Documenta Mathematica

Journal der Deutschen Mathematiker-Vereinigung Gegründet 1996

Image of S^1, cf. page 518

Band 12 · 2007

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, veröffentlicht Forschungsarbeiten aus allen mathematischen Gebieten und wird in traditioneller Weise referiert. Es wird indiziert durch Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Artikel können als TEX-Dateien per E-Mail bei einem der Herausgeber eingereicht werden. Hinweise für die Vorbereitung der Artikel können unter der unten angegebenen WWW-Adresse gefunden werden.

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, publishes research manuscripts out of all mathematical fields and is refereed in the traditional manner. It is indexed in Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Manuscripts should be submitted as TEX -files by e-mail to one of the editors. Hints for manuscript preparation can be found under the following web address.

http://www.math.uni-bielefeld.de/documenta

Geschäftsführende Herausgeber / Managing Editors: Alfred K. Louis, Saarbrücken louis@num.uni-sb.de Ulf Rehmann (techn.), Bielefeld rehmann@math.uni-bielefeld.de Peter Schneider, Münster pschnei@math.uni-muenster.de Herausgeber / Editors:

Don Blasius, Los Angeles blasius@math.ucla.edu Joachim Cuntz, Münster cuntz@math.uni-muenster.de Patrick Delorme, Marseille delorme@iml.univ-mrs.fr Edward Frenkel, Berkeley frenkel@math.berkeley.edu Kazuhiro Fujiwara, Nagoya fujiwara@math.nagoya-u.ac.jp Friedrich Götze, Bielefeld goetze@math.uni-bielefeld.de Ursula Hamenstädt, Bonn ursula@math.uni-bonn.de Lars Hesselholt, Cambridge, MA (MIT) larsh@math.mit.edu Max Karoubi, Paris karoubi@math.jussieu.fr Stephen Lichtenbaum Stephen Lichtenbaum@brown.edu Eckhard Meinrenken, Toronto mein@math.toronto.edu Alexander S. Merkurjev, Los Angeles merkurev@math.ucla.edu Anil Nerode, Ithaca anil@math.cornell.edu Thomas Peternell, Bayreuth Thomas.Peternell@uni-bayreuth.de Eric Todd Quinto, Medford Todd.Quinto@tufts.edu Takeshi Saito, Tokyo t-saito@ms.u-tokyo.ac.jp Stefan Schwede, Bonn schwede@math.uni-bonn.de Heinz Siedentop, München (LMU) h.s@lmu.de Wolfgang Soergel, Freiburg soergel@mathematik.uni-freiburg.de Günter M. Ziegler, Berlin (TU) ziegler@math.tu-berlin.de

ISSN 1431-0635 (Print), ISSN 1431-0643 (Internet)

SPARC

Leading Edge

Documenta Mathematica is a Leading Edge Partner of SPARC, the Scholarly Publishing and Academic Resource Coalition of the Association of Research Libraries (ARL), Washington DC, USA.

Address of Technical Managing Editor: Ulf Rehmann, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, Copyright © 2007 for Layout: Ulf Rehmann. Typesetting in TEX.

Documenta Mathematica

Band 12, 2007

Benoît Collins, James A. Mingo, Piotr Śniady, Roland Speicher Second Order Freeness and Fluctuations of Random Matrices III.

Higher order freeness and free cumulants 1–70

Marc Levine Motivic Tubular Neighborhoods 71–146

Andreas Langer and Thomas Zink De Rham-Witt Cohomology and Displays 147–191

Gonçalo Tabuada On the Structure of Calabi-Yau Categories with a Cluster Tilting Subcategory 193–213

V. Gritsenko, K. Hulek and G. K. Sankaran The Hirzebruch-Mumford Volume for the Orthogonal Group and Applications 215–241

Jan Nekovář On the Parity of Ranks of Selmer Groups III 243–274

Jean Fasel The Chow-Witt ring 275–312

Christian Voigt Equivariant Local Cyclic Homology and the Equivariant Chern-Connes Character 313–359

Kiran S. Kedlaya Erratum for “Slope Filtrations Revisited” 361–362

Richard Hill Construction of Eigenvarieties in Small Cohomological Dimensions for Semi-Simple, Simply Connected Groups 363–397

Lionel Dorat G-Structures Entires et Modules de Wach 399–440

Alexander Schmidt Rings of Integers of Type K(π, 1) 441–471

Karim Johannes Becher, Detlev W. Hoffmann Isotropy of Quadratic Spaces in Finite and Infinite Dimension 473–504

Esfandiar Nava Yazdani Generic Observability of Dynamical Systems 505–520

Pierre Guillot Geometric Methods for Cohomological Invariants 521–545

Igor Wigman Erratum 547–548

Indranil Biswas and Johannes Huisman Rational Real Algebraic Models of Topological Surfaces 549–567

Alexander Pushnitski and Grigori Rozenblum Eigenvalue Clusters of the Landau Hamiltonian in the Exterior of a Compact Domain 569–586

William A. Stein Visibility of Mordell-Weil Groups 587–606

Florian Ivorra Réalisation ℓ-Adique des Motifs Triangulés Géométriques I 607–671

Dimitar P. Jetchev, William A. Stein Visibility of the Shafarevich–Tate Group at Higher Level 673–696

Documenta Math. 1

Second Order Freeness and

Fluctuations of Random Matrices III.

Higher order freeness and free cumulants

Benoît Collins^1, James A. Mingo^2, Piotr Śniady^3, Roland Speicher^{2,4}

Received: January 15, 2007

Communicated by Joachim Cuntz

Abstract. We extend the relation between random matrices and free probability theory from the level of expectations to the level of all correlation functions (which are classical cumulants of traces of products of the matrices). We introduce the notion of “higher order freeness” and develop a theory of corresponding free cumulants. We show that two independent random matrix ensembles are free of arbitrary order if one of them is unitarily invariant. We prove R-transform formulas for second order freeness. Much of the presented theory relies on a detailed study of the properties of “partitioned permutations”.

2000 Mathematics Subject Classification: 46L54 (Primary), 15A52, 60F05 Keywords and Phrases: free cumulants, random matrices, planar diagrams

1Research supported by JSPS and COE postdoctoral fellowships 2Research supported by Discovery Grants and a Leadership Support Initiative Award

from the Natural Sciences and Engineering Research Council of Canada

3Research supported by MNiSW (project 1 P03A 013 30), EU Research Training Network

“QP-Applications”, (HPRN-CT-2002-00279) and by European Commission Marie Curie Host Fellowship for the Transfer of Knowledge “Harmonic Analysis, Nonlinear Analysis and Probability” (MTKD-CT-2004-013389)

4Research supported by a Premier’s Research Excellence Award from the Province of

Ontario and a Killam Fellowship from the Canada Council for the Arts

Documenta Mathematica 12 (2007) 1–70

2 Collins, Mingo, Śniady, Speicher

1. Introduction

Random matrix models and their large dimension behavior have been an important subject of study in Mathematical Physics and Statistics since Wishart and Wigner. Global fluctuations of the eigenvalues (that is, linear functionals of the eigenvalues) of random matrices have been widely investigated in the last decade; see, e.g., [Joh98, Dia03, Rad06, AZ06, MN04, MŚS07]. Roughly speaking, the trend of these investigations is that for a wide class of converging random matrix models, the non-normalized trace asymptotically behaves like a Gaussian variable whose variance only depends on macroscopic parameters such as moments. The philosophy of these results, together with the freeness results of Voiculescu served as a motivation for our series of papers on second order freeness.

One of the main achievements of the free probability theory of Voiculescu [Voi91, VDN92] was an abstract description via the notion of “freeness” of the expectation of these Gaussian variables for a large class of non-commuting tuples of random matrices.

In the previous articles of this series [MS06, MŚS07] we showed that for many interesting ensembles of random matrices an analogue of the results of Voiculescu for expectations holds also true on the level of variances as well; thus pointing in the direction that the structure of random matrices and the fine structure of their eigenvalues can be studied in much more detail by using the new concept of “second order freeness”. One of the main obstacles for such a detailed study was the absence of an effective machinery for doing concrete calculations in this framework. Within free probability theory of first order, such a machinery was provided by Voiculescu with the concept of the R-transform, and by Speicher with the concept of free cumulants; see, e.g., [VDN92, NSp06]. One of the main achievements of the present article is to develop a theory of second order cumulants (and show that the original definition of second order freeness from Part I of this series [MS06] is equivalent to the vanishing of mixed second order cumulants) and provide the corresponding R-transform machinery.

In Section 2 we will give a more detailed (but still quite condensed) survey of the connection between Voiculescu’s free probability theory and random matrix theory. We will there also provide the main motivation, notions and concepts for our extension of this theory to the level of fluctuations (second order), as well as the statement of our main results concerning second order cumulants and R-transforms.

Having first and second order freeness it is, of course, a natural question whether this theory can be generalized to higher orders. It turns out that this is the case, most of the general theory is the same for all orders. So we will in this paper consider freeness of all orders from the very beginning and develop a general theory of higher order freeness and higher order cumulants. Let us, however, emphasize that first and second order freeness seem to be more important than the higher order ones. Actually, we can prove some of

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 3

the most important results (e.g. the R-transform machinery) only for first and second order, mainly because of the complexity of the underlying combinatorial objects.

The basic combinatorial notion behind the (usual) free cumulants are noncrossing partitions. Basically, passage to higher order free cumulants corresponds to a change to multi-annular non-crossing permutations [MN04], or more general objects which we call “partitioned permutations”. For much of the conceptual framework there is no difference between different levels of freeness, however for many concrete questions it seems that increasing the order makes some calculations much harder. This relates to the fact that n-th order freeness is described in terms of planar permutations which connect points on n different circles. Whereas enumeration of all non-crossing permutations in the case of one circle is quite easy, the case of two circles gets more complicated, but is still feasible; for the case of three or more circles, however, the answer does not seem to be of a nice compact form.

In the present paper we develop the notion and combinatorial machinery for freeness of all orders by a careful analysis of the main example: unitarily invariant random matrices. We start with the calculation of mixed correlation functions for random matrices and use the structure which we observe there as a motivation for our combinatorial setup. In this way the concept of partitioned permutations and the moment–cumulant relations appear quite canonically. We want to point out that even though our notion of second and higher order freeness is modeled on the situation found for correlation functions of random matrices, this notion and theory also have some far-reaching applications. Let us mention in this respect two points.

Firstly, recently one of us [Śni06] developed a quite general theory for fluctuations of characters and shapes of random Young diagrams contributing to many natural representations of symmetric groups. The results presented there are closely (though, not explicitly) related to combinatorics of higher order cumulants. This connection will be studied in detail in the part IV of this series where we prove that under some mild technical conditions Jucys-Murphy elements, which arise naturally in the study of symmetric groups, are examples of free random variables of higher order.

In another direction, the description of subfactors in von Neumann algebras via planar algebras [Jon99] relies very much on the notions of annular non-crossing partitions and thus resembles the combinatorial objects lying at the basis of our theory of second order freeness. This indicates that our results could have some relevance for subfactors.

Overview of the article. In Section 2 we will give a compact survey of the connection between Voiculescu’s free probability theory and random matrix theory, provide the main motivation, notions and concepts for our extension of this theory to the level of fluctuations (second order), as well as the statement of our main results concerning second order cumulants and R-transforms. We will also make a few general remarks about higher order freeness.

Documenta Mathematica 12 (2007) 1–70

4 Collins, Mingo, Śniady, Speicher

In Section 3 we will introduce the basic notions and relevant results on permutations, partitions, classical cumulants, Haar unitary random matrices, and the Weingarten function.

In Section 4 we study the correlation functions (classical cumulants of traces) of random matrix models. We will see how those are related to cumulants of entries of the matrices for unitarily invariant random matrices and we will in particular look on the correlation functions for products of two independent ensembles of random matrices, one of which is unitarily invariant. The limit of those formulas if the size N of the matrices goes to infinity will be the essence of what we are going to call “higher order freeness”. Also our main combinatorial objects, “partitioned permutations”, will arise very naturally in these calculations.

In Section 5 we will forget for a while random variables and just look on the combinatorial essence of our formulas, thus dealing with multiplicative functions on partitioned permutations and their convolution. The Zeta and Möbius functions on partitioned permutations will play an important role in these considerations.

In Section 6 we will derive, for the case of second order, the analogue of the R-transform formulas.

In Section 7 we will finally come back to a (non-commutative) probabilistic context, give the definition and work out the basic properties of “higher order freeness”.

In Section 8 we introduce the notion of “asymptotic higher order freeness” and show the relevance of our work for Itzykson-Zuber integrals. In an appendix, Section 9, we provide a graphical interpretation of partitioned permutations as a special case of “surfaced permutations”.

2. Motivation and Statement of our Main Results Concerning Second Order Freeness and Cumulants

In this section we will first recall in a quite compact form the main connection between Voiculescu’s free probability theory and questions about random matrices. Then we want to motivate our notion of second order freeness by extending these questions from the level of expectations to the level of fluctuations. We will recall the relevant results from the papers [MS06, MŚS07] and state the main new results of the present paper. Even though in the later parts of the paper our treatment will include freeness of arbitrarily high order, we restrict ourselves in this section mainly to the second order. The reason for this is that (apart from first order) second order freeness seems to be the most important order for applications, so that it seems worthwhile to spell out our general results for this case more explicitly. Furthermore, it is only there that we have an analogue of R-transform formulas. We will make a few general remarks about higher order freeness at the end of this section.

2.1. Moments of random matrices and asymptotic freeness. Assume we know the eigenvalue distribution of two matrices A and B. What can we say

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 5

about the eigenvalue distribution of the sum A + B of the matrices? Of course, the latter is not just determined by the eigenvalues of A and the eigenvalues of B, but also by the relation between the eigenspaces of A and of B. Actually, it is quite a hard problem (Horn’s conjecture) — which was only solved recently — to characterize all possible eigenvalue distributions of A + B. However, if one is asking this question in the context of N × N-random matrices, then in many situations the answer becomes deterministic in the limit N → ∞.

Definition 2.1. Let A = (A_N )_{N∈N} be a sequence of N × N-random matrices. We say that A has a first order limit distribution if the limit of all moments

α_n := lim_{N→∞} E[tr(A^n_N )] (n ∈ N)

exists and for all r > 1 and all n_1, . . . , n_r ∈ N lim N→∞ k_r(tr(A^{n1}_N ), tr(A^{n2}_N ), . . . , tr(A^{nr}_N )) = 0,

where E denotes the expectation, tr the normalized trace, and k_r the r^{th} classical cumulant.

In this language, our question becomes: Given two random matrix ensembles of N × N-random matrices, A = (A_N )_{N∈N} and B = (B_N )_{N∈N}, with first order limit distribution, does also their sum C = (C_N )_{N∈N}, with C_N = A_N + B_N , have a first order limit distribution, and furthermore, can we calculate the limit moments α^C_n of C out of the limit moments (α^A_k )_{k≥1} of A and the limit moments (α^B_k )_{k≥1} of B in a deterministic way. It turns out that this is the case if the two ensembles are in generic position, and then the rule for calculating the limit moments of C are given by Voiculescu’s concept of “freeness”. Let us recall this fundamental result of Voiculescu.

Theorem 2.2 (Voiculescu [Voi91]). Let A and B be two random matrix ensembles of N × N-random matrices, A = (A_N )_{N∈N} and B = (B_N )_{N∈N}, each of them with a first order limit distribution. Assume that A and B are independent (i.e., for each N ∈ N, all entries of A_N are independent from all entries of B_N ), and that at least one of them is unitarily invariant (i.e., for each N, the joint distribution of the entries does not change if we conjugate the random matrix with an arbitrary unitary N × N matrix). Then A and B are asymptotically free in the sense of the following definition.

Definition 2.3 (Voiculescu [Voi85]). Two random matrix ensembles A = (A_N )_{N∈N} and B = (B_N )_{N∈N} with limit eigenvalue distributions are asymptotically free if we have for all p ≥ 1 and all n(1), m(1), . . . , n(p), m(p) ≥ 1 that lim N→∞ E � tr � (A^{n(1)}_N − α^A_{n(1)}1) · (B^{m(1)}_N − α^B_{m(1)}1) · · ·

· · · (A^{n(p)} − α^A_{n(p)}1) · (B^{m(p)} − α^B_{m(p)}1) � = 0 Documenta Mathematica 12 (2007) 1–70

6 Collins, Mingo, Śniady, Speicher

One should realize that asymptotic freeness is actually a rule which allows to calculate all mixed moments in A and B, i.e. all expressions lim N→∞ E[tr(A^{n(1)}B^{m(1)}A^{n(2)}B^{m(2)} · · · A^{n(p)}B^{m(p)})]

out of the limit moments of A and the limit moments of B. In particular, this means that all limit moments of A + B (which are sums of mixed moments) exist and are actually determined in terms of the limit moments of A and the limit moments of B. The actual calculation rule is not directly clear from the above definition but a basic result of Voiculescu shows how this can be achieved by going over from the moments α_n to new quantities κ_n. In [Spe94], the combinatorial structure behind these κ_n was revealed and the name “free cumulants” was coined for them. Whereas in the later parts of this paper we will have to rely crucially on the combinatorial description and their extensions to higher orders, as well as on the definition of more general “mixed” cumulants, we will here state the results in the simplest possible form in terms of generating power series, which avoids the use of combinatorial objects.

Definition 2.4 (Voiculescu [Voi86], Speicher [Spe94]). Given the moments (α_n)_{n≥1} of some distribution (or limit moments of some random matrix ensemble), we define the corresponding free cumulants (κ_n)_{n≥1} by the following relation between their generating power series: If we put

M(x) := 1 + � n≥1 α_nx^n and C(x) := 1 + � n≥1 κ_nx^n,

then we require as a relation between these formal power series that

C(xM(x)) = M(x).

Voiculescu actually formulated the relation above in a slightly different way using the so-called R-transform R(x), which is related to C(x) by the relation

C(x) = 1 + xR(x)

and in terms of the Cauchy transform G(x) corresponding to a measure with moments α_n, which is related to M(x) by

G(x) =

M(^1_x ) x . In these terms the equation C(xM(x)) = M(x) says that (1) 1 G(x)

+ R(G(x)) = x,

i.e., that G(x) and K(x) :=^1_x + R(x) are inverses of each other under composition.

One should also note that the relation C(xM(x)) = M(x) determines the moments uniquely in terms of the cumulants and the other way around. The relevance of the κ_n and the R-transform for our problem comes from the following result of Voiculescu, which provides, together with (1), a very efficient

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 7

way for calculating eigenvalue distributions of the sum of asymptotically free random matrices.

Theorem 2.5 (Voiculescu [Voi86]). Let A and B be two random matrix ensembles which are asymptotically free. Denote by κ^A_n , κ^B_n , κ^{A+B}_n the free cumulants of A, B, A + B, respectively. Then one has for all n ≥ 1 that

κ^{A+B}_n = κ^A_n + κ^B_n .

Alternatively, R^{A+B} (x) = R^A(x) + R^B (x).

This theorem is one reason for calling the κ_n cumulants, but there is also another justification for this, namely they are also the limit of classical cumulants of the entries of our random matrix, in the case that this is unitarily invariant. This description will follow from our formulas (28) and (30). We denote the classical cumulants by k_n, considered as multi-linear functionals in n arguments.

Theorem 2.6. Let A = (A_N )_{N∈N} be a unitarily invariant random matrix ensemble of N ×N random matrices A_N whose first order limit distribution exists. Then the free cumulants of this matrix ensemble can also be expressed as the limit of special classical cumulants of the entries of the random matrices: If A_N = (a^{(N)}_{ij} )^N_{i,j=1}, then

κ^A_n = lim_{N→∞} N^{n−1}k_n(a^{(N)}_{i(1)i(2)}, a^{(N)}_{i(2)i(3)}, . . . , a^{(N)}_{i(n),i(1)})

for any choice of distinct i(1), . . . , i(n).

2.2. Fluctuations of random matrices and asymptotic second order freeness. There are many more refined questions about the limiting eigenvalue distribution of random matrices. In particular, questions around fluctuations have received a lot of interest in the last decade or so. The main motivation for introducing the concept of “second order freeness” was to understand the global fluctuations of the eigenvalues, which means that we look at the probabilistic behavior of traces of powers of our matrices. The limiting eigenvalue distribution, as considered in the last section, gives us the limit of the average of this traces. However, one can make more refined statements about their distributions. Consider a random matrix A = (A_N )_{N∈N} and look on the normalized traces tr(A^k_N ). Our assumption of a limit eigenvalue distribution means that the limits α_k := lim_{N→∞} E[tr(A^k_N )] exist. It turned out that in many cases the fluctuation around this limit,

tr(A^k_N ) − α_k

is asymptotically Gaussian of order 1/N; i.e., the random variable

N · (tr(A^k_N ) − α_k) = Tr(A^k_N ) − Nα_k = Tr(A^k_N − α_k1)

(where Tr denotes the unnormalized trace) converges for N → ∞ to a normal variable. Actually, the whole family of centered unnormalized traces (Tr(A^k_N )−

Documenta Mathematica 12 (2007) 1–70

8 Collins, Mingo, Śniady, Speicher

Nα_k)_{k≥1} converges to a centered Gaussian family. (One should note that we restrict all our considerations to complex random matrices; in the case of real random matrices there are additional complications, which will be addressed in some future investigations.) Thus the main information about fluctuations of our considered ensemble is contained in the covariance matrix of the limiting Gaussian family, i.e., in the quantities

α_{m,n} := lim_{N→∞} cov(Tr(A^m_N ), Tr(A^n_N )).

Let us emphasize that the α_n and the α_{m,n} are actually limits of classical cumulants of traces; for the first and second order, with expectation as first and variance as second cumulant, this might not be so visible, but it will become evident when we go over to higher orders. Nevertheless, the α’s will behave and will also be treated like moments; accordingly we will call the α_{m,n} ‘fluctuation moments’. We will later define some other quantities κ_{m,n}, which take the role of cumulants in this context.

This kind of convergence to a Gaussian family was formalized in [MS06] as follows. Note that convergence to Gaussian means that all higher order classical cumulants converge to zero. As before, we denote the classical cumulants by k_n; so k_1 is just the expectation, and k_2 the covariance.

Definition 2.7. Let A = (A_N )_{N∈N} be an ensemble of N ×N random matrices A_N . We say that it has a second order limit distribution if for all m, n ≥ 1 the limits α_n := lim_{N→∞} k_1(tr(A^n_N )) and α_{m,n} := lim_{N→∞} k_2(Tr(A^m_N ), Tr(A^n_N ))

exist and if lim N→∞ k_r � Tr(A^{n(1)}_N ), . . . , Tr(A^{n(r)}_N ) � = 0 for all r ≥ 3 and all n(1), . . . , n(r) ≥ 1.

We can now ask the same kind of question for the limit fluctuations as for the limit moments; namely, if we have two random matrix ensembles A and B and we know the second order limit distribution of A and the second order limit distribution of B, does this imply that we have a second order limit distribution for A + B, and, if so, is there an effective way for calculating it. Again, we can only hope for a positive solution to this if A and B are in a kind of generic position. As it turned out, the same requirements as before are sufficient for this. The rule for calculating mixed fluctuations constitutes the essence of the definition of the concept of second order freeness.

Theorem 2.8 (Mingo, Śniady, Speicher [MŚS07]). Let A and B be two random matrix ensembles of N × N-random matrices, A = (A_N )_{N∈N} and B = (B_N )_{N∈N}, each of them having a second order limit distribution. Assume that A and B are independent and that at least one of them is unitarily

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 9

invariant. Then A and B are asymptotically free of second order in the sense of the following definition.

Definition 2.9 (Mingo, Speicher [MS06]). Consider two random matrix ensembles A = (A_N )_{N∈N} and B = (B_N )_{N∈N}, each of them with a second order limit distribution. Denote by

Y_N � n(1), m(1), . . . , n(p), m(p) � the random variable Tr � (A^{n(1)}_N − α^A_{n(1)}1)(B^{m(1)}_N − α^B_{m(1)}1) · · · (A^{n(p)}_N − α^A_{n(p)}1)(B^{m(p)}_N − α^B_{m(p)}1) � . The random matrices A = (A_N )_{N∈N} and B = (B_N )_{N∈N} are asymptotically free of second order if for all n, m ≥ 1 lim N→∞ k_2 � Tr(A^n_N − α^A_n 1), Tr(B^m_N − α^B_m1) � = 0 and for all p, q ≥ 1 and n(1), . . . , n(p),m(1), . . . , m(p),ñ(1), . . . , ñ(q), m̃(1), . . . , m̃(q) ≥ 1 we have lim N→∞ k_2 � Y_N � n(1), m(1), . . . , n(p), m(p) � , Y_N � ñ(1), m̃(2), . . . , ñ(q), m̃(q) � = 0 if p ≠ q, and otherwise (where we count modulo p for the arguments of the indices, i.e., n(i + p) = n(i)) lim N→∞ k_2 � Y_N � n(1), m(1), . . . , n(p), m(p) � , Y_N � ñ(p), m̃(p), . . . , ñ(1), m̃(1) �

= p� k=1 p� i=1 � α^A_{n(i+k)+ñ(i)} − α^A_{n(i+k)}α^A_{ñ(i)} � α^B_{m(i+k)+m̃(i+1)} − α^B_{m(i+k)}α^B_{m̃(i+1)} � . Again, it is crucial to realize that this definition allows one (albeit in a complicated way) to express every second order mixed moment, i.e., a limit of the form lim N→∞ k_2 � Tr(A^{n(1)}_N B^{m(1)}_N · · · A^{n(p)}_N B^{m(p)}_N ), Tr(A^{ñ(1)}_N B^{m̃(1)}_N · · · A^{ñ(q)}_N B^{m̃(q)}_N ) � in terms of the second order limits of A and the second order limits of B. In particular, asymptotic freeness of second order also implies that the sum A + B of our random matrix ensembles has a second order limit distribution and allows one to express them in principle in terms of the second order limit distribution of A and the second order limit distribution of B. As in the case of first order freeness, it is not clear at all how this calculation of the fluctuations of A+B out of the fluctuations of A and the fluctuations of B can be performed effectively. It is one of the main results of the present paper to achieve such an effective description. We are able to solve this problem by providing a second order cumulant machinery, similar to the first order case. Again, the idea is to go over to quantities which behave like cumulants in this setting. The actual description of those relies on combinatorial objects (annular non-crossing permutations), but as before this can be reformulated in terms of formal power

Documenta Mathematica 12 (2007) 1–70

10 Collins, Mingo, Śniady, Speicher

series. Let us spell out the definition here in this form. (That this is equivalent to our actual definition of the cumulants will follow from Theorem 6.3.) Definition 2.10. Let (α_n)_{n≥1} and (α_{m,n})_{m,n≥1} describe the first and second order limit moments of a random matrix ensemble. We define the corresponding first and second order free cumulants (κ_n)_{n≥1} and (κ_{m,n})_{m,n≥1} by the following requirement in terms of the corresponding generating power series. Put C(x) := 1 + � n≥1 κ_nx^n, C(x, y) := � m,n≥1

κ_{m,n}x^my^n and M(x) := 1 + � n≥1 α_nx^n, M(x, y) := � m,n≥1

α_{m,n}x^my^n.

Then we require as relations between these formal power series that (2) C(xM(x)) = M(x) and for the second order

(3) M(x, y) = H � xM(x), yM(y) � · d dx (xM(x)) M(x) · d dy (yM(y)) M(y) , where

(4) H(x, y) := C(x, y) − xy

∂^2 ∂x∂y log �xC(y) − yC(x) x − y � , or equivalently,

(5) M(x, y) = C � xM(x), yM(y) � · d dx (xM(x))

M(x) · d dy (yM(y)) M(y)

+ xy

�^d_{dx} (xM(x)) ·^d_{dy} (yM(y)) (xM(x) − yM(y))^2 − 1 (x − y)^2 � . From equation (5) one can calculate the second order version of momentcumulant relations. α_{1,1} = κ_{1,1} + κ_2 α_{2,1} = κ_{1,2} + 2κ_1κ_{1,1} + 2κ_3 + 2κ_1κ_2 α_{2,2} = κ_{2,2} + 4κ_1κ_{2,1} + 4κ^2_1κ_{1,1} + 4κ_4 + 8κ_1κ_3 + 2κ^2 + 4κ^2_1κ_2 α_{1,3} = κ_{1,3} + 3κ_1κ_{2,1} + 3κ_2κ_{1,1} + 3κ^2_1κ_{1,1} + 3κ_4 + 6κ_1κ_3 + 3κ^2 + 3κ^2_1κ_2 α_{2,3} = κ_{2,3} + 2κ_1κ_{1,3} + 3κ_1κ_{2,2} + 3κ_2κ_{1,2} + 9κ^2_1κ_{1,2} + 6κ_1κ_2κ_{1,1} + 6κ^3_1κ_{1,1} + 6κ_5 + 18κ_1κ_4 + 12κ_2κ_3 + 18κ^2_1κ_3 + 12κ_1κ^2 + 6κ^3_1κ_2 α_{3,3} = κ_{3,3} + 6κ_1κ_{2,3} + 6κ_2κ_{1,3} + 6κ^2_1κ_{1,3} + 9κ^2_1κ_{2,2} + 18κ_1κ_2κ_{1,2} + 18κ^3_1κ_{1,2} + 9κ^2κ_{1,1} + 18κ^2_1κ_2κ_{1,1} + 9κ^4_1κ_{1,1} + 9κ_6 + 36κ_1κ_5 + 27κ_2κ_4 + 54κ^2_1κ_4 + 9κ^2_3 + 72κ_1κ_2κ_3 + 36κ^3_1κ_3 + 12κ^3_2 + 36κ^2_1κ^2 + 9κ^4_1κ_2

κ_{1,1} = α^2_1 − α_2 + α_{1,1} κ_{1,2} = −4α^3_1 + 6α_1α_2 − 2α_3 − 2α_1α_{1,1} + α_{1,2}

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 11

κ_{2,2} = 18α^4_1 − 36α^2_1α_2 + 6α^2 + 16α_1α_3 − 4α_4 + 4α^2_1α_{1,1} − 4α_1α_{1,2} + α_{2,2} κ_{1,3} = 15α^4_1 −30α^2_1α_2 +6α^2 +12α_1α_3 −3α_4 +6α^2_1α_{1,1} −3α_2α_{1,1} −3α_1α_{1,2} +α_{1,3} κ_{2,3} = −72α^5_1 + 180 α^3_1 α_2 − 72α_1α^2 − 84 α^2_1α_3 + 24α_2α_3 + 30α_1α_4 − 6α_5 − 12α^3_1α_{1,1} + 6α_1α_2α_{1,1} + 12α^2_1α_{1,2} − 3α_2α_{1,2} − 2α_1α_{1,3} − 3α_1α_{2,2} + α_{2,3} κ_{3,3} = 300α^6_1 − 900α^4_1α_2 + 576α^2_1α^2 − 48α^3_2 + 432α^3_1α_3 − 288α_1α_2α_3 + 18α^2_3 − 180α^2_1α_4 + 45α_2α_4 + 54α_1α_5 − 9α_6 + 36α^4_1α_{1,1} − 36α^2_1α_2α_{1,1} + 9α^2α_{1,1} − 36α^3_1α_{1,2} + 18α_1α_2α_{1,2} + 12α^2_1α_{1,3} − 6α_2α_{1,3} + 9α^2_1α_{2,2} − 6α_1α_{2,3} + α_{3,3}

As in the first order case, instead of the moment power series M(x, y) one can consider a kind of second order Cauchy transform, defined by

G(x, y) :=

M(^1_x ,^1_y ) xy . If we also define a kind of second order R transform R(x, y) by

R(x, y) := 1 xy C(x, y),

then the formula (5) takes on a particularly nice form:

(6) G(x, y) = G^′(x)G^′(y) � R(G(x), G(y)) + 1 (G(x) − G(y))^2 � − 1 (x − y)^2 . G(x) is here, as before, the first order Cauchy transform, G(x) =^1_x M(1/x). The κ_{m,n} defined above deserve the name “cumulants” as they linearize the problem of adding random matrices which are asymptotically free of second order. Namely, as will follow from our Theorem 7.15, we have the following theorem, which provides, together with (6), an effective machinery for calculating the fluctuations of the sum of asymptotically free random matrices. Theorem 2.11. Let A and B be two random matrix ensembles which are asymptotically free. Then one has for all m, n ≥ 1 that κ^{A+B}_n = κ^A_n + κ^B_n and κ^{A+B}_{m,n} = κ^A_{m,n} + κ^B_{m,n}.

Alternatively, R^{A+B} (x) = R^A(x) + R^B (x) and R^{A+B} (x, y) = R^A(x, y) + R^B (x, y).

Again, one can express the second order cumulants as limits of classical cumulants of entries of a unitarily invariant matrix. In contrast to the first order case, we have now to run over two disjoint cycles in the indices of the matrix entries. This theorem will follow from our formulas (28) and (30).

Documenta Mathematica 12 (2007) 1–70

12 Collins, Mingo, Śniady, Speicher

Theorem 2.12. Let A = (A_N )_{N∈N} be a unitarily invariant random matrix ensemble which has a second order limit distribution. Then the second order free cumulants of this matrix ensemble can also be expressed as the limit of classical cumulants of the entries of the random matrices: If A_N = (a^{(N)}_{ij} )^N_{i,j=1}, then

κ^A_{m,n} = lim_{N→∞} N^{m+n}k_{m+n}(a^{(N)}_{i(1)i(2)}, a^{(N)}_{i(2)i(3)}, . . . , a^{(N)}_{i(m),i(1)},

a^{(N)}_{j(1)j(2)}, a^{(N)}_{j(2)j(3)}, . . . , a^{(N)}_{j(n),j(1)})

for any choice of distinct i(1), . . . , i(m), j(1), . . . , j(n).

This latter theorem makes it quite obvious that the second order cumulants for Gaussian as well as for Wishart matrices vanish identically, i.e., R(x, y) = 0 and thus we obtain in these cases that the second order Cauchy transform is totally determined in terms of the first order Cauchy transform (i.e., in terms of the limiting eigenvalue distribution) via

(7) G(x, y) =

G^′(x)G^′(y) (G(x) − G(y))^2 − 1 (x − y)^2 . This formula for fluctuations of Wishart matrices was also derived by Bai and Silverstein in [BS04].

2.3. Higher order freeness. The idea for higher order freeness is the same as for second order one. For a random matrix ensemble A = (A_N )_{N∈N} we define r-th order limit moments as the scaled limit of classical cumulants of r traces of powers of our matrices,

α_{n1 ,...,nr} := lim_{N→∞} N^{r−2}k_r � Tr(A^{n(1)}_N ), . . . , Tr(A^{n(r)}_N ) � . (The choice of N^{r−2} is motivated by the fact that this is the leading order for many interesting random matrix ensembles, e.g. Gaussian or Wishart. Thus our theory of higher order freeness captures the features of random matrix ensembles whose cumulants of traces decay in the same way as Gaussian random matrices.) Then we look at two random matrix ensembles A and B which are independent, and one of them unitarily invariant. The mixed moments in A and B of order r are, in leading order in the limit N → ∞, determined by the limit moments of A up to order r and the limit moments of B up to order r. The structure of these formulas motivates directly the definition of cumulants of the considered order. The definition of those is in terms of a moment-cumulant formula, which gives a moment in terms of cumulants by summing over special combinatorial objects, which we call “partitioned permutations”. Most of the theory we develop relies on an in depth analysis of properties of these partitioned permutations and the corresponding convolution of multiplicative functions on partitioned permutations. Our definition of “higher order freeness” is then in terms of the vanishing of mixed cumulants. It follows quite easily that in the first and second order case this gives the same as the relations

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 13

in Definitions 2.3 and 2.9, respectively. For higher orders, however, we are not able to find an explicit relation of that type.

This reflects somehow the observation that our general formulas in terms of sums over partitioned permutations are the same for all orders, but that evaluating or simplifying these sums (by doing partial summations) is beyond our abilities for orders greater than 2. Reformulating the combinatorial relation between moments and cumulants in terms of generating power series is one prominent example for this. Whereas this is quite easy for first order, the complexity of the arguments and the solution (given in Definition 2.10) is much higher for second order, and out of reach for higher order.

One should note that an effective (analytic or symbolic) calculation of higher order moments of a sum A+B for A and B free of higher order relies usually on the presence of such generating power series formulas. In this sense, we have succeeded in providing an effective machinery for dealing with fluctuations (second order), but we were not able to do so for higher order. Our results for higher orders are more of a theoretical nature. One of the main problems we have to address there is the associativity of the notion of higher order freeness. Namely, in order to be an interesting concept, our definition that A and B are free of higher order should of course imply that any function of A is also free of higher order from any function of B. Whereas for first and second order this follows quite easily from the equivalent characterization of freeness in terms of moments as in Definitions 2.3 and 2.9, the absence of such a characterization for higher orders makes this a more complicated matter. Namely, what we have to see is that the vanishing of mixed cumulants in random variables implies also the vanishing of mixed cumulants in elements from the generated algebras. This is quite a non-trivial fact and requires a careful analysis, see section 7.

3. Preliminaries

3.1. Some general notation. For natural numbers m, n ∈ N with m < n, we denote by [m, n] the interval of natural numbers between m and n, i.e.,

[m, n] := {m, m + 1, m + 2, . . . , n − 1, n}.

For a matrix A = (a_{ij} )^N_{i,j=1}, we denote by Tr the unnormalized and by tr the normalized trace,

Tr(A) := N� i=1 a_{ii}, tr(A) := 1 N Tr(A).

3.2. Permutations. We will denote the set of permutations on n elements by S_n. We will quite often use the cycle notation for such permutations, i.e., π = (i_1, i_2, . . . , i_r) is a cycle which sends i_k to i_{k+1} (k = 1, . . . , r), where i_{r+1} = i_1.

Documenta Mathematica 12 (2007) 1–70

14 Collins, Mingo, Śniady, Speicher

3.2.1. Length function. For a permutation π ∈ S_n we denote by #π the number of cycles of π and by |π| the minimal number of transpositions needed to write π as a product of transpositions. Note that one has

|π| + #π = n for all π ∈ S_n.

3.2.2. Non-crossing permutations. Let us denote by γ_n ∈ S_n the cycle

γ_n = (1, 2, . . . , n).

For all π ∈ S_n one has that

|π| + |γ_nπ^{−1}| ≤ n − 1.

If we have equality then we call π non-crossing. Note that this is equivalent to

#π + #(γ_nπ^{−1}) = n + 1.

If π is non-crossing, then so are γ_nπ^{−1} and π^{−1}γ_n; the latter is called the (Kreweras) complement of π.

We will denote the set of non-crossing permutations in S_n by NC(n). Note that such a non-crossing permutation can be identified with a non-crossing partition, by forgetting the order on the cycles. There is exactly one cyclic order on the blocks of a non-crossing partition which makes it into a noncrossing permutation.

3.2.3. Annular non-crossing permutations. Fix m, n ∈ N and denote by γ_{m,n} the product of the two cycles

γ_{m,n} = (1, 2, . . . , m)(m + 1, m + 2, . . . , m + n).

More generally, we shall denote by γ_{m1,...,mk} the product of the corresponding k cycles.

We call a π ∈ S_{m+n} connected if the pair π and γ_{m,n} generates a transitive subgroup in S_{m+n}. A connected permutation π ∈ S_{m+n} always satisfies

(8) |π| + |γ_{m,n}π^{−1}| ≤ m + n.

If π is connected and if we have equality in that equation then we call π annular non-crossing. Note that if π is annular non-crossing then γ_{m,n}π^{−1} is also annular non-crossing. Again, we call the latter the complement of π. Of course, all the above notations depend on the pair (m, n); if we want to emphasize this dependency we will also speak about (m, n)-connected permutations and (m, n)-annular non-crossing permutations.

We will denote the set of (m, n)-annular non-crossing permutations by S_{NC} (m, n). A cycle of a π ∈ S_{NC} (m, n) is called a through-cycle if it contains points on both cycles. Each π ∈ S_{NC} (m, n) is connected and must thus have at least one through-cycle. The subset of S_{NC} (m, n) where all cycles are through-cycles will be denoted by S^{all}_{NC} (m, n).

Again one can go over from annular non-crossing permutations to annular noncrossing partitions by forgetting the cyclic orders on cycles; however, in the annular case, the relation between non-crossing permutation and non-crossing

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 15

partition is not one-to-one. Since we will not use the language of annular partitions in the present paper, this is of no relevance here. Annular non-crossing permutations and partitions were introduced in [MN04]; there, many different characterizations—in particular, the one (8) above in terms of the length function—were given.

3.3. Partitions. We say that V = {V_1, . . . , V_k} is a partition of a set [1, n] if the sets V_i are disjoint and non–empty and their union is equal to [1, n]. We call V_1, . . . , V_k the blocks of partition V.

If V = {V_1, . . . , V_k} and W = {W_1, . . . , W_l} are partitions of the same set, we say that V ≤ W if for every block V_i there exists some block W_j such that V_i ⊆ W_j . For a pair of partitions V, W we denote by V ∨ W the smallest partition U such that V ≤ U and W ≤ U. We denote by 1_n = � [1, n] � the biggest partition of the set [1, n].

If π ∈ S_n is a permutation, then we can associate to π in a natural way a partition whose blocks consist exactly of the cycles of π; we will denote this partition either by 0_π ∈ P(n) or, if the context makes the meaning clear, just by π ∈ P(n).

For a permutation π ∈ S_n we say that a partition V is π-invariant if π preserves each block of V. This means that 0_π ≤ V (which we will usually write just as π ≤ V).

If V = {V_1, . . . , V_k } is a partition of the set [1, n] and if, for 1 ≤ i ≤ k, π_i is a permutation of the set V_i we denote by π_1 × · · · × π_k ∈ S_n the concatenation of these permutations. We say that π = π_1 × · · · × π_k is a cycle decomposition if additionally every factor π_i is a cycle.

3.4. Classical cumulants. Given some classical probability space (Ω, P ) we denote by E the expectation with respect to the corresponding probability measure,

E(a) := � Ω a(ω)dP (ω)

and by L^{∞−}(Ω, P ) the algebra of random variables for which all moments exist. Let us for the following put A := L^{∞−}(Ω, P ).

We extend the linear functional E : A → C to a corresponding multiplicative functional on all partitions by (V ∈ P(n), a_1, . . . , a_n ∈ A)

(9) E_V [a_1, . . . , a_n] := � V ∈V

E[a_1, . . . , a_n|_V ],

where we use the notation

E[a_1, . . . , a_n|_V ] := E(a_{i1} · · · a_{is} ) for V = (i_1 < · · · < i_s) ∈ V.

Then, for V ∈ P(n), we define the classical cumulants k_V as multilinear functionals on A by

(10) k_V [a_1, . . . , a_n] = � W∈P(n) W≤V E_W [a_1, . . . , a_n] · Möb_{P(n)}(W, V),

Documenta Mathematica 12 (2007) 1–70

16 Collins, Mingo, Śniady, Speicher

where Möb_{P(n)} denotes the Möbius function on P(n) (see [Rot64]). The above definition is, by Möbius inversion on P(n), equivalent to

E(a_1 · · · a_n) = � π∈P(n)

k_π[a_1, . . . , a_n].

The k_π are also multiplicative with respect to the blocks of V and thus determined by the values of

k_n(a_1, . . . , a_n) := k_{1n} [a_1, . . . , a_n].

Note that we have in particular

k_1(a) = E(a) and k_2(a_1, a_2) = E(a_1a_2) − E(a_1)E(a_2).

An important property of classical cumulants is the following formula of Leonov and Shiryaev [LS59] for cumulants with products as arguments. Let m, n ∈ N and 1 ≤ i(1) < i(2) < · · · < i(m) = n. Define U ∈ P(n) by U = � 1, . . . , i(1) � , � i(1) + 1, . . . , i(2) � , . . . , � i(m − 1) + 1, . . . , i(m) � . Consider now random variables a_1, . . . , a_n ∈ A and define

A_1 : = a_1 · · · a_{i(1)} A_2 : = a_{i(1)+1} · · · a_{i(2)} . . A_m : = a_{i(m−1)+1} · · · a_{i(m)}.

Then we have

(11) k_m(A_1, A_2, . . . , A_m) = � V∈P(n) V∨U=1n

k_V [a_1, . . . , a_n].

The sum on the right-hand side is running over those partitions of n elements which satisfy V ∨U = 1_n, which are, informally speaking, those partitions which connect all the arguments of the cumulant k_m, when written in terms of the a_i.

Here is an example for this formula; for k_2(a_1a_2, a_3a_4). In order to reduce the number of involved terms we will restrict to the special case where E(a_i) = 0 (and thus also k_1(a_i) = 0) for all i = 1, 2, 3, 4. There are three partitions π ∈ P(4) without singletons which satisfy

π ∨ {(1, 2), (3, 4)} = 1_4,

namely a_1 a_2 a_3 a_4

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 17

and thus formula (11) gives in this case

k_2(a_1a_2, a_3a_4) = k_4(a_1, a_2, a_3, a_4) + k_2(a_1, a_4)k_2(a_2, a_3) + k_2(a_1, a_3)k_2(a_2, a_4).

As a consequence of (11) one has the following important corollary: If {a_1, . . . , a_n} and {b_1, . . . , b_n} are independent then

(12) k_W [a_1b_1, . . . , a_nb_n] = � V,V′ ∈P(n) V∨V′=W

k_V [a_1, . . . , a_n] · k_V ′ [b_1, . . . , b_n].

3.5. Haar distributed unitary random matrices and the Weingarten function. In the following we will be interested in the asymptotics of special matrix integrals over the group U(N) of unitary N × N-matrices. We always equip the compact group U(N) with its Haar probability measure. A random matrix whose distribution is this measure will be called a Haar distributed unitary random matrix. Thus the expectation E over this ensemble is given by integrating with respect to the Haar measure.

The expectation of products of entries of Haar distributed unitary random matrices can be described in terms of a special function on the permutation group. Since such considerations go back to Weingarten [Wei78], Collins [Col03] calls this function the Weingarten function and denotes it by Wg. We will follow his notation. In the following we just recall the relevant information about this Weingarten function, for more details we refer to [Col03, CŚ06]. We use the following definition of the Weingarten function. For π ∈ S_n and N ≥ n we put

Wg(N, π) = E[u_{11} · · · u_{nn}u_{1π(1)} · · · u_{nπ(n)}],

where U = (u_{ij} )^N_{i,j=1} is an N × N Haar distributed unitary random matrix. Sometimes we will suppress the dependency on N and just write Wg(π). This Wg(N, π) depends only on the conjugacy class of π. General matrix integrals over the unitary group can be calculated as follows:

(13) E[u_i′_{1j}′_1 · · · u_i′_{nj}′_n u_{i1 j1} · · · u_{injn} ] = � α,β∈S_n

δ_{i1 i}′_{α(1)} · · · δ_{ini}′_{α(n)} δ_{j1j}′_{β(1)} · · · δ_{jnj}′_{β(n)} Wg(βα^{−1}).

This formula for the calculation of moments of the entries of a Haar unitary random matrix bears some resemblance to the Wick formula for the joint moments of the entries of Gaussian random matrices; thus we will call (13) the Wick formula for Haar unitary matrices.

The Weingarten function is quite a complicated object, and its full understanding is at the basis of questions around Itzykson-Zuber integrals. One knows (see, e.g., [Col03, CŚ06]) that the leading order in 1/N is given by |π| + n and increases in steps of 2.

Documenta Mathematica 12 (2007) 1–70

18 Collins, Mingo, Śniady, Speicher

3.6. Cumulants of the Weingarten function. We will also need some (classical) relative cumulants of the Weingarten function, which were introduced in [Col03, §2.3]. As before, let Möb_{P(n)} be the Möbius function on the partially ordered set of partitions of [1, n] ordered by inclusion. Let us first extend the Weingarten function by multiplicative extension, for V ≥ π, by Wg(V, π) := � V ∈V

Wg(π|_V ),

where π|_V denotes the restriction of π to the block V ∈ V (which is invariant under π since π ≤ V).

The relative cumulant of the Weingarten function is now, for σ ≤ V ≤ W, defined by

(14) C_{V,W} (σ) = � U∈P(n) V≤U≤W

Möb(U, W) · Wg(U, σ).

Note that, by Möbius inversion, this is, for any σ ≤ V ≤ W, equivalent to

(15) Wg(W, σ) = � U∈P(n) V≤U≤W

C_{V,U} (σ).

In [Col03, Cor. 2.9] it was shown that the order of C_{V,W} (σ) is at most

(16) N^{−2n+#σ+2#W−2#V} .

4. Correlation functions for random matrices

4.1. Correlation functions and partitioned permutations. Let us consider N × N-random matrices B_1, . . . , B_n : Ω → M_N (C). The main information we are interested in are the “correlation functions” φ_n of these matrices, given by classical cumulants of their traces, i.e., φ_n(B_1, . . . , B_n) := k_n(Tr(B_1), . . . , Tr(B_n)).

Even though these correlation functions are cumulants, it is more adequate to consider them as a kind of moments for our random matrices. Thus, we will also call them sometimes correlation moments.

We will also need to consider traces of products which are best encoded via permutations. Thus, for π ∈ S_n, φ(π)[B_1, . . . , B_n] shall mean that we take cumulants of traces of products along the cycles of π. For an n-tuple B = (B_1, . . . , B_n) of random matrices and a cycle c = (i_1, i_2, . . . , i_k) with k ≤ n we denote B|_c := B_{i1} B_{i2} · · · B_{ik} .

(We do not distinguish between products which differ by a cyclic rotation of the factors; however, in order to make this definition well-defined we could normalize our cycle c = (i_1, i_2, . . . , i_k) by the requirement that i_1 is the smallest among the appearing numbers.) For any π ∈ S(n) and any n-tuple B = (B_1, . . . , B_n) of random matrices we put

φ(π)[B_1, . . . , B_n] := φ_r(B|_{c1} , . . . , B|_{cr} ),

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 19

where π consists of the cycles c_1, . . . , c_r. Example:

φ((1, 3)(2, 5, 4))[B_1, B_2, B_3, B_4, B_5] = φ_2(B_1B_3, B_2B_5B_4) = k_2(Tr(B_1B_3), Tr(B_2B_5B_4))

Furthermore, we also need to consider more general products of such φ(π)’s. In order to index such products we will use pairs (V, π) where π is, as above, an element in S_n, and V ∈ P(n) is a partition which is compatible with the cycle structure of π, i.e., each block of V is fixed under π, or to put it another way, V ≥ π. In the latter inequality we use the convention that we identify a permutation with the partition corresponding to its cycles if this identification is obvious from the structure of the formula; we will write this partition 0_π or just 0 if no confusion will result.

Notation 4.1. A partitioned permutation is a pair (V, π) consisting of π ∈ S_n and V ∈ P(n) with V ≥ π. We will denote the set of partitioned permutations of n elements by PS(n). We will also put

PS := � n∈N PS(n).

For such a (V, π) ∈ PS we denote finally

φ(V, π)[B_1, . . . , B_n] := � V ∈V

φ(π|_V )[B_1, . . . , B_n|_V ].

Example: φ � {1, 3, 4}{2}, (1, 3)(2)(4) � [B_1, B_2, B_3, B_4] = φ_2(B_1B_3, B_4) · φ_1(B_2) = k_2(Tr(B_1B_3), Tr(B_4)) · k_1(Tr(B_2))

Let us denote by Tr_σ as usual a product of traces along the cycles of σ. Then we have the relation

E{Tr_σ [A_1, . . . , A_n]} = � W∈P(n) W≥σ φ(W, σ)[A_1, . . . , A_n].

By using the formula (11) of Leonov and Shiryaev one sees that in terms of the entries of our matrices B_k = (b^{(k)}_{ij} )^N_{i,j=1} our φ(U, γ) can also be written as

(17) φ(U, γ)[B_1, . . . , B_n] = � V≤U V∨γ=U N� i(1),...,i(n)=1

k_V [b^{(1)}_{i(1)i(γ(1))}, . . . , b^{(n)}_{i(n)i(γ(n))}].

4.2. Moments of unitarily invariant random matrices. For unitarily invariant random matrices there exists a definite relation between cumulants of traces and cumulants of entries. We want to work out this connection in this section. Related considerations were presented by Capitaine and Casalis in [CC06].

Documenta Mathematica 12 (2007) 1–70

20 Collins, Mingo, Śniady, Speicher

Definition 4.2. Random matrices A_1, . . . , A_n are called unitarily invariant if the joint distribution of all their entries does not change by global conjugation with any unitary matrix, i.e., if, for any unitary matrix U, the matrix-valued random variables A_1, . . . , A_n : Ω → M_N (C) have the same joint distribution as the matrix-valued random variables UA_1U^∗, . . . , UA_nU^∗ : Ω → M_N (C).

Let A_1, . . . , A_n be unitarily invariant random matrices. We will now try expressing the microscopic quantities “cumulants of entries of the A_i” in terms of the macroscopic quantities “cumulants of traces of products of the A_i”. In order to make this connection we have to use the unitary invariance of our ensemble. By definition, this means that A_1, . . . , A_n has the same distribution as Ã_1, . . . , Ã_n where Ã_i := UA_iU^∗. Since this holds for any unitary U, the same is true after averaging over such U, i.e., we can take in the definition of the Ã_i the U as Haar distributed unitary random matrices, independent from A_1, . . . , A_n. This reduces calculations for unitarily invariant ensembles essentially to properties of Haar unitary random matrices; in particular, the Wick formula for the U’s implies that we have an analogous Wick formula for joint moments in the entries of the A_i. Let us write A_k = (a^{(k)}_{ij} )^N_{i,j=1} and Ã_k = (ã^{(k)}_{ij} )^N_{i,j=1}. Then we can calculate: E � a^{(1)}_{p1r1} · · · a^{(n)}_{pnrn} � = E � ã^{(1)}_{p1 r1} · · · ã^{(n)}_{pnrn} � = � i,j E{u_{p1i1} a^{(1)}_{i1 j1} u_{r1j1} · · · u_{pnin} a^{(n)}_{injn} u_{rnjn} } = � i,j E{u_{p1i1} u_{r1j1} · · · u_{pnin} u_{rnjn} } · E{a^{(1)}_{i1j1} · · · a^{(n)}_{injn} } = � i,j � π,σ∈S_n

δ_{r,p∘π}δ_{j,i∘σ} Wg(σπ^{−1}) · E{a^{(1)}_{i1j1} · · · a^{(n)}_{injn} } = � π∈S_n

δ_{r,p∘π} · G(π)[A_1, . . . , A_n],

where

G(π)[A_1, . . . , A_n] : = � σ∈S_n

Wg(σπ^{−1}) · � i E{a^{(1)}_{i1iσ(1)} · · · a^{(n)}_{iniσ(n)} }

(18) = � σ∈S_n

Wg(σπ^{−1}) · E{Tr_σ [A_1, . . . , A_n]}. = � σ∈S_n

Wg(σπ^{−1}) · � W∈P(n) W≥σ φ(W, σ)[A_1, . . . , A_n]

= � (W,σ)∈PS(n)

Wg(σπ^{−1}) · φ(W, σ)[A_1, . . . , A_n].

The important point here is that G(π)[A_1, . . . , A_n] depends only on the macroscopic correlation moments of A.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 21

We can extend the above to products of expectations by

E_V [a_{p1 r1} , . . . a_{pnrn} ] = � π∈Sn π≤V δ_{r,p∘π} · G(V, π)[A_1, . . . , A_n],

where G(V, π) is given by multiplicative extension:

G(V, π)[A_1, . . . , A_n] : = � V ∈V

G(π|_V )[A_1, . . . , A_n|_V ] = � (W,σ)∈PS(n) W≤V Wg(V, σπ^{−1}) · φ(W, σ)[A_1, . . . , A_n].

(19)

Now we can look on the cumulants of the entries of our unitarily invariant matrices A_i; they are given by

k_V � a^{(1)}_{p1 r1} , . . . , a^{(n)}_{pnrn} } = � U∈P(n) U≤V Möb_{P(n)}(U, V) · E_U [a^{(1)}_{p1r1} , . . . a^{(n)}_{pnrn} ]

= � U≤V � π∈Sn π≤U δ_{r,p∘π} · Möb_{P(n)}(U, V) · G(U, π)[A_1, . . . , A_n]

= � π∈Sn π≤V δ_{r,p∘π} � U∈P(n) V≥U≥π

Möb_{P(n)}(U, V) · G(U, π)[A_1, . . . , A_n].

With the definition

(20) κ(V, π)[A_1, . . . , A_n] := � U∈P(n) V≥U≥π

Möb_{P(n)}(U, V) · G(U, π)[A_1, . . . , A_n].

we thereby get

(21) k_V � a^{(1)}_{p1 r1} , . . . , a^{(n)}_{pnrn} } = � π∈Sn π≤V δ_{r,p∘π} · κ(V, π)[A_1, . . . , A_n].

It follows that

φ(U, γ)[A_1, . . . , A_n] = � V≤U V∨γ=U N� i(1),...,i(n)=1

k_V [a^{(1)}_{i(1)i(γ(1))}, . . . , a^{(n)}_{i(n)i(γ(n))}]

= � V≤U V∨γ=U N� i(1),...,i(n)=1 � π∈Sn π≤V δ_{i∘γ,i∘π} · κ(V, π)[A_1, . . . , A_n]

= � V≤U V∨γ=U � π∈Sn π≤V κ(V, π)[A_1, . . . , A_n] · N^{#(γπ−1)}.

Since V ∨ γ = U is, under the assumption π ≤ V, equivalent to V ∨ γπ^{−1} = U we can write this also as

φ(U, γ)[A_1, . . . , A_n] = � (V,π)∈PS(n) V∨γπ−1=U

κ(V, π)[A_1, . . . , A_n] · N^{#(γπ−1)}.

(22)

Documenta Mathematica 12 (2007) 1–70

22 Collins, Mingo, Śniady, Speicher

Remark 4.3. 1) Note that although the quantity κ is defined by (20) in terms of the macroscopic moments of the A_i, they have also a very concrete meaning in terms of cumulants of entries of the A_i. Namely, if we choose π ∈ S_n and distinct 1 ≤ i(1), . . . , i(n) ≤ N then equation (21) becomes, when we set V = 1_n,

(23) κ(1_n, π)[A_1, . . . , A_n] = k_n � a^{(1)}_{i(1)i(π(1))}, . . . , a^{(n)}_{i(n)i(π(n))} �

as the the only term in the sum that survives is the one for π. 2) Equation (22) should be considered as a kind of moment-cumulant formula in our context, thus it should contain all information for defining the “cumulants” κ in terms of the moments φ. Actually, we can solve this linear system of equations for κ in terms of φ, by using equation (20) to define κ and equation (19) for G.

κ(V, π)[A_1, . . . , A_n] = � U∈P(n) V≥U≥π

Möb_{P(n)}(U, V) · � (W,σ)∈PS(n) W≤U Wg(U, σπ^{−1}) · φ(W, σ)[A_1, . . . , A_n]

= � (W,σ)∈PS(n)

φ(W, σ)[A_1, . . . , A_n] · � U∈P(n) V≥U≥π∨W

Möb_{P(n)}(U, V) · Wg(U, σπ^{−1}).

Thus, by using the relative cumulants of the Weingarten function from (14), we get finally

(24) κ(V, π)[A_1, . . . , A_n] = � (W,σ)∈PS(n) W ≤V

φ(W, σ)[A_1, . . . , A_n] · C_{π∨W,V} (σπ^{−1}).

3) One should also note that we have defined the Weingarten function only for N ≥ n; thus in the above formulas we should always consider sufficiently large N. This is consistent with the observation that the system of equations (22) might not be invertible for N too small; the matrix � N^{#(σπ−1)} � σ,π∈S_n is

invertible for N ≥ n, however, in general not for all N < n (e.g, clearly not for N = 1). One can make sense of some formulas involving the Weingarten function also for N < n (see [CŚ06]). However, since we are mainly interested in the asymptotic behavior of our formulas for N → ∞, we will not elaborate on this.

4.3. Product of two independent ensembles. Let us now calculate the correlation functions for a product of two independent ensembles A_1, . . . , A_n and B_1, . . . , B_n of random matrices, where we assume that one of them, let’s say the B_i’s, is unitarily invariant. We have, by using (17) and the special version (12) of the formula of Leonov and Shiryaev, the following:

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 23

φ(U, γ)[A_1B_1, . . . , A_nB_n] = � i(1),··· ,i(n) j(1),··· ,j(n) � V,V′≤U V∨V′ ∨γ=U

k_V [a^{(1)}_{j(1)i(1)}, . . . , a^{(n)}_{j(n)i(n)}] · k_V ′ [b^{(1)}_{i(1)j(γ(1))}, . . . , b^{(n)}_{i(n)j(γ(n))}]

(20) = � i,j � V,V′≤U V∨V′ ∨γ=U � π∈Sn π≤V δ_{i,j∘π} · κ(V, π)[A_1, . . . , A_n] · k_V ′ [b^{(1)}_{i(1)j(γ(1))}, . . . , b^{(n)}_{i(n)j(γ(n))}]

= � π∈S_n � V∈P(n) U≥V≥π

κ(V, π)[A_1, . . . , A_n]·

· � � V′≤U V′∨V∨γ=U � i k_V ′ [b^{(1)}_{i(1)i(π−1 γ(1))}, . . . , b^{(n)}_{i(n)i(π−1 γ(n))}] � .

In order to evaluate the second factor we note first that, under the assumption π ≤ V, the condition V^′ ∨ V ∨ γ = U is equivalent to V^′ ∨ V ∨ π^{−1}γ = U. Next, we rewrite the sum over all V^′ ∈ P(n) with V^′ ≤ U and V^′ ∨ V ∨ π^{−1}γ = U as a double sum over all W ∈ P(n) with V ∨ W = U and all V^′ ∈ P(n) with V^′ ≤ W and V^′ ∨ π^{−1}γ = W. � V′∈P(n) V′ ≤U,V′ ∨V∨γ=U � i k_V ′ [b^{(1)}_{i(1)i(π−1 γ(1))}, . . . , b^{(n)}_{i(n)i(π−1 γ(n))}]

= � W∈P(n) V∨W=U � V′≤W V′ ∨π−1γ=W � i k_V ′ [b^{(1)}_{i(1)i(π−1 γ(1))}, . . . , b^{(n)}_{i(n)i(π−1 γ(n))}]

= � W∈P(n) W≥π−1γ,V∨W=U

φ(W, π^{−1}γ)[B_1, . . . , B_n].

Thus we finally get

φ(U, γ)[A_1B_1, . . . , A_nB_n] = � π∈S_n � V∈P(n) U≥V≥π � W∈P(n) W≥π−1γ,V∨W=U

κ(V, π)[A_1, . . . , A_n] · φ(W, π^{−1}γ)[B_1, . . . , B_n]

= � (V,π),(W,σ)∈PS(n)

V∨W=U,πσ=γ

κ(V, π)[A_1, . . . , A_n] · φ(W, π^{−1}γ)[B_1, . . . , B_n].

Let us summarize the result of our calculations in the following theorem. In order to indicate that our main formulas are valid for any fixed N, we will decorate the relevant quantities with a superscript^{(N)}. Note that up to now we have not made any asymptotic consideration.

Theorem 4.4. Let M_N := M_N ⊗ L^∞(Ω) be an ensemble of N × N-random matrices. Define correlation functions φ^{(N)}_n on M_N by (n ∈ N, D_1, . . . , D_n ∈

Documenta Mathematica 12 (2007) 1–70

24 Collins, Mingo, Śniady, Speicher

M_N )

(25) φ^{(N)}_n (D_1, . . . , D_n) := k_n(Tr(D_1), . . . , Tr(D_n))

and corresponding “cumulant functions” κ^{(N)} (for n ≤ N) by (26) κ^{(N)}(V, π)[D_1, . . . , D_n] = � W∈P(n), σ∈S_n W ≤V

φ^{(N)}(W, σ)[D_1, . . . , D_n] · C^{(N)}_{π∨W,V} (σπ^{−1}),

or equivalently by the implicit system of equations

φ^{(N)}(U, γ)[D_1, . . . , D_n] = � V,π κ^{(N)}(V, π)[D_1, . . . , D_n] · N^{#(γπ−1)},

(27)

where the sum is over all V ∈ P(n) all π ∈ S_n such that π ≤ V and V ∨ γπ^{−1} = U. 1) Let A_N be an algebra of unitarily invariant random matrices in M_N . Then we have for all n ≤ N, all distinct i(1), . . . , i(n), all A_k = � a^{(k)}_{ij}

�_N

i,j=1 ∈ AN ,

and all π ∈ S_n that

(28) κ^{(N)}(1_n, π)[A_1, . . . , A_n] = k_n � a^{(1)}_{i(1)i(π(1))}, . . . , a^{(n)}_{i(n)i(π(n))} � . 2) Assume that we have two subalgebras A_N and B_N of M_N such that ⋄ A_N is a unitarily invariant ensemble, ⋄ A_N and B_N are independent.

Then we have for all n ∈ N with n ≤ N and all A_1, . . . , A_n ∈ A_N and B_1, . . . , B_n ∈ B_N :

(29) φ^{(N)}(U, γ)[A_1B_1, . . . , A_nB_n] = � V,π,W,σ

κ^{(N)}(V, π)[A_1, . . . , A_n] · φ^{(N)}(W, σ)[B_1, . . . , B_n],

where the sum is over all V, W ∈ P(n) and all π, σ ∈ S_n such that π ≤ V, σ ≤ W, V ∨ W = U, and γ = πσ.

4.4. Large N asymptotics for moments and cumulants. Our main interest in this paper will be the large N limit of formula (29). This structure in leading order between independent ensembles of random matrices which are randomly rotated against each other will be captured in our abstract notion of higher order freeness.

Of course, now we must make an assumption about the asymptotic behavior in N of our correlation functions. We will require that the cumulants of traces of our random matrices decays in N with the same order as in the case of Gaussian or Wishart random matrices. In these cases one has very detailed “genus expansions” for those cumulants; see, e.g. [Oko00, MN04] and one knows that the n-th cumulant of unnormalized traces in polynomials of those random matrices decays like N^{2−n} (see e.g. [MS06, Thm. 3.1 and Thm. 3.5]).

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 25

Definition 4.5. Let, for each N ∈ N, B^{(N)}_1 , . . . , B^{(N)}r ⊂ M_N ⊗ L^{∞−}(Ω) be N × N-random matrices. Suppose that the leading term of the correlation moments of B^{(N)}_1 , . . . , B^{(N)}r are of order 2 − n, i.e., that for all n ∈ N and all polynomials p_1, . . . , p_t in r non-commuting variables the limits lim N→∞ φ^{(N)}_n (p_1(B^{(N)}_1 , . . . , B^{(N)}_r ), . . . , p_t(B^{(N)}_1 , . . . , B^{(N)}_r )) · N^{n−2}

exist. Then we will say that {B^{(N)}_1 , . . . , B^{(N)}_r } has limit distributions of all orders. Let B be the free algebra generated by generators b_1, . . . , b_r. Then we define the limit correlation functions of B by

φ_n(p_1(b_1, . . . , b_r), . . . , p_t(b_1, . . . , b_r))

= lim_{N→∞} φ^{(N)}_n (p_1(B^{(N)}_1 , . . . , B^{(N)}_r ), . . . , p_t(B^{(N)}_1 , . . . , B^{(N)}_r )) · N^{n−2}

Note that this assumption implies that the leading term for the quantities φ^{(N)}(V, π) is of order 2#(V) − #(π). Indeed, if V has k blocks and the i^{th} block of V contains r_i cycles of π then φ^{(N)}(V, π) = φ_{r1} · · · φ_{rk} and each φ_{ri} has order 2 − r_i. Then the order of φ^{(N)}(V, π) is (2 − r_1) + · · · + (2 − r_k) = 2k − (r_1 + · · · + r_k) = 2 #(V) − #(π). Thus

φ(V, π)(p_1(b_1, . . . , b_r), . . . , p_t(b_1, . . . , b_r))

= lim_{N→∞} φ^{(N)}(V, π)(p_1(B^{(N)}_1 , . . . , B^{(N)}_r ), . . . , p_t(B^{(N)}_1 , . . . , B^{(N)}_r ))

· N^{−2#(V)+#(π)}

From formula (27) one can deduce that the leading order of κ^{(N)}(V, π) is given by the term (U, γ) = (V, π) and thus must be of order

N^{−n+2#V−#π}.

(Indeed, this also follows from equation (24) and the leading order of the relative cumulant of the Weingarten function given in equation (16).) Thus we can define the limiting cumulant functions to be the limit of the leading order of the cumulants by the equation

(30) κ(V, π)[b_1, . . . , b_n] := lim_{N→∞} N^{n−2#V+#π} · κ^{(N)}(V, π)[B^{(N)}_1 , . . . , B^{(N)}_n ]

When (V, π) = (1_n, γ_n) and B_1 = B_2 = · · · = B_n = B equation (28) becomes

κ^{(N)}(1_n, γ_n)[B, . . . , B] = k_n � b^{(N)}_{i(1)i(2)}, . . . , b^{(N)}_{i(n)i(1)})

Thus to prove Theorem 2.6 we must show that κ^{(N)}(1_n, γ_n)[B, . . . , B] · N^{n−1} converges to κ^b_n the n^{th} free cumulant of the limiting eigenvalue distribution of B^{(N)}.

When (V, π) = (1_{m+n}, γ_{m,n}) equation (28) becomes

κ^{(N)}(1_{m+n}, γ_{m,n})[B, . . . , B] = k_{m+n} � b^{(N)}_{i(1)i(2)}, . . . , b^{(N)}_{i(m)i(1)}, b^{(N)}_{j(1)j(2)}, . . . , b^{(N)}_{j(n),j(1)})

Documenta Mathematica 12 (2007) 1–70

26 Collins, Mingo, Śniady, Speicher

Thus to prove Theorem 2.12 we must show that κ^{(N)}(1_{m+n}, γ_{m,n})[B, . . . , B] · N^{m+n} converges to κ^b_{m,n} the (m, n)^{th} free cumulant of second order of the limiting second order distribution of B^{(N)}.

4.5. Length functions. We want to understand the asymptotic behavior of formula (29). The leading order in N of the right hand side is given by −n + 2#V − #π + 2#W − #σ = n + (|π| − 2|V|) + (|σ| − 2|W|), whereas the leading order of the left hand side is given by

2#U − #γ = 2#(V ∨ W) − #(σπ) = n + (|πσ| − 2|V ∨ W|). This suggests the introducing of the following “length functions” for permutations, partitions, and partitioned permutations. Notation 4.6.

(1) For V ∈ P(n) and π ∈ S_n we put |V| := n − #V |π| := n − #π.

(2) For any (V, π) ∈ PS(n) we put |(V, π)| := 2|V| − |π| = n − (2#V − #π).

Let us first observe that these quantities behave actually like a length. It is clear from the definition that they are always non-negative; that they also obey a triangle inequality is the content of the next lemma. Lemma 4.7.

(1) For all π, σ ∈ S_n we have |πσ| ≤ |π| + |σ|.

(2) For all V, W ∈ P(n) we have |V ∨ W| ≤ |V| + |W|.

(3) For all partitioned permutations (V, π), (W, σ) ∈ PS(n) we have |(V ∨ W, πσ)| ≤ |(V, π)| + |(W, σ)|.

Proof. (1) This is well-known, since |π| is the minimal number of factors needed to write π as a product of transpositions.

(2) Each block B of W can glue at most #B − 1 many blocks of V together, i.e., W can glue at most n−#W many blocks of V together, thus the difference between |V| and |V ∨ W| cannot exceed n − #W and hence #V − #(V ∨ W) ≤ n − #W.

This is equivalent to our assertion.

(3) We prove this, for fixed π and σ by induction over |V| + |W|. The smallest possible value of the latter appears for |V| = |π| and |W| = |σ| (i.e., V = 0_π and W = 0_σ). But then we have (since V ∨ W ≥ πσ) 2|V ∨ W| − |πσ| ≤ |V ∨ W| ≤ |V| + |W|,

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 27

which is exactly our assertion for this case. For the induction step, on the other side, one only has to observe that if one increases |V| (or |W|) by one then |V ∨ W| can also increase by at most 1. □

Remark 4.8. 1) Note that the triangle inequality for partitioned permutations together with (29) implies the following. Given random matrices A = (A_N )_{N∈N} and B = (B_N )_{N∈N} which have limit distributions of all orders. If A and B are independent and at least one of them is unitarily invariant, then C = (C_N )_{N∈N} with C_N := A_N B_N also has limit distributions of all orders. 2) Since we know that Gaussian and Wishart random matrices have limit distributions of all orders (see e.g. [MS06, Thm. 3.1 and Thm. 3.5]), and since they are unitarily invariant, it follows by induction from the previous part that any polynomial in independent Gaussian and Wishart matrices has limit distributions of all orders.

4.6. Multiplication of partitioned permutations. Suppose {B^{(N)}_1 , . . . , B^{(N)}_n } has limit distributions of all orders. Then the left hand side of equation (27) has order N^{2#(U)−#(γ)} and the right hand side of equation (27) has order N^{−n+2#(V)−#(π)+|γπ−1|}. Thus the only terms of the right hand side that have order N^{2#(U)−#(γ)} are those for which

2#(U) − #(γ) = −n + 2#(V) − #(π) + |γπ^{−1}|

i.e. for which |(U, γ)| = |(V, π)| + |γπ^{−1}|. Hence

φ^{(N)}(U, γ)[B^{(N)}_1 , . . . , B^{(N)}_n ] = � (V,π)∈PS(n) V∨γπ−1=U |(U,γ)|=|(V,π)|+|γπ−1 |

κ^{(N)}(V, π)[B^{(N)}_1 , . . . , B^{(N)}_n ] · N^{|γπ−1|}

+ O(N^{2#(U)−#(γ)−2})

Thus after taking limits we have

(31) φ(U, γ)[b_1, . . . , b_n] = � (V,π)∈PS(n)

κ(V, π)[b_1, . . . , b_n]

where the sum is over all (V, π) in PS(n) such that V ∨γπ^{−1} = U and |(U, γ)| = |(V, π)| + |γπ^{−1}|.

A similar analysis of equation (29) gives that for independent {A^{(N)}_1 , . . . , A^{(N)}_n } and {B^{(N)}_1 , . . . , B^{(N)}n } with the A^{(N)}_i ’s unitarily invariant and both having limit distributions of all orders we have

Documenta Mathematica 12 (2007) 1–70

28 Collins, Mingo, Śniady, Speicher

φ^{(N)}(U, γ)[A^{(N)}_1 B^{(N)}_1 , . . . , A^{(N)}_n B^{(N)}_n ] = � (V,π),(W,σ)∈PS(n)

V∨W=U, πσ=γ |(V,π)|+|(W,σ)|=|(V∨W,πσ)|

κ^{(N)}(V, π)[A^{(N)}_1 , . . . , A^{(N)}_n ] · φ^{(N)}(W, σ)[B^{(N)}_1 , . . . , B^{(N)}_n ]

+ O(N^{2#(U)−#(γ)−2}) and again after taking limits (32) φ(U, γ)[a_1b_1, . . . , a_nb_n] = � (V,π),(W,σ)∈PS(n)

κ(V, π)[a_1, . . . , a_n] · φ(W, σ)[b_1, . . . , b_n]

where the sum is over all (V, π), (W, σ) ∈ PS(n) such that

⋄ V ∨ W = U ⋄ πσ = γ ⋄ |(V, π)| + |(W, σ)| = |(U, γ)| In order to write this in a more compact form it is convenient to define a multiplication for partitioned permutations (in CPS(n)) as follows. Definition 4.9. For (V, π), (W, σ) ∈ PS(n) we define their product as follows. (33) (V, π) · (W, σ) := = � (V ∨ W, πσ) if |(V, π)| + |(W, σ)| = |(V ∨ W, πσ)|, 0 otherwise.

Proposition 4.10. The multiplication defined in Definition 4.9 is associative. Proof. We have to check that (34) � (V, π) · (W, σ) � · (U, τ) = (V, π) · � (W, σ) · (U, τ) � . Since both sides are equal to (V ∨ W ∨ U, πστ) in case they do not vanish, we have to see that the conditions for non-vanishing are for both sides the same. The conditions for the left hand side are |(V, π)| + |(W, σ)| = |(V ∨ W, πσ)| and |(V ∨ W, πσ)| + |(U, τ)| = |(V ∨ W ∨ U, πστ)|.

These imply |(V, π)| + |(W, σ)| + |(U, τ)| = |(U ∨ W ∨ U, πστ)| ≤ |(V, π)| + |(W ∨ U, στ)|, However, the triangle inequality |(W ∨ U, στ)| ≤ |(W, σ)| + |(U, τ)|

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 29

yields that we have actually equality in the above inequality, thus leading to

|(W, σ)| + |(U, τ)| = |(W ∨ U, στ)| and |(V, π)| + |(W ∨ U, στ)| = |(V ∨ W ∨ U, πστ)|.

These are exactly the two conditions for the vanishing of the right hand side of (34). The other direction goes analogously. □

Now we can write formulas (31) and (32) in convolution form

(35) φ(U, γ)[b_1, . . . , b_n] = � (V,π)∈PS(n) (V,π)·(0,γπ−1 )=(U,γ)

κ(V, π)[b_1, . . . , b_n]

and (36) φ(U, γ)[a_1b_1, . . . , a_nb_n] = � (V,π),(W,σ)∈PS(n) (V,π)·(W,σ)=(U,γ)

κ(V, π)[a_1, . . . , a_n] · φ(W, σ)[b_1, . . . , b_n].

Note that both φ(V, π) and κ(V, π) are multiplicative in the sense that they factor according to the decomposition of V into blocks.

The philosophy for our definition of higher order freeness will be that equation (35) is the analogue of the moment-cumulant formula and shall be used to define the quantities κ, which will thus take on the role of cumulants in our theory – whereas the φ are the moments (see Definition 7.4). We shall define higher order freeness by requiring the vanishing of mixed cumulants, see Definition 7.6. On the other hand, equation (36) would be another way of expressing the fact that the a’s are free from the b’s. Of course, we will have to prove that those two possibilities are actually equivalent (see Theorem 7.9).

5. Multiplicative functions on partitioned permutations and their convolution

5.1. Convolution of multiplicative functions. Formulas (35) and (36) above are a generalization of the formulas describing first order freeness in terms of cumulants and convolution of multiplicative functions on non-crossing partitions. Since the dependence on the random matrices is irrelevant for this structure we will free ourselves in this section from the random matrices and look on the combinatorial heart of the observed formulas. In Section 7, we will return to the more general situation involving multiplicative functions which depend also on random matrices or more generally elements from an algebra.

Definition 5.1.

(1) We denote by PS the set of partitioned permutations on an arbitrary number of elements, i.e.,

PS = � n∈N PS(n).

Documenta Mathematica 12 (2007) 1–70

30 Collins, Mingo, Śniady, Speicher

(2) For two functions f, g : PS → C we define their convolution f ∗ g : PS → C by (f ∗ g)(U, γ) := � (V,π),(W,σ)∈PS(n) (V,π)·(W,σ)=(U,γ)

f(V, π) g(W, σ)

for any (U, γ) ∈ PS(n).

Definition 5.2. A function f : PS → C is called multiplicative if f(1_n, π) depends only on the conjugacy class of π and we have f(V, π) = � V ∈V

f(1_V , π|_V ).

Our main interest will be in multiplicative functions. It is easy to see that the convolution of two multiplicative functions is again multiplicative. It is clear that a multiplicative function is determined by the values of f(1_n, π) for all n ∈ N and all π ∈ S_n.

An important example of a multiplicative function is the δ-function presented below.

Notation 5.3. The δ-function on PS is the multiplicative function determined by δ(1_n, π) = � 1 if n = 1, 0 otherwise.

Thus for (U, π) ∈ PS(n)

δ(U, π) = � 1 if (U, π) = � 0_n, (1)(2) . . . (n) � for some n, 0 otherwise.

Proposition 5.4. The convolution of multiplicative functions on PS is commutative and δ is the unit element.

Proof. It is clear that δ is the unit element. For commutativity, we note that for multiplicative functions we have f(V, π) = f(V, π^{−1}), and thus

(g ∗ f)(U, γ) = (g ∗ f)(U, γ^{−1}) = � (V,π),(W,σ)∈PS (n) (V,π)·(W,σ)=(U,γ−1 )

g(V, π)f(W, σ).

Since the condition (V, π) · (W, σ) = (U, γ^{−1}) is equivalent to the condition (W, σ^{−1}) · (V, π^{−1}) = (U, γ) we can continue with

(g ∗ f)(U, γ) = � (V,π),(W,σ)∈PS(n) (W,σ−1 )·(V,π−1 )=(U,γ)

f(W, σ^{−1})g(V, π^{−1}) = (f ∗ g)(U, γ).

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 31 □ 5.2. Factorizations. Let us now try to characterize the non-trivial factorizations (U, γ) = (V, π) · (W, σ) appearing in the definition of our convolution. Let us first observe some simple general inequalities. Lemma 5.5.

(1) For permutations π, σ ∈ S(n) we have |π| + |σ| + |πσ| ≥ 2|π ∨ σ|.

(2) For partitions V_2 ≤ V_1 and W_2 ≤ W_1 we have

|W_1| + |V_1| + |V_2 ∨ W_2| ≥ |V_1 ∨ W_1| + |W_2| + |V_2| and |V_1 ∨ W_2| + |V_2 ∨ W_1| ≥ |V_1 ∨ W_1| + |V_2 ∨ W_2|.

Proof. (1) By the triangle inequality for partitioned permutations we have |(0_π ∨ 0_σ, πσ)| ≤ |(0_π, π)| + |(0_σ, σ)|, i.e., (37) 2|π ∨ σ| − |πσ| ≤ |π| + |σ|.

(2) Consider first the special case W_1 = W_2 = W. Then we clearly have #(V_2 ∨ W) − #(V_1 ∨ W) ≤ #V_2 − #V_1, which leads to |V_1 ∨ W| − |V_2 ∨ W| ≤ |V_1| − |V_2|.

From this the general case follows by

|V_1 ∨ W_1| − |V_2 ∨ W_2| = |V_1 ∨ W_1| − |V_1 ∨ W_2| + |V_1 ∨ W_2| − |V_2 ∨ W_2| ≤ |W_1| − |W_2| + |V_1| − |V_2|.

The second inequality follows from this as follows:

|V_1 ∨ W_1| − |V_1 ∨ W_2| = |V_1 ∨ (V_2 ∨ W_1)| − |V_1 ∨ (V_2 ∨ W_2)| ≤ |V_2 ∨ W_1| − |V_2 ∨ W_2|. □ Theorem 5.6. For (V, π), (W, σ) ∈ PS(n) the equation (V, π) · (W, σ) = (V ∨ W, πσ) is equivalent to the conjunction of the following four conditions: |π| + |σ| + |πσ| = 2|π ∨ σ|,

|V| + |π ∨ σ| = |π| + |V ∨ σ|, |W| + |π ∨ σ| = |σ| + |π ∨ W|, |V ∨ σ| + |π ∨ W| = |V ∨ W| + |π ∨ σ|.

Documenta Mathematica 12 (2007) 1–70

32 Collins, Mingo, Śniady, Speicher

Proof. Adding the four inequalities given by Lemma 5.5 |π| + |σ| + |πσ| ≥ 2|π ∨ σ|, 2|V| + 2|π ∨ σ| ≥ 2|π| + 2|V ∨ σ|, 2|W| + 2|π ∨ σ| ≥ 2|σ| + 2|π ∨ W|, 2|V ∨ σ| + 2|π ∨ W| ≥ 2|V ∨ W| + 2|π ∨ σ| gives 2|V| − |π| + 2|W| − |σ| ≥ 2|V ∨ W| − |πσ|, i.e., |(V, π)| + |(W, σ)| ≥ |(V ∨ W, πσ).

Since (V, π) · (W, σ) = (V ∨ W, πσ) means that we require equality in the last inequality, this is equivalent to having equality in all the four inequalities. □ The conditions describing our factorizations have a quite geometrical meaning. Let us elaborate on this in the following.

Definition 5.7. Let γ ∈ S(n) be a fixed permutation.

(1) A permutation π ∈ S(n) is called γ-planar if |π| + |π^{−1}γ| + |γ| = 2|π ∨ γ|.

(2) A partitioned permutation (V, π) ∈ PS(n) is called γ-minimal if |V ∨ γ| − |π ∨ γ| = |V| − |π|.

Remark 5.8. i ) It is easy to check (for example, by calculating the Euler characteristic) that γ-planarity of π corresponds indeed to a planar diagram, i.e. one can draw a planar graph representing permutations γ and π without any crossings. The most important cases are when γ consists of a single cycle [Bia97] and when γ consists of two cycles [MN04].

ii ) The notion of γ-minimality of (V, π) means that V connects only blocks of π which are not already connected by γ.

iii ) If (V, π) satisfies both (1) and (2) of Definition 5.7 then (V, π)(0, π^{−1}γ) = (1, γ), by Theorem 5.6.

Corollary 5.9. Assume that we have the equation (U, γ) = (V, π) · (W, σ).

Then π and σ must be γ-planar and (V, π) and (W, σ) must be γ-minimal. 5.3. Factorizations of disc and tunnel permutations. Notation 5.10. i ) We call (V, π) ∈ PS_n a disc permutation if V = 0_π; the latter is equivalent to the condition |V| = |σ|. For π ∈ S_n, by (0, π) we will always mean the disc permutation (0, π) := (0_π, π) ∈ PS(n).

ii ) We call (V, π) ∈ PS_n a tunnel permutation if |V| = |π|+1. This means that V is obtained from π by joining a pair of cycles; i.e. one block of V contains exactly two cycles of π and all other blocks contain only one cycle of π.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 33

A motivation for those names comes from the identification between partitioned permutations and so-called surfaced permutations; see the Appendix for more information on this.

Our goal is now to understand more explicitly the factorizations of disc and tunnel permutations. (It will turn out that those are the relevant ones for first and second order freeness). For this, note that we can rewrite the crucial condition for our product of partitioned permutations,

2|V| − |π| + 2|W| − |σ| = 2|V ∨ W| − |πσ|,

in the form � |V| − |π| � + � |W| − |σ| � + � |V| + |W| − |V ∨ W| � = � |V ∨ W| − |πσ| � . Since all terms in brackets are non-negative integers this formula can be used to obtain explicit solutions to our factorization problem for small values of the right hand side. Essentially, this tells us that factorizations of a disc permutation can only be of the form disc × disc; and factorizations of a tunnel permutation can only be of the form disc×disc, disc×tunnel, and tunnel×disc. Of course, one can generalize the following arguments to higher order type permutations, however, the number of possibilities grows quite quickly.

Proposition 5.11.

(1) The solutions to the equation

(1_n, γ_n) = (0, γ_n) = (V, π) · (W, σ)

are exactly of the form

(1_n, γ_n) = (0, π) · (0, π^{−1}γ_n),

for some π ∈ NC(n).

(2) The solutions to the equation

(1_{m+n}, γ_{m,n}) = (V, π) · (W, σ)

are exactly of the following three forms: (a) (1_{m+n}, γ_{m,n}) = (0, π) · (0, π^{−1}γ_{m,n}),

where π ∈ S_{NC} (m, n); (b) (1_{m+n}, γ_{m,n}) = (0, π) · (W, π^{−1}γ_{m,n}),

where π ∈ NC(m)×NC(n), |W| = |π^{−1}γ_{m,n}|+1, and W connects a cycle of π^{−1}γ_{m,n} in NC(m) with a cycle in NC(n); (c) (1_{m+n}, γ_{m,n}) = (V, π) · (0, π^{−1}γ_{m,n}),

where π ∈ NC(m) × NC(n), |V| = |π| + 1, and |W| = |π^{−1}γ_{m,n}| + 1, and V connects a cycle of π in NC(m) with a cycle in NC(n).

Documenta Mathematica 12 (2007) 1–70

34 Collins, Mingo, Śniady, Speicher

Proof. (1) The correspondence between non-crossing partitions and permutations was studied in detail by Biane [Bia97]. In this case we have � |V| − |π| � + � |W| − |σ| � + � |V| + |W| − |V ∨ W| � = |1_n| − |γ_n| = 0.

Since all three terms in brackets are greater or equal to zero, all of them must vanish, i.e., |V| = |π|, thus V = 0_π |W| = |σ|, thus W = 0_σ and |π| + |σ| = |V| + |W| = |V ∨ W| = |γ| = n − 1.

(2) Now we have � |V| − |π| � + � |W| − |σ| � + � |V| + |W| − |V ∨ W| � = � |V ∨ W| − |πσ| � = 1, which means that two of the terms on the left-hand side must be equal to 0, and the other term must be equal to 1. Thus we have the following three possibilities. (a) |V| =|π|, thus V = 0_π, |W| =|σ|, thus W = 0_σ and |π| + |σ| = |V| + |W| = |V ∨ W| + 1 = m + n.

Note that π ∨ σ = V ∨ W = 1_{m+n}, and thus π connects the two cycles of γ_{m,n}. This means that π is a non-crossing (m, n)-permutation. (b) |V| = |π|, thus V = 0_π,

|W| = |σ| + 1, and |V| + |W| = |V ∨ W| = m + n − 1.

This implies |π| + |γ_{m,n}π^{−1}| = m + n − 2, which means that π must be a disconnected non-crossing (m, n)- annular permutation, i.e.,

π = π_1 × π_2 with π_1 ∈ NC(m), π_2 ∈ NC(n).

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 35 (c) |V| = |π| + 1, |W| = |σ| + 1, , thus W = 0_σ and |V| + |W| = |V ∨ W| = m + n − 1.

This implies |π| + |γ_{m,n}π^{−1}| = m + n − 2, which means that π must be a disconnected non-crossing (m, n)- annular permutation, i.e.,

π = π_1 × π_2 with π_1 ∈ NC(m), π_2 ∈ NC(n). □ Example 5.12. We can now use the previous description of factorizations of disc and tunnel permutations to write down explicit first and second order formulas for our convolution of multiplicative functions. 1) In the first order case we have

(38) (f ∗ g)(1_n, γ_n) = (f ∗ g)(0, γ_n) = � π∈NC(n)

f(0, π)g(0, π^{−1}γ_n).

This equation is exactly the formula for the convolution of multiplicative functions on non-crossing partitions, which is the cornerstone of the combinatorial description of first order freeness [NSp97]. (Note that π^{−1}γ_n is in this case the Kreweras complement of π.) 2) In the second order case we have

(f ∗ g)(1_{m+n}, γ_{m,n}) = � π∈S_{N C} (m,n)

f(0, π)g(0, π^{−1}γ_{m,n}) + � π∈N C(m)×N C(n) |V|=|π|+1 � f(0, γ_{m,n}π^{−1})g(V, π) + f(V, π)g(0, π^{−1}γ_{m,n}) � .

We should expect that this formula is the combinatorial key for the understanding of second order freeness. However, in this form it does not match exactly the formulas appearing in [MŚS07]. Let us, however, for a multiplicative function f put, for π ∈ NC(n),

(39) f̃_1(π) := f(1_n, π) (π ∈ NC(n)) and, for π_1 ∈ NC(m) and π_2 ∈ NC(n),

(40) f̃_2(π_1, π_2) = � V≥π_1×π_2 , |V|=|π|+1, V∨(π_1×π_2)=1_{m+n}

f(V, π_1 × π_2).

Note that in the definition of f̃_2 the sum is running over all V which connect exactly one cycle of π_1 with one cycle of π_2.

Documenta Mathematica 12 (2007) 1–70

36 Collins, Mingo, Śniady, Speicher

Then, with h = f ∗ g, we have

h̃_2(1_m, 1_n) = � π∈S_{N C} (m,n)

f̃_1(π)g̃_1(π^{−1}γ_{m,n})

+ � π_1,π_2∈NC(m)×NC(n) �~ f_2(π_1, π_2)g̃_1(π^{−1}_1 × π^{−1}_2 γ_{m.n})

+ f̃_1(π_1 × π_2)g̃_2(π^{−1}_1 γ_m, π^{−1}_2 γ_n) � . In this form we recover exactly the structure of the formula (10) from [MŚS07], which describes second order freeness. The descriptions in terms of f and in terms of f̃_2 are equivalent. Whereas f is multiplicative, f̃_2 satisfies a kind of cocycle property. From our present perspective the description of second (and higher) order freeness in terms of multiplicative functions seems more natural. In any case, we see that our convolution of multiplicative functions on partitioned permutations is a generalization of the structure underlying first and second order freeness.

5.4. Zeta and Möbius function. In the definition of our convolution we are running over factorizations of (U, γ) into products (V, π) · (W, σ). In the first order case the second factor is determined if the first factor is given. In the general case, however, we do not have such a uniqueness of the decomposition; if we fix (V, π) there might be different choices for (W, σ). For example, this situation was considered in Proposition 5.11 in the case (2b). However, in the case when (W, σ) is a disc permutation, it must be of the form (0_π−1_γ , π^{−1}γ) and is thus uniquely determined. Note that factorizations of such a special form appear in our formula (35) and thus deserve special attention.

Notation 5.13. Let (U, γ) ∈ PS be a fixed partitioned permutation. We say that (V, π) ∈ PS is (U, γ)–non-crossing if

(V, π) · (0_π−1_γ , π^{−1}γ) = (U, γ).

The set of (U, γ)–non-crossing partitioned permutations will be denoted by PS_{NC} (U, γ), see Remark 5.8.

To justify this notation we point out that (1_n, γ_n)–non-crossing partitioned permutations can be identified with non-crossing permutations; to be precise PS_{NC} (1_n, γ_n) = {(0_π, π) | π ∈ NC(n)}.

Furthermore,

PS_{NC} (1_{m+n}, γ_{m,n}) = {(0_π, π) | π ∈ S_{NC} (m, n)}∪ ∪ {(V, π_1 × π_2) | π_1 ∈ NC(m), π_2 ∈ NC(n), V ≥ π, |V| = |π| + 1 and V connects one cycle of π_1 to a cycle of π_2}.

We can now also use a special multiplicative function, which we will call Zetafunction ζ, to single out such factorizations. It will be useful to be able to invert formula (35), which means we need also the inverse of ζ under our convolution.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 37

This inverse, called the Möbius-function μ, is a key object in the theory and contains a lot of important information. Notation 5.14.

(1) The Zeta-function ζ is the multiplicative function on PS which is determined by

ζ(1_n, π) = � 1 if (1_n, π) is a disc permutation, i.e., if 1_n = 0_π, 0 otherwise.

(2) The Möbius function μ is the inverse of ζ under convolution, i.e., it is determined by ζ ∗ μ = δ = μ ∗ ζ.

Note that in general

ζ(V, π) = � 1, if V = 0_π 0, if V > 0_π.

It is also quite easy to see that the Möbius function exists and is uniquely determined as the inverse of the Zeta-function — the determining equations can be solved recursively. Indeed letting μ_n = μ(1_n, γ_n) and μ_{m,n} = μ(1_{m+n}, γ_{m,n}) we have 0 = μ_{1,1} + μ_2 0 = μ_{1,2} + 2μ_1μ_{1,1} + 2μ_3 + 2μ_1μ_2 0 = μ_{2,2} + 4μ_1μ_{2,1} + 4μ^2_1μ_{1,1} + 4μ_4 + 8μ_1μ_3 + 2μ^2 + 4μ^2_1μ_2 0 = μ_{1,3} + 3μ_1μ_{2,1} + 3μ_2μ_{1,1} + 3μ_4 + 6μ_1μ_3 + 3μ^2 + 3μ^2_1μ_2 0 = μ_{2,3} + 2μ_1μ_{1,3} + 3μ_1μ_{2,2} + 3μ_2μ_{1,2} + 9μ^2_1μ_{1,2} + 6μ_1μ_2μ_{1,1} + 6μ^3_1μ_{1,1} + 6μ_5 + 18μ_1μ_4 + 12μ_2μ_3 + 18μ^2_1μ_3 + 12μ_1μ^2 + 6μ^3_1μ_2 0 = μ_{3,3} + 6μ_1μ_{2,3} + 6μ_2μ_{1,3} + 6μ^2_1μ_{1,3} + 9μ^2_1μ_{2,2} + 18μ_1μ_2μ_{1,2} + 18μ^3_1μ_{1,2} + 9μ^2μ_{1,1} + 18μ^2_1μ_2μ_{1,1} + 9μ^4_1μ_{1,1} + 9μ_6 + 36μ_1μ_5 + 27μ_2μ_4 + 54μ^2_1μ_4 + 9μ^2_3 + 72μ_1μ_2μ_3 + 36μ^3_1μ_3 + 12μ^3_2 + 36μ^2_1μ^2 + 9μ^4_1μ_2 This shows how, knowing the first order Möbius function μ_n, the second order Möbius function μ_{m,n} can be calculated recursively. One should observe that with these notations we have (f ∗ ζ)(U, γ) = � (V,π)∈PS_{N C} (U,γ)

f(V, π).

In the following we will use the notation ζ^{∗p} = ζ ∗ · · · ∗ ζ

� � �

p-times . It is clear, by definition, that ζ^{∗p} counts factorizations into the product of p disc permutations, thus we have the following result. Proposition 5.15. For (U, γ) ∈ PS and p ≥ 1 we have

ζ^{∗p}(U, γ) := #{(π_1, . . . , π_p) | (U, γ) = (0, π_1) · · · (0, π_p)}.

Documenta Mathematica 12 (2007) 1–70

38 Collins, Mingo, Śniady, Speicher

Of special interest for us is the case p = 2.

Proposition 5.16. We have for all r ≥ 1 and n(1), . . . , n(r) ∈ N, n := n(1) + · · · + n(r) that

(ζ ∗ ζ)(1_n, γ_{n(1),...,n(r)}) = #S_{NC} (n(1), . . . , n(r)).

Proof. As noted above, (ζ ∗ ζ)(1_n, γ_{n(1),··· ,n(r)}) counts the number of factorizations of (1_n, γ_{n(1),...,n(r)}) into a product of two disc permutations, i.e., the number of factorizations of the form

(1_n, γ_{n(1),...,n(r)}) = (0, π) · (0, π^{−1}γ_{n(1),...,n(r)}),

with |π| + |π^{−1}γ| = |γ| = n − r and π ∨ γ = 1_n. But this describes exactly connected (n(1), . . . , n(r))-annular permutations π ∈ S_{NC} (n(1), . . . , n(r)). □

Notation 5.17. We put

c_{n(1),...,n(r)} := #S_{NC} (n(1), . . . , n(r)).

Note in particular that c_n counts the number of non-crossing partitions of n elements and thus is the Catalan number

c_n = 1 n + 1 � 2n n � , and that c_{m,n} counts the number of non-crossing (m, n)-annular permutations, and thus [MN04]

c_{m,n} = 2mn m + n � 2m − 1 m � 2n − 1 n � . More generally, an explicit formula for the number of factorizations into p factors was derived by Bousquet-Mélou and Schaeffer [BMS00], namely one has (with n := n(1) + · · · + n(r))

ζ^{∗p}(1_n, γ_{n(1),··· ,n(r)}) = p

[(p − 1)n − 1]! [(p − 1)n − r + 2]! r� i=1 � n(i) � pn(i) − 1 n(i) � , and thus in particular

c_{n(1),...,n(r)} = 2

(n − 1)!

(n − r + 2)! r� i=1 � n(i) � 2n(i) − 1 n(i) � . For our purposes, however, the following recursive formula for the number of factorizations is more interesting.

In the next theorem we will show how to reduce the problem of counting the number of disc factorizations on [n] to counting the factorizations on [n − 1]. This will enable of to obtain a recursive formula for c_{n1,...,nr} .

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 39

Notation 5.18. Let (U, γ) be a partitioned permutation of [n] with γ(1) ≠ 1. Let γ̂_k be the restriction of (1, k)γ(1, γ^{−1}(k)) to the invariant subset [2, n] := {2, 3, 4, . . . , n}. Then

|γ̂_k| = � � � � �

|γ| if 1 and k are in different cycles of γ, |γ| − 1 if k = 1 or γ(1) |γ| − 2 if 1 and k are in the same cycle of γ, but k ≠ 1 and k ≠ γ(1),

Let U = U|_{[2,n]} be the restriction of U to [2, n], i.e. if the blocks of U are U_1, . . . , U_r and 1 ∈ U_1, then the blocks of U are U_1, U_2, . . . , U_r where U_1 = U_1 ∩ [2, n]. In the theorem below we sum over a set of partitions P_k of [2, n] described as follows.

For k = 1, γ(1) or k not in the γ-orbit of 1, P_k = { U } i.e. P_k consists of the single partition U.

For k in the γ-orbit of 1 but k ≠ 1, γ(1), P_k = { ^U | γ̂_k ≤ ^U, | ^U| = |U| − 2, and U = ^U ∨ (k, γ^{−1}(k))}. In words this means U_1 is split into two blocks: ∘ the first containing the cycle of γ̂_k containing γ^{−1}(k) and some (possibly none) of the other cycles of γ contained in U_1 ∘ the second containing the cycle of γ̂_k containing k and the remaining (possibly none) cycles of γ contained in U_1.

More explicitly, in the case k is in the γ-orbit of 1 but k ≠ 1, γ(1), let us write γ as as a product of cycles d_1 · · · d_s where d_1 = (1, γ(1), . . . , γ^t(1)) is the cycle that contains 1. Let d^′_1 = (γ(1), γ^2(1), . . . , γ^{−1}(k)) and d^{′′}_1 = (k, . . . , γ^t(1)). Then γ̂_k = d^′_1d^{′′}_1 d_2 · · · d_s. P_k consists of all partitions ^U of [2, n] such that ^U = {U ′_1, U ′′_1 , U_2, . . . , U_r} where U ′_1 ∪ U ′′_1 = U_1, U ′_1 ∩ U ′′_1 = ∅, U ′_1 contains d′_1, U^{′′}_1 contains d^{′′}_1 , and each cycle of γ that was in U_1 is now in either U^′_1 or U^{′′}_1 , i.e. γ̂_k ≤ ^U and | ^U| = |U| − 2.

Theorem 5.19.

(41) ζ^{∗2} (U, γ) = n� k=1 � bU∈P_k

ζ^{∗2} ( ^U, ^γ_k)

Proof. We must show that for each factorization (0, π)·(0, σ) of (U, γ) there are k := π(1), ^U ∈ P_k, and permutations of [2, n], π̂ and σ̂ such that (0, π̂)·(0, σ̂) = ( ^U, γ̂_k). Conversely we must show that given k, ^U ∈ P_k and a factorization (0, π̂) · (0, σ̂) of ( ^U, γ̂_k) there are π and σ such that (0, π) · (0, σ) = (U, γ) and π(1) = k. Moreover we must show that these two maps are inverses of each other. The relation between π, σ and π̂, σ̂ is given by π̂ = (1, k)π|_{[2,n]}, σ̂ = σ(1, γ^{−1}(k))|_{[2,n]}. So on the level of permutations we have a bijection. The main work of the proof is to show that starting with π and σ we have ^U := π̂ ∨ σ̂ ∈ P_k and 2| ^U| − |γ̂_k| = |π̂| + |σ̂|; and then conversely starting with ^U ∈ P_k and a factorization (0, π̂) · (0, σ̂) of ( ^U, γ̂_k) then 2|U| − |γ| = |π| + |σ| and π ∨ σ = U.

Documenta Mathematica 12 (2007) 1–70

40 Collins, Mingo, Śniady, Speicher

Note that we have for all k

|π̂| = � |π| − 1 k ≠ 1 |π| k = 1

|σ̂| = � |σ| − 1 k ≠ γ(1) |σ| k = γ(1) It is necessary to break the proof into four cases: k is not in the γ-orbit of 1; k is in the γ-orbit of 1 but k ≠ 1, γ(1); k = 1; and k = γ(1). Suppose we have a factorization (U, γ) = (0, π) · (0, σ), i.e., γ = πσ, U = π ∨ σ, and 2|U| − |γ| = |π| + |σ| with k := π(1) not in the γ-orbit of 1. Then|γ̂_k| = |γ| and P_k contains only the partition of [2, n] which results from U by removing 1, i.e. ^U = U. Then we have |Û| = |U| − 1. Hence |π̂| + |σ̂| = |π| + |σ| − 2 = 2|U| − |γ| − 2 = | ^U| − |γ| = | ^U| − |γ̂_k|.

Also 0_π|_{[2,n]} = 0_{π̂} and 0_γ |_{[2,n]} ≤ 0_{γ̂k} . Thus ^U = (π ∨ γ)|_{[2,n]} ≤ π̂ ∨ γ̂_k. On the other hand the difference between 0_γ |_{[2,n]} and 0_{γ̂k} is that the blocks containing 1 and k have been joined. However these points were already connected by π. Thus π̂ ∨ γ̂_k ≤ ^U, and so Û = π̂ ∨ σ̂, and thus (Û, γ̂) = (0, π̂) · (0, σ̂).

Conversely, given a factorization (0, π̂) · (0, σ̂) of ( ^U, γ̂_k), let π = (1, k)π̂ and σ = σ̂(1, γ^{−1}(k)). Then π ∨ σ = U because 1 has been connected to the block of ^U containing k. Also #(π) = #(π̂) and #(σ) = #(σ̂); thus |π| = |π̂| − 1 and |σ| = |σ̂| − 1, and so |π| + |σ| = 2|U| − |γ|. This establishes the bijection when k is not in the γ-orbit of 1.

Let us now consider the case that 1 and k are in the same cycle of γ, but k ≠ 1, γ(1). Again suppose that (0, π) · (0, σ) is a factorization of (U, γ) with π(1) = k. In this case we have that |γ̂_k| = |γ| − 2 and so by the triangle inequality, Lemma 4.7

2|π̂ ∨ σ̂| − |γ| + 2 = 2|π̂ ∨ σ̂| − |γ̂| = |(π̂ ∨ σ̂, π̂σ̂)| ≤ |(0, π̂)| + |(0, σ̂)| = |π̂| + |σ̂| = |π| + |σ| − 2 = 2|U| − |γ| − 2, and thus |π̂ ∨ σ̂| ≤ |U| − 2.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 41

On the other hand, let us compare

π̂ ∨ σ̂ = π̂ ∨ γ̂ with U = π ∨ γ.

Note that all our changes of the permutations affected only what happens on the first cycle of γ. Since the transition from γ to γ̂ consists in removing the point 1 and splitting the first cycle of γ into two cycles, we can lose at most one block by going over from π̂ ∨ γ̂ to π ∨ γ. Thus

|π̂ ∨ σ̂| = (n − 1) − #(π̂ ∨ σ̂) ≥ (n − 1) − (#U + 1) = |U| − 2,

so that we necessarily have the equality

|π̂ ∨ σ̂| = |U| − 2.

Thus ^U := π̂ ∨ σ̂ ∈ P_k and 2|π̂ ∨ σ̂| − |γ̂_k| = |π̂| + |σ̂|. Hence (0, π̂) · (0, σ̂) is a factorization of ( ^U, γ̂_k).

Conversely let us suppose that k is in the γ-orbit of 1 but k ≠ 1 or γ(1) and ^U ∈ P_k and (0, π̂) · (0, σ̂) is a factorization of ( ^U, γ̂_k). We must show that π ∨ σ = U and that |π| + |σ| = 2|U| − |γ|. 1 and k are in the same orbit of π and 1 and γ^{−1}(k) are in the same orbit of σ. So the blocks of ^U containing d^′_1 and d^{′′}_1 are joined in π ∨ σ. Thus π ∨ σ = U. Also | ^U| = |U| − 2, so |π| + |σ| = |π̂| + |σ̂| + 2 = 2| ^U| − |γ̂_k| + 2 = |U| − |γ̂_k| − 2 = 2|U| − |γ|. Thus (0, π) · (0, σ) is a factorization of (U, γ). This establishes the bijection in the case k is in the γ-orbit of 1 but k ≠ 1 or γ(1).

Next suppose that k = 1 and (0, π) · (0, σ) is a factorization of (U, γ) with π(1) = 1. Then |π̂|+|σ̂| = |π|+|σ|−1 = 2|U|−|γ|−1 = 2| ^U|−|γ|+1 = 2| ^U|−|γ̂_k |. Let U_1 be the block of U containing 1 and U_1 = U_1 ∩ [2, n]. We must show that U_1 is a block of π̂ ∨ γ̂_k. Since π ∨ γ = U we know that if d_i and d_j are cycles of γ contained in U_1 then π must connect them. Since π|_{U 1} = π̂|_{U 1} we see that π̂ connects the corresponding cycles of γ̂_k (which are unchanged except for the cycle containing 1). Similarly if f_1 and f_2 are cycles of π contained in U_1 and neither is a singleton then they are connected by γ and thus by γ̂_k. Thus (0, π̂) · (0, σ̂) is a factorization of ( ^U, γ̂_k).

Conversely suppose that k = 1, ^U ∈ P_k, and (0, π̂) · (0, σ̂) is a factorization of ( ^U, γ̂_k). We must show that π(1) = 1 and (0, π) · (0, σ) is a factorization of (U, γ). Since π̂ ∨γ̂_k = ^U and γ connects 1 to γ(1) ∈ U_1, we have that π ∨γ = U. Also |π| + |σ| = |π̂| + |σ̂| + 1 = 2| ^U| − |γ̂_k| + 1 = 2|U| − |γ̂_1| − 1 = 2|U| − |γ|. Thus (0, π) · (0, σ) is a factorization of (U, γ). This completes the case when k = 1. The proof in the case k = γ(1) is exactly the same except that the roles of π and σ are reversed. □

Let us take a closer look at the meaning of Theorem 5.19 for the case (U, γ) = (1_n, γ_{n(1),...,n(r)}). To reduce the depth of subscripts we shall write c(n_1, . . . , n_r) for c_{n(1),...,n(r)}.

Documenta Mathematica 12 (2007) 1–70

42 Collins, Mingo, Śniady, Speicher

Proposition 5.20. We have for all r, n_1, . . . , n_r ∈ N the recursion

(42) c(n_1, . . . , n_r) = r� l=2 n_l · c(n_1 + n_l − 1, n_2, . . . , n_{l−1}, n_{l+1}, . . . , n_r)

+ n_1�

k=1 � A={i_1,...,i_s} B={j_1 ,...,j_t }

c(k − 1, n_{i1} , . . . , n_{is} )c(n_1 − k, n_{j1} , . . . , n_{jt} )

where the sum is over all pairs of subsets A, B ⊂ [2, r] such that A ∩ B = ∅ and A ∪ B = [2, r] including the possibility that either A or B could be empty. We have for all m, n ≥ 1 c_n = � 1≤k≤n

c_{k−1}c_{n−k}, and (43) c_{m,n} = � 1≤k≤n � c_{k−1}c_{m,n−k} + c_{m,k−1}c_{n−k} � + mc_{m+n−1},

where we use the convention that c_0 = 1 but c(n_1, . . . , n_r) = 0 if r > 1 and for some i, n_i = 0.

Proof. Let n = n_1 + · · · + n_r. By Proposition 5.16 c(n_1, . . . , n_r) = ζ^{∗2} (1_n, γ_{n1 ,...,nr} ). So we must give the correspondence between the terms on the right hand side of (41) and the right hand side of (42). In this case U = 1_n and U = 1_{n−1} (in the notation of 5.18). Thus P_k = {1_{n−1}}. Also for n_1 + · · · + n_{l−1} < k ≤ n_1 +· · ·+n_l, ζ^{∗2} (1_{n−1}, γ̂_k) = c(n_1 +n_l −1, n_2, . . . , n_{l−1}, n_{l+1}, . . . , n_r). Thus n� k=n_1 +1 � bU∈P_k

ζ^{∗2} ( ^U, γ̂_k) = n� k=n_1 +1

ζ^{∗2} (1_{n−1}, γ̂_k)

(44)

= r� l=2 n_1 +···+n_l � k=n_1 +···+n_{l−1}+1

c(n_1 + n_l − 1, n_2, . . . , n_{l−1}, n_{l+1}, . . . , n_r)

= r� l=2 n_l · c(n_1 + n_l − 1, n_2, . . . , n_{l−1}, n_{l+1}, . . . , n_r)

For k ≤ n_1, γ̂_k = d^′_1d^{′′}_1 d_2 · · · d_r, with d^′_1 a cycle of length k − 1 and d^{′′}_1 a cycle of length n_1 − k. P_k is the set of all partitions of the cycles of γ̂_k into two blocks such that d^′_1 and d^{′′}_1 are in different blocks. Hence � bU∈P_k

ζ^{∗2} ( ^U, γ̂_k) = � A={i_1 ,...,i_s} B={j_1,...,j_t }

c(n_1 − k, n_{i1} , . . . , n_{is} )c(k − 1, n_{j1} , . . . , n_{jt} )

where the sum is over all pairs of subsets A, B ⊂ [2, r] such that A ∩ B = ∅ and A ∪ B = [2, r] including the possibility that either A or B could be empty.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 43

Thus

(45)

n_1�

k=1 � bU∈P_k

ζ^{∗2} ( ^U, γ̂_k)

= n_1�

k=1 � A={i_1,...,i_s} B={j_1 ,...,j_t }

c(n_1 − k, n_{i1} , . . . , n_{is} )c(k − 1, n_{j1} , . . . , n_{jt} )

Assembling equations (44) and (45) gives the result. □

In [OZ84], O’Brien and Zuber used a similar formula of this kind in order to compute the asymptotics of, so called, external field matrix integral. See also [BMS00] and Theorem 5.22.

Clearly, our notions around the convolution of functions on PS are analogous to (and motivated by) the convolution of functions on posets. Even though we are not able to put the above theory into the framework of posets, it seems that this analogy goes quite far. The following description of the Möbius functions is an instance of this—its poset analogue is due to Hall (see [Rot64]). It is essentially the simple observation that one can expand the Möbius function in terms of a geometric series as

μ = ζ^{∗−1} = � δ + (ζ − δ)

�_{∗−1} = ∞� k=0 (−1)^k(ζ − δ)^{∗k}.

Proposition 5.21. We have for any (U, γ) ∈ PS that

μ(U, γ) = δ(U, γ) + ∞� k=1 � (U,γ)=(0,π1 )···(0,πk ) πi≠e ∀i

(−1)^k.

Proof. As noted above this is just the geometric series for

(δ + (ζ − δ))^{∗−1}.

(Note that we are working for this in the algebra of functions on PS with the pointwise sum and the convolution as sum and product—we are not bothering about multiplicativity.) The only thing to check is that the sum is finite, and this is the case because the number of factors k is bounded by |(U, γ)|, since |(0, π)| ≥ 1 for any π ≠ e. □

This description of the Möbius function allows us now to derive a recursive formula for μ.

Theorem 5.22. Consider (U, γ) ∈ PS such that γ(1) ≠ 1. Then we have

(46) μ(U, γ) = (−1) � (0,(1,k))·(V,π)=(U,γ) k≠1

μ(V, π),

where the sum runs over all decompositions of (U, γ) into a product of a disc transposition (0, (1, k)) (with k ≥ 2) and a (V, π) ∈ PS.

Documenta Mathematica 12 (2007) 1–70

44 Collins, Mingo, Śniady, Speicher

The proof of this theorem will rely on the following lemma.

Lemma 5.23. Let (U, γ) ∈ PS such that γ(1) ≠ 1. For p ∈ N, we denote by S_p the set consisting of all tuples (π_1, . . . , π_p) of permutations such that π_i ≠ e for all i = 1, . . . , p and (0, π_1) · · · (0, π_p) = (U, γ).

We consider now the two sums

(47) S_1 := ∞� p=1 � (π_1,...,π_p)∈S_p

(−1)^p and (48) S_2 := ∞� p=1 � (π1,...,πp)∈Sp π1 = (1, k) for k ≠ 1

(−1)^p

where the second sum S_2 is over all tuples (π_1, . . . , π_p) as for the first sum S_1, but now with the additional property that π_1 is a transposition interchanging the element 1 with some other element. Then the two sums (47) and (48) are equal,

S_1 = S_2.

Proof. Let π = (π_1, . . . , π_p) ∈ S_p. Let 1 ≤ q ≤ p denote the smallest index for which 1 is not a fixed point of π_q ; note that such a q necessarily exists since γ(1) ≠ 1. We shall group all factorizations into three classes: 1a), 1b) and 2). Class 1) consists of factorizations for which π_q is a transposition interchanging 1 with some other element. The subclass 1a) consists of factorizations for which q = 1 and subclass 1b) of those for which q ≥ 2. Class 2) consists of all other factorizations.

Let Π = (π_1, . . . , π_p) be a factorization from the class 1b). We define

Π^′ = (π^′_1, . . . , π^′_{p−1}) = (π_1, . . . , π_{q−2}, π_{q−1}π_q , π_{q+1}, . . . , π_p).

In the following we shall prove that f : Π → Π^′ is a bijection between factorizations of class 1b) and factorizations of class 2).

Firstly, we prove that Π^′ ∈ S_p and is of class 2). Clearly, π^′_{q−1} = π_{q−1}π_q is a permutation which does not fix 1, it is not a transposition interchanging 1 with some other element, and we have

(0, π_{q−1}) · (0, π_q ) = (0, π^′_{q−1}).

In order to show that f is a bijection we shall describe its inverse. If Π^′ = (π^′_1, . . . , π^′_{p−1}) ∈ S_p and is of class 2), we define 1 ≤ q ≤ p − 1 to be the smallest number for which π^′_{q−1} does not fix 1. There is a unique decomposition π^′_{q−1} = π_{q−1}π_q such that 1 is a fixed point of π_{q−1} and π_q is a transposition interchanging 1 with some other element. Thus |π_{q−1}| + |π_q | = |π^′_{q−1}|. The assumption that the factorization Π^′ is of class 2) implies that π_{q−1} ≠ e. For 1 ≤ i ≤ q − 2 we set π_i = π^′_i and for q + 1 ≤ i ≤ p we set π_i = π^′_{i−1}. In this

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 45

way we defined Π = (π_1, . . . , π_p). Now it is easy to check that g : Π^′ → Π is a left and right inverse of f.

Since the factorization Π and the corresponding Π^′ contribute to (47) with the opposite signs, the contribution of all factorizations of class 1b) cancels with the contribution of factorizations of class 2). □

Proof of 5.22. In the proof we will consider all factorizations (0, π_1) · (0, π_2) · · · (0, π_p) = (U, γ) with the requirement that π_i ≠ e for all i, i.e. (π_1, . . . , π_p) ∈ S_p, as in the proof of Lemma 5.23. Sometimes we will require in addition that π_1 = (1, k) with k ≠ 1. To simplify the notation we will not explicitly state every time that π_i ≠ e. Since γ(1) ≠ 1 we have δ(U, γ) = 0. When γ is a transposition the right hand side of equation (46) is −1; so we can assume that γ is not a transposition. So by Proposition 5.21 we have

μ(U, γ) = ∞� p=1 � (0,π_1)···(0,π_p)

=(U,γ)

(−1)^{p (5.23)}= ∞� p=1 � (0,(1,k))···(0,π_p) =(U,γ)

(−1)^p

= ∞� p=2 � (0,(1,k)),(V,π) (0,(1,k))·(V,π)=(U,γ) � (0,π_2)···(0,π_p) =(V,π)

(−1)^p

= − � (0,(1,k)),(V,π) (0,(1,k))·(V,π)=(U,γ) ∞� p=2 � (0,π_2)···(0,π_p) =(V,π)

(−1)^{p−1}

= − � (0,(1,k)),(V,π) (0,(1,k))·(V,π)=(U,γ) ∞� p=2 � (0,π_2)···(0,π_p) =(V,π)

(−1)^{p−1}

= − � (0,(1,k)),(V,π) (0,(1,k))·(V,π)=(U,γ)

μ(V, π)

□ One observes that the recursion formulas for the Möbius function and for ζ^{∗2} look very similar. However, there are some significant differences. The recursion for ζ^{∗2} effectively expresses ζ^{∗2} for n points in terms of ζ^{∗2} for n − 1 points. The recursion for the Möbius function does not reduce the number of points. Nevertheless, at least for first and second order one can match the two recursions and connect the values of the Möbius function with the values of the function ζ^{∗2} (i.e., with the number of non-crossing partitions and non-crossing annular permutations). In order to see this let us first specify the meaning of Theorem 5.22 for first and second order. In first order we get

μ(1_n, γ_n) = − � 1≤k≤n−1

μ(1_k, γ_k)μ(1_{n−k}, γ_{n−k}),

Documenta Mathematica 12 (2007) 1–70

46 Collins, Mingo, Śniady, Speicher

which shows that (−1)^nμ(1_{n+1}, γ_{n+1}) and ζ^{∗2}(1_n, γ_n) satisfy the same recursion (namely the one for the Catalan numbers). This is, of course, just the well-known fact [Kre72, Spe94] that the Möbius function on non-crossing partitions is given by the signed and shifted Catalan numbers. In second order our recursion reads (−1)μ(1_{m+n}, γ_{m,n}) = m · μ(1_{m+n}, γ_{m+n}) + � 1≤k≤n−1 � μ(1_{m+k}, γ_{m,k})μ(1_{n−k}, γ_{n−k}) + μ(1_{m+n−k}, γ_{m,n−k})μ(1_k, γ_k) � , which we recognize — by taking into account the shifted relation between μ and ζ^{∗2} on the first level — as the recursion for (−1)^{m+n}ζ^{∗2}(1_{m+n}, γ_{m,n}). Let us collect these explicit results about the Möbius function in the following theorem.

Theorem 5.24. We have for m, n ∈ N that μ(1_n, γ_n) = (−1)^{n−1} · #NC(n − 1) = (−1)^{n−1} · c_{n−1} and μ(1_{m+n}, γ_{m,n}) = (−1)^{m+n} · #S_{NC} (m, n) = (−1)^{m+n} · c_{m,n}.

For higher orders we were not able to match the values of μ with those of ζ^{∗2}.

6. R-transform formulas

Let us consider the situation that two multiplicative functions f and h on PS are related by h = f ∗ ζ. We want to understand what this means for the relations between the numbers κ_n := f(1_n, γ_n) and κ_{m,n} := f(1_{m+n}, γ_{m,n}) on one side and the numbers α_n := h(1_n, γ_n) and α_{m,n} := h(1_{m+n}, γ_{m,n}) on the other side. In particular, we want to express this in terms of the generating power series of these numbers,

C(x) := 1 + � n≥1 κ_nx^n, C(x, y) := � m,n≥1

κ_{m,n}x^my^n and M(x) := 1 + � n≥1 α_nx^n, M(x, y) := � m,n≥1

α_{m,n}x^my^n.

(Note that the above summation corresponds to putting formally f(1_0, γ_0) := 1 and f(1_0, γ_{0,0}) := 0 for a multiplicative f. Our notation is motivated by the fact that the most important realization of the relation h = f ∗ ζ will be the situation where the α’s are the correlation moments and the κ’s the corresponding cumulants, thus M is a moment series and C is a cumulant series.) On the first order level we have α_n = � π∈NC(n)

f(0_π, π),

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 47

which is the usual moment-cumulant formula of free probability theory, and it is well-known [Spe94] that this is equivalent to C � xM(x) � = M(x).

Our main goal now is to derive the analogue of this for the second order level. There we have

α_{m,n} = � π∈S_{N C} (m,n)

f(0_π, π) + � π1×π2∈N C(m)×N C(n) |V|=|π1×π2|+1

f(V, π_1 × π_2).

It turns out that the second term, the sum over disconnected partitions, is quite easy to deal with. The first term, the sum over connected annular permutations, looks much more involved, however, one can handle this also if one realizes that one can reduce this first term to the second one. Namely, one can sum over all connected annular permutations by first bundling all throughcycles into one through-cycle and secondly decomposing this through-cycle into sub-cycles all of which are through-cycles. In this way one can reduce the problem of dealing with all annular non-crossing permutations to the problem of considering permutations with exactly one through-cycle and the problem of considering permutations where all cycles are through-cycles. The first problem corresponds exactly to the above sum over disconnected partitions. So we can write � π∈S_{N C} (m,n)

f(0_π, π) = � π1×π2∈N C(m)×N C(n) |V|=|π1×π2|+1

f̃(V, π_1 × π_2),

where f̃ is now the multiplicative function corresponding to f̃(1_n, γ_n) = κ̃_n, f̃(1_{m+n}, γ_{m,n}) = κ̃_{m,n}

with κ̃_n := κ_n and κ̃_{m,n} := � π∈S^{all}_{N C} (m,n)

f(0_π, π).

Thus we can combine this to get finally

α_{m,n} = � π1×π2∈N C(m)×N C(n) |V|=|π1×π2|+1 � f(V, π_1 × π_2) + f̃(V, π_1 × π_2) �

= � π1×π2∈N C(m)×N C(n) |V|=|π1×π2|+1

g(V, π_1 × π_2),

where g is the multiplicative function corresponding to

g(1_n, γ_n) = α̃_n, g(1_{m+n}, γ_{m,n}) = α̃_{m,n} with α̃_n = κ̃_n = κ_n

Documenta Mathematica 12 (2007) 1–70

48 Collins, Mingo, Śniady, Speicher and α̃_{m,n} = κ_{m,n} + κ̃_{m,n}.

So we have to translate the relation between κ̃_{m,n} and f and the relation between α_{m,n} and g into relations between the corresponding formal power series.

Proposition 6.1. Let f be a multiplicative function on PS with

f(1_n, γ_n) =: κ_n and C(x) := 1 + � n≥1 κ_nx^n.

Put κ̃_{m,n} := � π∈S^{all}_{N C} (m,n)

f(0_π, π),

where S^{all}_{NC} (m, n) denotes the permutations in S_{NC} (m, n) for which all cycles are through-cycles. Consider the corresponding generating power series

C̃(x, y) := � m,n≥1

κ̃_{m,n}x^my^n.

Then we have

C̃(x, y) = −xy ∂^2 ∂x∂y log � xC(y) − yC(x) x − y ), or equivalently

C̃(x, y) = −xy

�C(x) − xC′(x)�C(y) − yC′(y)� � xC(y) − yC(x)

�_2 − 1 (x − y)^2 � . Proof. Note that we can parameterize an element π ∈ S^{all}_{NC} (m, n) in a bijective way by specifying the number of cycles, the number of elements on each circle for all cycles, the position of a fixed element (let’s say 1) in its cycle and the first element on the other circle of this cycle. Let us denote the number of cycles by r, the number of elements of the cycles on the first circle by i_1, . . . , i_r and the number of elements of those cycles on the other circle by j_1, . . . , j_r. Thus the l-th cycle contains i_l + j_l elements and makes the contribution κ_{il+jl} in the calculation of κ̃_{m,n}. We normalize things so that the first cycle contains the element 1. Fixing i_1, . . . , i_r and j_1, . . . , j_r we thus have i_1 possibilities for where 1 sits in the first cycle and n possibilities for the first element of this cycle on the other circle. This means we have

κ̃_{m,n} = � r≥1 � i1 ,...,ir ≥1 i1+···+ir =m � j1 ,...,jr ≥1 j1+···+jr =n

i_1nκ_{i1+j1} · · · κ_{ir +jr}

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 49

and thus C̃(x, y) = � r≥1 � i_1,...,i_r ≥1 � j_1 ,...,j_r ≥1

i_1(j_1 + · · · j_r)κ_{i1 +j1} · · · κ_{ir +jr} x^{i1} · · · x^{ir} y^{j1} · · · y^{jr}

= � r≥1 � i_1 ,...,i_r ≥1 � j_1 ,...,j_r ≥1

i_1y ∂ ∂y � κ_{i1 gb+j1} · · · κ_{ir +jr} x^{i1} · · · x^{ir} y^{j1} · · · y^{jr} �

= � r≥1 y ∂ ∂y � � i_1 ,j_1 ≥1

i_1κ_{i1 +j1} x^{i1} y^{j1} � · � � i_2 ,j_2 ≥1

κ_{i2+j2} x^{i2} y^{j2} � · · · � � i_r ,j_r ≥1

κ_{ir +jr} x^{ir} y^{jr} �

Let us now use the notation Ĉ(x, y) := � i,j≥1

κ_{i+j} x^iy^j .

Then we can continue with C̃(x, y) = � r≥1 y ∂ ∂y � x ∂ ∂x Ĉ(x, y)� · Ĉ(x, y)^{r−1} �

= � r≥1 xy ∂ ∂y � 1 r ∂ ∂x �^ C(x, y)^r �

= xy ∂ ∂y ∂ ∂x � r≥1 1 r Ĉ(x, y)^r �

= −xy ∂ ∂y ∂ ∂x log � 1 − Ĉ(x, y) � The assertions follow now by noting that

Ĉ(x, y) = 1 − xC(y) − yC(x) x − y and by working out the partial derivatives. □

Proposition 6.2. Let g be a multiplicative function on PS. Put α̃_{m,n} := g(1_{m+n}, γ_{m,n}) and denote its generating power series of second order by H(x, y) := � m,n≥1

α̃_{m,n}x^my^n. Put α_n := (g ∗ ζ)(1_n, γ_n) and α_{m,n} := � (V,π1×π2) |V|=|π1×π2|+1

g(V, π)

and denote the corresponding generating functions by

M(x) := 1 + � n≥1 α_nx^n and M(x, y) := � m,n≥1

α_{m,n}x^my^n.

Documenta Mathematica 12 (2007) 1–70

50 Collins, Mingo, Śniady, Speicher

Then we have the relation

M(x, y) = H(xM(x), yM(y)) · � 1 + x

M^′(x) M(x) � · � 1 + y

M^′(y) M(y) � . Proof. Let us do the summation in the definition of α_{m,n} in the way that we first fix the two cycles V_1 ∈ π_1 and V_2 ∈ π_2 which are connected by V and sum over all possibilities for fixed V_1, V_2. If V_1 has k elements and V_2 has l elements then this contributes the factor α̃_{k,l}. Furthermore, π_1\V_1 decomposes into k independent non-crossing partitions and the summations over them (for fixed V_1) gives the α_i for the intervals between consecutive elements from V_1. (Of course, we are counting here modulo m.) For the final summation over V_1 we have to notice that there are two different possibilities: either a fixed number (let’s say 1) is an element of V_1 - in which case we can specify the situation by prescribing the number k of elements of V_1 and the differences i_1, . . . , i_k between consecutive elements in V_1 - or 1 is not an element of V_1, — in which case we need an extra factor i_1, because we have now i_1 different possibilities how 1 can lie between two consecutive elements of V_1. Since we have the same situation for V_2 we can thus write α_{m,n} in the form

α_{m,n} = � k,l≥1 � i1,...,ik ≥0 k+i1 +···+ik =m � j1 ,...,jl≥0 l+j1+···+jl=n

α̃_{k,l}α_{i1} · · · α_{ik} α_{j1} · · · α_{jl} � 1 + i_1 + j_1 + i_1j_1 � .

Translating this into generating power series gives the assertion. □

The combination of the previous two propositions, with

H(x, y) = C(x, y) + C̃(x, y),

gives now our main result.

Theorem 6.3. Let f and h be multiplicative functions on PS which are related by h = f ∗ ζ.

Denote κ_n := f(1_n, γ_n), κ_{m,n} := f(1_{m+n}, γ_{m,n}) and α_n := h(1_n, γ_n), α_{m,n} := h(1_{m+n}, γ_{m,n}) and define the corresponding generating power series

C(x) := 1 + � n≥1 κ_nx^n, C(x, y) := � m,n≥1

κ_{m,n}x^my^n and M(x) := 1 + � n≥1 α_nx^n, M(x, y) := � m,n≥1

α_{m,n}x^my^n.

Then we have as formal power series the first order relation

(49) C(xM(x)) = M(x)

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 51

and for the second order

(50) M(x, y) = H � xM(x), yM(y) � · d dx (xM(x)) M(x) · d dy (yM(y)) M(y) , where

(51) H(x, y) := C(x, y) − xy

∂^2 ∂x∂y log �xC(y) − yC(x) x − y � , or equivalently,

(52) M(x, y) = C � xM(x), yM(y) � · d dx (xM(x))

M(x) · d dy (yM(y)) M(y)

+ xy

�^d_{dx} (xM(x)) ·^d_{dy} (yM(y)) (xM(x) − yM(y))^2 − 1 (x − y)^2 � . Proof. The formulation (50) and (51) follows directly from a combination of Propositions 6.1 and 6.2. In order to reformulate this to (52) one uses the equivalence of the two formulas in Proposition 6.1 and the fact that C(xM(x)) = M(x) yields

1 − xC^′(xM(x)) =

M(x) d dx (xM(x)) . □ If we go over from the moment generating series M to a kind of Cauchy transform like quantity G, then these formulas take on a particularly nice form. Corollary 6.4. Consider the same situation and notations as in Theorem 6.3. In terms of

G(x) := 1 x M(1/x), G(x, y) := 1 xy M(1/x, 1/y), R(x, y) := 1 xy C(x, y)

the Equation (52) can be written as

(53) G(x, y) = G^′(x)G^′(y) � R(G(x), G(y)) + 1 (G(x) − G(y))^2 � − 1 (x − y)^2 . R(x, y) is the second order R-transform. Note that Voiculescu’s first order R-transform R is defined by the relation C(x) = 1 + xR(x), and equation (49) says for this 1 G(x)

+ R(G(x)) = x,

i.e., that G(x) and K(x) :=^1_x + R(x) are inverses of each other under composition.

Example 6.5. Let us apply our formulas to some examples. 1) If we put f to be the multiplicative function with κ_2 = 1 and all other κ_n and all κ_{m,n} vanishing, then h = f ∗ ζ counts the non-crossing pairings, i.e., in this case M(x) is the generating function of the number of non-crossing

Documenta Mathematica 12 (2007) 1–70

52 Collins, Mingo, Śniady, Speicher

pairings (on one circle) and M(x, y) is the generating function of the number of non-crossing annular pairings (on two circles). Let us calculate it by using the above theorem. We have C(x) = 1 + x^2, C(x, y) = 0 and we know that M is the generating function of number of non-crossing pairings on a circle. In this case Ĉ(x, y) = xy,

and thus H(x, y) = −xy

∂^2 ∂x∂y log(1 − xy) = xy (1 − xy)^2 , which yields the result

M(x, y) = xy · d dx (xM(x)) ·^d_{dy} (yM(y)) � 1 − xyM(x)M(y)

�_2 .

Related formulas are known in the physical literature, see, e.g, [FMP78], [AJM90], [ACKM93] and also [BZ93], [KKP95].

2) If we put f = ζ then h = ζ ∗ ζ counts the non-crossing permutations, i.e., in this case M(x) is the generating function of the number of non-crossing permutations (which is the same as non-crossing partition) on one circle and M(x, y) is the generating function of the number of annular non-crossing permutations (on two circles). We have C(x) = 1 1 − x

, C(x, y) = 0.

In this case Ĉ(x, y) = 1 − x − y (1 − x)(1 − y) , and thus H(x, y) = −xy

∂^2 ∂x∂y log(1 − xy) = xy (1 − x − y)^2 , which yields

M(x, y) = xy · d dx (xM(x)) ·^d_{dy} (yM(y)) � 1 − xM(x) − yM(y)

�_2 .

3) Let us finally see whether we can extract the value of the Möbius function from our formula. Since we have δ = μ ∗ ζ, our formula with

M(x) = 1 + x, M(x, y) = 0

should allow to solve for C(x, y) which is then the generating function for the annular Möbius function. Note that we already know M(x) in this case to be the generating function of the disc Möbius function.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 53

If M(x, y) vanishes identically this implies that H(x, y) vanishes identically, leading to the identity

C(x, y) = xy

∂^2 ∂x∂y log( xC(y) − yC(x)

x − y ) = xy

� (C(x) − xC′(x)) · (C(y) − yC′(y)) (xC(y) − yC(x))^2 − 1 (x − y)^2 �

7. Higher order freeness and corresponding cumulants 7.1. Abstract framework.

Definition 7.1. A higher-order (non-commutative) probability space, or briefly HOPS, (A, φ) consists of a unital algebra A and a collection φ = (φ_n)_{n∈N} of maps (n ∈ N) φ_n : A × · · · × A � � �

n times

→ C,

which are linear and tracial in each of its n arguments and which are symmetric under exchange of its n arguments and which satisfy φ_1(1) = 1 and φ_n(1, a_2, . . . , a_n) = 0 for all n ≥ 2 and all a_2, . . . , a_n ∈ A.

Of course, we can include the usual (first order) non-commutative probability space (A, φ_1) into this framework by putting all higher φ_n equal to zero. In the same way we recover a second order non-commutative probability space (A, φ_1, φ_2) by putting φ_n = 0 for all n ≥ 3.

Definition 7.2. 1) We denote by PS(A) the set of partitioned permutations decorated with elements from A, i.e., PS = � n∈N � PS(n) × A^n � . 2) For a function f : PS(A) → C (V, π) × (a_1, . . . , a_n) → f(V, π)[a_1, . . . , a_n] and a function g : PS → C we define their convolution f ∗ g : PS(A) → C by (f ∗ g)(U, γ)[a_1, . . . , a_n] := � (V,π),(W,σ)∈PS (n) (V,π)·(W,σ)=(U,γ)

f(V, π)[a_1, . . . , a_n] · g(W, σ)

Documenta Mathematica 12 (2007) 1–70

54 Collins, Mingo, Śniady, Speicher

for all (U, γ) ∈ PS(n) and all a_1, . . . , a_n ∈ A.

Definition 7.3. A function f : PS(A) → C is called multiplicative if we have

f(V, π)[a_1, . . . , a_n] = � B∈V f(1_B, π|_B )[(a_1, . . . , a_n)_B ] and f(1_n, σ^{−1}πσ)[a_{σ(1)}, . . . , a_{σ(n)}] = f(1_n, π)[a_1, . . . , a_n]

for all a_1, . . . , a_n ∈ A and all π, σ ∈ S(n).

Note that this extension of our formalism on multiplicative functions on PS and their convolution from the last section is not changing the results from the last section. The structure of all formulas remains the same; one just has to insert the a_1, . . . , a_n as dummy variables at the right positions. Thus, in particular, δ is still the unit for this extended convolution and f = g ∗ ζ is equivalent to g = f ∗ μ for multiplicative f, g on PS(A). And again, the convolution of a multiplicative function on PS(A) with a multiplicative function on PS gives a multiplicative function on PS(A).

It is clear that a multiplicative function f on PS(A) is uniquely determined by the values of f(1_n, γ_{n(1),...,n(r)})[a_1, . . . , a_n] (where we put n := n(1)+· · ·+n(r)) for all r ∈ N, all n(1), . . . , n(r) ∈ N and all a_1, . . . , a_n ∈ A.

7.2. Moment and cumulant functions. Let us now apply this formalism to get moment and cumulant functions for higher order probability spaces. So let a HOPS (A, φ) be given. We will use the φ_n to produce a multiplicative “moment” function on PS(A), which we will also denote by φ. Namely, we put φ(1_n, γ_{n(1),...,n(r)})[a_1, . . . , a_n] := φ_r(a_1 · · · a_{n(1)}; . . . ; a_{n(1)+···n(r−1)+1} · · · a_n)

and extend this by multiplicativity. (Note that we need the φ_n to be tracial in their arguments for this extension.) Here is an example for our function φ. φ � {1, 3, 4}{2}, (1, 3)(2)(4) � [a_1, a_2, a_3, a_4] = φ_2(a_1a_3, a_4) · φ_1(a_2)

Definition 7.4. For a given HOPS (A, φ) we define the corresponding (higher order) free cumulants as a function on PS(A) by

κ = φ ∗ μ,

or more explicitly

κ(U, γ)[a_1, . . . , a_n] := � (V,π),(W,σ)∈PS (n) (V,π)·(W,σ)=(U,γ)

φ(V, π)[a_1, . . . , a_n] · μ(W, σ),

for all n ∈ N, (U, γ) ∈ PS(n), a_1, . . . , a_n ∈ A.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 55

As we noted before the definition above is equivalent to the statement φ = κ∗ζ, i.e., φ(U, γ)[a_1, . . . , a_n] = � (V,π)∈PS_{N C} (U,γ)

κ(V, π)[a_1, . . . , a_n]

for all (U, γ)[a_1, . . . , a_n] ∈ PS(A).

Furthermore, as with φ, κ is also a multiplicative function on PS(A). Thus in the same way as all φ(U, γ) are determined by the knowledge of all

φ(1_n, γ_{n(1),...,n(r)})[a_1, . . . , a_n] = φ_r(a_1 · · · a_{n(1)}; . . . ; a_{n(1)+···+n(r−1)+1} · · · a_{n(1)+···+n(r)})

the free cumulants κ(U, γ) are determined by the values of

κ(1_n, γ_{n(1),...,n(r)})[a_1, . . . , a_n] =: κ_{n(1),...,n(r)}(a_1, . . . , a_{n(1)}; . . . ; a_{n(1)+···+n(r−1)+1}, . . . , a_{n(1)+···+n(r)}).

Remark 7.5. Note that whereas on the level of φ we also know (by definition) that we can multiply elements along the cycles of π (and thus we do not need a comma as separator for those elements along a cycle), this is not true for κ. Thus we have, e.g.,

φ(1_3, (1, 2)(3))[a_1, a_2, a_3] = φ_2(a_1a_2; a_3) = φ(1_2, (1), (2))[a_1a_2; a_3], but no clear relation exists among κ(1_3, (1, 2)(3))[a_1, a_2, a_3] = κ_{2,1}(a_1, a_2; a_3) and κ(1_2, (1), (2))[a_1a_2; a_3] = κ_{1,1}[a_1a_2; a_3].

Note also that since our convolution on PS coincides on the first level with the usual convolution of multiplicative functions on non-crossing partitions, the above definition of cumulants reduces on the first level to the usual free cumulants.

7.3. Higher order freeness. Equipped with the notion of cumulants we can now define “freeness” by the requirement of vanishing of mixed cumulants.

Definition 7.6. We say that a family (X_i)_{i∈I} of subsets of A is free (of all orders) if we have the following vanishing of mixed cumulants: For all n ≥ 2 and all a_k ∈ X_{i(k)} (1 ≤ k ≤ n) such that i(p) ≠ i(q) for some 1 ≤ p, q ≤ n we have κ(1_n, π)[a_1, . . . , a_n] = 0 for all π ∈ S(n).

Example 7.7. Let us see that this definition includes the definition of Voiculescu [VDN92] for (first order) freeness and the definition of Mingo and Speicher [MS06] for second order freeness.

1) On the first level this follows from the fact that our cumulants reduce then to the usual free cumulants and it is well-known that freeness is equivalent to

Documenta Mathematica 12 (2007) 1–70

56 Collins, Mingo, Śniady, Speicher

the vanishing of mixed cumulants. One can see it directly as follows: Let us consider a_k ∈ X_{i(k)} with i(k) ≠ i(k + 1) and φ_1(a_k) = 0 for all k = 1, . . . , n. Then we have

φ_1(a_1 · · · a_n) = φ(1_n, γ_n)[a_1, . . . , a_n] = � π∈NC(n)

κ(0_π, π)[a_1, . . . , a_n].

However the vanishing of mixed moments means now that the only π which contribute are those which do not connect elements from different sets. Furthermore, the fact that all our variables are centered excludes singletons. But then it is easy to see that there are no such π at all, so the sum is zero. 2) Now we have to consider two cyclically alternating and centered tuples a_1, . . . , a_m and b_1, . . . , b_n. Then we have

φ_2(a_1 · · · a_m; b_1 · · · b_n) = φ(1_{m+n}, γ_{m,n})[a_1, . . . , a_m, b_1, . . . , b_n] = � (V,π)∈PS_{N C} (m,n)

κ(V, π)[a_1, . . . , a_m, b_1, . . . , b_n].

Again, the vanishing of mixed moments requires that (V, π) connects only elements from the same set and the centeredness of the elements excludes singletons. It is then easy to see that, for n ≥ 2, the only possibilities for such (V, π) arise for m = n and they have to be disc permutations (0_π, π) which are pairings (a_1, b_{1+s})(a_2, b_{2+s}) · · · (a_n, b_{n+s}) for some s. The factors k(1_2, (...))[a_k , b_{k+s}] are just φ_1(a_2b_{2+s}), so that one finally gets, for n ≥ 2, the formula

φ_2(a_1 · · · a_m; b_1 · · · b_n) = δ_{mn} n� k=1 φ_1(a_1b_{1+s}) · · · φ_1(a_nb_{n+s}).

For n = m = 1 one gets with

φ_2(a_1; b_1) = k_2(a_1, a_2) + k_{1,1}(a_1; b_1)

the conclusion that φ_2(a_1; b_1) has to vanish if a_1 and b_1 are from different sets. Nothing is required if both are from the same set. We see that we get exactly the defining properties for second order freeness from [MS06]. 3) It would be nice to be able to reformulate in a similar way the definition of higher order freeness in terms of the φ instead of the cumulants. However, the situation with more than two circles is getting much more involved and we are not aware of such a reformulation for third and higher order freeness.

As in the case of the first order freeness, one sees immediately that constants are free from everything.

Proposition 7.8. Let (A, φ) be a HOPS. Then {1} is free of all orders from every subset X ⊂ A.

Proof. We have to prove that

κ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] = 0,

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 57

unless n = 1. We will do this by induction on n. The case n = 2 is clear because κ(1_2, (12))[1, a_2] = φ_1(1 · a_2) − φ_1(1) · φ_1(a_2) = 0 and κ(1_2, (1)(2))[1, a_2] = φ_2(1; a_2) = 0.

In general, one has

φ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] = � (V,π)∈PS_{N C} (n(1),...,n(r))

κ(V, π)[1, a_2, . . . , a_n]

= κ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] + � (V,π)∈PSN C (n(1),...,n(r)) |(V,π)|<|(1n ,γn(1),...,n(r) )|

κ(V, π)[1, a_2, . . . , a_n]

By induction hypothesis, in the later sum exactly terms of the form ({1} ∪ Ṽ, (1) ∪ π̃) with (Ṽ, π̃) ∈ PS_{NC} (n(1) − 1, n(2), . . . , n(r)) contribute. In the case n(1) > 1 the sum over those yields φ(1_{n−1}, γ_{n(1)−1,n(2),...,n(r)}[a_2, . . . , a_n].

