Academic Press, Boston, MA, 1990, pp. 15– 39. [CM06] Robert Coleman and Ken McMurdy, Fake CM and the stable model of X_0(Np^3), Doc. Math. (2006), no. Extra Vol., 261–300 (electronic).

[Dri74] V. G. Drinfel^′d, Elliptic modules, Mat. Sb. (N.S.) 94(136) (1974), 594–627.

[Gos96] David Goss, Basic structures of function field arithmetic, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 35, Springer-Verlag, Berlin, 1996.

[Gro86] Benedict H. Gross, On canonical and quasicanonical liftings, Invent.

Math. 84 (1986), no. 2, 321–326.

[Har02] M. Harris, On the local langlands correspondence, Proceedings of the ICM, Beijing 2 (2002), 583–598.

[Hen92] Guy Henniart, Correspondance de Langlands-Kazhdan explicite dans le cas non ramifié, Math. Nachr. 158 (1992), 7–26.

[Hen93] , Correspondance de Jacquet-Langlands explicite. I. Le cas modéré de degré premier, Séminaire de Théorie des Nombres, Paris, 1990–91, Progr. Math., vol. 108, Birkhäuser Boston, Boston, MA, 1993, pp. 85–114.

[Hen00] , Une preuve simple des conjectures de Langlands pour GL(n) sur un corps p-adique, Invent. Math. 139 (2000), no. 2, 439–455.

[How77] Roger E. Howe, Tamely ramified supercuspidal representations of Gl_n, Pacific J. Math. 73 (1977), no. 2, 437–460.

[HT01] Michael Harris and Richard Taylor, The geometry and cohomology of some simple Shimura varieties, Annals of Mathematics Studies, vol. 151, Princeton University Press, Princeton, NJ, 2001, With an appendix by Vladimir G. Berkovich.

[LRS93] G. Laumon, M. Rapoport, and U. Stuhler, D-elliptic sheaves and the Langlands correspondence, Invent. Math. 113 (1993), no. 2, 217–338.

[RZ80] M. Rapoport and T. Zink, Über die lokale Zetafunktion von Shimura varietäten, Monodromiefiltrations und verschwindende Zyklen in ungleicher Characteristik, Inv. Math. 68 (1980), 21–101.

[Str08a] Matthias Strauch, Deformation spaces of one-dimensional formal modules and their cohomology, Adv. Math. 217 (2008), no. 3, 889– 951.

Documenta Mathematica 15 (2010) 981–1007

Good Reduction of Affinoids on the Lubin-Tate Tower 1007

[Str08b] , Geometrically connected components of Lubin-Tate deformation spaces with level structures, Pure Appl. Math. Q. 4 (2008), no. 4, part 1, 1215–1232.

[Weia] Jared Weinstein, Explicit non-abelian Lubin-Tate theory for GL(2), preprint (2009), available at http://arxiv.org/abs/0910.1132.

[Weib] , On the stable reduction of modular curves, preprint (2010), available at http://arxiv.org/abs/1010.4241.

[Yos10] Teruyoshi Yoshida, On non-abelian Lubin-Tate theory via vanishing cycles, Advanced Studies in Pure Mathematics (2010), no. 58, 361– 402.

Jared Weinstein Dept. of Mathematics University of California Los Angeles Box 951555 Los Angeles, CA 90095-1555 USA jaredsweinstein@gmail.com

Documenta Mathematica 15 (2010) 981–1007

Documenta Mathematica 15 (2010)

Documenta Math. 1009

Dimensions of Affine Deligne-Lusztig Varieties

in Affine Flag Varieties

Ulrich Görtz^1, Xuhua He^2

Received: October 7, 2010

Communicated by Peter Schneider

Abstract. Affine Deligne-Lusztig varieties are analogs of Deligne- Lusztig varieties in the context of an affine root system. We prove a conjecture stated in the paper [5] by Haines, Kottwitz, Reuman, and the first named author, about the question which affine Deligne- Lusztig varieties (for a split group and a basic σ-conjugacy class) in the Iwahori case are non-empty. If the underlying algebraic group is a classical group and the chosen basic σ-conjugacy class is the class of b = 1, we also prove the dimension formula predicted in op. cit. in almost all cases.

2010 Mathematics Subject Classification: 20F55, 20G25 Keywords and Phrases: Affine Deligne-Lusztig varieties

1 Introduction 1.1 Affine Deligne-Lusztig varieties, which are analogs of usual Deligne-Lusztig varieties [3] in the context of an affine root system, have been studied by several people, mainly because they encode interesting information about the reduction of Shimura varieties and specifically about the relation between the “Newton stratification” and the “Kottwitz-Rapoport stratification”. Their definition is purely group-theoretical. To recall it, we fix a split connected reductive group over the finite field F_q with q elements. Let k be an algebraic closure of F_q , let L = k((ϵ)) be the field of formal Laurent series over k, and let σ be the

1Partially supported by a Heisenberg grant and by the Sonderforschungsbereich TR 45 “Periods, Moduli spaces and Arithmetic of Algebraic Varieties” of the Deutsche Forschungsgemeinschaft.

2Partially supported by HKRGC grants 601409.

Documenta Mathematica 15 (2010) 1009–1028

1010 Ulrich Görtz, Xuhua He

automorphism of L defined by σ( � a_nϵ^n) = � a^q_nϵ^n. We also denote the induced automorphism on the loop group G(L) by σ. Let T ⊂ G be a split maximal torus, and denote by W the corresponding Weyl group. Furthermore, let I ⊂ G(k[[ϵ]]) be an Iwahori subgroup containing T (k[[ϵ]]), and let W̃ be the extended affine Weyl group attached to these data. See Section 2.1 for details. For x ∈ W̃ and b ∈ G(L) the locally closed subscheme

X_x(b) = {g ∈ G(L)/I; g^{−1}bσ(g) ∈ IxI}

of the affine flag variety G(L)/I is called the affine Deligne-Lusztig variety attached to b and x. The X_x(b) are known to be finite-dimensional varieties (locally of finite type over k), but are possibly empty, and it is not in general easy to check whether X_x(b) = ∅ for a given pair x, b.

In [5, Conjecture 9.5.1 (a)] , Haines, Kottwitz, Reuman and the first named author have stated the following conjecture, which extends a conjecture formulated earlier by Reuman. For simplicity, let us assume that G is quasi-simple of adjoint type.

We denote by W̃^′ the lowest two-sided cell in the sense of Kazhdan and Lusztig. In the terminology of [5], this is the union of the shrunken Weyl chambers. See Section 2.3. The notion of basic σ-conjugacy class can be characterized by saying that it contains an element of N(T )(L) which gives rise to a length 0 element of W̃ = N(T )(L)/T (k[[ϵ]]). Equivalently, a σ-conjugacy class is basic if and only if its Newton vector is central. See [5, Lemma 7.2.1]. The σ-conjugacy class of b = 1 is always basic.

Conjecture 1.1.1. Suppose that the σ-conjugacy class of b is basic, and that x ∈ W̃^′. If b and x are in the same connected component of G(L) and

η(x) ∈ W \ � T ⊊S

W_T ,

then X_x(b) ≠ ∅ and

dim X_x(b) = 1 2 (ℓ(x) + ℓ(η(x)) − def_G(b)) .

Here S is the set of simple reflections, and for any T ⊂ S, W_T denotes the subgroup of W generated by T . Furthermore, η is the map W̃ → W given as follows: If x = vt^μw with v, w ∈ W and such that the alcove t^μw lies in the dominant chamber, then η(x) = wv. See Section 3.1. Finally, def_G(b) is the defect of b, see [11].

A strengthened version of the converse of the non-emptiness statement was proved in [5, Proposition 9.5.4]. Here we prove

Theorem 1.1.2. Suppose that the σ-conjugacy class of b is basic, and that x ∈ W̃^′. Write x = vt^μw as above. Assume that b and x are in the same connected component of G(L) and that

η(x) ∈ W \ � T ⊊S

W_T .

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1011

1. Then X_x(b) ≠ ∅.

2. If v equals w_0, the longest element of W , or μ is regular, then

dim X_x(b) � 1 2 (ℓ(x) + ℓ(η(x)) − def_G(b)) .

3. If G is a classical group and b = 1, or of type A_n and b arbitrary basic, then dim X_x(b) � 1 2 (ℓ(x) + ℓ(η(x)) − def_G(b)) .

See Section 3.1 for more detailed statements and an outline of the proof. Roughly speaking, our methods are combinatorial (whereas in [5] the theory of ϵ-adic groups was used). Important ingredients are a refinement of the reduction method of Deligne and Lusztig (Section 2), and the results of the second named author about conjugacy classes in affine Weyl groups, see [9]. In [1], E. Beazley obtained similar results for groups of type A_n, C_2 or G_2 using a similar method, but using only results on conjugacy classes in finite Weyl groups.

In Section 4, we briefly consider the case that x ∈ W̃ \ W̃^′, but all in all this case remains unclear. Note however that the relation to stratifications of the wonderful compactification of G might provide further insight in this case, see [10]. Finally, a careful study of the reduction method also shows that affine Deligne-Lusztig varieties in the affine flag varieties are not equidimensional in general; we give a specific example in Section 5. Note that for affine Deligne- Lusztig varieties in the affine Grassmannian, equidimensionality is known. For b in the torus T (L), this was proved in [4, Proposition 2.17.1], and for basic b in [6, Theorem 1.2]; for the intermediate cases, see [7, Corollary 6.8 (a)].

2 Preliminaries

2.1 Notation

Let G be a split connected reductive group over F_q . We assume that G is quasi-simple of adjoint type. As explained in [4, 5.9], all problems about the dimension of affine Deligne-Lusztig varieties easily reduce to this case. Let L = k((ϵ)) be the field of formal Laurent series over k, and let σ be the automorphism on L defined by σ( � a_nϵ^n) = � a^q_nϵ^n. We also denote the induced automorphism on the loop group G(L) by σ.

Let T be a maximal torus of G, let B ⊃ T be a Borel subgroup of G, and let B^− be the opposite Borel subgroup so that T = B ∩ B^−. Let Φ be the set of roots and Y be the coweight lattice. We denote by Y_+ the set of dominant coweights. Let (α_i)_{i∈S} be the set of simple roots determined by (B, T ). We denote by W the Weyl group N(T )/T . For i ∈ S, we denote by s_i the simple reflection corresponding to i.

Documenta Mathematica 15 (2010) 1009–1028

1012 Ulrich Görtz, Xuhua He

For w ∈ W , we denote by supp(w) the set of simple reflections occurring in a reduced expression of w. So the condition w ∈ W \ � T ⊊S WT is equivalent to

supp(w) = S.

For w ∈ W , we choose a representative in N(T ) and also write it as w. For any J ⊂ S, let Φ^+_J (resp. Φ^−_J ) be the positive (resp. negative) roots spanned by (α_j )_{j∈J} .

Let I be the inverse image of B^− under the projection map G(k[[ϵ]]) → G sending ϵ to 0. Let W̃ = N(T (L))/(T (L) ∩ I) be the extended affine Weyl group of G(L). Then it is known that W̃ = W ⋉ Y = {wϵ^χ; w ∈ W, χ ∈ Y }. Let ℓ : W̃ → N ∪ {0} be the length function. For x = wϵ^χ ∈ W̃ , we also write x for the representative wϵ^χ in N(T (L)).

Let X be the coroot lattice, and let W_a = W ⋉ X ⊂ W̃ be the affine Weyl group. Set S̃ = S ∪ {0} and s_0 = ϵ^{θ∨} s_θ, where θ is the largest positive root of G. Then (W_a, S̃) is a Coxeter system. Let κ : W̃ → W̃ /W_a be the natural projection.

For any J ⊂ S̃, let W_J be the subgroup of W_a generated by J and W̃^J (resp. J W̃ ) be the set of minimal length coset representative of W̃ /W_J (resp. W_J \W̃ ). For example,^SW̃ is the set of all elements for which the corresponding alcove is contained in the dominant chamber. In the case where J ⊂ S, we write W^J for W̃^J ∩ W and^J W for^JW̃ ∩ W .

Let λ be a dominant coweight. Set I(λ) = {i ∈ S; ⟨λ, α_i⟩ = 0}, the “set of walls” that λ lies on. For J ⊂ S, let ρ^∨_J ∈ Y_+ with

⟨ρ^∨_J , α_i⟩ = � 1, if j ∈ J 0, if j /∈ J . We simply write ρ^∨ for ρ^∨_S .

For any root α ∈ Φ, set δ_α = � 1, if α ∈ Φ^− 0, if α ∈ Φ^+ .

2.2 Following [9, 1.4], we use the following notation: For x, x^′ ∈ W̃ and i ∈ S̃, we write x^{si}−→ x^′ if x^′ = s_ixs_i and ℓ(x^′) � ℓ(x). We write x ~→x^′ if there is a sequence x = x_0, x_1, · · · , x_n = x^′ of elements in W̃ such that for all k, x_k = τx_{k−1}τ^{−1} for some τ ∈ W̃ with ℓ(τ) = 0 or x_{k−1}^{si}−→ x_k for some i ∈ S̃. We write x ~≈x^′ if x ~→x^′ and x^′ ~→x. 2.3 Any element in W̃ can be written in a unique way as vt^μw for μ ∈ Y_+, v ∈ W and w ∈^{I(μ)}W . Note that in this case t^μw ∈^SW̃ , and ℓ(vτ^μw) = ℓ(v)+ℓ(t^μ)− ℓ(w). Set

W̃^′ = {vt^μw; μ ∈ Y_+, w ∈^{I(μ)}W, ⟨μ, α_i⟩ + δ_{vαi} − δ_{w−1αi} ≠ 0 ∀i ∈ S}.

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1013

It is proved by Lusztig [12], Shi [13] and Bédard [2] that W̃^′ ∩ C is a two-sided cell for each W_a-coset C in W̃ . It is called the lowest two-sided cell. It is also called the union of the shrunken Weyl chambers in [4] and [5]. 2.4 We introduce a convenient notation for varieties of tuples of elements in Flag = G(L)/I (i.e., the affine flag variety of G over k). Instead of giving a rigorous definition, it is more useful to explain the notation by examples. We denote by O_w ⊂ Flag × Flag the locally closed subvariety of pairs (g, g^′) such that the relative position of g and g^′ is w. Then we set

{ g^w � g^{′′ w′} � g^′ } :=

{(g, g^′, g^{′′}) ∈ (Flag)^3; (g, g^{′′}) ∈ O_w, (g^{′′}, g^′) ∈ O_w′ }.

Similarly,

{ g^w �

w^{′′} � g^{′′ w′} � g^′ } :=

{(g, g^′, g^{′′}) ∈ (Flag)^3; (g, g^{′′}) ∈ O_w, (g^{′′}, g^′) ∈ O_w′ , (g, g^′) ∈ O_w′′ }.

Finally, we need conditions on relative positions where elements g and bσ(g) occur both—the simplest case being the affine Deligne-Lusztig varieties themselves:

X_x(b) = { g^x � bσ(g) }.

In all these cases, we do not distinguish between the sets given by the conditions on the relative position, and the corresponding locally closed sub-ind-schemes of the product of affine flag varieties. The following properties are easy to prove.

(1) Let x, y ∈ W̃ . If l(xy) = l(x) + l(y), then the map (g, g^′, g^{′′}) → (g, g^′) gives an isomorphism

{ g^x � xy � g^{′′ y} � g^′ } → { g^{xy} � g^′ }.

(2) Let w ∈ W̃ and s ∈ S̃. If ws < w, then

{ g^w � g^{′′ s} � g^′ } = { g^w � ws � g^{′′ s} � g^′ } ⊔ { g^w � w � g^{′′ s} � g^′ },

Documenta Mathematica 15 (2010) 1009–1028

1014 Ulrich Görtz, Xuhua He

where the first set on the right hand side of the equation is open, and the second one is closed. The projections (g, g^′, g^{′′}) → (g, g^′) give rise to Zariski-locally trivial fiber bundles

{ g^w � ws � g^{′′ s} � g^′ } → { g^{ws} � g^′ };

{ g^w � w � g^{′′ s} � g^′ } → { g^w � g^′ }.

with fibers isomorphic to A^1 in the first case, and isomorphic to A^1 \ {0} in the second case.

2.5 The reduction method of Deligne and Lusztig

Lemma 2.5.1 (He [8], Lemma 1). Let w, w^′ ∈ W̃ . Then the set {uu^′; u � w, u^′ � w^′} has a unique maximal element, which we denote by w ∗ w^′. We have ℓ(w ∗ w^′) = ℓ(w) + ℓ(w^{−1}(w ∗ w^′)) = ℓ((w ∗ w^′)(w^′)^{−1}) + ℓ(w^′), and supp(w ∗ w^′) = supp(w) ∪ supp(w^′).

Note that the operation ∗ is associative.

Proposition 2.5.2. Let w, w^′ ∈ W̃ , and let w^{′′} ∈ {ww^′, w ∗ w^′}. All fibers of the projection

π : { g^w �

w^{′′} � g^{′′ w′} � g^′ } −→ { g^{w′′} � g^′ }

which maps (g, g^′, g^{′′}) to (g, g^′) have dimension

dim π^{−1}((g, g^′)) � � ℓ(w) + ℓ(w^′) − ℓ(w ∗ w^′) if w^{′′} = w ∗ w^′, 1 2 (ℓ(w) + ℓ(w^′) − ℓ(ww^′)) if w^{′′} = ww^′.

Proof. We proceed by induction on ℓ(w^′). If w^′ = 1, then the statement is obvious. Now assume that l(w^′) > 0. Then w^′ = sw^′_1 for some s ∈ S̃ and w^′_1 ∈ W̃ with ℓ(w^′) = ℓ(w^′_1) + 1. Then

{ g^w �

w^{′′} � g^{′′ s} � g^{′′′ w} ′ 1 � g′ } ∼= { g^w �

w^{′′} � g^{′′ w′} � g^′ }

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1015

If ws > w, then

{ g^w �

w^{′′} � g^{′′ s} � g^{′′′ w} ′ 1 � g′ } ∼= { g^{ws} �

w^{′′} � g^{′′′ w} ′ 1 � g′ .}

We also have that ℓ(ws) + ℓ(w^′_1) = ℓ(w) + 1 + ℓ(w^′) − 1 = ℓ(w) + ℓ(w^′), wsw^′_1 = ww^′ and (ws) ∗ w^′_1 = w ∗ s ∗ w^′_1 = w ∗ w^′. Now the statement follows from inductive hypothesis on w^′_1. If ws < w, then

{ g^w �

w^{′′} � g^{′′ s} � g^{′′′ w} ′ 1 � g′ } = X_1 ⊔ X_2,

where

X_1 = { g^w �

w^{′′} �

ws � g^{′′ s} � g^{′′′ w} ′ 1 � g′ }

X_2 = { g^w �

w^{′′} �

w � g^{′′ s} � g^{′′′ w} ′ 1 � g′ }.

The projection from X_1 to { g^{w′′} � g^′ } factors through

X_1 → { g

w^{′′} � ws � g′′′^{w′1} � g′ } → { g^{w′′} � g′ },

where the first map is a bundle map whose fibers are all of dimension 1. If w^{′′} = ww^′, then by induction hypothesis on w^′_1, the fibers of the second map all have dimension �^1_2 (ℓ(ws) + ℓ(w^′_1) − l(ww^′)). Notice that ℓ(ws) + ℓ(w^′_1) = ℓ(w) − 1 + ℓ(w^′) − 1 = ℓ(w) + ℓ(w^′) − 2. So the fibers of the map X_1 →

{ g^{w′′} � g^′ } all have dimension �^1_2 (ℓ(w) + ℓ(w^′) − l(ww^′)), which gives us the desired lower bound on the fiber dimension.

Documenta Mathematica 15 (2010) 1009–1028

1016 Ulrich Görtz, Xuhua He

The projection from X_2 to { g^{w′′} � g^′ } factors through

X_2 → { g

w^{′′} � w � g′′′^{w′1} � g′ } → { g^{w′′} � g′ },

where the first map is a bundle map whose fibers are all of dimension 1. If w^{′′} = w∗w^′ = w∗s∗w^′_1 = w∗w^′_1, then by induction hypothesis on w^′_1, the fibers

of the second map all have dimension � (ℓ(w) + ℓ(w^′_1) − ℓ(w ∗ w^′)). Notice that

ℓ(w) + ℓ(w^′_1) = ℓ(w) + ℓ(w^′) − 1. So the fibers of the map X_2 → { g^{w′′} � g^′ }

all have dimension � (ℓ(w) + ℓ(w^′) − ℓ(w ∗ (w^′)).

As a corollary, we can prove the analog, in the affine context, of the “reduction

method” of Deligne and Lusztig (see [3, proof of Theorem 1.6]). This result can of course be proved directly, along the lines of the proof of the proposition

above, and was also worked out before by Haines at the suggestion of Lusztig.

Corollary 2.5.3. Let x ∈ ~W , and let s ∈ S̃ be a simple affine reflection.

1. If ℓ(sxs) = ℓ(x), then there exists a universal homeomorphism X_x(b) → X_{sxs}(b).

2. If ℓ(sxs) = ℓ(x)−2, then X_x(b) can be written as a disjoint union X_x(b) =

X_1 ⊔ X_2 where X_1 is closed and X_2 is open, and such that there exist morphisms X_1 → X_{sxs}(b) and X_2 → X_{sx}(b) which are compositions of

a Zariski-locally trivial fiber bundle with one-dimensional fibers and a

universal homeomorphism.

Proof. By possibly exchanging, in case (1), x and sxs, we may assume that

sx < x. By the proposition, the projection

X^′ :=

� � � � � � g s � x � bσ(g) s � g_1 sx � � � � bσ(g_1)

� � � � � � −→ { g^x � bσ(g) } = X_x(b).

is an isomorphism, so we may replace X_x(b) by X^′. We write X^′ as the disjoint

union

X^′ = X_1 ⊔ X_2 :=

� � � � � � � g s � x � bσ(g) s � g_1 sx � � � � sxs � bσ(g_1)

� � � � � � � ⊔

� � � � � � � g s � x � bσ(g) s � g_1 sx � � � � sx � bσ(g_1)

� � � � � � � Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1017

Since we have ℓ(sx) < ℓ(x), the natural morphism

X_1 → X^′_1 = { g1^{sx} � sxs � g_2^s � bσ(g_1) }

is a universal homeomorphism (note that the composition of X_1 → X^′_1 with the projection to g_2 is the map g → bσ(g)).

Now we distinguish between the two cases. In case (1), X_2 = ∅, and applying the proposition once more, we find that in this case the projection

X^′_1 = { g1^{sx} � sxs � g_2^s � bσ(g_1) } −→ { g_1^{sxs} � bσ(g_1) } = X_{sxs}(b)

is an isomorphism.

Next we come to case (2). The projection

X^′_1 = { g1^{sx} � sxs � g_2^s � bσ(g_1) } −→ { g_1^{sxs} � bσ(g_1) } = X_{sxs}(b)

has fibers of dimension^1_2 (ℓ(sx) + ℓ(s) − ℓ(sxs)) = 1, which proves the claim about X_1. Furthermore X_2 can be replaced with

X^′_2 = { g1^{sx} � sx � g_2^s � bσ(g_1) }

up to a universal homeomorphism, and X^′_2 projects to X_{sx}(b) with 1- dimensional fibers. The corollary is proved.

With slightly more care, one can show that in case (2) of the lemma, the fibers of the projection X_1 → X_{sxs}(b) are all isomorphic to A^1, whereas the fibers of X_2 → X_{sx}(b) are A^1 \ {0}. This reflects the properties discussed at the end of subsection 2.4.

Lemma 2.5.4. Let x, τ ∈ W̃ with ℓ(τ) = 0. Then for any b ∈ G(L), X_x(b) is isomorphic to X_{τ xτ} −1 (b).

Proof. Notice that X_x(b) = {gI; g^{−1}bσ(g) ∈ IxI}. Thus the isomorphism G(L)/I → G(L)/I, gI → gIτ^{−1} = gτ^{−1}I gives an isomorphism from X_x(b) to {gI; (gτ)^{−1}bσ(gτ) ∈ IxI} = {gI; g^{−1}bσ(g) ∈ τIxIσ(τ)^{−1} = Iτxτ^{−1}I} = X_{τ xτ} −1 (b).

Applying this lemma and the conjugation steps in the reduction method of Deligne and Lusztig, we obtain:

Corollary 2.5.5. Let x, x^′ ∈ W̃ , b ∈ G(L). If x ~→x^′, and X_x′ (b) ≠ ∅, then X_x(b) ≠ ∅ and dim(X_x(b)) − dim(X_x′ (b)) �^1_2 (ℓ(x) − ℓ(x^′)).

Documenta Mathematica 15 (2010) 1009–1028

1018 Ulrich Görtz, Xuhua He 2.6 In the sequel, we often use the following property of the Bruhat order: if α ∈ Φ^+ with corresponding reflection s_α, and w ∈ W , then

ws_α > w if and only if wα > 0.

For further reference, we state the following version of the usual criterion for length additivity.

Lemma 2.6.1. Let w, y ∈ W such that wα < 0 for every α ∈ Φ^+ with y^{−1}α < 0. Then ℓ(wy) = ℓ(w) − ℓ(y).

3 Proof of Reuman’s conjecture

3.1 Outline of the proof

We first state the result and give an outline of our strategy. Throughout this chapter, we fix b ∈ G(L), and we assume that whenever we consider X_x(b), then x and b are in the same connected component of G(L). We consider the following maps from the extended affine Weyl group ~W to the finite Weyl group W :

η_1 : ~W = X_∗(T ) ⋊ W → W, the projection (1) η_2, where η_2(x) is the unique element v such that v^{−1}x ∈^S ~W (2) η(x) = η_2(x)^{−1}η_1(x)η_2(x). (3)

So if x = vt^μw with μ dominant, v ∈ W , w ∈^{I(μ)}W , then η_1(x) = vw, η_2(x) = v, and η(x) = wv. Furthermore, for x ∈ ~W (as always, in the same “connected component” as the fixed b ∈ G(L)) we define the virtual dimension:

d(x) = 1 2 � ℓ(x) + ℓ(η(x)) − def(b) � . As discussed above, it is conjectured in [5] that dim X_x(b) = d(x) for b basic, x ∈ W̃^′ with X_x(b) ≠ ∅.

We denote by w_0 the longest element in W .

Theorem 3.1.1. Let x ∈ W̃ and assume that η_2(x) = w_0 or that the translation part of x is given by a regular coweight. Then dim(X_x(b)) � d(x).

Theorem 3.1.2. Assume that b is basic. Let x ∈ ~W^′ such that supp(η(x)) = S. Then X_x(b) ≠ ∅.

This proves the non-emptiness statement in Conjecture 9.5.1 (a) of [5]. Together with op. cit., Proposition 9.5.4, which states that the converse of the theorem holds as well, this completely settles the emptiness versus non-emptiness question for basic b and x in the shrunken Weyl chambers W̃^′. The next theorem proves that the dimension of X_x(b) is at least as large as predicted by the conjecture if x ∈ W̃^′, and G is a classical group and b = 1 or G is of type A_n:

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1019

Theorem 3.1.3. (1) Let G be a classical group, x ∈ W_a such that supp(η(x)) = S. If moreover, x ∈ W̃^′ or η(x) is a Coxeter element of W , then dim X_x(1) � d(x).

(2) Let G = P GL_n and τ ∈ ~W with ℓ(τ) = 0. Let x ∈ W_aτ such that supp(η(x)) = S. If moreover, x ∈ W̃^′ or η(x) is a Coxeter element of W , then dim X_x(τ) � d(x).

The idea of the proofs of these theorems is to relate the given element x to other elements for which non-emptiness, a lower bound on the dimension, or an upper bound on the dimension, respectively, are known. These relations will mainly be shown using the reduction method of Deligne and Lusztig. To this end, we introduce the following notation:

Definition 3.1.4. Let x, y ∈ ~W such that x, y are in the same W_a-coset. We write x ⇒ y if for every b,

dim X_x(b) − d(x) � dim X_y(b) − d(y).

Here by convention, we set the dimension of the empty set to be −∞. If the right hand side is −∞ then the inequality holds regardless of the left hand side. In the definition (and in the theorem below) we do not assume that b is basic. This is consistent with the expectation that whenever x ∈ W̃^′ and X_x(b) ≠ ∅, the difference dim X_x(b) − d(x) is a constant depending only on b, but not on x. Note that this relation is transitive: If x ⇒ y, y ⇒ z, then x ⇒ z. By definition, if x ⇒ y and X_y(b) ≠ ∅, then X_x(b) ≠ ∅. In this case, the lower bound dim X_y(b) � d(y) implies the analogous bound for x, while the validity of the upper bound dim X_x(b) � d(x) implies the corresponding statement for y. We prove the following statements about the relation ⇒:

Theorem 3.1.5. 1. Let μ be a dominant coweight, v ∈ W and w ∈^{I(μ)}W .

Assume that v = w_0 or that μ is regular. Then

w_0t^μ ⇒ vt^μw.

2. Let a ∈ W with supp(a) = S, and let μ ≠ 0 be a dominant coweight.

Then there exists a Coxeter element c ∈ W such that

at^μ ⇒ t^μc.

3. Assume that x ∈ W̃^′, and that supp(η(x)) = S. Then there exist a dominant coweight λ and a ∈ W with supp(a) = S such that

x ⇒ at^λ.

4. Assume that G is a classical group and x ∈ W_a with η(x) a Coxeter element of W , then x ⇒ η(x).

Documenta Mathematica 15 (2010) 1009–1028

1020 Ulrich Görtz, Xuhua He

Now the non-emptiness statement in Theorem 3.1.2 follows from Theorem 3.1.5 (2) & (3) and the following lemma (Lemma 9.3.3 in [5]), because Coxeter elements obviously are cuspidal.

Lemma 3.1.6. Let μ ∈ Y , and let w ∈ W be a cuspidal element (i. e. the conjugacy class of w does not meet any standard parabolic subgroup), let x = t^μw, and let b be basic with κ_G(b) = κ_G(x). Then x is σ-conjugate to b, and in particular X_x(b) ≠ ∅.

The upper bound on the dimension stated in Theorem 3.1.1 follows from Theorem 3.1.5 (1) and the following lemma:

Lemma 3.1.7. Let x = w_0t^μ, where μ is a dominant coweight. Then dim X_x(b) � d(x).

Proof. By the dimension formula for affine Deligne-Lusztig varieties in the affine Grassmannian (see [4], [14]), we have

dim X_μ(b) = ⟨ρ, μ − ν_b⟩ − 1 2 def(b),

where X_μ(b) denotes the affine Deligne-Lusztig variety in the affine Grassmannian, and ν_b denotes the (dominant) Newton vector of b. Since b is basic, its Newton vector is central and hence does not actually contribute anything. On the other hand, denoting by π : Flag → Grass the projection, we have

π^{−1}(X_μ(b)) = � x∈W t^μW

X_x(b).

Therefore, for all w_1, w_2 ∈ W

dim X_{w1t}μ_{w2} (b) � dim X_μ(b) + dim(G/B) = ⟨ρ, μ⟩ − 1 2 def(b) + ℓ(w_0) = 1 2 (ℓ(w_0t^μ) + ℓ(w_0) − def(b)) = d(w_0t^μ).

To prove the lower bound under the additional assumptions in Theorem 3.1.3 (1), we reduce to an element of the finite Weyl group. In fact, the following lemma (for τ = id) shows that it suffices to prove that x ⇒ c for some element c ∈ W . If η(x) is a Coxeter element, then this follows immediately from Theorem 3.1.5 (4). On the other hand, suppose x ∈ W̃^′ and supp(η(x)) = S. We apply Theorem 3.1.5 (3). If the coweight λ is = 0, then we are done. Otherwise, we can use Theorem 3.1.5 (2) to see that there exists a dominant coweight λ and a Coxeter element c ∈ W such that x ⇒ t^λc. Writing t^λc = v_1t^ν v_2 with t^ν v_2 ∈^SW̃ , i. e. η_2(t^λc) = v_1, we have c = v_1v_2 and η(t^λc) = v_2v_1. Since c = v_1v_2 is simply the decomposition into an element of W_{I(μ)} and an element of^{I(μ)}W , we have ℓ(v_1) + ℓ(v_2) = ℓ(c) and since c is a Coxeter element, v_2v_1 is also a Coxeter element of W . Therefore x ⇒ t^λc ⇒ v_2v_1 (using Theorem 3.1.5 (4)).

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1021

Lemma 3.1.8. Let τ ∈ ~W with ℓ(τ) = 0. Let J ⊂ S with τ(J) = J. Then for any w ∈ W_J , dim X_{wτ} (τ) = ℓ(w).

Proof. By [9, Lemma 9.7], dim X_{wτ} (τ) = dim X_τ (τ) + ℓ(w). By [9, Prop 10.3], dim X_τ (τ) = 0. So dim X_{wτ} (τ) = ℓ(w).

Under the assumption in Theorem 3.1.3 (2), we have that τ = 1 or 0 < r < n and that τ is the length 0-element that corresponds to the r-th fundamental coweight of G. The case that τ = 1 is included in Theorem 3.1.3 (1). So we only need to consider the latter case. Similarly to the proof above, we have that x ⇒ t^λc for some Coxeter element c of W . Let m = gcd(n, r). Then by [9, Prop 6.7 (2)], t^λc ~→(12 · · · m)τ. Hence by Corollary 2.5.5 and the Lemma above,

dim X_tλ_c(τ) � dim X_{(12···m)τ} (τ) + 1 2 (ℓ(t^λc) − ℓ((12 · · · m)τ)) = 1 2 (ℓ(t^λc) + m − 1).