In this case, also

φ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] = φ(1_{n−1}, γ_{n(1)−1,n(2),...,n(r)}[a_2, . . . , a_n], and thus κ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] = 0. If, on the other side, n(1) = 1 (i.e., 1 is the only element on its circle), then we have to set PS_{NC} (0, n(2), . . . , n(r)) = ∅, because then the first circle cannot be connected to the others if we ask 1 to be a cycle of its own. But this means that in this case

κ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] = φ(1_n, γ_{n(1),...,n(r)})[1, a_2, . . . , a_n] However, for n(1) = 1 and n > 1 we have φ(1_n, γ_{1,...,n(r)})[1, a_2, . . . , a_n] = 0. □ Note that our definition of freeness behaves clearly very nicely with respect to decompositions of our sets. For example, we have that X_1, X_2, X_3 are free if and only if X_1 and X_2 ∪X_3 are free and X_2 and X_3 are free. Thus we can reduce the investigation of freeness to the understanding of freeness for the case of two sets. A characterization for this is given in the next theorem. Theorem 7.9. Let (A, φ) be a higher order probability space and consider two subsets of X_1, X_2 ⊂ A. Then the following are equivalent.

(1) The sets X_1, X_2 are free of all orders.

Documenta Mathematica 12 (2007) 1–70

58 Collins, Mingo, Śniady, Speicher

(2) The sets X_1 ∪ {1}, X_2 ∪ {1} are free of all orders. (3) We have

φ(U, γ)[a_1b_1, . . . , a_nb_n] = � (V,π)·(W,σ)=(U,γ)

κ(V, π)[a_1, . . . , a_n] · φ(W, σ)[b_1, . . . , b_n]

for all n ∈ N, all (U, γ) ∈ PS(n) and all a_1, . . . , a_n ∈ X_1 ∪ {1}, b_1, . . . , b_n ∈ X_2 ∪ {1}.

(4) We have

φ(U, γ)[a_1b_1, . . . , a_nb_n] = � (V,π)·(W,σ)=(U,γ)

φ(V, π)[a_1, . . . , a_n] · κ(W, σ)[b_1, . . . , b_n]

for all n ∈ N, all (U, γ) ∈ PS(n) and all a_1, . . . , a_n ∈ X_1 ∪ {1}, b_1, . . . , b_n ∈ X_2 ∪ {1}.

(5) We have

κ(U, γ)[a_1b_1, . . . , a_nb_n] = � (V,π)·(W,σ)=(U,γ)

κ(V, π)[a_1, . . . , a_n] · κ(W, σ)[b_1, . . . , b_n]

for all n ∈ N, all (U, γ) ∈ PS(n) and all a_1, . . . , a_n ∈ X_1 ∪ {1}, b_1, . . . , b_n ∈ X_2 ∪ {1}.

In order to prove this we would like to write φ(U, γ)[a_1b_1, . . . , a_nb_n] in the form φ(Û, γ̂)[a_1, b_1, . . . , a_n, b_n]. Let us introduce the following formalism for this. Let (U, γ) ∈ PS(n) be a partitioned permutation of the numbers 1, 2, 3, . . . , n. Double now this set of numbers by introducing a copy ¯1, ¯2, ¯3, . . . , n̄ and interleave the new and old numbers as follows:

1, ¯1, 2, ¯2, 3, ¯3, . . . , n, n̄.

If we induce now (U, γ) on 1, 2, . . . , n to (Û, γ̂) on 1, ¯1, . . . , n, n̄ by putting

γ̂(k) = k̄ and γ̂(k̄) = γ(k),

then this has exactly the desired property. The vanishing of mixed cumulants means that in the factorizations of (Û, γ̂) in (V, π) times a disc permutation we are only interested in (V, π) which have the property that each block of V contains either only unbarred numbers or only barred numbers, i.e., (V, π) must be of the form (V_a ∪ V_b, π_a ∪ π_b) with

(V_a, π_a) ∈ PS(1, . . . , n) and (V_b, π_b) ∈ PS(¯1, . . . , n̄).

Let us first observe some simple relations between the quantities on 1, . . . , n and their relatives on 1, ¯1, . . . , n, n̄.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 59

Lemma 7.10. 1) We have |γ̂| = n + |γ|, |Û| = n + |U|, and thus |(Û, γ̂)| = n + |(U, γ)|.

2) We have |π_a ∪ π_b| = |π_a| + |π_b|, |V_a ∪ V_b| = |V_a| + |V_b|, and thus |(V_a ∪ V_b, π_a ∪ π_b)| = |(V_a, π_a)| + |(V_b, π_b)|.

3) We have that (π_a ∪ π_b)γ̂ maps unbarred to barred and barred to unbarred elements and, for all k = 1, . . . , n, [(π_a ∪ π_b)γ̂]^2(k̄) = π_bπ_aγ(k), thus |(π_a ∪ π_b)γ̂| = n + |π_bπ_aγ| Proof. Only the third part is non-trivial. To see this observe (π_a ∪ π_b)γ̂(k̄) = π_a(γ(k)) and thus [(π_a ∪ π_b)γ̂]^2(k̄) = π_bπ_a(γ(k)), which is our first equation, with the identification of π_b ∈ S(¯1, . . . , ¯1) with the corresponding permutation in S(1, . . . , n). Since the mapping between barred and unbarred elements is clear, this yields that (π_a ∪ π_b)γ̂ and π_bπ_aγ have the same number of orbits which gives the last equation. □ This lemma allows us to characterize the contributing factorizations in (Û, γ̂) in terms of special factorizations of (U, γ). Proposition 7.11. The statement (V_a ∪ V_b, π_a ∪ π_b) ∈ PS_{NC} (Û, γ̂) is equivalent to the statement (V_a, π_a) · (V_b, π_b) ∈ PS_{NC} (U, γ), where in the last product we identify (V_b, π) ∈ PS(¯1, . . . , n̄) with the corresponding element in PS(1, . . . , n).

Proof. Note that (V_a ∪ V_b, π_a ∪ π_b) ∈ PS_{NC} (Û, γ̂) is equivalent to (54) |(V_a ∪ V_b, π_a ∪ π_b)| + |(π_a ∪ π_b)^{−1}γ̂| = |(Û, γ̂)| and (55) Û = (V_a ∪ V_b) ∨ γ̂. On the other hand, (V_a, π_a) · (V_b, π_b) ∈ PS_{NC} (U, γ), means (V_a, π_a) · (V_b, π_b) · (0_π−1_{b π}−1_{a γ} , π^{−1}_b π^{−1}_a γ) = (U, γ),

Documenta Mathematica 12 (2007) 1–70

60 Collins, Mingo, Śniady, Speicher

which is equivalent to (56) |(V_a, π_a)| + |(V_b, π_b)| + |π^{−1}_b π^{−1}_a γ| = |(U, γ)| and (57) U = V_a ∨ V_b ∨ γ. Equations (54) and (56) are, by Lemma 7.10, equivalent.

The equivalence between (55) and (57) is also easily checked. □ Equipped with these tools we can now prove our main Theorem 7.9. Proof. The equivalences between (3), (4), and (5) follow by convolving with the ζ or the μ function. That (2) is actually the same as (1) follows from Prop. 7.8.

(1) =⇒ (3): We have

φ(U, γ)[a_1b_1, . . . , a_nb_n] = φ(Û, γ̂)[a_1, b_1, . . . , a_n, b_n] = � (V,π)·(W,σ)=(Û,γ̂)

κ(V, π)[a_1, b_1, . . . , a_n, b_n] · ζ(W, σ) = � (V,π)∈PS_{N C} (Û,γ̂)

κ(V, π)[a_1, b_1, . . . , a_n, b_n]

By our assumption on the vanishing of mixed cumulants, only (V, π) of the form (V_1 ∪ V_2, π_a ∪ π_b) with

(V_a, π_a) ∈ PS(1, . . . , n) and (V_b, π_b) ∈ PS(¯1, . . . , n̄) contribute and, by the above Proposition 7.11, (V_a ∪ V_b, π_a ∪ π_b) ∈ PS_{NC} (Û, γ̂) is equivalent to (V_a, π_a) · (V_b, π_b) ∈ PS_{NC} (U, γ).

Thus we can continue with

φ(U, γ)[a_1b_1, . . . , a_nb_n] = � (V_a∪V_b,π_a∪π_b)∈PS_{N C} (Û,γ̂)

κ(V_a, π_a)[a_1, a_2, . . . , a_n] · κ(V_b, π_b)[b_1, b_2, . . . , b_n] = � (V_a,π_a)·(V_b,π_b)∈PS_{N C} (U,γ)

κ(V_a, π_a)[a_1, a_2, . . . , a_n] · κ(V_b, π_b)[b_1, b_2, . . . , b_n] = � (V_a,π_a)·(V_b,π_b)·(W,σ)=(U,γ)

κ(V_a, π_a)[a_1, a_2, . . . , a_n]·

· κ(V_b, π_b)[b_1, b_2, . . . , b_n] · ζ(W, σ) = � (V_a,π_a)·(V,π)=(U,γ)

κ(V_a, π_a)[a_1, . . . , a_n] · φ(V, π)[b_1, . . . , b_n].

(3) =⇒ (1): Note that (3) allows us to calculate all moments of elements from X_1 ∪ X_2 out of the moments of elements from X_1 and the moments of elements

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 61

from X_2. (In order to do so, we also have to allow some of the a’s or b’s to be equal to the unit 1.) Since this calculation rule is the same as for free sets, this shows that the sets X_1 and X_2 must be free. □

This theorem is now the key ingredient to transfer freeness from sets to their generated algebras.

Theorem 7.12. Let (A, φ) be a HOPS and consider subsets (X_i)_{i∈I} . For each i ∈ I, let A_i be the unital algebra generated by elements from X_i. Then the following are equivalent.

(1) The subsets (X_i)_{i∈I} are free of all orders. (2) The subalgebras (A_i)_{i∈I} are free of all orders.

Proof. Since the cumulant κ(V, π)[a_1, . . . , a_n] is a multi-linear functional in the n variables a_1, . . . , a_n, it is clear that taking sums of elements within the sets X_i preserves freeness. What we have to see is that also taking products preserves freeness. Since we can iterate our arguments, it suffices to see the following: if X_1 and X_2 are free, then also X_1 ∪ {a_0a_1 | a_0, a_1 ∈ X_1} and X_2 are free. Adding one product after the other to X_1 and by Theorem 7.9 it is enough to show that

φ(U, γ)[a_0a_1b_1, a_2b_2 . . . , a_nb_n] = � (V,π)·(W,σ)=(U,γ)

φ(V, π)[a_0a_1, a_2 . . . , a_n] · κ(W, σ)[b_1, . . . , b_n]

for all n ∈ N, all (U, γ) ∈ PS(n) and all a_0, a_1, . . . , a_n ∈ X_1 ∪ {1}, b_1, . . . , b_n ∈ X_2 ∪ {1}. Let us induce (U, π) ∈ PS(1, . . . , n) to (Û, π̂) ∈ PS(0, 1, . . . , n) by requiring that Ŵ and π̂ restricted to 1, . . . , n agree with W and π, respectively, and that 0 and 1 are in the same block of Ŵ and π̂(0) = 1. Then we can calculate

φ(U, γ)[a_0a_1b_1, a_2b_2 . . . , a_nb_n] = φ(Û, π̂)[a_01, a_1b_1, a_2b_2, . . . , a_nb_n] = � (V,π)·(W,σ)=(Û,γ̂)

φ(V, π)[a_0, a_1, a_2 . . . , a_n] · κ(W, σ)[1, b_1, . . . , b_n].

By Proposition 7.8 we know that κ(W, σ)[1, b_1, . . . , b_n] is only different from zero if W has 0 as a singleton, i.e., (W, σ) has to be of the form

W = {0} ∪ W̃, σ = (0)σ̃, with (W̃, σ̃) ∈ PS(1, . . . , n).

But then we must have that π(0) = 1 and 0 and 1 must be in the same block of V. Thus there is a unique (V^′, π^′) so that (V, π) = (V̂^′, π̂^′) and

(V, π) · (W, σ) = (Û, γ̂) is equivalent to (V^′, π^′) · (W̃, σ̃) = (U, γ).

Documenta Mathematica 12 (2007) 1–70

62 Collins, Mingo, Śniady, Speicher

Note also that in this situation κ(W, σ)[a_0, a_1, , . . . , a_n] = κ(W̃, σ̃)[b_1, b_2, . . . , b_n]. and φ(V̂^′, π̂^′)[a_0, a_1, , . . . , a_n] = φ(V^′, π^′)[a_0a_1, a_2, . . . , a_n].

So we can continue the above calculation as follows

φ(U, γ)[a_0a_1b_1, a_2b_2 . . . , a_nb_n] = � (V^′,π^′)·(W̃,σ̃)=(U,γ)

φ(V^′, π^′)[a_0a_1, a_2 . . . , a_n] · κ(W̃, σ̃)[b_1, . . . , b_n],

which is exactly what we had to show. □

7.4. Distribution of one random variable. For the case where we restrict our attention to just one random variable a ∈ A we introduce the following notation.

Notation 7.13. Let (A, φ) be a HOPS and let a ∈ A. 1) For, (V, π) ∈ PS(n), we will write φ^a(V, π) := φ(V, π) [a, . . . , a] � � �

n-times and κ^a(V, π) := κ(V, π) [a, . . . , a] � � �

n-times . 2) A Young diagram is a λ = (λ_1, . . . , λ_l) for some l ∈ N and λ_1, . . . , λ_l ∈ N with λ_1 ≥ λ_2 ≥ · · · ≥ λ_l. We put |λ| := λ_1 + · · · + λ_l (the total number of boxes of the Young diagram λ). The set of all Young diagrams will be denoted by Y.

3) The information about the higher order moments of a can also be parameterized by Young diagrams as follows: for λ = (λ_1, . . . , λ_l) we put

φ^a(λ) := φ(1_{|λ|}, π) [a, . . . , a] � � �

n-times

= φ_l(a^{λ1} , . . . , a^{λl} )

where π is any permutation whose conjugacy class corresponds to λ (i.e., π ∈ S_{|λ|} has cycles of length λ_1, . . . , λ_l. The collection of all higher order moments (φ^a(λ))_{λ∈Y} is called the (higher order) distribution of a. 4) Similarly as for moments, we put κ^a(λ) := κ(1_{|λ|}, π) [a, . . . , a] � � �

n-times , where π is any permutation whose conjugacy class corresponds to λ.

Remark 7.14. For first and second order moments and cumulants, we used in Section 2 also the following notations: α_n := φ^a(1_n, γ_n) α^a_{m,n} := φ^a(1_{m+n}, γ_{m,n}),

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 63 and κ^a_n := κ^a(1_n, γ_n) κ_{m,n} := κ^a(1_{m+n}, γ_{m,n}), where γ_n and γ_{m,n} are permutations with one cycle and two cycles, respectively. The vanishing of mixed cumulants translates in this framework into the additivity of the cumulants for sums of free variables.

Theorem 7.15. Let (A, φ) be a HOPS and a, b ∈ A free of all orders. Then we have κ^{a+b}(λ) = κ^a(λ) + κ^b(λ) for all λ ∈ Y.

Proof. By the multilinearity of the cumulants and the vanishing of mixed cumulants for free variable, we have for any n ∈ N and π ∈ S_n: κ^{a+b}(1_n, π) = κ(1_n, π)[a + b, . . . , a + b] = κ(1_n, π)[a, . . . , a] + κ(1_n, π)[b, . . . , b] = κ^a(1_n, π) + κ^b(1_n, π). □ 8. Random matrices, Itzykson-Zuber integrals and higher order freeness 8.1. Asymptotic higher order freeness of random matrices. Let us now come back to our original motivation for our theory – the asymptotic behavior of random matrices. In order to reformulate our calculations from Section 4 in our language of higher order freeness we still need to define the notion of “asymptotic freeness”.

Definition 8.1. 1) Let (A, φ) and, for each N ∈ N, (A_N , φ^{(N)}) be HOPSs. Let I be an index set and for each i ∈ I, a_i ∈ A and a^{(N)}_i ∈ A_N (N ∈ N). We say that the family (a^{(N)}_i | i ∈ I) converges, for N → ∞, to (a_i | i ∈ I), denoted by (a^{(N)}_i )_{i∈I} → (a_i)_{i∈I} , if we have for all n ∈ N and all polynomials p_1, . . . , p_n in |I|-many noncommuting indeterminates that

(58) lim_{N→∞} φ^{(N)}_n � p_1 � (a^{(N)}_i )_{i∈I} � , . . . , p_n � (a^{(N)}_i )_{i∈I} � = φ_n � p_1 � (a_i)_{i∈I} � , . . . , p_n � (a_i)_{i∈I} � . 2) Let, for each N ∈ N, (A_N , φ^{(N)}) be HOPSs. Let I be an index set and, for each i ∈ I and N ∈ N, a^{(N)}_i ∈ A_N . We say that the sequence of families (a^{(N)}_i )_{i∈I} has a limit distribution of all orders if there exists a HOPS (A, φ) such that (a^{(N)}_i )_{i∈I} → (a_i)_{i∈I} , for some a_i ∈ A (i ∈ I)

Documenta Mathematica 12 (2007) 1–70

64 Collins, Mingo, Śniady, Speicher

3) Let, for each N ∈ N, (A_N , φ^{(N)}) be HOPSs. Let I be an index set and, for each i ∈ I and N ∈ N, a^{(N)}_i ∈ A_N . Let I = I_1 ∪ · · · ∪ I_k be a decomposition of I into k disjoint subsets. We say that the sets {a^{(N)}_i | i ∈ I_1}, . . . , {a^{(N)}_i | i ∈ I_k} are asymptotically free of all orders if there exists a HOPS (A, φ) such that

(a^{(N)}_i )_{i∈I} → (a_i)_{i∈I} , for some a_i ∈ A (i ∈ I) and such that the sets {a_i | i ∈ I_1}, . . . , {a_i | i ∈ I_k} are free of all orders in (A, φ).

With this notation and by invoking Theorem 7.9 we can reformulate our main result on random matrices, Theorem 4.4, in the following form. Theorem 8.2. Let M_N := M_N ⊗ L^{∞−}(Ω) be an ensemble of N × N-random matrices. Define rescaled correlation functions φ̃^{(N)} = (φ̃^{(N)}_n )_{n∈N} on M_N by (n ∈ N, D_1, . . . , D_n ∈ M_N ) (59) φ̃^{(N)}_n (D_1, . . . , D_n) := k_n(Tr(D_1), . . . , Tr(D_n)) · N^{2−n}. Assume that we have, for each N ∈ N, subalgebras A_N , B_N ∈ M_N such that (1) A_N is a unitarily invariant ensemble, (2) A_N and B_N are independent.

Let (A^{(N)}_i )_{i∈I} be a family of elements in (A_N , φ̃^{(N)}) which has a higher order limit distribution and let (B^{(N)}_j )_{j∈J} (N ∈ N) be a family of elements in (B_N , φ̃^{(N)}) which has a higher order limit distribution. Then the families {A^{(N)}_i | i ∈ I} and {B^{(N)}_j | j ∈ J} are asymptotically free of all orders. 8.2. Itzykson-Zuber integrals.

Definition 8.3. For N × N matrices A_N , B_N their Itzykson-Zuber integral is defined as the following function in z ∈ C: IZ(z, A_N , B_N ) := N^{−2} log E(e^{zNTr(AN UBN U ∗)}), where U denotes a Haar unitary N × N-random matrix.

Consider now a sequence of such matrices A_N and B_N . Note that A_N and B_N are non-random, thus all distributions of order higher than 1 vanish identically. If we assume that A_N and B_N have a first order (eigenvalue) limit distribution for N → ∞, then it is known (see [Col03]) that each Taylor coefficient about zero of z → IZ(z, A_N , B_N ) admits a limit as N → ∞. Note that the effect of the Haar unitary random matrix in the above Itzykson-Zuber integral was to make A_N and UB_N U^∗ asymptotically free of all orders. We show now that this kind of result extends also to the case of random matrices A_N and B_N , and that our theory allows to identify the limit of the Taylor coefficients very precisely.

Theorem 8.4. Let A = (A_N )_{N∈N} and B = (B_N )_{N∈N} be two ensembles of N × N-random matrices which are asymptotically free of all orders with respect

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 65

to the rescaled correlation functions φ̃^{(N)}. Denote the corresponding limiting distribution of (A_N )_{N∈N} by φ^a and the corresponding limit distribution of (B_N )_{N∈N} by φ^b. Then, as formal power series in z, we have (60) lim N→∞ N^{−2} log E[e^{zNTr(AN BN )}] = ∞� n=1 z^n n! � (V,π),(W,σ)∈PS (n) (V,π)·(W,σ)=(1n ,e)

κ^a(V, π) · φ^b(W, σ).

Proof. Recall that the logarithm of the exponential generating series of the moments of a random variable is the exponential generating series of the classical cumulants of that variable. Thus we have

N^{−2} · logE[e^{zNAN BN} ]

= N^{−2} ∞� n=1 k_n(NTr(A_N B_N ), . . . , NTr(A_N B_N )) · z^n n! = ∞� n=1 N^{n−2} · φ^{(N)}(1_n, e)[A_N B_N , . . . , A_N B_N ] · z^n n! . By our assumption that A_N and B_N are asymptotically free with respect to φ̃^{(N)}_n = N^{n−2}φ^N_n , this converges to ∞� n=1 φ(1_n, e)[ab, . . . , ab] · z^n n! , where a and b are free of all orders with respect to φ. Theorem 7.9 yields then the assertion. □

In a forthcoming work we will investigate the relevance of higher order freeness for Itzykson-Zuber integrals more detailed, in particular, in comparison with and extension of results of Zinn-Justin [ZJ99], Collins [Col03], and Guionnet and Maida [GM05].

9. Appendix: Surfaced permutations

In this appendix we will present a more geometrical view on partitioned permutations. As we shall see in the following, partitioned permutations are just special cases of “surfaced permutations”; in particular the results of this article can be equivalently formulated in the language of surfaced permutations. On the other hand, for the purpose of this article we do not need anything more than just partitioned permutations and the Reader not interested in surfaced permutations may skip this Section without much harm.

9.1. Motivations. Our goal is to study factorizations of permutations, i.e. solutions (π_1, . . . , π_k ) of the equation γ = π_1 · · · π_k, where γ ∈ S_n is some fixed permutation and π_1, . . . , π_k ∈ S_n are subject to some additional constraints, depending on a particular context. Typically, one

Documenta Mathematica 12 (2007) 1–70

66 Collins, Mingo, Śniady, Speicher

Figure 1. Example of a surfaced permutation. Its support is equal to (1, 3)(2)(4) ∈ S_4. This surfaced permutation corresponds to a partitioned permutation � {1, 3, 4}{2}, (1, 3)(2)(4) � .

of these constrains concerns |π_1| + · · · + |π_k |, the other one concerns the orbits of the action of π_1, . . . , π_k.

It would be very useful to equip permutations π_1, . . . , π_k with some additional structure in such a way that the product π̃_1 · · · π̃_k of the resulting enriched permutations π̃_1, . . . , π̃_k would carry both the information about the product π_1 · · · π_k of permutations and the information about |π_1| + · · · + |π_k|. As we shall see in the following, surfaced permutations provide an appropriate tool.

9.2. Definition. We say that σ = (S, j) is a surfaced permutation of some finite set A if S is a two–dimensional surface with a fixed orientation and with a boundary ∂S and if j : A → ∂S is a injection. We can think about the information carried by j as follows: some of the points on the boundary ∂S are distinguished and carry different labels from the set A. We also require that every connected component of ∂S carries at least one distinguished point. An example of a surfaced permutation is presented on Figure 1. We identify surfaced permutations (S_1, j_1), (S_2, j_2) of the same set A if there exists a orientation preserving homeomorphism f : S_1 → S_2 such that f ∘ j_1 = j_2. The set of surfaced permutations of set {1, . . . , n} will be denoted by SS_n.

9.3. Surfaced permutations and the usual permutations. Let (S, j) ∈ SS_n; the boundary ∂S with the inherited orientation from S is just a collection of oriented circles with some distinguished points labeled 1, . . . , n marked on them. In this way we can define a permutation σ ∈ S_n, called the support of (S, j), the cycles of which correspond to connected components of ∂S, as it can

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 67

Figure 2. Convention for splitting labels.

be seen on Figure 1. It is therefore a good idea to think that a surfaced permutation is just a (usual) permutation σ ∈ S_n equipped with some additional information carried by the surface S.

A surfaced permutation (S, j) ∈ SS_n can be uniquely specified (up to the equivalence relation) by its support σ ∈ S_n and by specifying the shape of the connected components of S. The latter information is given by an equivalence relation on cycles of σ (each class corresponds to a connected component of S) and furthermore for each class of this relation we should specify the genus of the corresponding connected component of S. Above it should be understood that the genus of a surface S with a boundary is by definition equal to the genus of a surface S^′ without boundary obtained from S by gluing a disc to every connected component of ∂S; for example both a disc and the lateral surface of a cylinder have genus zero.

9.4. Surfaced permutations and partitioned permutations. Among surfaced permutations a special class will be very important for our purposes, namely surfaced permutations (S, j) such that each connected component of S has genus zero. It is easy to see that there is a bijection between such surfaced permutations (S, j) and partitioned permutations (V, σ) given as follows: σ is the support of (S, j) and V is the partition given by connected components of S.

9.5. Products of surfaced permutations. Let surfaced permutations (S_1, j_1), (S_2, j_2) ∈ SS_n be given. On the boundary of S_2 there are marked points labeled by numbers 1, . . . , n; let us split every marked point k into a consecutive pair of points k and k^′, as it is presented on the example from Figure 2. In the second step, for each k ∈ {1, . . . , n} we glue a small neighborhood of the vertex k ∈ ∂S_1 to a small neighborhood of the vertex k^′ ∈ ∂S_2 in such a way that the orientations of S_1 and S_2 coincide. In this way we obtain a new surface S which has marked points on its boundary ∂S and these are

Documenta Mathematica 12 (2007) 1–70

68 Collins, Mingo, Śniady, Speicher

exactly the vertices from ∂S_2 labeled 1, . . . , n; we denote the resulting surfaced permutation by (S, j) and we call it a product (S_1, j_1)(S_2, j_2) of the original surfaced permutations. This choice of gluing surfaces S_1 and S_2 implies that the support of (S_1, j_1)(S_2, j_2) is equal to the product of the support of (S_1, j_1) and the support of (S_2, j_2).

It is not difficult to explain now the definition of the product of partitioned permutations (Definition 4.9): we treat partitioned permutations as surfaced permutations and compute their product; if the genus of the resulting surface is zero we can identify it with another partitioned permutation, otherwise we set the product to be zero.

It is not difficult to show that for surfaced permutations the product is associative and the associativity of the product of partitioned permutations is a simple corollary.

References

[AJM90] J. Ambjørn, J. Jurkiewicz, and Yu. M. Makeenko: Multiloop correlators for two-dimensional quantum gravity. Physics Letters B. 251: 517–524, 1990.

[ACKM93] J. Ambjørn, L. Chekhov, C. F. Kristjansen, and Yu. M. Makeenko:

Matrix model calculations beyond the spherical limit. Nuclear Physics B 404: 127–172, 1993.

[AZ06] G. W. Anderson, O. Zeitouni: A CLT for a band matrix model.

Probab. Theory Relat. Fields, 134: 283–338, 2006.

[BS04] Z. D. Bai and J. Silverstein: CLT for linear spectral statistics of large-dimensional sample covariance matrices. Ann. Prob., 32: 533– 605, 2004.

[Bia97] P. Biane: Some properties of crossings and partitions. Discrete Math., 175(1-3):41–53, 1997.

[BMS00] M. Bousquet-Mélou and G. Schaeffer: Enumeration of planar constellations. Adv. in Appl. Math., 24(4):337–368, 2000.

[BZ93] É. Brézin, A. Zee: Universality of the correlations between eigenvalues of large random matrices. Nuclear Phys. B 402 (1993), no. 3, 613–627.

[CC06] M. Capitaine and M. Casalis: Cumulants for random matrices as convolutions over the symmetric group. Probab. Theory Relat. Fields, 136 (2006), 19-36.

[Col03] B. Collins: Moments and cumulants of polynomial random variables on unitary groups, the Itzykson-Zuber integral, and free probability. Int. Math. Res. Not., (17):953–982, 2003.

[CŚ06] B. Collins and P. Śniady: Integration with respect to the Haar measure on unitary, orthogonal and symplectic groups. Comm. Math. Phy., 264, (2006), 773 - 795.

[Dia03] P. Diaconis: Patterns in Eigenvalues: The 70th Josiah Willard Gibbs Lecture. Bulletin of the AMS, 40: 155-178, 2003.

Documenta Mathematica 12 (2007) 1–70

Fluctuations of Random Matrices 69

[FMP78] J. B. French, P. A. Mello, A. Pandey: Statistical properties of manyparticle spectra. II. Two-point correlations and fluctuations. Ann. of Physics, 113 (1978), no. 2, 277–293.

[GM05] A. Guionnet and M. Maïda: A Fourier view on the R-transform and related asymptotics of spherical integrals. J. Funct. Anal., 222(2):435– 490, 2005.

[Joh98] K. Johansson: On fluctuations of eigenvalues of random Hermitian matrices. Duke Math. J., 91(1):151–204, 1998.

[Jon99] V. F. R. Jones: Planar algebras. I. math.QA/9909027, 1999, 122 pp. [KKP95] A. Khorunzhy, B. Khoruzhenko, L. Pastur: On the 1/N corrections to the Green functions of random matrices with independent entries. J. Phys. A 28 (1995), L31–L35.

[Kre72] G. Kreweras: Sur les partitions non croisées d’un cycle. Discrete Math., 1(4):333–350, 1972.

[LS59] V. P. Leonov and A. N. Shiryaev: On a method of semi-invariants.

Theory of Probability and its Applications, 4, 319–329, 1959. [MN04] J. Mingo and A. Nica: Annular noncrossing permutations and partitions, and second-order asymptotics for random matrices. Int. Math. Res. Not., (28):1413–1460, 2004.

[MŚS07] J. Mingo, P. Śniady, and R. Speicher. Second order freeness and fluctuations of random matrices: II. Unitary random matrices. Adv. in Math. 209: 212 – 240, (2007).

[MS06] J. Mingo and R. Speicher: Second Order Freeness and Fluctuations of Random Matrices: I. Gaussian and Wishart matrices and Cyclic Fock spaces. J. Funct. Anal., 235, 2006, pp. 226-270.

[NSp97] A. Nica and R. Speicher: A “Fourier transform” for multiplicative functions on non-crossing partitions. J. Algebraic Combin., 6(2):141– 160, 1997.

[NSp06] A. Nica and R. Speicher: Lectures on the Combinatorics of Free Probability, London Mathematical Society Lecture Note Series, New York: Cambridge University Press, 2006.

[OZ84] K. H. O’Brien and J.-B. Zuber: A note on U(N) integrals in the large N limit. Phys. Lett. B, 144(5-6):407–408, 1984.

[Oko00] A. Okounkov: Random matrices and random permutations. Int.

Math. Res. Not., 2000, no. 20: 1043–1095, 2000.

[Rad06] F. Radulescu: Combinatorial aspects of Connes’s embedding conjecture and asymptotic distribution of traces of products of unitaries, Operator theory 20, 197–205, Theta Ser. Adv. Math., 6, Theta, Bucharest, 2006 [Rot64] G.-C. Rota: On the foundations of combinatorial theory. I. Theory of Möbius functions. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 2: 340–368, 1964.

[Śni06] P. Śniady: Gaussian fluctuations of characters of symmetric groups and of Young diagrams. Probab. Theory Related Fields 136: 263–297, 2006.

Documenta Mathematica 12 (2007) 1–70

70 Collins, Mingo, Śniady, Speicher

[Spe94] R. Speicher: Multiplicative functions on the lattice of noncrossing partitions and free convolution. Math. Ann., 298(4):611–628, 1994.

[VDN92] D. V. Voiculescu, K. J. Dykema, and A. Nica: Free random variables.

American Mathematical Society, Providence, RI, 1992.

[Voi85] D. Voiculescu: Symmetries of some reduced free product C^∗-algebras.

In Operator Algebras and their Connections with Topology and Ergodic Theory (Lecture Notes in Mathematics, vol. 1132, Springer-Verlag): 556-588, 1985.

[Voi86] D. Voiculescu: Addition of certain non-commuting random variables.

J. Funct. Anal., 66: 323–346, 1986.

[Voi91] D. Voiculescu: Limit laws for random matrices and free products.

Invent. Math., 104(1):201–220, 1991.

[Wei78] D. Weingarten: Asymptotic behavior of group integrals in the limit of infinite rank. J. Mathematical Phys., 19(5):999–1001, 1978.

[ZJ99] P. Zinn-Justin. Adding and multiplying random matrices: a generalization of Voiculescu’s formulas. Phys. Rev. E (3), 59(5, part A):4884– 4888, 1999.

Benoît Collins University of Ottawa 585 King Edward Ave.

Ottawa, ON, K1N 6N5, Canada and CNRS, Institut Camille Jordan Université Claude Bernard Lyon 1 43 boulevard du 11 novembre 1918 69622 Villeurbanne Cedex, France bcollins@uottawa.ca

James A. Mingo Queen’s University, Department of Mathematics and Statistics Jeffery Hall, Kingston, ON K7L 3N6, Canada mingo@mast.queensu.ca

Piotr Śniady Instytut Matematyczny Uniwersytet Wroclawski pl Grunwaldzki 2/4 50-384 Wroclaw Poland Piotr.Sniady@math.uni.wroc.pl

Roland Speicher Queen’s University, Department of Mathematics and Statistics Jeffery Hall, Kingston, ON, K7L 3N6, Canada speicher@mast.queensu.ca

Documenta Mathematica 12 (2007) 1–70

Documenta Math. 71

Motivic Tubular Neighborhoods

Marc Levine

Received: November 12, 2005 Revised: January 2, 2007

Communicated by Alexander Merkurjev

Abstract. We construct motivic versions of the classical tubular neighborhood and the punctured tubular neighborhood, and give applications to the construction of tangential base-points for mixed Tate motives, algebraic gluing of curves with boundary components, and limit motives.

2000 Mathematics Subject Classification: Primary 14C25; Secondary 55P42, 18F20, 14F42 Keywords and Phrases: Limit motives, moduli of curves, Tate motives

1. Introduction

Let i : A → B be a closed embedding of finite CW complexes. One useful fact is that A admits a cofinal system of neighborhoods T in B with A → T a deformation retract. This is often used in the case where B is a differentiable manifold, showing for example that A has the homotopy type of the differentiable manifold T . This situation occurs in algebraic geometry, for instance in the case of the inclusion of the special fiber in a degeneration of smooth varieties X → C over the complex numbers.

To some extent, one has been able to mimic this construction in purely algebraic terms. The rigidity theorems of Gillet-Thomason [14], extended by Gabber (details appearing a paper of Fujiwara [13]) indicated that, at least through the eyes of torsion étale sheaves, the topological tubular neighborhood can be replaced by the Hensel neighborhood. However, basic examples of non-torsion phenomena, even in the étale topology, show that the Hensel neighborhood cannot always be thought of as a tubular neighborhood, perhaps the simplest example being the sheaf G_m.^1 Our object in this paper is to construct an algebraic version of the tubular neighborhood which has the basic properties of the topological construction, at least for a reasonably large class of cohomology theories. It turns out that

1If O is a local ring with residue field k and maximal ideal m, the surjection Gm(O) →

G_m(k) has kernel (1 + m)^×, which is in general non-zero, even for O Hensel

Documenta Mathematica 12 (2007) 71–146

72 Marc Levine

a “homotopy invariant” version of the Hensel neighborhood does the job, at least for theories which are themselves homotopy invariant. If one requires in addition that the given cohomology theory has a Mayer-Vietoris property for the Nisnevich topology, then one also has an algebraic version of the punctured tubular neighborhood. We extend these constructions to the case of a (reduced) strict normal crossing subscheme by a Mayer-Vietoris procedure, giving us the tubular neighborhood and punctured tubular neighborhood of a normal crossing subscheme of a smooth k-scheme.

Morel and Voevodsky have constructed an algebro-geometric version of homotopy theory, in the setting of presheaves of spaces or spectra on the category of smooth varieties over a reasonable base scheme B; we concentrate on the A^1-homotopy category of spectra, SH_A1 (B). For a map f : X → Y , they construct a pair of adjoint functors

Rf_∗ : SH_A1 (X) → SH_A1 (Y ) Lf^∗ : SH_A1 (Y ) → SH_A1 (X).

If we have a closed immersion i : W → X with open complement j : U → X, then one has the functor

Li^∗Rj_∗ : SH_A1 (U) → SH_A1 (W )

One of our main results is that, in case W is a strict normal crossing subscheme of a smooth X, the restriction of Li^∗Rj_∗E to a Zariski presheaf on W can be viewed as the evaluation of E on the punctured tubular neighborhood of W in X. Consider a morphism p : X → A^1 and take i : W → X to be the inclusion of p^{−1}(0). Following earlier constructions of Spitzweck [43], Ayoub has constructed a “unipotent specialization functor” in the motivic setting, essentially (in the case of a semi-stable degeneration) by evaluating Li^∗Rj_∗E on a cosimplicial version of the appropriate path space on G_m with base-point 1. Applying the same idea to our tubular neighborhood construction gives a model for this specialization functor, again only as a Zariski presheaf on p^{−1}(0). Ayoub has also defined a motivic monodromy operator and monodromy sequence involving the unipotent specialization functor and the functor Li^∗Rj_∗, for theories with Q-coefficients that satisfy a certain additional condition (see definition 9.2.2). We give a model for this construction by combining our punctured tubular neighborhood with a Q-linear version of the G_m-path space mentioned above. We conclude with an application of our constructions to the moduli spaces of smooth curves and a construction of a specialization functor for category of mixed Tate motives, which in some cases yields a purely algebraic construction of tangential base-points. Of course, the construction of Ayoub, when restricted to the triangulated category of Tate motives, also gives such a specialization functor, but we hope that the explicit nature of our construction will be useful for applications.

We have left to another paper the task of checking the compatibilities of our constructions with others via the appropriate realization functor. As we have

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 73

already mentioned, our punctured tubular neighborhood construction is comparable with the motivic version of the functor Li^∗Rj_∗ for the situation of a normal crossing scheme i : D → X with open complement j : X \ D → X; this should imply that it is a model for the analogous functor after realization. Similarly, our limit cohomology construction should transform after realization to the appropriate version of the sheaf of vanishing cycles, at least in the case of a semi-stable degeneration, and should be comparable with the constructions of Rappaport-Zink [37] as well as the limit mixed Hodge structure of Katz [22] and Steenbrink [44]. Our specialization functor for Tate motives should be compatible with the Betti, étale and Hodge realizations; similarly, realization functors applied to our limit motive should yield for example the limit mixed Hodge structure. We hope that our rather explicit construction of the limiting motive will be useful in giving a geometric view to the limit mixed Hodge structure of a semi-stable degeneration but we have not attempted an investigation of these issues in this paper.

My interest in this topic began as a result of several discussions on limit motives with Spencer Bloch and Hélène Esnault, whom I would like to thank for their encouragement and advice. I would also like to thank Hélène Esnault for clarifying the role of the weight filtration leading to the exactness of Clemens- Schmidt monodromy sequence (see Remark 9.3.6). An earlier version of our constructions used an analytic (i.e. formal power series) neighborhood instead of the Hensel version now employed; I am grateful to Fabien Morel for suggesting this improvement. Finally, I want to thank Joseph Ayoub for explaining his construction of the nearby cycles functor; his comments suggested to us the use of the cosimplicial path space in our construction of limit cohomology. In addition, Ayoub noticed a serious error in our first attempt at constructing the monodromy sequence; the method used in this version is following his suggestions and comments. Finally, we would like to thank the referee for giving unusually thorough and detailed comments and suggestions, which have substantially improved this paper. In particular, the material in sections 7 comparing our construction with the categorical ones of Morel-Voevodsky, as well as the comparison with Ayoub’s specialization functor and monodromy sequence in section 8.3 and section 9 was added following the suggestion of the referee, who also supplied the main ideas for the proofs.

2. Model structures and other preliminaries

2.1. Presheaves of simplicial sets. We recall some facts on the model structures in categories of simplicial sets, spectra, associated presheaf categories and certain localizations. For details, we refer the reader to [17] and[19]. For a small category I and category C, we will denote the category of functors from I to C by C^I .

We let Ord denote the category with objects the finite ordered sets [n] := {0, . . . , n} (with the standard ordering) and morphisms the order-preserving maps of sets. For a category C, the functor categories C^{Ord}, C^{Ordop} are the

Documenta Mathematica 12 (2007) 71–146

74 Marc Levine

categories of cosimplicial objects of C, resp. simplicial objects of C. For C = Sets, we have the category of simplicial sets, Spc := Sets^{Ordop} , and similarly for C the category of pointed sets, Sets_∗, the category of pointed simplicial sets Spc_∗ := Sets^{Ordop}_∗ .

We give Spc and Spc_∗ the standard model structures: cofibrations are (pointed) monomorphisms, weak equivalences are weak homotopy equivalences on the geometric realization, and fibrations are detemined by the right lifting property (RLP) with respect to trivial cofibrations; the fibrations are then exactly the Kan fibrations. We let |A| denote the geometric realization, and [A, B] the homotopy classes of (pointed) maps |A| → |B|.

For an essentially small category C, we let Spc(C) be the category of presheaves of simplicial sets on C. We give Spc(C) the so-called injective model structure, that is, the cofibrations and weak equivalences are the pointwise ones, and the fibrations are determined by the RLP with respect to trivial cofibrations. We let HSpc(C) denote the associated homotopy category (see [17] for details on these model structures for Spc and Spc(C)).

2.2. Presheaves of spectra. Let Spt denote the category of spectra. To fix ideas, a spectrum will be a sequence of pointed simplicial sets E_0, E_1, . . . together with maps of pointed simplicial sets ϵ_n : S^1 ∧ E_n → E_{n+1}. Maps of spectra are maps of the underlying simplicial sets which are compatible with the attaching maps ϵ_n. The stable homotopy groups π^s_n(E) are defined by

π^s_n(E) := lim_{m→∞}[S^{m+n}, E_m].

The category Spt has the following model structure: Cofibrations are maps f : E → F such that E_0 → F_0 is a cofibration, and for each n ≥ 0, the map

E_{n+1} � S^1∧E_n

S^1 ∧ F_n → F_{n+1}

is a cofibration. Weak equivalences are the stable weak equivalences, i.e., maps f : E → F which induce an isomorphism on π^s_n for all n. Fibrations are characterized by having the RLP with respect to trivial cofibrations. We write SH for the homotopy category of Spt.

For X ∈ Spc_∗, we have the suspension spectrum Σ^∞X := (X, ΣX, Σ^2X, . . .) with the identity bonding maps. Dually, for a spectrum E := (E_0, E_1, . . .) we have the 0-space Ω^∞E := lim_n Ω^nE_n. These operations form a Quillen pair of adjoint functors (Σ^∞, Ω^∞) between Spc_∗ and Spt, and thus induce adjoint functors on the homotopy categories.

Let C be a category. A functor E : C^{op} → Spt is called a presheaf of spectra on C. We use the following model structure on the category of presheaves of spectra (see [19]): Cofibrations and weak equivalences are given pointwise, and fibrations are characterized by having the RLP with respect to trivial cofibrations. We denote this model category by Spt(C), and the associated homotopy category by HSpt(C).

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 75

As a particular example, we have the model category of simplicial spectra Spt^{Ordop} = Spt(Ord). We have the total spectrum functor

Tot : Spt(Ord) → Spt

which preserves weak equivalences. The adjoint pair (Σ^∞, Ω^∞) extend pointwise to define a Quillen pair on the presheaf categories and an adjoint pair on the homotopy categories.

Let B be a noetherian separated scheme of finite Krull dimension. We let Sm/B denote the category of smooth B-schemes of finite type over B. We often write Spc(B) and HSpc(B) for Spc(Sm/B) and HSpc(Sm/B), and write Spt(B) and HSpt(B) for Spt(Sm/B) and HSpt(Sm/B). For Y ∈ Sm/B, a subscheme U ⊂ Y of the form Y \ ∪_αF_α, with {F_α} a possibly infinite set of closed subsets of Y , is called essentially smooth over B; the category of essentially smooth B-schemes is denoted Sm^{ess}.

2.3. Local model structure. If the category C has a topology, there is often another model structure on Spc(C) or Spt(C) which takes this into account. We consider the case of the small Nisnevich site X_{Nis} on a scheme X (assumed to be noetherian, separated and of finite Krull dimension), and the big Nisnevich sites Sm/B_{Nis} or Sch/B_{Nis}, as well as the Zariski versions X_{Zar}, Sm/B_{Zar}, etc. We describe the Nisnevich version for spectra below; the definitions and results for the Zariski topology and for spaces are exactly parallel.

Definition 2.3.1. A map f : E → F of presheaves of spectra on X_{Nis} is a local weak equivalence if the induced map on the Nisnevich sheaf of stable homotopy groups f_∗ : π^s_m(E)_{Nis} → π^s_m(F )_{Nis} is an isomorphism of sheaves for all m. A map f : E → F of presheaves of spectra on Sm/B_{Nis} or Sch/B_{Nis} is a local weak equivalence if the restriction of f to X_{Nis} is a local weak equivalence for all X ∈ Sm/B or X ∈ Sch/B. □

The Nisnevich local model structure on the category of presheaves of spectra on X_{Nis} has cofibrations given pointwise, weak equivalences the local weak equivalences and fibrations are characterized by having the RLP with respect to trivial cofibrations. We write Spt(X_{Nis}) for this model category, and HSpt(X_{Nis}) for the associated homotopy category. The Nisnevich local model categories Spt(Sm/B_{Nis}) and Spt(Sch/B_{Nis}), with homotopy categories HSpt(Sm/B_{Nis}) and HSpt(Sch/B_{Nis}), are defined similarly. A similar localization gives model categories of presheaves of spaces Spc(X_{Nis}), Spc(X_{Zar}), Spc(Sm/B_{Nis}), etc., and homotopy categories HSpc(X_{Nis}), HSpc(X_{Zar}), HSpc(Sm/B_{Nis}), etc. We also have the adjoint pair (Σ^∞, Ω^∞) in this setting. For details, we refer the reader to [19].

Documenta Mathematica 12 (2007) 71–146

76 Marc Levine

Remark 2.3.2. Let E be in Spt(Sm/B_{Nis}), and let

W^{′ i′} � � Y^′ f � W_i � X

be an elementary Nisnevich square, i.e., f is étale, i : W → X is a closed immersion, the square is cartesian, and W^′ → W is an isomorphism, with X and X^′ in Sm/B (see [34, Definition 1.3, pg. 96]) .

If E is fibrant in Spt(Sm/B_{Nis}) then E transforms each elementary Nisnevich square to a homotopy cartesian square in Spt. Conversely, suppose that E transforms each elementary Nisnevich square to a homotopy cartesian square in Spt. Then E is quasi-fibrant, i.e., for all Y ∈ Sm/B, the canonical map E(Y ) → E_{f ib}(Y ), where E_{f ib} is the fibrant model of E, is a weak equivalence. See [19] for details.

If we define an elementary Zariski square as above, with X^′ → X an open immersion, the same holds in the model category Spt(Sm/B_{Zar}). More precisely, one can show (see e.g. [45]) that, if E transforms each elementary Zarisk square to a homotopy cartesian square in Spt, then E satisfies Mayer-Vietoris for the Zariski topology: if X ∈ Sm/B is a union of Zariski open subschemes U and V , then the evident sequence

E(X) → E(U) ⊕ E(V ) → E(U ∩ V )

is a homotopy fiber sequence in SH. □

Remark 2.3.3. Let C be a small category with an initial object ∅ and admiting finite coproducts over ∅, denoted X ∐ Y . A functor E : C^{op} → Spt is called additive if for each X, Y in C, the canonical map

E(X ∐ Y ) → E(X) ⊕ E(Y )

in SH is an isomorphism. It is easy to show that if E ∈ Spt(Sm/B) satisfies Mayer-Vietoris for the Zariski topology, and E(∅) ∼= 0 in SH, then E is additive. From now on, we will assume that all our presheaves of spectra E satisfy E(∅) ∼= 0 in SH. □

2.4. A^1-local structure. One can perform a Bousfield localization on Spc(Sm/B_{Nis}) or Spt(Sm/B_{Nis}) so that the maps Σ^∞X × A^1_+ → Σ^∞X_+ induced by the projections X × A^1 → X become weak equivalences. We call the resulting model structure the Nisnevich-local A^1-model structure, denoted Spc_A1 (Sm/B_{Nis}) or Spt_A1 (Sm/B_{Nis}). One has the Zariski-local versions as well. We denote the homotopy categories for the Nisnevich version by H_A1 (B) (for spaces) and SH_A1 (B) (for spectra). For the Zariski versions, we indicate the topology in the notation. We also have the adjoint pair (Σ^∞, Ω^∞) in this setting. For details, see [30, 31, 34].

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 77

2.5. Additional notation. Given W ∈ Sm/S, we have restriction functors

Spc(S) → Spc(W_{Zar}) Spt(S) → Spt(W_{Zar});

we write the restriction of some E ∈ Spc(S) to Spc(W_{Zar}) as E(W_{Zar}). We use a similar notation for the restriction of E to Spt(W_{Zar}), or for restrictions to W_{Nis}. More generally, if p : Y → W is a morphism in Sm/S, we write E(Y/W_{Zar}) for the presheaf U → E(Y ×_W U) on W_{Zar}.

For Z ⊂ Y a closed subset, Y ∈ Sm/S and for E ∈ Spc(S) or E ∈ Spt(S), we write E^Z (Y ) for the homotopy fiber of the restriction map

E(Y ) → E(Y \ Z).

We define the presheaf E^{ZZar} (Y ) by setting, for U ⊂ Z a Zariski open subscheme with closed complement F ,

E^{ZZar} (Y )(U) := E^U (Y \ F ).

A co-presheaf on a category C with values in A is just an A-valued preheaf on C^{op}.

As usual, we let Δ^n denote the algebraic n-simplex

Δ^n := Spec Z[t_0, . . . , t_n]/ � i t_i − 1,

and Δ^∗ the cosimplicial scheme n → Δ^n. For a scheme X, we have Δ^n_X := X × Δ^n and the cosimplicial scheme Δ^∗_X .

Let B be a scheme as above. For E ∈ Spc(B) or in Spt(B), we say that E is homotopy invariant if for all X ∈ Sm/B, the pull-back map E(X) → E(X×A^1) is a weak equivalence (resp., stable weak equivalence). We say that E satisfies Nisnevich excision if E transforms elementary Nisnevich squares to homotopy cartesian squares.

3. Tubular neighborhoods for smooth pairs

Let i : W → X be a closed immersion in Sm/k. In this section, we construct the tubular neighborhood τ^{X̂}_ϵ (W ) of W in X as a functor from W_{Zar} to cosimplicial pro-k-schemes. Given E ∈ Spc(k), we can evaluate E on τ^{X̂}_ϵ (W ), yielding the presheaf of spaces E(τ^{X̂}_ϵ (W )) on W_{Zar}, which is our main object of study.

3.1. The cosimplicial pro-scheme τ^{X̂}_ϵ (W ). For a closed immersion W → T in Sm/k, let T^W_{Nis} be the category of Nisnevich neighborhoods of W in T , i.e., objects are étale maps p : T^′ → T of finite type, together with a section s : W → T^′ to p over W . Morphisms are morphisms over T which respect the sections. Note that T^W_{Nis} is a left-filtering essentially small category. Sending (p : T^′ → T, s : W → T^′) to T^′ ∈ Sm/k defines the pro-object T̂^h_W of Sm/k; the sections s : W → T^′ give rise to a map of the constant pro-scheme W to T̂^h_W , denoted î_W : W → T̂^h_W .

Documenta Mathematica 12 (2007) 71–146

78 Marc Levine

Given a k-morphism f : S → T , and closed immersions i_V : V → S, i_W : W → T such that f ∘ i_V factors through i_W (by f̄ : V → W ), we have the pull-back functor f^∗ : T^W_{Nis} → S^V_{Nis}, f^∗(T^′ → T, s : W → T^′) := (T^′ ×_T S, (s ∘ f̄, i_V )).

This gives us the map of pro-objects f^h : Ŝ^h_V → T̂^h_W , so that sending W → T to T̂^h_W and f to f^h becomes a pseudo-functor.

We let f^h : Ŝ^h_V → T̂^h_W denote the induced map on pro-schemes. If f happens to be a Nisnevich neighborhood of W → X (so f̄ : V → W is an isomorphism) then f^h : Ŝ^h_V → T̂^h_W is clearly an isomorphism.

Remark 3.1.1. The pseudo-functor (W → T ) → T̂^h_W can be rectified to an honest functor by first replacing T^W_{Nis} with the cofinal subcategory T^W_{Nis,0} of neighborhoods T^′ → T , s : W → T^′ such that each connected component of T^′ has non-empty intersection with s(W ). One notes that T^W_{Nis,0} has only identity automorphisms, so we replace T^W_{Nis,0} with a choice of a full subcategory T^W_{Nis,00} giving a set of representatives of the isomorphism classes in T^W_{Nis,0}. Given a map of pairs of closed immersions f : (V^{iV}−→ S) → (W^{iW}−−→ T ) as above, we modify the pull-back functor f^∗ defined above by passing to the connected component of (s ∘ f̄, i_V )(V ) in T^′ ×_T S. We thus have the honest functor (W → T ) → T^W_{Nis,00} which yields an equivalent pro-object T̂^h_W . As pointed out by the referee, one can also achieve strict functoriality by rectifying the fiber product; in any case, we will use a strictly functorial version from now on without comment. □ For a closed immersion i : W → X in Sm/k, set Δ̂^n_{X,W} := (�Δ^n_X )^h_Δn_W . The cosimplicial scheme Δ^∗_X : Ord → Sm/k [n] → Δ^n_X thus gives rise to the cosimplicial pro-scheme Δ̂^∗_{X,W} : Ord → Pro-Sm/k

[n] → Δ̂^n_{X,W}

The maps î_Δn_W : Δ^n_W → (�Δ^n_X )^h_Δn_W give the closed immersion of cosimplicial pro-schemes î_W : Δ^∗_W → Δ̂^∗_{X,W} .

Also, the canonical maps π_n : Δ̂^n_{X,W} → Δ^n_X define the map

π_{X,W} : Δ̂^∗_{X,W} → Δ^∗_X .

Let (p : X^′ → X, s : W → X^′) be a Nisnevich neighborhood of (W, X). The map p : Δ̂^n_X ′_{,W} → Δ̂^n_{X,W}

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 79

is an isomorphism respecting the closed immersions î_W . Thus, sending a Zariski open subscheme U ⊂ W with complement F ⊂ W ⊂ X to Δ̂^n_{X\F,U} defines a co-presheaf Δ̂^n_{X̂,WZar} on W_{Zar} with values in pro-objects of Sm/k; we write τ^{X̂}_ϵ (W ) for the cosimplicial object n → Δ̂^n_{X̂,WZar} .

We use the X̂ in the notation because the co-presheaf Δ̂^n_{X̂,WZar} is depends only on the Nisnevich neighborhood of W in X.

Let Δ^∗_{WZar} denote the co-presheaf on W_{Zar} defined by U → Δ^∗_U . The closed immersions î_U define the natural transformation î_W : Δ^∗_{WZar} → τ^{X̂}_ϵ (W ).

The maps π_{X\F,W \F} for F ⊂ W a Zariski closed subset define the map π_{X,W} : τ^{X̂}_ϵ (W ) → Δ^∗_{X|WZar} where X|W_{Zar} is the co-presheaf W \ F → X \ F on W_{Zar}. We let (3.1.1) π̄_{X,W} : τ^{X̂}_ϵ (W ) → X|W_{Zar} denote the composition of π_{X.W} with the projection Δ^∗_{X|WZar} → X|W_{Zar}. 3.2. Evaluation on spaces. Let i : W → T be a closed immersion in Sm/k. For E ∈ Spc(T ), we have the space E(T̂^W_h ), defined by E(T̂^h_W ) := colim

(p:T^′ →T,s:W →T^′ )∈T^W_{Nis}

E(T^′).

Given a Nisnevich neighborhood (p : T^′ → T, s : W → T^′), we have the isomorphism p^∗ : E(T̂^h_W ) → E(T̂^{′h}_{s(W )}).

Thus, for each open subscheme j : U → W , we may evaluate E on the cosimplicial pro-scheme τ^{X̂}_ϵ (W )(U), giving us the presheaf of simplicial spectra E(τ^{X̂}_ϵ (W )) on W_{Zar}:

E(τ^{X̂}_ϵ (W ))(U) := E(τ^{X̂}_ϵ (W )(U)).

Now suppose that E is in Spc(k). The map î_W : Δ^∗_{WZar} → τ^{X̂}_ϵ (W )) gives us the map of presheaves on W_{Zar} i^∗_W : E(τ^{X̂}_ϵ (W )) → E(Δ^∗_{WZar} ).

Similarly, the map π_{X,W} gives the map of presheaves on W_{Zar} π^∗_{X,W} : E(Δ^∗_{X|WZar} ) → E(τ^{X̂}_ϵ (W )).

The main result of this section is

Documenta Mathematica 12 (2007) 71–146

80 Marc Levine

Theorem 3.2.1. Let E be in Spc(k). Then the map i^∗_W : E(τ^{X̂}_ϵ (W )) → E(Δ^∗_{WZar} ) is a weak equivalence for the Zariski-local model structure, i.e., for each point w ∈ W , the map i^∗_{W,w} on the stalks at w is a weak equivalence of the associated total space.

3.3. Proof of Theorem 3.2.1. The proof relies on two lemmas. Lemma 3.3.1. Let i : W → X be a closed immersion in Sm/k, giving the closed immersion A^1_W → A^1_X . For t ∈ A^1(k), we have the section i_t : W → A^1_W , i_t(w) := (w, t). Then for each E ∈ Spc(k), the maps i^∗_0, i^∗_1 : E(Δ̂^∗_A1_{X ,A}1_W ) → E(Δ̂^∗_{X,W} ) are homotopic.

Proof. This is just an adaptation of the standard triangulation argument. For each order-preserving map g = (g_1, g_2) : [m] → [1] × [n], let T_g : Δ^m → Δ^1 × Δ^n, be the affine-linear extension of the map on the vertices v_i → (v_{g1 (i)}, v_{g2 (i)}).

id_X × T_g induces the map T̂_g : Δ̂^m_{X,W} → ( ^ Δ^1 × Δ^n_X )^h_Δ1_{×Δ}n_W We note that the isomorphism (t_0, t_1) → t_0 of (Δ^1, v_1, v_0) with (A^1, 0, 1) induces an isomorphism of cosimplicial schemes Δ̂^∗_{A1X ,A1W} ∼= ( ^ Δ^1 × Δ^∗_X )^h_Δ1_{×Δ}∗_W .

The maps T̂^∗_g : E(Δ̂^n_{A1X ,A1W} ) → E(Δ̂^m_{X,W} ) induce a simplicial homotopy T between i^∗_0 and i^∗_1. Indeed, we have the simplicial sets Δ[n] : Hom_{Ord}(−, [n]). Let (Δ^1 × Δ^∗)^{Δ[1]} be the cosimplicial scheme n → (Δ^1 × Δ^n)^{Δ[1]([n])} := � s∈Δ[1]([n])

Δ^1 × Δ^n

where the product is ×_Z. The inclusions δ_0, δ_1 : [0] → [1] thus induce the maps of cosimplicial schemes δ^∗_0 , δ^∗_1 : (Δ^1 ×_k Δ^∗)^{Δ[1]} → Δ^1 ×_k Δ^∗.

The maps T_g satisfy the identities necessary to define a map of cosimplicial schemes T : Δ^∗ → (Δ^1 × Δ^∗)^{Δ[1]}.

with δ^∗_0 ∘ T = i_0, δ^∗_1 ∘ T = i_1. Applying the functor^h, we see that the maps T̂_g define the map of cosimplicial schemes T̂ : Δ̂^∗_{X,W} → (Δ̂^∗_{A1X ,A1W} )^{Δ[1]},

with δ^∗_0 ∘ T̂ = î_0, δ^∗_1 ∘ T̂ = î_1; we then apply E. □

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 81

Lemma 3.3.2. Take W ∈ Sm_k. Let X = A^n_W and let i : W → X be the 0-section. Then i^∗_W : E(Δ̂^∗_{X,W} ) → E(Δ^∗_W ) is a homotopy equivalence. Proof. Let p : X → W be the projection, giving the map p̂ : Δ̂^∗_{X,W} → Δ̂^∗_{W,W} = Δ^∗_W and p̂^∗ : E(Δ^∗_W ) → E(Δ̂^∗_{X,W} ). Clearly î^∗_W ∘ p̂^∗ = id, so it suffices to show that p̂^∗ ∘ î^∗_W is homotopic to the identity.

For this, we use the multiplication map μ : A^1 × A^n → A^n, μ(t; x_1, . . . , x_n) := (tx_1, . . . , tx_n).

The map μ × id_Δ∗ induces the map μ̂ : ( ^

A^1 × A^n_W × Δ^∗)^h_A1_{×0W ×Δ}∗ → ( ^A^n_W × Δ^∗)^h_{0W ×Δ}∗ with μ̂ ∘ î_0 = î_W ∘ p̂ and μ̂ ∘ î_1 = id. Since î^∗_0 and î^∗_1 are homotopic by Lemma 3.3.1, the proof is complete. □ To complete the proof of Theorem 3.2.1, take a point w ∈ W . Then replacing X with a Zariski open neighborhood of w, we may assume there is a Nisnevich neigborhood X^′ → X, s : W → X^′ of W in X such that W → X^′ is in turn a Nisnevich neighborhood of the zero-section W → A^n_W , n = codim_X W . Since E(Δ̂^n_{X,W} ) is thus weakly equivalent to E(Δ̂^n_An_{W ,0W} ), the result follows from Lemma 3.3.2.

Corollary 3.3.3. Suppose that E ∈ Spc(Sm/k), resp. E ∈ Spt(Sm/k) is homotopy invariant. Then for i : W → X a closed immersion, there is a natural isomorphism in HSpc(W_{Zar}), resp. HSpt(W_{Zar}) E(τ^{X̂}_ϵ (W )) ∼= E(τ^{N̂i}_ϵ (0_W )) Here N_i is the normal bundle of the immersion i, and 0_W ⊂ N_i is the 0-section. Proof. This follows directly from Theorem 3.2.1: Since E is homotopy invariant, the canonical map E(T ) → E(Δ^∗_T ) is a weak equivalence for each T ∈ Sm/k. The desired isomorphism in the respective homotopy category is constructed by composing the isomorphisms

E(τ^{X̂}_ϵ (W ))^{i∗W}−−→ E(Δ^∗_{WZar} ) ← E(W_{Zar})

= E(0_{W Zar}) → E(Δ^∗_{0W Zar} )^i ∗ 0W ←−− E(τ^{N̂i}_ϵ (0_W )). □ 4. Punctured tubular neighborhoods Our real interest is not in the tubular neighborhood τ^{X̂}_ϵ (W ), but in the punctured tubular neighborhood τ^{X̂}_ϵ (W )^0. In this section, we define this object and discuss its basic properties.

Documenta Mathematica 12 (2007) 71–146

82 Marc Levine

4.1. Definition of the punctured neighborhood. Let i : W → X be a closed immersion in Sm/k. We have the closed immersion of cosimplicial pro-schemes î : Δ^∗_W → Δ̂^∗_{X,W} giving for each n the open complement Δ̂^n_{X\W} := Δ̂^n_{X,W} \ Δ^n_W . We may pass to the cofinal subcategory of Nisnevich neighborhoods of Δ^n_W in Δ^n_X , (p : T → Δ^n_X , s : Δ^n_W → T ) for which the diagram T \ s(Δ^n_W ) � � T � Δ^n_X \ Δ^n_W � Δ^n_X is cartesian, giving us the cosimplicial proscheme n → Δ̂^n_{X\W} and the map ĵ : Δ̂^∗_{X\W} → Δ̂^∗_{X,W} ,

which defines the “open complement” Δ̂^∗_{X\W} of Δ^∗_W in Δ̂^∗_{X,W} . Extending this construction to all open subschemes of X, we have the co-presheaf on W_{Zar}, U = W \ F → Δ̂^∗_{(X\F )\U} ,

which we denote by τ^{X̂}_ϵ (W )^0.

Let Δ^n_{(X\W )Zar} be the constant co-presheaf on W_{Zar} with value Δ^n_{X\W} , giving the cosimplicial co-presheaf Δ^∗_{(X\W )Zar} . The maps ĵ_U : Δ̂^∗_{(X\F )\U} → Δ̂^∗_{(X\F ),U}

define the map ĵ : τ^{X̂}_ϵ (W )^0 → τ^{X̂}_ϵ (W ). The maps Δ̂^∗_{U\W ∩U} → Δ^∗_{X\W} give us the map π : τ^{X̂}_ϵ (W )^0 → Δ^∗_{X\W} where we view Δ^∗_{X\W} as the constant co-sheaf on W_{Zar}.

To give a really useful result on the presheaf E(τ^{X̂}_ϵ (W )^0), we will need to impose additional conditions on E. These are

(1) E is homotopy invariant (2) E satisfies Nisnevich. excision One important consequence of these properties is the purity theorem of Morel- Voevodsky:

Theorem 4.1.1 (Purity [34, theorem 2.23]). Suppose E ∈ Spt(k) is homotopy invariant and satisfies Nisnevich excision. Let i : W → X be a closed immersion in Sm/k and s : W → N_i the 0-section of the normal bundle. Then there is an isomorphism in HSpt(W_{Zar}) E^{WZar} (X) → E^{WZar} (N_i) □ Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 83

Let E(X|W_{Zar}) be the presheaf on W_{Zar} W \ F → E(X \ F ) and E(X \ W ) the constant presheaf. Let res : E(X|W_{Zar}) → E(τ^{X̂}_ϵ (W )) res^0 : E(X \ W ) → E(τ^{X̂}_ϵ (W )^0) be the pull-back by the natural maps τ^{X̂}_ϵ (W )(W \ F ) → X \ F , τ^{X̂}_ϵ (W )^0 → X\W . Let E^{Δ∗W} (τ^{X̂}_ϵ (W )) ∈ Spt(W_{Zar}) be the homotopy fiber of the restriction map ĵ : E(τ^{X̂}_ϵ (W )) → E(τ^{X̂}_ϵ (W )^0).

The commutative diagram in Spt(W_{Zar})

E(X|W_{Zar})^{j∗} � res � E(X \ W )

res^0 � E(τ^{X̂}_ϵ (W ))_{ĵ∗} � E(τ^{X̂}_ϵ (W )^0) induces the map of homotopy fiber sequences

E^{WZar} (X) � ψ � E(X|W_{Zar})^{j∗} � res � E(X \ W )

res^0 � E^{Δ∗W} (τ^{X̂}_ϵ (W )) � E(τ^{X̂}_ϵ (W ))_{j∗} � E(τ^{X̂}_ϵ (W )^0)

We can now state the main result for E(τ^{X̂}_ϵ (W )^0).

Theorem 4.1.2. Suppose that E ∈ Spt(k) is homotopy invariant and satisfies Nisnevich excision. Let i : W → X be a closed immersion in Sm/k. Then the map ψ is a Zariski local weak equivalence.

Proof. Let i_Δ∗ : Δ^∗_W → Δ^∗_X be the immersion id × i. For U = W \ F ⊂ W , τ^{X̂}_ϵ (W )^0(U) is the cosimplicial pro-scheme with n-cosimplices τ^{X̂}_ϵ (W )^0(U)^n = Δ̂^n_{X\F,U} \ Δ^n_U so by Nisnevich excision we have the natural isomorphism α : E^{Δ∗W}Zar (Δ^∗_{X|WZar} ) → E^{Δ∗W} (τ^{X̂}_ϵ (W )), where E^{Δ∗W}Zar (Δ^∗_{X|WZar} )(W \F ) is the total spectrum of the simplicial spectrum n → E^{ΔnW \F} (Δ^n_{X\F} ).

The homotopy invariance of E implies that the pull-back E^{W \F} (X \ F ) → E^{ΔnW \F} (Δ^n_{X\F} )

Documenta Mathematica 12 (2007) 71–146

84 Marc Levine

is a weak equivalence for all n, so we have the weak equivalence β : E^{WZar} (X) → E^{Δ∗W}Zar (Δ^∗_{X|WZar} ).

It follows from the construction that ψ = αβ, completing the proof. □ Corollary 4.1.3. There is a distinguished triangle in HSpt(W_{Zar}) E^{WZar} (X) → E(W_{Zar}) → E(τ^{X̂}_ϵ (W )^0) Proof. By Theorem 3.2.1, the map î^∗ : E(τ^{X̂}_ϵ (W )) → E(Δ^∗_{WZar} ) is a weak equivalence; using homotopy invariance again, the map E(W_{Zar}) → E(Δ^∗_{WZar} ) is a weak equivalence. Combining this with Theorem 4.1.2 yields the result. □ For homotopy invariant E ∈ Spt(k), we let ϕ_E : E(τ^{N̂i}_ϵ (0_W )) → E(τ^{X̂}_ϵ (W )).

be the isomorphism in HSpt(W_{Zar}) given by corollary 3.3.3. Corollary 4.1.4. Suppose that E ∈ Spt(k) is homotopy invariant and satisfies Nisnevich excision. Let i : W → X be a closed immersion in Sm/k and let N^0_i = N_i \ 0_W .

(1) The restriction maps res : E(N_i/W_{Zar}) → E(τ^{N̂i}_ϵ (0_W )) res^0 : E(N^0_i /W_{Zar}) → E(τ^{N̂i}_ϵ (0_W )^0) are weak equivalences in Spt(W_{Zar}).

(2) There is a canonical isomorphism in HSpt(W_{Zar}) ϕ^0_E : E(τ^{N̂i}_ϵ (0_W )^0) → E(τ^{X̂}_ϵ (W )^0) (3) Consider the diagram (in HSpt(W_{Zar})): E^{0W Zar} (N_i) � E(Ni/WZar)

res_E �

� E(N 0_i /W_{Zar})

res^0_E � E^{0W Zar} (N_i) � π � E(τ^{N̂i}_ϵ (0_W ))^{ĵN} ∗ � ϕ_E � E(τ^{N̂i}_ϵ (0_W )^0)

ϕ^0_E � E^{WZar} (X) � E(τ^{X̂}_ϵ (W ))_{ĵ∗} � E(τ^{X̂}_ϵ (W )^0)

E^{WZar} (X) � E(X|WZar)

res_E �

j^∗

� E(X \ W )

res^0_E �

The first and last rows are the homotopy fiber sequences defining the presheaves E^{0W Zar} (N_i) and E^{WZar} (X), respectively, the second row and third rows are the

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 85

distinguished triangles of Theorem 4.1.2, and π is the Morel-Voevodsky purity isomorphism. Then this diagram commutes and each triple of vertical maps defines a map of distinguished triangles.

Proof. It follows directly from the weak equivalence (in Theorem 4.1.2) of the homotopy fiber of

ĵ^∗ : E(τ^{X̂}_ϵ (W )) → E(τ^{X̂}_ϵ (W )^0)

with E^{WZar} (X) that the triple (id, res_E , res^0_E ) defines a map of distinguished triangles. The same holds for the map of the first row to the second row; we now verify that this latter map is an isomorphism of distinguished triangles. For this, let s : W → N_i be the zero-section. We have the isomorphism i^∗_W : E(τ^{N̂i}_ϵ (0_W )) → E(W_{Zar}) defined as the diagram of weak equivalences

E(τ^{N̂i}_ϵ (0_W ))

i^∗_Δ∗_{WZar}

−−−−−→ E(Δ^∗_{WZar} )^{ι0∗}←−− E(W_{Zar}).

From this, it is easy to check that the diagram

E(N_i/W_{Zar})^{resE} �

s^∗ � � � � E(τ^{N̂i}_ϵ (0_W ))

i^∗_W � E(W_{Zar})

commutes in HSpt(W_{Zar}). As E is homotopy invariant, s^∗ is an isomorphism, hence res_E is an isomorphism as well. This completes the proof of (1). The proof of (2) and (3) uses the standard deformation diagram. Let μ̄ : Ȳ → X × A^1 be the blow-up of X × A^1 along W , let μ̄^{−1}[X × 0] denote the proper transform, and let μ : Y → X × A^1 be the open subscheme Ȳ \ μ̄^{−1}[X × 0]. Let p : Y → A^1 be p_2 ∘ μ. Then p^{−1}(0) = N_i, p^{−1}(1) = X × 1 = X, and Y contains the proper transform μ̄^{−1}[W × A^1], which is mapped isomorphically by μ to W × A^1 ⊂ X × A^1. We let ĩ : W × A^1 → Y be the resulting closed immersion. The restriction of ĩ to W × 0 is the zero-section s : W → N_i and the restriction of ĩ to W × 1 is i : W → X. The resulting diagram is

(4.1.1) W^{i0} � s � W × A^1 ĩ � W i_1�

i � N_i^{i0} �

p_0 � Y p � X i_1 � p_1 � 0_{i0} � A^1 1_{i1}�

Documenta Mathematica 12 (2007) 71–146

86 Marc Levine

Together with Theorem 4.1.2, diagram (4.1.1) gives us two maps of distinguished triangles: � E^{0W ×A1Zar} (Y ) → E(τ^Ŷ_ϵ (W × A^1)) → E(τ^Ŷ_ϵ (W × A^1)^0) � i^∗_1 −→ � E^{WZar} (X) → E(τ^{X̂}_ϵ (W )) → E(τ^{X̂}_ϵ (W )^0) �

and � E^{0W ×A1Zar} (Y ) → E(τ^Ŷ_ϵ (W × A^1)) → E(τ^Ŷ_ϵ (W × A^1)^0) � i^∗_0 −→ � E^{0W Zar} (N_i) → E(τ^{N̂i}_ϵ (0_W )) → E(τ^{N̂i}_ϵ (0_W )^0) �

As above, we have the commutative diagram

E(τ^Ŷ_ϵ (W × A^1))^i ∗ 0 � i^∗_{W ×A1} � E(τ^{N̂i}_ϵ (0_W ))

i^∗_W � E(W × A^1)_{i∗0} � E(W ).

As E is homotopy invariant, the maps i^∗_W , i^∗_{W ×A1} and i^∗_0 : E(W ×A^1) → E(W ) are isomorphisms, hence i^∗_0 : E(τ^Ŷ_ϵ (W × A^1)) → E(τ^{N̂i}_ϵ (0_W )) is an isomorphism. Similarly, i^∗_1 : E(τ^Ŷ_ϵ (W × A^1)) → E(τ^{X̂}_ϵ (W )) is an isomorphism. The proof of the Morel-Voevodsky purity theorem [34, Theorem 2.23] shows that i^∗_0 : E^{0W ×A1Zar} (Y ) → E^{0W Zar} (N_i) i^∗_1 : E^{0W ×A1Zar} (Y ) → E^{WZar} (X) are weak equivalences; the purity isomorphism π is by definition i^∗_1 ∘ (i^∗_0)^{−1}. Thus, both i^∗_0 and i^∗_1 define isomorphisms of distinguished triangles, and i^∗_1 ∘ (i^∗_0)^{−1} : E(τ^{N̂i}_ϵ (0_W )) → E(τ^{X̂}_ϵ (W )) is the map ϕ_E . Defining ϕ^0_E to be the isomorphism i^∗_1 ∘ (i^∗_0)^{−1} : E(τ^{N̂i}_ϵ (0_W )^0) → E(τ^{X̂}_ϵ (W )^0) proves both (2) and (3). □

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 87

Remarks 4.1.5. (1) It follows from the construction of ϕ_E and ϕ^0_E that both of these maps are natural in E.

(2) The maps ϕ^0_E are natural in the closed immersion i : W → X in the following sense: Suppose we have closed immersions i_j : W_j → X_j , j = 1, 2 and a morphism f : (W_1, X_1) → (W_2, X_2) of pairs of immersions such that f restricts to a morphism X_1 \ W_1 → X_2 \ W_2. Fix E and let ϕ^0_{jE} be the map corresponding to the immersions i_j We have the evident maps

ι : τ^{X̂1}_ϵ (W_1)^0 → τ^{X̂2}_ϵ (W_2)^0 η : τ^{N̂i1}_ϵ (W_1)^0 → τ^{N̂i2}_ϵ (W_2)^0

Then the diagram

E(τ^{N̂i2}_ϵ (W )^0)^{ϕ2E} �

η^∗ � E(τ^Ŷ_ϵ (W )^0)

ι^∗ � E(τ^{N̂i1}_ϵ (W )^0)_{ϕ1E} � E(τ^{X̂}_ϵ (W )^0)

commutes. Indeed, the map f induces a map of deformation diagrams. □ 5. The exponential map

If i : M^′ → M is a submanifold of a differentiable manifold M, there is a diffeomorphism exp of the normal bundle N_M ′_{/M} of M^′ in M with the tubular neighborhood τ^M_ϵ (M^′). In addition, exp restricts to a diffeomorphism exp^0 of the punctured normal bundle N_M ′_{/M} \ 0_M ′ with the punctured tubular neighborhood τ^M_ϵ (M^′) \ M^′. Classically, this has been used to define the boundary map in the Gysin sequence for M^′ → M, by using the restriction map exp^{0∗} : H^∗(M \ M^′) → H^∗(N_M ′_{/M} \ 0_M ′ ) followed by the Thom isomorphism H^∗(N_M ′_{/M} \ 0_M ′ ) ∼= H^{∗−d}(M^′).

In this section, we use our punctured tubular neighborhood to construct a purely algebraic version of the classical exponential map, at least for the associated suspension spectra. We will use this in section 11 to define a purely algebraic version of the gluing of Riemann surfaces along boundary components.

5.1. Let i : W → X be a closed immersion in Sm/k with normal bundle p : N_i → W . We have the map

exp : N_i → X

in Spc(k), defined as the composition N_i → W → X. We also have the Morel-Voevodsky purity isomorphism

π : Th(N_i) → X/(X \ W )

in H(k). In fact:

Documenta Mathematica 12 (2007) 71–146

88 Marc Levine

Lemma 5.1.1. The diagram

(5.1.1) N_i^{q′} � exp � Th(N_i) π � X_q � X/(X \ W )

commutes in H(k).

Proof. As we have already seen, the construction of the purity isomorphism π relies on the deformation to the normal bundle; we retain the notation from the proof of corollary 4.1.4. We have the total space Y → A^1 of the deformation. The fiber Y_0 over 0 ∈ A^1 is canonically isomorphic to N_i and the fiber Y_1 over 1 is canonically isomorphic to X; the inclusions W × 0 → Y_0, W × 1 → Y_1 are isomorphic to the zero-section s : W → N_i and the original inclusion i : W → X, respectively. The proper transform μ^{−1}[W × A^1] is isomorphic to W × A^1, giving the closed immersion ι : W × A^1 → Y . The diagram thus induces maps in Spc(k): ī_0 : Th(N_i) → Y/(Y \ W × A^1) ī_1 : X/X \ W → Y/(Y \ W × A^1) which are isomorphisms in H(k) (see [34, Thm. 2.23]); the purity isomorphism is by definition π := ī^{−1}_1 ∘ ī_0.

We have the commutative diagram in Spc(k):

W id � i_0 �

s � W × A^1

p_1 �

ι � W i_1 � i � N_i � p �

q^′ �

�

Y � X � q � Th(N_i)_{ī0} � Y/(Y \ W × A^1) X/X \ W

ī_1 � from which the result follows directly. □ Remark 5.1.2. Since we have the homotopy cofiber sequences: N_i \ 0_W → N_i → Th(N_i) → Σ(N_i \ 0_W )_+ X \ W → X → X/(X \ W ) → Σ(X \ W )_+ the diagram (5.1.1) induces a map Σ(N_i \ 0_W )_+ → Σ(X \ W )_+ in H(k), however, this map is not uniquely determined, hence is not canonical. □ Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 89 5.2. The construction. In this section we define a canonical map exp^0 : Σ^∞(N_i \ 0_W )_+ → Σ^∞(X \ W )_+ in SH_A1 (k) which yields the map of distinguished triangles in SH_A1 (k): Σ^∞(N_i \ 0_W )_+

exp^0 �

� Σ^∞N_{i+} � exp � Σ^∞Th(N_i) π � Σ^∞(X \ W )_+ � Σ^∞X_+ � Σ^∞X/(X \ W ) To define exp^0, we apply Corollary 4.1.4 with E a fibrant model of Σ^∞(X\W )_+. Denote the composition

E(X \ W )^{res0E}−−−→ E(τ^{X̂}_ϵ (W )^0)(W )

(ϕ^0_E )^{−1}

−−−−−→ E(τ^{N̂i}_ϵ (0_W )^0)(W )^{(res0E )−1}−−−−−→ E(N^0_i ) by exp^{0∗}_E . Since E is fibrant, we have canonical isomorphisms π_0E(N^0_i ) ∼= Hom_{SHA1 (k)}(Σ^∞N^0_{i+}, E)

∼= Hom_{SHA1 (k)}(Σ^∞N^0_{i+}, Σ^∞(X \ W )_+)

π_0E(X \ W ) ∼= Hom_{SHA1 (k)}(Σ^∞(X \ W )_+, E) ∼= Hom_{SHA1 (k)}(Σ^∞(X \ W )_+, Σ^∞(X \ W )_+) so exp^{0∗}_E induces the map

Hom_{SHA1 (k)}(Σ^∞(X \ W )_+, Σ^∞(X \ W )_+)

exp^{0∗}_E

−−−→ Hom_{SHA1 (k)}(Σ^∞N^0_{i+}, Σ^∞(X \ W )_+). We set exp^0 := exp^{0∗}_E (id).

To finish the construction, we show Proposition 5.2.1. The diagram, with rows the evident homotopy cofiber sequences,

Σ^∞(N_i \ 0_W )_+

exp^0 �

� Σ^∞N_{i+} � exp � Σ^∞Th(N_i) π �

∂ � ΣΣ∞(N_i \ 0_W )_+

Σ exp^0 � Σ^∞(X \ W )_+ � Σ^∞X_+ � Σ^∞X/(X \ W )_∂ � ΣΣ^∞(X \ W )_+ commutes in SH_A1 (k).

Documenta Mathematica 12 (2007) 71–146

90 Marc Levine

Proof. It suffices to show that, for all fibrant E ∈ Spt(k), the diagram formed by applying Hom_{SHA1 (k)}(−, E) to our diagram commutes. This latter diagram is the same as applying π_0 to the diagram

(5.2.1) E(N_i \ 0_W ) E(N_i)

� E0W (N_i)

� ΩE(N_i \ 0_W )) ∂�

E(X \ W )

exp^{0∗} �

E(X)

exp^∗ �

� EW (X)

π^∗ �

� ΩE(X \ W ) ∂ � Ω exp^{0∗} �

where the rows are the evident homotopy fiber sequences. It follows by the definition of exp^0 and exp that this diagram is just the “outside” of the diagram in Corollary 4.1.4(3), extended to make the distinguished triangles explicit. Thus the diagram (5.2.1) commutes, which finishes the proof. □

Remark 5.2.2. The exponential maps exp and exp^0 are natural with respect to maps of closed immersions f : (W^{′ i′}−→ X^′) → (W^i−→ X) satisfying the cartesian condition of remark 4.1.5(2). This follows from the naturality of the isomorphisms ϕ_E , ϕ^0_E described in Remark 4.1.5, and the functoriality of the (punctured) tubular neighborhood construction. □

6. Neighborhoods of normal crossing schemes

We extend our results to the case of a strict normal crossing divisor W ⊂ X by using a Mayer-Vietoris construction.

6.1. Normal crossing schemes. Let D be a reduced effective Cartier divisor on a smooth k-scheme X with irreducible components D_1,. . ., D_m. For each I ⊂ {1, . . . , m}, we set D_I := ∩_{i∈I} D_i

We let i : D → X the inclusion. For each I ≠ ∅, we let ι_I : D_I → D, i_I : D_I → X be the inclusions; for I ⊂ J ⊂ {1, . . . , m} we have as well the inclusion ι_{I,J} : D_J → D_I .

Recall that D is a strict normal crossing divisor if for each I, D_I is smooth over k and codim_X D_I = |I|.

We extend this notion a bit: We call a closed subscheme D ⊂ X a strict normal crossing subscheme if X is in Sm/k and, locally on X, there is a smooth locally closed subscheme Y ⊂ X containing D such that D is a strict normal crossing divisor on Y

6.2. The tubular neighborhood. Let D ⊂ X be a strict normal crossing subscheme with irreducible components D_1, . . . , D_m. For each I ⊂ {1, . . . , m}, I ≠ ∅, we have the tubular neighborhood co-presheaf τ^{X̂}_ϵ (D_I ) on D_I . The various inclusions ι_{I,J} give us the maps of co-presheaves

ι̂_{I,J} : ι_{I,J∗}(τ^{X̂}_ϵ (D_J )) → τ^{X̂}_ϵ (D_I );

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 91 pushing forward by the maps ι_I yields the diagram of co-presheaves on D_{Zar} (with values in cosimplicial pro-objects of Sm/k) (6.2.1) I → ι_{I∗}(τ^{X̂}_ϵ (D_I )) indexed by the non-empty I ⊂ {1, . . . , m}. We have as well the diagram of identity co-presheaves (6.2.2) I → ι_{I∗}(D_{IZar}) as well as the diagram (6.2.3) I → ι_{I∗}(Δ^∗_{DIZar} ) We denote these diagrams by τ^{X̂}_ϵ (D), D_• and Δ^∗_{D•} , respectively. The projections p_I : Δ^∗_{DIZar} → D_{IZar} and the closed immersions ι̂_{DI} : Δ^∗_{DIZar} → τ^{X̂}_ϵ (D_I ) yield the natural transformations D_•^{p•}←− Δ^∗_{D•}^{ι̂D•}−−→ τ^{X̂}_ϵ (D).

Now take E ∈ Spt(k). Applying E to the diagram (6.2.1) yields the diagram of presheaves on D_{Zar} I → ι_{I∗}(E(τ^{X̂}_ϵ (D_I ))) Similarly, applying E to (6.2.2) and (6.2.3) yields the diagrams of presheaves on D_{Zar} I → ι_{I∗}(E(D_{IZar})) and I → ι_{I∗}(E(Δ^∗_{DIZar} )).

Definition 6.2.1. For D ⊂ X a strict normal crossing subscheme and E ∈ Spt(k), set E(τ^{X̂}_ϵ (D)) := holim_{I≠∅} ι_{I∗}(E(τ^{X̂}_ϵ (D_I ))).

Similarly, set E(D_•) := holim_{I≠∅} ι_{I∗}(E(D_I )) E(Δ^∗_{D•} ) := holim_{I≠∅} ι_{I∗}(E(Δ^∗_{DI} )) □ The natural transformations ι̂_D and p_• yield the maps of presheaves on D_{Zar} E(D_•)^{p∗•}−→ E(Δ^∗_{D•} )^{ι̂∗D}←−− E(τ^{X̂}_ϵ (D)).

Proposition 6.2.2. Suppose E ∈ Spt(Sm/k) is homotopy invariant and satisfies Nisnevich excision. Then the maps ι̂^∗_D and p^∗_• are Zariski-local weak equivalences.

Documenta Mathematica 12 (2007) 71–146

92 Marc Levine

Proof. The maps p^∗_I are pointwise weak equivalences by homotopy invariance. By Theorem 3.2.1, the maps ι̂_{DI} are Zariski-local weak equivalences. Since the homotopy limits are finite, the stalk of each homotopy limit is weakly equivalence to the homotopy limit of the stalks. By [8] this suffices to conclude that the map on the homotopy limits is a Zariski-local weak equivalence. □

Remark 6.2.3. One could also attempt a more direct definition of τ^{X̂}_ϵ (D) by just using our definition in the smooth case i : W → X and replacing the smooth W with the normal crossing scheme D, in other words, the co-presheaf on D_{Zar} D \ F → Δ̂^∗_{X\F,D\F} .

Labeling this choice τ^{X̂}_ϵ (D)_{naive}, and considering τ^{X̂}_ϵ (D)_{naive} as a constant diagram, we have the evident map of diagrams

ϕ : τ^{X̂}_ϵ (D) → τ^{X̂}_ϵ (D)_{naive} We were unable to determine if ϕ induces a weak equivalence after evaulation on E ∈ Spt(k), even assuming that E is homotopy invariant and satisfies Nisnevich excision. We were also unable to construct such an E for which ϕ fails to be a weak equivalence. □

6.3. The punctured tubular neighborhood. To define the punctured tubular neighborhood τ^{X̂}_ϵ (D)^0, we proceed as follows: Fix a subset I ⊂ {1, . . . , m}, I ≠ ∅. Let p : X^′ → X, s : D_I → X^′ be a Nisnevich neighborhood of D_I in X, and let D_X ′ = p^{−1}(D). Sending X^′ → X to Δ^n_{DX′} gives us the pro-scheme Δ̂^n_{D⊂X,DI} , and the closed immersion Δ̂^n_{D⊂X,DI} → Δ̂^n_{X,DI} . Varying n, we have the cosimplicial pro-scheme Δ̂^∗_{D⊂X,DI} , and the closed immersion Δ̂∗_{D⊂X,DI} → Δ̂∗_{X,DI} .

Take a closed subset F ⊂ D_I , and let U := D_I \ F . As in the definition of the punctured tubular neighborhood of a smooth closed subscheme in section 4.1, we pass to the appropriate cofinal subcategory of Nisnevich neighborhoods to show that the open complements Δ̂^n_{X\F,U} \ Δ̂^n_{D\F ⊂X\F,U} for varying n form a cosimplicial pro-scheme n → Δ̂^n_{X\F,U} \ Δ̂^n_{D\F ⊂X\F,U} .

Similarly, we set

τ^{X̂}_ϵ (D, D_I )^0(U) := Δ̂^∗_{X\F,U} \ Δ̂^∗_{D\F ⊂X\F,U} .

This forms the co-presheaf τ^{X̂}_ϵ (D, D_I )^0 on D_{IZar}. The open immersions ĵ_I (U)^n : Δ̂^n_{X\F,U} \ Δ̂^n_{D\F ⊂X\F,U} → Δ̂^n_{X\F,U}

define the map ĵ_I (U) : τ^{X̂}_ϵ (D, D_I )^0(U) → τ^{X̂}_ϵ (D_I )(U), giving the map of co-presheaves ĵ_I : τ^{X̂}_ϵ (D, D_I )^0 → τ^{X̂}_ϵ (D_I ).

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 93 For J ⊂ I, we have the map ι̂_{J,I} : Δ̂^∗_{X,DI} → Δ̂^∗_{X,DJ} and ι̂^{−1}_{J,I} (Δ̂^∗_{D⊂X,DJ} ) = Δ̂^∗_{D⊂X,DI} .

Thus we have the map ι̂^0_{J,I} : τ^{X̂}_ϵ (D, D_I )^0 → τ^{X̂}_ϵ (D, D_J )^0 and the diagram of co-presheaves on D_{Zar} (6.3.1) I → ι_{I∗}(τ^{X̂}_ϵ (D, D_I )^0) which we denote by τ^{X̂}_ϵ (D)^0. The maps ĵ_I define the map ĵ : τ^{X̂}_ϵ (D)^0 → τ^{X̂}_ϵ (D).

The projection maps π_I : τ^{X̂}_ϵ (D_I ) → X (where we consider X as the constant co-presheaf on D_{IZar}) restrict to maps π^0_I : τ^{X̂}_ϵ (D, D_I )^0 → X \D, which in turn induce the map π^0 : τ^{X̂}_ϵ (D)^0 → X \ D, where we consider X \ D the constant diagram of constant co-presheaves on D_{Zar}.

Definition 6.3.1. For E ∈ Spt(k), let E(τ^{X̂}_ϵ (D)^0) be the presheaf on D_{Zar}, E(τ^{X̂}_ϵ (D)^0) := holim

∅≠I⊂{1,...,m}

ι_{I∗}E(τ^{X̂}_ϵ (D, D_I )^0). □ The map ĵ defines the map of presheaves ĵ^∗ : E(τ^{X̂}_ϵ (D)) → E(τ^{X̂}_ϵ (D)^0).

We let E^{DZar} (τ^{X̂}_ϵ (D)) denote the homotopy fiber of ĵ^∗. Via the commutative diagram E(X \ F )

π^∗ �

j^∗ �

E(X \ D)

π^{0∗} � E(τ^{X̂}_ϵ (D))(D \ F )_{ĵ∗} � E(τ^{X̂}_ϵ (D))^0(D \ F ) we have the canonical map π^∗_D : E^{DZar} (X) → E^{DZar} (τ^{X̂}_ϵ (D)).

We want to show that the map π^∗_D is a weak equivalence, assuming that E is homotopy invariant and satisfies Nisnevich excision. We first consider a simpler situation. We begin by noting the following Lemma 6.3.2. Let □^n_0 denote the category of non-empty subsets of {1, . . . , n} with maps the inclusions, let C be a small category and let F : C × □^n_0 → Spt^{Ordop} be a functor. Let holim_□n_0 F : C → Spt^{Ordop} be the functor with

Documenta Mathematica 12 (2007) 71–146

94 Marc Levine

value the simplicial spectrum m → holim_□n_0 F (i × [m]) at i ∈ C. There is a isomorphism Tot(holim_{□n0} F ) → holim_{□n0} Tot(F ).

in HSpt(C^{op}).

Proof. Letting □^n be the category of all subsets of {1, . . . , n} (including the empty set), we may extend F to F ∗ : □^n → Spt(Ord^{op}) by F ∗ (∅) = 0. Similarly, given a functor G : □^n → Spt, we may extend G to G_♮ : □^{n+1}_0 → Spt by G_♮(I) = 0, G_♮(I ∪ {n + 1}) = G(I) for I ⊂ {1, . . . , n}. We define the iterated homotopy fiber of G, fib_nG ∈ Spt, by hofib_n(G) := holim_{□n+1} 0 G_♮.

One easily checks that for a map g : A → B of spectra, considered in the evident manner as a functor g_1 : □^1 → Spt, we have hofibg = hofib_1g_1. More generally, if we let i_−, i_+ : □^{n−1} → □^n be the inclusions i_−(I) := I, i_+(I) := I ∪ {n} we have the evident natural transformation ω : i_− → i_+ and for G : □^n → Spt a functor, we have a natural isomorphism

hofib(hofib_{n−1}G ∘ i_−^{hofibn−1G(ω)}

−−−−−−−−−→ hofib_{n−1}G ∘ i_+) ∼= hofib_nG, hence the name iterated homotopy fiber. Finally, one has the natural isomorphism hofib_nG∗ ∼= Ω holim_{□n0} G

for G : □^n_0 → Spt.

Since Tot is compatible with suspension we may replace our original functor F with ΣF ∼= Ω^{−1}F ; using induction on n, it suffices to show that there is a natural isomorphism in HSpt(C^{op}) Tot(hofibF ) → hofibTot(F )

for F : A → B a map in Spt^{C×Ordop} .

For this, note that for f : X → Y a map of spectra, there is a natural weak equivalence a(f) : Σhofibf → hocofibf Since Tot commutes with suspension and preserves weak equivalences, it suffices to define a natural weak equivalence Tot(hocofibf) → hocofib(Totf).

In fact, since Tot preserves cofiber squares and is compatible with the wedge action of pointed simplicial sets on Spt^{Ordop} and Spt, there is a natural isomorphism Tot(hocofibf) → hocofib(Totf), completing the proof. □

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 95

This lemma allows us to define a simplicial model for E^{DZar} (τ^{X̂}_ϵ (D)), induced by the cosimplicial structure on the co-presheaves τ^{X̂}_ϵ (D_I ) and τ^{X̂}_ϵ (D_I )^0. In fact, let E(τ^{X̂}_ϵ (D))_n := holim_{I≠∅} ι_{I∗}E(Δ̂^n_{X̂,DIZar} )

E(τ^{X̂}_ϵ (D)^0)_n := holim_{I≠∅} ι_{I∗}E(Δ̂^n_{X̂,DIZar} \ Δ̂^n_{D⊂X,DIZar} )

and set

E^{DZar} (τ^{X̂}_ϵ (D))_n := hofib(ĵ^∗_n : E(τ^{X̂}_ϵ (D))_n → E(τ^{X̂}_ϵ (D)^0)_n).

It follows from lemma 6.3.2 that E(τ^{X̂}_ϵ (D)), E(τ^{X̂}_ϵ (D)^0) and E^{DZar} (τ^{X̂}_ϵ (D)) are isomorphic in the homotopy category to the total presheaves of spectra associated to the simplical presheaves n → E(τ^{X̂}_ϵ (D))_n n → E(τ^{X̂}_ϵ (D)^0)_n n → E^{DZar} (τ^{X̂}_ϵ (D))_n respectively. The map π^∗_D is defined by considering E^{DZar} (X) as a constant simplicial object. Let π^∗_{D,0} : E^{DZar} (X) → E^{DZar} (τ^{X̂}_ϵ (D))_0 be the map of E^{DZar} (X) to the 0-simplices of E^{DZar} (τ^{X̂}_ϵ (D)). Proposition 6.3.3. Suppose that E satisfies Nisnevich excision and D is a strict normal crossing subscheme of X. Then π^∗_{D,0} is a weak equivalence. Before we give the proof of this result, we prove two preliminary lemmas. Lemma 6.3.4. Let x be a point on a finite type k-scheme X, let Y = Spec O_{X,x} and Z and W be closed subschemes of Y . Then Ŷ^h_Z ×_Y W ∼= Ŵ^h_{Z∩W} . Proof. Since Y and W are local, the pro-schemes Ŷ^h_Z and Ŵ_{Z∩W} are represented by local Y -schemes. If Y^′ → Y, s : Z → Y^′ is a Nisnevich neighborhood of Z in Y , and i : Z ∩ W → W is the inclusion, then Y^′ ×_Y W → W , (s_{|Z∩W} , i) : Z ∩ W → Y^′ ×_Y W is a Nisnevich neighborhood of Z ∩ W in W , giving us the W -morphism f : Ŵ^h_{Z∩W} → Ŷ^h_Z ×_Y W.

As W is local, we have a co-final family in the category of all finite type étale morphisms W^′ → W of the form W^′ = Spec (O_W [T ]/F )_G, i.e., the localization of O_W [T ]/F with respect to some G ∈ O[T ], where (∂F/∂T, F ) is the unit ideal in O_W [T ]_G. Those W^′ → W of this form which give a Nisnevich neighborhood of Z ∩ W are those for which F contains a linear factor, modulo the ideal I_{Z∩W} of Z ∩ W . Each such pair (F, G) lifts to a pair (F̃ , G̃) of elements in O_Y [T ]

Documenta Mathematica 12 (2007) 71–146

96 Marc Levine

such that Spec (O_Y [T ]/F̃ )_{G̃} → Y is étale, and such that the linear factor in F mod I_{Z∩W} lifts to a linear factor of F̃ mod I_Z . This easily implies that f is an isomorphism. □

Let i : W → Y be a closed immersion of finite type k-schemes, E ∈ Spt(Y_{Zar}). Define the functor i^! : Spt(Y_{Zar}) → Spt(W_{Zar}) by (i^!E)(W \ F ) := hofib(E(Y \ F ) → E(Y \ W )) for each F ⊂ W closed.

For each I ⊂ {1, . . . , m}, let ι_I : D_I → D be the inclusion. For J ⊂ I, and F ⊂ D closed, the diagram of restriction maps

E(D \ (D_I ∩ F )) � � E(D \ D_I ) � E(D \ (D_J ∩ F )) � E(D \ D_J )

gives the map ι_{I∗}ι^!_I E → ι_{J∗}ι^!_J E

Lemma 6.3.5. Suppose E ∈ Spt(D_{Zar}) is satisfies Zariski excision. Then the evident map hocolim

I∈□^{nop}_0

ι_{I∗}ι^!_I E → E

is a pointwise weak equivalence.

Proof. Suppose temporarily that D is an arbitrary finite type k-scheme, written as a union of two closed subschemes: D = D^1 ∪D^2, and take an E ∈ Spt(D_{Zar}) which is additive. Let D^{12} := D^1∩D^2, with inclusions ι^j : D^j → D, ι^{12} : D^{12} → D, ι^{j,12} : D^{12} → D^j . We have the natural map

hocolim

� � � � � ι_{12∗}ι^{!12}E^ι

1,12 ∗ � ι^{2,12}_∗ � ι^1_∗ι^{1!}E

ι^2_∗ι^{2!}E

� � � � � α−→ E

We first show that α is a pointwise weak equivalence. It suffices to show that α is a weak equivalence on global sections, equivalently, that the diagram

E^{D12} (D) � � E^{D1} (D) � E^{D2} (D) � E(D)

is homotopy cocartesian.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 97

The homotopy cofiber of E^{D1} (D) → E(D) is homotopy equivalence to E(D \ D^1) and the homotopy cofiber of E^{D12} (D) → E^{D2} (D) is homotopy equivalent to E^{D2\D12} (D \ D^{12}). Since

D \ D^{12} = D^1 \ D^{12} ∐ D^2 \ D^{12}

and E is additive, the map on the homotopy cofibers is a weak equivalence, as desired.

The proof of the lemma now follows easily by induction on the number m of irreducible components of D = ∪^m_{i=1}D_i. Indeed, write D = D^1 ∪D^2, with D^1 = D_1 and D^2 = ∪^m_{i=2}D_i. Note that the Zariski excision property is preserved by the functor i^! and that a presheaf that satisfies Zariski excision is additive. By induction the maps

hocolim

∅≠I⊂{2,...,m}

ι_{I∗}ι^!_I E → ι^2_∗ι^{2!}E

hocolim

{1}�I⊂{1,...,m}

ι_{I∗}ι^!_I E → ι^{12}_∗ ι^{12!}E

are pointwise weak equivalences. Thus the map

hocolim

I∈□^{nop}_0

ι_{I∗}ι^!_I E → hocolim

� � � � � � ι_{12∗}ι^{!12}E^ι

1,12 ∗ � ι^{2,12}_∗ � ι^1_∗ι^{1!}E

ι^2_∗ι^{2!}E

� � � � � �

is a pointwise weak equivalence; combined with our previous computation, this proves the lemma. □

Proof of proposition 6.3.3. Write D as a sum, D =

�_m i=1 D_i with each D_i smooth (but not necessarily irreducible), and with m minimal. We proceed by induction on m.

For m = 1, Nisnevich excision implies that the natural map

E^{DZar} (X) → E^{DZar} (X̂^h_D)

is a weak equivalence in Spt(D_{Zar}). Since D is smooth, the map E^{DZar} (X̂^h_D) → E^{DZar} (τ^{X̂}_ϵ (D))_0 is an isomorphism, which proves the result in this case. By lemma 6.3.5 it suffices to show that ι^!_I (π^∗_{D,0}) is a weak equivalence for all I. More generally, let ι_{I,J} : D_I → D_J be the inclusion for I ⊂ J. If E satisfies Zariski excision on D_{Zar}, the same holds for ι^!_I E on D_{I,Zar} and there is a natural weak equivalence ι^!_{J,I} (ι^!_I E) → ι^!_J E

Thus it suffices to show that ι^!_i(π^∗_{D,0}) is a weak equivalence for all i ∈ {1, . . . , m}, e.g., for i = m. In what follows, we will only apply ι^!_I to presheaves E which satisfy Zariski excision, which suffices for the proof.

Documenta Mathematica 12 (2007) 71–146

98 Marc Levine

We use the following notation: for W ⊂ D_I a closed subset, we let E^{WZar} (X) denote the presheaf on D_I E^{WZar} (X)(D_I \ F ) := E^{W \F} (X \ F ).

We use the same notation for the presheaf D \ F → E^{W \F} (X \ F ) on D_{Zar}, relying on the context to make the meaning clear. Clearly ι^!_mι_{m∗}E^{DmZar} (X) → E^{DmZar} (X) is a weak equivalence and the map E^{DmZar} (X) → E^{DZar} (X) induces a weak equivalence ι^!_mE^{DmZar} (X) → ι^!_mE^{DZar} (X), so we need to show that

E^{DmZar} (X) → ι^!_mE^{DZar} (τ^{X̂}_ϵ (D))_0 = ι^!_m(holim_{I≠∅} E^{X̂DI ×X DZar} (X̂_{DI} )

is a weak equivalence.

For this, we decompose the set of non-empty I ⊂ {1, . . . , m} into three sets:

1. I = {m}, 2. I with m ∉ I, 3. I with {m} � I. Let E_1 := ι^!_mE^{X̂ hD}m^{×X DZar} (X̂^h_{Dm} ) E_2 := holim_{m∉I} ι^!_mE^{X̂ hD}I^{×X DZar} (X̂^h_{DI} )

E_3 := holim

{m}�I

ι^!_mE^{X̂ hD}I^{×X DZar} (X̂^h_{DI} )

We thus have the isomorphism

ι^!_m � holim_{I≠∅} E^{X̂ hD}I^{×X DZar} (X̂^h_{DI} ) � ∼= holim � � � � � E_1 � E_2 � E_3

� � � � �

For I of type 2, lemma 6.3.4 says that the natural map X̂^h_{DI∪{m}} ×_X D_m → X̂^h_{DI} ×_X D_m is an isomorphism. Since the restriction map ι^!_mE^{X̂ hD}I^{×X DZar} (X̂^h_{DI} ) → ι^!_mE^{X̂ hDI∪{m} ×X DZar} (X̂^h_{DI∪{m}} ) identifies itself with the pull-back E^{X̂ hD}I^{×X DmZar} (X̂^h_{DI} ) → E^{X̂ hDI∪{m} ×X DmZar} (X̂^h_{DI∪{m}} )

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 99

the Nisnevich excision property of E implies that E_2 → E_3 is a weak equivalence. Thus

E_1 → holim � � � � E_1 � E_2 � E_3

� � � � is a weak equivalence, and

E^{DmZar} (X) → ι^!_mE^{DZar} (τ^{X̂}_ϵ (D))_0 = ι^!_m � holim_{I≠∅} E^{X̂ hD}I^{×X DZar} (X̂^h_{DI} ) �

is identified with

E^{DmZar} (X) → ι^!_mE^{X̂ hDm ×X DZar} (X̂^h_{Dm} ) = E^{X̂ hDm ×X DmZar} (X̂^h_{Dm} ), which is a weak equivalence by Nisnevich excision. □ Proposition 6.3.6. Suppose that E is homotopy invariant and satisfies Nisnevich excision, and D is a strict normal crossing subscheme of X. Then π^∗_D : E^{DZar} (X) → E^{DZar} (τ^{X̂}_ϵ (D)) is a weak equivalence in Spt(D_{Zar}).

Proof. Let p_n : Δ^n_D → D be the projection. Applying Proposition 6.3.3 to the strict normal crossing subscheme Δ^n_D of Δ^n_X , the map π_Δn_{D ,0} : p_{n∗}E^{ΔnD}Zar (Δ^n_X ) → p_{n∗}E^{ΔnD}Zar (τ^{dΔnX}ϵ (Δ^n_D))_0 is a weak equivalence for each n. Thus π_Δ∗_D : p_∗E^{Δ∗D}Zar (Δ^∗_X ) → E^{DZar} (τ^{X̂}_ϵ (D)) is a weak equivalence. Indeed, E^{DZar} (τ^{X̂}_ϵ (D) is a simplicial object with nsimplices p_{n∗}E^{ΔnD}Zar (τ^{dΔnX}_ϵ (Δ^n_D))_0. Since E is homotopy invariant, the map p^∗ : E^{DZar} (X) → p_∗E^{Δ∗D}Zar (Δ^∗_X ) is a weak equivalence, whence the result. □ We can now state and prove the main result for strict normal crossing schemes. Theorem 6.3.7. Let D be a strict normal crossing scheme on some X ∈ Sm/k and take E ∈ Spt(k) which is homotopy invariant and satisfies Nisnevich excision. Then there is a natural distinguished triangle in HSpt(D_{Zar}) E^{DZar} (X)^{αD}−−→ E(D_•)^{βD}−−→ E(τ^{X̂}_ϵ (D)^0) Proof. By proposition 6.3.6, we have the weak equivalence π^∗_D : E^{DZar} (X) → E^{DZar} (τ^{X̂}_ϵ (D)).

By Proposition 6.2.2, we have the isomorphism (p^∗_•)^{−1}î^∗_D : E(τ^{X̂}_ϵ (D)) → E(D_•).

Documenta Mathematica 12 (2007) 71–146

100 Marc Levine

in HSpt(D_{Zar}). Since E^D(τ^{X̂}_ϵ (D)) is by definition the homotopy fiber of the restriction map E(τ^{X̂}_ϵ (D)) → E(τ^{X̂}_ϵ (D)^0), the result is proved. □

7. Comparison isomorphisms

We give a comparison of our tubular neighborhood construction with the categorical version Li^∗Rj_∗ of Morel-Voevodsky.

7.1. Model structure and cross functors. Fix a noetherian separated scheme S of finite Krull dimension, and let Sch_S denote the category of finite type S-schemes (for our application, we will take S = Spec k for a field k). Morel-Voevodsky show how to make the catgory SH_A1 (X) functorial in X ∈ Sch_S , defining an adjoint pair of exact functors Lf^∗, Rf_∗ for each morphism f : Y → X in Sch_S . Roendigs shows in [39] how to achieve this on the model category level and in addition that this structure extends to give cross functors (f_∗, f^∗, f^!, f_!) as defined by Voevodsky and investigated in detail by Ayoub [3]. We begin by describing the model structure used by Roendigs, which is different from the one we have used up to now, and recalling his main results. For B ∈ Sch_S , we denote by Spc_{∗mot}(Sm/B) the model structure on Spc_∗(Sm/B) described by Roendigs in [39]. To describe this model structure, we first recall the projective model structure Spc(Sm/B)_{proj} on Spc(Sm/B). Here the weak equivalences and fibrations are the pointwise ones and the cofibrations are generated by the maps

Z × ∂Δ^n → Z × Δ^n,

with Z ∈ Sm/B. This induces a model structure Spc_∗(Sm/B)_{proj} on Spc_∗(Sm/B) by forgetting/adjoing a base-point. One has a functorial cofibrant replacement E^c → E defined as in [34, Lemma 1.16]. The model structure Spc_{∗mot}(Sm/B) is defined by Bousfield localization: the cofibrations are the same as in Spc_∗(Sm/B)_{proj}. E is fibrant if E(∅) is contractible, E is a fibrant in Spc_∗(Sm/B)_{proj}, E transforms elementary Nisnevich squares to homotopy fiber squares and transforms Z ×A^1 → Z to a weak equivalence. A map A → B is a weak equivalence if Hom(B^c, E) → Hom(A^c, E) is a weak equivalence for each fibrant E. The fibrations in Spc_{∗mot}(Sm/B) are determined by having the right lifting property with respect to trivial cofibrations.

Let f : X → Y be a morphism in Sch_S . We have the functor

f_∗ : Spc_∗(Sm/X) → Spc_∗(Sm/Y )

defined by pre-composition with the pull-back functor − ×_Y X, i.e.

f_∗E(Y^′ → Y ) := E(Y^′ ×_Y X → X).

f_∗ has the left adjoint f^∗ defined as the Kan extension, and characterized by f^∗(Y^′_+) = Y^′ ×_Y X_+ for Y^′ → Y ∈ Sm/Y . In case f is a smooth morphism, f^∗ is given by precomposition with the functor

f ∘ − : Sm/X → Sm/Y,

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 101

and thus has the left adjoint f_♯ characterized by

f_♯(Z^p−→ X) = Z^{f p}−→ Y

on the representable presheaves. We have

Proposition 7.1.1 (proposition 2.18 of [39]). Let f : X → Y be a morphism in Sch_S . Then (f^∗, f_∗) is a Quillen adjoint pair Spc_{∗mot}(Sm/X) ↔ Spc_{∗mot}(Sm/Y ). If f is smooth, then (f_♯, f^∗) is a Quillen adjoint pair Spc_{∗mot}(Sm/Y ) ↔ Spc_{∗mot}(Sm/X).

For spectra, the projective model structure Spt_{mot}(Sm/B)_{proj} on Spt(Sm/B) is defined as follows: For ϕ : E → F a morphism in Spt(Sm/B), ϕ : E → F is a cofibration if ϕ_0 : E_0 → F_0 is a cofibration in Spc_{∗mot}(Sm/B) and if for each n ≥ 1, the map

ϕ_n ∪ Σϕ_{n−1} : E_n ∪_{ΣEn−1} ΣF_{n−1} → F_n is a cofibration in Spc_∗(Sm/B)_{proj}. Weak equivalences (resp. fibrations) are maps ϕ such that ϕ_n is a weak equivalence (resp. fibration) in Spc_{∗mot}(Sm/B) for all n. There is a functorial cofibrant replacement E^c → E. Now for the motivic model structure Spt_{mot}(Sm/B): The cofibrations are the same as in Spt_{mot}(Sm/B)_{proj}. ϕ is a fibration if ϕ_n is a fibration in Spc_{∗mot}(Sm/B) for all n and the diagram

E_n �

ϕ_n � ΩE_{n+1}

Ωϕ_{n+1} � F_n � ΩFn+1

is homotopy cartesian in Spc_{∗mot}(Sm/B) for all n. There is a fibrant replacement functor E → E^f ; ϕ : E → F is a weak equivalence if ϕ^f : E^f → F^f is a weak equivalence in Spt_{mot}(Sm/B)_{proj}.

Given f : X → Y in Sch_S , define the functors f_∗ : Spt(Sm/X) → Spt(Sm/Y ) and f^∗ : Spt(Sm/Y ) → Spt(Sm/X) by f_∗(E)_n := f_∗(E_n), f^∗(F )_n := f^∗(F_n). If f is smooth, we have f_♯ : Spt(Sm/X) → Spt(Sm/Y ) defined similarly by f_♯(E)_n := f_♯(E_n).

We have the following result from [39]:

Proposition 7.1.2 (proposition 2.23 of [39]). Let f : X → Y be a morphism in Sch_S . Then (f_∗, f^∗) is a Quillen adjoint pair Spt_{mot}(Sm/X) ↔ Spt(Sm/Y ). If f is smooth, then (f_♯, f^∗) is a Quillen adjoint pair Spt_{mot}(Sm/Y ) ↔ Spt_{mot}(Sm/X). In particular:

(1) f^∗ preserves cofibrations and trivial cofibration and f_∗ preserves fibrations and trivial fibrations.

(2) if f is smooth, then f^∗ preserves fibrations and f_♯ preserves cofibrations

It is clear that a cofibration in Spt_{mot}(Sm/X) is pointwise a cofibration in Spt, hence a cofibration in Spt_A1 (Sm/X_{Nis}). As mentioned in [39] a fibrant object in Spt_{mot}(Sm/X) satisfies both Nisnevich excision and is A^1-local, hence the

Documenta Mathematica 12 (2007) 71–146

102 Marc Levine

weak equivalences between fibrant objects in Spt_{mot}(Sm/X) are weak equivalences in Spt_A1 (Sm/X_{Nis}) and are in fact pointwise weak equivalences in Spt(Sm/X); similarly one shows that each fibration in Spt_A1 (Sm/X_{Nis}) is a fibration in Spt_{mot}(Sm/X) and each (trivial) cofibration in Spt_{mot}(Sm/X) is a (trivial) cofibration in Spt_A1 (Sm/X_{Nis}). Thus the identity on Spt(Sm/X) defines a (left) Quillen equivalence Spt_{mot}(Sm/X) → Spt_A1 (Sm/X_{Nis}). In particular, we have the equivalence of the homotopy categories

HSpt_A1 (Sm/X_{Nis}) ∼= HSpt_{mot}(Sm/X).

We write SH_A1 (X) for either HSpt_{mot}(Sm/X) or HSpt_A1 (Sm/X_{Nis}), depending on the context. One main result of [39] is

Theorem 7.1.3 ([39, corollary 3.17]). Sending f : Y → X in Sch_S to Lf^∗ : SH_A1 (X) → SH_A1 (X) satisfies the conditions of [3, definition 1.4.1]. In particular, the properties of a “2-foncteur homotopique stable” described in [3] are satisfied for X → SH_A1 (X).

Remark 7.1.4. Let i : D → X be a closed immersion in Sch_S with open complement j : U → X. We have the functor

Li^∗Rj_∗ : SH_A1 (X \ D) → SH_A1 (D),

We would like to view our construction E(τ^{X̂}_ϵ (D)^0) as a weak version of Li^∗Rj_∗, in case D is a normal crossing divisor on a smooth k scheme X, the input E is the pull-back from Spt(Sm/k), and the output E(τ^{X̂}_ϵ (D)^0) is in HSpt(D_{Zar}). In particular, E(τ^{X̂}_ϵ (D)^0) is only defined on Zariski open subsets of D, rather than on all of Sm/D. In this section, we make this statement precise, defining an isomorphism of E(τ^{X̂}_ϵ (D)^0) with the restriction of Li^∗Rj_∗(E) to HSpt(D_{Zar}). □

7.2. The smooth case. Let i : W → X be a closed immersion in Sch_S with open complement j : U → X. Let

Θ : Spt_{mot}(Sm/U) → Spt_{mot}(Sm/W )

be the functor representing Li^∗Rj_∗, i.e.

Θ(E) := i^∗(j_∗(E^f )^c)^f .

Remark 7.2.1. Even for E ∈ Spt_{mot}(Sm/U) bifibrant, one cannot simplify this expression for Li^∗Rj_∗E beyond replacing E^f with E. The inexplicit nature of the cofibrant and fibrant replacement functors make a concrete determination of Li^∗Rj_∗E difficult, which is one advantage of our approach using the punctured tubular neighborhood. □

Lemma 7.2.2. Let i : W → X be a closed immersion in Sch_S with open complement j : U → X.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 103

(1) For fibrant E ∈ Spt_{mot}(Sm/U) all the maps in the square

j_∗(E)^c � � Rj_∗(E)^c � j_∗(E) � Rj_∗(E)

are pointwise weak equivalences (2) Let X^′ → X be in Sm/X, let W^′ := W ×_X X^′. There is a canonical map ν^0_X ′ : Rj_∗(E)^c(X^′) → ΘE(W^′) natural in X^′.

Proof. (1) Since E is fibrant, the canonical map E → E^f is a trivial cofibration of fibrant objects in Spt_{mot}(Sm/U), hence a homotopy equivalence. Thus j_∗E → Rj_∗E := j_∗(E^f ) is a homotopy equivalence of fibrant objects in Spt_{mot}(Sm/X), hence a pointwise weak equivalence. Applying the cofibrant replacement functor, we see that (j_∗E)^c → (Rj_∗E)^c is also a homotopy equivalance and a pointwise weak equivalence. Also the cofibrant replacement maps (j_∗E)^c → j_∗E, (Rj_∗E)^c → Rj_∗E are trivial fibrations between fibrant objects of Spt_{mot}(Sm/X), hence are both pointwise weak equivalences. For (2), the unit id → i_∗i^∗ for the adjunction applied to (Rj_∗E)^c gives us the map ν^0_X ′ : (Rj_∗E)^c(X^′) → i_∗i^∗(Rj_∗E)^c(X^′) natural in X^′. As i_∗i^∗(Rj_∗E)^c(X^′) = i^∗(Rj_∗E)^c(W^′), we have the natural transformation ν^0_X ′ : (Rj_∗E)^c(X^′) → i^∗(Rj_∗E)^c(W^′) Composing with the canonical map i^∗(Rj_∗E)^c → (i^∗(Rj_∗E)^c)^f = Θ(E) gives us the map we want. □

For E ∈ Spt(Sm/B) or in Spt(B_{Nis}), we let E_{Zar} denote the restriction to Spt(B_{Zar}). Identifying SH_A1 (B) with the homotopy category of bifibrant objects in Spt_{mot}(Sm/B), we have the similarly defined restriction functor SH_A1 (B) → HSpt(B_{Zar}) sending E to E_{Zar}.

Let i : W → X be a closed immersion in Sm/k with open complement j : U → X. We note that the “evaluation” maps

E → E(τ^{X̂}_ϵ (W )), E → E(τ^{X̂}_ϵ (W )^0)

are in fact defined for E ∈ Spt(Sm/X). Similarly, the evaluation map E → E(τ^{X̂}_ϵ (W )^0) is defined for E ∈ Spt(Sm/U). In addition, for E ∈ Spt(Sm/U) we have a canonical isomorphism

(7.2.1) E(τ^{X̂}_ϵ (W )^0) ∼= (j_∗E)(τ^{X̂}_ϵ (W ))

since Δ̂^n_{X,W} \ Δ^n_W ∼= Δ̂^n_{X,W} ×_X U (as a pro-scheme).

Lemma 7.2.3. Let i : W → X be a closed immersion in Sm/k with open complement j : U → X, and let E ∈ Spt_{mot}(Sm/U) be fibrant.

Documenta Mathematica 12 (2007) 71–146

104 Marc Levine

(1) There is a map η^c_E : (Rj_∗E)^c(τ^{X̂}_ϵ (W )) → Θ(E)_{Zar} in HSpt(W_{Zar}), natural in E.

(2) Let j_∗(E)^c(τ^{X̂}_ϵ (W )) � � Rj_∗(E)^c(τ^{X̂}_ϵ (W )) � E(τ^{X̂}_ϵ (W )^0)_ϕ ∼ � j_∗(E)(τ^{X̂}_ϵ (W )) � Rj_∗(E)(τ^{X̂}_ϵ (W )) be the diagram in Spt(W_{Zar}) formed by evaluating the diagram of lemma 7.2.2(1) at τ^{X̂}_ϵ (W ), and adding the isomorphism (7.2.1). Then all the maps in this diagram are pointwise weak equivalences.

Proof. By lemma 7.2.2, we have maps η^0_X ′ : (Rj_∗E)^c(X^′) → Θ(E)(X^′ ×_X W ) natural in X^′ ∈ Sm/X. For each open subscheme U = D \ F ⊂ W , the maps η_{Δ̂}n_{X\F,U} define the map

η^0_Δ∗ (U) : (Rj_∗E)^c(τ^{X̂}_ϵ (W )(U)) → Θ(E)(Δ^∗_U ).

Since Θ(E) is A^1-local, the canonical map Θ(E)(U) → Θ(E)(Δ^∗_U ) is a weak equivalence. This gives us the natural map in HSpt(W_{Zar}) η^0 : (Rj_∗E)^c(τ^{X̂}_ϵ (W )) → Θ(E)_{Zar}, proving (1).

(2) follows immediately from lemma 7.2.2(1). □ Combining the morphism (1) with the diagram (2) gives us the canonical morphism in HSpt(W_{Zar}) η^0_E : E(τ^{X̂}_ϵ (W )^0) → Θ(E)_{Zar}.

Let i : D → X be a closed immersion in Sch_S . We have the exact functor i^! : SH_A1 (X) → SH_A1 (D) which is characterized by the identity for fibrant E ∈ Spt_{mot}(Sm/X):

i_∗i^!E(X^′ → X) := hofib(E(X^′) → E(X^′ ×_X (X \ D)).

In fact, this operation gives the distinguished triangle, natural in fibrant E ∈ Spt_{mot}(Sm/X):

Ri_∗i^!E → E → Rj_∗j^∗E → i_∗i^!E[1].

Applying Li^∗ (and noting that the counit Li^∗Ri_∗ → id is an isomorphism [3, definition 1.4.1]) gives the distinguished triangle in SH_A1 (D) (7.2.2) i^!E → Li^∗E → Θ(j^∗E) → i^!E[1]

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 105

We refer the reader to [3, proposition 1.4.9] for the construction of this triangle in the abstract setting.

Proposition 7.2.4. Let E ∈ Spt_{mot}(Sm/k) be fibrant, let f : X → Spec k be in Sm/k and let i : W → X be a closed immersion in Sm/k with open complement j : U → X. Then

η^0_E : E(τ^{X̂}_ϵ (W )^0) → Θ(j^∗f^∗E)_{Zar}

is an isomorphism in HSpt(W_{Zar}).

Proof. Let f_W : W → Spec k be the structure morphism. Since f and fi = f_W are smooth, we have Lf^∗ ∼= f^∗, f^∗_W ∼= L(fi)^∗ ∼= Li^∗f^∗, so Li^∗f^∗ is isomorphic to the restriction functor for f_W ∘− : Sm/W → Sm/k. The definition of i^! gives the commutative diagram for each X^′ → X in Sm/X (with W^′ := X^′ ×_X W )

E^{W ′} (X^′) �

ϕ_X′ � E(X^′)

η_X′ � i^!f^∗E(W^′) � Li^∗f^∗E(W^′) ∼ E(W^′)

where η_X ′ is just the restriction map E(X^′) → E(W^′) and ϕ_X ′ is the canonical isomorphism given by the definition of i^!. Using lemma 7.2.3, this gives us the map of distinguished triangles in SH

E^{W ′} (X^′) �

ϕ_X′ � E(X^′) �

η_X′ � E(X^′ \ W^′) �

η^0_{X′} � E^{W ′} (X^′)[1] � i^!f^∗E(W^′) � E(W^′) � Li^∗Rj∗j^∗f^∗E(W^′) � i^!f^∗E(W^′)[1]

Just as for η^0_E , these give rise to the natural map in HSpt(Sm/W_{Zar})

η_E : E(τ^{X̂}_ϵ (W )) → Li^∗f^∗E_{Zar}

and the commutative diagram in HSpt(W_{Zar})

E^{WZar} (X) � ϕ � E(τ^{X̂}_ϵ (W )) � η � E(τ^{X̂}_ϵ (W )^0) �

η^0 � E^{WZar} (X)[1] � i^!f^∗E_{Zar} � Li^∗f^∗EZar � Li^∗Rj∗j^∗f^∗EZar � i^!f^∗E_{Zar}[1]

The bottom row is the distinguished triangle (7.2.2) for f^∗E, restricted to W_{Zar}, and the top row is the distinguished triangle of corollary 4.1.3, after applying theorem 3.2.1. Similarly, theorem 3.2.1 shows that η is an isomorphism in HSpt(W_{Zar}). Since ϕ is an isomorphism in HSpt(W_{Zar}) η^0 is an isomorphism as well. □

Documenta Mathematica 12 (2007) 71–146

106 Marc Levine

7.3. The normal crossing case. We fix a reduced strict normal crossing divisor i : D → X on some X ∈ Sm/k. Write D =

�_m

i=1 D_i with the D_i smooth.

For X^′ → X in Sm/X, we write D^′ for X^′ ×_X D and D^′_I for X^′ ×_X D_I and for I ⊂ {1, . . . , m}. As in the previous section, we note that our definition of E(τ^{X̂}_ϵ (D)) extends without change to E ∈ Spt(Sm/X), and similarly, the construction of E(τ^{X̂}_ϵ (D)^0) extends without change to E ∈ Spt(Sm/X \ D). The extension of proposition 7.2.4 to the normal crossing case follows essentially the same outline as before, with some additional patching results for the operation Li^∗Rj_∗ that allow us give a description of Li^∗Rj_∗ as a homotopy limit, matching our definition of E(τ^{X̂}_ϵ (W )^0).

Lemma 7.3.1. Suppose that F ∈ Spt(Sm/D) satisfies Nisnevich excision. For I ⊂ {1, . . . , m}, I ≠ ∅, let F_I be the presheaf on Sm/X

F_I (X^′) := F (X̂^{′h}_D′_I ×_X D).

Then the canonical map i_∗F → holim_{I≠∅} F_I

is a weak equivalence in Spt(Sm/X).

Proof. Let {U_j → D^′ | j ∈ M} be a Nisnevich cover of D^′, with M a finite set. For J ⊂ M, set U_J := � j∈J U_j , where the product is ×_D′ . Since F satisfies Nisnevich excision, the canonical map F (D^′) → holim_{J≠∅} F (U_J )

is a weak equivalence. An argument similar to that of lemma 6.3.2 shows that one can replace the U_i with a pro-system of Nisnevich covers (with M fixed). Similarly, the Zariski stalk of holim_{I≠∅} F_I at x ∈ X^′ ∈ Sm/X is weakly equivalent to holim_{I≠∅} F (X̂^{′h}_{x,D}′_I ×_X D), where X^′_x = Spec O_X ′_{,x}. Thus we need only show that for X^′ → X smooth, with X^′ local, the schemes U_i := X̂^{′h}_D′_i ×_X D form a pro-Nisnevich cover of D^′, and that � i∈I U_i ∼= X̂^{′h}_D′_I ×_X D

for each non-empty I ⊂ {1, . . . , m}.

In fact the pro-schemes X̂^{′h}_D′_i ×_X D, i = 1, . . . , m, obvioiusly form a pro- Nisnevich cover of D^′; it follows from lemma 6.3.4 that for each I ⊂ {1, . . . , m}, I ≠ ∅, we have natural isomorphisms (where � is ×_X ′ ) � i∈I X̂^{′h}_{D′i} ∼= X̂^{′h}_{D′I} .

Thus (with the product over D^′) � i∈I X̂^{′h}_{D′i} ×_X D ∼= X̂^{′h}_{D′I} ×_X D. □ Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 107

Lemma 7.3.2. Let i : D → X be a strict normal crossing divisor on some f : X → Spec k in Sm/k, and let E ∈ Spt_{mot}(Sm/U) be fibrant. Then there is a canonical map in HSpt(D_{Zar}), η^0_E : E(τ^{X̂}_ϵ (W )^0) → Θ(E)_{Zar}, natural in E.

Proof. As in the smooth case, we construct η^0_E using lemmas 7.2.2 and 7.3.1. Indeed, let j : X \ D → X be the inclusion. Let Θ(E)_{IZar} denote the pull-back of Θ(E) to Spt(X̂^h_{DI} ×_X D_{Zar}). Let Θ(E)^∗_{IZar} be the presheaf Θ(E)^∗_{IZar}(U) := Θ(E)_{IZar}(Δ^∗_U ).

Similarly, let Θ(E)^∗_{Zar} denote the presheaf on D_{Zar} Θ(E)^∗_{Zar}(U) := Θ(E)(Δ^∗_U ) and let Θ(E)_{Zar} denote the restriction of Θ(E) to D_{Zar}. The construction of lemma 7.2.3 gives us the diagram of maps η̃^0_{E,I} : (Rj_∗E)^c(τ^{X̂}_ϵ (D_I )) → Θ(E)^∗_{IZar} and thus the map η̃^0_E : (Rj_∗E)^c(τ^{X̂}_ϵ (D)) → holim_{I≠∅} (I → Θ(E)^∗_{IZar}) By lemma 7.3.1 we have the canonical isomorphism in HSpt(D_{Zar}) holim_{I≠∅} (I → Θ(E)^∗_{IZar}) ∼= Θ(E)^∗_{Zar}.

Since Θ(E) is A^1-homotopy invariant, the canonical map Θ(E)_{Zar} → Θ(E)^∗_{Zar} is a pointwise weak equivalence, giving us the map in HSpt(D_{Zar}) η̃^0_E : (Rj_∗E)^c(τ^{X̂}_ϵ (D)) → Θ(E)_{Zar} Using the diagram of lemma 7.2.3, with W = D_I , and then taking the appropriate homotopy limit, we arrive at a canonical isomorphism in HSpt(D_{Zar}) (Rj_∗E)^c(τ^{X̂}_ϵ (D)) ∼= E(τ^{X̂}_ϵ (D)^0).

Combining η̃^0_E with this isomorphism gives us the desired map η^0_E . □ Lemma 7.3.3. Let i : W → X be a closed immersion in Sch_S . Suppose W is a union of closed subschemes, W = W_1 ∪ W_2. Let W_{12} := W_1 ∩ W_2 and let i_j : W_j → X, j = 1, 2, i_{12} : W_{12} → X be the inclusions. Then for E ∈ SH_A1 (Sm/X) there is a canonical homotopy cartesian diagram in SH_A1 (Sm/X) Ri_∗Li^∗E � � Ri_{1∗}Li^∗_1E � Ri_{2∗}Li^∗_2E � Ri_{12∗}L^∗_{12}E

Documenta Mathematica 12 (2007) 71–146

108 Marc Levine

Proof. Throughout the proof we use the canonical lifting of Li^∗, Ri_∗, etc., to functors on Spt_{mot}(Sm/−) by taking the appropriate cofibrant/fibrant replacement, but we use the same notation to denote these liftings. Let ι : W_1 → W be the inclusion. The unit id → Rι_∗Lι^∗ gives the map Li^∗E → Rι_∗Lι^∗Li^∗E ∼= Rι_∗Li^∗_1E in SH_A1 (Sm/W ); applying Ri_∗ gives the map Ri_∗Li^∗E → Ri_{1∗}Li^∗_1E. The other maps in the square are defined similarly; as the two compositions Ri_∗Li^∗E → Ri_{12∗}L^∗_{12}E are likewise defined by the adjoint property, these agree and the diagram commutes.

To show that the diagram is homotopy cartesian, let j : U → X be the complement of W , j_1 : U_1 → X the complement of W_1 and j^′ : U → U_1, i^′_2 : D_2 ∩ U_1 → U_1 the inclusions.

We have the distinguished triangles (see [3, Lemme 1.4.6]) Lj_!j^∗E → E → Ri_∗Li^∗E → Lj_!j^∗E[1] Lj_{1!}j^∗_1 E → E → Ri_{1∗}Li^∗_1E → Lj_{1!}j^∗_1 E[1] Lj^′_! j^∗E → j^∗_1 E → Ri^′_{2∗}Li^{′∗}_2 j^∗_1 E → Lj^′_! j^∗E[1] Applying Lj_{1!} to the last line gives us the distinguished triangle Lj_!j^∗E → Lj_{1!}j^∗_1 E → Lj_{1!}Ri^′_{2∗}Li^{′∗}_2 j^∗_1 E → Lj_!j^∗E[1] Thus we have the distinguished triangle

Lj_{1!}Ri^′_{2∗}Li^{′∗}_2 j^∗_1 E → Ri_∗Li^∗E → Ri_{1∗}Li^∗_1E → Lj_{1!}Ri^′_{2∗}Li^{′∗}_2 j^∗_1 E[1] The same argument applied to the complement j_2 : U_2 → X of W_2, the map j^{′′} : U_2 → U^{′′} := U \ W_{12}, j^′_1 : U^{′′} → X and the inclusion i^{′′}_2 : D_2 ∩ U_1 → U^{′′} gives the distinguished triangle

Lj^′_{1!}Ri^{′′}_{2∗}Li^{′′∗}_2 j^{′∗}_1 E → Ri_{2∗}Li^∗_2E → Ri_{12∗}Li^∗_{12}E → Lj^′_{1!}Ri^{′′}_{2∗}Li^{′′∗}_2 j^{′∗}_1 E[1] Since D_2 ∩ U_1 is closed in U_1 and in U^{′′}, the natural map Lj_{1!}Ri^′_{2∗}Li^{′∗}_2 j^∗_1 E → Lj^′_{1!}Ri^{′′}_{2∗}Li^{′′∗}_2 j^{′∗}_1 E is an isomorphism. This shows that the diagram is homotopy cartesian. □ Given a strict normal crossing divisor i : D → X, D =

�_m i=1 D_i, we have the inclusions ι_I : D_I → D, ι_{I,J} : D_J → D_I for I ⊂ J and i_I : D_I → X. For E ∈ Spt(Sm/X) we thus have the presheaves i^∗_I E ∈ Spt(Sm/D_I ). The isomorphism ι^∗_{I,J} i^∗_I E ∼= i^∗_J E gives us the canonical maps i^∗_I E → ι_{I,J∗}i^∗_J E; applying ι_{I∗} to this map gives us the natural maps α_{J,I} : ι_{I∗}i^∗_I E → ι_{J∗}i^∗_J E. For E ∈ Spt_{mot}(Sm/X), using the cofibrant replacement of E, we see that the same procedure gives us the functor I → ι_{I∗}(i^∗_I E^c)^f ∈ Spt(Sm/D) together with the natural map α : i^∗(E^c)^f → holim_{I≠∅} ι_{I∗}(i^∗_I E^c)^f .

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 109

Lemma 7.3.4. The map α is an isomorphism in SH_A1 (D).

Proof. As the co-unit Li^∗Ri_∗ → id is an isomorphism, Ri_∗ is faithful, so it suffices to show that Ri_∗(α) is an isomorphism in SH_A1 (X). This follows from lemma 7.3.3 and induction on m. □

Recall that for E ∈ Spt(Sm/k) and i : D → X a strict normal crossing divisor, D = �_m i=1 D_i, we have the presheaf E(D_{Zar}) on D_{Zar} defined by E(D_{Zar})(U) := holim_{I≠∅} E(D_I ∩ U).

Proposition 7.3.5. Let E ∈ Spt_{mot}(Sm/k) be fibrant, i : D → X a strict normal crossing divisor on X ∈ Sm/k, f : X → Spec k the structure morphism. Then we have a natural isomorphism in HSpt(D_{Zar})

E(D_{Zar}) ∼= Li^∗(f^∗E)_{Zar}

Proof. Let i_I : D_I → X be the inclusion, f_I : D_I → Spec k the structure morphism. By theorem 3.2.1, the canonical map

η_E : E(τ^{X̂}_ϵ (D_I )) → (f^∗_I E)_{Zar} ∼= Li^∗_I (f^∗E)_{Zar} is an isomorphism in HSpt(D_{IZar}). By lemma 7.3.4 the induced map on the holim gives the desired isomorphism. □

Theorem 7.3.6. Let i : D → X be a strict normal crossing divisor on f : X → Spec k in Sm/k, and let E be a fibrant object in Spt_A1 (Sm/k_{Nis}). Then the map η^0_E : E(τ^{X̂}_ϵ (D)^0) → Θ(f^∗E)_{Zar} = [Li^∗Rj_∗(f^∗E)]_{Zar} is an isomorphism in HSpt(D_{Zar}).

Proof. The proof is the same as the proof of proposition 7.2.4, using the distinguished triangle of theorem 6.3.7 together with the isomorphism of proposition 7.3.5 instead of the triangle of corollary 4.1.3. □

Remark 7.3.7. Fix a fibrant E ∈ Spt_{mot}(Sm/k). Let D^′ → D be in Sm/D and suppose we have an X^′ → X in Sm/X and a D-isomorphism D^′ ∼= X^′ ×_X D. Then we can replace i : D → X with i^′ : D^′ → X^′ and use theorem 7.3.6 to show that our tubular neighborhood construction gives the model E(τ^{X̂ ′}_ϵ (D^′)^0) for the restriction of Li^∗Rj_∗(f^∗E) to Sm/D^′_{Zar}.

If D and D^′ are affine, then the theorem of [2] gives the existence of an X^′ as above, so our result gives at least a “local” description of the entire presheaf Li^∗Rj_∗(f^∗E). □

8. Limit objects

Let p : X → C be a morphism in Sm/k, with C a smooth curve. Fix a k-point 0 ∈ C(k) and a parameter t ∈ O_{C,0}. Ayoub combines the functor Li^∗Rj_∗ with a cosimplicial version of the classical path space (i.e., the universal cover) construction to define the unipotent specialization functor sp : SH(X \ p^{−1}(0)) → SH(p^{−1}(0))

Documenta Mathematica 12 (2007) 71–146

110 Marc Levine

Replacing Li^∗Rj_∗ with the punctured tubular neighborhood, the same construction gives a model of this construction as a Zariski presheaf on X_0. In particular, we give a description of the “limiting values” lim_{t→0} E(X_t) for a semi-stable degeneration X → (C, 0). As we mentioned in the introduction, we expect that this construction, applied to a suitable version of the de Rham complex (with weight and Hodge filtrations) as in [4] would yield the classical limit mixed Hodge structure of a semi-stable degeneration.

Remark 8.0.8. In [3, chapter 3] Ayoub describes a general theory of specialization structures; we concentrate on the unipotent structure, which Ayoub denotes Υ, and describes in [3, §3.4]. □

8.1. Path spaces. Before defining the cosimplicial models for various path spaces and homotopy fibers, we recall some basic operations of simplicial sets on schemes. We let Spc_f denote the full subcategory of Spc consisting of simplicial sets S with S([n]) finite for each n. Let Y be a k-scheme. For a finite set S, let Y^S := � s∈S Y , with the product being over Spec k. This defines the contravariant functor S → Y^S from finite sets to k-schemes. In particular, for S ∈ Spc_f we have the cosimplicial scheme Y^S with Y^S ([n]) := Y^{S([n])}, giving the functor

Y^? : Spc^{op}_f → Sch^{Ord}_k .

Similarly, if T is a simplicial set, we have the cosimplicial-simplicial set (cosimplicial space) T^S and the functor

T^? : Spc^{op} → Spc^{Ord}.

Setting Y × S := ∐_{s∈S} Y , we have the functor S → Y × S from finite sets to k-schemes; if S is a simplicial set as above, we thus have the simplicial scheme Y × S, giving the functor

Y ×? : Spc_f → Sch^{Ordop}_k .

The adjunction

Hom_{Schk} (X × S, Y ) ∼= Hom_{Schk} (X, Y^S )

for S a finite set extends to S a simplicial set as above, giving the adjunction

Hom_{Sch}Ord^{op}_k (X × S, Y ) ∼= Hom_{Sch}Ord_k (X, Y^S )

where on the left, we consider Y as a constant simplicial scheme and on the right, X as a constant cosimplicial scheme. This is an analog of the adjunction for spaces

Hom_{Spc}(A × S, T ) ∼= Hom_{Spc}Ord^{op} (A × S, T ) ∼= Hom_{Spc}Ord (A, T^S )

where the first isomorphism is the well-known identity relating maps of bisimplicial sets with maps of the corresponding diagonal simplicial sets. For E ∈ Spc(k) and Y a simplicial object in Sm/k, we have the cosimplicial space E(Y ) with n cosimplices E(Y ([n])). For s an element of a finite set S,

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 111

and a scheme Y ∈ Sm/k, we have the inclusion i_s : Y = Y × s → Y × S; the inclusions i_s : Y → Y × S, s ∈ S induce the canonical natural map

E(Y × S) → E(Y )^S

which is an isomorphism if E is additive: E(Y ∐Y^′) ∼= E(Y )×E(Y^′). This isomorphsim extends immediately to finite simplicial sets S ∈ Spc_f and additive E. Examples 8.1.1. (1) For a k-scheme Y , the free path space P_Y on Y is Y^{[0,1]}, where [0, 1] is just the 1-simplex Δ[1] := Hom_{Ord}(−, [1]). Explicitly, P_Y has n-cosimplices Y^{n+2}, with structure maps as follows: Label the factors in Y^{n+2} from 0 to n + 1. Send δ^n_i : [n] → [n + 1] to the diagonal

(y_0, . . . , y_{n+1}) → (y_0, . . . , y_{i−1}, y_i, y_i, y_{i+1}, . . . , y_{n+1})

and send s^n_i : [n] → [n − 1] to the projection

(y_0, . . . , y_{n+1}) → (y_0, . . . , y_{i−1}, y_{i+1}, . . . , y_{n+1}).

The inclusion {0, 1} → [0, 1] gives rise to the projection Y^{[0,1]} → Y^{{0,1}}, i.e. π : P_Y → Y ×_k Y ; we thus have two structures of a cosimplicial Y -scheme on P_Y : π_1 : P_Y → Y and π_2 : P_Y → Y , with π_i := p_i ∘ π.

(2) For a pointed k-scheme (Y, y : Spec k → Y ), we have the pointed path space P_Y (y) := P_Y ×_{(π2,y)} Spec k.

(3) Now let p : Y → Y be a Y -scheme,, y : Spec k → Y a point. We have the cosimplicial homotopy fiber of p over y:

P_{Y/Y} (y) := Y ×_{(p,π1)} P_Y (y)

We extend this definition to cosimplicial Y -schemes in the evident manner: if Y^• → Y is a cosimplicial Y -scheme, we have the bi-cosimplicial Y -scheme P_Y •_{/Y} (y); the extension to functors from some small category to cosimplicial Y -schemes is done in the same way. □

Denoting the pointed k-scheme (Y, y) by Y_∗, we sometimes write P_{Y∗} for P_Y (y) and P_Y •_{/Y∗} for P_Y •_{/Y} (y). For E ∈ Spt(k), we have the simplicial spectrum E(P_{Y/Y∗} ).

The pointed path space P_Y (y) is contractible in the following sense:

Lemma 8.1.2. Let (Y, y) be a pointed smooth k-scheme, U a smooth k-scheme. Then for E ∈ Spt(k), the projection U ×P_Y (y) → U induces a weak equivalence E(U) → E(U × P_Y (y)).

Proof. To prove the lemma, it suffices to show that, for E ∈ Spc(k), the projection U × P_Y (y) → U induces a homotopy equivalence

E(U) → E(U × P_Y (y)).

We first show that U × P_Y (y) → U induces a homotopy equivalance of cosimplicial schemes.

Documenta Mathematica 12 (2007) 71–146

112 Marc Levine

The projection [0, 1] → pt gives the map of cosimplicial schemes s : Y = Y^{pt} → Y^{[0,1]}; composing with the k-point y → Y gives the point s_y : Spec k → Y^{[0,1]} and thus the section (y, s_y) : Spec k → P_Y (y) to the projection P_Y (y) → Spec k. This induces the section s_U : U → U × P_Y (y) to the projection p_U : U × P_Y (y) → U.

We proceed to construct a homotopy between p_U ∘ s_U and the identity on U × P_Y (y); it suffices to construct the homotopy for U = Spec k. For this, let σ : Y^{[0,1]} → Y^{[0,1]} be the map induced by the map of simplicial sets [0, 1] → [0, 1] sending [0, 1] to 1. Then p_{Spec k} ∘ s_{Spec k} : P_Y (y) → P_Y (y) is the map (id_{Spec k}, σ).

Let p_0, p_1 : Y^{[0,1]×[0,1]} → Y^{[0,1]} be the maps induced by the inclusions i_0, i_1 : [0, 1] → [0, 1]×[0, 1], i_0(x) = x×0, i_1(x) = x×1, and let π : Y → Y^{[0,1]×[0,1]} be the map induced by [0, 1]×[0, 1] → pt. Let h : ([0, 1]×[0, 1], 1×[0, 1]) → ([0, 1], 1) be any map of pairs of simplicial sets which is the identity on [0, 1] × 0 and the map to 1 ∈ [0, 1] on [0, 1] × 1. Then h defines a map

H : Y^{[0,1]} → Y^{[0,1]×[0,1]}

with

p_0 ∘ H = id_Y [0,1] p_1 ∘ H = σ H ∘ s = π.

From these identities, it follows that (H, id_y) induces a co-homotopy

H_y : P_Y (y) → P_Y (y)^{[0,1]}

with p_0 ∘ H_y = id, p_1 ∘ H_y = p_{Spec k} ∘ s_{Spec k}. Taking the adjoint of H_y, we have the homotopy

h_y : P_Y (y) × [0, 1] → P_Y (y); h_y ∘ i_0 = id, h_y ∘ i_1 = p_{Spec k} ∘ s_{Spec k},

where P_Y (y) × [0, 1] and P_Y (y) are to be considered as cosimplicial-simplicial schemes, with P_Y (y) constant in the simplicial direction. Applying E to id_U × h_y and composing with the canonical map

E(U × P_Y (y) × [0, 1]) → E(U × P_Y (y))^{[0,1]}

gives us the co-homotopy

E(id_U × h_y) : E(U × P_Y (y)) → E(U × P_Y (y))^{[0,1]}

between the identity and E(p_U ∘ s_U ). Thus E(U) → E(U × P_Y (y)) is a homotopy equivalence, as desired. □

8.2. Limit structures. For our purposes, a semi-stable degeneration need not be proper, so even if this is somewhat non-standard terminology, we use the following definition:

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 113

Definition 8.2.1. A semi-stable degeneration is a flat morphism p : X → (C, 0), where (C, 0) is a smooth pointed local curve over k, C = Spec O_{C,0}, X is a smooth irreducible k-scheme, p is smooth over C \ 0 and X_0 := p^{−1}(0) is a reduced strict normal crossing divisor on X . □

For the rest of this section, we fix a semi-stable degeneration X → (C, 0). We denote the open complement of X_0 in X by X^0. We write G_m for the pointed k-scheme (A^1_k \ {0}, 1).

Fix a uniformizing parameter t ∈ O_{C,0}, giving the morphism t : (C, 0) → (A^1_k, 0), which restricts to t : C \0 → G_m. Let p[t] : X → A^1 be the composition t ∘ p, and let p[t]^0 : X^0 → G_m be the restriction of p[t]. Composing p[t] with the canonical morphism τ^{X̂}_ϵ (X_0)^0 → X^0 yields the map

p̂[t]^0 : τ^{X̂}_ϵ (X_0)^0 → G_m.

Let X^1_0 , . . . , X^m_0 be the irreducible components of X_0. Recalling the construction of τ^{X̂}_ϵ (X_0)^0 as a diagram (see (6.3.1)), let us denote, for I ⊂ {1, . . . , m}, the co-presheaf ι_{I∗}(τ^{X̂}_ϵ (X_{0I} )^0) by τ^{X̂}_ϵ (X_0)^0_I . The map p̂[t]^0 makes τ^{X̂}_ϵ (X_0)^0 into a diagram of co-presheaves (on X_{0Zar}) of cosimplicial pro-schemes over G_m. We thus have the diagram of cosimplicial co-presheaves on X_{0Zar}: I → P_τ^_{Xϵ (X0 )}0_{I /Gm} .

We denote this diagram by (8.2.1) lim_{t→0} X_t.

Now let E be in Spt(k). For each I ⊂ {1, . . . , m}, we have the presheaf of bisimplicial spectra on X_{0Zar}, E(P_τ^_{Xϵ (X0 )}0_{I /Gm} ), giving us the functor

I → Ẽ(P_τ^_{Xϵ (X0 )}0_{I /Gm} ).

where ~ means fibrant model. Taking the homotopy limit over I of the associated diagram of presheaves of total spectra gives us the fibrant presheaf of spectra E(lim_{t→0} X_t) := holim_{I≠∅} TotẼ(P_τ^_{Xϵ (X0 )}0_{I /Gm} ).

Taking the global sections gives us the spectrum E(lim_{t→0} X_t)(X_0), which we denote by lim_{t→0} E(X_t).

Remark 8.2.2. Suppose E ∈ Spt(k) is homotopy invariant and satisfies Nisnevich excision. We can form the homotopy limit Ē(lim_{t→0} X_t) of the diagram of presheaves I → E(P_τ^_{Xϵ (X0 )}0_{I /Gm} ).

Since E is quasi-fibrant (see remark 2.3.2) the map

E(P_τ^_{Xϵ (X0 )}0_{I /Gm} ) → Ẽ(P_τ^_{Xϵ (X0 )}0_{I /Gm} )

is a pointwise weak equivalence, hence the map Ē(lim_{t→0} X_t) → E(lim_{t→0} X_t) is a pointwise weak equivalence. In particular, Ē(lim_{t→0} X_t)(X)_0) →

Documenta Mathematica 12 (2007) 71–146

114 Marc Levine

lim_{t→0} E(X_t) is a weak equivalence. In short, if E is homotopy invariant and satisfies Nisnevich excision, then it is not necessary to take the fibrant model Ẽ in the construction of E(lim_{t→0} X_t) or lim_{t→0} E(X_t). □

We remind the reader of the presheaves E(X_{0•}) and E(Δ_{X0 •}) on X_{0Zar} described in definition 6.2.1.

Proposition 8.2.3. Suppose E is homotopy invariant and satisfies Nisnevich excision. Then (1) There is a canonical map in HSpt(X_{0Zar}): E(X_{0•})^{γX}−−→ E(lim_{t→0} X_t).

(2) If X_0 is smooth, then E(X_{0•}) = E(X_{0Zar}) and γ_X is an isomorphism. Proof. We have the maps

E(X_{0•})^{p∗•}−→ E(Δ^∗_{X0•} )^{ι̂∗}←− E(τ^{X̂}_ϵ (X_0)).

which by proposition 6.2.2 are Zariski-local weak equivalences. Similarly, we have the diagram of open immersions ĵ : τ^{X̂}_ϵ (X_0)^0 → τ^{X̂}_ϵ (X_0) inducing ĵ^∗ : E(τ^{X̂}_ϵ (X_0)) → E(τ^{X̂}_ϵ (X_0)^0).

Thus we have the map p^∗_0 : E(X_{0•}) → E(τ^{X̂}_ϵ (X_0)^0);

p^∗_0 := ĵ^∗(ι̂^∗)^{−1}p^∗_•.

Similarly, we have the projection P_τ^_{Xϵ (X0 )0/Gm} → τ^{X̂}_ϵ (X_0)^0, giving the map q^∗ : E(τ^{X̂}_ϵ (X_0)^0) → E(P_τ^_{Xϵ (X0 )0/Gm} );

we set γ_X := q^∗ ∘ p^∗.

For (2), the diagram X_• is just the identity copresheaf X_{0Zar}, hence E(X_{0•}) = E(X_{0Zar}). To show γ_X is an isomorphism, fix a point x ∈ X_0. There is a Zariski neighborhood U of x in X_0 and a Nisnevich neighborhood X^′ → X of U in X which is isomorphic to a Nisnevich neighborhood of U in U × A^1. Thus it suffices to prove the result in the case X = X_0 × A^1, (C, 0) = (A^1, 0) and p = p_2 : X → A^1.

For each smooth k-scheme T , it follows from homotopy invariance and theorem 3.2.1 that the canonical map p : τ^{^X0 ×A1}_ϵ (X_0 × 0) → X_0 × A^1 induces a weak equivalence p^∗ : E(T ×_k X_{0Zar} × A^1) → E(T ×_k τ^{^X0 ×A1}_ϵ (X_0 × 0))

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 115

The Morel-Voevodsky purity theorem [34, theorem 2.23] plus Nisnevich excision and the homotopy property for E implies that p induces a weak equivalence

p^∗ : E^{T ×X0Zar ×0}(T ×_k X_{0Zar} × A^1) → E^{T ×Δ∗X}0Zar^{×0} (T ×_k τ^{^X0 ×A1}_ϵ (X_0 × 0)). This gives us the map of homotopy fiber sequences

E^{T ×X0Zar ×0}(T ×_k X_{0Zar} × A^1)

�

p^∗ �

E^{T ×Δ∗X}0Zar^{×0} (T ×_k τ^{^X0 ×A1}_ϵ (X_0 × 0)) � E(T ×_k X_{0Zar} × A^1)

j^∗ �

p^∗ �

E(T ×_k τ^{^X0 ×A1} ϵ (X_0 × 0))

ĵ^∗ � E(T ×_k X_{0Zar} × G_m)^{p0∗} � E(T ×_k τ^{^X}0^{×A1}_ϵ (X_0 × 0)^0)

with p^{0∗} induced by the restriction of p,

p^0 : τ^{^X0 ×A1} ϵ (X_0 × 0)^0 → X_0 × G_m.

Thus p^{0∗} is a weak equivalence.

Applying these term-by-term with respect to the cosimplicial schemes defining the respective path spaces, we have the weak equivalence (assuming X = X_0 × A^1) E(U × P_{Gm} ) → E(P_τ^_{Xϵ (X0 )0/Gm} )(U).

Thus we need only show that the projection U × P_{Gm} → U induces a weak equivalence E(U) → E(U × P_{Gm} ) for all smooth k-schemes U. This is lemma 8.1.2 □

8.3. Comparison. We conclude this section by connecting our construction with the specialization functor sp for the specialization structure Υ defined by Ayoub [3, chapter 3].

Let E ∈ Spt_{mot}(Sm/k) be fibrant, let p : X → (C, 0) be a semi-stable degeneration and choose a parameter t ∈ O_{C,0}. In this setting, Ayoub’s functor sp applied to some E ∈ Spt(Sm/X^0) is defined as follows: First form the presheaf E(P_{−/Gm} ) on Sm/X^0 by taking the total spectrum

E(P_{−/Gm} )(X^′ → X^0) := Tot(E(P_X ′_{/Gm} )).

where we use the composition X^′ → X^{0 t}−→ G_m as structure morphism. Then sp(E) ∈ SH_A1 (Sm/X_0) is represented by the presheaf

sp(E) := i^∗ � j_∗ � E(P_{−/Gm} )^f

�_c� . Similarly, we have the simplicial presheaf on Sm/X_0 with n-simplices

sp(E)_n := i^∗ � j_∗ � E(P_{−/Gm} [n])^f

�_c� . Documenta Mathematica 12 (2007) 71–146

116 Marc Levine

Let Tot(sp(E)_∗) denote the presheaf formed by taking the total spectrum of n → sp(E)_n.

Lemma 8.3.1. Suppose E is fibrant. Then there is a natural isomorphism in SH_A1 (X_0) Tot(sp(E)_∗) ∼= sp(E)

Proof. Since E(P_{−/Gm} [n])^f is fibrant, the presheaf E(P_{−/Gm} [n])^f on X^0 satisfies Nisnevich excision and is A^1 homotopy invariant. Thus the same holds for the total spectrum of the simplicial spectrum n → E(P_{−/Gm} [n])^f , hence

Tot(n → E(P_{−/Gm} [n])^f ) → � Tot(n → E(P_{−/Gm} [n])^f

�_f

is a pointwise weak equivalence in Spt_A1 (Sm/X^0), and thus we still have a pointwise weak equivalence after applying j_∗. Similarly, the evident map � Tot(n → E(P_{−/Gm} [n])

�_f → � Tot(n → E(P_{−/Gm} [n])^f

�_f

is a pointwise weak equivalence. Taking cofibrant models and applying i^∗ gives the isomorphism in SH_A1 (X_0)

sp(E) ∼= i^∗ � Tot(n → E(P_{−/Gm} [n])^f

�_c� . On the other hand, taking the total complex commutes with taking the cofibrant model, and with the functor i^∗, so we have the isomorphism in Spt_{mot}(Sm/X_0)

sp(E) = i^∗ � Tot(n → E(P_{−/Gm} [n]))^f

�_c�

∼= Tot � n → i^∗ � E(P_{−/Gm} [n])^f

�_c� = Tot(sp_∗(E)). □ Using the diagram of lemma 7.2.3 for the n-cosimplices τ^{X̂}_ϵ (X_0)^0 × G^n_m of P_τ^_{Xϵ (X0 )0/Gm} , and taking the total spectrum, we arrive at a natural map

E(lim_{t→0} X_t) → Tot(sp(E)_∗)_{Zar}

in HSpt(X_{0Zar}); combining this with lemma 8.3.1 gives us the comparison map θ_E : E(lim_{t→0} X_t) → sp(E)_{Zar}

in HSpt(X_{0Zar}).

Proposition 8.3.2. The map θ_E : E(lim_{t→0} X_t) → sp(E)_{Zar} is an isomorphism in HSpt(X_{0Zar}).

Proof. By theorem 7.3.6, the map θ_E (n) : E(P_τ^_{Xϵ (X0 )0/Gm} ([n])) → sp_n(E)

is an isomorphism in HSpt(X_{0Zar}) for each n, thus the map θ_E on the total spectra is also an isomorphism in HSpt(X_{0Zar}). □

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 117

9. The monodromy sequence

In this section, we construct the monodromy sequence for the limit object E(lim_{t→0} X_t) (see corollary 9.3.5). As pointed out to us by Ayoub, one needs to restrict E quite a bit. We give here a theory valid for presheaves of complexes of Q-vector space on Sm/k which are homotopy invariant and satisfy Nisnevich excision, and satisfy an additional “alternating” property (definition 9.2.2). Ayoub [3, Chap. 3] constructs the monodromy sequence in a more general setting; our construction is based on his ideas applied to our tubular neighborhood construction. In particular, our mondromy sequence agrees with the monodromy sequence of loc. cite.

9.1. Presheaves of complexes. For a noetherian ring R, we let C_R denote the category of (unbounded) homological complexes of R-modules, C_{R≥0} the full subcategory of C_R consisting of complexes which are zero in strictly negative degrees.

By the Dold-Kan equivalence, we may identify C_{R≥0} with the category of simplicial R-modules Spc_R. The forgetful functor Spc_R → Spc_∗ allows us to use the standard model structure on Spc_∗ to induce a model structure on Spc_R, i.e., cofibrations are degreewise monomorphisms, weak equivalences are homotopy equivalences on the geometric realization and fibrations are maps with the RLP for trivial cofibrations. This induces a model structure on C_{R≥0} with weak equivalence the quasi-isomorphisms; the suspension functor is the usual (homological) shift operator: ΣC := C[1], C[1]_n := C_{n−1}, d_{C[1],n} = −d_{C,n−1}. This model structure is extended to C_R by identifying C_R with the category of “spectra in C_{R≥0}”, i.e., sequences (C^0, C^1, . . .) with bonding maps ϵ_n : C^n[1] → C^{n+1}. Following Hovey [17], the model structure on Spt induces a model structure on spectra of simplicial R-modules, and thus a model structure on C_R, with weak equivalences the quasi-isomorphisms. In particular, the homotopy category HC_R is just the unbounded derived category D_R. Similarly, for a category C, the model structure for the presheaf category Spt(C) gives a model structure for presheaves of complexes on C, C_R(C) with weak equivalences the pointwise quasi-isomorphisms, and homotopy category the derived category D_R(C). We may introduce a topology (e.g., the Zariski or Nisnevich topology), giving the model categories C_R(X_{Zar}), C_R(Sm/B_{Zar}), C_R(X_{Nis}), C_R(Sm/B_{Nis}). These have homotopy categories equivalent to the derived categories (on the small or big sites) D_R(X_{Zar}), D_R(Sm/S_{Zar}), D_R(X_{Nis}), D_R(Sm/S_{Nis}), respectively. Finally, we may consider the A^1- localization, giving the Nisnevich-local A^1-model structure C_{R,A}1 (Sm/B_{Nis}) with homotopy category D_{RA}1 (B).

Let I be a small category, F : I → C_R a functor. Since we can consider F as a spectrum-valued functor by the various equivalences described above, we may form the complex holim_I F . Explicitly, this is the following complex: One first

Documenta Mathematica 12 (2007) 71–146

118 Marc Levine

forms the cosimplicial complex holim_I F with n-cosimplices

holim_I F^n := � σ=(σ_0 →...→σ_n )∈N (I)_n

F (σ_n).

For g : [m] → [n], with g(m) = m^′ ≤ n, the σ-component of the map holim_I F^n(g) sends � x_τ to F (σ_m′ → σ_n)(x_g∗_{(σ)}). The complex holim_I F is then the total complex of the double complex n → holim_I F^n, with second differential the alternating sum of the coface maps. This construction being functorial and preserving quasi-isomorphisms, it passes to the derived category D_R(C). If I is a finite category, the construction commutes with filtered colimits, hence passes to the Zariski- and Nisnevich-local derived categories, as well as the A^1-local versions.

Remarks 9.1.1. (1) For a set S, let RS denote the free R-module on S. Sending a pointed space (S, ∗) to the simplicial R-module RS, with RS(n) := RS_n/R{∗} defines the R-localization functor Spc_∗ → Spc_R. This extends to the spectrum categories, and gives us the exact R-localization functor on homotopy category ⊗R : SH → D_R. The R-localization functor ⊗R extends to all the model categories we have been considering, in particular, we have the R-localization ⊗R : SH_A1 (B) → D_{R,A}1 (B), For R = Q, we can also take the Q-localization of SH by performing a Bousfield localization, i.e., define Z ∈ Spt to be Q-local if π_n(Z) is a Q-vector space for all n, and E → F a Q weak equivalence if Hom_{Spt}(F, Z) → Hom_{Spt}(E, Z) is an isomorphism for all Q-local Z. Inverting the Q-weak equivalences defines the Q-local homotopy category SH_Q, and ⊗Q : SH → D_Q identifies SH_Q with D_Q. This passes to the other homotopy categories we have defined, in particular, ⊗Q : SH_A1 (B) → D_{Q,A}1 (B) identifies SH_A1 (B)_Q with D_{Q,A}1 (B).

(2) D_{Q,A}1 (k) is not the same as the (Q-localized) big category of motives over k, DM(k)_Q; the Q-localization does not give rise to transfers. □

9.2. The log complex. Let sgn : S_n → {±1} be the sign representation of the symmetric group S_n. Consider a presheaf of Q-vector spaces E on Sm/k. For X, Y ∈ Sm/k, let alt_n : E(Y × X^n) → E(Y × X^n) be the alternating projector

alt_n = 1 n! � σ∈S_n

sgn(σ)(id_Y × σ)^∗,

with σ operating on X^n by permuting the factors. Let E(Y × X^n)^{alt} ⊂ E(Y × X^n) be the image of alt_n and E(Y, X^n)^{alt}_⊥ the kernel. We extend these constructions to presheaves of complexes E by operating degreewise. If (X, ∗) is a pointed k-scheme, we have the inclusions i_j : Y ×X^{n−1} → Y ×X^n inserting the point ∗ in the jth factor. For E a presheaf of Q-vector spaces, we let E(Y ∧ X^{∧n}) be the intersection of the kernels of the restriction maps

(id_Y × i_j )^∗ : E(Y × X^n) → E(Y × X^{n−1}).

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 119

Letting p_j : X^n → X^{n−1} be the projection omitting the jth factor, the composition (id − p^∗_ni^∗_n) ∘ . . . ∘ (id − p^∗_1i^∗_1) gives a splitting π_n : E(Y × X^n) → E(Y ∧ X^{∧n}) to the inclusion E(Y ∧ X^{∧n}) → E(Y × X^n).

Clearly S_n acts on E(Y ∧ X^{∧n}) through its action on X^n; we let E(Y, X^{∧n})^{alt} and E(Y ∧ X^{∧n})^{alt}_⊥ be the image and kernel of alt_n on E(Y ∧ X^{∧n}). Let f : X → G_m be a morphism, E a presheaf of Q-vector spaces on Sm/k. Let f_n : X × G^n_m → X × G^{n+1}_m be the morphism f_n(x, t_1, . . . , t_n) := (x, f(x), t_1, . . . , t_n).

Denote the map alt_n ∘ π_n ∘ f^∗_n : E(X ∧ G^{∧n+1}_m )^{alt} → E(X ∧ G^{∧n}_m )^{alt} by ∪f : E(X ∧ G^{∧n+1}_m )^{alt} → E(X ∧ G^{∧n}_m )^{alt} One checks that Lemma 9.2.1. (∪f)^2 = 0.

Proof. We work in the Q-linear category QSm/k, with the same objects as Sm/k, disjoint union being direct sum, and, for X, Y connected, Hom_{QSm/k}(X, Y ) is the Q-vector space freely generated by the set Hom_{Sm/k}(X, Y ). Product over k makes QSm/k a tensor category. The map ∪f is gotten by applying E to the map ∪f^∨ : X × G^n_m → X × G^{n+1}_m in QSm/k:

(x, t_1, . . . , t_{n−1}) → alt[((x, f(x)) − (x, 1)) ⊗ t_1 − 1 ⊗ . . . ⊗ t_n − 1)] and restricting to E(X ∧ G^{∧n}_m )^{alt}. But (∪f^∨)^2 is

(x, t_1, . . . , t_n) → alt[((x, f(x), f(x)) − (x, 1, f(x)) − (x, f(x), 1) + (x, 1, 1)) ⊗ . . . ⊗ t_n − 1) which is evidently the zero map. □ Form the complex E(log_f ) by E(log_f )_n := E(X ∧ G^{∧n}_m ))^{alt} with differential ∪f. Since E(log_f )_0 = E(X), we have the canonical map ι_X : E(X) → E(log_f ).

We extend this definition to an I-diagram of schemes over G_m, f^• : X^• → G_m (with the X^n ∈ Sm/k) by E(log_f • ) := holim_{i∈I} E(log_f i );

similarly, we extend to E a presheaf of complexes on Sm/k by taking the total complex of the double complex n → E_n(log_f • ). The map ι_X extends to ι_X • : E(X^•) → E(log_f • ), where E(X^•) := holim_{i∈I} E(X^i).

Documenta Mathematica 12 (2007) 71–146

120 Marc Levine

We consider as well a truncation of E(log_f ). Recall that the stupid truncation σ_{≥n}C of a homological complex C is the quotient complex of C with

σ_{≥n}C_m := � C_m for m ≥ n 0 for m < n.

For E a presheaf of abelian groups and f : X → G_m a morphism in Sm/k, set

E(σ_{≥1} log_f ) := σ_{≥1}E(log_f ).

We have the quotient map N : E(log_f ) → E(σ_{≥1} log_f ), natural in f and E. We extend to I-diagrams f^• : X^• → G_m and to presheaves of complexes as for E(log_f ). The quotient map N defined above extends to the natural map

N : E(log_f • ) → E(σ_{≥1} log_f • ).

for f^• : X^• → G_m an I-diagram of morphisms in Sm/k, and E ∈ C_Q(Sm/k). Finally, for E ∈ C_Q(Sm/k), define E(−1) to be the presheaf of complexes

E(−1)(X) := E(X ∧ G_m)[1] := ker � E(X × G_m)^{i∗1}−→ E(X) � [1].

Definition 9.2.2. Let E be be in C_Q(Sm/k). Call E alternating if for every X ∈ Sm/k and every n ≥ 0, the alternating projection

alt_n : E(X ∧ G^{∧n}_m ) → E(X ∧ G^{∧n}_m )^{alt}

is a quasi-isomorphism. □

Remarks 9.2.3. (1) Clearly, E is alternating if and only if S_n acts via the sign representation on H_pE(X ∧ G^{∧n}_m ) for all X, n and p.

(2) Fix integers 1 ≤ i ≤ n. We have the split injection ι_{i,i+1} : E(X ∧ G^{∧n}_m ) → E((X × G^{n−2}_m ) ∧ G^{∧2}_m ) by shuffling the i, i + 1 coordinates to position n − 1, n. In particular, we have the injection

H_p(ι_{i,i+1}) : H_pE(X ∧ G^{∧n}_m ) → H_pE((X × G^{n−2}_m ) ∧ G^{∧2}_m ).

Since S_n is generated by simple transpositions, this shows that E is alternating if and only if the exchange of factors in G_m ∧ G_m acts by -1 on H_pE(X ∧ G_m ∧ G_m) for all X and p.

(3) Suppose that E ∈ C_Q(Sm/k) is homotopy invariant and satisfies Nisnevich excision. Consider P^1 as pointed by ∞. Then E(X ∧ P^1) is quasi-isomorphic to the suspension E(X ∧ G_m)[−1], hence E is alternating if and only if the exchange of factors in P^1 ∧ P^1 induces the identity on H_pE(X ∧ P^1 ∧ P^1) for all X and p.

The homotopy invariance and Nisnevich excision properties of E give a natural quasi-isomorphism of E(X ∧ P^1 ∧ P^1) with E(X ∧ (A^2/A^2 \ {0})), with the exchange of factors in P^1 ∧ P^1 going over to the linear transformation (x, y) → (y, x). If the characterstic of k is different from 2, this transformation is conjugate to (x, y) → (−x, y). Thus E is alternating if and only if the map

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 121

[−1] : P^1 → P^1, [−1](x_0, x_1) = (x_0, −x_1), acts by the identity on H_pE(X ∧ P^1) for all X and p.

(4) Call E oriented if E is an associative graded-commutative ring:

μ : E ⊗_Q E → E

and (roughly speaking) E admits a natural Chern class transformation

c_1 : Pic → H^2E

satisfying the projective bundle formula: For E → X a rank r vector bundle with associated projective space bundle P(E) → X and tautological line bundle O(1), H^∗E(P(E)) is a free H^∗E(X)-module with basis 1, ξ, . . . , ξ^{r−1}, where ξ = c_1(O(1)) ∈ H^2E(P(E)). We do not assume that c_1 is a group homomorphism. The projective bundle formula and the fact that [−1]^∗O_P1 (1) ∼= O_P1 (1) implies that an oriented E is alternating. In particular, rational motivic cohomology, Q_ℓ(∗) étale cohomlogy, Q-singular cohomology (with respect to a chosen embedding k → C) and rational algebraic cobordism MGL^{∗∗}_Q are all alternating.

On the other hand, rational motivic co-homotopy is alternating if −1 is a square in k, but is not alternating for k = R. This is pointed out in [31]: if −1 = i^2, [−1] is represented by the 2 × 2 matrix with diagonal entries i and −i. As this is a product of elementary matrices, one has an A^1-homotopy connecting [−1] and id. To see the non-triviality of [−1] for k = R, let [X, Y ] denote the set of morphisms X → Y in H_A1 Spc_∗(k). Morel defines a map (of sets) [P^1, P^1] → ϕ(k), where ϕ(k) is the set of isomorphism classes of quadratic forms over k, and notes that the map [u],

[u](x_0, x_1) := (x_0, ux_1),

goes to the class of the form ux^2. This map extends to a ring homomorphism

Hom_{SHS1 (k)}(P^1, P^1) → GW(k),

where GW(k) is the Grothendieck-Witt ring (see also [32, Lemma 3.2.4] for details). Identifying GW(R) with Z × Z by rank and signature, we see that [−1] goes to the non-torsion element (1, −1).

The example of motivic (co)homotopy is in fact universal for this phenomenon, so if [−1] vanishes in [P^1, P^1], then every E ∈ C_Q(Sm/k) satisfying homotopy invariance and Nisnevich excision is alternating.

We are grateful to F. Morel for explaining the computation of the transposition action on P^1 ∧P^1 in terms of quadratic forms and the Grothendieck-Witt group. (4) Looking at the A^1-stable homotopy category of T -spectra over k, SH(k), one can decompose the Q-linearization SH(k)_Q into the symmetric part SH(k)_+ and alternating part SH(k)_− with respect to the exchange of factors on G_m ∧ G_m. Morel [33] has announced a result stating that SH(k)_− is in general equivalent to Voevodsky’s big motivic category DM(k)_Q, and that SH(k)_+ is zero if -1 is a sum of squares. This suggests that the alternating part

Documenta Mathematica 12 (2007) 71–146

122 Marc Levine

SH_S1 (k) of the category of rational S^1-spectra SH_S1 (k)_Q is closely related to the big category of effective motives (with Q-coefficients) DM^{eff} (k)_Q. □ Proposition 9.2.4. Let E be in C_Q(Sm/k), f : X → G_m an I-diagram of morphisms in Sm/k.

(1) The sequence E(X)^{ιX}−−→ E(log_f )^N−→ E(σ_{≥1} log_f ) identifies E(σ_{≥1} log_f ) with the quotient complex E(log_f )/E(X).

(2) Suppose E is alternating. Then there is a natural quasi-isomorphism alt : E(−1)(log_f ) → E(σ_{≥1} log_f ).

Proof. It suffices to prove (1) for E a presheaf of Q-vector spaces, and f : X → G_m a morphism in Sm/k, where the assertion is obvious. Similarly, it suffices to construct a natural map θ_{E,X} : E(−1)(log_f ) → E(σ_{≥1} log_f ) for E a presheaf of Q-vector spaces, extend as above to a map in general, and show that θ_{E,X} is a quasi-isomorphism for E ∈ C_Q(Sm/k) alternating and f : X → G_m a morphism in Sm/k.

In fact, for E a presheaf of Q-vector spaces and n ≥ 1,

E(−1)(log_f )_n = ker[(id_X × i)^∗ : E(X × G_m, G^{∧n−1}_m )^{alt} → E(X, G^{∧n−1}_m )^{alt}] so E(−1)(log_f )_n is a subspace of E(X, G^{∧n}_m ); thus alt_n defines a map E(−1)(log_f )_n → E(log_f )_n. One easily checks that this defines a map of complexes alt_∗ : E(−1)(log_f ) → E(σ_{≥1} log_f ), as desired.

Now suppose that E is alternating, i.e., that (a) E(X ∧ G^{∧n}_m )^{alt} → E(X ∧ G^{∧n}_m ) is a quasi-isomorphism for all n and X. This implies that the maps E(X × G_m, G^{∧n−1}_m )^{alt} → E(X × G_m, G^{∧n−1}_m ) E(X ∧ G^{∧n−1}_m )^{alt} → E(X ∧ G^{∧n−1}_m ) are quasi-isomorphisms, hence (b) id_{X∧Gm} × alt_{n−1} : E((X ∧ G_m) ∧ G^{∧n−1}_m ) → E((X ∧ G_m) ∧ G^{∧n−1}_m )^{alt} is a quasi-isomorphism. Since E((X ∧ G_m) ∧ G^{∧n−1}_m ) = E(X ∧ G^{∧n}_m ), (a) and (b) imply that

id_X × alt_n : E((X ∧ G_m) ∧ G^{∧n−1}_m )^{alt} → E(X ∧ G^{∧n}_m )^{alt} is a quasi-isomorphism. As alt_∗ : E(−1)(log_f ) → E(σ_{≥1} log_f ) is the map on the total complex of the double complexes

n → id_X × alt_n : E((X ∧ G_m) ∧ G^{∧n−1}_m )^{alt} → E(X ∧ G^{∧n}_m )^{alt} we see that alt_∗ is a quasi-isomorphism. □

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 123

9.3. The log complex and path spaces. Let f : X → G_m be a morphism in Sm/k arising from a semi-stable degeneration X → (C, 0) and choice of parameter in O_{C,0}. The monodromy sequence for E(lim_{t→0} X_t) arises from the sequence of Proposition 9.2.4 by comparing the path space E(P_{X/Gm} ) with E(log_f ).

We use the Dold-Kan correspondence to rewrite E(P_{X/Gm} ) as a complex, namely: take for each p the associated complex E_p(P^∗_{X/Gm} ) of the simplicial abelian group n → E_p(P^n_{X/Gm} ), with differential the alternating sum of the face maps, and then take the total complex of the double complex p → E_p(P^∗_{X/Gm} ).

We write this complex as E(P_{X/Gm} ).

We also have the normalized subcomplex NE(P_{X/Gm} ) of E(P_{X/Gm} ), quasiisomorphic to E(P_{X/Gm} ) via the inclusion. Recall that, for a simplicial abelian group n → A_n, the normalized complex NA_∗ has NA_n := ∩^n_{i=1} ker d_i : A_n → A_{n−1} with differential d_0 : NA_n → NA_{n−1}. We define NE(P_{X/Gm} ) by first taking the normalized subcomplex NE_p(P_{X/Gm} ) of E_p(P^∗_{X/Gm} ) for each p, and then forming the total complex of the double complex p → NE_p(P_{X/Gm} ). In particular, we have the inclusion of double complexes NE_∗(P^∗_{X/Gm} ) ⊂ E_∗(P^∗_{X/Gm} );

which gives for each n the inclusion of single complexes NE_∗(P^n_{X/Gm} ) ⊂ E_∗(P^n_{X/Gm} );

Recalling that P^n_{X/Gm} = X × G^n_m, we thus have for each n the inclusion of complexes NE_∗(P^n_{X/Gm} ) ⊂ E_∗(X × G^n_m), We may therefore apply the projections π_n : E_∗(X × G^n_m) → E_∗(X ∧ G^{∧n}_m ) and alt_n, giving the map alt_n ∘ π_n : NE_∗(P^n_{X/Gm} ) → E_∗(X ∧ G^{∧n}_m )^{alt}.

Lemma 9.3.1. Suppose that E is alternating. Then alt_n ∘ π_n : NE_∗(P^n_{X/Gm} ) → E_∗(X ∧ G^{∧n}_m )^{alt} is a quasi-isomorphism.

Proof. The map p^∗_1 : E(X) → E(X × G_m) splits i^∗_1 : E(X × G_m) → E(X), so we have the natural splitting E(X × G_m) = E(X) ⊕ E(X ∧ G_m).

Extending this to E(X ×G^n_m) by using the maps i^∗_j and p^∗_j , we have the natural splitting (9.3.1) E(X × G^n_m) = ⊕^n_{m=0} ⊕_{I⊂{1,...,n}|I|=m} E(X ∧ G^{∧I}_m ).

Documenta Mathematica 12 (2007) 71–146

124 Marc Levine

To explain the notation: For I ⊂ {1, . . . , n}, E(X ∧ G^{∧I}_m ) = E(X ∧ G^{∧|I|}m ), included in E(X × G^n_m) by the composition E(X ∧ G^{∧|I|}_m ) ⊂ E(X × G^{|I|}_m )^{(idX ×pI )∗}−−−−−−−→ E(X × G^n_m) where p_I : G^n_m → G^{|I|}_m is the projection on the factors i_1, . . . , i_m if I = {i_1, . . . , i_m} with i_1 < . . . < i_m.

The action of S_n on E(X × G^n_m) preserves this decomposition, with σ ∈ S_n mapping E(X ∧ G^{∧I}_m ) to E(X ∧ G^{∧σ−1(I)}_m ) in the evident manner. Now, for a simplicial abelian group A, the inclusion NA_n → A_n is split by universal expressions in the face and degeneracy maps. If n → C_{∗n} is a simplicial complex, we can form the complex of normalized subgroups (with respect to the simplicial variable) N_{∗2} (C_{∗1 ,∗2} ) and take the homology H_p(N_{∗2} (C_{∗1 ,∗2} ), d_1), or we can form the simplicial abelian group n → H_p(C_{∗n}) and take the normalized subgroup N_{∗2} H_p(C_{∗1 ,∗2} , d_1) ⊂ H_p(C_{∗1 ,n}, d_1). Using the universal spitting mentioned above, we see that the two are the same: H_p(N_{∗2} (C_{∗1 ,∗2} ), d_1) = N_{∗2} H_p(C_{∗1 ,∗2} , d_1) Since S_n acts by the sign representation on H_pE(X ∧ G^{∧n}_m ), it follows that, for 1 ≤ j < n, the diagonal map δ_j : G^{n−1}_m → G^n_m (t_1, . . . , t_{n−1}) → (t_1, . . . t_j , t_j , t_{j+1}, . . . t_{n−1}) induces the zero map on H_pE(X ∧ G^{∧n}_m ). Similarly, the inclusion i_n : G^{n−1}_m → G^n_m (t_1, . . . , t_{n−1}) → (t_1, . . . t_{n−1}, 1) is the zero map on H_pE(X ∧ G^I_m) if n ∈ I. From this, it is not hard to see that NH_pE_∗(NE_∗(P^n_{X/Gm} ) = H_pE_∗(X ∧ G^{∧n}_m ), with respect to the decomposition of E_∗(P^n_{X/Gm} ) = E_∗(X × G^n_m) given by (9.3.1). Indeed,

ker(H_p(d_n)) = ker(i^∗_n : H_pE_∗(X × G^n_m) → H_pE_∗(X × G^{n−1}_m ) = ⊕_{I⊂{1,...,n}} n∈I H_pE_∗(X ∧ G^{∧I}_m )

It is then easy to show by descending induction on i that ∩^n_{j=i} ker H_p(d_j ) = ⊕_{I⊂{1,...,n}}

{i,...,n}⊂I

H_pE_∗(X ∧ G^{∧I}_m )

from which our claim follows taking i = 1. Thus the projection p_n : NE_∗(P^n_{X/Gm} ) → E_∗(X ∧ G^{∧n}_m ) is a quasi-isomorphism for each n. As E is alternating, the alternating projection alt_n : E_∗(X ∧ G^{∧n}_m ) → E_∗(X ∧ G^{∧n}_m )^{alt}

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 125

is a quasi-isomorphism as well, completing the proof. □

Lemma 9.3.2. Let E be in C_Q(Sm/k). Let δ_0 : E(X × G^n_m) → E(X × G^{n−1}_m ) be the map [(id_X , f), id_Gn−1_m ]^∗. Then the diagram

E(X × G^n_m)^{δ0} �

alt_n∘π_n � E(X × G^{n−1}_m )

alt_{n−1}∘π_{n−1} � E(X ∧ G^{∧n}_m )^{alt}_{∪f} � E(X ∧ G^{∧n−1}_m )^{alt}

commutes.

Proof. This follows directly from the definition of ∪f and the fact that alt_n ∘π_n is the identity on E(X ∧ G^{∧n}_m )^{alt}. □

Proposition 9.3.3. Let E ∈ C_Q(Sm/k) be alternating. Then the maps alt_n ∘ π_n : NE_∗(P^n_{X/Gm} ) → E_∗(X × G^{∧n}_m )^{alt} define a quasi-isomorphism of total complexes alt ∘ π : NE(P_{X/Gm} ) → E(log_f )

Proof. That the maps alt_n ∘ π_n : NE_∗(P^n_{X/Gm} ) → E_∗(X ∧ G^{∧n}_m )^{alt} define a map of total complex NE(P_{X/Gm} ) → E(log_f ) follows from Lemma 9.3.2 and the fact that, for each n, the differential d_0 on NE(P^n_{X/Gm} ) is the restriction of δ_0 : E(X × G^n_m) → E(X × G^{n−1}_m ). Lemma 9.3.1 implies that alt ∘ π is a quasi-isomorphism. □

We collect our results in Theorem 9.3.4. Let E ∈ C_Q(Sm/k) be alternating, f^• : X^• → G_m an Idiagram of morphisms in Sm/k. Consider the diagram

E(P_{X/Gm} ) E(−1)(P_{X/Gm} )

E(X^•)^{ιX•} � NE(P_{X/Gm} )

alt∘π �

i �

NE(−1)(P_{X/Gm} )

alt∘π �

i �

E(−1)(log_f • )

0 � E(X^•)_{ιX•} � E(logf • )_N � E(σ≥1 logf • ) alt �

� 0 Here the maps i are the canonical inclusions and the maps ι_X • are the canonical maps given by the identities E_n(P_X i_{/Gm} )_0 = E_n(log_f i )_0 = E_n(X^i). Then (1) The diagram commutes and is natural in E and f^•. (2) All the maps in the diagram are maps of complexes.

Documenta Mathematica 12 (2007) 71–146

126 Marc Levine

(3) All the vertical maps are quasi-isomorphisms (4) The bottom sequence is termwise exact.

Proof. The first point follows by construction, the remaining assertions follow from the Dold-Kan correspondence, Proposition 9.3.3 and Proposition 9.2.4. □ Corollary 9.3.5 (Monodromy sequence). Let W ∈ C_Q(Sm/k) be alternating, p : X → (C, 0) a semi-stable degeneration, t ∈ O_{C,0} a uniformizing parameter. Then there is a distinguished triangle in D(X_{0Zar})

E(τ^{X̂}_ϵ (X_0)^0) → E(lim_{t→0} X_t)^N−→ E(−1)(lim_{t→0} X_t) → E(τ^{X̂}_ϵ (X_0)^0)[1], natural in (p, t) and in E.

Proof. The commutative diagram of Theorem 9.3.4 being natural in the choice of I-diagram and in E, one can extend the diagram directly to the case of a co-presheaf of cosimplicial I-diagrams U → f^•(U) : X^•(U) → G_m.

If we take I to be finite, we can extend further to a co-presheaf of cosimplicial I-diagrams f^• : X^• → G_m, with X^•(U) a pro-scheme smooth over k, and still preserve the quasi-isomorphisms and exactness. Feeding the I-diagram t ∘ p : τ^{X̂}_ϵ (X_0)^0 → G_m to this machine and taking the distinguished triangle induced by the exact sequence of log complexes at the bottom of the diagram completes the proof. □ Remark 9.3.6. If we splice together the long exact homotopy sequence for the monodromy distinguished triangle E(τ^{X̂}_ϵ (X_0)^0) → E(lim_{t→0} X_t)^N−→ E(−1)(lim_{t→0} X_t) with the localization distinguished triangle of Theorem 6.3.7 E^{DZar} (X)^{αD}−−→ E(D_{Zar})^{βD}−−→ E(τ^{X̂}_ϵ (D)^0) (both evaluated on D = X_0), we have the complex

(9.3.2) . . . → E^{X0Zar}_n (X) → E_n(X_{0Zar}) → E_n(lim_{t→0} X_t)^N−→ E(−1)_n(lim_{t→0} X_t) → E^{X0Zar}_{n−2} (X) → E_{n−2}(X_{0Zar}) → . . .

If k = C and E represents singular cohomology (for the classical topology) E_n(Y ) = H^{−n}(Y (C), Q) then Steenbrink’s theorem [44] states that the above sequence is exact. The argument uses the mixed Hodge structure on all the terms together with a weight argument.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 127

One should be able to define a natural geometric “weight filtration” on E(lim_{t→0} X_t) by using the stratification of X_0 by faces. However, for general E, this additional structure might not suffice to force the exactness of the above sequence. It would be interesting to give a general additional structure on E that would imply this exactness. □

9.4. Ayoub’s monodromy sequence. The monodromy sequence of corollary 9.3.5 agrees with the monodromy sequence constructed by Ayoub in [3, section 3.6] after making the identification described in proposition 8.3.2 and working throughout in the category of rational motives DM(k)_Q. Indeed, it is easy to check that our complex E(log_f • ) agrees with the contruction E⊗f^∗_η Log^∨ of [3, section 3.6.3], and that our isomorphism E(P_{X/Gm} ) ∼= E(log_f • ) agrees with the map E ⊗ f^∗_η Log^∨ → E ⊗ f^∗_η U induced by the map ℓ : Log^∨ → U of [3, definition 3.6.42]. From there, one can easily compare with Ayoub’s monodromy sequence [3, definition 3.6.37]. We give a sketch of these comparisons.

Ayoub’s construction begins with the Kummer motive K. We denote the object in DM(S)_Q represented by a smooth S-scheme X as m_S (X) and write 1_S for m_S (S), the unit for the tensor structure in DM(S)_Q; we delete the subscript S from the notation for S = Spec k. The 1-section i_1 : S → G_{mS} induces the splitting m_S (G_{mS} ) = 1_S ⊕ 1_S(1)[1]

and thus the projection π : m_S (G_{mS} ) → 1_S(1)[1] We take S = G_m. The diagonal Δ : G_m → G_m ×_k G_m = G_{mS} induces m_S (Δ) : 1_S → m_S (G_{mS} ); composing with π and twisting and shifting gives the map ∪t_∗ : 1_{Gm} (−1)[−1] → 1_{Gm}

The Kummer motive K ∈ DM(G_m)_Q is defined as the “cone” of ∪t_∗: Ayoub shows there is a canonial distinguished triangle in DM(G_m)_Q

1_{Gm} (−1)[−1]^{∪t∗}−−→ 1_{Gm} → K → 1_{Gm} (−1)

Next, Ayoub defines the object Log^∨ of DM(G_m)_Q. Viewing K as the twoterm complex [m_S (G_{mS} )(−1)[−1]^{∪t∗}−−→ m_S (G_{mS} )] with m_S (G_{mS} ) in degree zero, one sees that the nth symmetric product Sym^nK is the complex

1_{Gm} (−n)[−n]^{∪t∗}−−→ 1_{Gm} (−n + 1)[−n + 1]^{∪t∗}−−→ . . .

∪t_∗−−→ 1 G_m (−1)[−1]

∪t_∗−−→ 1 G_m ,

where we write the map ∪t_∗(−i)[−i] as ∪t_∗ for short. The map 1_{Gm} → K gives rise to the map Sym^nK → Sym^{n+1}K. We can take the limit Log^∨ in DM(G_m)_Q Log^∨ := lim_n Sym^nK

Documenta Mathematica 12 (2007) 71–146

128 Marc Levine

As a complex, Log^∨ is just

. . .^{∪t∗}−−→ 1_{Gm} (−n)[−n]^{∪t∗}−−→ 1_{Gm} (−n + 1)[−n + 1]^{∪t∗}−−→ . . .

∪t_∗−−→ 1 G_m (−1)[−1]

∪t_∗−−→ 1 G_m .

Now suppose we have a semi-stable degeneration f : X → A^1 and an object E ∈ DM(X^0)_Q. Let f^0 : X^0 → G_m be the restriction of f; since f^0 is smooth, we have Lf^{0∗} = f^∗. Let i : X_0 → X , j : X^0 → X be the inclusions. The logarithmic specialization functor log_f is defined by

log_f (E) := Li^∗Rj_∗(E ⊗ f^{0∗}Log^∨)

Remark 9.4.1. If we replace X with X ×_A1 Spec O_A1_{,0}, we have the canonical identification of X^0 with the generic fiber X_η and f^0 with f_η. We avoid doing this to keep with the notation of our earlier sections. □

The first step in our comparison is

Lemma 9.4.2. Take E ∈ DM(X^0)_Q, represented by a fibrant object Ẽ ∈ C_Q(Sm/X^0). Then E ⊗ f^{0∗}Log^∨ is represented by Ẽ(log_f • ).

Proof. Note that we may assume that Ẽ is alternating, since E is a motive. Letting Hom denote the internal Hom in DM(X^0)_Q. We have the distinguished triangle

E(−1)[−1] → Hom(G_{mX0} , E)^{i∗1}−→ Hom(1, E) = E → E(−1) Thus E(−1)[−1] is represented by the presheaf

X^′ → fib[Ẽ(X^′ ×_k G_m)^{id×i∗1}−−−→ Ẽ(X^′)] Similarly, for n ≥ 1, E(−n)[−n] is represented by the presheaf

X^′ → Ẽ(X^′ ∧ G^{∧n}_m ).

SInce Ẽ is alternating, this latter presheaf is equivalent to X^′ → Ẽ(X^′, G^{∧n}_m )^{alt}.

Finally, the map ∪f : Ẽ(X^′_+ ∧ G_m) → Ẽ(X^′) is just the map induced by the pull-back by f and f × id of the diagonal map G_m → G_m ×_k G_m, hence ∪f represents the map f^{0∗}(∪t_∗). The comparison follows easily from this. □

Next, Ayoub considers the object U of DM(G_m)_Q. Interpreting his general construction in the case of DM(G_m)_Q, U is the motive associated to the simplicial object n → Hom_{DM(Gm )Q} (P^n_{Gm} , 1_{Gm} ), i.e., the homological complex which is Hom_{DM(Gm )Q} (P^n_{Gm} , 1_{Gm} ) in degree n, and with differential the alternating sum of the maps induced by the coface maps in P_{Gm} . Naturally, to make sense of this, we need to lift this construction to the appropriate category of complexes. In any case, the same proof as for

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 129

lemma 9.4.2 gives us a canonical isomorphism of E ⊗ f^{0∗}U with E(P_X 0_{/Gm} ). Similarly, the uni-potent specialization functor Υ is given by Υ(E) = Li^∗Rj_∗(E ⊗ f^{0∗}U).

Finally, we have Hom_{DM(Gm )Q} (P^n_{Gm} , 1_{Gm} ) ∼= (1_{Gm} (−1)[−1] ⊕ 1_{Gm} )^{⊗n} and the first differential U_1 → U_0 is 1_{Gm} (−1)[−1] ⊕ 1_{Gm}^{∪t∗+id}−−−−→ 1_{Gm} Thus we have the evident map K → U. The diagonal map on P_{Gm} dualizes to make U a commutive ring object in DM(G_m)_Q. Ayoub notes that K → Log^∨ is universal for maps of K to a commutative ring in DM(G_m)_Q, hence there is a unique ring map ℓ : Log^∨ → U making K � � � � � Log^∨ ℓ � U commute. It is not hard to see that our map alt ∘ π is induced by a map of complexes in QSm/G_m which commutes with the co-multiplications dual to the ring multiplications for U and Log^∨. Since both E ⊗ f^{0∗}Log^{∨ id⊗ℓ}−−−→ E ⊗ f^{0∗}U and E(P_X 0_{/Gm} )^{alt∘π}−−−→ E(log_f • ) are isomorphisms in DM(X^0)_Q, it follows that these maps are inverse to each other.

Once we have the pair of compatible isomorphisms E ⊗ f^{0∗}Log^∨ ∼= E(log_f • ) and E ⊗ U ∼= E(P_X 0_{/Gm} ), it is easy to see that Ayoub’s construction of the monodromy sequence and ours are compatible: Ayoub’s construction follows from the obvious identification of Log^∨(−1) with σ_{≤−1}Log^∨ (cohomological notation) giving the distinguished triangle 1_{Gm} → Log^{∨ N}−→ Log^∨(−1) → 1_{Gm} [1] which clearly passes over to our identification E(σ_{≥1} log_f • ) ∼= E(−1) and the monodromy distinguished triangle of corollary 9.3.5.

10. Limit motives We use our construction of limit cohomology, slightly modified, to give a construction of the limit motive of a semi-stable degeneration, as an object in the big category of motives DM(k).

Documenta Mathematica 12 (2007) 71–146

130 Marc Levine

10.1. The big category of motives. Voevodsky has defined the category of effective motives as the full subcategory DM^{eff}_− (k) of the derived category of Nisnevich sheaves with transfer D_−(NST(k)) consisting of those complexes with strictly homotopy invariant cohomology sheaves.

In his thesis, Spitzweck [43] defines a “big” category of motives over a field k. Other constructions of a big category of motives over a noetherian base scheme S have been given by Østvar-Röndigs [40] and also by Cisinski-Deglise [9]. To give the reader the main idea of all these constructions, we quote from a recent letter from Röndigs [41]:

“One may construct a model category of simplicial presheaves with transfers on Sm/k, in which the weak equivalences and fibrations are defined via the functor forgetting transfers. Via the Dold-Kan correspondence, there is an induced model structure on nonnegative chain complexes of presheaves with transfers. Both may be stabilized with respect to T or P^1, in the sense of [18]. The Dold-Kan correspondence extends accordingly. Since T is a suspension already, one can then pass to a model category of G_m-spectra of integer-indexed chain complexes as well. For k a perfect field, results from [46] show that the homotopy category of the latter model category contains Voevodsky’s DM_{gm} as a full subcategory. ” We will use the P^1-spectrum model. For details, we refer the reader to [40] and [35].

10.2. The cohomological motive. We start with the category of presheaves with transfer PST(k) on Sm/k, which is defined as in [46] as the category of presheaves on the correspondence category Cor(k). We let C_{≥0}(PST(k)) denote the model category of non-negative chain complexes in PST(k), with model structure induced from simplicial presheaves on Sm/k, as described above. For P ∈ C_{≥0}(PST(k)), let P (−1) denote the presheaf

Y → ker[P (Y × P^1)^{i∗∞}−−→ P (Y × ∞)][2].

where “ker” means the termwise kernel of the termwise split surjection i^∗_∞. Let Z^{tr}_X denote the presheaf on Cor(k) represented by X ∈ Sm/k, and let

Z̃^{tr}_{P1} := coker(Z^{tr}_{Spec k}^{i∞∗}−−→ Z^{tr}_{P1} ).

One has the adjoint isomorphism

Hom_{C≥0(PST(k))}(C ⊗ Z̃^{tr}_P1 , C^′) ∼= Hom_{C≥0(PST(k))}(C, C^′(−1)[−2])

so the bonding maps for P^1-spectra in C_{≥0}(PST(k)) can be just as well defined via maps C_n → C_{n+1}(−1)[−2].

We will use this normalization of the bonding morphisms from now on. For an integer q ≥ 0, we have the (homological) Friedlander-Suslin presheaf Z_{F S} (q). To define this, one starts with the presheaf with transfers of quasifinite cycles z_{q.f in}(A^q ), with value on Y ∈ Sm/k the cycles on Y × A^q which

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 131

are quasi-finite over Y . One then forms the Suslin complex C_∗(z_{q.f in}(A^q )) and reindexes:

Z_{F S} (q)(Y )_n := C_{n−2q} (z_{q.f in}(A^q ))(Y ) := z_{q.f in}(A^q)(Y × Δ^{n−2q} ). (see [26, §2.4] for a precise definition). This represents motivic cohomology Zariski-locally:

H^p(X, Z(q)) = H^p(X_{Zar}, Z_{F S} (q)).

More generally, for X ∈ Sm/k, define Z^X_{F S} (q) by Z^X_{F S} (q)(Y ) := Z_{F S} (q)(X × Y ).

We define δ_n : Z^X_{F S} (n) → Z^X_{F S} (n + 1)(−1) by sending a cycle W on X × Y × Δ^m × A^n to W × Δ, where Δ ⊂ A^1 × P^1 is the graph of the inclusion A^1 ⊂ P^1, and then reordering the factors to yield a cycle on X × Y × P^1 × Δ^m × A^{n+1}.

Definition 10.2.1. Let X be in Sm/k. The cohomological motive of X is the sequence h̃(X) := (Z^X_{F S} (0), Z^X_{F S} (1)[2], . . . , Z^X_{F S} (n)[2n], . . .)

with the bonding morphisms δ_n[2n]. □ Remark 10.2.2. One can also define the cohomological motive h(X) ∈ DM_{gm}(k) as the dual of the usual (homological) motive m(X) := C^{Sus}(Z^{tr}_X ). For X of dimension d, h(X)(n) is actually in DM^{eff}_− (k) for all n ≥ d, and is represented by Z^X_{F S} (n). From this, one sees that the image of h̃(X) in DM(k) is canonically isomorphic to h(X).

Also, one can work in DM^{eff}_− (k) if one wants to define the cohomological motive of a diagram in Sm/k if the varieties involved have uniformly bounded dimension. Since our construction of limit cohomology uses varieties of arbitrarily large dimension, we need to work in DM(k). □ 10.3. The limit motive. It is now an easy matter to define the limit motive for a semi-stable degeneration. Let X → (C, 0) be a semi-stable degeneration with parameter t at 0; suppose the special fiber X_0 has irreducible components X^1_0 , . . . , X^m_0 . We have the diagram (8.2.1) of cosheaves on X_{0Zar}, lim_{t→0} X_t, indexed by the non-empty subsets I ⊂ {1, . . . , m}, which we write as I → [lim_{t→0} X_t]_I .

Taking global sections on X_0 yields the diagram of cosimplicial schemes I → [lim_{t→0} X_t]_I (X_0).

Applying h̃ gives us the diagram of P^1-spectra in C_{≥0}(PST(k)) I → h̃([lim_{t→0} X_t]_I (X_0)).

We then take the homotopy limit over this diagram forming the complex lim_{t→0} h̃(X_t) := holim_I {I → h̃([lim_{t→0} X_t]_I (X_0))}.

Documenta Mathematica 12 (2007) 71–146

132 Marc Levine

Definition 10.3.1. Let X → (C, 0) be a semi-stable degeneration with parameter t at 0. The limit cohomological motive lim_{t→0} h(X_t) is the image of lim_{t→0} h̃(X_t) in DM(k). □

Using the same procedure, we have, for D ⊂ X a normal crossing scheme, the motive of the tubular neighborhood h(τ^{X̂}_ϵ (D)) and the motive of the punctured tubular neighborhood h(τ^{X̂}_ϵ (D)^0). All the general results now apply for these cohomological motives. In particular, from corollary 9.3.5 we have the monodromy distinguished triangle (for the Q-motive)

h(τ^{X̂}_ϵ (X_0)^0)_Q → lim_{t→0} h(X_t)_Q → lim_{t→0} h(X_t)_Q(−1)

and theorem 6.3.7 gives the localization distinguished triangle

h^{X0} (X ) → h(X_0) → h(τ^{X̂}_ϵ (X_0)^0),

where h^{X0} (X ) is represented by

Cone(h̃(X )^{j∗}−→ h̃(X \ X_0))[−1].

From this latter triangle, we see that h(τ^{X̂}_ϵ (X_0)^0) is in DM_{gm}(k).

11. Gluing smooth curves

We use the exponential map defined in §5 to define an algebraic version of gluing smooth curves along boundary components. We begin by recalling the construction of the moduli space of smooth curves with boundary components; for details we refer the reader to the article by Hain [15].

11.1. Curves with boundary components. For a k-scheme Y , a smooth curve over Y is a smooth proper morphism of finite type p : C → Y with geometrically irreducible fibers of dimension one. We say that C has genus g if all the geometric fibers of p are curves of genus g. A boundary component of C → Y consists of a section x : Y → C together with an isomorphism v : O_Y → x^∗T_{C/Y} , where T_{C/Y} is the relative tangent bundle on C. Equivalently, v is a nowhere vanishing section of T_{C/Y} along x. A smooth curve with n boundary components is (C → Y, (x_1, v_1), . . . , (x_n, v_n)) with all the x_i disjoint. One has the evident notion of isomorphism of such tuples, so we can consider the functor M^n_g on Sch_k:

M^n_g (Y ) := {smooth genus g curves over Y with n boundary components}/ ∼=

For n = 0, this is just the well-know functor of moduli of smooth curves, which admits the coarse moduli space M_g. For n ≥ 1 and g ≥ 1, it is easy to show that a smooth curve over Y with n boundary components admits no non-identity automorphisms (over Y ), from which it follows that M^n_g is representable; we denote the representing scheme by M^n_g as well. The same holds for genus 0 if n ≥ 2; in fact the data of a genus zero curve C with two points 0, ∞ together with a tangent vector v ≠ 0 in T_0(C) has no non-identity automorphisms.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 133

One can form a partial compactification of M^n_g by allowing stable curves with boundary components. As we will not require the full extent of this theory, we restrict ourselves to connected curves C with a single singularity, this being an ordinary double point p. We require that the boundary components are in the smooth locus of C. If C is reducible, then C has two irreducible components C_1, C_2; we also require that both C_1 and C_2 have at least one boundary component. As above, such data has no non-trivial automorphisms, which leads to the existence of a fine moduli space M̄^n_g . We let C^n_g → M^n_g be the universal curve with universal boundary components (x_1, v_1), . . . , (x_n, v_n), and C̄n_g → M̄ n_g the extended universal curve.

The boundary ∂M̄^n_g := M̄^n_g \ M^n_g is a disjoint union of divisors

∂M̄^n_g := D_{(g,n)} ∐ � (g_1 ,g_2 ),(n_1,n_2)

D_{(g1,g2 ),(n1,n2)},

where D_{(g1,g2 ),(n1,n2)} consists of the curves C_1 ∪ C_2 with g(C_i) = g_i, and with C_i having n_i boundary components (we specify which component is C_1 by requiring C_1 to contain the boundary component (x_1, v_1)) and D_{(g,n)} is the locus of irreducible singular curves.

Let (C, (x_1, v_1), . . .) be a curve in ∂M̄^n_g with singular point p. By standard deformation theory, it follows that ∂M̄^n_g is a smooth divisor in M̄^n_g ; let N_{(g1 ,g2),(n1,n2 )} denote the normal bundle of D_{(g1 ,g2),(n1,n2 )}. Deformation theory gives a canonical identification of the fiber of the punctured normal bundle N^0_{g1,g2 ,n1,n2} := N_{(g1 ,g2),(n1,n2)} \ 0 at (C, (x_1, v_1), . . .) with G_m-torsor of isomorphisms Λ^2T_{C,p} ∼= k(p).

11.2. Algebraic gluing. We can now describe our algebraic construction of gluing curves. Fix integers g_1, g_2, n_1, n_2 ≥ 1. We define the morphism

μ̄ : M_{g1 ,n1} × M_{g2,n2} → D_{g1 ,g2,n1 −1,n2−1}.

by gluing (C_1, (x_1, v_1), . . . , (x_{n1} , v_{n1} )) and (C_2, (y_1, w_1), . . . , (y_{n2} , w_{n2} )) along x_{n1} and y_1, forming the curve C := C_1 ∪ C_2 with boundary components (x_1, v_1), . . . , (x_{n1 −1}, v_{n1−1}), (y_2, w_2), . . . , (y_{n2} , w_{n2} ) and singular point p. We lift μ̄ to μ : M_{g1,n1} × M_{g2 ,n2} → N^0_{g1,g2 ,n1,n2}

using the isomorphism Λ^2T_{C,p} → k(p) which sends v_{n−1} ∧ w_1 to 1 and the identification of (N^0_{g1 ,g2,n1 ,n2} )_{C1∪C2,...} described above.

We now pass to the category SH_A1 (k). Taking the infinite suspension, the map μ defines the map

Σ^∞μ : Σ^∞M_{g1 ,n1+} ∧ Σ^∞M_{g2,n2+} → Σ^∞N^0_{g1,g2 ,n1,n2+}.

Composing with our exponential map defined in §5 gives us our gluing map

⊕ : Σ^∞M_{g1 ,n1+} ∧ Σ^∞M_{g2,n2+} → Σ^∞M_{g1+g2 ,n1+n2 −2+}.

Documenta Mathematica 12 (2007) 71–146

134 Marc Levine

Remarks 11.2.1. (1) If one fixes a curve E := (E, (x_1, v_1), (x_2, v_2)) ∈ M_{1,2}, one can form the tower under E⊕

. . . → Σ^∞M_{g,n} → Σ^∞M_{g+1,n} → . . . ,

and form the homotopy colimit Σ^∞M_{∞,n}. If E is an object of SH_A1 (k), one thus has the E-cohomology E^∗(M_{∞,n}). For intance, this gives a possible definition of stable motivic cohomology or algebraic K-theory of smooth curves. However, it is not at all clear if this limit is independent of the choice of E. In the topological setting, one notes that the space M_{1,2}(C) is connected, so the limit cohomology, for example, is independent of the choice of E. On the contrary, M_{1,2}(R) is not connected (the number of connected components in the real points of the curve corresponding to a real point of M_{1,2} splits M_{1,2}(R) into disconnected pieces), so even there, the choice of E plays a role. It is also not clear if M_{∞,n} is independent of n (up to isomorphism in SH_A1 (k)). (2) In the topological setting, the map ⊕ is the infinite suspension of a map

ϕ : M_{g1,n1} (C) × M_{g2,n2} (C) → M_{g1 +g2,n1 +n2−2}(C),

making ∐_{g,n}M_{g,n+2}(C) into a topological monoid; the group completion is homotopy equivalent to the plus construction on the stable moduli space lim_{g→∞} M_{g,1}(C) formed as in (1). Letting M_∞(C)^+ denote this group completion, the group structure induces on Σ^∞M_∞(C)^+ the structure of a Hopf algebra (this was pointed out to me by Fabian Morel), the co-algebra structure being the canonical one on a suspension spectrum. The functoriality of the exponential map exp^0 as described in Remark 5.2.2 shows that the maps ⊕ make � g,n Σ^∞M_{g,n+2} into a biaglebra object in SH_A1 (k). It is not clear if there is an analogous “Hopf algebra completion” of � g,n Σ^∞M_{g,n+2} in SH_A1 (k). □

12. Tangential base-points

Since, by work of Østvar-Röndigs [35], motivic cohomology is represented in SH_A1 (k), our methods are applicable to this theory. However, one can simplify the construction somewhat, since we are dealing with complexes of abelian groups rather than spectra. One can also achieve a refinement incorporating the multiplicative structure; this allows for a motivic definition of tangential base-points for the category of mixed Tate motives from the point of view of cycle algebras. Of course, the unipotent specialization functor of Ayoub [3], when restricted to the triangulated category of Tate motives in DM(−) also gives tangential base-points for mixed Tate motives, but we hope our construction will be useful for applications of this operation.

12.1. Cubical complexes. If we work with presheaves of complexes rather than presheaves of spectra, we can replace all our simplicial constructions with cubical versions. This enables an easy extension to the setting of differential graded algebras (d.g.a.’s), or even graded-commutative d.g.a.’s (c.d.g.a.’s) if we work with complexes of Q-vector spaces. We list the main results without proof here; the methods discussed in [26, §2.5] carry over without difficulty.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 135

For a commutative ring R, we denote the model category of complexes of Rmodules on the big Nisnevich site, C_R(Sm/S_{Nis}) by C_{R,Nis}(S) and the derived category by D_{R,Nis}(S).

The cubical category Cube has objects n, n = 0, 1, . . .. Cube is a subcategory of the category of finite sets, with n standing for the set {0, 1}^n, with morphisms making Cube the smallest subcategory of finite sets containing the following maps:

(1) all inclusions s_{i,n,ϵ} : {0, 1}^n → {0, 1}^{n+1}, ϵ ∈ {0, 1}, i = 1, . . ., n + 1, where s_{i,n,ϵ} is the inclusion inserting ϵ in the ith factor.

(2) all projections p_{i,n} : {0, 1}^n → {0, 1}^{n−1}, i = 1, . . . , n, where p_{i,n} is the projection deleting the ith factor.

(3) all maps q_{i,n} : {0, 1}^n → {0, 1}^{n−1}, i = 1, . . . , n − 1, n ≥ 2, defined by

q_{i,n}(ϵ_1, . . . , ϵ_n) := (ϵ_1, . . . , ϵ_{i−1}, δ, ϵ_{i+2}, . . . , ϵ_n)

with

δ := � 0 if (ϵ_i, ϵ_{i+1}) = (0, 0) 1 else.

A cubical object in a category C is a functor Cube → C.

The basic cubical object in Sch is the sequence of n-cubes □^∗ : Cube → Sm/k. The operations of the projections p_{i,n} and inclusions s_{i,n} are the evident ones; q_{i,n} acts by

q_{i,n}(x_1, . . . , x_n) := (x_1, . . . , x_{i−1}, 1 − (x_i − 1)(x_{i+1} − 1), x_{i+2}, . . . , x_n).

Now let P : Cube → Mod_R be a cubical R-module. We have the cubical realization |P |^c ∈ C_R with

|P |^c_n := P (n)/ n� i=1 p^∗_{i,n}(P (n − 1)).

The differential d^c_n : |P |^c_n → |P |^c_{n−1} is

d^c_n := n� i=1 (−1)^is^∗_{i,1} − n� i=1 (−1)^is^∗_{i,0}.

| − |^c is clearly a functor from the R-linear category of cubical R-modules to C(R); in particular, if we apply | − |^c to a complex of R-modules, we end up with a double complex. For a complex C, also write |C|^c for the total complex of this double complex, letting the context make the meaning clear.

Example 12.1.1. For a presheaf of abelian groups P on Sm/k, we have cubical presheaf C^c(P ) with C^c(P )(Y ) := P (Y × □^∗).

Taking the cubical realization yields the cubical Suslin complex C_∗(P )^c with

C_∗(P )^c(Y ) := |C^c(P )(Y )|^c. □ Documenta Mathematica 12 (2007) 71–146

136 Marc Levine

The symmetric group S_n acts on C_n(P )^c, we let C_n(P )^c_{alt} denote the subpresheaf of alternating sections. If P is a presheaf of Q-vector spaces, C_n(P )^c_{alt} is a canonical summand of C_n(P )^c, with projection given by the idempotent Alt_n :=^1_{n!} � g sgn(g)g; one checks that the C_n(P )^c_{alt} form a subcomplex of C_∗(P )^c.

The main result on these constructions is Proposition 12.1.2. (1) There is a canonical homotopy equivalence of functors C_∗ → C^c_∗ : C(k) → C(k) (2) If P is a complex of presheaves of Q-vector spaces, the inclusion C_∗(P )^c_{alt} → C_∗(P )^c is a quasi-isomorphism Sketch of proof; see [27, §5] for details. For (1), one uses the algebraic maps □^n → Δ^n which collapse the faces x_i = 1 to the vertex (0, . . . , 0, 1) to get a map C_∗ → C^c_∗. The homotopy inverse is given by triangulating the □^n. For (2) one checks that S_n acts by the sign representation on the homology sheaves of C_∗(P )^c. The projections Alt_n define a map of complexes Alt_∗ : C_∗(P )^c → C_∗(P )^c_{alt} which thus gives the inverse in homology. □ 12.2. Cubical tubular neightborhoods. For a closed immersion i : W → X in Sm/k, set ^□^n_{X,W} := (�□^n_X )^h_□n_W , giving us the cubical pro-scheme ^□^∗_{X,W} : Cube → Pro-Sm/k We use the same notation for morphisms in the cubical setting as in the simplicial version, e.g., î_W : □^∗_W → ^□^∗_{X,W} . We have as well the co-presheaf on W_{Zar} ^□^n_{X,WZar} (W \ F ) := ^□^n_{X\,W \F} and the cubical co-presheaf τ^{X̂}_ϵ (W )^c := ^□^∗_{X,WZar} .

Now let P be in C(k). We define P (τ^{X̂}_ϵ (W )^c)_∗ to be the complex of presheaves P (τ^{X̂}_ϵ (W )^c)_∗ := |P (τ^{X̂}_ϵ (W )^c)|^c.

We also have the alternating subcomplex P (τ^{X̂}_ϵ (W )^c)^{alt} ⊂ P (τ^{X̂}_ϵ (W )^c). We have as well the punctured tubular neighborhood in cubical form τ^{X̂}_ϵ (W )^{0c} := τ^{X̂}_ϵ (W )^c \ □^∗_{WZar} on which we can evaluate P : P (τ^{X̂}_ϵ (W )^{0c})_∗ := |P (τ^{X̂}_ϵ (W )^{0c})|^c.

Let P (τ^{X̂}_ϵ (W )^{0c})^{alt} ⊂ P (τ^{X̂}_ϵ (W )^{0c}) be the alternating subcomplex.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 137

We let EM : C → Spt be a choice of the Eilenberg-Maclane spectrum functor. Our main comparison result is Theorem 12.2.1. (1) Let i : W → X be a closed immersion in Sm/k. For P ∈ C(k), there are natural isomorphisms in SH(W_{Zar}) EM(P (τ^{X̂}_ϵ (W )^c)) ∼= EM(P )(τ^{X̂}_ϵ (W )) EM(P (τ^{X̂}_ϵ (W )^{0c})) ∼= EM(P )(τ^{X̂}_ϵ (W )^0) (2) If P is a presheaf of complexes of Q-vector spaces, then the inclusion P (τ^{X̂}_ϵ (W )^c)^{alt} → P (τ^{X̂}_ϵ (W )^c) is a quasi-isomorphism.

Proof. Define P (τ^{X̂}_ϵ (W )) to be the total complex of the double complex associated to the simplicial complex n → P (τ^{X̂}_ϵ (W )^n). The homotopy equivalence used in Proposition 12.1.2(1) extends, by the functoriality of the Nisnevich neighborhood, to a homotopy equivalence P (τ^{X̂}_ϵ (W ))^c ∼ P (τ^{X̂}_ϵ (W )) This yields a weak equivalence on the associated Eilenberg-Maclane spectra. Since the functor EM passes to the homotopy category, we have a canonical isomorphism EM(P )(τ^{X̂}_ϵ (W ))) ∼= EM(P (τ^{X̂}_ϵ (W ))).

Putting these isomorphisms together completes the proof of the first assertion for the tubular neighborhood. The proof for the punctured tubular neighborhood is essentially the same. The second assertion follows from Proposition 12.1.2(2). □ 12.3. The motivic c.d.g.a. There are a number of different complexes which represent motivic cohomology; we will use the strictly functorial one of Friedlander-Suslin, Z_{F S} (q) (see the description in §10.2) reindexed as a cohomological complex: Z_{F S} (q)^n := Z_{F S} (q)_{−n}.

We will use the cubical version Z_{F S} (q)^c: Z_{F S} (q)^{c,n}(Y ) := C_{2q−n}(z_{q.f in}(A^q ))^c(Y ).

By Proposition 12.1.2, Z_{F S} (q)^c is quasi-isomorphic to Z_{F S} (q). Passing to Q-coefficients, we have the quasi-isomorphic alternating subcomplex Q_{F S} (q)^c_{alt} ⊂ Q_{F S} (q)^c. We may also symmetrize with respect to the coordinates in the A^q in z_{q.f in}(A^q ); it is shown in [26] that the inclusion Q_{F S} (q)^c_{alt,sym} ⊂ Q_{F S}(q)^c_{alt} is also a quasi-isomorphism. The product map

z_{q.f in}(A^q )(□^n × Y ) ⊗ z_{q.f in}(A^{q′} )(□^{n′} × Y ) → z_{q.f in}(A^{q+q′} )(□^{n+n′} × Y )

Documenta Mathematica 12 (2007) 71–146

138 Marc Levine

makes the graded complex Ñ_Z := ⊕_{q≥0}Z_{F S} (q)^c

into a presheaf of Adams-graded d.g.a.’s on Sm/k (with Adams grading q). Passing to Q-coefficients, and following the product with the alternating and symmetric projections makes

N := ⊕_{q≥0}Q_{F S} (q)^c_{alt,sym}

a presheaf of Adams-graded c.d.g.a.’s, the motivic c.d.g.a. on Sm/k. We let N → N^{fib} denote a fibrant model of N in the model category of (Adamsgraded) c.d.g.a.’s on Sm/k, where the weak equivalences are Adams-graded quasi-isomorphisms of c.d.g.a.’s for the Zariski topology.

Remarks 12.3.1. (1) Since N is strictly homotopy invariant [46, Theorem 4.2], N^{fib} is homotopy invariant.

(2) In case k admits resolution of singularities (i.e., chark = 0) the canonical map Z_{F S} (q) → Z_{F S} (q)^{fib} is a pointwise weak equivalence [46, Theorem 7.4]. Thus, in this case, we can use N instead of N^{fib}. □

12.4. The specialization map. We consider the situation of a smooth curve C over our base-field k with a k-point x. We let O denote the local ring of x in C, K the quotient field of O and choose a uniformizing parameter t, which we view as giving a map t : Spec O → A^1.

sending x to 0.

Letting i_x : x → Spec O be the inclusion, we have the restriction map

i^∗_x : N (O) → N (k(x)),

which is a morphism of Adams-graded c.d.g.a.’s. In this section, we extend i^∗_x to a map sp_t : N (K) → N (k(x)) in the homotopy category of Adams-graded c.d.g.a.’s over Q (denoted H(c.d.g.a._Q)). This is essentially our construction of the tubular neighborhood, where we use cubical constructions throughout to keep track of the multiplication.

First, if we apply N to □^∗ × Y and take the alternating projection again, we have the presheaf of c.d.g.a.’s N (□^∗_{alt}) and the quasi-isomorphism of presheaves of c.d.g.a.’s ι : N → N (□^∗_{alt}).

Next, write ^□^{m0}_{C,x} for ^□^m_{C,x} \ □^m_x , and consider the cubical punctured tubular neighborhood Z_{F S} (q)^c(τ^Ĉ_ϵ (x)^{0c}). The product map

z_{q.f in}(A^q )(□^n × ^□^{m0}_{C,x}) ⊗ z_{q.f in}(A^{q′} )(□^{n′} × ^□^{m′0}_{C,x} ))

→ z_{q.f in}(A^{q+q′} )(□^{n+n′} × ^□^{m+m′0}_{C,x} ))

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 139

makes ⊕_{q≥0}Z_{F S} (q)^c(τ^{Ŝpec O}_ϵ (x)^{0c}) into an Adams-graded d.g.a.; taking the alternating projection in both the □^n and ^□^{m0}_{C,x} variables, and the symmetric projection in A^q and applying the fibrant model gives a presheaf of Adamsgraded c.d.g.a.’s, denoted N^{fib}(τ^{Ŝpec O}_ϵ (x)^{0c}_{alt}).

Similarly, we perform this construction using the full tubular neighborhood, giving the presheaf N^{fib}(τ^Ĉ_ϵ (x)^c_{alt}), and the commutative diagram of Adamsgraded c.d.g.a.’s:

N (k(x)) ι � N (O)^{res} �

π^∗_O �

i^∗_x

� N (K) ι �^π ∗ K � N^{fib}(□^∗_{alt})(k(x)) N^{fib}(τ^Ĉ_ϵ (x)^c_{alt})_{res} �

i^∗_x

� N fib(τ^^C_ϵ (x)0c_{alt})

Replacing (C, x) with (A^1, 0) and using A^1 and G_m instead of Spec O and Spec K yields the commutative diagram of Adams-graded c.d.g.a.’s

N (k(0)) ι � N^{fib}(A^1)^{res} �

π^∗_{A1} �

i^∗_0

� N fib(G_m) ι � π^∗_{Gm} � N^{fib}(□^∗_{alt})(k(x)) N^{fib}(τ^{Â1}_ϵ (0)^c_{alt})_{res} �

i^∗_0

� N fib(τ^^A^1_ϵ (0)0c_{alt}).

By Corollary 3.3.3 and Corollary 4.1.4, the maps π^∗_{A1} and π^∗_{Gm} are quasiisomorphisms of complexes, hence quasi-isomorphisms of Adams-graded c.d.g.a.’s. Since N^{fib} is homotopy invariant, the maps ι are quasi-isomorphisms of Adams-graded c.d.g.a.’s.

Finally, the map t induces the commutative diagram of Adams-graded c.d.g.a.’s

N (k(x)) N^{fib}(τ^Ĉ_ϵ (x)^c_{alt})^{res} �

i^∗_x�

N^{fib}(τ^Ĉ_ϵ (x)^{0c}_{alt})

N (k(0))

t^∗ �

N^{fib}(τ^{Â1}_ϵ (x)^c_{alt})_{res} �

t^∗ �

i^∗_0

� N fib(τ^^A^1_ϵ (x)0c_{alt}).

t^∗ �

Since t : (C, x) → (A^1, 0) is a Nisnevich neighborhood of 0 in A^1, all three maps t^∗ are isomorphisms. Putting these diagrams together and inverting the quasi-isomorphisms ι, t^∗, π^∗_A1 and π^∗_{Gm} yields the commutative diagram in H(c.d.g.a._Q):

(12.4.1) N (k(x)) N (O)

i^∗_x� res �

ϕ^∗_O � N (K)

ϕ^∗_K � N (k(0))

t^∗ �

N^{fib}(A^1)_{res} �

i^∗_0

� N fib(G_m)

Documenta Mathematica 12 (2007) 71–146

140 Marc Levine

Definition 12.4.1. Let i_1 : Spec k → G_m be the inclusion. The map sp_t : N (K) → N (k(x)) in H(c.d.g.a._Q) is defined to be the composition

N (K)^{ϕ∗K}−−→ N^{fib}(G_m)^{i∗1}−→ N^{fib}(k) ∼= N (k) = N (k(0))^{t∗}−→ N (k(x)). □ Proposition 12.4.2. The diagram in H(c.d.g.a._Q)

N (O)^{res} �

i^∗_x � � � N (K)

sp_t � N (k(x))

commutes.

Proof. Since N^{fib} is homotopy invariant, the maps i^∗_0, i^∗_1 : N^{fib}(A^1) → N (k) are equal in H(c.d.g.a._Q). The proposition follows directly from this and a chase of the commutative diagrams defined above. □

Remark 12.4.3. In the situation we are considering, we already have the following diagram:

N (K) → N (lim_{t→0} Spec K) ∼= N (k(0)).

However, the above diagram is only a diagram in the homotopy category of complexes of Q-vector spaces, which is thus equivalent to the same diagram for cohomology of the complexes involved. We have gone to the trouble of redoing our theory using cubes throughout because we need to keep track of the multiplication, i.e. our construction lifts the above diagram in D^b(Q) to one in H(c.d.g.a._Q). □

12.5. The specialization functor. For a field k, we have the triangulated category DMT(k) of mixed Tate motives over k, this being the full triangulated subcategory of Voevodsky’s triangulated category of motives (with Qcoefficients), DM_{gm}(k)_Q, generated by the Tate objects Q(n), n ∈ Z. We will also use in this section the derived category of finite cell modules over an Adams-graded c.d.g.a. A, DCM(A). This construction was introduced in [23]; we refer the reader to the discussion in [26, §5] for the properties of DCM we will be using below.

Let O be as in the previous section the local ring of a k-point x on a smooth curve C over k, with quotient field K. The map sp_t : N (K) → N (k(x)) yields an exact tensor functor

sp_t : DMT(K) → DMT(k(x)) Indeed, as discussed in [26, §5.5], Spitzweck’s representation theorem gives a natural equivalence of DMT(k) with the derived category DCM(N (k)) of finite cell modules over the Adams-graded c.d.g.a. N (k), as triangulated tensor Qtensor categories.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 141

The functor DCM associating to an Adams-graded Q-c.d.g.a. A the triangulated tensor category DCM(A) takes quasi-isomorphisms to triangulated tensor equivalences, hence DCM descends to a well-defined pseudo-functor on H(c.d.g.a._Q). Thus, we may make the following

Definition 12.5.1. Let O be the local ring of a k-point x on a smooth curve C over k, with quotient field K and uniformizing parameter t. Let sp_t : DMT(K) → DMT(k(x)) be the exact tensor functor induced by DCM(sp_t) : DCM(N (K)) → DCM(N (k(x)), using Spitzweck’s representation theorem to identify the derived categories of cell modules with the appropriate category of mixed Tate motives. □

Remark 12.5.2. (1) The discussion in [26, §5.5], in particular, the statement and proof of Spitzweck’s representation theorem, is in the setting of motives over a field. However, we now have available a reasonable triangulated category DM(S) of motives over an arbitrary base-scheme S (see [48]), and we can thus define the triangulated category of mixed Tate motives over S, DMT(S), as in the case of a field.

Furthermore, if S is in Sm/k for k a field of characteristic zero, then N (S) has the correct cohomology, i.e. H^n(N (S)) = ⊕_{q≥0}H^n(S, Q(q)), and one has the isomorphism H^n(S, Z(q)) ∼= Hom_{DM(S)}(Z, Z(q)).

This is all that is required for the argument in [26, §5.5] to go through, yielding the equivalence of the triangulated tensor category of cell modules DCM(N (S)) with DMT(S).

(2) Joshua [20] has defined the triangulated category of Q mixed Tate motives over S as DCM(N (S)); the discussion in (1) shows that this agrees with the definition as a subcategory of DM(S)_Q. □

With these remarks, we can now state the main compatibility property of the functor sp_t : DMT(K) → DMT(k(x)).

Proposition 12.5.3. Let O be the local ring of a k-point x on a smooth curve C over k, with quotient field K and uniformizing parameter t. Let i^∗_x : DMT(O) → DMT(k) and j^∗ : DMT(O) → DMT(K) be the functors induced by the inclusions i_x : Spec k → Spec O and j : Spec K → Spec O, respectively. Then the diagram

DMT(O)^{j∗} �

i^∗_x � � � � DMT(K)

sp_t � DMT(k(x))

commutes up to natural isomorphism.

Documenta Mathematica 12 (2007) 71–146

142 Marc Levine

Proof. This follows from Proposition 12.4.2 and the functoriality (up to natural isomorphism) of the equivalence DCM(N (S)) ∼ DMT(S). □ 12.6. Compatibility with specialization on motivic cohomology. As above, let O be the local ring of a closed point x on a smooth curve C over k, with quotient field K and uniformizing parameter t. We have the localization sequence for motivic cohomology

. . . → H^n(O, Z(q))^{j∗}−→ H^n(K, Z(q))^∂−→ H^{n−1}(k(x), Z(q − 1))^{ix∗}−−→ . . . In addition, the parameter t determines the element [t] ∈ H^1(K, Z(1)). One defines the specialization homomorphism ~sp_t : H^n(K, Z(q)) → H^n(k(x), Z(q)) by the formula ~sp_t(α) := ∂([t] ∪ α).

On the other hand, if k(x) = k, we have the specialization functor sp_t : DMT(K) → DMT(k(x)) and the natural identifications H^n(K, Q(q)) ∼= Hom_{DMT(K)}(Q, Q(q)[n]) H^n(k, Q(q)) ∼= Hom_{DMT(k)}(Q, Q(q)[n]).

Thus the functor sp_t induces the homomorphism

sp_t : Hom_{DMT(K)}(Q, Q(q)[n]) → Hom_{DMT(k)}(Q, Q(q)[n]) and hence a new homomorphism sp^′_t : H^n(K, Q(q)) → H^n(k, Q(q)).

Proposition 12.6.1. sp^′_t agrees with the Q-extension of ~sp_t. Proof. Using the equivalence DMT(K) ∼ DCM(N (K)) and the canonical identifications

Hom_{DCM(K)}(Q, Q(q)[n]) ∼= H^n(N (K)) ∼= ⊕_{q≥0}H^n(K, Q(q)) (and similarly for k) we need to show that the Q-linear extension of ~sp_t agrees with the map H^n(sp_t) : H^n(N (K)) → H^n(N (k)) induced by sp_t : N (K) → N (k).

For this, take an element α ∈ H^n(K, Z(q)) and set β̄ := ∂α ∈ H^{n−1}(k, Z(q − 1)).

Since i_x : x → Spec O is split by the structure morphism π : Spec O → Spec k, we can lift β̄ to β : π^∗(β̄) ∈ H^{n−1}(O, Z(q − 1)). Then ∂([t] ∪ β) = ∂([t]) ∪ i^∗_xβ = β̄,

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 143 the first identity following from the Leibniz rule and the second from the fact that ∂([t]) = 1 ∈ H^0(k, Z(0)). Thus ∂(α − [t] ∪ β) = 0, hence there is a class γ ∈ H^n(O, Z(q)) with j^∗γ = α − [t] ∪ β.

We consider γ as an element of H^n(N (O)). By Proposition 12.4.2, we have H^n(i^∗_x)(γ) = H^n(sp_t)(α − [t] ∪ β).

By the functoriality of the identification H^n(N (−)) ∼= ⊕_{q≥0}Hom_{DCM}(N (−))(Q, Q(q)) and Proposition 12.4.2 it follows that ~sp_t(j^∗γ) = H^n(i^∗_x)(γ) = H^n(sp_t)(j^∗γ) so we reduce to showing ~sp_t([t] ∪ β) = 0 = H^n(sp_t)([t] ∪ β).

The first identity follows from [t] ∪ [t] = 0 in H^2(K, Q(2)). For the second, because sp_t is a morphism in H(c.d.g.a._q), the map H^∗(sp_t) is multiplicative, hence it suffices to show that H^1(sp_t)([t]) = 0.

For this, it follows from the constuction of the map sp_t : N (K) → N (k(x)) in H(c.d.g.a._Q) that sp_t is natural with respect to Nisnevich neighborhoods f : (C^′, x^′) → (C, x) of x, i.e., sp_f ∗_{(t)} ∘ f^∗ = sp_t.

Now, the map t : (C, x) → (A^1, 0) is clearly a Nisnevich neighborhood of 0 (after shrinking C if necessary) and [t] = t^∗([T ]) where A^1 = Spec k[T ]. Thus, we may assume that C = A^1 and t = T . But then [T ] is a well-defined element of H^1(N (G_m)) hence H^1(sp_t)([T ]) = i^∗_1([T ]) = [1] = 0 by definition of sp_t : N (O_A1_{,0}) → N (k). This completes the proof. □ Remark 12.6.2. Since sp^′_t is multiplicative, as we have already remarked, Proposition 12.6.1 gives a rather long-winded re-proof of the multiplicativity of the specialization homomorphism ~sp_t □

Documenta Mathematica 12 (2007) 71–146

144 Marc Levine

12.7. Tangential base-points. As shown in [29], the category DMT(k) carries a canonical exact weight filtration. For an Adams-graded c.d.g.a. A, the derived category of cell modules DCM(A) carries a natural weight filtration as well; the equivalence DCM(N (k)) ∼ DMT(k) given by Spitzweck’s representation theorem is compatible with the weight filtrations [26, Theorem 5.24]. If A is cohomologically connected (H^n(A) = 0 for n < 0 and H^0(A) = Q · id), then DCM(A) carries a t-structure, natural among cohomologically connected A. Finally, if A is 1-minimal then DCM(A) is equivalent to the derived category of the heart of this t-structure (see [26, §5]).

Thus, if N (F ) is cohomologically connected, then DMT(F ) has a t-structure; the heart is called the category of mixed Tate motives over F , denoted MT(F ). In fact, MT(F ) is a Tannakian category , with natural fiber functor given by the weight filtration; let Gal_μ(F ) denote the pro-algebraic group scheme over Q associated to MT(F ) by the Tannakian formalism. If N (F ) is 1-minimal, then DMT(F ) is equivalent to D^b(MT(F )), but we won’t be using this. Now let x be a k-point on a smooth curve C over k, and t a parameter in O_{C,x}. The specialization functor

sp_t : DMT(k(C)) → DMT(k(x))

arises from the map sp_t : N (k(C)) → N (k(x)) in H(c.d.g.a._Q), hence sp_t is compatible with the weight filtrations. When N (k(C)) and N (k(x)) are cohomologically connected, sp_t is compatible with the t-structures, hence induces an exact functor of Tannakian categories

sp_t : MT(k(C)) → MT(k(x))

compatible with the fiber functors gr^W . By Tannakian duality, sp_t is equivalent to a homomorphism ∂ ∂t ∗

: Gal_μ(k(x)) → Gal_μ(k(C)),

which is the tangential base-point associated to the parameter t. This gives a purely “motivic” construction of the tangential base-point construction of Deligne-Goncharov [10]; the construction in [10] relies on realization functors.

References [1] Théorie des topos et cohomologie étale des schémas. Tome 3.

Dirigé par M. Artin, A. Grothendieck et J. L. Verdier. Avec la collaboration de P. Deligne et B. Saint-Donat. Lecture Notes in Mathematics, Vol. 305. Springer-Verlag, Berlin-New York, 1973.

[2] Arabia, A. relèvements des algèbre lisses et de leurs morphismes Comment. Math. Helv.

76(4) (2001), 607–639.

[3] Ayoub, J. Le formalisme des quatres opérations, preprint January 7, 2005.

http://www.math.uiuc.edu/K-theory/0717/ [4] Beilinson, A. Notes on absolute Hodge cohomology. Applications of algebraic K-theory to algebraic geometry and number theory, Part I (Boulder, Colo., 1983), 35–68, Contemp. Math., 55, Amer. Math. Soc., Providence, R.I., 1986.

[5] Bloch, S., Algebraic cycles and higher K-theory, Adv. in Math. 61 (1986), no. 3, 267–304.

Documenta Mathematica 12 (2007) 71–146

Motivic Tubular Neighborhoods 145

[6] Bloch, S., The moving lemma for higher Chow groups, J. Algebraic Geom. 3 (1994), no.

3, 537-568.

[7] Bloch, S. and Lichtenbaum, S., A spectral sequence for motivic cohomology, preprint (1995).

[8] Bousfield, A., Kan, D., Homotopy limits, completions and localizations. Lecture Notes in Mathematics, 304. Springer-Verlag, 1972.

[9] Cisinski, D.C., and Deglise, F., Private communication.

[10] Deligne, P. and Goncharov, A.B. Groupes fondamentaux motiviques de Tate mixte.

Ann. Scient. Éc. Norm. Sup. 38 no 1, (2005) 1-56.

[11] Dwyer, W. G.; Kan, D. M. Equivalences between homotopy theories of diagrams. Algebraic topology and algebraic K-theory (Princeton, N.J., 1983), 180–205, Ann. of Math. Stud., 113, Princeton Univ. Press, Princeton, NJ, 1987.

[12] Friedlander, E. and Suslin, A., The spectral sequence relating algebraic K-theory to motivic cohomology, preprint, July 16, 2000, http://www.math.uiuc.edu/Ktheory/0432/index.html.

[13] Fujiwara, K. A proof of the absolute purity conjecture (after Gabber). Algebraic geometry 2000, Azumino (Hotaka), 153–183, Adv. Stud. Pure Math., 36, Math. Soc. Japan, Tokyo, 2002.

[14] Gillet, H. A.; Thomason, R.W. The K-theory of strict Hensel local rings and a theorem of Suslin. Proceedings of the Luminy conference on algebraic K-theory (Luminy, 1983). J. Pure Appl. Algebra 34 (1984), no. 2-3, 241–254.

[15] Hain, R.; Looijenga, E. Mapping Class Groups and Moduli Spaces of Curves, in Algebraic Geometry, Santa Cruz, 1995: Proc. Symp. Pure Math 62 vol. 2 (1997), 97-142.

[16] Hartshorne, R. Algebraic geometry. Graduate Texts in Mathematics, 52. Springer- Verlag, New York-Heidelberg, 1977.

[17] Hovey, M. Model categories. Mathematical Surveys and Monographs, 63. American Mathematical Society, Providence, RI, 1999.

[18] Hovey, M. Spectra and symmetric spectra in general model categories. J. Pure Appl.

Algebra 165 (2001), no. 1, 63–127.

[19] Jardine, J. F., Stable homotopy theory of simplicial presheaves, Canad. J. Math. 39 (1987), no. 3, 733–747.

[20] Joshua, R. The Motivic DGA. Preprint, March 16, 2001.

http://www.math.uiuc.edu/K-theory/0470/ [21] Jouanolou, J.-P. Théorèmes de Bertini et applications. Progress in Mathematics, 42.

Birkhäuser Boston, Inc., Boston, MA, 1983.

[22] Katz, N. M. Nilpotent connections and the monodromy theorem: Applications of a result of Turrittin. Inst. Hautes tudes Sci. Publ. Math. 39 (1970), 175–232.

[23] Kriz, Igor; May, J. P. Operads, algebras, modules and motives. Astérisque No. 233 (1995) [24] Levine, M. K-theory and motivic cohomology of schemes, I, preprint (1999, revised 2001) http://www.math.uiuc.edu/K-theory/336/ [25] Levine, M. Mixed Motives. Math. Surveys and Monographs 57, AMS, Prov. 1998. [26] Levine, M. Mixed motives, in Handbook of K-theory, Friedlander, Eric M.; Grayson, Daniel R. (Eds.), 429-522. Springer Verlag 2005.

[27] Levine, M. Techniques of localization in the theory of algebraic cycles, J. Alg. Geom.

10 (2001) 299-363.

[28] Levine, M. The homotopy coniveau filtration. Preprint, April 2003.

http://www.math.uiuc.edu/K-theory/628/ [29] Levine, Marc. Tate motives and the vanishing conjectures for algebraic K-theory. Algebraic K-theory and algebraic topology (Lake Louise, AB, 1991), 167–188, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 407, Kluwer Acad. Publ., Dordrecht, 1993.

[30] Morel, F. A^1-homotopy theory, lecture series, ICTP, July 2002. [31] Morel, F. A^1-homotopy theory, lecture series, Newton Institute for Math., Sept. 2002.

Documenta Mathematica 12 (2007) 71–146

146 Marc Levine

[32] Morel, F. On the A^1-homotopy and A^1-homology sheaves of algebraic spheres, notes based on lectures at the Inst. Henrí Poincaré, spring, 2004.

[33] Morel, F. Rationalized motivic sphere spectrum and rational motivic cohomology, statement of results.

[34] Morel, F. and Voevodsky, V., A^1-homotopy theory of schemes, Inst. Hautes Études Sci.

Publ. Math. 90 (1999), 45–143.

[35] Østvaer, P.A. and Röndigs, O., Motives and modules over motivic cohomology. C. R., Math., Acad. Sci. Paris 342, No. 10, 751-754 (2006).

[36] Quillen, D. Higher algebraic K-theory. I. Algebraic K-theory, I: Higher K-theories (Proc.

Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85–147. Lecture Notes in Math., Vol. 341, Springer, Berlin 1973.

[37] Rapoport, M.; Zink, Th. Über die lokale Zetafunktion von Shimuravarietäten. Monodromiefiltration und verschwindende Zyklen in ungleicher Charakteristik. Invent. Math. 68 (1982), no. 1, 21–101.

[38] Roberts, J. Chow’s moving lemma. Appendix 2 to: “Motives” (Algebraic geometry, Oslo 1970 (Proc. Fifth Nordic Summer School in Math.), pp. 53–82, Wolters-Noordhoff, Groningen, 1972) by Steven L. Kleiman. Algebraic geometry, Oslo 1970 (Proc. Fifth Nordic Summer School in Math.), pp. 89–96. Wolters-Noordhoff, Groningen, 1972.

[39] Röndigs, O. Functoriality in motivic homotopy theory. Preprint.

http://www.math.uni-bielefeld.de/ oroendig/ [40] Röndigs, O., Ostvaer, P.A. Motivic spaces with transfer, in preparation. [41] Röndigs, O. Private communication.

[42] Segal, G. Categories and cohomology theories. Topology 13 (1974), 293–312. [43] Spitzweck, M. Operads, Algebras and Modules in Model Categories and Motives, Ph.D.

thesis (Universität Bonn), 2001.

[44] Steenbrink, J. Limits of Hodge structures. Invent. Math. 31 (1975/76), no. 3, 229–257. [45] Thomason, R. W. Algebraic K-theory and étale cohomology. Ann. Sci. École Norm.

Sup. (4) 18 (1985), no. 3, 437–552.

[46] Voevodsky, V.; Suslin, A.; Friedlander, E. M. Cycles, transfers, and motivic homology theories. Annals of Mathematics Studies, 143. Princeton University Press, Princeton, NJ, 2000.

[47] Voevodsky, Vladimir. Cross functors. Lecture ICTP, Trieste, July 2002. [48] Voevodsky, V. Motives over simplicial schemes. Preprint, June 16, 2003.

http://www.math.uiuc.edu/K-theory/0638/

Marc Levine^∗ Department of Mathematics Northeastern University Boston, MA 02115 USA

∗The author gratefully acknowledges the support of the NSF via grants DMS 0140445 and DMS-0457195.

Documenta Mathematica 12 (2007) 71–146

Documenta Math. 147

De Rham-Witt Cohomology and Displays

Andreas Langer and Thomas Zink

Received: July 21, 2006 Revised: March 7, 2007

Communicated by Peter Schneider

Abstract. Displays were introduced to classify formal p-divisible groups over an arbitrary ring R where p is nilpotent. We define a more general notion of display and obtain an exact tensor category. In many examples the crystalline cohomology of a smooth and proper scheme X over R carries a natural display structure. It is constructed from the relative de Rham-Witt complex. For this we refine the comparison between crystalline cohomology and de Rham-Witt cohomology of [LZ]. In the case where R is reduced the display structure is related to the strong divisibility condition of Fontaine [Fo].

2000 Mathematics Subject Classification: 14F30, 14F40 Keywords and Phrases: crystalline cohomology

1 Introduction

Displays of formal p-divisible groups were introduced in [Z2]. They are one possible extension of classical Dieudonné theory to more general ground rings. In [LZ] we gave a direct construction of a display for an abelian scheme by the relative de Rham-Witt complex. In the case where the p-divisible group of the abelian scheme is local the construction leads to the display of [Z2]. We define here a more general notion of display over a ring R, where a given prime number p is nilpotent. If R is a perfect field a display is just a finitely generated free W (R)-module M endowed with an injective Frobenius linear map F : M → M, while a display of [Z2] is a Dieudonné module, where V acts topologically nilpotent. Our category of displays is an exact tensor category which contains the displays of [Z2] as a full subcategory. There is also a good notion of base change for displays with respect to arbitrary ring morphisms R → R^′. Neither the construction of the tensor product nor the construction of base change is straightforward. Special types of tensor products are related

Documenta Mathematica 12 (2007) 147–191

148 Andreas Langer and Thomas Zink

in [Z2] to biextensions of formal groups. Other operations of linear algebra as exterior products and duals up to Tate twist may be performed but we don’t discuss them here, since we don’t use them essentially and their construction requires just the same ideas. We add that the exact category of displays is Karoubian [T] and has a derived category.

In many examples we have a display structure on the cohomology of a projective and smooth scheme which arises as follows: Let p be a fixed prime number and let R be a ring such that p is nilpotent in R. We denote by W (R) the ring of Witt vectors and we set I_R = V W (R). Let X be a projective and smooth scheme over R. Let W Ω^·_{X/R} be the de Rham-Witt complex. We define for m ≥ 0 the Nygaard complex N^mW Ω^·_{X/R} of sheaves of W (R)-modules:

(W Ω^0_{X/R})_{[F ]}^d→ . . .^d→ (W Ω^{m−1}_{X/R} )_{[F ]}^{dV}→ W Ω^m_{X/R}^d→ W Ω^{m+1}_{X/R}^d→ . . . .

Here F indicates restriction of scalars with respect to the Frobenius F : W (R) → W (R). We remark that N^0W Ω^·_{X/R} = W Ω^·_{X/R}. These complexes were considered by Nygaard, Illusie and Raynaud [I-R], and Kato [K] if R is a perfect field.

Let m be a nonnegative integer and consider the hypercohomology groups P_i = H^m(X, N^iW Ω_{X/R}) for i ≥ 0. The structure of the de Rham-Witt complex gives naturally three sets of maps (compare: Definition 2.2):

1) A chain of morphisms of W (R)-modules

. . . → P_{i+1}^{ιi}→ P_i → . . . → P_1^{ι0}→ P_0.

2) For each i ≥ 0 a W (R)-linear map α_i : I_R ⊗_{W (R)} P_i → P_{i+1}.

3) For each i ≥ 0 a Frobenius linear map F_i : P_i → P_0.

The composition of ι and α is the multiplication I_R ⊗ P_i → P_i. Moreover we have the equation:

F_{i+1}(α_i(^V η ⊗ x)) = ηF_ix, η ∈ I_R, x ∈ P_i (1) We will call a set of data P = (P_i, ι_i, α_i, F_i) with the properties above a predisplay. The predisplays form an abelian category. The equation (1) implies: F_i(ι_i(y)) = pF_{i+1}(y) i.e. the Frobenius F_0 becomes more and more divisible by p if it is restricted to the Nygaard complexes.

We are interested in predisplays, which are obtained by the following construction. We start with a set of data which are called standard:

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 149

A sequence L_0, . . . , L_d of finitely generated projective W (R)-modules.

A sequence of Frobenius linear maps for i = 0, . . . d:

Φ_i : L_i → L_0 ⊕ . . . ⊕ L_d

We require that the map ⊕_iΦ_i is a Frobenius linear automorphism of L_0 ⊕. . .⊕ L_d.

From these data one defines a predisplay P = (P_i, ι_i, α_i, F_i), with

P_i = (I_R ⊗ L_0) ⊕ . . . ⊕ (I_R ⊗ L_{i−1}) ⊕ L_i ⊕ . . . ⊕ L_d

for i ∈ Z, i ≥ 0. The definition of the maps ι_i, α_i, F_i (compare Definition 2.2) is not obvious, but we skip it for the moment. We should warn the reader that the P_i for i > d are obviously isomorphic, but these isomorphisms are not canonical, i.e. they depend on our construction and not only on the predisplay P. Definition: A predisplay is called a display if it is isomorphic to a predisplay associated to standard data.

A decomposition P_0 = L_0 ⊕ L_1 ⊕ . . . ⊕ L_d which is given by standard data is called a normal decomposition.

If we start with standard data for d = 1 we obtain exactly the 3n-displays of [Z2], which are called displays in [Me]. In this work we call them 1-displays. If we assume that the L_i are free the map ⊕Φ_i is represented by a block matrix (A_{ij} ), where A_{ij} is the matrix of the Frobenius linear map L_j → L_i induced by ⊕Φ_i, where 0 ≤ i, j ≤ d. Conversely any block matrix (A_{ij} ) from GL(W (R)) defines standard data for a display. Over a local ring R it would be possible to define the category of displays in terms of matrices.

We note that the maps ι_i for a display P are generally not injective unless the ring R is reduced. In this case the whole display is uniquely determined by the Frobenius module (P_0, F_0). Indeed the display property implies that:

P_i = {x ∈ P_0 | F_0(x) ∈ p^iP_0} (2)

One has F_i = (1/p^i)F_0. This makes sense because p is not a zero divisor in W (R) if R is reduced. Therefore over a reduced ring a display is a special kind of Frobenius module.

If R = k is a perfect field a display is just the same as a Frobenius module (P_0, F_0). Indeed, consider the map F_0 : P_0 ⊗Q → P_0 ⊗Q. We obtain inclusions of W (k)-modules: P_0 ⊂ F^{−1}_0 P_0 ⊂ P_0 ⊗ Q.

By the theory of elementary divisors we find a decomposition by W (R)-modules P_0 = L_0 ⊕ L_1 ⊕ . . . ⊕ L_d, such that

F^{−1}_0 P_0 = L_0 ⊕ p^{−1}L_1 ⊕ . . . ⊕ p^{−d}L_d.

Documenta Mathematica 12 (2007) 147–191

150 Andreas Langer and Thomas Zink

Therefore the restriction of p^{−i}F_0 to L_i defines a map Φ_i : L_i → P_0, for i = 0, . . . , d. These are the standard data for the display associated to the Frobenius module (P_0, F_0).

If pR = 0 Moonen and Wedhorn [MW] introduced the structure of an F -zip. It is defined in terms of the de Rham cohomology of the scheme X/R. As one should expect any display gives rise to an F -zip (compare the remark after Definition 2.6.).

For an arbitrary projective and smooth variety X/R we can’t expect that the crystalline cohomology H^m_{crys}(X/W (R)) has a display structure. Therefore we consider the following assumptions: There is a compatible system of smooth liftings X̃_n/W_n(R) for n ∈ N of X/R such that the following properties hold:

(*) The cohomology groups H^j (X̃_n, Ω^i_{X̃n/Wn(R)}) are for each n, i and j locally free W_n(R)-modules of finite type.

(**) The de Rham spectral sequence degenerates at E_1

E^{ij}_1 = H^j (X̃_n, Ω^i_{X̃n/Wn (R)}) ⇒ H^{i+j} (X̃_n, Ω^·_{X̃n/Wn(R)}).

Theorem: Let X be smooth and projective over a reduced ring R, such that the assumptions (*) and (**) are satisfied. Let d be an integer 0 ≤ m < p. Consider the Frobenius module P_0 = H^m_{crys}(X/W (R)) and define P_i by the formula (2).

Then the P_i form a display and P_i coincides with the hypercohomology of the Nygaard complex N^iW Ω^·_{X/R}.

It would follow from the general conjecture made below that this theorem holds without the restriction m < p.

Finally we indicate how to proceed if the ring R is not reduced. In order to overcome the problem with the p-torsion in W (R) we use frames [Z1]. A frame for R is a triple (A, σ, α), where A is a p-adic ring without p-torsion, σ : A → A is an endomorphism which lifts the Frobenius on A/pA, and α : A → R is a surjective ring homomorphism whose kernel has divided powers. Let us assume that X admits a lifting to a smooth formal scheme Y over Spf A, which satisfies assumptions analogous to (*) and (**). We define “displays” relative to A which we call windows (see [Z1]). Theorem 5.5 says that under the conditions made H^m_{crys}(X/A, O_{X/A}) has a window structure for m < p . There is a morphism A → W (A) → W (R) which allows to pass from windows to displays. We remark that because of this morphism the assumptions (*) and (**) for A are stronger than the original assumption for W (R). In equal characteristic we obtain e.g. the following:

Theorem Let X be smooth and projective over a ring R, such that pR = 0. Let us assume that there is a frame A → R and a smooth p-adic lifting Y/ Spf A of X, which satisfies the conditions analogous to (*) and (**). Then there is a canonical display structure on H^m_{crys}(X/W (R)) for m < p, which does not depend on the lifting Y nor on the frame A.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 151

We discuss three examples where the assumptions (∗) and (∗∗) hold. In these examples the assumptions made on X in the two preceding theorems are fullfilled.

Let X be a K3-surface over R. We assume without restriction of generality that R is noetherian. We denote by T_{X/R} the tangent bundle of X. The cohomology group H^2(X, T_{X/R}) commutes with base change by [M] §5 Cor.3. From the case where R is an algebraically closed field, we deduce that this cohomology group vanishes. It follows that X has a formal lifting over Spf W (R) resp. Spf A. From the Hodge numbers of a K3-surface over an algebraically closed field [De1] one deduces that H^1(X, O_X ) = 0, H^0(X, Ω^1_{X/R}) = 0, H^2(X, Ω^1_{X/R}) = 0, H^1(X, Ω^2_{X/R}) = 0. It follows that the cohomology of X commutes with arbitrary base change and is therefore locally free [M] loc.cit.. The degeneration of the de Rham spectral sequence follows now because the Hodge numbers above are zero, because there is no room for non-zero differentials. Let X be an abelian variety over R. In this case the assumptions (∗) and (∗∗) are fullfilled by [BBM] 2.5.2.

Finally let X be a smooth relative complete intersection in a projective space over R. Then the conditions (∗) and (∗∗) are fullfilled by [De2] Thm.1.5.

Let p be a prime number. Let R be a ring such that p is nilpotent in R. In [LZ] Thm. 3.5 we proved a comparison between the crystalline cohomology and the hypercohomology of the de Rham-Witt complex extending a result of Illusie [I] if R is a perfect field. We show here a filtered version of this comparison, which is the key to the display structure. We conjecture a more precise comparison, which would lead to a wide generalization of the theorems above. Let W_n(R) be the truncated Witt vectors. We set I_{R,n} = V W_{n−1}(R). This ideal is 0 for n = 1.

Let X/R be a smooth and projective scheme. We consider the crystalline site Crys(X/W_n(R)) with its structure sheaf O_{X/Wn (R)}. Let us denote by J_{X/Wn (R)} ⊂ O_{X/Wn (R)} the sheaf of pd-ideals. We denote by J^{[m]}_{X/Wn (R)} its m-th divided power. Let

u_n : Crys(X/W_n(R))^∼ −→ X^∼_{zar}

be the canonical morphism of topoi.

The comparison isomorphism [LZ] is an isomorphism in the derived category D(X_{zar}) of sheaves of W_n(R)-modules on X_{zar}:

Ru_{n∗}O_{X/Wn (R)} −→ W_nΩ^·_{X/R}

We will prove a filtered version of this. Let m be a natural number. Let I^mW_nΩ^·_{X/R} be the following subcomplex of the de Rham-Witt complex:

p^{m−1}V W_{n−1}Ω^0_{X/R}^d→ p^{m−2}V W_{n−1}Ω^1_{X/R} . . .^d→ V W_{n−1}Ω^{m−1}_{X/R}^d→ W_nΩ^m_{X/R} . . .

Documenta Mathematica 12 (2007) 147–191

152 Andreas Langer and Thomas Zink

The filtered comparison Theorem 4.6 says that for m < p we have an isomorphism in the derived category Ru_{n∗}J^{[m]}_{X/Wn (R)} −→ I^mW_nΩ^·_{X/R} (3) We would like to have a similar comparison theorem for the truncated Nygaard complex N^mW_nΩ^·_{X/R} instead of I^mW_nΩ^·_{X/R}:

(W_{n−1}Ω^0_{X/R})_{[F ]}^d→ . . .^d→ (W_{n−1}Ω^{m−1}_{X/R} )_{[F ]}^{dV}→ W_nΩ^m_{X/R}^d→ W_nΩ^{m+1}_{X/R}^d→ . . . The advantage of the Nygaard complex is that the restriction of the Frobenius from W Ω^·_{X/R} to N^mW Ω^·_{X/R} is in a natural way divisible by p^m even if p is a zero divisor. For a reduced ring R the Nygaard complex N^mW Ω^·_{X/R} is quasiisomorphic to I^mW Ω^·_{X/R}. Unfortunately in general we don’t know a definition for the Nygaard complex in terms of crystalline cohomology. Nevertheless we make the conjecture 4.1:

Conjecture: Assume that X̃/W_n(R) is a smooth lifting of X. Then the Nygaard complex is in the derived category canonically isomorphic to the following complex F^mΩ^·_{X̃/Wn (R)}:

I_{R,n} ⊗_{Wn(R)} Ω^0_{X̃/Wn(R)}^{pd}→ . . .^{pd}→ I_{R,n} ⊗_{Wn(R)} Ω^{m−1}_{X̃/Wn (R)}^d→ Ω^m_{X̃/Wn(R)}^d→ . . . .

Assume that we have for varying n a compatible system of smooth liftings X̃_n/W_n(R). We obtain a formal scheme X = lim_{−→} X̃_n. We set:

F^mΩ^·_{X /W (R)} = lim_{←−} n F^mΩ^·_{X̃n/Wn(R)} N^mW Ω^·_{X/R} = lim_{←−} n N^mW_nΩ^·_{X/R}

We show the following weak form of the conjecture (Corollary 4.7): Theorem: Assume that R is reduced and that m < p. Then there is a natural isomorphism in the derived category of W (R)-modules on X_{zar}: N^mW Ω^·_{X/R} ∼= F^mΩ^·_{X /W (R)}

Moreover we can show in support of our conjecture, that the complexes N^mW_nΩ^·_{X/R} and F^mΩ^·_{X̃n/Wn (R)} are always locally quasi-isomorphic on X_{zar}. The last theorem is closely related to strong divisibility in the sense of [Fo] 1.3: Assume the assumptions (∗) and (∗∗) are satisfied. By the last theorem the splitting of the Hodge filtration of the formal scheme X defines a normal decomposition:

H^m(X, F^j Ω^·_{X /W (R)}) = I_RL_0 ⊕ . . . ⊕ I_RL_{j−1} ⊕ L_j ⊕ . . . ⊕ L_d

It is obvious from Definition 2.2 that the Frobenius F_j : H^m(X, N^j W Ω^·_{X/R}) → H^m(X, W Ω^·_{X/R}) is bijective if j is bigger than the dimension. Therefore F_0 ⊕ F_1 ⊕ . . . ⊕ F_d: induces a bijection: I_RL_0 ⊕ . . . ⊕ I_RL_d → L_0 ⊕ . . . ⊕ L_d This is what strong divisibility asserts.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 153 2 The Category of Displays Let R be a ring, and let W (R) be the ring of Witt vectors. We set I_R = V W (R). If no confusion is possible we sometimes use the abbreviation I = I_R. Let Φ : M → N a Frobenius-linear homomorphism of W (R)-modules. We define a Frobenius-linear homomorphism Φ̃: Φ̃ : I_R ⊗_{W (R)} M → N

V ξ ⊗ m → ξΦ(m) (4) Definition 2.1 A predisplay over R consists of the following data:

1) A chain of morphisms of W (R)-modules . . . → P_{i+1}^{ιi}→ P_i → . . . → P_1^{ι0}→ P_0.

2) For each i ≥ 0 a W (R)-linear map α_i : I_R ⊗_{W (R)} P_i → P_{i+1}.

3) For each i ≥ 0 a Frobenius linear map F_i : P_i → P_0.

The following axioms should be fulfilled (D1) For i ≥ 1 the diagram below is commutative and its diagonal I_R ⊗ P_i → P_i is the multiplication. I_R ⊗ P_i^{αi}−−−−→ P_{i+1}

I_R⊗ι_{i−1} � � �^ιi � � � I_R ⊗ P_{i−1}^{αi−1}−−−−→ P_i For i = 0 the following map is the multiplication: I_R ⊗ P_0^{α0}−−−−→ P_1^{ι0}−−−−→ P_0 (D2) F_{i+1}α_i = F̃_i : I_R ⊗ P_i. → P_0 We will denote a predisplay as follows: P = (P_i, ι_i, α_i, F_i), i ∈ Z_{≥0}.

Let X be a smooth and proper scheme over a scheme S. Then we obtain a predisplay structure on the crystalline cohomology through the Nygaard complexes N^mW_nΩ_{X/S} which are built from the de Rham-Witt complex as follows:

(W_{n−1}Ω^0_{X/S} )_{[F ]}^d→ . . .^d→ (W_{n−1}Ω^{m−1}_{X/S} )_{[F ]}^{dV}→ W_nΩ^m_{X/S}^d→ W_nΩ^{m+1}_{X/S} . . .

Documenta Mathematica 12 (2007) 147–191

154 Andreas Langer and Thomas Zink

This is considered as a complex of W_n(O_S )-modules. The index [F ] means that we consider this term as a W_n(O_S )-module via restriction of scalars F : W_n(O_S ) → W_{n−1}(O_S ).

Let I_{S,n} = V W_{n−1}(O_S ) ⊂ W_n(O_S ) be the sheaf of ideals. We define three sets of maps:

α̂_m : I_{S,n} ⊗_{Wn(OS )} N^mW_nΩ^·_{X/S} → N^{m+1}W_nΩ^·_{X/S}

ι̂_m : N^{m+1}W_nΩ^·_{X/S} → N^mW_nΩ^·_{X/S}

F̂_m : N mW_nΩ·_{X/S} → W_{n−1}Ω·_{X/S} (5)

These maps are given in this order by the maps between the following vertically written procomplexes (the index n is omitted):

IS ⊗ (W Ω^0_{X/S} )_{[F ]} −−−−−→ (W Ω^0_{X/S} )_{[F ]}^p−−−−−→ (W Ω^0_{X/S} )_{[F ]}^{id}−−−−−→ W Ω^0_{X/S}

IS ⊗d ? y d ? y d ? y d ? y . . . . . . . . . . . .

IS ⊗ (W Ω^{m−1}_{X/S} )_{[F ]} −−−−−→ (W Ω^{m−1}_{X/S} )_{[F ]}^p−−−−−→ (W Ω^{m−1}_{X/S} )_{[F ]}^{id}−−−−−→ W Ω^{m−1}_{X/S}

id ⊗dV ? ? y d ? ? y dV ? ? y d ? ? y IS ⊗ (W Ω^m_{X/S})^{F̃}−−−−−→ (W Ω^m_{X/S} )_{[F ]}^V−−−−−→ W Ω^m_{X/S}^F−−−−−→ W Ω^m_{X/S}

id ⊗d ? ?y_{dV} ? ?y_d ? ?y_d ? ?y IS ⊗ W Ω^{m+1}_{X/S}^{mult}−−−−−→ W Ω^{m+1}_{X/S}^{id}−−−−−→ W Ω^{m+1}_{X/S}^{pF}−−−−−→ W Ω^{m+1}_{X/S}

id ⊗d ? ? y d ? ? y d ? ? y d ? ? y IS ⊗ W Ω^{m+2}_{X/S}^{mult}−−−−−→ W Ω^{m+2}_{X/S}^{id}−−−−−→ W Ω^{m+2}_{X/S}^{p2F}−−−−−→ W Ω^{m+2}_{X/S}

. . . . . . . . . . . .

The first unlabeled arrows on the left hand side denote the maps^V ξ ⊗ω → ξω, where the product is taken in W Ω^i_{X/S} (without restriction of scalars).

Definition 2.2 Let S = Spec R be an affine scheme. Let X/S be a smooth and proper scheme. Then we associate a predisplay. We set:

P_i = H^d(X, N^iW Ω_{X/S} )

The predisplay structure on the P_i is easily obtained by taking the cohomology of the maps (5).

Here we write N^mW Ω^·_{X/R} = lim_{←−} n N^mW_nΩ^·_{X/R}. The P_i coincide with the coho-

mology of R lim_{←−} n RΓ(X, N^iW_nΩ_{X/S} ) by the proof of [LZ] Prop. 1.13 (compare

[BO] Appendix).

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 155

Remark: Let S = Spec k be the spectrum of a perfect field. Then I(k) is isomorphic to W (k) as W (k)-module. The maps of complexes which define α̂_i and ι̂_i are in this case the maps F̃ and Ṽ used by Kato in his definition of the F -gauges GH^d(X/S).

Let A/S be an abelian scheme. Then the predisplay structure on the crystalline cohomology H^1(A/W (R), O_{A/W (R)}) is in fact a 3n-display structure in the sense of [Z2]. We will introduce additional properties of predisplay structures which arise in the crystalline cohomology of smooth and proper varieties. Let P be a predisplay. Then we have a commutative diagram:

P_i^{Fi}−−−−→ P_0

ι_i � �^p � � P_{i+1}^{Fi+1}−−−−→ P_0 (6)

Indeed, let y ∈ P_{i+1}. Then we obtain from (D1) that

α_i(^V 1 ⊗ ι_i(y)) =^V 1y

If we apply F_{i+1} to the last equation and use (D2), we obtain:

F_i(ι_i(y)) = pF_{i+1}(y)

Definition 2.3 A predisplay P = (P_i, ι_i, α_i, F_i) is called separated if the map of P_{i+1} to the fibre product induced by the commutative diagram (6) is injective.

Remark: Predisplays form obviously an abelian category. To each predisplay P we can associate a separated predisplay P^{sep} and a canonical surjection P → P^{sep}. This is defined inductively: P^{sep}_0 = P_0 and P^{sep}_{i+1} is the image of P_{i+1} in the fibre product of:

P^{sep}_i^F sep i−−−−→ P^{0 p}←−−−− P^0

The functor P → P^{sep} to the category of separated displays is left adjoint to the forgetful functor, but it is not exact.

It is not difficult to prove that a separated predisplay has the following property: Consider the iteration of the maps α:

I^{⊗k} ⊗ P_i^{αi}−−−−→ I^{⊗k−1} ⊗ P_{i+1}^{αi+1}−−−−→ . . .^{αi+k−1}−−−−−→ P_{i+k} (7)

Here the maps α pick up the last factor of I^⊗. The following map is called the “Verjüngung”:

ν^{(k)} : I^{⊗k} → I

V ξ_1 ⊗ . . . ⊗^V ξ_k →^V (ξ_1 · . . . · ξ_k) (8) Documenta Mathematica 12 (2007) 147–191

156 Andreas Langer and Thomas Zink For a separated display the iteration (7) factors through the Verjüngung: I^{⊗k} ⊗ P_i^{ν(k)}−−−−→ I ⊗ P_i −−−−→ P_{i+k} The last arrow will be called α^{(k)}_i . In particular this shows that the iteration (7) is independent of the factors we picked up, when forming α_j . For a separated display the data α_i, i ≥ 0 are uniquely determined by the remaining data. This is seen by the following commutative diagram:

I ⊗ P_i

P_{i+1}

P_i P_0

P_0

F_i

ι_i

F̃_i p F_{i+1} α_i

(∗)

� � � � � � � �

� � � � � �

� �

�

�

For a predisplay P the cokernel E_{i+1} := Coker α_i is annihilated by I. It is therefore an R-module.

Definition 2.4 We say that a predisplay is of degree d (or a d-predisplay), if the maps α_i are surjective for i ≥ d.

A separated predisplay of degree d is already uniquely determined by the data: P_0, . . . P_d, ι_0, . . . ι_{d−1}, F_0, . . . , F_d, α_0, . . . , α_{d−1} (9) For this consider the diagram (∗) above for i = d. The data already given determine a map of I ⊗ P_d to the fibre product. This map is α_d and the image is P_{d+1}. Thus inductively all data of the display are uniquely determined. Conversely assume that we have data (9) which satisfy all predisplay axioms reasonable for these data. Then we define P_{d+1} by the diagram (∗) above. We obtain also the maps α_d, ι_d, and F_{d+1}. The axioms for the extended data are trivially satisfied, except for the requirement that I ⊗ P_{d+1} → I ⊗ P_d → P_{d+1}

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 157

is the multiplication. But this follows easily by composing the diagram (∗) for i = d, with the arrow id ⊗ι_d : I ⊗ P_{i+1} → I ⊗ P_i. Inductively we see that a set of data (9) satisfying the predisplay axioms may be extended uniquely to a predisplay of degree d.

We may define the twist of a predisplay. Let

P = (P_i, ι_i, α_i, F_i)

be a predisplay. Then we define its Tate-twist

P(1) = (P^′_i , ι^′_i, α^′_i, F^′_i ) (10)

as follows: For i ≥ 1 we set P^′_i = P_{i−1}, ι^′_i = ι_{i−1}, α^′_i = α_{i−1}, F^′_i = F_{i−1}. We set P^′_0 = P_0 = P^′_1, F^′_0 = pF_0, ι^′_0 = id_{P0} . Finally α^′_0 : I ⊗ P_0 → P_0 is defined to be the multiplication. If we repeat this n-times we write P(n). We define a predisplay U = (P_i, ι_i, α_i, F_i) called the unit display as follows: P_0 = W (R), P_i = I for i ≥ 1. The chain of the maps ι is as follows:

. . . I^p→ I . . .^p→ I → W (R), (11)

where the last map ι_0 is the natural inclusion.

The maps F_i : I = P_i → W (R) for i ≥ 1 coincide with the map

V^{−1} : I → W (R),^V ξ → ξ.

The map F_0 is the Frobenius on W (R). The map α_0 : I ⊗ W (R) → I is the multiplication. The maps α_i : I ⊗ I → I are the Verjüngung ν^{(2)}. Since the “Verjüngung” is surjective the unit display has degree zero. A 3n-display (P, Q, F, V^{−1}) as defined in [Z2] gives naturally rise to data of type (9) with P_0 = P , P_1 = Q, F_0 = F , F_1 = V^{−1} and therefore extends naturally to a predisplay of degree 1 as we explained above. We will make this explicit later on.

Let R be a reduced ring. Then the multiplication by p is injective on W (R). Let M be a projective W (R)-module, and F : M → M be a Frobenius linear map. Then we set:

P_i = {x ∈ M | F (x) ∈ p^iM}

We obtain maps F_i = (1/p^i)F : P_i → P_0 = M

For ι_i we take the natural inclusion P_{i+1} → P_i. For α_i we take the maps I ⊗ P_i → IP_i ⊂ P_{i+1} induced by multiplication. The data (P_i, ι_i, α_i, F_i) constructed in this way are a separated predisplay.

The predisplays we are interested in arise from a construction which we explain now.

Definition 2.5 The following set of data we will call standard data for a display of degree d.

Documenta Mathematica 12 (2007) 147–191

158 Andreas Langer and Thomas Zink

A sequence L_0, . . . , L_d of finitely generated projective W (R)-modules.

A sequence of Frobenius linear maps for i = 0, . . . d:

Φ_i : L_i → L_0 ⊕ . . . ⊕ L_d

We require that the map ⊕_iΦ_i is a Frobenius linear automorphism of L_0 ⊕ . . .⊕ L_d

From these data we obtain a predisplay in the following manner: We set:

P_i = (I ⊗ L_0) ⊕ . . . ⊕ (I ⊗ L_{i−1}) ⊕ L_i ⊕ . . . ⊕ L_d

for i ∈ Z, i ≥ 0.

We note that P_i = P_{d+1} for i > d. But these identifications are not part of the predisplay structure we are going to define. They depend on the standard data!

We define “divided” Frobenius maps:

F_i : P_i → P_0

The restriction of F_i to I ⊗ L_k for k < i is Φ̃_k, and to L_{i+j} for j ≥ 0 is p^j Φ_{i+j} .

The map ι_i : P_{i+1} → P_i is given by the following diagram:

(I ⊗ L_0)⊕ . . . ⊕(I ⊗ L_{i−1})⊕(I ⊗ L_i)⊕L_{i+1}⊕ . . . ⊕L_d p � � �^p � � � mult � � � id � � � id � � � (I ⊗ L_0)⊕ . . . ⊕(I ⊗ L_{i−1})⊕ L_i ⊕L_{i+1}⊕ . . . ⊕L_d

(12)

The map α_i : I ⊗ P_i → P_{i+1} is given by the following diagram:

I ⊗ (I ⊗ L_0)⊕ . . . ⊕I ⊗ (I ⊗ L_{i−1})⊕ I ⊗ L_i ⊕I ⊗ L_{i+1}⊕ . . . ⊕I ⊗ L_d ν � � �^ν � � � id � � � mult � � � mult � � � (I ⊗ L_0) ⊕ . . . ⊕ (I ⊗ L_{i−1}) ⊕(I ⊗ L_i)⊕ L_{i+1} ⊕ . . . ⊕ L_d

(13)

Here ν = ν^{(2)} is the Verjüngung. We leave the verification that P = (P_i, ι_i, α_i, F_i) is a separated predisplay to the reader.

Definition 2.6 A predisplay is called a display if it is isomorphic to a predisplay associated to standard data.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 159 Remark: Let us assume that pR = 0. There is the notion of an F -zip by Moonen and Wedhorn. The relation to displays is as follows. Let P = (P_i, ι_i, α_i, F_i) be a display over R. We define an F -zip structure on M = P_0/I_RP_0 by the following two filtrations. Let C^i as the image of P_i in P_0/I_RP_0 given by the composite of the maps ι_k. This gives the decreasing “Hodge filtration”: . . . ⊂ C^d ⊂ C^{d−1} ⊂ . . . ⊂ C^1 ⊂ C^0 = M.

We set D_i = W (R)F_iP_i +I_RP_0/I_RP_0 and obtain an increasing filtration, called the “conjugate filtration”:

0 = D_{−1} ⊂ D_0 ⊂ D_1 ⊂ D_2 ⊂ . . . ⊂ D_d ⊂ . . . ⊂ M. The morphisms F_i for i ≥ 0 induce Frobenius linear morphisms: F_i : C_i/C_{i+1} → D_i/D_{i−1} (14) These are Frobenius linear isomorphisms of R-modules. Indeed, if we choose a normal decomposition {L_i} we obtain identification:

C^i/C^{i+1} ∼= L_i/I_RL_i and D_i/D_{i−1} ∼= W (R)F_iL_i/I_RW (R)F_iL_i The two filtrations C^· and D_· together with the operators (14) form an F -zip [MW] Def. 1.5.

Let P be the display associated to the standard data (L_i, Φ_i) as above. Let Q = (Q_i, ι_i, α_i, F_i) be a predisplay. Assume we are given homomorphisms ρ_i : L_i → Q_i. Then we define maps τ_i:

P_i = (I ⊗ L_0) ⊕ . . . ⊕ (I ⊗ L_{i−1}) ⊕ L_i ⊕ . . . ⊕ L_d −→ Q_i On the summand (I ⊗ L_{i−k}) the map τ_i is the composite:

I ⊗ L_{i−k}^{id ⊗ρi−k}

−−−−−→ I ⊗ Q_{i−k}^{α(k)}−−−−→ Q_k On the summand L_{i+j} the map τ_i is the composite:

L_{i+j}^{ρi+j}−−−−→ Q_{i+j}^{ι(j)}−−−−→ Q_i, where the last arrow is a compositions of ι^′s.

Proposition 2.7 The maps τ_i define a homomorphism of predisplays P → Q if and only if the following diagrams are commutative: L_i^{ρi}−−−−→ Q_i

Φ_i � � Fi � � P_0^{τ0}−−−−→ Q_0

Documenta Mathematica 12 (2007) 147–191

160 Andreas Langer and Thomas Zink

We omit the verification.

If P = (P, Q, F, V^{−1}) is 3n-display in the sense of [Z2], then any normal decomposition P = L_0 ⊕ L_1, Q = IL_0 ⊕ L_1 defines standard data, which determine this display.

We will now define the tensor product of displays: Assume that P = (P_i, ι_i, α_i, F_i) and P^′ = (P^′_i , ι^′_i, α^′_i, F^′_i ) are displays over R.

A tensor product T = (T_i,^∘ι_i,^∘α_i,^∘F_i) may be constructed as follows. We choose normal decompositions

P_0 = ⊕_{n≥0}L_n, P^′_0 = ⊕_{n≥0}L^′_n.

More precisely this means, that we fix isomorphisms of P resp. P^′ with standard displays. We obtain:

P_i = I ⊗ L_0 ⊕ · · · ⊕ I ⊗ L_{i−1} ⊕ L_i ⊕ . . .

We denote the restriction of F_i : P_i −→ P_0 to the direct summand L_i by Φ_i. We obtain data for a standard display K_l,^∘Φ_l, l ≥ 0, if we set

K_l = ⊕_{n+m=l}(L_n ⊗ L^′_m).

Then ⊕_lK_l = P_0 ⊗ P^′_0, and we define Frobenius linear maps ∘ Φ_l : K_l −→ P_0 ⊗ P^′_0, by_∘ Φ_l = � n+m=l

Φ_n ⊗ Φ^′_m

From the standard data K_l,^∘Φ_l we obtain a display

T = (T_i,^∘ι_i,^∘α_i,^∘F_i) (15) We will show that T is up to canonical isomorphism independent of the normal decompositions of P resp. P^′.

In order to do this we define bilinear forms of displays. Let T be an arbitrary predisplay. A bilinear form λ : P × P^′ −→ T .

consists of the following data.

λ is a sequence of maps of W (R)-modules λ_{ij} : P_i ⊗ P^′_j −→ T_{i+j} .

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 161

We require that the following diagrams are commutative:

P_i ⊗ P^′_j −−−−→ T_{i+j}

F_i⊗F^′_j � � � � ∘_{F i+j}

P_0 ⊗ P^′_0 −−−−→_{id} T_0

P_i ⊗ P^′_j −−−−→ T_{i+j}

ι⊗id � �^∘ι � � P_{i+1} ⊗ P^′_j −−−−→ T_{i+j+1}

P_i ⊗ P^′_j −−−−→ T_{i+j}

id ⊗ι^′ � � � �^∘ι

P_i ⊗ P^′_{j+1} −−−−→ T_{i+j+1}

I_R ⊗ P_i ⊗ P^′_j −−−−→ I_R ⊗ T_{i+j}

α_i⊗id � � � �_{∘αi+j}

P_{i+1} ⊗ P^′_j −−−−→ T_{i+j+1}

I_R ⊗ P_i ⊗ P^′_j −−−−→ I ⊗ T_{i+j}

id ⊗α^′_j � � � �_{∘αi+j}

P_i ⊗ P^′_{j+1} −−−−→ T_{i+j+1}.

Remark: We will consider also the maps

P_i ⊗ P_j −→ T_k, for i + j ≥ k,

which are the compositions of λ_{ij} and T_{i+j} −→ T_k, the iteration of ι. If i + j > k we obtain a commutative diagram:

P_{i−1} ⊗ P_j −→ T_k ι ⊗ id ↑ ↑ P_i ⊗ P_j −→ T_{k+1}.

(16)

We will denote the set of bilinear forms of displays in this sense by

Bil(P × P^′, T ).

We return to the display T given by the standard data K_l,^∘Φ_l. We will now define maps λ_{ij} : P_i ⊗ P^′_j −→ T_{i+j} . For this we write P_i ⊗ P^′_j according to the normal decompositions:

Documenta Mathematica 12 (2007) 147–191

162 Andreas Langer and Thomas Zink

P_i ⊗ P^′_j = ( � n<i m<j I ⊗ I ⊗ L_n ⊗ L^′_m) ⊕ ( � n<i m≥j m+n<i+j

I ⊗ L_n ⊗ L^′_m)

⊕( � n≥i m<j n+m<i+j

(I ⊗ L_n ⊗ L^′_m)) ⊕ ( � n<i m≥j n+m≥i+j

I ⊗ L_n ⊗ L^′_m)

⊕( � m≥i m≤j n+m≥i+j

(I ⊗ L_n ⊗ L^′_m) ⊕ ( � n≥i m≥j L_n ⊗ L^′_m).

(17)

We have six direct sums in brackets, which we denote by Z_i, i = 1, . . . , 6 in the order as above.

By definition T_{i+j} has the decomposition

T_{i+j} = ( � n+m<i+j

I ⊗ L_n ⊗ L^′_m) ⊕ ( � n+m≥i+j

L_n ⊗ L^′_m). (18)

We define λ_{ij} : P_i ⊗ P^′_j −→ T_{i+j} as a bigraded map with respect to n, m ≥ 0, which is on the homogeneous components as follows. Case Z_1: n < i, m < j I ⊗ I ⊗ L_n ⊗ L^′_m −→ I ⊗ L_n ⊗ L^′_m V ξ ⊗^V η ⊗ l_n ⊗ l^′_m −→^V (ξη) ⊗ l_n ⊗ l^′_m Case Z_2: n < i, m ≥ j, n + m < i + j p^{m−j} id : I ⊗ L_n ⊗ L^′_m −→ I ⊗ L_n ⊗ L^′_m Case Z_3: n ≥ i, m < j, n + m < i + j p^{n−i} id : I ⊗ L_n ⊗ L^′_m −→ I ⊗ L_n ⊗ L^′_m Case Z_4: n < i, m ≥ j, n + m ≥ i + j

p^{i−n−1} id : I ⊗ L_n ⊗ L^′_m −→ I ⊗ L_n ⊗ L^′_m Case Z_5: n ≥ i, m < j, n + m ≥ i + j p^{j−m−1} id : I ⊗ L_n ⊗ L^′_m −→ I ⊗ L_n ⊗ L^′_m Case Z_6: n ≥ i, m ≥ j id : L_n ⊗ L^′_m −→ L_n ⊗ L^′_m.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 163

Proposition 2.8 The homomorphism λ_{ij} : P_i ⊗P^′_j −→ T_{i+j} defined by Z_1−Z_6 above define a bilinear form of displays.

Proof: We omit the tedious but simple verification.

Lemma 2.9 The homomorphism

⊕_{i+j=k}P_i ⊗ P^′_j −→ T_k

given by the sum of λ_{ij} is surjective.

Proof: We have to show that all summand of (18) are in the image. Consider the submodule L_n ⊗ L^′_m ⊂ T_k where n + m ≥ k. We set i = n and j = k − i = k − n ≤ m. By Z_6 this submodule is in the image of P_i ⊗ P^′_j −→ T_k. Next we consider a submodule I ⊗ L_n ⊗ L^′_m ⊂ T_k, where n + m < k. We set i = n and j = k − i = k − n > m. Thus we are in the case Z_3 with factor p^{n−i} = 1. Again the submodule is in the image of P_i ⊗ P^′_j −→ T_k. Q.E.D.

Proposition 2.10 Let P and P^′ be displays. Let T = (T_i,^∘ι_i,^∘α_i,^∘F_i) be the display (15). Let Q be a separated predisplay. There is a canonical isomorphism of abelian groups

Bil(P × P^′, Q) ∼= Hom(T , Q).

Proof: Assume that we are given a bilinear form. We set T = P ⊗ P^′. The maps T_i −→ Q_i are constructed inductively. For i = 0 this map is λ_{00}, where λ denotes the bilinear form. For the induction step to i + 1 we consider the diagram

T_i −−−−→ Q_i^{Fi}−−−−→ Q_0 � �_p � � T_{i+1}^{Fi+1}−−−−→ T_0 −−−−→ Q_0

(19)

We claim that (19) is commutative. By Lemma 2.9 it suffices to show the commutativity if we compose the diagram with the maps P_s ⊗ P^′_r −→ T_{i+1}, for s + r = i + 1. This amounts to the commutativity of the following diagram

Documenta Mathematica 12 (2007) 147–191

164 Andreas Langer and Thomas Zink

P_r ⊗ P^′_s

Q_{i+1}

Q_i Q_0

Q_0

F_i

ι

F_r ⊗ F_s p

� � � � � � � �

� � � � � �

� �

�

�

But the diagram is commutative by the definition of a bilinear form. Now the commutativity of (19) gives a map: T_{i+1} −→ Q_i ×_{Fi,Q0,p} Q_0. It is clear from the diagram above and Lemma 2.9 that this map factors through Q_{i+1}. Q.E.D. Corollary 2.11 The display (15)

T = (T_i,^∘ι_i,^∘α_i,^∘F_i) does not depend up to canonical isomorphism on the normal decompositions of P and P^′. We write T = P ⊗ P^′ This is clear because of the universal property of T proved in the last proposition. Q.E.D. Remark: Assume that P and P^′ are given by standard data (L_i, Φ_i) and (L^′_i, Φ^′_i). Assume we are given bilinear forms of W (R)-modules: β_{ij} : L_i ⊗ L^′_j → Q_{i+j} .

Composing this with the iteration of ι, Q_{i+j} → Q_0, we obtain a bilinear form P_0 ⊗ P^′_0 = (⊕_iL_i) ⊗ (⊕_j L^′_j ) → Q_0 Let us assume that the following diagrams are commutative:

L_i ⊗ L^′_j^{Φi⊗Φ} ′ j −−−−→ P_0 ⊗ P^′_0

β_{ij} � � � � Q_{i+j}^{Fi+j}−−−−→ Q_0 Then the β_{ij} extend uniquely to a bilinear form P × P^′ → Q

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 165

In [Z2] Definition 18 the notion of a bilinear form of 1-displays was defined. It is obvious from the formulas there, that a bilinear form on two 1-displays in the sense of loc.cit. is the same as a bilinear form

P × P^′ → U(1),

where the right hand side is the twisted unit display (11).

Starting from the normal decomposition of a display P it is easy to write down the standard data of a candidate for the exterior power

�_k P. It comes with an alternating map ⊗^kP →

�_k

P. One proves as above that

�_k P has the universal property.

We will now define the base change for displays. Let R −→ S be a homomorphism of rings. Let P = (P_i, ι_i, α_i, F_i) be a display over R. We will define a display P_S = (Q_i, ι_i, α_i, F_i) over S, with the following properties. There are W (R)-linear maps

P_i −→ Q_i,

such that the following diagrams are commutative

P_i −−−−→ Q_i

ι_i � � � � � �^ιi

P_{i+1} −−−−→ Q_{i+1}

Q_i^{Fi}−−−−→ Q_0 � � � � � � P_i^{Fi}−−−−→ P_0

I_R ⊗ Q_i^{αi}−−−−→ Q_{i+1} � � � � I_R ⊗ P_i^{αi}−−−−→ P_{i+1} (20)

Proposition 2.12 There is a unique display P_S as above which enjoys the following universal property.

If T = (T_i, ι_i, α_i, F_i) is an arbitrary display over S and

P_i −→ T_i

is a set of W (R)-linear morphisms, such that the diagrams above, with Q_i replaced by T_i are commutative, then there is a unique morphism of displays over S

P_S −→ T ,

such that the following diagrams are commutative:

Q_i � T_i

P_i

� � � � � � � �

Documenta Mathematica 12 (2007) 147–191

166 Andreas Langer and Thomas Zink

The display P_S may be constructed using a normal decomposition of P. Let P_0 = ⊕L_i be such a decomposition, and let Φ_i : L_i −→ P_0 be the maps induced by F_i. Then L_i, Φ_i are standard data for a display over R. We can define P_S to be the display over S associated to the standard data W (S) ⊗_{W (R)} L_i, with the Frobenius linear maps F ⊗_{W (R)} Φ_i = Φ^′_i.

We will now see that this definition is up to canonical isomorphism independent of the normal decomposition chosen. It suffices to see that P_S has the universal property Proposition 2.12.

The obvious maps P_i −→ Q_i make the diagrams (20) commutative.

Lemma 2.13 The following W (S)-module homomorphism is surjective

W (S) ⊗_{W (R)} P_i ⊕ I_S ⊗_{W (S)} Q_{i−1} −→ Q_i.

Proof: This is clear from the definitions.

Assume that P_i −→ T_i is a set of maps as in Proposition 2.12. We construct inductively maps Q_i −→ T_i, which are compatible with F_i, ι_i, α_i. Therefore we obtain the desired morphism of displays P_S −→ T . Since P_0 −→ T_0 is W (R)-linear, we obtain a map

Q_0 = W (S) ⊗_{W (R)} P_0 −→ T_0.

Assume we have already constructed W (S)-module homomorphisms

Q_j −→ T_j ,

which are compatible with F, ι and α for j ≤ i. Consider the diagram

T_i^{Fi}−−−−→ T_0 � � � � � �^p

Q_{i+1} −−−−→ T_0.

(21)

The arrow Q_{i+1} −→ T_i is the composition Q_{i+1}^ι−→ Q_i −→ T_i and the arrow Q_{i+1} −→ T_0 is the composition Q_{i+1}^{Fi+1}−→ Q_0 −→ T_0. By Lemma 2.13 we deduce that (21) is commutative. Thus it induces a map

Q_{i+1} −→ T_i ×_{Fi,T0,p} T_0. (22)

It suffices to show that the last map factors through T_{i+1}. This is seen easily by composing (22) with the morphism of the lemma.

The uniqueness of the constructed morphism P_S −→ T is obvious. This proves the proposition. Q.E.D.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 167

3 Degeneracy of some Spectral Sequences

Proposition 3.1 Let π : X → Y be a separated and quasicompact morphism. Let K^· be a complex of of flat π^{−1}O_Y -modules on X which is bounded above. We assume that each K^i is a quasicoherent O_X -module. Then for each m the hypercohomology groups R^mπ_∗K^· are quasicoherent O_Y -modules. If M is a quasicoherent O_Y -module there is a canonical isomorphism

Rπ_∗(K^· ⊗^L_π−1_{(OY )} π^{−1}M) ∼= Rπ_∗K^· ⊗^L_{OY} M (23)

Proof: We may assume that Y is affine. Let U = {U_i} be a finite affine covering of X. Let F^· = C^·(U, K^·) be the Czech complex. It is the complex of global sections of a sheafified Czech complex on Y : F^· = C^·(U, K^·). The sheaves in this complex are acyclic with respect to π_∗ because the cohomology of an affine scheme vanishes. One concludes [EGA III] Prop. 1.4.10 that Rπ_∗K^m are quasicoherent O_Y -modules namely the sheaves associated to the cohomology of F^·. Since the modules and sheaves involved are flat with respect to Y the projection formula reduces to the trivial equation:

C^·(U, K^· ⊗_{OY} M) ∼= F^· ⊗_{Γ(Y,OY )} Γ(Y, M)

Q.E.D.