Since c is a Coxeter element, η(t^λc) is also a Coxeter element of W . We also have that def(τ) = n − m. Thus d(t^λc) =^1_2 (ℓ(t^λc) + n − 1 − def(τ)) = 1 2 (ℓ(t^λc) + m − 1) � dim X_tλ_c(τ). So we obtain d(x) � dim X_x(τ). Therefore it remains to prove Theorem 3.1.5. This is the goal of the following sections.

3.2 Reduction of virtual dimension

Lemma 3.2.1. If x, x^′ ∈ W̃ such that x ~→x^′ and ℓ(η(x)) = ℓ(η(x^′)), then x ⇒ x^′.

Proof. Since ℓ(η(x)) = ℓ(η(x^′)), we have d(x) − d(x^′) =^1_2 (ℓ(x) − ℓ(x^′)). The Lemma now follows immediately from Corollary 2.5.5.

Lemma 3.2.2. Let x ∈ ~W . Let s ∈ S be a simple reflection such that ℓ(sxs) = ℓ(x) − 2. Then d(x) � d(sx) + 1,

and equality holds if and only if ℓ(η(sx)) = ℓ(η(x)) − 1.

Proof. We write x as vt^μw with v, w ∈ W and μ a dominant coweight such that t^μw ∈^SW̃ . Then η(x) = wv.

Since sx < x, we must have that sv < v. If ws < w, then t^μws ∈^SW̃ and xs > x, which is a contradiction. Therefore ws > w. Let α denote the simple root corresponding to s, and write β = v^{−1}(−α), which is a positive root because sv < v. We then have wv(β) = w(−α) < 0 (since ws > w), and obtain

η(sx) = wsv = wvs_β < wv,

as desired.

Documenta Mathematica 15 (2010) 1009–1028

1022 Ulrich Görtz, Xuhua He Similarly, Lemma 3.2.3. Let x = vt^μw with v, w ∈ W and μ a dominant coweight such that t^μw ∈^SW̃ . Let s ∈ S be a simple reflection such that ℓ(sxs) = ℓ(x) − 2.

1. We have d(x) = d(xs) + 1 if and only if ℓ(η(xs)) = ℓ(η(x)) − 1. 2. If t^μws ∈^SW̃ or w = 1, then d(x) � d(xs) + 1.

These results about the virtual dimension imply Lemma 3.2.4. Let x ∈ W̃ , s ∈ S such that ℓ(sxs) < ℓ(x). Then 1. If ℓ(η(sx)) = ℓ(η(x)) − 1, then x ⇒ sx. 2. If ℓ(η(xs)) = ℓ(η(x)) − 1, then x ⇒ xs.

Proof. For (1), we simply use the Deligne-Lusztig reduction (where we consider X_2 in Corollary 2.5.3 (2)), and Lemma 3.2.2. For part (2), we first use the Deligne-Lusztig reduction from x to sx as in the first case. Then we use Corollary 2.5.3 (1) to reduce to xs = s(sx)s which has the same length as sx. Altogether we see that if X_{xs}(b) ≠ ∅, then X_x(b) ≠ ∅, and, using Lemma 3.2.3 (1), dim X_x(b) − dim X_{xs}(b) � 1 = d(x) − d(xs).

3.3 Proof of Theorem 3.1.5 (1) We write x = vt^μw. First consider the case v = η_2(x) = w_0. Then we have that w_0t^μ ⇒ x = w_0t^μw because we can successively apply Lemma 3.2.4 (2). Now we consider the case that μ is regular. Since μ is regular, t^μwvw_0 ∈^SW̃ , so we can apply the “η_2 = w_0”-case to the element w_0t^μwvw_0 and obtain that w_0t^μ ⇒ w_0t^μwvw_0. Because μ is regular, Lemma 3.2.1 shows that w_0t^μwvw_0 = w_0v^{−1}(vt^μw)vw_0 ⇒ vt^μw = x.

3.4 Proof of Theorem 3.1.5 (2) We prove the following stronger result:

Let J ⊂ S and x = vt^μw with v, w ∈ W , supp(v) = J, w is a Coxeter element in W_{S−J} , μ ≠ 0 and t^μw ∈^SW̃ . Then there exists a Coxeter element c of W such that vt^μw ⇒ t^μc.

We proceed by induction on |J|. Suppose that the statement is true for all J^′ ⊊ J, but not true for J. We may also assume that the claim of the proposition

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1023

is true for all v^′ with support supp(v^′) = J and ℓ(v^′) < ℓ(v). Let v = s_{i1} · · · s_{ik} be a reduced expression.

If t^μws_{i1} ∈^SW̃ , then ℓ(t^μws_{i1} ) = ℓ(t^μ)−ℓ(ws_{i1} ) = ℓ(t^μ)−ℓ(w)−1 = ℓ(t^μw)−1 and ℓ(s_{i1} vt^μws_{i1} ) = ℓ(s_{i1} v)+ℓ(t^μws_{i1} ) = ℓ(s_{i1} v)+ℓ(t^μw)−1 = ℓ(vt^μw)−2. By Lemma 3.2.4 (1), vt^μw ⇒ s_{i1} vt^μw. If supp(s_{i1} v) = J, then by induction, there exists a Coxeter element c of W such that s_{i1} vt^μw ⇒ t^μc. Hence vt^μw ⇒ t^μc. That is a contradiction.

Now suppose that t^μws_{i1} ∈^SW̃ , but supp(s_{i1} v) ⊊ J. In that case, we have ℓ(s_{i1} vt^μws_{i1} ) = ℓ(vt^μw) − 2. So vt^μw ⇒ s_{i1} vt^μws_{i1} by Lemma 3.2.1. That is also a contradiction by induction hypothesis.

Now we can assume that t^μws_{i1} /∈^SW̃ . Then we have that t^μws_{i1} = s_i′_1 t^μw for some i^′_1 ∈ S. So ws_{i1} w^{−1} = t^{−μ}s_i′_1 t^μ is a reflection in W . So t^μ commutes with s_i′_1 and ws_{i1} w^{−1} = s_i′_1 is a simple reflection. By our assumptions on w, it follows that i^′_1 = i_1 and t^μw commutes with s_{i1} . In this case, if ℓ(s_{i1} vs_{i1} ) < ℓ(v), then supp(s_{i1} v) = J and using Lemma 3.2.4 (1) and the induction hypothesis as in the first case, we again have that vt^μw ⇒ t^μc for some Coxeter element c of W , which is a contradiction.

Therefore we must have that s_{i1} commutes with t^μw and ℓ(s_{i1} vs_{i1} ) = ℓ(v). In this case, vt^μw ≈ s_{i1} vs_{i1} t^μw. So dim X_{vt}μ_w(b) = dim X_{si1 vsi1 t}μ_w(b) by Corollary 2.5.3 (1). We also have d(vt^μw) = d(s_{i1} vs_{i1} t^μw), because η(s_{i1} vs_{i1} t^μw) = ws_{i1} vs_{i1} has length ℓ(w) + ℓ(s_{i1} vs_{i1} ) (use that w is a Coxeter element in W_{S−J} ). Applying the same argument to s_{i1} vs_{i1} t^μw instead of vt^μw, we have that s_{i2} commutes with t^μw. Repeating the same procedure, one can show that s_{ij} commutes with t^μw for all 1 � j � k. In particular, s_k commutes with w for all k ∈ J. Since G is quasi-simple, this is only possible if J = ∅ or J = S. If J = ∅, then v = 1 and w is a Coxeter element of W and the statement automatically holds. If J = S, then s_i commutes with t^μ for all i ∈ S. Thus μ = 0, which contradicts our assumption.

3.5 Proof of Theorem 3.1.5 (3)

Let x = vt^μw ∈ W̃^′ with μ ∈ Y_+, v ∈ W , w ∈^{I(μ)}W . We first give the definition of the elements γ and a that we use. Let J = {i ∈ S; s_iw < w}. Since w ∈^{I(μ)}W , J ∩I(μ) = ∅. Hence μ−ρ^∨_J ∈ Y_+. By definition, ⟨ρ^∨_J , α_i⟩−δ_w−1_{αi} = 0 for any i ∈ S. Since x ∈ W̃^′, we obtain ⟨μ − ρ^∨_J , α_i⟩ + δ_{vαi} ≠ 0 for any i ∈ S. Let J^′ = I(μ − ρ^∨_J ). Then vα_i < 0 for any i ∈ J^′. Thus v = v^′w^0_J ′ for some v^′ ∈ W^{J ′} . Here w^0_J ′ is the largest element in W_J ′ . Now wv = (wv^′)w^0_J ′ = w^′z for some w^′ ∈ W^{J ′} and z ∈ W_J ′ . Define γ ∈ Y_+ and y ∈ W^{I(γ)} by μ − ρ^∨_J + (w^′)^{−1}ρ^∨_J = yγ. Furthermore, we define a = (y^{−1}z) ∗ (w^′y). It has support supp(a) = S since S = supp(wv) ⊆ supp(w^′y) ∪ supp(y^{−1}z). We show that (a) ℓ(w^′y) = ℓ(w^′) − ℓ(y).

Let α ∈ Φ^+ with y^{−1}α < 0. Then ⟨γ, y^{−1}α⟩ � 0. If ⟨γ, y^{−1}α⟩ = 0, then y^{−1}α ∈ Φ^−_{I(γ)} and α = y(y^{−1}α) ∈ Φ^−. That is a contradiction. Hence ⟨μ−ρ^∨_J +

Documenta Mathematica 15 (2010) 1009–1028

1024 Ulrich Görtz, Xuhua He

(w^′)^{−1}ρ^∨_J , α⟩ = ⟨yγ, α⟩ = ⟨γ, y^{−1}α⟩ < 0. Since μ − ρ^∨_J ∈ Y_+, ⟨μ − ρ^∨_J , α⟩ � 0. Thus ⟨ρ^∨_J , w^′α⟩ = ⟨(w^′)^{−1}ρ^∨_J , α⟩ < 0 and w^′α < 0. Since w^′α < 0 for any α ∈ Φ^+ with y^{−1}α < 0, Lemma 2.6.1 shows that ℓ(w^′y) = ℓ(w^′) − ℓ(y). (a) is proved.

Now set x_1 = vz^{−1}t^{μ−ρ∨J} y and x_2 = y^{−1}zt^{ρ∨J} w. Then x = x_1x_2 and we claim that (b) ℓ(x) = ℓ(x_1) + ℓ(x_2).

By the proof of (a), y ∈^{J ′} W . In fact, if for any j ∈ J^′, y^{−1}α_j < 0, then by the proof of (a), w^′α_j < 0, which contradicts that w^′ ∈ W^{J ′} . Hence t^{μ−ρ∨J} y ∈ SW̃ and ℓ(x_1) = ℓ(vz−1) + ℓ(tμ−ρ^∨J ) − ℓ(y) = ℓ(tμ−ρ^∨J ) + ℓ(v) − ℓ(z) − ℓ(y). Also ℓ(x_2) = ℓ(y^{−1}z) + ℓ(t^{ρ∨J} ) − ℓ(w) = ℓ(t^{ρ∨J} ) + ℓ(y) + ℓ(z) − ℓ(w). Thus ℓ(x_1) + ℓ(x_2) = ℓ(t^{μ−ρ∨J} ) + ℓ(t^{ρ∨J} ) + ℓ(v) − ℓ(w) = ℓ(t^μ) + ℓ(v) − ℓ(w) = ℓ(x). (b) is proved. Now X_x(b) = { g^x � bσ(g) } = { g^{x1} � g1^{x2} � bσ(g) }. Set X_1 ={ g1^{x2} � g2^{x1} � bσ(g_1) }

∼={ g_1^{y−1z} � g_3^{tρ∨J w} � g_2^{x1} � bσ(g_1) }.

The map (g, g_1) → (g_1, bσ(g)) is a universal homeomorphism from X_x(b) to X_1. Let

X_2 = { g1^{y−1z} � g3^{tρ} ∨ J w �

w^′yt^γ � g_2^{x1} � bσ(g_1) } ⊂ X_1.

Then we have that dim(X_x(b)) � dim(X_2). Now let

X_3 = { g1^{y−1 z} � g3^{w′ytγ} � bσ(g_1) },

and let f : X_2 → X_3 be the projection map. Notice that w^′yt^γ = t^{ρ∨J} wx_1. Thus by 2.5.2 (1), the map is surjective and each fiber is of dimension

ℓ(t^{ρ∨}J w)+ℓ(x_1)−ℓ(w^′yt^γ )

2 =^{ℓ(x)−ℓ(y−1z)−ℓ(w′y)−ℓ(tγ )}

2 . Hence (c) dim(X_x(b)) � dim(X_3) +^{ℓ(x)−ℓ(y−1z)−ℓ(w′y)−ℓ(tγ )} 2 . Notice that

X_3 = { g1^{y−1 z} � g3^{w′y} � g4^{tγ} � bσ(g_1) }.

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1025

Recall that a = (y^{−1}z) ∗ (w^′y). We set

X_4 ={ g1^{y−1z} � a � g_3^{w′y} � g_4^{tγ} � bσ(g_1) },

X_5 ={ g1^a � g4^{tγ} � bσ(g_1) }.

By 2.5.2 (2), dim(X_3) � dim(X_4) � dim(X_5) + ℓ(y^{−1}z) + ℓ(w^′y) − ℓ(a). As we proved above, ℓ(y^{−1}z) + ℓ(w^′y) = ℓ(w^′) + ℓ(z) = ℓ(wv). Therefore ℓ(y^{−1}z) + ℓ(w^′y) +^{ℓ(x)−ℓ(y−1z)−ℓ(w′y)−ℓ(tγ )}

2 =^{ℓ(x)+ℓ(wv)−ℓ(tγ )}_2 . So (d) dim(X_x(b)) � dim(X_5) +^{ℓ(x)+ℓ(wv)−ℓ(tγ )}_2 − ℓ(a).

Notice that ℓ(at^γ ) = ℓ(a) + ℓ(t^γ ). Thus the map (g_1, g_4) → g_1 gives an isomorphism X_5 ∼= X_{at}γ (b).

If X_{at}γ (b) ≠ ∅, then we obtain that X_x(b) ≠ ∅, and

dim X_x(b) � dim X_{at}γ (b) + d(x) − d(at^γ ),

i.e., x ⇒ at^γ .

Example 3.5.1. Let us see what the elements a, γ are in the following two special cases:

1. If v = 1, then the assumption that x ∈ W̃^′ implies that J^′ = ∅. Therefore w^′ = w, z = y = 1, so that γ = μ and a = w. The result in this case is that t^μw ⇒ wt^μ.

2. If μ is “very regular”, then I(μ) = I(μ − ρ^∨_J + (w^′)^{−1}ρ^∨_J ) = ∅, so that a = w^′ = wv. In this case we obtain vt^μw ⇒ wvt^γ .

3.6 Proof of Theorem 3.1.5 (4) Since η(x) is a Coxeter element of W , by [9, Prop 6.7 (1)], we have that x ~→η(x). By Lemma 3.2.1, x ⇒ η(x).

4 Remarks on the critical strips

4.1 A sharpened criterion for non-emptiness We have seen that the non-emptiness of X_x(b) for b basic and x ∈ W̃^′ can be decided by looking at η(x) = η_2(x)^{−1}η_1(x)η_2(x). In fact, if supp(η(x)) ≠ S and the translation part of x is non-trivial in the sense that it is different from the Newton vector of b, then X_x(b) = ∅ ([5, Proposition 9.5.4]). If x ∈ W̃ \ W̃^′, then the converse is not true anymore, but one could ask whether it would help to check whether supp(η^′) = S for additional elements η^′ ∈ W (depending on x), and specifically one could try to replace η_2(x) by a different element of W .

Documenta Mathematica 15 (2010) 1009–1028

1026 Ulrich Görtz, Xuhua He

The following proposition gives a result in this direction, using the notion of P - alcove introduced in [5]. In the proposition, η_2(x) is replaced by an element of the form s_αη_2(x), where α depends on x. Recall that whenever x is a P -alcove sufficiently far away from the origin, then X_x(b) = ∅.

Of course, the proposition is of particular interest, if^xI ∩ U_α = I ∩ U_α (in particular x /∈ W̃^′, and more specifically, x lies in the “critical strip” attached to α).

Proposition 4.1.1. Let x = vt^μw ∈ ~W , w ∈^{I(μ)}W , let α be a finite root such that^xI ∩ U_α ⊆ I ∩ U_α, and assume that −v^{−1}α is a simple root. If there exists j ∈ S such that (s_αv)^{−1}η_1(x)(s_αv) ∈ W_{S\{j}},

then x is a P -alcove for P =^{sα v}P_0, P_0 = M_0N_0 the standard parabolic subgroup whose Levi component M_0 is generated by S \ {j}.

Proof. As usual, we write P = MN for the Levi decomposition of P , where M is the Levi subgroup containing the fixed maximal torus. By definition of P , x ∈ W̃_M , so we have to show that^xI ∩ U_β ⊆ I for every root β occurring in N. By assumption, −v^{−1}α is a simple root α_i.

Denote by U the unipotent radical of the fixed Borel subgroup of G. Since the alcove v^{−1}x lies in the dominant chamber, we have^{v−1 x}I ∩U ⊆ I. Furthermore, by our normalization of I with respect to the dominant chamber, we have v (I ∩ U) ⊂ I, so altogether we obtain

xI ∩^v U ⊂ I. (4)

The set R_N of roots occurring in N is

R_N = {vs_iγ = s_αvγ; γ a root in N_0}.

We distinguish two cases: If i ≠ j, i.e., s_i ∈ W_M , then s_i stabilizes the set of roots in N_0, and therefore R_N is the set of roots in^v N_0. In this case our claim follows from (4).

Now let us consider the case i = j, so that α_i ∈ R_{N0} , and α = −vα_i = vs_iα_i ∈ R_N . For all β ∈ R_N \ {α}, we have v^{−1}β > 0, so^xI ∩ U_β ⊂ I by (4), and finally we have^xI ∩ U_α ⊂ I by assumption.

Even though the proposition yields examples of pairs (x, b) for which X_x(b) = ∅ although supp(η(x)) = S, it does not give rise to a sufficient criterion for nonemptiness in the critical strips, as can be shown by examples for G = SL_4.

5 An example of an affine Deligne-Lusztig variety which is not equidimensional 5.1 Looking again at the reduction method of Deligne and Lusztig, Corollary 2.5.3, we see that the situation in the affine case, in the shrunken Weyl chambers,

Documenta Mathematica 15 (2010) 1009–1028

Dimensions of Affine Deligne-Lusztig Varieties 1027

is very much different from the classical situation: Whereas in the classical situation we always have dim X_1 = dim X − 1, dim X_2 = dim X (denoting by X the pertinent Deligne-Lusztig variety), in the affine shrunken case for the expected dimensions we have d(sxs) + 1 = d(x), d(sx) + 1 � d(x) — so the closed part X_1, if non-empty, always should have the same dimension as the affine Deligne-Lusztig variety itself, while the open part has at most this dimension. See the example below for a specific case where this inequality is strict and where one can produce examples of affine Deligne-Lusztig varieties which are not equidimensional. 5.2 To give an example of a non-equidimensional affine Deligne-Lusztig variety, we again use Corollary 2.5.3 (2). Let x = vt^μw ∈ W_a be an element with μ dominant and very regular, and let s ∈ S such that

1. ℓ(sv) < ℓ(v), ℓ(ws) > ℓ(w),

2. ℓ(wsv) < ℓ(wv) − 1,

3. supp(wv) = supp(wsv) = S.

By (1), we have ℓ(sxs) = ℓ(x) − 2. We also have η(x) = η(sxs) = wv, η(sx) = wsv. Therefore as in Corollary 2.5.3 (2), we write X_x(1) = X_1 ∪ X_2, where X_1 is of relative dimension 1 over X_{sxs}(1), and X_2 is of relative dimension 1 over X_{sx}(1).

By the main result and assumption (3), we have

dim X_2 = dim X_{sx}(1) + 1 = d(sx) + 1 < d(x) = dim X_x(1),

where the < in the second line holds because of (2) and Lemma 3.2.2. (We also see that dim X_1 = dim X.) Since X_2 is open in X_x(1) and has strictly smaller dimension, X_x(1) cannot be equidimensional.

It remains to find elements v, w, and s that satisfy (1)–(3). But this is easy, for instance for type A_3, we can take

v = s_1s_2, w = s_1s_2s_3s_2, s = s_1,

so that wv = s_1s_2s_3s_2s_1s_2, wsv = s_1s_2s_3.

References

[1] E. Beazley, Affine Deligne-Lusztig varieties associated to additive affine Weyl group elements, math.AG/1003.5969v2

[2] R. Bédard, The lowest two-sided cell for an affine Weyl group Comm.

Algebra 16 (1988), 1113-1132.

Documenta Mathematica 15 (2010) 1009–1028

1028 Ulrich Görtz, Xuhua He

[3] P. Deligne, G. Lusztig, Representations of reductive groups over finite fields, Annals of Math. 103 (1976), 103–161.

[4] U. Görtz, T. Haines, R. Kottwitz, D. Reuman, Dimensions of some affine Deligne-Lusztig varieties, Ann. sci. École Norm. Sup. 4^e série, t. 39 (2006), 467–511.

[5] U. Görtz, T. Haines, R. Kottwitz, D. Reuman, Affine Deligne-Lusztig varieties in affine flag varieties, Compositio Math. 146 (2010), 1339- 1382

[6] U. Hartl, E. Viehmann, The Newton stratification on deformations of local G-shtukas, to appear in Journal für die reine und angewandte Mathematik, arXiv:0810.0821v3

[7] U. Hartl, E. Viehmann, emphFoliations in deformation spaces of local G-shtukas, arXiv:1002.2387v1.

[8] X. He, A subalgebra of 0-Hecke algebra, J. Algebra 322 (2009), 4030- 4039.

[9] X. He, Minimal length elements in conjugacy classes of extended affine Weyl group, arXiv:1004.4040v1.

[10] X. He, Closure of Steinberg fibers and affine Deligne-Lusztig varieties, arXiv:1003.0238

[11] R. Kottwitz, Dimensions of Newton strata in the adjoint quotient of reductive groups, Pure Appl. Math. Q. 2 (2006), no. 3, 817–836.

[12] G. Lusztig, Cells in affine Weyl groups, Algebraic Groups and Related Topics. Adv. Studies Pure Math. 6 (1985), 255–287.

[13] J. Y. Shi, A two-sided cell in an affine Weyl group, J. London Math.

Soc. (2) 36 (3) (1987), 407–420.

[14] E. Viehmann. The dimension of affine Deligne-Lusztig varieties, Ann.

sci. École Norm. Sup. 4^e série, t. 39 (2006), 513-526.

Ulrich Görtz Institut für Experimentelle Mathematik Universität Duisburg-Essen Ellernstr. 29 45326 Essen Germany ulrich.goertz@uni-due.de

Xuhua He Department of Mathematics The Hong Kong University of Science and Technology Clear Water Bay Kowloon Hong Kong maxhhe@ust.hk

Documenta Mathematica 15 (2010) 1009–1028

Documenta Math. 1029

Bundles, Cohomology

and Truncated Symmetric Polynomials

Alejandro Adem and Zinovy Reichstein

Received: January 28, 2010

Communicated by Alexander S. Merkurjev

Abstract. The cohomology of the classifying space BU(n) of the unitary group can be identified with the the ring of symmetric polynomials on n variables by restricting to the cohomology of BT , where T ⊂ U(n) is a maximal torus. In this paper we explore the situation where BT = (CP^∞)^n is replaced by a product of finite dimensional projective spaces (CP^d)^n, fitting into an associated bundle

U(n) ×_T (S^{2d+1})^n → (CP^d)^n → BU(n).

We establish a purely algebraic version of this problem by exhibiting an explicit system of generators for the ideal of truncated symmetric polynomials. We use this algebraic result to give a precise descriptions of the kernel of the homomorphism in cohomology induced by the natural map (CP^d)^n → BU(n). We also calculate the cohomology of the homotopy fiber of the natural map E S_n ×_{Sn} (CP^d)^n → BU(n).

2010 Mathematics Subject Classification: 55R35, 05E05 Keywords and Phrases: Classifying space, bundle, cohomology, symmetric polynomial, regular sequence

1. Introduction

One of the nicest calculations in algebraic topology is that of the cohomology of the classifying space BU(n) of the unitary groups as the ring of symmetric polynomials on n variables (see [3]). In fact the restriction map identifies H^∗(BU(n), Z) with the invariants in the cohomology of the classifying space BT of a maximal torus under the action of the Weyl group S_n. This leads to a beautiful description of the cohomology of the flag manifold U(n)/T and more specifically a detailed understanding of the fibration U(n)/T → BT → BU(n). In this paper we explore the situation where BT = (CP^∞)^n is replaced by a product of finite dimensional projective spaces (CP^d)^n, fitting into an associated bundle U(n) ×_T (S^{2d+1})^n → (CP^d)^n → BU(n).

Documenta Mathematica 15 (2010) 1029–1047

1030 Alejandro Adem and Zinovy Reichstein

This requires an analysis of truncated symmetric invariants and in particular a precise description of the kernel I(n, d) of the algebra surjection H^∗(BU(n), F) → H^∗((CP^d)^n, F)^{Sn} . The purely algebraic version of this problem is studied in §5 and §6. In particular, Theorem 5.1 allows us to exhibit an explicit set of generators for I(n, d) as follows.

Theorem 1.1. Let F be a field and I(n, d) be the kernel of the map H^∗(BU(n), F) → H^∗((CP^d)^n, F).

(a) If n! is invertible in F then I(n, d) is generated by the elements P_{d+1}, P_{d+2}, . . . , P_{d+n} (b) If n < 2 char(F) − 1 then I(n, d) is generated by P_{d+1}, P_{d+2}, . . . , P_{d+n} and P_{d + 1, . . . , d + 1} � � �

p times . For the definition of P_{d+i} and P_{d + 1, . . . , d + 1} � � �

pi times

, see §5. Note that the degree of

P_{d+i} is 2(d + i) and the degree of P_{d + 1, . . . , d + 1} � � �

p times

is 2p(d + 1).

If n! is invertible in a field F, then we show that the elements P_{d+i}, 1 ≤ i ≤ n, form a generating regular sequence for I(n, d). In contrast, using Theorem 6.1 we show that in most other cases I(n, d) cannot be generated by a regular sequence:

Theorem 1.2. If n ≥ char(F) > 0 and d > 1, then I(n, d) cannot be generated by a regular sequence.

There is a free action of S_n on the fiber space W (n, d) = U(n) ×_T (S^{2d+1})^n arising from the normalizer of the maximal torus in U(n). The orbit space X(n, d) can be realized as the fiber of the natural map E S_n ×_{Sn} (CP^d)^n → BU(n). Our algebraic results allow us to calculate the cohomology of this space in good characteristic.

Theorem 1.3. If F is a field where n! is invertible, then the cohomology of X(n, d) is an exterior algebra on n generators

H^∗(X(n, d), F) ∼= Λ_F(E_{d+1}, . . . , E_{d+n})

where E_j is a cohomology class in dimension 2j − 1.

This has an interesting computational consequence.

Theorem 1.4. For any field F of coefficients, the Serre spectral sequence for the fibration (S^{2d+1})^n → W (n, d) → U(n)/T collapses at E_2 if and only if d ≥ n − 1. Consequently, we obtain an additive calculation

H^∗(W (n, d), F) ∼= H^∗(U(n)/T, F) ⊗ H^∗((S^{2d+1})^n, F)

whenever d ≥ n − 1. In particular if n! is invertible in F, then

H^∗(X(n, d), F) ∼= [H^∗(U(n)/T, F)⊗H^∗((S^{2d+1})^n, F)]^{Sn} ∼= Λ_F(E_{d+1}, . . . , E_{d+n}) .

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1031

These results follow from a general theorem about the cohomology of fibrations which, although “classical” in nature, seems to be new.

Theorem 1.5. Let F be a field and let π : E → B denote a fibration with fiber F of finite type such that B is simply connected. Assume

• H^∗(B, F) is a polynomial algebra on n even dimensional generators, • π^∗ : H^∗(B, F) → H^∗(E, F) is surjective, • the kernel of π^∗ is generated by a regular sequence u_1, . . . , u_n, where |u_i| = 2r_i.

Then H^∗(F, F) is an exterior algebra on n odd dimensional generators e_1, . . . , e_n, where |e_i| = 2r_i − 1.

It is natural to ask whether the results of this paper can be extended to compact Lie groups, other than U(n). We thus conclude this introduction with the following open problem.

Problem: Let G be a compact Lie group with maximal torus T of rank n and Weyl group W . Describe generators for the kernel I_G(n, d) of the natural map H^∗(BG, F) → H^∗((CP^d)^n, F) and use this to describe the cohomology of the homotopy fiber of (CP^d)^n → BG when |W | is invertible in F.

Theorems 5.1(a) and 6.1(a) have been independently proved in a recent preprint [4] by A. Conca, C. Krattenthaler, J. Watanabe. We are grateful to J. Weyman for bringing this preprint to our attention.

2. Bundles and symmetric invariants

A classical computation in algebraic topology is that of the cohomology of the classifying space BU(n) where U(n) is the unitary group of n × n matrices. We briefly recall how that goes; details can be found, e.g., in the survey paper [3] by A. Borel. Let T = (S^1)^n ⊂ U(n) denote the maximal torus of diagonal matrices in U(n); its classifying space is BT = (CP^∞)^n. The inclusion T ⊂ U(n) induces a map between the cohomology of BU(n) and the cohomology of BT . Note that the normalizer NT of the torus is a wreath product S^1 ≀S_n, where the symmetric group S_n acts by permuting the n diagonal entries. Thus the Weyl group NT/T is the symmetric group S_n. Recall that H^∗(BT, Z) ∼= Z[x_1, . . . , x_n], where the x_1, . . . , x_n are 2-dimensional generators.

Theorem 2.1. The inclusion T ⊂ U(n) induces an inclusion in cohomology with image the ring of symmetric invariants in the graded polynomial algebra

H^∗(BU(n), Z) ∼= H^∗(BT, Z)^{Sn} = Z[x_1, . . . , x_n]^{Sn} , where the action of S_n arises from that of the Weyl group. □

Now recall that the complex projective space CP^d is a natural subspace of CP^∞; this induces a map F̃ (n, d) : (CP^d)^n → BT → BU(n).

Documenta Mathematica 15 (2010) 1029–1047

1032 Alejandro Adem and Zinovy Reichstein

The permutation matrices S_n ⊂ U(n) act via conjugation on U(n); this restricts to an action on the diagonal maximal torus T which permutes the factors. Applying the classifying space functor yields actions of S_n on BT and BU(n) which make the map F̃ (n, d) equivariant. Note however that the conjugation action on U(n) is homotopic to the identity on BU(n). We conclude that F̃ (n, d) induces the natural map

F̃ (n, d)^∗ : H^∗(BU(n), Z) ∼= Z[x_1, . . . , x_n]^Sn → Z[x_1, . . . , x_n]/(x^{d+1}_1 , . . . x^{d+1}_n )

in integral cohomology whose image is precisely the ring of truncated symmetric invariants. We should also note that the map F̃ (n, d) is (up to homotopy) the classifying map for the n–fold product of the canonical complex line bundle over CP^d.

To make this effective geometrically, we need to describe the map F̃ (n, d) explicitly as a fibration. The space (CP^d)^n is a quotient of (S^{2d+1})^n by the free action of the maximal torus T . Using a standard induction construction we can view our map as a fibration which lies over the classical fibration connecting U(n)/T , BT and BU(n). Indeed, the following commutative diagram has fibrations in its rows and columns:

(S^{2d+1})^n � (S^{2d+1})^n � W (n, d) U(n) ×_T (S^{2d+1})^n � � (CP^d)^{n F̃ (n,d)} � � BU(n)

U(n)/T � BT � BU(n)

Note that we also have a bundle

U(n) → U(n) ×_T (S^{2d+1})^n → (CP^d)^n

and its classifying map is F̃ (n, d).

In some of our applications it will also make sense to take a quotient by the action of the symmetric group S_n. For technical reasons this requires taking a homotopy orbit space which we now define.

Definition 2.2. Let G denote a compact Lie group acting on a space X, its homotopy orbit space X_{hG} is defined as the quotient of the product space EG × X by the diagonal G–action, where EG is the universal G–space.

Remark 2.3. It should be noted that if G is a finite group, X is a G–space and |G| is invertible in the coefficients, then the natural projection X_{hG} → X/G induces an isomorphism in cohomology (this follows from the Vietoris-Begle theorem). Hence for example if |G| is invertible in a coefficient field F, then H^∗(X_{hG}, F) ∼= H^∗(X, F)^G (the algebra of invariants).

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1033 In our context, the symmetric group S_n acts by permuting the factors in (CP^d)^n and we can consider the associated homotopy orbit space (CP^d)^n_{h Sn} = E S_n ×_{Sn} (CP^d)^n.

More precisely, the map BT → BU(n) naturally factors through the classifying space of the normalizer NT , as we have T ⊂ NT ⊂ U(n). The space BNT can be identified with BT_{h Sn} = (CP^∞)^n_{h Sn} , where S_n acts by permuting the factors, as before. This homotopy orbit space restricts to the truncated projective spaces, yielding a map F (n, d) : (CP^d)^n_{h Sn} → BU(n) , which is surjective in rational cohomology. We would also like to describe this map as a fibration.

The map (CP^d)^n → BT is an S_n-equivariant fibration, with fiber (S^{2d+1})^n. This arises from the free T –action on the product of spheres, which extends in the usual way to an action of the semidirect product NT . If we take homotopy orbit spaces we obtain a fibration sequence (S^{2d+1})^n → (S^{2d+1})^n_{hNT} → BNT .