Let π : X → S be a proper morphism of schemes, such that S is affine. In this section we consider a bounded complex K^· of flat π^{−1}(O_S )-modules. We assume that each K^i is a quasicoherent O_X -module. Moreover we assume that the following conditions are satisfied:

(i) R^j π_∗K^i is a locally free O_S -module of finite type for any i and j.

(ii) the spectral sequence of hypercohomology degenerates:

E^{ij}_1 = R^j π_∗K^i ⇒ R^nπ_∗K^·

One can easily see that with these assumptions the simple complex associated to C^·(U, K^·) as above is quasi-isomorphic to the direct sum of its cohomology groups. It follows that R^mπ_∗K^· commutes with arbitrary base change for any m. For the same reason the cohomology groups R^j π_∗K^i commute with arbitrary base change.

The degeneration of this spectral sequence may be reformulated as follows. Let us denote the by σ^{≥m}K^· and σ^{<m}K^· the truncated complexes with respect to the naive truncation. Then the cohomology sequence of

0 → σ^{≥m}K^· → K^· → σ^{<m}K^· → 0,

splits into short exact sequences:

0 → R^q π_∗(σ^{≥m}K^·) → R^qπ_∗K^· → R^q π_∗(σ^{<m}K^·) → 0. (24)

Documenta Mathematica 12 (2007) 147–191

168 Andreas Langer and Thomas Zink

Indeed, take a Cartan-Eilenberg resolution K^· → I^· by injective sheaves of abelian groups. Let L^· = π_∗I^·. This complex comes with a filtration F il^mL^· which is induced by the naive filtration of K. The spectral sequence in question is the spectral sequence of this filtered complex. The condition (24) is equivalent to the requirement that the maps

H^q(F il^{m+1}L^·) → H^q (F il^mL^·)

are injective for each q and m, as one may see easily from the exact cohomology sequence. This injectivity may be restated as follows:

d(F il^mL^{q−1}) ∩ F il^{m+1}L^q = d(F il^{m+1}L^{q−1}).

We conclude by [De3] Prop. 1.3.2.

The observation shows that the spectral sequences of hypercohomology of the truncated complexes σ^{≥m}K^· and σ^{<m}K^· degenerate too.

Proposition 3.2 Let π : X → S and K^· be as in Proposition 3.1. Let . . . → M_0 → M_1 → M_2 → . . . be a sequence of O_S -modules (not necessarily a complex). We consider the complex

L^· : . . . → K^0 ⊗_{OS} M_0 → K^1 ⊗_{OS} M_1 → K^2 ⊗ M_2 → . . .

Then the spectral sequence

E^{ij}_1 : R^j π_∗L^i ⇒ R^{p+q} π_∗L^·

degenerates.

Proof: We assume without loss of generality that K^i = 0 for i < 0. We say that a sequence M_0 → M_1 → . . . is m-stationary if it is isomorphic to a sequence of the form:

M_0 → . . . → M_{m−1} → M_m = M_m = . . .

Because K^· is bounded it suffices to show the theorem for m-stationary sequences. We argue by induction. For m = 0 this is clear from the projection formula (23). Assume that the proposition holds for r-stationary sequences with r < m. For an m-stationary sequence we consider the following morphism of complexes:

L^· → I^· (25)

K^0 ⊗ M^0 . . . K^{m−2} ⊗ M^{m−2} −−−−→ K^{m−1} ⊗ M^{m−1} −−−−→ K^m ⊗ M^m . . . id � �_{id} � � � �_{id} � � K^0 ⊗ M^0 . . . K^{m−2} ⊗ M^{m−2} −−−−→ K^{m−1} ⊗ M^m −−−−→ K^m ⊗ M^m . . . If we apply the induction assumption to I^· we obtain an exact sequence for each q and the given m.

0 → R^q π_∗(σ^{≥m}I^·) → R^q π_∗I^· → R^qπ_∗(σ^{<m}I^·) → 0. (26)

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 169

The morphism of complexes (25) induces a commutative diagram:

R^q π_∗σ^{≥m}L^· −−−−→ R^q π_∗L^· id � � � � � � R^q π_∗σ^{≥m}I^· −−−−→ R^q π_∗I^·

By our induction assumption (26) it follows that the upper horizontal arrow is injective.

We have to prove that the following sequences are exact for arbitrary integers q and n.

0 → R^q π_∗(σ^{≥n}L^·) → R^qπ_∗L^· → R^q π_∗(σ^{<n}L^·) → 0.

We have seen this for n = m. For n > m we have to consider the maps.

R^qπ_∗(σ^{≥n}L^·) → R^q π_∗(σ^{≥m}L^·) → R^q π_∗L^·

It suffices to show that the first arrow is injective. But this follows from the beginning of our induction.

Finally we consider the case n < m. By the cohomology sequence it is sufficient to see that the map R^q π_∗L^· → R^q π_∗(σ^{<n}L^·)

is surjective. But this map factors as:

R^qπ_∗L^· → R^q π_∗(σ^{<m}L^·) → R^qπ_∗(σ^{<n}L^·)

We need to show that the second map is surjective. But the complex σ^{<m}L^· is the tensor product of σ^{<m}K^· with an (m − 1)-stationary sequence of modules. Therefore the map is surjective by induction assumption and we are done. Q.E.D.

Proposition 3.3 Let T : C → D be a left exact functor of abelian categories such that C has enough injective objects. Let K^· be a complex in C which is bounded below. We assume that the spectral sequences in hypercohomology

E^{ij}_1 = R^j T K^i ⇒ R^{i+j} T K^·

degenerates. Let f^· : K^· → K^· be a homomorphism of complexes. Then for each integer m the corresponding spectral sequence of hypercohomology associated to the complex

K(m, f) :^d→ K^{m−2 d}→ K^{m−1 f md}→ K^{m d}→ K^{m+1} → . . .

degenerates.

We omit the proof because it uses exactly the same arguments as above.

Documenta Mathematica 12 (2007) 147–191

170 Andreas Langer and Thomas Zink 4 Filtered Comparison Theorems for the de Rham-Witt complex Let R be a ring such that p is nilpotent in R. We consider a smooth scheme X over R. We will fix a natural number n. Assume we are given a smooth lifting X̃/W_n(R). If X̃ admits a Witt-lift ([LZ] Def.3.3) O_{X̃} −→ W_n(O_X ) we obtain a morphism of complexes Ω^·_{X̃/Wn(R)} −→ Ω^·_{Wn(X)/Wn(R)} −→ W_nΩ^·_{X/R}. (27) It is shown in [LZ] 3.2 and 3.3, that even if X̃ admits no Witt lift, there is a natural isomorphism in the derived category D^+(X_{zar}, W_n(R)) of sheaves of W_n(R)-modules on X: Ω^·_{X̃/Wn(R)} −→ W_nΩ^·_{X/R}.

The aim of this section is to prove a filtered version of this isomorphism. For typographical reasons we use the abbreviations: Ω̃^·_n = Ω^·_{X̃/Wn(R)}, W_nΩ^· = W_nΩ^·_{X/R}.

Let us denote by F^mΩ^·_{X̃/W (R)} the complex

I_{R,n} ⊗_{Wn(R)} Ω̃^0_n^{pd}→ . . .^{pd}→ I_{R,n} ⊗_{Wn(R)} Ω̃^{m−1}_n^d→ Ω̃^m_n^d→ Ω̃^{m+1}_n → . . . . (28) Conjecture 4.1 There is a canonical isomorphism in the derived category D^+(X_{zar}, W_n(R)) between the Nygaard complex and the complex (28): N^mW_nΩ^·_{X/R} ∼= F^mΩ^·_{X̃/Wn(R)} This question is closely related to the work of Deligne and Illusie [DI]. We will now see that the complexes in question are always locally isomorphic. Let us assume we are given a Witt-lift. It induces a map κ : Ω̃^·_n −→ W_nΩ^·.

By composition with the Frobenius F : W_nΩ^· → W_{n−1}Ω^·_{[F ]} we obtain a map F̃ :I_{R,n} ⊗_{Wn(R)} Ω̃^·_n −→ W_{n−1}Ω_{[F ]}.

V ξ ⊗ ω −→ ξ^F κ(ω) Using F̃ we obtain a morphism of complexes of F^mΩ̃^· −→ N^mW_nΩ:

I_R ⊗ Ω̃^0_n^{pd}−−−−→ . . .^{pd}−−−−→ I_R ⊗ Ω̃^{m−1}_n^d−−−−→ Ω̃^m_n^d−−−−→ . . . F̃ � �_{F̃} � � � � W_{n−1}Ω^0_{[F ]}^d−−−−→ . . .^d−−−−→ W_{n−1}Ω^{m−1}_{[F ]}^{dV}−−−−→ W_nΩ^{m d}−−−−→ . . .

(29)

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 171

Let us consider the morphism (29) in the following simple situation: Let A = R[T_1, . . . , T_d] and X = Spec A. We set Ã = W_n(R)[T_1, . . . T_d] and X̃ = Spec Ã. We consider the Witt-lift: Ã −→ W_n(A) T_i −→ [T_i].

(30)

It is the unique map of W_n(R)-algebras, which maps T_i to its Teichmüller representative in W_n(A).

Proposition 4.2 For the Witt-lift (30) the induced morphism

F^mΩ^·_{X̃/Wn(R)} −→ N^mW_nΩ^·_{X/R} (31) is for any m ≥ 0 a quasi-isomorphism.

Proof: We use the W_n(R)-basis of Ω^l_{Ã/Wn(R)} given by p-basic differential forms. For each weight function k : [1, d] → Z_{≥0} we fix an order on the set Supp k = {i_1, . . . , i_r}, such that ord_pk_{i1} ≤ · · · ≤ ord_pk_{ir} .

For any ascending partition of Supp k into disjoint intervals

P : Supp k = I_0 ⊔ I_1 ⊔ · · · ⊔ I_l, such that I_t ≠ ∅ for 1 ≤ t ≤ l, we have the p-basic differential

ẽ(k, P) = T^{kI0} � p^{−ordpkI1} dT^{kI1} � · · · · · � p^{−ordpkIl} dT^{Il} � . (32) The order on Supp k is fixed once for all and therefore not indicated in the notation (compare [LZ] 2.1).

In [LZ] 2.2 we have defined the basic Witt differentials

e_n(ξ, k, P) ∈ W_nΩ^l_{A/R}.

They are defined for functions k : [1, d] → Z_{≥0}[^1_p ], and ξ ∈ V^{u(k)}W_{n−u(k)}(R), where u(k) is the minimal nonnegative integer, such that the weight p^{u(k)}k takes integral values.

In our case the map (27) is the unique W_n(R)-linear map given by Ω^l_{Ã/Wn(R)} −→ W_nΩ^l_{A/R}. ẽ(k, P) −→ e_n(1, k, P).

(33)

The map F̃ looks as follows F̃ :I_R ⊗_{Wn(R)} Ω^l_{Ã/Wn(R)} −→ W_{n−1}Ω^l_{A/R,[F ]} V ξ ⊗ ẽ(k, P) −→ e_{n−1}(ξ, pk, P).

Documenta Mathematica 12 (2007) 147–191

172 Andreas Langer and Thomas Zink

For each weight k : [1, d] −→ Z_{≥0}[^1_p ], we consider the subgroup W_nΩ^l_{A/R}(k) of W_nΩ^l_{A/R}, which is generated by basic Witt-differentials e_n(ξ, k, P) of fixed weight k. The complex N^mW_nΩ splits into a direct sum of subcomplexes N^m(k):

W_{n−1}Ω^0_{[F ]}(pk)^d→ · · ·^d→ W_{n−1}Ω^{m−1}_{[F ]} (pk)^{dV}→ W_nΩ^m_{[F ]}(k) → · · · .

Similarly let Ω^l_{Ã/Wn(R)}(k) ⊂ Ω^l_{Ã/Wn(R)} the W_n(R)-submodule generated by the p-basic differentials ẽ(k, P) of fixed integral weight k. Then F^mΩ̃^· is the direct sum of the following subcomplexes F^m(k):

I_R ⊗_{Wn(R)} Ω̃^0_n(k)^{pd}→ · · ·^{pd}→ I_R ⊗_{Wn(R)} Ω̃^{m−1}_n (k)^d→ Ω̃^m_n (k) → · · · . It is obvious that for integral weight k the map

F^m(k) −→ N^m(k) (34) is an isomorphism of complexes. Therefore the proposition follows if we show that for k not integral the complexes N^m(k) are acyclic. This follows in degrees not equal to m−1 or m from the corresponding statement for the de Rham-Witt complex (see [LZ] Proof of thm. 3.5).

For non-integral k consider a cycle ω ∈ W_{n−1}Ω^{m−1}_{[F ]} (k), i.e. dV ω = 0. Because of the relation F dV = d, it follows that ω is also a cycle in the de Rham-Witt complex W_{n−1}Ω^· and consequently a boundary, because k is not integral. Finally consider a cycle ω ∈ W_nΩ^m(k). It may be uniquely written as a sum ω = � P e_n(ξ_P , k, P).

By [LZ] Prop. 2.6 ω is a cycle, iff P = ∅ ⊔ P^′, i.e. iff the first interval I_0 of the partition P is empty, for all e_n(ξ_P , k, P) ≠ 0 which appear in the sum. Since k is not integral the coefficient ξ_P is of the form ξ_P =^V τ_P and

d^V e_{n−1}(τ_P , pk, P) = e_n(ξ_P , k, P). Q.E.D.

We make n variable. We set A = R[T_1, . . . , T_d], A_n = W_n(R)[T_1 . . . T_d]. We extend the Frobenius homomorphism F : W_n(R) −→ W_{n−1}(R) to a map

ϕ_n :A_n −→ A_{n−1},

T_i −→ T^p_i .

(35)

We denote δ_n : A_n −→ W_n(A) the W_n(R)-algebra homomorphism, such that δ_n(T_i) = [T_i].

Assume we are given an étale homomorphism A −→ B of R-algebras. Then we find a unique set of lifting B_n of B, which are étale over A_n and morphisms

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 173

ψ_n : B_n −→ B_{n−1} and ε_n : B_n −→ W_n(B), which are compatible with ϕ_n and δ_n, compare [LZ] Prop. 3.2. Corollary 4.3 The map ε_n defines a quasi-isomorphism of complexes:

I_R ⊗ Ω^0_{Bn/Wn(R)}^{pd}−−−−→ . . .^{pd}−−−−→ I_R ⊗ Ω^{m−1}_{Bn/Wn(R)}^d−−−−→ Ω^m_{Bn/Wn(R)} . . . F̃ � �^~F � � � � W_{n−1}Ω^0_{B/R,[F ]}^d−−−−→ . . .^d−−−−→ W_{n−1}Ω^{m−1}_{B/R,[F ]}^{dV}−−−−→ W_nΩ^m_{B/R} . . .

Proof: For the given number n, we find a number m such that p^mW_n(R) = 0. Let us denote by ϕ^m : A_{m+n} −→ A_n the composite of m morphisms of type (35). It is clear from the definition that

dϕ^m : A_{m+n} −→ Ω^1_{An/Wn(R)} is zero. Consider the commutative diagram

B_{m+n}^{dψm}→ Ω^1_{Bn/Wn(R)} ↑ ↑ A_{m+n}^{dϕm}→ Ω^1_{An/Wn(R)}.

The derivation A_{m+n} −→ Ω^1_{Bn/Wn(R)} is zero. Since B_{m+n}/A_{m+n} is étale, the extension dψ^m is zero too.

Consider the commutative diagram

B_{m+n}^{ψm}−→ B_m ↑ ↑ A_{m+n}^{ϕm}→ A_n.

It induces a morphism of algebras which are étale over A_n:

B_{m+n} ⊗_{Am+n,ϕ}m A_n −→ B_n. (36) This is an isomorphism. Indeed since A_n −→ A/pA has nilpotent kernel it is enough to show that (36) becomes an isomorphism after tensoring with ⊗_{An} A/pA. But then we obtain the well-known isomorphism B/pB ⊗_{A/pA,F rob}m A/pA −→ B/pB b ⊗ a −→ b^{pm} · a.

From the isomorphism (36) we deduce an isomorphism B_{m+n} ⊗_{Am+n,ϕm} Ω^·_{An/R} ~−→ Ω^·_{Bn/R} b ⊗ ω −→ ψ^m(b) · ω.

(37)

Documenta Mathematica 12 (2007) 147–191

174 Andreas Langer and Thomas Zink

We note that (37) becomes an isomorphism of complexes if we take 1 ⊗ d as a differential on the left hand side. Hence the first row of (4.3) is obtained by tensoring the corresponding complex for B_n = A_n with B_{n+m}. Let us consider the complex

W_{n−1}Ω^0_{A/R,[F ]}^d→ · · ·^d→ W_{n−1}Ω^{m−1}_{A/R,[F ]}^{dV}→ W_nΩ^m_{A/R}^d→ · · · . (38) We consider it as a complex of W_{n+m}(A)-modules via F^m : W_{n+m}(A) −→ W_n(A). Then all differentials become linear (compare [LZ] Remark 1.8). This shows that we obtain the second row of diagram of Corollary 4.3 if we tensorize (38) with W_{n+m}(B)⊗_{Wn+m(A),F} m . Because of the obvious isomorphism ([LZ] (3.2))

B_{n+m} ⊗_{An+m,δ} W_{n+m}(A) ~→W_{n+m}(B), the result is the same if we tensorize (38) by

B_{n+m} ⊗_{An+m,δϕ}m .

Therefore the whole diagram of Corollary 4.3 is obtained from the corresponding diagram for B = A by tensoring with B_{n+m}⊗_{An+m,ϕm} . Since this tensor product is an exact functor we obtain the corollary from the proposition. Q.E.D.

Let X/R be a smooth scheme. We assume that R is reduced and p·R = 0. Then we consider still another complex derived from the de Rham-Witt complex. We set W Ω^l = W Ω^l_{X/R} and define I^mW_nΩ_{X/R} starting in degree 0.

p^{m−1}V W_{n−1}Ω^{0 d}→ p^{m−2}V W_{n−1}Ω^{1 d}→ · · ·^d→ V W_{n−1}Ω^{m−1 d}→ W_nΩ . . . . (39) We recall the relation pd^V ω =^V dω of [LZ] 1.17. For varying n we obtain a procomplex I^mW_·Ω_{X/R}.

Proposition 4.4 Let R be a reduced ring of char p. The procomplexes I^mW_·Ω and N^mW_·Ω are isomorphic in the pro-category of the category of complexes of abelian sheaves on X_{zar}.

Proof: We have an obvious morphism of procomplexes

N^mW_·Ω −→ I^mW_·Ω (40) Wn−1Ω^0_{[F ]}^d→ Wn−1Ω^1_{[F ]} . . . Wn−1Ω^{m−1}_{[F ]}^{dV}→ WnΩ^{m d}→ . . .

p^{m−1}V ↓ p^{m−2}V ↓ V ↓ id ↓

p^{m−1}V Wn−1Ω^{0 d}→ p^{m−2}V Wn−1Ω^1 . . . V Wn−1Ω^{m−1 d}→ WnΩ^{m d}→ . . . . We have to prove that this induces an isomorphism of proobjects. We set W Ω = lim_{←−} W_nΩ. On W Ω the multiplication by p and the Verschiebung are

injective. Therefore we have an inverse p^iV W Ω^{p−iV −1}−→ W Ω_{[F ]}.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 175

Lemma 4.5 Let n > k ≥ i + 1. Then there is a map p^iV W_nΩ^l −→ W_{n−k}Ω^l, which makes the following diagram commutative p^iV W_nΩ^l_{X/R} −→ W_{n−k}Ω^l_{X/R,[F ]} ↑ ↑ p^iV W Ω^l_{X/R}^{p−iV −1}−→ W Ω^l_{X/R,[F ]}.

(41)

Proof of the lemma: Let n > k ≥ i. For ξ ∈ W_n(R) we denote by ξ̄ its restriction to W_{n−k}(R). Then we have a well-defined map p^iV W_n(R) −→ W_{n−k}(R) p^{i V} ξ −→ ξ̄.

(42)

Indeed, write ξ = (x_0, . . . , x_{n−1}). Then

p^{i V} ξ = (0, . . . , 0, x^{pi}_0 , . . . , x^{pi}_{n−i−1}) ∈ W_{n+1}(R).

Therefore the vector (x_0, . . . , x_{n−i−1}) ∈ W_{n−i}(R) is uniquely determined by p^{i V} ξ. We view W_{n−i}(R) as a W_{n+1}(R)-module via

W_{n+1}(R)^F−→ W_n(R)^{Res}−→ W_{n−i}(R).

Then we obtain a morphism of W_{n+1}(R)-modules because of the following commutative diagram

p^iV W (R)^{p−iV −1}−→ W (R) ↓ ↓ p^iV W_n(R) −→ W_{n−i}(R).

The existence of the diagram (41) is clearly local for the Zariski-topology on X. We begin with the case, where X = Spec A and A = R[T_1, . . . , T_d] is a polynomial algebra. In this case an element of p^iV W Ω^l_{A/R} may be expressed, in terms of basic Witt-differentials: ω = � p^{i V} e_n(ξ_{P,k}, k, P), ξ_{P,k} ∈ V^{u(k)}W_{n−u(k)}(R). (43) Note that e_n(ξ_{P,k}, k, P) = 0, when u(k) ≥ n.

The terms of the sum (43) are uniquely determined by [LZ] Prop.2.5 because of the direct decomposition

W_{n+1}Ω^l_{A/R} = ⊕_{k,P} W_{n+1}Ω^l_{A/R}( k p , P).

Using loc. cit. we find:

p^{i V} e(ξ_{P,k}, k, P) = p^{i V} e(ξ^′_{P,k}, k, P), (44)

Documenta Mathematica 12 (2007) 147–191

176 Andreas Langer and Thomas Zink

iff p^{i V} ξ_{P,k} = p^{i V} ξ^′_{P,k}, except in the case where k/p is not integral and I_0 = ∅. In the latter case the equality (44) holds, iff p^{i+1 V} ξ_{P,k} = p^{i+1 V} ξ^′_{P,k}. With the lemma above this shows that the following map is well-defined:

p^iV W_nΩ^l −→ W_{n−(i+1)}Ω^l ω −→ � e_{n−(i+1)}(ξ̄_{k,P} , k, P).

This proves the lemma in the case of a polynomial algebra A. Assume now that A −→ B is a étale morphism. The image of the canonical injection

W_{n+1}(B)⊗_{Wn+1 (A)} p^iV W_nΩ_{A/R} → W_{n+1}(B)⊗_{Wn+1 (A)} W_nΩ_{A/R} ≃ W_{n+1}Ω_{B/R}

coincides with p^iV W_nΩ_{B/R}. This follows from the following commutative diagram

W_{n+1}(B) ⊗_{Wn+1(A),F} W_nΩ_{A/R}^∼−−−−→ W_nΩ_{B/R}

id⊗p^iV � � p^i V � � W_{n+1}(B) ⊗_{Wn+1(A)} W_{n+1}Ω_{A/R}^∼−−−−→ W_{n+1}Ω_{B/R}.

The top horizontal arrow is given by ξ ⊗ ω →^F ξω and the lower horizontal arrow is multiplication.

Now we find the desired map by tensoring p^iV W_nΩ_{A/R} −→ W_{n−(i+1)}Ω_{A/R}:

W_{n+1}(B) ⊗_{Wn+1(A)} p^iV W_nΩ_{A/R} −→ W_{n−i}(B) ⊗_{Wn−i(A),F} W_{n−(i+1)}Ω_{A/R} ≀ ↓ ≀ ↓ p^iV W_nΩ_{B/R} −→ W_{n−(i+1)}Ω_{B/R}.

The composition of the last map with p^iV : W_{n−(i+1)}Ω_{B/R} −→ W_{n−i}Ω_{B/R} is just the restriction. This proves the lemma. Q.E.D. The proposition follows immediately because we obtain an inverse to the map (40):

p^{m−1}V Wn−1Ω^{0 d}→ p^{m−2}V Wn−1Ω^1 . . . V Wn−1Ω^{m−1 d}→ WnΩ^m . . .

↓ ↓ ↓ ↓Res Wn−m−1Ω^0_{[F ]}^d→ Wn−m−1Ω^1_{[F ]} . . . Wn−m−1Ω^{m−1}_{[F ]}^{dV}→ Wn−m−1Ω^m . . .

The first m vertical maps defined by the lemma are equivariant with respect to W_n(R)^{Res}→ W_{n−m}(R)^F→ W_{n−m−1}(R)

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 177

The remaining maps are equivariant with respect to W_n(R) → W_{n−m}(R). The commutativity of the diagram follows, since it is a homomorphic image of a corresponding diagram for W Ω without level. This proves the proposition. Q.E.D.

Let X/R be a smooth scheme. Let us denote by J_{X/Wn (R)} ⊂ O_{X/Wn (R)} the sheaf of pd-ideals. We denote by J^{[m]}_{X/Wn (R)} its m-th divided power. Let

u_n : Crys(X/W_n(R)) −→ X_{zar} be the canonical morphism of sites. We are going to define a morphism in D(X_{zar}) the derived category of abelian sheaves on X_{zar} for m < p:

Ru_{n∗}J^{[m]}_{X/Wn (R)} −→ I^mW_nΩ^·_{X/R} (45) In order to define (45) we begin with the case, where X admits an embedding in a smooth scheme Y/R, such that Y has a Witt-lift: Ỹ /W_n(R) and O_Ỹ −→ W_n(O_Y ).

The left hand side of (45) may be computed with the filtered Poincaré lemma [BO] Theorem 7.2: Let D be the divided power hull of X in Ỹ . Let I_D ⊂ O_D be the pd-ideal. The pd-de Rham-complex Ω̆_{D/Wn(R)} has the following subcomplex F il^mΩ̆_{D/Wn(R)}:

I^{[m]}_D Ω̆^∘_{D/Wn (R)}^d→ I^{[m−1]}_D Ω̆^1_{D/Wn(R)}^d→ . . . I_DΩ̆^{m−1}_{D/Wn(R)}^d→ Ω̆_{D/Wn (R)} . . . (46)

Then the left hand side of (45) is isomorphic to the hypercohomology of (46). The Witt-lift defines a morphism

O_Ỹ −→ W_n(O_Y ) −→ W_n(O_X ).

It maps the ideal sheaf of X ⊂ Ỹ to the ideal sheaf I_X = V W_{n−1}(O_X ) ⊂ W_n(O_X ). Since I_X is endowed with divided powers, we obtain

O_D −→ W_n(O_X ), (47) mapping I_D to I_X . The homomorphism (47) induces a map of the pd-de Rham complexes

Ω̆_{D/Wn(R)} −→ Ω̆_{Wn(X)/Wn(R)} −→ W_nΩ_{X/R}.

Taking into account that I^{[h]}_X = p^{h−1}I_X for h < p, we obtain the desired morphism from (46) to the complex I^mW_nΩ if m < p:

p^{m−1}I_X W_nΩ^0_{X/R} −→ . . . −→ I_X W_nΩ^{m−1}_{X/R}^d→ W_nΩ_{X/R} → . . . . We note that I_X W_nΩ^l_{X/R} = V W_{n−1}Ω^l_{X/R} follows from the formula

V (ηdω_1 . . . dω_r) =^V ηd^V ω_1 . . . d^V ω_r.

Documenta Mathematica 12 (2007) 147–191

178 Andreas Langer and Thomas Zink

Hence we obtain a morphism

Ru_{n∗}J^{[m]}_{X/Wn (R)} ~→F il^mΩ̆_{D/Wn(R)} −→ I^mW_nΩ_{X/R}. (48)

The independence of the last arrow from the embedding of X into a Witt lift (Y, Ỹ ) is proved in a standard manner: Let X → Y^′ be an embedding into a second Witt lift (Y^′, Ỹ^′). Then we obtain a Witt lift of the product Y ×_{Spec R} Y^′ : Indeed, Ỹ ×_{Spec Wn(R)} Ỹ^′ is a lifting of Y × Y^′ and the two given Witt lifts induce a morphism:

O_Ỹ ⊗_{Wn(R)} O_Ỹ ′ −→ W_n(O_Y ) ⊗_{Wn(R)} W_n(O_Y ′ ) −→ W_n(O_Y ⊗ O_Y ′ ).

If P denotes the pd-hull of X in Ỹ ×_{Spec Wn(R)} Ỹ^′. We obtain a commutative diagram

F il^mΩ̆_{D/Wn(R)}

�

� � � � I^mW_nΩ_{X/R}

F il^mΩ̆_{P/Wn (R)}

� � � �

Since the vertical arrow induces by [BO] the identity on Ru_{n∗}J^{[m]}_{X/Wn (R)} the independence of (45) of the chosen Witt lift follows.

If X admits no embedding in a smooth scheme Y which has a Witt lift, one can proceed by simplicial methods [I] or [LZ] §3.2, but we omit the details here.

Theorem 4.6 For each m < p and n the map in D^+(X_{zar}, W_n(R))

Ru_{n∗}J^{[m]}_{X/Wn (R)} −→ I^mW_nΩ_{X/R} (49)

is a quasi-isomorphism.

Proof: Clearly the question is local for the Zariski-topology on X. We may therefore assume that X = Spec B, where the R-algebra B is étale over R[T_1, . . . , T_d]. From the discussion above we know that any Witt-lift of B leads to the same morphism (49). We choose a Frobenius lift {B_n}_{n∈N} of the algebra B as in the corollary 4.3. We begin with the reduction to the case B = R[T_1, . . . , T_d]. Let J be the kernel of B_n −→ B. Then J^{[i]} = p^{i−1}I_RB_n, where I_R = V W_{n−1}(R) ⊂ W_n(R). Hence we have to show that the following morphism of complexes induces a quasi-isomorphism:

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 179

p^{m−1}I_RΩ^0_{Bn/Wn(R)}^d−−−−→ . . . I_RΩ^{m−1}_{Bn/Wn (R)}^d−−−−→ Ω^m_{Bn/Wn(R)}^d−−−−→ � � � � � � p^{m−1}V W_{n−1}Ω^0_{B/R}^d−−−−→ . . . V W_{n−1}Ω^{m−1}_{B/R}^d−−−−→ W_nΩ^m_{B/R}^d−−−−→ (50) We choose a number s, such that p^sW_n(R) = 0. We consider the groups in the first complex as B_{n+s} modules via ψ^s : B_{n+s} → B_n. As shown in the proof of Corollary 4.3 we obtain a complex of B_{n+s}-modules. The same is true if we consider the groups in the second complex as B_{n+s}-modules by ψ^s : B_{n+s} → B_n → W_n(B).

We obtain the diagram above from the corresponding diagram for B = A by tensoring with B_{n+s}⊗_{An+s} . Since B_{n+s} is étale over A_{n+s}, we have reduced our statement to the case where B = R[T_1, . . . , T_d] and where the Witt-lift is a standard one.

In the case of a polynomial algebra we have a decomposition of the de Rham Witt complex according to weights [LZ] 2.17.

Because the operator V is homogeneous, we have a similar decomposition for the complex I^mW_nΩ_{A/R}. In fact, by [LZ] Prop. 2.5 an element of p^{m−l−1}V W_{n−1}Ω^l, for l ≤ m − 1 may be uniquely written as a sum of elements of the following types e_n(p^{m−l−1 V} ξ, k, I_0, . . . , I_l) for k integral e_n(p^{m−l−1 V} ξ, k, I_0, . . . , I_l) for I_0 ≠ ∅, k not integral e_n(p^{m−l V} ξ, k, I_0, . . . , I_l) for I_0 = ∅, k not integral.

Here ξ ∈ W_{n−1}(R) for k integral and ξ ∈ V^{u(k)−1}W_{n−u(k)}(R) for k nonintegral. Clearly the elements of the first type span a subcomplex of I^mW_nΩ_{A/R} which is isomorphic to the complex in the first row of (50). Indeed, the p-basic differentials of this complex are mapped to basic Witt-differentials of the first type above. The last two types of Witt-differentials above span an acyclic subcomplex because of the formula

de_n(p^{m−l−1 V} ξ, k, I_0, . . . , I_l) = e_n(p^{m−l−1 V} ξ, k, ϕ, I_0, . . . , I_l),

for I_0 ≠ ∅ and k not integral. The exactness of the non integral part at W_nΩ^m_{B/R} follows in the same way. Q.E.D. Let X_n/W_n(R) be a compatible system of smooth liftings of X/R for n ∈ N. The Theorem 4.6 provides an isomorphism in the derived category between I^mW_nΩ_{X/R} and

p^{m−1}IRΩ^0_{Xn/Wn(R)} → p^{m−2}IRΩ^1_{Xn/Wn(R)} → . . . IRΩ^{m−1}_{Xn/Wn(R)} → Ω^{m−1}_{Xn/Wn(R)} . . . . (51) We know by Proposition 4.4 that {I^mW_nΩ_{X/R}} is isomorphic to the procomplex {N^mW_nΩ_{X/R}}. The same argument shows that the procomplex (51) is quasi-isomorphic to {F^mΩ^·_{Xn /Wn(R)}}_{n∈N} . Passing to the projective limit we obtain:

Documenta Mathematica 12 (2007) 147–191

180 Andreas Langer and Thomas Zink Corollary 4.7 Let R be a reduced ring. Let X/R be a smooth and proper scheme. Assume that X_n/W_n(R) is a compatible system of smooth liftings of X. Then there is for each number m < p a natural isomorphism in the derived category D^+(X_{zar,W (R)}): N^mW Ω^·_{X/R} ∼= F^mΩ^·_{X /W (R)}, where X = lim_{−→} X_n in the sense of EGA I Prop. 10.6.3.

This is a weak form of the Conjecture 4.1 which asserts this for every level separately.

5 Display Structure on crystalline cohomology Let R be a ring such that p is nilpotent in R. Let (A, σ, α) be a frame for R [Z1]. This means that A is a torsion free a p-adic ring with an endomorphism σ : A → A, which induces the Frobenius endomorphism A/pA → A/pA. The map α : A → R is a surjective ring homomorphism, such that the ideal a = Ker α has divided powers.

Definition 5.1 An A-window consists of

1) A finitely generated projective A-module P_0. 2) A descending filtration of P_0 by A-submodules . . . P_{i+1} ⊂ P_i ⊂ · · · ⊂ P_2 ⊂ P_1 ⊂ P_0. (52) 3) σ-linear homomorphisms F_i : P_i → P_0.

The following conditions are required.

(i) aP_i ⊂ P_{i+1} and the factor module P_{i+1}/aP_i is a finitely generated projective R-module E_{i+1} for i ≥ 0. We set E_0 = P_0/aP_0.

(ii) The inclusions P_{i+1} → P_i induce injective R-module morphisms · · · → E_{i+1} → E_i → · · · → E_0, such that E_{i+1} is a direct summand of E_i.

(iii) aP_i = P_{i+1} if i is big enough. (iv) F_i(x) = pF_{i+1}(x) for x ∈ P_{i+1}.

(v) The union of the images F_i(P_i) for i ∈ Z_{≥0} generate P_0 as an A-module.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 181

A window is called standard if it arises in the following way. Let L_0, . . . , L_d be finitely generated projective A-modules. Let

Φ_i : L_i → d� j=0 L_j

be σ-linear homomorphisms, such that the determinant of Φ_0 ⊕ · · · ⊕ Φ_d is a unit. Then we set for i ≥ 0

P_i = a^iL_0 ⊕ a^{i−1}L_1 ⊕ . . . ⊕ aL_{i−1} ⊕ L_i ⊕ · · · ⊕ L_d.

We define F_i on this direct sum as follows: The restriction of F_i to a^{i−k}L_k for k < i resp. L_k for k ≥ i to is defined by

F_i(ax) =^{σ(a)}_{pi−k} Φ_k(x) for 0 ≤ k < i, x ∈ L_k, a ∈ a^{i−k}

F_i(x) = p^{k−i}Φ_k(x) for i ≤ k x ∈ L_k.

It is clear that (P_i, F_i) form a window.

Each window is isomorphic to a standard window. Indeed, let E_0 = ⊕L̄_j be a splitting of the filtration (52) in the definition:

E_i = ⊕_{j≥i}L̄_j .

Let L_i be a finitely generated projective A-module which lifts L̄_i. We find homomorphisms L_i → P_i which make the following diagrams commutative:

L̄_i −−−−→ E_i � � � � L_i −−−−→ P_i.

It follows from the lemma of Nakayama that ⊕L_i → P_0 is an isomorphism, since it is modulo a. By induction we obtain

P_i = a^iL_0 ⊕ · · · ⊕ aL_{i−1} ⊕ L_i ⊕ · · · ⊕ L_d. (53)

We set Φ_i = F_i|L_i. The condition (v) implies that ⊕Φ_i : ⊕L_j → ⊕L_j is a σ-linear epimorphism and therefore an isomorphism.

Remark: A window (P_i) is of degree d, if P_{i+1} = aP_i for i ≥ d. To give a window of degree d it is enough to give only the modules P_0, . . . , P_d. The axioms may be formulated in the same way for this finite chain of modules. The axiom (v) then requires that the union of F_0(P_0), F_1(P_1) . . . , F_d(P_d) generates P_0 as an A-module.

We will now see that an A-window induces a display over R. There is a natural ring homomorphism δ : A → W (A), such that for the Witt-polynomials w_n there is the identity w_n(δ(a)) = σ^n(a), a ∈ A.

Documenta Mathematica 12 (2007) 147–191

182 Andreas Langer and Thomas Zink

Consider the composite ring homomorphism.

κ : A → W (A) → W (R).

We have by [Z1] Prop. 1.5:

κ(σ(a)) =^F κ(a) for a ∈ A

κ(^{σ(a)}_p ) =^{V −1} κ(a) for a ∈ a.

The last equation makes sense because κ(a) ∈ V W (R) for a ∈ a. It is clear that a datum (L_i, Φ_i) for a standard window over A induces the datum (W (R) ⊗_{W (A)} L_i, F ⊗ Φ_i) for a standard display over R. We will show that the resulting display does not depend on the decomposition P_0 = ⊕L_i we have used.

We give an invariant construction of a display (Q_i, ι_i, α_i, F_i) from a window (P_i, F_i). The display comes with morphisms τ_i : P_i → Q_i such that the following diagrams commute

P_i^{τi}−−−−→ Q_i � �^ιi � � P_{i+1}^{τi+1}−−−−→ Q_{i+1}

P_{i+1}^{τi+1}−−−−→ Q_{i+1} � �^αi � � a ⊗ P_i −−−−→ I_R ⊗_{W (R)} Q_i

P_0^{τ0}−−−−→ Q_0

F_i � � � Fi � � � P_{i+1}^{τi}−−−−→ Q_i. (54) We construct Q_i and τ_i inductively, such that the diagrams (54) commute. We set Q_0 = W (R) ⊗_{κ,A} P_0 and we let τ_0 : P_0 → Q_0 be the canonical map. Assume that τ_k : P_k → Q_k was constructed for k ≤ i. Then we consider the following commutative diagrams:

P_i^{τi} � Q_i^{Fi} � Q_0

Q_0 p �

P_{i+1}

ι

�

F_{i+1} �

P_0

τ_0 � Q_i^{Fi} � Q_0

I_R ⊗ Q_i

� F̃_i �

Q_0 p �

We obtain a morphism to the fibre product

(W (R) ⊗_A P_{i+1}) ⊕ (I_R ⊗ Q_i) → Q_i ×_{Fi,Q0,p} Q_0. (55)

We define Q_{i+1} as the image of (55). This gives a map P_{i+1}^{τi+1}→ Q_{i+1}. We define ι : Q_{i+1} → Q_i and F_{i+1} : Q_{i+1} → Q_0 and α_i : I_R ⊗ Q_i → Q_{i+1} as the canonical maps determined by these data. A routine verification shows that this construction gives the same result as the construction via standard windows.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 183

Moreover the following universal property holds. Let (Q^′_i, ι^′_i, α^′_i, F^′_i ) be a display over R and let τ^′_i : P_i → Q^′_i be maps such that the diagrams (54) for τ^′_i commute. Then the maps τ^′_i are the composition of τ_i and a morphism of displays (Q_i, ι_i, α_iF_i) → (Q^′_i, ι^′_i, α^′_i, F^′_i ).

Let A^α→ R, σ, a as before. Let X → Spec R be a scheme which is projective and smooth. Let Y^f→ Spf A be a smooth pA-adic formal scheme, which lifts X. We set A_n = A/p^n and Y_n = Y ×_{Spf A} Spec A_n. For big n the map α factors through A_n^{αn}→ R. The kernel a_n inherits a pd-structure. We consider the crystalline topos (X/A)_{crys}. Let J_{X/An} ⊂ O_{X/An} be the pd-ideal sheaf. We are interested in the cohomology groups:

H^i(X, J^{[m]}_{X/A}) = lim_{←−} n H^i_{crys}(X/A_n, J^{[m]}_{X/An} ). (56)

Remark: It would be more accurate to consider the cohomology groups of R lim_{←−} n RΓ(X/A_n, J^{[m]}_{X/An} ). But under the Assumptions 5.2 and 5.3 we are going

to make these groups will coincide.

By [BO] 7.2 the groups H^i_{crys}(X/A_n, J^{[m]}_{X/An} ) are the hypercohomology groups of the following complex F il^{[m]}Ω^·_{Yn/An} :

a^{[m]}_n ⊗_{An} Ω^0_{Yn/An} → a^{[m−1]}_n ⊗_{An} Ω^1_{Yn/An} · · · → a_n⊗_{An} Ω^{m−1}_{Yn/An} → Ω^m_{Yn/An} . . . (57)

We will make the following assumptions:

Assumption 5.2 The cohomology groups H^q (Y_n, Ω^p_{Yn/An} ) are for each n locally free A_n-modules of finite type.

Assumption 5.3 The de Rham spectral sequence degenerates at E_1

E^{pq}_1 = H^q(Y_n, Ω^p_{Yn/An} ) ⇒ H^{p+q} (Y_n, Ω^·_{Yn/An} ).

Since Y_n is quasicompact and separated by assumption the cohomology sheafs R^mf_{n∗}Ω^·_{Yn/An} are quasicoherent. From the assumption we see that these sheaves are locally free of finite type. Hence the complex Rf_{n∗}Ω^·_{Yn/An} is quasiisomorphic to the direct sum of its cohomology groups. This implies that the cohomology groups R^mf_{n∗}Ω^·_{Yn/An} commute with arbitrary base change. The same applies to the cohomology groups R^qf_{n∗}Ω^p_{Yn/An} . By Proposition 3.2 and the projection formula (Proposition 3.1) we obtain a degenerating spectral sequence

E^{ij}_1 = H^j (Y_n, Ω^i_{Yn/An} ) ⊗_{An} a^{[m−i]} ⇒H^{i+j} (Y_n, F il^{[m]}Ω^·_{Yn/An} ) ‖ H^{i+j}_{crys}(X/A_n, J^{[m]}_{X/An} )

Documenta Mathematica 12 (2007) 147–191

184 Andreas Langer and Thomas Zink

If we pass to the projective limit we obtain a degenerating spectral sequence

E^{ij}_1 = a^{[m−i]} ⊗ H^j (Y, Ω^i_{Y/A}) ⇒ H^{i+j}_{crys}(X/A, J^{[m]}_{X/A}). (58)

The groups involved have no p-torsion.

We set X̄ = X ×_{Spec R} Spec R̄, where R̄ = R/pR. By [BO] 5.17 there is a canonical isomorphism

H^i_{crys}(X/A, O_{X/A}) ≃ H^i_{crys}(X̄/A, O¯_{X/A}). (59)

The absolute Frobenius on X̄ and σ on A induce an endomorphism on the right hand side of (59) and therefore an endomorphism

F : H^i_{crys}(X/A, O_{X/A}) → H^i_{crys}(X/A, O_{X/A}).

Lemma 5.4 Let p^{[m]} be the maximal power of p which divides p^m/m! Then the image of the following composition

H^i_{crys}(X/A, J^{[m]}_{X/A}) → H^i_{crys}(X/A), O_{X/A})^F→ H^i_{crys}(X/A, O_{X/A})

is contained in p^{[m]}H^i_{crys}(X/A, O_{X/A}).

Proof: The argument is well known [K], but we repeat it in the generality we need. We may replace A by A_n. We embed X into a smooth and projective A_n-scheme Z, such that there is an endomorphism σ : Z → Z which lifts the absolute Frobenius modulo p and which is compatible with σ on A_n. We may take for Z the projective space. Consider the pd-hull D of X in Z. It is also the pd-hull of X̄ in Z. Therefore σ extends to D/A_n and to the pd-differentials Ω̆_{D/An} . We obtain by [BO] an isomorphism

H^i(X, Ω̆^·_{D/An} )^∼−→ H^i_{crys}(X/A, O_{X/An} ),

which is equivariant with respect to the action of σ on the left hand side and F on the right hand side. Consider the morphisms X̄ → D → Z.

Let I(X̄) be the ideal of X̄ in Z and J̄_D be the ideal of X̄ in D. Consider the diagram (O_Z , I(X̄)) � σ � κ � � � � (O_D, J̄_D )

σ_D � (O_Z , I(X̄)) � (O_D, J̄_D )

The composite κ maps I(X̄) to p · O_D. This follows because

σ(z) ≡ z^p mod p for z ∈ O_Z . (60)

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 185

If z ∈ I(X̄) the image of z^p in J̄_D becomes divisible by p, because we have divided powers. Therefore the induced map σ_D on the divided power envelope maps J̄_D to pO_D. Therefore

σ(J̄^{[m]}_D ) ⊂ p^{[m]}O_D.

For z ∈ O_Z we find from (60) that in Ω̆^1_{D/An} :

dσ(z) ≡ 0 mod p.

The composite map of the lemma is induced by a map of complexes:

J^{[m]}_D Ω̆^∘_{D/An} −−−−→ . . . −−−−→ J^{[m−i]}_D Ω̆^i_{D/An} −−−−→ . . . σ � � �^σ � � � Ω̆^∘_{D/An} −−−−→ . . . −−−−→ Ω̆^i_{D/An} −−−−→ . . . .

(61)

The image of this map lies in p^{[m]} · Ω̆^·_{D/An} = p^{[m]}A_n ⊗^L_{An} Ω̆_{D/An} . The last equality follows since by [BO] 3.32 the sheaf O_D is flat over A_n. The hypercohomology of the last complex is by the projection formula

p^{[m]}A_n ⊗^L RΓ(X, Ω̆_{D/An} ) = p^{[m]}A_n ⊗^L RΓ_{crys}(X/A_n, O_{X/An} ) = p^{[m]}A_n ⊗^L RΓ(Y_n, Ω^·_{Yn/An} )

But the cohomology of the last complex is p^{[m]}H^i(Y_n, Ω^·_{Yn/An} ), since we assumed that the cohomology is locally free. This shows that (61) factors on the hypercohomology through p^{[m]}H_{crys}(X/A_n, O_{X/An} ) = p^{[m]}H^i(Y_n, Ω^·_{Yn/An} ). Q.E.D.

Theorem 5.5 Let R be a ring, such that p is nilpotent in R. Let X be a scheme which is projective and smooth over R. Let A → R be a frame. We assume that X lifts to a projective and smooth p-adic formal scheme Y/ Spf A such that the assumptions 5.2 and 5.3 are fullfilled. Then for each number n < p the canonical maps

H^n_{crys}(X/A, J^{[m]}_{X/A}) → H^n_{crys}(X/A, J^{[m−1]}_{X/A} ) → · · · → H^n_{crys}(X/A, O_{X/A})

are injective. The A-modules P_m = H^n_{crys}(X/A, J^{[m]}_{X/A}) for m ≤ n together with the maps 1 p^m

F = F_m : P_m → P_0

given by Lemma 5.4 form a window of degree n.

Proof: We consider a number m ≤ n. Then we have J^m_{X/A} = J^{[m]}_{X/A}, a^m = a^{[m]}. We write F il^{[m]}Ω^·_{Y/A} = lim_{←−} n F il^{[m]}Ω^·_{Yn/An} . Then we find a canonical

isomorphism P_m = H^n(X, F il^{[m]}Ω_{Y/A})^∼= H^n_{crys}(X/A, J^m_{X/A}) (62)

Documenta Mathematica 12 (2007) 147–191

186 Andreas Langer and Thomas Zink

From the degenerating spectral sequence (58) we obtain the injectivity of P_m → P_{m−1}, since we have injectivity on the associated graded groups. In the following considerations m, n can be arbitrary natural number, without the restriction m ≤ n < p. Then F il^{[m]}_{Y/A} will be the complex F il^m_{Y/A}

a^mΩ^0_{Y/A} → a^{m−1}Ω^1_{Y/A} → · · · → aΩ^{m−1}_{Y/A} → Ω^m_{Y/A} → . . .

Consider the following morphism:

a ⊗ H^n(X, F il^mΩ^·_{Y/A}) → H^n(X, aF il^mΩ^·_{Y/A}). (63)

We have for aF il^mΩ^·_{Y/A} a degenerating spectral sequence as (58). Therefore the right hand side of (63) is a subgroup of H^n(X, F il^mΩ^·_{Y/A}). We claim that the induced inclusion is an equality

aH^n(X, F il^mΩ^·_{Y/A}) = H^n(X, aF il^mΩ^·_{Y/A}). (64)

This equality holds for m = 0 by the projection formula. Indeed, consider the canonical map:

F il^mΩ_{Y/A} → a^mΩ^0_{Y/A} → 0.

The kernel is the following complex C:

0 → a^{m−1}Ω^1_{Y/A} → · · · → aΩ^{m−1}_{Y/A} → Ω^m_{Y/A} → . . . .

This complex C is of the same nature as F il^mΩ^·_{Y/A} but with less ideals involved. By an induction we may assume that

aH^n(X, C) = H^n(X, aC).

By the projection formula we find

aH^n(X, a^mΩ^0_{Y/A}) = a^{m+1}H^n(X, Ω^0_{Y/A}).

The assertion (64) follows from the diagram

H^n(X, aC) −−−−→ H^n(X, aF il^mΩ^·_{Y/A}) −−−−→ H^n(X, a^{m+1}Ω^0_{Y/A}) ‖ � � �^∪ � � �^‖ � � � aH^n(X, C) −−−−→ aH^n(X, F il^mΩ^·_{Y/A}) −−−−→ aH^n(X, a^mΩ^0_{Y/A})

(65)

The upper line is a short exact sequence by a spectral sequence argument as above. The lower line is a complex. The first arrow is injective and the second surjective but it is a priori not exact in the middle term. One sees that the upper and lower line in (63) must be isomorphic. This proves (65). We have already seen that the following maps are injective

H^n(X, aF il^mΩ^·_{Y/A}) → H^n(X, F il^{m+1}Ω^·_{Y/A}) → H^n(X, F il^mΩ^·_{Y/A}).

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 187 Therefore we obtain an exact sequence 0 → H^n(X, aF il^mΩ^·_{Y/A}) → H^n(X, F il^{m+1}Ω^·_{Y/A}) → H^n(X, σ^{≥m+1}Ω^·_{X/R}) → 0. Since by (64) the map a ⊗ H^n(X, F il^mΩ_{Y/A}) → H^n(X, aF il^mΩ^·_{Y/A}) is surjective, we see that P_m = H^n(X, F il^mΩ^·_{Y/A}) and E_m = H^n(X, σ^{≥m}Ω^·_{X/R}) fulfill the conditions (i)-(iii) for a window without any restriction on m and n. We note that for fixed n we have P_{m+1} = aP_m for m ≥ n. As explained after the definition of a window, we can obtain a decomposition P_m = a^mL_0 ⊕ a^{m−1}L_1 ⊕ · · · ⊕ a^{m−n}L_n, with the convention that a^k = A if k ≤ 0.

Concretely we can find the liftings L_i as follows. We consider the maps:

H^n(X, F il^mΩ^·_{Y/A}) → H^n(X, σ^{≥m}Ω^·_{Y/A}) → H^{(n−m)}(X, Ω^m_{Y/A}) Then L_m is obtained by splitting the last surjection. This construction gives isomorphisms:

L_m ∼= H^{(n−m)}(X, Ω^m_{Y/A}) We now impose the condition m ≤ n < p of the theorem. By lemma 5.4 and (62) the Frobenius endomorphism F : P_0 → P_0 is divisible by p^m when restricted to P_m. We set Φ_m = 1 p^m

F_{|Lm} .

The assertion that {P_m} is a window is then equivalent with the condition that ⊕^n_{i=0}Φ_i : ⊕^n_{i=0}L_i → ⊕^u_{i=0}L_i is a σ-linear isomorphism, or in other words that det(⊕^n_{i=0}Φ_i) is a unit in W (A). Clearly it suffices to show that for any homomorphism R → k to a perfect field k the image of det(⊕Φ_i) by the morphism A^κ→ W (R) → W (k) → k is a nonzero. The compositum map A → W (k) respects the Frobenius and induces a map on crystalline cohomology H^n_{crys}(X/A, O_{X/A}) → H^n_{crys}(X_k/W (k), O_{Xk /W (k)}) which respects the Frobenius. It is induced by the base change map for de Rham cohomology.

H^n(X, Ω^·_{Y/A}) → H^n(X_k, Ω^·_{Y ⊗AW (k)/W (k)}).

Documenta Mathematica 12 (2007) 147–191

188 Andreas Langer and Thomas Zink

The special decomposition we have chosen

H^n(X, Ω^·_{Y/A}) = ⊕L_i,

induces a similar decomposition

H^n(X_k, Ω^·_{YW (k) /W (k)}) = H^n(X, Ω^·_{Y/A}) ⊗_A W (k) = ⊕L_i ⊗_A W (k).

Therefore we have reduced our assertion to the case R = k a perfect field and A = W (k). This case was proved by Mazur (Compare [Fo] p.91 and Kato [K] Prop.2.5). We give an argument in the case n < p − 2 which is based on the comparison Corollary 4.7 but doesn’t use gauges.

For any complex A^· of abelian sheaves on X consider the exact sequence induced by the naive filtration.

0 → σ_{>i}A^· → A^· → σ_{≤i}A^· → 0,

where i is an arbitrary integer. If n + 1 ≤ i we obtain an isomorphism

H^n(X, A^·) ∼= H^n(X, σ_{≤i}A^·).

We apply this to the Nygaard complex N^mW Ω^·_{X/k} and to the de Rham-Witt complex W Ω^·_{X/k} . For i ≤ m − 1 the operator F̂_m (5) induces clearly a bijection of the truncated complexes

F̂_m : σ_{≤i}N^mW Ω^·_{X/k} → σ_{≤i}W Ω^·_{X/k}

Therefore if n + 1 ≤ i ≤ m − 1 we obtain a bijection

F_m : H^n(X, N^mW Ω^·_{X/k}) → H^n(X, W Ω^·_{X/k} )

We set m = n + 2. Since m < p by assumption (and because k is reduced) there are canonical isomorphisms in the derived category:

N^mW Ω^·_{X/k} ∼= F^mΩ_{Y/W (k)} ∼= F il^mΩ_{Y/W (k)}

But since m > n the map F_m is identified with the linearization of ⊕Φ_i. This says that the last map is a Frobenius linear isomorphism. Q.E.D. Remark: The proof shows that H^n_{DR}(Y) with its Hodge filtration is strongly divisible (compare [Fo] 1.2 Prop.) for n < p − 2. If we knew that N^mW Ω^·_{X/k} and F^mΩ_{Y/W (k)} are quasi-isomorphic, the last argument would imply that H^n_{DR}(Y) is strongly divisible without restriction on n. We note also that the last argument works directly over any reduced ring k.

Corollary 5.6 Let X be a smooth and projective scheme over a ring R such that p is nilpotent in R.

Let us assume that there is a frame A → R and a smooth and projective p-adic lifting Y/ Spf A of X, which satisfies the conditions of the theorem. Then we obtain for n < p by base change a display structure of degree n on H^n_{crys}(X/W (R), O_{X/W (R)}). This display structure is independent of the frame A and the formal lifting Y we have chosen if p · R = 0.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 189

Proof: For a given frame A the independence of the lifting Y is clear, because the window structure is purely defined in terms of the crystalline cohomology of X/A.

If we have a morphism of frames B → A and a formal lifting Z of X to B, then we set Y = Z_A. Then the window associated to Y is obtained from the window associated to Z by base change (one should think in terms of decompositions (53)). Therefore the induced displays are the same.

If p · R = 0 and A^′ and A^{′′} are 2 frames, we obtain a new frame A^′ ×_R A^{′′} → R. Then σ^′ × σ^{′′} is an endomorphism of A^′ ×_R A^{′′} because σ^′ and σ^{′′} induce the same endomorphism on R. If Y^′/ Spf A^′ and Y^{′′}/ Spf A^{′′} are formal liftings, we obtain a formal lifting Y^′ ×_κ Y^{′′} of X over A^′ ×_R A^{′′}. Therefore we obtain the same display structure by base change.

Theorem 5.7 Let R be a reduced ring of characteristic p. Let X/R be a smooth projective scheme. Assume that there is a compatible system of smooth and projective liftings Y_n/W_n(R). We assume that the assumptions 5.2 and 5.3 are satisfied with A_n = W_n(R) Then there is a display structure on H^n_{crys}(X/W (R), O_{X/W (R)}) for n < p, where

P_m = H^n(X, N^mW Ω_{X/R}) = H^n_{crys}(X/W (R), J^{[m]}_{X/W (R)}).

Proof: The second equality is the filtered comparison theorem. If we had a p-adic lifting Y/ Spf W (R), the theorem would follow from the last one because W (R) → R is a frame. The slightly more general statement follows by the same reasoning as the last theorem. Q.E.D. We make the following conjecture:

Conjecture 5.8 Let R be a ring such that p is nilpotent in R. Let X/R be a smooth projective scheme. Let us assume that the crystalline cohomology groups H^i_{crys}(X/W_n(R)) are locally free W_n(R)-modules for i ≥ 0 and n > 1, and that the de Rham spectral sequence

E^{p,q}_1 = H^q(X, Ω^p_{X/R}) ⇒ H^{p+q}(X, Ω^·_{X/R})

degenerates.

Then the canonical predisplay structure on P_m = H^n(X, N^mW Ω_{X/R}) is a display structure.

References

[BBM] Berthelot,P., Breen,L., Messing,W.: Théorie Dieudonné cristalline II, Springer LNM 930, 1982.

[B] Berthelot,P.: Cohomologie cristalline des schémas de characteristique p > 0, Springer LNM 407, 1974.

Documenta Mathematica 12 (2007) 147–191

190 Andreas Langer and Thomas Zink

[BO] Berthelot, P., Ogus, A.: Notes on crystalline cohomology, Princeton 1978.

[De1] Deligne,P.: Relèvement des surfaces K3 en charactéristique nulle, in:

Surfaces Algébriques, Lecture Notes in Mathematics 868, Springer 1981.

[De2] Deligne, P: Cohomologie des intersections completes, in: SGA 7, Groupes de Monodromie en Géomt́rie Algébrique, Lecture Notes in Mathematics 340, Springer 1973.

[De3] Deligne, P.: Théorie de Hodge II, Publ.Math.IHES 40, 5-57, 1971.

[DI] Deligne,P., Illusie, L.: Relèvement modulo p^2 de décomposition du complexe de de Rham, Invent. math. 89 (1987), 247-270.

[Fo] Fontaine, J.-M.: Cohomologie de de Rham, cohomologie cristalline et représentation p-adique, Springer Lecture Notes in Mathematics 1016, 1983.

[FL] Fontaine, J.-M., Laffaille, G.: Construction représentation p-adique, Annales Sci. Ecole Norm. Sup. 15 (1982), 547-608.

[EGA] Grothendieck, A. Éléments de Géometrie Algébrique, Publ. IHES 4,8,11,17,20,24,28,32.

[I] Illusie, L. : Complexe de de Rham-Witt et cohomologie cristalline, Annales ENS 12, 1979, 501-661.

[IR] Illusie, L., Raynaud, M.: Les suites spectrales associées au complexe de de Rham-Witt, Publ.Math. IHES 57, 1983, 73-212.

[K] Kato, K.: On p-adic vanishing cycles (Applications of ideas of Fontaine-Messing), Advanced Studies in Pure Mathematics 10, 1987, 207-251.

[LZ] Langer, A., Zink, Th.: De Rham-Witt cohomology for a proper and smooth morphism, Journal of the Inst. of Math. Jussieu (2004) 3 (2), 231-314.

[Me] Messing,W.: Travaux de Zink, Séminaire Bourbaki 2005/06, n 964.

[MW] Moonen, B., Wedhorn, T.: Discrete invariants of varieties in positive characteristic. Int. Math. Res. Not. 2004, no. 72, 3855–3903.

[M] Mumford, D.: Abelian varieties, Oxford 1970.

[N] Nygaard, N.: Higher de Rham-Witt complexes of supersingular K3- surfaces, Comp.Math. vol.42 (1981), 245-271.

[T] Thomason,R.W., Trobaugh,T.: Higher Algebraic K-Theory of Schemes and of Derived Categories, Appendix A, 398-408, in: The Grothendieck Festschrift III, Birkhäuser 1990.

Documenta Mathematica 12 (2007) 147–191

De Rham-Witt Cohomology and Displays 191

[Z1] Zink, Th.: Windows for displays of p-divisible groups, pp.491 - 518,in:

Progress in Math. 195, Birkhäuser 2001.

[Z2] Zink,Th.: The display of a formal p-divisible group, Asterisque 278 (2002), 127- 248.

Andreas Langer Mathematics University of Exeter Exeter, EX4 4QE Devon, UK a.langer@ex.ac.uk

Thomas Zink Fakultät für Mathematik Universität Bielefeld Postfach 100131 D-33501 Bielefeld zink@math.uni-bielefeld.de

Documenta Mathematica 12 (2007) 147–191

Documenta Mathematica 12 (2007)

Documenta Math. 193

On the Structure of Calabi-Yau Categories

with a Cluster Tilting Subcategory

Gonçalo Tabuada

Received: July 18, 2006 Revised: March 9, 2007

Communicated by Stefan Schwede

Abstract. We prove that for d ≥ 2, an algebraic d-Calabi-Yau triangulated category endowed with a d-cluster tilting subcategory is the stable category of a DG category which is perfectly (d+1)-Calabi- Yau and carries a non degenerate t-structure whose heart has enough projectives.

2000 Mathematics Subject Classification: Primary 18E30, 18E35, 18D20; Secondary 16G30, 16G70.

Keywords and Phrases: Triangulated category, Calabi-Yau property, t-structure, DG category, Verdier’s quotient, Brown representability theorem.

Contents

1. Introduction 194 2. Acknowledgments 194 3. Preliminaries 194 4. Embedding 196 5. Determination of the image of G 199 6. Alternative description 203 7. The main theorem 206 Appendix A. Extension of t-structures 208 References 211

Documenta Mathematica 12 (2007) 193–213

194 Gonçalo Tabuada

1. Introduction

In this article, we propose a description of a class of Calabi-Yau categories using the formalism of DG-categories and the notion of ‘stabilization’, as used for the description of triangulated orbit categories in section 7 of [21]. For d ≥ 2, let C be an algebraic d-Calabi-Yau triangulated category endowed with a d-cluster tilting subcategory T , cf. [23] [18] [19], see also [3] [13] [14]. Such categories occur for example,

- in the representation-theoretic approach to Fomin-Zelevinsky’s cluster algebras [12], cf. [6] [9] [15] and the references given there, - in the study of Cohen-Macaulay modules over certain isolated singularities, cf. [17] [23] [16], and the study of non commutative crepant resolutions [36], cf. [17].

From C and T we construct an exact dg category B, which is perfectly (d + 1)- Calabi-Yau, and a non-degenerate aisle U, cf. [25], in H^0(B) whose heart has enough projectives. We prove, in theorem 7.1, how to recover the category C from B and U using a general procedure of stabilization defined in section 7. This extends previous results of [24] to a more general framework. It follows from [30] that for d = 2, up to derived equivalence, the category B only depends on C (with its enhancement) and not on the choice of T . In the appendix, we show how to naturally extend a t-structure, cf. [2], on the compact objects of a triangulated category to the whole category.

Example Let k be a field, A a finite-dimensional hereditary k-algebra and C = C_A the cluster category of A, see [7] [8], i.e. the quotient of the bounded derived category of finitely generated modules over A by the functor F = τ^{−1}[1], where τ denotes the AR-translation and [1] denotes the shift functor. Then B is given by the dg algebra, see section 7 of [21],

B = A ⊕ (DA)[−3]

and theorem 7.1 reduces to the equivalence

D^b(B)/per(B)^∼−→ C_A

of section 7.1 of [21].

2. Acknowledgments

This article is part of my Ph. D. thesis under the supervision of Prof. B. Keller. I deeply thank him for countless useful discussions and for his perfect guidance and generous patience. This work was supported by FCT-Portugal, scholarship SFRH/BD/14035/2003.

3. Preliminaries

Let k be a field. Let E be a k-linear Frobenius category with split idempotents. Suppose that its stable category C = E, with suspension functor S, has finitedimensional Hom-spaces and admits a Serre functor Σ, see [4]. Let d ≥ 2 be

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 195

an integer. We suppose that C is Calabi-Yau of CY-dimension d, i.e. [27] there is an isomorphism of triangle functors

S^{d ∼}→ Σ .

We fix such an isomorphism once and for all. See section 4 of [23] for several examples of the above situation. For X, Y ∈ C and n ∈ Z, we put

Ext^n(X, Y ) = Hom_C (X, S^nY ) .

We suppose that C is endowed with a d-cluster tilting subcategory T ⊂ C, i.e.

a) T is a k-linear subcategory, b) T is functorially finite in C, i.e. the functors Hom_C (?, X)|T and Hom_C (X, ?)|T are finitely generated for all X ∈ C, c) we have Ext^i(T, T^′) = 0 for all T, T^′ ∈ T and all 0 < i < d and d) if X ∈ C satisfies Ext^i(T, X) = 0 for all 0 < i < d and all T ∈ T , then T belongs to T .

Let M ⊂ E be the preimage of T under the projection functor. In particular, M contains the subcategory P of the projective-injective objects in M. Note that T equals the quotient M of M by the ideal of morphisms factoring through a projective-injective.

We dispose of the following commutative square: M � � �

� E � T � � � E = C .

We use the notations of [20]. In particular, for an additive category A, we denote by C(A) (resp. C^−(A), C^b(A), . . .) the category of unbounded (resp. right bounded, resp. bounded, . . .) complexes over A and by H(A) (resp. H^−(A), H^b(A), . . .) its quotient modulo the ideal of nullhomotopic morphisms. By [26], cf. also [31], the projection functor E → E extends to a canonical triangle functor H^b(E)/H^b(P) → E. This induces a triangle functor H^b(M)/H^b(P) → E. It is shown in [30] that this functor is a localization functor. Moreover, the projection functor H^b(M) → H^b(M)/H^b(P) induces an equivalence from the subcategory H^b_E-_{ac}(M) of bounded E-acyclic complexes with components in M onto its kernel. Thus, we have a short exact sequence of triangulated categories

0 −→ H^b_E-_{ac}(M) −→ H^b(M)/H^b(P) −→ C −→ 0 .

Let B be the dg (=differential graded) subcategory of the category C^b(M)_{dg} of bounded complexes over M whose objects are the E-acyclic complexes. We denote by G : H^−(M) → D(B^{op})^{op} the functor which takes a right bounded complex X over M to the dg module

B → Hom^•_M(X, B) ,

where B is in B.

Documenta Mathematica 12 (2007) 193–213

196 Gonçalo Tabuada

Remark 3.1. By construction, the functor G restricted to H^b_E-_{ac}(M) establishes an equivalence G : H^b_E-_{ac}(M)^∼−→ per(B^{op})^{op} .

Recall that if P is a right bounded complex of projectives and A is an acyclic complex, then each morphism from P to A is nullhomotopic. In particular, the complex Hom^•_M(P, A) is nullhomotopic for each P in H^−(P). Thus G takes H^−(P ) to zero, and induces a well defined functor (still denoted by G)

G : H^b(M)/H^b(P) −→ D(B^{op})^{op} .

4. Embedding Proposition 4.1. The functor G is fully faithful.

For the proof, we need a number of lemmas.

It is well-known that the category H^−(E) admits a semiorthogonal decomposition, cf. [5], formed by H^−(P) and its right orthogonal H^−_E-_{ac}(E), the full subcategory of the right bounded E-acyclic complexes. For X in H^−(E), we write pX → X → a_pX → SpX for the corresponding triangle, where pX is in H^−(P) and a_pX is in H^−_E-_{ac}(E). If X lies in H^−(M), then clearly a_pX lies in H^−_E-_{ac}(M) so that we have an induced semiorthogonal decomposition of H^−(M).

Lemma 4.1. The functor Υ : H^b(M)/H^b(P) −→ H^−_E-_{ac}(M) which takes X to a_pX is fully faithful.

Proof. By the semiorthogonal decomposition of H^−(M), the functor X → a_pX induces a right adjoint of the localization functor H^−(M) −→ H^−(M)/H^−(P) and an equivalence of the quotient category with the right orthogonal H^−_E-_{ac}(M).

H^−(P) � � H^−(M)

�

�

H^−_E-_{ac}(M) = H(P)^⊥ � � �

H^b(M)/H^b(P) � � � H^−(M)/H^−(P) � � �_∼ � � � � . Moreover, it is easy to see that the canonical functor H^b(M)/H^b(P) −→ H^−(M)/H^−(P)

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 197

is fully faithful so that we obtain a fully faithful functor

H^b(M)/H^b(P) −→ H^−_E-_{ac}(M)

taking X to a_pX. √ Remark 4.1. Since the functor G is triangulated and takes H^−(P) to zero, for X in H^b(M), the adjunction morphism X → a_pX yields an isomorphism

G(X)^∼−→ G(a_pX) = G(ΥX) .

Let D^−_M(M) be the full subcategory of the derived category D(M) formed by the right bounded complexes whose homology modules lie in the subcategory Mod M of Mod M. The Yoneda functor M → Mod M, M → M^∧, induces a full embedding Ψ : H^−_E-_{ac}(M) → D^−_M(M) .

We write V for its essential image. Under Ψ, the category H^b_E-_{ac}(M) is identified with per_M(M). Let Φ : D^−_M(M) → D(B^{op})^{op} be the functor which takes X to the dg module B → Hom^•(X_c, Ψ(B)) , where B is in H^b_E-_{ac}(M) and X_c is a cofibrant replacement of X for the projective model structure on C(M). Since for each right bounded complex M with components in M, the complex M^∧ is cofibrant in C(M), it is clear that the functor G : H^b(M)/H^b(P) → D(B^{op})^{op} is isomorphic to the composition Φ ∘ Ψ ∘ Υ. We dispose of the following commutative diagram

H^b(M)/H^b(P)�

�_Υ � H^−_E-_{ac}(M)^Ψ � ∼ � � � � D^−_M(M)^Φ � D(B^{op})^{op}

V � � � � � �

� � � � �

H^b_E-_{ac}(M) �

�

H^b_E-_{ac}(M) �

�

∼ � per_M(M) � � � � �

�

∼ � per(B^{op})^{op} �

�

Lemma 4.2. Let Y be an object of D^−_M(M).

a) Y lies in per_M(M) iff H^p(Y ) is a finitely presented M-module for all p ∈ Z and vanishes for all but finitely many p.

b) Y lies in V iff H^p(Y ) is a finitely presented M-module for all p ∈ Z and vanishes for all p ≫ 0.

Proof. a) Clearly the condition is necessary. For the converse, suppose first that Y is a finitely presented M-module. Then, as an M-module, Y admits a resolution of length d + 1 by finitely generated projective modules by theorem 5.4 b) of [23]. It follows that Y belongs to per_M(M). Since per_M(M) is triangulated, it also contains all shifts of finitely presented M-modules and all extensions of shifts. This proves the converse.

Documenta Mathematica 12 (2007) 193–213

198 Gonçalo Tabuada

b) Clearly the condition is necessary. For the converse, we can suppose without loss of generality that Y^n = 0, for all n ≥ 1 and that Y^n belongs to proj M, for n ≤ 0. We now construct a sequence · · · → P_n → · · · → P_1 → P_0 of complexes of finitely generated projective M-modules such that P_n is quasiisomorphic to τ_{≥−n}Y for each n and that, for each p ∈ Z, the sequence of Mmodules P^p_n becomes stationary. By our assumptions, we have τ_{≥0}Y^∼→ H^0(Y ). Since H^0(Y ) belongs to mod M, we know by theorem 5.4 c) of [23] that it belongs to per(M) as an M-module. We define P_0 to be a finite resolution of H^0(Y ) by finitely generated M-modules. For the induction step, consider the following truncation triangle associated with Y

S^{i+1}H^{−i−1}(Y ) → τ_{≥−i−1}Y → τ_{≥−i}Y → S^{i+2}H^{−i−1}(Y ) , for i ≥ 0. By the induction hypothesis, we have constructed P_0, . . . , P_i and we dispose of a quasi-isomorphism P_i^∼→ τ_{≥−i}Y . Let Q_{i+1} be a finite resolution of S^{i+2}H^{−i−1}(Y ) by finitely presented projective M-modules. We dispose of a morphism f_i : P_i → Q_{i+1} and we define P_{i+1} as the cylinder of f_i. We define P as the limit of the P_i in the category of complexes. We remark that Y is quasi-isomorphic to P and that P belongs to V. This proves the converse. √ Let X be in H^−_E-_{ac}(M).

Remark 4.2. Lemma 4.2 shows that the natural t-structure of D(M) restricts to a t-structure on V. This allows us to express Ψ(X) as Ψ(X)^∼−→ holim_i τ_{≥−i}Ψ(X) , where τ_{≥−i}Ψ(X) is in per_M(M).

Lemma 4.3. We dispose of the following isomorphism

Φ(Ψ(X)) = Φ(holim_i τ_{≥−i}Ψ(X))^∼−→ holim_i Φ(τ_{≥−i}Ψ(X)) .

Proof. It is enough to show that the canonical morphism induces a quasiisomorphism when evaluated at any object B of B. We have Φ(holim_i τ_{≥−i}Ψ(X))(B) = Hom^•(holim_i τ_{≥−i}Ψ(X), B) , but since B is a bounded complex, for each n ∈ Z, the sequence i → Hom^n(τ_{≥−i}Ψ(X), B) stabilizes as i goes to infinity. This implies that

Hom^•(holim_i τ_{≥−i}Ψ(X), B)^∼←− holim_i Φ(τ_{≥−i}Ψ(X))(B) . √ Lemma 4.4. The functor Φ restricted to the category V is fully faithful.

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 199

Proof. Let X, Y be in H^−_E-_{ac}(M). The following are canonically isomorphic :

Hom_{D(B}op_)op (ΦΨX, ΦΨY ) Hom_{D(B}op_)(ΦΨY, ΦΨX) Hom_{D(B}op_)(hocolim_i Φτ_{≥−i}ΨY, hocolim_j Φτ_{≥−j} ΨX)

(4.1) holim_i Hom_{D(B}op_)(Φτ_{≥−i}ΨY, hocolim_j Φτ_{≥−j} ΨX) holim_i hocolim_j Hom_{D(B}op_)(Φτ_{≥−i}ΨY, Φτ_{≥−j} ΨX)

(4.2) holim_i hocolim_j Hom_{perM(M)}(τ_{≥−j} ΨX, τ_{≥−i}ΨY ) holim_i Hom_V (holim_j τ_{≥−j} ΨX, τ_{≥−i}ΨY )

(4.3) Hom_V (Ψ(X), Ψ(Y )) .

Here (4.1) is by the lemma 4.3 seen in D(B^{op}), (4.2) is by the fact that Φτ_{≥−i}ΨY is compact and (4.3) is by the fact that τ_{≥−i}ΨY is bounded. √

It is clear now that lemmas 4.1, 4.3 and 4.4 imply the proposition 4.1.

5. Determination of the image of G Let L_ρ : D^−(M) → D^−_M(M) be the restriction functor induced by the projection functor M → M. L_ρ admits a left adjoint L : D^−_M(M) → D^−(M) which takes Y to Y ⊗^L_M M. Let B^− be the dg subcategory of C^−(Mod M)_{dg} formed by the objects of D^−_M(M) that are in the essential image of the restriction of Ψ to H^b_E-_{ac}(M). Let B^′ be the DG quotient, cf. [11], of B^− by its quasiisomorphisms. It is clear that the dg categories B^′ and B are quasi-equivalent, cf. [22], and that the natural dg functor M → C^−(Mod M)_{dg} factors through B^−. Let R^′ : D(B^{op})^{op} → D(M^{op})^{op} be the restriction functor induced by the dg functor M → B^′. Let Φ^′ : D^−_M(M) → D(B^{′op})^{op} be the functor which takes X to the dg module B^′ → Hom^•(X_c, B^′) ,

where B^′ is in B^′ and X_c is a cofibrant replacement of X for the projective model structure on C(Mod M). Finally let Γ : D(M) → D(M^{op})^{op} be the functor that sends Y to

M → Hom^•(Y_c, M(?, M)) ,

where Y_c is a cofibrant replacement of Y for the projective model structure on C(Mod M) and M is in M.

Documenta Mathematica 12 (2007) 193–213

200 Gonçalo Tabuada

We dispose of the following diagram :

D(B^{op})^{op} B

� H^b(M)/H^b(P)�

�_Υ � H^−_E-_{ac}(M)^Ψ � D^−_M(M) L �

Φ^′ � Φ � � � � D(B^{′op})^{op}

R^′ �

∼ �

B^′

D^−(M)_Γ � D(M^{op})^{op} M

�

Lemma 5.1. The following square

D^−_M(M)^{Φ′} � L � D(B^{′op})^{op}

R^′ � B^′

D^−(M)_Γ � D(M^{op})^{op} M

�

is commutative.

Proof. By definition (R^′ ∘ Φ^′)(X)(M) equals Hom^•(X_c, M(?, M)). Since M(?, M) identifies with L_ρM^∧ and by adjunction, we have

Hom^•(X_c, M(?, M))^∼−→ Hom^•(X_c, L_ρM^∧)^∼−→ Hom^•((LX)_c, M(?, M)) , where the last member equals (Γ ∘ L)(X)(M). √ Lemma 5.2. The functor L reflects isomorphisms .

Proof. Since L is a triangulated functor, it is enough to show that if L(Y ) = 0, then Y = 0. Let Y be in D^−_M(M) such that L(Y ) = 0. We can suppose, without loss of generality, that H^p(Y ) = 0 for all p > 0. Let us show that H^0(Y ) = 0. Indeed, since H^0(Y ) is an M-module, we have H^0(Y ) ∼= L^0H^0(Y ), where L^0 : Mod M → Mod M is the left adjoint of the inclusion Mod M → Mod M. Since H^p(Y ) vanishes in degrees p > 0, we have L^0H^0(Y ) = H^0(LY ) .

By induction, one concludes that H^p(Y ) = 0 for all p ≤ 0. √ Proposition 5.1. An object Y of D^−_M(M) lies in the essential image of the functor Ψ ∘ Υ : H^b(M)/H^b(P) → D^−_M(M) iff τ_{≥−n}Y is in per_M(M), for all n ∈ Z and L(Y ) belongs to per(M).

Proof. Let X be in H^b(M)/H^b(P). By lemma 4.2 a), τ_{≥−n}ΨΥ(X) is in per_M(M), for all n ∈ Z. Since X is a bounded complex, there exists an s ≪ 0 such that for all m < s the m-components of Υ(X) are in P, which implies that LΨΥ(X) belongs to per(M).

Conversely, suppose that Y is an object of D^−_M(M) which satisfies the conditions. By lemma 4.2, Y belongs to V. Thus we have Y = Ψ(Y^′) for some Y^′

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 201

in H^−_E-_{ac}(M). We now consider Y^′ as an object of H^−(M) and also write Ψ for the functor H^−(M) → D^−(M) induced by the Yoneda functor. We can express Y^′ as Y^{′ ∼}←− hocolim_i σ_{≥−i}Y^′ ,

where the σ_{≥−i} are the naive truncations. By our assumptions on Y^′, σ_{≥−i}Y^′ belongs to H^b(M)/H^b(P), for all i ∈ Z. The functors Ψ and L clearly commute with the naive truncations σ_{≥−i} and so we have

L(Y ) = L(ΨY^′)^∼←− hocolim_i L(σ_{≥−i}ΨY^′)^∼−→ hocolim_i σ_{≥−i}L(ΨY^′) .

By our hypotheses, L(Y ) belongs to per(M) and so there exists an m ≫ 0 such that L(Y ) = L(ΨY^′)^∼←− σ_{≥−m}L(ΨY^′) = L(σ_{≥−m}ΨY^′) .

By lemma 5.2, the inclusion Ψ(σ_{≥−m}Y )^′ = σ_{≥−m}ΨY^′ −→ Ψ(Y^′) = Y is an isomorphism. But since σ_{≥−m}Y^′ belongs to H^b(M)/H^b(P), Y identifies with Ψ(σ_{≥−m}Y^′). √ Remark 5.1. It is clear that if X belongs to per(M), then Γ(X) belongs to per(M^{op})^{op}. We also have the following partial converse.

Lemma 5.3. Let X be in D^−_{mod M}(M) such that Γ(X) belongs to per(M^{op})^{op}. Then X is in per(M).

Proof. By lemma 4.2 b) we can suppose, without loss of generality, that X is a right bounded complex with finitely generated projective components. Applying Γ, we get a perfect complex Γ(X). In particular Γ(X) is homotopic to zero in high degrees. But since Γ is an equivalence proj M^∼−→ (proj M^{op})^{op} , it follows that X is already homotopic to zero in high degrees. √ Remark 5.2. The natural right aisle on D(M) is the full subcategory of the objects X such that H^n(X) = 0 for all n < 0. The associated truncation functor τ_{≥0} takes per_M(M) to itself. Therefore, the natural right aisle on D(M) restricts to a natural right aisle U^{op} on per_M(M).

Definition 5.1. Let U be the natural left aisle in per_M(M)^{op} associated with U^{op}.

Lemma 5.4. The natural left aisle U on per_M(M)^{op ∼}→ per(B^{op}) satisfies the conditions of proposition A.1 b).

Proof. Clearly the natural left aisle U in per_M(M)^{op} is non-degenerate. We need to show that for each C ∈ per_M(M)^{op}, there is an integer N such that Hom(C, S^N U) = 0 for each U ∈ U. We dispose of the following isomorphism Hom_{perM (M)}op (C, S^N U)^∼→ Hom_{perM(M)}(S^{−N} U^{op}, C) ,

Documenta Mathematica 12 (2007) 193–213

202 Gonçalo Tabuada

where U^{op} denotes the natural right aisle on per_M(M). Since by theorem 5.4 c) of [23] an M-module admits a projective resolution of length d + 1 as an M-module and C is a bounded complex, we conclude that for N ≫ 0 Hom_{perM (M)}(S^{−N} U^{op}, C) = 0 .

This proves the lemma. √ We denote by τ_{≤n} and τ_{≥n}, n ∈ Z, the associated truncation functors on D(B^{op})^{op}.

Lemma 5.5. The functor Φ : D^−_M(M) → D(B^{op})^{op} restricted to the category V is exact with respect to the given t-structures.

Proof. We first prove that Φ(V_{≤0}) ⊂ D(B^{op})^{op}_{≤0}. Let X be in V_{≤0}. We need to show that Φ(X) belongs to D(B^{op})^{op}_{≤0}. The following have the same classes of objects : D(B^{op})^{op}_{≤0} D(B^{op})_{>0} (per(B^{op})_{≤0})^⊥

(5.1) ⊥(per(B^{op})^{op})_{>0} ,

(5.2) where in (5.1) we consider the right orthogonal in D(B^{op}) and in (5.2) we consider the left orthogonal in D(B^{op})^{op}. These isomorphisms show us that Φ(X) belongs to D(B^{op})^{op}_{≤0} iff Hom_{D(B}op_)op (Φ(X), Φ(P )) = 0 , for all P ∈ per_M(M)_{>0}. Now, by lemma 4.4 the functor Φ is fully faithful and so Hom_{D(B}op_)op (Φ(X), Φ(P ))^∼−→ Hom_{perM(M)}(X, P ) .

Since X belongs to V_{≤0} and P belongs to per_M(M)_{>0}, we conclude that Hom_{perM(M)}(X, P ) = 0 , which implies that Φ(X) ∈ D(B^{op})^{op}_{≤0}. Let us now consider X in V. We dispose of the truncation triangle τ_{≤0}X → X → τ_{>0}X → Sτ_{≤0}X .

The functor Φ is triangulated and so we dispose of the triangle Φτ_{≤0}X → X → Φτ_{>0}X → SΦτ_{≤0}X , where Φτ_{≤0}X belongs to D(B^{op})^{op}_{≤0}. Since Φ induces an equivalence between per_M(M) and per(B^{op})^{op} and Hom(P, τ_{>0}X) = 0, for all P in V_{≤0}, we conclude that Φτ_{>0}X belongs to D(B^{op})^{op}_{>0}. This implies the lemma. √ Definition 5.2. Let D(B^{op})^{op}_f denote the full triangulated subcategory of D(B^{op})^{op} formed by the objects Y such that τ_{≥−n}Y is in per(B^{op})^{op}, for all n ∈ Z, and R(Y ) belongs to per(M^{op})^{op}.

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 203

Proposition 5.2. An object Y of D(B^{op})^{op} lies in the essential image of the functor G : H^b(M)/H^b(P) → D(B^{op})^{op} iff it belongs to D(B^{op})^{op}_f .

Proof. Let X be in H^b(M)/H^b(P). It is clear that the τ_{≥−n}G(X) are in per(B^{op})^{op} for all n ∈ Z. By proposition 5.1 we know that LΨΥ(X) belongs to per(M). By lemma 5.1 and remark 5.1 we conclude that RG(X) belongs to per(M^{op})^{op}. Let now Y be in D(B^{op})^{op}_f . We can express it, by the dual of lemma A.2 as the homotopy limit of the following diagram · · · → τ_{≥−n−1}Y → τ_{≥−n}Y → τ_{≥−n+1}Y → · · · , where τ_{≥−n}Y belongs to per(B^{op})^{op}, for all n ∈ Z. But since Φ induces an equivalence between per_M(M) and per(B^{op})^{op}, this last diagram corresponds to a diagram · · · → M_{−n−1} → M_{−n} → M_{−n+1} → · · · in per_M(M). Let p ∈ Z. The relations among the truncation functors imply that the image of the above diagram under each homology functor H^p, p ∈ Z, is stationary as n goes to +∞. This implies that H^p holim_n M_{−n}^∼−→ lim_n H^p M_{−n} ∼= H^p M_j ,

for all j < p. We dispose of the following commutative diagram holim_n M_{−n} �

� holim_n τ_{≥−i} M_{−n} ∼= M_{−i}

τ_{≥−i} holim_n M_{−n} ∼ � � � �

which implies that τ_{≥−i} holim_n M_{−n}^∼−→ M_{−i} , for all i ∈ Z. Since holim_n M_{−n} belongs to V, lemma 4.3 allows us to conclude that Φ(holim_n M_{−n}) ∼= Y . We now show that holim_n M_{−n} satisfies the conditions of proposition 5.1. We know that τ_{≥−i} holim_n M_{−n} belongs to per_M(M), for all i ∈ Z. By lemma 5.1 (Γ ∘ L)(holim_n M_{−n}) identifies with R(Y ), which is in per(M^{op})^{op}. Since holim_n M_{−n} belongs to V, its homologies lie in mod M and so we are in the conditions of lemma 5.1, which implies that L(holim_n M_{−n}) belongs to per_M(M). This finishes the proof. √ 6. Alternative description In this section, we present another characterization of the image of G, which was identified as D(B^{op})^{op}_f in proposition 5.2. Let M denote an object of M and also the naturally associated complex in H^b(M). Since the category H^b(M)/H^b(P) is generated by the objects M ∈ M and the functor G is fully faithful, we remark that D(B^{op})^{op}_f equals the triangulated subcategory of D(B^{op})^{op} generated by the objects G(M), M ∈ M. The rest of this section is concerned with the

Documenta Mathematica 12 (2007) 193–213

204 Gonçalo Tabuada

problem of characterizing the objects G(M), M ∈ M. We denote by P_M the projective M-module M(?, M) associated with M ∈ M and by X_M the image of M under Ψ ∘ Υ.

Lemma 6.1. We dispose of the following isomorphism Hom_D−_{M(M)}(X_M , Y )^∼←− Hom_{mod M}(P_M , H^0(Y )) , for all Y ∈ D^−_M(M).

Proof. Clearly X_M belongs to D_M(M)_{≤0} and is of the form · · · → P^∧_n → · · · → P^∧_1 → P^∧_0 → M^∧ → 0 , where P_n ∈ P, n ≥ 0. Now Yoneda’s lemma and the fact that H^m(Y )(P_n) = 0, for all m ∈ Z, n ≥ 0, imply the lemma. √ Remark 6.1. Since the functor Φ restricted to V is fully faithful and exact, we have

Hom_{D(B}op_)op (G(M), Φ(Y ))^∼←− Hom_{per(B}op_)op (Φ(P_M ), H^0(Φ(Y ))) , for all Y ∈ V.

We now characterize the objects G(M) = Φ(X_M ), M ∈ M, in the triangulated category D(B^{op}). More precisely, we give a description of the functor R_M := Hom_{D(B}op_)(?, Φ(X_M )) : D(B^{op})^{op} → Mod k using an idea of M. Van den Bergh, cf. lemma 2.13 of [10]. Consider the following functor

F_M := Hom_{per(B}op_)(H^0(?), Φ(P_M )) : per(B^{op})^{op} → mod k .

Remark 6.2. Remark 6.1 shows that the functor R_M when restricted to per(B^{op}) coincides with F_M .

Let DF_M be the composition of F_M with the duality functor D = Hom(?, k). Note that DF_M is homological.

Lemma 6.2. We dispose of the following isomorphism of functors on per(B^{op}) DF_M^∼−→ Hom_{D(B}op_)(Φ(X_M ), ?[d + 1]) .

Proof. The following functors are canonically isomorphic to DF Φ : DHom_{per(B}op_)(H^0Φ(?), Φ(P_M )) DHom_{per(B}op_)(ΦH^0(?), Φ(P_M ))

(6.1) DHom_{perM(M)}(P_M , H^0(?))

(6.2) DHom_D−_{M(M)}(X_M , ?)

(6.3) Hom_D−_{M(M)}(?[−d − 1], X_M )

(6.4) Hom_{D(B}op_)op (Φ(?)[−d − 1], Φ(X_M ))

(6.5) Hom_{D(B}op_)op (Φ(X_M ), Φ(?)[d + 1])

(6.6)

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 205

Step (6.1) follows from the fact that Φ is exact. Step (6.2) follows from the fact that Φ is fully faithful and we are considering the opposite category. Step (6.3) is a consequence of lemma 6.1. Step (6.4) follows from the (d + 1)-Calabi-Yau property and remark 4.2. Step (6.5) is a consequence of Φ being fully faithful and step (6.6) is a consequence of working in the opposite category. Since the functor Φ^{op} establish an equivalence between per_M(M)^{op} and per(B^{op}) the lemma is proven. √ Now, since the category Mod k is cocomplete, we can consider the left Kan extension, cf. [28], E_M of DF_M along the inclusion per(B^{op}) → D(B^{op}). We dispose of the following commutative square :

per(B^{op})^{DFM} � � � � mod k� � � D(B^{op})_{EM} � Mod k .

For each X of D(B^{op}), the comma-category of morphisms P → X from a perfect object P to X is filtered. Therefore, the functor E_M is homological. Moreover, it preserves coproducts and so DE_M is cohomological and transforms coproducts into products. Since D(B^{op}) is a compactly generated triangulated category, the Brown representability theorem, cf. [29], implies that there is a Z_M ∈ D(B^{op}) such that

DE_M^∼−→ Hom_{D(B}op_)(?, Z_M ) .

Remark 6.3. Since the duality functor D establishes and anti-equivalence in mod k, the functor DE_M restricted to per(B^{op}) is isomorphic to F_M .

Theorem 6.1. We dispose of an isomorphism

G(M)^∼−→ Z_M .

Proof. We now construct a morphism of functors from R_M to DE_M . Since R_M is representable, by Yoneda’s lemma it is enough to construct an element in DE_M (Φ(X_M )). Let C be the category per(B^{op}) ↓ Φ(X_M ), whose objects are the morphisms Y^′ → Φ(X_M ) and let C^′ be the category X_M ↓ per_M(M), whose objects are the morphisms X_M → X^′. The following are canonically isomorphic : DE_M (Φ(X_M )) D colim_C Hom_{D(B}op_)(Φ(X_M ), Y^′[d + 1])

(6.7)

D colim_{C′} Hom_D−_{M(M)}(X^′[−d − 1], X_M )

(6.8)

D colim_i Hom_D−_{M(M)}((τ_{≥−i}X_M )[−d − 1], X_M )

(6.9)

lim_i DHom_D−_{M(M)}((τ_{≥−i}X_M )[−d − 1], X_M )

lim_i Hom_D−_{M(M)}(X_M , τ_{≥−i}X_M )

(6.10)

Documenta Mathematica 12 (2007) 193–213

206 Gonçalo Tabuada

Step (6.7) is a consequence of the definition of the left Kan extension and lemma 6.2. Step (6.8) is obtained by considering the opposite category. Step (6.9) follows from the fact that the system (τ_{≥−i}X_M )_{i∈Z} forms a cofinal system for the index system of the colimit. Step (6.10) follows from the (d + 1)-Calabi- Yau property. Now, the image of the identity by the canonical morphism

Hom_D−_{M(M)}(X_M , X_M ) −→ lim_i Hom_D−_{M(M)}(X_M , τ_{≥−i}X_M ) ,

gives us an element of (DE_M )(Φ(X_M )) and so a morphism of functors from R_M to DE_M . We remark that this morphism is an isomorphism when evaluated at the objects of per(B^{op}). Since both functors R_M and DE_M are cohomological, transform coproducts into products and D(B^{op}) is compactly generated, we conclude that we dispose of an isomorphism

G(M)^∼−→ Z_M . √

7. The main theorem

Consider the following commutative square as in section 3: M � � �

� E � T � � � E = C .

In the previous sections we have constructed, from the above data, a dg category B and a left aisle U ⊂ H^0(B), see [25], satisfying the following conditions :

- B is an exact dg category over k such that H^0(B) has finite-dimensional Hom-spaces and is Calabi-Yau of CY-dimension d + 1, - U ⊂ H^0(B) is a non-degenerate left aisle such that :

- for all B ∈ B, there is an integer N such that Hom_H0_{(B)}(B, S^N U) = 0 for each U ∈ U, - the heart H of the t-structure on H^0(B) associated with U has enough projectives.

Let now A be a dg category and W ⊂ H^0(A) a left aisle satisfying the above conditions. We can consider the following general construction : Let Q denote the category of projectives of the heart H of the t-structure on H^0(A) associated with W. We claim that the following inclusion

Q → H → H^0(A) ,

lifts to a morphism Q^j→ A in the homotopy category of small dg categories, cf. [20] [32] [33] [34] [35]. Indeed, recall the following argument from section 7 of [22]: Let Q̃ be the full dg subcategory of A whose objects are the same as those of Q. Let τ_{≤0}Q̃ denote the dg category obtained from Q̃ by applying

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 207

the truncation functor τ_{≤0} of complexes to each Hom-space. We dispose of the following diagram in the category of small dg categories

Q̃ � � � A

τ_{≤0}Q̃

�

� Q H^0(Q̃) .

Let X, Y be objects of Q. Since X and Y belong to the heart of a t-structure in H^0(A), we have Hom_H0_{(A)}(X, Y [−n]) = 0 , for n ≥ 1. The dg category A is exact, which implies that H^{−n}Hom^•_{Q̃}(X, Y )^∼−→ Hom_H0_{(A)}(X, Y [−n]) = 0 , for n ≥ 1. This shows that the dg functor τ_{≤0}Q̃ → H^0(Q̃) is a quasi-equivalence and so we dispose of a morphism Q^j→ A in the homotopy category of small dg categories. We dispose of a triangle functor j^∗ : D(A) → D(Q) given by restriction. By proposition A.1, the left aisle W ⊂ H^0(A) admits a smallest extension to a left aisle D(A^{op})^{op}_{≤0} on D(A^{op})^{op}. Let D(A^{op})^{op}_f denote the full triangulated subcategory of D(A^{op})^{op} formed by the objects Y such that τ_{≥−n}Y is in per(A^{op})^{op}, for all n ∈ Z, and j^∗(Y ) belongs to per(Q^{op})^{op}. Definition 7.1. The stable category of A with respect to W is the triangle quotient stab(A, W) = D(A^{op})^{op}_f /per(A^{op})^{op} .

We are now able to formulate the main theorem. Let B be the dg category and U ⊂ H^0(B) the left aisle constructed in sections 1 to 5. Theorem 7.1. The functor G induces an equivalence of categories G̃ : C^∼−→ stab(B, U) .

Proof. We dispose of the following commutative diagram :

C^{G̃}_∼ � stab(B, U)

H^b(M)/H^b(P)

� G ∼ � D(B^{op})^{op}_f

�

H^b_E-_{ac}(M)

�

∼ � per(Bop)op .

�

Documenta Mathematica 12 (2007) 193–213

208 Gonçalo Tabuada

The functor G is an equivalence since it is fully faithful by proposition 4.1 and essentially surjective by proposition 5.2. Since we dispose of an equivalence H^b_E-_{ac}(M)^∼−→ per(B^{op})^{op} by construction of B and the columns of the above diagram are short exact sequences of triangulated categories, the theorem is proved. √

Appendix A. Extension of t-structures

Let T be a compactly generated triangulated category with suspension functor S. We denote by T_c the full triangulated sub-category of T formed by the compact objects, see [29]. We use the terminology of [25]. Let U ⊆ T_c be a left aisle on T_c, i.e. a full additive subcategory U of T_c which satisfies:

a) SU ⊂ U, b) U is stable under extensions, i.e. for each triangle

X → Y → Z → SX

of T_c, we have Y ∈ U whenever X, Z ∈ U and c) the inclusion functor U → T_c admits a right adjoint.

As shown in [25], the concept of aisle is equivalent to that of t-structure.

Proposition A.1. a) The left aisle U admits a smallest extension to a left aisle T_{≤0} on T .

b) If U ⊆ T_c is non-degenerate ( i.e., f : X → Y is invertible iff H^p(f) is invertible for all p ∈ Z) and for each X ∈ T_c, there is an integer N such that Hom(X, S^N U) = 0 for each U ∈ U, then T_{≤0} is also non-degenerate.

Proof. a) Let T_{≤0} be the smallest full subcategory of T that contains U and is stable under infinite sums and extensions. It is clear that T_{≤0} is stable by S since U is. We need to show that the inclusion functor T_{≤0} → T admits a right adjoint. For completeness, we include the following proof, which is a variant of the ‘small object argument’, cf. also [1]. We dispose of the following recursive procedure. Let X = X_0 be an object in T . For the initial step consider all morphisms from any object P in U to X_0. This forms a set I_0 since T is compactly generated and so we dispose of the following triangle � f ∈I_0

P � X_0 � X_1 � � f ∈I_0 P . For the induction step consider the above construction with X_n, n ≥ 1, in the place of X_{n−1} and I_n in the place of I_{n−1}. We dispose of the following diagram

X = X_0 � X_1 � � � � � � � X_2 � � � � � � � X_3 � � � � � � � · · · � X^′ � f ∈I_0 P

� � f ∈I_1 P

� � f ∈I_2 P

� � f ∈I_3 P

�

,

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 209

where X^′ denotes the homotopy colimit of the diagram (X_i)_{i∈Z}. Consider now the following triangle S^{−1}X^′ → X^{′′} → X → X^′ , where the morphism X → X^′ is the transfinite composition in our diagram. Let P be in U. We remark that since P is compact, Hom_T (P, X^′) = 0. This also implies, by construction of T_{≤0}, that Hom_T (R, X^′) = 0, for all R in T_{≤0}. The long exact sequence obtained by applying the functor Hom_T (R, ?) to the triangle above shows that Hom(R, X^{′′})^∼−→ Hom(R, X) .

Let X^{′′}_{n−1}, n ≥ 1, be an object as in the following triangle X = X_0 → X_n → X^{′′}_{n−1} → S(X) .

A recursive application of the octahedron axiom implies that X^{′′}_{n−1} belongs to S(T_{≤0}), for all n ≥ 1. We dispose of the isomorphism

hocolim_n X^{′′}_{n−1}^∼−→ S(X^{′′}) .

Since hocolim_n X^{′′}_{n−1} belongs to S(T_{≤0}), we conclude that X^{′′} belongs to T_{≤0}. This shows that the functor that sends X to X^{′′} is the right adjoint of the inclusion functor T_{≤0} → T . This proves that T_{≤0} is a left aisle on T . We now show that the t-structure associated to T_{≤0}, cf. [25], extends, from T_c to T , the one associated with U. Let X be in T_c. We dispose of the following truncation triangle associated with U

X_U → X → X^{U ⊥} → SX_U .

Clearly X_U belongs to T_{≤0}. We remark that U^⊥ = T^⊥_{≤0}, and so X^{U ⊥} belongs to T_{>0} := T^⊥_{≤0}.

We now show that T_{≤0} is the smallest extension of the left aisle U. Let V be an aisle containing U. The inclusion functor V → T commutes with sums, because it admits a right adjoint. Since V is stable under extensions and suspensions, it contains T_{≤0}.

b) Let X be in T . We need to show that X = 0 iff H^p(X) = 0 for all p ∈ Z. Clearly the condition is necessary. For the converse, suppose that H^p(X) = 0 for all p ∈ Z. Let n be an integer. Consider the following truncation triangle H^{n+1}(X) → τ_{>n}X → τ_{>n+1}X → SH^{n+1}(X) .

Since H^{n+1}(X) = 0 we conclude that

τ_{>n}X ∈ � m∈Z T_{>m} ,

for all n ∈ Z. Now, let C be a compact object of T . We know that there is a k ∈ Z such that C ∈ T_{≤k}. This implies that Hom_T (C, τ_{>n}X) = 0

Documenta Mathematica 12 (2007) 193–213

210 Gonçalo Tabuada

for all n ∈ Z, since τ_{>n}X belongs to (T_{≤k})^⊥. The category T is compactly generated and so we conclude that τ_{>n}X = 0, for all n ∈ Z. The following truncation triangle τ_{≤n}X → X → τ_{>n}X → Sτ_{≤n}X , implies that τ_{≤n}X is isomorphic to X for all n ∈ Z. This can be rephrased as saying that X ∈ � n∈N T_{≤−n} .

Now by our hypothesis there is an integer N such that Hom_T (C, U_{≤−N} ) = 0 .

Since C is compact and by construction of T_{≤−N} , we have Hom_T (C, T_{≤−N} ) = 0 .

This implies that Hom_T (C, X) = 0, for all compact objects C of T . Since T is compactly generated, we conclude that X = 0. This proves the converse. √ Lemma A.1. Let (Y_p)_{p∈Z} be in T . We dispose of the following isomorphism H^n ( � p Y_p)^∼←− � p H^n(Y_p) ,

for all n ∈ Z.

Proof. By definition H^n := τ_{≥n} τ_{≤n} , n ∈ Z. Since τ_{≥n} admits a right adjoint, it is enough to show that τ_{≤n} commute with infinite sums. We consider the following triangle � p τ_{≤n}Y_p → � p Y_p → � p τ_{>n}Y_p → S( � p τ_{≤n}Y_p) .

Here � p τ_{≤n}Y_p belongs to T_{≤n} since T_{≤n} is stable under infinite sums. Let P be an object of S^nU. Since P is compact, we have Hom_T (P, � p τ_{>n}Y_p)^∼←− � p Hom_T (P, τ_{>n}Y_p) = 0 .

Since T_{≤n} is generated by S^nU, � i τ_{>n}Y_p belongs to T_{>n}. Since the truncation triangle of � p Y_p is unique, this implies the following isomorphism � p τ_{≤n}Y_p^∼−→ τ_{≤n}( � p Y_p) .

This proves the lemma. √ Proposition A.2. Let X be an object of T . Suppose that we are in the conditions of proposition A.1 b). We dispose of the following isomorphism hocolim_i τ_{≤i}X^∼−→ X .

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 211

Proof. We need only show that

H^n(hocolim_i τ_{≤i}X)^∼−→ H^n(X) ,

for all n ∈ Z. We dispose of the following triangle, cf. [29], � p τ_{≤p}X → � q τ_{≤q} X → hocolim_i τ_{≤i}X → S( � p τ_{≤p}X) .

Since the functor H^n is homological, for all n ∈ Z and it commutes with infinite sums by lemma A.1, we obtain a long exact sequence

· · · → � p H^n(τ_{≤p}X) → � q H^n(τ_{≤q} X) → H^n (hocolim_i τ_{≤i}X) → → � p H^n S(τ_{≤p}X) → � q H^n S(τ_{≤q} X) → · · ·

We remark that the morphism � p H^n S(τ_{≤p}X) → � q H^n S(τ_{≤q} X) is a split

monomorphism and so we obtain

H^n(X) = colim_i H^n(τ_{≤i}X)^∼−→ H^n(hocolim_i τ_{≤i}X) . √ References

[1] L. Alonso, A. Jeremias, M. Souto, Construction of t-structures and equivalences of derived categories, Trans. Amer. Math. Soc., no. 355, 2003, 2523– 2543.

[2] A. Beilinson, J. Bernstein, P. Deligne, Analyse et topologie sur les espaces singuliers, Astérisque, vol. 100, Soc. Math. France, 1982.

[3] R. Bocklandt, Graded Calabi Yau Algebras of dimension 3, preprint math. RT/0603558.

[4] A. Bondal, M. Kapranov, Representable functors, Serre functors, and reconstructions (Russian), Izv. Akad. Nauk SSSR Ser. Math. 53 (1989), no. 6, 1183–1205, 1337; translation in Math. USSR-Izv. 35 (1990), no. 3, 519–541.

[5] A. Bondal, D. Orlov, Semiorthogonal decomposition for algebraic varieties, preprint MPIM 95/15 (1995), preprint math. AG/9506012.

[6] A. Buan, R. Marsh, I. Reiten, G. Todorov, Clusters and seeds in acyclic cluster algebras, preprint, math. RT/0510359.

[7] A. Buan, R. Marsh, M. Reineke, I. Reiten, G. Todorov, Tilting theory and cluster combinatorics, Advances in Mathematics, no. 204, 2006, 572–618.

[8] P. Caldero, F. Chapoton, R. Schiffler, Quivers with relations arising from (A_n case), Trans. Amer. Math. Soc., no. 358, 2006, 1347–1364.

[9] P. Caldero, B. Keller, From triangulated categories to cluster algebras II, preprint math. RT/0510251.

[10] D.Christensen, B. Keller, A. Neeman, Failure of Brown representability in derived categories, Topology 40 (2001), no. 6, 1339–1361.

[11] V. Drinfeld, DG quotients of DG categories, J. Alg. 272 (2004), 643–691.

Documenta Mathematica 12 (2007) 193–213

212 Gonçalo Tabuada

[12] S. Fomin, A. Zelevinsky, Cluster algebras. I. Foundations, J. Amer. Math. Soc. 15 (2002), no. 2, 497–529.

[13] V. Ginzburg, Calabi-Yau algebras, preprint, math. AG/0612139. [14] V. Ginzburg, Lectures in Noncommutative geometry, preprint, math. AG/0506603.

[15] C. Geiß, B. Leclerc, J. Schröer, Rigid modules over preprojective algebras, Inv. Math., no. 165, 2006, 589–632.

[16] O. Iyama, Y. Yoshino, Mutations in triangulated categories and rigid Cohen-Macaulay modules, preprint in preparation.

[17] O. Iyama, I. Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras, preprint, math. RT/0605136.

[18] O. Iyama, Higher dimensional Auslander-Reiten theory on maximal orthogonal subcategories, preprint, math. RT/0411631.

[19] O. Iyama, Maximal orthogonal subcategories of triangulated categories satisfying Serre duality, Oberwolfach report 6, 2005.

[20] B. Keller, On differential graded categories, preprint math. KT/0601185. [21] B. Keller, On triangulated orbit categories, Doc. Math. 10 (2005), 551–581. [22] B. Keller, Deriving DG categories, Ann. Scient. Ec. Norm. Sup. 27 (1994), 63–102.

[23] B. Keller, I. Reiten, Cluster-tilted algebras are Gorenstein and stably Calabi-Yau, preprint, math. RT/0512471.

[24] B. Keller, I. Reiten, Acyclic Calabi-Yau categories are cluster categories, Oberwolfach report 23, (2006), 27–29.

[25] B. Keller, D. Vossieck, Aisles in derived categories, Bull. Soc. Math. Belg. Ser. A 40 (1988), no. 2, 239–253.

[26] B. Keller, D. Vossieck, Sous les catégories derivées, C. R. Acad. Sci. Paris Ser. I Math 305 (1987) no. 6, 225–228.

[27] M. Kontsevich, Triangulated categories and geometry, Course at the École Normale Supérieure, Paris, Notes taken by J. Bellaïche, J.-F. Dat, I. Marin, G. Racinet and H. Randriambololona, 1998.

[28] S. Maclane, Categories for the working mathematician. Second edition, Graduate Texts in Mathematics, 5. Springer-Verlag, New York, 1998.

[29] A. Neeman, Triangulated Categories, Annals of Mathematics Studies, Vol. 148, Princeton University Press, Princeton, NJ, 2001.

[30] Y. Palu, Catégories triangulées et algèbres amassées, Ph. D. thesis in preparation.

[31] J. Rickard, Derived equivalences as derived functors, J. London Math. Soc. (2) 43 (1991), no. 1, 37–48.

[32] G. Tabuada, A new Quillen model for the Morita homotopy theory of DG categories, arxiv:math/0701205.

[33] G. Tabuada, Addendum to ”Invariants additifs de dg-catégories”, Int. Math. Res. Notices, (2006), Art. ID 75853.

[34] G. Tabuada, Invariants additifs de dg-catégories, Int. Math. Res. Notices 53 (2005), 3309–3339.

Documenta Mathematica 12 (2007) 193–213

On The Structure of Calabi-Yau Categories 213

[35] G. Tabuada, Une structure de catégorie de modèles de Quillen sur la catégorie des dg-catégories, C. R. Math. Acad. Sci. Paris 340 (2005), no. 1, 15–19.

[36] M. Van den Bergh, Non-commutative crepant resolutions, The Legacy of Niels Hendrik Abel, Springer, (2002), 749–770.

Gonçalo Tabuada Université Paris 7 – Denis Diderot UMR 7586 du CNRS, case 7012 2 Place Jussieu 75251 Paris cedex 05 France tabuada@math.jussieu.fr

Documenta Mathematica 12 (2007) 193–213

Documenta Mathematica 12 (2007)

Documenta Math. 215

The Hirzebruch-Mumford Volume for

the Orthogonal Group and Applications

V. Gritsenko, K. Hulek and G. K. Sankaran

Received: September 28. 2006 Revised: April 4, 2007

Communicated by Thomas Peternell

Abstract. In this paper we derive an explicit formula for the Hirzebruch-Mumford volume of an indefinite lattice L of rank ≥ 3. If Γ ⊂ O(L) is an arithmetic subgroup and L has signature (2, n), then an application of Hirzebruch-Mumford proportionality allows us to determine the leading term of the growth of the dimension of the spaces S_k(Γ) of cusp forms of weight k, as k goes to infinity. We compute this in a number of examples, which are important for geometric applications.

2000 Mathematics Subject Classification: 11F55, 32N15, 14G35

0 Introduction

In [Hi1] and [Hi2] Hirzebruch considered compact quotients of a homogeneous domain by an arithmetic group. He observed that the Chern numbers of such quotients are proportional to the Chern numbers of the compact duals of the homogeneous domains, and he also showed how the proportionality factor can be used to compute the dimension of spaces of automorphic forms. Later Mumford [Mum] extended Hirzebruch’s approach to the case where the quotient is no longer compact, but only of finite volume. In this case the space of cusp forms of weight k with respect to some arithmetic group Γ grows asymptotically proportional to the dimension of the space of sections of the (1 − k)-th power of the canonical bundle of the compact dual (for a precise formulation see Theorem 1.1). We call the proportionality constant the Hirzebruch-Mumford volume. Thus a computation of the Hirzebruch-Mumford volume for a given group Γ gives the leading term of the Hilbert polynomial of forms of weight k

Documenta Mathematica 12 (2007) 215–241

216 V. Gritsenko, K. Hulek and G. K. Sankaran

with respect to Γ. Knowledge of this term is essential for many geometric applications, in particular when one considers the Kodaira dimension of modular varieties.

The subject starts with the seminal work of Siegel [Sie1] on the volume of the orthogonal group. Very many authors have taken up his theory and generalised it in many different directions, including Harder [Ha], Serre [Se], Prasad [Pr] and many others. Our specific interest lies in indefinite orthogonal groups (see the work by Shimura [Sh], Gross [Gr], Gan, Hanke and Yu [GHY], as well as Belolipetsky and Gan [BG], to name some important recent work in this direction). Motivated by possible applications (cf. [GHS1], [GHS2]) concerning moduli spaces of K3 surfaces and similar modular varieties we started to investigate the volume of certain arithmetic subgroups of orthogonal groups O(L) of even indefinite lattices of signature (2, n). All our groups are defined over the rational numbers, but for the applications we have in mind we cannot restrict ourselves to unimodular or maximal lattices. To our knowledge there exist no results in the literature that allow an easy calculation of the Hirzebruch-Mumford volume for the groups we treat in this paper. In order to compute these volumes we therefore decided to return to Siegel’s work. Let L be an even indefinite lattice of signature (2, n) and let O(L) be its group of isometries. The lattice L defines a domain

Ω_L = {[w] ∈ P(L ⊗ C); (w, w)_L = 0, (w, w)_L > 0}.

This domain has two connected components D_L and D^′_L, which are interchanged by complex conjugation, where D_L = O(2, n)/ O(2)×O(n). Let O^+(L) be the index 2 subgroup of O(L) which fixes D_L. The fundamental problem of our paper is to determine the Hirzebruch-Mumford volume of this group. For this one has to compare the volume of the quotient O^+(L)\D_L to the volume of the compact dual D^{(c)}_L = O(2 + n)/ O(2) × O(n). To do so correctly, one has to choose volume forms on the domain D_L and the compact dual D^{(c)}_L that coincide at the common point of both domains given by a maximal compact subgroup. This is in fact a problem which does not depend on the complex structure of the domains, but can be considered in greater generality for indefinite lattices of signature (r, s). We use the volume form on D_L which was introduced by Siegel. It then turns out that this must be compared to the volume form on D^{(c)}_L which is given by 1/2 of the volume form induced by the Killing form on the Lie algebra of the group SO(r + s). Comparing these two volumes gives us the main formula for the Hirzebruch-Mumford volume of O^+(L). This formula involves the Tamagawa (Haar) measure of the group O(L). However, again using a result of Siegel, the computation of the Tamagawa measure can be reduced to computing the local densities α_p(L) of the lattice L over the p-adic integers. Our main formula for any indefinite lattice L of rank ρ ≥ 3 is

vol_{HM} (O(L)) = 2 g^+_{sp}

| det L|^{(ρ+1)/2} ρ� k=1 π^{−k/2}Γ(k/2) � p α_p(L)^{−1}

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 217

where g^+_{sp} is the number of the proper spinor genera in the genus of L (see Theorem 2.1). Since everything is defined over the rationals, one can use Kitaoka’s book [Ki] on quadratic forms to compute the local densities in question. In order to illustrate our results, and particularly in view of applications, we compute the Hirzebruch-Mumford volume for several examples. The lattices and the groups which we consider are mostly related to moduli problems. We start with a series of even unimodular lattices, namely the lattices II_{2,2m+8} = 2U ⊕ mE_8(−1), where U denotes the hyperbolic plane and E_8 is the positive definite root lattice associated to E_8. The next series of examples consists of the lattices L^{(m)}_{2d} = 2U ⊕ mE_8(−1) ⊕ ⟨−2d⟩, which are closely related to well known moduli problems. Let

F^{(m)}_{2d} = ~O^+(L^{(m)}_{2d} )\D_L(m)_{2d}

where ~O^+(L^{(m)}_{2d} ) is the subgroup of O^+(L^{(m)}_{2d} ) which acts trivially on the discriminant group. For m = 0 and d a prime number, F^{(0)}_{2d} is a moduli space of Kummer surfaces (see [GH]). The spaces F^{(1)}_{2d} parametrise certain latticepolarised K3 surfaces and if m = 2, then F_{2d} = F^{(2)}_{2d} is the moduli space of K3 surfaces of degree 2d. We compute the Hirzebruch-Mumford volumes of the groups O^+(L^{(m)}_{2d} ) and ~O^+(L^{(m)}_{2d} ) and obtain as a corollary the leading term controlling the growth behaviour of the dimension of the spaces of cusp forms for these groups. As a specialisation of this example we recover known formulae for the Siegel modular group in genus 2 and the paramodular group. Other series of examples considered in this paper, namely the even indefinite unimodular lattices (Section 3.3), their sublattices T (Section 3.4) and some lattices of signature (2, 8m + 2) (Section 3.6), are closely related to moduli of K3 surfaces and related quotients of homogeneous varieties of type IV. The volumes of these lattices determine the part of the obstruction for extending pluricanonical differential forms on F^{(m)}_{2d} to a smooth compactification of this variety which comes from the ramification divisor.

In [GHS2] we use these results to obtain information about the Kodaira dimension of two series of modular varieties, including effective bounds on the degree d which guarantee that the varieties F^{(m)}_{2d} are of general type. The case of polarised K3 surfaces is considered in [GHS1].

The paper is organised as follows: in Section 1 we recall Hirzebruch-Mumford proportionality and the Hirzebruch-Mumford volume in the form in which we need it (see Theorem 1.1 and Corollary 1.2). In Section 2 we perform the necessary volume computations and derive the main formula (see Theorem 2.1). In Section 3 we treat in some detail several lattices which appear naturally in moduli problems.

Acknowledgements

We are grateful to various organisations that have supported us during the preparation

Documenta Mathematica 12 (2007) 215–241

218 V. Gritsenko, K. Hulek and G. K. Sankaran

of this work. The DFG Schwerpunktprogramm SPP 1084 “Globale Methoden in der komplexen Geometrie”, grant HU 337/5-2, has enabled VAG and GKS to visit the University of Hannover for extended stays. VAG would like to thank the Max-Planck- Institut für Mathematik in Bonn for hospitality in 2005. KH is grateful to the Fields Institute in Toronto and the Graduate School of Mathematics of Nagoya University, in particular to Professors N. Yui and S. Kondo. GKS is grateful to Tokyo University and to the Royal Society. All these institutions provided excellent working conditions. We should like to thank M. Belolipetsky and R. Schulze-Pillot for useful discussions on the mass formula.

1 Hirzebruch-Mumford proportionality

In this section we consider an indefinite even lattice L of signature (2, n). Let O(L) be its group of isometries. We denote by ( , )_L the form defined on L, extended bilinearly to L ⊗ R and L ⊗ C. The domain

Ω_L = {[w] ∈ P(L ⊗ C); (w, w)_L = 0, (w, w)_L > 0}

has two connected components, say Ω_L = D_L ∪ D^′_L, which are interchanged by complex conjugation. By D^•_L we denote the affine cone over D_L in L ⊗ C. Let Γ ⊂ O(L) be an arithmetic group which leaves the domain D_L invariant. A modular form of weight k with respect to the group Γ and with a (finite order) character χ : Γ → C^∗ is a holomorphic map

f : D^•_L → C

which has the two properties

f(tz) = t^{−k}f(z) for t ∈ C^∗, f(g(z)) = χ(g)f(z) for g ∈ Γ.

If n ≤ 2 the function f(z) must also be required to be holomorphic at infinity. A cusp form is a modular form which vanishes on the boundary. We denote the spaces of modular forms and of cusp forms of weight k, with respect to the group Γ and character χ, by M_k(Γ, χ) and S_k(Γ, χ) respectively. These are finite dimensional vector spaces. Note that if − id ∈ Γ and (−1)^k ≠ χ(− id) then obviously M_k(Γ, χ) = 0.

Modular forms can be interpreted as sections of suitable line bundles. For this, we first assume that the group Γ is neat, in which case it acts freely on D_L, and we also assume that the character χ is trivial. Then the transformation rules of modular forms of weight 1 define a line bundle L on the quotient Γ\D_L and modular forms of weight k with trivial character become sections in L^{⊗k}. The line bundle L, and its sections, extend to the Baily-Borel compactification Γ\D_L. In fact, the Baily-Borel compactification is the normal projective variety associated to Proj � � k H^0(L^{⊗k} ) � . In general, modular forms of weight k and with a character χ define sections of a line bundle L_{k,χ} which differs from L^{⊗k} only by torsion.

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 219

Every toroidal compactification (Γ\D_L)^{tor} has a morphism (Γ\D_L)^{tor} → Γ\D_L which is the identity on Γ\D_L. Via this morphism, we shall also consider L and L_{k,χ} as line bundles on (Γ\D_L)^{tor}, using the same symbol by abuse of notation. If Γ is not neat then the above remains true, as long as we consider L and L_{k,χ} as Q-line bundles or only consider weights k that are sufficiently divisible. The connection with pluricanonical forms is as follows. There is an n-form dZ on D_L such that if f is a modular form of weight n = dim D_L with character det, then ω = fdZ is a Γ-invariant n-form on D_L. Hence, if the action of Γ on D_L is free, ω descends to an n-form on Γ\D_L. Similarly, modular forms of weight kn with character det^k define k-fold pluricanonical forms on Γ\D_L. If Γ does not act freely, then this is still true outside the ramification locus of the quotient map D_L → Γ\D_L. These forms will, in general, not extend to compactifications of Γ\D_L. If Γ is a neat group, then let (Γ\D_L)^{tor} be a smooth toroidal compactification (which always exists by [AMRT]). Let D be the boundary of such a toroidal compactification. If L_{n,det} is the line bundle of modular forms of weight n and character det, then the canonical bundle is given by ω_{(Γ\DL)}tor = L_{n,det} ⊗ O_{(Γ\DL)}tor (−D). Hence, if f is a weight n form with character det, not vanishing at the boundary, then fdZ defines an n-form on (Γ\D_L)^{tor} with poles along the boundary. However, if f is a cusp form, then fdZ does define an n-form on (Γ\D_L)^{tor}, and similarly forms of weight kn and character det^k that vanish along the boundary of order k define k-fold pluricanonical forms on (Γ\D_L)^{tor}. It should be pointed out that some authors define automorphic forms a priori as those functions that give rise to pluricanonical forms. In our context, this means a restriction to forms of weight kn. Moreover, the weight of these forms is sometimes defined as k. We shall refer to the latter as the geometric weight, in contrast to the arithmetic weight of our definition. This difference accounts for the fact that some of our formulae differ from corresponding formulae in the literature by powers of n. The Hirzebruch-Mumford proportionality principle, which works very generally for quotients of a homogeneous domain D by an arithmetic group Γ, allows us to estimate the growth behaviour of spaces of cusp forms as a function of the weight k in terms of a suitably defined volume. This was first discovered by Hirzebruch [Hi1], [Hi2] in the case where the quotient Γ\D is compact, and was generalised by Mumford [Mum] to the case where Γ\D has finite volume. We denote the compact dual of D by D^{(c)}. Let X be the Baily- Borel compactification of X = Γ\D and let X^{tor} be some smooth toroidal compactification of X.

Theorem 1.1 Let Γ be a neat arithmetic group which acts on a bounded symmetric domain D. Let S^{geom}_k (Γ) = S_{nk}(Γ, det^k) be the space of cusp forms of geometric weight k with respect to Γ. Then

dim S^{geom}_k (Γ) = vol_{HM} (Γ)h^0(ω^{(1−k)}_{D(c)} ) + P_1(k)

where P_1(k) is a polynomial whose degree is at most the dimension of X\X.

Documenta Mathematica 12 (2007) 215–241

220 V. Gritsenko, K. Hulek and G. K. Sankaran

Proof. This is [Mum, Corollary 3.5]. �

Here vol_{HM} (Γ\D) denotes a suitably normalised volume of the quotient Γ\D, which we shall refer to as the Hirzebruch-Mumford volume. If Γ acts freely, then the Hirzebruch-Mumford volume is a quotient of Euler numbers

vol_{HM} (Γ) = vol_{HM} (Γ\D) = e(Γ\D) e(D^{(c)}) . If Γ does not act freely, then choose a normal subgroup Γ^′ � Γ of finite index which does act freely. Then

vol_{HM} (Γ) = vol_{HM} (Γ^′) [PΓ : Γ^′]

where PΓ is the image of Γ in Aut(D), i.e. the group Γ modulo its centre. This value is independent of the choice of the subgroup Γ^′.

Hirzebruch [Hi1] first formulated his result in the case where the group is cocompact, i.e., where the quotient X = Γ\D is compact. Since the Chern numbers of X and that of the compact dual are proportional and the factor of proportionality is given by the volume, one can use Riemann-Roch to compute the exact dimension of the space of modular foms (in this case it does not make sense to talk about cusp forms).

We shall now apply this to orthogonal groups.

Proposition 1.2 Let L be an indefinite even lattice of signature (2, n) and let Γ be an arithmetic subgroup which acts on the domain D_L. Fix a positive integer k and a character χ. If − id ∈ Γ, then we restrict to those k for which (−1)^k = χ(− id). Then the dimension of the space S_k(Γ, χ) of cusp forms of arithmetic weight k grows as

dim S_k(Γ, χ) = 2 n! vol_{HM} (Γ\D_L)k^n + O(k^{n−1}).

Proof. We shall first assume that Γ is neat (in which case automatically − id /∈ Γ) and that χ is trivial. We consider L as a line bundle on a smooth toroidal compactification X^{tor} of X = Γ\D_L. It follows from the definition of cusp forms that H^0(X^{tor}, L^{⊗k}(−D)) = S_k(Γ). Since L is big and nef and K_X tor = L^{⊗n}(−D), it follows from Kawamata-Viehweg vanishing that h^i(X^{tor}, L^{⊗k}(−D)) = 0 for i ≥ 1 and k ≫ 0 and hence χ(X^{tor}, L^{⊗k}(−D)) = h^0(X^{tor}, L^{⊗k}(−D)) for k ≫ 0. The leading term of the Riemann-Roch polynomial as a function of k is given by c^n_1 (L)/n!. The same argument goes through for L_{k,χ}. Since L^{⊗k} and L_{k,χ} only differ by torsion they have the same leading coefficients.

In order to apply Theorem 1.1 we consider the line bundle L_{n,det} of modular forms of weight n and character det. Note that L^k_{n,det} = L^{nk} for suitably divisible k. Also recall that in the orthogonal case the compact dual D^{(c)}

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 221

is the complex n-dimensional quadric Q_n ⊂ P^{n+1} whose canonical bundle is ω_{Qn} = O_{Qn} (−n) and it follows from the exact sequence

0 → O_Pn+1 (n(k − 1) − 2) → O_Pn+1 (n(k − 1)) → ω^{(1−k)}_{Qn} → 0

that the leading term of h^0(ω^{(1−k)}_{D(c)} ) is equal to 2n^n/n!. It then follows from Hirzebruch-Mumford proportionality that

c^n_1 (L^n_{,det}) n! = 2n^n n! vol_{HM} (X)

and hence c^n_1 (L) n! = 2 n! vol_{HM} (X)

which gives the claim in the case of a neat group.

We now consider a group Γ which is not necessarily neat and choose Γ^′ � Γ neat and of finite index. The group Γ acts on the total space of the line bundle L, and if − id ∈ Γ then it follows from our assumptions on k that this element acts trivially. We can now apply the Lefschetz fixed point formula (cf. [T, Appendix to §2]), from which we obtain

dim S_k(Γ) = dim S_k(Γ^′)^Γ = 1 [PΓ : Γ^′] · � γ∈PΓ /Γ^′ tr � γ|_{Sk (Γ}′_) �

= 1 [PΓ : Γ^′] dim S_k(Γ^′) + O(k^{n−1}) = 1 [PΓ : Γ^′] vol_{HM} (Γ^′\D_L) 2 n! k^n + O(k^{n−1}) = 2 n! vol_{HM} (Γ\D_L)k^n + O(k^{n−1}). � Note that the growth behaviour of the space of modular forms of weight k and that of the space of cusp forms are the same. This follows from the exact sequence 0 → L^{⊗k}(−D) → L^{⊗k} → L^{⊗k}|_D → 0.

2 Computation of volumes

In order to compute the leading coefficient that determines the growth of the dimension of spaces of cusp forms, we have to compare the volume of a fundamental domain of an arithmetic group Γ to the volume of the compact dual. For this, the complex structure is not important and we therefore consider, more generally, an indefinite integral lattice L of signature (r, s).

Documenta Mathematica 12 (2007) 215–241

222 V. Gritsenko, K. Hulek and G. K. Sankaran As before, we denote the group of isometries of the lattice L by O(L). The lattice L defines a homogeneous domain D_{rs}. In terms of groups the domain D_{rs} is the quotient of the orthogonal group O(L ⊗ R) by a maximal compact subgroup, i.e.,

D_{rs} = D_L = O(r, s)/ O(r) × O(s) = SO(r, s)_0/ SO(r) × SO(s) where all groups are real Lie groups and SO(r, s)_0 is the connected component of the identity of SO(r, s).

The domain D_{rs} can be realised as a bounded domain in the form D_{rs} = {X ∈ Mat_{r×s}(R) ; I_r − X^tX > 0} where I_r ∈ Mat_{r×r}(R) is the identity matrix and the action of the orthogonal group is given in the usual form, namely by M(X) = (AX + B)(CX + D)^{−1} for M = � A B C D � ∈ O(r, s), A ∈ Mat_{r×r}(R), D ∈ Mat_{s×s}(R).

We consider the O(r, s)-invariant metric given by ds^2 = tr � (I_r − X^tX)^{−1} dX (I_s −^tXX)^{−1} d^tX � . Since

det((I_r − X^tX)^{−1})^s · det((I_s −^tXX)^{−1})^r = det((I_r − X^tX)^{−1})^{r+s} the corresponding volume form is given by dV = (det(I_r − X^tX)^{−1})^{r+s2} � i,j dx_{ij} .

Siegel computed the volume of D_{rs} with respect to this volume form in [Sie2] (see also [Sie3, Theorem 7, p. 155]). His result is

vol_S (O(L)) = vol_S (O(L)\D_{rs}) = 2α_∞(L)| det L|^{(r+s+1)/2} γ^{−1}_r γ^{−1}_s , (1) where γ_m = m� k=1 π^{k/2} Γ(k/2)^{−1} (2) and α_∞(L) is the real Tamagawa (Haar) measure of the lattice L. Formula (1) is valid for any indefinite lattice L of rank ≥ 3. As indicated by the subscript, we shall refer to this volume as the Siegel volume of the group O(L).

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 223

We want to understand the Siegel metric in terms of Lie algebras. Let g and t be the Lie algebras of the indefinite orthogonal group O(r, s) and its maximal compact subgroup O(r) × O(s) respectively. Then

g = t ⊕ p

where p is the orthogonal complement of t with respect to the Killing form. By [He, p. 239] this is isomorphic to p = � 0 U tU 0 � ; U ∈ Mat_{r×s}(R) � . The space p is isomorphic to the tangent space of D_{rs} at 0. A straightforward calculation shows that the O(r, s)-invariant metric ds^2 is induced by the Killing functional tr(U_1^tU_2) on the tangent space at 0.

We now want to compare this to a suitable volume form on the compact dual. Recall that the general situation is as follows. Let H be a bounded homogeneous domain and G = Aut(H)_0 be the connected component of the identity of the group of automorphisms of H. In particular, H = G/K where K = G_{z0} is the stabiliser of some point z_0. There exists a unique compact real form G_u of the complex group G_C such that G ∩ G_u = K and the symmetric domain H = G/K can be embedded into the compact manifold D^{(c)} = G_u/K as an open submanifold. In our situation

D^{(c)}_{rs} = SO(r + s)/ SO(r) × SO(s).

Again by [He, p.239] the tangent space of D^{(c)}rs at the point I_{r+s} is given by the subspace

p^′ = � 0 U −^tU 0 � ; U ∈ Mat_{r×s}(R) �

of the Lie algebra of SO(r + s). The Killing form tr(W_1^tW_2) of the Lie algebra of the compact group SO(r + s) induces the form 2 tr(U_1^tU_2) on the tangent space p^′. In order to compare the volumes of D_{rs} and its compact dual D^{(c)}_{rs} we have to normalise this form in such a way that it coincides with the Siegel metric in the common base point K ∈ D_{rs} ⊂ D^{(c)}rs , i.e. we have to use the form^1_2 tr(W_1^tW_2). Since the dimension of SO(n) is^1_2 n(n − 1), we get a factor 2^{−(r+s)(r+s−1)/4} in front of the volume of the compact group, calculated in terms of the volume form induced by the Killing functional on SO(r + s). The latter volume is computed in [Hua, §3.7]. Taking the above normalisation into account we find vol_S (SO(m)) = 2^{m−1} γ_m (3)

and we shall again refer to this volume as the Siegel volume. For the compact dual this gives vol_S (D^{(c)}_{rs} ) = 2 γ_{r+s}γ^{−1}_r γ^{−1}_s . (4)

Documenta Mathematica 12 (2007) 215–241

224 V. Gritsenko, K. Hulek and G. K. Sankaran

Our aim is to compute the Hirzebruch-Mumford volume

vol_{HM} (O(L)) = vol_S (O(L)\D_{rs}) vol_S (D^{(c)}_{rs} )

. (5)

To make the above equation effective, we have to determine the Tamagawa measure

α_∞(L) = α_∞(O(L)\ O(L ⊗ R)) = α_∞(SO(L)\ SO(L ⊗ R)).

The genus of the indefinite lattice L contains a finite number g^+_{sp}(L) of (proper) spinor genera (for a definition see [Ki, §6.3]). (We consider only proper classes and proper spinor genera.) This number is always a power of two and can be calculated effectively. It is well known that the spinor genus of an indefinite lattice of rank ≥ 3 coincides with the class. As was proved by M. Kneser (see [Kn]) the weight of the representations of a given number m by a spinor genus is the same for all genera in the genus of L. The same arguments show that all spinor genera in the genus have the same mass. (We are grateful to R. Schulze- Pillot for drawing our attention to this fact.) It is easy to see this in adelic terms. A spinor genus corresponds to a double class SO(V ) SO^′_A(V ) b SO_A(L) in the adelic group SO_A(V ), where V = L ⊗ Q is the rational quadratic space and SO^′_A(V ) = ker sn: SO_A(V ) → Q^×_A /(Q^×_A )^2

is the kernel of the spinor norm. We note that the genus of L is given by SO_A(V )L. It follows from the definition that the group SO^′_A(V ) contains the commutator of SO_A(V ), therefore

SO(V ) SO^′_A(V ) b SO_A(L) = SO(V ) SO^′_A(V ) SO_A(L) b.

The mass of a spinor genus

τ(SO(V ) \ SO(V ) SO^′_A(V )b SO_A(L)) = τ(SO(V ) \ SO(V ) SO^′_A(V ) SO_A(L))

depends only on the genus, since the Tamagawa measure is invariant. The Tamagawa number of the orthogonal group is 2 (see [Sie1], [W], [Sh]), i.e., τ(SO(V )\SO_A(V )) = 2. Then the Tamagawa measure α_∞(L) can be computed via the local densities of the lattices L ⊗ Z_p over the p-adic integers Z_p (the local Tamagawa measures). More precisely,

α_∞(L) = α_∞(SO(L) \ SO(L ⊗ R)) = 2 g^+sp(L) � p α_p(L)^{−1}, (6)

where p runs through all prime numbers and g^+_{sp}(L) is the number of spinor genera in the genus of L. The local densities can be computed, at least for quadratic forms over Q and its quadratic extensions: see [Ki]. In order to find α_p(L) it is enough to know the Jordan decomposition of L over the p-adic integers.

We can now summarise our results as follows.

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 225

Theorem 2.1 (Main formula) Let L be an indefinite lattice of rank ρ ≥ 3. Then the Hirzebruch-Mumford volume of O(L) equals

vol_{HM} (O(L)) = 2 g^+_{sp}(L)

· | det L|^{(ρ+1)/2} ρ� k=1 π^{−k/2}Γ(k/2) � p α_p(L)^{−1} (7)

where the α_p(L) are the local densities of the lattice L and g^+_{sp}(L) is the number of spinor genera in the genus of L.

Proof. This follows immediately from formulae (1), (2), (5) and (6). �

3 Applications

In this section we want to apply the above results to compute the asymptotic behaviour of the dimension of spaces of cusp forms for a number of specific groups. The main applications have to do with locally symmetric varieties. In [GHS1] we prove general type results for the moduli spaces F_{2d} of K3 surfaces of degree 2d, but in that special case we can use a different method. The results we have here are used in [GHS2] to prove similar results in greater generality.

3.1 Groups

We first have to clarify the various groups which will play a role. In this section, L will be an even indefinite lattice of signature (2, n), containing at least one hyperbolic plane as a direct summand. By a classical result of Kneser we know that if the genus of an indefinite lattice L contains more than one class, then there is a prime p such that the quadratic form of L can be diagonalised over the p-adic numbers and the diagonal entries all involve distinct powers of p (see [CS, Chapter 15]). Therefore the genus of any indefinite lattice with one hyperbolic plane contains only one class. As an immediate corollary of Theorem 2.1 we obtain

Theorem 3.1 Let L be a lattice of signature (2, n) (n ≥ 1) containing at least one hyperbolic plane. Let Γ be an arithmetic subgroup of O(L). Then

vol_{HM} (Γ) = 2 · [PO(L) : PΓ]| det L|^{(n+3)/2} n+2� k=1 π^{−k/2}Γ(k/2) � p α_p(L)^{−1}. (8)

Remark. In many interesting cases a subgroup Γ is given in terms of the orthogonal group of some sublattice L_1 of L. In this case one can use the volume in order to calculate the index (see Section 3.4 below). We shall now discuss the various groups which are of importance to us and compute their indices in O(L). The group O(L) interchanges the two connected components of the domain Ω_L and we define O^+(L) as the index 2 subgroup which fixes each of these components (as sets). This group can also be described

Documenta Mathematica 12 (2007) 215–241

226 V. Gritsenko, K. Hulek and G. K. Sankaran

using the (−1)-spinor norm on the group O(L ⊗ R) which is defined as follows. Every element g can be represented as a product of reflections

g = σ_{v1} · · · · · σ_{vm}

and, following Brieskorn [Br], we define

sn_{−1}(g) = � +1 if (v_k, v_k) > 0 for an even number of v_k −1 otherwise.

This is independent of the representation of g as a product of reflections. It is well known that O^+(L) = Ker(sn_{−1}) ∩ O(L).

To see this, note that any reflection with respect to a vector of negative square has (−1)-spinor norm equal to 1, and any reflection with respect to a vector of positive square has (−1)-spinor norm equal to −1 and interchanges the two components. The Hirzebruch–Mumford volume of O^+(L) is twice that of O(L). Let L^∨ = Hom(L, Z) be the dual lattice and A_L = L^∨/L. The finite group A_L carries a discriminant quadratic form q_L with values in Q/2Z [Ni, 1.3]. By O(q_L) we denote the corresponding group of isometries and the group ~O(L), called the stable orthogonal group, is defined as the kernel of the natural homomorphism O(L) → O(q_L). Since L contains a hyperbolic plane, it follows from [Ni, Theorem 1.14.2] that this map is surjective. Set

~O^+(L) = ~O(L) ∩ O^+(L).

Finally the groups SO^+(L) and ~SO^+(L) are defined as the corresponding groups of isometries of determinant 1.

Lemma 3.2 Let D = | O(q_L)|. Then we have the following diagram of groups with indices as indicated:

~O(L)^{D:1}⊂ O(L) �_{2:1} �_{2:1}

~O^+(L)^{D:1}⊂ O^+(L) �_{2:1} �_{2:1}

~SO^+(L)^{D:1}⊂ SO^+(L).

Proof. We shall first prove that the indices of the vertical inclusions are all 2. To do this, we choose a hyperbolic plane U in L, which exists by assumption. Let e_1, e_2 be a basis of U with e^2_1 = e^2 = 0 and e_1.e_2 = 1. If u = e_1 − e_2, v = e_1 + e_2, then u^2 = −2, v^2 = 2 and the two reflections σ_u and σ_v belong to ~O(L), since they act trivially on the orthogonal complement of U. Moreover sn_{−1}(σ_v ) = −1 and sn_{−1}(σ_u) = 1. Hence we can use σ_v to conclude that the

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 227

top two vertical inclusions are of index 2, whereas σ_u shows the same for the bottom two vertical inclusions.

We have already observed that the natural map O(L) → O(q_L) is surjective, which shows that the top horizontal inclusion has index D. Taking into account that the reflections σ_u and σ_v act trivially on the discriminant form, we obtain that

D = [O(L) : ~O(L)] = [O^+(L) : ~O^+(L)] = [SO^+(L) : ~SO^+(L)]. � Finally, we want to consider the projective groups PO(L), PO^+(L) and P~O^+(L), i.e., the corresponding groups modulo their centres. It follows immediately from the above diagram that

[PO(L) : P~O^+(L)] = � D if − id ∉ ~O^+(L) 2D if − id ∈ ~O^+(L). (9)

Note that − id ∈ ~O^+(L) if and only if A_L is a 2-group.

3.2 Local densities

Siegel’s definition of local densities of a quadratic form over a number field K given by a matrix S ∈ Mat_{n×n}(K) is

α_p(S) = 1 2 lim_{r→∞} p^{− rn(n−1)2} | � X ∈ Mat_{n×n}(Z_p)mod p^r;^tXSX ≡ S mod p^r � |. The local densities can be calculated explicitly, at least in the cases where K = Q or a quadratic extension of Q (see chapter 5 of the book [Ki] and references there). For the convenience of the reader we include the formulae over Q in the present paper. To calculate α_p(L) one should know the Jordan decomposition of the lattice L over the local ring Z_p of p-adic integers. The main difficulties arise for p = 2: see [Ki, Theorem 5.6.3].

Let us introduce some notation. Let L be a Z_p-lattice in a regular (i.e. nondegenerate) quadratic space over Q_p of rank n, and let (v_i) be a basis of L. There are two invariants of L: the scale

scale(L) = {(x, y)_L ; x, y ∈ L}

and the norm

norm(L) = { � a_x(x, x)_L ; x ∈ L, a_x ∈ Z_p }.

We have 2 scale(L) ⊂ norm(L) ⊂ scale(L). In fact, over Z_p (p ≠ 2) we have norm(L) = scale(L), whereas over Z_2 we have either norm(L) = scale(L) or norm(L) = 2 scale(L).

Documenta Mathematica 12 (2007) 215–241

228 V. Gritsenko, K. Hulek and G. K. Sankaran

L is called p^r-modular, for r ∈ Z, if the matrix p^{−r}(v_i, v_j )_L belongs to GL_n(Z_p). In this case we can write L as the scaling N(p^r) of a unimodular lattice N. By a hyperbolic space we mean a (possibly empty) orthogonal sum of hyperbolic planes.

A regular lattice L decomposes as the orthogonal sum of lattices � j∈Z L_j , where L_j is a p^j -modular lattice of rank n_j ∈ Z_{≥0}. Put w = � j jn_j � (n_j + 1)/2 + � k>j n_k �

and P_p(n) = n� i=1 (1 − p^{−2i}).

For a regular quadratic space W over the finite field Z/pZ one puts

χ(W ) = � � � 0 if dim W is odd, 1 if W is a hyperbolic space, −1 otherwise.

For a unimodular lattice N over Z_2 with norm(N) = 2 scale(N) we define χ(N) = χ(N/2N), where N/2N is given the structure of a regular quadratic space over Z/2Z via the quadratic form Q(x) =^1_2 (x, x)_N mod 2. For the local density α_p(L) for p ≠ 2 we have the formula

α_p(L) = 2^{s−1}p^wP_p(L)E_p(L) (10)

where s is the number of non-zero p^j -modular terms L_j in the orthogonal decomposition of L, and

P_p(L) = � j P_p([n_j /2]), E_p(L) = � j, L_j ≠0 � 1 + χ(N_j )p^{−nj /2}

�_{−1}

where L_j is the p^j -scaling of the unimodular lattice N_j and [n_j /2] denotes the integer part.

The local density α_2(L) is given by

α_2(L) = 2^{n−1+w−q}P_2(L)E_2(L). (11)

In this formula q = � j q_j where

q_j = � � � 0 if N_j is even, n_j if N_j is odd and N_{j+1} is even, n_j + 1 if N_j and N_{j+1} are odd.

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 229

A unimodular lattice N over Z_2 is even if it is trivial or if norm(N) = 2Z_2, and odd otherwise. Any unimodular lattice can be represented as the orthogonal sum N = N^{even} ⊕ N^{odd} of even and odd sublattices such that rank N^{odd} ≤ 2. Then we put P_2(L) = � j P_2(rank N^{even}_j /2).

The second factor is E_2(L) = � j E^{−1}_j , where E_j is defined by

E_j = 1 2 (1 + χ(N^{even}_j )2^{− rank N evenj /2})

if both N_{j−1} and N_{j+1} are even, unless N^{odd}_j ∼= ⟨ϵ_1⟩⊕⟨ϵ_2⟩ with ϵ_1 ≡ ϵ_2 mod 4: in all other cases we put E_j = 1/2.

We note that E_j depends on N_{j−1}, N_j and N_{j+1} and E_j = 1 if all of them are trivial. Also q_j depends on N_j and N_{j+1} and q_j = 0 if N_j is trivial.

3.3 The even unimodular lattices II_{2,8m+2} We start with the example

II_{2,8m+2} = 2U ⊕ mE_8(−1), where m ≥ 0

which is a natural series of even unimodular lattices of signature (2, 8m + 2). Note that II_{2,26} ∼= 2U ⊕ Λ, where Λ is the Leech lattice.