Dividing out by the free T –action we can identify (S^{2d+1})^n_{hNT} ≃ (CP^d)^n_{h Sn} . This makes the fiber of the map (CP^d)^n_{h Sn} → BNT very explicit. As before, in order to describe the fibration with target BU(n), it suffices to induce up the action on the fiber to a U(n)–action by taking the balanced product Z = U(n) ×_{NT} (S^{2d+1})^n. This yields a fibration sequence Z → Z_{hU(n)} → BU(n) .

Note that

Z_{hU(n)} ≃ EU(n) ×_{NT} (S^{2d+1})^n ≃ (S^{2d+1})^n_{hNT} ≃ (CP^d)^n_{h Sn} , where the last equivalence follows from taking quotients by the free T –action, as before. Our discussion is summarized in the following diagram of fibrations, analogous to the non–equivariant situation:

(S^{2d+1})^n � (S^{2d+1})^n � X(n, d) U(n) ×_{NT} (S^{2d+1})^n � � E S_n ×_{Sn} (CP^d)^{nF (n,d)} � � BU(n)

U(n)/NT � BNT � BU(n) Hence we have

Documenta Mathematica 15 (2010) 1029–1047

1034 Alejandro Adem and Zinovy Reichstein

Proposition 2.4. Up to homotopy the map F̃ (n, d) : (CP^d)^n → BU(n) is a fibration with fiber the compact simply connected manifold W (n, d) = U(n) ×_T (S^{2d+1})^n of dimension equal to n(n + 2d). There is a free S_n–action on this manifold, and its quotient X(n, d) = U(n) ×_{NT} (S^{2d+1})^n is homotopy equivalent to the fiber of F (n, d) : (CP^d)^n_{h Sn} → BU(n). □

Remark 2.5. Note that there are fibrations (S^{2d+1})^n → X(n, d) → U(n)/NT and U(n) → X(n, d) → (CP^d)^n_{h Sn} , where the second one is obtained from pulling back the universal U(n) bundle over BU(n) using F (n, d).

One of our main results in this paper will be to calculate the cohomology of the fibers W (n, d) and X(n, d) associated to the fibrations F̃ (n, d) and F (n, d) respectively.

3. Cohomology calculations when n! is invertible

Our standing assumption in this section (unless stated otherwise) will be that F is a field such that n! is invertible in F, and cohomology will be computed with F–coefficients. A good example is the field Q of rational numbers. In this situation we have H^∗(X(n, d), F) ∼= H^∗(W (n, d), F)^{Sn} ; it is this cohomology algebra that we will be most interested in.

We begin by considering the limit case d = ∞. In this case X(n, ∞) = U(n)/NT and we are looking at the classical fibration U(n)/NT → BNT → BU(n)

Proposition 3.1. The map BNT → BU(n) induces an isomorphism in cohomology and U(n)/NT is F–acyclic.

Proof. Indeed, both maps in the sequence H^∗(BU(n), F) → H^∗(BNT, F) → H^∗(BT, F)^{Sn} are isomorphisms. Since BU(n) is simply connected, this can only happen if U(n)/NT is acyclic. □

Note that this computation is very different from what the cohomology of the flag manifold U(n)/T looks like; when we divide out by the action of the symmetric group all the reduced cohomology vanishes.

We now consider the unstable case of this result, namely when d is finite. This is considerably more interesting, as we know that the cohomology must be non– trivial. This calculation will be a special case of a more general result about the cohomology of fibrations.

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1035

Theorem 3.2. Let π : E → B denote a fibration with fiber F of finite type such that B is simply connected and

• H^∗(B, F) is a polynomial algebra on n even dimensional generators, • π^∗ : H^∗(B, F) → H^∗(E, F) is surjective, • the kernel of π^∗ is generated by a regular sequence u_1, . . . , u_n, where |u_i| = 2r_i.

Then H^∗(F, F) is an exterior algebra on n odd dimensional generators e_1, . . . , e_n, where |e_i| = 2r_i − 1.

Proof. The cohomology of the fiber F in a fibration F → E → B can be studied using the Eilenberg–Moore spectral sequence. We refer the reader to [8], Chapter VIII for details. It has the form: E^{∗,∗}_2 = T or_H∗_{(B,F)}(F, H^∗(E, F)).

On the other hand, the hypotheses imply that H^∗(E, F) ∼= H^∗(B, F)/(u_1, . . . u_n) , where u_1, . . . , u_n form a regular sequence of maximal length in H^∗(B, F), a polynomial algebra on n even dimensional generators. In other words the cohomology of B is free and finitely generated over F[u_1, . . . , u_n]. Thus the spectral sequence simplifies to

E^{∗,∗}_2 = T or_H∗_{(B,F)}(F, H^∗(B, F) ⊗_{F[u1,...,un]} F) ∼= T or_{F[u1,...,un]}(F, F) This can be computed using the standard Koszul complex, yielding E_2 = Λ_F(e_1, . . . , e_n) , where the e_i are exterior classes in degree 2r_i − 1. There are no further differentials, as the algebra generators for E^{∗,∗}_2 represent non–trivial elements in the cohomology of F which by construction must transgress to the regular sequence {u_1, . . . , u_n} in H^∗(B, F) in the Serre spectral sequence for the fibration F → E → B.

Therefore the Eilenberg–Moore spectral sequence collapses at E_2 = E_∞. Now this algebra is a free graded commutative algebra, hence there are no extension problems and it follows that H^∗(F, F) ∼= Λ_F(e_1, . . . , e_n) as stated in the theorem. □ We now apply this result to the spaces X(n, d).

Theorem 3.3. The cohomology of X(n, d) is an exterior algebra on n generators H^∗(X(n, d), F) ∼= Λ_F(E_{d+1}, . . . , E_{d+n}) , where E_j is a cohomology class in dimension 2j − 1.

Documenta Mathematica 15 (2010) 1029–1047

1036 Alejandro Adem and Zinovy Reichstein

Proof. As observed previously we have a fibration X(n, d) → (CP^d)^n_{h Sn} → BU(n) .

The Eilenberg–Moore spectral sequence can therefore be applied to compute the cohomology of X(n, d). The map F (n, d) : (CP^d)^n_{h Sn} → BU(n) induces a surjection of algebras H^∗(BU(n), F) → H^∗((CP^d)^n_{h Sn} , F) → 0 which can be identified with the natural map F[x_1, . . . , x_n]^{Sn} → (F[x_1, . . . , x_n]/(x^{d+1}_1 , . . . x^{d+1}_n ))^{Sn} .

The kernel of this map is precisely the ideal I_{n,d} = (x^{d+1}_1 , . . . , x^{d+1}_n ) ∩ F[x_1, . . . , x_n]^{Sn} .

By Theorem 6.1(a), I_{n,d} is generated by a regular sequence of elements P_{d+1}, . . . , P_{d+n}. Here each P_j is a homogeneous polynomial in x_1, . . . , x_n of degree j; its degree as a cohomology class is 2j. These classes form a regular sequence of maximal length in the polynomial algebra H^∗(BU(n), F). Thus the hypotheses of Theorem 3.2 hold, and the proof is complete. □ Corollary 3.4. If d < ∞, then X(n, d) is a compact, connected, orientable manifold.

Proof. According to our calculation, for m = n(n + 2d) we have H^m(X(n, d), Q) ∼= Q. This is precisely the dimension of the compact manifold X(n, d) = U(n) ×_{NT} (S^{2d+1})^n, whence the result follows. □ Remark 3.5. Note that as d gets large, the connectivity of the space X(n, d) increases; this is consistent with the stable calculation, namely the acyclicity of U(n)/NT . Also note that the manifold U(n)/NT is not orientable, as it is Q–acyclic.

For the case of W (n, d) we offer the following general result: Theorem 3.6. For any field F of coefficients, the Serre spectral sequence for the fibration (S^{2d+1})^n → W (n, d) → U(n)/T collapses at E_2 if and only if d ≥ n − 1, from which we obtain an additive calculation H^∗(W (n, d), F) ∼= H^∗(U(n)/T, F) ⊗ H^∗((S^{2d+1})^n, F).

In particular if n! is invertible in F, then H^∗(X(n, d), F) ∼= [H^∗(U(n)/T, F)⊗H^∗((S^{2d+1})^n, F)]^{Sn} ∼= Λ_F(E_{d+1}, . . . , E_{d+n}) . Proof. Consider the Serre spectral sequence with F coefficients for the fibration (S^{2d+1})^n → W (n, d) → U(n)/T . The base is simply connected and the cohomology of the fiber is generated by the natural generators for the 2d + 1– dimensional cohomology of each sphere. The first differential in the spectral sequence can be computed as follows: if e_i ∈ H^{2d+1}((S^{2d+1})^n, F) is a natural generator then

d_{2d+2}(e_i) = [x^{d+1}_i ] ∈ H^∗(U(n)/T, F) ∼= H^∗(BT, F)/(s_1, s_2, . . . , s_n) ,

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1037

where the s_1, s_2, . . . , s_n are the symmetric polynomials. This follows from the diagram of fibrations in the previous section and the well-known calculation of the cohomology of (CP^d)^n and U(n)/T as quotients of H^∗(BT, F). We now need the following algebraic lemma.

Lemma 3.7. Let F be a commutative ring and I be the ideal of F[x_1, ..., x_n] generated by the elementary symmetric polynomials s_1, ..., s_n in x_1, ..., x_n. Then (a) x^n_1 ∈ I but (b) x^{n−1}_1 ∉ I.

Suppose Lemma 3.7 is established (we only need it in the case where F is a field). Then we conclude that d_{2d+2}(e_i) = [x^{d+1}_i ] = 0 in H^∗(U(n)/T, F) for all i = 1, . . . , n if and only if d ≥ n − 1. This implies that all the differentials in the spectral sequence are zero and so it collapses at E_2. The assertions of Theorem 3.6 follow from this and Theorem 3.3. It thus remains to prove Lemma 3.7.

(a) Recall that x_1, . . . , x_n are, by definition, the roots of the polynomial

x^n − x^{n−1}s_1 + x^{n−2}s_2 − ... + (−1)^ns_n = 0 .

Thus x^n_1 = x^{n−1}_1 s_1 − x^{n−2}s_2 + ... − (−1)^ns_n, and since every term in the right hand side lies in I, part (a) follows. (b) Assume, to the contrary, that

(1) x^{n−1}_1 = f_1s_1 + ... + f_ns_n

for some polynomials f_1, ..., f_n ∈ F[x_1, . . . , x_n]. If such an identity is possible over F, and α : F → L is a ring homomorphism then, applying α to each of the coefficients of f_1, . . . , f_n, we obtain an identity of the same form over L. Thus, for the purpose of showing that (1) is not possible, we may, without loss of generality, replace F by L. In particular, we may take L to be the algebraic closure of the field F/M, where M is a maximal ideal of F. After replacing F by this L, we may assume that F is an algebraically closed field. Equating the homogeneous terms of degree n − 1 on both sides, we see that after replacing f_1, f_2, . . . , f_{n−1} by their homogeneous parts of degrees n−2, n− 3, . . . , 0, respectively, we may assume that f_n = 0.

Since F is an algebraically closed field, x^n − 1 factors into a product of linear terms

(2) x^n − 1 = (x − ζ_1)(x − ζ_2) · . . . · (x − ζ_n) .

for some ζ_1, . . . , ζ_n ∈ F. (As an aside, we remark that ζ_1, . . . , ζ_n ∈ F are distinct if p = char(F) does not divide n but not in general; at the other extreme, if n is a power of p then ζ_1 = · · · = ζ_n = 1.) By (2)

s_i(ζ_1, . . . , ζ_n) = (−1)^i (coefficient of x^{n−i} in x^n − 1) = 0

for every i = 1, . . . , n−1. Hence, substituting ζ_i for x_i in (1), and remembering that f_n = 0, we obtain ζ^{n−1}_1 = 0, i.e., ζ_1 = 0. Since ζ_1 is a root of x^n − 1 = 0, we have arrived at a contradiction. This shows that (1) is impossible. The proof of Lemma 3.7 and thus of Theorem 3.6 is now complete. □

Documenta Mathematica 15 (2010) 1029–1047

1038 Alejandro Adem and Zinovy Reichstein

Calculations with field coefficients can be pieced together to provide information on the integral cohomology of X(n, d).

Proposition 3.8. The cohomology ring H^∗(X(n, d), Z) has no p–torsion if p > n.

Proof. By our previous results if p > n then

dim_{Fp} H^∗(X(n, d), F_p) = dim_Q H^∗(X(n, d), Q) = 2^n.

Hence by the universal coefficient theorem, there can be no p–torsion in the integral cohomology of X(n, d). □

The situation is more complicated if n ≥ p = char(F). In particular, we will show that in this case the kernel I(n, d) of the map H^∗(BU(p), F_p) → H^∗((CP^d)^p, F_p) cannot be generated by a regular sequence for any d ≥ 2 (and, in most cases for d = 1 as well); see Theorem 6.1(b). We now provide an explicit calculation in the case where n = d = p = 2.

Example 3.9. Consider the map F̃ (2, 1) : S^2 × S^2 → BU(2). Its fiber is

W (2, 1) = U(2) ×_T (S^3 × S^3)

which itself fibers over U(2)/T = S^2 with fiber S^3 × S^3. Hence for dimensional reasons H^∗(W (2, 1), Z) ∼= H^∗(S^3 × S^3 × S^2, Z). The S_2–action on this space exchanges the two 3-spheres and applies the antipodal map on S^2. Thus the orbit space X(2, 1) will be rationally cohomologous to S^3 × S^5, as predicted by Theorem 3.3. However, it can be shown that H^∗(X(2, 1), F_2) has Poincaré series p(t) = 1 + t + t^2 + t^3 + t^5 + t^6 + t^7 + t^8 .

On the other hand, the corresponding Poincaré series for rational cohomology is q(t) = 1 + t^3 + t^5 + t^8 which accounts for the torsion free classes in the integral cohomology. This example illustrates the presence of 2–torsion in the cohomology of X(2, 1). Of course in this case we have π_1(X(2, 1)) = Z/2, which accounts for the classes in degrees one and two in mod 2 cohomology, and by Poincaré duality for the classes in degrees six and seven.

On the other hand, recall that if H^∗(BU(2), F_2) ∼= F_2[c_2, c_4] and H^∗(S^2 × S^2, F_2) ∼= Λ(u_2, v_2) then F̃ (2, 1)^∗(c_2) = u_2 + v_2 and F̃ (2, 1)^∗(c_4) = u_2v_2. Thus we see that F̃ (2, 1)^∗ is not surjective and that its kernel is generated by the classes c^2, c^3_2 + c_2c_4, c^2_4. These classes correspond to the symmetric polynomials P_2 = x^2_1 + x^2, P_3 = x^3_1 + x^3_2 and P_{2,2} = x^2_1x^2. Note that if 2 is invertible in the coefficients then

P_{2,2} =

P^2_2 − (x_1 + x_2)P_3 + (x_1x_2)P_2 2 , and the third generator is redundant.

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1039

More generally, using the algebraic calculations in Theorem 5.1, Theorem 6.1 and Corollary 6.3 we obtain the following.

Theorem 3.10. Assume that p ≤ n ≤ 2p − 1 and d ≥ 2. Then the kernel of the map induced by F̃ (n, d) in cohomology F̃ (n, d)^∗ : H^∗(BU(n), F_p) → H^∗((CP^d)^n, F_p)

is generated by the following n + 1 elements:

• P_{d+i}, where 1 ≤ i ≤ n and |P_j | = 2j • P_{d + 1, . . . , d + 1}

� � �

p times

and |P_{d + 1, . . . , d + 1} � � �

p times

| = 2p(d + 1)

Moreover this kernel cannot be generated by a regular sequence or by fewer than n + 1 elements. □

4. The orthogonal groups and more calculations at p = 2

The situation for p = 2 is somewhat different, as there are specific geometric models which are special to this characteristic. Here we consider the standard diagonal inclusion V = (Z/2)^n → O(n) into the group of orthogonal n × n matrices. The group V is self-centralizing in O(n); its normalizer NV is the wreath product NV = Z/2 ≀ S_n. The Weyl group W = NV/V of V in O(n) is thus isomorphic to S_n; it acts on V = (Z/2)^n by permuting the n factors of Z/2. The classifying space for V is BV = (RP^∞)^n, its mod 2 cohomology is a polynomial algebra on n one dimensional generators F_2[x_1, . . . , x_n]. The inclusion induces a map from the cohomology of BO(n) to this algebra, which gives rise to an isomorphism onto the symmetric invariants. As before, the truncated projective space RP^d is a natural subspace of RP^∞, and Theorem 5.1 provides a description of the kernel of the homomorphism induced by the map H(n, d) : (RP^d)^n → BO(n) for n = 1, 2, 3.

The classifying space for NV = Z/2 ≀ S_n is BNV = (RP^∞)^n_{h Sn} . However, as our calculations are at p = 2 and | S_n | is even, the homotopy orbit space has a lot more cohomology than just the truncated symmetric invariants (for example, it contains a copy of H^∗(S_n, F_2)). The wreath product NV acts on (S^d)^n extending the coordinatewise antipodal action of V . Thus we have a fiber bundle (S^d)^n → (RP^d)^n_{h Sn} → BNV , where we identify (S^d)^n_{hNV} ≃ (RP^d)^n_{h Sn} .

Example 4.1. For n = 2 we can identify NV with the dihedral group D_8 and its cohomology has generators e, u v in degrees 1, 1, 2 respectively with the single relation e · u = 0 (see [1]). The elements u, v can be identified with the standard symmetric generators x_1 +x_2 and x_1x_2 in H^∗(V, F_2)^{S2} via the restriction map. In fact we have isomorphisms (see [1], page 118) H^∗(BD_8, F_2) ∼= H^∗(S_2, H^∗(V, F_2)) and H^∗((S^d)^2_{hD8} , F_2) ∼= H^∗(S_2, H^∗((RP^d)^2, F_2). Using these descriptions and Theorem 5.1 it can be shown that the the kernel of the homomorphism H^∗(BD_8, F_2) → H^∗((S^d)^2_{hD8} , F_2) is the ideal generated by the three elements P_{d+1} = x^{d+1}_1 + x^{d+2}_2 , P_{d+2} = x^{d+2}_1 + x^{d+2}_2 and P_{d+1,d+1} = x^{d+1}_1 x^{d+1}_2 . This ideal is called the Fadell–Husseini index (see [6]) of the D_8–space S^d × S^d;

Documenta Mathematica 15 (2010) 1029–1047

1040 Alejandro Adem and Zinovy Reichstein

it has some interesting applications in topology and it has been fully calculated in [2].

Geometrically, the fibration which our mod 2 calculations can be applied to is described by the diagram: (S^d)^n � (S^d)^n � Y (n, d) O(n) ×_V (S^d)^n � � (RP^d)^{n H(n,d)}� � BO(n)

O(n)/V � BV � BO(n) Here we recall some classical results. First, from the homotopy long exact sequence of the fibration we see that O(n)/V is path–connected because π_1(BV ) → π_1(BO(n)) ∼= Z/2 is surjective (the dual map in mod 2 cohomology is injective). Its fundamental group acts homologically trivially on H^∗((S^d)^n, F_2), as it acts through its image in V . Therefore the Serre spectral sequence for the fibration (S^d)^n → Y (n, d) → O(n)/V has the form E^{∗,∗}_2 = H^∗(O(n)/V ) ⊗ H^∗((S^d)^n, F_2) =⇒ H^∗(Y (n, d), F_2) .

Using Lemma 3.7, we see that this spectral sequence collapses at E_2 if and only if d ≥ n − 1.

Theorem 4.2. If d ≥ n − 1 then we have an additive isomorphism H^∗(Y (n, d), F_2) ∼= H^∗(O(n)/V ) ⊗ H^∗((S^d)^n, F_2). □

5. Truncated symmetric polynomials The remainder of this paper will be devoted to the algebraic results used in the previous sections. Let F be a field. We begin by recalling some standard notational conventions and facts concerning the ring R_n := F[x_1, . . . , x_n]^{Sn} of symmetric polynomials in n variables. For details we refer the reader to [7, Chapter I.2].

If a_1, . . . , a_n are non-negative integers, we will write P_{a1,...,an} for the sum of monomials x^{a′1} . . . x^{a′n}n , as a^′_1, . . . , a^′_n range over all possible permutations of a_1, . . . , a_n. A sum of this form is called a monomial symmetric function. It has n! λ_1! · · · λ_m!

terms, where λ_1, . . . , λ_m is the partition of n associated to a_1, . . . , a_n. (Recall that this means that that there are m distinct integers among a_1, . . . , a_n, occurring with multiplicities λ_1, . . . , λ_m, respectively.)

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1041

Permuting a_1, . . . , a_n does not change P_{a1 ,...,an} , so we will always assume that a_1 ≥ · · · ≥ a_n. With this convention, the monomial symmetric functions P_{a1 ,...,an} form a basis of R_n := F[x_1, . . . , x_n]^{Sn} as an F-module. One easily checks that the multiplication rule in this basis is given by

(3) P_{a1 ,...,an} · P_{b1 ,...,bn} = � k_{c1,...,cn} P_{c1,...,cn} ,

where c_1 ≥ . . . ≥ c_n and there are exactly k_{c1,...,cn} different ways to write

(c_1, . . . , c_n) = (a^′_1, . . . , a^′_n) + (b^′_1, . . . , b^′_n)

for some permutation a^′_1, . . . , a^′_n of a_1, . . . , a_n and some permutation b^′_1, . . . , b^′_n of b_1, . . . , b_n.

To make our formulas less cumbersome, we will often abbreviate P_{a1 ,...,ar ,0,...,0} as P_{a1 ,...,ar} . As long as the number of variables n is fixed, this will not lead to any confusion. For example, in this notation,

P_i = x^i_1 + · · · + x^i_n

is the usual power sum of degree i and

(4) P_1 = x_1 + · · · + x_n, P_{1,1} = x_1x_2 + · · · + x_{n−1}x_n, . . .

P_{1, . . . , 1} � � �

n times

= x_1x_2 . . . x_n

are the elementary symmetric polynomials. The main result of this section is the following theorem.

Theorem 5.1. Let F be a field of characteristic p ≥ 0.

(a) If p = 0 or n < p then the ideal I_{n,d} := (x^{d+1}_1 , . . . , x^{d+1}_n ) ∩ F[x_1, . . . , x_n]^{Sn} of R_n := F[x_1, . . . , x_n]^{Sn} is generated by P_{d+1}, . . . , P_{d+n}.

(b) If n ≤ 2p − 1 then I_{n,d} is generated by P_{d+1}, . . . , P_{d+n} and P_{d + 1, . . . , d + 1} � � �

p times . The rest of this section will be devoted to proving Theorem 5.1. Let I be the ideal of R_n = F[x_1, . . . , x_n]^{Sn} generated by the polynomials listed in the statement of Theorem 5.1. Clearly, I ⊂ I_{n,d}; we want to prove the opposite inclusion. First we note that every element of I_{n,d} is an F-linear combination of monomial symmetric functions P_{a1,...,an} , where a_1 ≥ d + 1. Thus in order to prove Theorem 5.1 it suffices to show that every P_{a1 ,...,an} with a_1 ≥ d + 1 lies in I. Our first step in this direction is the following lemma. We define the weight of the monomial symmetric function P_{a1 ,...,an} as the largest integer r ≤ n such that a_r ≥ 1. As mentioned above, we will abbreviate P_{a1 ,...,an} of weight ≤ r as P_{a1 ,...,ar} .

We define the leading multiplicity of P_{a1,...,an} as the largest integer s ≤ n such that a_1 = · · · = a_s. Here, as always, we are assuming that a_1 ≥ a_2 ≥ . . . ≥ a_n ≥ 0.

Documenta Mathematica 15 (2010) 1029–1047

1042 Alejandro Adem and Zinovy Reichstein

Lemma 5.2. Let F be a field and J_{n,d} be the ideal of R_n = F[x_1, . . . , x_n]^{Sn} generated by P_{d+1}, . . . , P_{d+n}. Then J_{n,d} contains every monomial symmetric function P_{a1 ,...,an} with a_1 ≥ d + 1, whose leading multiplicity is invertible in F.

The leading multiplicity of P_{a1 ,...,an} is, by definition, an integer between 1 and n. Theorem 5.1(a) is thus an immediate consequence of this lemma.

Proof. We will argue by induction on the weight r of P_{a1 ,...,an} . For the base case, let r = 1. That is, we claim that P_i ∈ J_{n,d} for every i ≥ d + 1. For i = d + 1, . . . , d + n this is given. Applying Newton’s identities (cf., e.g., [7, pp. 23-24])

P_{m+n+1} = P_1 · P_{m+n} − P_{1,1} · P_{m+n−1} + · · · + (−1)^{n+1}P_{1, . . . , 1} � � �

n times

· P_{m+1}

recursively, with m = d, d + 1, d + 2, etc., we see that P_{m+n+1} ∈ J_{n,d} for every m ≥ d. This settles the base case.

For the induction step assume that r ≥ 2. By (3),

P_{a1} · P_{a2 ,...,ar} = sP_{a1,a2,...,ar} + P_{a1 +a2,a3,...,ar} + P_{a1 +a3,a2,a4,...,ar} + . . . + P_{a1 +ar ,a2,a3 ,...,ar−1} , (5) where s is the leading multiplicity of P_{a1 ,...,an} . Each of the terms

P_{a1 +a2,a3,...,ar} , P_{a1 +a3,a2,a4 ,...,ar} , . . . , P_{a1 +ar ,a2,a3,...,ar−1}

is a monomial symmetric function of leading multiplicity 1 and weight r − 1. By the induction assumption each of them lies in J_{n,d}. Since we also know that P_{a1} ∈ J_{n,d}, equation (5) tells us that P_{a1 ,...,ar} ∈ J_{n,d} whenever s is invertible in F. □

We now turn to the proof of Theorem 5.1(b). Recall that it suffices to show that

(6) P_{a1 ,...,an} ∈ I whenever a_1 ≥ d + 1.

Here I be the ideal of R_n = F[x_1, . . . , x_n]^{Sn} generated by the polynomials listed in the statement of Theorem 5.1(b). Denote the leading multiplicity of P_{a1,...,an} by s. We will now consider three cases.

Case 1. s ≠ p. Since we are assuming that n ≤ 2p − 1, this is equivalent to s being invertible in F. Clearly, J_{n,d} ⊂ I; Lemma 5.2 thus tells us that (6) holds. Case 2. s = p and P_{a1,...,an} has weight p. In other words, we want to show that

(7) P_{a, . . . , a} � � �

p times

∈ I .

Let e = a − (d + 1). By (3) we see that

(8) P_{d + 1, . . . , d + 1} � � �

p times

· P_{e, . . . , e} � � �

p times

= P_{a, . . . , a} � � �

p times

+ Γ ,

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1043

where Γ is a positive integer linear combination of monomial symmetric functions of leading multiplicity ≤ p−1. Thus Γ ∈ I by Case 1. Since by definition, P_{d + 1, . . . , d + 1} � � �

p times

lies in I, the left hand side also lies in I. This shows that (7)

holds.

Note that the above argument depends, in a crucial way, on our assumption that n ≤ 2p − 1. For n ≥ 2p the sum Γ in (8) would contain a term of the form P_{d+1,...,d+1,e,...,e} (or P_{e,...,e,d+1,...,d+1}, if e > d + 1), with each e and d+1 repeating exactly p times. This monomial symmetric function has leading multiplicity p, and in the case we cannot conclude that Γ ∈ I. Case 3. s = p, general case. Denote a_1 = · · · = a_p by a. Using formula (3) once again, we see that

P_{a1 ,...,an} = P_{a, . . . , a} � � �

p times

· P_{ap+1,...,an} + Δ ,

where Δ is an integer linear combination of orbit sums P_{c1,...,cn} of leading multiplicity ≤ p − 1. Note that P_{a, . . . , a} � � �

p times

∈ I by Case 2 and Δ ∈ I by Case

1. We thus conclude that P_{a1,...,an} ∈ I as well. This completes the proof of Theorem 5.1. □

6. Regular sequences

We now turn to the question of whether or not the ideal I_{n,d} = (x^{d+1}_1 , . . . , x^{d+1}_n ) ∩ R_n of R_n = F[x_1, . . . , x_n]^{Sn} can be generated by a regular sequence. In the sequel we will sometimes use the same symbol for an element of R_n and its coset in R_n/I_{n,d}; we hope that this slight abuse of notation will make our formulas more transparent and will not lead to any confusion. Our goal is to prove the following theorem.

Theorem 6.1. Let F be a field of characteristic p ≥ 0.

(a) If n! is not divisible by p then I_{n,d} is generated by the regular sequence P_{d+1}, . . . , P_{d+n} in R_n.

(b) Assume that 0 < p ≤ n and either (i) n ≢ −1 (mod p) and d ≥ 1 or (ii) n ≡ −1 (mod p) and d ≥ 2. Then I_{n,d} is not generated by any regular sequence in R_n.

The assumptions on d in part (b) cannot be dropped; see Remark 6.4. Our proof of Theorem 6.1 will rely on the following elementary lemma.

Lemma 6.2. (a) The elements P_{a1 ,...,an} , with d ≥ a_1 ≥ · · · ≥ a_n ≥ 0 form a basis for R_n/I_{n,d} as an F-vector space. (b) The Krull dimension of R_n/I_{n,d} is 0.

(c) Suppose I_{n,d} is generated by r_1, . . . , r_m ∈ R_n, as an ideal of R_n. Then m ≥ n. Moreover, r_1, . . . , r_m form a regular sequence in R_n if and only if m = n.

Documenta Mathematica 15 (2010) 1029–1047

1044 Alejandro Adem and Zinovy Reichstein

Proof. (a) The power sums P_{a1,...,an} with a_1 ≥ · · · ≥ a_n ≥ 0 form an F-basis of R_n. The power sums P_{a1 ,...,an} with a_1 ≥ · · · ≥ a_n ≥ 0 and a_1 ≥ d + 1 form an F-basis of I_{n,d}, and part (a) follows.

(b) By part (a) R_n/I_{n,d} is a finite-dimensional F-vector space. (c) Recall that R_n is a polynomial ring over F generated by the elementary symmetric polynomials in x_1, . . . , x_n. In particular, R_n is a Cohen-Macauley ring. Part (c) now follows from part (b). □

Proof of Theorem 6.1. (a) If p = char(F) does not divide n! then Theorem 5.1(a) tells us that I_{n,d} is generated, as an ideal of R_n, by the n elements P_{d+1}, . . . , P_{d+n}. By Lemma 6.2(c) these elements form a regular sequence in R_n.

(b) If I_{n,d} is generated by a regular sequence then Socle(R_n/I_{n,d}) is a 1- dimensional F-vector space; see, e.g. [9, p. 144] or [5, Section 21.2]. It is an immediate consequence of the multiplication formula (3) that

P_{d, . . . , d} � � �

n times

∈ Socle(R_n/I_{n,d})

for any F, d and n.

Thus in order to show that I_{n,d} is not generated by a regular sequence it suffices to exhibit a monomial symmetric function P_{a1 ,...,an} ∈ Socle(R_n/I_{n,d}), with (a_1, . . . , a_n) ≠ (d, . . . , d). Note that P_{a1 ,...,an} and P_{d, . . . , d} � � �

n times

are F-linearly

independent in R_n/I_{n,d} by Lemma 6.2(a).

(i) Suppose d ≥ 1 and n = pq + r, where q ≥ 1 and r ∈ {0, 1, . . . , p − 2}. We claim that in this case P_{a1 ,...,an} lies in Socle(R_n/I_{n,d}), if

a_1 = · · · = a_{pq−1} = d and a_{pq} = a_{pq+1} = · · · = a_n = d − 1.

To establish this claim, we need to check that for these values of a_1, . . . , a_n,

P_{a1 ,...,an} · f ∈ I_{n,d}

for every f ∈ R_n. Since R_n is generated by the elementary symmetric polynomials P_1, P_{1,1}, etc., it suffices to show that

(9) P_{a1 ,...,an} · P_{b1 ,...,bn} ∈ I_{n,d},

where

(10) (b_1, . . . , b_n) = (1, . . . , 1 � � �

s times

, 0, . . . , 0) .

We want to prove (9) for each s = 1, . . . , n.

Let us examine the product P_{a1 ,...,an} · P_{b1 ,...,bn} using the multiplication formula (3). First of all, note that we may assume without loss of generality that 1 ≤ s ≤ r + 1. Indeed, if s > r + 1 then every term P_{c1 ,...,cn} appearing in the right hand side of the formula (3) will have c_1 ≥ d + 1 and thus will lie in I_{n,d} (for any base field F).

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1045

If 1 ≤ s ≤ r + 1, the only monomial symmetric functions P_{c1,...,cn} , with c_1 ≤ d, appearing in the right hand side of (3), will have c_1 = · · · = c_{pq+s−1} = d and c_{pq+s} = c_{pq+s+1} = · · · = c_n = d − 1. This sum will appear with coefficient k_{c1,...,cn} = number of ways to write (c_1, . . . , c_n) as (a^′_1, . . . , a^′_n) + (b^′_1, . . . , b^′_n), where (a^′_1, . . . , a^′_n) is a permutation of (a_1, . . . , a_n) and (b^′_1, . . . , b^′_n) is a permutation of (b_1, . . . , b_n). We claim that k_{c1 ,...,cn} is divisible by p and hence, is 0 in F; this will immediately imply (9). Indeed, in this case k_{c1 ,...,cn} is simply the number of ways to specify which s of the elements b^′_1, . . . , b^′_{pq+s−1} should be equal to 1 (the remaining ones will be 0). Thus

k_{c1,...,cn} = � pq + s − 1 s � . Since q ≥ 1 and 1 ≤ s ≤ r + 1 ≤ p − 1, this number is divisible by p, as claimed. (ii) Now suppose d ≥ 2 and n = pq + p − 1, where q ≥ 1. We claim that in this case P_{a1 ,...,an} lies in Socle(R_n/I_{n,d}), if

a_1 = · · · = a_{pq−1} = d, a_{pq} = a_{pq+1} = · · · = a_{pq+p−2} = d − 1

and a_{pq+p−1} = d − 2. Once again, it suffices to show that (9) holds for every s = 1, . . . , n, where (b_1, . . . , b_n) is as in (10). The analysis of the product P_{a1 ,...,an} · P_{b1 ,...,bn} , based on formula (3), is similar to part (i) but a bit more involved.

First of all, we may assume without loss of generality that 1 ≤ s ≤ p. Indeed, if s ≥ p + 1, then every monomial symmetric function P_{c1 ,...,cn} appearing in the right hand side of (3) will lie in I_{n,d}, so that (9) will hold over any base field F.

If 1 ≤ s ≤ p then only two monomial symmetric functions P_{c1 ,...,cn} with c_1 ≤ d will appear in the right hand side of (3), namely

P_{d, . . . , d,}

� � �

pq + s − 2 d − 1, . . . , d − 1

� � �

p − s + 1 and P_{d, . . . , d,}

� � �

pq + s − 1 d − 1, . . . , d − 1

� � �

p − s − 1

, d−2

with coefficients

k_{d, . . . , d,} � � �

pq + s − 2 d − 1, . . . , d − 1

� � �

p − s + 1 = � pq + s − 2 s − 1 � (p − s + 1) and k_{d, . . . , d,} � � �

pq + s − 1 d − 1, . . . , d − 1

� � �

p − s − 1

, d−2 = � pq + s − 1 s � , respectively. (The second monomial symmetric function does not occur if s = p.) Both of these coefficients are divisible by p and hence, are 0 in F. This completes the proof of Theorem 6.1. □

Documenta Mathematica 15 (2010) 1029–1047

1046 Alejandro Adem and Zinovy Reichstein

Corollary 6.3. Suppose (i) p ≤ n ≤ 2p − 2 and d ≥ 1 or (ii) n = 2p − 1 and d ≥ 2. Then the ideal I_{n,d} can be generated by n + 1 elements of R_n but cannot be generated by n elements.

Proof. Theorem 5.1(b) tells us that I_{n,d} is generated by n + 1 elements. If I_{n,d} could be generated by n elements then by Lemma 6.2(c) these n elements would form a regular sequence in R_n, contradicting Theorem 6.1(b). □

Remark 6.4. The conditions that d ≥ 1 and d ≥ 2 in parts (i) and (ii) of Theorem 6.1(b) respectively, cannot be dropped. The same goes for conditions (i) and (ii) in Corollary 6.3.

Indeed, suppose d = 0. Recall that R_n = F[x_1, . . . , x_n]^{Sn} is a polynomial algebra F[s_1, . . . , s_n], where s_1 = P_1, s_2 = P_{1,1}, etc., are the elementary symmetric polynomials in x_1, . . . , x_n. I_{n,0} is clearly the maximal ideal of R_n generated by the regular sequence s_1, . . . , s_n. Thus Theorem 6.1(b) fails if d = 0. Now suppose d = 1 and n = 2p − 1, where char(F) = p. By Theorem 5.1(b), I_{n,1} is generated by the n + 1 elements P_2, . . . , P_{n−1}, P_{n+1} and P_{2, . . . , 2} � � �

p times . Since we are in characteristic p, P_{n+1} = P_{2p} = P^p_2 , is a redundant generator. In other words, I_{n,1} is generated by the n elements P_2, . . . , P_{n−1}, P_n and P_{2, . . . , 2} � � �

p times . By Lemma 6.2(c) these elements form a regular sequence in R_n. This shows that Theorem 6.1(b) fails for d = 1 and n = 2p − 1. □

Acknowledgments

The authors are grateful to L. Avramov, W. Dwyer, G. Lyubeznik, B. Sturmfels and J. Weyman for helpful comments and to the Natural Sciences and Engineering Research Council of Canada for financial support.

References

[1] A. Adem, R.J. Milgram, Cohomology of Finite Groups, Springer- Verlag Grudlehren Vol. 309, 2nd Edition (2004).

[2] P. Blagojevic, G.Ziegler, The ideal-valued index for a dihedral group action, and mass partition by two hyperplanes, arXiv:0704.1943v1 [math.AT].

[3] A. Borel, Topology of Lie groups and characteristic classes, Bull. Amer.

Math. Soc. 61 (1955), 397–432.

[4] A. Conca, C. Krattenthaler, J. Watanabe, Regular Sequences of Symmetric Polynomials, Rend. Semin. Mat. Univ. Padova, 121 (2009), 179–199.

[5] D. Eisenbud, Commutative algebra with a view toward algebraic geometry, Graduate Texts in Mathematics, 150. Springer-Verlag, New York, 1995.

[6] E. Fadell, S. Husseini, An ideal-valued cohomological index theory, with applications to Borsuk-Ulam and Bourgin-Yang theorems, Ergodic Theory and Dynamical Systems 8 (1988), pp. 73–85.

Documenta Mathematica 15 (2010) 1029–1047

Bundles, Cohomology and Truncated Polynomials 1047

[7] I. G. Macdonald, Symmetric functions and Hall polynomials, second edition, Oxford Mathematical Monographs, Oxford University Press, 1995.

[8] J. McCleary, A User’s Guide to Spectral Sequences, Cambridge University Press (1991).

[9] M. D. Neusel, L, Smith, Invariant theory of finite groups, Mathematical Surveys and Monographs, 94. American Mathematical Society, Providence, RI, 2002.

Alejandro Adem Department of Mathematics University of British Columbia Vancouver BC V6T 1Z2 Canada adem@math.ubc.ca

Zinovy Reichstein Department of Mathematics University of British Columbia Vancouver BC V6T 1Z2 Canada reichst@math.ubc.ca

Documenta Mathematica 15 (2010) 1029–1047

Documenta Mathematica 15 (2010)

Documenta Math. 1049

A Lefschetz Fixed Point Formula

for Singular Arithmetic Schemes

with Smooth Generic Fibres

Shun Tang

Received: May 31, 2010 Revised: October 11, 2010

Communicated by Takeshi Saito

Abstract. In this article, we consider singular equivariant arithmetic schemes whose generic fibres are smooth. For such schemes, we prove a relative fixed point formula of Lefschetz type in the context of Arakelov geometry. This formula is an analog, in the arithmetic case, of the Lefschetz formula proved by R. W. Thomason in [31]. In particular, our result implies a fixed point formula which was conjectured by V. Maillot and D. Rössler in [25].

2010 Mathematics Subject Classification: 14C40, 14G40, 14L30, 58J20, 58J52 Keywords and Phrases: fixed point formula, singular arithmetic scheme, Arakelov geometry

1 Introduction

It is the aim of this article to prove a singular Lefschetz fixed point formula for some schemes which admit the actions of a diagonalisable group scheme, in the context of Arakelov geometry. We first roughly describe the history of the study of such Lefschetz fixed point formulae and relative Lefschetz-Riemann- Roch problems.

Let k be an algebraically closed field and let n be an integer which is prime to the characteristic of k. A projective k−variety X which admits an automorphism g of order n will be called an equivariant variety. An equivariant coherent sheaf on X is a coherent sheaf F on X together with a homomorphism φ : g^∗F → F . It is clear that this homomorphism induces a family of endomorphisms H^i(φ) on cohomology spaces H^i(X, F ).

Documenta Mathematica 15 (2010) 1049–1108

1050 Shun Tang

A classical Lefschetz fixed point formula is to give an expression of the alternating sum of the traces of H^i(φ), as a sum of the contributions from the components of the fixed point subvariety X_g. On the other hand, roughly speaking, a Lefschetz-Riemann-Roch theorem is a commutative diagram in equivariant K−theory which can be regarded as a Grothendieck type generalization of the Lefschetz fixed point formula. Indeed, when we choose the base variety in such a commutative diagram to be a point, we will get the ordinary Lefschetz fixed point formula. If X is nonsingular, P. Donovan has proved such a theorem in [12] by using the results and some of the methods of the paper of A. Borel and J. P. Serre on the Grothendieck-Riemann-Roch theorem (cf. [10]). In [1], P. Baum, W. Fulton and G. Quart generalized Donovan’s theorem to singular varieties, the key step of their proof heavily relies on an elegant method called the deformation to the normal cone. Denote by G_0(X, g) (resp. K_0(X, g)) the Quillen’s algebraic K-group associated to the category of equivariant coherent sheaves (resp. vector bundles of finite rank) on X, then K_0(Pt, g) is isomorphic to the group ring Z[k] and G_0(X, g) (resp. K_0(X, g)) has a natural K_0(Pt, g)-module (resp. K_0(Pt, g)-algebra) structure. Let f be an equivariantly projective morphism between two equivariant varieties X and Y , then it is possible to define a push-forward morphism f_∗ from G_0(X, g) to G_0(Y, g) in a rather standard way. Let R be any flat K_0(Pt, g)-algebra in which 1 − ζ is invertible for each non-trivial n-th root of unity ζ in k. The main result of Baum, Fulton and Quart reads: there exists a family of group homomorphisms L. between K-groups making the following diagram

G_0(X, g)^{L.} �

f_∗ � G_0(X_g, g) ⊗_{Z[k]} R

f_{g ∗} � G_0(Y, g)^{L.} � G0(Yg , g) ⊗_{Z[k]} R

commutative. If Z is a nonsingular equivariant variety such that there exists an equivariant closed immersion from X to Z, then for every equivariant coherent sheaf E on X the homomorphism L. is exactly given by the formula

L.(E) = λ^{−1}_{−1}(N^∨_{Z/Zg} ) · � j (−1)^j Tor^j_{OZ} (i_∗E, O_{Zg} )

where N_{Z/Zg} stands for the normal bundle of Z_g in Z and λ_{−1}(N^∨_{Z/Zg} ) := � (−1)^j ∧^j N^∨_{Z/Zg} .

We would like to indicate that one can use the same method so called the deformation to the normal cone to extend Baum, Fulton and Quart’s result to general scheme case where X and Y are Noetherian, separated schemes endowed with projective actions of the diagonalisable group scheme μ_n associated to Z/nZ. Here by a μ_n-action on X we understand a morphism m_X : μ_n × X → X which statisfies some compatibility properties. Denote by p_X the projection from μ_n × X to X. For a coherent O_X -module E on X, a μ_n-action on E we

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1051

mean an isomorphism m_E : p^∗_X E → m^∗_X E which satisfies certain associativity properties. We refer to [20] and [21, Section 2] for the group scheme action theory we are talking about.

In [31], R. W. Thomason used another way to generalize Baum, Fulton and Quart’s result to the scheme case, and he removed the condition of projectivity. The strategy Thomason followed was to use Quillen’s localization sequence for higher equivariant K-groups to prove an algebraic concentration theorem. Let D be an integral Noetherian ring, and let μ_n be the diagonalisable group scheme over D associated to Z/nZ. Denote the ring K_0(D, μ_n) ∼= K_0(D)[T ]/(1 − T^n) by R(μ_n). We consider the prime ideal ρ in R(μ_n) with which the intersection of Z[Z/nZ] is exactly the kernel of the canonical morphism Z[T ]/(1 − T^n) → Z[T ]/(Φ_n) where Φ_n stands for the nth cyclotomic polynomial (cf. [31, Lem. 1.6]). By construction the elements 1 − T^k for k = 1, . . . , n − 1 are not contained in ρ. Let X be a μ_n-equivariant scheme over D, then G_0(X, μ_n) (resp. K_0(X, μ_n)) has a natural R(μ_n)-module (resp. R(μ_n)-algebra) structure. Denote by i the inclusion from X_{μn} to X. The algebraic concentration theorem reads: there exists a natural group homomorphism i_∗ from G_0(X_{μn} , μ_n)_ρ to G_0(X, μ_n)_ρ which is an isomorphism. Moreover, if X is regular, the inverse map of i_∗ is given by λ^{−1}_{−1}(N^∨_{X/Xμn} ) · i^∗ where N_{X/Xμn} is the normal bundle of X_{μn} in X. This concentration theorem can be used to prove a singular Lefschetz fixed point formula which is an extension of Baum, Fulton and Quart’s result in general scheme case. Thomason’s approach has nothing to do with the construction of the deformation to the normal cone, and the localization he used is slightly weaker than Baum, Fulton and Quart’s in the sense that the complement of the ideal ρ in R(μ_n) is not the smallest algebra in which the elements 1 − T^k (k = 1, . . . , n − 1) are invertible. If one exactly chooses R to be the complement of the ideal ρ in R(μ_n), then these two localizations are equal to each other.

In [21], K. Köhler and D. Rössler generalized the regular case of Baum, Fulton and Quart’s result to Arakelov geometry. To every regular μ_n-equivariant arithmetic scheme X, they associate an equivariant arithmetic K_0-group ^K_0(X, μ_n) which contains some smooth form class on X_{μn} (C) as analytic datum. Such an equivariant arithmetic K_0-group has a ring structure so that it is also an R(μ_n)-algebra. Let N_{X/Xμn} be the normal bundle with respect to the regular immersion X_{μn} → X which is endowed with the quotient metric induced by a chosen Kähler metric of X(C), then the main theorem in [21] reads: the element λ_{−1}(N^∨_{X/Xμn} ) is invertible in ^K_0(X_{μn} , μ_n) ⊗_{R(μn)} R and we have the following commutative diagram

^K_0(X, μ_n)^{ΛR (f )−1·τ} �

f_∗ �

^K_0(X_{μn} , μ_n) ⊗_{R(μn)} R

f_{μn ∗} � ^K_0(D, μ_n)^ι � ^K_0(D, μ_n) ⊗_{R(μn)} R

Documenta Mathematica 15 (2010) 1049–1108

1052 Shun Tang

where Λ_R(f) := λ_{−1}(N^∨_{X/Xμn} ) · (1 + R_g (N_{X/Xμn} )), τ stands for the restriction map and ι is the natural morphism from a ring or a module to its localization which sends an element e to^e_1 . Here R_g (·) is the equivariant R-genus, the definition of the two push-forward morphisms f_∗ and f_{μn ∗} involves an important analytic datum which is called the equivariant analytic torsion. The strategy Köhler and Rössler followed to prove such an arithmetic Lefschetz-Riemann- Roch theorem was to use the construction of the deformation to the normal cone to prove an analog of this theorem for equivariant closed immersions. After that, they decompose the morphism f to a closed immersion h from X to some projective space P^r_D followed by a smooth morphism p from P^r_D to Spec(D). Then the theorem in general situation follows from an argument of investigating the behavior of the error term under the morphisms h and p. Provided X. Ma’s extension of equivariant analytic torsion to higher equivariant analytic torsion form, it was conjectured by Köhler and Rössler in [22] that an analog of [21, Theorem 4.4] in relative setting holds. We have already proved this conjecture in [29]. Our method is similar to Thomason’s, we first show that there exists an arithmetic concentration theorem in Arakelov geometry and then deduce from it the relative Lefschetz fixed point formula. The same as Thomason’s approach, our method has nothing to do with the construction of the deformation to the normal cone, but unfortunately it only works for regular arithmetic schemes.

One may naturally asked that whether it is possible to construct a more general arithmetic ^G_0-theory and prove a relative Lefschetz fixed point formula for singular arithmetic schemes which is entirely an analog of Thomason’s singular Lefschetz formula in Arakelov geometry. The answer is Yes, and this is what we have done in this article. To do this, one needs a ^G_0-theoretic vanishing theorem which can be viewed as an extension of Köhler and Rössler’s fixed point formula for closed immersions to the singular case. The proof of such a vanishing theorem occupies a lot of space in this article. Let X and Y be two singular equivariant arithmetic schemes with smooth generic fibres, and let f : X → Y be an equivariant morphism which is smooth on the complex numbers. Assume that the μ_n-action on Y is trivial and f can be decomposed to be h ∘ i where i is an equivariant closed immersion from X to some regular arithmetic scheme Z and h : Z → Y is equivariant and smooth on the complex numbers. Let η be an equivariant hermitian sheaf on X. Referring to Section 6.1 for the explanations of various notations, we announce that our main theorem in this article is the following equality which holds in ^G_0(Y, μ_n, ∅)_ρ:

f_∗(η) =f^Z_{μn ∗}(i^∗_{μn} (λ^{−1}_{−1}(N^∨_{Z/Zμn} )) · � k (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) + � X_g /Y

Td(T f_g, ω^X )ch_g(η) ~Td_g (F, ω^X )Td^{−1}_g (F ) − � X_g /Y

Td_g (T f)ch_g (η)R_g (N_{X/Xg} )

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1053 + � X_g /Y

~Td(T f_g, ω^X , ω^Z_X )ch_g (η)Td_g (N_{Z/Zg} )Td^{−1}_g (F ).

The structure of this article is as follows. In Section 2, we recall some differential-geometric facts for the convenience of the reader. In Section 3, we formulate and prove a vanishing theorem for equivariant closed immersions in a purely analytic setting. In Section 4, we define the arithmtic G_0-groups with respect to fixed wave front sets which are necessary for our later arguments. In Section 5 and Section 6, we formulate and prove the arithmetic concentration theorem and the relative Lefschetz fixed point formula for singular arithmetic schemes.

Acknowledgements. The author wishes to thank his thesis advisor Damian Rössler for providing such an interesting topic, also for his constant encouragement and for many fruitful discussions between them. The author is greatful to Xiaonan Ma, from whom he gets many meaningful comments and suggestions. Finally, thanks to the referee, for his/her excellent work.

2 Differential-geometric preliminaries

2.1 Equivariant Chern-Weil theory

Let G be a compact Lie group and let M be a compact complex manifold which admits a holomorphic G-action. By an equivariant hermitian vector bundle on M, we understand a hermitian vector bundle on M which admits a G-action compatible with the G-structure of M and whose metric is G-invariant. Let g ∈ G be an automorphism of M, we shall denote by M_g = {x ∈ M | g · x = x} the fixed point submanifold. M_g is also a compact complex manifold. Now let E be an equivariant hermitian vector bundle on M, it is well known that the restriction of E to M_g splits as a direct sum

E |_{Mg} = � ζ∈S^1

E_ζ

where the equivariant structure g^E of E acts on E_ζ as multiplication by ζ. We often write E_g for E_1 and call it the 0-degree part of E |_{Mg} . As usual, A^{p,q} (M) stands for the space of (p, q)-forms Γ^∞(M, Λ^pT^{∗(1,0)}M ∧Λ^q T^{∗(0,1)}M), we define

~A(M) =^{dimM} � p=0 (A^{p,p}(M)/(Im∂ + Im∂)).

We denote by Ω^{Eζ} ∈ A^{1,1}(M_g) the curvature form associated to E_ζ . Let (ϕ_ζ )_{ζ∈S}1 be a family of GL(C)-invariant formal power series such that ϕ_ζ ∈ C[[gl_{rkEζ} (C)]] where rkE_ζ stands for the rank of E_ζ which is a locally constant function on M_g . Moreover, let ϕ ∈ C[[ � ζ∈S^1 C]] be any formal power series.

We have the following definition.

Documenta Mathematica 15 (2010) 1049–1108

1054 Shun Tang

Definition 2.1. The way to associate a smooth form to an equivariant hermitian vector bundle E by setting

ϕ_g (E) := ϕ((ϕ_ζ (−

Ω^{Eζ} 2πi ))_{ζ∈S}1 )

is called an g-equivariant Chern-Weil theory associated to (ϕ_ζ )_{ζ∈S}1 and ϕ. The class of ϕ_g (E) in ~A(M_g) is independent of the metric.

Write dd^c for the differential operator^{∂∂}_{2πi} . The theory of equivariant secondary characteristic classes is described in the following theorem.

Theorem 2.2. To every short exact sequence ε : 0 → E^′ → E → E^{′′} → 0 of equivariant hermitian vector bundles on M, there is a unique way to attach a class ~ϕ_g (ε) ∈ ~A(M_g) which satisfies the following three conditions: (i). ~ϕ_g (ε) satisfies the differential equation

dd^c ~ϕ_g (ε) = ϕ_g (E^′ ⊕ E^{′′}) − ϕ_g (E);

(ii). for every equivariant holomorphic map f : M^′ → M, ~ϕ_g (f^∗ε) = f^∗_g ~ϕ_g (ε); (iii). ~ϕ_g (ε) = 0 if ε is equivariantly and orthogonally split. Proof. This is [21, Theorem 3.4].

We now give some examples of equivariant character forms and their corresponding secondary characteristic classes.

Example 2.3. (i). The equivariant Chern character form ch_g (E) := � ζ∈S^1 ζch(Eζ ).

(ii). The equivariant Todd form Td_g (E) :=^{crkEg (Eg )}

ch_g (

�_{rkE} j=0 (−1)^j ∧^j E^∨ ) . As in [18,

Thm. 10.1.1] one can show that

Td_g (E) = Td(E_g ) � ζ≠1

det( 1 1 − ζ^{−1}e^{ΩEζ}2πi ).

(iii). Let ε : 0 → E^′ → E → E^{′′} → 0 be a short exact sequence of hermitian vector bundles. The secondary Bott-Chern characteristic class is given by ~ch_g (ε) = �_{ζ∈S1} ζ ~ch(ε_ζ ).

(iv). If the equivariant structure g^ε has the eigenvalues ζ_1, · · · , ζ_m, then the secondary Todd class is given by

~Td_g(ε) =^m � i=1 i−1� j=1 Td_g (E_{ζj} ) · ~Td(ε_{ζi} ) · m� j=i+1

Td_g(E^′_{ζj} + E^{′′}_{ζj} ).

Remark 2.4. One can use Theorem 2.2 to give a proof of the statements (iii) and (iv) in the examples above.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1055

Let E be an equivariant hermitian vector bundle with two different hermitian metrics h_1 and h_2, we shall write ~ϕ_g (E, h_1, h_2) for the equivariant secondary characteristic class associated to the exact sequence

0 → (E, h_1) → (E, h_2) → 0 → 0

where the map from (E, h_1) to (E, h_2) is the identity map.

2.2 Equivariant analytic torsion forms

In [7], J.-M. Bismut and K. Köhler extended the Ray-Singer analytic torsion to the higher analytic torsion form T for a holomorphic submersion. The purpose of making such an extension is that the differential equation on dd^cT gives a refinement of the Grothendieck-Riemann-Roch theorem. Later, in his article [23], X. Ma generalized J.-M. Bismut and K. Köhler’s results to the equivariant case. In this subsection, we shall briefly recall Ma’s construction of the equivariant analytic torsion form. This construction is not very important for understanding the rest of this article, but the equivariant analytic torsion form itself will be used to define a reasonable push-forward morphism between equivariant arithmetic G_0-groups.

We first fix some notations and assumptions. Let f : M → B be a proper holomorphic submersion of complex manifolds, and let T M, T B be the holomorphic tangent bundle on M, B. Denote by J^{T f} the complex structure on the real relative tangent bundle T_Rf, and assume that h^{T f} is a hermitian metric on T f which induces a Riemannian metric g^{T f} . Let T^H M be a vector subbundle of T M such that T M = T^H M ⊕T f, the following definition of Kähler fibration was given in [4, Def. 1.4].

Definition 2.5. The triple (f, h^{T f} , T^H M) is said to define a Kähler fibration if there exists a smooth real (1, 1)−form ω which satisfies the following three conditions:

(i). ω is closed;

(ii). T^H_R M and T_Rf are orthogonal with respect to ω; (iii). if X, Y ∈ T_Rf, then ω(X, Y ) = ⟨X, J^{T f} Y ⟩_gT f .

It was shown in [4, Thm. 1.5 and 1.7] that for a given Kähler fibration, the form ω is unique up to addition of a form f^∗η where η is a real, closed (1, 1)- form on B. Moreover, for any real, closed (1, 1)-form ω on M such that the bilinear map X, Y ∈ T_Rf → ω(J^{T f} X, Y ) ∈ R defines a Riemannian metric and hence a hermitian product h^{T f} on T f, we can define a Kähler fibration whose associated (1, 1)-form is ω. In particular, for a given f, a Kähler metric on M defines a Kähler fibration if we choose T^H M to be the orthogonal complement of T f in T M and ω to be the Kähler form associated to this metric. We now recall the Bismut superconnection of a Kähler fibration. Let (ξ, h^ξ ) be a hermitian complex vector bundle on M. Let ∇^{T f} , ∇^ξ be the holomorphic

Documenta Mathematica 15 (2010) 1049–1108

1056 Shun Tang

hermitian connections on (T f, h^{T f} ) and (ξ, h^ξ). Let ∇^{Λ(T ∗(0,1) f )} be the connection induced by ∇^{T f} on Λ(T^{∗(0,1)}f). Then we may define a connection on Λ(T^{∗(0,1)}f) ⊗ ξ by setting

∇^{Λ(T ∗(0,1) f )⊗ξ} = ∇^{Λ(T ∗(0,1) f )} ⊗ 1 + 1 ⊗ ∇^ξ .

Let E be the infinite-dimensional bundle on B whose fibre at each point b ∈ B consists of the C^∞ sections of Λ(T^{∗(0,1)}f) ⊗ ξ |_f −1_b. This bundle E is a smooth Z-graded bundle. We define a connection ∇^E on E as follows. If U ∈ T_RB, let U^H be the lift of U in T^H_R M so that f_∗U^H = U. Then for every smooth section s of E over B, we set

∇^E_U s = ∇^{Λ(T ∗(0,1) f )⊗ξ}

U^H s.

For b ∈ B, let ∂^{Zb} be the Dolbeault operator acting on E_b, and let ∂^{Zb∗} be its formal adjoint with respect to the canonical hermitian product on E_b (cf. [23, 1.2]). Let C(T_Rf) be the Clifford algebra of (T_Rf, h^{T f} ), then the bundle Λ(T^{∗(0,1)}f) ⊗ ξ has a natural C(T_Rf)-Clifford module structure. Actually, if U ∈ T f, let U^′ ∈ T^{∗(0,1)}f correspond to U defined by U^′(·) = h^{T f} (U, ·), then for U, V ∈ T f we set

c(U) = √ 2U^′∧, c(V ) = − √ 2i_V

where i_{(·)} is the contraction operator (cf. [9, Definition 1.6]). Moreover, if U, V ∈ T_RB, we set T (U^H , V^H ) = −P^{T f} [U^H , V^H ] where P^{T f} stands for the canonical projection from T M to T f.

Definition 2.6. Let e_1, . . . , e_{2m} be a basis of T_RB, and let e^1, . . . , e^{2m} be the dual basis of T^∗_R B. Then the element

c(T ) = 1 2 � 1≤α,β≤2m

e^α ∧ e^β ^⊗c(T (e^H_α , e^H_β ))

is a section of (f^∗Λ(T^∗_R B)^⊗End(Λ(T^{∗(0,1)}f) ⊗ ξ))^{odd}.

Definition 2.7. For u > 0, the Bismut superconnection on E is the differential operator

B_u = ∇^E + √ u(∂^Z + ∂^{Z∗}) − 1 2 √ 2u c(T )

on f^∗(Λ(T^∗_R B))^⊗(Λ(T^{∗(0,1)}f) ⊗ ξ).

Definition 2.8. Let N_V be the number operator on Λ(T^{∗(0,1)}f) ⊗ ξ and on E, namely N_V acts as multiplication by p on Λ^p(T^{∗(0,1)}f) ⊗ ξ. For U, V ∈ T_RB, set ω^{HH} (U, V ) = ω^M (U^H , V^H ) where ω^M is the closed form in the definition of Kähler fibration. Furthermore, for u > 0, set N_u = N_V +^{iωHH}_u .

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1057 We now turn to the equivariant case. Let G be a compact Lie group, we shall assume that all complex manifolds, hermitian vector bundles and holomorphic morphisms considered above are G−equivariant and all metrics are G-invariant. We will additionally assume that the direct images R^kf_∗ξ are all locally free so that the G-equivariant coherent sheaf R^·f_∗ξ is locally free and hence a Gequivariant vector bundle over B. [23, 1.2] gives a G-invariant hermitian metric (the L^2-metric) h^{R·f∗ξ} on the vector bundle R^·f_∗ξ.

For g ∈ G, let M_g = {x ∈ M | g·x = x} and B_g = {b ∈ B | g·b = b} be the fixed point submanifolds, then f induces a holomorphic submersion f_g : M_g → B_g . Let Φ be the homomorphism α → (2iπ)^{−degα/2} of Λ^{even}(T^∗_R B) into itself. We put ch_g(R^·f_∗ξ, h^{R·f∗ ξ}) =

dimM−dimB � k=0 (−1)^kch_g (R^kf_∗ξ, h^{Rk f∗ξ} ) and ch^′_g (R^·f_∗ξ, h^{R·f∗ξ}) =

dimM−dimB � k=0 (−1)^kkch_g (R^kf_∗ξ, h^{Rk f∗ξ}).

Definition 2.9. For s ∈ C with Re(s) > 1, let

ζ_1(s) = − 1 Γ(s)

�_1 0 u^{s−1}(ΦTr_s[gN_uexp(−B^2_u)] − ch^′_g (R^·f_∗ξ, h^{R·f∗ξ} ))du

and similarly for s ∈ C with Re(s) <^1_2 , let

ζ_2(s) = − 1 Γ(s)

�_∞ 1 u^{s−1}(ΦTr_s[gN_uexp(−B^2_u)] − ch^′_g (R^·f_∗ξ, h^{R·f∗ξ} ))du.

X. Ma has proved that ζ_1(s) extends to a holomorphic function of s ∈ C near s = 0 and ζ_2(s) is a holomorphic function of s.

Definition 2.10. The smooth form T_g(ω^M , h^ξ) :=^∂_{∂s} (ζ_1 + ζ_2)(0) on B_g is called the equivariant analytic torsion form. Theorem 2.11. The form T_g(ω^M , h^ξ) lies in � p≥0 A^{p,p}(B_g ) and satisfies the following differential equation

dd^cT_g(ω^M , h^ξ) = ch_g(R^·f_∗ξ, h^{R·f∗ξ} ) − � M_g /B_g

Td_g(T f, h^{T f} )ch_g (ξ, h^ξ ).

Here A^{p,p}(B_g ) stands for the space of smooth forms on B_g of type (p, p). Proof. This is [23, Theorem 2.12]. We define a secondary characteristic class

~ch_g (R^·f_∗ξ, h^{R· f}∗^ξ, h^{′R·f}∗^ξ ) :=^{dimM−dimB} � k=0 (−1)^k ~ch_g (R^kf_∗ξ, h^{Rk f∗ξ} , h^{′Rk f∗ξ} )

Documenta Mathematica 15 (2010) 1049–1108

1058 Shun Tang

such that it satisfies the following differential equation

dd^c ~ch_g(R^·f_∗ξ, h^{R·f∗ξ} , h^{′R·f∗ξ}) = ch_g (R^·f_∗ξ, h^{R· f∗ξ}) − ch_g(R^·f_∗ξ, h^{′R·f∗ ξ}),

then the anomaly formula can be described as follows.

Theorem 2.12. (Anomaly formula) Let ω^′ be the form associated to another Kähler fibration for f : M → B. Let h^{′T f} be the metric on T f in this new fibration and let h^{′ξ} be another metric on ξ. The following identity holds in ~A(B_g ) := �_{p≥0}(Ap,p(B_g )/(Im∂ + Im∂)):

T_g(ω^M , h^ξ) − T_g(ω^{′M} , h^{′ξ}) = ~ch_g (R^·f_∗ξ, h^{R· f∗ξ}, h^{′R·f∗ξ} ) − � M_g /B_g

[ ~Td_g (T f, h^{T f} , h^{′T f} )ch_g (ξ, h^ξ)

+ Td_g(T f, h^{′T f} ) ~ch_g(ξ, h^ξ , h^{′ξ})].

In particular, the class of T_g(ω^M , h^ξ) in ~A(B_g ) only depends on (h^{T f} , h^ξ).

Proof. This is [23, Theorem 2.13].

2.3 Equivariant Bott-Chern singular currents

The Bott-Chern singular current was defined by J.-M. Bismut, H. Gillet and C. Soulé in [5] in order to generalize the usual Bott-Chern secondary characteristic class to the case where one considers the resolutions of hermitian vector bundles associated to the closed immersions of complex manifolds. In [2], J.-M. Bismut generalized this topic to the equivariant case. We shall recall Bismut’s construction of the equivariant Bott-Chern singular current in this subsection. Similar to the equivariant analytic torsion form, the construction itself is not very important for understanding our later arguments, we just recall it for the convenience of the reader. Bismut’s construction was realized via some current valued zeta function which involves the supertraces of Quillen’s superconnections. This is similar to the non-equivariant case. As before, let g be the automorphism corresponding to an element in a compact Lie group G. Let i : Y → X be an equivariant closed immersion of G-equivariant Kähler manifolds, and let η be an equivariant hermitian vector bundle on Y . Assume that ξ. is a complex (of homological type) of equivariant hermitian vector bundles on X which provides a resolution of i_∗η. We denote the differential of the complex ξ. by v. Note that ξ. is acyclic outside Y and the homology sheaves of its restriction to Y are locally free and hence they are all vector bundles. We write H_n = H_n(ξ. |_Y ) and define a Z-graded bundle H = � n H_n. For each y ∈ Y and u ∈ T X_y, we denote by ∂_uv(y) the derivative of v at y in the direction u in any given holomorphic trivialization of ξ. near y. Then the map ∂_uv(y) acts on H_y as a chain map, and this action only depends on the image z of u in N_y where N stands for the normal bundle of i(Y ) in X. So we get a chain complex of holomorphic vector bundles (H, ∂_zv).