The local densities are easy to calculate, since for every prime p the lattice II_{2,8m+2} ⊗ Z_p over the p-adic integers is a direct sum of hyperbolic planes. Then using (10) and (11) we obtain

α_p(II_{2,8m+2}) = 2^{δ2,p(8m+4)}P_p(4m + 2)(1 + p^{−(4m+2)})^{−1}

where δ_{2,p} is the Kronecker delta. By our main formula (8) from Theorem 3.1 we obtain

vol_{HM} (O^+(II_{2,8m+2})) = 2^{−(8m+2)}γ^{−1}_{8m+4}ζ(2)ζ(4) · . . . · ζ(8m + 2)ζ(4m + 2)

where γ_{8m+4} is as in formula (2). In order to simplify this expression we use the ζ-identity

π^{− 12 −2k}Γ(k)Γ � k + 1 2 � ζ(2k) = (−1)^kζ(1 − 2k) = (−1)^{k+1}

B_{2k} 2k . (12)

Together with

π^{−(4m+2)}Γ(4m + 2)ζ(4m + 2)

= 2^{4m+1}π^{− 12 −(4m+2)}Γ(2m + 1)Γ(

4m + 3 2 )ζ(4m + 2)

= 2^{4m+1}

B_{4m+2} 4m + 2

Documenta Mathematica 12 (2007) 215–241

230 V. Gritsenko, K. Hulek and G. K. Sankaran

where the first equality comes from the Legendre duplication formula of the Γ-function, and the second equality is again a consequence of the ζ-identity, we obtain

vol_{HM} (O^+(II_{2,8m+2})) = 2^{−(4m+1)}

B_2 · B_4 · . . . · B_{8m+2} (8m + 2)!! · B_{4m+2} 4m + 2 . Here (2n)!! = 2 · 4 · . . .· 2n. Since the discriminant group of the lattice II_{2,8m+2} is trivial, we have the equality

vol_{HM} (~O^+(II_{2,8m+2})) = vol_{HM} (O^+(II_{2,8m+2})).

In a similar way one can derive a formula for any indefinite unimodular lattice of signature (r, s). For example, for the odd unimodular lattice M defined by x^2_1 + · · · + x^2_r − x^2_{r+1} − · · · − x^2_{r+s} we have to take into account that the even (M ⊗ Z_2)^{even} and odd (M ⊗ Z_2)^{odd} parts of the lattice M over 2-adic numbers depend on r + s mod 2 and r − s mod 8 (see [BG] for a different approach in this special case).

We can now use this to compute dimensions of cusp forms for this group and we obtain

dim S_k(~O^+(II_{2,8m+2}), det^ε) =

2^{−4m} (8m + 2)! · B_2 · B_4 · . . . · B_{8m+2}

(8m + 2)!! · B_{4m+2} 4m + 2 k^{8m+2} + O(k^{8m+1}).

Here ε = ±1 and we must assume that k is even, since otherwise there are no forms for trivial reasons.

3.4 The lattices T_{2,8m+2}

The orthogonal group of the lattice II_{2,8m+2} for m = 2 defines an irreducible component of the branch divisor of the modular variety F^{(m)}_{2d} . The same branch divisor contains another component defined by the lattice

T_{2,8m+2} = U ⊕ U(2) ⊕ mE_8(−1)

of discriminant 4. We note that this lattice is not maximal. For a prime number p ≠ 2 the p-local densities of the lattices T and M coincide. Let us calculate α_2(T ). Over the 2-adic ring we have T_{2,8m+2} ⊗ Z_2 ∼= (4m + 1)U ⊕ U(2). We have (see (11))

N_0 = N^{even}_0 = (4m + 1)U, N_1 = N^{even}_1 = U, w = 3, q = 0,

E_0 = 1 2 (1 + 2^{−(4m+1)}), E_1 = 1 2 (1 + 2^{−1}).

Thus

α_2(T_{2,8m+2}) = 2^{8m+7}(1 − 2^{−2}) · · · · · (1 − 2^{−8m})(1 − 2^{−(4m+1)}).

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 231

We note that [PO^+(T_{2,8m+2}) : P~O^+(T_{2,8m+2})] = 2 since the finite orthogonal discriminant group of T_{2,8m+2} is isomorphic to Z/2Z. As a result we get

vol_{MH} (~O^+(T_{2,8m+2})) = 2 γ^{−1}_{8m+4}ζ(2) · · · · · ζ(8m + 2)ζ(4m + 2)(1 + 2^{−(4m+1)})(1 − 2^{−(4m+2)}).

Using the formula for the volume of II_{2,8m+2} we see that

vol_{MH} ~O^+(T_{2,8m+2}) vol_{MH} ~O^+(II_{2,8m+2})

= (2^{4m+1} + 1)(2^{4m+2} − 1). (13)

If L_1 is a sublattice of finite index of a lattice L then ~O^+(L) is a subgroup of ~O^+(L_1). One can use the formula of Theorem 2.1 to calculate easily the index [~O^+(L_1) : ~O^+(L)]. For example, formula (13) above gives the index of ~O^+(II_{2,8m+2}) in ~O^+(T_{2,8m+2}). This method is much shorter than the calculation in terms of finite geometry over Z/2Z.

3.5 The lattices L^{(m)}_{2d} We consider the lattice

L^{(m)}_{2d} = 2U ⊕ mE_8(−1) ⊕ ⟨−2d⟩

of signature (2, 8m + 3). The lattice L^{(m)}_{2d} is not maximal if d is not square free. This lattice is of particular interest, as the lattice L^{(2)}_{2d} is closely related to the moduli space of polarised K3 surfaces of degree 2d. More precisely, the quotient space F_{2d} = ~O^+(L^{(2)}_{2d} )\D_L(2)_{2d} is the moduli space of K3 sufaces of degree 2d. As we shall see, there is also a relation to Siegel modular forms for both the group Sp(2, Z) and the paramodular group.

Again, the lattices over the p-adic integers are easy to understand, since E_8(−1) ⊗ Z_p is the direct sum of four copies of a hyperbolic plane. By (10) and (11) we find

α_p(L^{(m)}_{2d} ) = P_p(4m + 2) if p ̸| 2d α_p(L^{(m)}_{2d} ) = 2p^sP_p(4m + 2)(1 + p^{−(4m+2)})^{−1} if p is odd, p^s‖d α_2(L^{(m)}_{2d} ) = 2^{8m+6}P_2(4m + 2) if d is odd α_2(L^{(m)}_{2d} ) = 2^{8m+7+s}P_2(4m + 2)(1 + 2^{−(4m+2)})^{−1} if d is even, 2^s‖d

Documenta Mathematica 12 (2007) 215–241

232 V. Gritsenko, K. Hulek and G. K. Sankaran

where the expression p^s‖d means that p^s is the highest power of p which divides d. Therefore � p α_p(L^{(m)}_{2d} )^{−1} = ζ(2)ζ(4) . . . ζ(8m + 4) (2d)^{−1}2^{−ρ(d)−8m−5} � p|d (1 + p^{−(4m+2)})

where ρ(d) denotes the number of prime divisors of d. We shall need the following.

Lemma 3.3 Let R = ⟨−2d⟩. Then the order of the discriminant group O(q_R) is 2^{ρ(d)}.

Proof. Let g be the standard generator of A_R = Z/2dZ, given by the equivalence class of 1. Then q_R(g) = −1/2d mod 2Z. If φ ∈ O(q_R), then φ(g) = xg for some x with (x, 2d) = 1. Hence φ is orthogonal if and only if − x^2 2d ≡ − 1 2d mod 2Z,

or equivalently x^2 ≡ 1 mod 4dZ.

This equation has 2^{ρ(d)+1} solutions modulo 4dZ, and hence 2^{ρ(d)} solutions modulo 2dZ. �

From this it follows also that the discriminant group of the lattice L^{(m)}_{2d} also has order 2^{ρ(d)}.

From (9) it follows that

[PO(L^{(m)}_{2d} ) : P~O^+(L^{(m)}_{2d} )] = 2^{ρ(d)} if d > 1

and 2 if d = 1. We first assume that d > 1. We put n = 8m + 3, which is the dimension of the homogeneous domain. It follows from Corollary 3.1 that

vol_{HM} (~O^+(L^{(m)}_{2d} )) = 2^{ρ(d)+1}(2d)^{n+32} γ^{−1}_{n+2} � p α_p(L^{(m)}_{2d} )^{−1}.

If d = 1 we have to multiply the right hand side by a factor 2. Using the ζ identity, a straightforward calculation gives (again for d > 1 and n = 8m + 3)

vol_{HM} (~O^+(L^{(m)}_{2d} )) = � d 2 � n+1_2 � p|d (1 + p^{− n+12} ) ·

|B_2 · B_4 · · · · · B_{n+1}| (n + 1)!! .

We want to apply this to the moduli space of K3 surfaces of degree 2d. This is the case m = 2: the dimension of the domain is n = 19. Using Hirzebruch- Mumford proportionality and specialising the above volume computation to

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 233

this case, we compute the dimension of the spaces of cusp forms:

dim S_k(~O^+(L^{(2)}_{2d} ), det^ε) = 2^{−9} 19! d^{10} · � p|d (1 + p^{−10})

| B_2 · B_4 · . . . · B_{20} | 20!!

· k^{19} + O(k^{18})

which holds for d > 1, with an additional factor 2 for d = 1. In the latter case we must assume that k and ε have the same parity. For d > 1 there is no restriction since − id /∈ ~O^+(L^{(2)}_{2d} ). This should be compared to Kondo’s formula [Ko] where, however, the Hirzebruch-Mumford volume has not been computed explicitly. It should also be noted that Kondo uses the geometric, rather than the arithmetic, weight.

3.5.1 Siegel modular forms The case m = 0 gives applications to Siegel modular forms. We shall first consider the case d = 1. Recall that ~SO^+(L^{(0)}_2 ) ∼= ~O^+(L^{(0)}_2 )/{± id} ∼= Sp(2, Z)/{± id}.

From our previous computation we obtain that vol_{HM} ( ~SO^+(L^{(0)}_2 )) = vol_{HM} (~O^+(L^{(0)}_2 )) = 2^{−4}|B_2B_4| and by Hirzebruch-Mumford proportionality this gives dim S_k(Sp(2, Z)) = 2^{−4}3^{−1}|B_2B_4|k^3 + O(k^2).

Note that this coincides with [T, p. 428], taking into account that Tai’s formula refers to modular forms of weight 3k. Tai uses Siegel’s computation of the volume of the group Sp(2, Z), rather than the orthogonal group.

3.5.2 The paramodular group Finally, we consider the case m = 0 and d > 1. This is closely related to the so-called paramodular group Γ^{(Sp)}_d , which gives rise to the moduli space of (1, d)-polarised abelian surfaces. In fact ~SO^+(L^{(0)}_{2d} ) ∼= PΓ^{(Sp)}_d by [GH, Proposition 1.2]. We note that in this case [~O^+(L^{(0)}_{2d} ) : ~SO^+(L^{(0)}_{2d} )] = 2 and that − id is in neither of these groups. Hence vol_{HM} ( ~SO^+(L^{(0)}_{2d} )) = 2 vol_{HM} (~O^+(L^{(0)}_{2d} )) = 2^{−4}d^2 � p|d (1 + p^{−2})|B_2B_4|

Documenta Mathematica 12 (2007) 215–241

234 V. Gritsenko, K. Hulek and G. K. Sankaran

and by Hirzebruch-Mumford proportionality

dim S_k(Γ^{(Sp)}_d ) = d^2 3 · 2^4 � p|d (1 + p^{−2})|B_2B_4|k^3 + O(k^2).

This agrees with [Sa, Proposition 2.2], where this formula was derived for d a prime.

3.6 Lattices associated to Heegner divisors We shall conclude this section by computing the volume of two lattices of rank 8m + 4. Both of these lattices K^{(m)}_{2d} and N^{(m)}_{2d} arise from the (−2)-reflective part of the ramification divisor of the quotient map

D_L(m)_{2d} → ~O^+_L(m)_{2d} \D_L(m)_{2d} = F^{(m)}_{2d} .

For m = 2 this is the moduli space of K3 surfaces of degree 2d. For m = 0 and a prime d we get the moduli of Kummer surfaces associated to (1, d)- polarised abelian surfaces (see [GH]). Since the branch locus of the quotient map gives rise to obstructions for extending pluricanonical forms defined by modular forms, knowledge of their volumes is important for the computation of the Kodaira dimension of F^{(m)}_{2d} (see [GHS2]).

3.6.1 The lattices K^{(m)}_{2d} We consider the lattice

K^{(m)}_{2d} = U ⊕ mE_8(−1) ⊕ ⟨2⟩ ⊕ ⟨−2d⟩

where d is a positive integer. We first have to determine the local densities for this lattice. Since det(K^{(m)}_{2d} ) = 4d, this lattice is equivalent to the following lattices over the p-adic integers for odd primes p:

K^{(m)}_{2d} ⊗ Z_p ∼= (4m + 1) U ⊕ � � � U if

�_{4d} p � = 1 x^2 − 4dy^2 if

�_{4d} p � = −1.

For the local densities we obtain from equations (10) and (11)

α_p(K^{(m)}_{2d} ) = P_p(4m + 1)(1 − � 4d p � p^{−(4m+2)}) if p ̸|d

α_p(K^{(m)}_{2d} ) = 2p^sP_p(4m + 1) if p^s‖d α_2(K^{(m)}_{2d} ) = 2^{8m+v(d)}P_2(4m + 1)

where v(d) = 6 if d ≡ 1 mod 4, v(d) = 7 if d ≡ −1 mod 4, v(d) = 8 if d ≡ 2 mod 4, and v(d) = 8 + s if d ≡ 0 mod 4 and 2^s‖d.

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 235

From this we obtain that � p α_p(K^{(m)}_{2d} )^{−1} = A_2(d)d^{−1}ζ(2)ζ(4) . . . ζ(8m + 2)L(4m + 2, � 4d ∗ � ), (14)

where

A_2(d) = � 2^{−ρ(d)−8m−6} if d ≡ 1, 2 mod 4 2^{−ρ(d)−8m−7} if d ≡ 0, 3 mod 4.

Application of our main formula (7) then gives

vol_{HM} (O^+(K^{(m)}_{2d} )) = 4 · (4d)^{8m+52} ·

8m+4�

k=1 π^{− k2} Γ( k 2 ) · � p α_p(K_{2d})^{−1}. (15)

Combining formulae (14) and (15) and the ζ-identity (12) leads to

vol_{HM} (O^+(K^{(m)}_{2d} )) =

C_2(d)d^{8m+32} π^{−(4m+2)}Γ(4m + 2)L(4m + 2, � 4d ∗ � ) B_2B_4 . . . B_{8m+2} (8m + 2)!!

where

C_2(d) = � 2^{−ρ(d)+1} if d ≡ 1, 2 mod 4 2^{−ρ(d)} if d ≡ 0, 3 mod 4.

For applications it is also important to compute the volume with respect to the group ~O^+(K^{(m)}_{2d} ). For this, we have to know the order of the group of isometries of the discriminant group.

Lemma 3.4 Let S = ⟨2⟩ ⊕ ⟨−2d⟩. The order of the discriminant group is

| O(q_S )| = � 2^{1+ρ(d)} if d ≡ −1 mod 4 or d is divisible by 8 2^{ρ(d)} for all other d.

Proof. We denote the standard generators of Z/2dZ and Z/2Z by g and h respectively. We shall first consider automorphisms φ with φ(g) = xg. Then orthogonality implies x^2 ≡ 1 mod 4dZ which means, in particular, that x is odd and (x, 2d) = 1. We then have φ(dg) = dg. We cannot have φ(h) = dg +h, because orthogonality implies that for the bilinear form B_q , defined by the quadratic form q = q_S , we have B_q(xg, dg + h) = B_q (g, h) = 0 and hence −x/2 ≡ 0 mod Z, which shows that x is even, a contradiction. Hence φ(h) = h and φ = φ^′ × id where φ^′ ∈ O(q_R) (with R = ⟨−2d⟩). In this way we obtain 2^{ρ(d)} elements in O(q_S ).

We shall now investigate automorphisms with φ(g) = xg + h. Then q(g) = q(φ(g)) implies the condition

x^2 ≡ 1 + d mod 4dZ.

Documenta Mathematica 12 (2007) 215–241

236 V. Gritsenko, K. Hulek and G. K. Sankaran

It is not hard to check that this only has solutions if either d ≡ −1 mod 4 or d is divisible by 8. We shall distinguish between the cases d even and d odd. In the first case x must be odd and (x, 2d) = 1. Moreover φ(dg) = dg and the only possibility for an orthogonal automorphism is φ(h) = dg + h and indeed this gives rise to another 2^{ρ(d)} orthogonal automorphisms. Now assume d is odd. Then x is even and (x, d) = 1. In this case φ(dg) = h and the only possibility to obtain an orthogonal automorphism is φ(h) = dg. Once more, this gives another 2^{ρ(d)} orthogonal automorphisms and this proves the lemma. �

By formula (9) it then follows that

[PO(K^{(m)}_{2d} ) : P~O^+(K^{(m)}_{2d} )] = � � � 2 if d = 1 2^{ρ(d)} if d ≡ 1, 2 mod 4, d > 1 2^{ρ(d)+1} if d ≡ 3 mod 4.

Therefore

vol_{HM} (~O^+(K^{(m)}_{2d} )) = 2^{δ1,d−δ4,d(8)}

B_2B_4 . . . B_{8m+2} (8m + 2)!!

·d^{8m+32} π^{−(4m+2)}Γ(4m + 2)L(4m + 2, � 4d ∗ � ) (16)

where d(8) denotes d mod 8 and δ_{∗,∗} is the Kronecker symbol. We want to reformulate this result in terms of generalised Bernoulli numbers. In order to avoid too many different cases, we restrict here to d ≢ 0 mod 4 (but it is clear how to remove this restriction). If d = d_0t^2, with d_0 a positive and square-free integer, then the discriminant of the real quadratic field Q( √ d) is equal to D = � d_0 if d ≡ 1 mod 4 4d_0 if d ≡ 2, 3 mod 4.

Note that

d^{8m+32} = t^{8m+3}D^{8m+32} · � 1 if d ≡ 1 mod 4 2^{−(8m+3)} if d ≡ 2, 3 mod 4.

(17)

Let χ_D be the quadratic character of this field. Then

L(s, � 4d ∗ � ) = L(s, χ_D) � p|2t

(1 − χ_D (p)p^{−s}). (18)

The character χ_D is an even primitive character modulo D, and the Dirichlet L-function L(s, χ_D) satisfies the functional equation

π^{− s2} Γ( s 2 )D^sL(s, χ_D) = π^{− 1−s2} Γ(

1 − s 2 )D^{12} L(1 − s, χ_D). (19)

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 237

Moreover L(1 − k, χ_D) = −

B_{k,χD} k where B_{k,χD} is the corresponding generalised Bernoulli number. Using the functional equation (19) we obtain

π^{−(4m+2)}Γ(4m + 2)D^{8m+32} L(4m + 2, χ_D) = −2^{4m+1}L(1 − (4m + 2), χ_D)

= 2^{4m+1}

B_{4m+2,χD} 4m + 2

. (20)

Combining (16), (17), (18), (20) and the result of Lemma 3.4 then gives the result

vol_{HM} (~O^+(K^{(m)}_{2d} )) =

F_2(d)t^{8m+3}

B_2B_4 . . . B_{8m+2}

(8m + 2)!!

B_{4m+2,χD} 4m + 2 � p|2t

(1 − χ_D(p)p^{−(4m+2)}) (21)

where

F_2(d) = � 2^{4m+2} if d ≡ 1 mod 4 2^{−4m−1} if d ≡ 2, 3 mod 4.

Using this, together with Hirzebruch-Mumford proportionality, we finally find that dim S_k(~O^+(K^{(m)}_{2d} )) grows as

G_2(d) (8m + 2)!

B_2 · B_4 . . . B_{8m+2} (8m + 2)!! · B_{4m+2,χD} 4m + 2 t^{8m+3} � p|2t

(1 − χ_D(p)p^{−(4m+2)}) k^{8m+2}

where

G_2(d) = � 2^{4m+2+δ1,d} if d ≡ 1 mod 4, 2^{−(4m+1)} if d ≡ 2, 3 mod 4.

3.6.2 The lattices N^{(m)}_{2d}

We assume that d ≡ 1 mod 4 and consider the even lattice

N^{(m)}_{2d} = U ⊕ mE_8(−1) ⊕ � 2 1 1^{1−d}_2 � . We first have to understand this lattice over the p-adic integers. If p > 2 then 2 is a p-adic integer and we have the following equality for the anisotropic binary form in N^{(m)}_{2d} :

1 − d 2 x^2 + 2xy + 2y^2 = − d 2 x^2 + 2(y + x 2 )^2.

Documenta Mathematica 12 (2007) 215–241

238 V. Gritsenko, K. Hulek and G. K. Sankaran

Depending on whether d is a square in Z^∗_p or not, we then obtain from the classification theory of quadratic forms over Z_p that

N^{(m)}_{2d} ⊗ Z_p ∼= (4m + 1) U ⊕ � � � U if

�_d p � = 1 −dx^2 + y^2 if

�_d p � = −1.

We now turn to p = 2. Recall that there are only two even unimodular binary forms over Z_2, namely the hyperbolic plane and the form given by the matrix � 2 1 1 2 � . This implies that

N^{(m)}_{2d} ⊗ Z_2 ∼= (4m + 1) U ⊕ � � � U if d ≡ 1 mod 8 � 2 1 1 2 � if d ≡ 5 mod 8.

Once again by (10) and (11) we find for the local densities that

α_p(N^{(m)}_{2d} ) = P_p(4m + 1)(1 − � d p � p^{−(4m+2)}) if p ̸|d

α_p(N^{(m)}_{2d} ) = 2p^sP_p(4m + 1) if p^s‖d

α_2(N^{(m)}_{2d} ) = 2^{8m+4}P_2(4m + 1)(1 − � d 2 � 2^{−(4m+2)}).

We are interested mainly in the group ~O^+(N^{(m)}_{2d} ). For this we need the next lemma.

Lemma 3.5 Let T = � 2 1 1^{1−d}_2 �

Then A_T ∼= Z/2dZ and | O(q_T )| = 2^{ρ(d)}.

Proof. Since det(T ) = −d, the discriminant group has order d. In fact, it is cyclic of order d. To see this, let e and f be the basis with respect to which the form is given by the matrix T . Then (e − 2f)/d is in the dual lattice and its class, say h, generates the group A_T . Every homomorphism of A_T is of the form φ(h) = xh, and it is an isometry if and only if x^2 ≡ 1 mod 2d. This equation has 2^{ρ(d)} solutions modulo dZ. �

It now follows from (9) that

[PO(N^{(m)}_{2d} ) : P~O^+(N^{(m)}_{2d} )] = � 2^{ρ(d)} if d ≡ 1 mod 4 and d ≠ 1 2 if d = 1.

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 239

By the same calculation as in the preceding example we find now that

vol_{HM} (~O^+(N^{(m)}_{2d} )) = 2^{δ1,d−8m−3}

B_2B_4 . . . B_{8m+2} (8m + 2)!! · d^{8m+32} π^{−(4m+2)}Γ(4m + 2)L(4m + 2, � d ∗ � ). (22)

As above we can use generalised Bernoulli numbers. Hence by Hirzebruch- Mumford proportionality we obtain for d > 1 that dim S_k(~O^+(N^{(m)}_{2d} )) grows as 2^{−4m−1} (8m + 2)!

B_2 · B_4 . . . B_{8m+2} (8m + 2)!! · B_{4m+2,χD} 4m + 2 t^{8m+3} � p|t (1 − χ_D(p)p^{−(4m+2)}) k^{8m+2}.

Here, as before, d = d_0t^2, with d_0 square-free, and D = d_0 is the discriminant of the quadratic extension Q( √ d). For d = 1 we have an extra factor 2, t = 1, χ_D ≡ 1 and B_{4m+2,χD} = B_{4m+2}. In this case the lattice N^{(m)}_{2d} is unimodular and the formula again agrees with our previous computations in Section 3.3.

References

[AMRT] A. Ash, D. Mumford, M. Rapoport and Y. Tai, Smooth compactification of locally symmetric varieties. Math. Sci. Press, Brookline, Mass., 1975.

[BB] W.L. Baily Jr., A. Borel, Compactification of arithmetic quotients of bounded symmetric domains. Ann. Math. 84 (1966), 442–528.

[BG] M. Belolipetsky, W.T. Gan, The mass of unimodular lattices. J. Number Theory 114 (2005), 221–237.

[Br] E. Brieskorn, The unfolding of exceptional singularities. Nova Acta Leopoldina (N.F.) 52 (1981), no. 240, 65–93.

[CS] J.H. Conway, N.J.A. Sloane, Sphere packings, lattices and groups.

Grundlehren der Mathematischen Wissenschaften 290, Springer- Verlag, Berlin-New York, 1988.

[GHY] W.T. Gan, J.P. Hanke and J.-K. Yu, On an exact mass formula of Shimura. Duke Math. J. 107 (2001), 103-133.

[GH] V. Gritsenko, K. Hulek, Minimal Siegel modular threefolds. Math.

Proc. Cambridge Philos. Soc. 123 (1998), 461–485.

[GHS1] V. Gritsenko, K. Hulek, G.K. Sankaran, The Kodaira dimension of the moduli of K3 surfaces. Invent. Math., to appear.

[GHS2] V. Gritsenko, K. Hulek, G.K. Sankaran, Hirzebruch-Mumford proportionality and locally symmetric varieties of orthogonal type. Preprint math.AG/0609774.

Documenta Mathematica 12 (2007) 215–241

240 V. Gritsenko, K. Hulek and G. K. Sankaran

[Gr] B.H. Gross, On the motive of a reductive group. Invent. Math. 130 (1997), 287–313.

[Ha] G. Harder, A Gauss-Bonnet formula for discrete arithmetically defined groups. Ann. Sci. École Norm. Sup. 4 (1971), 409–455.

[He] S. Helgason, Differential geometry, Lie groups, and symmetric spaces.

Pure and Applied Mathematics 80, Academic Press, New York- London, 1978.

[Hi1] F. Hirzebruch, Automorphe Formen und der Satz von Riemann-Roch.

In: Symposium Internacional de Topología Algébraica (México 1956), 129–144, México: La Universidad Nacional Autónoma de México 1958. Collected works, vol I, 345–360, Springer Verlag Berlin (1987).

[Hi2] F. Hirzebruch, Characteristic numbers of homogeneous domains. In:

Seminars on analytic functions, vol II, 92–104, IAS, Princeton 1957. Collected works, vol I, 361–366, Springer Verlag Berlin (1987).

[Hua] L.K. Hua, Harmonic analysis of functions of several complex variables in the classical domains. Translations of Mathematical Monographs 6. American Mathematical Society, Providence, R.I., 1979.

[Ki] Y. Kitaoka, Arithmetic of quadratic forms. Cambridge Tracts in Mathematics 106, Cambridge University Press, Cambridge, 1993.

[Kn] M. Kneser, Darstellungsmaße indefiniter quadratischer Formen.

Math. Zeitschr. 77 (1961), 188–194.

[Ko] S. Kondo, On the Kodaira dimension of the moduli space of K3 surfaces. Compositio Math. 89 (1993), 251–299.

[Mum] D. Mumford, Hirzebruch’s proportionality theorem in the noncompact case. Invent. Math. 42 (1977), 239–277.

[Ni] V.V. Nikulin, Integral symmetric bilinear forms and some of their applications. Izv. Akad. Nauk USSR 43 (1979), 105 - 167 (Russian); English translation in Math. USSR, Izvestiya 14 (1980), 103–166.

[Pr] G. Prasad, Volumes of S-arithmetic quotients of semi-simple groups.

With an appendix by Moshe Jarden and the author. Inst. Hautes Études Sci. Publ. Math. 69 (1989), 91–117.

[Sa] G.K. Sankaran, Moduli of polarised abelian surfaces. Math. Nachr.

188 (1997), 321–340.

[Se] J.-P. Serre, Cours d’arithmétique. Presses Universitaires de France, Paris 1970 [Sh] G. Shimura, An exact mass formula for orthogonal groups. Duke Math. J. 97 (1999), 1–66.

[Sie1] C.L. Siegel, Über die analytische Theorie der quadratischen Formen, I, II, III. Ann. Math. 36 (1935), 527–606; 37 (1936), 230–263; 38 (1937), 212–291.

Documenta Mathematica 12 (2007) 215–241

The Hirzebruch-Mumford Volume . . . 241

[Sie2] C.L. Siegel, Indefinite quadratische Formen und Funktionentheorie I.

Math. Ann. 124 (1951), 17–54.

[Sie3] C.L. Siegel, Lectures on quadratic forms. Notes by K.G. Ramanathan, Tata Institute of Fundamental Research Lectures on Mathematics 70, Tata Institute of Fundamental Research, Bombay 1957.

[T] Y. Tai, On the Kodaira dimension of the moduli space of abelian varieties. Invent. Math. 68 (1982), 425–439.

[W] A. Weil, Adeles and algebraic groups. Progress in Mathematics 23.

Birkhäuser, Boston 1982.

Valery Gritsenko Université Lille 1 UFR de Mathématiques F-59655 Villeneuve d’Ascq,

Cedex France valery.gritsenko@math.univ-lille1.fr

K. Hulek Institut für

Algebraische Geometrie Leibniz Universität Hannover D-30060 Hannover Germany hulek@math.uni-hannover.de

G.K. Sankaran Department of

Mathematical Sciences University of Bath Bath BA2 7AY England gks@maths.bath.ac.uk

Documenta Mathematica 12 (2007) 215–241

Documenta Mathematica 12 (2007)

On the Parity of Ranks of Selmer Groups III

Jan Nekovář

Received: May 4, 2006 Revised: May 10, 2007

Communicated by Ulf Rehmann

Abstract. We show that the parity conjecture for Selmer groups is invariant under deformation in p-adic families of self-dual pure Galois representations satisfying Pančiškin’s condition at all primes above p.

2000 Mathematics Subject Classification: 11G40 11R23

0. Introduction

(0.0) Let F, L be number fields contained in a fixed algebraic closure Q of Q; let M be a motive over F with coefficients in L. The L-function of M (assuming it is well-defined) is a Dirichlet series � n≥1 a_nn^{−s} with coefficients in L. For each embedding ι : Q → C, the complex-valued L-function

L(ιM, s) = � n≥1 ι(a_n)n^{−s}

is absolutely convergent for Re(s) >> 0. It is expected to admit a meromorphic continuation to C and a functional equation of the form

(C_{F E} ) (L · L_∞)(ιM, s)^?= ε(ιM, s) (L · L_∞)(ιM^∗(1), −s),

where

L_∞(ιM, s) = � v|∞ L_v(ιM, s)

is a product of appropriate Γ-factors (independent of ι) and

ε(ιM, s) = ι(ε(M)) cond(M)^{−s}, ε(M) ∈ Q^∗.

Documenta Mathematica 12 (2007) 243–274

(0.1) Let p be a prime number and p | p a prime of L above p. The p-adic realization M_p of M is a finite-dimensional L_p-vector space equipped with a continuous action of the Galois group G_{F,S} = Gal(F_S /F ), where F_S ⊂ Q is the maximal extension of F unramified outside a suitable finite set S ⊃ S_p ∪ S_∞ of primes of F . According to the conjectures of Bloch and Kato [Bl-Ka] (generalized by Fontaine and Perrin-Riou [Fo-PR]),

(C_{BK} ) ord_{s=0}L(ιM, s)^?= dim_{Lp} H^1_f (F, M^∗_p (1)) − dim_{Lp} H^0(F, M^∗_p (1)) =

= h^1_f (F, M^∗_p (1)) − h^0(F, M^∗_p (1)),

where H^1_f (F, V ) ⊆ H^1(G_{F,S} , V ) is the generalized Selmer group defined in [Bl- Ka].

(0.2) Consider the special case when the motive M is self-dual (i.e., when there exists a skew-symmetric isomorphism M^∼−→ M^∗(1)) and pure (necessarily of weight −1). In this case H^0(F, M_p) = 0 and ord_{s=0}L_∞(ιM, s) = 0, which means that the global ε-factor ε(M) determines the parity of ord_{s=0}L(ιM, s) (assuming the validity of (C_{F E} )):

(−1)^{ords=0L(ιM,s)} = ε(M). (0.2.1)

In this article we concentrate on the parity conjecture for Selmer groups, namely on the conjecture

(C_{BK} (mod 2)) ord_{s=0}L(ιM, s)^?≡ h^1_f (F, M_p) (mod 2).

In view of (0.2.1), this conjecture can be reformulated (assuming (C_{F E} )) as follows:

(−1)^{h1f (F,Mp) ?}= ε(M) (0.2.2)

(0.3) The advantage of the formulation (0.2.2) is that the global ε-factor

ε(M) = � v ε_v(M), ε_v(M) = ε_v(M_p)

is a product of local ε-factors, which can be expressed in terms of the Galois representation M_p alone: for v ∤ p∞ (resp., v | p), ε_v (M) is the local ε-factor of the representation of the Weil-Deligne group of F_v attached to the action of Gal(F_v/F_v ) on M_p (resp., attached to the corresponding Fontaine module D_{pst}(M_p) over F_v ). For v | ∞, ε_v(M) depends on the Hodge numbers of the de Rham realization M_{dR} of M, which can be read off from D_{dR}(M_p) over F_v , for any v | p. It makes sense, therefore, to rewrite the conjecture (0.2.2) as

(−1)^{h1f (F,V ) ?}= ε(V ) = � v ε_v(V ), (0.3.1)

Documenta Mathematica 12 (2007) 243–274

for any symplectically self-dual (V^∼−→ V^∗(1)) representation of G_{F,S} which is geometric (= potentially semistable at all primes above p) and pure (of weight −1).

In the present article we consider the following question: is the conjecture (0.3.1) invariant under deformation in p-adic families of representations of G_{F,S} ? In other words, if V, V^′ are two representations of G_{F,S} (self-dual, geometric and pure) belonging to the same p-adic family (say, in one parameter) of representations of G_{F,S} , is it true that

(−1)^{h1f (F,V )}/ ε(V )^?= (−1)^{h1f (F,V ′ )}/ ε(V^′) ? (0.3.2)

The main result of this article (Thm. 5.3.1) implies that (0.3.2) holds for families satisfying the Pančiškin condition at all primes v | p. The proof follows the strategy employed in [Ne 2, ch. 12] in the context of Hilbert modular forms^{(1)} : multiplying both sides of (0.3.1) by a common sign (the contribution of the “trivial zeros”), we rewrite (0.3.1) as

(−1)~^{h1f (F,V ) ?}= ~ε(V ) = � v ~ε_v(V ), (0.3.3)

where ~h^1_f (F, V ) = dim_{Lp} ~H^1_f (F, V ) is the dimension of the extended Selmer group (defined in 4.2 below) and ~ε_v(V ) = ε_v(V ), unless v | p and the local Euler factor at v admits a “trivial zero”. The goal is to show that both sides of (0.3.3) remain constant in the family^{(2)}.

The variation of ~H^1_f (F, V ) in the family is controlled by the torsion submodule of a suitable ~H^2_f . The generalized Cassels-Tate pairing constructed in [Ne 2, ch. 10] defines a skew-symmetric form on this torsion submodule, which implies that the parity of ~h^1_f (F, V ) is constant in family:

(−1)~^{h1f (F,V )} = (−1)~^{h1f (F,V ′ )}.

The Pančiškin condition allows us to compute explicitly the local terms ~ε_v(V ) for all v | p, which yields � v|p∞

~ε_v (V ) = � v|p∞

~ε_v(V^′).

Finally, it follows from general principles (and the purity assumption) that

∀v ∤ p∞ ε_v(V ) = ε_v (V^′),

hence ~ε(V ) = ~ε(V^′).

(1) In [loc. cit.] we worked with automorphic ε-factors, but they coincide with the Galois-theoretical ε-factors ([Ne 2], 12.4.3, 12.5.4(iii)).

(2) Morally, ~ε(V ) should be the sign in the functional equation of a p-adic Lfunction attached to the family.

Documenta Mathematica 12 (2007) 243–274

1. Representations of the Weil-Deligne group

(1.1) The general setup ([De 1, §8], [De 2, 3.1], [Fo-PR, I.1.1-2]) (1.1.1) We use the notation of [Fo-PR, ch.I]. For a field L, denote by L^{sep} a separable closure of L and by G_L = Gal(L^{sep}/L) the absolute Galois group of L. Throughout this article, K will be a complete discrete valuation field of characteristic zero with finite residue field k of cardinality q = q_k; denote by f = f_k ∈ G_k the geometric Frobenius element (f(x) = x^{1/q} ). We identify G_k^∼−→ ^Z via f → 1 and denote by ν : G_K^{can}−−→G_k^∼−→ ^Z the canonical surjection whose kernel Ker(ν) = I_K = I is the inertia group of K. The Weil group (of K) W_K = ν^{−1}(Z) = � n∈Z ~f nI ( ~f ∈ ν−1(1)) is equipped with the topology of a disjoint union of countably many pro-finite sets. The homomorphism

| · | : W_K −→ q^Z, |w| = q^{−ν(w)}

corresponds to the normalized valuation |·| : K^∗ −→ q^Z via the reciprocity isomorphism rec_K : K^{∗ ∼}−→ W^{ab}_K (normalized using the geometric Frobenius element). (1.1.2) Let E be a field of characteristic zero.

An object of Rep_E (W_K ) (= a representation of the Weil group of K over E) is a finite-dimensional E-vector space Δ equipped with a continuous homomorphism ρ = ρ_Δ : W_K −→ Aut_E (Δ) (with respect to the discrete topology on the target). As Ker(ρ) is open, ρ(I) is finite and ρ|_I is semi-simple.

An object of Rep_E (^′W_K ) (= a representation of the Weil-Deligne group of K over E) is a pair (ρ, N), where ρ = ρ_Δ ∈ Rep_E (W_K ) and N ∈ End_E (Δ) is a nilpotent endomorphism satisfying

∀w ∈ W_K ρ(w)Nρ(w)^{−1} = |w| N.

Morphisms in Rep_E (W_K ) (resp., in Rep_E (^′W_K )) are E-linear maps commuting with the action of W_K (resp., with the action of W_K and N). We consider Rep_E (W_K ) as a full subcategory of Rep_E (^′W_K ) via the full embedding ρ → (ρ, 0). Tensor products and duals in Rep_E (^′W_K ) are defined in the usual way: N_{Δ⊗Δ}′ = N_Δ ⊗ 1 + 1 ⊗ N_Δ′ , N_Δ∗ = −(N_Δ)^∗. The Tate twist of Δ ∈ Rep_E (^′W_K ) by an integer m ∈ Z is defined as Δ| · |^m = Δ ⊗ E| · |^m, where w ∈ W_K acts on the one-dimensional representation E| · |^m ∈ Rep_E (W_K ) by |w|^m. The Frobenius semi-simplification

Δ = (ρ, N) → Δ^{f −ss} = (ρ^{ss}, N)

is an exact tensor functor Rep_E (^′W_K ) −→ Rep_E (^′W_K ). The “forget the monodromy” functor

Δ = (ρ, N) → Δ^{N−ss} = (ρ, 0)

is an exact tensor functor Rep_E (^′W_K ) −→ Rep_E (W_K ). Following [Fo-PR, I.1.2.1], we put, for each Δ ∈ Rep_E (^′W_K ),

Documenta Mathematica 12 (2007) 243–274

Δ_g = Δ^{ρ(I)}, Δ_f = Ker(N)^{ρ(I)} ⊂ Δ_g, P_K (Δ, u) = det(1−fu | Δ_f ) ∈ E[u].

We also set

H^0(Δ) = Ker (Δ_f^{f −1}−−→Δ_f ) .

(1.1.3) In the special case when E is a finite extension of Q_p (p ≠ char(k)) and when V ∈ Rep_E (G_K ) is a representation of G_K over E (finite-dimensional and continuous with respect to the topology on E defined by the p-adic valuation), then V gives rise to a representation W D(V ) = Δ = (ρ_Δ, N) ∈ Rep_E (^′W_K ) acting on V , which is defined as follows ([De 1, 8.4]): there exists an open subgroup J of I which acts on V unipotently, and through the map J → I ↠ I(p), where I(p) is the maximal pro-p-quotient of I (isomorphic to Z_p). Fixing a topological generator t of I(p) and an integer a ≥ 1 such that t^a lies in the image of J, the nilpotent endomorphism N = 1 a log ρ_V (t^a) ∈ End_E (V )

(where ρ_V : G_K −→ Aut_E (V ) denotes the action of G_K on V ) is independent of a. Fix a lift ~f ∈ ν^{−1}(1) ⊂ W_K of f and define

ρ_Δ : W_K −→ Aut_E (V ) by ρ_Δ( ~f^nu) := ρ_V ( ~f^nu) exp(−bN) (n ∈ Z, u ∈ I),

where b ∈ Z_p is such that the image of u in I(p) is equal to t^b. The pair (ρ_Δ, N) defines an object Δ = W D(V ) of Rep_E (^′W_K ), the isomorphism class of which is independent of the choices of ~f and t ([De 1], Lemma 8.4.3), and which satisfies

Δ_f = V^{ρV (I)}, H^0(Δ) = V^{ρV (GK )}.

(1.2) Self-dual representations

(1.2.1) Definition. Let ω : W_K −→ E^∗ be a one-dimensional object of Rep_E (W_K ). We say that Δ ∈ Rep_E (^′W_K ) is ω-orthogonal (resp., ωsymplectic) if there exists a morphism in Rep_E (^′W_K ) Δ ⊗ Δ −→ ω which is non-degenerate (i.e., which induces an isomorphism Δ^∼−→ Δ^∗ ⊗ ω) and symmetric (resp., skew-symmetric). If ω = 1, we say that Δ is orthogonal (resp., symplectic).

(1.2.2) (1) If Δ is ω-orthogonal, then det(Δ)^2 = ω^{dim(Δ)}. (2) If Δ is ω-symplectic, then 2 | dim(Δ) and det(Δ) = ω^{dim(Δ)/2}. (1.2.3) Example: For m ≥ 1, define sp(m) ∈ Rep_E (^′W_K ) by

Documenta Mathematica 12 (2007) 243–274

sp(m) = m−1� i=0 Ee_i, N(e_i) = e_{i+1}, ∀w ∈ W_K w(e_i) = |w|^ie_i.

Up to a scalar multiple, there is a unique non-degenerate morphism sp(m) ⊗ sp(m) −→ E| · |^{m−1} in Rep_E (^′W_K ), namely

sp(m) ⊗ sp(m) −→ E| · |^{m−1}, e_i ⊗ e_j → � (−1)^i, i + j = m − 1 0, i + j ≠ m − 1.

This morphism is | · |^{m−1}-symplectic (resp., | · |^{m−1}-orthogonal) if 2 | m (resp., if 2 ∤ m).

(1.2.4) According to [De 2, 3.1.3(ii)], indecomposable f-semi-simple objects of Rep_E (^′W_K ) are of the form ρ ⊗ sp(m), where ρ ∈ Rep_E (W_K ) is irreducible and m ≥ 1. This implies that, for each | · |-symplectic representation Δ^∼−→ Δ^∗| · | ∈ Rep_E (^′W_K ), the f-semi-simplification Δ^{f −ss} is a direct sum of | · |-symplectic representations of the following type:

(1) X ⊕ X^∗| · | (X ∈ Rep_E (^′W_K )) with the standard symplectic form (x, x^∗) ⊗ (y, y^∗) → x^∗(y) − y^∗(x);

(2) ρ ⊗ sp(m), where m ≥ 1, ρ ∈ Rep_E (W_K ) is irreducible and | · |^{2−m}-symplectic (resp., | · |^{2−m}-orthogonal) if 2 ∤ m (resp., if 2 | m).

(1.3) The monodromy filtration (1.3.1) For each Δ = (ρ, N) ∈ Rep_E (^′W_K ), the monodromy filtration

M_nΔ := � i−j=n+1

ker(N^i) ∩ Im(N^j ) (n ∈ Z)

is the unique increasing filtration of Δ by E-vector subspaces satisfying � n M_nΔ = 0, � n M_nΔ = Δ, N(M_nΔ) ⊆ M_{n−2}Δ,

∀r ≥ 0 N^r : gr^M_r Δ^∼−→ gr^M_{−r}Δ.

(1.3.2) Examples: (1) N = 0 ⇐⇒ M_{−1}Δ = 0, M_0Δ = Δ. (2) If N^r ≠ 0 = N^{r+1} (r ≥ 0), then M_{−r−1}Δ = 0, M_{−r}Δ = Im(N^r) ≠ 0, M_{r−1}Δ = Ker(N^r) ≠ Δ, M_rΔ = Δ.

(1.3.3) More precisely, the endomorphism N ∈ End_E (Δ) defines a morphism in Rep_E (W_K )

N : Δ −→ Δ| · |^{−1},

which implies that each M_nΔ is a sub-object of Δ^{N−ss} in Rep_E (W_K ),

Documenta Mathematica 12 (2007) 243–274

N : M_nΔ −→ (M_{n−2}Δ)| · |^{−1} and, for each r ≥ 0, the endomorphism N^r induces an isomorphism in Rep_E (W_K )

N^r : gr^M_r Δ^∼−→ (gr^M_{−r}Δ)| · |^{−r}.

(1.3.4) The monodromy filtration on the dual representation Δ^∗ = (ρ^∗, −N^∗) satisfies M_nΔ^∗ = (M_{−1−n}Δ)^⊥ (n ∈ Z), which yields canonical isomorphisms in Rep_E (W_K )

∀m ≤ n M_nΔ^∗/M_mΔ^{∗ ∼}−→ (M_{−1−m}Δ/M_{−1−n}Δ)^∗.

(1.3.5) If ⟨ , ⟩ : Δ ⊗ Δ −→ E ⊗ ω is an ω-symplectic form on Δ, then, for each r ≥ 0, the formula ⟨x, y⟩_r = ⟨N^rx, y⟩ defines an ω| · |^{−r}-symplectic (resp., ω| · |^{−r}-orthogonal) form on gr^M_r Δ ∈ Rep_E (W_K ) if 2 | r (resp., if 2 ∤ r). (1.3.6) Dimensions. The dimensions

d_r = d_r(Δ) = dim gr^M_r Δ = d_{−r} (r ∈ Z) can be interpreted as follows. By the Jacobson-Morozov theorem, there exists a (non-unique) representation

ρ : sl(2) = sl(2, E) −→ End_E (Δ)

such that ρ( � 0 0 1 0 � ) = N. Putting H = ρ( � 1 0 0 −1 � ) and Δ_m = {x ∈ Δ | Hx = mx} (m ∈ Z), then

M_nΔ = � m≤n Δ_m.

Decomposing Δ as a representation of sl(2)

Δ^∼−→ � j≥0 � S^j E^2

�_{⊕mj (Δ)} , then the multiplicities m_j = m_j (Δ) are related to other numerical invariants of Δ as follows:

dim(Δ) = � j≥0 (j + 1)m_j , (∀r ≥ 0) d_{−r} = � i≥0 m_{r+2i}, m_r = d_{−r} − d_{−r−2},

dim Im(N^r) = d_r + 2 � j>r d_j , dim Ker(N^{r+1}) = d_0 + 2 r� j=1 d_j + d_{r+1}.

(1.3.6.1)

Documenta Mathematica 12 (2007) 243–274

(1.4) Purity

(1.4.1) Definition. Let E^′ be a field containing E and a ∈ Z. We say that α ∈ E^′ is a q^a-Weil number of weight n ∈ Z if α is algebraic over Q, there exists N ∈ Z such that q^N α is integral over Z, and for each embedding σ : Q(α) → C, the usual archimedean absolute value of σ(α) is equal to |σ(α)|_∞ = q^{an/2}.

(1.4.2) Definition. We say that Δ ∈ Rep_E (^′W_K ) is strictly pure of weight n ∈ Z if Δ = ρ ∈ Rep_E (W_K ) and if for each w ∈ W_K all eigenvalues of ρ(w) are q^{ν(w)}-Weil numbers of weight n ∈ Z.

(1.4.3) Definition. We say that Δ ∈ Rep_E (^′W_K ) is pure of weight n ∈ Z if, for each r ∈ Z, gr^M_r Δ ∈ Rep_E (W_K ) is strictly pure of weight n + r.

(1.4.4) (1) Each representation ρ ∈ Rep_E (W_K ) with finite image is strictly pure of weight 0.

(2) If Δ, Δ^′ ∈ Rep_E (^′W_K ) are (strictly) pure of weights n and n^′, respectively, then Δ ⊗ Δ^′ is (strictly) pure of weight n + n^′, and Δ^∗ is (strictly) pure of weight −n. (3) For each m ∈ Z, E| · |^m is strictly pure of weight −2m. (4) For each ρ ∈ Rep_E (W_K ) and m ≥ 1,

Δ = ρ ⊗ sp(m) is pure of weight n ⇐⇒ ρ is strictly pure of weight n + m − 1

=⇒ Δ_f = ρ^I | · |^{m−1} is strictly pure of weight n + 1 − m.

(5) If Δ ∈ Rep_E (^′W_K ) is pure of weight n < 0, then all eigenvalues of ρ( ~f) (for any ~f ∈ ν^{−1}(1)) on Ker(N) ⊆ M_0Δ are q-Weil numbers of weights ≤ n < 0, hence H^0(Δ) = 0.

(6) If Δ ∈ Rep_E (^′W_K ) is pure of weight n (but not necessarily f-semi-simple), then Δ^∼−→ � ρ_j ⊗ sp(m_j ), where each ρ_j ∈ Rep_E (W_K ) is strictly pure of weight n + m_j − 1.

(1.4.5) Definition. In the situation of 1.1.3, we say that V ∈ Rep_E (G_K ) is pure of weight n ∈ Z if W D(V ) ∈ Rep_E (^′W_K ) is pure of weight n ∈ Z in the sense of 1.4.3.

(1.5) Specialization of representations of the Weil-Deligne group (1.5.1) Let O be a discrete valuation ring containing Q; denote by E (resp., k_O) the field of fractions (resp., the residue field) of O.

(1.5.2) An object of Rep_O(^′W_K ) (= a representation of the Weil-Deligne group of K over O) consists of a free O-module of finite type T , a continuous homomorphism ρ = ρ_T : W_K −→ Aut_O(T ) (with respect to the discrete topology on the target) and a nilpotent endomorphism N = N_T ∈ End_O(T ) satisfying

∀w ∈ W_K ρ(w)Nρ(w)^{−1} = |w| N.

Documenta Mathematica 12 (2007) 243–274

The generic fibre (resp., the special fibre) of T is the representation T_η = T ⊗_O E ∈ Rep_E (^′W_K ) (resp., the representation T_s = T ⊗_O k_O ∈ Rep_{kO} (^′W_K )). We denote by N_η (resp., N_s) the monodromy operator N_T ⊗ 1 on T_η (resp., on T_s).

(1.5.3) For T ∈ Rep_O(^′W_K ), we denote by T^∗ the representation T^∗ = Hom_O(T, O) (equipped with the dual action of W_K and the monodromy operator N_T ∗ = −(N_T )^∗). Given a representation ω : W_K −→ O^∗, we say that T is ω-orthogonal (resp., ω-symplectic) if there exists an isomorphism j : T^∼−→ T^∗ ⊗ ω in Rep_O(^′W_K ) satisfying j^∗ ⊗ ω = j (resp., j^∗ ⊗ ω = −j).

(1.5.4) Proposition. Assume that T ∈ Rep_O(^′W_K ) is | · |-symplectic (hence so are T_η and T_s) and that T_s ∈ Rep_{kO} (^′W_K ) is pure (necessarily of weight −1). Then:

(1) ∀j ≥ 0 m_j (T_η) = m_j (T_s).

(2) ∀j ≥ 0 dim_E Ker(N^j_η ) = dim_{kO} Ker(N^j_s ). (3) For each j ≥ 0, the natural injective map � Ker(N^j_η ) ∩ T � ⊗_O k_O −→ Ker(N^j_s ) is an isomorphism.

Proof. It is enough to prove (1), since (2) is a consequence of (1) and the formulas (1.3.6.1), and (2) is equivalent to (3) for trivial reasons. We prove (1) by induction on r = min{j ≥ 0 | N^{j+1}_T = 0}. If r = 0, then there is nothing to prove. Assume that r ≥ 1 and that (1) holds whenever N^r_T = 0. Recall from 1.3.2(2) and 1.3.5 that

M_{−r−1}(T_η) = 0 ≠ M_{−r}(T_η ) = Im(N^r_η ), M_{r−1}(T_η) = Ker(N^r_η ) ≠ T_η = M_r(T_η), M_{−r−1}(T_s) = 0, M_{−r}(T_s) = Im(N^r_s ), M_{r−1}(T_s) = Ker(N^r_s ), M_r(T_s) = T_s

and that M_{−r}(T_η) is | · |^{r+1}-symplectic (resp., | · |^{r+1}-orthogonal) if 2 | r (resp., if 2 ∤ r). The latter property implies that, for any eigenvalue α ∈ k_O of any lift ~f ∈ ν−1(1) of f acting on (M_{−r}(T_η ) ∩ T ) ⊗_O k_O there exists another eigenvalue α′ such that αα^′ = q^{−r−1}. On the other hand, (M_{−r}(T_η ) ∩ T ) ⊗_O k_O ∈ Rep_{kO} (W_K ) is a sub-object of T_s in Rep_{kO} (^′W_K ), and all eigenvalues of ~f on T_s are q-Weil numbers of weights contained in {−r − 1, −r, . . . , r − 1}; thus both α and α^′ are q-Weil numbers of weight −r − 1. In other words, (Im(N^r_η ) ∩ T ) ⊗_O k_O = (M_{−r}(T_η) ∩ T ) ⊗_O k_O is strictly pure of weight −r − 1, hence is contained in M_{−r}(T_s) = Im(N^r_s ) = (Im(N^r_T )) ⊗_O k_O. The opposite inclusion being trivial, we deduce that Im(N^r_T ) is equal to Im(N^r_η ) ∩ T , hence is a direct summand of T (as an O-module); it follows that

m_r(T_s) = dim_{kO} Im(N^r_s ) = dim_E Im(N^r_η ) = m_r(T_η).

The representation T^′ = (M_{r−1}(T_η) ∩ T )/(M_{−r}(T_η) ∩ T ) ∈ Rep_O(^′W_K ) is also | · |-symplectic, satisfies N^r_T ′ = 0, and T^′_s is pure of weight −1. By induction hypothesis, we have

∀j ≥ 0 m_j (T^′_s) = m_j (T^′_η ).

Documenta Mathematica 12 (2007) 243–274

The relations

m_j (T^′_?) = � � � m_j (T_?), j ≠ r, r − 2 m_{r−2}(T_?) + m_r(T_?), j = r − 2 ≥ 0 0, otherwise

(? = η, s)

then imply

∀j ≥ 0 m_j (T_s) = m_j (T_η ).

2. Local ε-factors

(2.1) General facts (2.1.1) Fix an algebraically closed field E^′ ⊃ E. Let ψ : K −→ E^{′∗} be a non-trivial continuous homomorphism (with respect to the discrete topology on the target); it always exists. If ψ^′ : K −→ E^{′∗} is another non-trivial continuous homomorphism, then there exists unique a ∈ K^∗ such that ψ^′ = ψ_a, where ψ_a(y) = ψ(ay). Denote by μ_ψ the unique E^′-valued Haar measure on K which is self-dual with respect to ψ; then

∀a ∈ K^∗ μ_{ψa} = |a|^{1/2} μ_ψ, (2.1.1.1)

and every non-zero E^′-valued Haar measure μ on K is a scalar multiple of μ_ψ: μ = b μ_ψ, for some b ∈ E^{′∗}.

(2.1.2) Deligne [De 1] associated to each triple (Δ, ψ, μ), where Δ ∈ Rep_E (^′W_K ) and ψ, μ are as in 2.1.1, the local ε-factor ε(Δ, ψ, μ) ∈ E^{′∗} satisfying the following properties.

(2.1.2.1) ε(Δ, ψ, μ) = ε(Δ^{f −ss}, ψ, μ).

(2.1.2.2) If 0 −→ ρ^′ −→ ρ −→ ρ^{′′} −→ 0 is an exact sequence in Rep_E (W_K ), then ε(ρ, ψ, μ) = ε(ρ^′, ψ, μ)ε(ρ^{′′}, ψ, μ).

(2.1.2.3) ε_0(Δ, ψ, μ) = ε(Δ, ψ, μ) det(−f | Δ_f ) depends only on Δ^{N−ss} ∈ Rep_E (W_K ). As (Δ^{N−ss})_f = Δ_g , it follows that

ε(Δ, ψ, μ) = ε(Δ^{N−ss}, ψ, μ) det(−f | Δ_g /Δ_f ).

(2.1.2.4) ∀a ∈ K^∗ ε(Δ, ψ_a, μ) = (det Δ)(a) |a|^{− dim(Δ)} ε(Δ, ψ, μ). (2.1.2.5) ∀b ∈ E^{′∗} ε(Δ, ψ, b μ) = b^{dim(Δ)} ε(Δ, ψ, μ).

(2.1.2.6) If Δ = ρ ∈ Rep_E (W_K ), then ε(ρ, ψ, μ) ε(ρ^∗| · |, ψ_{−1}, μ^∗) = 1 (where μ^∗ is the measure dual to μ with respect to ψ).

(2.1.2.7) If Δ = ρ ∈ Rep_E (W_K ), and if χ : W_K /I −→ E^∗ is an unramified one-dimensional representation, then

ε(ρ ⊗ χ, ψ, μ) = ε(ρ, ψ, μ) χ(π)^{a(ρ)+dim(ρ)n(ψ)},

Documenta Mathematica 12 (2007) 243–274

where π is a prime element of O_K and a(ρ) (resp., n(ψ)) is the conductor exponent of ρ (resp., of ψ).

(2.1.2.8) ([Fo-PR, I.1.2.3]) For an exact sequence in Rep_E (^′W_K )

(β) 0 −→ Δ^′ −→ Δ −→ Δ^{′′} −→ 0,

set P_K (β) = P_K (Δ, u)/P_K (Δ^′, u)P_K (Δ^{′′}, u), a(β) = dim Δ^′_f + dim Δ^{′′}_f − dim Δ_f , ε(β) = ε(Δ, ψ, μ)/ε(Δ^′, ψ, μ) ε(Δ^{′′}, ψ, μ), and similarly for the dual exact sequence

(β^∗| · |) 0 −→ Δ^{′′∗}| · | −→ Δ^∗| · | −→ Δ^{′∗}| · | −→ 0;

then P_K (β^∗| · |, u^{−1}) = ε(β) u^{a(β)} P_K (β, u).

(2.1.3) Lemma. If Δ ∈ Rep_E (^′W_K ), then ε(Δ, ψ, μ) ε(Δ^∗|·|, ψ_{−1}, μ^∗) = 1 (where μ^∗ is the measure dual to μ with respect to ψ).

Proof. Thanks to (2.1.2.1-2), we can assume that Δ is f-semi-simple and indecomposable: Δ = ρ ⊗ sp(m), ρ ∈ Rep_E (W_K ), m ≥ 1. In this case

Δ_g = m−1� j=0 ρ^I | · |^j , Δ_g /Δ_f = m−2� j=0 ρ^I | · |^j , Δ^∗| · | = ρ^∗ ⊗ sp(m)| · |^{2−m}

(Δ^∗| · |)_g /(Δ^∗| · |)_f = m−2� j=0 (ρ^∗)^I | · |^{2−m+j} = (Δ_g /Δ_f )^∗

(as ρ(I) is finite, we have (ρ^∗)^I = (ρ^I )^∗), hence

det(−f | Δ_g /Δ_f ) det(−f | (Δ^∗| · |)_g /(Δ^∗| · |)_f ) = 1;

we deduce that

ε(Δ, ψ, μ) ε(Δ^∗| · |, ψ_{−1}, μ^∗) = ε(Δ^{N−ss}, ψ, μ) ε((Δ^∗| · |)^{N−ss}, ψ_{−1}, μ^∗),

which is equal to 1, by (2.1.2.6).

(2.2) | · |-symplectic representations

(2.2.1) Proposition. Let Δ^∼−→ Δ^∗| · | ∈ Rep_E (^′W_K ) be | · |-symplectic. Then: (1) ε(Δ) := ε(Δ, ψ, μ_ψ) does not depend on ψ. (2) ε(Δ) = ±1; more precisely:

(3) If ρ^∼−→ ρ^∗| · | ∈ Rep_E (W_K ) is | · |-symplectic, then ε(ρ) = ±1. (4) If Δ = X ⊕ X^∗| · | is as in 1.2.4(1), then ε(Δ) = ε(Δ^{N−ss}) = (det X)(−1). (5) If Δ = ρ ⊗ sp(2n + 1) (ρ ∈ Rep_E (W_K ), n ≥ 0), then ρ| · |^n ∈ Rep_E (W_K ) is | · |-symplectic and ε(Δ) = ε(Δ^{N−ss}) = ε(ρ| · |^n).

Documenta Mathematica 12 (2007) 243–274

(6) If Δ = ρ ⊗ sp(2n) (ρ ∈ Rep_E (W_K ), n ≥ 1), then ρ| · |^{n−1} ∈ Rep_E (W_K ) is orthogonal, there is an exact sequence in Rep_E (^′W_K )

0 −→ Δ^+ −→ Δ −→ Δ^− −→ 0 Δ^+ = ρ ⊗ sp(n)| · |^n, Δ^− = ρ ⊗ sp(n),

H^0(Δ^−) = H^0(ρ| · |^{n−1}) and

ε(Δ) = (−1)^{dimE H0 (Δ−)}(det Δ^+)(−1), ε(Δ^{N−ss}) = (det Δ^+)(−1).

Proof. (1) For each a ∈ K^∗,

ε(Δ, ψ_a, μ_{ψa} ) = ε(Δ, ψ_a, |a|^{1/2}μ_ψ) (by (2.1.1.1)) = |a|^{dim(Δ)/2} ε(Δ, ψ_a, μ_ψ ) (by (2.1.2.5)) = (det Δ)(a) |a|^{− dim(Δ)/2} ε(Δ, ψ, μ_ψ) (by (2.1.2.4)) = ε(Δ, ψ, μ_ψ). (by 1.2.2(2))

(2) Writing Δ^{f −ss} as a direct sum of | · |-symplectic representations of the form 1.2.4(1) or 1.2.4(2), the statement follows from the explicit formulas (4)-(6) and (3), proved below.

(3) Combining (2.1.2.6), (2.1.2.4) and 1.2.2(2), we obtain

ε(ρ, ψ, μ_ψ)^2 = ε(ρ, ψ, μ_ψ) (det ρ)(−1)ε(ρ, ψ, μ_ψ) = ε(ρ, ψ, μ_ψ) ε(ρ, ψ_{−1}, μ_ψ) = = ε(ρ, ψ, μ_ψ) ε(ρ^∗| · |, ψ_{−1}, μ_ψ) = 1.

(4) As in the proof of (3), Lemma 2.1.3 together with (2.1.2.4) yield

ε(Δ) = ε(X, ψ, μ_ψ) ε(X^∗| · |, ψ, μ_ψ) = (det X)(−1) ε(X, ψ_{−1}, μ_ψ) ε(X^∗| · |, ψ, μ_ψ) = = (det X)(−1).

Replacing X by X^{N−ss}, we obtain ε(Δ^{N−ss}) = (det X^{N−ss})(−1) = (det X)(−1) = ε(Δ).

(5) As Δ = ρ ⊗ sp(2n + 1) is | · |-symplectic, the representation ρ| · |^n is also | · |-symplectic, by 1.2.3-4 (in particular, det(ρ) = | · |^{(1−2n) dim(ρ)/2}). The same calculation as in the proof of Lemma 2.1.3 yields

Δ_g /Δ_f =

2n−1�

j=0 ρ^I | · |^j , (ρ^I | · |^j )^∗ = (ρ^∗| · |^{−j} )^I = ρ^I | · |^{2n−1−j} ,

Δ_g /Δ_f = n−1� j=0 ρ^I | · |^j ⊕ � ρ^I | · |^j

�_∗ ,

Documenta Mathematica 12 (2007) 243–274

which implies that det (−f | Δ_g /Δ_f ) = 1, hence

ε(Δ) = ε(Δ^{N−ss}) = 2n� j=0 ε(ρ|·|^j , ψ, μ_ψ) = ε(ρ|·|^n) n−1� j=0 ε(ρ|·|^j ⊕(ρ|·|^j )^∗|·|)^{(4)}= ε(ρ|·|^n).

(6) As Δ = ρ ⊗ sp(2n) is | · |-symplectic, the representation ρ| · |^{n−1} is orthogonal, by 1.2.3. The same calculation as in the proof of (5) shows that

ε(Δ^{N−ss}) = n−1� j=0 ε(ρ| · |^j ⊕ (ρ| · |^j )^∗| · |)^{(4)}= n−1� j=0 det(ρ| · |^j )(−1) = (det Δ^+)(−1) and

Δ_g /Δ_f = ρ^I |·|^{n−1}⊕ n−2� j=0 ρ^I |·|^j ⊕ � ρ^I | · |^j

�_∗ , det (−f | Δ_g /Δ_f ) = � −f | ρ^I | · |^{n−1} � .

As ρ(I) acts semi-simply, the (unramified) representation V = ρ^I | · |^{n−1} ∈ Rep_E (W_K ) is also orthogonal; applying Lemma 2.2.2 below to u = f acting on V , we obtain

ε(Δ)/ε(Δ^{N−ss}) = det (−f | Δ_g /Δ_f ) = (−1)^{dimE Ker(f −1:V −→V )}.

Finally,

Ker(V^{f −1}−−→V ) = H^0(ρ| · |^{n−1}) = H^0(ρ ⊗ sp(n)) = H^0(Δ^−).

(2.2.2) Lemma. Let (V, q) be a non-degenerate quadratic space over a field L of characteristic not equal to 2. If u ∈ O(V, q), then

det(−u) = (−1)^{dimL Ker(u−1)}, det(u) = (−1)^{dimL Im(u−1)}.

Proof. The following short argument is due to J. Oesterlé. The two formulas being equivalent, it is enough to prove the second one. Let a ∈ V , q(a) ≠ 0; denote by s ∈ O^−(V, q) the reflection with respect to the hyperplane Ker(s − 1) = a^⊥. A short calculation shows that

Ker(su − 1) = � Ker(u − 1) ⊕ Lb, a = (u − 1)b, b ∈ V Ker(u − 1) ∩ a^⊥ ⊊ Ker(u − 1), a ∉ Im(u − 1),

hence

dim_L Im(su − 1) = dim_L Im(u − 1) ∓ 1. (2.2.2.1)

Writing u as a product of r ≥ 1 reflections, we deduce from (2.2.2.1), by induction, that dim_L Im(u − 1) ≡ r (mod 2), as claimed.

Documenta Mathematica 12 (2007) 243–274

(2.2.3) Proposition. Let Δ^∼−→ Δ^∗|·| ∈ Rep_E (^′W_K ) be |·|-symplectic and pure (of weight −1). Assume that there exists an exact sequence in Rep_E (^′W_K )

(β) 0 −→ Δ^+ −→ Δ −→ Δ^− −→ 0

such that the isomorphism Δ^∼−→ Δ^∗| · | induces isomorphisms Δ^{± ∼}−→ (Δ^∓)^∗| · |. Assume, in addition, that there exists a direct sum decomposition Δ = Δ_1 ⊕Δ_2 in Rep_E (^′W_K ) compatible with the isomorphism Δ^∼−→ Δ^∗|·| and the exact sequence (β), and such that H^0(Δ^−_2 ) = 0, while

(β_1) 0 −→ Δ^+_1 −→ Δ_1 −→ Δ^−_1 −→ 0

is a direct sum of exact sequences of the type considered in Proposition 2.2.1(6). Then

ε(Δ) = (−1)^{dimE H0 (Δ−)}(det Δ^+)(−1), ε(Δ^{N−ss}) = (det Δ^+)(−1).

Proof. It is enough to treat separately Δ_1 and Δ_2. For Δ = Δ_1, the statement follows from Proposition 2.2.1(6). For Δ = Δ_2, the assumption H^0(Δ^−) = 0 implies that P_K (Δ^−, 1) ≠ 0. As Δ is pure of weight −1 < 0, we also have H^0(Δ^+) ⊆ H^0(Δ) = 0, by 1.4.4(5), hence P_K (Δ^+, 1)P_K (Δ, 1) ≠ 0. Letting u −→ 1 in (2.1.2.8), we obtain ε(β) = 1, hence

ε(Δ) = ε(Δ^+, ψ, μ_ψ) ε(Δ^−, ψ, μ_ψ) = ε(Δ^+ ⊕ (Δ^+)^∗| · |) = (det Δ^+)(−1).

Finally,

ε(Δ^{N−ss}) = ε((Δ^+)^{N−ss}, ψ, μ_ψ) ε((Δ^−)^{N−ss}, ψ, μ_ψ) = = ε((Δ^+)^{N−ss} ⊕ ((Δ^+)^{N−ss})^∗| · |) = (det(Δ^+)^{N−ss})(−1) = (det Δ^+)(−1).

(2.2.4) Proposition. In the situation of 1.5.4, ε(T_s) = ε(T_η) ∈ {±1}.

Proof. For any O-module X, denote by red : X −→ X ⊗_O k_O the canonical surjection. Proposition 1.5.4 implies that red � T ∩ (T_η )_g T ∩ (T_η)_f � = (T_s)_g /(T_s)_f ,

hence

red � ε(T_η)/ε(T^{N−ss}_η ) � = red (det (−f | (T_η)_g /(T_η)_f )) = = (det (−f | (T_s)_g /(T_s)_f ) = ε(T_s)/ε(T^{N−ss}_s ).

As ε(T_η), ε(T^{N−ss}_η ), ε(T_s), ε(T^{N−ss}_s ) ∈ {±1}, we are reduced to showing that

Documenta Mathematica 12 (2007) 243–274

red � ε(T^{N−ss} η ) �_?

= ε(T^{N−ss}_s ).

The following argument is based on a suggestion of T. Saito. We can replace (ρ_T , N_T ) by (ρ_T , 0) and assume that N_T = 0. Furthermore, after replacing E by a finite extension, we can assume (see [De 1, 4.10]) that

T^{f −ss} η = � α ρ_α ⊗ ω_α,

where ρ_α ∈ Rep_L(W_K ) for a subfield L ⊂ O of finite degree over Q, and ω_α : W_K /I −→ O^∗ is an unramified representation of rank 1. We have

∀w ∈ W_K Tr(w | T_s) = red (Tr(w | T_η)) , hence

T^{f −ss} s = � α ρ_α ⊗ red(ω_α).

Applying (2.1.2.7) to each direct summand, we obtain

red (ε(T_η)) = � α red (ε(ρ_α ⊗ ω_α, ψ, μ_ψ )) = � α ε(ρ_α ⊗ red(ω_α), red ∘ ψ, red ∘ μ_ψ) =

= ε(T_s).

(2.3) The archimedean case Let L = R or C. If H is a pure R-Hodge structure over L ([Fo-PR, III.1]) of weight −1, then H = � r>0 H_r(r)^{⊕mr} ,

where H_r is a two-dimensional pure R-Hodge structure over L of Hodge type (2r − 1, 0), (0, 2r − 1). The standard formulas ([De 3, 5.3], [Fo-PR, III.1.1.10, III.1.2.7]) yield

ε(H_r(r)) = (−1)^{[L:R] r} × � 1, L = R −1, L = C. As ∀p < 0 h^{p,−1−p}(H) = m_{−p}, we obtain

ε(H) = (−1)^{[L:R] d−(H)} × � 1, L = R (−1)^{(dimR H)/2}, L = C, d^−(H) = � p<0 p h^{p,q}(H).

(2.3.1)

Documenta Mathematica 12 (2007) 243–274

3. Local p-adic Galois representations

(3.1) General facts (3.1.1) Notation. Let p be the characteristic of the residue field k of K; then q = p^h and K is a finite extension of Q_p. Denote by σ ∈ Gal(Q^{ur}_p /Q_p)^∼−→ G_{Fp} the lift of the arithmetic Frobenius element x → x^p. Let L be another finite extension of Q_p.

We use the standard notation

Rep_{cris,L}(G_K ) ⊂ Rep_{st,L}(G_K ) ⊂ Rep_{pst,L}(G_K ) = Rep_{dR,L}(G_K ) ⊂ Rep_L(G_K )

for Fontaine’s hiearchy of (finite-dimensional, L-linear) representations of G_K ([Fo]), and

D_{cris}(V ) = (V ⊗_{Qp} B_{cris})^{GK} , D_{st}(V ) = (V ⊗_{Qp} B_{st})^{GK} ,

D_{pst}(V ) = lim−→_{K′} (V ⊗_{Qp} B_{st})^{GK′} ,

D^i_{dR}(V ) = (V ⊗_{Qp} t^iB^+_{dR})^{GK} ⊂ D_{dR}(V ) = (V ⊗_{Qp} B_{dR})^{GK}

for various Fontaine’s functors (above, V ∈ Rep_L(G_K ), and K^′ runs through all finite extensions of K contained in K). As in [Bl-Ka], put H^i(K, −) = H^i_{cont}(G_K , −) and, for ∗ = e, f, st, g,

H^1_∗ (K, V ) = Ker � H^1(K, V ) −→ H^1(K, V ⊗_{Qp} B_∗) � , B_e = B^{φ=1}_{cris} , B_f = B_{cris}, B_g = B_{dR}.

If K^′/K is a finite Galois extension, then

H^1_∗ (K, V ) = H^1_∗ (K^′, V )^{Gal(K′/K)}, (∗ = ∅, e, f, st, g) (3.1.1.1)

(as both H^1(−, V ) and H^1(−, V ⊗_{Qp} B_∗) satisfy Galois descent w.r.t. the extension K^′/K, and the functor of Gal(K^′/K)-invariants is exact on the category of Q[Gal(K^′/K)]-modules).

(3.1.2) For V ∈ Rep_{dR,L}(G_K ) and i ∈ Z, define

d^i_L(V ) := dim_L � D^i_{dR}(V )/D^{i+1}_{dR} (V ) � , d^−_L (V ) := � i<0 i d^i_L(V ),

d_L(V ) := � i∈Z i d^i_L(V ).

Documenta Mathematica 12 (2007) 243–274

(3.1.3) If V ∈ Rep_{pst,L}(G_K ), then D = D_{pst}(V ) is a free (Q^{ur}_p ⊗_{Qp} L)-module of rank equal to dim_L(V ), which is equipped (among others) with the following structure ([Fo], [Fo-PR, I.2.2]):

(1) An L-linear action ρ_{sl} : W_K −→ Aut_L(D), which is Q^{ur}_p -semi-linear in the following sense:

∀w ∈ W_K ∀λ ∈ Q^{ur}_p ∀x ∈ D ρ_{sl}(w)(λx) = f^{ν(w)}_k (λ) ρ_{sl}(w)(x).

(2) An L-linear, σ-semi-linear map φ : D −→ D commuting with ρ_{sl}(w) (for all w ∈ W_K ):

∀w ∈ W_K ∀λ ∈ Q^{ur}_p ∀x ∈ D φ(λx) = σ(λ) φ(x).

(3) A (Q^{ur}_p ⊗_{Qp} L)-linear nilpotent endomorphism N : D −→ D commuting with ρ_{sl}(w) (for all w ∈ W_K ) and satisfying Nφ = pφN.

(4) An isomorphism of (K ⊗_{Qp} L)-modules

(D ⊗_Qur_p K)^{GK ∼}−→ D_{dR}(V ).

(3.2) Potentially semistable representations and representations of the Weil-Deligne group We recall how, for each V ∈ Rep_{pst,L}(G_K ), the structure 3.1.3(1)-(3) can be used to define a representation of the Weil-Deligne group of K ([Fo], [Fo-PR, I.1.3.2]). (3.2.1) Fix a field E ⊃ Q^{ur}_p for which there exists an embedding τ : L → E, and define

W D_τ (V ) := D_{pst}(V ) ⊗_Qur_{p ⊗Qp L,id⊗τ} E, which is an E-vector space of dimension dim_E (W D_τ (V )) = dim_L(V ). We define an E-linear action of W_K on W D_τ (V ) by

ρ(w) := ρ_{sl}(w) ∘ φ^{hν(w)} ⊗ id (w ∈ W_K ) and a monodromy operator N = N ⊗ id ∈ End_E (W D_τ (V )). This defines a representation

W D_τ (V ) = (ρ, N) ∈ Rep_E (^′W_K ), whose isomorphism class does not depend on τ. Furthermore,

W D_τ : Rep_{pst,L}(G_K ) −→ Rep_E (^′W_K ) is an exact tensor functor.

(3.2.2) Examples: (1) If V is potentially unramified, then W D_τ (V ) = V ⊗_{L,τ} E ∈ Rep_E (W_K ).

Documenta Mathematica 12 (2007) 243–274

(2) If V is semistable, then W D(V ) = D_{st}(V ) ⊗_{K0⊗Qp L,id⊗τ} E (K_0 = K ∩ Q^{ur}_p ), with ρ(I) acting trivially, N = N ⊗ id and ρ(f_k) = φ^h ⊗ id. Conversely, if ρ(I) acts trivially, then V is semistable.

(3) If V = L(n) = L ⊗_{Qp} Q_p(n) (n ∈ Z), then W D_τ (V ) = E| · |^n = E ⊗ | · |^n. (4) (Lubin-Tate theory) Fix a prime element π ∈ O_K . The reciprocity map rec_K : K^∗ −→ G^{ab}_K (normalized using the geometric Frobenius element) defines a one-dimensional representation V_π ∈ Rep_{cris,K} (G_K )

χ_π : G_K −→ G^{ab}_K^∼−→ ^K^∗ = π^^Z × O^∗_K ↠ O^∗_K → K^∗, which arises in the π-adic Tate module of any Lubin-Tate group over K associated to π. In this case

D_{pst}(V_π ) = (Q^{ur}_p ⊗_{Qp} K)u, φ^h(u) = (1 ⊗ π)^{−1}u, Nu = 0, ∀w ∈ W_K ρ_{sl}(w)(u) = u.

If E ⊃ Q^{ur}_p is a field and τ : K → E an embedding of fields, then W D_τ (V_π ) ∈ Rep_E (W_K ) is an unramified one-dimensional representation of W_K , on which f = f_k acts by τ(π)^{−1}. For K = Q_p and π = p we recover Example (3) for n = 1. (3.2.3) Definition. We say that V ∈ Rep_{pst,L}(G_K ) is pure of weight n ∈ Z if W D_τ (V ) ∈ Rep_E (^′W_K ) is pure of weight n, in the sense of 1.4.3. (3.2.4) Lemma. For each V ∈ Rep_{pst,L}(G_K ) and each τ : L → E ⊃ Q^{ur}_p ,

W D_τ (V )^{fk =1}_g = D_{st}(V )^{φ=1} ⊗_{L,τ} E, H^0(W D_τ (V )) = D_{cris}(V )^{φ=1} ⊗_{L,τ} E.

Proof. As D_{cris}(V ) = D_{st}(V )^{N=0}, it is enough to prove the first equality. As both sides satisfy Galois descent with respect to finite Galois extensions K^′/K, we can assume that V is semistable. In this case, 3.2.2(2) implies that

W D_τ (V )^{fk =1}_g = W D_τ (V )^{fk =1} = D_{st}(V )^{φh=1}⊗_{K0⊗Qp L,id⊗τ} E (K_0 = K∩Q^{ur}_p ). As D_{st}(V )^{φh =1} = D_{st}(V )^{φ=1} ⊗_{Qp} K_0 (thanks to Hilbert’s Theorem 90 for H^1(K_0/Q_p, GL_n(K_0))), it follows that

W D_τ (V )^{fk =1}_g = D_{st}(V )^{φ=1} ⊗_{L,τ} E.

(3.2.5) Corollary. If V ∈ Rep_{pst,L}(G_K ) is pure of weight n < 0, then D_{cris}(V )^{φ=1} = 0.

(3.2.6) Proposition. For each V ∈ Rep_{pst,L}(G_K ),

(det_E (W D_τ (V )))(−1) = (−1)^{dL(V )} (det_LV )(−1).

Documenta Mathematica 12 (2007) 243–274

Proof. As W D_τ is a tensor functor and d_L(V ) = d_L(det_L(V )), we can replace V by det_L(V ), hence assume that dim(V ) = 1; denote by χ_V : G_K −→ K^∗ the character by which G_K acts on V . After replacing L by a finite extension, we can assume that L contains the Galois closure of K over Q_p. As V is potentially semistable, there exists a one-dimensional representation

χ : G_K −→ L^∗ with finite image and integers n_σ (σ : K → L) such that

χ_V = χ � σ:K→L

(σ ∘ χ_π)^{−nσ} ,

where χ_π : G_K −→ K^∗ is as in 3.2.2(4). It follows from 3.2.2 that W D_τ (V ) = (τ ∘χ)α, where α : W_K /I −→ E^∗ is the one-dimensional unramified representation satisfying

α(f) = � σ:K→L

τ(σ(π))^{nσ} .

This implies that

(det_E (W D_τ (V )))(−1) = χ(−1), (det_LV )(−1) = (−1)^n χ(−1), n = � σ:K→L

n_σ.

On the other hand,

d^i_L(V ) = |{σ : K → L | n_σ = i}|, hence n = d_L(V ).

(3.3) Representations satisfying Pančiškin’s condition We recall a few basic facts from [Ne 1].

(3.3.1) Definition. We say that V ∈ Rep_L(G_K ) satisfies Pančiškin’s condition if there exists an exact sequence in Rep_L(G_K ) 0 −→ V^+ −→ V −→ V^− −→ 0 such that V^± ∈ Rep_{pst,L}(G_K ) and D^0_{dR}(V^+) = 0 = D_{dR}(V^−)/D^0_{dR}(V^−). If this is the case, then V^± are uniquely determined ([Ne 1], 6.7), V ∈ Rep_{pst,L}(G_K ) ([Ne 1], 1.28) and V^∗(1) also satisfies Pančiškin’s condition (with (V^∗(1))^± = (V^∓)^∗(1)). (3.3.2) Proposition. If V satisfies Pančiškin’s condition, then: (1) H^0(K, V^−) = D_{cris}(V^−)^{φ=1} = D_{st}(V^−)^{φ=1}.

(2) Assume that there exists a finite Galois extension K^′/K over which V becomes semistable and such that D_{cris}(V |_{GK′} )^{φ=1} = D_{cris}(V^∗(1)|_{GK′} )^{φ=1} = 0 (the latter condition holds, e.g., if V is pure of weight −1, by 3.2.5). Then H^1_e (K, V ) = H^1_f (K, V ) = H^1_{st}(K, V ) = H^1_g (K, V )

Documenta Mathematica 12 (2007) 243–274

and there is an exact sequence

0 −→ H^0(K, V^−) −→ H^1(K, V^+) −→ H^1_f (K, V ) −→ 0,

in which H^1(K, V^+) = H^1_{st}(K, V^+).

Proof. (1) This is proved in [Ne 1, 1.28(3)] under the tacit assumption that V^− is semistable. The general case follows by passing to a finite Galois extension over which V^− becomes semistable and taking Galois invariants.

(2) Over K^′, the statement is proved in [Ne 1, 1.32]; the general case follows by applying (3.1.1.1).

(3.3.3) Proposition. Assume that V satisfies Pančiškin’s condition, is pure (of weight −1) and that there exists an isomorphism j : V^∼−→ V^∗(1) in Rep_L(G_K ) satisfying j^∗(1) = −j. Then:

(1) j induces isomorphisms V^{± ∼}−→ (V^∓)^∗(1).

(2) Fix an embedding of fields τ : L → E ⊃ Q^{ur}_p and put Δ = W D_τ (V ), Δ^± = W D_τ (V^±). Then Δ ∈ Rep_E (^′W_K ) is | · |-symplectic and the exact sequence in Rep_E (^′W_K ) 0 −→ Δ^+ −→ Δ −→ Δ^− −→ 0

satisfies the assumptions of Proposition 2.2.3.

(3) (det_E Δ^+)(−1)/(det_LV^+)(−1) = (−1)^{dL(V +)} = (−1)^{d−}L^{(V )}. (4) The ε-factors of Δ and Δ^{N−ss} are equal to

ε(Δ) = (−1)^{dimL H0 (K,V −)} (−1)^{d−L (V )} (det_LV^+)(−1),

ε(Δ^{N−ss}) = (−1)^{d−L (V )} (det_LV^+)(−1).

Proof. (1) This follows from the remarks made in 3.3.1.

(2) Δ is | · |-symplectic, since W D_τ is a tensor functor. In order to verify the assumptions of Proposition 2.2.3, we are going to decompose Δ into several components. Firstly, the functor

Rep_E (^′W_K ) −→ Rep_E (^′W_K ), X → X^{ρ(I)}

is exact and commutes with duals. In addition, X^{ρ(I)} is a direct summand of X, with a functorial complement X^′. Secondly, for each λ ∈ E, the minimal polynomial p_{[λ]}(T ) of λ over E depends only on the G_E -orbit [λ] of λ. We define

Δ_1 = � λ∈q^Z � n≥1 Ker � (f − λ)^n : Δ^{ρ(I)} −→ Δ^{ρ(I)} � , Δ_2 = Δ^′ ⊕ � λ∉q^Z � n≥1 Ker � p_{[λ]}(f)^n : Δ^{ρ(I)} −→ Δ^{ρ(I)} � .

The direct sum decomposition Δ = Δ_1 ⊕ Δ_2 in Rep_E (^′W_K ) is compatible with the isomorphism Δ^∼−→ Δ^∗| · | and the exact sequence

Documenta Mathematica 12 (2007) 243–274

0 −→ Δ^+ −→ Δ −→ Δ^− −→ 0.

By construction, every subquotient of Δ_2 in Rep_E (^′W_K ) has trivial H^0, hence H^0(Δ^−_2 ) = 0. As Δ is pure of weight −1, it follows that

Δ_1 = � m≥1 σ_m ⊗ sp(2m),

where each σ_m ∈ Rep_E (^′W_K ) is an unramified representation of W_K on which q^{1−m}f acts unipotently.

As V satisfies the Pančiškin condition, weak admissibility of V^± implies that all eigenvalues of f on Δ^+_1 = Δ^+ ∩ Δ_1 (resp., on Δ^−_1 = Δ_1/Δ^+_1 ) are of the form q^n with n < 0 (resp., with n ≥ 0). It follows that

Δ^+_1 = � m≥1 σ_m ⊗ sp(m)| · |^m, Δ^−_1 = � m≥1 σ_m ⊗ sp(m),

which proves (2).

(3) This follows from Proposition 3.2.6 applied to V^+.

(4) We combine Proposition 2.2.3 (which applies to Δ, thanks to (2)) with the formula (3) and the fact that

H^0(Δ^−) = D_{cris}(V^−)^{φ=1} ⊗_{L,τ} E = (D_{cris}(V^−)^{φ=1} ∩ D^0_{dR}(V^−)) ⊗_{L,τ} E = = H^0(K, V^−) ⊗_{L,τ} E.

4. Global p-adic Galois representations

(4.1) Generalities

(4.1.1) Notation. Let F be a number field. For each prime l of Q, let S_l be the set of primes of F above l. Fix a prime number p, a finite extension L_p of Q_p and a finite set S ⊃ S_∞ ∪ S_p of primes of F . Let F_S be the maximal extension of F (contained in F ) unramified outside S; put G_{F,S} = Gal(F_S /F ). For each prime v of F fix an embedding F → F_v; this defines a morphism G_{Fv} −→ G_F −→ G_{F,S} . For each Galois representation V ∈ Rep_{Lp} (G_{F,S} ) (continuous and finite-dimensional over L_p), denote by V_v ∈ Rep_{Lp} (G_{Fv} ) the local Galois representation induced by the map G_{Fv} −→ G_{F,S} . For each v ∉ S_∞ ∪ S_p, denote by W D(V_v ) ∈ Rep_{Lp} (^′W_{Fv} ) the associated representation of the Weil-Deligne group of F_v (see 1.1.3). As in [Bl-Ka], we put

∀v ∉ S_∞ ∪ S_p H^1_f (F_v , V ) = H^1_{ur}(F_v , V ) = Ker � H^1(F_v , V ) −→ H^1(F^{ur}_v , V ) �

H^1_f (F, V ) = Ker � H^1(G_{F,S} , V ) −→ � v∈S−S_∞

H^1(F_v , V )/H^1_f (F_v , V ) � .

Documenta Mathematica 12 (2007) 243–274

The L_p-vector space H^1_f (F, V ) does not change if we enlarge S. (4.1.2) Throughout §4, assume that V satisfies the following conditions.

(1) There exists an isomorphism j : V^∼−→ V^∗(1) in Rep_{Lp} (G_{F,S} ) satisfying j^∗(1) = −j.

(2) For each v ∈ S_p, V_v ∈ Rep_{Lp} (G_{Fv} ) satisfies the Pančiškin condition 3.3.1:

0 −→ V^+_v −→ V_v −→ V^−_v −→ 0

(in particular, V_v ∈ Rep_{pst,Lp} (G_{Fv} )).

(3) For each v ∉ S_∞ ∪ S_p (resp., v ∈ S_p), V_v is pure (necessarily of weight −1) in the sense of 1.4.5 (resp., in the sense of 3.2.3).

(4) For each i ∈ Z, the integer

d^i(V ) := dim_{Lp} � D^i_{dR}(V_v )/D^{i+1}_{dR} (V_v ) � /[F_v : Q_p]

does not depend on v ∈ S_p. This condition is satisfied if V = M_p is the p-adic realization of a motive (pure of weight −1) M over F with coefficients in a number field L (of which L_p is a completion), as

d^i(V ) = dim_L � F^iM_{dR}/F^{i+1}M_{dR} � in this case.

Example: F = Q and V = (S^{2m−1}V (f))(mk − m + 1 − k/2), where m ≥ 1 and V (f) is the Galois representation (pure of weight k − 1) associated to a potentially p-ordinary Hecke eigenform f ∈ S_k(Γ_0(N)) of (even) weight k and trivial character. (4.1.3) ε-factors. We define

d^−(V ) = � i<0 i d^i(V ), (4.1.3.1)

∀v ∈ S_∞ ε(V_v) = (−1)^{[Fv :R] d−(V )} × � 1, F_v = R (−1)^{dimLp (V )/2}, F_v = C (4.1.3.2) (in view of (2.3.1), this is the correct archimedean local ε-factor if V = M_p is as in 4.1.2(4)) and

∀v ∉ S_∞ ε(V_v ) = ε(W D(V_v )). (4.1.3.3)

For any prime v of F , let

~ε(V_v ) = ε(V_v ) × � (−1)^{h0(Fv ,V −v )}, v ∈ S_p 1, v ∉ S_p,

(4.1.3.4)

where

h^i(F_v , X) = dim_{Lp} H^i(F_v , X) (X ∈ Rep_{Lp} (G_{Fv} )).

Documenta Mathematica 12 (2007) 243–274

Finally, define

ε(V ) = � v ε(V_v ), ~ε(V ) = � v ~ε(V_v ) (4.1.3.5)

(this makes sense, as ε(V_v ) = 1 for all but finitely many v). It follows from Proposition 3.3.3 that

∀v ∈ S_p ~ε(V_v ) = (−1)^{[Fv :Qp] d−(V )} (det V^+_v )(−1) = ε(W D(V_v )^{N−ss}), (4.1.3.6) hence � v∈S_p

~ε(V_v ) = (−1)^{[F :Q] d−(V )} � v∈S_p

(det V^+_v )(−1). As � v∈S_∞

ε(V_v ) = (−1)^{[F :Q] d−(V )},

it follows that � v∈S_p∪S_∞

~ε(V_v ) = � v∈S_p

(det V^+_v )(−1). (4.1.3.7)

(4.2) Selmer complexes and extended Selmer groups (4.2.1) For a pro-finite group G and a representation X ∈ Rep_{Lp} (G) (continuous, finite-dimensional), denote by C^•(G, X) the standard complex of (nonhomogeneous) continuous cochains of G with values in X. Fix a set S_p ⊂ Σ ⊂ S and define, for each v ∈ S − S_∞, the complex

U^+_v (V ) = � � � C^•(G_{Fv} , V^+_v ), v ∈ S_p 0, v ∈ Σ − S_p C^•_{ur}(G_{Fv} , V_v) = C^•(G_{Fv} /I_v, V^{Iv}_v ), v ∈ S − Σ, where I_v ⊂ G_{Fv} is the inertia group. As in ([Ne 2], 12.5.9.1), define the Selmer complex of V associated to the local conditions Δ_Σ(V ) = (U^+_v (V ))_{v∈S−S∞} as

~C^•_f (G_{F,S} , V ; Δ_Σ(V )) =

= Cone � C^•(G_{F,S} , V ) ⊕ � v∈S−S_∞

U^+_v (V ) −→ � v∈S−S_∞

C^•(G_{Fv} , V ) � [−1].

(4.2.2) Proposition. (1) For each v ∉ S_∞ ∪ S_p, the complexes C^•(G_{Fv} , V ) and C^•_{ur}(G_{Fv} , V ) are acyclic.

(2) Up to a canonical isomorphism, the image of ~C^•_f (G_{F,S} , V ; Δ_Σ(V )) in the

Documenta Mathematica 12 (2007) 243–274

derived category D^b_{f t}(L_p − Mod) does not depend on Σ and S; denote it by �RΓ_f (F, V ) and its cohomology by ~H i_f (F, V ) (as L_p is a field, �RΓ_f (F, V ) = � i∈Z ~H i_f (F, V )[−i]).

(3) There is an exact sequence

0 −→ � v∈S_p

H^0(F_v , V^−_v ) −→ ~H^1_f (F, V ) −→ H^1_f (F, V ) −→ 0.

(4) If we put h^1_f (F, V ) = dim_{Lp} H^1_f (F, V ), ~h^1_f (F, V ) = dim_{Lp} ~H^1_f (F, V ), then

(−1)^{h1f (F,V )}/ ε(V ) = (−1)~^{h1f (F,V )}/ ~ε(V ).

Proof. (cf. [Ne 2, 12.5.9.2]) (1) The cohomology group H^0(F_v , V ) = 0 vanishes by purity (1.4.4(5)), H^2(F_v , V )^∼−→ H^0(F_v , V^∗(1))^{∗ ∼}−→ H^0(F_v , V )^∗ = 0 by duality and H^1(F_v , V ) = 0 by the local Euler characteristic formula �_2

i=0(−1)^i h^i(F_v , V ) = 0. Finally, dim_{Lp} H^1_{ur}(F_v , V ) = h^0(F_v , V ) = 0. (2) Independence of Σ follows from (1), independence of S is a general fact ([Ne 2], Prop. 7.8.8).

(3) It follows from (1) and [Ne 2, Lemma 9.6.3] that there is an exact sequence

0−→ ~H^0_f (F, V ) −→ H^0(G_{F,S} , V )−→ � v∈S_p

H^0(F_v , V^−_v ) −→ ~H^1_f (F, V ) −→ H −→ 0,

where

H = Ker � H^1(G_{F,S} , V ) −→ � v∈S−S_∞

H^1(F_v , V )/Im(H^1(U^+_v (V ))) � .

As Im(H^1(U^+_v (V ))) = � 0 = H^1_f (F_v , V ), v ∉ S_p H^1_f (F_v , V ), v ∈ S_p

by (1) and Proposition 3.3.2(2), respectively, we deduce that H = H^1_f (F, V ). Finally, H^0(G_{F,S} , V ) = 0 by purity. (4) This is a consequence of (3) and (4.1.3.4).

5. p-Adic families of global p-adic Galois representations

(5.1) The general setup (5.1.1) Fix a number field F , a prime number p and a finite set S ⊃ S_p ∪ S_∞ of primes of F .

Documenta Mathematica 12 (2007) 243–274

(5.1.2) Assume that we are given the following data.

(1) A complete local noetherian domain R of dimension dim(R) = 2, whose residue field is a finite extension of F_p and whose fraction field L is of characteristic zero.

(2) An R-module of finite type T equipped with an R-linear continuous action of G_{F,S} (with respect to the pro-finite topology of T ). Set V = T ⊗_R L .

(3) A skew-symmetric morphism of R[G_{F,S} ]-modules

( , ) : T ⊗_R T −→ R(1) = R ⊗_{Zp} Z_p(1)

inducing an isomorphism of L [G_{F,S} ]-modules

V^∼−→ V^∗(1) = Hom_L (V, L )(1).

(4) For each v ∈ S_p an R[G_{Fv} ]-submodule T^+_v ⊂ T_v such that the isomorphism V^∼−→ V^∗(1) induces isomorphisms of L [G_{Fv} ]-modules

V^±_v^∼−→ (V^∓_v )^∗(1) = Hom_L (V^∓_v , L )(1),

where V^+_v = T^+_v ⊗_R L , V^−_v = V_v/V^+_v .

(5) A prime ideal P ∈ Spec(R) of height ht(P ) = 1, which does not contain p and such that R_P is a discrete valuation ring. Fix a prime element ϖ_P of R_P . The residue field κ(P ) = R_P /ϖ_P R_P is a finite extension of Q_p. Define

T_P = T ⊗_R R_P ⊂ V, V = T_P /ϖ_P T_P ∈ Rep_{κ(P )}(G_{F,S} )

and, for each v ∈ S_p,

(T_P )^+_v = T_P ∩ V^+_v , (T_P )^−_v = T_P /(T_P )^+_v , V^+_v = (T_P )^+_v /ϖ_P (T_P )^+_v ⊂ V_v , V^−_v = V_v /V^+_v (V^±_v ∈ Rep_{κ(P )}(G_{Fv} )).

(6) We assume that there exists u ∈ L^∗ such that u·( , ) induces an isomorphism of R_P [G_{F,S} ]-modules

T_P^∼−→ T^∗_P (1) = Hom_{RP} (T_P , R_P )(1).

This implies that, for each v ∈ S_p, u·( , ) induces an isomorphism of R_P [G_{Fv} ]- modules (T_P )^±_v^∼−→ ((T_P )^∓_v )^∗(1). Reducing u·( , ) modulo P , we obtain a nondegenerate skew-symmetric morphism of κ(P )[G_{F,S} ]-modules V ⊗_{κ(P )} V −→ κ(P )(1) which induces, for each v ∈ S_p, isomorphisms V^±_v^∼−→ (V^∓_v )^∗(1) in Rep_{κ(P )}(G_{Fv} ).

(7) We assume that, for each v ∈ S_p, the exact sequence

0 −→ V^+_v −→ V_v −→ V^−_v −→ 0

satisfies the Pančiškin condition: V^±_v ∈ Rep_{pst,κ(P )}(G_{Fv} ) and D^0_{dR}(V^+_v ) = 0 = D_{dR}(V^−_v )/D^0_{dR}(V^−_v ).

Documenta Mathematica 12 (2007) 243–274

(8) We assume that, for each v ∉ S_∞, V_v is pure of weight −1 (in the sense of 1.4.5 and 3.2.3, respectively).

(9) We assume that, for each i ∈ Z, the integer

d^i(V ) := dim_{κ(P )} � D^i_{dR}(V_v )/D^{i+1}_{dR} (V_v ) � /[F_v : Q_p]

does not depend on v ∈ S_p; put

d^−(V ) = � i<0 i d^i(V ).

(5.1.3) This implies, in particular, that V satisfies the assumptions 4.1.2(1)-(4). (5.1.4) Fix v ∉ S_p ∪ S_∞. As Aut_R(T ) is a pro-finite group containing a pro-p open subgroup, there exists an open subgroup J of the inertia group I = I_v = Gal(F_v/F^{ur}_v ) such that J acts on T through the map J → I ↠ I(p), where I(p) is the maximal pro-p-quotient of I (isomorphic to Z_p). Fixing a topological generator t of I(p) and an integer a ≥ 1 such that t^a lies in the image of J, then the set of eigenvalues of t^a acting on V is stable under the map λ → λ^{Nv}, which implies that there exists an integer c ≥ 1 divisible by a such that t^c acts unipotently on V. Defining N = 1 c log ρ_T (t^c) ∈ End_R(T ) ⊗ Q

(where ρ_T : G_K −→ Aut_R(T ) denotes the action of G_{Fv} on T ) and (fixing a lift ~f ∈ ν−1(1) ⊂ W_K of f)

ρ_T ( ~f^nu) := ρ_T ( ~f^nu) exp(−bN) ∈ Aut_{R⊗Q}(T ⊗ Q) ⊂ Aut_{RP} (T_P ) (n ∈ Z, u ∈ I)

(where b ∈ Z_p is such that the image of u in I(p) is equal to t^b), the pair (ρ_T , N) defines an object T = (ρ_T , N) of Rep_{RP} (^′W_{Fv} ) in the sense of 1.5.2, the isomorphism class of which is independent of the choice of ~f ([De 1], 8.4.3). By construction, the special fibre of T is isomorphic to

T_s^∼−→ W D(V_v ) ∈ Rep_{κ(P )}(^′W_{Fv} ). We define

W D(V_v ) := T_η = T ⊗_{RP} L ∈ Rep_L (^′W_{Fv} ) ε(V_v ) := ε(W D(V_v)).

(5.1.4.1)

If we choose another generator of I(p), then N is multiplied by a scalar λ ∈ Z^∗_p, which does not change the isomorphism class of W D(V_v) ([De 1], 8.4.3).

(5.2) Selmer complexes and extended Selmer groups (5.2.1) We equip each R-module Y = T , T^+_v , T^{Iv}_v with the pro-finite topology and we denote by C^•(G, Y ) the corresponding complex of continuous cochains (for

Documenta Mathematica 12 (2007) 243–274

G = G_{F,S} , G_{Fv} , G_{Fv} /I_v , respectively). For R^′ = R_P , L , define C^•(G, Y ⊗_R R^′) = C^•(G, Y ) ⊗_R R^′. As in 4.2.1, fix a set S_p ⊂ Σ ⊂ S and define, for X = T_P , V, R_X = R_P , L and each v ∈ S − S_∞, complexes of R_X -modules

U^+_v (X) = � � � C^•(G_{Fv} , X^+_v ), v ∈ S_p 0, v ∈ Σ − S_p C^•_{ur}(G_{Fv} , X) = C^•(G_{Fv} /I_v , X^{Iv} ), v ∈ S − Σ, and

~C^•_f (G_{F,S} , X; Δ_Σ(X)) =

= Cone � C^•(G_{F,S} , X) ⊕ � v∈S−S_∞

U^+_v (X) −→ � v∈S−S_∞

C^•(G_{Fv} , X) � [−1].

(5.2.2) Proposition. (1) For each X = T_P , V and each v ∉ S_∞ ∪ S_p, the complexes C^•(G_{Fv} , X) and C^•_{ur} (G_{Fv} , X) are acyclic.

(2) Up to a canonical isomorphism, the image of ~C^•_f (G_{F,S} , X; Δ_Σ(X)) in D^b_{f t}(R_X − Mod) does not depend on Σ and S; denote it by �RΓ_f (F, X) and its cohomology by ~H^i_f (F, X) (as L is a field, �RΓ_f (F, V) = � i∈Z ~H i_f (F, V)[−i]).

(3) There is an exact triangle in D^b_{f t}(R_P − Mod)

�RΓ_f (F, T_P )^{ϖP}−−→�RΓ_f (F, T_P ) −→ �RΓ_f (F, V ) −→ �RΓ_f (F, T_P )[1]

giving rise to exact sequences

0 −→ ~H^i_f (F, T_P )/ϖ_P ~H^i_f (F, T_P ) −→ ~H^i_f (F, V ) −→ ~H^{i+1}_f (F, T_P )[ϖ_P ] −→ 0,

and an isomorphism �RΓ_f (F, T_P )^L⊗_{RP} L^∼−→ �RΓ_f (F, V) in D^b_{f t}(L − Mod). (4) There exists a skew-symmetric isomorphism in D^b_{f t}(R_P − Mod)

�RΓ_f (F, T_P )^∼−→ RHom_{RP} (�RΓ_f (F, T_P ), R_P )[−3]

inducing a skew-symmetric non-degenerate pairing

~H^2_f (F, T_P )_{RP −tors} × ~H^2_f (F, T_P )_{RP −tors} −→ L /R_P .

(5) There exists an R_P -module Z of finite length such that ~H^2_f (F, T_P )_{RP −tors}^∼−→ Z ⊕ Z.

(6) ~H^1_f (F, T_P ) is a free R_P -module of rank ~h^1_f (F, V) := dim_L ~H^1_f (F, V). (7) ~h^1_f (F, V ) ≡ ~h^1_f (F, V) (mod 2).

Proof. (cf. [Ne 2, 12.7.13.4]) (1) It is enough to prove the statement for X = T_P . By ([Ne 2], Prop. 3.4.2 and 3.4.4), there is an exact sequence of complexes

Documenta Mathematica 12 (2007) 243–274

0 −→ C^•(G_{Fv} , T_P )^{ϖP}−−→C^•(G_{Fv} , T_P ) −→ C^•(G_{Fv} , V ) −→ 0,

which induces injections

H^i(G_{Fv} , T_P )/ϖ_P H^i(G_{Fv} , T_P ) → H^i(F_v , V ).

As H^i(F_v , V ) = 0 by Proposition 4.2.2(1), and H^i(G_{Fv} , T_P ) = H^i(G_{Fv} , T ) ⊗_R R_P is an R_P -module of finite type (by [Ne 2], Prop. 4.2.3), it follows that H^i(G_{Fv} , T_P ) = 0. Finally, the unramified cohomology H^1_{ur} = H^1_{ur}(G_{Fv} , T_P ) = T^{Iv}_P /(f_v − 1)T^{Iv}_P is an R_P -module of finite type and H^1_{ur}/ϖ_P H^1_{ur} is a subquotient of V^{Iv} /ϖ_P V^{Iv} = H^1_{ur}(G_{Fv} , V ) = 0; thus H^1_{ur} = 0. (2) This follows from (1), as in the proof of 4.2.2(2).

(3) According to (2), we can take Σ = S, in which case the exact triangle in question follows from the exact sequences

0 −→ C^•(G, T_P )^{ϖP}−−→C^•(G, T_P ) −→ C^•(G, V ) −→ 0 (G = G_{F,S} , G_{Fv} ).

The isomorphism �RΓ_f (F, T_P )^L⊗_{RP} L^∼−→ �RΓ_f (F, V) is a direct consequence of the definitions.

(4) Take again Σ = S. According to a localized version of ([Ne 2], 7.8.4.4), there exists an exact triangle in D^b_{f t}(R_P − Mod)

�RΓ_f (F, T_P )^γ−−→RHom_{RP} (�RΓ_f (F, T_P ), R_P )[−3] −→ � v∈S−S_∞

Err_v ,

in which the error terms Err_v vanish for v ∈ S_p (as (T_P )^{± ∼}−→ ((T_P )^∓)^∗(1)), as well as for v ∉ S_p (by (1) and [Ne 2], Prop. 6.7.6(iv)). The map γ (which is an isomorphism, by the previous discussion) is skew-symmetric, by ([Ne 2], Prop. 6.6.2 and 7.7.3). The skew-symmetric non-degenerate pairing

~H^2_f (F, T_P )_{RP −tors} × ~H^2_f (F, T_P )_{RP −tors} −→ L /R_P .

is constructed from γ in ([Ne 2], Prop. 10.2.5).

(5) This follows from (4) and the structure theory of symplectic modules of finite length over discrete valuation rings (note that 2 is invertible in R_P ). (6) It is enough to show that ~H^1_f (F, T_P ) has no R_P -torsion, which si a consequence of the exact sequence from (3) (for i = 0).

(7) In the exact sequence from (3) for i = 1, the term on the left (resp., on the right), is a κ(P )-vector space of dimension ~h^1_f (F, V), by (6) (resp., of even dimension, by (5)); thus the dimension of the middle term (= ~h^1_f (F, V )) has the same parity as ~h^1_f (F, V).

(5.3) The parity conjecture in p-adic families

Documenta Mathematica 12 (2007) 243–274

(5.3.1) Theorem. Under the assumptions 5.1.2(1)-(9), the quantity (−1)^{h1f (F,V )}/ ε(V ) = (−1)~^{h1f (F,V )}/ ~ε(V ) = = (−1)~^{h1f (F,V)} � v∈S_p

(det V^+_v )(−1) � v∉S_p∪S_∞

ε(V_v )

depends only on V and V^+_v (v ∈ S_p). Proof. We combine the equalities (−1)^{h1f (F,V )}/ ε(V ) = (−1)~^{h1f (F,V )}/ ~ε(V ) (Prop. 4.2.2(4))

(−1)~^{h1f (F,V )} = (−1)~^{h1f (F,V)} (Prop. 5.2.2(7))

~ε(V ) = � v∈S_p∪S_∞

~ε(V_v ) � v∉S_p∪S_∞

ε(V_v ) = � v∈S_p

(det V^+_v )(−1) � v∉S_∞∪S_p

ε(V_v ) (by 4.1.3.7) ∀v ∉ S_∞ ∪ S_p ε(V_v ) = ε(V_v) (Prop. 2.2.4)

∀v ∈ S_p (det V^+_v )(−1) = (det V^+_v )(−1) (both sides are equal to ±1, and the L.H.S. is the reduction of the R.H.S. modulo P ).

(5.3.2) Corollary. Under the assumptions 5.1.2(1)-(4), if P, P^′ ∈ Spec(R) are prime ideals satisfying 5.1.2(5)-(9), then the Galois representations V = T_P /P T_P and V^′ = T_P ′ /P^′T_P ′ satisfy (−1)^{h1f (F,V )}/ ε(V ) = (−1)^{h1f (F,V ′ )}/ ε(V^′).

(5.3.3) Open questions. It would be of interest to generalize Corollary 5.3.2 to self-dual families of Galois representations that do not satisfy the Pančiškin condition. Is it true, in general, that (−1)^{[Fv :Qp] d−(V )} ε(W D(V_v )^{N−ss}) (v ∈ S_p) depends only on V_v, and that (−1)^{h1f (F,V )} � v∈S_p

ε(W D(V_v )) ε(W D(V_v )^{N−ss}) depends only on V?

Documenta Mathematica 12 (2007) 243–274

(5.3.4) Example (dihedral Iwasawa theory). Assume that F_0 ⊂ F_∞ are Galois extension of F such that [F_0 : F ] = 2, Γ = Gal(F_∞/F_0)^∼−→ Z_p and Γ^+ = Gal(F_∞/F ) = Γ ⋊ {1, τ} is dihedral:

τ ∈ Γ^+ − Γ, τ^2 = 1, ∀g ∈ Γ τgτ^{−1} = g^{−1}.

Let V ∈ Rep_{Lp} (G_{F,S} ) be a Galois representation satisfying 4.1.2(1)-(4); fix a G_{F,S} - stable O_p-lattice T ⊂ V (O_p = O_{Lp} ) such that the pairing ( , )_V : V ×V −→ L_p(1) induced by j maps T ×T into O_p(1). After enlarging S if necessary, we can assume that S contains all primes that ramify in F_0/F ; then F_∞ ⊂ F_S . We define the following data of the type considered in 5.1.2:

(1) Let R = O_p[[Γ]] be the Iwasawa algebra of Γ (isomorphic to the power series ring O_p[[X]]). The Iwasawa algebra of Γ^+ is a free (both left and right) Rmodule of rank 2:

O_p[[Γ^+]] = R ⊕ Rτ = R ⊕ τR.

Denote by ι the standard O_p-linear involution on O_p[[Γ^+]] (ι(σ) = σ^{−1} for all σ ∈ Γ^+).

(2) Let T = T ⊗_{Op} O_p[[Γ^+]], considered as a left R[G_{F,S}]-module with the action given by

r(x⊗a) = x⊗ra, g(x⊗a) = g(x)⊗a(g)^{−1} (r ∈ R, x ∈ T, a ∈ O_p[[Γ^+]]),

where we have denoted by g the image of g ∈ G_{F,S} in Γ^+ (cf., [Ne 2], 10.3.5.3). (3) As in ([Ne 2], 10.3.5.10), the formula

(x ⊗ (a_1 + τa_2), y ⊗ (b_1 + τb_2)) = (x, y)_V (a_1ι(b_2) + ι(a_2)b_1)

defines a skew-symmetric R-bilinear pairing ( , ) : T × T −→ R(1), which induces an isomorphism

T ⊗ Q^∼−→ Hom_R(T , R(1)) ⊗ Q

(hence satisfies 5.1.2(3)).

(4) For each v ∈ S_p, define T^+_v = T^+_v ⊗_{Op} O_p[[Γ^+]] (where T^+_v = T ∩ V^+_v ). (5) Let β : Γ −→ L_p(β)^∗ be a homomorphism with finite image (where L_p(β) is a field generated over L_p by the values of β); then P = Ker(β : R −→ L_p(β)) ∈ Spec(R) is as in 5.1.2(5), with κ(P ) = L_p(β). It follows from ([Ne 2], Lemma 10.3.5.4) that T_P /ϖ_P T_P = Ind^{GF,S}_{GF0,S} (V ⊗ β),

where we have denoted by V ⊗ β ∈ Rep_{Lp(β)}(G_{F0 ,S}) the G_{F0 ,S}-module V ⊗_{Lp} L_p(β) on which g ∈ G_{F0 ,S} acts by g ⊗β(g), where g is the image of g in Γ. The discussion in ([Ne 2], 10.3.5.10) implies that 5.1.2(6) holds with u = 1. The conditions 5.1.2(7)-(9) for T_P /ϖ_P T_P follow from the corresponding conditions 4.1.2(2)-(4) for V .

Documenta Mathematica 12 (2007) 243–274

(5.3.5) In the situation of 5.3.4, putting F_β = F^{Ker(β)}_∞ and, for each L_p[Γ]-module M,

M^{(β)} = {x ∈ M ⊗_{Lp} L_p(β) | ∀σ ∈ Γ σ(x) = β(σ)x},

then we have

H^1_f (F, T_P /ϖ_P T_P ) = H^1_f (F_0, V ⊗ β) = � H^1_f (F_β , V ) ⊗ β

�_{Gal(Fβ /F0 )} = = H^1_f (F_β , V )^{(β−1)},

and the action of τ induces an isomorphism of L_p(β)-vector spaces

τ : H^1_f (F_β , V )^{(β−1) ∼}−→ H^1_f (F_β , V )^{(β)}.

Applying Corollary 5.3.2, we obtain, for any pair of characters of finite order β, β^′ : Γ −→ L^∗_p, that

(−1)^{h1f (F0,V ⊗β)}/ ε(F_0, V ⊗ β) = (−1)^{h1f (F0,V ⊗β′)}/ ε(F_0, V ⊗ β^′). (5.3.5.1)

In this special case one can prove Proposition 2.2.4 directly (at least if p ≠ 2) by using (2.1.2.7).

It would be of interest to generalize (5.3.5.1) to more general dihedral characters, as in [Ma-Ru].

References

[Bl-Ka] S. Bloch, K. Kato, L-functions and Tamagawa numbers of motives, in:

The Grothendieck Festschrift I, Progress in Mathematics 86, Birkhäuser, Boston, Basel, Berlin, 1990, pp. 333–400.

[De 1] P. Deligne, Les constantes des équations fonctionnelles des fonctions L, in: Modular functions of one variable II (Antwerp, 1972), Lect. Notes in Math. 349, Springer, Berlin, 1973, pp. 501–597.

[De 2] P. Deligne, Formes modulaires et représentations de GL(2), in: Modular functions of one variable II (Antwerp, 1972), Lect. Notes in Math. 349, Springer, Berlin, 1973, pp. 55–105.

[De 3] P. Deligne, Valeurs de fonctions L et périodes d’intégrales, in: Automorphic forms, representations and L-functions (Corvallis, 1977), Proc. Symposia Pure Math. 33/II, American Math. Society, Providence, Rhode Island, 1979, pp. 313–346.

[Fo] J.-M. Fontaine, Représentations ℓ-adiques potentiellement semi-stables, in: Périodes p-adiques (Bures-sur-Yvette, 1988), Astérisque 223, Soc. Math. de France, Paris, 1994, pp. 321–347.

[Fo-PR] J.-M. Fontaine, B. Perrin-Riou, Autour des conjectures de Bloch et Kato:

cohomologie galoisienne et valeurs de fonctions L, in: Motives (Seattle,

Documenta Mathematica 12 (2007) 243–274

1991), Proc. Symposia in Pure Math. 55/I, American Math. Society, Providence, Rhode Island, 1994, pp. 599–706.

[Ma-Ru] B. Mazur, K. Rubin, Finding large Selmer rank via an arithmetic theory of local constants, Ann. of Math., to appear.

[Ne 1] J. Nekovář, On p-adic height pairings, in: Séminaire de Théorie des Nombres de Paris 1990/91, Progress in Math. 108, (S. David, ed.), Birkhäuser, Boston, 1993, pp. 127–202.

[Ne 2] J. Nekovář, Selmer complexes, Astérisque 310, Soc. Math. de France, Paris, 2006.

Jan Nekovář Université Pierre et Marie Curie (Paris 6) Institut de Mathématiques de Jussieu Théorie des Nombres, Case 247 4, place Jussieu F-75252 Paris cedex 05 FRANCE

Documenta Mathematica 12 (2007) 243–274

Documenta Math. 275

The Chow-Witt ring

Jean Fasel

Received: May 18, 2006

Communicated by Ulf Rehmann

Abstract. We define a ring structure on the total Chow-Witt group of any integral smooth scheme over a field of characteristic different from 2.

2000 Mathematics Subject Classification: 14C15, 14C17, 14C99, 14F43 Keywords and Phrases: Chow-Witt groups, Chow groups, Grothendieck-Witt groups and Witt groups

Contents

1 Introduction 276 1.1 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

2 Preliminaries 278 2.1 Witt groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278 2.2 Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279 2.3 Supports . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

3 Chow-Witt groups 283

4 The exterior product 290

5 Intersection with a smooth subscheme 296 5.1 The Gysin-Witt map . . . . . . . . . . . . . . . . . . . . . . . . 296 5.2 Functoriality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 300

6 The ring structure 304

7 Basic properties 307

Documenta Mathematica 12 (2007) 275–312

276 Jean Fasel

1 Introduction

Let A be a commutative noetherian ring of Krull dimension n and P a projective A-module of rank d. One can ask the following question: does P admit a free factor of rank one? Serre proved a long time ago that the answer is always positive when d > n. So in fact the first interesting case is when P is projective of rank equal to the dimension of A. Suppose now that X is an integral smooth scheme over a field k of characteristic not 2. To deal with the above question, Barge and Morel introduced the Chow-Witt groups �CH^j (X) of X (called at that time groupes de Chow des cycles orientés, see [BM]) and associated to each vector bundle E of rank n an Euler class c̃_n(E) in �CH^n(X). It was proved recently that if X = Spec(A) we have c̃_n(P ) = 0 if and only if P ≃ Q ⊕ A (see [Mo] for n ≥ 4, [FS] for n = 3 and [BM] or [Fa] for the case n = 2). It is therefore important to provide more tools, such as a ring structure and a pull-back for regular embeddings, to compute the Chow-Witt groups and the Euler classes.

To define �CH^p(X) consider the fibre product of the complex in Milnor K-theory

0 � K^M_p (k(X)) � � x_1∈X^{(1)}

K^M_{p−1}(k(x_1)) � . . . � � x_n∈X^{(n)}

K^M_{p−n}(k(x_n)) � 0

and the Gersten-Witt complex restricted to the fundamental ideals

0 � I^p(k(X)) � � x_1∈X^{(1)}

I^{p−1}(O_{X,x1} ) � . . . � � x_n∈X^{(n)}

I^{p−n}(O_{X,xn} ) � 0

over the quotient complex

0 � I^p/I^{p+1}(k(X)) � . . . � � x_n∈X^{(n)}

I^{p−n}/I^{p+1−n}(O_{X,xn} ) � 0.

The group �CH^p(X) is defined as the p-th cohomology group of this fibre product. Roughly speaking, an element of �CH^p(X) is the class of a sum of varieties of codimension p with a quadratic form defined on each variety. We oviously have a map �CH^p(X) → CH^p(X).

Using the functoriality of the two complexes we see that the Chow-Witt groups satisfy good functorial properties (see [Fa]). For example, we have a pullback morphism f^∗ : �CH^j (X) → �CH^j (Y ) associated to each flat morphism f : Y → X and a push-forward morphism g_∗ : �CH^j (Y, L) → �CH^{j+r} (X) associated to each proper morphism g : Y → X, where r = dim(X) − dim(Y ) and L is a suitable line bundle over Y . Using this functorial behaviour, it is possible to produce a good intersection theory. This is what we do in this paper

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 277

using the classical strategy (see for example [Fu] or [Ro]). First we define an exterior product

�CH^j (X) × �CH^i(Y ) → �CH^{i+j} (X × Y )

and then a Gysin-like homomorphism i^! : �CH^d(X) → �CH^d(Y ) associated to a closed embedding i : Y → X of smooth schemes. The product is then defined as the composition

�CH^j (X) × �CH^i(X) � �CH^{i+j} (X × X)^{△!} � �CH^{i+j} (X)

where △ : X → X × X is the diagonal embedding. To define the exterior product, we first note that Rost already defined an exterior product on the homology of the complex in Milnor K-theory ([Ro]). Thus it is enough to define an exterior product on the homology of the Gersten-Witt complex and show that both exterior products coincide over the quotient complex. We use the usual product on derived Witt groups ([GN]) and show that this product passes to homology using the Leibnitz rule proved by Balmer (see [Ba2]). The definition of the Gysin-like map is done by following the ideas of Rost ([Ro]). It uses the deformation to the normal cone to modifiy any closed embedding to a nicer closed embedding and uses also the long exact sequence associated to a triple (Z, X, U) where Z is a closed subset of X and U = X \ Z. The product that we obtain has the meaning of intersecting varieties with quadratic forms defined on them. It is therefore not a surprise that the natural map �CH^{tot}(X) → CH^{tot}(X) turns out to be a ring homomorphism. There is however a surprise: the product that we obtain is a priori neither commutative nor anticommutative. This comes from the fact that the product of triangulated Grothendieck-Witt groups GW^i × GW^j → GW^{i+j} does not satisfy any commutativity property.

The organization of this paper is as follows: In section 2, we recall some basic results on triangular Witt groups. This includes the construction of the Gersten-Witt complex, and some results on products and consanguinity. In section 3, we construct the Chow-Witt groups, recall some results and prove some basic facts. The definition of the exterior product takes place in section 4 and the definition of the Gysin-Witt map in section 5. In this part, we also prove the functoriality of this map. Finally we put all the pieces together in section 6 and prove some basic results in section 7.

I would like to thank Paul Balmer, Stefan Gille and Ivo Dell’Ambrogio for several careful readings of earlier versions of this work. I also would like to thank the referee for some useful comments. This research was supported by Swiss National Science Foundation, grant PP002-112579.

Documenta Mathematica 12 (2007) 275–312

278 Jean Fasel

1.1 Conventions

All schemes are smooth and integral over a field k of characteristic different from 2, or are localizations of such schemes. For any two schemes X and Y we will always denote by X × Y the fibre product X ×_{Spec(k)} Y .

2 Preliminaries

2.1 Witt groups

We recall here some basic facts on Witt groups of triangulated categories following the exposition of [Ba2]. We suppose that for any triangulated category C and any objects A, B of C the group Hom(A, B) is uniquely 2-divisible. We also suppose that all triangulated categories are essentially small.

Definition 2.1. Let C be a triangulated category. A duality on C is a triple (D, δ, ϖ) where δ = ±1, D : C → C is a δ-exact contravariant functor and ϖ : 1 ≃ D^2 is an isomorphism of functors satisfying D(ϖ_A) ∘ ϖ_{DA} = id_{DA} and T (ϖ_A) = ϖ_{T A} for all A ∈ C. A triangulated category C with a duality (D, δ, ϖ) is written (C, D, δ, ϖ).

Example 2.2. Let X be a regular scheme and P(X) the category of locally free coherent O_X -modules. Let D^b(P(X)) be the triangulated category of bounded complexes of objects of P(X). Then the usual duality^∨ on P(X) defined by P^∨ = Hom_{OX} (P, O_X ) induces a 1-exact duality on D^b(P(X)). We also denote this derived duality by^∨. Moreover, the canonical isomorphism ev : P → P^{∨∨} for any locally free module P induces a canonical isomorphism ϖ : 1 →^{∨∨} in D^b(P(X)). More generally, if L is any invertible module over X, then the duality Hom_{OX} (_, L) on P(X) also induces a duality on D^b(P(X)).

Definition 2.3. Let (C, D, δ, ϖ) be a triangulated category with duality. For any i ∈ Z, define (D^{(i)}, δ^{(i)}, ϖ^{(i)}) by D^{(i)} = T^i ∘ D, δ^{(i)} = (−1)^iδ and ϖ^{(i)} = δ^i(−1)^{i(i+1)/2}ϖ. It is easy to check that (D^{(i)}, δ^{(i)}, ϖ^{(i)}) is a duality on C. It is called the i^{th}-shifted duality of (D, δ, ϖ).

Definition 2.4. Let (C, D, δ, ϖ) be a triangulated category with duality, A ∈ C and i ∈ Z. A morphism φ : A → D^{(i)}A is i-symmetric if the following diagram commutes:

A^φ �

ϖ^{(i)}_A � D^{(i)}A

(D^{(i)})^2(A)_{D(i) φ} � D^{(i)}A.

The couple (A, φ) is called an i-symmetric pair.

Definition 2.5. We denote by Symm^i(C) the monoid of isometry classes of i-symmetric pairs, equipped with the orthogonal sum.

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 279

Definition 2.6. An i-symmetric form is an i-symmetric pair (A, φ) where φ is an isomorphism.

Theorem 2.7. Let (C, D, δ, ϖ) be a triangulated category with duality and let (A, ϕ) be an i-symmetric pair. Choose an exact triangle containing ϕ

A^ϕ � D^{(i)}A^α � C^β � T A.

Then there exists an (i + 1)-symmetric isomorphism ψ : C → D^{(i+1)}C such that the following diagram commutes

A^ϕ �

ϖ^{(i)} � D^{(i)}A^α � C^β � ψ � � � T A

T ϖ^{(i)} � D^{(i)}(D^{(i)}A)_{D(i) ϕ} � D^{(i)}A_{δ(i+1) D(i+1) β}� D^{(i+1)}C_{D(i+1) α} � T (D^{(i)}(D^{(i)}A))

where the rows are exact triangles and the second one is the dual of the first. Moreover, the (i + 1)-symmetric form (C, ψ) is unique up to isometry. It is denoted by cone(A, ϕ).

Proof. See [Ba1], Theorem 1.6.

Example 2.8. Let A ∈ C. For any i, the morphism 0 : A → D^{(i)}A is symmetric and then cone(A, 0) is well defined.

Corollary 2.9. The above construction gives a well defined homomorphism of monoids d^i : Symm^{(i)}(C) → Symm^{(i+1)}(C) such that d^{i+1}d^i = 0.

Definition 2.10. Let (C, D, δ, ϖ) be a triangulated category with duality. The Witt group W^i(C) is defined as Ker(d^i)/Im(d^{i+1}). Remark that Ker(d^i) is just the monoid of isometry classes of i-symmetric forms.

Definition 2.11. Let (C, D, δ, ϖ) be a triangulated category with duality. The Grothendieck-Witt group GW^i(C) is defined as the quotient of Ker(d^i) by the submonoid generated by the elements cone(A, ϕ) − cone(A, 0) where A ∈ C and ϕ is (i − 1)-symmetric (0 is also seen as an (i − 1)-symmetric morphism).

Example 2.12. Let (D^b(P(X)),^∨ , 1, ϖ) be the triangulated category with duality defined in Example 2.2. Its Witt groups are the Witt groups W^i(X) of the scheme X as defined in [Ba1].

2.2 Products

Given a pairing ⊗ : C × D → M of triangulated categories with duality and assuming that this pairing satisfies some nice conditions, the authors of [GN] define a pairing of Witt groups. We briefly recall some definitions (see 1.2 and 1.11 in [GN]):

Documenta Mathematica 12 (2007) 275–312

280 Jean Fasel

Definition 2.13. Let C, D and M be triangulated categories. A product between C and D with codomain M is a covariant bi-functor ⊗ : C × D → M exact in both variables and satisfying the following condition: the functorial isomorphisms r_{A,B} : A ⊗ T B ≃ T (A ⊗ B) and l_{A,B} : T A ⊗ B ≃ T (A ⊗ B) make the diagram

T A ⊗ T B^{lA,T B} �

r_{T A,B} � T (A ⊗ T B)

T (r_{A,B} ) � T (T A ⊗ B)_{T (lA,B )}� T^2(A ⊗ B)

skew-commutative.

Definition 2.14. Let C, D and M be triangulated categories with dualities. Where there is no possible confusion, we drop the subscripts for D, δ and ϖ. A dualizing pairing between C and D with codomain M is a product ⊗ with isomorphisms η_{A,B} : DA ⊗ DB ≃ D(A ⊗ B) natural in A and B which make the following diagrams commute 1. A ⊗ B^{ϖA⊗ϖB} �

ϖ_{A⊗B} � D^2A ⊗ D^2B

η_{DA,DB} � D^2(A ⊗ B)_{D(ηA,B )}� D(DA ⊗ DB) 2. T (DT A ⊗ DB)

δ_C δ_M T (η_{T A,B} ) � DA ⊗ DB

l_{DT A,DB} � η_{A,B} �

r_{DA,DT B} �

T (DA ⊗ DT B)

δ_Lδ_M T (η_{A,T B} ) � T D(T A ⊗ B) D(A ⊗ B)

T D(l_{A,B} )

�_{T D(rA,B )} � T D(A ⊗ T B).

Theorem 2.15. Let C, D and M be triangulated categories with duality. Let ⊗ : C × D → M be a dualizing pairing between C and D with codomain M. Then ⊗ induces for all i, j ∈ Z a pairing ⋆ : W^i(C) × W^j (D) → W^{i+j} (M).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 281

Proof. See [GN], Theorem 2.9.

Example 2.16. Let (D^b(P(X)),^∨ , 1, ϖ) be the triangulated category with duality defined in Example 2.2. The usual tensor product induces a dualizing pairing of triangulated categories and then a product W^i(X)×W^j (X) → W^{i+j} (X). Suppose that L and N are invertible modules over X. Then Hom_{OX} (_, L), Hom_{OX} (_, N) and Hom_{OX} (_, L ⊗ N) give dualities^♯,^♮ and^♭ on D^b(P(X)). The tensor product gives a dualizing pairing

⊗ : (D^b(P(X)),^♯ , 1, ϖ) × (D^b(P(X)),^♮ , 1, ϖ) → (D^b(P(X)),^♭ , 1, ϖ).

2.3 Supports

We briefly recall the notion of triangulated category with supports following [Ba2].

Definition 2.17. Let X be a topological space. A triangulated category defined over X is a pair (C, Supp) where C is a triangulated category and Supp assigns to each object A ∈ C a closed subset Supp(A) of X such that the following rules are satisfied:

(S1) Supp(A) = ∅ ⇐⇒ A ≃ 0.

(S2) Supp(A ⊕ B) = Supp(A) ∪ Supp(B).

(S3) Supp(A) = Supp(T A).

(S4) For every distinguished triangle

A � B � C � T A

we have Supp(C) ⊂ Supp(A) ∪ Supp(B).

When I is a saturated triangulated subcategory of C and S is the multiplicative system of morphisms whose cone is in I, then we can construct a support on the category S^{−1}C := C/I. This is done in [Ba3] when C has a tensor product. However we will only need some basic facts, so we prove the following lemma:

Lemma 2.18. let C be a triangulated category defined over a topological space X. Let I be a saturated triangulated subcategory of C and let Supp(I) = ∪_{A∈I} Supp(A). Suppose that Supp(A) ⊂ Supp(I) implies A ∈ I. Let S be the multiplicative system in C of morphisms f such that cone(f) ∈ I and let

I � C � C/I

be the exact sequence of triangulated categories obtained by inverting S. Then C/I is a triangulated category defined over X^′ = X \ Supp(I) (with the induced topology).

Documenta Mathematica 12 (2007) 275–312

282 Jean Fasel

Proof. We define Supp_S (A) := Supp(A) ∩ X^′ for any object A ∈ C/I and show that Supp_S satisfies the properties of Definition 2.17. It is easy to see that the rules (S1), (S2) and (S3) are satisfied. We only have to prove (S4). First observe that if s : A → B is a morphism in S and

A^s � B � C � T A is an exact triangle in C containing s, then Supp_S (A) = Supp_S (B) (use (S4) for the category C). This shows that Supp_S (A) = Supp_S (A^′) if A ≃ A^′ in C/I. By definition of the triangulation of C/I, any exact triangle

A^α � B � C � T A in C/I is isomorphic to the localization of an exact triangle in C. This shows that Supp_S (C) ⊂ Supp_S (A) ∪ Supp_S (B).

Example 2.19. Let D^b(P(X)) be the usual triangulated category. Define the support of an object P ∈ D^b(P(X)) as the union of the support of all the cohomology groups of P , i.e

Supp(P ) = � i Supp(H^i(P )).

Then it is easy to see that (D^b(P(X)), Supp) is a triangulated category with support. Denote by D^b(P(X))^{(k)} the full subcategory of D^b(P(X)) of objects whose support is of codimension ≥ k. Then D^b(P(X))^{(k)} is a saturated triangulated category and the following sequence

D^b(P(X))^{(k)} → D^b(P(X)) → D^b(P(X))/D^b(P(X))^{(k)} satisfies the conditions of Lemma 2.18. So D^b(P(X))/D^b(P(X))^{(k)} is a triangulated category over X^′ = {x ∈ X | codim(x) ≤ k − 1}. The following definitions are also due to Balmer (see [Ba2]): Definition 2.20. Let (C, Supp) be a triangulated category over X and assume that C has a structure of triangulated category with duality (C, D, δ, ϖ). Then we say that C is a triangulated category with duality defined over X if (S5) Supp(A) = Supp(DA) for every object A.

Definition 2.21. Let (C, Supp_C ), (D, Supp_D) and (M, Supp_M) be triangulated categories defined over X. Suppose that

⊗ : C × D → M is a pairing of triangulated categories. The pairing ⊗ is defined over X if (S6) Supp_M(A ⊗ B) = Supp_C (A) ∩ Supp_D(B).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 283

Example 2.22. The triangulated category D^b(P(X)) with the support defined in Example 2.19 and the pairing of Example 2.16 satisfy the condition (S5) and (S6).

Definition 2.23. The degeneracy locus of a symmetric pair (A, α) is defined to be the support of the cone of α:

DegLoc(α) = Supp(cone(α)).

Definition 2.24. Let (C, Supp) be a triangulated category with duality defined over X. The consanguinity of two symmetric pairs α and β is defined to be the following subset of X:

Cons(α, β) = (Supp(α) ∩ DegLoc(β)) ∪ (DegLoc(α) ∩ Supp(β)).

We are now ready to state the Leibnitz formula:

Theorem 2.25 (Leibnitz formula). Assume that we have a dualizing pairing ⊗ : C × D → F of triangulated categories with dualities over X. Let α and β be two symmetric pairs such that DegLoc(α) ∩ DegLoc(β) = ∅. Then we have an isometry

δ_F · d(α ⋆ β) = δ_C · d(α) ⋆ β + δ_D · α ⋆ d(β)

where δ_C , δ_D, δ_F are the signs involved in the dualities of C, D and F.

Proof. See [Ba2], Theorem 5.2.

3 Chow-Witt groups

Let (D^b(P(X)),^∨ , 1, ϖ) be the triangulated category with the usual duality of Example 2.2 and consider its full subcategory D^b(P(X))^{(i)} of objects with supports of codimension ≥ i (here we use the support defined in Example 2.19). Then the duality on D^b(P(X)) induces dualities on D^b(P(X))^{(i)} for any i ([Ba1]). It is also clear that D^b(P(X))^{(i+1)} ⊂ D^b(P(X))^{(i)} for any i.

Definition 3.1. For all i ∈ N, denote by D^b_i (X) the triangulated category D^b(P(X))^{(i)}/D^b(P(X))^{(i+1)}.

Suppose that (A, α) is an i-symmetric form in D^b_i (X). Then there exists an i-symmetric pair (B, β) such that the localization of (B, β) is (A, α) (by localization we mean the map Symm^i(D^b(P(X))^{(i)}) → Symm^i(D^b_i (X)) induced by the functor D^b(P(X))^{(i)} → D^b_i (X)). Applying 2.7, we get an (i + 1)-symmetric form (C, ψ). By construction, C ∈ D^b(P(X))^{(i+1)}. Localizing this form we get a form (C, ψ) in W^{i+1}(D^b_{i+1}(X)). At first sight, this construction depends on some choices but in fact this is not the case (see [Ba1], Corollary 4.16). Hence we get a well defined homomorphism

d^i : W^i(D^b_i (X)) → W^{i+1}(D^b_{i+1}(X)).

Documenta Mathematica 12 (2007) 275–312

284 Jean Fasel

Theorem 3.2. Let X be a regular scheme of dimension n. Then we have a complex

0 � W^0(D^b_0(X))^{d0} � W^1(D^b_1(X))^{d1} � . . .^{dn} � W^n(D^b_n(X)) � 0. Proof. See [BW], Theorem 3.1 and Paragraph 8.

Let A be a regular local ring. We denote by W^{f l}(A) the Witt group of finite length modules over A (see [QSS] for more informations about Witt groups of finite length modules). The following proposition holds: Proposition 3.3. We have isomorphisms W^i(D^b_i (X)) ≃ � x∈X^{(i)}

W^{f l}(O_{X,x}).

Proof. See [BW], Theorem 6.1 and Theorem 6.2.

Remark 3.4. Since we use the isomorphism of the above proposition, we briefly recall how to obtain a symmetric complex from a finite length module. For more details, see [BW] or [Fa], Chapter 3. Choose a point x ∈ X^{(i)}, a finite length O_{X,x}-module M and a symmetric isomorphism ϕ : M → Ext^i_{OX,x} (M, O_{X,x}). Let P_• be a resolution of M by locally free coherent O_{X,x}-modules. Then P_• can be chosen of the form 0 � Pi � . . . � P0 � M � 0.

Dualizing this complex and shifting i times gives the following diagram 0 � Pi � ∃ � � � . . . � P_0 � ∃ � � � M � ϕ � 0

0 � P^∨_0 � . . . � P^∨_i � Ext^i_{OX,x} (M, OX,x) � 0. Using ϕ we get a symmetric morphism φ : P_• → (P_•)^∨. Thus we have constructed an i-symmetric pair in the category D^b(P(O_{X,x})) from the pair (M, ϕ). Since D^b_i (X) ≃ � x∈X^{(i)}

D^b(P(O_{X,x})) ([BW], Proposition 7.1), we can see the pair (P_•, φ) as a symmetric pair in D^b_i (X). Definition 3.5. The complex

0 � W^{f l}(k(X)) � � x_1∈X^{(1)}

W^{f l}(O_{X,x1} ) � . . . � � x_n∈X^{(n)}

W^{f l}(O_{X,xn} ) � 0

is called the Gersten-Witt complex of X. We denote it by C(X, W ).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 285

This complex is obtained by using the usual duality^∨ on the triangulated category D^b(P(X)) (Example 2.2). For any invertible module L over X, we have a duality derived from the functor^♯ = Hom_{OX,x} (_, L) and we can apply the same construction to get a Gersten-Witt complex.

Definition 3.6. Let X be a regular scheme and L an invertible O_X -module. We denote by C(X, W, L) the Gersten-Witt complex obtained from the duality^♯.

Theorem 3.7. Let A be a regular local k-algebra and X = Spec(A). Then for any i > 0 we have H^i(C(X, W )) = 0. Proof. See [BGPW], Theorem 6.1.

Let A be a regular local ring of dimension n. Denote by F the residue field of A. Then any choice of a generator ξ ∈ Ext^n_A(F, A) gives an isomorphism α_ξ : W (F ) → W^{f l}(A). Recall that I(F ) is the fundamental ideal of W (F ). If n ≤ 0, put I^n(F ) = W (F ).

Definition 3.8. For any n ∈ Z let I^n_{f l}(A) be the image of I^n(F ) by α_ξ . Remark 3.9. It is easily seen that I^n_{f l}(A) does not depend on the choice of the generator ξ ∈ Ext^n_A(F, A).

Proposition 3.10. The differential d of the Gersten-Witt complex satisfies d(I^m_{f l} (O_{X,x})) ⊂ I^{m−1}_{f l} (O_{X,y} ) for any m ∈ Z, x ∈ X^{(i)} and y ∈ X^{(i−1)}. Proof. See [Gi3], Theorem 6.4 or [Fa], Theorem 9.2.4.

Definition 3.11. Let L be an invertible O_X -module. We denote by C(X, I^d, L) the complex

0 � I^d_{f l}(k(X)) � � x_1∈X^{(1)}

I^{d−1}_{f l} (O_{X,x1} ) � . . . � � x_n∈X^{(n)}

I^{d−n}_{f l} (O_{X,xn} ) � 0.

Remark 3.12. In particular, we have C(X, I^0, L) = C(X, W, L). Theorem 3.13. Let A be an essentially smooth local k-algebra. Then for any i > 0 we have H^i(C(X, I^d)) = 0. Proof. See [Gi3], Corollary 7.7.

Of course, there is an inclusion C(X, I^{d+1}, L) → C(X, I^d, L) and therefore we get a quotient complex.

Definition 3.14. Denote by C(X, I^d) the complex C(X, I^d, L)/C(X, I^{d+1}, L). Remark 3.15. For any invertible module L the complexes C(X, I^d)/C(X, I^{d+1}) and C(X, I^d, L)/C(X, I^{d+1}, L) are canonically isomorphic (see [Fa], Corollary E.1.3), so we can drop the L in C(X, I^d).

Documenta Mathematica 12 (2007) 275–312

286 Jean Fasel

Remark 3.16. The complex C(X, I^d) is of the form

0 � I^d_{f l}(k(X))/I^{d+1}_{f l} (k(X)) � � x_1∈X^{(1)}

I^{d−1}_{f l} (O_{X,x1} )/I^d_{f l}(O_{X,x1} ) � . . . .

Remark 3.17. As a consequence of Theorem 3.13, we immediately see that H^i(C(X, I^d)) = 0 for i > 0 if X = Spec(A) where A is an essentially smooth local k-algebra.

Let F be a field and denote by K^M_i (F ) the i-th Milnor K-theory group of F . If i < 0 it is convenient to put K^M_i (F ) = 0.

Definition 3.18. Let X be a scheme. Then for any d we have a complex

0 � K^M_d (k(X)) � � x_1∈X^{(1)}

K^M_{d−1}(k(x_1)) � . . . � � x_n∈X^{(n)}

K^M_{d−n}(k(x_n)) � 0.

We denote it by C(X, K^M_d ).

Proof. See [Ka], Proposition 1 or [Ro], Paragraph 3.

We also have the exactness of this complex when X is the spectrum of a smooth local k-algebra:

Theorem 3.19. Let A be a smooth local k-algebra. Then for all i > 0 we have H^i(C(X, K^M_d )) = 0.

Proof. See [Ro], Theorem 6.1.

If F is a field, recall that we have a homomorphism due to Milnor

s : K^M_j (F ) → I^j (F )/I^{j+1}(F ) given by s({a_1, . . . , a_j }) =< 1, −a_1 > ⊗ . . . ⊗ < 1, −a_j >. The following is true:

Lemma 3.20. The homomorphisms s induce a morphism of complexes s : C(X, K^M_d ) → C(X, I^d).

Proof. See [Fa], Proposition 10.2.5.

Definition 3.21. Let C(X, G^d, L) be the fibre product of C(X, K^M_d ) and C(X, I^d, L) over C(X, I^d):

C(X, G^d, L) � � C(X, I^d, L) π � C(X, K^M_d )_s � C(X, I^d).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 287

Definition 3.22. Let X be a smooth scheme and L an invertible O_X - module. The j-th Chow-Witt group �CH^j (X, L) of X twisted by L is the group H^j (C(X, G^j , L)).

Remark 3.23. Denote by GW^j (D^b_j (X), L) the j-th Grothendieck-Witt group of the category D^b_j (X) with the duality derived from Hom_{OX} (_, L) (see Definition 2.11). It is not hard to see that C(X, G^j , L) is isomorphic to GW^j (D^b_j (X), L) and therefore the complex C(X, G^j , L) is

. . . � C(X, G^j , L)_{j−1} � GW^j (D^b_j (X), L)^{dj} � W^{j+1}(D^b_{j+1}(X), L) � . . .

Hence �CH^j (X, L) is a quotient of Ker(d^j ) and a subquotient of GW^j (D^b_j (X), L).

We also have the exactness of the complex C(X, G^d, L) in the local case: Theorem 3.24. Let A be a smooth local k-algebra and X = Spec(A). Then H^i(C(X, G^j )) = 0 for all j and all i > 0.

Proof. As C(X, G^j ) is the fibre product of the complexes C(X, K^M_j ) and C(X, I^j ) over C(X, I^j ), we have an exact sequence of complexes

0 � C(X, G^j ) � C(X, I^j ) ⊕ C(X, K^M_j ) � C(X, I^j ) � 0

inducing a long exact sequence in cohomology. It follows then from Theorem 3.13 and Theorem 3.19 that H^i(C(X, G^j )) = 0 if i > 1. For i = 1, we have an exact sequence

H^0(C(X, I^j )) ⊕ H^0(C(X, K^M_j )) � H^0(C(X, I^j )) � H^1(C(X, G^j )) � 0.

The exact sequence of complexes

0 � C(X, I^{j+1}) � C(X, I^j ) � C(X, I^j ) � 0

shows that H^0(C(X, I^j )) maps onto H^0(C(X, I^j )).

Definition 3.25. Let X be a smooth scheme and L an invertible O_X -module. We define the sheaf G^j_L on X by G^j_L(U) = H^0(C(U, G^j , L)). We have:

Theorem 3.26. Let X be a smooth scheme of dimension n. Then for any i we have H^i_{Zar}(X, G^j_L) ≃ H^i(C(X, G^j , L)).