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1059

Let π be the projection from the normal bundle N to Y , then we have a canonical identification of Z-graded chain complexes

(π^∗H, ∂_zv) ∼= (π^∗(∧N^∨ ⊗ η), i_z).

For this, one can see [3, Section I. b]. Moreover, such an identification is an identification of G-bundles which induces a family of canonical isomorphisms γ_n : H_n ∼= ∧^nN^∨ ⊗ η. Another way to describe these canonical isomorphisms γ_n is applying [13, Exp. VII, Lemma 2.4 and Proposition 2.5]. These two constructions coincide because they are both locally, on a suitable open covering {U_j }_{j∈J} , determined by any complex morphism over the identity map of η |_{Uj} from (ξ. |_{Uj} , v) to the minimal resolution of η |_{Uj} (e.g. the Koszul resolution). The advantage of using the construction given in [13] is that it remains valid for arithmetic varieties over any base instead of the complex numbers. Later in [2], for the use of normalization, J.-M. Bismut considered the automorphism of N^∨ defined by multiplying a constant − √ −1, it induces an isomorphism of chain complexes

(π^∗(∧N^∨ ⊗ η), i_z) ∼= (π^∗(∧N^∨ ⊗ η), √ −1i_z)

and hence (π^∗H, ∂_zv) ∼= (π^∗(∧N^∨ ⊗ η), √ −1i_z).

This identification induces a family of isomorphisms ~γ_n : H_n ∼= ∧^nN^∨ ⊗ η. By finite dimensional Hodge theory, for each y ∈ Y , there is a canonical isomorphism H_y ∼= {f ∈ ξ._y | vf = 0, v^∗f = 0} where v^∗ is the dual of v with respect to the metrics on ξ.. This means that H can be regarded as a smooth Z-graded G-equivariant subbundle of ξ so that it carries an induced G-invariant metric. On the other hand, we endow ∧N^∨ ⊗ η with the metric induced from N and η. J.-M. Bismut introduced the following definition.

Definition 2.13. We say that the metrics on the complex of equivariant hermitian vector bundles ξ. satisfy Bismut assumption (A) if the identification (π^∗H, ∂_zv) ∼= (π^∗(∧N^∨ ⊗ η), √ −1i_z) also identifies the metrics, it is equivalent to the condition that the identification (π^∗H, ∂_z v) ∼= (π^∗(∧N^∨ ⊗ η), i_z ) identifies the metrics.

Proposition 2.14. There always exist G-invariant metrics on ξ. which satisfy Bismut assumption (A) with respect to the equivariant hermitian vector bundles N and η.

Proof. This is [2, Proposition 3.5].

From now on we always suppose that the metrics on a resolution satisfy Bismut assumption (A). Let ∇^ξ be the canonical hermitian holomorphic connection on ξ., then for each u > 0, we may define a G-invariant superconnection

C_u := ∇^ξ + √ u(v + v^∗)

Documenta Mathematica 15 (2010) 1049–1108

1060 Shun Tang

on the Z_2-graded vector bundle ξ. Moreover, let Φ be the map α ∈ ∧(T^∗_R X_g) → (2πi)^{−degα/2}α ∈ ∧(T^∗_R X_g ) and denote

(Td^{−1}_g )^′(N) := ∂ ∂b |_{b=0} (Td_g (b · Id −

Ω^N 2πi )^{−1})

where Ω^N is the curvature form associated to N. We recall as follows the construction of the equivariant singular current given in [2, Section VI]. Lemma 2.15. Let N_H be the number operator on the complex ξ. i.e. it acts on ξ_j as multiplication by j, then for s ∈ C and 0 < Re(s) <^1_2 , the current valued zeta function

Z_g(ξ.)(s) := 1 Γ(s)

�_∞ 0 u^{s−1}[ΦTr_s(N_H gexp(−C^2_u)) + (Td^{−1}_g )^′(N)ch_g (η)δ_{Yg} ]du

is well-defined on X_g and it has a meromorphic continuation to the complex plane which is holomorphic at s = 0.

Definition 2.16. The equivariant singular Bott-Chern current on X_g associated to the resolution ξ. is defined as

T_g(ξ.) := ∂ ∂s |_{s=0} Z_g(ξ.)(s).

Theorem 2.17. The current T_g(ξ.) is a sum of (p, p)-currents and it satisfies the differential equation dd^cT_g(ξ.) = i_{g ∗}ch_g (η)Td^{−1}_g (N) − � k (−1)^kch_g (ξ_k).

Moreover, the wave front set of T_g(ξ.) is contained in N^∨_{g,R} where N^∨_{g,R} stands for the underlying real bundle of the dual of N_g. Proof. This follows from [2, Theorem 6.7, Remark 6.8].

Finally, we recall a theorem concerning the relationship of equivariant Bott- Chern singular currents involved in a double complex. This theorem will be used to show that our definition of a general embedding morphism in equivariant arithmetic G_0-theory is reasonable. Theorem 2.18. Let χ : 0 → η_n → · · · → η_1 → η_0 → 0 be an exact sequence of equivariant hermitian vector bundles on Y . Assume that we have the following double complex consisting of resolutions of i_∗χ such that all rows are exact sequences. 0 � ξ_{n,·} � � · · · � ξ_{1,·} � � ξ_{0,·} � � 0

0 � i∗η_n � · · · � i∗η_1 � i∗η_0 � 0.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1061

For each k, we write ε_k for the exact sequence

0 → ξ_{n,k} → · · · → ξ_{1,k} → ξ_{0,k} → 0.

Then we have the following equality in ~U(X_g ) := � p≥0(D^{p,p}(X_g )/(Im∂+Im∂)) n� j=0 (−1)^j T_g(ξ_{j,·}) = i_{g∗}

~ch_g(χ)

Td_g(N) − � k (−1)^k ~ch_g (ε_k).

Here D^{p,p}(X_g ) stands for the space of currents on X_g of type (p, p).

Proof. This is [21, Theorem 3.14].

2.4 Bismut-Ma’s immersion formula

In this subsection, we shall recall Bismut-Ma’s immersion formula which reflects the behaviour of the equivariant analytic torsion forms of a Kähler fibration under composition of an immersion and a submersion. By translating to the equivariant arithmetic G_0-theoretic language, such a formula can be used to measure, in arithmetic G_0-theory, the difference between a push-forward morphism and the composition formed as an embedding morphism followed by a push-forward morphism. Although Bismut-Ma’s immersion formula plays a very important role in our arguments, we shall not recall its proof since it is rather long and technical.

Let i : Y → X be an equivariant closed immersion of G-equivariant Kähler manifolds. Let S be a complex manifold with the trivial G-action, and let f : Y → S, l : X → S be two equivariant holomorphic submersions such that f = l ∘ i. Assume that η is an equivariant hermitian vector bundle on Y and ξ. provides a resolution of i_∗η on X whose metrics satisfy Bismut assumption (A). Let ω^Y , ω^X be the real, closed and G-invariant (1, 1)-forms on Y , X which induce the Kähler fibrations with respect to f and l respectively. We additionally assume that ω^Y is the pull-back of ω^X so that the Kähler metric on Y is induced by the Kähler metric on X. As before, denote by N the normal bundle of i(Y ) in X. Consider the following exact sequence

N : 0 → T f → T l |_Y → N → 0

where N is endowed with the quotient metric, we shall write ~Td_g (T f, T l |_Y ) for ~Td_g (N ) the equivariant Bott-Chern secondary characteristic class associated to N . It satisfies the following differential equation

dd^c ~Td_g(T f, T l |_Y ) = Td_g (T f, h^{T f} )Td_g (N) − Td_g (T l |_Y , h^{T l}).

For simplicity, we shall suppose that in the resolution ξ., ξ_j are all l−acyclic and moreover η is f−acyclic. By an easy argument of long exact sequence, we have the following exact sequence

Ξ : 0 → l_∗(ξ_m) → l_∗(ξ_{m−1}) → . . . → l_∗(ξ_0) → f_∗η → 0.

Documenta Mathematica 15 (2010) 1049–1108

1062 Shun Tang

By the semi-continuity theorem, all the elements in the exact sequence above are vector bundles. In this case, we recall the definition of the L^2-metrics on direct images precisely as follows. We just take f_∗h^η as an example. Note that the semi-continuity theorem implies that the natural map

(R^0f_∗η)_s → H^0(Y_s, η |_{Ys} )

is an isomorphism for every point s ∈ S where Y_s stands for the fibre over s. We may endow H^0(Y_s, η |_{Ys} ) with a L^2-metric given by the formula

< u, v >_L2 := 1 (2π)^{ds} � Y_s

h^η(u, v) ω^{Y ds} d_s!

where d_s is the complex dimension of the fibre Y_s. It can be shown that these metrics depend on s in a C^∞ manner (cf. [9, p.278]) and hence define a hermitian metric on f_∗η. We shall denote it by f_∗h^η .

In order to understand the statement of Bismut-Ma’s immersion formula, we still have to recall an important concept defined by J.-M. Bismut, the equivariant R-genus. Let W be a G-equivariant complex manifold, and let E be an equivariant hermitian vector bundle on W . For ζ ∈ S^1 and s > 1 consider the zeta function

L(ζ, s) = ∞� k=1 ζ^k k^s

and its meromorphic continuation to the whole complex plane. Define the formal power series in x

~R(ζ, x) :=^∞ � n=0 � ∂L ∂s (ζ, −n) + L(ζ, −n) n� j=1 1 2j � x^n n! .

Definition 2.19. The Bismut equivariant R-genus of an equivariant hermitian vector bundle E with E |_{Xg} = � ζ E_ζ is defined as

R_g (E) := � ζ∈S^1 � Tr ~R(ζ, −

Ω^{Eζ} 2πi ) − Tr ~R(1/ζ,

Ω^{Eζ} 2πi ) �

where Ω^{Eζ} is the curvature form associated to E_ζ . Actually, the class of R_g(E) in ~A(X_g ) is independent of the metric and we just write R_g(E) for it. Furthermore, the class R_g(·) is additive.

Theorem 2.20. (Immersion formula) Let notations and assumptions be as

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1063

above. Then the equality m� i=0 (−1)^iT_g(ω^X , h^{ξi} ) − T_g(ω^Y , h^η) + ~ch_g(Ξ, h^{L2} )

= � X_g /S

Td_g (T l, h^{T l})T_g(ξ.) + � Y_g /S

~Td_g(T f, T l |_Y )

Td_g (N) ch_g (η) + � X_g /S

Td_g (T l)R_g(T l) m� i=0 (−1)^ich_g (ξ_i) − � Y_g /S

Td_g(T f)R_g(T f)ch_g (η)

holds in ~A(S).

Proof. This is the combination of [8, Theorem 0.1 and 0.2], the main theorems in that paper.

3 A vanishing theorem for equivariant closed immersions

3.1 The statement

By a projective manifold we shall understand a compact complex manifold which is projective algebraic, that means a projective manifold is the complex analytic space X(C) associated to a smooth projective variety X over C (cf. [17, Appendix B]). Let μ_n be the diagonalisable group variety over C associated to Z/nZ. We say X is μ_n-equivariant if it admits a μ_n-projective action, this means the associated projective manifold X(C) admits an action by the group of complex n-th roots of unity. Denote by X_{μn} the fixed point subscheme of X, by GAGA principle, X_{μn} (C) is equal to X(C)_g where g is the automorphism on X(C) corresponding to a fixed primitive n-th root of unity. If no confusion arises, we shall not distinguish between X and X(C) as well as X_{μn} and X_g . Since the classical arguments of locally free resolutions may not be compatible with the equivariant setting, we summarize some crucial facts we need as follows.

(i). Every equivariant coherent sheaf on an equivariantly projective scheme is an equivariant quotient of an equivariant locally free coherent sheaf. (ii). Every equivariant coherent sheaf on an equivariantly projective scheme admits an equivariant locally free resolution. It is finite if the equivariant scheme is regular.

(iii). An exact sequence of equivariant coherent sheaves on an equivariantly projective scheme admits an exact sequence of equivariant locally free resolutions.

(iv). Any two equivariant locally free resolutions of an equivariant coherent sheaf on an equivariantly projective scheme can be dominated by a third one. Now let i : Y → X be a μ_n-equivariant closed immersion of projective manifolds with normal bundle N. Let S be a projective manifold with the trivial μ_naction and let h : X → S be an equivariant holomorphic submersion whose

Documenta Mathematica 15 (2010) 1049–1108

1064 Shun Tang

restriction f : Y → S is an equivariant holomorphic submersion. According to our assumptions, we may define a Kähler fibration with respect to h by choosing a μ_n(C)-invariant Kähler form ω^X on X. By restricting ω^X to Y we obtain a Kähler fibration with respect to f. The same thing goes to h_g : X_g → S and f_g : Y_g → S. Let η be an equivariant hermitian holomorphic vector bundle on Y , assume that (ξ., v) is a complex of equivariant hermitian vector bundles on X which provides a resolution of i_∗η, whose metrics satisfy Bismut assumption (A).

Write N_g for the 0-degree part of N |_{Yg} which is isomorphic to the normal bundle of i_g (Y_g ) in X_g and denote by F the orthogonal complement of N_g . According to [13, Exp. VII, Lemma 2.4 and Proposition 2.5] we know that there exists a canonical isomorphism from the homology sheaf H(ξ. |_{Xg} ) to i_{g∗}(∧^·F^∨ ⊗ η |_{Yg} ) which is equivariant. Then the restriction of (ξ., v) to X_g can always split into a series of short exact sequences in the following way:

(∗) : 0 → Im → Ker → i_{g∗}(∧^·F^∨ ⊗ η |_{Yg} ) → 0 and (∗∗) : 0 → Ker → ξ. |_{Xg} → Im → 0.

Suppose that ∧^·F^∨ ⊗ η |_{Yg} and ξ. |_{Xg} are all acyclic (higher direct images vanish). Then according to an easy argument of long exact sequence, these short exact sequences (∗) and (∗∗) induce a series of short exact sequences of direct images:

H(∗) : 0 → R^0h_{g ∗}(Im) → R^0h_{g∗}(Ker) → R^0f_{g∗}(∧^·F^∨ ⊗ η |_{Yg} ) → 0 and H(∗∗) : 0 → R^0h_{g∗}(Ker) → R^0h_{g ∗}(ξ. |_{Xg} ) → R^0h_{g ∗}(Im) → 0.

By semi-continuity theorem, all elements in the exact sequences above are vector bundles. We endow R^0h_{g ∗}(ξ. |_{Xg} ) and R^0f_{g ∗}(∧^·F^∨ ⊗ η |_{Yg} ) with the L^2-metrics which are induced by the metrics on ξ., η and F . Here the normal bundle N admits the quotient metric induced from the exact sequence

0 → T f → T h |_Y → N → 0

and the bundle F admits the metric induced by the metric on N. Moreover, we endow R^0h_{g ∗}(Im) and R^0h_{g ∗}(Ker) with the metrics induced by the L^2- metrics of R^0h_{g∗}(ξ. |_{Xg} ) so that H(∗) and H(∗∗) become short exact sequences of equivariant hermitian vector bundles. Denote by ~ch_g (ξ., η) the alternating sum of the equivariant secondary Bott-Chern characteristic classes of H(∗) and H(∗∗) such that it satisfies the following differential equation

dd^c ~ch_g(ξ., η) = � j (−1)^j ch_g (R^0f_{g∗}(∧^j F^∨ ⊗ η |_{Yg} )) − � j (−1)^j ch_g (R^0h_{g∗}(ξ_j |_{Xg} )).

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1065

Now the difference

δ(i, η, ξ.) := ~ch_g (ξ., η) − � k (−1)^kT_g (ω^{Yg} , h^{∧k F ∨ ⊗η|Yg} ) + � k (−1)^kT_g(ω^{Xg} , h^{ξk |Xg} ) − � X_g /S

T_g(ξ.)Td(T h_g) − � Y_g /S

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g ) − � Y_g /S

ch_g (η)Td^{−1}_g (N) ~Td(T f_g, T h_g |_{Yg} )

makes sense and it is an element in � p≥0 A^{p,p}(S)/(Im∂ + Im∂). Here the symbols T_g(·) in the summations stand for analytic torsion forms introduced in Section 2.1, the symbol T_g(ξ.) in the integral is the equivariant Bott-Chern singular current introduced in Section 2.2.

The vanishing theorem for equivariant closed immersions can be formulated as the following.

Theorem 3.1. Let i : Y → X be an equivariant closed immersion of projective manifolds, and let S be a projective manifold with the trivial μ_n-action. Assume that we are given two equivariant holomorphic submersions f : Y → S and h : X → S such that f = h ∘ i. Then X admits an equivariant hermitian very ample invertible sheaf L relative to the morphism h, and for any equivariant hermitian resolution 0 → ξ_m → · · · ξ_1 → ξ_0 → i_∗η → 0 we have

δ(i, η ⊗ i^∗L^{⊗n}, ξ. ⊗ L^{⊗n}) = 0 for n ≫ 0.

Here the metrics on the resolution are supposed to satisfy Bismut assumption (A).

3.2 Deformation to the normal cone

To prove the vanishing theorem for closed immersions, we use a geometric construction called the deformation to the normal cone which allows us to deform a resolution of hermitian vector bundle associated to a closed immersion of projective manifolds to a simpler one. The δ-difference of this new simpler resolution is much easier to compute.

Let i : Y → X be a closed immersion of projective manifolds with normal bundle N_{X/Y} . For a vector bundle E on X or Y , the notation P(E) will stand for the projective space bundle Proj(Sym(E^∨)).

Definition 3.2. The deformation to the normal cone W (i) of the immersion i is the blowing up of X × P^1 along Y × {∞}. We shall just write W for W (i) if there is no confusion about the immersion.

Documenta Mathematica 15 (2010) 1049–1108

1066 Shun Tang

There are too many geometric objects and morphisms appearing in the construction of the deformation to the normal cone, we have to fix various notations in a clear way. We denote by p_X (resp. p_Y ) the projection X × P^1 → X (resp. Y × P^1 → Y ) and by π the blow-down map W → X × P^1. We also denote by q_X (resp. q_Y ) the projection X × P^1 → P^1 (resp. Y × P^1 → P^1) and by q_W the composition q_X ∘ π. It is well known that the map q_W is flat and for t ∈ P^1, we have q^{−1}_W (t) ∼= � X × {t}, if t ≠ ∞, P ∪ ~X, if t = ∞,

where ~X is isomorphic to the blowing up of X along Y and P is isomorphic to the projective completion of N_{X/Y} i.e. the projective space bundle P(N_{X/Y} ⊕ O_Y ). Denote the canonical projection from P(N_{X/Y} ⊕ O_Y ) to Y by π_P , then the morphism O_Y → N_{X/Y} ⊕ O_Y induces a canonical section i_∞ : Y → P(N_{X/Y} ⊕ O_Y ) which is called the zero section embedding. Moreover, let j : Y × P^1 → W be the canonical closed immersion induced by i × Id, then the component ~X doesn’t meet j(Y × P^1) and the intersection of j(Y × P^1) with P is exactly the image of Y under the section i_∞.

The advantage of the construction of the deformation to the normal cone is that we may control the rational equivalence class of the fibres q^{−1}_W (t). More precisely, in the language of line bundles, we have the isomorphisms O(X) ∼= O(P + ~X) ∼= O(P ) ⊗ O( ~X) which is an immediate consequence of the isomorphism O(0) ∼= O(∞) on P^1.

On P = P(N_{X/Y} ⊕ O_Y ), there exists a tautological exact sequence

0 → O(−1) → π^∗_P (N_{X/Y} ⊕ O_Y ) → Q → 0

where Q is the tautological quotient bundle. This exact sequence and the inclusion O_P → π^∗_P (N_{X/Y} ⊕ O_Y ) induce a section σ : O_P → Q which vanishes along the zero section i_∞(Y ). By duality we get a morphism Q^∨ → O_P , and this morphism induces the following exact sequence

0 → ∧^nQ^∨ → · · · → ∧^2Q^∨ → Q^∨ → O_P → i_{∞∗}O_Y → 0

where n is the rank of Q. Note that i_∞ is a section of π_P i.e. π_P ∘ i_∞ = Id, the projection formula implies the following definition.

Definition 3.3. For any vector bundle η on Y , the following complex of vector bundles

0 → ∧^nQ^∨ ⊗ π^∗_P η → · · · → ∧^2Q^∨ ⊗ π^∗_P η → Q^∨ ⊗ π^∗_P η → π^∗_P η → 0

provides a resolution of i_{∞∗}η on P . This complex is called the Koszul resolution of i_{∞∗}η and will be denoted by κ(η, N_{X/Y} ). If the normal bundle N_{X/Y} admits some hermitian metric, then the tautological exact sequence induces a hermitian metric on Q. If, moreover, the bundle η also admits a hermitian metric, then the Koszul resolution is a complex of hermitian vector bundles and will be denoted by κ(η, N_{X/Y} ).

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1067

Now, assume that X is a μ_n-equivariant projective manifold and E is an equivariant locally free sheaf on X. Then according to [20, (1.4) and (1.5)], P(E) admits a canonical μ_n-equivariant structure such that the projection map P(E) → X is equivariant and the canonical bundle O(1) admits an equivariant structure. Moreover, let Y → X be an equivariant closed immersion of projective manifolds, according to [20, (1.6)] the action of μ_n on X can be extended to the blowing up Bl_Y X such that the blow-down map is equivariant and the canonical bundle O(1) admits an equivariant structure. So by endowing P^1 with the trivial μ_n-action, the construction of the deformation to the normal cone described above is compatible with the equivariant setting. For the use of our later arguments, the Kähler metric chosen on W should be well controlled on the fibres of the deformation. For this purpose, it is necessary to introduce the following definition.

Definition 3.4. (Rössler) A metric h on W is said to be normal to the deformation if (a). it is invariant and Kähler;

(b). the restriction h |_{jg ∗(Yg ×P}1_) is a product h^′ × h^{′′}, where h^′ is a Kähler metric on Y_g and h^{′′} is a Kähler metric on P^1;

(c). the intersections of X × {0} with j_∗(Y × P^1) and of P with j_∗(Y × P^1) are orthogonal at the fixed points.

Lemma 3.5. For any μ_n-invariant Kähler metric h^X on X which induces an invariant Kähler metric h^Y on Y , there exists a metric h^W on W which is normal to the deformation and the restriction of h^W to X ∼= X × {0} (resp. Y ∼= Y × {∞}) is exactly h^X (resp. h^Y ). Moreover, we may require that the hermitian normal bundles N_{Y ×P}1_{/Y ×{0}} and N_{Y ×P}1_{/Y ×{∞}} are both isometric to the trivial bundles with trivial metrics.

Proof. The existence of the metric which is normal to the deformation is the content of [21, Lemma 6.13] and [28, Lemma 6.14], such a metric is constructed via the Grassmannian graph construction. Roughly speaking, according to another description of the deformation to the normal cone via the Grassmannian graph construction, we have an embedding W → X × P^r × P^1 and the metric h^W is the μ_n-average of the restriction of a product metric on X × P^r × P^1 (cf. [28, Lemma 6.14]). When we endow X in the product with the metric h^X , the requirements on restrictions are automatically satisfied since h^X is μ_n-invariant. To fulfill the requirements on hermitian normal bundles, we may just choose the Fubini-Study metric on P^1.

We summarize some very important results about the application of the deformation to the normal cone as follows. Their proofs can be found in [21, Section 2 and 6.2].

Theorem 3.6. Let i : Y → X be an equivariant closed immersion of equivariant projective manifolds, and let W = W (i) be the deformation to the normal cone of i. Assume that η is an equivariant hermitian vector bundle on Y . Then

Documenta Mathematica 15 (2010) 1049–1108

1068 Shun Tang

(i). there exists an equivariant hermitian resolution of j_∗p^∗_Y (η) on W , whose metrics satisfy Bismut assumption (A) and whose restriction to ~X is equivariantly and orthogonally split;

(ii). the natural morphism from the deformation to the normal cone W (i_g) to the fixed point submanifold W (i)_g is a closed immersion, this closed immersion induces the closed immersions P(N_{Xg /Yg} ⊕ O_{Yg} ) → P(N_{X/Y} ⊕ O_Y )_g and ~X_g → ~X_g ;

(iii). the fixed point submanifold of P(N_{X/Y} ⊕ O_Y ) is P(N_{Xg /Yg} ⊕ O_{Yg} ) � ζ≠1 P((NX/Y )ζ );

(iv). the closed immersion i_{∞,g} factors through P(N_{Xg /Yg} ⊕ O_{Yg} ) and the other components P((N_{X/Y} )_ζ ) don’t meet Y . Hence the complex κ(O_Y , N_{X/Y} )_g , obtained by taking the 0-degree part of the Koszul resolution, provides a resolution of O_{Yg} on P(N_{X/Y} ⊕ O_Y )_g .

3.3 Proof of the vanishing theorem

We shall first prove the first part of the vanishing theorem for closed immersions i.e. the existence of an equivariant hermitian very ample invertible sheaf on X which is relative to the morphism h : X → S. Generally speaking, such an invertible sheaf can be constructed rather easily since X admits a μ_n-projective action and the μ_n-action on S is supposed to be trivial, but for the whole proof of the vanishing theorem we would like to construct a special one which is the pull-back of some equivariant hermitian very ample invertible sheaf on W (i) under the identification X ∼= X × {0}. Our starting point is the following.

Definition 3.7. Let M be a μ_n-projective manifold, and let P^n_M be some relative projective space over M. A μ_n-action on P^n_M arising from some μ_naction on the free sheaf O^{⊕n+1}_M via the functorial properties of the Proj symbol will be called a global μ_n-action.

The advantage of considering global μ_n-action is that on a projective space which admits a global μ_n-action the twisted line bundle O(1) is naturally μ_nequivariant.

Lemma 3.8. The morphism h : X → S factors though some relative projective space P^r_S which admits a global μ_n-action.

Proof. By assumption, X admits a μ_n-projective action. Then [21, Lemma 2.4 and 2.5] imply that there exists an equivariant closed immersion from X to some projective space P^r endowed with a global action. By using the universal property of fibre product, we obtain a morphism from X to P^r_S = S × P^r which is equivariant. Moreover, this morphism is clearly a closed immersion. Since the action on S is trivial, the induced action on the fibre product S × P^r is still global. So we are done.

Lemma 3.9. Let l : W (i) → S be the composition h ∘ p_X ∘ π. Then W (i) admits an equivariant very ample invertible sheaf L which is relative to l.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1069

Proof. By Lemma 3.8, h : X → S factors through some relative projective space P^r_S which admits a global μ_n-action. So X admits an equivariant very ample invertible sheaf relative to h. Since the μ_n-action on S is supposed to be trivial, P^1_X = X×P^1 ∼= X×_S P^1_S also admits an equivariant very ample invertible sheaf relative to the morphism h ∘ p_X which is denoted by G. Moreover, by construction, W (i) admits a very ample invertible sheaf O_W (1) ⊗ π^∗G^{⊗b} for some b ≥ 0 which is relative to the blow-down map π (cf. [17, II. Proposition 7.10]). Assume that P^1_X ×_S P^m_S is the relative projective space associated to O_W (1) ⊗ π^∗G^{⊗b}, and that P^n_S is the relative projective space associated to G. Then the very ample invertible sheave on P^1_X ×_S P^m_S with respect to the embedding P^1_X ×_S P^m_S → P^n_S ×_S P^m_S

can be written as G ⊠ O_Pm_S (1) whose restriction to W (i) is equal to O_W (1) ⊗ π^∗G^{⊗b+1}. Therefore, O_W (1)⊗π^∗G^{⊗b+1} is a very ample invertible sheaf on W (i) relative to l : W (i) → S, this invertible sheaf is clearly equivariant.

From now on, we shall fix the equivariant very ample invertible sheaf L constructed in Lemma 3.9. We also fix a μ_n-invariant hermitian metric on L, note that this metric always exists according to an argument of partition of unity. When we deal with the tensor product of a coherent sheaf F with some power L^{⊗n}, we just write it as F(n) for simplicity. Before we give the proof of the rest of the vanishing theorem, we shall recall the concept of equivariant standard complex and some technical results.

Definition 3.10. Let S be a projective manifold and let ξ. be a bounded complex of hermitian vector bundles on S. We say ξ. is a standard complex if the homology sheaves of ξ. are all locally free and they are endowed with some hermitian metrics. We shall write a standard complex as (ξ., h^H ) to emphasize the choice of the metrics on the homology sheaves.

Definition 3.11. Let S be an equivariant projective manifold. An equivariant standard complex on S is a bounded complex of equivariant hermitian vector bundles on S whose restriction to S_g is standard and the metrics on the homology sheaves are g-invariant. Again we shall write an equivariant standard complex as (ξ., h^H ) to emphasize the choice of the metrics on the homology sheaves.

Due to [29, Theorem 5.9], to every equivariant standard complex (ξ., h^H ) on an equivariant projective manifold S, there is a unique axiomatical way to associate an element ~ch_g(ξ., h^H ) in � p≥0 A^{p,p}(S_g )/(Im∂ + Im∂) which satisfies the differential equation

dd^c ~ch_g (ξ., h^H ) = � j (−1)^j ch_g(H_j (ξ. |_{Sg} )) − � j (−1)^j ch_g (ξ_j ).

Let 0 → ξ.^′ → ξ. → ξ.^{′′} → 0 be a short exact sequence of equivariant standard complexes on S. Then by restricting to the fixed point submanifold S_g , we get a

Documenta Mathematica 15 (2010) 1049–1108

1070 Shun Tang

short exact sequence of standard complexes 0 → ξ.^′ |_{Sg} → ξ. |_{Sg} → ξ.^{′′} |_{Sg} → 0. Hence we obtain a long exact sequence of homology sheaves of these three standard complexes. We shall make a stronger assumption. Suppose that for any j ≥ 0, we have short exact sequence 0 → H_j (ξ.^′ |_{Sg} ) → H_j (ξ. |_{Sg} ) → H_j (ξ.^{′′} |_{Sg} ) → 0 which is denoted by χ_j . Moreover, for any j ≥ 0, denote by ε_j the short exact sequence 0 → ξ^′_j → ξ_j → ξ^{′′}_j → 0.

Lemma 3.12. Let notations and assumptions be as above. The identity

~ch_g (ξ.^′, h^H ) − ~ch_g (ξ., h^H ) + ~ch_g (ξ.^{′′}, h^H ) = � (−1)^j ~ch_g (χ_j ) − � (−1)^j ~ch_g (ε_j )

holds in � p≥0 A^{p,p}(S_g )/(Im∂ + Im∂).

Proof. On S_g, every equivariant standard complex (ξ., h^H ) splits into a series of short exact sequences of equivariant hermitian vector bundles in the following way 0 → Im → Ker → H. → 0 and 0 → Ker → ξ. |_{Sg} → Im → 0.

According to the argument given after [29, Remark 5.10], ~ch_g (ξ., h^H ) is equal to the alternating sum of the equivariant Bott-Chern secondary characteristic classes of the short exact sequences above. Now since we have supposed that 0 → H_j (ξ.^′ |_{Sg} ) → H_j (ξ. |_{Sg} ) → H_j (ξ.^{′′} |_{Sg} ) → 0 are all exact, by using Snake lemma, we know that 0 → Im(ξ.^′ |_{Sg} ) → Im(ξ. |_{Sg} ) → Im(ξ.^{′′} |_{Sg} ) → 0 and 0 → Ker(ξ.^′ |_{Sg} ) → Ker(ξ. |_{Sg} ) → Ker(ξ.^{′′} |_{Sg} ) → 0 are also all exact sequences. Then the identity in the statement of this lemma immediately follows from the construction of ~ch_g (ξ., h^H ) and the additivity property of the equivariant Bott- Chern secondary characteristic classes.

Corollary 3.13. Let 0 → ξ.^{(m)} → · · · → ξ.^{(1)} → ξ.^{(0)} → 0 be an exact sequence of equivariant standard complexes on S such that for every j ≥ 0, 0 → H_j (ξ.^{(m)} |_{Sg} ) → · · · → H_j (ξ.^{(1)} |_{Sg} ) → H_j (ξ.^{(0)} |_{Sg} ) → 0 is exact. Then the identity m� k=0 (−1)^k ~ch_g(ξ.^{(k)}, h^H ) = � (−1)^j ~ch_g(χ_j ) − � (−1)^j ~ch_g (ε_j )

holds in � p≥0 A^{p,p}(S_g )/(Im∂ + Im∂).

Proof. We claim that for every 1 ≤ k ≤ m, the kernel of the complex morphism ξ.^{(k)} → ξ.^{(k−1)} is still an equivariant standard complex on S. It is clear that we only need to prove this for k = 1. Firstly, the kernel of ξ.^{(1)} → ξ.^{(0)} is a complex of equivariant hermitian vector bundles, let’s denote it by K. By restricting to

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1071

S_g and using an argument of long exact sequence, we know that the homology sheaves of K |_{Sg} are all equivariant hermitian vector bundles since for any j ≥ 0 the bundle morphism H_j (ξ.^{(1)} |_{Sg} ) → H_j (ξ.^{(0)} |_{Sg} ) is already surjective. Therefore, the assumption of exactness on homologies implies that we can split 0 → ξ.^{(m)} → · · · → ξ.^{(1)} → ξ.^{(0)} → 0 into a series of short exact sequences of equivariant standard complexes, so the identity in the statement of this corollary follows from Lemma 3.12.

Remark 3.14. A generalized version of Corollary 3.13, in which the exact sequence of (equivariant) standard complexes is replaced by an (equivariant) double standard complex was obtained in Xiaonan Ma’s Ph.D thesis (cf. [24]) where more discussions concerning spectral sequences were involved. Anyway, for arithmetical reason, we only need these special versions as in Lemma 3.12 and Corollary 3.13.

Now we turn back to our proof of the vanishing theorem. As before, let W = W (i) be the deformation to the normal cone associated to an equivariant closed immersion of projective manifolds i : Y → X. For simplicity, denote by P^0_g the projective space bundle P(N_{Xg /Yg} ⊕ O_{Yg} ). Moreover, given an invariant Kähler metric on X, we fix an invariant Kähler metric on W which is constructed in Lemma 3.5. In this situation, all normal bundles appearing in the construction of the deformation to the normal cone will be endowed with the quotient metrics. We recall the following lemma.

Lemma 3.15. Over W (i_g), there are hermitian metrics on O(X_g ), O(P^0_g ) and O( ~X_g ) such that the isometry O(X_g) ∼= O(P^0_g ) ⊗ O( ~X_g) holds and such that the restriction of O(X_g) to X_g yields the metric of N_{W (ig )/Xg} , the restriction of O( ~X_g) to ~X_g yields the metric of N_{W (ig )/ ~Xg} and the restriction of O(P^0_g ) to P^0_g induces the metric of N_{W (ig )/P} 0_g .

Proof. This is [21, Lemma 6.15].

Definition 3.16. Let η be an equivariant hermitian vector bundle on Y , we say that a resolution

Ξ : 0 → ~ξ_m → · · · → ~ξ_0 → j_∗p^∗_Y (η) → 0

satisfies the condition (T) if (i). the metrics on ~ξ. satisfy Bismut assumption (A);

(ii). the restriction of Ξ to ~X is an equivariantly and orthogonally split exact sequence;

(iii). the restrictions of Ξ_∇ to W (i_g ), X_g, P^0_g , ~X_g and P^0_g ∩ ~X_g are complexes with l-acyclic elements and l-acyclic homologies, here Ξ_∇ is the complex of hermitian vector bundles obtained by omitting the last term j_∗p^∗_Y (η) in Ξ;

Documenta Mathematica 15 (2010) 1049–1108

1072 Shun Tang

(iv). the tensor products Ξ_∇ |_{W (ig )} ⊗O(−X_g), Ξ_∇ |_{W (ig )} ⊗O(−P^0_g ) and Ξ_∇ |_{W (ig )} ⊗O(− ~X_g) are complexes with l-acyclic elements and l-acyclic homologies.

From Theorem 3.6 (i), we already know that there always exists a resolution of j_∗p^∗_Y (η) which satisfies the conditions (i) and (ii) in Definition 3.16. Let Ξ be such a resolution, we have the following.

Proposition 3.17. For n ≫ 0, Ξ(n) satisfies the condition (T).

Proof. The reason is that W (i_g), X_g, P^0_g , ~X_g and P^0_g ∩ ~X_g are all closed submanifolds of W .

It is well known that both two squares in the following deformation diagram

Y × {0}^{s0} � i � Y × P^1 j � Y × {∞}

s_∞ � i_∞ � X × {0} � W P(N_{X/Y} ⊕ N_P1_{/∞}) � are Tor-independent. Moreover, according to our choices of the Kähler metrics, we may identify Y × {0} with Y , X × {0} with X, Y × {∞} with Y and P(N_{X/Y} ⊕ N_P1_{/∞}) with P = P(N_{X/Y} ⊕ O_Y ). So if Ξ is a resolution of j_∗p^∗_Y (η) on W , then the restriction of Ξ to X (resp. P ) provides a resolution of i_∗η (resp. i_{∞∗}η). The following theorem is the kernel of the whole proof of the vanishing theorem.

Theorem 3.18. (Deformation theorem) Let Ξ be a resolution of j_∗p^∗_Y (η) on W which satisfies the condition (T), then we have δ(Ξ |_X ) = δ(Ξ |_P ).

Proof. Consider the following tensor product of Ξ_∇ |_{W (ig )} with the Koszul resolution associated to the immersion X_g → W (i_g )

0 → Ξ_∇ |_{W (ig )} ⊗O(−X_g) → Ξ_∇ |_{W (ig )} ⊗O_{W (ig )} → Ξ_∇ |_{W (ig )} ⊗i_{Xg ∗}O_{Xg} → 0.

We have to caution the reader that here the tensor product is not the usual tensor product of two complexes, precisely our resulting sequence is a double complex and we don’t take its total complex. Since we have assumed that Ξ satisfies the condition (T), this tensor product induces a short exact sequence of equivariant standard complexes on S by taking direct images. For j ≥ 0, its j-th row is the following short exact sequence

ε_j : 0 → R^0l^0_{g ∗}(O(−X_g ) ⊗ ~ξ_j |_{W (ig )}) → R^0l^0_{g∗}(~ξ_j |_{W (ig )}) → R^0h_{g ∗}(~ξ_j |_{Xg} ) → 0

where l^0_g is the composition of the inclusion W (i_g) → W with the morphism l.

Note that the j-th homology of Ξ_∇ |_{W (ig )} is equal to j_{g ∗}(∧^j ~F^∨ ⊗p^∗_{Yg} η |_{Yg} ) |_{W (ig )} where ~F is the non-zero degree part of the normal bundle associated to the

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1073

immersion j. Actually j_g factors through j^0_g : Y_g × P^1 → W (i_g ), then the j-th homology of Ξ_∇ |_{W (ig )} can be rewritten as j^0_{g ∗}(∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} ). Write Y_{g,0} := Y_g × {0} for simplicity. Using the fact that j^0_g^∗O(−X_g ) is isomorphic to O(−Y_{g,0}), we deduce from the short exact sequence

0 → j^0_{g ∗}(O(−Y_{g,0}) ⊗ ∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} ) → j^0_{g ∗}(O_{Yg ×P}1 ⊗ ∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )

→ j^0_{g ∗}(i_{Yg ∗}O_{Yg} ⊗ ∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} ) → 0

that the j-th homologies of the induced short exact sequence of equivariant standard complexes form a short exact sequence

χ_j : 0 → R^0u_{g∗}(O(−Y_{g,0}) ⊗ ∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} ) → R^0u_{g∗}(∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} ) → R^0f_{g∗}(∧^j F^∨ ⊗ η |_{Yg} ) → 0

where u_g is the composition of the inclusion Y_g × P^1 → W (i_g) with the morphism l^0_g .

The main idea of this proof is that the equivariant Bott-Chern secondary characteristic class of the quotient term of the induced short exact sequence of equivariant standard complexes is nothing but ~ch_g(Ξ_∇ |_X , h^H ) which appears in the expression of δ(Ξ |_X ) and the equivariant secondary characteristic classes of χ_j , ε_j can be computed by Bismut-Ma’s immersion formula. Precisely, denote by g_{Xg} the Euler-Green current associated to X_g which was constructed by Bismut, Gillet and Soulé in [6, Section 3. (f)], it satisfies the differential equation dd^cg_{Xg} = δ_{Xg} −c_1(O(X_g)). We write Td(X_g ) for Td(O(X_g )), [6, Theorem 3.17] implies that Td^{−1}(X_g )g_{Xg} is equal to the singular Bott-Chern current of the Koszul resolution associated to X_g → W (i_g ) modulo Im∂ + Im∂. Moreover, write ξ. for the restriction Ξ_∇ |_X . Then for any j ≥ 0, we compute

~ch_g (ε_j ) =T_g(ω^Xg , h^ξj^|Xg ) − T_g(ω^{W (i}g^), h^{~ξ}j^|W (ig ) )

+ T_g(ω^{W (ig )}, h^{O(−Xg )⊗~ξj |W (ig )} ) + � W (i_g )/S

ch_g (~ξ_j )Td(T l^0_g)Td^{−1}(X_g )g_{Xg} + � X_g /S

ch_g(ξ_j )Td^{−1}(N_{W (ig )/Xg} ) ~Td(T h_g, T l^0_g |_{Xg} ) + � X_g /S

ch_g (ξ_j )R(N_{W (ig )/Xg} )Td(T h_g).

Here, one should note that to simplify the last two terms in the right-hand side of Bismut-Ma’s immersion formula, we have used an Atiyah-Segal-Singer type formula for immersion

i_{g∗}(Td^{−1}_g (N)ch_g(x)) = ch_g (i_∗(x)).

Documenta Mathematica 15 (2010) 1049–1108

1074 Shun Tang This formula is the content of [21, Theorem 6.16]. Similarly, for any j ≥ 0, we compute

~ch_g (χ_j ) =T_g(ω^Yg , h^{∧j F ∨⊗η|}Yg ) − T_g(ω^Yg^{×P1} , h^{∧j ~F ∨ ⊗p∗}Yg^{η|Y}g ) + T_g(ω^{Yg ×P1} , h^{O(−Yg,0)⊗∧j ~F ∨⊗p∗Yg η|Yg} ) + � Y_g ×P^1/S

ch_g (∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g)Td^{−1}(Y_{g,0})g_{Yg,0} + � Y_g /S

ch_g(∧^j F^∨ ⊗ η |_{Yg} )Td^{−1}(N_{Yg ×P}1_{/Yg,0} ) ~Td(T f_g, T u_g |_{Yg,0} ) + � Y_g /S

ch_g (∧^j F^∨ ⊗ η |_{Yg} )R(N_{Yg ×P}1_{/Yg,0} )Td(T f_g).

Denote by Ω(W (i_g)) (resp. Ω(−X_g)) the middle (resp. sub) term of the induced short exact sequence of equivariant standard complexes. According to Lemma 3.12, we have

~ch_g (Ξ_∇ |_X , h^H ) − ~ch_g (Ω(W (i_g )), h^H ) + ~ch_g(Ω(−X_g), h^H ) = � (−1)^j ~ch_g(χ_j ) − � (−1)^j ~ch_g (ε_j ) = � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨ ⊗η|Yg} ) − � (−1)^j T_g(ω^{Yg ×P1} , h^{∧j ~F ∨ ⊗p∗Yg η|Yg} ) + � (−1)^j T_g (ω^{Yg ×P1} , h^{O(−Yg,0)⊗∧j ~F ∨⊗p∗Yg η|Yg} ) + � Y_g ×P^1/S � (−1)^j ch_g(∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g)Td^{−1}(Y_{g,0})g_{Yg,0} + � Y_g /S � (−1)^j ch_g(∧^j F^∨ ⊗ η |_{Yg} )Td^{−1}(N_{Yg ×P}1_{/Yg,0} ) ~Td(T f_g, T u_g |_{Yg,0} ) + � Y_g /S � (−1)^j ch_g (∧^j F^∨ ⊗ η |_{Yg} )R(N_{Yg ×P}1_{/Yg,0} )Td(T f_g) − � (−1)^j T_g (ω^{Xg} , h^{ξj |Xg} ) + � (−1)^j T_g(ω^{W (ig )}, h^{~ξj |W (ig )} ) − � (−1)^j T_g (ω^{W (ig )}, h^{O(−Xg )⊗~ξj |W (ig )} ) − � W (i_g )/S � (−1)^j ch_g(~ξ_j )Td(T l^0_g)Td^{−1}(X_g)g_{Xg} − � X_g /S � (−1)^j ch_g(ξ_j )Td^{−1}(N_{W (ig )/Xg} ) ~Td(T h_g, T l^0_g |_{Xg} ) − � X_g /S � (−1)^j ch_g (ξ_j )R(N_{W (ig )/Xg} )Td(T h_g). (1)

Similarly, we consider the tensor products of Ξ_∇ |_{W (ig )} with the following three Koszul resolutions 0 → O(−P^0_g ) → O_{W (ig )} → i_P 0_{g ∗}O_P 0_g → 0,

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1075

0 → O(− ~X_g) → O_{W (ig )} → i_{~Xg ∗}O_{~Xg} → 0, and 0 → O(− ~X_g) ⊗ O(−P^0_g ) → O(− ~X_g )⊕O(−P^0_g ) → O_{W (ig )}

→ i_{~Xg ∩P 0g ∗}O_{~Xg ∩P 0g} → 0.

We shall still denote by χ. (resp. ε.) the exact sequences consisting of homologies (resp. elements) in the induced exact sequences of equivariant standard complexes.

For the first one, denote by g_P 0_g the Euler-Green current associated to P^0_g and write ξ.^∞ for the restriction Ξ_∇ |_P . Moreover, denote by Ω(−P^0_g ) the sub term of the induced short exact sequence of equivariant standard complexes and denote by b_g the composition of the inclusion P^0_g → W (i_g ) with the morphism l^0_g . According to Lemma 3.12, we have

~ch_g (Ξ_∇ |_{P 0g} , h^H ) − ~ch_g (Ω(W (i_g )), h^H ) + ~ch_g(Ω(−P^0_g ), h^H ) = � (−1)^j ~ch_g(χ_j ) − � (−1)^j ~ch_g(ε_j ) = � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨∞⊗η|Yg} ) − � (−1)^j T_g(ω^{Yg ×P1} , h^{∧j ~F ∨⊗p∗Yg η|Yg} ) + � (−1)^j T_g(ω^{Yg ×P1} , h^{O(−Yg,∞)⊗∧j ~F ∨ ⊗p∗Yg η|Yg} ) + � Y_g ×P^1/S � (−1)^j ch_g (∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g)Td^{−1}(Y_{g,∞})g_{Yg,∞} + � Y_g /S { � (−1)^j ch_g(∧^j F^∨_∞ ⊗ η |_{Yg} )Td^{−1}(N_{Yg ×P}1_{/Yg,∞} )

· ~Td(T f_g, T u_g |_{Yg,∞} )} + � Y_g /S � (−1)^j ch_g (∧^j F^∨_∞ ⊗ η |_{Yg} )R(N_{Yg ×P}1_{/Yg,∞} )Td(T f_g) − � (−1)^j T_g(ω^{P 0g} , h^{ξ∞j |P 0g} ) + � (−1)^j T_g(ω^{W (ig )}, h^{~ξj |W (ig )} ) − � (−1)^j T_g(ω^{W (ig )}, h^{O(−P 0g )⊗~ξj |W (ig )} ) − � W (i_g )/S � (−1)^j ch_g(~ξ_j )Td(T l^0_g)Td^{−1}(P^0_g )g_P 0_g − � P^0_g /S � (−1)^j ch_g(ξ^∞_j )Td^{−1}(N_{W (ig )/P} 0_g ) ~Td(T b_g, T l^0_g |_P 0_g ) − � P^0_g /S � (−1)^j ch_g (ξ^∞_j )R(N_{W (ig )/P} 0_g )Td(T b_g) (2)

where F_∞ is the non-zero degree part of the hermitian normal bundle N_∞ associated to i_∞.

Documenta Mathematica 15 (2010) 1049–1108

1076 Shun Tang

For the second one, denote by g_{~Xg} the Euler-Green current associated to ~X_g and denote by Ω(− ~X_g ) the sub term of the induced short exact sequence of equivariant standard complexes. Since the restriction of Ξ to the component ~X is equivariantly and orthogonally split, we know that ~ch_g (Ξ |_{~Xg} , h^H ) is equal to 0 and the summation � (−1)^j ch_g(~ξ_j ) vanishes on ~X_g . Using again Lemma 3.12, we obtain

− ~ch_g(Ω(W (i_g)), h^H ) + ~ch_g (Ω(− ~X_g), h^H ) = � (−1)^j ~ch_g(χ_j ) − � (−1)^j ~ch_g (ε_j ) = − � (−1)^j T_g(ω^{Yg ×P1} , h^{∧j ~F ∨⊗p∗Yg η|Yg} ) + � (−1)^j T_g(ω^{Yg ×P1} , h^{j0g ∗O(− ~Xg )⊗∧j ~F ∨⊗p∗Yg η|Yg} ) − � Y_g ×P^1/S { � (−1)^j ch_g(∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g)

· ~ch(j^0_g^∗O(− ~X_g), O_{Yg ×P}1 )} + � (−1)^j T_g(ω^{W (ig )}, h^{~ξj |W (ig )} ) − � (−1)^j T_g(ω^{W (ig )}, h^{O(− ~Xg )⊗~ξj |W (ig )} ) − � W (i_g )/S � (−1)^j ch_g(~ξ_j )Td(T l^0_g)Td^{−1}( ~X_g)g_{~Xg} . (3)

Here the element ~ch(j^0_g^∗O(− ~X_g), O_{Yg ×P}1 ) is the equivariant secondary characteristic class of the following short exact sequence

0 → 0 → j^0_g^∗O(− ~X_g) → O_{Yg ×P}1 → 0.

We now consider the last one. This is also a Koszul resolution because ~X_g and P^0_g intersect transversally. By [6, Theorem 3.20], the Euler-Green current associated to ~X_g ∩ P^0_g is the current c_1(O(P^0_g ))g_{~Xg} + δ_{~Xg} g_P 0_g . Then, by using the isometry O(X_g ) ∼= O(P^0_g ) ⊗ O( ~X_g ) and Corollary 3.13, we get

− ~ch_g (Ω(W (i_g )), h^H ) + ~ch_g (Ω(− ~X_g), h^H ) + ~ch_g (Ω(−P^0_g ), h^H ) − ~ch_g (Ω(−X_g ), h^H ) = � (−1)^j ~ch_g (χ_j ) − � (−1)^j ~ch_g(ε_j ) = − � (−1)^j T_g(ω^{Yg ×P1} , h^{∧j ~F ∨⊗p∗Yg η|Yg} ) + � (−1)^j T_g(ω^{Yg ×P1} , h^{j0g ∗O(− ~Xg )⊗∧j ~F ∨ ⊗p∗Yg η|Yg} ) + � (−1)^j T_g(ω^{Yg ×P1} , h^{O(−Yg,∞)⊗∧j ~F ∨ ⊗p∗Yg η|Yg} )

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1077 − � (−1)^j T_g(ω^{Yg ×P1} , h^{O(−Yg,0)⊗∧j ~F ∨ ⊗p∗Yg η|Yg} ) − � Y_g ×P^1/S � (−1)^j ch_g (∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g) ~ch(Θ) + � (−1)^j T_g(ω^{W (ig )}, h^{~ξj |W (ig )} ) − � (−1)^j T_g(ω^{W (ig )}, h^{O(− ~Xg )⊗~ξj |W (ig )} ) − � (−1)^j T_g(ω^{W (ig )}, h^{O(−P 0g )⊗~ξj |W (ig )} ) + � (−1)^j T_g(ω^{W (ig )}, h^{O(−Xg )⊗~ξj |W (ig )} ) − � W (i_g )/S { � (−1)^j ch_g(~ξ_j )Td(T l^0_g)Td^{−1}( ~X_g)Td^{−1}(P^0_g )

· [c_1(O(P^0_g ))g_{~Xg} + δ_{~Xg} g_P 0_g ]}. (4) Here the element ~ch(Θ) is the equivariant secondary characteristic class of the following short exact sequence

Θ : 0 → O(−Y_{g,0}) → j^0_g^∗O(− ~X_g) ⊕ O(−Y_{g,∞}) → O_{Yg ×P}1 → 0.

Since s_0 : Y × {0} → Y × P^1 and s_∞ : Y × {∞} → Y × P^1 are sections of smooth morphism, the normal sequences

0 → T f_g → T u_g |_{Yg,0} → N_{Yg ×P}1_{/Yg,0} → 0 and 0 → T f_g → T u_g |_{Yg,∞} → N_{Yg ×P}1_{/Yg,∞} → 0

are orthogonally split so that ~Td(T f_g, T u_g |_{Yg,0} ) and ~Td(T f_g, T u_g |_{Yg,∞} ) are both equal to 0. Moreover, the normal bundles N_{Yg ×P}1_{/Yg,0} and N_{Yg ×P}1_{/Yg,∞} are isomorphic to trivial bundles so that R(N_{Yg ×P}1_{/Yg,0} ) and R(N_{Yg ×P}1_{/Yg,∞} ) are both equal to 0. Furthermore, we may drop all the terms where an integral is taken over ~X_g because � (−1)^j ch_g(~ξ_j ) vanishes on ~X_g .

Now, we compute (1)−(2)−(3)+(4) which is

~ch_g(Ξ_∇ |_X , h^H ) − ~ch_g (Ξ_∇ |_{P 0g} , h^H ) + � (−1)^j T_g(ω^{Xg} , h^{ξj |Xg} ) − � (−1)^j T_g(ω^{P 0g} , h^{ξ∞j |P 0g} ) − � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨⊗η|Yg} ) + � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨∞⊗η|Yg} ) = � Y_g ×P^1/S { � (−1)^j ch_g (∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g) · [Td^{−1}(Y_{g,0})g_{Yg,0}

− Td^{−1}(Y_{g,∞})g_{Yg,∞} + ~ch(j^0_g^∗O(− ~X_g), O_{Yg ×P}1 ) − ~ch_g (Θ)]}

Documenta Mathematica 15 (2010) 1049–1108

1078 Shun Tang − � W (i_g )/S � (−1)^j ch_g (~ξ_j )Td(T l^0_g)Td^{−1}(X_g )g_{Xg} − � X_g /S � (−1)^j ch_g(ξ_j )Td^{−1}(N_{W (ig )/Xg} ) ~Td(T h_g, T l^0_g |_{Xg} ) − � X_g /S � (−1)^j ch_g(ξ_j )R(N_{W (ig )/Xg} )Td(T h_g) + � W (i_g )/S � (−1)^j ch_g (~ξ_j )Td(T l^0_g)Td^{−1}(P^0_g )g_P 0_g + � P^0_g /S � (−1)^j ch_g(ξ^∞_j )Td^{−1}(N_{W (ig )/P} 0_g ) ~Td(T b_g, T l^0_g |_P 0_g ) + � P^0_g /S � (−1)^j ch_g (ξ^∞_j )R(N_{W (ig )/P} 0_g )Td(T b_g) + � W (i_g )/S � (−1)^j ch_g (~ξ_j )Td(T l^0_g)Td^{−1}( ~X_g )g_{~Xg} − � W (i_g )/S � (−1)^j ch_g (~ξ_j )Td(T l^0_g)Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} .

Denote by i_X (resp. i_P ) the inclusion from X to W (i) (resp. P to W (i)). We may use the Atiyah-Segal-Singer type formula for immersions and the projection formula in cohomology to compute

i_{X g ∗} � � (−1)^j ch_g (ξ_j )R(N_{W (ig )/Xg} )Td(T h_g) � =i_{X g ∗} � R(N_{W (ig )/Xg} )Td(T h_g)i_{g∗}(Td^{−1}_g (N_{X/Y} )ch_g(η)) � =(i_{X g} ∘ i_g)_∗ � R(N_{W (ig )/Xg} )Td(T h_g)Td^{−1}_g (N_{X/Y} )ch_g (η) � . Note that the restriction of N_{W (ig )/Xg} to Y_g is trivial so that the last expression vanishes. An entirely analogous reasoning implies that

i_{P g ∗} � � (−1)^j ch_g (ξ^∞_j )R(N_{W (ig )/P} 0_g )Td(T b_g) � = 0.

Thus, we are left with the equality

~ch_g(Ξ_∇ |_X , h^H ) − ~ch_g (Ξ_∇ |_{P 0g} , h^H ) + � (−1)^j T_g(ω^{Xg} , h^{ξj |Xg} ) − � (−1)^j T_g(ω^{P 0g} , h^{ξ∞j |P 0g} ) − � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨ ⊗η|Yg} ) + � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨∞⊗η|Yg} ) = � Y_g ×P^1/S { � (−1)^j ch_g (∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g) · [Td^{−1}(Y_{g,0})g_{Yg,0}

− Td^{−1}(Y_{g,∞})g_{Yg,∞} + ~ch(j^0_g^∗O(− ~X_g ), O_{Yg ×P}1 ) − ~ch_g (Θ)]} − � W (i_g )/S { � (−1)^j ch_g (~ξ_j )Td(T l^0_g) · [Td^{−1}(X_g )g_{Xg} − Td^{−1}(P^0_g )g_P 0_g

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1079 − Td^{−1}( ~X_g)g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]} − � X_g /S � (−1)^j ch_g(ξ_j )Td^{−1}(N_{W (ig )/Xg} ) ~Td(T h_g, T l^0_g |_{Xg} ) + � P^0_g /S � (−1)^j ch_g(ξ^∞_j )Td^{−1}(N_{W (ig )/P} 0_g ) ~Td(T b_g, T l^0_g |_P 0_g ).

Using the differential equation which T_g (~ξ.) satisfies, we compute − � W (i_g )/S { � (−1)^j ch_g(~ξ_j )Td(T l^0_g) · [Td^{−1}(X_g)g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g)g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]} = � W (i_g )/S

{Td(T l^0_g)T_g(~ξ.) · [Td^{−1}(X_g )δ_{Xg} − Td^{−1}(P^0_g )δ_P 0_g − Td^{−1}( ~X_g)δ_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))δ_{~Xg} ]} − � W (i_g )/S

{Td(T l^0_g)ch_g (p^∗_Y η)Td^{−1}_g (N_{W/Y ×P}1 )δ_{Yg ×P}1 · [Td^{−1}(X_g )g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g )g_{~Xg} + Td^{−1}( ~X_g)Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]}. (5) Here we have used the equation

Td^{−1}(X_g)c_1(O(X_g ))−Td^{−1}(P^0_g )c_1(O(P^0_g )) − Td^{−1}( ~X_g)c_1(O( ~X_g)) +Td^{−1}( ~X_g)Td^{−1}(P^0_g )c_1(O(P^0_g ))c_1(O( ~X_g )) = 0 (6) which is [21, (23)].

Again using the fact that ~ξ. is equivariantly and orthogonally split on ~X, the first integral in the right-hand side of (5) is equal to � X_g /S

Td(T l^0_g)T_g (ξ.)Td^{−1}(N_{W (ig )/Xg} ) − � P^0_g /S

Td(T l^0_g)T_g(ξ.^∞)Td^{−1}(N_{W (ig )/P} 0_g ).

According to the normal sequence 0 → T h_g → T l^0_g |_{Xg} → N_{W (ig )/Xg} → 0, we may write

Td(T l^0_g) = Td(T h_g)Td(N_{W (ig )/Xg} ) − dd^c ~Td(T h_g, T l^0_g |_{Xg} ).

Documenta Mathematica 15 (2010) 1049–1108

1080 Shun Tang So we get � X_g /S

Td(T l^0_g)T_g(ξ.)Td^{−1}(N_{W (ig )/Xg} ) = � X_g /S

Td(T h_g)T_g (ξ.) − � X_g /S

~Td(T h_g, T l0_g |_{Xg} )δ_{Yg} ch_g(η)Td^{−1}_g (N )Td^{−1}(N_{W (ig )/Xg} ) + � X_g /S � (−1)^j ch_g(ξ_j )Td^{−1}(N_{W (ig )/Xg} ) ~Td(T h_g, T l^0_g |_{Xg} ).

Similarly we have � P^0_g /S

Td(T l^0_g)T_g (ξ.^∞)Td^{−1}(N_{W (ig )/P} 0_g ) = � P^0_g /S

Td(T b_g)T_g(ξ.^∞) − � P^0_g /S

~Td(T b_g, T l0_g |_{P 0g} )δ_{Yg} ch_g(η)Td^{−1}_g (N_∞)Td^{−1}(N_{W (ig )/P 0g} ) + � P^0_g /S � (−1)^j ch_g(ξ^∞_j )Td^{−1}(N_{W (ig )/P} 0_g ) ~Td(T b_g, T l^0_g |_P 0_g ).

Note that the normal sequence of T h_g in T l^0_g (resp. T b_g in T l^0_g) is orthogonally split on Y_g × {0} (resp. Y_g × {∞}), then ~Td(T h_g, T l^0_g |_{Xg} )δ_{Yg} and ~Td(T b_g, T l0_g |_{P 0g} )δ_{Yg} are both equal to 0. Combining these computations above we get � X_g /S

Td(T l^0_g)T_g(ξ.)Td^{−1}(N_{W (ig )/Xg} ) − � P^0_g /S

Td(T l^0_g)T_g (ξ.^∞)Td^{−1}(N_{W (ig )/P} 0_g ) = � X_g /S

Td(T h_g)T_g(ξ.) + � X_g /S � (−1)^j ch_g(ξ_j )Td^{−1}(N_{W (ig )/Xg} ) ~Td(T h_g, T l^0_g |_{Xg} ) − � P^0_g /S

Td(T b_g)T_g(ξ.^∞) − � P^0_g /S � (−1)^j ch_g(ξ^∞_j )Td^{−1}(N_{W (ig )/P} 0_g ) ~Td(T b_g, T l^0_g |_P 0_g ). (7) Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1081 We now compute the second integral in the right-hand side of (5). According to the normal sequence 0 → T u_g → T l^0_g |_{Yg ×P}1 → N_{W (ig )/Yg ×P}1 → 0, we may write

Td(T l^0_g) = Td(T u_g)Td(N_{W (ig )/Yg ×P}1 ) − dd^c ~Td(T u_g, T l^0_g |_{Yg ×P}1 ). Hence − � W (i_g )/S

{Td(T l^0_g)ch_g (p^∗_Y η)Td^{−1}_g (N_{W/Y ×P}1 )δ_{Yg ×P}1 · [Td^{−1}(X_g)g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g)g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]} = − � Y_g ×P^1/S

{Td(T u_g)ch_g(p^∗_Y η)Td^{−1}_g ( ~F ) · j^0_g^∗[Td^{−1}(X_g)g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g)g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]} + � Y_g ×P^1/S

{ ~Td(T u_g, T l^0_g |_{Yg ×P}1 )ch_g (p^∗_Y η)Td^{−1}_g (N_{W/Y ×P}1 ) · [Td^{−1}(X_g )(δ_{Xg} − c_1(O(X_g ))) − Td^{−1}(P^0_g )(δ_P 0_g − c_1(O(P^0_g ))) − Td^{−1}( ~X_g )(δ_{~Xg} − c_1(O( ~X_g))) + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))(δ_{~Xg} − c_1(O( ~X_g )))]}.

By our choices of the metrics, we have Td^{−1}_g (N_{W/Y ×P}1 ) |_{Yg,0} = Td^{−1}_g (N), Td(X_g ) |_{Yg,0} = 1 and Td^{−1}_g (N_{W/Y ×P}1 ) |_{Yg,∞} = Td^{−1}_g (N_∞), Td(P^0_g ) |_{Yg,∞} = 1. Furthermore, by replacing all tangent bundles by relative tangent bundles, on can carry through the proof given in [21, P. 378-379] to show that ~Td(T u_g, T l0_g |_{Yg ×P1} ) |_{Yg,0} = ~Td(T f_g, T h_g |_{Yg} ) and ~Td(T u_g, T l0_g |_{Yg ×P1} ) |_{Yg,∞} = ~Td(T f_g, T b_g |_{Yg} ).

So combining with the equation (6), we get − � W (i_g )/S

{Td(T l^0_g)ch_g (p^∗_Y η)Td^{−1}_g (N_{W/Y ×P}1 )δ_{Yg ×P}1 · [Td^{−1}(X_g)g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g)g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]} = − � Y_g ×P^1/S

{Td(T u_g)ch_g(p^∗_Y η)Td^{−1}_g ( ~F ) · j^0_g^∗[Td^{−1}(X_g)g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g)g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]}

Documenta Mathematica 15 (2010) 1049–1108

1082 Shun Tang + � Y_g /S

ch_g (η)Td^{−1}_g (N) ~Td(T f_g, T h_g |_{Yg} ) − � Y_g /S

ch_g (η)Td^{−1}_g (N_∞) ~Td(T f_g, T b_g |_{Yg} ). (8) At last, using the fact that the intersections in the deformation diagram are transversal and the fact that j^0_g (Y_g × P^1) has no intersection with ~X_g, we can compute � Y_g ×P^1/S { � (−1)^j ch_g (∧^j ~F^∨ ⊗ p^∗_{Yg} η |_{Yg} )Td(T u_g) · [Td^{−1}(Y_{g,0})g_{Yg,0} − Td^{−1}(Y_{g,∞})g_{Yg,∞} + ~ch(j^0_g^∗O(− ~X_g), O_{Yg ×P}1 ) − ~ch_g (Θ)]} = � Y_g ×P^1/S

{Td(T u_g)ch_g (p^∗_Y η)Td^{−1}_g ( ~F ) · j^0_g^∗[Td^{−1}(X_g )g_{Xg} − Td^{−1}(P^0_g )g_P 0_g − Td^{−1}( ~X_g )g_{~Xg} + Td^{−1}( ~X_g )Td^{−1}(P^0_g )c_1(O(P^0_g ))g_{~Xg} ]}. (9) Gathering (5), (7), (8) and (9) we finally get

~ch_g(Ξ_∇ |_X , h^H ) − ~ch_g (Ξ_∇ |_{P 0g} , h^H ) + � (−1)^j T_g(ω^{Xg} , h^{ξj |Xg} ) − � (−1)^j T_g(ω^{P 0g} , h^{ξ∞j |P 0g} ) − � (−1)^j T_g(ω^{Yg} , h^{∧j F ∨ ⊗η|Yg} ) + � (−1)^j T_g (ω^{Yg} , h^{∧j F ∨∞⊗η|Yg} ) = � X_g /S

Td(T h_g)T_g(ξ.) − � P^0_g /S

Td(T b_g)T_g (ξ.^∞) + � Y_g /S

ch_g (η)Td^{−1}_g (N) ~Td(T f_g, T h_g |_{Yg} ) − � Y_g /S

ch_g (η)Td^{−1}_g (N_∞) ~Td(T f_g, T b_g |_{Yg} ). (10) On the other hand, by definition, we have δ(Ξ |_P ) := ~ch_g(ξ.^∞, η) − � k (−1)^kT_g(ω^{Yg} , h^{∧k F ∨∞⊗η|Yg} ) + � k (−1)^kT_g(ω^{Pg} , h^{ξ∞k |Pg} ) − � Y_g /S

Td(T f_g)Td^{−1}_g (F )ch_g(η)R(N_g ) − � P_g /S

T_g (ξ.^∞)Td(T b^′_g)

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1083 − � Y_g /S

ch_g (η)Td^{−1}_g (N_∞) ~Td(T f_g, T b^′_g |_{Yg} ) where b^′ : P → S is the composition of the inclusion P → W (i) and the morphism l. Note that P^0_g is an open and closed submanifold of P_g and ξ.^∞ is orthogonally split on the other components since they all belong to ~X_g, then we can rewrite δ(Ξ |_P ) as

δ(Ξ |_P ) = ~ch_g (Ξ_∇ |_P 0_g , h^H ) − � k (−1)^kT_g(ω^{Yg} , h^{∧k F ∨∞⊗η|Yg} ) + � k (−1)^kT_g(ω^{P 0g} , h^{ξ∞k |P 0g} ) − � Y_g /S

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g ) − � P^0_g /S

T_g(ξ.^∞)Td(T b_g) − � Y_g /S

ch_g (η)Td^{−1}_g (N_∞) ~Td(T f_g, T b_g |_{Yg} ).