Documenta Mathematica 12 (2007) 275–312

288 Jean Fasel Proof. Define sheaves C_l by C_l(U) = C(U, G^j , L)_l for any l ≥ 0. It is clear that the C_l are flasque sheaves. We have a complex of sheaves over X

0 � G^j_L � C0 � C1 � . . . � Cn � 0.

Theorem 3.24 shows that this complex is a flasque resolution of G^j_L. Thus the theorem is proved.

Suppose that f : X → Y is a flat morphism. Since it preserves codimensions, it induces a morphism of complexes f^∗ : C(Y, G^j , L) → C(X, G^j , f^∗L) for any j ∈ N and any line bundle L over Y ([Fa], Corollary 10.4.2). Hence we have:

Theorem 3.27. Let f : X → Y be a flat morphism and L a line bundle over Y . Then, for any i, j we have homomorphisms f^∗ : H^i(C(Y, G^j , L)) → H^i(C(X, G^j , f^∗L)).

In particular, if E is a vector bundle over Y and π : E → Y is the projection, we have isomorphisms π^∗ : H^i(C(Y, G^j , L)) → H^i(C(E, G^j , π^∗L)).

Proof. We have a morphism of complexes f^∗ : C(Y, G^j , L) → C(X, G^j , f^∗L) which gives the induced homomorphisms in cohomology. For the proof of homotopy invariance, see Corollary 11.3.2 in [Fa].

Proposition 3.28. Let f : X → Y and g : Y → Z be flat morphisms. Then (gf)^∗ = f^∗g^∗.

Proof. See [Fa], Proposition 3.4.9.

Suppose that f : X → Y is a finite morphism with dim(Y ) − dim(X) = r. Consider the morphism of locally ringed spaces f : (X, O_X ) → (Y, f_∗O_X ) induced by f. If X is smooth, then L = f^∗Ext^r_{OY} (f_∗O_X , O_Y ) is an invertible module over Y ([Gi2], Corollary 6.6) and we get a morphism of complexes (of degree r) f_∗ : C(X, G^{j−r} , L ⊗ f^∗N) → C(Y, G^j , N) for any invertible module N over Y ([Fa], Corollary 5.3.7).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 289 Proposition 3.29. Let f : X → Y be a finite morphism between smooth schemes. Let dim(Y ) − dim(X) = r and N be an invertible module over Y . Then the morphism of complexes f_∗ induces a homomorphism f_∗ : H^{i−r}(C(X, G^{j−r} , L ⊗ f^∗N)) → H^i(C(Y, G^j , N)).

In particular, we have ([Fa], Remark 9.3.5):

Proposition 3.30. Let f : X → Y be a closed immersion of codimension r between smooth schemes. Then f induces an isomorphism f_∗ : H^{i−r}(C(X, G^{j−r} , L ⊗ f^∗N)) → H^i_X (C(Y, G^j , N)) for any i, j and any invertible module N over Y .

Important remark 3.31. If f : X → Y is a closed immersion, then f_∗ will always be the map with support:

f_∗ : H^{i−r}(C(X, G^{j−r} , L ⊗ f^∗N)) → H^i_X (C(Y, G^j , N)) The transfer for finite morphisms is functorial ([Fa], proposition 5.3.8): Proposition 3.32. Let f : X → Y and g : Y → Z be finite morphisms. Then g_∗f_∗ = (gf)_∗.

Remark 3.33. Let X be a smooth scheme and D be a smooth effective Cartier divisor on X. Let i : D → X be the inclusion and L(D) be the line bundle over X associated to D. Then there is a canonical section s ∈ L(D) (see [Fu], Appendix B.4.5) and an exact sequence 0 � OX^s � L(D) � i∗OD � 0.

Applying Hom_{OX} (_, L(D)) and shifting, we obtain the following diagram

0 � OX^s � ≃ � L(D) � ≃ � i_∗O_D � � � � 0

0 � HomO_X (L(D), L(D))_s � HomO_X (OX , L(D)) � Ext^1_{OX} (i∗OD, L(D)) � 0 which shows that Ext^1_{OX} (i_∗O_D, O_X ) ⊗ L(D) ≃ i_∗O_D. Proposition 3.30 shows that we then have an isomorphism i_∗ : H^{i−1}(C(D, G^{j−1}, i^∗L(D))) → H^i_D(C(X, G^j )).

Lemma 3.34. Let g : X → Y be a flat morphism and f : Z → Y a finite morphism. Consider the following fibre product

Documenta Mathematica 12 (2007) 275–312

290 Jean Fasel

V^f ′ � g^′ � X g � Z_f � Y.

Then (f^′)_∗(g^′)^∗ = g^∗f_∗.

Proof. See [Fa], Corollary 12.2.8.

Remark 3.35. Of course, in the above fibre product we suppose that V is also smooth and integral. Such a strong assumption is not necessary in general, but this case is sufficient for our purposes.

Remark 3.36. It is possible to define a map f_∗ when the morphism f is proper (see [Fa]) but we don’t use this fact here.

4 The exterior product Let X and Y be two schemes. The fibre product X × Y comes equipped with two projections p_1 : X × Y → X and p_2 : X × Y → Y . Lemma 4.1. For any i, j ∈ N, the pairing ⊠ : D^b_i (X) × D^b_j (Y ) → D^b_{i+j} (X × Y ) given by P ⊠ Q = p^∗_1P ⊗ p^∗_2Q is a dualizing pairing of triangulated categories with duality.

Proof. Straight verification.

Corollary 4.2. For any i, j ∈ N, the pairing ⊠ : D^b_i (X) × D^b_j (Y ) → D^b_{i+j} (X × Y ) induces a pairing ⋆ : W^i(D^b_i (X)) × W^j (D^b_j (Y )) → W^{i+j} (D^b_{i+j} (X × Y )).

Proof. Clear by Theorem 2.15.

Corollary 4.3. Let ψ ∈ W^j (D^b_j (Y )). Then we have a homomorphism μ_ψ : W^i(D^b_i (X)) → W^{i+j} (D^b_{i+j} (X × Y )) given by μ_ψ(φ) = φ ⋆ ψ.

Recall that we have isomorphisms W^i(D^b_i (X)) ≃ � x∈X^{(i)}

W^{f l}(O_{X,x}) (Proposition 3.3).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 291

Definition 4.4. For any s ∈ Z, denote by I^s(D^b_i (X)) the preimage of � x∈X^{(i)}

I^s_{f l}(O_{X,x}) under the above isomorphism.

Proposition 4.5. For any m, p ∈ N the product

⋆ : W^i(D^b_i (X)) × W^j (D^b_j (Y )) → W^{i+j} (D^b_{i+j} (X × Y )) induces a product

⋆ : I^m(D^b_i (X)) × I^n(D^b_j (Y )) → I^{m+n}(D^b_{i+j} (X × Y )).

Proof. Let x ∈ X^{(i)} and y ∈ Y^{(j)}. It is clear that the product can be computed locally (use [GN], Theorem 3.2). So we can suppose that X = Spec(A) and Y = Spec(B) where A and B are local in x and y respectively. Recall that we have the following diagram

X × Y^{p2} �

p_1 � Y � X � Spec(k).

Let P be an A-projective resolution of k(x) and Q be a B-projective resolution of k(y). Consider a symmetric form ρ : k(x) → Ext^i_A(k(x), A) and a symmetric form μ : k(y) → Ext^j_B (k(y), B). Then p^∗_1(ρ) is a symmetric isomorphism supported by the complex P ⊗_k B and p^∗_2(μ) is a symmetric isomorphism supported by the complex A ⊗_k Q. The complex (P ⊗_k B) ⊗_{A⊗k B} (A ⊗_k Q) (which is isomorphic to P ⊗_k Q) has its homology concentrated in degree 0, and this homology is isomorphic to k(x)⊗_k k(y). Let u be a point of Spec(k(x)⊗_k k(y)). Then the restriction of p^∗_1ρ⊗p^∗_2μ to u is a finite length module M whose support is on u with a symmetric form

M → Ext^{i+j}_{(A⊗B)u} (M, (A ⊗ B)_u).

Taking its class in the Witt group, we obtain a k(u)-vector space V with a symmetric form ψ : V → Ext^{i+j}_{(A⊗B)u} (V, (A ⊗ B)_u). Now choose a unit a ∈ k(x)^×. Consider the image a_u of a under the homomorphism k(x) → k(u). The class of p^∗_1(aρ) ⊗ p^∗_2(μ) is the symmetric form

a_uψ : V → Ext^{i+j}_{(A⊗B)u} (V, (A ⊗ B)_u).

As the same property holds for any unit b ∈ k(y)^×, we conclude that

p^∗_1(< 1, −a_1 > ⊗ . . . ⊗ < 1, −a_n > ρ) ⊗ p^∗_2(< 1, −b_1 > ⊗ . . . ⊗ < 1, −b_m > μ)

is equal to < 1, −(a_1)_u > ⊗ . . . ⊗ < 1, −(b_m)_u > ψ.

Documenta Mathematica 12 (2007) 275–312

292 Jean Fasel

Recall that for any scheme X we have a Gersten-Witt complex (Definition 3.5)

C(X, W ) : . . . � W^r(D^b_r(X))^d r X � W r+1(Db_{r+1}(X)) � . . .

and a complex C(X, I^d):

. . . � � x_r ∈X^{(r)}

I^{d−r}_{f l} (O_{X,xr} ) � � x_{r+1}∈X^{(r+1)}

I^{d−r−1} f l (O_{X,xr+1} ) � . . . .

The above proposition gives:

Corollary 4.6. The product

⋆ : C(X, W ) × C(Y, W ) → C(X × Y, W )

induces for any r, s ∈ N a product

⋆ : C(X, I^r) × C(Y, I^s) → C(X × Y, I^{r+s}).

Now we investigate the relations between ⋆ and the differentials of the complexes.

Proposition 4.7. Let ψ ∈ W^j (D^b_j (Y )) be such that d^j_Y (ψ) = 0. Then the following diagram commutes

W^i(D^b_i (X))^d i X � (−1)^j μ_ψ � W^{i+1}(D^b_{i+1}(X))

μ_ψ � W^{i+j} (D^b_{i+j} (X × Y ))_{di+jX×Y} � W^{i+j+1}(D^b_{i+j+1}(X × Y )).

Proof. Let φ ∈ W^i(D^b_i (X)). Let X^{(≥i+1)} be the set of points of X of codimension ≥ i+1, Y^{(≥j+1)} the points of Y of codimension ≥ j+1 and (X×Y )^{(≥i+j+1)} the set of points of X × Y of codimension ≥ i + j + 1. By Lemma 2.18, the triangulated categories D^b_i (X), D^b_j (Y ) and D^b_{i+j} (X × Y ) are defined over the topological spaces X \X^{(≥i+1)}, Y \Y^{(≥j+1)} and (X ×Y )\(X ×Y )^{(≥i+j+1)}. Let α ∈ Symm^i(D^b(P(X))^{(i)}) and β ∈ Symm^j (D^b(P(Y ))^{(j)}) be symmetric pairs representing φ and ψ. By definition, DegLoc(α) is of codimension ≥ i + 1, DegLoc(β) is of codimension ≥ j + 1 and dβ is neutral. It is easily seen that Supp(dp^∗_1α)∩Supp(dp^∗_2β) = ∅ in the topological space (X×Y )\(X×Y )^{(≥i+j+1)}. Theorem 2.25 implies that

(−1)^{i+j} d(p^∗_1α ⋆ p^∗_2β) = (−1)^idp^∗_1α ⋆ p^∗_2β + (−1)^j p^∗_1α ⋆ dp^∗_2β.

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 293

Using Theorem 2.15, we see that we have in W^{i+j} (D^b_{i+j} (X × Y )) the equality

(−1)^j d^{i+j}_{X×Y} (p^∗_1φ ⋆ p^∗_2ψ) = p^∗_1d^i_X (φ) ⋆ p^∗_2ψ.

The following corollary is obvious.

Corollary 4.8. Let ψ ∈ I^m(D^b_j (Y )) be such that d^Y_j (ψ) = 0. Then the following diagram commutes

I^p(D^b_i (X))^d i X � (−1)^j μ_ψ � I^{p−1}(D^b_{i+1}(X))

μ_ψ � I^{p+m}(D^b_{i+j} (X × Y ))_{di+jX×Y} � I^{p+m−1}(D^b_{i+j+1}(X × Y )).

We now have to deal with the complex in Milnor K-theory. Let C(X, K^M_r ), C(Y, K^M_s ) and C(X ×Y, K^M_{r+s}) be the complexes in Milnor K-theory associated to X, Y and X × Y . In [Ro], Rost defines a product

⊙ : C(X, K^M_r )^i × C(Y, K^M_s )^j → C(X × Y, K^M_{r+s})^{i+j} as follows: Let u ∈ (X ×Y )^{(i+j)}, x ∈ X^{(i)}, y ∈ Y^{(j)} be such that x and y are the projections of u. Let ρ = {a_1, . . . , a_{r−i}} ∈ K^M_{r−i}(k(x)) and μ = {b_1, . . . , b_{s−j} } ∈ K^M_{s−j} (k(y)). Then

(ρ ⊙ μ)_u = l((k(x) ⊗_k k(y))_u){(a_1)_u, . . . , (a_{r−i})_u, (b_1)_u, . . . , (b_{s−j} )_u} where the (a_l)_u and (b_t)_u are the images of the a_l and b_t under the inclusions k(x) → k(u) and k(y) → k(u), and l((k(x) ⊗_k k(y))_u) is the length of the module k(x) ⊗_k k(y) localized in u.

Lemma 4.9. For any ρ ∈ C(X, K^M_r )^i and μ ∈ C(Y, K^M_s )^j we have d(ρ ⊙ μ) = d(ρ) ⊙ μ + (−1)^j ρ ⊙ d(μ).

Proof. See [Ro], Paragraph 14.4.

Corollary 4.10. Let μ ∈ C(Y, K^M_s )^j be such that dμ = 0. Then the following diagram commutes:

C(X, K^M_r )^{i d} i X � ⊙μ � C(X, K^M_r )^{i+1} ⊙μ � C(X × Y, K^M_{r+s})^{i+j}_{di+jX×Y} � C(X × Y, K^M_{r+s})^{i+j+1}.

Documenta Mathematica 12 (2007) 275–312

294 Jean Fasel Proof. Obvious.

Now we compare the products ⋆ and ⊙.

Proposition 4.11. The following diagram commutes:

C(X, K^M_r )^i × C(Y, K^M_s )^{j ⊙} �

s_{(r−i)} ×s_{(s−j)} � C(X × Y, K^M_{r+s})^{i+j}

s_{(r+s−i−j)} � C(X, I^r)^i × C(Y, I^s)^j_⋆ � C(X × Y, I^{r+s})^{i+j} .

Proof. Let {a_1, . . . , a_{r−i}} ∈ K^M_{r−i}(k(x)) and {b_1, . . . , b_{s−j} } ∈ K^M_{s−j} (k(y)). Let ρ^′ be a symmetric isomorphism ρ^′ : k(x) → Ext^i_{OX,x} (k(x), O_{X,x}) and μ^′ a symmetric isomorphism μ^′ : k(y) → Ext^j_{OY,y} (k(y), O_{Y,y}).

We then have ρ := s_{(r−i)}({a_1, . . . , a_{r−i}}) =< 1, −a_1 > ⊗ . . . ⊗ < 1, −a_{r−i} > ρ^′ and μ := s_{(s−j)}({b_1, . . . , b_{s−j} }) =< 1, −b_1 > ⊗ . . . ⊗ < 1, −b_{s−j} > μ^′. Choose a point u in (X × Y )^{(i+j)} lying over x and y. The proof of Proposition 4.5 shows that

(ρ ⋆ μ)_u = s_{(r+s−i−j)}({(a_1)_u, . . . , (a_{r−i})_u, (b_1)_u, . . . , (b_{s−j} )_u})φ where φ : M → Ext^{i+j}_{OX×Y,u} (M, O_{X×Y,u}) is a symmetric isomorphism and M is a k(u)-vector space. But dim_{k(u)}M ≡ l((k(x) ⊗ k(y))_u) (mod 2) where l denotes the length. So we have in C(X × Y, I^{r+s})^{i+j} the equality

(ρ ⋆ μ)_u = s_{(r+s−i−j)}({(a_1)_u, . . . , (a_{r−i})_u, (b_1)_u, . . . , (b_{s−j} )_u})l((k(x) ⊗ k(y))_u). The right hand term is equal to s_{(r+s−i−j)}({a_1, . . . , a_{r−i}} ⊙ {b_1, . . . , b_{s−j} }) by definition.

Corollary 4.12. The products ⋆ : C(X, I^r) × C(Y, I^s) → C(X × Y, I^{r+s}) and ⊙ : C(X, K^M_r ) × C(Y, K^M_s ) → C(X × Y, K^M_{r+s}) give a product ⋄ : C(X, G^r) × C(Y, G^s) → C(X × Y, G^{r+s}).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 295

Corollary 4.13. Let μ ∈ C(Y, G^s)^j such that d^j_Y μ = 0. Then μ induces a product _ ⋄ μ : H^i(C(X, G^r )) → H^{i+j} (C(X × Y, G^{r+s})).

Proof. This a direct consequence of Proposition 4.11, Corollary 4.8 and Corollary 4.10.

Next we have to check that _ ⋄ μ is well defined on the cohomolgy class of μ. Lemma 4.14. Let γ ∈ C(Y, G^s)^{j−1} and μ = d^{j−1}_Y γ. Then _ ⋄ μ = 0. Proof. Suppose that α is such that d^i_X α = 0. By Corollary 4.8 and Corollary 4.10 we have up to signs d^{i+j−1}_{X×Y} (α ⋄ γ) = α ⋄ d^{j−1}γ = α ⋄ μ. So α ⋄ μ is trivial in H^{i+j} (C(X × Y, G^{r+s})). Finally:

Theorem 4.15. Let X and Y be smooth schemes. Then for any i, j, r, s ∈ N the product ⋄ : C(X, G^r) × C(Y, G^s) → C(X × Y, G^{r+s}) induces an exterior product

× : H^i(C(X, G^r )) × H^j (C(Y, G^s)) → H^{i+j} (C(X × Y, G^{r+s})). This exterior product can also be defined with complexes twisted by invertible modules.

Theorem 4.16. Let X and Y be smooth schemes. Let L and N be invertible modules over X and Y respectively. For any i, j, r, s ∈ N, the pairing ⋄ : C(X, G^r, L) × C(Y, G^s, N) → C(X × Y, G^{r+s}, p^∗_1L ⊗ p^∗_2N) induces an exterior product

× : H^i(C(X, G^r , L)) × H^j (C(Y, G^s, N)) → H^{i+j} (C(X × Y, G^{r+s}, p^∗_1L ⊗ p^∗_2N)). Proof. Left to the reader.

If i = r and j = s, we obtain the following corollary:

Corollary 4.17. Let X and Y be smooth schemes. Then for any i, j ∈ N the product ⋄ : C(X, G^i) × C(Y, G^j ) → C(X × Y, G^{i+j} ) gives an exterior product

× : �CH^i(X) × �CH^j (Y ) → �CH^{i+j} (X × Y ).

Documenta Mathematica 12 (2007) 275–312

296 Jean Fasel

Next we prove some properties of this exterior product:

Proposition 4.18. The exterior product × is associative.

Proof. It clearly suffices to prove that the exterior products ⋆ and ⊙ are associative. For ⋆ this is clear because of the associativity of the tensor product (up to isomorphism). For the second, see (14.2) in [Ro].

Now we deal with the commutativity. Let X and Y be smooth schemes and let τ : X × Y → Y × X be the flip. We have:

Lemma 4.19. Let μ ∈ H^i(C(X, K^M_r )) and η ∈ H^j (C(Y, K^M_s )). Then we have τ^∗(η ⊙ μ) = (−1)^{(r−i)(s−j)}(μ ⊙ η).

Proof. This is clear from the definition.

Lemma 4.20. Let μ ∈ H^i(C(X, I^r)) and η ∈ H^j (C(Y, I^s)). Then we have τ^∗(η ⋆ μ) = (−1)^{ij} (μ ⋆ η).

Proof. It is clear by the skew-commutativity of the product of Witt groups ([GN], Theorem 3.1).

Remark 4.21. Of course, the associativity and the anticommutativity of the exterior product are also true for the twisted product of Theorem 4.16.

5 Intersection with a smooth subscheme

5.1 The Gysin-Witt map

The goal of this section is to define for any closed embedding i : Y → X of smooth schemes a Gysin-Witt map i^! : H^r(C(X, G^j )) → H^r(C(Y, G^j )). In order to define such a map, we adapt the ideas of Rost ([Ro], Paragraph 11). First we briefly recall the properties of the deformation to the normal cone. For more details, see [Fu] (Chapter 5) or [Ro] (Chapter 10). Let Y be a closed subscheme of a smooth scheme X. Then there is a smooth scheme D(X, Y ), a closed imbedding j : Y ×A^1 → D(X, Y ) and a flat morphism ρ : D(X, Y ) → A^1 such that the following diagram commutes

Y × A^{1 j} � pr � � � � D(X, Y ) ρ � A^1 and (1) ρ^{−1}(A^1 − 0) = X × (A^1 − 0) and the restriction of j is the closed imbedding i × Id : Y × (A^1 − 0) → X × (A^1 − 0).

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 297

(2) ρ^{−1}(0) = N_Y X, where N_Y X is the normal cone to Y in X and the restriction of j is the embedding as the zero section s_0 : Y → N_Y X.

The scheme D(X, Y ) can be obtained as follows: Consider the blow-up M of X × A^1 along Y × 0 and the blow-up X̃ of X × 0 along Y × 0. Then define D(X, Y ) to be M \ X̃.

If Y is smooth in a smooth scheme X, then it is locally of complete intersection and N_Y X is a vector bundle over Y of rank dim(X) − dim(Y ). Moreover, N_Y X is Cartier divisor on D(X, Y ). If A^1 = Spec(k[t]), then the projection ρ : D(X, Y ) → A^1 gives a homomorphism k[t] → O_{D(X,Y )}(D(X, Y )). We still denote by t the image of t under this homomorphism. We have an exact sequence

0 � OD(X,Y )^t � OD(X,Y ) � κ∗ON_Y X � 0

where κ : N_Y X → D(X, Y ) is the inclusion. Remark 3.33 shows that Ext^1_{OD(X,Y )} (κ_∗O_{NY X} , O_{D(X,Y )}) ≃ κ_∗O_{NY X} with generator the Koszul complex associated to the global section t. Let U = A^1 − 0 and consider the form

< 1, −t >: O^2_U → O^2_U

in W^0(D^b(U)). Now let X be a smooth scheme and consider the projection η : X × U → U. Then η^∗(< 1, −t >) ∈ W^0(D^b(X × U)) and we also denote it by < 1, −t >. Since the support of this form is X × U, the tensor product gives a functor

< 1, −t > ⊗_ : D^b_i (X × U) → D^b_i (X × U).

Using the fact that < 1, −t > is symmetric, we see that this functor is duality preserving (see [GN], Definition 1.8 and Lemma 1.14) and therefore induces for any i a homomorphism

< 1, −t > ⊗_ : W^i(D^b_i (X × U)) → W^i(D^b_i (X × U)).

For some sign reasons that will be made clearer in Lemma 5.10, we will in fact consider for any i the homomorphism

m_t : W^i(D^b_i (X × U)) → W^i(D^b_i (X × U))

defined by m_t(α) = (−1)^{i+1} < 1, −t > ⊗α.

Lemma 5.1. For any i, j ∈ N the homomorphism m_t induces a homomorphism

I^j (D^b_i (X × U)) → I^{j+1}(D^b_i (X × U))

and the following diagram commutes

Documenta Mathematica 12 (2007) 275–312

298 Jean Fasel

I^j (D^b_i (X × U))^{di} �

−m_t � I^{j−1}(D^b_{i+1}(X × U))

m_t � I^{j+1}(D^b_i (X × U))_{di} � I^j (D^b_{i+1}(X × U)).

Proof. The first assertion is clear. Now < 1, −t > is a global isomorphism and we can use Theorem 2.10 in [GN] (or Theorem 2.25 in the present paper) to see that d^i(< 1, −t > ⊗α) =< 1, −t > ⊗d^iα for any α ∈ I^j (D^b_i (X × U)). The first term is (−1)^{i+1}d^i(m_t(α)) and the second one is (−1)^{i+2}m_t(d^iα).

Now consider t ∈ O^∗_{X×U} . For any i and any x ∈ X ×U, we have a multiplication by t:

n_t : K^M_i (k(x)) → K^M_{i+1}(k(x)) defined by n_t({a_1, . . . , a_i}) = {t, a_1, . . . , a_i}.

Lemma 5.2. For any i, j ∈ N the following diagram commutes

C(X × U, K^M_j )^{i di} �

−n_t � C(X × U, K^M_j )^{i+1}

n_t � C(X × U, K^M_{j+1})^i_{di} � C(X × U, K^M_{j+1})^{i+1}.

Proof. See [Ro], Proposition 4.6.

Corollary-Definition 5.3. The homomorphisms m_t and n_t induce for any i, j ∈ N a homomorphism {t} : H^i(C(X × U, G^j )) → H^i(C(X × U, G^{j+1})).

We call this homomorphism multiplication by t.

Proof. It suffices to show that m_t and n_t give the same operation on the complex C(X × U, I^j ). It is straightforward. We will need the following lemma:

Lemma 5.4. Let f : X → Y be a flat morphism of smooth schemes. Then for any i, j the following diagram commutes

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 299

H^i(C(Y × U, G^j ))^{{t}} �

(f ×Id)^∗ � H^i(C(Y × U, G^{j+1}))

(f ×Id)^∗ � H^i(C(X × U, G^j ))_{{t}} � H^i(C(X × U, G^{j+1})).

Proof. First observe that (f × Id)^∗(< 1, −t >) =< 1, −t > by definition. Then for any α ∈ I^r(D^b_i (X ×U)) we have (f ×Id)^∗(m_tα) = m_t((f ×Id)^∗α) (use [GN], Theorem 3.4). On the other hand, we have (f × Id)^∗(n_t(α)) = n_t((f × Id)^∗α) for any α ∈ K^M_r (k(y)) ([Ro], Lemma 4.3). Putting this together, we get the conclusion.

Let Y → X be a closed embedding of smooth schemes and consider the deformation to the normal cone space D(X, Y ). Then N_Y X is a Cartier divisor and its complement in D(X, Y ) is X ×U. We have a long exact sequence associated to this triple ([Fa], Corollary 10.4.9):

H^i(C(D(X, Y ), G^{j+1})) � H^i(C(X × U, G^{j+1}))^∂ � H^{i+1}_{NY X} (C(D(X, Y ), G^{j+1}))

Combining the isomorphism of Proposition 3.30 and the isomorphism

O_{NY X} → κ^∗Ext^1_{OD(X,Y )} (κ_∗O_{NY X} , O_{D(X,Y )}) mapping 1 to the Koszul complex associated to the global section t of O_{D(X,Y )}, we finally get an isomorphism

κ_∗ : H^i(C(N_Y X, G^j )) → H^{i+1}_{NY X} (C(D(X, Y ), G^{j+1})).

Let q : N_Y X → Y and π : X × U → X be the projections and consider the following composition:

H^i(C(X, G^j ))

π^∗ �

� H i(C(Y, Gj ))

H^i(C(X × U, G^j ))_{{t}} � H^i(C(X × U, G^{j+1}))_{(κ∗)−1 ∂}� H^i(C(N_Y X, G^j )).

(q^∗)^{−1} �

Definition 5.5. Let Y be a smooth subscheme of a smooth scheme X with inclusion i : Y → X. We denote by i^! : H^r(C(X, G^j )) → H^r(C(Y, G^j )) and call Gysin-Witt map the composition (q^∗)^{−1}(κ_∗)^{−1}∂{t}π^∗.

Remark 5.6. Let i : Y → X be a closed immersion of smooth schemes and let L be an invertible O_X -module. Then we have a twisted version of the Gysin-Witt map:

i^! : H^r(C(X, G^j , L)) → H^r(C(Y, G^j , i^∗L)).

Documenta Mathematica 12 (2007) 275–312

300 Jean Fasel

5.2 Functoriality

The goal of this section is to prove that for any inclusions of smooth schemes

Z^i � Y^j � X we have (ji)^! = i^!j^!. The strategy is not new. We follow the exposition of the sections 11, 12 and 13 in [Ro]. First we prove some lemmas:

Lemma 5.7. Let i : Y → X be a closed immersion and g : V → X be a flat morphism. Consider the following fibre product

W^{i′} �

g^′ � V g � Y_i � X.

Then we have (g^′)^∗i^! = (i^′)^!g^∗.

Proof. Let D(X, Y ) be the deformation to the normal cone associated to the inclusion i : Y → X and D(V, W ) be the deformation associated to i^′ : W → V . Let U = A^1 − 0. Because of the universal properties of blow-ups, we see that g and g^′ give a morphism D(g) : D(V, W ) → D(X, Y ) such that the following diagram commutes:

D(V, W )

D(g) � V × U g×1 �

ι^′�

D(X, Y ) X × U ι� where ι and ι^′ are the inclusions of the respective open subsets. We also get a morphism N(g) : N_W V → N_Y X such that these diagrams commute:

N_W V^{q′} �

N(g) � W g^′ � N_Y X_q � Y

N_W V^{κ′} �

N(g) � D(V, W )

D(g) � N_Y X_κ � D(X, Y ).

Now use Propositions 3.28 and 3.34, Lemma 5.4, the naturality of the connecting homomorphism ∂ and the diagram W g^′ � N_W V^{κ′} �

N(g) �

q^′�

D(V, W )

D(g) � V × U g×1 �

ι^′� π^′ � V g � Y NY X_κ � q � D(X, Y ) X × U ι �_π � X

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 301

to conclude (observe that D(g) and N(g) are flat because of [Ro], Remark 10.1).

Lemma 5.8. Let Z^i � Y^j � X be inclusions of smooth schemes. Then we have inclusions a : N_Z Y → N_Z X, c : i^∗N_Y X → N_Y X and isomorphisms N_{(i}∗_{NY X)}(N_Y X) ≃ N_Z Y ⊕ i^∗N_Y X ≃ N_{(NZ Y )}(N_Z X).

Proof. The first two assertions are straight computations (see also [Ne]). The relation (2.1) in [Ne] shows that we have canonical isomorphisms

N_{(i}∗_{NY X)}(N_Y X) ≃ N_Z Y ⊕ i^∗N_Y X ≃ N_{(NZ Y )}(N_Z X).

Lemma 5.9. Let Z^i � Y^j � X be inclusions of smooth schemes. Let a : N_Z Y → N_Z X, c : i^∗N_Y X → N_Y X be the inclusions and q : N_Y X → Y , r : N_Z X → Z, s_1 : N_{(i}∗_{NY X)}(N_Y X) → i^∗N_Y X, s_2 : N_{(NZ Y )}(N_Z X) → N_Z Y the projections. Then we have (s_1)^∗c^!q^∗j^! = (s_2)^∗a^!r^∗(ji)^!

Proof. Consider the deformation to the normal cone spaces D(Y, Z) and D(X, Z). Using the universal property of blow-ups, we get a map D(Y, Z) → D(X, Z) such that the following diagram commutes

N_Z Y^a � � N_Z X � D(Y, Z) � D(X, Z)

Y × U_{j×1} �

�

X × U

�

where the top vertical maps are inclusions of the exceptional fiber in the deformation to the normal space and the bottom vertical maps are inclusions of open subsets. It is easy to check that the map D(Y, Z) → D(X, Z) is a closed immersion. Let D(X, Y, Z) be the deformation to the normal cone space associated to this closed immersion. Using again the universal property of blow-ups, we see that the above diagram gives a sequence

D(N_Z X, N_Z Y ) � D(X, Y, Z) D(X, Y ) × U � where the first map is a closed immersion and the second one is an open immersion. Consider now the space D(X, Y, Z). We have an open immersion D(X, Z) × U → D(X, Y, Z) and a closed immersion (as the special fiber) N_{D(Y,Z)}D(X, Z) → D(X, Y, Z). In fact, this exceptional fiber is isomorphic to D(N_Y X, i^∗N_Y X) (see [Ne], paragraph 3.2). So we get a diagram

Documenta Mathematica 12 (2007) 275–312

302 Jean Fasel

N_Y X^κ � D(X, Y ) X × U ι �^π � X

N_Y X × U^κ � π �

ι � D(X, Y ) × U π �

ι � X × U × U^π � ι � π �

ι � X × U π �

ι � D(N_Y X, i^∗N_Y X)^κ � D(X, Y, Z) D(X, Z) × U ι �^π � D(X, Z)

N_{(i}∗_{NY X)}N_Y X κ �

κ � D(N_Z X, N_Z Y ) κ �

N_Z X × U κ �

π � ι � N_Z X κ �

where all the lines are deformations to the normal cone, the first and fourth columns are also deformations to the normal cone. This diagram is commutative (see [Ne], paragraph 3.2). The maps κ denote inclusions of special fibers, ι denote the inclusions of the complement of these special fibers and π denote the relevant projections. The map q^∗j^! is obtained by composing the operations (in cohomology) of the top row and s^∗_1b^! is obtained by working with the left column. Similarly, r^∗(ji)^! and s^∗_2a^! are deduced from the right column and the bottom row. Now all the squares appearing in this diagram are commutative and give commutative diagrams in cohomology (Proposition 3.28, Proposition 3.32, Lemma 3.34 and the naturality of the residual homomorphism ∂). Using this and Lemma 5.4, we get the result.

Lemma 5.10. Let V, X and W be smooth schemes. Consider the following commutative diagram

W^i �

p^′ � � � V p � X where p, p^′ are flat and i is a closed immersion. Suppose that the composition N_W V → W → X is of the same relative dimension as p. Then i^!p^∗ = (p^′)^∗.

Proof. Let D(V, W ) be the deformation to the normal cone associated to i and b : D(V, W ) → V ×A^1 be the blow-down map. We have a commutative diagram

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 303

W NV W^κ � q� D(V, W )^b � V × A1^{p×Id} � X × A1

V × U ι �

V × U_{p×Id} � ι �

π � X × U

π^′ �

ι �

V_p � X.

By definition, i^!p^∗ = (q^∗)^{−1}(κ_∗)^{−1}∂{t}π^∗p^∗. Using Proposition 3.28, we get i^!p^∗ = (q^∗)^{−1}(κ_∗)^{−1}∂{t}(p × Id)^∗(π^′)^∗. By Lemma 5.4, this gives

(q^∗)^{−1}(κ_∗)^{−1}∂{t}(p × Id)^∗(π^′)^∗ = (q^∗)^{−1}(κ_∗)^{−1}∂(p × Id)^∗{t}(π^′)^∗.

Using Remark 10.1 in [Ro], we see that f := (p × Id)b is flat because the composition N_W V → W → X is of the same relative dimension as p. We have a commutative diagram

H^i(C(X × A^1, G^j )) �

f^∗ � H^i(C(X × U, G^j ))^{∂′} �

(p×Id)^∗ � H^{i+1}_X (C(X × A^1, G^j )) �

f^∗ � H^i(C(D(V, W ), G^j )) � H^i(C(V × U, G^j ))_∂ � H^{i+1}_{NV W} (C(D(V, W ), G^j )) �

where the first line is the localization long exact sequence associated to the triple (X × U, X × A^1, X × 0) and the second line is the one associated to the triple (V × U, D(V, W ), N_V W ). Then

(q^∗)^{−1}(κ_∗)^{−1}∂(p × Id)^∗{t}(π^′)^∗ = (q^∗)^{−1}(κ_∗)^{−1}f^∗∂^′{t}(π^′)^∗.

Consider next the fibre product

N_V W^κ �

p^′q � D(V, W ) f � X_{i0} � X × A^1

where i_0 : X → X × A^1 is the inclusion in 0. Using Lemma 3.34, we finally find i^!p^∗ = (p^′)^∗(i_0)^{−1}_∗ ∂^′{t}(π^′)^∗. It remains to show that (i_0)^{−1}_∗ ∂^′{t}(π^′)^∗ = Id to finish the proof. At the level of Milnor K-theory, this is Lemma 4.5 in [Ro]. Thus we only have to prove this result at the level of Witt groups. Let α ∈ W^i(D^b_i (X)) be such that dα = 0 ∈ W^{i+1}(D^b_{i+1}(X)). Now DegLoc((π^′)^∗α) ∩ DegLoc(< 1, −t >) is a closed subset of X × A^1 of codimension ≥ i + 2. Therefore we can use 2.25 to compute

Documenta Mathematica 12 (2007) 275–312

304 Jean Fasel

(−1)^id(< 1, −t > ⊗α) = d(< 1, −t >) ⊗ α + (−1)^i < 1, −t > ⊗dα. By assumption we have dα = 0 in W^{i+1}(D^b_{i+1}(X)) and then (−1)^id(< 1, −t > ⊗α) = d(< 1, −t >) ⊗ α = −dt ⊗ α in W^{i+1}(D^b_{i+1}(X)). By definition of m_t, we find d(m_t(α)) = dt ⊗ α. The latter is precisely (i_0)_∗α (see [GH], Lemma 2.8).

Now we have all the tools to prove the following theorem:

Theorem 5.11. Let Z^i � Y^j � X be inclusions of smooth schemes. Then (ji)^! = i^!j^!.

Proof. Let q : N_Y X → Y , p : N_Z Y → Z and r : N_Z X → Z be the projections. Consider also the projections s_1 : N_{(i}∗_{NY X)}(N_Y X) → i^∗N_Y X and s_2 : N_{(NZ Y )}(N_Z X) → N_Z Y . Denote by a : N_Z Y → N_Z X and c : i^∗N_Y X → N_Y X the inclusions. We also have a fibre product i^∗N_Y X^c �

q^′ � N_Y X q � Z_i � Y.

Then

(s_1)^∗(q^′)^∗i^!j^! = (s_1)^∗c^!q^∗j^! = (s_2)^∗a^!r^∗(ji)^! = (s_2)^∗p^∗(ji)^!

where the first equality is due to Lemma 5.7, the second is due to Lemma 5.9 and the third to Lemma 5.10. As (s_2)^∗p^∗ induces an isomorphism in cohomology and q^′s_1 = ps_2, we get the result.

6 The ring structure Let X be a smooth scheme and let △ : X → X × X be the diagonal inclusion. For any i, j, r, s we have an exterior product (Theorem 4.15)

× : H^i(C(X, G^r)) × H^j (C(X, G^s)) → H^{i+j} (C(X × X, G^{r+s})) and a Gysin-Witt map (Definition 5.5) △^! : H^{i+j} (C(X × X, G^{r+s})) → H^{i+j} (C(X, G^{r+s})).

Definition 6.1. We denote by · the composition △^! ∘ ×.

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 305 Remark 6.2. If X is a smooth scheme and L, N are invertible O_X -modules, then using Theorem 4.16 and Remark 5.6 we see that there is a product

· : H^i(C(X, G^i, L)) × H^j (C(X, G^j , N)) → H^{i+j} (C(X, G^{i+j} , L ⊗_{OX} N)). Remark 6.3. In particular, we have for any i, j ∈ N a product · : H^i(C(X, G^i)) × H^j (C(X, G^j )) → H^{i+j} (C(X, G^{i+j} )) which by definition is a product �CH^i(X) × �CH^j (X) → �CH^{i+j} (X). Remark 6.4. It is clear from our construction that we also can define a product · : H^i(C(X, K^M_r )) × H^j (C(X, K^M_s )) → H^{i+j} (C(X, K^M_{r+s})).

This product coincide with the one defined by Rost ([Ro], Chapter 14) and the natural projections π : C(X, G^p) → C(X, K^M_p ) give a commutative diagram H^i(C(X, G^r )) × H^j (C(X, G^s))^· � π×π � H^{i+j} (C(X, G^{r+s})) π � H^i(C(X, K^M_r )) × H^j (C(X, K^M_s ))_· � H^{i+j} (C(X, K^M_{r+s})).

Remark 6.5. Our technique provides also a product on the cohomology of the Gersten-Witt complex of a scheme. That is, we have a product · : H^i(C(X, W )) × H^j (C(X, W )) → H^{i+j} (C(X, W )).

Now we prove the associativity of the product we have defined. Proposition 6.6. The product · is associative.

Proof. First note that the exterior product is associative (Proposition 4.18). We consider the following fibre product diagram

X^△ � △ � X × X

Id×△ � X × X_{△×Id} � X × X × X.

We see that ((Id × △)△)^! = ((△ × Id)△)^!. Theorem 5.11 shows that we have in fact △^!(Id × △)^! = △^!(△ × Id)^!. Since (Id × △)^! is clearly Id × △^! and (△ × Id)^! = △^! × Id, the associativity is proved.

Documenta Mathematica 12 (2007) 275–312

306 Jean Fasel

Remark 6.7. In general, the product does not satisfy any commutativity property. This is due to the fact that × and ⋆ do not commute with the flip τ : X × X → X × X (see 4.19 and 4.20). Moreover, the product is not anticommutative because the signs in 4.19 and 4.20 are not compatible. However, let α ∈ �CH^i(X) and β ∈ �CH^j (X). Then α · β is an element of �CH^{i+j} (X) and is therefore represented by a sum � (P_s, ψ_s) ∈ Ker(d^{i+j} ) where

d^{i+j} : GW^{i+j} (D^b_{i+j} (X)) → W^{i+j+1}(D^b_{i+j+1}(X)) (see Remark 3.23). Using 4.19 and 4.20, we see that β · α = � (P_s, (−1)^{ij} ψ_s).

For a more precise statement, the reader is referred to Theorem 7.6. Now remark that there is a canonical class 1_X in �CH^0(X) given by the symmetric form < 1 > in GW (k(X)).

Proposition 6.8. The class 1_X is a left and right unit for the product ·.

Proof. Let p_2 : X ×X → X be the second projection and consider the following commutative diagram

X^△ �

Id � � � � X × X

p_2 � X. By Lemma 5.10, we see that △^!(p_2)^∗ = (Id)^∗ = Id. Consider now μ ∈ H^i(C(X, G^j )). It is clear that 1_X × μ = (p_2)^∗(μ) and then 1_X · μ = μ. Replacing p_2 by p_1 shows that 1_X is also a right unit.

Hence we have:

Theorem 6.9. Let X be a smooth scheme and let �CH^∗(X) be the total Chow- Witt group of X. Then the product · turns �CH^∗(X) into a graded associative ring with unit.

Taking the twists into account, we get the following theorem:

Theorem 6.10. Let X be a smooth scheme and let � L∈Pic(X)/2

�CH^∗(X, L) be

the total twisted Chow-Witt group of X. Then the product · turns this group into a graded associative ring with unit.

Definition 6.11. Let X be a smooth scheme. We call Chow-Witt ring the ring �CH^∗(X) and twisted Chow-Witt ring the ring � L∈Pic(X)/2

�CH^∗(X, L).

The following proposition is obvious:

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 307 Proposition 6.12. Let X be a smooth scheme. Then the natural homomorphism �CH^∗(X) → CH^∗(X) is a ring homomorphism.

Remark 6.13. The same methods show that the product of Remark 6.5 gives a graded associative anticommutative ring structure on the total cohomology group H^∗(C(X, W )) of the Gersten-Witt complex associated to X.

7 Basic properties We first show that the Chow-Witt ring is a functorial construction. Definition 7.1. Let X and Y be smooth schemes and f : X → Y a morphism. Consider the graph morphism γ_f : X → X × Y . We define f^! : �CH^∗(Y ) → �CH^∗(X) by f^!(y) = γ^!_f (1_X × y) for any y ∈ �CH^∗(Y ).

Proposition 7.2. The map f^! : �CH^∗(Y ) → �CH^∗(X) is a ring homomorphism.

Proof. We only have to check that f^!(y·z) = f^!(y)·f^!(z) for any y, z ∈ �CH^∗(Y ). Consider the following commutative diagram:

X^{γf} �

△_X � X × Y

△_{X×Y} � X × X_{γf ×γf} � (X × Y ) × (X × Y ).

Theorem 5.11 shows that γ^!_f △^!_{X×Y} = △^!_X (γ_f × γ_f )^!. Applying this to the cycle 1_X × y × 1_X × z, we obtain the result.

Remark 7.3. The proposition shows that �CH^∗(_) is a functor from the category of smooth schemes to the category of rings. It is clear that the homomorphisms �CH^∗(X) → CH ∗(X) give a natural transformation �CH^∗(_) → CH ∗(_). In the case where f : X → Y is a flat morphism, we can identify f^! more precisely.

Proposition 7.4. Let f : X → Y be a flat morphism. Then f^! = f^∗. Proof. Consider the following commutative diagram:

X^{γf} � f � � � � X × Y p � Y Documenta Mathematica 12 (2007) 275–312

308 Jean Fasel

where p : X × Y → Y is the projection. Since N_X (X × Y ) is of rank equal to the dimension of Y , we see that the relative dimension of the composition N_X (X × Y ) → X → Y is the same as the relative dimension of p : X × Y → Y . Therefore we can use Lemma 5.10 to get γ^!_f p^∗ = f^∗. Since p^∗β = 1_X × β for any cycle on Y , the result is proved.

Let Z ⊂ X be a closed subset of pure codimension i. As D^b_Z (X) ⊂ D^b(X)^{(i)}, we have a homomorphism GW^i_Z (X) → GW^i(D^b(X)^{(i)}). Composing with the localization, we obtain a homomorphism GW^i_Z (X) → GW^i(D^b_i (X)). As the composition GW^i(D^b(X)^{(i)}) → GW^i(D^b_i (X)) → W^{i+1}(D^b(X)^{(i+1)}) is zero (see [Ba1]), we finally obtain a homomorphism (Remark 3.23):

α_Z : GW^i_Z (X) → �CH^i(X).

Remark 7.5. Let f : X → Y be a flat morphism and Z ⊂ Y be a closed subset of pure codimension i. The definitions of f^∗ for the Grothendieck-Witt groups and the definition of f^∗ for the Chow-Witt groups show that the following diagram commutes ([Fa], Theorem 3.2.2 and Corollary 10.4.2):

GW^i_Z (Y )^{αZ} �

f^∗ �

�CH^i(Y )

f^∗ � GW^i_{f −1 Z} (X)_{α(f −1 Z)}� �CH^i(X).

The next theorem shows that our intersection product is the expected one:

Theorem 7.6. Let Z, T ⊂ X be closed subschemes of respective pure codimension i and j. Suppose that Z ∩ T is of pure codimension i + j. Then the following diagram commutes

GW^i_Z (X) × GW^j_T (X)

α_Z ×α_T �

⋆ � GW^{i+j}_{Z∩T} (X)

α_{Z∩T} � �CH^i(X) × �CH^j (X)_· � �CH^{i+j} (X).

Proof. Let γ ∈ GW^i_Z (X) and δ ∈ GW^j_T (X). Consider the deformation to the normal cone space D(X × X, X) and the blow down map b : D(X × X, X) → X × X × A^1. We have the following commutative diagram

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 309

X X △ � N_X (X × X)^{b′} � q �

κ � X × X

i_0 � D(X × X, X)_b � X × X × A^{1 π′} � X × X (1)

X × X × U ι �

X × X × U ι � π � � � �

where i_0 is the inclusion in 0, q is the projection and the two bottom squares are fibre products. By definition, we have

α_Z (γ) · α_T (δ) = (q^∗)^{−1}(κ_∗)^{−1}∂{t}π^∗(α_Z (γ) × α_T (δ)).

Let F = b^{−1}(π^′)^{−1}(p^{−1}_1 Z ∩ p^{−1}_2 T ) in D(X × X, X) (where p_1 and p_2 are the projections of X × X onto X). Observe that ι^{−1}F = F ∩ (X × X × U) is non empty and of pure codimension i + j in X × X × U. Diagram (1) gives

F ∩ N_X (X × X) = κ^{−1}F = κ^{−1}b^{−1}(π^′)^{−1}(p^{−1}_1 Z ∩ p^{−1}_2 T ) = q^{−1}(Z ∩ T ).

As Z ∩ T is of codimension i + j in X and q is flat, q^{−1}(Z ∩ T ) is also of codimension i + j in N_X (X × X) and hence is of codimension i + j + 1 in D(X × X, X). Therefore F itself is of pure codimension i + j in D(X × X, X). By commutativity of the above diagram and Remark 7.5, we have (note that b^∗ is defined at the level of the Grothendieck-Witt groups, but not at the level of the Chow-Witt groups):

π^∗(α_Z (γ) × α_T (δ)) = α_ι−1_F (ι^∗b^∗(π^′)^∗(p^∗_1γ ⊗ p^∗_2δ)) = ι^∗α_F (b^∗(π^′)^∗(p^∗_1γ ⊗ p^∗_2δ)).

We have to compute (κ_∗)^{−1}∂{t}π^∗(α_Z (γ)×α_T (δ)). By definition of ∂, we have to consider any element ν ∈ C(D(X × X, X), G^{i+j+1})_{i+j} having the property that ι^∗ν = {t}π^∗(α_Z (γ) × α_T (δ)) and then compute d_G(ν) where

d_G : C(D(X × X, X), G^{i+j+1})_{i+j} → C(D(X × X, X), G^{i+j+1})_{i+j+1}

is the differential of the complex C(D(X × X, X), G^{i+j+1}). Consider the commutative diagram

D(X × X, X)^b � X × X × A^{1 pr} � A^1

X × X × U ι �

X × X × U ι � η � � � �

Documenta Mathematica 12 (2007) 275–312

310 Jean Fasel

and recall that N_X (X × X) is the principal Cartier divisor in D(X × X, X) defined by f := b^∗pr^∗(t).

Consider the form b^∗(π^′)^∗(p^∗_1γ ⊗ p^∗_2δ). Its support is F . Localizing at the generic points of F (which are on X × X × U), we obtain a form ν_0 in W^{i+j} (D^b_{i+j} (D(X × X, X))). We also obtain an element ν_1 in � x∈F^{(0)}

K_0(k(x)).

The above computation shows that f is a unit in k(x) for any generic point x of F . We get an element

ν := ((−1)^{i+j+1} < 1, −f > ⊗ν_0, {f} · ν_1) ∈ C(D(X × X, X), G^{i+j+1})_{i+j}

which satisfy ι^∗ν = {t}π^∗(α_Z (γ)×α_T (δ)). A straightforward computation (use Theorem 2.25 again) shows that d_G(ν) = df ⊗ b^∗(π^′)^∗(p^∗_1γ ⊗ p^∗_2δ) in the group GW^{i+j+1}(D^b_{i+j+1}(D(X × X, X))). But df = b^∗dt and

b^∗dt ⊗ b^∗(π^′)^∗(p^∗_1γ ⊗ p^∗_2δ) = b^∗(dt ⊗ (π^′)^∗(p^∗_1γ ⊗ p^∗_2δ))

([GN], Theorem 3.2). Since dt ⊗ (π^′)^∗(p^∗_1γ ⊗ p^∗_2δ) = (i_0)_∗(p^∗_1γ ⊗ p^∗_2δ) ([GH], Lemma 2.8), we finally obtain

(κ_∗)^{−1}∂{t}π^∗(α_Z (γ) × α_T (δ)) = α_{F ∩NX (X×X)}((b^′)^∗(p^∗_1γ ⊗ p^∗_2δ)). We have a commutative diagram

N_X (X × X)^{b′} � q � X × X

X. △ � � � � � Now △^{−1}(p^{−1}_1 Z ∩ p^{−1}_2 T ) = Z ∩ T and using the diagram, we see that

α_Z (γ) · α_T (β) = α_{Z∩T} (△^∗(p^∗_1γ ⊗ p^∗_2δ)).

Hence it only remains to show that △^∗(p^∗_1γ ⊗ p^∗_2δ) = γ ⋆ δ to finish the proof. This is clear by [GN], Theorem 3.2.

References

[Ba1] P. Balmer, TWG I: The 12-term localization exact sequence, K-theory 19, no.4 (2000), 311-363.

[Ba2] P. Balmer, Products of degenerate quadratic forms, Compositio Mathematica. 141 (2005), 1374-1404.

[Ba3] P. Balmer, The spectrum of prime ideals in tensor triangulated categories, J. Reine Angew. Math. 588 (2005), 149-168.

Documenta Mathematica 12 (2007) 275–312

The Chow-Witt ring 311

[BW] P. Balmer, C. Walter, A Gersten-Witt sequence for regular schemes, Ann.

sci. ENS 35 (2002), no.1, 127-152.

[BGPW] P. Balmer, S. Gille, I. Panin, C. Walter, The Gersten conjecture for Witt groups in the equicharacteristic case, Doc. Mathematica 7 (2002), 203-217.

[BM] J. Barge, F. Morel, Groupe de Chow des cycles orientés et classes d’Euler des fibrés vectoriels, CRAS Paris 330 (2000), 287-290.

[Fa] J. Fasel, Groupes de Chow-Witt, preprint available at

http://www.math.ethz.ch/∼jfasel/.

[FS] J. Fasel, V. Srinivas, Chow-Witt groups and Grothendieck-Witt groups of regular schemes, preprint available at http://www.math.uiuc.edu/K-theory/0836/.

[Fu] W. Fulton, Intersection theory, Ergebnisse der Math. und ihrer Grenzgebiete, volume 2, Springer-Verlag, Berlin 1998.

[GH] S. Gille, J. Hornbostel, A zero theorem for the transfer of coherent Witt groups, Math. Nachr. 278 (2005), no.7-8, 815-823.

[Gi1] S. Gille, On Witt groups with support, Math.Ann. 322 (2002), no.1, 103- 137.

[Gi2] S. Gille, A transfer morphism for Witt groups, J. reine und angew. Math.

564 (2003), 215-233.

[Gi3] S. Gille, A graded Gersten-Witt complex for schemes with dualizing complex and the Chow group, to appear in Journal of Pure and Applied Algebra.

[GN] S. Gille, A. Nenashev, Pairings in triangular Witt theory, J. Algebra 261 (2003), no.2, 292-309.

[Ka] K. Kato, Milnor K-theory and the Chow group of zero cycles, Applications of algebraic K-theory to algebraic geometry and number theory, Part I (Boulder, Colo., 1983), 241-253, Contemp. Math., 55, Amer. Math. Soc., Providence, RI, 1986.

[Mo] F. Morel, A^1-homotopy classification of vector bundles over smooth affine schemes, preprint.

[Ne] A. Nenashev, Gysin maps in oriented theories, preprint available at http://www.math.uiuc.edu/K-theory/0695/.

[QSS] H.-G. Quebbemann, W. Scharlau, M.Schulte, Quadratic and hermitian forms in additive and abelian categories, Journal of Algebra 59, no. 2 (1979), 264-290.

[Ro] M. Rost, Chow groups with coefficients, Doc. Mathematica 1 (1996), 319- 393.

Documenta Mathematica 12 (2007) 275–312

312 Jean Fasel

Jean Fasel D-Math ETH Zentrum 8092 Zürich Switzerland jean.fasel@math.ethz.ch

Documenta Mathematica 12 (2007) 275–312

Documenta Math. 313

Equivariant Local Cyclic Homology

and the Equivariant Chern-Connes Character

Christian Voigt

Received: January 29, 2007

Communicated by Peter Schneider

Abstract. We define and study equivariant analytic and local cyclic homology for smooth actions of totally disconnected groups on bornological algebras. Our approach contains equivariant entire cyclic cohomology in the sense of Klimek, Kondracki and Lesniewski as a special case and provides an equivariant extension of the local cyclic theory developped by Puschnigg. As a main result we construct a multiplicative Chern-Connes character for equivariant KK-theory with values in equivariant local cyclic homology.

2000 Mathematics Subject Classification: 19D55, 19K35, 19L47, 46A17 Keywords and Phrases: Local cyclic homology, Chern-Connes charac- ter 1. Introduction

Cyclic homology can be viewed as an analogue of de Rham cohomology in the framework of noncommutative geometry [1], [3]. In this framework geometric questions are studied by means of associative algebras which need not be commutative. An important feature of cyclic homology is the fact that the theory can easily be defined on a large class of algebras, including Fréchet algebras as well as algebras without additional structure. In many cases explicit calculations are possible using standard tools from homological algebra. The connection to de Rham theory is provided by a fundamental result due to Connes [1] showing that the periodic cyclic homology of the Fréchet algebra C^∞(M) of smooth functions on a compact manifold M is equal to the de Rham cohomology of M.

However, in general the theory does not yield good results for Banach algebras or C^∗-algebras. Most notably, the periodic cyclic cohomology of the algebra C(M) of continuous functions on a compact manifold M is different from de Rham cohomology. An intuitive explanation of this phenomenon is that C(M)

Documenta Mathematica 12 (2007) 313–359

314 Christian Voigt

only encodes the information of M as a topological space, whereas it is the differentiable structure that is needed to define de Rham cohomology. Puschnigg introduced a variant of cyclic homology which behaves nicely on the category of C^∗-algebras [33]. The resulting theory, called local cyclic homology, allows for the construction of a general Chern-Connes character for bivariant K-theory. Using the machinery of local cyclic homology, Puschnigg proved the Kadison-Kaplansky idempotent conjecture for hyperbolic groups [32]. Unfortunately, the construction of the local theory is quite involved. Already the objects for which the theory is defined in [33], inductive systems of nice Fréchet algebras, are rather complicated.

There is an alternative approach to local cyclic homology due to Meyer [24]. Based on the theory of bornological vector spaces, some features of local cyclic homology become more transparent in this approach. It is known that bornological vector spaces provide a very natural framework to study analytic and entire cyclic cohomology [21]. Originally, entire cyclic cohomology was introduced by Connes [2] in order to define the Chern character of θ-summable Fredholm modules. The analytic theory for bornological algebras contains entire cyclic cohomology as a special case. Moreover, from a conceptual point of view it is closely related to the local theory. Roughly speaking, the passage from analytic to local cyclic homology consists in the passage to a certain derived category.

An important concept in local cyclic homology is the notion of a smooth subalgebra introduced by Puschnigg [29], [33]. The corresponding concept of an isoradial subalgebra [24], [26] plays a central role in the bornological account to the local theory by Meyer. One of the main results in [24] is that local cyclic homology is invariant under the passage to isoradial subalgebras. In fact, an inspection of the proof of this theorem already reveals the essential ideas behind the definition of the local theory. A basic example of an isoradial subalgebra is the inclusion of C^∞(M) into C(M) for a compact manifold as above. In particular, the natural homomorphism C^∞(M) → C(M) induces an invertible element in the bivariant local cyclic homology group HL_∗(C^∞(M), C(M)). Hence, in contrast to periodic cyclic cohomology, the local theory does not distinguish between C(M) and C^∞(M). Let us also remark that invariance under isoradial subalgebras is responsible for the nice homological properties of the local theory.

In this paper we define and study analytic and local cyclic homology in the equivariant setting. This is based on the general framework for equivariant cyclic homology developped in [35] and relies on the work of Meyer in the nonequivariant case. In particular, a large part of the necessary analytical considerations is already contained in [26]. In addition some of the material from [24] will be reproduced for the convenience of the reader. On the other hand, as far as homological algebra is concerned, the framework of exact categories used by Meyer is not appropriate in the equivariant situation. This is due to the fact that equivariant cyclic homology is constructed using paracomplexes [35].

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 315

We should point out that we restrict ourselves to actions of totally disconnected groups in this paper. In fact, one meets certain technical difficulties in the construction of the local theory if one moves beyond totally disconnected groups. For simplicity we have thus avoided to consider a more general setting. Moreover, our original motivation to study equivariant local cyclic homology and the equivariant Chern-Connes character comes from totally disconnected groups anyway.

Noncommutative Chern characters constitute one of the cornerstones of noncommutative geometry. The first contributions in this direction are due to Karoubi and Connes, see [14] for an overview. In fact, the construction of the Chern character in K-homology was the motivation for Connes to introduce cyclic cohomology [1]. Bivariant Chern characters have been studied by several authors including Kassel, Wang, Nistor, Puschnigg and Cuntz [17], [37], [28], [33], [4]. As already explained above, our character is closely related to the work of Puschnigg.

Let us now describe how the paper is organized. In section 2 we review some facts about smooth representation of totally disconnected groups and anti- Yetter-Drinfeld modules. These concepts are basic ingredients in the construction of equivariant cyclic homology. For later reference we also discuss the notion of an essential module over an idempotented algebra. We remark that anti-Yetter-Drinfeld modules are called covariant modules in [35], [36]. The terminology used here was originally introduced in [10] in the context of Hopf algebras. In section 3 we discuss the concept of a primitive module over an idempotented algebra and exhibit the relation between inductive systems of primitive modules and arbitrary essential modules. This is needed for the definition of the local derived category given in section 4. From the point of view of homological algebra the local derived category is the main ingredient in the construction of local cyclic homology. In section 5 we recall the definition of the analytic tensor algebra and related material from [21]. Moreover we review properties of the spectral radius for bornological algebras and discuss locally multiplicative algebras [26]. Section 6 contains the definition of the equivariant X-complex of a G-algebra and the definition of equivariant analytic and local cyclic homology. This generalizes the constructions in [21], [24] as well as the definition of entire cyclic cohomology for finite groups given by Klimek, Kondracki and Lesniewski [19]. We also discuss briefly the connection to the original approach to local cyclic homology due to Puschnigg. In section 7 we prove homotopy invariance, stability and excision for equivariant analytic and local cyclic homology. The arguments for the analytic and the local theory are analogous since both theories are constructed in a similar way. In section 8 we study a special situation where analytic and local cyclic homology are in fact isomorphic. Section 9 is devoted to the proof of the isoradial subalgebra theorem. As in the non-equivariant case this theorem is the key to establish some nice features of the local theory. In particular, using the isoradial subalgebra theorem we study in section 10 how local cyclic homology behaves with respect to continuous homotopies and stability in the sense of C^∗-algebras. As

Documenta Mathematica 12 (2007) 313–359

316 Christian Voigt

a preparation for the definition of the Chern-Connes character in the odd case we consider in section 11 the equivariant X-complex of tensor products. In section 12 we recall the general approach to bivariant K-theories developped by Cuntz [4], [5]. Based on the resulting picture of equivariant KK-theory we define the equivariant Chern-Connes character in section 13. In the even case the existence of this transformation is an immediate consequence of the universal property of equivariant KK-theory [34], [22]. As in the non-equivariant case the equivariant Chern-Connes character is multiplicative with respect to the Kasparov product and the composition product, respectively. Finally, we describe an elementary calculation of the Chern-Connes character in the case of profinite groups. More detailed computations together with applications will be discussed in a separate paper.

Throughout the paper G will be a second countable totally disconnected locally compact group. All bornological vector spaces are assumed to be separated and convex.

I am indebted to R. Meyer for providing me his preprint [24] and answering several questions related to local cyclic homology.

2. Smooth representations and anti-Yetter-Drinfeld modules

In this section we recall the basic theory of smooth representations of totally disconnected groups and the concept of an anti-Yetter-Drinfeld module. Smooth representations of locally compact groups on bornological vector spaces were studied by Meyer in [25]. The only difference in our discussion here is that we allow for representations on possibly incomplete spaces. Apart from smooth representations, anti-Yetter-Drinfeld modules play a central role in equivariant cyclic homology. These modules were called covariant modules in [35], [36]. Smooth representations and anti-Yetter-Drinfeld modules for totally disconnected groups can be viewed as essential modules over certain idempotented algebras in the following sense.

Definition 2.1. An algebra H with the fine bornology is called idempotented if for every small subset S ⊂ H there exists an idempotent e ∈ H such that e · x = x = x · e for all x ∈ S.

In other words, for every finite set F of elements in H there exists an idempotent e ∈ H which acts like a unit on every element of F . We call a separated H-module V essential if the natural map H ⊗_H V → V is a bornological isomorphism. Since H carries the fine bornology, the completion V^c of an essential H-module is again essential, and our notion is compatible with the concept of an essential module over a bornological algebra with approximate identity [25]. Clearly an idempotented algebra is a bornological algebra with approximate identity.

Let us now consider smooth representations. A representation of G on a separated bornological vector space V is a group homomorphism π : G → Aut(V ) where Aut(V ) denotes the group of bounded linear automorphisms of V . A

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 317

bounded linear map between representations of G is called equivariant if it commutes with the action of G. We write Hom_G(V, W ) for the space of equivariant bounded linear maps between the representations V and W . Let F (G, V ) be the space of all functions from G to V . The adjoint of a representation π is the bounded linear map [π] : V → F (G, V ) given by [π](v)(t) = π(t)(v). In the sequel we write simply t · v instead of π(t)(v).

We write D(G) for the space of smooth functions on G with compact support equipped with the fine bornology. Smoothness of a function f on a totally disconnected group is equivalent to f being locally constant. If V is a bornological vector space then D(G) ⊗ V = D(G, V ) is the space of compactly supported smooth functions on G with values in V . The space E(G, V ) consists of all smooth functions on G with values in V .

Definition 2.2. Let G be a totally disconnected group and let V be a separated (complete) bornological vector space. A representation π of G on V is smooth if [π] defines a bounded linear map from V into E(G, V ). A smooth representation is also called a separated (complete) G-module.

Let V be a separated G-module. Then for every small subset S ⊂ V the pointwise stabilizer G_S of S is an open subgroup of G. Conversely, if π is a representation of G on a bornological vector space V such that G_S is open for every small subset S ⊂ V then π is smooth. In particular, if V carries the fine bornology the above definition reduces to the usual definition of a smooth representation on a complex vector space. Every representation of a discrete group is smooth. Note that a representation π of G on a separated bornological vector space V determines a representation π^c of G on the completion V^c. If V is a separated G-module then V^c becomes a complete G-module in this way. As already mentioned in the beginning, smooth representations can be identified with essential modules over a certain idempotented algebra. The Hecke algebra of a totally disconnected group G is the space D(G) equipped with the convolution product

(f ∗ g)(t) = � G f(s)g(s^{−1}t)ds

where ds denotes a fixed left Haar measure on G. Since G is totally disconnected this algebra is idempotented. Every separated G-module V becomes an essential D(G)-module by integration, and conversely, every essential D(G)- module is obtained in this way. This yields a natural isomorphism between the category of separated (complete) G-modules and the category of separated (complete) essential D(G)-modules.

A separated (complete) G-algebra is a separated (complete) bornological algebra which is also a G-module such that the multiplication A ⊗ A → A is equivariant. For every separated G-algebra A the (smooth) crossed product A ⋊ G is the space D(G, A) with the convolution multiplication

(f ∗ g)(t) = � G f(s)s · g(s^{−1}t)ds.

Documenta Mathematica 12 (2007) 313–359

318 Christian Voigt

Note in particular that the crossed product associated to the trivial action of G on C is the Hecke algebra of G.

In connection with actions on C^∗-algebras we will have to consider representations of G which are not smooth. For an arbitrary representation of G on a bornological vector space V the smoothing Smooth_G(V ) is defined by Smooth_G(V ) = {f ∈ E(G, V )|f(t) = t · f(e) for all t ∈ G}

equipped with the subspace bornology and the right regular representation. We will usually simply write Smooth instead of Smooth_G in the sequel. The smoothing Smooth(V ) is always a smooth representation of G. If V is complete, then Smooth(V ) is a complete G-module. There is an injective equivariant bounded linear map ι_V : Smooth(V ) → V given by ι_V (f) = f(e).

Proposition 2.3. Let G be a totally disconnected group and π be a representation of G on a separated bornological vector space V . The equivariant bounded linear map ι_V : Smooth(V ) → V induces a natural isomorphism

Hom_G(W, V ) ∼= Hom_G(W, Smooth(V ))

for all separated G-modules W .

Hence the smoothing functor Smooth is right adjoint to the forgetful functor from the category of smooth representations to the category of arbitrary representations.

Assume that A is a separated bornological algebra which is at the same time equipped with a representation of G such that the multiplication A ⊗ A → A is equivariant. Then Smooth(A) is a separated G-algebra in a natural way. This applies in particular to actions on C^∗-algebras. When C^∗-algebras are viewed as bornological algebras we always work with the precompact bornology. If A is a G-C^∗-algebra we use the smoothing functor to obtain a complete G-algebra Smooth(A). We will study properties of this construction in more detail in section 10.

Next we discuss the concept of an anti-Yetter-Drinfeld module. Let O_G be the commutative algebra of compactly supported smooth functions on G with pointwise multiplication equipped with the action of G by conjugation.

Definition 2.4. Let G be a totally disconnected group. A separated (complete) G-anti-Yetter-Drinfeld module is a separated (complete) bornological vector space M which is both an essential O_G-module and a G-module such that

s · (f · m) = (s · f) · (s · m)

for all s ∈ G, f ∈ O_G and m ∈ M.

A morphism ϕ : M → N between anti-Yetter-Drinfeld modules is a bounded linear map which is O_G-linear and equivariant. In the sequel we will use the terminology AYD-module and AYD-map for anti-Yetter-Drinfeld modules and their morphisms. Moreover we denote by Hom_G(M, N) the space of AYD-maps between AYD-modules M and N. Note that the completion M^c of a separated AYD-module M is a complete AYD-module.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 319

We write A(G) for the crossed product O_G ⋊ G. The algebra A(G) is idempotented and plays the same role as the Hecke algebra D(G) in the context of smooth representations. More precisely, there is an isomorphism of categories between the category of separated (complete) AYD-modules and the category of separated (complete) essential modules over A(G). In particular, A(G) itself is an AYD-module in a natural way. We may view elements of A(G) as smooth functions with compact support on G × G where the first variable corresponds to O_G and the second variable corresponds to D(G). The multiplication in A(G) becomes

(f · g)(s, t) = � G f(s, r)g(r^{−1}sr, r^{−1}t)dr

in this picture. An important feature of this crossed product is that there exists an isomorphism T : A(G) → A(G) of A(G)-bimodules given by

T (f)(s, t) = f(s, st)

for f ∈ A(G). More generally, if M is an arbitrary separated AYD-module we obtain an automorphism of M ∼= A(G)⊗_{A(G)} M by applying T to the first tensor factor. By slight abuse of language, the resulting map is again denoted by T . This construction is natural in the sense that T ϕ = ϕT for every AYD-map ϕ : M → N.

3. Primitive modules and inductive systems

In this section we introduce primitive anti-Yetter-Drinfeld-modules and discuss the relation between inductive systems of primitive modules and general anti- Yetter-Drinfeld-modules for totally disconnected groups. This is needed for the definition of equivariant local cyclic homology.

Recall from section 2 that anti-Yetter-Drinfeld modules for a totally disconnected group G can be viewed as essential modules over the idempotented algebra A(G). Since it creates no difficulties we shall work in the more general setting of essential modules over an arbitrary idempotented algebra H in this section. We let C be either the category of separated or complete essential modules over H. Morphisms are the bounded H-module maps in both cases. Moreover we let ind(C) be the associated ind-category. The objects of ind(C) are inductive systems of objects in C and the morphisms between M = (M_i)_{i∈I} and (N_j )_{j∈J} are given by

Hom_{ind(C)}(M, N) = lim←− i∈I lim−→ j∈J Hom_C (M_i, N_j )

where the limits are taken in the category of vector spaces. There is a canonical functor lim−→ from ind(C) to C which associates to an inductive system its separated inductive limit.

If S is a small disk in a bornological vector space we write ⟨S⟩ for the associated normed space. There is a functor which associates to a (complete) bornological vector space V the inductive system of (complete) normed spaces ⟨S⟩ where S runs over the (completant) small disks in V . We need a similar construction

Documenta Mathematica 12 (2007) 313–359

320 Christian Voigt

in the context of H-modules. Let M be a separated (complete) essential Hmodule and let S ⊂ M be a (completant) small disk. We write H⟨S⟩ for the image of the natural map H ⊗ ⟨S⟩ → M equipped with the quotient bornology and the induced H-module structure. By slight abuse of language we call this module the submodule generated by S and write H⟨S⟩ ⊂ M.

Definition 3.1. An object of C is called primitive if it is generated by a single small disk.

In other words, a separated (complete) essential H-module P is primitive iff there exists a (completant) small disk S ⊂ P such that the natural map H⟨S⟩ → P is an isomorphism. Note that in the special case H = C the primitive objects are precisely the (complete) normed spaces. Let us write ind(P (C)) for the full subcategory of ind(C) consisting of inductive systems of primitive modules. For every M ∈ C we obtain an inductive system of primitive modules over the directed set of (completant) small disks in M by associating to every disk S the primitive module generated by S. This construction yields a functor dis from C to ind(P (C)) which will be called the dissection functor. Note that the inductive system dis(M) has injective structure maps for every M ∈ C. By definition, an injective inductive system is an inductive system whose structure maps are all injective. An inductive system is called essentially injective if it is isomorphic in ind(C) to an injective inductive system.

The following assertion is proved in the same way as the corresponding result for bornological vector spaces [21].

Proposition 3.2. The direct limit functor lim−→ is left adjoint to the dissection functor dis. More precisely, there is a natural isomorphism

Hom_C (lim−→(M_j )_{j∈J} , N) ∼= Hom_{ind(P (C))}((M_j )_{j∈J} , dis(N))

for every inductive system (M_j )_{j∈J} of primitive objects and every N ∈ C. Moreover lim−→ dis is naturally equivalent to the identity and the functor dis is fully faithful.

In addition we have that dis lim−→(M_i)_{i∈I} is isomorphic to (M_i)_{i∈I} provided the system (M_i)_{i∈I} is essentially injective. It follows that the dissection functor dis induces an equivalence between C and the full subcategory of ind(P (C)) consisting of all injective inductive systems of primitive modules.

4. Paracomplexes and the local derived category

In this section we review the notion of a paracomplex and discuss some related constructions in homological algebra. In particular, in the setting of anti- Yetter-Drinfeld modules over a totally disconnected group, we define locally contractible paracomplexes and introduce the local derived category, following [24].

Let us begin with the definition of a para-additive category [35].

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 321

Definition 4.1. A para-additive category is an additive category C together with a natural isomorphism T of the identity functor id : C → C.

It is explained in section 2 that every AYD-module is equipped with a natural automorphism denoted by T . Together with these automorphisms the category of AYD-modules becomes a para-additive category in a natural way. In fact, for our purposes this is the main example of a para-additive category.

Definition 4.2. Let C be a para-additive category. A paracomplex C = C_0 ⊕C_1 in C is a given by objects C_0 and C_1 together with morphisms ∂_0 : C_0 → C_1 and ∂_1 : C_1 → C_0 such that ∂^2 = id −T.

A chain map ϕ : C → D between two paracomplexes is a morphism from C to D that commutes with the differentials.

The morphism ∂ in a paracomplex is called a differential although this contradicts the classical definition of a differential. We point out that it does not make sense to speak about the homology of a paracomplex in general. However, one can define homotopies, mapping cones and suspensions as usual. Moreover, due to naturality of T , the space Hom_C (P, Q) of all morphisms between paracomplexes P and Q with the standard differential is an ordinary chain complex. We write H(C) for the homotopy category of paracomplexes associated to a para-additive category C. The morphisms in H(C) are homotopy classes of chain maps. The supension of paracomplexes yields a translation functor on H(C). By definition, a triangle

C � X � Y � C[1]

in H(C) is called distinguished if it is isomorphic to a mapping cone triangle. As for ordinary chain complexes one proves the following fact.

Proposition 4.3. Let C be a para-additive category. Then the homotopy category of paracomplexes H(C) is triangulated.

Let us now specialize to the case where C is the category of separated (complete) AYD-modules. Hence in the sequel H(C) will denote the homotopy category of paracomplexes of AYD-modules. We may also consider the homotopy category associated to the corresponding ind-category of paracomplexes. There is a direct limit functor lim−→ and a dissection functor dis between these categories having the same properties as the corresponding functors for AYD-modules. A paracomplex P of separated (complete) AYD-modules is called primitive if its underlying AYD-module is primitive. By slight abuse of language, if P is a primitive paracomplex and ι : P → C is an injective chain map of paracomplexes we will also write P for the image ι(P ) ⊂ C with the bornology induced from P . Moreover we call P ⊂ C a primitive subparacomplex of C in this case.

Definition 4.4. A paracomplex C is called locally contractible if for every primitive subparacomplex P of C the inclusion map ι : P → C is homotopic to

Documenta Mathematica 12 (2007) 313–359

322 Christian Voigt

zero. A chain map f : C → D between paracomplexes is called a local homotopy equivalence if its mapping cone C_f is locally contractible.

The class of locally contractible paracomplexes forms a null system in H(C). We have the following characterization of locally contractible paracomplexes.

Lemma 4.5. A paracomplex C is locally contractible iff H_∗(Hom_C (P, C)) = 0 for every primitive paracomplex P .

Proof. Let P ⊂ C be a primitive subparacomplex. If H_∗(Hom_C (P, C)) = 0 then the inclusion map ι : P → C is homotopic to zero. It follows that C is locally contractible. Conversely, assume that C is locally contractible. If P is a primitive paracomplex and f : P → C is a chain map let f(P ) ⊂ C be the primitive subparacomplex corresponding to the image of f. Since C is locally contractible the inclusion map f(P ) → C is homotopic to zero. Hence the same is true for f and we deduce H_0(Hom_C (P, C)) = 0. Similarly one obtains H_1(Hom_C (P, C)) = 0 since suspensions of primitive paracomplexes are primitive. □ We shall next construct projective resolutions with respect to the class of locally projective paracomplexes. Let us introduce the following terminology.

Definition 4.6. A paracomplex P is locally projective if H_∗(Hom_C (P, C)) = 0 for all locally contractible paracomplexes C.

All primitive paracomplexes are locally projective according to lemma 4.5. Observe moreover that the class of locally projective paracomplexes is closed under direct sums.

By definition, a locally projective resolution of C ∈ H(C) is a locally projective paracomplex P together with a local homotopy equivalence P → C. We say that a functor P : H(C) → H(C) together with a natural transformation π : P → id is a projective resolution functor if π(C) : P (C) → C is a locally projective resolution for all C ∈ H(C). In order to construct such a functor we proceed as follows.

Let I be a directed set. We view I as a category with objects the elements of I and morphisms the relations i ≤ j. More precisely, there is a morphism i → j from i to j in this category iff i ≤ j. Now consider a functor F : I → C. Such a functor is also called an I-diagram in C. We define a new diagram L(F ) : I → C as follows. Set L(F )(j) = � i→j F (i)

where the sum runs over all morphisms i → j in I. The map L(F )(k) → L(F )(l) induced by a morphism k → l sends the summand over i → k identically to the summand over i → l in L(F )(l). We have a natural transformation π(F ) : L(F ) → F sending the summand F (i) over i → j to F (j) using the map F (i → j). The identical inclusion of the summand F (j) over the identity j → j defines a section σ(F ) for π(F ). Remark that this section is not a natural transformation of I-diagrams in general.

Now let H : I → C be another diagram and let (ϕ(i) : F (i) → H(i))_{i∈I} be

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 323

an arbitrary family of AYD-maps. Then there exists a unique natural transformation of I-diagrams ψ : L(F ) → H such that ϕ(j) = ψ(j)σ(F )(j) for all j. Namely, the summand F (i) over i → j in L(F )(j) is mapped under ψ(j) to H(j) by the map H(i → j)ϕ(i). We can rephrase this property as follows. Consider the inclusion I^{(0)} ⊂ I of all identity morphisms in the category I. There is a forgetful functor from the category of I-diagrams to the category of I^{(0)}-diagrams in C induced by the inclusion I^{(0)} → I and a natural isomorphism

Hom_I (L(F ), H) ∼= Hom_I (0) (F, H)

where Hom_I and Hom_I (0) denote the morphism sets in the categories of Idiagrams and I^{(0)}-diagrams, respectively. This means that the previous construction defines a left adjoint functor L to the natural forgetful functor. For every j ∈ I we have a split extension of AYD-modules

J(F )(j) �^{ι(F )(j)}� L(F )(j)^{π(F )(j)}� � F (j)

where by definition J(F )(j) is the kernel of the AYD-map π(F )(j) and ι(F )(j) is the inclusion. The AYD-modules J(F )(j) assemble to an I-diagram and we obtain an extension

J(F ) �^{ι(F )} � L(F )^{π(F )} � � F

of I-diagrams which splits as an extension of I^{(0)}-diagrams. We apply the functor L to the diagram J(F ) and obtain a diagram denoted by LJ(F ) and a corresponding extension as before. Iterating this procedure yields a family of diagrams LJ^n(F ). More precisely, we obtain extensions

J^{n+1}(F ) �^{ι(J}

n(F ))�

LJ^n(F )^{π(J}

n(F ))� �

J^n(F )

for all n ≥ 0 where J^0(F ) = F , J^1(F ) = J(F ) and LJ^0(F ) = L(F ). In addition we set LJ^{−1}(F ) = F and ι(J^{−1}(F )) = id. By construction there are natural transformations LJ^n(F ) → LJ^{n−1}(F ) for all n given by ι(J^{n−1}(F ))π(J^n(F )). In this way we obtain a complex

· · · → LJ^3(F ) → LJ^2(F ) → LJ^1(F ) → LJ^0(F ) → F → 0

of I-diagrams. Moreover, this complex is split exact as a complex of I^{(0)}- diagrams, that is, LJ^•(F )(j) is a split exact complex of AYD-modules for all j ∈ I.

Assume now that F is an I-diagram of paracomplexes in C. We view F as a pair of I-diagrams F_0 and F_1 of AYD-modules together with natural transformations ∂_0 : F_0 → F_1 and ∂_1 : F_1 → F_0 such that ∂^2 = id −T . Let us construct a family of I-diagrams (LJ(F ), d^h, d^v ) as follows. Using the same notation as above we set LJ(F )_{pq} = LJ^q(F_p) for q ≥ 0 and define the horizontal differential d^h_{pq} : LJ(F )_{pq} → LJ(F )_{p−1,q} by

d^h_{pq} = (−1)^qLJ^q(∂_p).

Documenta Mathematica 12 (2007) 313–359

324 Christian Voigt

The vertical differential d^v_{pq} : LJ(F )_{pq} → LJ(F )_{p,q−1} is given by

d^v_{pq} = ι(J^{q−1}(F_p))π(J^q (F_p)).

Then the relations (d^v )^2 = 0, (d^h)^2 = id −T as well as d^v d^h + d^hd^v = 0 hold. Hence, if we define Tot(LJ(F )) by

(Tot LJ(F ))_n = � p+q=n

LJ(F )_{pq}

and equip it with the boundary d^h + d^v we obtain an I-diagram of paracomplexes. We write ho- lim−→(F ) for the inductive limit of the diagram Tot LJ(F ) and call this paracomplex the homotopy colimit of the diagram F . There is a canonical chain map ho- lim−→(F ) → lim−→(F ) and a natural filtration on ho- lim−→(F ) given by ho- lim−→(F )^{≤k}_n = � p+q=n q≤k lim−→ LJ(F )_{pq}

for k ≥ 0. Observe that the natural inclusion ι^k : ho- lim−→(F )^{≤k} → ho- lim−→(F ) is a chain map and that there is an obvious retraction π^k : ho- lim−→(F ) → ho- lim−→(F )^{≤k} for ι^k . However, this retraction is not a chain map.

Proposition 4.7. Let F = (F_i)_{i∈I} be a directed system of paracomplexes. If the paracomplexes F_j are locally projective then the homotopy colimit ho- lim−→(F ) is locally projective as well. If the system (F_i)_{i∈I} is essentially injective then ho- lim−→(F ) → lim−→(F ) is a local homotopy equivalence.

Proof. Assume first that the paracomplexes F_j are locally projective. In order to prove that ho- lim−→(F ) is locally projective let ϕ : ho- lim−→(F ) → C be a chain map where C is a locally contractible paracomplex. We have to show that ϕ is homotopic to zero. The composition of the natural map ι^0 : ho- lim−→(F )^{≤0} → ho- lim−→(F ) with ϕ yields a chain map ψ^0 = ϕι^0 : lim−→ LJ^0(F ) → C. By construction of LJ^0(F ) we have isomorphisms

Hom_C (lim−→ LJ^0(F ), C) ∼= Hom_I (LJ^0(F ), C) ∼= Hom_I (0) (F, C) where we use the notation introduced above and C is viewed as a constant diagram of paracomplexes. Hence, since the paracomplexes F_j are locally projective, there exists a morphism h^0 of degree one such that ∂h^0 + h^0∂ = ψ^0. This yields a chain homotopy between ψ^0 and 0. Using the retraction π^0 : ho- lim−→(F ) → ho- lim−→(F )^{≤0} we obtain a chain map ϕ^1 = ϕ − [∂, h^0π^0] from ho- lim−→(F ) to C. This map is clearly homotopic to ϕ and by construction we have ϕ^1ι^0 = 0. Consider next the map ψ^1 given by the composition lim−→ LJ^1(F ) → ho- lim−→(F ) → C

where the first arrow is the natural one and the second map is ϕ^1. Since ϕ^1 vanishes on ho- lim−→(F )^{≤0} we see that ψ^1 is a chain map. Observe moreover that J^1(F ) is a locally projective paracomplex. The same argument as before yields a homotopy h^1 : lim−→ LJ^1(F ) → C such that ∂h^1 + h^1∂ = ψ^1. We define

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 325

a chain map ϕ^2 by ϕ^2 = ϕ^1 − [∂, h^1π^1] = ϕ − [∂, h^1π^1 + h^0π^0] and get ϕ^2ι^1 = 0. Continuing this process we obtain a family of AYD-maps h^n : lim−→ LJ^n(F ) → C which assembles to a homotopy between ϕ and zero.

Let C(π) be the mapping cone of the natural map π : ho- lim−→(F ) → lim−→(F ). Moreover we write C(j) for the mapping cone of Tot LJ(F )(j) → F (j). It follows immediately from the constructions that C(j) is contractible for every j ∈ I. Now let P ⊂ C(π) be a primitive subparacomplex. If the system F is essentially injective then there exists an index j ∈ I such that P ⊂ C(j). Consequently, the map P → C(π) is homotopic to zero in this case, and we conclude that π is a local homotopy equivalence. □ Using the previous proposition we can construct a projective resolution functor with respect to the class of locally projective paracomplexes. More precisely, one obtains a functor P : H(C) → H(C) by setting

P (C) = ho- lim−→ dis(C)

for every paracomplex C. In addition, there is a natural transformation P → id induced by the canonical chain map ho- lim−→(F ) → lim−→(F ) for every inductive system F . Since dis(C) is an injective inductive system of locally projective paracomplexes for C ∈ H(C) it follows from proposition 4.7 that this yields a projective resolution functor as desired.

Let us now define the local derived category of paracomplexes.

Definition 4.8. The local derived category D(C) is the localization of H(C) with respect to the class of locally contractible paracomplexes.

By construction, there is a canonical functor H(C) → D(C) which sends local homotopy equivalences to isomorphisms. Using the projective resolution functor P one can describe the morphism sets in the derived category by

Hom_{D(C)}(C, D) ∼= Hom_{H(C)}(P (C), D) ∼= Hom_{H(C)}(P (C), P (D))

for all paracomplexes C and D.

For the purposes of local cyclic homology we consider the left derived functor of the completion functor. This functor is called the derived completion and is given by X^{Lc} = P (X)^c for every paracomplex X of separated AYD-modules. Inspecting the construction of the homotopy colimit shows that X^{Lc} ∼= ho- lim−→(dis(X)^c) where the completion of an inductive system is defined entrywise.

5. The analytic tensor algebra and the spectral radius

In this section we discuss the definition of the analytic tensor algebra as well as analytically nilpotent algebras and locally multiplicative algebras. The spectral radius of a small subset in a bornological algebra is defined and some of its basic properties are established. We refer to [21], [24], [26] for more details. Let G be a totally disconnected group and let A be a separated G-algebra. We

Documenta Mathematica 12 (2007) 313–359

326 Christian Voigt

write Ω^n(A) for the space of (uncompleted) noncommutative n-forms over A. As a bornological vector space one has Ω^0(A) = A and

Ω^n(A) = A^+ ⊗ A^{⊗n}

for n > 0 where A^+ denotes the unitarization of A. Simple tensors in Ω^n(A) are usually written in the form a_0da_1 · · · da_n where a_0 ∈ A^+ and a_j ∈ A for j > 0. Clearly Ω^n(A) is a separated G-module with the diagonal action. We denote by Ω(A) the direct sum of the spaces Ω^n(A). The differential d on Ω(A) and the multiplication of forms are defined in an obvious way such that the graded Leibniz rule holds.

For the purpose of analytic and local cyclic homology it is crucial to consider a bornology on Ω(A) which is coarser than the standard bornology for a direct sum. By definition, the analytic bornology on Ω(A) is the bornology generated by the sets

[S](dS)^∞ = S ∪ ∞� n=1 S(dS)^n ∪ (dS)^n

where S ⊂ A is small. Here and in the sequel the notation [S] is used to denote the union of the subset S ⊂ A with the unit element 1 ∈ A^+. Equipped with this bornology Ω(A) is again a separated G-module. Moreover the differential d and the multiplication of forms are bounded with respect to the analytic bornology. It follows that the Fedosov product defined by

ω ∘ η = ωη − (−1)^{|ω|}dωdη

for homogenous forms ω and η is bounded as well. By definition, the analytic tensor algebra T A of A is the even part of Ω(A) equipped with the Fedosov product and the analytic bornology. It is a separated G-algebra in a natural way. Unless explicitly stated otherwise, we will always equip Ω(A) and T A with the analytic bornology in the sequel.

The underlying abstract algebra of T A can be identified with the tensor algebra of A. This relationship between tensor algebras and differential forms is a central idea in the approach to cyclic homology developped by Cuntz and Quillen [6], [7], [8]. However, since the analytic bornology is different from the direct sum bornology, the analytic tensor algebra T A is no longer universal for all equivariant bounded linear maps from A into separated G-algebras. In order to formulate its universal property correctly we need some more terminology. The curvature of an equivariant bounded linear map f : A → B between separated G-algebras is the equivariant linear map ω_f : A ⊗ A → B given by

ω_f (x, y) = f(xy) − f(x)f(y).

By definition, the map f has analytically nilpotent curvature if

ω_f (S, S)^∞ = ∞� n=1 ω_f (S, S)^n

is a small subset of B for all small subsets S ⊂ A. An equivariant bounded linear map f : A → B with analytically nilpotent curvature is called an equivariant

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 327

lanilcur. The analytic bornology is defined in such a way that the equivariant homomorphism [[f]] : T A → B associated to an equivariant bounded linear map f : A → B is bounded iff f is a lanilcur.

It is clear that every bounded homomorphism f : A → B is a lanilcur. In particular, the identity map of A corresponds to the bounded homomorphism τ_A : T A → A given by the canonical projection onto differential forms of degree zero. The kernel of the map τ_A is denoted by J A, and we obtain an extension

J A � � T A � � A

of separated G-algebras. This extension has an equivariant bounded linear splitting σ_A given by the inclusion of A as differential forms of degree zero. The algebras J A and T A have important properties that we shall discuss next.

A separated G-algebra N is called analytically nilpotent if

S^∞ = � n∈N S^n

is small for all small subsets S ⊂ N. For instance, every nilpotent bornological algebra is analytically nilpotent. The ideal J A in the analytic tensor algebra of a bornological A is an important example of an analytically nilpotent algebra. A separated G-algebra R is called equivariantly analytically quasifree provided the following condition is satisfied. If K is an analytically nilpotent G-algebra and K � � E � � Q is an extension of complete G-algebras with equivariant bounded linear splitting then for every bounded equivariant homomorphism f : R → Q there exists a bounded equivariant lifting homomorphism F : R → E. The analytic tensor algebra T A of a G-algebra A is a basic example of an equivariantly analytically quasifree G-algebra. Another fundamental example is given by the algebra C with the trivial action. Every equivariantly analytically quasifree G-algebra is in particular equivariantly quasifree in the sense of [35].

We shall next discuss the concept of a locally multiplicative G-algebra. If A is a bornological algebra then a disk T ⊂ A is called multiplicatively closed provided T · T ⊂ T . A separated bornological algebra A is called locally multiplicative if for every small subset S ⊂ A there exists a positive real number λ and a small multiplicatively closed disk T ⊂ A such that S ⊂ λT . It is easy to show that a separated (complete) bornological algebra is locally multiplicative iff it is a direct limit of (complete) normed algebras. We point out that the group action on a G-algebra usually does not leave multiplicatively closed disks invariant. In particular, a locally multiplicative G-algebra can not be written as a direct limit of normed G-algebras in general.

It is clear from the definitions that analytically nilpotent algebras are locally multiplicative. In fact, locally multiplicatively algebras and analytically nilpotent algebras can be characterized in a concise way using the notion of spectral radius.

Documenta Mathematica 12 (2007) 313–359

328 Christian Voigt

Definition 5.1. Let A be a separated bornological algebra and let S ⊂ A be a small subset. The spectral radius ρ(S) = ρ(S; A) is the infimum of all positive real numbers r such that

(r^{−1}S)^∞ = ∞� n=1 (r^{−1}S)^n

is small. If no such number r exists set ρ(S) = ∞.

A bornological algebra A is locally multiplicative iff ρ(S) < ∞ for all small subsets S ⊂ A. Similarly, a bornological algebra is analytically nilpotent iff ρ(S) = 0 for all small subsets S of A.

Let us collect some elementary properties of the spectral radius. If λ is a positive real number then ρ(λS) = λρ(S) for every small subset S. Moreover one has ρ(S^n) = ρ(S)^n for all n > 0. Remark also that the spectral radius does not distinguish between a small set and its disked hull. Finally, let f : A → B be a bounded homomorphism and let S ⊂ A be small. Then the spectral radius is contractive in the sense that

ρ(f(S); B) ≤ ρ(S; A)

since f((r^{−1}S)^∞) = (r^{−1}f(S))^∞ ⊂ B is small provided (r^{−1}S)^∞ is small.

6. Equivariant analytic and local cyclic homology

In this section we recall the definition of equivariant differential forms and the equivariant X-complex and define equivariant analytic and local cyclic homology. In addition we discuss the relation to equivariant entire cyclic homology for finite groups in the sense of Klimek, Kondracki and Lesniewski and the original definition of local cyclic homology due to Puschnigg. First we review basic properties of equivariant differential forms. The equivariant n-forms over a separated G-algebra A are defined by Ω^n_G(A) = O_G ⊗ Ω^n(A) where Ω^n(A) is the space of uncompleted differential n-forms over A. The group G acts diagonally on Ω^n_G(A) and we have an obvious O_G-module structure given by multiplication on the first tensor factor. In this way the space Ω^n_G(A) becomes a separated AYD-module.

On equivariant differential forms we consider the following operators. We have the differential d : Ω^n_G(A) → Ω^{n+1}_G (A) given by

d(f(s) ⊗ x_0dx_1 · · · dx_n) = f(s) ⊗ dx_0dx_1 · · · dx_n

and the equivariant Hochschild boundary b : Ω^n_G(A) → Ω^{n−1}_G (A) defined by

b(f(s)⊗x_0dx_1 · · · dx_n) = f(s) ⊗ x_0x_1dx_2 · · · dx_n + n−1� j=1 (−1)^j f(s) ⊗ x_0dx_1 · · · d(x_j x_{j+1}) · · · dx_n

+ (−1)^nf(s) ⊗ (s^{−1} · x_n)x_0dx_1 · · · dx_{n−1}.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 329

Moreover there is the equivariant Karoubi operator κ : Ω^n_G(A) → Ω^n_G(A) and the equivariant Connes operator B : Ω^n_G(A) → Ω^{n+1}_G (A) which are given by the formulas

κ(f(s) ⊗ x_0dx_1 · · · dx_n) = (−1)^{n−1}f(s) ⊗ (s^{−1} · dx_n)x_0dx_1 · · · dx_{n−1} and B(f(s) ⊗ x_0dx_1 · · · dx_n) = n� i=0 (−1)^{ni}f(s) ⊗ s^{−1} · (dx_{n+1−i} · · · dx_n)dx_0 · · · dx_{n−i},

respectively. All these operators are AYD-maps, and the natural symmetry operator T for AYD-modules is of the form

T (f(s) ⊗ ω) = f(s) ⊗ s^{−1} · ω

on equivariant differential forms. We shall write Ω_G(A) for the direct sum of the spaces Ω^n_G(A) in the sequel. The analytic bornology on Ω_G(A) is defined using the identification Ω_G(A) = O_G ⊗ Ω(A).

Together with the operators b and B the space Ω_G(A) of equivariant differential forms may be viewed as a paramixed complex [35] which means that the relations b^2 = 0, B^2 = 0 and [b, B] = bB + Bb = id −T hold. An important purpose for which equivariant differential forms are needed is the definition of the equivariant X-complex of a G-algebra.

Definition 6.1. Let A be a separated G-algebra. The equivariant X-complex X_G(A) of A is the paracomplex

X_G(A): Ω^0_G(A)^d � Ω^1_G(A)/b(Ω^2_G(A)). b � Remark in particular that if ∂ denotes the boundary operator in X_G(A) then the relation ∂^2 = id −T follows from the fact that equivariant differential forms are a paramixed complex.

After these preparations we come to the definition of equivariant analytic cyclic homology.

Definition 6.2. Let G be a totally disconnected group and let A and B be separated G-algebras. The bivariant equivariant analytic cyclic homology of A and B is

HA^G_∗ (A, B) = H_∗(Hom_G(X_G(T (A ⊗ K_G))^c, X_G(T (B ⊗ K_G))^c)).

The algebra K_G occuring in this definition is the subalgebra of the algebra of compact operators K(L^2(G)) on the Hilbert space L^2(G) obtained as the linear span of all rank-one operators |ξ⟩⟨η| with ξ, η ∈ D(G). This algebra is equipped with the fine bornology and the action induced from K(L^2(G)). An important property of the G-algebra K_G is that it is projective as a G-module. We point out that the Hom-complex on the right hand side of the definition, equipped with the usual boundary operator, is an ordinary chain complex although both entries are only paracomplexes. Remark also that for the trivial

Documenta Mathematica 12 (2007) 313–359

330 Christian Voigt

group one reobtains the definition of analytic cyclic homology given in [21]. It is frequently convenient to replace the paracomplex X_G(T (A ⊗ K_G)) in the definition of the analytic theory with another paracomplex construced using the standard boundary B + b in cyclic homology. For every separated G-algebra A there is a natural isomorphism X_G(T A) ∼= Ω^{tan}_G (A) of AYD-modules where Ω^{tan}_G (A) is the space Ω_G(A) equipped with the transposed analytic bornology. The transposed analytic bornology is the bornology generated by the sets

D ⊗ S ∪ D ⊗ [S]dS ∪ ∞� n=1 n! D ⊗ [S][dS](dS)^{2n}

where D ⊂ O_G and S ⊂ A are small. The operators b and B are bounded with respect to the transposed analytic bornology. It follows that Ω^{tan}_G (A) becomes a paracomplex with the differential B + b. We remark that rescaling with the constants n! in degree 2n and 2n + 1 yields an isomorphism between Ω^{tan}_G (A) and the space Ω_G(A) equipped with the analytic bornology.

Theorem 6.3. Let G be a totally disconnected group. For every separated G-algebra A there exists a bornological homotopy equivalence between the paracomplexes X_G(T A) and Ω^{tan}_G (A).

Proof. The proof follows the one for the equivariant periodic theory [35] and the corresponding assertion in the nonequivariant situation [21]. Let Q_n : Ω_G(A) → Ω^n_G(A) ⊂ Ω_G(A) be the canonical projection. Using the explicit formula for the Karoubi operator one checks that the set {C^nκ^j Q_n| 0 ≤ j ≤ n, n ≥ 0 } of operators is equibounded on Ω_G(A) with respect to the analytic bornology for every C ∈ R. Similarly, the set {κ^nQ_n|n ≥ 0} is equibounded with respect to the analytic bornology and hence {C^nκ^j Q_n| 0 ≤ j ≤ kn, n ≥ 0 } is equibounded as well for each k ∈ N. Thus an operator on Ω_G(A) of the form

�_∞ j=0 Q_nh_n(κ) is bounded with respect to the analytic bornology if (h_n)_{n∈N} is a sequence of polynomials whose degrees grow at most linearly and whose absolut coefficient sums grow at most exponentially. By definition, the absolute coefficient sum of �_k j=0 a_j x^j is

�_k

j=0 |a_j |. The polynomials f_n and g_n occuring in the proof of theorem 8.6 in [35] satisfy these conditions. Based on this observation, a direct inspection shows that the maps involved in the definition of the desired homotopy equivalence in the periodic case induce bounded maps on Ω_G(A) with respect to the analytic bornology. This yields the assertion. □ Let G be a finite group and let A be a unital Banach algebra on which G acts by bounded automorphisms. Klimek, Kondracki and Lesniewski defined the equivariant entire cyclic cohomology of A in this situation [19]. We may also view A as a bornological algebra with the bounded bornology and consider the equivariant analytic theory of the resulting G-algebra.

Proposition 6.4. Let G be a finite group acting on a unital Banach algebra A by bounded automorphisms. Then the equivariant entire cyclic cohomology of A coincides with the equivariant analytic cyclic cohomology HA^G_∗ (A, C) where A is viewed as a G-algebra with the bounded bornology.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 331

Proof. It will be shown in proposition 7.5 below that tensoring with the algebra K_G is not needed in the definition of HA^G_∗ for finite groups. Let us write C(G) for the space of functions on the finite group G. Using theorem 6.3 we see that the analytic cyclic cohomology HA^G_∗ (A, C) is computed by the complex consisting of families (ϕ_n)_{n≥0} of n+1-linear maps ϕ_n : A^+ ×A^n → C(G) which are equivariant in the sense that

ϕ_n(t · a_0, t · a_1, . . . , t · a_n)(s) = ϕ_n(a_0, a_1, . . . , a_n)(t^{−1}st)

and satisfy the entire growth condition

[n/2]! max_{t∈G} |ϕ_n(a_0, a_1, . . . , a_n)(t)| ≤ c_S

for a_0 ∈ [S], a_1, . . . , a_n ∈ S and all small sets S in A. Here [n/2] = k for n = 2k or n = 2k + 1 and c_S is a constant depending on S. The boundary operator is induced by B + b. An argument analogous to the one due to Khalkhali in the non-equivariant case [18] shows that this complex is homotopy equivalent to the complex used by Klimek, Kondracki and Lesniewski. □

Definition 6.5. Let G be a totally disconnected group and let A and B be separated G-algebras. The bivariant equivariant local cyclic homology HL^G_∗ (A, B) of A and B is given by

H_∗(Hom_G(X_G(T (A ⊗ K_G))^{Lc}, X_G(T (B ⊗ K_G))^{Lc})).

Recall that the derived completion X^{Lc} of a paracomplex X was introduced in section 4. In terms of the local derived category of paracomplexes defininition 6.5 can be reformulated in the following way. The construction of the derived completion shows together with proposition 4.7 that the paracomplex X_G(T (A ⊗ K_G))^{Lc} is locally projective for every separated G-algebra A. It follows that the local cyclic homology group HL^G_0 (A, B) is equal to the space of morphisms in the local derived category between X_G(T (A ⊗ K_G))^{Lc} and X_G(T (B ⊗ K_G))^{Lc}. Consequently, the passage from the analytic theory to the local theory consists in passing from the homotopy category of paracomplexes to the local derived category and replacing the completion functor by the derived completion.

Both equivariant analytic and local cyclic homology are equipped with an obvious composition product. Every bounded equivariant homomorphism f : A → B induces an element [f] in HA^G_∗ (A, B) and in HL^G_∗ (A, B), respectively. In particular, the identity map id : A → A defines an element in these theories which acts as a unit with respect to the composition product. If G is the trivial group then definition 6.5 reduces to the local cyclic theory defined by Meyer in [24]. Let us briefly explain how this definition of local cyclic homology is related to the original approach by Puschnigg. In [33] a Fréchet algebra A is called nice if there is a neighborhood of the origin U such that S^∞ is precompact for all compact sets S ⊂ U. This condition is equivalent local multiplicativity if A is viewed as a bornological algebra with the precompact bornology [21]. Hence the class of nice Fréchet algebras can be viewed as

Documenta Mathematica 12 (2007) 313–359

332 Christian Voigt

a particular class of locally multiplicative bornological algebras. One has the following result [24].

Proposition 6.6. Let (A_i)_{i∈I} and (B_j )_{j∈J} be inductive systems of nice Fréchet algebras and let A and B denote their direct limits, respectively. If the systems (A_i)_{i∈I} and (B_j )_{j∈J} have injective structure maps then HL_∗(A, B) is naturally isomorphic to the bivariant local cyclic homology for (A_i)_{i∈I} and (B_j )_{j∈J} as defined by Puschnigg.

Proof. According to the assumptions the inductive system dis(X(T A)) is isomorphic to the formal inductive limit of dis(X(T A_i))_{i∈I} in the category of inductive systems of complexes. The completion of the latter is equivalent to the inductive system that is used in [33] to define the local theory. Comparing the construction of the local derived category with the definition of the derived ind-category given by Puschnigg yields the assertion. □ Consequently, the main difference between the approaches is that Meyer works explicitly in the setting of bornological vector spaces whereas Puschnigg uses inductive systems and considers bornologies only implicitly.

7. Homotopy invariance, stability and excision

In this section we show that equivariant analytic and local cyclic homology are invariant under smooth equivariant homotopies, stable and satisfy excision in both variables.

For the proof of homotopy invariance and stability of the local theory we need some information about partial completions. A subset V of a bornological vector space V is called locally dense if for any small subset S ⊂ V there is a small disk T ⊂ V such that any v ∈ S is the limit of a T -convergent sequence with entries in V ∩ T . If V is a metrizable locally convex vector space endowed with the precompact bornology then a subset V ⊂ V is locally dense iff it is dense in V in the topological sense [26]. Let V be a bornological vector space and let i : V → V be a bounded linear map into a separated bornological vector space V . Then V together with the map i is called a partial completion of V if i is a bornological embedding and has locally dense range. We will need the following property of partial completions.

Lemma 7.1. Let i : A → A be a partial completion of separated G-algebras. Then the induced chain map X_G(T A)^{Lc} → X_G(T A)^{Lc} is an isomorphism. If the derived completion is replaced by the ordinary completion the corresponding chain map is an isomorphism as well.

Proof. Let us abbreviate C = X_G(T A) and D = X_G(T A). It suffices to show that the natural map dis(C)^c → dis(D)^c is an isomorphism of inductive systems. Since i : A → A is a partial completion the same holds true for the induced chain map C → D. By local density, for any small disk S ⊂ D there exists a small disk T ⊂ D such that any point in S is the limit of a T - convergent sequence with entries in C ∩ T . Observe that C ∩ T is a small disk in C since the inclusion is a bornological embedding. Consider the isometry

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 333

⟨C ∩ T ⟩ → ⟨T ⟩. By construction, the space ⟨S⟩ is contained in the range of the isometry ⟨C ∩ T ⟩^c → ⟨T ⟩^c obtained by applying the completion functor. Since ⟨C ∩T ⟩^c maps naturally into (A(G)⟨C ∩T ⟩)^c we get an induced AYD-map A(G)⟨S⟩ → (A(G)⟨C ∩ T ⟩)^c. Using this observation one checks easily that the completions of the inductive systems dis(C) and dis(D) are isomorphic. □ We refer to [26] for the definition of smooth functions with values in a bornological vector space. For metrizable locally convex vector spaces with the precompact bornology one reobtains the usual notion. Let B be a separated G-algebra and denote by C^∞([0, 1], B) the G-algebra of smooth functions on the interval [0, 1] with values in B. The group G acts pointwise on functions, and if B is complete there is a natural isomorphism C^∞([0, 1], B) ∼= C^∞[0, 1] ^⊗B. A smooth equivariant homotopy is a bounded equivariant homomorphism Φ : A → C^∞([0, 1], B). Evaluation at t ∈ [0, 1] yields an equivariant homomorphism Φ_t : A → B. Two equivariant homomorphisms from A to B are called equivariantly homotopic if they can be connected by an equivariant homotopy.

Proposition 7.2 (Homotopy invariance). Let A and B be separated G-algebras and let Φ : A → C^∞([0, 1], B) be a smooth equivariant homotopy. Then the induced elements [Φ_0] and [Φ_1] in HL^G_∗ (A, B) are equal. An analogous statement holds for the analytic theory. Hence HA^G_∗ and HL^G_∗ are homotopy invariant in both variables with respect to smooth equivariant homotopies.

Proof. For notational simplicity we shall suppress occurences of the algebra K_G in our notation. Assume first that the homotopy Φ is a map from A into C[t]⊗B where C[t] is viewed as a subalgebra of C^∞[0, 1] with the subspace bornology. The map Φ induces a bounded equivariant homomorphism T A → C[t] ⊗ T B since the algebra C^∞[0, 1] is locally multiplicative. As in the proof of homotopy invariance for equivariant periodic cyclic homology [35] we see that the chain maps X_G(T A) → X_G(T B) induced by Φ_0 and Φ_1 are homotopic. Consider in particular the equivariant homotopy Φ : C[x] ⊗ B → C[t] ⊗ C[x] ⊗ B defined by Φ(p(x) ⊗ b) = p(tx) ⊗ b. We deduce that the map B → C[x] ⊗ B that sends b to b ⊗ 1 induces a homotopy equivalence between X_G(T (C[x] ⊗ B)) and X_G(T B). It follows in particular that the chain maps X_G(T (C[x]⊗B)) → X_G(T B) given by evaluation at 0 and 1, respectively, are homotopic.

Let us show that C[t] ⊗ B → C^∞([0, 1], B) is a partial completion. It suffices to consider the corresponding map for a normed subspace V ⊂ B since source and target of this map are direct limits of the associated inductive systems with injective structure maps. For a normed space V the assertion follows from Grothendieck’s description of bounded subsets of the projective tensor product C^∞[0, 1] ^⊗_πV .

Due to lemma 7.1 the chain map X_G(T (C[t] ⊗ B))^{Lc} → X_G(T C^∞([0, 1], B))^{Lc} is an isomorphism. Hence the chain maps X_G(T C^∞([0, 1], B))^{Lc} → X_G(T B)^{Lc} induced by evalution at 0 and 1 are homotopic as well. Now let Φ : A → C^∞([0, 1], B) be an arbitrary homotopy. According to our previous argument, composing the induced chain map X_G(T A)^{Lc} → X_G(T C^∞([0, 1], B))^{Lc} with

Documenta Mathematica 12 (2007) 313–359

334 Christian Voigt

the evaluation maps at 0 and 1 yields the claim for the local theory. The assertion for the analytic theory are obtained in the same way. □ Next we study stability. Let V and W be separated G-modules and let b : W × V → C be an equivariant bounded bilinear map. Then l(b) = V ⊗ W is a separated G-algebra with multiplication (x_1 ⊗ y_1) · (x_2 ⊗ y_2) = x_1 ⊗ b(y_1, x_2)y_2 and the diagonal G-action. A particular example is the algebra K_G which is obtained using the left regular representation V = W = D(G) and the pairing

b(f, g) = � G f(s)g(s)ds

with respect to left Haar measure.

Let V and W be separated G-modules and let b : W × V be an equivariant bounded bilinear map. The pairing b is called admissible if there exists nonzero G-invariant vectors v ∈ V and w ∈ W such that b(w, v) = 1. In this case p = v ⊗ w is an invariant idempotent element in l(b) and there is an equivariant homomorphism ι_A : A → A ⊗ l(b) given by ι_A(a) = a ⊗ p.

Proposition 7.3. Let A be a separated G-algebra and let b : W × V → C be an admissible pairing. Then the map ι_A induces a homotopy equivalence X_G(T A)^{Lc} ≃ X_G(T (A ⊗ l(b)))^{Lc}. If the derived completion is replaced by the ordinary completion the corresponding map is a homotopy equivalence as well. This result is proved in the same way as in [35] using homotopy invariance. As a consequence we obtain the following stability properties of equivariant analytic and local cyclic homology.

Proposition 7.4 (Stability). Let A be a separated G-algebra and let b : W × V → C be a nonzero equivariant bounded bilinear map. Moreover let l(b, A) be any partial completion of A ⊗ l(b). Then there exist invertible elements in HL^G_0 (A, l(b, A)) and HA^G_0 (A, l(b, A)).

Proof. For the uncompleted stabilization A⊗l(b) the argument for the periodic theory in [35] carries over. If l(b, A) is a partial completion of A ⊗ l(b) the natural chain map X_G(T (A ⊗ l(b) ⊗ K_G)) → X_G(T (l(b, A) ⊗ K_G)) becomes an isomorphism after applying the (left derived) completion functor according to lemma 7.1. □ An application of theorem 7.3 yields a simpler description of HA^G_∗ and HL^G_∗ in the case that G is a profinite group. If G is compact the trivial one-dimensional representation is contained in D(G). Hence the pairing used to define the algebra K_G is admissible in this case. This implies immediately the following assertion.

Proposition 7.5. Let G be a compact group. Then we have a natural isomorphism HL^G_∗ (A, B) ∼= H_∗(Hom_G(X_G(T A)^{Lc}, X_G(T B)^{Lc})) for all separated G-algebras A and B. An analogous statement holds for the analytic theory.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 335

To conclude this section we show that equivariant analytic and local cyclic homology satisfy excision in both variables.

Theorem 7.6 (Excision). Let A be a separated G-algebra and let E : 0 → K → E → Q → 0 be an extension of separated G-algebras with bounded linear splitting. Then there are two natural exact sequences

HL^G_0 (A, K) �

� HL^{G0} (A, E)

� HLG_0 (A, Q)

� HL^G_1 (A, Q) � HL^G_1 (A, E) � HL^G_1 (A, K) and HL^G_0 (Q, A) � � HL^{G0} (E, A)

� HLG_0 (K, A)

� HL^G_1 (K, A) � HL^G_1 (E, A) � HL^G_1 (Q, A) The horizontal maps in these diagrams are induced by the maps in E and the vertical maps are, up to a sign, given by composition product with an element ch(E) in HL^G_1 (Q, K) naturally associated to the extension. Analogous statements hold for the analytic theory.

Upon tensoring the given extension E with K_G we obtain an extension of separated G-algebras with equivariant bounded linear splitting. As in [35] we may suppress the algebra K_G from our notation and assume that we are given an extension K �^ι � E^π � � Q of separated G-algebras together with an equivariant bounded linear splitting σ : Q → E for the quotient map π : E → Q.

We denote by X_G(T E : T Q) the kernel of the map X_G(T π) : X_G(T E) → X_G(T Q)) induced by π. The splitting σ yields a direct sum decomposition X_G(T E) = X_G(T E : T Q) ⊕ X_G(T Q) of AYD-modules. Moreover there is a natural chain map ρ : X_G(T K) → X_G(T E : T Q). Theorem 7.6 is a consequence of the following result.

Theorem 7.7. The map ρ : X_G(T K) → X_G(T E : T Q) is a homotopy equivalence.

Proof. The proof follows the arguments given in [21], [35]. Let L ⊂ T E be the left ideal generated by K ⊂ T E. Then L is a separated G-algebra and we obtain an extension N � � L^τ � � K of separated G-algebras where τ : L → K is induced by the canonical projection τ_E : T E → E. As in [35] one shows that the inclusion L ⊂ T E induces a homotopy equivalence ψ : X_G(L) → X_G(T E : T Q). The inclusion T K → L induces a morphism of extensions from 0 → J K → T K → K → 0 to 0 →

Documenta Mathematica 12 (2007) 313–359

336 Christian Voigt

N → L → K → 0. The algebra N is analytically nilpotent and the splitting homomorphism v : L → T L for the canonical projection constructed by Meyer in [21] is easily seen to be equivariant. Using homotopy invariance it follows that the induced chain map X_G(T K) → X_G(L) is a homotopy equivalence. This yields the assertion. □

8. Comparison between analytic and local cyclic homology

In this section we study the relation between equivariant analytic and local cyclic homology. We exhibit a special case in which the analytic and local theories agree. This allows to do some elementary calculations in equivariant local cyclic homology. Our discussion follows closely the treatment by Meyer, for the convenience of the reader we reproduce some results in [24]. A bornological vector space V is called subcomplete if the canonical map V → V^c is a bornological embedding with locally dense range.

Proposition 8.1. Let V be a separated bornological vector space. The following conditions are equivalent: a) V is subcomplete.

b) for every small disk S ⊂ V there is a small disk T ⊂ V containing S such that every S-Cauchy sequence that converges in V is already T -convergent.

c) for every small disk S ⊂ V there is a small disk T ⊂ V containing S such that every S-Cauchy sequence which is a null sequence in V is already a T -null sequence.

d) for every small disk S ⊂ V there is a small disk T ⊂ V containing S such that ker(⟨S⟩^c → ⟨T ⟩^c) = ker(⟨S⟩^c → ⟨U⟩^c) for all small disks U containing T .

e) for every small disk S ⊂ V there is a small disk T ⊂ V containing S such that ker(⟨S⟩^c → ⟨T ⟩^c) = ker(⟨S⟩^c → V^c).

Proof. a) ⇒ b) Let S ⊂ V be a small disk. Then there exists a small disk R ⊂ V^c such that every S-Cauchy sequence is R-convergent. Since V → V^c is a bornological embedding the disk T = R∩V is small in V . By construction, every S-Cauchy sequence that converges in V is already T -convergent. b) ⇒ c) is clear since V is separated. c) ⇔ d) Let U be a small disk containing S. Then the kernel of the map ⟨S⟩^c → ⟨U⟩^c consists of all S-Cauchy sequences which are Unull sequences. Since a null sequence in V is a null sequence in U for some small disk U the claim follows. d) ⇒ e) Let dis(V ) be the inductive system of normed spaces obtained as the dissection of the bornological vector space V . Condition d) implies that the direct limit of dis(V )^c is automatically separated. That is, V^c = lim−→ dis(V )^c is equal to the vector space direct limit of the system dis(V )^c with the quotient bornology. Hence ker(⟨S⟩ → V^c) = � ker(⟨S⟩^c → ⟨U⟩^c) where the union is taken over all small disks U containing S. e) ⇒ a) For each small disk S in V let us define ⟨⟨S⟩⟩ = ⟨S⟩^c/ ker(⟨S⟩^c → V^c). According to

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 337

e) the resulting inductive system is isomorphic to dis(V )^c and lim−→⟨⟨S⟩⟩ ∼= V^c. Assume that x ∈ ker(⟨S⟩ → ⟨⟨S⟩⟩). Then x ∈ ker(⟨S⟩ → ⟨T ⟩^c) for some small disk T containing S. This implies x = 0 since the maps ⟨S⟩ → ⟨T ⟩ → ⟨T ⟩^c are injective. Hence ⟨S⟩ → ⟨⟨S⟩⟩ is injective for all small disks S. It follows that ι : V → V^c is a bornological embedding with locally dense range. □ We are interested in conditions which imply that the space Ω(A) for a separated bornological algebra A is subcomplete. As usual, we consider Ω(A) as a bornological vector space with the analytic bornology. Given a small set S ⊂ A we shall write Ω(S) for the disked hull of S ∪ ∞� n=1 S^{⊗n+1} ∪ S^{⊗n}

inside Ω(A) where we use the canonical identification Ω^n(A) = A^{⊗n+1} ⊕ A^{⊗n} for the space of differential forms. Remark that the sets Ω(S) generate the analytic bornology.

Definition 8.2. A separated bornological algebra A is called tensor subcomplete if the space Ω(A) is subcomplete.

Let us call the tensor powers V^{⊗n} for n ∈ N of a bornological vector space V uniformly subcomplete provided the following condition is satisfied. For every small disk S ⊂ V there is a small disk T ⊂ V containing S such that, independent of n ∈ N, any S^{⊗n}-Cauchy sequence which is a null sequence in V^{⊗n} is already a T^{⊗n}-null sequence. In particular, the spaces V^{⊗n} are subcomplete for all n in this case.

Lemma 8.3. A separated bornological algebra A is tensor subcomplete iff the tensor powers A^{⊗n} for n ∈ N are uniformly subcomplete.

Proof. Assume first that the space Ω(A) is subcomplete. Let S ⊂ A be a small disk and let (x_k )_{k∈N} be a S^{⊗n}-Cauchy sequence which is a null sequence in A^{⊗n}. We write i_n : A^{⊗n} → Ω(A) and p_n : Ω(A) → A^{⊗n} for the natural inclusion and projection onto one of the direct summands A^{⊗n} in Ω(A). The maps i_n and p_n are clearly bounded. In particular, the image of (x_k )_{k∈N} under i_n is a Ω(S)-Cauchy sequence which is a null sequence in Ω(A). Hence it is a Ω(T )-null sequence for some T ⊂ A. Since p_n(Ω(T )) = T^{⊗n} and x_k = p_ni_n(x_k ) it follows that the sequence (x_k )_{k∈N} is a T^{⊗n}-null sequence. Moreover the choice of T does not depend on n. This shows that the tensor powers A^{⊗n} are uniformly subcomplete.

Conversely, assume that the tensor powers A^{⊗n} are uniformly subcomplete. Let S ⊂ A be a small disk and let T ⊂ A be a small disk such that S^{⊗n}-Cauchy which are null sequences in A^{⊗n} are T^{⊗n}-null sequences. In addition we may assume 2S ⊂ T . Let us write P_n : Ω(A) → Ω(A) for the natural projection onto the direct summand

�_n j=1 A^{⊗j} ⊕ A^{⊗j} . Then P_n(Ω(S)) is contained in Ω(S) and the projections P_n are equibounded. Moreover P_n converges to the identity uniformly on Ω(S) since id −P_n has norm ≤ 2^{−n} as a map from ⟨Ω(S)⟩ into ⟨Ω(2S)⟩ ⊂ ⟨Ω(T )⟩. Now let (x_k )_{k∈N} be a null sequence in Ω(A) which is

Documenta Mathematica 12 (2007) 313–359

338 Christian Voigt

Ω(S)-Cauchy. The components of P_n(x_k ) are S^{⊗k}-Cauchy sequences which are null sequences in A^{⊗k} and hence T^{⊗k}-null sequences by hypothesis. Hence (P_n(x_k ))_{n∈N} is a Ω(T )-null sequence for all n. Moreover (P_n(x_k ))_{n∈N} converges to x_k for every k, and this convergence is uniform in k. If follows that (x_k )_{n∈N} is a Ω(T )-null sequence, and we deduce that Ω(A) is tensor subcomplete. □ Our next aim is to exhibit certain analytical conditions which are sufficient for tensor subcompleteness. Recall that a subset S of a complete bornological vector space V is called (relatively) compact if it is a (relatively) compact subset of the Banach space ⟨T ⟩ for some small completant disk T ⊂ V . A complete bornological vector space V is a Schwartz space if every small subset of V is relatively compact. Every Fréchet space with the precompact bornology is a Schwartz space.

Let V be a normed space and let W be an arbitrary bornological vector space. By definition, a sequence (f_n)_{n∈N} of bounded linear maps f_n : V → W converges uniformly to f : V → W if there exists a small disk T ⊂ W such that all f_n and f are bounded linear maps V → ⟨T ⟩ and the sequence (f_n)_{n∈N} converges to f in Hom(V, ⟨T ⟩) in operator norm. A bounded linear map f : V → W can be approximated uniformly on compact subsets by finite rank operators if for every compact disk S ⊂ V there exists a sequence (f_n)_{n∈N} of finite rank operators f_n : V → W such that f_n converges uniformly to f in Hom(⟨S⟩, W ). An operator f : V → W is of finite rank if it is contained in the image of the natural map from the uncompleted tensor product W ⊗ V^′ into Hom(V, W ) where V^′ = Hom(V, C) is the dual space of V . By definition, a complete bornological vector space V satisfies the (global) approximation property if the identity map on V can be approximated uniformly on compact subsets by finite rank operators.

We recall that a bornological vector space V is regular if the bounded linear functionals on V separate the points of V . Let us remark that there is also a local version of the approximation property which is equivalent to the global one if we restrict attention to regular spaces. Finally, we point out that for a Fréchet space with the precompact bornology the bornological approximation property is equivalent to Grothendieck’s approximation property [26].

Proposition 8.4. Let A be a bornological algebra whose underlying bornological vector space is a Schwartz space satisfying the approximation property. Then A is tensor subcomplete.

Proof. According to lemma 8.3 it suffices to show that the tensor powers of A are uniformly subcomplete. Let S ⊂ A be a small disk. We may assume S is compact and that there is a completant small disk T ⊂ A containing S such that the inclusion ⟨S⟩ → ⟨T ⟩ can be approximated uniformly by finite rank operators on A. We will show that ker(⟨S⟩^{^⊗n} → ⟨U⟩^{^⊗n}) = ker(⟨S⟩^{^⊗n} → ⟨T ⟩^{^⊗n}) for every completant small disk U containing T . As in the proof of proposition 8.1 this statement easily implies that the tensor powers A^{⊗n} are uniformly subcomplete.

Take an element x ∈ ker(⟨S⟩^{^⊗n} → ⟨U⟩^{^⊗n}). Then there is a compact disk

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 339

K ⊂ ⟨S⟩ such that x ∈ K^{^⊗n}. Since A is regular we find a sequence (f_k)_{k∈N} of finite rank operators f_k : A → ⟨T ⟩ approximating the inclusion map uniformly on K. The uniform convergence of the operators f_k on K implies that f^{^⊗n}_k converges uniformly towards the canonical map ⟨K⟩^{^⊗n} → ⟨T ⟩^{^⊗n}. In particular, the image of x in ⟨T ⟩^{^⊗n} is the limit of f^{^⊗n}_k (x). Since the finite rank maps f_k are restrictions of maps defined on ⟨U⟩ and x is in the kernel of ⟨S⟩^{^⊗n} → ⟨U⟩^{^⊗n} we have f^{^⊗n}_k (x) = 0 for all k. Hence x ∈ ker(⟨S⟩^{^⊗n} → ⟨T ⟩^{^⊗n}) as desired. □ It follows in particular that the algebra A ⊗ K_G is tensor subcomplete provided A is a Schwartz space satisfying the approximation property.

Proposition 8.5. Let G be a totally disconnected group and let A be a Galgebra whose underlying bornological vector space is a Schwartz space satisfying the approximation property. Then the canonical chain map

X_G(T (A ⊗ K_G))^{Lc} → X_G(T (A ⊗ K_G))^c

induces an isomorphism in the local derived category.

Proof. Let us abbreviate X = X_G(T (A ⊗ K_G)) and remark that the AYDmodule X can be written in the form X = A(G)⊗V for a separated bornological vector space V . Using this observation and proposition 8.4 one checks easily that the inductive system dis(X)^c is essentially injective. Due to proposition 4.7 it follows that the natural map X^{Lc} ∼= ho- lim−→(dis(X)^c) → lim−→(dis(X)^c) = X^c is a local homotopy equivalence. This yields the claim. □ An analogous argument shows that X_G(T C)^{Lc} → X_G(T C)^c is a local homotopy equivalence. It follows that there is a chain of canonical isomorphisms

X_G(T C)^{Lc} ∼= X_G(T C)^c ∼= X_G(C) = O_G[0]

in the local derived category. In fact, the seond isomorphism is a consequence of the fact that C is analytically quasifree combined with homotopy invariance. The last equality is established in [35].

Consider in particular the case that G is a compact group. Then the paracomplex O_G[0] is primitive. Taking into account stability, this yields

HL^G_∗ (C, B) = H_∗(Hom_G(O_G[0], X_G(T B)^{Lc})),

and analogously we have

HA^G_∗ (C, B) = H_∗(Hom_G(O_G[0], X_G(T B)^c))

for every G-algebra B. We conclude that there exists a natural transformation HL^G_∗ (C, B) → HA^G_∗ (C, B) between equivariant local and analytic cyclic homology if the group is compact.

Proposition 8.6. Let G be compact and let B be a G-algebra whose underlying bornological vector space is a Schwartz space satisfying the approximation property. Then the natural map

HL^G_∗ (C, B) → HA^G_∗ (C, B)

Documenta Mathematica 12 (2007) 313–359

340 Christian Voigt

is an isomorphism. In particular, there is a canonical isomorphism

HL^G_∗ (C, C) ∼= HA^G_∗ (C, C) = R(G)

where R(G) is the algebra of conjugation invariant smooth functions on G.

Proof. Using stability, the first assertion follows from proposition 8.5 and the fact that O_G[0] is primitive. For the second claim observe that R(G) = (O_G)^G is the invariant part of O_G. □

9. The isoradial subalgebra theorem

In this section we discuss the notion of an isoradial subalgebra and prove the isoradial subalgebra theorem which states that equivariant local cyclic homology is invariant under the passage to isoradial subalgebras. Recall that a subset V of a bornological vector space V is called locally dense if for any small subset S ⊂ V there exists a small disk T ⊂ V such that any v ∈ S is the limit of a T -convergent sequence with entries in V ∩ T . Moreover recall that a separated (complete) bornological algebra A is locally multiplicative iff it is isomorphic to an inductive limit of (complete) normed algebras. The following definition is taken from [26].

Definition 9.1. Let A and A be complete locally multiplicative bornological algebra. A bounded homomorphism ι : A → A between bornological algebras is called isoradial if it has locally dense range and

ρ(ι(S); A) = ρ(S; A)

for all small subsets S ⊂ A. If in addition ι is injective we say that A is an isoradial subalgebra of A.

We will frequently identify A with its image ι(A) ⊂ A provided ι : A → A is an injective bounded homomorphism. However, note that the bornology of A is usually finer than the subspace bornology on ι(A). Remark in addition that the inequality ρ(ι(S); A) ≤ ρ(S; A) is automatic for every small subset S ⊂ A. If A and A are G-algebras and ι : A → A is an equivariant homomorphism defining an isoradial subalgebra we say that A is an isoradial G-subalgebra of A . Assume that ι : A → A is an equivariant homomorphism and consider the equivariant homomorphism i : A ⊗ K_G → A ⊗ K_G obtained by tensoring ι with the identity map on K_G. It is shown in [26] that isoradial homomorphisms are preserved under tensoring with nuclear locally multiplicative algebras. In particular, this yields the following statement.

Proposition 9.2. If ι : A → A is an isoradial G-subalgebra then i : A ⊗ K_G → A ⊗ K_G is an isoradial G-subalgebra as well.

Note that the algebra K_G carries the fine bornology which implies that tensor products of K_G with complete spaces are automatically complete. Let us now formulate and prove the isoradial subalgebra theorem.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 341

Theorem 9.3. Let ι : A → A be an isoradial G-subalgebra. Suppose that there exists a sequence (σ_n)_{n∈I} of bounded linear maps σ_n : A → A such that for each completant small disk S ⊂ A the maps ισ_n converge uniformly towards the inclusion map ⟨S⟩ → A. Then the class [ι] ∈ HL^G_∗ (A, A) is invertible.

Note that the existence of bounded linear maps σ_n : A → A with these properties already implies that A ⊂ A is locally dense. We point out that the maps σ_n in theorem 9.3 are not assumed to be equivariant.

In fact, as a first step in the proof we shall modify these maps in order to obtain equivariant approximations. Explicitly, let us define equivariant bounded linear maps s_n : A ⊗ K_G → A ⊗ K_G by

s_n(a ⊗ k)(r, t) = t · σ_n(t^{−1} · a)k(r, t)

where we view elements in A ⊗ K_G as smooth function on G × G with values in A. As above we write i for the equivariant homomorphism A ⊗ K_G → A ⊗ K_G induced by ι. Since the maps ισ_n converge to the identity uniformly on small subsets of A by assumption, the maps is_n converge to the identity uniformly on small subsets of A ⊗ K_G.

We deduce that theorem 9.3 is a consequence of the following theorem.

Theorem 9.4. Let ι : A → A be an isoradial G-subalgebra. Suppose that there exists a sequence (σ_n)_{n∈I} of equivariant bounded linear maps σ_n : A → A such that for each completant small disk S ⊂ A the maps ισ_n converge uniformly towards the inclusion map ⟨S⟩ → A. Then the chain map X_G(T A) → X_G(T A) induced by ι is a local homotopy equivalence.

The proof of theorem 9.4 is divided into several steps. Let S ⊂ A be a small completant multiplicatively closed disk. By the definition of uniform convergence, there exists a small completant disk T ⊂ A containing S such that ισ_n defines a bounded linear map ⟨S⟩ → ⟨T ⟩ for every n and the sequence (ισ_n)_{n∈N} converges to the natural inclusion map in Hom(⟨S⟩, ⟨T ⟩) in operator norm. Hence there exists a null sequence (ϵ_n)_{n∈N} of positive real numbers such that ισ_n(x) − x ∈ ϵ_nT for all x ∈ S. After rescaling with a positive scalar λ we may assume that T is multiplicatively closed and that S ⊂ λT . Using the formula

ω_{ισn} (x, y) = ισ_n(xy) − ισ_n(x)ισ_n(y) = (ισ_n(xy) − xy) − (ισ_n(x) − x)(ισ_n(y) − y) − x(ισ_n(y) − y) − (ισ_n(x) − x)y

for x, y ∈ S and that T is multiplicatively closed we see that for any given ϵ > 0 we find N ∈ N such that ω_{ισn} (S, S) ⊂ ϵT for n ≥ N. Remark that we have ω_{ισn} = ιω_{σn} since ι is a homomorphism. We deduce

lim_{n→∞} ρ(ιω_{σn} (S, S); A) = 0

using again that T is multiplicatively closed. This in turn implies

lim_{n→∞} ρ(ω_{σn} (S, S); A) = 0

since A ⊂ A is an isoradial subalgebra. This estimate will be used to obtain local inverses for the chain map induced by ι.

Documenta Mathematica 12 (2007) 313–359

342 Christian Voigt

We need some preparations. Let B and C be arbitrary separated G-algebras. Any equivariant bounded linear map f : B → C extends to an equivariant homomorphism T f : T B → T C. This homomorphism is bounded iff f has analytically nilpotent curvature.

Lemma 9.5. Let C be a separated bornological algebra and let S ⊂ T C be small. Then ρ(τ_C (S); C) = ρ(S; T C) where τ_C : T C → C is the quotient homomorphism.

Proof. Taking into account that τ_C is a bounded homomorphism it suffices to show that ρ(τ_C (S); C) < 1 implies ρ(S; T C) ≤ 1. We may assume that the set S is of the form S = R + [T ](dT dT )^∞ where R ⊂ C and T ⊂ C are small disks. If ρ(τ_C (S); C) < 1 we find λ > 1 such that (λR)^∞ ⊂ C is small. Let us choose μ such that λ^{−1} + μ^{−1} < 1 and consider the small disk P = μ(λR)^∞ in C. By construction we have R · [P ] ⊂ λ^{−1}P as well as dRd[P ] ⊂ μ^{−1}dP dP . Moreover the disked hull I of P ∪ [P ](dP dP )^∞ is a small subset of T C which contains R. Now consider x ∈ R and [y_0]dy_1 · · · dy_{2n} ∈ [P ](dP dP )^n. Since

x ∘ [y_0]dy_1 · · · dy_{2n} = x[y_0]dy_1 · · · dy_{2n} + dxd[y_0]dy_1 · · · dy_{2n}

the previous relations yield νR ∘ I ⊂ I for some ν > 1. By induction we see that the multiplicative closure Q of νR in T C is small. Choose η such that ν^{−1} + 2η^{−1} < 1, set K = η[T ](dT dT )^∞ and let L be the multiplicative closure of [Q] ∘ K ∘ [Q]. By construction, the set [Q] ∘ K ∘ [Q] is contained in the analytically nilpotent algebra J C which implies that L ⊂ T C is small. Let J ⊂ T C be the disked hull of the set Q + L. Then J is small and we have S ⊂ J. In addition, it is straightforward to check R∘J ⊂ ν^{−1}J and [T ](dT dT )^∞ ∘J ⊂ 2η^{−1}J which shows S ∘J ⊂ J. In the same way as above it follows that S^∞ ⊂ T C is small and deduce ρ(S; T C) ≤ 1. □

Lemma 9.6. Let f : B → C be an equivariant bounded linear map between separated G-algebras. Consider the induced chain map X_G(T f) : X_G(T B) → X_G(T C). Given a small subset S ⊂ X_G(T B) there exists a small subset T ⊂ B such that X_G(T f) is bounded on the primitive submodule generated by S provided ω_f (T, T )^∞ is small.

Proof. It suffices to show that, given a small set S ⊂ T B, there exists a small set T ⊂ B such that T f(S) ⊂ T C is small provided ω_f (T, T )^∞ is small. We may assume that S is of the form [R](dRdR)^∞ for some small set R ⊂ B. Let F : B → T C be the bounded linear map obtained by composing f with the canonical bounded linear splitting σ_C : C → T C. The homomorphism T f : T B → T C is given by

T f([x_0]dx_1 · · · dx_{2n}) = [F (x_0)]ω_F (x_1, x_2) · · · ω_F (x_{2n−1}, x_{2n})

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 343

which shows that T f(S) is small provided ω_F (R, R)^∞ is small. Consider the natural projection τ_C : T C → C. According to lemma 9.5 the homomorphism τ_C preserves the spectral radii of all small subsets in T C. Using τ_C (ω_F (R, R)) = ω_f (R, R) we see that ω_F (R, R)^∞ is small provided ρ(ω_f (R, R)) < 1. Setting T = λR for some λ > 1 yields the assertion. □ Let us come back to the proof of theorem 9.4. If P ⊂ X_G(T A) is a primitive subparacomplex then lemma 9.6 shows that σ_n induces a bounded chain map P → X_G(T A) provided n is large enough. In fact, we will prove that the maps σ_n can be used to define bounded local homotopy inverses to the chain map ι_∗ : X_G(T A) → X_G(T A) induced by ι.

More precisely, let k_n : A → A ⊗ C[t] be the equivariant bounded linear map given by k_n(x)(t) = (1 − t)(ισ_n)(x) + tx. Here C[t] is equipped with the bornology induced from C^∞[0, 1]. Observe that the maps k_n converge to the homomorphism sending x to x ⊗ 1 uniformly on small subsets of A. The same reasoning as for the maps ισ_n above shows

lim_{n→∞} ρ(ω_{kn} (S, S); A ⊗ C[t]) = 0

for all small subsets S ⊂ A. Now assume that P ⊂ X_G(T A) is a primitive subparacomplex. According to lemma 9.6 there exists N ∈ N such that the induced chain map X_G(T A) → X_G(T (A ⊗ C[t])) is bounded on P for all n > N. We compose this map with the chain homotopy between the evaluation maps at 0 and 1 arising from homotopy invariance to get a bounded AYD-map K_n : P → X_G(T A) of degree one which satisfies ∂K_n + K_n∂ = id −(ισ_n)_∗ on P . Similarly, consider the equivariant bounded linear map h_n : A → A⊗C[t] given by h_n(x)(t) = (1 − t)(σ_nι)(x) + tx and observe that (ι ⊗ id)h_n = k_nι. Since the algebra C^∞[0, 1] is nuclear the inclusion A ⊗ C[t] → A ⊗ C[t] preserves the spectral radii of small subsets [26]. Hence the above spectral radius estimate for k_n implies lim_{n→∞} ρ(ω_{hn} (S, S); A ⊗ C[t]) = 0

for all small subsets S ⊂ A. Now let Q ⊂ X_G(T A) be a primitive subparacomplex. For n sufficiently large we obtain in the same way as above a bounded AYD-map H_n : Q → X_G(T A) of degree 1 such that ∂H_n + H_n∂ = id −(σ_nι)_∗ on Q.

Using these considerations it is easy to construct bounded local contracting homotopies for the mapping cone of the chain map ι_∗ : X_G(T A) → X_G(T A). This shows that ι_∗ is a local homotopy equivalence and completes the proof of theorem 9.4.

10. Applications of the isoradial subalgebra theorem

In this section we study some consequences of the isoradial subalgebra theorem in connection with C^∗-algebras. This is needed to show that equivariant local cyclic homology is a continuously and C^∗-stable functor on the category of G- C^∗-algebras. Moreover, we discuss isoradial subalgebras arising from regular

Documenta Mathematica 12 (2007) 313–359

344 Christian Voigt

smooth functions on simplicial complexes [36].

In the sequel we write A ⊗ B for the (maximal) tensor product of two C^∗- algebras A and B. We will only consider such tensor products when one of the involved C^∗-algebras is nuclear, hence the C^∗-tensor product is in fact uniquely defined in these situations. Moreover, our notation should not lead to confusion with the algebraic tensor product since we will not have to work with algebraic tensor products of C^∗-algebras at all. All C^∗-algebras are equipped with the precompact bornology when they are considered as bornological algebras. As a technical preparation we have to examine how the smoothing of G-C^∗- algebras is compatible with isoradial homomorphisms. Let us recall from [25] that a representation π of G on a complete bornological vector space V is continuous if the adjoint of π defines a bounded linear map [π] : V → C(G, V ) where C(G, V ) is the space of continuous functions on G with values in V in the bornological sense. For our purposes it suffices to remark that the representation of G on a G-C^∗-algebra equipped with the precompact bornology is continuous in the bornological sense. We need the following special cases of results obtained by Meyer in [26].

Lemma 10.1. Let A and A be complete locally multiplicative bornological algebras on which G acts continuously. If ι : A → A is an equivariant isoradial homomorphism then

Smooth(ι) : Smooth(A) → Smooth(A)

is an isoradial homomorphism as well. Moreover, if C is a complete nuclear locally multiplicative G-algebra then the natural homomorphism

Smooth(A) ^⊗C → Smooth(A ^⊗C)

is isoradial.

Proof. It is shown in [26] that the inclusion Smooth(B) → B is an isoradial subalgebra for every complete locally multiplicative bornological algebra B on which G acts continuously. This yields easily the first claim. In addition, the homomorphism Smooth(A) ^⊗C → A ^⊗C is isoradial because C is nuclear [26]. Since the action on C is already smooth it follows that

Smooth(A) ^⊗C ∼= Smooth(Smooth(A) ^⊗C) → Smooth(A ^⊗C)

is isoradial according to the first part of the lemma. □ Let A be a G-C^∗-algebra and consider the natural equivariant homomorphism A ^⊗C^∞[0, 1] → C([0, 1], A) = A ⊗ C[0, 1]. This map induces a bounded equivariant homomorphism

Smooth(A) ^⊗C^∞[0, 1] ∼= Smooth(A ^⊗C^∞[0, 1]) → Smooth(C([0, 1], A))

and we have the following result.

Proposition 10.2. The map Smooth(A) ^⊗C^∞[0, 1] → Smooth(A ⊗ C[0, 1]) is an isoradial G-subalgebra and defines an invertible element in

HL^G_0 (Smooth(A) ^⊗C^∞[0, 1], Smooth(A ⊗ C[0, 1]))

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 345

for every G-C^∗-algebra A.

Proof. It is shown in [26] that the natural inclusion ι : A ^⊗C^∞[0, 1] → C([0, 1], A) is isoradial. Hence the homomorphism Smooth(A) ^⊗C^∞[0, 1] → Smooth(C([0, 1], A)) is isoradial according to lemma 10.1.

We choose a family σ_n : C([0, 1], A) → A ^⊗C^∞[0, 1] of equivariant smoothing operators such that the maps ισ_n are uniformly bounded and converge to the identity pointwise. It follows that the maps ισ_n converge towards the identity uniformly on precompact subsets of C([0, 1], A). The maps σ_n induce equivariant bounded linear maps σ_n : Smooth(C([0, 1], A)) → Smooth(A) ^⊗C^∞[0, 1] satisfying the condition of the isoradial subalgebra theorem 9.3. This yields the assertion. □ Let K_G = K(L^2(G)) be the algebra of compact operators on the Hilbert space L^2(G). The C^∗-algebra K_G is equipped with the action of G induced by the regular representation. For every G-C^∗-algebra A we have a natural bounded equivariant homomorphism A ^⊗K_G → A ⊗ K_G. This gives rise to equivariant homomorphisms

Smooth(A) ^⊗K_G → Smooth(A ^⊗K_G) → Smooth(A ⊗ K_G).

Similarly, let K = K(l^2(N)) be the algebra of compact operators on an infinite dimensional separable Hilbert space with the trivial G-action. If M_∞(C) denotes the direct limit of the finite dimensional matrix algebras M_n(C) we have a canonical bounded homomorphism Smooth(A) ^⊗M_∞(C) → Smooth(A ⊗ K). Proposition 10.3. The homomorphism Smooth(A) ^⊗K_G → Smooth(A ⊗ K_G) is an isoradial G-subalgebra and defines an invertible element in HL^G_0 (Smooth(A) ^⊗K_G, Smooth(A ⊗ K_G)) for every G-C^∗-algebra A. An analogous assertion holds for the homomorphism Smooth(A) ^⊗M_∞(C) → Smooth(A ⊗ K).

Proof. We will only treat the map Smooth(A) ^⊗K_G → Smooth(A ⊗ K_G) since the claim concerning the compact operators with the trivial action is obtained in a similar way.

Observe that a small subset of K_G is contained in a finite dimensional subalgebra of the form M_n(C). Since A ⊗ M_n(C) is a bornological subalgebra of A ⊗ K_G it follows that the homomorphism ι : A ^⊗K_G → A ⊗ K_G is isoradial. Due to lemma 10.1 the same is true for the induced map Smooth(A) ^⊗K_G → Smooth(A ⊗ K_G). Since G is second countable and D(G) ⊂ L^2(G) is dense we find a countable orthonormal basis (e_n)_{n∈N} of L^2(G) contained in D(G). Projecting to the linear subspace C^n ⊂ L^2(G) generated by the vectors e_1, . . . , e_n defines a bounded linear map σ_n : A ⊗ K_G → A ^⊗K_G. The maps ισ_n are uniformly bounded and converge towards the identity on A ⊗ K_G pointwise. Hence they converge towards the identity uniformly on small subsets of A⊗K_G. Explicitly, if p_n ∈ A^+ ^⊗K_G denotes the element given by

p_n = n� j=1 1 ⊗ |e_j ⟩⟨e_j |

Documenta Mathematica 12 (2007) 313–359

346 Christian Voigt

then σ_n can be written as σ_n(T ) = p_nT p_n. Since the vectors e_j are smooth we conclude that σ_n induces a bounded linear map Smooth(A ⊗ K_G) → Smooth(A) ^⊗K_G which will again be denoted by σ_n. The maps ισ_n converge towards the identity uniformly on small subsets of Smooth(A ⊗ K_G) as well. Hence the claim follows from the isoradial subalgebra theorem 9.3. □ We conclude this section with another application of the isoradial subalgebra theorem. Recall from [36] that a G-simplicial complex is a simplicial complex X with a type-preserving smooth simplicial action of the totally disconnected group G. We will assume in the sequel that all G-simplicial complexes have at most countably many simplices. A regular smooth function on X is a function whose restriction to each simplex σ of X is smooth in the usual sense and which is constant in the direction orthogonal to the boundary ∂σ in a neighborhood of ∂σ. The algebra C^∞_c (X) of regular smooth functions on X with compact support is a G-algebra in a natural way.

Proposition 10.4. Let X be a finite dimensional and locally finite G-simplicial complex. Then the natural map ι : C^∞_c (X) → C_0(X) is an isoradial Gsubalgebra and defines an invertible element in

HL^G_0 (C^∞_c (X), Smooth(C_0(X))).

Proof. As for smooth manifolds one checks that the inclusion homomomorphism ι : C^∞_c (X) → C_0(X) is isoradial. By induction over the dimension of X we shall construct a sequence of bounded linear maps σ_n : C_0(X) → C^∞_c (X) such that ισ_n converges to the identity uniformly on small sets. For k = 0 this is easily achieved by restriction of functions to finite subsets and extension by zero. Assume that the maps σ_n are constructed for all (k − 1)-dimensional G-simplicial complexes and assume that X is k-dimensional. If X^{k−1} denotes the (k − 1)-skeleton of X we have a commutative diagram

C^∞(X, X^{k−1}) � � � C^∞_c (X) � � � C^∞_c (X^{k−1}) � C(X, X^{k−1}) � � C0(X) � � C_0(X^{k−1})

where C^∞(X, X^{k−1}) and C(X, X^{k−1}) denote the kernels of the canonical restriction homomorphisms and the vertical arrows are natural inclusions. It is shown in [36] that the upper extension has a bounded linear splitting, and the lower extension has a bounded linear splitting as well. Note that the C(X, X^{k−1}) is a C^∗-direct sum of algebras of the form C_0(Δ^k \ ∂Δ^k) where Δ^k denotes the standard k-simplex and ∂Δ^k is its boundary. Similarly, C^∞_c (X, X^{k−1}) is the bornological direct sum of corresponding subalgebras C^∞_c (Δ^k \∂Δ^k). Hence, by applying suitable cutoff functions, we are reduced to construct approximate inverses to the inclusion C^∞_c (Δ^k \∂Δ^k) → C_0(Δ^k \∂Δ^k). This is easily achieved using smoothing operators. Taking into account the isoradial subalgebra theorem 9.3 yields the assertion. □

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 347

11. Tensor products

In this section we study the equivariant X-complex for the analytic tensor algebra of the tensor product of two G-algebras. This will be used in the construction of the equivariant Chern-Connes character in the odd case. Let us first recall the definition of the tensor product of paracomplexes of AYDmodules [35]. If C and D are paracomplexes of separated AYD-modules then the tensor product C ⊠ D is given by

(C ⊠ D)_0 = C_0 ⊗_{OG} D_0 ⊕ C_1 ⊗_{OG} D_1, (C ⊠ D)_1 = C_1 ⊗_{OG} D_0 ⊕ C_0 ⊗_{OG} D_1

where the group G acts diagonally and O_G acts by multiplication. Using that O_G is commutative one checks that the tensor product C ⊠ D becomes a separated AYD-module in this way. The boundary operator ∂ in C ⊠ D is defined by ∂_0 = � ∂ ⊗ id − id ⊗∂ id ⊗∂ ∂ ⊗ T � ∂_1 = � ∂ ⊗ T id ⊗∂ − id ⊗∂ ∂ ⊗ id �

and turns C ⊠ D into a paracomplex. Remark that the formula for ∂ does not agree with the usual definition of the differential in a tensor product of complexes.

Now let A and B be separated bornological algebras. As it is explained in [6], the unital free product A^+ ∗ B^+ of A^+ and B^+ can be written as

A^+ ∗ B^+ = A^+ ⊗ B^+ ⊕ � j>0 Ω^j (A) ⊗ Ω^j (B)

with the direct sum bornology and multiplication given by the Fedosov product

(x_1 ⊗ y_1) ∘ (x_2 ⊗ y_2) = x_1x_2 ⊗ y_1y_2 − (−1)^{|x1|}x_1dx_2 ⊗ dy_1y_2.

An element a_0da_1 · · · da_n ⊗ b_0db_1 · · · db_n corresponds to a_0b_0[a_1, b_1] · · · [a_n, b_n] in the free product under this identification where [x, y] = xy − yx denotes the ordinary commutator. Note that if A and B are G-algebras then the free product is again a separated G-algebra in a natural way. Consider the extension

I � � A^+ ∗ B^{+ π} � � A^+ ⊗ B^+

where I is the kernel of the canonical homomorphism π : A^+ ∗ B^+ → A^+ ⊗ B^+. Using the description of the free product in terms of differential forms one has

I^k = � j≥k Ω^j (A) ⊗ Ω^j (B)

for the powers of the ideal I.

Analogous to the analytic bornology on tensor algebras we consider an analytic bornology on free products. By definition, the analytic bornology on A^+ ∗ B^+ is the bornology generated by the sets

S ⊗ T ∪ ∞� n=1 (S(dS)^n ∪ (dS)^n) ⊗ (T (dT )^n ∪ (dT )^n)

Documenta Mathematica 12 (2007) 313–359

348 Christian Voigt

for all small sets S ⊂ A and T ⊂ B. This bornology turns A^+ ∗ B^+ into a separated bornological algebra. We write A^+ ⋆ B^+ for the free product of A^+ and B^+ equipped with the analytic bornology. Clearly the identity map A^+ ∗ B^+ → A^+ ⋆ B^+ is a bounded homomorphism. Consequently the natural homomorphisms ι_A : A^+ → A^+ ⋆ B^+ and ι_B : B^+ → A^+ ⋆ B^+ are bounded. Every unital homomorphism f : A^+ ⋆B^+ → C into a unital bornological algebra C is determined by a pair of homomorphisms f_A : A → C and f_B : B → C. Define a linear map c_f : A ⊗ B → C by c_f (a, b) = [f_A(a), f_B (b)]. Let us call f_A and f_B almost commuting if

c_f (S)^∞ = ∞� n=1 c_f (S)^n

is small for every small subset S ⊂ A ⊗ B. Clearly, c_f = 0 iff the images of f_A and f_B commute. The following property of A^+ ⋆ B^+ is a direct consequence of the definition of the analytic bornology.

Lemma 11.1. Let A and B be separated bornological algebras. For a pair of bounded equivariant homomorphisms f_A : A → C and f_B : B → C into a unital bornological algebra C the corresponding unital homomorphism f : A^+ ⋆ B^+ → C is bounded iff f_A and f_B are almost commuting.

In particular, the canonical homomorphism π : A^+ ⋆B^+ → A^+ ⊗B^+ is bounded and we obtain a corresponding extension

I � � A^+ ⋆ B^{+ π} � � A^+ ⊗ B^+

of bornological algebras with bounded linear splitting. It is straightforward to verify that the ideal I with the induced bornology is analytically nilpotent. Remark that if A and B are G-algebras then all the previous constructions are compatible with the group action.

Let I be a G-invariant ideal in a separated G-algebra R and define the paracomplex H^2_G(R, I) by

H^2_G(R, I)^0 = O_G ⊗ R/(O_G ⊗ I^2 + b(O_G ⊗ IdR))

in degree zero and by

H^2_G(R, I)^1 = O_G ⊗ Ω^1(R)/(b(Ω^2_G(R)) + O_G ⊗ IΩ^1(R))

in degree one with boundary operators induced from X_G(R). Now let A and B be separated G-algebras. We abbreviate R = A^+ ⋆ B^+ and define an AYD-map ϕ : X_G(A^+) ⊠ X_G(B^+) → H^2_G(R, I) by

ϕ(f(t) ⊗ x ⊗ y) = f(t) ⊗ xy

ϕ(f(t) ⊗ x_0dx_1 ⊗ y_0dy_1) = f(t) ⊗ x_0(t^{−1} · y_0)[x_1, t^{−1} · y_1] ϕ(f(t) ⊗ x ⊗ y_0dy_1) = f(t) ⊗ xy_0dy_1 ϕ(f(t) ⊗ x_0dx_1 ⊗ y) = f(t) ⊗ x_0dx_1y

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 349

where [x, y] = xy − yx denotes the commutator. The following result for the analytic free product R = A^+ ⋆ B^+ is obtained in the same way as the corresponding assertion in [35] for the ordinary free product.

Proposition 11.2. The map ϕ : X_G(A^+)⊠X_G(B^+) → H^2_G(R, I) defined above is an isomorphism of paracomplexes for all separated G-algebras A and B.

After these preparations we shall prove the following assertion.

Proposition 11.3. Let A and B be separated locally multiplicative G-algebras. Then there exists a natural chain map

X_G(T (A^+ ⊗ B^+))^{Lc} → (X_G((T A)^+)^{Lc} ⊠ X_G((T B)^+)^{Lc})^{Lc}

of paracomplexes. There is an analogous chain map if the derived completion is replaced by the ordinary completion.

Proof. Let us abbreviate Q = (T A)^+ ⊗ (T B)^+. The canonical homomorphism τ : Q → A^+ ⊗ B^+ induces a bounded equivariant homomorphism T Q → T (A^+ ⊗ B^+). Conversely, the obvious splitting for τ is a lanilcur since the algebras A and B are locally multiplicative. It follows that there is a canonical bounded equivariant homomorphism T (A^+ ⊗ B^+) → T Q as well. As a consequence we obtain a natural homotopy equivalence

X_G(T Q) ≃ X_G(T (A^+ ⊗ B^+))

using homotopy invariance.

We have another analytically nilpotent extension of Q defined as follows. Since commutators in the unital free product (T A)^+ ∗ (T B)^+ are mapped to zero under the natural map (T A)^+ ∗ (T B)^+ → Q we have the extension

I � � R^π � � Q

where R = (T A)^+ ⋆ (T B)^+ is the analytic free product of (T A)^+ and (T B)^+ and I is the kernel of the bounded homomorphism π : R → Q. Since the G-algebra I is analytically nilpotent the natural equivariant homomorphism T Q → R is bounded and induces a chain map X_G(T Q) → X_G(R). Next we have an obvious chain map

p : X_G(R) → H^2_G(R, I)

and by proposition 11.2 there exists a natural isomorphism

X_G((T A)^+) ⊠ X_G((T B)^+) ∼= H^2_G(R, I)

of paracomplexes. Assembling these maps and homotopy equivalences yields a chain map X_G(T (A^+ ⊗ B^+)) → X_G((T A)^+) ⊠ X_G((T B)^+). Inspecting the construction of the derived completion we get in addition a natural chain map

(X_G((T A)^+) ⊠ X_G((T B)^+))^{Lc} → (X_G((T A)^+)^{Lc} ⊠ X_G((T B)^+)^{Lc})^{Lc}

which immediately yields the assertion for the derived completion. For the ordinary completion the argument is essentially the same. □

Documenta Mathematica 12 (2007) 313–359

350 Christian Voigt

Corollary 11.4. Let A and B be separated locally multiplicative G-algebras. Then there exists a natural chain map

X_G(T (A ⊗ B))^{Lc} → (X_G(T A)^{Lc} ⊠ X_G(T B)^{Lc})^{Lc}.

An analogous assertion holds if the derived completion is replaced by the ordinary completion.

Proof. The claim follows easily from proposition 11.3 by applying the excision theorem 7.7 to tensor products of the extensions 0 → A → A^+ → C → 0 and 0 → B → B^+ → C → 0. □

Proposition 11.5. Let A be a separated locally multiplicative G-algebra. Then the natural chain map

X_G(T (C ⊗ A))^{Lc} → (X_G(T C)^{Lc} ⊠ X_G(T A)^{Lc})^{Lc}

is a homotopy equivalence. Similarly, one obtains a homotopy equivalence if the derived completion is replaced by the ordinary completion.

Proof. Recall that the natural map X_G(T C)^{Lc} → X_G(T C)^c is a local homotopy equivalence and that X_G(T C)^c ≃ X_G(C) = O_G[0] using the projection homomorphism T C → C. As a consequence we obtain a natural homotopy equivalence (X_G(T C)^{Lc} ⊠ X_G(T A)^{Lc})^{Lc} → (O_G[0] ⊠ X_G(T A)^{Lc})^{Lc}. The composition of the latter with the chain map X_G(T (C⊗A))^{Lc} → (X_G(T C)^{Lc}⊠X_G(T A)^{Lc})^{Lc} obtained in corollary 11.4 can be identified with the canonical homotopy equivalence X_G(T (C ⊗ A))^{Lc} ∼= X_G(T A)^{Lc} ≃ (X_G(T A)^{Lc})^{Lc}. This proves the claim for the derived completion. For the ordinary completion the argument is analogous. □ We remark that using the perturbation lemma one may proceed in a similar way as for the periodic theory [35] in order to construct a candidate for the homotopy inverse to the map X_G(R)^c → H^2_G(R)^c induced by the projection p occuring in the proof of proposition 11.3. The problem is that the formula thus obtained does not yield a bounded map in general. However, a more refined construction might yield a bounded homotopy inverse. For our purposes proposition 11.5 is sufficient.

12. Algebraic description of equivariant Kaspararov theory

In this section we review the description of equivariant KK-theory arising from the approach developped by Cuntz [4], [5]. This approach to KK-theory is based on extensions and will be used in the definition of the equivariant Chern-Connes character below.

One of the virtues of the framework in [4] is that it allows to construct bivariant versions of K-theory in very general circumstances. Moreover, one can adapt the setup to treat equivariant versions of such theories as well. The main ingredient in the definition is a class of extensions in the underlying category of algebras which contains certain fundamental extensions. In particular one needs a suspension extension, a Toeplitz extension and a universal extension. In addition one has to specify a tensor product which preserves the given class

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 351

of extensions.

For equivariant KK-theory the underlying category of algebras is the category G-C^∗-Alg of separable G-C^∗-algebras. By definition, morphisms in G-C^∗-Alg are the equivariant ∗-homomorphisms. The correct choice of extensions is the class E of extensions of G-C^∗-algebras with equivariant completely positive splitting. As a tensor product one uses the maximal C^∗-tensor product. The suspension extension of a G-C^∗-algebra A is

E_s(A) : A(0, 1) � � A(0, 1] � � A

where A(0, 1) denotes the tensor product A ⊗ C_0(0, 1), and accordingly the algebras A(0, 1] and A[0, 1] are defined. The group action on these algebras is given by the pointwise action on A. The Toeplitz extension is defined by

E_t(A) : K ⊗ A � � T ⊗ A � � C(S^1) ⊗ A

where T is the Toeplitz algebra, that is, the universal C^∗-algebra generated by an isometry. As usual K is the algebra of compact operators, and K and T are equipped with the trivial G-action.

Finally, one needs an appropriate universal extension [5]. Given an algebra A in G-C^∗-Alg there exists a tensor algebra T A in G-C^∗-Alg together with a canonical surjective equivariant ∗-homomorphism τ_A : T A → A such that the extension

E_u(A) : JA � � T A � � A

is contained in E where JA denotes the kernel of τ_A. Moreover, this extension is universal in the following sense. Given any extension E : 0 → K → E → A → 0 in E there exists a commutative diagram

JA � � � T A � � � A

K � � E � � A

The left vertical map JA → K in this diagram is called the classifying map of E. One should not confuse T A with the analytic tensor algebra used in the construction of analytic and local cyclic homology.

One defines J^2A = J(JA) and recursively J^nA = J(J^{n−1}A) for n ∈ N as well as J^0A = A. Let us denote by ϕ_A : JA → C(S^1) ⊗ A the equivariant ∗-homomorphism obtained by composing the classifying map JA → A(0, 1) of the suspension extension with the inclusion map A(0, 1) → C(S^1) ⊗ A given by viewing A(0, 1) as the ideal of functions vanishing in the point 1. This yields an equivariant ∗-homomorphism ϵ_A : J^2A → K ⊗ A as the left vertical arrow

Documenta Mathematica 12 (2007) 313–359

352 Christian Voigt

in the commutative diagram

J^2A � �

ϵ_A � T JA � � � JA ϕ_A � K ⊗ A � � T ⊗ A � � C(S^1) ⊗ A

where the bottom row is the Toeplitz extension E_t(A). The classifying map ϵ_A plays an important role in the theory. If [A, B]_G denotes the set of equivariant homotopy classes of morphisms between A and B then the previous construction induces a map S : [J^kA, K ⊗ B] → [J^{k+2}A, K ⊗ B] by setting S[f] = [(K ⊗ f) ∘ ϵ_J k+2_A]. Here one uses the identification K ⊗ K ⊗ B ∼= K ⊗ B. We write K_G for the algebra of compact operators on the regular representation L^2(G) equipped with its natural G-action. The equivariant stabilization A_G of a G-C^∗-algebra A is defined by A_G = A ⊗ K ⊗ K_G. It has the property that A_G ⊗ K(H) ∼= A_G as G-C^∗-algebras for every separable G-Hilbert space H. Using this notation the equivariant bivariant K-group obtained in the approach of Cuntz can be written as

kk^G_∗ (A, B) ∼= lim−→ j [J^{∗+2j} (A_G), K ⊗ B_G]

where the direct limit is taken using the maps S defined above. It follows from the results in [5] that kk^G_∗ (A, B) is a graded abelian group and that there exists an associative bilinear product for kk^G_∗ . Let us remark that we have inserted the algebra J^{∗+2j} (K_G ⊗ K ⊗ A) in the formula defining kk^G_∗ instead of K_G ⊗ K ⊗ J^{∗+2j} A as in [5]. Otherwise the construction of the product seems to be unclear.

We need some more terminology. A functor F defined on the category of G-C^∗- algebras with values in an additive category is called (continuously) homotopy invariant if F (f_0) = F (f_1) whenever f_0 and f_1 are equivariantly homotopic ∗-homomorphisms. It is called C^∗-stable if there exists a natural isomorphism F (A) ∼= F (A ⊗ K ⊗ K_G) for all G-C^∗-algebras A. Finally, F is called split exact if the sequence 0 → F (K) → F (E) → F (Q) → 0 is split exact for every extension 0 → K → E → Q → 0 of G-C^∗-algebras that splits by an equivariant ∗-homomorpism σ : Q → E.

Equivariant KK-theory [16] can be viewed as an additive category KK^G with separable G-C^∗-algebras as objects and KK^G_0 (A, B) as the set of morphisms between two objects A and B. Composition of morphisms is given by the Kasparov product. There is a canonical functor ι : G-C^∗-Alg → KK^G which is the identity on objects and sends equivariant ∗-homomorphisms to the corresponding KK-elements. Equivariant KK-theory satisfies the following universal property [34], [22].

Theorem 12.1. An additive functor F from G-C^∗-Alg into an additive category C factorizes uniquely over KK^G iff it is continuously homotopy invariant, C^∗- stable and split exact. That is, given such a functor F there exists a unique functor ch_F : KK^G → C such that F = ch_F ι.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 353

It follows from the theory developped in [4] that the functor kk^G is homotopy invariant, C^∗-stable and split exact. In fact, it is universal with respect to these properties. As a consequence one obtains the following theorem.

Theorem 12.2. For all separable G-C^∗-algebras A and B there is a natural isomorphism KK^G_∗ (A, B) ∼= kk^G_∗ (A, B).

As already indicated above we will work with the description of equivariant KK-theory provided by kk^G_∗ in the sequel. In other words, for our purposes we could as well take the definition of kk^G_∗ as definition of equivariant KK-theory.

13. The equivariant Chern-Connes character

In this section we construct the equivariant Chern-Connes character from equivariant KK-theory into equivariant local cyclic homology. Moreover we calculate the character in a simple special case.

First let us extend the definition of equivariant local cyclic homology HL^G_∗ to bornological algebras that are equipped with a not necessarily smooth action of the group G. This is done by first applying the smoothing functor Smooth in order to obtain separated G-algebras. In particular, we may view equivariant local cyclic homology as an additive category HL^G with the same objects as G-C^∗-Alg and HL^G_0 (A, B) as the set of morphisms between two objects A and B. By construction, there is a canonical functor from G-C^∗-Alg to HL^G.

Theorem 13.1. Let G be a totally disconnected group. The canonical functor from G-C^∗-Alg to HL^G is continuously homotopy invariant, C^∗-stable and split exact.

Proof. Proposition 10.2 shows together with proposition 7.2 that HL^G is continuously homotopy invariant. We obtain C^∗-stability from proposition 10.3 together with proposition 7.4. Finally, if 0 → K → E → Q → 0 is a split exact extension of G-C^∗-algebras then 0 → Smooth(K) → Smooth(E) → Smooth(Q) → 0 is a split exact extension of G-algebras. Hence split exactness follows from the excision theorem 7.6. □ Having established this result, the existence of the equivariant Chern-Connes character in the even case is an immediate consequence of the universal property of equivariant Kasparov theory. More precisely, according to theorem 13.1 and theorem 12.1 we obtain an additive map

ch^G_0 : KK^G_0 (A, B) → HL^G_0 (A, B)

for all separable G-C^∗-algebras A and B. The resulting transformation is multiplicative with respect to the Kasparov product and the composition product, respectively. Remark that the equivariant Chern-Connes character ch^G_0 is determined by the property that it maps KK-elements induced by equivariant ∗-homomorphisms to the corresponding HL-elements.

Before we extend this character to a multiplicative transformation on KK^G_∗

Documenta Mathematica 12 (2007) 313–359

354 Christian Voigt

we shall describe ch^G_0 more concretely using the theory explained in section 12. Let us fix some notation. If f : A → B is an equivariant homomorphism between G-algebras we denote by ch(f) the associated class in H_0(Hom_G(X_G(T A)^{Lc}, X_G(T B)^{Lc})). By slight abuse of notation we will also write ch(f) for the corresponding element in HL^G_0 (A, B). Similarly, assume that E : 0 → K → E → Q → 0 is an extension of G-algebras with equivariant bounded linear splitting. We denote by ch(E) the element −δ(id_K ) where

δ : H_0(Hom_G(X_G(T K)^{Lc}, X_G(T K)^{Lc})) → H_1(Hom_G(X_G(T Q)^{Lc}, X_G(T K)^{Lc}))

is the boundary map in the six-term exact sequence in bivariant homology obtained from the generalized excision theorem 7.7. Again, by slight abuse of notation we will also write ch(E) for the corresponding element in HL^G_1 (Q, K). If f : A → B is an equivariant ∗-homomorphism between G-C^∗-algebras we write simply ch(f) instead of ch(Smooth(f)) for the element associated to the corresponding homomorphism of G-algebras. In a similar way we proceed for extensions of G-C^∗-algebras with equivariant completely positive splitting. Using theorem 13.1 one shows that ch(ϵ_A) ∈ HL^G_∗ (J^2A, K ⊗ A) is invertible. The same holds true for the iterated morphisms ch(ϵ^n_A) ∈ HL^G_∗ (J^{2n}A, K ⊗ A). Remark also that ch(ι_A) ∈ HL^G_∗ (A, K ⊗ A) is invertible.

Now assume that x ∈ KK^G_0 (A, B) is represented by f : J^{2n}A_G → K ⊗ B_G. Then the class ch^G_0 (f) is corresponds to

ch(ι_{AG} ) · ch(ϵ^n_{AG} )^{−1} · ch(f) · ch(ι_{BG} )^{−1}

in HL^G_0 (A_G, B_G), and the latter group is canonically isomorphic to HL^G_0 (A, B). For the definition of ch^G_1 we follow the discussion in [4]. We denote by j : C_0(0, 1) → C(S^1) the inclusion homomorphism obtained by viewing elements of C_0(0, 1) as functions on the circle vanishing in 1. Moreover let K be the algebra of compact operators on l^2(N) and let ι : C → K be the homomorphism determined by sending 1 to the minimal projection onto the first basis vector in the canonical orthonormal basis. If A is any G-C^∗-algebra we write ι_A : A → A ⊗ K for the homomorphism obtained by tensoring ι with the identity on A. In the sequel we write E_s instead of E_s(C) and similarly E_t instead of E_t(C) for the Toeplitz extension of C.

Proposition 13.2. With the notation as above one has

ch(E_s) · ch(j) · ch(E_t) = 1 2πi ch(ι)

in H_0(Hom_G(X_G(T C)^{Lc}, X_G(T K)^{Lc})).

Proof. First observe that the same argument as in the proof of proposition 10.3 shows that the element ch(ι) is invertible. Let us write z for the element in H_0(Hom_G(X_G(T C)^{Lc}, X_G(T C)^{Lc})) given by of (2πi) ch(E_s) · ch(j) · ch(E_t) · ch(ι)^{−1}. It suffices to show that z is equal to the identity.

We consider the smooth analogues of the extensions E_s and E_t used in [4]. The smooth version of the suspension extension is

C^∞(0, 1) � � C^∞(0, 1] � � C

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 355

where C^∞(0, 1) denotes the algebra of smooth functions on [0, 1] vanishing with all derivatives in both endpoints. Similarly, C^∞(0, 1] is the algebra of all smooth functions f vanishing with all derivatives in 0 and vanishing derivatives in 1, but arbitrary value f(1). The smooth Toeplitz extension is

K^∞ � � T^∞ � � C^∞(S^1)

where K^∞ is the algebra of smooth compact operators and T^∞ is the smooth Toeplitz algebra defined in [4]. We obtain another endomorphism z^∞ of X_G(T C)^{Lc} by repeating the construction of z using the smooth supension and Toeplitz extensions. By naturality one has in fact z^∞ = z, hence it suffices to show that z^∞ is equal to the identity.

Recall that we have a local homotopy equivalence X_G(T C)^{Lc} → X_G(T C)^c ≃ X_G(C). Using the fact that the G-action is trivial on all algebras under consideration the same argument as in [4] yields that z^∞ is equal to the identity. □ We shall use the abbreviation x_A = ch(E_u(A)) for the element arising from the universal extension of the G-C^∗-algebra A.

Proposition 13.3. Let A be a G-C^∗-algebra and let ϵ_A : J^2(A) → K ⊗ A be the canonical map. Then we have the relation

x_A · x_{JA} · ch(ϵ_A) = 1 2πi ch(ι_A)

in H_0(Hom_G(X_G(T (Smooth(A) ^⊗K_G))^{Lc}, X_G(T (Smooth(A ⊗ K) ^⊗K_G))^{Lc})).

Proof. For an arbitrary G-C^∗-algebra A consider the commutative diagram

X_G(T (Smooth(A) ^⊗K_G))^{Lc ∼=} �

x_A � X_G(T (Smooth(C ⊗ A) ^⊗K_G))^{Lc} � X_G(T (Smooth(JA) ^⊗K_G))^{Lc} �

x_{JA} � X_G(T (Smooth(JC ⊗ A) ^⊗K_G))^{Lc} � X_G(T (Smooth(J^2A) ^⊗K_G))^{Lc} �

ch(ϵ_A) � X_G(T (Smooth(J^2C ⊗ A) ^⊗K_G))^{Lc}

ch(ϵ_C⊗id) � X_G(T (Smooth(K ⊗ A) ^⊗K_G))^{Lc} �

ch(ι_A)^{−1} � X_G(T (Smooth(K ⊗ A) ^⊗K_G))^{Lc}

ch(ι_C⊗id)^{−1} � X_G(T (Smooth(A) ^⊗K_G))^{Lc ∼=} � X_G(T (Smooth(C ⊗ A) ^⊗K_G))^{Lc}

where the upper part is obtain from the morphism of extensions

JA � � � T A � � � A ∼= � A ⊗ JC � � A ⊗ T C � � A ⊗ C

Documenta Mathematica 12 (2007) 313–359

356 Christian Voigt

and a corresponding diagram with A replaced by JA. Observe that there is a natural homomorphism D ^⊗Smooth(A) ^⊗K_G → Smooth(D ⊗ A) ^⊗K_G for every trivial G-C^∗-algebra D. For simplicity we will write Smooth(A) instead of Smooth(A) ^⊗K_G in the following commutative diagram

X_G(T (C ^⊗Smooth(A)))^{Lc} � � (X_G(T C)^{Lc} ⊠ X_G(T Smooth(A))^{Lc})^{Lc}

x_C⊠id � X_G(T (JC ^⊗Smooth(A)))^{Lc} � � (X_G(T (JC))^{Lc} ⊠ X_G(T Smooth(A))^{Lc})^{Lc}

x_{JC}⊠id � X_G(T (J^2C ^⊗Smooth(A)))^{Lc} �

ch(ϵ_C ^⊗ id) � (X_G(T (J^2C))^{Lc} ⊠ X_G(T Smooth(A))^{Lc})^{Lc}

ch(ϵ_C)⊠id � X_G(T (K ^⊗Smooth(A)))^{Lc} �

ch(ι_A)^{−1} � (X_G(T K)^{Lc} ⊠ X_G(T Smooth(A))^{Lc})^{Lc}

ch(ι)^{−1}⊠id � X_G(T (C ^⊗Smooth(A)))^{Lc} � (X_G(T C)^{Lc} ⊠ X_G(T Smooth(A))^{Lc})^{Lc}

obtained using corollary 11.4. According to proposition 11.5 the first and the last horizontal map in this diagram are homotopy equivalences. Moreover, we may connect the right column of the first diagram with the left column of the previous diagram. Using these observations the assertion follows from proposition 13.2 in the same way as in [4]. □ After these preparations we shall now define the Chern-Connes character in the odd case. For notational simplicity we assume that all G-C^∗-algebras A are replaced by their equivariant stabilizations A_G. We may then use the identification KK^G_∗ (A, B) ∼= lim−→ j [J^{∗+2j} (A), K ⊗ B]

and obtain a canonical isomorphism KK^G_1 (A, B) ∼= KK^G_0 (JA, B). Consider an element u ∈ KK^G_1 (A, B) and denote by u_0 the element in KK^G_0 (JA, B) corresponding to u. Then the element ch^G_1 (u) ∈ HL^G_1 (A, B) is defined by

ch^G_1 (u) = √ 2πi x_A · ch^G_0 (u_0)

in terms of the character in the even case obtained before. Using proposition 13.3 one concludes in the same way as in [4] that the formula

ch^G_{i+j} (x · y) = ch^G_i (x) · ch^G_j (y)

holds for all elements x ∈ KK^G_i (A, B) and y ∈ KK^G_j (B, C). We have now completed the construction of the equivariant Chern-Connes character and summarize the result in the following theorem.

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 357

Theorem 13.4. Let G be a second countable totally disconnected locally compact group and let A and B be separable G-C^∗-algebras. Then there exists a transformation ch^G_∗ : KK^G_∗ (A, B) → HL^G_∗ (A, B) which is multiplicative with respect to the Kasparov product in KK^G_∗ and the composition product in HL^G_∗ . Under this transformation elements in KK^G_0 (A, B) induced by equivariant ∗-homomorphisms from A to B are mapped to the corresponding elements in HL^G_0 (A, B).

The transformation obtained in this way will be called the equivariant Chern- Connes character. One shows as in nonequivariant case that, up to possibly a sign and a factor √ 2πi, the equivariant Chern-Connes character is compatible with the boundary maps in the six-term exact sequences associated to an extension in E.

At this point it is not clear wether the equivariant Chern-Connes character is a useful tool to detect information contained in equivariant KK-theory. As a matter of fact, equivariant local cyclic homology groups are not easy to calculate in general. In a separate paper we will exhibit interesting situations in which ch^G_∗ becomes in fact an isomorphism after tensoring the left hand side with the complex numbers. At the same time a convenient description of the right hand side of the character will be obtained.

Here we shall at least illustrate the nontriviality of the equivariant Chern- Connes character in a simple special case. Assume that G is a profinite group. The character of a finite dimensional representation of G defines an element in the algebra R(G) = (O_G)^G of conjugation invariant smooth functions on G. As usual we denote by R(G) the representation ring of G.

Proposition 13.5. Let G be a profinite group. Then the equivariant Chern- Connes character ch^G_∗ : KK^G_∗ (C, C) → HL^G_∗ (C, C) can be identified with the character map R(G) → R(G). This identification is compatible with the products.

Proof. Let V be a finite dimensional representation of G. Then K(V ) is a unital G-algebra and the element in R(G) = KK^G_0 (C, C) corresponding to V is given by the class of the equivariant homomorphism p_V : C → K(V ) in KK^G_0 (C, K(V )) ∼= KK^G_0 (C, C) where p_V is defined by p_V (1) = id_V . Using stability of HL^G_∗ and proposition 8.6 we see that the class of ch^G_0 (p_V ) in HL^G_0 (C, K(V )) ∼= HL^G_0 (C, C) = R(G) corresponds to the character of the representation V . The claim follows easily from these observations. □

References

[1] Connes, A., Noncommutative Differential Geometry, Publ. Math. IHES 39 (1985), 257–360 [2] Connes, A., Entire cyclic cohomology of Banach algebras and characters of θ-summable Fredholm modules, K-theory 1 (1988), 519–548

Documenta Mathematica 12 (2007) 313–359

358 Christian Voigt

[3] Connes, A., Noncommutative Geometry, Academic Press, 1994 [4] Cuntz, J., Bivariante K-theorie für lokalkonvexe Algebren und der Chern- Connes Charakter, Doc. Math. 2 (1997), 139–182 [5] Cuntz, J., A general construction of bivariant K-theories on the category of C^∗-algebras. Operator algebras and operator theory, Contemp. Math. 228 (1998), 31–43 [6] Cuntz, J., Quillen, D., Algebra extensions and nonsingularity, J. Amer.

Math. Soc. 8 (1995), 251–289 [7] Cuntz, J., Quillen, D., Cyclic homology and nonsingularity, J. Amer.

Math. Soc. 8 (1995), 373–442 [8] Cuntz, J., Quillen, D., Excision in bivariant periodic cyclic cohomology, Invent. Math. 127 (1997), 67–98 [9] Grothendieck, A., Produits tensoriel topologiques et espaces nucléaires, Mem. Amer. Math. Soc. 16, 1955 [10] Hajac, P., Khalkhali, M., Rangipour, B., Sommerhäuser, Y., Stable anti- Yetter-Drinfeld modules, C. R. Acad. Sci. Paris 338 (2004), 587–590 [11] Hogbe-Nlend, H., Complétion, tenseurs et nucléarité en bornologie, J.

Math. Pures Appl. 49 (1970), 193–288 [12] Hogbe-Nlend, H., Bornologies and functional analysis, North-Holland Publishing Co., 1977 [13] Hogbe-Nlend, H., Nuclear and conuclear spaces, North-Holland Mathematics Studies, North-Holland Publishing Co., 1981 [14] Karoubi, M., Homologie cyclique et K-théorie, Astérisque 149 (1987) [15] Kasparov, G. G., The operator K-functor and extensions of C^∗-algebras, Izv. Akad. Nauk SSSR Ser. Mat. 44 (1980), 571–636 [16] Kasparov, G. G., Equivariant KK-theory and the Novikov conjecture, Invent. Math. 91 (1988), 147–201 [17] Kassel, C., Caractère de Chern bivariant, K-theory 3, 367–400 (1989) [18] Khalkhali, M., On the entire cyclic cohomology of Banach algebras, Comm. Algebra 22 (1994), 5861–5874 [19] Klimek, S., Kondracki, W., Lesniewski, A., Equivariant entire cyclic cohomology, I. Finite groups, K-Theory 4 (1991), 201–218 [20] Klimek, S., Lesniewski, A., Chern character in equivariant entire cyclic cohomology, K-Theory 4 (1991), 219–226 [21] Meyer, R., Analytic cyclic homology, Preprintreihe SFB 478, Geometrische Strukturen in der Mathematik, Münster, 1999 [22] Meyer, R., Equivariant Kasparov theory and generalized homomorphisms, K-theory 21 (2000), 201–228 [23] Meyer, R., Comparisons between periodic, analytic and local cyclic cohomology, preprint [24] Meyer, R., Some analysis and homological algebra related to local cyclic cohomology, preprint [25] Meyer, R. Smooth group representations on bornological vector spaces, Bull. Sci. Math. 128 (2004), 127–166

Documenta Mathematica 12 (2007) 313–359

Equivariant Local Cyclic Homology 359

[26] Meyer, R. Bornological versus topological analysis in metrizable spaces.

Banach algebras and their applications, 249–278, Contemp. Math. 363, 2004 [27] Neeman, A., Triangulated categories, Annals of Math. Studies 148, Princeton University Press, Princeton, NJ, 2001 [28] Nistor, V., A bivariant Chern-Connes character, Ann. of Math. 138, 555– 590 (1993) [29] Puschnigg, M., Asymptotic cyclic cohomology, Lecture Notes in Mathematics 1642, Springer, 1996 [30] Puschnigg, M., Explicit product structures in cyclic homology theories, K-theory 15 (1998), 323–345 [31] Puschnigg, M., Excision in cyclic homology theories, Invent. Math. 143 (2001), 249–323 [32] Puschnigg, M., The Kadison-Kaplansky conjecture for word hyperbolic groups, Invent. Math. 149 (2002), 153–194 [33] Puschnigg, M., Diffeotopy functors of ind-algebras and local cyclic cohomology, Doc. Math. 8 (2003), 143–245 [34] Thomsen, K., The universal property of equivariant KK-theory, J. Reine Angew. Math. 504 (1998), 55–71 [35] Voigt, C., Equivariant periodic cyclic homology, J. Inst. Math. Jussieu 6 (2007), 689–763 [36] Voigt, C., A new description of equivariant cohomology for totally disconnected groups, arXiv:math.KT/0412131 (2004), to appear in Journal of K-theory [37] Wang, X., A bivariant Chern character II, Can. J. Math. 44 (1992), 400– 435

Christian Voigt Institut for Mathematical Sciences University of Copenhagen Universitetsparken 5 2100 Copenhagen Denmark cvoigt@math.ku.dk

Documenta Mathematica 12 (2007) 313–359

Documenta Mathematica 12 (2007)

Documenta Math. 361

Erratum for “Slope Filtrations Revisited”

Kiran S. Kedlaya

Received: September 20, 2007

Communicated by Peter Schneider

Abstract. Some corrections are given for the manuscript “Slope Filtrations Revisited”, Documenta Math., Vol. 10 (2005), 447-525

2000 Mathematics Subject Classification: 14F30.

Laurent Berger has pointed out that the construction of Teichmüller presentations in [3, Definition 2.5.1] is not valid: it fails to properly account for the nonlinearity of the Teichmüller map. This would appear to invalidate those results of [3] depending on the use of Teichmüller presentations, or on plusminus-zero presentations. Fortunately, these can be corrected by adapting the technique of strong semiunit decompositions from [2], as follows. Retain notation as in [3, § 2.5]. A strong semiunit presentation of x ∈ Γ_I is a convergent sum x = � i∈Z u_iπ^i in which:

(a) each nonzero u_i belongs to Γ and satisfies v_n(u_i) = v_0(u_i) for all n ≥ 0;

(b) if i > j and u_i, u_j are both nonzero, then v_0(u_i) < v_0(u_j ).

Such a presentation always exists by the same proof as in [2, Proposition 3.14], but there is no uniqueness property. Nonetheless, in each of [3, Proposition 3.3.7(c), Proposition 4.2.2, Lemma 4.3.2], one may safely replace all references to Teichmüller presentations (including implicit references via plusminus-zero presentations) with strong semiunit presentations. (One should also disregard the parenthetical remark about canonicality in the proof of [3, Proposition 4.2.2].)

This substitution does not suffice for the proof of surjectivity in [3, Lemma 4.3.1], which uses the uniqueness property of Teichmüller presentations. This is harmless for the rest of the paper, because this lemma is used nowhere. For completeness, we point out that the lemma is an immediate consequence of a result of Fourquaux [1, Corollaire 3.9.19] (applied with a = 1).

Documenta Mathematica 12 (2007) 361–362

362 Kiran S. Kedlaya

Ruochuan Liu points out that the proof of [3, Lemma 2.9.1] is incomplete: it is only valid in case f has no slopes in [s^′, s), as otherwise we cannot choose the unit u in the first sentence of the proof. To complete the proof in general, first note that the existence of g satisfying (a) and (b) follows from [3, Lemma 2.6.7]. To prove (c), choose s^{′′} with s^′ < s^{′′} < s such that f has no slopes in [s^{′′}, s). By the proof of [3, Lemma 2.9.1] as written, f is divisible by g in Γ_{[s}′′_{,r]}. However, since g has no slopes less than s, g is a unit in Γ_{[s}′_{,s}′′_], so f is also divisible by g in that ring. Since the intersection Γ_{[s}′_{,s}′′_] ∩ Γ_{[s}′′_{,r]} inside Γ_{[s}′′_{,s}′′_] is equal to Γ_{[s}′_{,r]} by [3, Corollary 2.5.7], f is divisible by g in Γ_{[s}′_{,r]} as desired. Liu also notes a gap in the proof of [3, Lemma 2.9.3]: it is necessary to ensure that x_{i+1} ∈ Γ_r[π^{−1}]. To fix this, we must replace g_{i+1} − x_i wherever it appears by some y_i ∈ Γ_r such that g_{i+1} − x_i − y_i is divisible by h_{i+1} in Γ_{i+1}; this can be carried out by an argument similar to [3, Lemma 2.9.2]. We also take this opportunity to point out two errata to [2]. First (as noted by Kevin Buzzard), in the introduction (p. 95), it is incorrectly asserted that “Γ_{con} consists of series which take integral values on some open annulus with outer radius 1.” In fact, an element of Γ_{con} acquires this property only after multiplication by a large power of u (and conversely). Second, in [2, Lemma 2.3], R should be taken to be a Bézout domain, not merely a Bézout ring.

References

[1] L. Fourquaux, Logarithme de Perrin-Riou pour des extensions associées à un groupe de Lubin-Tate, PhD thesis, Université de Paris 6, 2005;

http://tel.archives-ouvertes.fr/tel-00011919.

[2] K.S. Kedlaya, A p-adic local monodromy theorem, Annals of Math. 160 (2004), 93–184.

[3] K.S. Kedlaya, Slope filtrations revisited, Doc. Math. 10 (2005), 447–525.

Kiran S. Kedlaya Dept. of Mathematics Massachusetts Institute of Technology 77 Massachusetts Avenue Cambridge, MA 02139 USA kedlaya@mit.edu

Documenta Mathematica 12 (2007) 361–362

Documenta Math. 363

Construction of Eigenvarieties in Small Cohomological Dimensions for Semi-Simple, Simply Connected Groups

Richard Hill

Received: June 23, 2007 Revised: September 27, 2007

Communicated by Don Blasius

Abstract. We study low order terms of Emerton’s spectral sequence for simply connected, simple groups. As a result, for real rank 1 groups, we show that Emerton’s method for constructing eigenvarieties is successful in cohomological dimension 1. For real rank 2 groups, we show that a slight modification of Emerton’s method allows one to construct eigenvarieties in cohomological dimension 2. 2000 Mathematics Subject Classification: 11F33 Throughout this paper we shall use the following standard notation:

• k is an algebraic number field, fixed throughout.

• p, q denote finite primes of k, and k_p, k_q the corresponding local fields. • k_∞ = k ⊗_Q R is the product of the archimedean completions of k. • A is the adèle ring of k.

• A_f is the ring of finite adèles of k. • For a finite set S of places of k, we let k_S = � v∈S k_v, A^S = � v /∈S ′ k_v .

Documenta Mathematica 12 (2007) 363–397

364 Richard Hill

1 Introduction and Statements of Results

1.1 Interpolation of classical automorphic representations

Let G be a connected, algebraically simply connected, semi-simple group over a number field k. We fix once and for all a maximal compact subgroup K_∞ ⊂ G(k_∞). Our assumptions on G imply that K_∞ is connected in the archimedean topology. This paper is concerned with the cohomology of the following “Shimura manifolds”:

Y (K_f ) = G(k)\G(A)/K_∞K_f ,

where K_f is a compact open subgroup of G(A_f ). Let W be an irreducible finite dimensional algebraic representation of G over a field extension E/k. Such a representation gives rise to a local system V_W on Y (K_f ). We shall refer to the cohomology groups of this local system as the “classical cohomology groups”:

H^•_{class.}(K_f , W ) := H^•(Y (K_f ), V_W ).

It is convenient to consider the direct limit over all levels K_f of these cohomology groups:

H^•_{class.}(G, W ) = lim_{−→K} f H^•_{class.}(K_f , W ).

There is a smooth action of G(A_f ) on H^•_{class.}(G, W ). Since W is a representation over a field E of characteristic zero, we may recover the finite level cohomology groups as spaces of K_f -invariants:

H^•_{class.}(K_f , W ) = H^•_{class.}(G, W )^{Kf} .

It has become clear that only a very restricted class of smooth representations of G(A_f ) may occur as subquotients of the classical cohomology H^n_{class.}(G, W ). For example, in the case E = C, Ramanujan’s Conjecture (Deligne’s Theorem) gives an archimedian bound on the eigenvalues of the Hecke operators. We shall be concerned here with the case that E is an extension of a non-archimedean completion of k.

Fix once and for all a finite prime p of k over which G is quasi-split. Fix a Borel subgroup B of G ×_k k_p and a maximal torus T ⊂ B. We let E be a finite extension of k_p, large enough so that G splits over E. It follows that the irreducible algebraic representations of G over E are absolutely irreducible (§24.5 of [8]). By the highest weight theorem (§24.3 of [8]), an irreducible representation W of G over E is determined by its highest weight ψ_W , which is an algebraic character ψ_W : T ×_{kp} E → GL_1/E.

By a tame level we shall mean a compact open subgroup K^p ⊂ G(A^p_f ). Fix a tame level K^p, and consider the spaces of K^p-invariants:

H^•_{class.}(K^p, W ) = H^•_{class.}(G, W )^{Kp} .

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 365

The group G(k_p) acts smoothly on H^•_{class.}(K^p, W ). We also have commuting actions of the level K^p Hecke algebra:

H(K^p) := � f : K^p\G(A^p_f )/K^p → E : f has compact support � . In order to describe the representations of H(K^p), recall the tensor product decomposition:

H(K^p) = H(K^p)^{ramified} ⊗ H(K^p)^{sph}, (1)

where H(K^p)^{sph} is commutative but infinitely generated, and H(K^p)^{ramified} is non-commutative but finitely generated. Consequently the irreducible representations of H(K^p) are finite-dimensional.

Let q ≠ p be a finite prime of k. We shall say that q is unramified in K^p if

(a) G is quasi-split over k_q, and splits over an unramified extension of k_q, and (b) K^p ∩ G(k_q) is a hyper-special maximal compact subgroup of G(k_q) (see [38]).

Let S be the set of finite primes q ≠ p, which are ramified in K^p. This is a finite set, and we have

K^p = K_S × � q unramified

K_q, K_S = K^p ∩ G(k_S ), K_q = K^p ∩ G(k_q).

This gives the tensor product decomposition (1), where we take

H(K^p)^{ramified} = H(K_S ), H(K^p)^{sph} = � q unramified ′ H(K_p).

For each unramified prime q, the Satake isomorphism (Theorem 4.1 of [12]) shows that H(K_q) is finitely generated and commutative. Hence the irreducible representations of H(K^p)^{sph} over Ē are 1-dimensional, and may be identified with elements of (Spec H(K^p)^{sph})(Ē). Since the global Hecke algebra is infinitely generated, Spec H(K^p)^{sph} is an infinite dimensional space. One might expect that the representations which occur as subquotients of H^•_{class.}(K^p, W ) are evenly spread around this space. There is an increasing body of evidence [1, 2, 3, 10, 11, 13, 14, 15, 18, 21, 22] that this is not the case, and that in fact these representations are contained in a finite dimensional subset of Spec H(K^p)^{sph}, independent of W .

More precisely, let π be an irreducible representation of G(k_p) × H(K^p), which occurs as a subquotient of H^n_{class.}(K^p, W ) ⊗_E Ē. We may decompose π as a tensor product:

π = π_p ⊗ π^{ramified} ⊗ π^{sph},

where π^{sph} is a character of H(K^p)^{sph}; π^{ramified} is an irreducible representation of H(K^p)^{ramified} and π_p is an irreducible smooth representation of G(k_p). We

Documenta Mathematica 12 (2007) 363–397

366 Richard Hill

can say very little about the pair (W, π) in this generality, so we shall make another restriction. We shall write Jacq_B(π_p) for the Jacquet module of π_p, with respect to B(k_p). The Jacquet module is a smooth, finite dimensional representation of T(k_p). It seems possible to say something about those pairs (π, W ) for which π_p has non-zero Jacquet module. Such representations π_p are also said to have finite slope. Classically for GL_2/Q, representations of finite slope correspond to Hecke eigenforms for which the eigenvalue of U_p is non-zero. By Frobenius reciprocity, such a π_p is a submodule of a smoothly induced representation ind^{G(kp)}_{B(kp)} θ, where θ : T(k_p) → Ē^× is a smooth character. In order to combine the highest weight ψ_W , which is an algebraic character of T, and the smooth character θ of T(k_p), we introduce the following rigid analytic space (see [32] for background in rigid analytic geometry):

T̂ (A) = Hom_{kp−loc.an.}(T(k_p), A^×), A a commutative Banach algebra over E.

Emerton defined the classical point corresponding to π to be the pair

(θψ_W , π^{sph}) ∈ � T̂ × Spec H(K^p)^{sph} � (Ē).

We let E(n, K^p)_{class.} denote the set of all classical points. Emerton defined the eigenvariety E(n, K^p) to be the rigid analytic Zariski closure of E(n, K^p)_{class.} in T̂ × Spec H(K^p)^{sph}.

Concretely, this means that for every unramified prime q and each generator T^i_q for the Hecke algebra H(K_q), there is a holomorphic function t^i_q on E(n, K^p) such that for every representation π in H^n_{class.}(K^p, W ) ⊗ Ē of finite slope at p, the action of T^i_q on π is by scalar multiplication by t^i_q(x), where x is the corresponding classical point.

One also obtains a description of the action of the ramified part of the Hecke algebra. This description is different, since irreducible representations of H(K^p)^{ramified} are finite dimensional rather than 1-dimensional. Instead one finds that there is a coherent sheaf M of H(K^p)^{ramified}-modules over E(n, K^p), such that, roughly speaking, the action of H(K^p)^{ramified} on the fibre of a classical point describes the action of H(K^p)^{ramified} on the corresponding part of the classical cohomology. A precise statement is given in Theorem 1 below. Emerton introduced a criterion (Definition 1 below), according to which the Eigencurve E(n, K^p) is finite dimensional. More precisely, he was able to prove that the projection E(n, K^p) → T̂ is finite. If we let t denote the Lie algebra of T(Ē), then there is a map given by differentiation at the identity element:

T̂ → ť,

where ť is the dual space of t. It is worth noting that the image in ť of a classical point depends only on the highest weight ψ_W , since smooth characters have zero derivative. Emerton also proved, assuming his criterion, that the projection

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 367

E(n, K^p) → ť has discrete fibres. As a result, one knows that the dimension of the eigencurve is at most the absolute rank of G.

The purpose of this paper is to investigate Emerton’s criterion for connected, simply connected, simple groups. Specifically, we show that Emerton’s criterion holds for all such groups in dimension n = 1. Emerton’s criterion typically fails in dimension n = 2. However we prove a weaker form of the criterion for n = 2, and we show that the weaker criterion is sufficient for most purposes.

1.2 Emerton’s Criterion

Let p be the rational prime below p. In [18] Emerton introduced the following p-adic Banach spaces:

H̃^•(K^p, Q_p) = � lim_{←−s} lim_{−→K} p H^•(Y (K_pK^p), Z/p^s) � ⊗_{Zp} Q_p.

For convenience, we also consider the direct limits of these spaces over all tame levels K^p:

H̃^•(G, Q_p) = lim_{−→}

K^p

H̃^•(K^p, Q_p).

We have the following actions on these spaces:

• The group G(A^p_f ) acts smoothly on H̃^•(G, Q_p); the subspace H̃^•(K^p, Q_p) may be recovered as the K^p-invariants:

H̃^•(K^p, Q_p) = H̃^•(G, Q_p)^{Kp} .

• The Hecke algebra H(K^p) acts on H̃^•(K^p, Q_p) ⊗ E.

• The group G(k_p) acts continuously, but not usually smoothly on the Banach space H̃^•(K^p, Q_p). This is an admissible continuous representation of G(k_p) in the sense of [33] (or [16], Definition 7.2.1).

• Recall that we have fixed a finite extension E/k_p, over which G splits.

We let H̃^•(K^p, E) = H̃^•(K^p, Q_p) ⊗_{Qp} E.

The group G(k_p) is a p-adic analytic group. Hence, we may define the subspace of k_p-locally analytic vectors in H̃^•(K^p, E) (see [16]):

H̃^•(K^p, E)_{loc.an.}.

This subspace is G(k_p)-invariant, and is an admissible locally analytic representation of G(k_p) (in the sense of [16], Definition 7.2.7). The Lie algebra g of G also acts on the subspace H̃^•(K^p, E)_{loc.an.}.

Documenta Mathematica 12 (2007) 363–397

368 Richard Hill

For an irreducible algebraic representation W of G over E, we shall write W̌ be the contragredient representation. Emerton showed (Theorem 2.2.11 of [18]) that there is a spectral sequence:

E^{p,q}_2 = Ext^p_g(W̌ , H̃^q (K^p, E)_{loc.an.}) =⇒ H^{p+q}_{class.}(K^p, W ). (2)

Taking the direct limit over the tame levels K^p, there is also a spectral sequence (Theorem 0.5 of [18]):

Ext^p_g(W̌ , H̃^q (G, E)_{loc.an.}) =⇒ H^{p+q}_{class.}(G, W ). (3)

In particular, there is an edge map

H^n_{class.}(G, W ) → Hom_g(W̌ , H̃^n(G, E)_{loc.an.}). (4)

Definition 1. We shall say that G satisfies Emerton’s criterion in dimension n if the following holds:

For every W , the edge map (4) is an isomorphism.

This is equivalent to the edge maps from H^n_{class.}(K^p, W ) to Hom_g(W̌ , H̃^n(K^p, E)_{loc.an.}) being isomorphisms for every W and every tame level K^p.

Theorem 1 (Theorem 0.7 of [18]). Suppose Emerton’s criterion holds for G in dimension n. Then we have:

1. Projection onto the first factor induces a finite map E(n, K^p) → T̂ .

2. The map E(n, K^p) → ť has discrete fibres.

3. If (χ, λ) is a point of the Eigencurve such that χ is locally algebraic and of non-critical slope (in the sense of [17], Definition 4.4.3), then (χ, λ) is a classical point.

4. There is a coherent sheaf M of H(K^p)^{ramified}-modules over E(n, K^p) with the following property. For any classical point (θψ_W , λ) ∈ E(n, K^p) of non-critical slope, the fibre of M over the point (θψ_W , λ) is isomorphic (as a H(K^p)^{ramified}-module) to the dual of the (θψ_W , λ)-eigenspace of the Jacquet module of H^n_{class.}(K^p, W̌ ).

In fact Emerton proved this theorem for all reductive groups G/k. He verified his criterion in the case G = GL_2/Q, n = 1. He also pointed out that the criterion always holds for n = 0, since the edge map at (0, 0) for any first quadrant E^{•,•}_2 spectral sequence is an isomorphism. Of course the cohomology of G is usually uninteresting in dimension 0, but his argument can be applied in the case where the derived subgroup of G has real rank zero. This is the case, for example, when G is a torus, or the multiplicative group of a definite quaternion algebra.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 369

1.3 Our Main Results

For our main results, G is connected, simple and algebraically simply connected. We shall also assume that G(k_∞) is not compact. We do not need to assume that G is absolutely simple. We shall prove the following.

Theorem 2. Emerton’s criterion holds in dimension 1.

For cohomological dimensions 2 and higher, Emerton’s criterion is quite rare. We shall instead use the following criterion.

Definition 2. We shall say that G satisfies the weak Emerton criterion in dimension n if

(a) for every non-trivial irreducible W , the edge map (4) is an isomorphism, and (b) for the trivial representation W , the edge map (4) is injective, and its cokernel is a finite dimensional trivial representation of G(A_f ).

By simple modifications to Emerton’s proof of Theorem 1, we shall prove the following in §4.

Theorem 3. If the weak Emerton criterion holds for G in dimension n, then

1. Projection onto the first factor induces a finite map E(n, K^p) → T̂ .

2. The map E(n, K^p) → ť has discrete fibres.

3. If (χ, λ) is a point of the Eigencurve such that χ is locally algebraic and of non-critical slope, then either (χ, λ) is a classical point or (χ, λ) is the trivial representation of T(k_p) × H(K^p)^{sph}.

In order to state our next theorems, we recall the definition of the congruence kernel. As before, G/k is simple, connected and simply connected and G(k_∞) is not compact. By a congruence subgroup of G(k), we shall mean a subgroup of the form Γ(K_f ) = G(k) ∩ (G(k_∞) × K_f ),

where K_f ⊂ G(A_f ) is compact and open. Any two congruence subgroups are commensurable.

An arithmetic subgroup is a subgroup of G(k), which is commensurable with a congruence subgroup. In particular, every congruence subgroup is arithmetic. The congruence subgroup problem (see the survey articles [30, 31]) is the problem of determining the difference between arithmetic subgroups and congruence subgroups. In particular, one could naively ask whether every arithmetic subgroup of G is a congruence subgroup. In order to study this question more precisely, Serre introduced two completions of G(k):

Ĝ(k) = lim_{←−}

K_f

G(k)/Γ(K_f ),

Documenta Mathematica 12 (2007) 363–397

370 Richard Hill

G̃(k) = lim

←−−−−−−−− Γ arithmetic

G(k)/Γ.

There is a continuous surjective group homomorphism G̃(k) → Ĝ(k). The congruence kernel Cong(G) is defined to be the kernel of this map. Recall the following:

Theorem 4 (Strong Approximation Theorem [23, 24, 25, 28, 29]). Suppose G/k is connected, simple, and algebraically simply connected. Let S be a set of places of k, such that G(k_S ) is not compact. Then G(k)G(k_S ) is dense in G(A).

Under our assumptions on G, the strong approximation theorem implies that Ĝ(k) = G(A_f ), and we have the following extension of topological groups:

1 → Cong(G) → G̃(k) → G(A_f ) → 1.

By the real rank of G, we shall mean the sum m = � ν|∞ rank_{kν} G.

It follows from the non-compactness of G(k_∞), that the real rank of G is at least 1. Serre [37] has conjectured that for G simple, simply connected and of real rank at least 2, the congruence kernel is finite; for real rank 1 groups he conjectured that the congruence kernel is infinite. These conjectures have been proved in many cases and there are no proven counterexamples (see the surveys [30, 31]).

Our next result is the following.

Theorem 5. If the congruence kernel of G is finite then the weak Emerton criterion holds in dimension 2.

Theorems 2 and 5 follow from our main auxiliary results:

Theorem 6. Let G be as described above. Then H̃^0(G, E) = E, with the trivial action of G(A_f ).

Theorem 7. Let G be as described above. Then

H̃^1(G, E) = Hom_{cts}(Cong(G), E)_{G(Apf )−smooth},

where Cong(G) denotes the congruence kernel of G.

The reduction of Theorem 2 to Theorem 6 is given in §2, and the reduction of Theorem 5 to Theorem 7 is given in §3. Theorem 6 is proved in §6 and Theorem 7 is proved in §8.

Before going on, we point out that in some cases these cohomology spaces are uninteresting. In the case E = C, the cohomology groups are related,

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 371

via generalizations of the Eichler–Shimura isomorphism, to certain spaces of automorphic forms. More precisely, Franke [19] has shown that

H^•_{class.}(K_f , W ) = H^•_{rel.Lie}(g, K_∞, W ⊗ A(K^f )),

where A(K^f ) is the space of automorphic forms ϕ : G(k)\G(A)/K_∞K_f → C. The right hand side is relative Lie algebra cohomology (see for example [9]). Since the constant functions form a subspace of A(K^f ), we have a (g, K_∞)- submodule W ⊂ W ⊗ A(K^f ). This gives us a map:

H^n_{rel.Lie}(g, K_∞, W ) → H^n_{class.}(G, W ). (5)

We shall say that the cohomology of G is given by constants in dimension n if the map (5) is surjective. For example the cohomology of SL_2/Q is given by constants in dimensions 0 and 2, although (5) is only bijective in dimension 0. On the other hand, if G(k)\G(A) is compact then (5) is injective. It is known that the cohomology of G is given by constants in dimensions n < m and in dimensions n > d − m, where d is the common dimension of the spaces Y (K_f ) and m is the real rank of G. One shows this by proving that the relative Lie algebra cohomology of any other irreducible (g, K_∞)-subquotient of W ⊗ A(K^f ) vanishes in such dimensions (see for example Corollary II.8.4 of [9]).

If the cohomology is given by constants in dimension n, then H^n_{class.}(G, W ) is a finite dimensional vector space, equipped with the trivial action of G(A_f ). From the point of view of this paper, cohomology groups given by constants are uninteresting. Thus Theorem 2 is interesting only for groups of real rank 1, whereas Theorem 5 is interesting, roughly speaking, for groups of real rank 2. In fact we can often do a little better than Theorem 3. We shall prove the following in §5:

Theorem 8. Let G/k be connected, semi-simple and algebraically simply connected and assume that the weak Emerton criterion holds in dimension n. Assume also that at least one of the following two conditions holds:

(a) H^p_{class.}(G, C) is given by constants in dimensions p < n and H^{n+1}_{rel.Lie}(g, K_∞, C) = 0; or

(b) G(k) is cocompact in G(A).

Then all conclusions of Theorem 1 hold for the eigenvariety E(n, K^p).

The theorem is valid, for example, in the following cases where Emerton’s criterion fails:

• SL_3/Q in dimension 2;

• Sp_4/Q in dimension 2;

Documenta Mathematica 12 (2007) 363–397

372 Richard Hill

• Spin groups of quadratic forms over Q of signature (2, l) with l ≥ 3 in dimension 2;

• Special unitary groups SU(2, l) with l ≥ 3 in dimension 2;

• SL_2/k, where k is a real quadratic field, in dimension 2.

Our results generalize easily to simply connected, semi-simple groups as follows. Suppose G/k is a direct sum of simply connected simple groups G_i/k. Assume also that the tame level K^p decomposes as a direct sum of tame levels K^p_i in G_i(A^p_f ). By the Künneth formula, we have a decomposition of the sets of classical points:

E(n, K^p)_{class.} = � n_1+···+n_s=n s� i=1 E(n_i, K^p_i )_{class.}.

1.4 Some History

Coleman and Mazur constructed the first “eigencurve” in [15]. In our current notation, they constructed the H^1-eigencurve for GL_2/Q. In fact they showed that the points of their eigencurve parametrize overconvergent eigenforms. Their arguments were based on earlier work of Hida [20] and Coleman [14] on families of modular forms. Similar results were subsequently obtained by Buzzard [10] for the groups GL_1/k, and for the multiplicative group of a definite quaternion algebra over Q, and later more generally for totally definite quaternion algebras over totally real fields in [11]. Kassaei [21] treated the case that G is a form of GL_2/k, where k is totally real and G is split at exactly one archimedean place. Kissin and Lei in [22] treated the case G = GL_2/k for a totally real field k, in dimension n = [k : Q].

Ash and Stevens [2, 3] obtained similar results for GL_n/Q by quite different methods. More recently, Chenevier [13] constructed eigenvarieties for any twisted form of GL_n/Q which is compact at infinity. Emerton’s construction is apparently much more general, as his criterion is formulated for any reductive group over a number field. However, it seems to be quite rare for his criterion to hold. One might expect the weak criterion to hold more generally; in particular one might optimistically ask the following:

Question. For G/k connected, simple, algebraically simply connected and of real rank m, does the weak Emerton criterion always hold in dimension m?

Acknowledgements. The author benefited greatly from taking part in a study group on Emerton’s work, organized by Kevin Buzzard. The author would like to thank all the participants in the London number theory seminar for many useful discussions. The author is also indebted to Prof. F. E. A. Johnson and Dr. Frank Neumann for their help with certain calculations, and to the anonymous referee for some helpful suggestions.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 373

2 Proof of Theorem 2

Let G/k be simple, algebraically simply connected, and assume that G(k_∞) is not compact. We shall prove in §6 that H̃^0(G, E) = E, with the trivial action of G(A_f ). As a consequence of this, the terms E^{p,0}_2 in Emerton’s spectral sequence (3) are Lie-algebra cohomology groups of finite dimensional representations:

E^{p,0}_2 = H^p_{Lie}(g, W ).

Such cohomology groups are completely understood. We recall some relevant results:

Theorem 9 (Theorem 7.8.9 of [39]). Let g be a semi-simple Lie algebra over a field of characteristic zero, and let W be a finite-dimensional representation of g, which does not contain the trivial representation. Then we have for all n ≥ 0, H^n_{Lie}(g, W ) = 0.

Theorem 10 (Whitehead’s first lemma (Corollary 7.8.10 of [39])). Let g be a semi-simple Lie algebra over a field of characteristic zero, and let W be a finite-dimensional representation of g. Then we have

H^1_{Lie}(g, W ) = 0.

Theorem 11 (Whitehead’s second lemma (Corollary 7.8.12 of [39])). Let g be a semi-simple Lie algebra over a field of characteristic zero, and let W be a finite-dimensional representation of g. Then we have

H^2_{Lie}(g, W ) = 0.

We shall use these results to verify Emerton’s criterion in dimension 1, thus proving Theorem 2. We must verify that the edge map 4 is an isomorphism for n = 1 and for every irreducible algebraic representation W of G. The small terms of the spectral sequence are:

E^{•,•}_2 :

Hom_g(W̌ , H̃^1(G, E))

H^0_{Lie}(g, W ) H^1_{Lie}(g, W ) H^2_{Lie}(g, W )

We therefore have an exact sequence:

0 → H^1_{Lie}(g, W ) → H^1_{class.}(G, W ) → Hom_g(W̌ , H̃^1(G, E)) → H^2_{Lie}(g, W ).

By Theorems 10 and 11 we know that the first and last terms are zero. Therefore the edge map is an isomorphism. □ Documenta Mathematica 12 (2007) 363–397

374 Richard Hill

3 Proof of Theorem 5 Let G/k be connected, simple and simply connected, and assume that G(k_∞) is not compact. In §8 we shall prove the isomorphism H̃^1(G, Q_p) = Hom_{cts}(Cong(G), Q_p)_{G(Apf )−smooth}.

As a consequence, we have:

Corollary 1. If the congruence kernel of G is finite then H̃^1(G, Q_p) = 0. In this context, it is worth noting that the following may be proved by a similar method.

Theorem 12. If the congruence kernel of G is finite then H̃^{d−1}(G, Q_p) = 0, where d is the dimension of the symmetric space G(k_∞)/K_∞. We shall use the corollary to verify the weak Emerton criterion in dimension 2. Suppose first that W is a non-trivial irreducible algebraic representation of G. We must show that the edge map (4) is an isomorphism. By Theorem 9 we know that the bottom row of the spectral sequence is zero, and by the corollary we know that the first row is zero. The small terms of the spectral sequence are as follows:

E^{•,•}_2 :

Hom_g(W̌ , H̃^2(G, E)_{loc.an.}) 0 0 0 0 0 0 0 Hence in this case the edge map is an isomorphism.

In the case that W is the trivial representation, we must only verify that the edge map is injective and that its cokernel is a finite dimensional trivial representation of G(A_f ). We still know in this case that the first row of the spectral sequence is zero. For the bottom row, Theorems 10 and 11 tell us that the spectral sequence is as follows:

E^{•,•}_2 :

Hom_g(E, H̃^2(G, E)_{loc.an.}) 0 0 0 E 0 0 H^3_{Lie}(g, E) It follows that we have an exact sequence

0 → H^2_{class.}(G, E) → Hom_g(E, H̃^2(G, E)_{loc.an.}) → H^3_{Lie}(g, E). (6) The action of G(A_f ) on H^3_{Lie}(g, E) is trivial, since this action is defined by the (trivial) action on H̃^0(G, E) = E. □ Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 375

Remark. It is interesting to calculate the cokernel of the edge map in (6). In fact it is known that for any simple Lie algebra g over a field E of characteristic zero, H^3_{Lie}(g, E) = E. We therefore have by the Künneth formula:

H^3_{Lie}(g, E) = E^d,

where d is the number of simple factors of G ×_k k̄. In particular, this is never zero. The exact sequence (6) can be continued for another term as follows:

0 → H^2_{class.}(G, E) → H̃^2(G, E)^g_{loc.an.} → H^3_{Lie}(g, E) → H^3_{class.}(G, E)^{G(Af )}.

In order to calculate the last term, we first choose an embedding of E in C, and tensor with C. There is a map

H^3_{rel.Lie}(g, K_∞, C) → H^3_{class.}(G, C)^{G(Af )}.

If the k-rank of G is zero, then this map is an isomorphism. In other cases, it is often surjective, although the author does not know how to prove this statement in general. The groups H^•_{rel.Lie}(g, K_∞, C) are the cohomology groups of compact symmetric spaces (see §I.1.6 of [9]) and are completely understood. In particular, it is often the case that H^3_{rel.Lie}(g, K_∞, C) = 0. This implies that the edge map in (6) often has a non-trivial cokernel.

4 Proof of Theorem 3

Theorem 3 is a variation on Theorem 1. In order to prove it, we recall some of the intermediate steps in Emerton’s proof of Theorem 1.

In [17], Emerton introduced a new kind of Jacquet functor, Jacq_B, from the category of essentially admissible (in the sense of Definition 6.4.9 of [16]) locally analytic representations of G(k_p) to the category of essentially admissible locally analytic representations of T(k_p). This functor is left exact, and its restriction to the full subcategory of smooth representations is exact. Indeed, its restriction to smooth representations is the usual Jacquet functor of coinvariants.

Applying the Jacquet functor to the space H̃^n(K^p, E)_{loc.an.}, one obtains an essentially admissible locally analytic representation of T(k_p). On the other hand, the category of essentially admissible locally analytic representations of T(k_p) is anti-equivalent to the category of coherent rigid analytic sheaves on T̂ (Proposition 2.3.2 of [18]). We therefore have a coherent sheaf E on T̂ . Since the action of H(K^p) on H̃^n(K^p, E)_{loc.an.} commutes with that of G(k_p), it follows that H(K^p) acts on E. Let A be the image of H(K^p)^{sph} in the sheaf of endomorphisms of E. Thus A is a coherent sheaf of commutative rings on T̂ . Writing Spec A for the relative spec of A over T̂ , we have a Zariski-closed embedding Spec A → T̂ × Spec H(K^p)^{sph}. Since A acts as endomorphisms of E, we may localize E to a coherent sheaf M on Spec A. Theorem 1 may be deduced from the following two results.

Documenta Mathematica 12 (2007) 363–397

376 Richard Hill Theorem 13 (2.3.3 of [18]). (i) The natural projection Spec A → T̂ is a finite morphism.

(ii) The map Spec A → ť has discrete fibres.

(iii) The fibre of M over a point (χ, λ) of T̂ × Spec H(K^p)^{sph} is dual to the (T(k_p) = χ, H(K^p)^{sph} = λ)-eigenspace of Jacq_B(H̃^n(K^p, E)_{loc.an.}). In particular, the point (χ, λ) lies in Spec A if and only if this eigenspace is non-zero.

For any representation V of G(k_p) over E, we shall write V_{W −loc.alg.} for the subspace of W -locally algebraic vectors in V . Note that under Emerton’s criterion, we have H^n_{class.}(K^p, W ) ⊗ W̌ = H̃^n(K^p, E)ˇ_{W −loc.alg.}. (7) Hence H^n_{class.}(K^p, W ) ⊗ W̌ is a closed subspace of H̃^n(K^p, E)_{loc.an.}. By leftexactness of Jacq_B we have an injective map Jacq_B(H^n_{class.}(K^p, W ) ⊗ W̌ ) → Jacq_B(H̃^n(K^p, E)_{loc.an.}) There are actions of T(k_p) and H(K^p) on these spaces, so we may restrict this map to eigenspaces:

Jacq_B(H^n_{class.}(K^p, W ) ⊗ W̌ )^{(χ,λ)} → Jacq_B(H̃^n(K^p, E)_{loc.an.})^{(χ,λ)}, (χ, λ) ∈ T̂ × Spec H(K^p)^{sph}.

The next result tells us that this restriction is often an isomorphism. Theorem 14 (Theorem 4.4.5 of [17]). Let V be an admissible continuous representation of G(k_p) on a Banach space. If χ := θψ_W ∈ T̂ (Ē) is of non-critical slope, then the closed embedding Jacq_B(V_{W −loc.alg.}) → Jacq_B(V_{loc.an.}) induces an isomorphism on χ-eigenspaces. We recall Theorem 3.

Theorem. If the weak Emerton criterion holds for G in dimension n, then 1. Projection onto the first factor induces a finite map E(n, K^p) → T̂ . 2. The map E(n, K^p) → ť has discrete fibres.

3. If (χ, λ) is a point of the Eigencurve such that χ is locally algebraic and of non-critical slope, then either (χ, λ) is a classical point or (χ, λ) is the trivial representation of T(k_p) × H(K^p)^{sph}.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 377

Proof. To prove the first two parts of the theorem, it is sufficient to show that E(K^p, n) is a closed subspace of Spec A. Since E(n, K^p) is defined to be the closure of the set of classical points, it suffices to show that each classical point is in Spec A.

Suppose π is a representation appearing in H^n_{class.}(K^p, W ) and let (θψ_W , λ) be the corresponding classical point. This means that the (θ, λ)-eigenspace in the Jacq_B(π) is non-zero. By exactness of the Jacquet functor on smooth representations, it follows that the (θ, λ) eigenspace in the Jacquet module of H^n_{class.}(K^p, W ) is non-zero. Hence by Proposition 4.3.6 of [17], the (θψ_W , λ)- eigenspace in the Jacquet module of H^n_{class.}(K^p, W ) ⊗ W̌ is non-zero. By leftexactness of the Jacquet functor, it follows that the (θψ_W , λ) eigenspace in the Jacquet module of H̃^n(G, E)_{loc.an.} is non-zero. Hence by Theorem 13 (iii) it follows that the classical point is in Spec A.

If (θψ, λ) is of non-critical slope then Theorem 14 shows that the converse also holds. □

5 Proof of Theorem 8

We first recall the statement:

Theorem. Let G/k be connected, semi-simple and algebraically simply connected and assume that the weak Emerton criterion holds in dimension n. Assume also, that at least one of the following two conditions holds:

(a) H^p_{class.}(G, C) is given by constants in dimensions p < n and H^{n+1}_{rel.Lie}(g, K_∞, C) = 0; or

(b) G(k) is cocompact in G(A).

Then all the conclusions of Theorem 1 hold for the eigenvariety E(n, K^p).

Proof. To prove the theorem, we shall find a continuous admissible Banach space representation V , such that for every irreducible algebraic representation W , there is an isomorphism of smooth G(A_f )-modules

H^n_{class.}(G, W ) ∼= Hom_g(W̌ , V_{loc.an.}). (8)

Recall that by the weak Emerton criterion, we have an exact sequence of smooth G(A_f )-modules

0 → H^n_{class.}(G, E) → H̃^n(G, E)^g_{loc.an.} → E^r → 0, r ≥ 0. (9)

It follows, either from Lemma 1 or from Lemma 2 below, that all such sequences split. We therefore have a subspace E^r ⊂ H̃^n(G, E), on which G(A_f ) acts trivially. We define V to be the quotient, so that there is an exact sequence of admissible continuous representations of G(A_f ) on E-Banach spaces.

0 → E^r → H̃^n(G, E) → V → 0. (10)

Documenta Mathematica 12 (2007) 363–397

378 Richard Hill Taking g-invariants of (10) and applying Whitehead’s first lemma (Theorem 10), we have an exact sequence:

0 → E^r → H̃^n(G, E)^g_{loc.an.} → V^g_{loc.an.} → 0. (11) On the other hand, E^r is a direct summand of H̃^n(G, E)^g_{loc.an.}, so this sequence also splits. Comparing (9) and (11), we obtain H^n_{class.}(G, E) = V^g_{loc.an.} = Hom_g(E, V_{loc.an.}).

This verifies (8) in the case that W is the trivial representation. Now taking W to be a non-trivial irreducible representation, and applying Hom_g(W̌ , −_{loc.an.}) to (10), we obtain a long exact sequence:

0 → Hom_g(W̌ , H̃^n(G, E)_{loc.an.}) → Hom_g(W̌ , V_{loc.an.}) → Ext^1_g(W̌ , E^r). By Whitehead’s first lemma, the final term above is zero. Hence, by the weak Emerton criterion, we have:

H^2_{class.}(G, W ) = Hom_g(W̌ , H̃^n(G, E)_{loc.an.}) = Hom_g(W̌ , V_{loc.an.}). □ Lemma 1. Assume that H^q_{class.}(G, C) is given by constants in dimensions q < n and H^{n+1}_{rel.Lie}(g, K_∞, C) = 0. Then Ext^1_{G(Af )}(E, H^n_{class.}(G, E)) = 0, where the Ext-group is calculated from the category of smooth representations of G(A_f ) over E.

Proof. Since we are dealing with smooth representations, the topology of E plays no role, so it is sufficient to prove that Ext^1_{G(Af )}(C, H^n_{class.}(G, C)) = 0, To prove this, it is sufficient to show that for every sufficiently large finite set S of finite primes of k, we have Ext^1_{G(kS )}(C, H^n_{class.}(G, C)) = 0.

For this, we shall use the spectral sequence of Borel (§3.9 of [7]; see also §2 of [6]):

Ext^p_{G(kS )}(E, H^q_{class.}(G, C)) =⇒ H^{p+q}_{S−class.}(G, C), where H^•_{S−class.}(G, −) denotes the direct limit over all S-congruence subgroups: H^•_{S−class.}(G, −) = lim_{−→}

K^S

H^•_{Group}(Γ_S (K^S ), −),

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 379

Γ_S (K^S ) = G(k) ∩ � G(k_{∞∪S} ) × K^S � . By Proposition X.4.7 of [9], we know that

Ext^p_{G(kS )}(C, C) = 0, p ≥ 1.

Since H^q_{class.}(G, C) is a trivial representation of G(A_f ) in dimensions q < n, it follows from Borel’s spectral sequence that Ext^1_{G(kS )}(C, H^n_{class.}(G, C)) injects into H^{n+1}_{S−class.}(G, C). On the other hand, it is shown in Theorem 1 of [6], that for S sufficiently large, H^{n+1}_{S−class.}(G, C) is isomorphic to H^{n+1}_{rel.Lie}(g, K_∞, C). Under the hypothesis that H^{n+1}_{rel.Lie}(g, K_∞, C) = 0, it follows that for S sufficiently large, Ext^1_{G(kS )}(C, H^n_{class.}(G, C)) = 0. □

Lemma 2. Assume that G(k) is cocompact in G(A). Then

Ext^1_{G(Af )}(E, H^n_{class.}(G, E)) = 0,

where the Ext-group is calculated from the category of smooth representations of G(A_f ) over E.

(The argument in fact shows that Ext^p_{G(Af )}(E, H^q_{class.}(G, E)) = 0 for all p > 0.)

Proof. As in the proof of the previous lemma, we shall show that for S sufficiently large, Ext^1_{G(kS )}(C, H^n_{class.}(G, C)) = 0.

Recall that we have a decomposition:

L^2(G(k)\G(A)) = � π m(π) · π,

with finite multiplicities m(π) and automorphic representations π. Here the ^⊕ denotes a Hilbert space direct sum. We shall write π = π_∞ ⊗ π_f , where π_∞ is an irreducible unitary representation of G(k_∞) and π_f is a smooth irreducible unitary representation of G(A_f ). This decomposition may by used to calculate the classical cohomology (Theorem VII.6.1 of [9]):

H^•_{class.}(G, C) = � π m(π) · H^•_{rel.Lie}(g, K_∞, π_∞) ⊗ π_f .

It is therefore sufficient to show that for each automorphic representation π, we have (for S sufficiently large) Ext^1_{G(kS )}(C, π_f ) = 0. The smooth representation π_f decomposes as a tensor product of representations of G(k_q) for q ∈ S, together with a representation of G(A^S_f ):

π_f = � � � q∈S π_q � � ⊗ π^S_f .

Documenta Mathematica 12 (2007) 363–397

380 Richard Hill

This gives a decomposition of the cohomology:

Ext^•_{G(kS )}(C, π_f ) = � � � q∈S Ext^•_{G(kq )}(C, π_q) � � ⊗ π^S_f . (12)

There are two cases to consider.

Case 1. Suppose π is the trivial representation, consisting of the constant functions on G(k)\G(A). Then by Proposition X.4.7 of [9], we have Ext^n_{G(kq )}(C, C) = 0, n ≥ 1.

This implies by (12) that Ext^1_{G(kS )}(C, C) = 0.

Case 2. Suppose π is non-trivial, and hence contains no non-zero constant functions. If q is a prime for which no factor of G(k_q) is compact, then it follows from the strong approximation theorem that the local representation π_q is non-trivial. This implies that Ext^0_{G(kq )}(C, π_q) = Hom_{G(kq )}(C, π_q) = 0.

If S contains at least two such primes, then we have by (12) Ext^1_{G(kS )}(C, π_f ) = 0. □ Remark. At first sight, it might appear that Ext^1_{G(Af )}(C, H^n_{class.}(G, C)) should always be zero; however this is not the case. For example, if G = SL_2/Q then Ext^1_{SL2 (Af )}(C, H^1_{class.}(SL_2/Q, C)) = C.

This may be verified using the spectral sequence of Borel cited above, together with the fact that H^2_{rel.Lie}(sl_2, SO(2), C) = C.

6 Proof of Theorem 6 We assume in this section that G/k is connected, simple and algebraically simply connected, and that G(k_∞) is not compact.

Proposition 1. As topological spaces, we have Y (K_f ) = Γ(K_f )\G(k_∞)/K_∞. Proof. By the strong approximation theorem (Theorem 4), G(k)G(k_∞) is a dense subgroup of G(A). Since G(k_∞)K_f is open in G(A), this implies that G(k)G(k_∞)K_f is a dense, open subgroup of G(A). Since open subgroups are closed it follows that G(k)G(k_∞)K_f = G(A).

Quotienting out on the left by G(k), we have (as coset spaces): (G(k) ∩ G(k_∞)K_f )\(G(k_∞)K_f ) = G(k)\G(A).

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 381 Substituting the definition of Γ(K_f ), we have: Γ(K_f )\G(k_∞)K_f = G(k)\G(A).

Quotienting out on the right by K_∞K_f , we get: Γ(K_f )\G(k_∞)/K_∞ = Y (K_f ). □ In particular, this implies:

Corollary 2. Y (K_f ) is connected.

Proof. G(k_∞) is connected. □ If K_f is sufficiently small then the group Γ(K_f ) is torsion-free. We shall assume that this is the case. Hence Y (K_f ) is a manifold. Its universal cover is G(R)/K, and its fundamental group is Γ(K_f ).

Corollary 3. If Γ(K_f ) is torsion-free then H^•(Y (K_f ), −) = H^•_{Group}(Γ(K_f ), −).

Proof. This follows because Γ(K_f ) is the fundamental group of Y (K_f ), and the universal cover G(k_∞)/K_∞ is contractible. See for example [36]. □ Corollary 4. Let G/k be connected, simple, simply connected and assume G(k_∞) is not compact. Then as G(A_f )-modules, H̃^0(G, E)_{loc.an.} = H̃^0(G, E) = E.

Proof. Since every Y (K_f ) is connected, we have a canonical isomorphism: H^0(Y (K_pK^p), Z/p^s) = Z/p^s.

Furthermore, the pull-back maps

H^0(Y (K_pK^p), Z/p^s) → H^0(Y (K^′_pK^p), Z/p^s) (K^′_p ⊂ K_p) are all the identity on Z/p^s. It follows that lim_{−→K} p H^0(Y (K^pK_p), Z/p^s) = Z/p^s.

Since the pull-back maps are all the identity, it follows that the action of G(k_p) on this group is trivial. Taking the projective limit over s and tensoring with E we find that H̃^0(K^p, E) = E.

The action of G(k_p) is clearly still trivial, and hence every vector is locally analytic. The groups H̃^0(K^p, E) for varying tame level K^p form a direct system

Documenta Mathematica 12 (2007) 363–397

382 Richard Hill

with respect to the pullback maps. These pullback maps are all the identity on E. Taking the direct limit over the tame levels, we obtain: H̃^0(G, E) = E.

Since the pullback maps are all the identity, it follows that the action of G(A^p_f ) on H̃^0(G, E) is trivial. □

7 Some Cohomology Theories

In this section we introduce some notation and recall some results, which will be needed in the proof of Theorem 7. It is worth mentioning that the theorem is much easier to prove in the case that G has finite congruence kernel. In that case one quite easily shows that H̃^1 = 0 by truncating the proof given in §8 shortly after the end of “step 1” of the proof. Furthermore, our main application (Theorem 5) requires only this easier case.

7.1 Discrete cohomology Let G be a profinite group acting on an abelian group A. We say that the action is smooth if every element of A has open stabilizer in G. For a smooth G-module A, we define H^•_{disc.}(G, A) to be the cohomology of the complex of smooth cochains on G with values in A. Due to compactness, cochains take only finitely many values, so we have H^•_{disc.}(G, A) = lim_{−→U} H^•_{Group}(G/U, A^U ).

Here the limit is taken over the open normal subgroups U of G, and the cohomology groups on the right hand side are those of finite groups. Theorem 15 (Hochschild–Serre spectral sequence (§2.6b of [35])). Let G be a profinite group and A a discrete G-module on which G acts smoothly. Let H be a closed, normal subgroup. Then there is a spectral sequence: H^p_{disc.}(G/H, H^q_{disc.}(H, A)) =⇒ H^{p+q}_{disc.}(G, A).

For calculations with adèle groups, we need the following result on countable products of groups.

Proposition 2 (see §2.2 of [35]). Let G = � i∈N G_i

be a countable product of profinite groups and let A be a discrete G-module. For any finite subset S ⊂ N we let

G_S = � i∈S G_i.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 383

Then H^n_{disc.}(G, A) = lim_{−→S} H^n_{disc.}(G_S , A).

Here the limit is taken over all finite subsets with respect to the inflation maps. Corollary 5. Let G and A be as in the previous proposition, and assume that the action of G on A is trivial. Assume also that for a fixed n, we have: H^r_{disc.}(G_i, A) = 0, r = 1, . . . , n − 1, i ∈ N.

Then H^n_{disc.}(G, A) = � i∈N H^n_{disc.}(G_i, A).

Proof. Let S ⊂ N be a finite set and let i /∈ S. We have a direct sum decomposition G_{S∪{i}} = G_S ⊕ G_i.

Regarding this as a (trivial) group extension, we have a spectral sequence: H^p_{disc.}(G_S , H^q(G_i, A)) =⇒ H^{p+q}_{disc.}(G_{S∪{i}}, A).

since the sum is direct, it follows that all the maps in the spectral sequence are zero, and we have

H^n_{disc.}(G_{S∪{i}}, A) = n� r=0 H^{n−r}_{disc.}(G_S , H^r_{disc.}(G_i, A)).

By our hypothesis, most of these terms vanish, and we are left with: H^n_{disc.}(G_{S∪{i}}, A) = H^n_{disc.}(G_S , A) ⊕ H^n_{disc.}(G_i, A).

By induction on the size of S, we deduce that H^n_{disc.}(G_S , A) = � i∈S H^n_{disc.}(G_i, A).

The result follows from the previous proposition. □

7.2 Continuous cohomology Again suppose that G is a profinite group, acting on an abelian topological group A. We call A a continuous G-module if the map G×A → A is continuous. For a continuous G-module A, we define the continuous cohomology groups H^•_{cts}(G, A) to be the cohomology of the complex of continuous cochains. If the topology on A is actually discrete then continuous cochains are in fact smooth, so we have H^•_{cts}(G, A) = H^•_{disc.}(G, A).

Documenta Mathematica 12 (2007) 363–397

384 Richard Hill

7.3 Derived functors of inverse limit Let Ab be the category of abelian groups. By a projective system in Ab, we shall mean a collection of objects A_s (s ∈ N) and morphisms ϕ : A_{s+1} → A_s. We shall write Ab^N for the category of projective systems in Ab. There is a functor lim_{←−s} : Ab^N → Ab.

This functor is left-exact. It has right derived functors � lim_{←−s}

�_•

: Ab^N → Ab.

It turns out that � lim_{←−s}

�_n is zero for n ≥ 2. The first derived functor has the following simple description due to Eilenberg. We define a homomorphism Δ : � s A_s → � s A_s, � Δ(a_•) � s = a_s − ϕ(a_{s+1}).

With this notation we have lim_{←−s} A_s = ker Δ.

Eilenberg showed that lim_{←−s}^1A_s = coker Δ.

A projective system A_s is said to satisfy the Mittag–Leffler condition if for every s ∈ N there is a t ≥ s such that for every u ≥ t the image of A_u in A_s is equal to the image of A_t in A_s.

Proposition 3 (Proposition 3.5.7 of [39]). If A_s satisfies the Mittag–Leffler condition then lim_{←−s}^1A_s = 0.

This immediately implies:

Corollary 6 (Exercise 3.5.2 of [39]). If A_s is a projective system of finite abelian groups then lim_{←−s}^1A_s = 0.

We shall use the derived functor lim_{←−s}^1 to pass between discrete and continuous cohomology:

Theorem 16 (Eilenberg–Moore Sequence (Theorem 2.3.4 of [27])). Let G be a profinite group and A a projective limit of finite discrete continuous G-modules A = lim_{←−s} A_s.

Then there is an exact sequence:

0 → lim_{←−s}^1H^{n−1}_{disc.}(G, A_s) → H^n_{cts}(G, A) → lim_{←−s} H^n_{disc.}(G, A_s) → 0.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 385

7.4 Stable Cohomology

For a continuous representation V of G(k_p) over E, we shall write V_{st} for the set of smooth vectors. The functor V → V_{st} is left exact from the category of continuous admissible representations of G(k_p) (in the sense of [33]) to the category of smooth representations. We shall write H^•_{st}(G(k_p), −) for the rightderived functors. This is called “stable cohomology” by Emerton (Definition 1.1.5 of [18]). It turns out that stable cohomology may be expressed in terms of continuous group cohomology as follows (Proposition 1.1.6 of [18]):

H^•_{st}(G(k_p), V ) = lim_{−→K} p H^•_{cts}(K_p, V ).

There is an alternative description of these derived functors which we shall also use. Let V_{loc.an.} denote the subspace of locally analytic vectors in V . There is an action of the Lie algebra g on V_{loc.an.}. Stable cohomology may be expressed in terms of Lie algebra cohomology as follows (Theorem 1.1.13 of [18]):

H^•_{st}(G(k_p), V ) = H^•_{Lie}(g, V_{loc.an.}). (13)

8 Proof of Theorem 7

In this section, we shall assume that G/k is connected, simply connected and simple, and that G(k_∞) is not connected. We regard the vector space Hom_{cts}(Cong(G), Q_p) as a p-adic Banach space with the supremum norm:

||ϕ|| = sup

x∈Cong(G)

|ϕ(x)|_p.

We regard Hom_{cts}(Cong(G), Z/p^s) as a discrete abelian group. The group G(A_f ) acts on these spaces as follows:

(gϕ)(x) = ϕ(g^{−1}xg), g ∈ G(A_f ), x ∈ Cong(G).

Lemma 3. The action of G(A_f ) on Hom_{cts}(Cong(G), Z/p^s) is smooth.

Proof. One may prove this directly; however it is implicit in the Hochschild– Serre spectral sequence. It is sufficient to show that the action of some open subgroup is smooth. Let K_f be a compact open subgroup of G(A_f ), and write write K̃_f for the preimage of K_f in G̃(k). We therefore have an extension of profinite groups:

1 → Cong(G) → K̃_f → K_f → 1.

We shall regard Z/p^s as a trivial, and hence smooth, K̃_f -module. It follows that each H^q_{disc.}(Cong(G), Z/p^s) is a smooth K_f -module. On the other hand we have Hom_{cts}(Cong(G), Z/p^s) = H^1_{disc.}(Cong(G), Z/p^s). □ Documenta Mathematica 12 (2007) 363–397

386 Richard Hill Lemma 4. The action of G(A_f ) on the p-adic Banach space Hom_{cts}(Cong(G), Q_p) is continuous.

Proof. It is sufficient to prove this for the open submodule Hom_{cts}(Cong(G), Z_p). We have, as topological G(A_f )-modules: Hom_{cts}(Cong(G), Z_p) = lim_{←−s} Hom_{cts}(Cong(G), Z/p^s).

Continuity follows from the previous Lemma. □ We shall say that a vector v ∈ Hom_{cts}(Cong(G), Q_p) is G(A^p_f )-smooth if its stabilizer in G(A^p_f ) is open. The set of such vectors will be written Hom_{cts}(Cong(G), Q_p)_{G(A}p_{f )−smooth}.

Theorem. Assume G/k is connected, simple and simply connected, and that G(k_∞) is not compact. Then we have an isomorphism of G(A_f )-modules: H̃^1(G, Q_p) = Hom_{cts}(Cong(G), Q_p)_{G(Ap)−smooth}.

Proof. Choose a level K_f small enough so that Γ(K_f ) is torsion-free. By Corollary 3, we have:

H^1(Y (K_f ), Z/p^s) = H^1_{Group}(Γ(K_f ), Z/p^s).

Elements of H^1_{Group}(Γ(K_f ), Z/p^s) are group homomorphisms Γ(K_f ) → Z/p^s. Let K̃_f be the preimage of K_f in G̃(k); this is equal to the profinite completion of Γ(K_f ). It follows that homomorphisms Γ(K_f ) → Z/p^s correspond bijectively to continuous homomorphisms K̃_f → Z/p^s. We therefore have: H^1(Y (K_f ), Z/p^s) = H^1_{disc.}(K̃_f , Z/p^s).

We have an extension of profinite groups: 1 → Cong(G) → K̃_f → K_f → 1.

This gives rise to a Hochschild–Serre spectral sequence (Theorem 15):

H^p_{disc.}(K_f , H^q_{disc.}(Cong(G), Z/p^s)) =⇒ H^{p+q}_{disc.}(K̃_f , Z/p^s).

From this we have an inflation-restriction sequence containing the following terms:

0 → H^1_{disc.}(K_f , Z/p^s) → H^1(Y (K_f ), Z/p^s) → → H^1_{disc.}(Cong(G), Z/p^s)^{Kf} → H^2_{disc.}(K_f , Z/p^s)

(14)

The proof of the theorem consists of applying the functors lim_{−→K} p , lim_{←−s} , − ⊗_{Zp} Q_p and lim_{−→K p} to the sequence (14).

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 387 Step 1. We first substitute K_f = K_pK^p, and apply the functor lim_{−→K} p to (14).

We have by the Künneth formula: lim_{−→K p} H^1_{disc.}(K_pK^p, Z/p^s) = H^1_{disc.}(K^p, Z/p^s),

lim_{−→K} p H^2_{disc.}(K_pK^p, Z/p^s) = H^2_{disc.}(K^p, Z/p^s).

By Lemma 3 we have:

lim_{−→K} p H^1_{disc.}(Cong(G), Z/p^s)^{KpKp} = H^1_{disc.}(Cong(G), Z/p^s)^{Kp} .

Since the functor lim_{−→K} p is exact, the sequence remains exact:

0 → H^1_{disc.}(K^p, Z/p^s) → lim_{−→K} p H^1(Y (K^pK_p), Z/p^s) → → H^1_{disc.}(Cong(G), Z/p^s)^{Kp} → H^2_{disc.}(K^p, Z/p^s).

(15)

Interlude. Before going on, we make some restrictions on the tame level K^p, and investigate the first and last terms in the sequence (15). We shall assume that the tame level K^p is a product of local factors: K^p = � q≠p

K_q,

where each K_q is a compact open subgroup of G(k_q). Consider the following sets of finite primes of k: S = {q : q|p and q ≠ p}, T = {q : q ̸|p and K_q ≠ [K_q, K_q]}.

Both these sets are finite. We shall also assume from now on that for each prime q ∈ T , the group K_q is chosen small enough so that it is a pro-q group, where q is the rational prime below q. In particular, for each q ∈ T we have for n ≥ 1, H^n_{disc.}(K_q, Z/p^s) = 0. (16) We have a decomposition of K^p:

K^p = K_S × K_T × K^{S∪T ∪{p}}, (17) where we are using the notation: K_S = � q∈S K_q, K^S = � q∉S

K_q.

Documenta Mathematica 12 (2007) 363–397

388 Richard Hill By the Künneth formula and (16), (17), we have: H^•_{disc.}(K^p, Z/p^s) = H^•_{disc.}(K_S K^{S∪T ∪{p}}, Z/p^s). (18) By assumption, the group K^{S∪T ∪{p}} is perfect, so we have H^1_{disc.}(K^{S∪T ∪{p}}, Z/p^s) = 0. (19) Again by the Künneth formula together with (18), (19), we have: H^1_{disc.}(K^p, Z/p^s) = H^1_{disc.}(K_S , Z/p^s). (20) H^2_{disc.}(K^p, Z/p^s) = H^2_{disc.}(K_S , Z/p^s) ⊕ H^2_{disc.}(K^{S∪T ∪{p}}, Z/p^s). (21) For each prime q /∈ S ∪ T ∪ {p}, there is an open normal pro-q subgroup L_q ⊂ K_q. We shall write G(q) for the (finite) quotient group. We therefore have a Hochschild–Serre spectral sequence: H^p_{Group}(G(q), H^q_{disc.}(L_q, Z/p^s)) =⇒ H^{p+q}_{disc.}(K_q, Z/p^s).

This spectral sequence degenerates: for n ≥ 1 we have H^n(L_q, Z/p^s) = 0.

Hence,

H^•_{disc.}(K_q, Z/p^s) = H^•_{Group}(G(q), Z/p^s), q /∈ S ∪ T ∪ {p}. (22) Since G(q) is a finite perfect group, it has a universal central extension. We shall write π_1(G(q)) for the kernel of this extension, i.e. the Schur multiplier of G(q). By (22) we have:

H^2_{disc.}(K_q, Z/p^s) = Hom_{Group}(π_1(G(q)), Z/p^s). (23) By Corollary 5 and (23) we have:

H^2_{disc.}(K^{S∪T ∪{p}}, Z/p^s) = � q /∈S∪T ∪{p}

Hom_{Group}(π_1(G(q)), Z/p^s). (24)

From (21) and (24) we have:

H^2_{disc.}(K^p, Z/p^s) = H^2(K_S , Z/p^s) ⊕ Hom_{cts}(π^{S∪T ∪{p}}_1 , Z/p^s), (25) where we are using the notation π^{S∪T ∪{p}} 1 = � q /∈S∪T ∪{p}

π_1(G(q)).

The only property of π^{S∪T ∪{p}}_1 which we require, is that it is a product of finite groups, not depending on s.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 389 Step 2. We are now ready to apply the functor lim_{←−s} to the sequence (15). To keep track of the exactness, we splice the sequence (15) into two:

0 → H^1_{disc.}(K_S , Z/p^s) → lim_{−→K} p H^1(Y (K^pK_p), Z/p^s) → A(s) → 0, (26)

0 → A(s) → H^1_{disc.}(Cong(G), Z/p^s)^{Kp} → H^2_{disc.}(K^p, Z/p^s). (27)

Step 2a. Applying the functor lim_{←−s} to (26), we have a long exact sequence:

0 → lim_{←−s} H^1_{disc.}(K_S , Z/p^s) → lim_{←−s} lim_{−→K} p H^1(Y (K^pK_p), Z/p^s) → → lim_{←−s} A(s) → lim_{←−s}^1H^1_{disc.}(K_S, Z/p^s).

(28)

In order to calculate the individual terms in (28), we shall use the Eilenberg– Moore sequence (see Theorem 16):

0 → lim_{←−s}^1H^{n−1}_{disc.}(K_S , Z/p^s) → H^n_{cts}(K_S , Z_p) → lim_{←−s} H^n_{disc.}(K_S, Z/p^s) → 0. (29) Taking n = 1 in (29) we have lim_{←−s} H^1_{disc.}(K_S , Z/p^s) = H^1_{cts}(K_S, Z_p).

Since [K_S , K_S] is open in K_S, it follows that: lim_{←−s} H^1_{disc.}(K_S , Z/p^s) = 0. (30) Also, since the groups H^1_{disc.}(K_S , Z/p^s) are all finite, it follows by Corollary 6 that lim_{←−s}^1H^1_{cts}(K_S, Z/p^s) = 0. (31) Substituting (30) and (31) into (28), we get lim_{←−s} lim_{−→K} p H^1(Y (K^pK_p), Z/p^s) = lim_{←−s} A(s). (32)

Step 2b. Applying the left-exact functor lim_{←−s} to (27) and substituting (32) we obtain the following exact sequence:

0 → lim_{←−s} lim_{−→K} p H^1(Y (K^pK_p), Z/p^s) → lim_{←−s} � H^1_{disc.}(Cong(G), Z/p^s)^{Kp} �

→ lim_{←−s} H^2_{disc.}(K^p, Z/p^s).

(33)

Documenta Mathematica 12 (2007) 363–397

390 Richard Hill We shall investigate the second and third terms in this sequence further. The functors lim_{←−s} and −^{Kp} commute, so we have

lim_{←−s} � H^1_{disc.}(Cong(G), Z/p^s)^{Kp} � = � lim_{←−s} H^1_{disc.}(Cong(G), Z/p^s)

�_Kp . (34) Again by the Eilenberg–Moore sequence (29) we have by (34):

lim_{←−s} � H^1_{disc.}(Cong(G), Z/p^s)^{Kp} � = H^1_{cts}(Cong(G), Z_p)^{Kp} . (35) To calculate the third term in (33) we shall use (25). This shows that lim_{←−s} H^2_{disc.}(K^p, Z/p^s) = lim_{←−s} H^2_{disc.}(K_S , Z/p^s) ⊕ lim_{←−s} Hom_{cts}(π^{S∪T ∪{p}}_1 , Z/p^s). (36) Since π^{S∪T ∪{p}}

1 is a product of finite groups, it follows that lim_{←−s} Hom_{cts}(π^{S∪T ∪p}_1 , Z/p^s) = 0.

Substituting this into (36), we obtain:

lim_{←−s} H^2_{disc.}(K^p, Z/p^s) = lim_{←−s} H^2_{disc.}(K_S , Z/p^s). (37) Substituting (31) into the Eilenberg–Moore sequence (29), we have: lim_{←−s} H^2_{cts}(K_S , Z/p^s) = H^2_{cts}(K_S , Z_p). (38) Substituting (38) into (37) we have: lim_{←−s} H^2_{cts}(K^p, Z/p^s) = H^2_{cts}(K_S , Z_p).

The sequence (33) is therefore 0 → lim_{←−s} lim_{−→K} p H^1(Y (K^pK_p), Z/p^s) → H^1_{cts}(Cong(G), Z_p)^{Kp} → H^2_{cts}(K_S , Z_p). (39)

Step 3. We next apply the exact functor − ⊗_{Zp} Q_p to (39). Note that since K^p and Cong(G) are compact, we have C^•_{cts}(K^p, Z_p) ⊗_{Zp} Q_p = C^•_{cts}(K^p, Q_p), C^•_{cts}(Cong(G), Z_p) ⊗_{Zp} Q_p = C^•_{cts}(Cong(G), Q_p).

Furthermore, since Q_p is flat over Z_p, we have H^•_{cts}(K^p, Z_p) ⊗_{Zp} Q_p = H^•_{cts}(K^p, Q_p),

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 391 H^•_{cts}(Cong(G), Z_p) ⊗_{Zp} Q_p = H^•_{cts}(Cong(G), Q_p).

Since H^1_{cts}(Cong(G), Z_p) is torsion-free, we have � H^1_{cts}(Cong(G), Z_p)^{Kp} � ⊗_{Zp} Q_p = H^1_{cts}(Cong(G), Q_p)^{Kp} .

Again, since Q_p is flat over Z_p, we have an exact sequence:

0 → H̃^1(K^p, Q_p) → H^1_{cts}(Cong(G), Q_p)^{Kp} → H^2_{cts}(K_S , Q_p). (40)

Step 4. Applying the exact functor lim_{−→K p} to (40), we have an exact sequence

0 → H̃^1(G, Q_p) → H^1_{cts}(Cong(G), Q_p)_{G(A}p_{)−smooth} → H^2_{st}(G(k_S ), Q_p). (41) As G(k_S ) is a Q_p-analytic group, the stable cohomology may be expressed in terms of Lie algebra cohomology (using (13)): H^2_{st}(G(k_S ), Q_p) = H^2_{Lie}(g ⊗_k k_S , Q_p), where we are regarding g ⊗_k k_S as a Lie algebra over Q_p. By Whitehead’s second lemma (Theorem 11) we have H^2_{st}(G(k_S ), Q_p) = 0.

Hence H̃^1(G, Q_p) = H^1_{cts}(Cong(G), Q_p)_{G(Ap)−smooth}. □

9 Some Examples 9.1 SL_2/Q Let G = SL_2/Q. Since g is 3-dimensional, the spectral sequence has nonzero terms only in columns 0 to 3. Since arithmetic subgroups have virtual cohomological dimension 1, it follows that H̃^n = 0 for n > 1. Taking W to be the trivial representation, the E_2 sheet of the spectral sequence is as follows:

E^{•,•}_2 :

H̃ 1(G, E)^g_{loc.an.} E 0 0 E 0 0 E The connection map E^{1,1}_2 → E^{3,0}_2 is an isomorphism, and the spectral sequence stabilizes at E_3 as follows:

E^{•,•}_3 :

H̃ 1(G, E)^g_{loc.an.} 0 0 0 E 0 0 0

Documenta Mathematica 12 (2007) 363–397

392 Richard Hill

9.2 SL_1(D) for an indefinite quaternion algebra D Let k be a totally real field and let D be a quaternion algebra over k, which is indefinite at exactly one real place of k. We shall consider the group G(−) = SL_1(D ⊗_k −) over k. Arithmetic subgroups of G have virtual cohomological dimension 2, so we have classical cohomology groups in dimensions 0, 1 and 2. In dimensions 0 and 2 these are given by constants, and are 1-dimensional. On the other hand it is easy to show that H̃^2(G, Q_p) = 0. The E_2 sheet of the spectral sequence is as follows:

E^{•,•}_2 :

H̃ 1(G, E)^g_{loc.an.} E2 0 0 E 0 0 E

The connection map E^{1,1}_2 → E^{3,0}_2 is surjective, and the spectral sequence stabilizes at E_3 as follows:

E^{•,•}_3 :

H̃ 1(G, E)^g_{loc.an.} E 0 0 E 0 0 0

9.3 SL_2/k for k real quadratic Let k be a real quadratic field and consider the group G = SL_2/k. The non-zero classical cohomology groups are the following: H^0_{class.}(G, W ) = W^G, H^2_{class.}(G, W ) infinite dimensional.

It is known in this case (see [37]) that the congruence kernel of G is trivial. We therefore have H̃^1(G, E) = 0, and we can also show that H̃^3(G, E) = 0. Therefore the weak Emerton criterion holds in dimension 2. We also have H^3(g, K_∞, C) = 0. Therefore we may apply Theorem 8 to the eigenvariety E(2, K^p). The E_2-sheet of the spectral sequence is as follows:

E^{•,•}_2 :

H̃ 2(G, E)^g_{loc.an.} 0 0 0 0 0 0 0 E 0 0 E The map H̃^2(G, E)^g_{loc.an.} → E in the E_3-sheet is surjective, and the spectral sequence stabilizes at the E_4-sheet:

E^{•,•}_4 :

H^2_{class.}(G, E) 0 0 0 0 0 0 0 E 0 0 0

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 393

9.4 SL_3/Q Arithmetic subgroups of SL_3(Q) have virtual cohomological dimension 4, as the symmetric space is 5-dimensional. We have the following non-zero classical cohomology groups:

H^0_{class.}(G, W ) = W^G, H^2_{class.}(G, W ) = infinite dimensional, H^3_{class.}(G, W ) = infinite dimensional.

It was shown in [4] that the congruence kernel is trivial. Hence the weak Emerton criterion holds in dimension 2, and in fact the only non-zero Banach space representations are: H̃^0(G, E) = E, H̃^2(G, E) = infinite dimensional, H̃^3(G, E) = infinite dimensional.

Furthermore, H^3_{rel.Lie}(g, K_∞, C) = 0. We may therefore apply Theorem 8 to the eigenvariety E(2, K^p). One can use Poincaré duality to construct an eigenvariety interpolating H^3_{class.}.

The author has not been able to calculate all of the terms of the spectral sequence. However the E_2-sheet is as follows:

E^{•,•}_2 :

H̃ 3(G, E)^g_{loc.an.} ? ? ? ? ? ? 0 0 H̃ 2(G, E)^g_{loc.an.} Ext^1_g(E, H̃ 2(G, E)_{loc.an.}) ? ? ? ? ? ? ?

0 0 0 0 0 0 0 0 0 E 0 0 E 0 E 0 0 E

This is stable by the E_5-sheet, and most things are known:

E^{•,•}_5 :

? 0 0 0 0 0 0 0 0 H^2_{class.}(G, E) ? 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 E 0 0 0 0 0 0 0 0

9.5 Sp_4/Q Arithmetic subgroups of Sp_4(Q) have cohomological dimension 5, as the symmetric space is 6-dimensional. It was shown in [5] that the congruence kernel is trivial. Furthermore H^3(g, K_∞, C) = 0. We may therefore apply Theorem 8 to give a construction of the H^2-eigencurve. By Poincaré duality, it is also possible to construct a reasonable H^4-eigenvariety.

Documenta Mathematica 12 (2007) 363–397

394 Richard Hill

9.6 Spin(2, l) (l ≥ 3)

Let L be a Z-lattice equipped with a quadratic form of signature (2, l) with l ≥ 3. We let G/Q be the corresponding Spin group. This has real rank 2, and the corresponding symmetric space has dimension 2l. The congruence kernel was shown to be trivial for such groups by Kneser [26]. Hence G satisfies the weak Emerton criterion in dimension 2. It turns out that H^3(g, K_∞, C) = 0, so we may apply Theorem 8 to E(2, K^p).

References

[1] A. Ash, D. Pollack, and G. Stevens. Rigidity of p-adic cohomology classes of congruence subgroups of GL(n, Z). preprint, 2007.

[2] A. Ash and G. Stevens. p-adic deformations of cohomology classes of subgroups of GL(n, Z). Collect. Math., 48 (1–2) 1–30, 1997. Journées Arithmétiques (Barcelona, 1995).

[3] A. Ash and G. Stevens. p-adic deformations of cohomology classes of subgroups of GL(N, Z): the non-ordinary case. preprint, April 2000.

[4] H. Bass, M. Lazard, and J.-P. Serre. Sous-groupes d’indice fini dans SL(n, Z). Bull. Amer. Math. Soc., 70:385–392, 1964.

[5] H. Bass, J. Milnor, and J.-P. Serre. Solution of the congruence subgroup problem for SL_n (n ≥ 3) and Sp_{2n} (n ≥ 2). Publications mathématiques de l’I.H.É.S., 33:59–137, 1967.

[6] D. Blasius, J. Franke, and F. Grunewald. Cohomology of S-arithmetic subgroups in the number field case. Invent. Math., 116(1-3):75–93, 1994.

[7] A. Borel. Cohomologie de sous-groupes discrets et représentations de groupes semi-simples. In Colloque “Analyse et Topologie” en l’Honneur de Henri Cartan (Orsay, 1974), pages 73–112. Astérisque, No. 32–33. Soc. Math. France, Paris, 1976.

[8] A. Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathematics. Springer-Verlag, New York, second edition, 1991.

[9] A. Borel and N. R. Wallach. Continuous cohomology, discrete subgroups, and representations of reductive groups, vol. 67 of Mathematical surveys and monographs. American Mathematical Society, Providence, R.I., 2nd edition, 2000.

[10] K. Buzzard. On p-adic families of automorphic forms. In Modular curves and abelian varieties, volume 224 of Progr. Math., pages 23–44. Birkhäuser, Basel, 2004.

[11] K. Buzzard. Eigenvarieties. preprint, 2006.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 395

[12] P. Cartier. Representations of p-adic groups: a survey. In Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, pages 111–155. Amer. Math. Soc., Providence, R.I., 1979.

[13] G. Chenevier. Familles p-adiques de formes automorphes pour GL_n. J.

Reine Angew. Math., 570:143–217, 2004.

[14] R. F. Coleman. p-adic Banach spaces and families of modular forms.

Invent. Math., 127(3):417–479, 1997.

[15] R. Coleman and B. Mazur. The eigencurve. In Galois representations in arithmetic algebraic geometry (Durham, 1996), volume 254 of London Math. Soc. Lecture Note Ser., pages 1–113. Cambridge Univ. Press, Cambridge, 1998.

[16] M. Emerton. Locally analytic vectors in representations of locally p-adic analytic groups. preprint, 2004.

[17] M. Emerton. Jacquet modules of locally analytic representations of p-adic reductive groups. I. Construction and first properties. Ann. Sci. École Norm. Sup. (4), 39(5):775–839, 2006.

[18] M. Emerton. On the interpolation of systems of eigenvalues attached to automorphic Hecke eigenforms. Invent. Math., 164(1):1–84, 2006.

[19] J. Franke. Harmonic analysis in weighted L_2-spaces. Ann. Sci. École Norm. Sup. (4), 31(2):181–279, 1998.

[20] H. Hida. Elementary theory of L-functions and Eisenstein series, volume 26 of London Mathematical Society Student Texts. Cambridge University Press, Cambridge, 1993.

[21] P. L. Kassaei. P-adic modular forms over Shimura curves over totally real fields. Compos. Math., 140(2):359–395, 2004.

[22] M. Kisin and K. F. Lai. Overconvergent Hilbert modular forms. Amer. J.

Math., 127(4):735–783, 2005.

[23] M. Kneser. Starke Approximation in algebraischen Gruppen. I. J. Reine Angew. Math., 218:190–203, 1965.

[24] M. Kneser. Hasse principle for H^1 of simply connected groups. In Algebraic Groups and Discontinuous Subgroups (Proc. Sympos. Pure Math., Boulder, Colo., 1965), pages 159–163. Amer. Math. Soc., Providence, R.I., 1966.

[25] M. Kneser. Strong approximation. In Algebraic Groups and Discontinuous Subgroups (Proc. Sympos. Pure Math., Boulder, Colo., 1965), pages 187– 196. Amer. Math. Soc., Providence, R.I., 1966.

Documenta Mathematica 12 (2007) 363–397

396 Richard Hill

[26] M. Kneser. Normalteiler ganzzahliger Spingruppen. J. Reine Angew.

Math., 311/312:191–214, 1979.

[27] J. Neukirch, A. Schmidt, and K. Wingberg. Cohomology of number fields, volume 323 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 2000.

[28] V. P. Platonov. The problem of strong approximation and the Kneser- Tits hypothesis for algebraic groups. Izv. Akad. Nauk SSSR Ser. Mat., 33:1211–1219, 1969.

[29] G. Prasad. Strong approximation for semi-simple groups over function fields. Ann. of Math. (2), 105(3):553–572, 1977.

[30] M. S. Raghunathan. The congruence subgroup problem. Proc. Indian Acad. Sci. Math. Sci., 114(4):299–308, 2004.

[31] A. S. Rapinchuk. Congruence subgroup problem for algebraic groups: old and new. Astérisque, (209):11, 73–84, 1992. Journées Arithmétiques, 1991 (Geneva).

[32] P. Schneider. Basic notions of rigid analytic geometry. In Galois representations in arithmetic algebraic geometry (Durham, 1996), volume 254 of London Math. Soc. Lecture Note Ser., pages 369–378. Cambridge Univ. Press, Cambridge, 1998.

[33] P. Schneider and J. Teitelbaum. Banach space representations and Iwasawa theory. Israel J. Math., 127:359–380, 2002.

[34] P. Schneider and J. Teitelbaum. Locally analytic distributions and p-adic representation theory, with applications to GL_2. J. Amer. Math. Soc., 15(2):443–468 (electronic), 2002.

[35] J.-P. Serre. Cohomologie galoisienne, volume 5 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, fifth edition, 1994.

[36] J.-P. Serre. Cohomologie des groupes discrets. In Prospects in mathematics (Proc. Sympos., Princeton Univ., Princeton, N.J., 1970), pages 77–169. Ann. of Math. Studies, No. 70. Princeton Univ. Press, Princeton, N.J., 1971.

[37] J.-P. Serre. Le problème des groupes de congruence pour SL_2. Ann. of Math. (2), 92:489–527, 1970.

[38] J. Tits. Reductive groups over local fields. In Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, pages 29–69. Amer. Math. Soc., Providence, R.I., 1979.

Documenta Mathematica 12 (2007) 363–397

Eigenvarieties in Small Cohomological Dimensions 397

[39] C. A. Weibel. An introduction to homological algebra, volume 38 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1994.

Richard Hill University College London, London WC1E 6BT, UK. rih@math.ucl.ac.uk

Documenta Mathematica 12 (2007) 363–397

Documenta Mathematica 12 (2007)

Documenta Math. 399

G-Structures Entières et Modules de Wach

Lionel Dorat

Received: December 18, 2006

Communicated by Ulf Rehmann

Abstract. In this paper, we study the tannakian properties of the Fontaine-Laffaille functor V_{cris} thanks to the theory of Wach’s modules. We construct a point of the torsor linking cristalline representations and weakly admissible filtered modules, preserving the lattices in the sens of the Fontaine-Laffaille correspondance.

2000 Mathematics Subject Classification: 11F80, 11F85, 11S20, 11S23 Keywords and Phrases: Représentations galoisiennes, représentations cristallines, représentations entières, modules filtrés, (ϕ, Γ)-modules

Introduction

Dans tout ce travail, p est un nombre premier impair, K un corps de caractéristique 0, complet pour une valuation discrète, absolument non ramifié et de corps résiduel k parfait de caractéristique p. Nous noterons W l’anneau des vecteurs de Witt à coefficients dans k, c’est donc l’anneau des entiers de K. Tous trois sont munis d’une action de Frobenius, notée σ. Fixons K une cloture algébrique de K, et posons Γ_K = Gal(K, K). Nous noterons C le complété de K et X : Γ_K → Z^∗_p désignera le caractère cyclotomique de Γ_K (c’est-à-dire que g(z) = z^{X (g)} pour tout g ∈ Γ_K et pour toute racine de l’unité z ∈ K d’ordre une puissance de p). Nous allons étudier les représentations continues de Γ_K dans des Q_p-espaces vectoriels de dimension finie.

Nous nous restreindrons aux représentations cristallines, condition vérifiée dans bien des cas issus de la géométrie (par exemple, pour le module de Tate ou la cohomologie étale à coefficients dans Q_p d’une variété abélienne ayant bonne réduction). L’avantage de ces représentations est que J.-M. Fontaine et P. Colmez ont montré dans [Fon94b] et [CF00] qu’elles forment une catégorie tannakienne, qui est ⊗-équivalente à la catégorie tannakienne des φ-modules filtrés sur K faiblement admissibles (c’est à dire ceux qui ont des réseaux fortement divisibles).

Documenta Mathematica 12 (2007) 399–440

400 Lionel Dorat

Le foncteur qui induit cette équivalence de catégories se décrit de la manière suivante : si V est une représentation p-adique cristalline, le φ-module filtré associé est D_{cris,p}(V ) = (V ⊗_{Qp} B_{cris})^{ΓK} (le quasi-inverse est donné par : pour D un φ-module filtré faiblement admissible, V_{cris,p}(D) = Fil^0(D ⊗_K B_{cris})^φ). De plus, l’application

V_{cris,p}(D) ⊗_{Qp} B_{cris} → D ⊗_K B_{cris}

issue de la multiplication de B_{cris} est un isomorphisme (préservant l’action de Γ_K, la filtration, et le morphisme φ). Cela peut se traduire de la façon suivante : en notant w_V le foncteur oubli qui à la Q_p-représentation cristalline V associe le Q_p-espace vectoriel sous-jacent à V , et w_D celui qui associe le K-espace vectoriel sous-jacent à D_{cris,p}(V ), alors les ⊗-isomorphismes du foncteur fibre w_V ⊗_{Qp} K sur le foncteur fibre w_D, Isom(w_V ⊗_{Qp} K, w_D ), forment un torseur sous Aut^⊗(w_V )_{|K} et sous Aut^⊗(w_D ), qui est non vide sur B_{cris}. Du côté des φ-modules filtrés sur K, nous disposons de la notion de réseaux fortement divisibles (dont l’existence est une condition nécessaire et suffisante pour que le module soit faiblement admissible), qui sont des φ-modules filtrés sur W (cf. paragraphe 1.3). J.-M. Fontaine et G. Laffaille ont montré dans [FL82] que, si la longueur de la filtration est strictement plus petite que p − 1, il existe une équivalence de catégories abéliennes entre réseaux fortement divisibles d’un module filtré faiblement admissible, et les réseaux stables de la représentation cristalline associée.

Plus précisément, à M un φ-module filtré sur W vérifiant Fil^1(M) = {0} et Fil^{2−p}(M) = M, ils associent le réseau V_{cris}(M) = Fil^0(M ⊗_W A_{cris})^{φ0} , et cette construction induit un foncteur exact, pleinement fidèle (dont nous noterons D_{cris} un quasi-inverse). Deux problèmes apparaissent : la condition sur la filtration n’est pas stable par produit tensoriel, et l’application naturelle

V_{cris}(M) ⊗_{Zp} A_{cris} → M ⊗_W A_{cris}

n’est pas un isomorphisme (le déterminant est une puissance de t, non inversible dans A_{cris}). De plus, une question naturelle se pose : est-ce qu’il existe un point f de Isom(w_V ⊗_{Qp} K, w_D ) qui envoie un réseau galoisien sur celui qui lui correpond d’après la correspondance de Fontaine-Laffaille ? Répondre à ces questions revient à étudier les propriétés tannakiennes de V_{cris}. L’idée va être d’introduire la théorie des modules de Wach de L. Berger (voir [Ber04]), qui à un réseau d’une Q_p-représentation cristalline associe un (φ, Γ)- module dont un quotient redonne le φ-module filtré sur W correspondant à la théorie de Fontaine-Laffaille. L’intérêt des modules de Wach est leur compatibilité avec le produit tensoriel (le module de Wach d’un produit tensoriel est le produit tensoriel des modules de Wach). Le problème se ramène alors à : pouvons-nous à partir d’un φ-module filtré sur W reconstruire le module de Wach correspondant ? Pouvons-nous le faire de manière à ce que cette construction soit fonctorielle ?

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 401

Le résultat technique principal de cet article est la construction à partir des idées de N. Wach d’un foncteur de la catégorie des modules de Fontaine- Laffaille vers la catégorie des modules de Wach. Plus précisément, notons MF^{−h}_W la catégorie des φ-modules filtrés N libres sur W tels que Fil^{−h}(N) = N, Fil^1(N) = {0} (cf. paragraphe 1.3 pour plus de détails) et MF_W < −h > la catégorie engendrée par MF^{−h}_W pour les opérations de sous-objets, objets quotients, produit tensoriel et somme directe, V_{cris} le foncteur de Fontaine- Laffaille, ΓΦM^{−h}_S la catégories des duaux des modules de Wach de hauteur h (ce qui correspond à des modules de Wach d’après la définition de [Ber04]), et ΓΦM^−_S la réunion sur h ≥ 0 des ΓΦM^{−h}_S , N le foncteur ”module de Wach”, V_{OE} le foncteur de Fontaine pour les (φ, Γ)-module sur O_E , V_{cris,p} le foncteur de Fontaine pour les φ-modules filtrés sur K admissibles, et j : S → O_E qui induit le foncteur extension des scalaires j^∗ de la catégorie des modules de Wach vers la catégorie des (φ, Γ)-modules sur O_E .

Théorème 1. Soit h un entier compris entre 0 et p − 2, alors il existe un foncteur F^− exact, préservant le produit tensoriel, fidèle et pleinement fidèle de MF_W < −h > vers ΓΦM^−_S . Restreint à MF^{−h}_W , ce foncteur est essentiellement surjectif sur ΓΦM^{−h}_S . De plus, pour tout objet M de MF^{−h}_W , F^−(M) est fonctoriellement isomorphe à N(V_{cris}(M)). Dans le cas général, F^−(M) s’interprète encore comme le module de Wach du réseau galoisien correspondant au (φ, Γ)-module sur O_E engendré par F^−(M). En outre, V_{OE} ∘j^∗ ∘F^− est isomorphe (comme foncteur) à V_{cris,p} une fois p rendu inversible, et à V_{cris} une fois restreint à la catégorie MF^{−h}_W .

Remarque 1. Ce théorème est optimal, dans le sens où nous ne pouvons espérer que F^− soit essentiellement surjectif sans la restriction sur h.

Pour illuster, le théorème nous dit essentiellement que le diagramme suivant est commutatif (où bien sûr il faut resteindre la catégorie des réseaux des représentations cristallines à ceux à poids de Hodge-Tate dans [[0, h]]) :

Rep^{cris,h}_{Zp} (Γ_K)

D_{cris} �

D_{OE}

�^N � � � � MF^{−h}_W

F^− � V_{cris} �

ΓΦM^{et}_{OE}

V_{OE} �

ΓΦM^{−h}_S

j^∗ � mod π �

et, une fois p rendu inversible,

Rep^{cris}_{Qp} (Γ_K)

D_E

�^N � � � � � MF_W < −h > ⊗K

F^− � V_{cris,p} �

ΓΦM^{et}_E

V_E �

ΓΦM^−_{S[ 1p ]}

j^∗ � mod π �

Documenta Mathematica 12 (2007) 399–440

402 Lionel Dorat

où F^− est fidèle, pleinement fidèle, préserve le produit tensoriel, et suivant les cas, peut être essentiellement surjectif (et MF_W < −h > ⊗K représente juste la catégorie formée des objets de MF_W < −h > où nous avons rendu p inversible, c’est à dire la catégorie engendrée pour les opérations de produit tensoriel, somme directe, sous-objet et objet quotient, par les modules filtrés sur K admissibles à pente compris entre 0 et −h).

Remarque 2. Dans l’article nous étudierons aussi le cas plus général des φmodules filtrés de type fini sur W (donc ayant éventuellement de la p-torsion).

De ce théorème, nous en déduisons le corollaire voulu :

Théorème 2. Il existe un point du torseur Isom(w_V ⊗_{Qp} K, w_D ) à coefficient dans le corps ^E_{nr} qui préserve les réseaux de Fontaine-Laffaille, c’est à dire qui identifie les réseaux stables par Galois des représentations cristallines à poids de Hodge-Tate dans [[0,^{p−2}_2 ]] au W -module filtré correspondant par la théorie de Fontaine-Laffaille.

Pour obtenir un résultat sur K plutôt que sur ^E_{nr}, il faut modifier le problème. Considérons G un groupe algébrique lisse sur Z_p et une représentation ρ : Γ_K → G(Z_p). Supposons donnée une immersion fermée α de G dans GL_U , pour U un Z_p-module libre de rang fini, telle que la représentation α ∘ ρ de Γ_K (dans GL(U ⊗_{Zp} Q_p)) soit cristalline à poids de Hodge-Tate dans [[0, h]] avec h un entier compris entre 0 et^{p−2}_2 . Notons V = U ⊗_{Zp} Q_p. Par un théorème de Chevalley, il existe un Q_p-espace vectoriel V_G dans � i End(V )^{⊗i} (en faisant agir GL_V naturellement sur V^∗ et trivialement sur V , dans End(V ) = V ⊗V^∗) tel que G×_{Zp} Q_p soit le groupe algébrique formé de l’ensemble des éléments de GL_V qui laissent stable V_G. Alors, par le foncteur de Fontaine-Laffaille, nous pouvons définir naturellement un groupe G_D sur D = D_{cris,p}(V ) comme l’ensemble des éléments de GL_D laissant stable D_{cris,p}(V_G). Un corollaire de la proposition 6.3.3 de [Fon79] nous donne l’existence d’un élément de Isom(w_V ⊗_{Qp} K, w_D )(K), donc en particulier d’un isomorphisme de K-modules

f : V ⊗_{Qp} K → D

qui identifie G ×_{Zp} K à G_D. Le comportement de f vis-à-vis des réseaux est à priori inconnu. Pour l’étudier, nous introduisons un G-torseur Isom défini sur W , qui est heuristiquement le G-torseur obtenu à partir de Isom(w_V ⊗_{Qp} K, w_D ) (c’est à dire une forme sur W du G ×_W K torseur obtenu à partir de Isom(w_V ⊗_{Qp} K, w_D )). Le résultat suivant se montre alors en montrant que Isom est un G-torseur trivial sur W :

Théorème 3. Sous les hypothèses précédentes, si M = D_{cris}(U), il existe un sous-groupe algébrique G_M de GL_M sur W , avec G_M ×_W K = G_D, et il existe f un isomorphisme de W -modules de U ⊗_{Zp} W sur M, qui identifie G à G_M .

f : U ⊗_{Zp} W → M

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 403

De plus, si U^′ est un réseau de U ⊗_{Zp} Q_p laissé stable par l’action de G, alors f[^1_p ] envoie U^′ ⊗_{Zp} W sur D_{cris}(U^′).

Remarque 3. Ce théorème nous donne en particulier que les réseaux U et M ont la même position vis à vis du groupe G.

Avec des hypothèses plus fortes sur α, nous pouvons affaiblir l’hypothèse sur h. Une application directe de ce résultat concerne la semi-simplifiée d’une représentation cristalline à poids de Hodge-Tate petits : le groupe algébrique H engendré par l’image de Galois sur Q_p est alors connexe et réductif, donc en appliquant les résultats cités dans [Tit79] (paragraphe 3.2 et 3.4.1), il existe un groupe algébrique lisse G défini sur Z_p, tel que G(Z_p) contienne l’image de Galois, et dont la fibre générique est H. Le Théorème 3 s’applique alors.

Table des matières

1 Rappels 404 1.1 Rappels sur les (φ, Γ)-modules . . . . . . . . . . . . . . . . . . 404 1.2 Représentations cristallines . . . . . . . . . . . . . . . . . . . . 405 1.3 Rappels sur les φ-modules . . . . . . . . . . . . . . . . . . . . . 406 1.4 Le théorème de Fontaine-Laffaille . . . . . . . . . . . . . . . . . 408

2 Construction du foncteur 408 2.1 Rappels sur Γ_0ΦM^h_{S0} . . . . . . . . . . . . . . . . . . . . . . . 408 2.2 Foncteur entre MF^h_W et Γ_0ΦM^h_{S0} . . . . . . . . . . . . . . . . 409

3 Lien entre le foncteur et les modules de Wach 416 3.1 Fonctorialité de g_N . . . . . . . . . . . . . . . . . . . . . . . . . 416 3.2 Lien entre Γ_0ΦM^h_{S0} et ΓΦM^h_S . . . . . . . . . . . . . . . . . . 419 3.3 Modules de Wach . . . . . . . . . . . . . . . . . . . . . . . . . . 422

4 Fin de la démonstration du théorème 15 425

5 Le point du torseur 428 5.1 Conséquence des théorèmes précédents . . . . . . . . . . . . . . 428 5.2 f et le dual . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 430

6 Position des réseaux 432 6.1 Description des groupes plats sur Z_p . . . . . . . . . . . . . . . 432 6.2 Demonstration du théorème 61 . . . . . . . . . . . . . . . . . . 436 6.3 Exemples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 438 6.4 Données initiales pour un φ-module filtré . . . . . . . . . . . . 438

Documenta Mathematica 12 (2007) 399–440

404 Lionel Dorat

1 Rappels

1.1 Rappels sur les (φ, Γ)-modules

1.1.1 Définition de O_E

Soit R l’ensemble des suites x = (x^{(n)})_{n∈N} formées d’éléments de O¯_K/pO¯_K vérifiant (x^{(n+1)})^p = x^{(n)} pour tout n (cf. [Fon82], p. 535). C’est un anneau parfait de caractéristique p, muni d’une valuation ; son corps résiduel s’identifie à k. Son corps des fractions Fr R est un corps algébriquement clos de caractéristique p, et R est intégralement clos dans Fr R.

Si A est une k-algèbre, W (A) désigne l’anneau des vecteurs de Witt à coefficients dans A. Notons Z_ps = W (F_ps ), Z^{nr}_p = W (F_p), W = W (k), W_K(A) = K ⊗_W W (A) = W (A)[^1_p ] et si a ∈ A, [a] = (a, 0, · · · , 0, · · · ) le représentant de Teichmüller de a dans W (A). Le Frobenius x ∈ A → x^p ∈ A s’étend à W (A) en φ (encore appelé l’endomorphisme de Frobenius) par fonctorialité, ainsi qu’à W_K(A) ; nous noterons σ le Frobenius sur W et sur K (si λ ∈ W , σ(λ) := φ(λ)). En particulier ceci s’applique à W (R), W (Fr R) et W_K(Fr R). D’autre part, le groupe Γ_K opère par fonctorialité sur R, Fr R et W (Fr(R)), et les anneaux W (R), W (Fr R) et W_K(R) s’identifient à des sous-anneaux de W_K(Fr R) stables par φ et Γ_K. Notons Z_p(1) = lim←− n∈N μ_pn (K̄) le module de Tate du groupe multiplicatif et pour

tout i ∈ N, Z_p(i) = Z_p(1)^{⊗i} et Z_p(−i) son dual. Pour tout Z_p-module T , et pour tout i ∈ Z, posons T (i) = T ⊗_{Zp} Z_p(i).

Le module de Tate Z_p(1) = T_p(G_m) s’identifie au sous Z_p-module du groupe multiplicatif des unités de R congrues à 1 modulo l’idéal maximal, formé des x tels que x^{(0)} = 1. Choisisons un générateur de ce module, c’est-à-dire un élément ε = (ε^{(n)})_{n∈N} ∈ R tel que ε^{(0)} = 1 et ε^{(1)} ≠ 1, et considérons l’élément π = [ε] − 1 dans W (R). Alors l’adhérence S de la sous W -algèbre de W (R) engendrée par π s’identifie à l’algèbre W [[π]] des séries formelles en π à coefficients dans W ; de plus S est stable par φ et Γ_K, et nous avons les relations suivantes :

φ(π) = (1 + π)^p − 1

g(π) = (1 + π)^{X (g)} − 1

pour g ∈ Γ_K.

Soit K_n le sous corps de K̄ engendré sur K par les racines p^n-ièmes de l’unité, et K_∞ = ∪_{n∈N} K_n. Notons Γ = Gal(K_∞/K) et H_K le noyau de la projection de Γ_K sur Γ. Le groupe H_K agit trivialement sur S. Si Γ_f est le sous-groupe de torsion de Γ, posons S_0 = S^{Γf} ainsi que Γ_0 = Γ/Γ_f ; J.-M. Fontaine a montré (cf. [Fon90], p. 268-273) que S_0 = W [[π_0]], où π_0 = −p + � a∈F_p

[ε]^{[a]}. Notons

q = p + π_0. S_0 est munie d’une action naturelle de Γ_0.

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 405

Notons O_E le complété pour la topologie p-adique de S[^1_π ]. C’est l’anneau des entiers d’un corps complet pour une valuation discrète, absolument non ramifié, noté E. Comme π est inversible dans W (Fr R), l’inclusion de S dans W (R) se prolonge en un plongement de S[^1_π ] dans W (Fr R), et O_E s’identifie à l’adhérence de S[^1_π ] dans W (Fr R) pour la topologie p-adique, tandis que E = O_E [^1_p ] s’identfie à un sous-corps de W_K(Fr R). Alors si E = O_E /p, O_E = S/pS = k[[π̃]], où π̃ est la réduction modulo p de π.

De plus, si Ê_{nr} désigne l’adhérence dans W_K(Fr R) de l’extension maximale non ramifiée E_{nr} de E contenue dans W_K(Fr R) et O_{Ênr} son anneau des entiers, O_{Ênr} /p est une clôture séparable E^{sep} de E, avec une identification des groupes de Galois H_K = Gal(E^{sep}/E) = Gal(E_{nr}/E).

1.1.2 (φ, Γ)-modules et représentations galoisiennes

Nous ne considérerons des (φ, Γ)-modules que sur S ou O_E (nous considérerons aussi des (φ, Γ_0)-modules définis sur S_0). Soit A l’un des anneaux précédent. Un (φ, Γ)-module sur A est un A-module muni d’un endomorphisme φ, semilinéaire par rapport à σ muni en plus d’une action continue de Γ, semi-linéaire par rapport à l’action de Γ sur A, cette action commutant avec l’endomorphisme φ. Nous les supposerons toujours étale, c’est à dire de type fini sur A et tels que l’application linéaire φ : M^σ → M, déduite de φ en posant φ(λ ⊗ x) = λφ(x) pour λ ∈ A et x ∈ M est bijective. Les (φ, Γ)-modules étales (avec comme morphismes les morphismes A-linéaires commutants à φ et à Γ) définissent une ⊗-catégorie abélienne notée ΓΦM^{ét}_A (cf. [Fon90] p.273).

Appelons représentation Z_p-adique de Γ_K la donnée d’un Z_p-module de type fini muni d’une action linéaire et continue de Γ_K. Un morphisme sera une application Z_p-linéaire commutant à l’action de Γ_K. Notons Rep_{Zp} (Γ_K) la catégorie des représentations Z_p-adique de Γ_K. La catégorie Rep_{Qp} (Γ_K) est défini de même.

J.-M. Fontaine a montré dans [Fon90] (p. 274) qu’il existait une équivalence de catégories entre ΓΦM^{ét}_{OE} et Rep_{Zp} (Γ_K) induite par le foncteur D_{OE} (T ) = (O_{bEnr} ⊗_{Zp} T )^{HK} pour T une Z_p-représentation de Γ_K, et son quasi inverse V_{OE} (N ) = (O_{bEnr} ⊗_{OE} N )^{φ=1}. La multiplication dans O_{bEnr} induit alors une application naturelle et fonctorielle :

V_{OE} (N ) ⊗_{Zp} O_{bEnr}^{ψN} � N ⊗O_E O_{bEnr}

pour N un objet de la catégorie ΓΦM^{ét}_{OE} .

1.2 Représentations cristallines

1.2.1 Représentations cristallines

Pour la définition de A_{cris} et de t := log([ε]), nous renvoyons à [Fon94a] par exemple. Nous noterons B_{cris} = A_{cris}[^1_t ]. Soit V un Q_p-espace vectoriel

Documenta Mathematica 12 (2007) 399–440

406 Lionel Dorat

de dimension finie, et ρ : Γ_K → GL(V ) une représentation continue de Γ_K. Définissons D_{cris,p} par

D_{cris,p}(V ) = (V ⊗_{Qp} B_{cris})^{ΓK}

Alors D_{cris,p}(V ) est un K-espace vectoriel, et dim_K D_{cris,p}(V ) ≤ dim_{Qp} V .

Définition 4. La représentation (ρ, V ) est cristalline si dim_K D_{cris,p}(V ) = dim_{Qp} V .

Notons Rep_{Qp,cris}(Γ_K) la sous-catégorie pleine de Rep_{Qp} (Γ_K) formée par les représentations cristallines. Définissons MF_K la catégorie des φ-modules filtrés sur K : un objet D de MF_K est un K-espace vectoriel de dimension finie muni d’une filtration (Fil^i(D))_{i∈Z} formée de sous-espaces vectoriels, fitration qui est décroissante, exhaustive séparée, et muni d’une application σ-semi-linéaire bijective φ : D → D. D_{cris,p}(V ) est alors naturellement un φ-module filtré. Un élément de l”image essentiel du foncteur D_{cris,p}(V ) restreint à Rep_{Qp,cris}(Γ_K) est appelé admissible. Notons MF^{ad}_K la sous-catégorie pleine de MF_K formée des modules admissibles.

Rep_{Qp,cris}(Γ_K) et MF^{ad}_K sont deux catégories tannakiennes, le foncteur D_{cris,p} induit une équivalence de ⊗-catégories entre ces deux catégories, et un quasiinverse est donné par le foncteur V_{cris,p}(D) = � Fil^0(D ⊗_K B_{cris})

�_{φ=1} . L’application naturelle (provenant de la multiplication dans B_{cris})

V_{cris,p}(D) ⊗_{Qp} B_{cris} → D ⊗_K B_{cris} (5)

est alors une bijection.

1.2.2 Poids de Hodge-Tate

Rappelons que pour ρ : Γ_K → GL_{Qp} (V ) une représentation continue sur un Q_p-espace vectoriel de dimension finie, l’action de Γ_K peut s’étendre à V_C = V ⊗_{Qp} C via g(v ⊗ x) = ρ(g)(v) ⊗ g(x). Notons alors pour i ∈ Z, V_C{i} = {v ∈ V_C|∀g ∈ Γ_K, g(v) = X (g)^iv}. V_C{i} est un K-sous espace vectoriel de V_C tel que l’injection V_C{i} → V_C s’étend en une injection C-linéaire � i∈Z V_C{i} ⊗_K C → V_C

Alors V est dit de Hodge-Tate si cette injection est une bijection. Les poids de Hodge-Tate sont alors les i ∈ Z tels que dim_K V_C{i} ≠ 0. Si V est cristalline, alors elle est de Hodge-Tate, et ses poids de Hodge-Tate sont les opposées des sauts de la filtration de D_{cris,p}(V ).

1.3 Rappels sur les φ-modules

La catégorie qui va nous interesser est la catégorie MF_{W,tf} dite des φ-modules filtrés sur W , dont les objets sont les W -modules N de type fini, muni

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 407

– d’une filtration décroissante exhaustive et séparée formée de sous-modules (Fil^i(N))_{i∈Z} ;

– pour tout i ∈ Z, d’une application σ-semi-linéaire φ^i : Fil^i(N) → N telle que φ^i|_{Fil}i+1_{(N)} = pφ^{i+1} ;

– il existe i ∈ Z avec Fil^i(N) = {0} ; – les Fil^i(N) sont des facteurs directs dans N ; – � i∈Z φ^i(Fil^i(N)) = N.

Les morphismes de cette catégorie sont donnés par les applications W -linéaires compatibles aux filtrations et commutants aux φ^i. C’est une ⊗-catégorie qui est abélienne, Z_p-linéaire, qui possède des Hom internes (cf. [Win84]). Soit X (respectivement X_s pour s ∈ N^∗) le groupe additif des applications périodiques (respectivement ayant s pour période) de Z dans Z. Le Frobenius σ agit sur X par ∀ξ ∈ X, ∀i ∈ Z, σ(ξ)(i) = ξ(i + 1), et laisse donc stable les X_s.

Pour tout objet N de MF_{W,tf} , si (N_i)_{i∈Z} est un scindage de (Fil^i(N))_{i∈Z}, posons pour x ∈ N tel que x = � i x_i avec x_i ∈ N_i, f_N (x) = � i φ^i_N (x_i). Soit

pour tout ξ ∈ X, le W -module N{ξ} := {x ∈ N|f^j_N (x) ∈ N_{ξ(j)} pour tout j ∈ Z}. Le φ-module filtré N est dit élémentaire si N = ⊕_{ξ∈X} N{ξ}.

Lemme 6. Si N est un module élémentaire, dont le module sous-jacent est libre sur W ou sur k, alors il existe une base (e^i_ξ)_{ξ∈X, 1≤i≤rg(N{ξ})} de N telle que pour tout ξ, (e^i_ξ )_{1≤i≤rg(N{ξ})} soit une base de N{ξ} et de plus φ^{ξ(0)}(e^i_ξ) = e^i_{σ(ξ)}.

J.-P. Wintenberger a montré dans [Win84] :

Théorème 7. Pour tout objet N de MF_{W,tf} , il existe un et un seul scindage de la filtration de N tel que – il existe un (unique) u_N ∈ Aut_W (N) tel que le φ-module filtré (N, (N_i), u^{−1}_N ∘ f_N ) soit élémentaire ;

– N/pN ait une suite de composition dont les quotients successifs sont des modules élémentaires.

Ce scindage vérifie les propriétés de fonctorialité attendues.

Posons enfin MF^{[a,b]}_{W,tf} (resp. MF^{[a,b]}_W ) la sous-catégorie pleine de MF_{W,tf} formée des W -modules M (resp. modules libres) tels que Fil^a(M) = M et Fil^{b+1}(M) = {0}. Notons MF^{−h}_{W,tf} = MF^{[−h,0]}_{W,tf} , MF^h_{W,tf} = MF^{[0,h]}_{W,tf} et MF^{±h}_{W,tf} = MF^{[−h,h]}_{W,tf} (de même sans le symbole tf). Pour terminer, nous désignerons par MF_{W,tf} < h > la catégorie engendrée par MF^h_W dans la catégorie MF_{W,tf} pour les opérations de sous-objet, objet quotient, somme directe et produit tensoriel.

Soit D un φ-module filtré sur K admissible. Alors il possède des sous-réseaux fortement divisible, M, c’est-à-dire un réseau M vérifiant � i∈Z p^{−i}φ(Fil^i(D) ∩

M) = M. En posant Fil^i(M) = Fil^i(D) ∩ M, φ^i = p^{−i}φ|_{Fil}i_{(M)}, M devient

Documenta Mathematica 12 (2007) 399–440

408 Lionel Dorat

un φ-module filtré sur W . Réciproquement, si M est un objet de MF_{W,tf} libre sur W , en posant D := K ⊗_W M, Fil^i(D) := K ⊗_W Fil^i(M), et pour x_i ∈ Fil^i(M), φ(x_i) := p^iφ^i(x_i), l’objet D ainsi construit est un φ-module filtré sur K faiblement admissible (et donc en fait admissible) dont M est un réseau fortement divisible. Par contre, différents M peuvent donner le même D. Nous noterons D_M ce φ-module filtré sur K faiblement admissible construit à partir de M.