Comparing with the definition of δ(Ξ |_X ), the equality (10) implies that δ(Ξ |_X ) − δ(Ξ |_P ) = 0 which completes the proof of this deformation theorem.

Now we consider the zero section imbedding i_∞ : Y → P = P(N_∞ ⊕ O_Y ). Here we use the fact that N_∞ is isomorphic to N_{X/Y} , we caution the reader that this is not necessarily an isometry since N_∞ carries the quotient metric induced by the Kähler metric on P but N_{X/Y} carries the quotient metric induced by the Kähler metric on X. We recall that on P we have a tautological exact sequence 0 → O(−1) → π^∗_P (N_∞ ⊕ O_Y ) → Q → 0.

The equivariant section σ : O_P → π^∗_P (N_∞ ⊕ O_Y ) → Q induces the following Koszul resolution 0 → ∧^{rkQ}Q^∨ → · · · → Q^∨ → O_P → i_{∞∗}O_Y → 0.

Since σ is equivariant, the image of O_{Pg} under σ |_{Pg} is contained in Q_g . This means that σ |_{Pg} induces a Koszul resolution on P_g of the following form 0 → ∧^{rkQg} Q^∨_g → · · · → Q^∨_g → O_{Pg} → i_{∞,g∗}O_{Yg} → 0.

Proposition 3.19. Let κ := κ(η, N_∞) be a hermitian Koszul resolution on P defined in Definition 3.3. Then for n ≫ 0, we have δ(κ(n)) = 0.

Documenta Mathematica 15 (2010) 1049–1108

1084 Shun Tang

Proof. Denote the non-zero degree part of Q |_{Pg} by Q_⊥, then we have the following isometry

∧^iQ^∨ |_{Pg} = ∧^i(Q^∨_g ⊕ Q^∨_⊥) ∼= � t+s=i

(∧^tQ^∨_g ⊗ ∧^sQ^∨_⊥).

Consider the following complex of equivariant hermitian vector bundles on P_g

0 → ∧^{rkQg} Q^∨_g ⊗ (∧^kQ^∨_⊥ ⊗ π^∗_{Pg} η |_{Yg} ) → · · · → Q^∨_g ⊗ (∧^kQ^∨_⊥ ⊗ π^∗_{Pg} η |_{Yg} )

→ ∧^k Q^∨_⊥ ⊗ π^∗_{Pg} η |_{Yg} → 0

which provides a resolution of i_{∞,g∗}(∧^kF^∨_∞ ⊗ η |_{Yg} ) where F_∞, as before, is the non-zero degree part of the normal bundle N_∞ associated to i_∞. We denote this resolution by κ^{(k)}, then according to the arguments given before this proposition we have a decomposition of complexes κ_∇ |_{Pg} ∼= � k≥0 κ^{(k)}_∇ [−k] where κ^{(k)}_∇ [−k] is obtained from κ^{(k)}_∇ by shifting degree. Replacing κ by κ(n) for big enough n, we may assume that all elements in κ and κ^{(k)} are acyclic. Therefore, by Bisumt-Ma’s immersion formula we have the following equality

~ch_g (b^′_{g∗}κ^{(k)}) =T_g(ω^Yg , h^{∧k F ∨}∞^{⊗η|}Yg ) −

rkQ_g�

i=0 (−1)^iT_g(ω^{Pg} , h^{∧iQ∨g ⊗∧k Q∨⊥⊗π∗Pg η|Yg} ) + � Y_g /S

ch_g(∧^k F^∨_∞ ⊗ η |_{Yg} )R(N_{∞,g} )Td(T f_g) + � P_g /S

Td(T b^′_g)T_g(κ^{(k)}) + � Y_g /S

ch_g(∧^k F^∨_∞ ⊗ η |_{Yg} )Td^{−1}(N_{∞,g} ) ~Td(T f_g, T b^′_g |_{Yg} ).

It is easily seen from the decomposition κ_∇ |_{Pg} = � k≥0 κ^{(k)}_∇ [−k] that the secondary characteristic class ~ch_g (κ) appearing in the definition of δ(κ) is exactly � (−1)^k ~ch_g (b^′_{g∗}κ^{(k)}). So taking the alternating sum of both two sides of the equality above and using the fact that equivariant analytic torsion form is additive for direct sum of acyclic bundles, we know that to prove δ(κ) = 0, we are left to show that � (−1)^kT_g(κ^{(k)}) is equal to T_g(κ). In fact, by using [21, Lemma 3.15], we have modulo Im∂ + Im∂ � (−1)^kT_g(κ^{(k)}) = � (−1)^kch_g (∧^kQ^∨_⊥)ch_g (π^∗_{Pg} η |_{Yg} )T_g(∧^·Q^∨_g )

= Td^{−1}_g (Q_⊥)ch_g (π^∗_{Pg} η |_{Yg} )T_g(∧^·Q^∨_g ) = Td^{−1}_g (Q)ch_g (π^∗_{Pg} η |_{Yg} )T_g(∧^·Q^∨_g )Td(Q_g) = ch_g(π^∗_{Pg} η |_{Yg} )T_g (∧^·Q^∨) = T_g(κ).

So we are done.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1085

It’s now ready to finish the proof of the vanishing theorem for equivariant closed immersions. Let η be an equivariant hermitian vector bundle on Y , assume that

Ψ : 0 → ξ_m → · · · → ξ_1 → ξ_0 → i_∗η → 0

is a resolution of i_∗η by equivariant hermitian vector bundles on X which satisfies Bismut assumption (A). We need to prove that for n ≫ 0, δ(Ψ(n)) = 0.

Proof. (of Theorem 3.1) We first construct a resolution of p^∗_Y η on W (i) as

Ξ : 0 → ~ξ_m → · · · → ~ξ_0 → ~ξ_0 → j_∗p^∗_Y (η) → 0

which satisfies the condition (i) and (ii) in Definition 3.16. Then the restriction of Ξ to X (resp. P ) provides a resolution of i_∗η (resp. i_{∞∗}η). Over X, we can find a third resolution Φ of i_∗η which dominates Ψ and Ξ |_X . Namely we get short exact sequences of exact sequences

0 → Ker(n) → Φ(n) → Ψ(n) → 0 and 0 → Ker^′(n) → Φ(n) → Ξ(n) |_X → 0.

Then after omitting i_∗η their restrictions to X_g become two exact sequences of complexes. Since n ≫ 0 we may assume that all elements and homologies in the induced double complexes are acyclic, so that by taking direct images we get two exact sequences of equivariant standard complexes on S. These two short exact sequences of equivariant standard complexes clearly satisfy the assumptions in Lemma 3.12. Therefore, using Lemma 3.12, Bismut-Ma’s immersion formula and the double complex formula of equivariant Bott-Chern singular currents (cf. Theorem 2.18), we obtain that

~ch_g(Ψ(n)) − ~ch_g (Φ(n)) + ~ch_g(Ker(n))

+ T_g(ω^{Xg} , h^{Ψ(n)∇} ) − T_g (ω^{Xg} , h^{Φ(n)∇} ) + T_g(ω^{Xg} , h^{Ker(n)∇} ) = � X_g /S

[T_g(Ψ(n)_∇) − T_g(Φ(n)_∇) + T_g(Ker(n)_∇)] · Td(T h_g)

which implies that δ(Φ(n)) = δ(Ψ(n)) + δ(Ker(n)).

By applying Bismut-Ma’s immersion formula to the case where the immersion is the identity map and η is equal to the zero bundle, we get δ(Ker(n)) = 0 so that δ(Φ(n)) = δ(Ψ(n)). Similarly, we have δ(Φ(n)) = δ(Ξ(n) |_X ) and hence δ(Ψ(n)) = δ(Ξ(n) |_X ). An entirely analogous reasoning implies that δ(κ(n)) = δ(Ξ(n) |_P ). Then the vanishing of δ(Ψ(n)) follows from Theorem 3.18 and Proposition 3.19.

Documenta Mathematica 15 (2010) 1049–1108

1086 Shun Tang

4 Equivariant arithmetic Grothendieck groups with fixed wave front sets

By an arithmetic ring D we understand a regular, excellent, Noetherian integral ring, together with a finite set S of embeddings D → C, which is invariant under a conjugate-linear involution F_∞ (cf. [15, Def. 3.1.1]). Denote by μ_n the diagonalisable group scheme over D associated to Z/nZ. A μ_n-equivariant arithmetic scheme over D is a Noetherian scheme of finite type, endowed with a μ_n-projective action over D (cf. [21, Section 2]). Let X be a μ_n-equivariant arithmetic scheme whose generic fibre is smooth, then X(C), the set of complex points of the variety � σ∈S X ×_D C, is a disjoint union of projective manifolds.

This manifold admits an action of the group of complex n-th roots of unity and an anti-holomorphic involution induced by F_∞ which is still denoted by F_∞. It was shown in [31, Prop. 3.1] that if X is regular, then the fixed point subscheme X_{μn} is also regular. Fix a primitive n-th root of unity ζ_n and denote its corresponding holomorphic automorphism on X(C) by g, by GAGA principle we have a natural isomorphism X_{μn} (C) ∼= X(C)_g .

Definition 4.1. An equivariant hermitian sheaf (resp. vector bundle) E on X is a coherent sheaf (resp. vector bundle) E on X, assumed locally free on X(C), endowed with a μ_n-action which lifts the action of μ_n on X and a hermitian metric h on the associated bundle E_C, which is invariant under F_∞ and g.

Remark 4.2. Let E be an equivariant hermitian sheaf (resp. vector bundle) on X, the restriction of E to the fixed point subscheme X_{μn} has a natural Z/nZ-grading structure E |_{Xμn} ∼= ⊕_{k∈Z/nZ}E_k. We shall often write E_{μn} for E_0. It is clear that the associated bundle of E_{μn} over X(C) is exactly equal to E_g .

Over a complex manifold M, we may consider the current space which is the continuous dual of the space of smooth complex valued differential forms (cf. [27, Chapter IX]). The wave front set WF(ω) of a current ω over M is a closed conical subset of the cotangent bundle T^∗_R M_0 := T^∗_R M\{0}. This conical subset measures the singularities of ω, actually the projection of WF(ω) in M is equal to the singular locus of the support of ω. It also allows us to define certain products and pull-backs of currents. We refer to [19, Chapter VIII] for the definition and various properties of wave front set.

Now let X be a μ_n-equivariant arithmetic scheme with smooth generic fibre and let S be a conical subset of T^∗_R X(C)_{g,0}, denote by D^{p,p}(X(C)_g, S) the set of currents ω of type (p, p) on X(C)_g which satisfy F^∗_∞ω = (−1)^pω and whose wave front sets are contained in S, we shall write ~U(X_{μn} , S) for the current class ~U(X(C)_g , S) := � p≥0 (D^{p,p}(X(C)_g, S)/(Im∂ + Im∂)).

Let E be an equivariant hermitian sheaf or vector bundle on X. Following the same notations and definitions as in [21, Section 3], we write ch_g (E) for

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1087

the equivariant Chern character form ch_g((E_C, h)) associated to the hermitian holomorphic vector bundle (E_C, h) on X(C). Similarly, we have the equivariant Todd form Td_g(E). Furthermore, let ε : 0 → E^′ → E → E^{′′} → 0 be an exact sequence of equivariant hermitian sheaves or vector bundles on X, we can associate to it an equivariant Bott-Chern secondary characteristic class ~ch_g (ε) ∈ ~U(X_{μn} , ∅) which satisfies the differential equation

dd^c ~ch_g(ε) = ch_g (E^′) − ch_g(E) + ch_g (E^{′′}).

Definition 4.3. Let X be a μ_n-equivariant arithmetic scheme with smooth generic fibre and let S be a conical subset of T^∗_R X(C)_{g,0}, we define the equivariant arithmetic Grothendieck group ^G_0(X, μ_n, S) (resp. ^K_0(X, μ_n, S)) with respect to X and S as the free abelian group generated by the elements of ~U(X_{μn} , S) and by the equivariant isometry classes of equivariant hermitian sheaves (resp. vector bundles) on X, together with the relations (i). for every exact sequence ε as above, ~ch_g(ε) = E^′ − E + E^{′′}; (ii). if α ∈ ~U(X_{μn} , S) is the sum of two elements α^′ and α^{′′} in ~U(X_{μn} , S), then the equality α = α^′ + α^{′′} holds in ^G_0(X, μ_n, S) (resp. ^K_0(X, μ_n, S)).

Remark 4.4. (i). When S^′ ⊂ S, [30, Theorem 3.9 (ii)] implies that the natural map from ~U(X_{μn} , S^′) to ~U(X_{μn} , S) is injective. So the first generating relation in Definition 4.3 does make sense.

(ii). When X is regular, one can carry out the proof of [21, Proposition 4.2] to show that the natural morphism from ^K_0(X, μ_n, S) to ^G_0(X, μ_n, S) is an isomorphism.

(iii). The definition of the equivariant arithmetic Grothendieck group implies that there are exact sequences

~U(X_{μn} , S)^a � ^G_0(X, μ_n, S)^π � G_0(X, μ_n) � 0 and ~U(X_{μn} , S)^a � ^K_0(X, μ_n, S)^π � K_0(X, μ_n) � 0

where a is the natural map which sends α ∈ ~U(X_{μn} , S) to the class of α in ^G_0(X, μ_n, S) (resp. ^K_0(X, μ_n, S)) and π is the forgetful map. Here the group G_0(X, μ_n) is the Grothendieck group of μ_n-equivariant coherent sheaves which are locally free on X(C), by a theorem of Quillen (cf. [26, Thm. 3 Cor. 1]) we know that it is isomorphic to the ordinary Grothendieck group of μ_n-equivariant coherent sheaves.

In [29, Section 3], we have introduced the ring structure of ^K_0(X, μ_n, ∅). Since we may have a well-defined product of two currents if their wave front sets have no intersection, and the wave front set is invariant under the operation of multiplying a smooth current, we know that the Grothendieck group ^K_0(X, μ_n, S) has a ^K_0(X, μ_n, ∅)-module structure. The same thing goes to ^G_0(X, μ_n, S).

Documenta Mathematica 15 (2010) 1049–1108

1088 Shun Tang

Furthermore, consider the isomorphism R(μ_n) ∼= K_0(D)[T ]/(1 − T^n). Let I be the μ_n-equivariant hermitian D-module whose term of degree 1 is D endowed with the trivial metric and whose other terms are 0. Then we may make ^K_0(D, μ_n, ∅) an R(μ_n)-algebra under the ring morphism which sends T to I. By doing pull-backs, we may endow every arithmetic Grothendieck group we defined before with an R(μ_n)-module structure. Notice finally that there is a well-defined map from ^G_0(X, μ_n, ∅) (resp. ^K_0(X, μ_n, ∅)) to the space of complex closed differential forms, which is defined by the formula ch_g (E + α) := ch_g(E) + dd^cα where E is an equivariant hermitian sheaf (resp. vector bundle) and α ∈ ~U(X_{μn} , ∅).

Now we investigate the wave front set of a current after doing push-forward. Let f be a holomorphic map of compact complex manifolds, we may define a push-forward f_∗ on current space which is the dual map of the pull-back of smooth forms. When f is smooth, the push-forward f_∗ extends the integration of smooth forms over the fibre. Assume that we are given a smooth morphism f : U → V of compact complex manifolds, then f_∗ induces a current K over the product space V × U defined as

K(α ⊗ β) = (f_∗β)(α)

where α and β are smooth forms over V and U respectively. Define

M = {(v, u) ∈ V × U | f(u) = v}

which is a submanifold in V × U. From the fact that f_∗β is just the integration of smooth forms over the fibre, it is easily seen that the current K ∈ D^∗(V ×U) is exactly the object dS_M in [19, Theorem 8.1.5]. Then by that theorem, the wave front set of K is equal to

WF(K) = {(v, u, ξ, −f^∗(ξ)) ∈ T^∗_R V × T^∗_R U | f(u) = v, ξ ≠ 0}.

Let S be a conical subset of T^∗_R U_0, we fix some notations as follows.

WF(K)_V ={(v, ξ) ∈ T^∗_R V_0 | ∃u ∈ U, (v, u, ξ, 0) ∈ WF(K)} WF^′(K)_U ={(u, η) ∈ T^∗_R U_0 | ∃v ∈ V, (v, u, 0, −η) ∈ WF(K)} WF^′(K)_V ∘ S ={(v, ξ) ∈ T^∗_R V_0 | ∃(u, η) ∈ S, (v, u, ξ, −η) ∈ WF(K)}.

Theorem 4.5. Let notations and assumptions be as above. Assume that ω is a current over U whose wave front set is contained in S with S ∩ WF^′(K)_U = ∅, then the wave front set of f_∗ω is contained in

S^′ := WF(K)_V ∪ WF^′(K) ∘ S.

Proof. This follows from [19, Theorem 8.2.12 and 8.2.13].

Remark 4.6. (i) In our situation, the condition S ∩ WF^′(K)_U = ∅ is always satisfied because by definition we have WF^′(K)_U = ∅.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1089

(ii). In our situation, S^′ is always equal to WF^′(K) ∘ S because WF(K)_V = ∅. (iii). If S is the empty set, then S^′ is also empty. This is compatible with the push-forward of smooth forms.

(iv). Assume that the restriction of f to a closed submanifold W is also smooth. Denote by N_{U/W} the normal bundle of W in U. If S = N^∨_{U/W,R} \ {0}, then S^′ = ∅.

We now turn to the arithmetic case. Let X, Y be two μ_n-equivariant arithmetic schemes with smooth generic fibres, and let f : X → Y be an equivariant morphism over D which is smooth on the complex numbers. Fix a μ_n(C)- invariant Kähler metric on X(C) so that we get a Kähler fibration with respect to the holomorphic submersion f_C : X(C) → Y (C). Let E be an f-acyclic μ_n-equivariant hermitian sheaf on X, we know that the direct image f_∗E is locally free on Y (C) and it can be endowed with a natural equivariant structure and the L^2-metric. Let ^G_0^{ac}(X, μ_n, S) be the group generated by f-acyclic equivariant hermitian sheaves on X and the elements of ~U(X_{μn} , S), with the same relations as in Definition 4.3. A theorem of Quillen (cf. [26, Cor.3 P. 111]) for the algebraic analogs of these groups implies that the natural map ^G_0^{ac}(X, μ_n, S) → ^G_0(X, μ_n, S) is an isomorphism. So the following definition does make sense.

Definition 4.7. Let notations and assumptions be as above. The push-forward morphism f_∗ : ^G_0(X, μ_n, S) → ^G_0(Y, μ_n, S^′) is defined in the following way. (i). For every f-acyclic μ_n-equivariant hermitian sheaf E on X, f_∗E = (f_∗E, f_∗h^E ) − T_g(ω^X , h^E ).

(ii). For every element α ∈ ~U(X_{μn} , S), f_∗α = � X_g /Y_g Tdg(T f, h

T f )α ∈ ~U(Y_{μn} , S′).

Remark 4.8. If Y is regular, by Remark 4.4 (ii) we know that ^K_0(Y, μ_n, S^′) is naturally isomorphic to ^G_0(Y, μ_n, S^′) so that (f_∗E, f_∗h^E ) admits a finite equivariant hermitian resolution; if the morphism f is flat and Y is reduced, then (f_∗E, f_∗h^E ) is locally free when E is so. Therefore in both two cases above, one can also define a reasonable push-forward morphism f_∗ : ^K_0(X, μ_n, S) → ^K_0(Y, μ_n, S′).

Theorem 4.9. The push-forward morphism f_∗ is a well-defined group homomorphism.

Proof. The argument is the same as in the proof of [29, Theorem 6.2].

Lemma 4.10. (Projection formula) For any elements y ∈ ^K_0(Y, μ_n, ∅) and x ∈ ^G_0(X, μ_n, S), the identity f_∗(f^∗y · x) = y · f_∗x holds in ^G_0(Y, μ_n, S^′).

Proof. Assume that y = E is an equivariant hermitian vector bundle and x = F is an f-acyclic equivariant hermitian sheaf, then f^∗y · x = f^∗E ⊗ F . By projection formula for direct images and the definition of L^2-metric, we know

Documenta Mathematica 15 (2010) 1049–1108

1090 Shun Tang

that f_∗(f^∗E ⊗ F ) is isometric to E ⊗ f_∗F . Moreover, concerning the analytic torsion form, we have T_g(ω^X , h^{f ∗E⊗F} ) = ch_g(E)T_g(ω^X , h^F ). So the projection formula f_∗(f^∗y · x) = y · f_∗x holds in this case.

Assume that y = E is an equivariant hermitian vector bundle and x = α is represented by some singular current. We write f^∗_g and f_{g∗} for the pull-back and push-forward of currents respectively, then

f_∗(f^∗y · x) =f_∗(f^∗_g ch_g (E)α) = f_{g∗}(f^∗_g ch_g (E)αTd_g (T f))

=ch_g (E)f_{g ∗}(αTd_g (T f))

=ch_g (E) � X_g /Y_g

αTd_g (T f) = y · f_∗x.

Here we have used an extension of projection formula of smooth forms p_∗(p^∗α_1∧ α_2) = α_1 ∧p_∗α_2 (cf. [14, Prop. IX p. 303]) to the case where the second variable α_2 is replaced by a singular current. The fact that this extension is valid follows from the definition of p_∗ and the definition of the product of smooth form and singular current.

Assume that y = β is represented by some smooth form and x = E is an f-acyclic hermitian sheaf, then

f_∗(f^∗y · x) =f_∗(f^∗_g (β)ch_g(F )) = f_{g∗}(f^∗_g (β)ch_g (F )Td_g (T f))

=βf_{g ∗}(ch_g (E)Td_g (T f)) =β � X_g /Y_g

ch_g (E)Td_g(T f) = β(ch_g (f_∗F ) − dd^cT_g(ω^X , h^F ))

which is exactly y · f_∗x.

Finally, assume that y = β is represented by some smooth form and x = α is represented by some singular current, then

f_∗(f^∗y · x) =f_∗(f^∗_g (β)dd^cα) = f_{g∗}(f^∗_g (β)dd^cαTd_g (T f))

=βdd^cf_{g∗}(αTd_g (T f))

which is also equal to y · f_∗x.

Since f_∗ and f^∗ are both group homomorphisms, we may conclude the projection formula by linear extension.

Remark 4.11. Lemma 4.10 implies that f_∗ is a homomorphism of R(μ_n)- modules, and hence it induces a push-forward morphism after taking localization.

To end this section, we recall an important lemma which will be used frequently in our later arguments.

Lemma 4.12. ([21, Lemma 4.5]) Let X be a regular μ_n-equivariant arithmetic scheme and let E be an equivariant hermitian vector bundle on X_{μn} such that E_{μn} = 0. Then the element λ_{−1}(E) is invertible in ^K_0(X_{μn} , μ_n, S)_ρ.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1091

5 Arithmetic concentration theorem

In this section, we shall prove the arithmetic concentration theorem which is an analog of Thomason’s result in Arakelov geometry. Let X be a μ_nequivariant arithmetic scheme with smooth generic fibre, we consider a special closed immersion i : X_{μn} → X where X_{μn} is the fixed point subscheme of X. We shall first construct a well-defined group homomorphism i_∗ between equivariant arithmetic G_0-groups as in the algebraic case. To construct i_∗, some analytic datum, which is the equivariant Bott-Chern singular current, should be involved. Precisely speaking, let η be a μ_n-equivariant hermitian sheaf on X_{μn} and let ξ. be a bounded complex of μ_n-equivariant hermitian sheaves which provides a resolution of i_∗η on X. Such a resolution always exists since the generic fibre of X is supposed to be smooth. Then we may have an equivariant Bott-Chern singular current T_g(ξ.) ∈ ~U(X_{μn} ). Note that on the complex numbers the 0-degree part of the normal bundle N := N_{X/Xg} vanishes (cf. [21, Prop. 2.12]) so that the wave front set of T_g(ξ.) is the empty set. This fact means that the following definition does make sense.

Definition 5.1. Let notations and assumptions be as above. The embedding morphism i_∗ : ^G_0(X_{μn} , μ_n, S) → ^G_0(X, μ_n, S)

is defined in the following way.

(i). For every μ_n-equivariant hermitian sheaf η on X_{μn} , suppose that ξ. is a resolution of i_∗η on X whose metrics satisfy Bismut assumption (A), i_∗[η] = � k(−1)^k[ξ_k] + T_g(ξ.).

(ii). For every α ∈ ~U(X_{μn} , S), i_∗α = αTd^{−1}_g (N).

Theorem 5.2. The embedding morphism i_∗ is a well-defined group homomorphism.

Proof. The argument is the same as in the proof of [29, Theorem 5.2].

Lemma 5.3. (Projection formula) For any elements x ∈ ^K_0(X, μ_n, ∅) and y ∈ ^G_0(X_{μn} , μ_n, S), the identity i_∗(i∗x · y) = x · i_∗y holds in ^G_0(X, μ_n, S).

Proof. Assume that x = E is an equivariant hermitian vector bundle and y = F is an equivariant hermitian sheaf. Let ξ. be a resolution of i_∗F on X, then E⊗ξ. provides a resolution of i_∗(i^∗E ⊗ F ). By definition we have

i_∗(i^∗x · y) = � (−1)^k[ξ_k ⊗ E] + ch_g (E)T_g (ξ.)

which is exactly x · i_∗y. Assume that x = α is represented by some smooth form and y = F is an equivariant hermitian sheaf. Again let ξ. be a resolution of i_∗F on X, then

i_∗(i^∗x · y) = αTd^{−1}_g (N_{X/Xg} )ch_g (F ) = α[dd^cT_g(ξ.) + � (−1)^kch_g (ξ_k)]

Documenta Mathematica 15 (2010) 1049–1108

1092 Shun Tang

which is exactly x · i_∗y. Now assume that x = E is an equivariant hermitian vector bundle and y = α is represented by some singular current, then

i_∗(i^∗x · y) = i_∗(ch_g(E)α) = ch_g (E)αTd^{−1}_g (N_{X/Xg} )

which is exactly x · i_∗y. Finally, if x is represented by some smooth form and y is represented by some singular current then their product is well-defined and i_∗(i^∗x · y) is obviously equal to x · i_∗y. Note that i_∗ and i^∗ are group homomorphisms, so we may conclude the projection formula from its correctness on generators. This completes the proof.

Remark 5.4. Lemma 5.3 implies that i_∗ is even a homomorphism of R(μ_n)- modules so that it induces a homomorphism between arithmetic G_0-groups after taking localization.

With Remark 5.4, we may formulate the arithmetic concentration theorem as follows.

Theorem 5.5. The embedding morphism i_∗ : ^K_0(X_{μn} , μ_n, S)_ρ → ^K_0(X, μ_n, S)_ρ is an isomorphism if X is regular. In this case, the in-

verse morphism of i_∗ is given by λ^{−1}_{−1}(N^∨_{X/Xμn} ) · i^∗ where N_{X/Xμn} is the normal bundle of i(X_{μn} ) in X.

Before we give the proof of this concentration theorem, we recall a crucial lemma as follows.

Lemma 5.6. Let η be an equivariant hermitian vector bundle on X_{μn} . Assume that ξ. is an equivariant hermitian resolution of i_∗η on X whose metrics satisfy Bismut assumption (A). Then the equality

λ_{−1}(N^∨_{X/Xμn} ) · η − � j (−1)^j i^∗(ξ_j ) = T_g(ξ.)

holds in the group ^K_0(X_{μn} , μ_n, S).

Proof. This is [29, Lemma 5.13].

Proof. (of Theorem 5.5) Denote by U the complement of X_{μn} in X, then j : U → X is a μ_n-equivariant open subscheme of X whose fixed point set is

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1093

empty. We consider the following double complex

~U(X_{μn} , S)_ρ^{i∗} � a �

~U(X_{μn} , S)_ρ^{j∗} � a �

~U(U_{μn} , ∅)_ρ � a � 0

^K_0(X_{μn} , μ_n, S)_ρ^{i∗} � π �

^K_0(X, μ_n, S)_ρ^{j∗} � π �

^K_0(U, μ_n, ∅)_ρ � π � 0

K_0(X_{μn} , μ_n)_ρ^{i∗} � � K_0(X, μ_n)_ρ^{j∗} � � K_0(U, μ_n)_ρ � � 0

0 0 0

whose first and second columns are both exact sequences according to Remark 4.4 (iii). For the third column, K_0(U, μ_n)_ρ is equal to 0 by [31, (2.1.3)], ~U(U_{μn} , ∅)_ρ is also equal to 0 since U_{μn} is empty. Then from Remark 4.4 (iii) we know that ^K_0(U, μ_n, ∅)_ρ is equal to 0. We claim that i_∗ : ^K_0(X_{μn} , μ_n, S)_ρ → ^K_0(X, μ_n, S)_ρ is surjective. Indeed, for any element x ∈ ^K_0(X, μ_n, S)_ρ we may find an element y ∈ ^K_0(X_{μn} , μ_n, S)_ρ such that i_∗π(y) = π(x) because the third line is exact. This means x − i_∗(y) is in the kernel of π, so there exists an element α ∈ ~U(X_{μn} , S)_ρ such that α = x − i_∗(y) in ^K_0(X, μ_n, S)_ρ. Set β = αTd_g (N), we get i_∗(y + β) = i_∗(y) + α = x in ^K_0(X, μ_n, S)_ρ. Hence, i_∗ is surjective.

We now prove that the embedding morphism i_∗ : ^K_0(X_{μn} , μ_n, S)_ρ → ^K_0(X, μ_n, S)_ρ is really an isomorphism by constructing its inverse morphism. Let ω be an element in ~U(X_{μn} , S), by definition we have

λ^{−1}_{−1}(N^∨_{X/Xμn} ) · i^∗i_∗(ω) =λ^{−1}_{−1}(N^∨_{X/Xμn} ) · ωTd^{−1}_g (N_{X/Xg} ) =ch_g(λ^{−1}_{−1}(N^∨_{X/Xg} ))ωTd^{−1}_g (N_{X/Xg} ) =ω. Let η be an equivariant hermitian vector bundle on X_{μn} and assume that ξ. is an equivariant hermitian resolution of i_∗η on X whose metrics satisfy Bismut assumption (A), then by the definition of the embedding morphism i_∗ and Lemma 5.6 we have

λ^{−1}_{−1}(N^∨_{X/Xμn} ) · i^∗i_∗(η) =λ^{−1}_{−1}(N^∨_{X/Xμn} ) · i^∗( � k (−1)^kξ_k + T_g(ξ.)) = η.

So the inverse morphism of i_∗ is of the form λ^{−1}_{−1}(N^∨_{X/Xμn} ) · i^∗ and we are done.

Documenta Mathematica 15 (2010) 1049–1108

1094 Shun Tang

6 A Lefschetz fixed point formula for singular arithmetic schemes with smooth generic fibres

6.1 The statement

We formulate in this subsection the statement of our main theorem, a singular Lefschetz fixed point formula for equivariant arithmetic schemes with smooth generic fibres. Its proof will be given in next two subsections. Let f : X → Y be a μ_n-equivariant morphism between two arithmetic schemes with smooth generic fibres, which is smooth on the complex numbers. This morphism f is automatically projective and hence proper, according to the definition of equivariant arithmetic scheme. Suppose that f factors through some regular equivariant arithmetic scheme Z. More precisely, our assumption is that there exist an equivariant closed immersion i : X → Z and an equivariant morphism h : Z → Y such that f = h ∘ i and h is also smooth on the complex numbers. Moreover, we shall assume that the μ_n-action on Y is trivial. Let η be an equivariant coherent sheaf on X, then there exists a bounded complex of equivariant vector bundles which provides a resolution of i_∗η on Z because Z is regular. Since any two equivariant resolution of i_∗η can be dominated by a third one, the symbol Tor^k_{OZ} (i_∗η, O_{Zμn} ) does make sense. We choose arbitrary μ_n-invariant Kähler forms ω^Z and ω^X on Z(C) and X(C) respectively, the Kähler form ω^X is not necessarily the Kähler form induced by ω^Z . The Kähler form on X(C) induced by ω^Z will be denoted by ω^Z_X . Denote by N the normal bundle of i_C(X(C)) in Z(C), we endow it with the quotient metric provided that T X(C) carries the Kähler metric corresponding to ω^Z_X . Let F be the non-zero degree part of N, then by [13, Exp. VII, Lem. 2.4 and Prop. 2.5] for any equivariant hermitian sheaf η on X there exists a canonical isomorphism on X_g

Tor^k_{OZ} (i_∗η, O_{Zμn} )_C ∼= ∧^kF^∨ ⊗ η_C |_{Xg}

which is equivariant. This means we may endow Tor^k_{OZ} (i_∗η, O_{Zμn} )_C with a hermitian metric induced by the metrics on F and η so that it becomes an equivariant hermitian sheaf on X_{μn} . Moreover, we know that the hermitian vector bundle F fits the following exact sequence

(F, ω^X ) : 0 → N_{X/Xg} → N_{Z/Zg} → F → 0

where N_{Z/Zg} admits the quotient metric associated to ω^Z and N_{X/Xg} admits the quotient metric associated to ω^X . Similarly, we shall denote by (F, ω^Z_X ) the hermitian exact sequence F whose metric on N_{X/Xg} is induced by ω^Z_X . The push-forward homomorphism from the arithmetic G_0-group ^G_0(X, μ_n, ∅) to ^G_0(Y, μ_n, ∅) with respect to the Kähler form ω^X is denoted by f_∗ as usual. The push-forward homomorphism from ^G_0(X_{μn} , μ_n, ∅) to ^G_0(Y, μ_n, ∅) with respect to the Kähler form ω^Z_X will be denoted by f^Z_{μn ∗}.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1095

Write ~Td(T f_g, ω^X , ω^Z_X ) for the secondary characteristic class of the exact sequence 0 � (T fg, ω^X )^{Id} � (T fg, ω^Z_X ) � 0 � 0 where the middle term carries the metric induced by ω^Z_X and the sub term carries the metric induced by ω^X . Then the singular Lefschetz fixed point formula for equivariant arithmetic schemes with smooth generic fibres can be formulated as follows.

Theorem 6.1. Let notations and assumptions be as above. Then for any equivariant hermitian sheaf η on X, the equality

f_∗(η) =f^Z_{μn ∗}(i^∗_{μn} (λ^{−1}_{−1}(N^∨_{Z/Zμn} )) · � k (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) + � X_g /Y

Td(T f_g, ω^X )ch_g (η) ~Td_g(F, ω^X )Td^{−1}_g (F ) − � X_g /Y

Td_g (T f)ch_g(η)R_g (N_{X/Xg} ) + � X_g /Y

~Td(T f_g, ω^X , ω^Z_X )ch_g (η)Td_g (N_{Z/Zg} )Td^{−1}_g (F )

holds in the group ^G_0(Y, μ_n, ∅)_ρ.

Remark 6.2. This arithmetic Lefschetz fixed point formula was inspired by [31, Théorème 3.5].

6.2 Equivariant arithmetic G_0-theoretic vanishing theorem The central actor in the proof of Theorem 6.1 is the following vanishing theorem in equivariant arithmetic G_0-theory, which can be viewed as a translation of Theorem 3.1.

Theorem 6.3. Let notations and assumptions be as in last subsection. Let η be an equivariant hermitian sheaf on X, and let Ψ : 0 → ξ_m → · · · → ξ_1 → ξ_0 → i_∗η → 0 be a resolution of i_∗η by equivariant hermitian vector bundles on Z. Denote by h_{μn ∗} the push-forward homomorphism from ^K_0(Z_{μn} , μ_n, N^∨_{g,R} \ {0}) to ^G_0(Y, μ_n, ∅) with respect to the Kähler form ω^Z . Then the formula f^Z_{μn ∗}( � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) − h_{μn ∗}( � (−1)^k(ξ_k |_{Zμn} )) = � Z_g /Y

T_g(ξ.)Td(T h_g) + � X_g /Y

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g ) + � X_g /Y

ch_g(η)Td^{−1}_g (N) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} )

Documenta Mathematica 15 (2010) 1049–1108

1096 Shun Tang

holds in ^G_0(Y, μ_n, ∅).

Proof. Following the same arguments given in the proof of Lemma 3.9, we may show that the deformation to the normal cone W (i) admits an equivariant hermitian very ample invertible sheaf L which is relative to the morphism l : W (i) → Y . By Theorem 3.1 and the fact that L is very ample, we conclude that there exists an integer k_0 > 0 such that for n ≥ k_0, L^{⊗n} is l-acyclic and δ(Ψ(n)_C) = 0. Then l factors through an equivariant projective space bundle P(E) where E is locally free of rank r + 1 on Y and l_∗L^{⊗k0} is an equivariant quotient of E. Denote by p : P(E) → Y the canonical projection. On P := P(E), we have a canonical exact sequence

H : 0 → O_P → p^∗(E^∨)(1) → · · · → p^∗(∧^{r+1}E^∨)(r + 1) → 0. Restricting this sequence to Z, we obtain an exact sequence of exact sequences 0 → Ψ → Ψ ⊗ h^∗(E^∨)(1) → · · · → Ψ ⊗ h^∗(∧^{r+1}E^∨)(r + 1) → 0.

Endow E with any μ_n(C)-invariant hermitian metric. We claim that the assumption that Theorem 6.3 holds for Ψ ⊗ h^∗(∧^nE^∨)(n) with n ≥ 1 implies that it holds for Ψ. In fact, since H is an exact sequence of flat modules, for any k ≥ 0 we have the following exact sequence on X_{μn}

0 → Tor^k_{OZ} (i_∗η, O_{Zμn} ) →Tor^k_{OZ} (i_∗η, O_{Zμn} ) ⊗ f^∗_{μn} (E^∨)(1) → · · · →Tor^k_{OZ} (i_∗η, O_{Zμn} ) ⊗ f^∗_{μn} (∧^{r+1}E^∨)(r + 1) → 0.

We compute f^Z_{μn ∗}(Tor^k_{OZ} (i_∗η, O_{Zμn} ))

=f^Z_{μn ∗}(− r+1� j=1 (−1)^j Tor^k_{OZ} (i_∗η, O_{Zμn} ) ⊗ f^∗_{μn} (∧^j E^∨)(j)) + � X_g /Y

Td(T f_g, ω^Z_X )ch_g (∧^kF^∨)ch_g (η)(−1)^{r+1} ~ch_g(H) and m� k=0 (−1)^kh_{μn ∗}(ξ_k |_{Zμn} )

= m� k=0 (−1)^kh_{μn ∗}(− r+1� j=1 (−1)^j ξ_k |_{Zμn} ⊗h^∗_{μn} (∧^j E^∨)(j))

+ m� k=0 (−1)^k � Z_g /Y

Td(T h_g)ch_g (ξ_k)(−1)^{r+1} ~ch_g(H).

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1097 Moreover, we have � X_g /Y

Td(T f_g)ch_g(Tor^k_{OZ} (i_∗η, O_{Zμn} ))R(N_g )

= � X_g /Y − r+1� j=1 (−1)^j ch_g(Tor^k_{OZ} (i_∗η, O_{Zμn} ) ⊗ f^∗_{μn} (∧^j E^∨)(j))R(N_g )Td(T f_g)

and � Z_g /Y

T_g(ξ.)Td(T h_g) = � Z_g /Y

Td(T h_g){δ_{Xg} Td^{−1}_g (N)ch_g(η)(−1)^{r+1} ~ch_g (H)

− m� k=0 (−1)^kch_g (ξ_k)(−1)^{r+1} ~ch_g(H) − r+1� j=1 (−1)^j T_g(ξ.)ch_g (h^∗_{μn} (∧^j E^∨)(j))}

by the double complex formula of equivariant Bott-Chern singular currents. At last, we also have � X_g /Y

ch_g (η)Td^{−1}_g (N) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} )

= � X_g /Y

{dd^c(−1)^{r+1} ~ch_g (H)ch_g (η) − r+1� j=1 (−1)^j ch_g (η ⊗ f^∗(∧^j E^∨)(j))} · Td^{−1}_g (N) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} ) = − � X_g /Y

(−1)^{r+1} ~ch_g (H)ch_g (η) · {Td^{−1}_g (N)Td(T h_g) − Td(T f_g, ω^Z_X )Td^{−1}_g (F )} − � X_g /Y

r+1� j=1 (−1)^j ch_g (η ⊗ f^∗(∧^j E^∨)(j))Td^{−1}_g (N) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} ).

Gathering all these computations above and using our assumption, we get f^Z_{μn ∗}( � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) − h_{μn ∗}( � (−1)^kξ_k |_{Zμn} ) − � Z_g /Y

T_g(ξ.)Td(T h_g) − � X_g /Y

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g ) − � X_g /Y

ch_g (η)Td^{−1}_g (N) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} ) = � X_g /Y

Td(T f_g, ω^Z_X )Td^{−1}_g (F )ch_g(η)(−1)^{r+1} ~ch_g (H)

Documenta Mathematica 15 (2010) 1049–1108

1098 Shun Tang − m� k=0 (−1)^k � Z_g /Y

Td(T h_g)ch_g(ξ_k)(−1)^{r+1} ~ch_g (H) − � X_g /Y

Td(T h_g)Td^{−1}_g (N )ch_g(η)(−1)^{r+1} ~ch_g (H) + m� k=0 (−1)^k � Z_g /Y

Td(T h_g)ch_g(ξ_k)(−1)^{r+1} ~ch_g (H) + � X_g /Y

(−1)^{r+1} ~ch_g (H)ch_g (η){Td^{−1}_g (N)Td(T h_g)

− Td(T f_g, ω^Z_X )Td^{−1}_g (F )} which vanishes. This ends the proof of our claim.

By the construction of the projective space bundle P , we have already known that δ(Ψ(n)_C) vanishes from n = 1 to n = r + 1. Moreover, according to the projection formula of higher direct images, the operation of tensoring with the element l^∗(∧^nE^∨) doesn’t change the property of l-acyclicity. Hence we also have δ(Ψ ⊗ h^∗(∧^nE^∨)(n)_C) = 0. By the generating relations and the definition of push-forward morphisms of arithmetic G_0-groups, this is equivalent to say that Theorem 6.3 holds for Ψ ⊗ h^∗(∧^nE^∨)(n). Therefore the equality in the statement of this theorem follows from our claim before.

Corollary 6.4. Let notations and assumptions be as in Theorem 6.3, and let x be any element in ^K_0(Z, μ_n, ∅)_ρ. Then the formula

f^Z_{μn ∗}(i^∗x |_{Xμn} · � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} ))

− h_{μn ∗}(x |_{Zμn} · � (−1)^k(ξ_k |_{Zμn} )) = � Z_g /Y

T_g(ξ.)Td(T h_g)ch_g(x) + � X_g /Y

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g )ch_g(i^∗x) + � X_g /Y

ch_g (η)Td^{−1}_g (N)ch_g (i^∗x) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} )

holds in ^G_0(Y, μ_n, ∅)_ρ.

Proof. If x = E is an equivariant hermitian vector bundle on Z, then ξ. ⊗ E provides a resolution of i_∗(η⊗i^∗E). Hence the formula follows from Theorem 6.3 in this case. If x = α is represented by some smooth form, then

f^Z_{μn ∗}(i^∗x |_{Xμn} · � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) = � Z_g /Y

Td(T f_g, ω^Z_X )Td^{−1}_g (F )ch_g (η)δ_{Xg} α

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1099 and h_{μn ∗}(x |_{Zμn} · � (−1)^k(ξ_k |_{Zμn} )) = � Z_g /Y

Td(T h_g)α � (−1)^kch_g(ξ_k).

Moreover, by the definition of ch_g(x) we have � Z_g /Y

T_g(ξ.)Td(T h_g)ch_g(x) = � Z_g /Y

ch_g (η)Td^{−1}_g (N)δ_{Xg} Td(T h_g)α − � Z_g /Y � (−1)^kch_g (ξ_k)Td(T h_g)α and �

X_g /Y

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g )ch_g(i^∗x) = 0. Finally, using the definition of ~Td we compute � X_g /Y

ch_g (η)Td^{−1}_g (N)ch_g (i^∗x) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} ) = � Z_g /Y

Td(T f_g, ω^Z_X )Td^{−1}_g (F )ch_g(η)δ_{Xg} α − � Z_g /Y

ch_g (η)Td^{−1}_g (N)δ_{Xg} Td(T h_g)α.

Gathering all computations above, we know that the formula still holds for x which is represented by smooth form. Since both two sides are additive, we are done.

Corollary 6.5. Let notations and assumptions be as in Theorem 6.3, and let y be any element in ^K_0(Z_{μn} , μ_n, ∅)_ρ. Then the formula

f^Z_{μn ∗}(i^∗_{μn} y · � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) − h_{μn ∗}(y · � (−1)^k(ξ_k |_{Zμn} )) = � Z_g /Y

T_g(ξ.)Td(T h_g)ch_g(y) + � X_g /Y

Td(T f_g)Td^{−1}_g (F )ch_g (η)R(N_g )ch_g(i^∗_{μn} y) + � X_g /Y

ch_g (η)Td^{−1}_g (N)ch_g (i^∗_{μn} y) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} )

holds in ^G_0(Y, μ_n, ∅)_ρ.

Proof. Provided Corollary 6.4, it is enough to prove that for any y ∈ ^K_0(Z_{μn} , μ_n, ∅)_ρ there exists an element x ∈ ^K_0(Z, μ_n, ∅)_ρ such that i∗_Z x = y.

Documenta Mathematica 15 (2010) 1049–1108

1100 Shun Tang

Here i_Z stands for the inclusion Z_{μn} → Z. Actually, set x = i_{Z ∗}(λ^{−1}_{−1}(N^∨_{Z/Zμn} )· y), we have

i^∗_Z x = i^∗_Z i_{Z ∗}(λ^{−1}_{−1}(N^∨_{Z/Zμn} ) · y) = λ_{−1}(N^∨_{Z/Zμn} ) · λ^{−1}_{−1}(N^∨_{Z/Zμn} ) · y = y. This follows from our arithmetic concentration theorem.

6.3 Proof of the fixed point formula In this subsection, we provide a complete proof of Theorem 6.1 the singular Lefschetz fixed point formula. Before that, we need to translate Bismut-Ma’s immersion formula to an arithmetic G_0-theoretic version. That’s the following. Theorem 6.6. Let notations and assumptions be as in Section 6.1. Assume that η is an equivariant hermitian sheaf on X and ξ. is a bounded complex of equivariant hermitian vector bundles providing a resolution of i_∗η on Z whose metrics satisfy Bismut assumption (A). Then the equality

f^Z_∗ (η) − m� j=0 (−1)^j h_∗(ξ_j ) = � X_g /Y

ch_g (η)R_g (N)Td_g(T f) + � Z_g /Y

T_g(ξ.)Td_g (T h) + � X_g /Y

ch_g (η) ~Td_g((T f, ω^Z_X ), T h |_X )Td^{−1}_g (N)

holds in ^G_0(Y, μ_n, ∅).

Proof. We first suppose that η and ξ. are all acyclic, then the verification follows rather directly from the generating relations of arithmetic G_0-theory. In fact

f^Z_∗ (η) − m� j=0 (−1)^j h_∗(ξ_j ) =f_∗η − T_g(ω^Z_X , h^η) − ( m� j=0 (−1)^j (h_∗ξ_j − T_g(ω^Z , h^{ξj} )))

= ~ch_g(h_∗Ξ) − T_g(ω^Z_X , h^η) + m� j=0 (−1)^j T_g(ω^Z , h^{ξj} ).

And the right-hand side of the last equality is exactly the left-hand side of Bismut-Ma’s immersion formula. We emphasize again that to simplify the right-hand side of Bismut-Ma’s immersion formula, we have used an Atiyah- Segal-Singer type formula for immersion i_{g∗}(Td^{−1}_g (N)ch_g(x)) = ch_g (i_∗(x)).

To remove the condition of acyclicity, one can use the argument which is essentially the same as in the proof of Theorem 6.3. Since it doesn’t use any new techniques, we omit it here.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1101

Definition 6.7. The inclusion i : X → Z induces an embedding morphism i_∗ : ^G_0(X, μ_n, ∅) → ^K_0(Z, μ_n, N^∨_{g,R} \ {0}) which is defined as follows.

(i). For every μ_n-equivariant hermitian sheaf η on X, suppose that ξ. is a resolution of i_∗η on Z whose metrics satisfy Bismut assumption (A), i_∗[η] = � k(−1)^k[ξ_k] + T_g(ξ.).

(ii). For every α ∈ ~U(X_{μn} , ∅), i_∗α = αTd^{−1}_g (N )δ_{Xg} .

Remark 6.8. Similar to Theorem 5.2 and Lemma 5.3, one can prove that the embedding morphism is a well-defined homomorphism of R(μ_n)-modules. Proof. (of Theorem 6.1) We first prove that this fixed point formula holds when ω^X is equal to ω^Z_X , namely the Kähler metric on X(C) is induced by the Kähler metric on Z(C). By Theorem 6.6 and Definition 6.7, we have the following equality f^Z_∗ (η) =h_∗i_∗(η) + � X_g /Y

ch_g (η)R_g (N)Td_g(T f) + � X_g /Y

ch_g(η) ~Td_g ((T f, ω^Z_X ), T h |_X )Td^{−1}_g (N)

which holds in ^G_0(Y, μ_n, ∅). Now we claim that for any element y ∈ ^K_0(Z_{μn} , μ_n, N^∨_{g,R} \ {0})_ρ, we have h_{μn ∗}(y) − h_∗i_{Z ∗}(y) = h_{μn ∗}(y · R_g (N_{Z/Zμn} )).

Since all morphisms are homomorphisms of R(μ_n)-modules, we can only consider the generators of ^K_0(Z_{μn} , μ_n, N^∨_{g,R} \ {0}). Indeed, by applying Theorem 6.6 to the closed immersion i_Z , for any equivariant hermitian vector bundle E on Z_{μn} we have

h_{μn ∗}(E) − h_∗i_{Z ∗}(E) = � Z_g /Y

ch_g(E)R_g (N_{Z/Zμn} )Td_g (T h_g)

=h_{μn ∗}(ch_g (E)R_g (N_{Z/Zμn} )).

The first equality holds because the exact sequence 0 → T h_g → T h |_{Zg} → N_{Z/Zg} → 0 is orthogonally split on Z_g so that ~Td_g(T h_g, T h |_{Zg} ) = 0. The second equality follows from [21, Lemma 7.3] and the fact that ch_g(E)R_g (N_{Z/Zμn} ) is dd^c-closed. On the other hand, let α be an element in ~U(Z_{μn} , N^∨_{g,R} \ {0}), we have

h_{μn ∗}(α) − h_∗i_{Z ∗}(α) = � Z_g /Y

αTd_g (T h_g) − � Z_g /Y

αTd^{−1}_g (N_{Z/Zμn} )Td_g(T h) = � Z_g /Y

αTd^{−1}_g (N_{Z/Zμn} )dd^c ~Td_g (T h_g, T h |_{Zg} ) = 0.

Documenta Mathematica 15 (2010) 1049–1108

1102 Shun Tang Combing these two computations, we get our claim by linear extension. Now using arithmetic concentration theorem, we compute

h_∗i_∗(η) =h_∗i_{Z ∗}i_Z^{−1}_∗ i_∗(η) =h_{μn ∗}(i_Z^{−1}_∗ i_∗(η) · (1 − R_g (N_{Z/Zμn} ))) =h_{μn ∗}(λ^{−1}_{−1}(N^∨_{Z/Zμn} ) · i_Z^∗i_∗(η) · (1 − R_g(N_{Z/Zμn} ))) =h_{μn ∗}(λ^{−1}_{−1}(N^∨_{Z/Zμn} ) · { � k (−1)^k(ξ_k |_{Zμn} )

+ T_g(ξ.)} · (1 − R_g (N_{Z/Zμn} ))) =h_{μn ∗}(λ^{−1}_{−1}(N^∨_{Z/Zμn} ) · � k (−1)^k(ξ_k |_{Zμn} )) + h_{μn ∗}(Td_g (N_{Z/Zμn} )T_g(ξ.)) − h_{μn ∗}(Td_g (N_{Z/Zμn} ) � k (−1)^kch_g (ξ_k)R_g (N_{Z/Zμn} )).

According to Corollary 6.5, by setting y = λ^{−1}_{−1}(N^∨_{Z/Zμn} ), we compute

h_{μn ∗}(λ^{−1}_{−1}(N^∨_{Z/Zμn} ) · � k (−1)^k(ξ_k |_{Zμn} )) =f^Z_{μn ∗}(i^∗_{μn} (λ^{−1}_{−1}(N^∨_{Z/Zμn} )) · � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) − � Z_g /Y

T_g(ξ.)Td(T h_g)Td_g (N_{Z/Zg} ) − � X_g /Y

Td(T f_g)Td^{−1}_g (F )ch_g(η)R(N_g )Td_g(N_{Z/Zg} ) − � X_g /Y

ch_g (η)Td^{−1}_g (N)Td_g (N_{Z/Zg} ) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} ) =f^Z_{μn ∗}(i^∗_{μn} (λ^{−1}_{−1}(N^∨_{Z/Zμn} )) · � (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) − � Z_g /Y

T_g(ξ.)Td_g (T h) − � X_g /Y

Td_g (T f)ch_g (η)R(N_g ) − � X_g /Y

ch_g (η)Td^{−1}_g (N)Td_g (N_{Z/Zg} ) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} ).

Here we have used various relations of character forms or characteristic classes

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1103 arising from the following double complex 0 � 0 � 0 � 0 � (T fg, ω^Z_X ) � � T h_g �

� N_g � � 0

0 � (T f, ω^Z_X ) � � T h �

� N � � 0

0 � (NX/X_g , ω^Z_X ) � � N_{Z/Zg} � � F �

� 0

0 0 0 whose columns are all orthogonally split. Also, for this double complex, one may use Example 2.3 (iv) to compute that

~Td_g ((T f, ω^Z_X ), T h |_X ) = ~Td_g(F, ω^Z_X )Td(N_g)Td(T f_g, ω^Z_X ) + ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} )Td_g (N_{Z/Zg} ). (11) We deduce from (11) that � X_g /Y

ch_g(η) ~Td_g ((T f, ω^Z_X ), T h |_X )Td^{−1}_g (N) = � X_g /Y

ch_g(η) ~Td((T f_g, ω^Z_X ), T h_g |_{Xg} )Td^{−1}_g (N)Td_g(N_{Z/Zg} ) + � X_g /Y

ch_g (η) ~Td_g(F)Td^{−1}_g (F )Td(T f_g, ω^Z_X ). (12) Moreover, we have

h_{μn ∗}(Td_g(N_{Z/Zμn} )T_g(ξ.)) = � Z_g /Y

T_g(ξ.)Td(T h_g)Td_g (N_{Z/Zg} ) = � Z_g /Y

T_g(ξ.)Td_g(T h) (13) and h_{μn ∗}(Td_g (N_{Z/Zμn} ) � k (−1)^kch_g(ξ_k )R_g (N_{Z/Zμn} )) = � Z_g /Y

Td_g(N_{Z/Zμn} )δ_{Xg} ch_g(η)Td^{−1}_g (N)R_g (N_{Z/Zg} )Td(T h_g)

Documenta Mathematica 15 (2010) 1049–1108

1104 Shun Tang = � X_g /Y

Td_g (N_{X/Xg} )Td_g(F )ch_g(η)Td^{−1}_g (N) · [R_g (N_{X/Xg} ) + R_g (N) − R(N_g)]Td(T f_g)Td(N_g ) = � X_g /Y

Td_g (T f)ch_g (η)[R_g (N_{X/Xg} ) + R_g (N) − R(N_g)]. (14) Gathering (12), (13) and (14) we finally get

f^Z_∗ (η) =f^Z_{μn ∗}(i^∗_{μn} (λ^{−1}_{−1}(N^∨_{Z/Zμn} )) · � k (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) + � X_g /Y

Td(T f_g, ω^Z_X )ch_g (η) ~Td_g(F, ω^Z_X )Td^{−1}_g (F ) − � X_g /Y

Td_g (T f)ch_g(η)R_g (N_{X/Xg} ) which completes the proof of Theorem 6.1 in the case where the Kähler metric on X(C) is induced by the Kähler metric on Z(C).

In general, in analogy with the notation ~Td(T f_g, ω^X , ω^Z_X ), we write ~Td_g (N_{X/Xg} , ωX , ωZ_X ) for the secondary characteristic class of the exact sequence 0 � NX/Xg^{Id} � NX/Xg � 0 � 0 where the middle term carries the metric induced by ω^Z_X and the sub term carries the metric induced by ω^X . Similarly, we have the notation ~Td_g (T f, ωX , ωZ_X ). Then by applying the argument in the proof of (11) to the double complex 0 � 0 � 0 � 0 � (T fg, ω^X ) � � (T f_g, ω^Z_X ) �

� 0 � � 0

0 � (T f, ω^X ) � � (T f, ω^Z_X ) �

� 0 � �

0

0 � (NX/X_g , ω^X ) � � (N_{X/Xg} , ω^Z_X ) � � 0 �

� 0

0 0 0

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1105 We get

~Td_g (T f, ω^X , ω^Z_X ) = ~Td(T f_g, ω^X , ω^Z_X )Td_g(N_{X/Xg} , ω^Z_X ) + ~Td_g (N_{X/Xg} , ω^X , ω^Z_X )Td(T f_g, ω^X ).

Moreover, by [30, Proposition 2.8], we obtain that

~Td_g(F, ω^X ) = ~Td_g (F, ω^Z_X ) + ~Td_g(N_{X/Xg} , ω^X , ω^Z_X )Td_g (F ). With these two comparison formulae, we can compute � X_g /Y

Td(T f_g, ω^X )ch_g(η) ~Td_g (F, ω^X )Td^{−1}_g (F ) − � X_g /Y

Td(T f_g, ω^Z_X )ch_g (η) ~Td_g(F, ω^Z_X )Td^{−1}_g (F ) = � X_g /Y

Td(T f_g, ω^X )ch_g(η) ~Td_g (F, ω^X )Td^{−1}_g (F ) − � X_g /Y

Td(T f_g, ω^X )ch_g (η) ~Td_g(F, ω^Z_X )Td^{−1}_g (F ) + � X_g /Y

Td(T f_g, ω^X )ch_g (η) ~Td_g(F, ω^Z_X )Td^{−1}_g (F ) − � X_g /Y

Td(T f_g, ω^Z_X )ch_g (η) ~Td_g(F, ω^Z_X )Td^{−1}_g (F ) = � X_g /Y

~Td(T f_g, ω^X , ω^Z_X )ch_g (η) · [Td_g (N_{X/Xg} , ω^Z_X )Td_g (F ) − Td_g(N_{Z/Zg} )]Td^{−1}_g (F ) + � X_g /Y

Td(T f_g, ω^X )ch_g (η) ~Td_g(N_{X/Xg} , ω^X , ω^Z_X ) = � X_g /Y

ch_g (η) ~Td_g (T f, ω^X , ω^Z_X ) − � X_g /Y

~Td(T f_g, ω^X , ω^Z_X )ch_g (η)Td_g (N_{Z/Zg} )Td^{−1}_g (F ). At last, using [21, Lemma 7.3], we get the equality f_∗(η) − f^Z_∗ (η) = � X_g /Y

ch_g (η) ~Td_g(T f, ω^X , ω^Z_X ).

Together with the fact that the other two terms have nothing to do with the

Documenta Mathematica 15 (2010) 1049–1108

1106 Shun Tang choice of the metric ω^X , we finally obtain that

f_∗(η) =f^Z_{μn ∗}(i^∗_{μn} (λ^{−1}_{−1}(N^∨_{Z/Zμn} )) · � k (−1)^kTor^k_{OZ} (i_∗η, O_{Zμn} )) + � X_g /Y

Td(T f_g, ω^X )ch_g (η) ~Td_g(F, ω^X )Td^{−1}_g (F ) − � X_g /Y

Td_g (T f)ch_g(η)R_g (N_{X/Xg} ) + � X_g /Y

~Td(T f_g, ω^X , ω^Z_X )ch_g (η)Td_g (N_{Z/Zg} )Td^{−1}_g (F )

which ends the proof of Theorem 6.1.

Remark 6.9. Let Y be an affine arithmetic scheme Spec(D), and choose ω^X to be the induced Kähler form ω^Z_X . Then the formula in Theorem 6.1 is the content of [25, Conjecture 5.1].

References

[1] P. Baum, W. Fulton and G. Quart, Lefschetz-Riemann-Roch for singular varieties, Acta Math. 143(1979), 193-211.

[2] J.-M. Bismut, Equivariant immersions and Quillen metrics, J. Differential Geom. 41(1995), 53-157.

[3] J.-M. Bismut, Superconnection currents and complex immersions, Inventiones Math. 99(1990), 59-113.

[4] J.-M. Bismut, H. Gillet and C. Soulé, Analytic torsion and holomorphic determinant bundles II, Comm. Math. Phys. 115(1988), 79-126.

[5] J.-M. Bismut, H. Gillet and C. Soulé, Bott-Chern current and complex immersions, Duke Math. J. 60(1990), 255-284.

[6] J.-M. Bismut, H. Gillet and C. Soulé, Complex immersions and Arakelov geometry, in Grothendieck Festschrift I, P. Cartier and al.(eds.), Birkhaüser, 1990.

[7] J. -M. Bismut and K. Köhler, Higher analytic torsion forms for direct images and anomaly formulas, J. Alg. Geom. 1(1992), 647-684.

[8] J. -M. Bismut and X. Ma, Holomorphic immersions and equivariant torsion forms, J. reine angew. Math. 575(2004), 189-235.

[9] N. Berline, E. Getzler and M. Vergne, Heat kernels and the Dirac operator, Grundlehren der Math. Wiss. 298, Springer-Verlag, 1992.

Documenta Mathematica 15 (2010) 1049–1108

Singular Fixed Point Formula of Lefschetz Type 1107

[10] A. Borel et J. P. Serre, Le théorème de Riemann-Roch, Bull. Soc. Math.

France, 86(1958), 97-136.

[11] P. Deligne, Le déterminant de la cohomologie, Contemporary Math.

67(1987), 93-178.

[12] P. Donovan, The Lefschetz-Riemann-Roch formula, Bull. Soc. Math.

France, 97(1969), 257-273.

[13] A. Grothendieck, P. Berthelot and L. Illusie, SGA6, Théorie des intersections et théorème de Riemann-Roch, Lecture Notes in Maththematics 225, Springer-Verlag, Berlin-Heidelberg-New York, 1971.

[14] W. Greub, S. Halperin and R. Vanstone, Connections, Curvature, and Cohomology I, Academic Press, New York, 1972.

[15] H. Gillet and C. Soulé, Arithmetic intersection theory, Publ. Math. IHES 72(1990), 94-174.

[16] H. Gillet and C. Soulé, Characteristic classes for algebraic vector bundles with hermitian metrics I, II, Ann. of Math. 131(1990), 163-203 and 205- 238.

[17] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52, Springer-Verlag, New York, 1977.

[18] F. Hirzebruch, Topological Methods in Algebraic Geometry, Springer, 1978.

[19] L. Hörmander, The analysis of linear partial differential operators I, Grundlehren der mathematischen Wissenschaften 256, Springer-Verlag, Berlin, 1977.

[20] B. Köck, The Grothendieck-Riemann-Roch theorem in the higher Ktheory of group scheme actions, Ann. Sci. Ecole Norm. Sup. 31(1998), 4ème série, 415-458.

[21] K. Köhler and D. Roessler, A fixed point formula of Lefschetz type in Arakelove geometry I: statement and proof, Inventiones Math. 145(2001), no.2, 333-396.

[22] K. Köhler and D. Roessler, A fixed point formula of Lefschetz type in Arakelove geometry II: a residue formula, Ann. Inst. Fourier. 52(2002), no.1, 81-103.

[23] X. Ma, Submersions and equivariant Quillen metrics, Ann. Inst. Fourier (Grenoble). 50(2000), 1539-1588.

[24] X. Ma, Formes de torsion analytique et familles de submersions I, Bull.

Soc. Math. France, 127(1999), 541-562; II, Asian J. Math. 4(2000), 633- 668.

Documenta Mathematica 15 (2010) 1049–1108

1108 Shun Tang

[25] V. Maillot and D. Rössler, Formes automorphes et théorèmes de Riemann-Roch arithmétiques, Astérisque 328(2009), 237-253.

[26] D. Quillen, Higher Algebraic K−theory I, Lecture Notes in Mathematics 341, 85-147, Springer-Verlag, Berlin, 1973.

[27] G. deRham, Variétés différentiables: formes, courants, formes harmoniques, Hermann, Paris, 1966.

[28] D. Roessler, An Adams-Riemann-Roch theorem in Arakelov geometry, Duke Math. J. 96(1999), no. 1, 61-126.

[29] S. Tang, Concentration theorem and relative fixed point formula of Lefschetz type in Arakelov geometry, to appear in J. reine angew. Math., available on arXiv:1002.1903v3 [math.AG].

[30] S. Tang, Uniqueness of equivariant singular Bott-Chern classes, available on arXiv:1005.5025v1 [math.AG].

[31] R. W. Thomason, Une formule de Lefschetz en K-théorie équivariante algébrique, Duke Math. J. 68(1992), 447-462.

Shun Tang Département de Mathématiques Bâtiment 425 Université Paris-Sud 11 91405 Orsay France shun.tang@math.u-psud.fr

Documenta Mathematica 15 (2010) 1049–1108