1.4 Le théorème de Fontaine-Laffaille

Définition 8. Pour tout objet M de MF_{W,tf} tel que Fil^1(M) = {0}, soit V_{cris}(M) la représentation galoisienne définie par :

V_{cris}(M) = � Fil^0(M ⊗_W A_{cris})

�_φ0

Si M est libre comme W -module, V_{cris}(M) est un Z_p-module libre (c’est un sous-réseau de V_{cris,p}(D_M )).

Théorème 9 (Théorème de Fontaine-Laffaille). Si nous nous restreignons à la sous-catégorie pleine des M vérifiant Fil^{2−p}(M) = M et Fil^1(M) = {0}, alors le foncteur V_{cris} ainsi défini est exact et pleinement fidèle. De plus si M est libre sur W , V_{cris}(M) est un réseau de la représentation galoisienne associée à D_M (c’est-à-dire que rg_{Zp} (V_{cris}(M)) = rg_W (M)).

Nous noterons D_{cris} un quasi-inverse à V_{cris} (Il est donc défini sur la catégorie formée par les réseaux des représentations cristallines sur Q_p de Γ_K à poids de Hodge-Tate dans [[0, p − 2]], et leurs quotients, à valeurs dans MF^{2−p}_{W,tf} ).

2 Construction du foncteur

2.1 Rappels sur Γ_0ΦM^h_{S0}

Notons Γ_0ΦM^h_{S0} (ΓΦM^h_S se définit de la même façon) la sous-catégorie pleine de la catégorie des (φ, Γ_0)-modules sur S_0 (cf. paragraphe 1.1) formée des objets N vérifiant :

– le S_0-module sous-jacent est de type fini et sans p^′-torsion (i.e. pour tout élément irréductible λ de S_0 non associé à p, N est sans λ-torsion), – le S_0-module N /φ(N ⊗_σ S_0) est annulé par q^h (où q = π_0 + p), – le groupe Γ_0 agit trivialement sur N /π_0N .

Elle est abélienne si 0 ≤ h ≤ p − 2, et l’inclusion j : S_0 → O_E induit un foncteur j^∗ : Γ_0ΦM^h_{S0} → ΓΦM^{ét}_{OE} pleinement fidèle qui est une équivalence de catégorie pour 0 ≤ h ≤ p − 2 sur son image essentielle (cf. [Fon90], p.301). Si N est un objet de Γ_0ΦM^h_{S0} , alors j^∗(N ) a pour espace sous-jacent N ⊗_{S0} O_E . Nous ferons souvent l’abus de notation de n’écrire que l’espace sous-jacent pour désigner j^∗(N ).

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 409

Si 0 ≤ h ≤ p − 2 et N un objet de Γ_0ΦM^h_{S0} , N. Wach a montré qu’il est possible de munir N = N /π_0N d’une structure de φ-module filtré sur W en posant

Fil^r N = {x ∈ N tels qu’il existe un relèvement ^x ∈ N de x avec φ(^x) ∈ q^rN }

et pour tout x ∈ Fil^r N, φ^r(x) égal à l’image de^{φ(bx)}_{qr} dans N. Elle a alors démontré le théorème suivant (cf. [Wac97], p.231) :

Théorème 10. Soit 0 ≤ h ≤ p − 2. Pour tout objet N de Γ_0ΦM^h_{S0} , le φmodule filtré i^∗(N ) = N /π_0N est un objet de MF^h_{W,tf} ; le foncteur i^∗ ainsi défini est exact et fidèle.

2.2 Foncteur entre MF^h_W et Γ_0ΦM^h_{S0}

N. Wach a donné les idées pour construire un quasi-inverse à i^∗ : à partir d’un objet N de MF^h_W avec 0 ≤ h ≤ p − 2 et d’une base adaptée à la filtration, elle a construit un objet N tel que i^∗(N ) = N. Nous allons montrer qu’en se fixant un scindage fonctoriel de la filtration, nous rendons cette construction fonctorielle.

Proposition 11. Soit MF^+_{W,tf} la sous-catégorie pleine formée de la réunion des MF^h_{W,tf} (définition analogue pour Γ_0ΦM^+_{S0} ). A tout scindage fonctoriel de la filtration des objets de MF^+_{W,tf} nous pouvons associer un foncteur de MF^+_{W,tf} vers ΦM^{ét}_{S0} (la catégorie des φ-modules sur S_0 dont l’extension à O_E donne un φ-module étale), qui soit fidèle, additif, exact, et qui préserve le produit tensoriel.

Démonstration. Si N est un objet de MF^+_{W,tf} , et N = ⊕N_i le scindage de la filtration, il suffit de construire sur N ⊗_W S_0 une structure de φ-module par : l’application φ^i étant défini sur Fil^i(N), elle se restreint à N_i, permettant de poser φ_N égal à q^iφ^i sur N_i, c’est-à-dire

∀x ∈ N_i, φ_N (x) = q^iφ^i(x)

Nous prolongeons cette définition à N ⊗_W S_0 tout entier en utilisant la semilinéarité de φ_N . Les propriétés de fonctorialité découlent alors de celles du scindage de la filtration. Au niveau des flèches, ce foncteur est construit de la manière suivante : si f : N → N^′ est un morphisme de φ-modules filtrés, le foncteur lui associe f ⊗ Id.

Remarque 12. Le fait qu’il existe un scindage de la filtration fonctoriel (notamment préservant le produit tensoriel) nous est donné par le théorème 7.

Remarque 13. Nous pouvons étendre ce foncteur de la même façon en un foncteur de la catégorie des φ-modules filtrés libres sur W vers ΦM^{ét}_{OE} , qui préserve sous-objet, objet quotient, somme directe, produit tensoriel et dual.

Documenta Mathematica 12 (2007) 399–440

410 Lionel Dorat

N. Wach a montré la proposition suivante (cf. le lemme 3.1.6 p.233 de [Wac97]) :

Proposition 14. Supposons 0 ≤ h ≤ p−2. Alors pour tout objet N de MF^h_W, il existe une unique action de Γ_0 sur N ⊗_W S_0 triviale modulo π_0 et commutant au φ_N construit comme dans la proposition 11. Le module N ⊗_W S_0 est alors muni d’une structure de (φ, Γ_0)-module sur S_0 et devient un objet de Γ_0ΦM^h_{S0} ..

C’est le point de départ pour montrer le théorème suivant :

Théorème 15. Supposons 0 ≤ h ≤ p − 2. Il existe un ⊗-foncteur F additif, exact, fidèle et pleinement fidèle de MF_{W,tf} < h > dans Γ_0ΦM^+_{S0} , qui composé avec le foncteur oubli donne juste le foncteur extension des scalaires de W à S_0. De plus, il induit une équivalence de catégories entre MF^h_{W,tf} et Γ_0ΦM^h_{S0} , dont un quasi-inverse est i^∗.

Démonstration. La première étape consiste à construire F sur MF^h_W. Soit N un objet de MF^h_W (donc libre comme W -module). Considérons N ⊗_W S_0 : comme 0 ≤ h ≤ p − 2, il existe une unique action de Γ_0 sur N ⊗_W S_0 qui commute à φ et est triviale modulo π_0 (c’est le lemme 3.1.6 p.233 de [Wac97]). Le (φ, Γ_0) module ainsi défini, noté F(N), est bien un objet de Γ_0ΦM^h_{S0} . Il faut voir que nous définissons bien ainsi un foncteur. Comme la structure de φmodule provient d’un scindage de la filtration qui préserve le produit tensoriel, l’unicité de l’action de Γ_0 nous donnera bien que F préserve le produit tensoriel (tant que celui-ci reste dans MF^h_W). L’exactitude provient de la même raison. N. Wach a montré (lemme 3.1.1.2 de [Wac97]) qu’il existe un unique générateur topologique g_0 de Γ_0 tel que^{g0 (q)−q}_{qπ0} = 1 modulo qS_0. Il suffit donc d’étudier l’action de g_0. Choisissons une base adaptée à la graduation (e_i)_{1≤ i≤ d} (c’està-dire : si r_i est le plus grand entier tel que e_i ∈ Fil^{ri} (N), alors pour tout r, (e_i)_{ri=r} est une base de N_r), et si (a_{i,j} ) est la matrice des applications φ^r dans cette base, l’action de φ est donné par :

φ(e_j ) = q^{rj} � 1≤ i≤ d

a_{i,j} e_i

Avant de montrer que F préserve les sous objets, nous allons étudier plus en détail l’action de g_0.

N. Wach construit l’action de g_0 sur N ⊗_W S_0 par récurrence modulo π^n_0 . Nous avons besoin de voir cette action d’une autre façon : soit G = (g_{i,j} ) la matrice dans GL_{rg(N)}(S_0) définie par g_0(e_j ) = � i g_{i,j} e_i, et A = (a_{i,j} ) ∈ GL_{rg(N)}(W )

donnant l’action de φ^j sur e_j . Alors, en écrivant φ ∘ g_0(e_j ) = � i,k φ(g_{i,j} )a_{k,i}q^{ri} e_k

et g_0 ∘φ(e_j ) = � i,k g(a_{i,j} )g_{k,i}g(q)^{rj} e_k, la commutativité φ∘g_0 = g_0 ∘φ nous donne

pour G l’équation AQφ(G) = Gg_0(A)g_0(Q) avec Q la matrice correspondant à Q(e_j ) = q^{rj} e_j (et g_0(A) = A puisque A est à coefficients dans W ). Donc G est un point fixe de l’application f : H → AQφ(H)g_0(Q^{−1})g_0(A^{−1}) (et le lemme 3.1.6 p.233 de [Wac97] affirme juste l’unicité d’un tel point fixe à coefficients

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 411

dans S_0, qui soit congru à Id modulo π_0). Notons I la matrice identité dans GL_{rg(N)} et G_n = f^{(n)}(I) (c’est-à-dire la composée n fois de f appliquée à I). Alors, en utilisant que G − I ∈ π_0M_{rg(N)}(S_0), nous allons montrer :

Lemme 16. La matrice G est la limite de la suite G_n.

Démonstration. Notons φ^{(n)} la composée n fois de φ et introduisons alors B_n = AQφ(A)φ(Q) · · · φ^{(n−1)}(A)φ^{(n−1)}(Q) qui est une matrice à coefficients dans S_0. Nous avons G_n = B_nφ^{(n)}(I)g_0(B^{−1}_n ), et comme G est un point fixe de f, G = B_nφ^{(n)}(G)g_0(B^{−1}_n ), d’où l’égalité G_n − G = B_nφ^{(n)}(I − G)g_0(B^{−1}_n ). Notons G = I − π_0H avec H ∈ M_{rg(N)}(S_0), alors nous avons G_n − G = φ^{(n)}(π_0)B_nφ^{(n)}(H)g_0(B^{−1}_n ). Or, comme A est inversible (dans GL_{rg(N)}(W )), les seuls dénominateurs possibles sont les puissances de g_0(q)^{ri} , et comme 0 ≤ r_i ≤ p − 2, nous pouvons écrire G_n − G =^{φ(n)(π0)}_{g0}�_{qφ(q)···φn−1(q)}�_{p−2} G^′_n

avec G^′_n = B_nφ^{(n)}(H)g_0 � φ^{(n−1)}(q^{p−2}Q^{−1})φ^{(n−1)}(A^{−1}) · · · q^{p−2}Q^{−1}A^{−1} � qui est une matrice à coefficients dans S_0. Donc tout revient à montrer que^{φ(n)(π0)}

g_0

�_{qφ(q)···φn−1(q)}�_{p−2} tend vers 0. Nous avons

g_0(q) = v_g q avec v_g inversible dans S_0, par conséquent le fait que φ et g_0 commutent nous donne l’égalité

φ^{(n)}(π_0) g_0 � qφ(q) · · · φ^{n−1}(q)

�_{p−2} =

(v_g φ(v_g ) · · · φ^{(n−1)}(v_g ))^{2−p}

(qφ(q) · · · φ^{n−1}(q))^{p−2} φ^{(n)}(π_0)

En utilisant que φ(π_0) = uπ_0q^{p−1} pour u un certain inversible dans S_0, nous obtenons que φ^{(n)}(π_0) = (qφ(q) · · · φ^{n−1}(q))^{p−1}π_0uφ(u) · · · φ^{(n−1)}(u). Donc,

φ^{(n)}(π_0) g_0 � qφ(q) · · · φ^{n−1}(q)

�_{p−2} = π0 uφ(u) · · · φ^{(n−1)}(u) (v_g φ(v_g ) · · · φ^{(n−1)}(v_g ))^{p−2} qφ(q) · · · φ^{(n−1)}(q)

et, puisque qφ(q) · · · φ^{(n−1)}(q) tend vers 0 dans S_0 (q est dans l’idéal maximal de S_0, idéal qui est stable par φ), nous pouvons conclure que^{φ(n) (π0)}_{g0} �_{qφ(q)···φn−1(q)}�_{p−2}

tend vers 0 dans S_0, c’est à dire que G_n tend vers G.

Montrons alors la proposition suivante (qui est le point technique clé de cet article) :

Proposition 17. Soit N_{i,j} des objets de MF^h_W avec 0 ≤ h ≤ p − 2, L un sous-objet (dans MF^+_W) de M := � i ⊗_j N_{i,j} , alors l’action de Γ_0 sur � i ⊗_j F(N_{i,j} ) = M ⊗_W S_0 laisse stable L ⊗_W S_0.

Documenta Mathematica 12 (2007) 399–440

412 Lionel Dorat

Démonstration. Il suffit de le montrer pour l’action du générateur g_0 de Γ_0. Fixons pour chaque N_{i,j} une base (e^{(i,j)}_k ) adaptée à la graduation. Notons G^{(i,j)} la matrice de l’action de g_0 sur cette base et C^{(i,j)} la matrice donnant l’action de φ sur N_{i,j} ⊗_W S_0 (avec les notations précédentes, C = AQ). Alors, par le lemme précédent nous avons lim_{n→+∞} G^{(i,j)}_n = G^{(i,j)} avec C^{(i,j)}φ(G^{(i,j)}_n )g_0(C^{(i,j)})^{−1} =

G^{(i,j)}_{n+1} et G^{(i,j)}_0 = I^{(i,j)}.

Prenons (u[l])_l une base de L, et notons (u[l]^{(i,j)}_k ) les coordonnées de u[l] dans la base (e^{(i,j)}_k ). Nous voulons montrer (par récurrence) que � i ⊗_j G^{(i,j)}_{n+1}g_0(u^{(i,j)}_k ) est une combinaison linéaire (à coefficients dans S_0) des (u[l]^{(i,j)}_k ), pour u élément quelconque de L ⊗_W S (et (u^{(i,j)}_k ) ses coordonnées). Remarquons que par linéarité, il suffit de le montrer pour u égal aux u[l].

Comme L est un sous-objet de M, nous avons L ⊗_W S_0 qui est stable par φ. Or φ induit une bijection de L ⊗_W S_0[^1_q ]. Cela se traduit alors en disant � i ⊗_j C^{(i,j)}φ(u[l^′]^{(i,j)}_k ) est une combinaison linéaire (à coefficients dans S_0) des (u[l]^{(i,j)}_k ), et qu’il existe N ∈ N tel que q^N � ⊗_j C^{(i,j)}

�_{−1} (u[l^′]^{(i,j)}_k ) est une combinaison linéaire (à coefficients dans S_0) des φ(u[l]^{(i,j)}_k ). Par conséquent, g_0(q)^N g_0 � ⊗_j C^{(i,j)}

�_{−1}� g_0(u[l^′]^{(i,j)}_k ) � s’écrit comme une combinaison linéaire (à coefficients dans S_0) des � g_0(φ(u[l]^{(i,j)}_k )) � , ceci pour tout l^′.

Puis, � i ⊗_j φ(G^{(i,j)}_n )g_0 � φ(u[l^′]^{(i,j)}_k ) � = φ � � i ⊗_j G^{(i,j)}_n g_0(u[l^′]^{(i,j)}_k ) � est pour tout l^′ une combinaison linéaire (à coefficients dans S_0) des � φ(u[l]^{(i,j)}_k ) � , cela provient de notre hypothèse de récurrence. En reprenant que � i ⊗_j C^{(i,j)}φ(u[l^′]^{(i,j)}_k ) est une combinaison linéaire (à coefficients dans S_0) des (u[l]^{(i,j)}_k ) pour tout l^′, et en mettant bout à bout ces affirmations, nous obtenons que

g_0(q)^N � i ⊗_j G^{(i,j)}_{n+1}g_0(u[l^′]^{(i,j)}_k ) =

g_0(q)^N � i ⊗C^{(i,j)} ⊗ φ(G^{(i,j)}_n )g_0 � ⊗ C^{(i,j)}

�_{−1}

(g_0(u[l^′]^{(i,j)}_k ))

est pour tout l^′ une combinaison linéaire (à coefficients dans S_0) des (u[l]^{(i,j)}_k ). Par conséquent, si g^{[n]} désigne l’application g_0-linéaire construite à partir de la matrice � i ⊗_j G^{(i,j)}_n (l’hypothèse de récurrence se traduisant par : L ⊗_W S_0 est stable par g^{[n]}), alors g^{[n+1]}(L ⊗_W S_0) ⊂^1_{g0 (q)N} L ⊗_W S_0 =^1_{qN} L ⊗_W S_0. Considérons alors (f_r)_{1≤r≤rgW (M)} une base de M telle qu’il existe n_r ∈ N ∪ {+∞} avec (p^{nr} f_r) base de L. Alors g^{[n+1]}(p^{nr} f_r) = � s α_s q^N p n_s f

s avec α_s ∈ S_0 (qui dépend de r). Mais, par construction, g^{[n+1]}(M ⊗_W S_0) ⊂ M ⊗_W S_0, alors g^{[n+1]}(p^{nr} f_r) = � s p^{nr} β_sf_s avec β_s ∈ S_0 (qui dépend aussi de r). D’où p^{nr} β_s =^{αs}_{qN} p^{ns} , ce qui implique que q^N divise α_s dans S_0, donc que g^{[n+1]}(L⊗_W S_0) ⊂ L ⊗_W S_0, ce qui montre bien la récurrence.

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 413

Pour initialiser la récurrence (n = 0) nous avons G^{(i,j)}_0 = I^{(i,j)} (où I est la matrice identité), donc � i ⊗_j G^{(i,j)}_0 g_0(u^{(i,j)}_k ) = u^{(i,j)}_k pour tout u dans L. D’où par récurrence la propriété est vraie pour tout n. En passant à la limite, la propriété est vrai pour � i ⊗_j G^{(i,j)}. Donc l’action de g_0 sur M ⊗_W S_0 laisse stable L ⊗_W S_0.

Cette proposition est le coeur du théorème. Elle nous donne en particulier que si N^′ est un sous-objet de N dans MF^h_W, alors l’action de g_0 sur N ⊗_W S_0 laisse stable N^′ ⊗_W S_0. Elle est triviale modulo π_0 : si (e_i) est une base de N, telle qu’il existe (α_i) ∈ N ∪ {+∞} avec (p^{αi} e_i) base de N^′, alors il existe des coefficients x_{i,j} et y_{i,j} dans S_0 tels que g_0(e_i) = e_i + π � j≠i xi,j ej et

g_0(p^{αi} e_i) = � j y_{i,j} p^{αj} e_j . En identifiant les coordonnées, nous avons y_{i,i} = 1 et y_{i,j} p^{αj} = p^{αi} x_{i,j} π si j ≠ i, donc π divise bien y_{i,j} dans S_0 pour j ≠ i. Donc l’action de g_0 sur F(N) se restreint en une action triviale modulo π_0 sur N^′ ⊗_W S_0 qui commute à φ, donc par unicité cette action est celle de F(N^′). La deuxième étape consiste alors à définir F sur tout MF_{W,tf} < h >. Le point important est que pour tout objet M de MF_{W,tf} < h >, il existe des objets N_{i,j} dans MF^h_W et L un sous-objet de � i ⊗_j N_{i,j} tels que M est isomorphe à un quotient M^′ de L. Considérons alors N un sous-objet de M, et supposons que sur M ⊗_W S_0 nous ayons une structure de (φ, Γ_0)-module qui le rende isomorphe à M^′ ⊗_W S_0 muni de la structure de (φ, Γ_0)-module obtenu à partir de celle de L ⊗_W S_0 donnée par la proposition 17. Il faut voir que N^′ ⊗_W S_0 (où N^′ est l’image de N dans M^′) est stable par Γ_0. En notant π : L → M^′ la projection naturelle, π^{−1}(N^′) est un sous-objet de L (car c’est le noyau du morphisme L → M^′/N^′, donc par la remarque 1.4.2 et la proposition 1.4.1 de [Win84], c’est bien un sous-objet de L), donc la proposition 17 nous donne bien que π^{−1}(N^′)⊗_W S_0 est stable par l’action de Γ_0. Par conséquent, N ⊗_W S_0 sera bien laissé stable par l’action de Γ_0 de M ⊗_W S_0, donc sera un sous-(φ, Γ_0)- module de M ⊗_W S_0.

Puis, F se construit par itération : notons MF_n la sous-catégorie pleine de MF_{W,tf} , construite en disant qu’un objet de MF_{n+1} est soit le sous-objet ou le quotient d’un objet de MF_n, soit la somme directe de deux objets de MF_n, soit le produit tensoriel de deux objets de MF_n, soit un objet de MF_n, et posons (pour initialiser la récurrence) MF_0 = MF^h_W. Alors, MF_{W,tf} < h > = � MF_n, et si F est construit sur MF_n, alors il s’étend naturellement à la somme directe ou le produit tensoriel de deux objets de MF_n, et l’étude précédente montre qu’il s’étend au cas d’un sous-objet, et donc d’un objet quotient, d’un objet de MF_n. Nous pouvons donc donner naturellement une structure de (φ, Γ_0)-module à tout M ⊗_W S_0, pour M un objet de MF_{W,tf} < h >. La troisième étape s’occupe des morphismes. Pour M et M^′ deux objets de MF_{W,tf} < h >, et f : M → M^′ un morphisme, nous posons F(f) = f ⊗ Id (En particulier, le foncteur sera exact (car S_0 est plat sur W ) et fidèle). C’est un morphisme de (φ, Γ_0) module : par construction, c’est un morphisme de φ-modules. Puis, f ⊕ Id : M ⊕ M^′ → M^′ ⊕ M^′ est un morphisme de φ-modules filtrés, donc par la proposition 1.4.1 de [Win84], Ker(f ⊕Id) = {x−y|x ∈ M, y ∈

Documenta Mathematica 12 (2007) 399–440

414 Lionel Dorat

M^′, y = f(x)} est naturellement un φ-module filtré, sous-objet de M⊕M^′, donc par la proposition 17, Ker(f ⊕ Id) ⊗_W S_0 est laissé stable par l’action naturelle de Γ_0 sur (M ⊕M^′)⊗_W S_0 (obtenue à partir de celle sur M ⊗_W S_0 et M^′ ⊗_W S_0), donc f commute à l’action de Γ_0, car si x − y ∈ Ker(f ⊕ Id) ⊗_W S_0, dire que g(x) − g(y) ∈ Ker(f ⊕ Id) ⊗_W S_0, c’est dire que f(g(y)) = g(x) = g(f(y)). Montrons la pleine fidélité. Remarquons que si nous munissons M ⊗_W S_0 de la structure de φ-module filtré donnée par Fil^i(M ⊗_W S_0) = {x ∈ M ⊗_W S_0|φ(x) ∈ q^iM ⊗_W S_0}, et φ^i =^1_{qi} φ, alors la restriction modulo π_0 est un morphisme de φmodule filtré. Par conséquent, si f : M ⊗_W S_0 → M^′ ⊗_W S_0 est un morphisme de (φ, Γ_0)-module, alors la réduction modulo π_0 induit f̄ : M → M^′ un morphisme de φ-modules filtrés. Donc f̄ ⊗ Id : M ⊗_W S_0 → M^′ ⊗_W S_0 est un morphisme de (φ, Γ_0)-module par le résultat précédent, donc g = f − f̄ ⊗ Id aussi, et il se réduit modulo π_0 sur l’application nulle. Notons M^{′′} le noyau de g, c’est un sous (φ, Γ_0)-module de M ⊗_W S_0. Nous avons π_0M^{′′} = M^{′′} ∩ π_0M ⊗_W S_0 car M^′ ⊗_W S_0 est sans π_0-torsion. Donc M^{′′}/π_0M^{′′} ⊂ M, et par le lemme du serpent, nous avons égalité, car :

0 � M^{′′} �

u_1 � M ⊗_W S_0^g �

u_2 � M ⊗_W S_0 �

u_3 � 0

0 � M � M^ḡ � M � 0

les lignes horizontales sont exactes, u_1 est la réduction modulo π_0 composée avec l’inclusion M^{′′}/π_0M^{′′} ⊂ M, u_2 et u_3 sont la réduction modulo π_0, u_2 est surjectif (u_3 aussi), et l’application naturelle Ker(u_2) = π_0M ⊗_W S_0 → Ker(u_3) = π_0M ⊗_W S_0 est surjective. Donc, nous avons M ⊗_W S_0 = M^{′′} + π_0M ⊗_W S_0, l’idéal engendré par π_0 est inclus dans le radical de Jacobson de S_0, M ⊗_W S_0 est de type fini sur S_0, donc par le lemme de Nakayama, nous avons M ⊗_W S_0 = M^{′′}, donc f = f̄ ⊗ Id. Par conséquent le foncteur est pleinement fidèle.

La quatrième étape est l’étude du foncteur restreint à MF^h_{W,tf} . Par construction, nous avons i^∗ F(N) = N pour tout objet N de MF^h_{W,tf} . Montrons :

Lemme 18. Pour tout objet N de Γ_0ΦM^h_{S0} , libre comme S_0-module, si N = i^∗(N ), il existe un unique isomorphisme de (φ, Γ_0)-module F(N) → N (qui se réduit modulo π_0 sur l’égalité N = i^∗(N )).

Démonstration. Présentons ici une démonstration de ce fait due à N. Wach. Pour cela, considérons une base (e_i)_{1≤ i≤ d} de N, adaptée à la graduation, et (a_{i,j} ) la matrice des applications φ^r dans cette base (donc l’action de φ est donnée sur F(N) par φ(e_j ) = q^{rj} � 1≤ i≤ d

a_{i,j} e_i). Il faut alors prouver l’existence

et l’unicité d’une base (f_i) dans N vérifiant φ(f_j ) = q^{rj} � 1≤ i≤ d

a_{i,j} f_i avec e_i =

f_i modulo π_0. Ce sera suffisant car en posant h(e_i) = f_i, nous aurons un

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 415

morphisme de φ-module, qui fera commuter l’action de Γ_0 par unicité de celleci, et qui modulo π_0 redonnera l’identité.

Par construction du φ-module filtré N, la base (e_i) se relève en une famille (ê_i) de N avec φ(ê_i) ∈ q^{ri} N . De plus, N est complet pour la topologie π_0-adique (car S_0 l’est), et modulo π_0, (e_i) est une base, donc N étant sans torsion, (ê_i) est une base de N (nous pourrions aussi invoquer le lemme de Nakayama). Donc, il existe â_{i,j} ∈ S_0 tels que :

φ(ê_j ) = q^{rj} � 1≤i≤d

â_{i,j}ê_i

et â_{i,j} = a_{i,j} modulo π_0. Posons α_{i,j} ∈ S_0 l’unique élément tel que â_{i,j} = a_{i,j} + π_0α_{i,j} . Nous cherchons à modifier la base (ê_i) pour obtenir la base (f_i). Cherchons f_j sous la forme f_j = ê_j + π_0c_j , et posons b_j = � 1≤i≤d

α_{i,j}ê_i. Alors,

puisque φ(π_0) = uq^{p−1}π_0,

φ(ê_j + π_0c_j ) = φ(ê_j ) + uπ_0q^{p−1}φ(c_j ), et en faisant apparaître^d � i=1 q^{rj} a_{i,j} π_0c_i,

nous obtenons

φ(ê_j + π_0c_j ) =^d � i=1 q^{rj} a_{i,j} (ê_i + π_0c_i) + π_0q^{rj} b_j + uπ_0q^{p−1}φ(c_j ) −^d � i=1 q^{rj} a_{i,j} π_0c_i

autrement dit, nous cherchons les c_j ∈ N tels que

b_j + uq^{p−1−rj} φ(c_j ) − � 1≤i≤d

a_{i,j} c_i = 0

Nous résolvons ce système de manière unique par récurrence modulo π^n_0 . A chaque étape, le système se résout en faisant une récurrence modulo p^k, en utilisant que p − 1 − r_j ≥ 1 (par hypothèse), donc que q^{p−1−rj} = 0 modulo (p, π_0), et que la matrice (a_{i,j} ) est inversible modulo p.

Pour terminer la démonstration du théorème (c’est à dire prouver le lemme précédent sans l’hypothèse sur la liberté de N), nous aurons besoin de résultats sur les modules de Wach, qui apparaitront plus loin dans l’article. La fin de la démonstration sera faite à la section 4.

Pour la suite, nous aurons besoin de faire intervenir un foncteur légèrement différent. Si N est un objet de MF^{−h}_W , son dual N^∗ = Hom_{Zp} (N, Z_p) est un objet de MF^h_W, donc F(N^∗) est bien défini.

Définition 19. Le foncteur F^− est défini sur MF^{−h}_W pour h ≤ p − 2 par :

F^−(N) = � F(N^∗) ⊗S_0 OE

�_∗

= N ⊗_W O_E

pour tout objet N de MF^{−h}_W . Il donne bien un (φ, Γ)-module étale sur O_E (donc est à valeurs dans ΓΦM^{ét}_{OE} ). Il s’étend de même à MF_W < −h >.

Documenta Mathematica 12 (2007) 399–440

416 Lionel Dorat

Remarque 20. Le foncteur F consiste à munir N ⊗_W S_0 (pour N objet de MF_W < h >) d’une structure de (φ, Γ_0)-module, et pour avoir un foncteur défini sur MF^{−h}_W , nous prenons le dual. Pour retrouver exactement les résultats du théorème 1 cité dans l’introduction, il faudrait définir F^− par F^−(N) = F(N^∗)^∗. Cet objet est le dual d’un (φ, Γ0)-module sur S0 de hauteur h, ce n’est donc pas un (φ, Γ_0)-module, car l’action de φ construite par dualité ne le laisse pas stable (de manière générale, le dual d’un φ-module sur S_0 n’est pas un φmodule). Mais nous verrons plus tard que c’est un module de Wach, au sens de [Ber04]. En étendant les scalaires à O_E , nous retrouvons le foncteur donné dans la définition précédente. Pour éviter d’avoir à introduire la catégorie des duaux des (φ, Γ_0)-module sur S_0 de hauteur h, nous n’utilise rons que la définition 19 (le théorème 1 se déduira alors directement du théorème 15, des propositions 31 et 35, de la remarque 39 et des propriétés des modules de Wach montrées par L. Berger).

Remarquons que F^− peut être défini sur MF^{−h}_{W,tf} (puis sur MF_{W,tf} < −h >) en prenant pour un module de p-torsion le dual de Pontriaguine, et en passant à la limite projective pour le cas général.

Remarque 21. Nous pouvons définir ~F sur MF^{±h}_W pour h ≤^{p−2}_2 en posant ~F(N) = F(N ⊗_W W [h]) ⊗_{S0} O_E [−h] avec O_E [−h] = F(W [h])^∗ et W [−h] l’objet de MF^{−h}_W dont le W -module sous-jacent est W , avec Fil^i(W [−h]) = � W si i ≤ −h 0 si i > −h et φ^{−h}(x) = σ(x). Alors,

~F(N ∗) est canoniquement iso-

morphe à ~F(N)^∗ (cela se voit à l’aide de l’unicité de l’action de Γ_0 agissant trivialement modulo π_0, et commutant à φ, d’après le lemme 3.1.6 de [Wac97]), et ~F s’étend alors en un foncteur sur MF_W < ±h > qui a des propriétés similaires à celles de F, et qui préserve le dual.

3 Lien entre le foncteur et les modules de Wach

3.1 Fonctorialité de g_N

Rappelons le Théorème 1’ de N. Wach (cf. [Wac97]) :

Théorème 1’. Si N est un objet de Γ_0ΦM^h_{S0} avec 0 ≤ h ≤ p − 2, alors Hom_{MFW} (i^∗(N ), A_{cris}) est isomorphe (en tant que représentation galoisienne) à Hom_{ΦMS0} (N , O_{bEnr} ).

Enoncé dans le cadre (et avec les notations) qui nous intéresse, il devient :

Théorème 1’. Si N est un objet de MF^{−h}_{W,tf} avec 0 ≤ h ≤ p−2, alors il existe un isomorphisme g_N : V_{OE} (F^−(N)) → V_{cris}(N) de représentations galoisiennes. Si en plus N est libre, en passant au dual, cela donne un isomorphisme de représentations galoisiennes^tg^{−1}_N : V_{OE} � F(N^∗) ⊗S_0 OE � → V_{cris}(N)^∗.

Nous allons vérifier que cet isomorphisme est fonctoriel :

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 417

Théorème 22. Pour tout objet N de MF^{−h}_{W,tf} avec 0 ≤ h ≤ p−2, l’application g_N construite par N. Wach vérifie les propriétés de fonctorialité suivante :

1. pour tout morphisme f : N → N^′ entre deux objets N et N^′ de MF^{−h}_{W,tf} , nous avons V_{cris}(f) ∘ g_N = g_N ′ ∘ V_{OE} (F^−(f)) (cela s’applique en particulier pour l’injection d’un sous-objet, ou pour la projection sur un objet quotient).

2. pour tout objet N et N^′ de MF^{−h}_{W,tf} , g_{N⊕N} ′ = g_N ⊕ g_N ′ ;

3. pour tout objet N et N^′ de MF^{−h}_{W,tf} , pour tout sous-objet L de N ⊗ N^′ tel que L soit un objet de MF^{−h}_{W,tf} , l’application g_N ⊗ g_N ′ restreinte à V_{OE} (F^−(L)) est égale à g_L. En particulier, si N ⊗ N^′ est un objet de MF^{−h}_{W,tf} , alors g_{N⊗N} ′ = g_N ⊗ g_N ′ ;

Remarque 23. Le point (3) montre en particulier que V_{cris}(N ⊗ N^′) est égal à V_{cris}(N) ⊗_{Zp} V_{cris}(N^′) dès que N, N^′ et N ⊗ N^′ sont des objets de MF^{−h}_{W,tf} avec 0 ≤ h ≤ p − 2.

Rappelons la construction de g_N : N. Wach construit l’isomorphisme modulo p^n pour tout n à partir des morphismes d’anneaux (avec A^+_S = W (R) ∩ O_{bEnr} ) : A^+_S /p^n → W_n(R)/π_0 et A_{cris}/p^n → W_n(R)/π_0. Notons N := F^−(N). Nous avons la bijection V_A+_S (N /p^n) := (N ⊗_{S0} A^+_S /p^n)^φ → (N ⊗_{S0} O_{Enr /p}n )^φ (cf [Fon90], p.296, où c’est exprimé pour le foncteur contravariant). Or, N. Wach a montré que pour N objet de MF^{−h}_W avec 0 ≤ h ≤ p − 2, le schéma suivant

N/p^n ⊗_W A_{cris}/p^{n kN} � N/p^n ⊗_W W_n(R)/π_0 N /p^n ⊗_{S0} A^+_S /p^n

j_N�

V_{cris}(N/p^n) � k �

V_A+_S (N /p^n) � j �

induit un isomorphisme de représentations galoisiennes de V_A+_S (N /p^n) sur V_{cris}(N/p^n), c’est-à-dire que K_N = k_N ∘ k et J_N = j_N ∘ j sont toutes les deux injectives, et ont même image dans N/p^n ⊗_W W_n(R)/π_0.

Tout ceci passe à la limite projective, et nous obtenons l’application g_N bijective :

N ⊗_W A_{cris}^{kN} � N ⊗_W W (R)/π_0 N ⊗_{S0} A^+_S

j_N�

V_{cris}(N) � k � K_N � � � � � V_A+_S (N ) � j � J_N � � � � g_N � où V_A+_S (N ) = lim←−_{n∈N} V_A+_S (N /p^n) = (N ⊗_{S0} A^+_S )^{φ=1} = V_{OE} (N ⊗_{S0} O_E ).

Démonstration du théorème 22. Pour la fonctorialité au niveau des flèches, il suffit de remarquer que le diagramme suivant est commutatif (car V_{OE} (F^−(f))

Documenta Mathematica 12 (2007) 399–440

418 Lionel Dorat

est juste f ⊗ Id) :

V_{OE} (F^−(N))^{VOE (F}

−(f ))� � � � V_{OE} (F^−(N^′)) � � � N ⊗ A^+_S

j_L �

f ⊗Id �

N^′ ⊗ A^+_S

j_L′ � N ⊗ W (R)/π_0^{f ⊗Id} � N^′ ⊗ W (R)/π_0

N ⊗ A_{cris}

k_L � f ⊗Id �

N^′ ⊗ A_{cris}

k_L′ �

V_{cris}(N) � � � V_{cris}(f ) �

V_{cris}(N^′) � � �

Le fait que g_{N⊕N} ′ = g_N ⊕ g_N ′ se montre de la même façon. Il reste donc à voir le cas du produit tensoriel : considérons N et N^′ deux objets de MF^{−h}_{W,tf} avec h ≤ p − 2. Soit L un sous-objet de N ⊗ N^′ qui est dans MF^{−h}_{W,tf} , posons L = L ⊗_W S_0. Le diagramme suivant est alors commutatif :

L ⊗_W A_{cris}

k_L �

� � � (N ⊗_W A_{cris}) ⊗_{Acris} (N_′ ⊗_W A_{cris})

k_N ⊗k_N ′ � L ⊗_W W (R)/π_0 �

� � �

N ⊗_W W (R)/π_0 � ⊗_{W (R)/π0} � N^′ ⊗_W W (R)/π_0 �

L ⊗_{S0} A^+_S

j_L �

� � � (N ⊗_{S0} A+_S ) ⊗_{A+S} (N ′ ⊗_{S0} A+_S )

j_N ⊗j_N ′ �

Par conséquent, l’application K_N ⊗ K_N ′ restreinte à V_{cris}(L) est égale à K_L, et l’application J_N ⊗ J_N ′ restreinte à V_A+_S (L) est égale à J_L.

Le point important est que L étant un objet de MF^{−h}_{W,tf} (par hypothèse), ce sont bien des bijections, et ce sont celles qui permettent de construire g_L. Donc g_N ⊗ g_N ′ envoie V_A+_S (L) sur V_{cris}(L) si L est un sous-objet de N ⊗ N^′ qui soit dans MF^{−h}_{W,tf} , et plus exactement, l’application g_N ⊗ g_N ′ restreinte à V_A+_S (L) est égale à g_L.

Si N ⊗ N^′ est un objet de MF^{−h}_{W,tf} , le résultat précédent avec L = N ⊗ N^′ nous donne g_{N⊗N} ′ = g_N ⊗ g_N ′ .

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 419

Remarque 24. Nous montrons de même que pour (N_{i,j} )_{1≤j≤n, 1≤i≤nj} objets

de MF^{−h}_{W,tf} avec 0 ≤ h ≤ p − 2, et pour L un sous-objet de n� j=1 ⊗^{nj}_{i=1}N_{i,j} qui

soit dans MF^{−h}_{W,tf} , alors � ⊗g_F−_{(Ni,j )} restreinte à V_{OE} (F^−(L)) est égale à g_L.

Nous pouvons traduire ces résultats en disant :

Théorème 25. Soit 0 ≤ h ≤ p−2, et notons G le foncteur exact de la catégorie MF^{−h}_{W,tf} vers la catégorie des représentations continues de Γ_K sur les Z_pmodules de rang fini, défini par : si N objet de MF^{−h}_{W,tf} , G(N) = V_{OE} (F^−(N)). Alors il existe g un isomorphisme de foncteurs entre G et V_{cris}. De plus, nous pouvons supposer que :

– pour tous objet N et N^′ de MF^{−h}_{W,tf} , tel que N ⊗ N^′ soit encore un objet de MF^{−h}_{W,tf} , nous avons g_{N⊗N} ′ = g_N ⊗ g_N ′ ;

– pour tout uplet d’objets (N_{i,j} )_{1≤j≤n, 1≤i≤nj} de MF^{−h}_{W,tf} , pour tout sous-

objet L (dans MF^{−h}_{W,tf} ) de n� j=1 ⊗^{nj}_{i=1}N_{i,j} , l’application � ⊗g_{Ni,j} restreinte

à V_{O bE} (F^−(L)) est égale à g_L.

3.2 Lien entre Γ_0ΦM^h_{S0} et ΓΦM^h_S Avant de parler de modules de Wach (qui sont des S-modules), il faut comprendre l’extension des scalaires S_0 → S. Lemme 26. S = � 0≤i≤p−2

S_i, où si x ∈ S_i et g ∈ Γ_f est [α] (le relèvement de

Teichmuller de α ∈ F^∗_p), alors g agit sur x par g(x) = [α]^ix. Démonstration. L’application p_i =^1_{|Γf |} � g∈Γ_f

X (g)^{−i}g est un projecteur dont

l’image est S_i, et les p_i vérifient � 0≤i≤p−2

p_i = Id.

Lemme 27. S a une base normale sur S_0, c’est à dire qu’il existe e ∈ S tel que (g(e))_{g∈Γf} soit une base de S sur S_0. De plus, p ne divise aucun p_i(e). Démonstration. En effet, il suffit de le montrer modulo p (et ensuite de relever une base normale de k[[π]] sur k[[π_0]], puisque S_0 est complet pour la topologie p-adique). Or, Fontaine a montré dans [Fon90], page 270, que le corps des fractions de k[[π]], k((π)), est une extension galoisienne cyclique de degré p − 1 (donc modérément ramifiée) de k((π_0)), dont le groupe de Galois est donné par Γ_f . Donc, par un théorème de E. Noether, il existe une base normale pour les anneaux d’entiers correspondants. Enfin, si e est cette base (modulo p), alors p_i(e) = � g X (g)^{−i}

|Γ_f | g(e) est non nul (puisque chaque coordonnée suivant la base

(g(e)) est non nulle (même modulo p)), donc p_i(e) sera bien non divisible par p si e relève e.

Documenta Mathematica 12 (2007) 399–440

420 Lionel Dorat

En particulier, nous avons S_i = p_i(e)S_0 (car p_i(e)S_0 ⊂ S_i, puis e ∈ ⊕_ip_i(e)S_0, ⊕_ip_i(e)S_0 est donc un S_0-module contenant e et stable par Γ_f , donc S = ⊕_ip_i(e)S_0 ⊂ ⊕_iS_i = S). Puis, remarquons que p_i ∘ p_j = 0 pour i ≠ j, donc pour M un objet de ΓΦM^h_S, nous avons les p_i(M) en somme directe dans M. Enfin, p_i(e)M^{Γf} ⊂ p_i(M), et p_i(e)M^{Γf} est isomorphe comme S_0-module à M^{Γf} car M est sans p^′-torsion, et p ne divise pas p_i(e). Donc, nous avons que pour M un objet de ΓΦM^h_S, M^{Γf} ⊗_{S0} S = ⊕_iM^{Γf} ⊗_{S0} S_0p_i(e) s’injecte dans M. Proposition 28. Soit M un objet de ΓΦM^h_S, alors M^{Γf} est un objet de Γ_0ΦM^h_{S0} , et M = M^{Γf} ⊗_{S0} S. De plus, M^{Γf} /π_0 = M/π. Enfin, si M est S-libre, alors M^{Γf} est S_0-libre.

Démonstration. Nous avons que p_0(M) = M^{Γf} . Or, comme l’action de Γ_f est triviale modulo π, nous avons que pour tout x ∈ M, x − p_0(x) ∈ πM, donc si N est le S-module engendré par M^{Γf} (c’est à dire que N = M^{Γf} ⊗_{S0} S d’après la remarque précédent la proposition), alors M = N + πM, donc comme M est de type fini sur S, et que l’idéal engendré par π est dans le radical de S, le lemme de Nakayama nous donne que M = N .

Puis, M est de type fini sur S, donc sur S_0 (car S est un S_0-module libre de rang fini par le lemme 27), donc engendré sur S_0 par exemple par la famille finie (m_i). Alors, p_0(M) = M^{Γf} est engendré par la famille (p_0(m_i)) (car p_0 est un morphisme de S_0-modules), donc est de type fini. De plus, M^{Γf} étant inclus dans M, il est sans p^′-torsion.

Ensuite, nous avons que πM∩M^{Γf} = π_0M^{Γf} : pour S, l’égalité πS∩S_0 = π_0S_0 provient juste de ce que π_0 est un multiple de π, donc π_0S_0 ⊂ πS∩S_0, et pour la réciproque, que S_0 = W [[π_0]]. Cela se traduit par la suite exacte de S_0-modules

0 � π0S0 � S � S/πS ⊕ S/S0 � 0

(la surjectivité vient juste de ce que S/π = W , et que W ⊂ S_0), et en tensorisant par M^{Γf} au dessus de S_0, nous avons la suite exacte de S_0-modules

0 � π_0M^{Γf} � M � M/π ⊕ M/M^{Γf} � 0

ce qui traduit bien πM ∩ M^{Γf} = π_0M^{Γf} . Par conséquent, M^{Γf} /π_0 s’injecte dans M/π, et l’action de Γ_0 provient de celle sur M/π, qui est triviale par définition. De plus, nous avons vu que pour tout x ∈ M, x − p_0(x) ∈ πM, donc comme p_0(x) ∈ M^{Γf} , l’application naturelle M^{Γf} /π_0 → M/π (dont nous avons vu l’injectivité) est surjective. Par conséquent, si M est S-libre, M^{Γf} /π_0 est W -libre et M^{Γf} est sans π_0-torsion, et donc S_0 étant complet pour la topologie π_0-adique, une W -base de M^{Γf} /π_0 se relève en une S_0-base de M^{Γf} .

Enfin, φ commute à Γ, donc laisse stable M^{Γf} , donc induit un morphisme φ_0 : M^{Γf} ⊗_σ S_0 → M^{Γf} . Pour étudier le conoyau, remarquons d’abord que x ⊗ y ∈ S_0 ⊗_σ S_0 → φ(x)y ∈ S_0 et x ⊗ y ∈ S ⊗_σ S → φ(x)y ∈ S sont des

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 421

isomorphismes (préservant l’action naturelle de Γ_f ), donc S_0 ⊗_{σ(S0)} S_0[^1_q ] ≃ S_0[^1_q ] et S⊗_{σ(S)}S[^1_q ] ≃ S[^1_q ] (puisque S[^1_q ] est plat sur S et S_0[^1_q ] est plat sur S_0). Par conséquent, S_0 ⊗_{σ(S0)} S ≃ S ⊗_{σ(S)} S et S_0 ⊗_{σ(S0 )} S[^1_q ] ≃ S ⊗_{σ(S)} S[^1_q ] ; plus présicément, si y_i ∈ S ⊗_{σ(S)} S s’envoye dans S sur p_i(e) (nous pouvons supposer que y_0 = 1 car p_0(e) est inversible dans S_0), alors S ⊗_{σ(S)} S = ⊕_iS_0 ⊗_{σ(S0)} S_0y_i et S ⊗_{σ(S)} S[^1_q ] = ⊕_iS_0 ⊗_{σ(S0)} S_0[^1_q ]y_i (c’est bien le même y_i, car S ⊗_{σ(S)} S s’injecte dans S ⊗_{σ(S)} S[^1_q ], puisque S ⊗_{σ(S)} S est sans q-torsion). Et l’action naturelle de Γ_f sur S ⊗_{σ(S)} S[^1_q ] revient à dire que g(y_i) = X (g)^iy_i pour g ∈ Γ_f . Puisque M = M^{Γf} ⊗_{S0} S, nous avons que M ⊗_{σ(S)} S[^1_q ] = M^{Γf} ⊗_{σ(S0)} S[^1_q ] = ⊕_iM^{Γf} ⊗_{σ(S0 )} S_0[^1_q ]y_i. Donc, M^{Γf} ⊗_{σ(S0)} S_0[^1_q ] s’injecte naturellement dans M ⊗_{σ(S)} S[^1_q ], et (M ⊗_{σ(S)} S[^1_q ])^{Γf} = M^{Γf} ⊗_{σ(S0)} S_0[^1_q ].

Ensuite, φ : M⊗_σ S → M est injective, de conoyau tué par q^h (par définition), donc comme S[^1_q ] est plat sur S, φ induit une bijection φ : M ⊗_{σ(S)} S[^1_q ] → M ⊗_S S[^1_q ]. Puis, S[^1_q ] = ⊕_iS_0[^1_q ]p_i(e), donc M ⊗_S S[^1_q ] = M^{Γf} ⊗_{S0} S[^1_q ] = ⊕_iM^{Γf} ⊗_{S0} S_0[^1_q ]p_i(e), donc M^{Γf} ⊗_{S0} S_0[^1_q ] s’injecte dans M⊗_S S[^1_q ] et M^{Γf} ⊗_{S0} S[^1_q ] = (M ⊗_S S[^1_q ])^{Γf} . Par conséquent, le diagramme

M ⊗_{σ(S)} S[^1_q ]^φ � M ⊗_S S[^1_q ]

M^{Γf} ⊗_{σ(S0)} S_0[^1_q ]^{φ0} � � i �

M^{Γf} ⊗_{S0} S_0[^1_q ] � j �

est commutatif, avec φ bijective, i et j injective, et φ (qui commute à l’action de Γ_f ) qui identifie (M ⊗_{σ(S)} S[^1_q ])^{Γf} à (M ⊗_S S[^1_q ])^{Γf} , donc φ_0 est bijective (donc M^{Γf} /φ_0(M^{Γf} ⊗_σ S_0) est de q-torsion, donc tué par une puissance de q car M^{Γf} est de type fini sur S_0).

Soit alors x ∈ M^{Γf} . Par définition, il existe y ∈ M⊗_{σ(S)}S = ⊕_iM^{Γf} ⊗_{σ(S0)}S_0y_i tel que φ(y) = q^hx. La commutativité du diagramme et la bijectivité de φ_0 nous donne que y ∈ M^{Γf} ⊗_{σ(S0)} S_0[^1_q ]. Donc nous avons y ∈ � M^{Γf} ⊗_{σ(S0)} S_0[^1_q ] � ∩ � ⊕_i M^{Γf} ⊗_{σ(S0 )} S_0y_i � = � M^{Γf} ⊗_{σ(S0)} S_0[^1_q ] � ∩ � M^{Γf} ⊗_{σ(S0 )} S_0 � = M^{Γf} ⊗_{σ(S0 )} S_0.

En définitive, nous avons bien que M^{Γf} /φ_0(M^{Γf} ⊗_σ S_0) est tué par q^h. Finalement, nous avons bien que M^{Γf} est un objet de Γ_0ΦM^h_{S0} .

Remarque 29. De la même façon que pour S_i, nous montrons pour M un objet de ΓΦM^h_S que p_i(M) = M^{Γf} ⊗_{S0} S_i = p_i(e)M^{Γf} .

Théorème 30. L’extension des scalaires de S_0 à S induit une équivalence de catégories entre Γ_0ΦM^h_{S0} et ΓΦM^h_S, préservant suites exactes et produit tensoriel (si ce dernier est encore dans la catégorie). Un quasi-inverse est donné par les points fixes par Γ_f .

Démonstration. L’essentielle surjectivité se prouve en remarquant que si f : M → N est un morphisme de ΓΦM^h_S, alors comme il commute à l’action de

Documenta Mathematica 12 (2007) 399–440

422 Lionel Dorat

Γ_f , f induit bien un morphisme de (φ, Γ_0)-modules entre M^{Γf} et N^{Γf} (qui redonne f en étendant les scalaires de S_0 à S). Le reste est immédiat à partir des résultats précédents.

3.3 Modules de Wach

L. Berger a défini dans [Ber04] le module de Wach N(T ) d’un réseau T d’une Q_p-représentation cristalline V à poids de Hodge-Tate négatifs comme l’unique S-sous-module de D^+(T ) := (A^+_S ⊗_{Zp} T )^{HK} (avec A^+_S = W (R)∩O_{bEnr} ) vérifiant : – N(T ) est un S-module libre de rang la dimension de V ; – l’action de Γ préserve N(T ) et est triviale sur N(T )/π N(T ) ; – il existe un entier r ≥ 0 tel que π^r D^+(T ) ⊂ N(T ).

Il définit de même le module de Wach N(V ) d’une représentation cristalline V à poids de Hodge-Tate négatifs. L’unicité donne en particulier que N va préserver somme directe et produit tensoriel, ce qui nous intéressera tout particulièrement.

Donnons un résultat plus précis que le Théorème 1’ de N. Wach :

Proposition 31. Si N est un objet de MF^{−h}_W avec 0 ≤ h ≤ p − 2, D_{OE} (g_N ) (qui identifie F^−(N) = N ⊗_W O_E à D_{OE} (V_{cris}(N))) envoie N ⊗_W S sur N(Vcris(N)) (le module de Wach associé à Vcris(N)).

Démonstration. En passant au dual, cela revient à dire que F(N^∗) ⊗_{S0} S est isomorphe à N(V_{cris}(N)^∗) par fonctorialité du module de Wach envers le dual. Appelons T = V_{cris}(N)^∗ et r ≤ p − 2 l’entier tel que Fil^r(N^∗) ≠ {0}, Fil^{r+1}(N^∗) = {0}. Remarquons que la structure de (φ, Γ_0)-module de F(N^∗) induit une structure de (φ, Γ)-module sur N^∗ ⊗_W S, et que N^∗ ⊗_W^1_{πr} S est le dual (au sens généralisé des modules de Wach) d’un (φ, Γ)-module de hauteur finie (puisque égale à r) sur S, donc par le résultat de J.-M. Fontaine (cf [Fon90], p.296), les périodes de N^∗ ⊗_W^1_{πr} S sont dans A^+_S . Par conséquent, V_{OE} � (N^∗ ⊗_W^1_{πr} S) ⊗_S O_E � = V_{OE} (F(N^∗) ⊗_{S0} O_E ) = T = ((N^∗ ⊗_W^1_{πr} S) ⊗_S A^+_S )^φ ⊂ N^∗ ⊗_W^1_{πr} A^+_S .

Puis, l’identification de N avec D_{OE} (V_{OE} (N )) pour N un (φ, Γ)-module sur O_E est induite par la multiplication dans O_{bEnr} . Donc, comme T ⊂ N^∗ ⊗_W 1 π^r A + S , nous avons D^+(T ) ⊂ ((N^∗ ⊗_W^1_{πr} A^+_S ) ⊗ A^+_S )^{HK} qui est identifié à (N^∗ ⊗_W^1_{πr} A^+_S )^{HK} = N^∗ ⊗_W^1_{πr} S. Donc la dernière condition de la définition d’un module de Wach, π^r D^+(T ) ⊂ N^∗ ⊗_W S, est vérifiée.

Lemme 32. Sous les notations précédentes, nous avons l’inclusion N(T ) ⊂ N^∗ ⊗_W S.

Remarque 33. La démonstration donnée ci-dessous est exactement l’idée principale de la démonstration de l’unicité du module de Wach (cf. proposition II.1.1 de [Ber04])

Démonstration. Notons N_1 = N(T ) et N_2 = N^∗ ⊗_W S. N_1 ⊂ D^+(T ) par définition, donc nous avons l’inclusion π^rN_1 ⊂ N_2. Soit x ∈ N_1 et s l’entier

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 423

tel que π^sx ∈ N_2, mais π^sx /∈ πN_2. Choisisons x /∈ πN_1 tel qu’en plus s soit maximal, ce qui fait que π^sN_1 ⊂ N_2. Comme π^sx ∈ N_2 et que Γ agit trivialement sur N_2/πN_2, nous avons pour tout g ∈ Γ que (g − 1)(π^sx) ∈ πN_2, et nous pouvons écrire (g − 1)(π^sx) = g(π^s)(g(x) − x) + (g(π^s) − π^s)x. Comme Γ agit trivialement sur N_1/πN_1, et que π^sN_1 ⊂ N_2, nous avons que g(π^s)(g(x) − x) ∈ πN_2, et donc que (g(π^s) − π^s)x ∈ πN_2, ce qui est une contradiction si s ≥ 1, parce qu’alors g(π^s) − π^s = (X (g)^s − 1)π^s + · · · . Donc nous avons bien N_1 ⊂ N_2, autrement dit N(T ) ⊂ N^∗ ⊗_W S.

L’étude du paragraphe précédent nous donne que le S_0-module N = N(T )^{Γf} est libre et N(T ) = N(T )^{Γf} ⊗_{S0} S. Utilisons alors le fait que le foncteur F est essentiellement surjectif (à cause de l’hypothèse sur h) pour dire que N est isomorphe en tant que (φ, Γ_0)-module à F(N^∗), donc N(T ) est isomorphe au (φ, Γ)-module N^∗ ⊗_W S. Notons i cet isomorphisme.

Remarquons que N(T ) ⊗_S O_E = D_{OE} (T ) = N^∗ ⊗_W O_E , car une représentation cristalline est de hauteur finie. Par conséquent, i induit un isomorphisme de D_{OE} (T ) qui envoye N(T ) sur N^∗ ⊗_W S, et comme il préserve D^+(T ), nous obtenons bien N^∗ ⊗_W S ⊂ D^+(T ), donc N^∗ ⊗_W S = N(T ) car il vérifie toutes les conditions de la définition du module de Wach.

Nous pouvons alors en déduire la proposition qui nous intéresse :

Proposition 34. Soit N_{i,j} des objets de MF^h_W avec 0 ≤ h ≤ p−2, L un sousobjet (dans MF^+_W) de M = � i ⊗_j N_{i,j} . Alors les isomorphismes de modules

de Wach_t D_{OE} (g_N ∗_{i,j} ) : N(V_{cris}(N^∗_{i,j} )^∗) → N_{i,j} ⊗_W S

identifient L ⊗_W S à un module de Wach.

Démonstration. Les isomorphismes^t D_{OE} (g_N ∗_{i,j} ) induisent un isomorphisme n� i=1 ⊗^{mi}_{j=1}^t D_{OE} (g_N ∗_{i,j} ) : N( n� i=1 ⊗^{mi}_{j=1} V_{cris}(N^∗_{i,j} )^∗) → M ⊗_W S

(puisque le module de Wach préserve le produit tensoriel). Nous utiliserons cet isomorphisme pour identifier ces deux espaces.

Notons (e_i) une base de M telle que (p^{αi} e_i) soit une base de L, avec α_i ∈ N ∪ {+∞}. Notons aussi n = rg_W (M).

La proposition 17 affirme que L ⊗_W S est stable par l’action de Γ. Considérons

alors la sous-représentation galoisienne T de U_M := n� i=1 ⊗^{mi}_{j=1} V_{cris}(N^∗_{i,j} )^∗

définie par T = V_{OE} (L ⊗_W O_E ). Montrons que N(T ) = L ⊗_W S, c’est-à-dire vérifions les conditions qui caractérisent un module de Wach : – L ⊗_W S ⊂ T ⊗_{Zp} O_{bEnr} ∩ (U_M ⊗_{Zp} A^+_S )^{HK} = D^+(T ) : l’inclusion provient de ce que T ⊗_{Zp} O_{bEnr} = L ⊗_W O_{bEnr} et N(U_M ) = M ⊗_W S via l’isomorphisme (et donc M ⊗_W S ⊂ D^+(U_M ) = (U_M ⊗_{Zp} A^+_S )^{HK} ) ; l’égalité

Documenta Mathematica 12 (2007) 399–440

424 Lionel Dorat

se montre en considérant les coordonnées suivant la base (e_i), car si x ∈ T ⊗_{Zp} O_{bEnr} ∩ (U_M ⊗_{Zp} A^+_S )^{HK} , alors il existe (β_i) ∈ (A^+_S )^n et (δ_i) ∈ O^n_{bEnr} avec x = � i β_ie_i = � i p^{αi} δ_ie_i, donc β_i = p^{αi} δ_i pour tout i, donc β_i ∈ p^{αi} A^+_S pour tout i, ce qui donne T ⊗_{Zp} O_{bEnr} ∩ (U_M ⊗_{Zp} A^+_S )^{HK} ⊂ D^+(T ) (l’inclusion réciproque étant immédiate) ;

– L ⊗_W S est un S-module libre de rang égal à celui de T sur Z_p (qui est celui de L ⊗_W O_E sur O_E , donc celui de L sur W ) ;

– l’action de Γ laisse stable L ⊗_W S (c’est la proposition 17) et est triviale modulo π : l’action de Γ sur M ⊗_W S étant triviale modulo π par construction, pour γ ∈ Γ, pour i fixé, il existe (x_j ) ∈ S^{n−1} et (y_j ) ∈ S^n tels que γ(e_i) = e_i + π � j≠i xj ej et γ(p α_i e

i) = � j y_j p^{αj} e_j ; donc y_i = 1 et p^{αj} y_j = πx_j p^{αi} pour j ≠ i, donc π divise y_j dans S pour j ≠ i.

– il existe r un entier positif tel que π^r D^+(U_M ) ⊂ M ⊗_W S, donc ce r donne π^r D^+(T ) ⊂ M ⊗_W S ∩L⊗_W O_{bEnr} = L⊗_W S. En effet, si x ∈ M ⊗_W S ∩L⊗_W O_{bEnr} , alors il existe (β_i) ∈ S^n et (δ_i) ∈ O^n_{bEnr} avec x = � i β_ie_i = � i p^{αi} δ_ie_i, donc β_i = p^{αi} δ_i pour tout i, donc β_i ∈ p^{αi} S pour tout i, ce qui donne M ⊗_W S ∩ L ⊗_W O_{bEnr} ⊂ L ⊗_W S (l’inclusion réciproque étant immédiate).

D’où, nous avons bien N(T ) = L ⊗_W S.

Ce qui nous intéressera tout particulièrement, c’est le corollaire suivant :

Proposition 35. Soit N_{i,j} des objets de MF^{−h}_W avec 0 ≤ h ≤ p − 2, L un sous-objet (dans MF^−_W) facteur direct (comme W -module) de M = � i ⊗_j N_{i,j} .

Alors les isomorphismes de modules de Wach

D_{OE} (g_{Ni,j} ) : N_{i,j} ⊗_W S → N(V_{cris}(N_{i,j} ))

induisent un isomorphisme de module de Wach

L ⊗_W S → N(V_{cris}(L))

où V_{cris}(L):= V_{cris,p}(D_L) ∩ n� i=1 ⊗^{mi}_{j=1} V_{cris}(N_{i,j} ).

Démonstration. Les isomorphismes D_{OE} (g_{Ni,j} ) induisent un isomorphisme

D_{OE} (g_M ) := n� i=1 ⊗^{mi}_{j=1} D_{OE} (g_{Ni,j} ) : M ⊗_W S → N(V_{cris}(M))

Par dualité, il suffit de voir que si L_0 = M/L, alors D_{OE} (g_M ) induit un isomorphisme de V_{cris}(L^∗_0) sur L^∗_0 ⊗_W S. Posons T = V_{OE} (L^∗_0 ⊗_W O_E ). La proposition précédente nous donne bien que N(T ) = L^∗_0 ⊗_W S (via D_{OE} (g_M )). Puis, une propriété du module de Wach nous permet de conclure : N(T [^1_p ])/π s’identifie à D_{cris,p}(T ⊗_{Zp} Q_p) (par le théorème III.4.4 de [Ber04]), et l’application g_M envoie N(T )/π sur L^∗_0, donc nous avons bien que D_{cris,p}(T ⊗_{Zp} Q_p) = L^∗_0 ⊗_W K, donc que T = V_{cris}(L^∗_0).

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 425

Remarque 36. Si M^′ est le quotient du L considéré dans la proposition 35 par le sous-objet L^′ (facteur direct comme W -module), alors D_{OE} (g_M ) : L⊗_W S → N(Vcris(L)) (qui induit aussi un isomorphisme L^′ ⊗W S → N(Vcris(L^′))) induit par passage au quotient un isomorphisme M^′ ⊗_W S → N(V_{cris}(M^′)).

Corollaire 37. Soit 0 ≤ h ≤ p−2. Soit M et M^′ deux objets de MF_W < h >, et f : M → M^′ un morphisme de φ-modules filtrés. Alors V_E (F(f) ⊗ Id_E ) = V_{cris,p}(f).

Démonstration. Soient N_{i,j} et N^′_{i,j} des objets de MF^h_W, L un sous-objet de ⊕⊗N_{i,j} et L_0 un sous-objet facteur direct de L, tel que M = L/L_0, L^′ un sousobjet de ⊕ ⊗ N^′_{i,j} et L^′_0 un sous-objet facteur direct de L^′, tel que M^′ = L^′/L^′_0. Nous allons montrer que les isomorphismes ⊕ ⊗ D_{OE} (g_{Ni,j} ) et ⊕ ⊗ D_{OE} (g_N ′_{i,j} ) identifient f ⊗ Id à D_E (V_{cris,p}(f)).

Pour cela, il suffit d’utiliser la fidélité et la pleine fidélité de F combiné au théorème 30 (pour pouvoir dire que la réduction modulo π est injective sur les morphismes de (φ, Γ)-module entre M ⊗_W S et M^′ ⊗_W S), plus le fait que D_E (V_{cris,p}(f)) modulo π redonne f (d’après les résultats de L. Berger dans [Ber04]).

Corollaire 38. Soit M et M^′ deux objets de MF_W < h >, et f : M → M^′ un morphisme φ-modules filtrés. Alors V_{cris,p}(f) envoye V_{OE} (M ⊗_W O_E ) dans V_{OE} (M^′ ⊗_W O_E ). En particulier, en passant au dual, V_{cris} devient un foncteur en posant V_{cris}(f) = V_{cris,p}(f).

Démonstration. C’est une conséquence immédiate du corollaire précédent, et de ce que si T et T^′ sont deux Z_p-représentations cristallines, alors un morphisme de (φ, Γ)-modules g : N(T ) → N(T^′) induit V_{OE} (g) : T = V_{OE} (N(T ) ⊗_S O_E ) → T^′ = V_{OE} (N(T^′) ⊗_S O_E ).

Remarque 39. D’après ce qui précède, le foncteur V_{cris} et le foncteur V_{OE} ∘ F^−, tous deux définis sur MF_W < −h > et à valeurs dans Rep^{cris}_{Zp} (Γ_K), sont isomorphes (l’isomorphisme est donné par la transformation naturelle g).

4 Fin de la démonstration du théorème 15

Théorème 40. Pour 0 ≤ h ≤ p − 2, le foncteur F de MF^h_{W,tf} vers Γ_0ΦM^h_{S0} a pour image essentielle Γ_0ΦM^h_{S0} .

Pour montrer ce résultat, nous allons utiliser le théorème 31 qui nous dit que pour N objet de MF^h_W, F(N) ⊗_{S0} S est le module de Wach de V_{cris}(N^∗)^∗. Commençons par montrer :

Proposition 41. Soit M un objet de Γ_0ΦM^h_{S0} (avec 0 ≤ h ≤ p − 2) de ptorsion, et T^′ = V_{OE} (M ⊗_{S0} O_E ) la Z_p-représentation galoisienne correspondant au (φ, Γ)-module sur O_E obtenu à partir de M. Alors il existe T^{′′} ⊂ T deux

Documenta Mathematica 12 (2007) 399–440

426 Lionel Dorat

Z_p-représentations galoisiennes cristallines (c’est à dire que le module sousjacent est libre sur Z_p, et en rendant p inversible nous avons une représentation cristalline) à poids de Hodge-Tate dans [[−h, 0]] telles que T^′ s’identifie au quotient de T par T^{′′}.

Démonstration. Le Théorème 1’ de [Wac97] (et la proposition 31) donne que T^′ = Hom_{Zp} � V_{cris} � Hom_W (i^∗(M), lim−→ W/p^n) � , lim−→ Z_p/p^n � . En notant X^∗ le dual de Pontriaguine d’un module de torsion X, cela s’écrit plus simplement en T^′ = V_{cris} � (M/π_0)^∗

�_∗ . Puis, puisque (M/π_0)^∗ est un objet de la catégorie MF^{−h}_{W,tf} , la proposition 1.6.3 de [Win84] nous donne qu’il existe M_1 ∈ MF^{−h}_W et un épimorphisme M_1 → (M/π_0)^∗. Le foncteur V_{cris} étant exact, il existe donc une Z_p-repésentation cristalline T_1 (T_1 = V_{cris}(M_1)) dont les poids de Hodge-Tate sont dans [[0, h]] et un épimorphisme T_1 → V_{cris} � (M/π_0)^∗ � . Comme M est supposé de p-torsion, V_{cris} � (M/π_0)^∗ � est de p-torsion et de type fini, donc il existe un entier n tel que p^n V_{cris} � (M/π_0)^∗ � = {0}. Alors T_1/p^n se surjecte toujours sur V_{cris} � (M/π_0)^∗ � , et en passant au dual de Pontriaguine, T^′ s’injecte dans Hom_{Zp} � T_1/p^n, lim−→ Z_p/p^n � = Hom_{Zp} (T_1, Z_p)/p^n (car T_1 est un Z_p-module libre). Si f est la projection canonique Hom_{Zp} � T_1, Z_p) → Hom_{Zp} � T_1, Z_p)/p^n, alors T = f^{−1}(T^′) convient (et il suffit de prendre T^{′′} égal au noyau de la projection f|_T ).

Proposition 42. Soit M un objet de Γ_0ΦM^h_{S0} (avec 0 ≤ h ≤ p − 2) de ptorsion, T^′ = V_{OE} (M ⊗_{S0} O_E ) et T^{′′} ⊂ T les représentations données par la proposition ci-dessus. Alors M ⊗_{S0} S s’identifie à N(T )/ N(T^{′′}).

Démonstration. Notons M_1 = M ⊗_{S0} S et M_2 = N(T )/ N(T^{′′}) (tous les deux vus dans le (φ, Γ)-module M ⊗_{S0} O_E , car N(T ) ∩ D_{OE} (T ”) = N(T^{′′}) : en effet, notons N = N(T ) ∩ D_{OE} (T ”) = N(T ) ∩ T^{′′} ⊗_{Zp} O_{Ênr} qui est stable par l’action de Γ, nous avons que N ∩ π N(T ) = πN puisque π est inversible dans O_{Ênr} , donc N /π s’injecte dans N(T )/π, donc Γ agit bien trivialement sur N . Puis, T^{′′} ⊗_{Zp} O_{Ênr} ∩ (T ⊗_{Zp} A^+_S )^{HK} = D^+(T^{′′}), car si (e_i) est une base de T telle que (p^{αi} e_i) est une base de T^{′′} (avec α_i ∈ N ∪ {+∞}), alors un élément x de l’intersection s’écrit x = � i x_ie_i = � i p^{αi} y_ie_i avec x_i ∈ A^+_S et y_i ∈ O_{Ênr} ; donc y_i ∈ p^{−ai} A^+_S ∩ O_{Ênr} = A^+_S si α_i ≠ +∞, et {0} sinon, donc x ∈ T^{′′} ⊗_{Zp} A^+_S et est fixé par H_K, donc T^{′′} ⊗_{Zp} O_{Ênr} ∩ (T ⊗_{Zp} A^+_S )^{HK} ⊂ D^+(T^{′′}) (l’inclusion réciproque étant immédiate). Donc nous avons N ⊂ D^+(T^{′′}) puisque N(T ) ⊂ (T ⊗_{Zp} A^+_S )^{HK} = D^+(T ). Enfin, π^h D^+(T ) ⊂ N(T ), donc π^h D^+(T^{′′}) ⊂ N(T ), et comme π^h D^+(T^{′′}) ⊂ T^{′′} ⊗_{Zp} O_{Ênr} , nous avons bien que π^h D^+(T^{′′}) ⊂ N . Ces conditions caractérisent le module de Wach de T^{′′}, donc N(T )∩D_{OE} (T ”) = N(T^{′′})).

D’après les résultats p.296 de [Fon90] (l’égalité entre D^∗_S et j_∗ ∘ D^∗_E ) (ou bien le lemme III.5 de [Col99]), nous avons M_1 ⊂ D^+(T^′) et M_2 ⊂ D^+(T^′), puisque tout deux sont des S-modules de type fini stables par φ et p-étales (puisque de q-hauteur finie). Puis, l’action de Γ est triviale modulo π dans les deux cas (puisque c’est le cas par définition sur N(T ), et que l’action de Γ_0 est triviale modulo π_0 sur M).

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 427

D’après le Théorème III.3.1 de [Ber04], nous avons l’inclusion π^hT ⊗_{Zp} A^+_S ⊂ N(T ) ⊗S A^+_S . Par conséquent, en projetant nous obtenons que π^hT^′ ⊗Z_p A^+_S ⊂ M_2 ⊗_S A^+_S . Par définition, nous avons que D^+(T^′) ⊂ D^+(T^′) ⊗_S A^+_S ⊂ T^′ ⊗_{Zp} A^+_S , donc en prenant les points fixes sous l’action de H_K, nous avons D^+(T^′) ⊂ � D^+(T^′) ⊗_S A^+_S

�_{HK} ⊂ � T^′ ⊗_{Zp} A^+_S

�_{HK} = D^+(T^′). Donc, en prenant les points fixes sous H_K dans l’inclusion π^hT^′ ⊗_{Zp} A^+_S ⊂ M_2 ⊗_S A^+_S , nous obtenons que π^h D^+(T^′) ⊂ � M_2 ⊗_S A^+_S

�_{HK}

. Donc nous avons π^h D^+(T^′) ⊂ M_2 en vertu du lemme :

Lemme 43. Soit N un S-module de type fini sans p^′-torsion, alors � N ⊗_S A^+_S

�_{HK} = N .

Démonstration. C’est une conséquence de la proposition 1.2.7 de [Fon90], qui nous donne (sous les hypothèses du lemme) une filtration décroissante N_i de N , telle que N_i/N_{i+1} est soit S/p-libre, soit S-libre. La propriété cherchée est stable par suite exacte, c’est à dire vérifie que si 0 → N^{′′} → N → N^′ → 0 est une suite exacte de S-modules, et que � N^{′′} ⊗_S A^+_S

�_{HK} = N^{′′}, � N^′ ⊗_S A^+_S

�_{HK} = N^′, alors � N ⊗_S A^+_S

�_{HK}

= N . Donc il suffit de montrer le lemme pour N qui est S-libre ou S/p-libre, ce qui provient de ce que (A^+_S )^{HK} = S et (A^+_S /p)^{HK} = S/p.

Puis^1_{πh} M_1 est le dual (de Pontriaguine) d’un (φ, Γ)-module sur S de hauteur inférieure ou égale à h, sans p^′-torsion, donc T^′ = V_{OE} (^1_{πh} M ⊗_{S0} O_E ) vérifie T^′ = (^1_{πh} M ⊗_{S0} A^+_S )^φ (cf [Fon90], p.296) puisque 0 ≤ h. Donc T^′ ⊗_{Zp} A^+_S ⊂ 1 π^h M⊗S^0 A + S , et en prenant les points fixes sous H_K (et par le lemme précédent), nous obtenons D^+(T^′) ⊂^1_{πh} M_1, donc π^h D^+(T^′) ⊂ M_1.

Ces conditions impliquent que la démonstration du lemme 32 s’applique ici (car h ≤ p − 2, pour que nous ayons si 0 ≤ s ≤ h, X (g)^s − 1 inversible dans Z_p (c’est à dire X (g)^s − 1 ≠ 0 modulo p) pour un g ∈ Γ), et donc M_1 = M_2.

Remarque 44. L’unicité d’un tel module n’est plus vrai en général : dans S/pS, S/pS et π^{p−1}S/pS sont deux S-modules de type fini, avec action de Γ triviale modulo π, et si T = V_{OE} (O_E /p) (c’est à dire F_p avec l’action triviale), alors D^+(T ) = S/pS, donc la dernière condition est aussi vérifiée.

Il ne reste donc plus qu’à passer d’un module sur S à un module sur S_0, ce qui est donné par le lemme suivant (qui est une conséquence immédiate de l’égalité S = � 0≤i≤p−2

S_i) :

Lemme 45. Soit M un S_0-module, alors � M ⊗_{S0} S

�_{Γf}

= M.

Ces propositions et ces lemmes mis bout à bout nous donnent le théorème dans le cas d’un objet de Γ_0ΦM^h_{S0} de p-torsion. C’est à dire que si M est un objet de Γ_0ΦM^h_{S0} (avec 0 ≤ h ≤ p − 2) de p-torsion, alors il existe M un objet de MF^h_{W,tf} tel que M = F(M). Et plus précisément, nous avons

Documenta Mathematica 12 (2007) 399–440

428 Lionel Dorat

M = i^∗(M) = M/π. Donc, dans le cas où M n’est pas supposé de p-torsion, nous avons que M/p^n = F(i^∗(M/p^n)) pour tout n, donc en passant à la limite projective, nous obtenons bien que M = F(i^∗(M)), ce qui donne bien l’essentielle surjectivité de F, et donc termine la démonstration du théorème 40 (et donc du théorème 15).

5 Le point du torseur

5.1 Conséquence des théorèmes précédents

Pour tout objet N de MF^{−h}_W avec 0 ≤ h ≤ p − 2, construisons f_N comme la composée :

V_{cris}(N) ⊗_{Zp} O_{bEnr}^g −1 N � V_{O bE} (F^−(N)) ⊗_{Zp} O_{bEnr}^{ψF−(N )}� F^−(N) ⊗_{OE} O_{bEnr}

N ⊗_W O_{bEnr}

où ψ est l’isomorphisme de Fontaine (cf. paragaraphe 1.1.2), g_N l’isomorphisme de N. Wach (cf. paragraphe 3.1), et F^− est le foncteur construit à la fin de la partie 2.

De la proposition 35 nous déduisons (toujours à 0 ≤ h ≤ p − 2 fixé) :

Proposition 46. Pour tout uplet d’objets (N_{i,j} )_{1≤j≤n, 1≤i≤nj} de MF^{−h}_W , pour

tout sous-φ-module filtré L facteur direct (comme W -module) de n� j=1 ⊗^{nj}_{i=1}N_{i,j} ,

l’application � ⊗f_{Ni,j} envoie V_{cris}(L) ⊗_{Zp} O_{bEnr} bijectivement sur L ⊗_W O_{bEnr} .

Démonstration. Rappelons que V_{cris}(L) = V_{cris,p}(D_L)∩ n� j=1 ⊗^{nj}_{i=1} V_{cris}(N_{i,j} ).

Comme corollaire de la proposition 35, l’inverse de la fonction ψ^{−1}_{DOE (Vcris(N))} ∘ � D_{OE} (g_N )⊗Id � vérifie la propriété recherchée, car D_{OE} (g_N ) envoie L⊗_W S sur N(Vcris(L)), donc L⊗W OE sur DO_E (Vcris(L)). Il suffit alors de remarquer que f_N = ψ_F−_{(N)}∘ � g^{−1}_N ⊗Id � = � D_{OE} (g^{−1}_N )⊗Id � ∘ψ_{DOE (Vcris (N))} par commutativité du diagramme suivant :

V_{cris}(N) ⊗_{Zp} O_{bEnr}^g −1 N ⊗Id �

ψ_{DOE (Vcris (N ))} � V_{OE} (F^−(N)) ⊗_{Zp} O_{bEnr}

ψ_{F−(N )} � D_{OE} (V_{cris}(N)) ⊗_{OE} O_{bEnr DO}

E (g^{−1}_N )⊗Id

� F^−(N) ⊗_{OE} O_{bEnr}

car D_{OE} et V_{OE} sont des foncteurs quasi-inverses l’un de l’autre.

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 429

En combinant ce résultat et celui de la remarque 24, nous obtenons

Proposition 47. Si L est un sous-objet dans MF^{−h}_W de � i ⊗_j N_{i,j} avec N_{i,j}

des objets de MF^{−h}_W avec 0 ≤ h ≤ p − 2, alors V_{cris}(L) ⊂ � i ⊗_j V_{cris}(N)_{i,j} .

Remarque 48. Cette propriété peut être montré directement, en utilisant les propriétés des périodes des Lubin-Tate (qui donnent par produit les périodes des modules élémentaires) et le fait qu’un φ-module filtré simple est élémentaire, donc que (par Jordan-Hölder) tout φ-module filtré tué par p a une filtration dont le gradué associé est somme directe de modules élémentaires.

Combiné avec le Théorème 1’, et en introduisant F_1 et F_2 les foncteurs exacts de la catégorie MF^{−h}_W vers la catégorie des O_{bEnr} -modules libres de rang fini, définis par : si M objet de MF^{−h}_W , F_1(M) = V_{cris}(M) ⊗_{Zp} O_{bEnr} et F_2(M) = M ⊗_W O_{bEnr} , nous obtenons :

Théorème 49. Pour 0 ≤ h ≤ p−2 fixé, il existe f un isomorphisme de foncteur entre F_1 et F_2. De plus, vis à vis du produit tensoriel, l’isomorphisme peut être choisi de telle sorte que :

– pour tous objets M et N de MF^{−h}_W tels que M ⊗ N est encore un objet de MF^{−h}_W , alors le diagramme suivant est commutatif :

V_{cris}(N ⊗ M) ⊗ O_{bEnr} �

f_{N ⊗M} �

(N ⊗ M) ⊗ O_{bEnr} � (V_{cris}(M) ⊗ O_{bEnr} ) ⊗ (V_{cris}(N) ⊗ O_{bEnr} )_{fM ⊗fN} � (N ⊗ O_{bEnr} ) ⊗ (M ⊗ O_{bEnr} )

– pour tout uplet d’objets (N_{i,j} )_{1≤j≤n, 1≤i≤nj} de MF^{−h}_W , pour tout sous-objet

L de n� j=1 ⊗^{nj}_{i=1}N_{i,j} dans MF^{−h}_W , l’application � ⊗f_{Ni,j} restreinte à V_{cris}(L)

est égale à f_L ;

– pour tout uplet d’objets (N_{i,j} )_{1≤j≤n, 1≤i≤nj} de MF^{−h}_W , pour tout sous-φ-

module filtré L facteur direct (comme W -module) de n� j=1 ⊗^{nj}_{i=1}N_{i,j} , l’applica-

tion � ⊗f_{Ni,j} envoie � V_{cris,p}(D_L) ∩ n� j=1 ⊗^{nj}_{i=1} V_{cris}(N_{i,j} ) � ⊗_{Zp} O_{bEnr} bijecti-

vement sur L ⊗_W O_{bEnr} .

Il faut juste regarder le comportement de f vis à vis du dual pour pouvoir déduire du théorème 49 le théorème 2 de l’introduction.

Documenta Mathematica 12 (2007) 399–440

430 Lionel Dorat

5.2 f et le dual

Pour la suite, nous aurons besoin de définir f_N pour N ayant des poids à la fois positifs et négatifs (par exemple si N = End(M) pour M un objet de MF^{−h}_W ). Rappelons que W [−h] est l’objet de MF^{−h}_W dont le W -module sous-jacent

est W , avec Fil^i(W [−h]) = � W si i ≤ −h 0 si i > −h et φ^{−h}(x) = σ(x). Rappelons que Z_p(h) est la représentation galoisienne Z_p(1)^{⊗h} pour h ≥ 0 (et Z_p(h) = Z_p(−h)^∗ si h ≤ 0), et que O_{bEnr} (h) = O_{bEnr} ⊗_{Zp} Z_p(h). Nous pouvons alors définir :

Définition 50. Supposons 0 ≤ h ≤^{p−2}_2 . Posons ~V_{cris}(N) = V_{cris}(N ⊗ W [−h])⊗_{Zp} Z_p(−h) pour N objet de MF^{±h}_W , et ~V_{cris}(f) = V_{cris,p}(f) restreinte à ~V_{cris}(N) pour f : N → N^′ flèche de MF^{±h}_W . Pour tout objet N de MF^{±h}_W nous pouvons définir f_N de la façon suivante : remarquons que ~V_{cris}(N) ⊗ O_{bEnr} = � V_{cris}(N ⊗ W [−h]) ⊗ Z_p(−h) � ⊗_{Zp} O_{bEnr} = � V_{cris}(N ⊗ W [−h]) ⊗ O_{bEnr} � ⊗_{O bEnr} O_{bEnr} (−h), et notons f_h =^tf^{−1}_{O bEnr [−h]}, alors f_N est l’isomorphisme

~V_{cris}(N) ⊗ O_{bEnr}^{fN ⊗W [−h]⊗fh} � � (N ⊗ W [−h]) ⊗ O_{bEnr} � ⊗ O_{bEnr} [h]

� N ⊗_W O_{bEnr}

Nous avons bien que ~V_{cris}(N) ≃ V_{cris}(N) ⊗_{Zp} V_{cris}(W [−h]) ⊗_{Zp} Z_p(−h) ≃ V_{cris}(N) de manière naturelle pour N un objet de MF^{−h}_W , car N ⊗ W [−h] est un objet de MF^{−2h}_W , et comme 2h ≤ p−2, nous pouvons appliquer la remarque 23. Un quasi-inverse de ~V_{cris} est donné par ~D_{cris}(V ) = D_{cris}(V ⊗Z_p(h))⊗_W W [h]. Une façon naturelle de voir ~V_{cris}(N) dans N ⊗_W A_{cris} est de dire que

~V_{cris}(N) = Fil^0(N ⊗_W t^{−h}A_{cris})^φt^{−h}

Avant de continuer de regarder les propriétés de ~V_{cris}, introduisons g_N pour N un objet de MF^{±h}_W si 0 ≤ h ≤^{p−2}_2 de la même façon que précédemment. De la proposition 35 et de la remarque 36, nous déduisons :

Corollaire 51. Pour tout uplet d’objets (N_{i,j} )_{1≤j≤n, 1≤i≤m} de MF^{±h}_W avec 0 ≤ h ≤^{p−2}_2 , pour tout sous-objet L facteur direct (comme W -module) de n� j=1 ⊗^m_{i=1}N_{i,j} et pour tout quotient M de L, les applications g_{Ni,j} induisent

un isomorphisme de représentations de Γ_K, de V_{O bE} (F^−(M ⊗ W [−mh])) ⊗ Z_p(−mh) sur un réseau de V_{cris,p}(D_M ) (qui est l’image de V_{cris,p}(D_L) ∩ n� j=1 ⊗^{nj}_{i=1} ~V_{cris}(N_{i,j} ) par l’application projection).

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 431

Puis, pour l’étude vis à vis du dual, montrons d’abord le lemme suivant :

Lemme 52. Pour tout objet N de MF^{±h}_W avec 0 ≤ h ≤^{p−2}_2 , l’application surjective naturelle N ⊗ N^{∗ π} � W induit un isomorphisme ~V_{cris}(N^∗) ≃ ~V_{cris}(N)^∗

dont le crochet de dualité correspond à V_{cris,p}(π).

Démonstration. Soient l ∈ N et l^′ ∈ N tels que N ⊗W [−l] et N^∗ ⊗W [−l^′] soient des objets de MF^{−2h}_W . Puis, W désigne l’objet trivial de MF^{±h}_W , et donc π induit une application F^−(π) : F^−(N ⊗W [−l]))⊗_{OE} F^−(N^∗ ⊗W [−l^′]) → O_E [−(l+l^′)], dont l’application linéaire sous-jacente est toujours celle obtenue par le crochet de dualité (c’est juste π ⊗ Id), donc induit un isomorphisme entre le dual de F^−(N ⊗ W [−l])) ⊗O_E OE el et F^−(N^∗ ⊗ W [−l^′])) ⊗O_E OE el^′ (où φ(er) = q^rer et g(e_r) =^{X (g)−r π−r}

g(π^{−r} ) pour g ∈ Γ). Cet isomorphisme de OE -modules est en

fait un isomorphisme de (φ, Γ)-module, car F^−(π) est un morphisme de (φ, Γ)- modules. Comme V_{OE} préserve le dual, en notant ~V_{OE} (N) = V_{OE} (F^−(N ⊗ W [−l])) ⊗_{Zp} Z_p(−l) = V_{OE} � F^−(N ⊗ W [−l]) ⊗O_E OE el � et ~V_{OE} (N^∗) = V_{OE} (F^−(N ⊗ W [−l^′])) ⊗_{Zp} Z_p(−l^′) = V_{OE} � F^−(N^∗ ⊗ W [−l^′]) ⊗O_E OE el^′ � , nous avons que l’application ~V_{OE} (F^−(π)) identifie le dual de ~V_{OE} (N) (comme représentation de Γ_K) à ~V_{OE} (N)^∗.

Or, ~V_{OE} (N) est isomorphe à ~V_{cris}(N) (via g_N ) et ~V_{OE} (N^∗) est isomorphe à ~V_{cris}(N ∗) (via g_{N ∗} ). Pour conclure, il suffit d’invoquer la commutativité du diagramme suivant (d’après le corollaire 37) :

~V_{OE} (N) ⊗ ~V_{OE} (N ∗)

eV_{OE} (F^−(π)) � g_N ⊗g_N ∗

� ~V_{cris}(N) ⊗ ~V_{cris}(N ∗)

V_{cris,p}(π) � V_{OE} (F^−(W ))_{gW} � ~V_{cris}(W )

Nous en déduisons alors :

Lemme 53. Sous les conditions du lemme 52, l’application f_N est fonctorielle vis à vis du dual, c’est-à-dire que le diagramme suivant commute :

~V_{cris}(N)∗ ⊗_{Zp} O_{bEnr}

�

(^t f_N )^{−1}�

N^∗ ⊗_W O_{bEnr}

� ~V_{cris}(N ∗) ⊗_{Zp} O_{bEnr}^{fN ∗} � N^∗ ⊗_W O_{bEnr}

Documenta Mathematica 12 (2007) 399–440

432 Lionel Dorat

D’où, en rassemblant tout ceci, nous obtenons le théorème suivant :

Théorème 54. Soit 0 ≤ h ≤^{p−2}_2 , et notons ~F_1 le foncteur exact de la catégorie MF^{±h}_W vers la catégorie des O_{bEnr} -modules libres de rang fini, défini par : si N objet de MF^{±h}_W , ~F_1(N) = ~V_{cris}(N)⊗_{Zp} O_{bEnr} . Alors il existe f un isomorphisme de foncteurs entre ~F_1 et F_2, préservant le dual. Nous pouvons supposer de plus : – pour tous objet N et N^′ de MF^{±h}_W , tel que N ⊗ N^′ soit encore un objet de MF^{±h}_W , f_{N⊗N} ′ = f_N ⊗ f_N ′ ;

– pour tout uplet d’objets (N_{i,j} )_{1≤j≤n, 1≤i≤nj} de MF^{±h}_W , pour tout sous-φ-

module filtré L facteur direct (comme W -module) de n� j=1 ⊗^{nj}_{i=1}N_{i,j} , l’applica-

tion � ⊗f_{Ni,j} envoie (V_{cris,p}(D_L) ∩ n� j=1 ⊗^{nj}_{i=1} ~V_{cris}(N_{i,j} )) ⊗_{Zp} O_{bEnr} bijecti-

vement sur L ⊗_W O_{bEnr} .

6 Position des réseaux

Pour tout ce paragraphe, nous supposerons donnés ρ : Γ_K → G(Z_p) une représentation cristalline à valeurs dans les point sur Z_p d’un groupe algébrique lisse sur Z_p, G, et U un Z_p-module libre de rang n, avec α : G → GL_U une immersion fermée.

6.1 Description des groupes plats sur Z_p

Notons U_W = U ⊗_{Zp} W . Identifions G avec son image dans GL_U . Nous allons donner une définition plus exploitable de G_W = G ×_{Zp} W dans un cas particulier :

Prenons une base de U et supposons que l’immersion de G dans GL_U induise une immersion dans End_U (c’est-à-dire G = Spec(Z_p[X_{i,j} ]_{1≤i,j≤n}/I)). Notons Z_p[X_{i,j} ]_{≤d} les polynômes de degré total inférieur ou égal à d. Le groupe GL_U agit sur Z_p[X_{i,j} ] par : pour toute Z_p-algèbre R, si f ∈ R[X_{i,j} ], et s ∈ GL_U (R), alors η_s(f) est le polynôme défini par η_s(f)(y) = f(s^{−1}y). Cette action est linéaire et laisse stable Z_p[X_{i,j} ]_{≤d}.

Proposition 55. Soit G = Spec(Z_p[X_{i,j} ]_{1≤i,j≤n}/I) un groupe algébrique plat sur Z_p, soient (f_1, · · · , f_r) des générateurs de l’idéal I, et si d est le maximum des degrés totaux des f_i, posons E = I ∩ Z_p[X_{i,j} ]_{≤d}. Alors E est facteur direct, et pour toute Z_p-algèbre R, si E_R = E ⊗_{Zp} R, G(R) = {g ∈ GL_U (R)|η_g (E_R) = E_R}.

Remarque 56. Si α : G → GL_U n’induit pas une immersion fermée de G dans End_U , il suffit de composer α avec une immersion fermée β : GL_U → GL_U ′ tel que β induise une immersion fermée de GL_U dans End_U ′ . Par exemple, U^′ = U ⊕ Z_p avec β = Id ⊕^1_{det} , ou bien U^′ = U ⊕ U^∗ (où U^∗ est le dual de U)

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 433

avec β(g) = (g,^tg^{−1}). Par contre, le E donné par la proposition 55 dépendra du morphisme β considéré.

Démonstration. Commençons par le lemme suivant :

Lemme 57. Pour toute Z_p-algèbre R, le module I ⊗_{Zp} R s’injecte dans R[X_{i,j} ].

Démonstration. Pour tout k, notons E_k = I ∩Z_p[X_{i,j} ]_{≤k}. Le module Z_p[X_{i,j} ]_{≤k} est un Z_p-module libre de type fini, et Z_p[X_{i,j} ]_{≤k}/E_k est sans p-torsion car il s’injecte dans Z_p[X_{i,j} ]_{1≤i,j≤n}/I qui est plat sur Z_p (par hypothèse). Donc le module E_k est un Z_p-module libre facteur direct dans Z_p[X_{i,j} ]_{≤k}. Donc E_k est un facteur direct de Z_p[X_{i,j} ], par conséquent E_k ⊗_{Zp} R s’injecte dans R[X_{i,j} ]. Or, I est la réunion des E_k, donc I ⊗_{Zp} R s’injecte dans R[X_{i,j} ].

Au passage, nous avons démontré une assertion de la proposition, à savoir que E := E_d est facteur direct.

Notons H le groupe algébrique défini par H(R) = {g ∈ GL_U (R)|η_g (E_R) = E_R}. L’application naturelle H → GL_U est une immersion fermée et H(R) = {g ∈ GL_U (R)|η_g (E_R) ⊂ E_R} car E est facteur direct. Nous voulons montrer que H = G. Si s ∈ GL_U (R) vérifie η_g (E_R) = E_R, alors pour tout i, η(s)(f_i) ∈ E_R ⊂ I ⊗_{Zp} R, donc η(s)(f_i)(Id) = 0 car Id ∈ G(R). Donc, par définition de l’action, f_i(s^{−1}) = 0 pour tout i, donc la famille (f_i) étant une famille de générateurs de l’idéal I sur Z_p, nous obtenons s^{−1} ∈ G(R), or G est un groupe, donc s ∈ G(R), ce qui montre l’inclusion H(R) ⊂ G(R). Donc il existe un monomorphisme H → G.

Montrons que c’est une immersion fermée : le morphisme H → GL_U est une immersion fermée, et α est par hypothèse une immersion fermée de G dans GL_U . Donc, en notant A[K] l’algèbre affine d’un groupe K, les flèches A[GL_U ] → A[G] et A[GL_U ] → A[H] sont surjectives, et nous avons le diagramme commutatif suivant :

A[G] � A[GL_U ] � � � � A[H]

par conséquent, la flèche A[G] → A[H] est surjective, donc H → G est bien une immersion fermée.

Nous allons maintenant montrer que G et H ont même fibre générique. Pour cela, donnons une description de G semblable à celle de H :

Lemme 58. Pour toute Z_p-algèbre R, nous avons

G(R) = {g ∈ GL_U (R)|η_g � (I ⊗_{Zp} R) ∩ R[X_{i,j} ]_{≤d} � = (I ⊗_{Zp} R) ∩ R[X_{i,j} ]_{≤d}}

Démonstration. Fixons R, et posons M = (I ⊗_{Zp} R)∩R[X_{i,j} ]_{≤d}. Si s ∈ GL_U (R) vérifie η_g (M) = M, alors pour tout i, η(s)(f_i) ∈ M ⊂ I ⊗_{Zp} R, donc

Documenta Mathematica 12 (2007) 399–440

434 Lionel Dorat

η(s)(f_i)(Id) = 0 car Id ∈ G(R). Donc, par définition de l’action, f_i(s^{−1}) = 0 pour tout i, donc la famille (f_i) étant une famille de générateurs de l’idéal I sur Z_p, nous obtenons s^{−1} ∈ G(R), or G est un groupe, donc s ∈ G(R), ce qui montre une inclusion.

L’inclusion réciproque sera un corollaire du lemme de Yoneda : d’abord, il suffit de montrer que η_s(M) ⊂ M, car η est une action de groupe. Puis, si s ∈ G(R) et f ∈ M, notons P = η(s)(f). Pour toute R-algèbre B, pour tout g ∈ G(B), nous avons P (g) = f(s^{−1}g) = 0 car s^{−1}g ∈ G(B) et f ∈ I ⊗_{Zp} R, donc P est dans I ⊗_{Zp} R (et de bon degré, donc P ∈ M) par la remarque suivante : Soit G = Spec(A/I) un groupe algébrique au dessus d’un anneau R, alors si J = {f ∈ A| pour toute R-algebre B, ∀g ∈ G(B), f(g) = 0}, nous avons I = J. En effet, si K = Spec(A/J), alors K(B) ⊂ G(B) car I ⊂ J, puis la définition de J nous dit que pour tout φ : A/I → B, J est inclus dans Ker(φ), d’où se factorise en φ : A/J → B, J, donc G(B) ⊂ K(B). Le lemme de Yoneda donne alors G = K, donc I = J.

Lemme 59. Soit S/R une extension d’anneau, supposons que S est plat sur R. Alors, ((I ⊗_{Zp} R) ∩ R[X_{i,j} ]_{≤d}) ⊗_R S = (I ⊗_{Zp} S) ∩ S[X_{i,j} ]_{≤d}.

Démonstration. En effet, notons M_1 = I ⊗_{Zp} R, M_2 = R[X_{i,j} ]_{≤d} et M_3 = R[X_{i,j} ], alors nous voulons voir que (M_1 ∩ M_2) ⊗_R S = (M_1 ⊗_R S) ∩ (M_2 ⊗_R S). Or, nous avons la suite exacte courte de R-modules

0 � M1 ∩ M2 � M3 � M3/M1 ⊕ M3/M2

et nous avons supposé que S est plat sur R, donc en tensorisant par S au dessus de R, nous obtenons que

0 � (M1 ∩ M2) ⊗ S � M3 ⊗ S � (M3/M1) ⊗ S ⊕ (M3/M2) ⊗ S

est une suite exacte, ce qui conclut car (M_3/M_i)⊗_R S = M_3 ⊗_R S/M_i ⊗_R S.

Puis, G et H ont même fibre générique, par application directe des deux lemmes précédents.

Il ne reste plus qu’à voir que si H → G est une immersion fermée telle que G et H ont même fibre générique, et G plat, alors H = G. Nous voulons montrer que la flèche surjective A[G] → A[H] est aussi injective. G étant plat, l’application naturelle i_G : A[G] → A[G] ⊗_{Zp} Q_p est injective. H et G ayant même fibre générique, la flèche f : A[G] → A[H] donnée par l’immersion fermée induit une bijection f_p : A[G] ⊗_{Zp} Q_p → A[H] ⊗_{Zp} Q_p. De plus le diagramme suivant est commutatif :

A[G]^f � � � i_G � A[H]

i_H � A[G] ⊗_{Zp} Q_p �

� fp � � A[H] ⊗_{Zp} Q_p

donc f est bien injective, donc H = G.

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 435

En fait, lors de l’identification de GL_U avec GL_{n,Zp} , nous avons identifié la représentation de GL_U que sont les polynômes homogènes de degré i (noté Z^i_p[X_{i,j} ]) avec Sym^i(End_U ) qui est un sous-objet de End^{⊗i}_U , ou bien, dit autrement, Z_p[X_{i,j} ]_{≤d} a été identifié à un sous-objet de ⊕_{0≤i≤d} End^{⊗i}_U . L’action de GL_U sur Z^i_p[X_{i,j} ] est le produit tensoriel de l’action naturelle de GL_U sur U^∗ par l’action triviale de GL_U sur U dans End^{⊗i}_U = (U ⊗_{Zp} U^∗)^{⊗i} ; par conséquent E est un sous-module de � 0≤i≤d

(U^∗ ⊕ · · · ⊕ U^∗ � � �

n fois

)^{⊗i} (où n = rg(U)).

Appliquons ceci non pas au plongement α, mais à α^∗ : G → GL_U ∗ , défini par α^∗(g) =^tα(g)^{−1}. Il existe alors E^∗ = � 0≤i≤k

(U ⊕ · · · ⊕ U � � �

n fois

)^{⊗i} ∩ I^∗ un sous Z_p-

module (libre facteur direct) tel que s ∈ α(G)(R) ⇔ s(E^∗_R) = E^∗_R (où I^∗ est l’idéal définissant α^∗(G)).

Rassemblons tout ceci dans le lemme suivant :

Proposition 60. Soit G un groupe plat sur Z_p, U un Z_p-module libre de rang n et α : G → GL_U une représentation qui induit une immersion fermée dans End_U . Identifions G avec son image. Alors, il existe un entier k et un sous Z_p-module E (facteur direct) de � 0≤i≤k

(U ⊕ · · · ⊕ U � � �

n fois

)^{⊗i} laissé stable par l’action

naturelle de G(Z_p) (provenant de celle de GL_U , notée η) tels que G(R) = {g ∈ GL(R)|η_g (E_R) = E_R} pour toute Z_p-algèbre R.

Nous pouvons alors définir sur M = D_{cris}(U) (ou sur ~D_{cris}(U) suivant les cas) un groupe algébrique sur W , G_M , par : si η est l’action naturelle de GL_M sur � 0≤i≤k

(M ⊕ · · · ⊕ M � � �

n fois

)^{⊗i}, alors G_M (R) = {g ∈ GL_M (R)|η_g (E_R) = E_R} pour

toute W -algèbre R. Il ne reste qu’à bien choisir E en liaison avec E, ce qui nous conduit au théorème suivant :

Théorème 61. Supposons G lisse sur Z_p. Si α : G → GL_U induit une immersion fermée dans End_U et si la représentation de Γ_K induite sur U par α (et par ρ : Γ_K → G(Z_p)) vérifie – soit elle est à poids de Hodge-Tate dans [[0, h]] avec 0 ≤ h ≤ p − 2 – soit elle est à poids de Hodge-Tate dans [[−h, h]] avec 0 ≤ h ≤^{p−2}_2 alors, en prenant

E = D_{cris,p}(E ⊗_{Zp} Q_p) ∩ � 0≤i≤k

(D_{cris}(U) ⊕ · · · ⊕ D_{cris}(U) � � �

n fois

)^{⊗i}

dans le premier cas, ou

E = D_{cris,p}(E ⊗_{Zp} Q_p) ∩ � 0≤i≤k

( ~D_{cris}(U) ⊕ · · · ⊕ ~D_{cris}(U) � � �

n fois

)^{⊗i}

dans le deuxième cas, il existe une bijection Ψ : U ⊗_{Zp} W → M qui identifie G ×_{Zp} W et G_M .

Documenta Mathematica 12 (2007) 399–440

436 Lionel Dorat

Remarque 62. Pour qu’une application Ψ bijective identifie G ×_{Zp} W et G_M , il suffit de montrer que l’application naturelle induite par Ψ envoie E ⊗_{Zp} W bijectivement sur E.

6.2 Demonstration du théorème 61

Soit h : U_R = U ⊗_{Zp} R ≃ M_R = M ⊗_W R un isomorphisme de R-modules, alors h induit s(h) de � 0≤i≤k

(U_R ⊕ · · · ⊕ U_R � � �

n fois

)^{⊗i} sur � 0≤i≤k

(M_R ⊕ · · · ⊕ M_R � � �

n fois

)^{⊗i},

qui est aussi un isomorphisme. Considérons alors

Isom(R) = {h : U ⊗_{Zp} R ≃ M ⊗_W R|s(h)(E_R) = E_R}

pour R une W -algèbre. C’est un sous-W -schéma de Isom_W(U ⊗_{Zp} W, M) (les W -isomorphismes de U ⊗_{Zp} W sur M).

Il est non vide, car f_{Dcris (U)} (ou f̄_{eDcris (U)} suivant les conditions sur les poids de Hodge-Tate) induit un élément de Isom(O_{bEnr} ). C’est une retraduction du théorème 49 (ou du théorème 54)

Lemme 63. Le schéma Isom ×_W O_{bEnr} est un torseur trivial sous G ×_W O_{bEnr} .

Démonstration. G agit naturellement et fidèlement à gauche sur Isom : si f ∈ Isom(R) et g ∈ G(R),

U ⊗_{Zp} R^g � U ⊗_{Zp} R^f � M ⊗_W R

est bien un isomorphisme. Puis, l’application naturelle � 0≤i≤k

(U ⊕ · · · ⊕ U � � �

n fois

)^{⊗i} ⊗_{Zp} R^{ηg} � � 0≤i≤k

(U ⊕ · · · ⊕ U � � �

n fois

)^{⊗i} ⊗_{Zp} R

s(f ) � � 0≤i≤k

(M ⊕ · · · ⊕ M � � �

n fois

)^{⊗i} ⊗_W R

s’identifie naturellement à s(f ∘ g).

Enfin, la définition de Isom, la proposition 60 et le fait que s(f ∘ g) = s(f) ∘ η_g donnent bien s(f ∘ g)(E_R) = E_R, donc que f ∘ g ∈ Isom(R). Le groupe G agit donc sur Isom par (g, f) → f ∘ g^{−1}.

La fidélité provient de ce qu’un élément de Isom est un isomorphisme de modules.

Pour finir, il reste à montrer que pour f, f^′ ∈ Isom(R), il existe g ∈ G(R) avec f^′ = f ∘ g^{−1}. Autrement dit, il faut voir que g = f^{′−1} ∘ f est bien un élément de G(R). Cela se montre de la même façon que précédement. C’est la propriété 60 qui est le point essentiel.

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 437

Nous venons donc de montrer que Isom ×_W O_{bEnr} est un G ×_W O_{bEnr} -espace homogène ayant un point sur O_{bEnr} , or G ×_W O_{bEnr} est un groupe lisse, donc Isom ×_W O_{bEnr} est lisse, donc Isom aussi (car la flèche Spec(O_{bEnr} ) → Spec(W ) est fidèlement plate et quasi-compact, donc c’est une application directe du corollaire 17.7.3 de EGA IV).

Isom est lisse, donc par le lemme de Hensel (cf. théorème 18.5.11 b de EGA IV), Isom(W ) se surjecte (par la réduction modulo p) sur Isom(k). Si ce dernier est non vide, nous aurons bien montré que Isom(W ) est non vide, ce qui prouvera le théorème.

Isom ×_W O_{bEnr} est lisse, donc, toujours par le lemme de Hensel, Isom(O_{bEnr} ) se surjecte sur Isom(O_{bEnr} /p), donc le k-schéma Isom × Spec(k) est non vide (car O_{bEnr} /p est une k-algèbre), donc par le théorème des zéros de Hilbert, Isom × Spec(k)(k) est non vide (car k est algébriquement clos). Remarquons qu’en nous donnant un Z_p-module N ⊂ M qui engendre M comme W -module (c’est à dire N ⊗_{Zp} W = M), et tel que le Z_p-module N^′ = E ∩ � 0≤i≤k

(N ⊕ · · · ⊕ N � � �

n fois

)^{⊗i} engendre E comme W -module (par exemple, avec les

notations du paragraphe 1.3, N = M^{fM} (et alors N^′ = E^{fE} ) ou N = M^{u−1N fM}_{Zp}

(et alors N^′ = E^u −1 E f_E Z_p )), nous pouvons définir Isom sur Zp par

Isom(R) = {h : U ⊗_{Zp} R ≃ N ⊗_{Zp} R|s(h)(E_R) = N^′_R}

pour R une Z_p-algèbre. Alors, par un théorème de Lang (tout H-torseur défini sur F_p est trivial si H est un groupe algébrique sur F_p connexe) , en supposant que G est à fibre spéciale connexe, nous avons Isom(F_p) non vide, donc par lissité, Isom(Z_p) est non vide, et donc sous cette hypothèse, nous pouvons supposer que Ψ(U) = N. De plus, Ψ identifie G à une forme sur Z_p de G_M (celle qui est définie à l’aide de N^′).

Corollaire 64. Sous les hypothèses et notations précédentes, si U^′ est un réseau de U ⊗_{Zp} Q_p laissé stable par l’action de G, alors Ψ[^1_p ] = Ψ ⊗_W K envoie U^′ ⊗_{Zp} W sur D_{cris}(U^′) si les poids de Hodge-Tate sont positifs, ou sur ~D_{cris}(U ′) sinon.

Démonstration. Notons M = D_{cris}(U) (ou M = ~D_{cris}(U) si les poids de Hodge-Tate ne sont pas tous positifs). Tout d’abord, quitte à multiplier par une certaine puissance de p, nous pouvons supposer U^′ ⊂ U. Puis, Ψ ∈ Isom(W ) ⊂ Isom(O_{bEnr} ) et f_M ∈ Isom(O_{bEnr} ) (respectivement, f_M ∈ Isom(O_{bEnr} )), donc, comme Isom est un G ×_{Zp} W -espace homogène, il existe g ∈ G(O_{bEnr} ) tel que Ψ = f_M ∘ g (respectivement Ψ = f_M ∘ g). Il suffit donc (puisque U^′ est stable par G) de vérifier la propriété pour f_M (ou f_M ), or ceci provient juste de la fonctorialité de f_M (et de f_M ) pour les sous-objets.

Documenta Mathematica 12 (2007) 399–440

438 Lionel Dorat

6.3 Exemples

Remarquons que GL_U se plonge naturellement par une immersion fermée β dans GL_{U⊕U} ∗ où l’action sur U est l’action naturelle, et l’action sur le dual U^∗ est donnée par la transposée de l’inverse. De plus, β provient d’une immersion fermée de GL_U dans End_{U⊕U} ∗ , car l’image de β est un sous-groupe fermé de SL_{U⊕U} ∗ . Donc, si la représentation galoisienne U est à poids de Hodge-Tate dans [[0, h]] avec h ≤^{p−2}_2 , ou dans [[−h, h]] avec h ≤^{p−2}_4 , alors l’immersion α^′ = β ∘ α vérifie en partie les hypothèses du théorème 61. Soit alors E le sousmodule définissant G dans U ⊕ U^∗ (de la manière décrite dans le paragraphe 6.1). Nous définissons de même sur ~D_{cris}(U)⊕ ~D_{cris}(U)^∗ un groupe G_M à l’aide de E = D_{cris,p}(E ⊗_{Zp} Q_p) ∩ � 0≤i≤k

( ~D_{cris}(U) ⊕ · · · ⊕ ~D_{cris}(U) � � �

n fois

)^{⊗i}

Théorème 65. Si la représentation de Γ_K induite sur U par α (et par ρ) vérifie – soit elle est à poids de Hodge-Tate dans [[0, h]] avec 0 ≤ h ≤^{p−2}_2 – soit elle est à poids de Hodge-Tate dans [[−h, h]] avec 0 ≤ h ≤^{p−2}_4 alors, avec les notations précédentes, il existe un isomorphisme de W -module Ψ : U ⊗_{Zp} W → M qui induit une bijection Ψ ⊕^tΨ^{−1} : (U ⊕ U^∗) ⊗_{Zp} W → M ⊕ M^∗ identifiant G ×_{Zp} W et G_M . En particulier, le groupe G_M (plongé dans GL_{M⊕M} ∗ ) laisse stable M et M^∗.

Démonstration. Considérons le schéma Isom(R) = {h : U ⊗_{Zp} R ≃ M ⊗_W R|s(h)(E_R) = E_R} (ce n’est à priori pas le même que celui considéré dans la démonstration du théorème 61, qui considère des morphismes définis sur U ⊗ U^∗). C’est un G ×_{Zp} W espace homogène, qui a un point sur W (cela se montre de la même façon que lors de la démonstration du théorème 61).

6.4 Données initiales pour un φ-module filtré

Formulons ici comment les idées introduites précédemment se traduisent dans le formalisme introduit par Rapoport et Zink (cf. [RZ96]). Soit G un groupe algébrique lisse sur Z_p et ρ un morphisme de groupe de Γ_K dans G(Z_p), μ : G_m → G un cocaractère défini sur W , et b ∈ G(W ). Alors, à toute représentation β : G → GL_U où U est un Z_p-module libre de rang fini, nous pouvons associer un objet I(U) (qui aura vocation à être un φ-module filtré) : – le W -module sous-jacent est U ⊗_{Zp} W = M ; – une filtration Fil^i(M) = � j≥i M_j où M_j est l’espace propre de poids j corres-

pondant à μ ;

– des applications φ^i : Fil^i(M) → M[^1_p ] définies par φ^i = p^{−i}b ∘ (Id ⊗ σ) sur Fil^i(M), c’est-à-dire si v = � k v_k ⊗ x_k ∈ Fil^i(M) avec v_k ∈ U et x_k ∈ W ,

φ^i(v) = p^{−i} � k σ(x_k )β(b)(v_k ).

Documenta Mathematica 12 (2007) 399–440

G-Structures Entières et Modules de Wach 439

Définition 66. Le triplet (μ, b, β) est dit admissible si I(U) est un objet de MF_{W,tf} .

Si G est supposé lisse, si β induit une immersion fermée de G dans End_U , et I(U) est un objet de MF^{−h}_W avec 0 ≤ h ≤ p − 2, nous pouvons faire de même qu’au paragraphe 6.1 : G est défini par E un Z_p-module bien choisi de � 0≤i≤k

(U ⊕ · · · ⊕ U � � �

n fois

)^{⊗i} (alors E ⊗_{Zp} W sera un objet de MF_{W,tf} ), et sur

V_{cris}(I(U)) nous construisons G_{Vcris (I(U))} sur Z_p par son foncteur des points (si R est une Z_p-algèbre, G_{Vcris (I(U))}(R) est le sous-groupe de GL_{Vcris (I(U))}(R) formée des éléments qui laissent stable � V_{cris,p}(E ⊗_{Zp} K) ∩ � 0≤i≤k

(V_{cris}(M) ⊕ · · · ⊕ V_{cris}(M) � � �

n fois

)^{⊗i} � ⊗_{Zp} R

Théorème 67. Sous les conditions précédentes, avec – soit M est un objet de MF^{−h}_W avec 0 ≤ h ≤ p − 2 et β induit une immersion fermée de G dans End_U , – soit M est un objet de MF^{−h}_W avec 0 ≤ h ≤^{p−2}_2 , – soit M est un objet de MF^{±h}_W avec 0 ≤ h ≤^{p−2}_2 et β induit une immersion fermée de G dans End_U , – soit M est un objet de MF^{±h}_W avec 0 ≤ h ≤^{p−2}_4 , alors il existe une bijection Ψ : M → V_{cris}(I(U)) ⊗_{Zp} W qui identifie G ×_{Zp} W et G_{Vcris (I(U))} ×_{Zp} W . De plus, la représentation galoisienne associée à V_{cris}(I(U)) est à valeurs dans G_{Vcris (I(U))}(Z_p).

Démonstration. L’existence de la bijection se montre de la même façon que pour le théorème 61 : nous introduisons un G-espace homogène Isom défini sur Z_p, nous montrons qu’il est lisse sur Z_p, Isom(k) est non vide par le théorème des zéros de Hilbert, et le lemme de Hensel conclut. La définition même de G_{Vcris (I(U))} implique que la représentation galoisienne associée à V_{cris}(I(U)) est à valeurs dans G_{Vcris (I(U))}(Z_p).

Remarque 68. Le théorème de Lang à propos des torseurs définis sur les corps finis implique que si la fibre spéciale de G est connexe, alors le torseur Isom est trivial sur F_p. Autrement dit, il a un point sur F_p, que nous pouvons relever à Z_p par le lemme de Hensel. Par conséquent, si la fibre spéciale de G est connexe, l’isomorphisme Ψ est défini sur Z_p, c’est à dire qu’il induit une bijection Ψ : U → V_{cris}(I(U)).

Bibliographie

[Ber04] Laurent Berger. Limites de représentations cristallines. Compos.

Math., 140(6) :1473–1498, 2004.

Documenta Mathematica 12 (2007) 399–440

440 Lionel Dorat

[CF00] Pierre Colmez and Jean-Marc Fontaine. Construction des représentations p-adiques semi-stables. Invent. Math., 140(1) :1–43, 2000.

[Col99] Pierre Colmez. Représentations cristallines et représentations de hauteur finie. J. Reine Angew. Math., 514 :119–143, 1999.

[FL82] Jean-Marc Fontaine and Guy Laffaille. Construction de représentations p-adiques. Ann. Sci. École Norm. Sup. (4), 15(4) :547–608 (1983), 1982.

[Fon79] Jean-Marc Fontaine. Modules galoisiens, modules filtrés et anneaux de Barsotti-Tate. In Journées de Géométrie Algébrique de Rennes. (Rennes, 1978), Vol. III, volume 65 of Astérisque, pages 3–80. Soc. Math. France, Paris, 1979.

[Fon82] Jean-Marc Fontaine. Sur certains types de représentations p-adiques du groupe de Galois d’un corps local ; construction d’un anneau de Barsotti-Tate. Ann. of Math. (2), 115(3) :529–577, 1982.

[Fon90] Jean-Marc Fontaine. Représentations p-adiques des corps locaux. I.

In The Grothendieck Festschrift, Vol. II, volume 87 of Progr. Math., pages 249–309. Birkhäuser Boston, Boston, MA, 1990.

[Fon94a] Jean-Marc Fontaine. Le corps des périodes p-adiques. Astérisque, (223) :59–111, 1994. With an appendix by Pierre Colmez, Périodes p-adiques (Bures-sur-Yvette, 1988).

[Fon94b] Jean-Marc Fontaine. Représentations p-adiques semi-stables.

Astérisque, (223) :113–184, 1994. With an appendix by Pierre Colmez, Périodes p-adiques (Bures-sur-Yvette, 1988).

[RZ96] M. Rapoport and Th. Zink. Period spaces for p-divisible groups, volume 141 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 1996.

[Tit79] J. Tits. Reductive groups over local fields. In Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, pages 29–69. Amer. Math. Soc., Providence, R.I., 1979.

[Wac97] Nathalie Wach. Représentations cristallines de torsion. Compositio Math., 108(2) :185–240, 1997.

[Win84] Jean-Pierre Wintenberger. Un scindage de la filtration de Hodge pour certaines variétés algébriques sur les corps locaux. Ann. of Math. (2), 119(3) :511–548, 1984. Lionel Dorat IRMA Université Louis Pasteur 7 rue René Descartes 67084 Strasbourg Cedex lionel.dorat@ens-lyon.org

Documenta Mathematica 12 (2007) 399–440

Documenta Math. 441

Rings of Integers of Type K(π, 1)

Alexander Schmidt

Received: October 17, 2007

Communicated by Peter Schneider

Abstract. We investigate the Galois group G_S (p) of the maximal pextension unramified outside a finite set S of primes of a number field in the (tame) case, when no prime dividing p is in S. We show that the cohomology of G_S (p) is ‘often’ isomorphic to the étale cohomology of the scheme Spec(O_k ∖ S), in particular, G_S (p) is of cohomological dimension 2 then.

2000 Mathematics Subject Classification: 11R34, 12G10 Keywords and Phrases: Galois cohomology, restricted ramification, cohomological dimension

1 Introduction

We call a connected locally noetherian scheme Y a ‘K(π, 1)’ for a prime number p if the higher homotopy groups of the p-completion Y^{(p)}_{et} of its étale homotopy type Y_{et} vanish. In this paper we consider the case of an arithmetic curve, where the K(π, 1)-property is linked with open questions in the theory of Galois groups with restricted ramification of number fields: Let k be a number field, S a finite set of nonarchimedean primes of k and p a prime number. For simplicity, we assume that p is odd or that k is totally imaginary. By a p-extension we understand a Galois extension whose Galois group is a (pro-) p-group. Let k_S (p) denote the maximal p-extension of k unramified outside S and put G_S (p) = Gal(k_S (p)|k). A systematic study of this group had been started by Šafarevič, and was continued by Koch, Kuz’min, Wingberg and many others; see [NSW], VIII, §7 for basic properties of G_S (p). In geometric terms (and omitting the base point), we have

G_S (p) ∼= π_1 � (Spec(O_k) ∖ S)^{(p)}_{et} � . As is well known to the experts, if S contains the set S_p of primes dividing p, then Spec(O_k) ∖ S is a K(π, 1) for p (see Proposition 2.3 below). In particular, if S ⊃ S_p, then G_S (p) is of cohomological dimension less or equal to 2.

Documenta Mathematica 12 (2007) 441–471

442 Alexander Schmidt

The group G_S (p) is most mysterious in the tame case, i.e. when S ∩ S_p = ∅. In this case, examples when Spec(O_k) ∖ S is not a K(π, 1) are easily constructed. On the contrary, until recently not a single K(π, 1)-example was known. The following properties of the group G_S (p) were known so far:

• G_S (p) is a ‘fab-group’, i.e. U^{ab} is finite for each open subgroup U ⊂ G. • G_S (p) can be infinite (Golod-Šafarevič). • G_S (p) is a finitely presented pro-p-group (Koch).

A conjecture of Fontaine and Mazur [FM] asserts that G_S (p) has no infinite p-adic analytic quotients.

In 2005, Labute considered the case k = Q and found finite sets S of prime numbers (called strictly circular sets) with p /∈ S such that G_S (p) has cohomological dimension 2. In [S1] the author showed that, in the examples given by Labute, Spec(Z) ∖ S is a K(π, 1) for p.

The objective of this paper is a systematic study of the K(π, 1)-property. Our focus is on the tame case, where we conjecture that rings of integers of type K(π, 1) are cofinal in the following sense:

Conjecture 1. Let k be a number field and let p be a prime number. Assume that p ≠ 2 or that k is totally imaginary. Let S be a finite set of primes of k with S ∩S_p = ∅. Let, in addition, a set T of primes of Dirichlet density δ(T ) = 1 be given. Then there exists a finite subset T_1 ⊂ T such that Spec(O_k) ∖ (S ∪ T_1) is a K(π, 1) for p.

Of course we may assume that T ∩ S_p = ∅ in the conjecture. Our main result is the following

Theorem 1. Conjecture 1 is true if the number field k does not contain a primitive p-th root of unity and the class number of k is prime to p.

Explicit examples of rings of integers of type K(π, 1) can be found in [La], [S1] (for k = Q) and in [Vo] (for k imaginary quadratic).

The K(π, 1)-property has strong consequences. We write X = Spec(O_k ) and assume in all results that p ≠ 2 or that k is totally imaginary. Primes p ∈ S ∖ S_p with μ_p ⊄ k_p are redundant in the sense that removing these primes from S does not change (X ∖ S)^{(p)}_{et} , see section 4. In the tame case, we may therefore restrict our considerations to sets of primes whose norms are congruent to 1 modulo p. These are the results.

Theorem 2. Let S be a finite non-empty set of primes of k whose norms are congruent to 1 modulo p. If X ∖ S is a K(π, 1) for p and G_S (p) ≠ 1, then the following hold.

(i) cd G_S (p) = 2, scd G_S (p) = 3.

(ii) G_S (p) is a duality group.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 443

The dualizing module D of G_S (p) is given by D = tor_pC_S (k_S (p)), i.e. it is the subgroup of p-torsion elements in the S-idèle class group of k_S (p).

Remarks: 1. If X ∖ S is a K(π, 1) for p and G_S (p) = 1, then k is imaginary quadratic, #S = 1 and p = 2 or 3. See Proposition 7.4 for a more precise statement.

2. We have a natural exact sequence

0 → μ_p∞ (k_S (p)) → � p∈S Ind^{Gp(kS (p)|k)}

Gal(k_S (p)|k) μp^∞ (kS (p)p) →

tor_pC_S (k_S (p)) → O^×_{kS (p),S} ⊗ Q_p/Z_p → 0 ,

where O^×_{kS (p),S} is the group of S-units of k_S (p) and μ_p∞ (K) denotes the group of all p-power roots of unity in a field K. Note that μ_p∞ (k_S (p)) is finite, while, by Theorem 3 below, for p ∈ S the field k_S (p)_p contains all p-power roots of unity.

3. In the wild case S ⊃ S_p, where X ∖ S is always a K(π, 1) for p, G_S (p) is of cohomological dimension 1 or 2. The strict cohomological dimension is conjecturally equal to 2 (=Leopoldt’s conjecture for each finite subextension of k in k_S (p)). In the wild case, G_S (p) is often, but not always a duality group, cf. [NSW] Prop. 10.7.13.

Allowing ramification at a prime p does not mean that the ramification is realized globally. Therefore it is a natural and interesting question how far we get locally at the primes in S when going up to k_S (p). See [NSW] X, §3 for results in the wild case. In the tame case, we have the following

Theorem 3. Let S be a finite non-empty set of primes of k whose norms are congruent to 1 modulo p. If X ∖ S is a K(π, 1) for p and G_S (p) ≠ 1, then

k_S (p)_p = k_p(p)

for all primes p ∈ S, i.e. k_S (p) realizes the maximal p-extension of the local field k_p.

Remark: Under the assumptions of the theorem, let q /∈ S. Then either q splits completely in k_S (p), or k_S (p) realizes the maximal unramified p-extension k^{nr}_q (p). We do not know whether the completely split case actually occurs.

The next result addresses the question of enlarging the set S without destroying the K(π, 1)-property.

Theorem 4. Let S^′ be a finite non-empty set of primes of k whose norms are congruent to 1 modulo p and let S ⊂ S^′ be a nonempty subset. Assume that X ∖ S is a K(π, 1) for p and that G_S (p) ≠ 1. If each q ∈ S^′ ∖ S does not split completely in k_S (p), then X ∖ S^′ is a K(π, 1) for p. Furthermore, in this

Documenta Mathematica 12 (2007) 441–471

444 Alexander Schmidt

case, the arithmetic form of Riemann’s existence theorem holds: the natural homomorphism ∗ p∈S^′\S(k_S (p))

T_p(k_S′ (p)|k_S (p)) −→ Gal(k_S′ (p)|k_S (p))

is an isomorphism, i.e. Gal(k_S′ (p)|k_S (p)) is the free pro-p product of a bundle of inertia groups.

Finally, we deduce a statement on universal norms of unit groups.

Theorem 5. Let S be a finite non-empty set of primes of k whose norms are congruent to 1 modulo p. Assume that X ∖ S is a K(π, 1) for p and that G_S (p) ≠ 1. Then

lim←−

K⊂k_S (p)

O^×_K ⊗ Z_p = 0 = lim←−

K⊂k_S (p)

O^×_{K,S} ⊗ Z_p,

where K runs through all finite subextensions of k in k_S (p), O^×_K and O^×_{K,S} are the groups of units and S-units of K, respectively, and the transition maps are the norm maps.

The structure of this paper is as follows. First we give the necessary definitions and make some calculations of étale cohomology groups for which we couldn’t find an appropriate reference. In section 4, we deal with the first obstruction against the K(π, 1)-property, the h^2-defect. Then we recall Labute’s results on mild pro-p-groups, which we use in the proof of Theorem 1 given in section 6. In the last three sections we prove Theorems 2–5.

The author thanks Denis Vogel for valuable comments on a preliminary version of this paper.

2 First observations

We tacitly assume all schemes to be connected and omit base points from the notation. Let Y be a locally noetherian scheme and let p be a prime number. We denote by Y^{(p)}_{et} the p-completion of the étale homotopy type of Y , see [AM], [Fr]. By ~Y (p) we denote the universal pro-p-covering of Y . The projection ~Y (p) → Y is Galois with group π^{et}_1 (Y )(p) = π_1(Y^{(p)}_{et} ), cf. [AM], (3.7). Any discrete p-torsion π^{et}_1 (Y )(p)-module M defines a locally constant sheaf on Y_{et}, which we denote by the same letter. The Hochschild-Serre spectral sequence defines natural homomorphisms

ϕ_{M,i} : H^i(π^{et}_1 (Y )(p), M) −→ H^i_{et}(Y, M), i ≥ 0.

Since H^1_{et}( ~Y (p), M) = 0, the map ϕ_{M,i} is an isomorphism for i = 0 and 1, and is injective for i = 2. For a pro-p-group G we denote by K(G, 1) the associated Eilenberg-MacLane space ([AM], (2.6)).

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 445

Proposition 2.1. The following conditions are equivalent:

(i) The classifying map Y^{(p)}_{et} −→ K(π^{et}_1 (Y )(p), 1) is a weak equivalence.

(ii) π_i(Y^{(p)}_{et} ) = 0 for all i ≥ 2.

(iii) H^i_{et}( ~Y (p), Z/pZ) = 0 for all i ≥ 1.

(iv) ϕ_{Z/pZ,i} : H^i(π^{et}_1 (Y )(p), Z/pZ) −→ H^i_{et}(Y, Z/pZ) is an isomorphism for all i ≥ 0.

(v) ϕ_{M,i} : H^i(π^{et}_1 (Y )(p), M) −→ H^i_{et}(Y, M) is an isomorphism for all i ≥ 0 and any discrete p-torsion π^{et}_1 (Y )(p)-module M.

Proof. The equivalences (i)⇔(ii)⇔(v) are the content of [AM], (4.3), (4.4). The equivalence (iii)⇔(iv) follows in a straightforward manner from the Hochschild- Serre spectral sequence. The implication (v)⇒(iv) is trivial. Assume that (iv) holds. As π^{et}_1 (Y )(p) is a pro-p-group, any finite p-primary π^{et}_1 (Y )(p)-module M has a composition series with graded pieces isomorphic to Z/pZ with trivial π^{et}_1 (Y )(p)-action ([NSW], Corollary 1.7.4). Hence, if M is finite, the five-lemma implies that ϕ_{M,i} is an isomorphism for all i. An arbitrary discrete p-primary π^{et}_1 (Y )(p)-module is the filtered inductive limit of finite p-primary π^{et}_1 (Y )(p)-modules. Since group cohomology ([NSW], Proposition 1.5.1) and étale cohomology ([AGV], VII, 3.3) commute with filtered inductive limits, ϕ_{M,i} is an isomorphism for all i and all discrete p-torsion π^{et}_1 (Y )(p)-modules M. This implies (v) and completes the proof.

Definition. We say that Y is a ‘K(π, 1) for p’ if the equivalent conditions of Proposition 2.1 are satisfied.

Now let k be a number field, S a finite set of nonarchimedean primes of k and p a prime number. We put X = Spec(O_k). The following observation is straightforward.

Corollary 2.2. Let k^′ be a finite subextension of k in k_S (p) and let X^′ = Spec(O_k′ ), S^′ = S(k^′). Then the following are equivalent.

(i) X ∖ S is a K(π, 1) for p,

(ii) X^′ ∖ S^′ is a K(π, 1) for p.

Proof. Both schemes have the same universal pro-p-covering.

We denote by S_p and S_∞ the set of primes of k dividing p and the set of archimedean primes of k, respectively. For a set S of primes (which may contain archimedean places), let k_S (p) be the maximal p-extension of k unramified

Documenta Mathematica 12 (2007) 441–471

446 Alexander Schmidt

outside S and G_S (p) = Gal(k_S (p)|k). For a finite set S of nonarchimedean primes of k we have the identification

π^{et}_1 ((X ∖ S)^{(p)}_{et} ) = G_{S∪S∞} (p).

If p is odd or k is totally imaginary, then G_S (p) = G_{S∪S∞} (p). The following proposition is given for sake of completeness. It deals with the ‘wild’ case S ⊃ S_p, and is well known.

Proposition 2.3. If S contains S_p, then X ∖ S is a K(π, 1) for p.

Proof. We verify condition (v) of Proposition 2.1. Let k_{S∪S∞} be the maximal extension of k unramified outside S ∪S_∞ and put G_{S∪S∞} = Gal(k_{S∪S∞} |k). For any p-primary discrete G_{S∪S∞} (p)-module M the homomorphism ϕ_{M,i} factors as H^i(G_{S∪S∞} (p), M) → H^i(G_{S∪S∞} , M) → H^i_{et}(X ∖ S, M).

By [NSW], Cor. 10.4.8, the left map is an isomorphism. That also the right map is an isomorphism follows in a straightforward manner by using the Kummer sequence, the Principal Ideal Theorem and known properties of the Brauer group, see for example [Zi], Prop. 3.3.1. or [Mi], II Prop. 2.9.

Remark: If p = 2 and k has real places it is useful to work with the modified étale site defined by T. Zink [Zi], which takes the real archimedean places of k into account. Proposition 2.3 holds true also for the modified étale site, see [S2], Thm. 6.

3 Calculation of étale cohomology groups

As a basis of our investigations, we need the calculation of the étale cohomology groups of open subschemes of Spec(O_k) with values in the constant sheaf Z/pZ. Let p be a fixed prime number. All cohomology groups are taken with respect to the constant sheaf Z/pZ, which we omit from the notation. Furthermore, we use the notation

h^i(−) = dim_{Fp} H^i_{et}(−) (= dim_{Fp} H^i_{et}(−, Z/pZ) )

for the occurring cohomology groups. We start with some well-known local computations.

Proposition 3.1. Let k be a nonarchimedean local field of characteristic zero and residue characteristic ℓ. Let X = Spec(O_k) and let x be the closed point of X. Then the étale local cohomology groups H^i_x(X) vanish for i ≤ 1 and i ≥ 4, and

h^2_x(X) = � δ, if ℓ ≠ p, δ + [k : Q_p], if ℓ = p,

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 447

where δ = 1 if μ_p ⊂ k and zero otherwise. Furthermore, h^3_x(X) = δ. In particular, we have the Euler-Poincaré characteristic formula 3� i=0 (−1)^ih^i_x(X) = � 0, if ℓ ≠ p, [k : Q_p], if ℓ = p.

Proof. As X is henselian, we have isomorphisms H^i_{et}(X) ∼= H^i_{et}(x) for all i, and therefore h^i(X) = � 1 for i = 0, 1, 0 for i ≥ 2.

Furthermore, X ∖ {x} = Spec(k), hence H^i_{et}(X ∖ {x}) ∼= H^i(k). The local duality theorem (cf. [NSW], Theorem 7.2.15) shows h^2(X ∖ {x}) = δ, and by [NSW], Corollary 7.3.9, we have

h^1(X ∖ {x}) = � 1 + δ if ℓ ≠ p, 1 + δ + [k : Q_p] if ℓ = p.

Furthermore, the natural homomorphism H^1_{et}(X) → H^1_{et}(X ∖ {x}) is injective. Therefore the result of the proposition follows from the exact excision sequence

· · · → H^i_x(X) → H^i_{et}(X) → H^i_{et}(X ∖ {x}) → H^{i+1}_x (X) → · · · .

Now let k be a number field, S a finite set of nonarchimedean primes of k and X = Spec(O_k). We assume for simplicity that p is odd or that k is totally imaginary, so that we can ignore the archimedean places of k for cohomological considerations. We introduce the following notation

r_1 the number of real places of k r_2 the number of complex places of k r = r_1 + r_2, the number of archimedean places of k S_p the set of places of k dividing p δ equal to 1 if μ_p ⊂ k and zero otherwise δ_p equal to 1 if μ_p ⊂ k_p and zero otherwise Cl(k) the ideal class group of k Cl_S (k) the S-ideal class group of k h_k = #Cl(k), the class number of k nA = ker(A^{·n}→ A), where A is an abelian group and n ∈ N A/n = coker(A^{·n}→ A), where A is an abelian group and n ∈ N.

Proposition 3.2. Assume that p ≠ 2 or that k is totally imaginary. Then H^i_{et}(X ∖ S) = 0 for i ≥ 4, and

χ(X ∖ S) := 3� i=0 (−1)^ih^i(X ∖ S) = r − � p∈S∩S_p

[k_p : Q_p] .

Documenta Mathematica 12 (2007) 441–471

448 Alexander Schmidt

In particular, χ(X ∖ S) = � r, if S ∩ S_p = ∅ , −r_2, if S ⊃ S_p .

Proof. The assertion for S = S_p is well known, see [Mi], II Theorem 2.13 (a). Consider the exact excision sequence

· · · → � p∈S H^i_p(X_p) → H^i_{et}(X) → H^i_{et}(X ∖ S) → � p∈S H^{i+1}_p (X_p) → · · · ,

where X_p = Spec(O_{k,p}) is the spectrum of the completion of O_k at p. Using this excision sequence for S = S_p, Proposition 3.1 implies the result for S = ∅, noting that � p∈S_p [kp : Qp] − r2 = [k : Q] − r2 = r. The result for

arbitrary S follows from the case S = ∅, the above excision sequence and from Proposition 3.1.

In order to give formulae for the individual cohomology groups, we consider the Kummer group (cf. [NSW], VIII, §6)

V_S (k) := {a ∈ k^× | a ∈ k^{×p}_p for p ∈ S and a ∈ U_pk^{×p}_p for p /∈ S}/k^{×p}, where U_p denotes the unit group of the local field k_p (convention: U_p = k^×_p if p is archimedean).^1 V_S (k) is a finite group. More precisely, we have the following Proposition 3.3. There exists a natural exact sequence 0 −→ O^×_k /p −→ V_∅(k) −→_pCl(k) −→ 0 .

In particular,

dim_{Fp} V_∅(k) = dim_{Fp p}Cl(k) + dim_{Fp} O^×_k /p = dim_{Fp p}Cl(k) + r − 1 + δ. If S is arbitrary and p /∈ S is an additional prime of k, then we have a natural exact sequence

0 −→ V_{S∪{p}}(k)^ϕ−→ V_S (k) −→ U_pk^{×p}_p /k^{×p}_p . For p /∈ S_p, we have dim_{Fp} coker(ϕ) ≤ δ_p.

Proof. Sending an a ∈ V_∅(k) to the class in Cl(k) of the fractional ideal a with (a) = a^p yields a surjective homomorphism V_∅(k) →_pCl(k) with kernel O^×_k /p. This, together with Dirichlet’s Unit Theorem, shows the first statement. The second exact sequence follows immediately from the definitions. There are natural isomorphisms U_pk^{×p}_p /k^{×p}_p ∼= U_p/U_p ∩ k^{×p}_p = U_p/U^p_p .

For p /∈ S_p we have dim_{Fp} U_p/U^p_p = δ_p, showing the last statement.

1In terms of flat cohomology, we have V_S (k) = ker ` H^1_fl (X ∖ S, μ_p) → L p∈S H^1(k_p, μ_p) ´ . Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 449 The étale cohomology groups of X ∖ S have the following dimensions. Theorem 3.4. Let S be a finite set of nonarchimedean primes of k. Assume p ≠ 2 or that k is totally imaginary. Then H^i_{et}(X ∖ S) = 0 for i ≥ 4 and h^0(X ∖ S) = 1 , h^1(X ∖ S) = 1 + � p∈S δ_p − δ + dim_{Fp} V_S + � p∈S∩S_p

[k_p : Q_p] − r, h^2(X ∖ S) = � p∈S δ_p − δ + dim_{Fp} V_S + θ , h^3(X ∖ S) = θ .

Here θ is equal to 1 if δ = 1 and S = ∅, and zero in all other cases. Proof. The statement on h^0 is trivial and the vanishing of H^i for i ≥ 4 was already part of Proposition 3.2. Artin-Verdier duality (see [Ma], 2.4 or [Mi], Theorem 3.1) shows H^3_{et}(X)^∨ ∼= Hom_X (Z/pZ, G_m) = μ_p(k).

Consider the exact excision sequence � p∈S H^3_p (X_p)^α→ H^3_{et}(X)^β→ H^3_{et}(X ∖ S)→ � p∈S H^4_p (X_p).

By Proposition 3.1, the right hand group is zero, hence β is surjective. By the local duality theorem (see [Ma], 2.4, [Mi], II Corollary 1.10), the dual map to α is the natural inclusion μ_p(k) → � p∈S μ_p(k_p),

which is injective, unless δ = 1 and S = ∅. Therefore h^3(X ∖ S) = 1 if δ = 1 and S = ∅, and zero otherwise. Using the isomorphism H^1(G_S (p))^∼→ H^1_{et}(X ∖ S), the statement on h^1 follows from the corresponding formula for the first cohomology of G_S (p), see [NSW], Theorem 8.7.11. Finally, the result for h^2 follows by using the Euler-Poincaré characteristic formula in Proposition 3.2.

Corollary 3.5. Assume that δ = 0 or S ≠ ∅. Then X ∖ S is a K(π, 1) for p if and only if the following conditions (i) and (ii) are satisfied.

(i) ϕ_2 : H^2(G_S (p)) → H^2_{et}(X ∖ S) is an isomorphism, (ii) cd G_S (p) ≤ 2.

Documenta Mathematica 12 (2007) 441–471

450 Alexander Schmidt

Proof. The given conditions are obviously necessary. Furthermore, ϕ_0 and ϕ_1 are isomorphisms and H^i_{et}(X ∖ S) = 0 for i ≥ 3 by Theorem 3.4. Therefore (i) and (ii) imply that ϕ_i is an isomorphism for all i. Hence condition (iv) of Proposition 2.1 is satisfied for X ∖ S and p.

Let F be a locally constant sheaf on (X ∖ S)_{et}. For each prime p the composite map O_{k,S} → k → k_p induces natural maps H^i_{et}(X ∖ S, F ) → H^i(k_p, F ) for all i ≥ 0.

Definition. For any locally constant sheaf F on (X ∖ S)_{et} we put

X^i(k, S, F ) := ker � H^i_{et}(X ∖ S, F ) −→ � p∈S H^i(k_p, F ) � . Assume a prime number p is fixed. Then we write X^i(k, S) := X^i(k, S, Z/pZ) and, following historical notation, we put B_S (k) := V_S (k)^∨, where ∨ denotes the Pontryagin dual.

The next theorem is sharper than [NSW], Thm. 8.7.4, as the group X^2(G_S ), which was considered there, is a subgroup of X^2(k, S). If p = 2 and k has real places, then Theorem 3.6 remains true after replacing étale cohomology with its modified version.

Theorem 3.6. Assume p ≠ 2 or that k is totally imaginary. Then there exists a natural isomorphism X^2(k, S)^∼−→ B_S (k).

Proof. The proof of [NSW], Thm. 8.7.4 can be adapted to show also the stronger statement here. However, we decided to take the short cut by using flat duality. For any prime p of k one easily computes the local cohomology groups for the flat topology as H^1_{fl ,p}(X, μ_p) = 0 and H^2_{fl ,p}(X, μ_p) ∼= k^×_p /U_pk^{×p}_p . Therefore excision and Kummer theory imply an exact sequence

0 → H^1_fl (X, μ_p) → k^×/k^{×p} → � p k^×_p /U_pk^{×p}_p .

As H^1_fl (X^h_p , μ_p) ∼= U_p/p, we obtain the exact sequence

(∗) 0 → V_S (k) → H^1_fl (X, μ_p) → � p∈S H^1_fl (X^h_p , μ_p).

By excision, and noting H^3_p (X, Z/pZ) ∼= H^2(k_p, Z/pZ), we have an exact sequence

(∗∗) � p∈S H^2_p (X, Z/pZ) → H^2_{et}(X, Z/pZ) → X^2(k, S) → 0.

Comparing sequences (∗) and (∗∗) via local and global flat duality, we obtain the asserted isomorphism.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 451

We provide the following lemma for further use.

Lemma 3.7. Let K ⊂ k_S (p) be an extension of k inside k_S (p) and let (X ∖ S)_K be the normalization of X ∖ S in K. If δ = 0, or S ≠ ∅ or K|k is infinite, then H^3_{et}((X ∖ S)_K ) = 0.

Proof. We denote the normalization of X ∖ S in any algebraic extension field k^′ of k by (X ∖ S)_k′ . Étale cohomology commutes with inverse limits of schemes if the transition maps are affine (see [AGV], VII, 5.8). Therefore

H^3((X ∖ S)_K ) = lim−→

k^′ ⊂K

H^3((X ∖ S)_k′ ),

where k^′ runs through all finite subextensions of k in K. If δ = 0 or S ≠ ∅, then, by Theorem 3.4, H^3_{et}((X ∖ S)_k′ ) = 0 for all k^′ and the limit is obviously zero. Assume δ = 1 and S = ∅. Then, by Artin-Verdier duality,

H^3_{et}(X_k′ ) ∼= μ_p(k^′)^∨.

For k^′ ⊂ k^{′′} ⊂ K, the transition map

H^3_{et}(X_k′ ) → H^3_{et}(X_k′′ )

is the dual of the norm map N_k′′_{|k}′ : μ_p(k^{′′}) → μ_p(k^′), hence the zero map if k^′ ≠ k^{′′}. As K|k is infinite, the limit vanishes.

4 Removing the h^2-defect

We start by extending the notions introduced before to infinite sets of primes S. Let k be a number field and S a set of nonarchimedean primes of k. We set X = Spec(O_k) and X ∖ S = Spec(O_{k,S} ),

which makes sense also if S is infinite. Let F be a sheaf on X ∖ S which comes by restriction from X ∖ T for some finite subset T ⊂ S. As each open subscheme of X is affine, we have

H^i_{et}(X ∖ S, F ) ∼= lim−→

T ⊂S^′⊂S S^′ finite

H^i_{et}(X ∖ S^′, F )

for all i ≥ 0.

We fix a prime number p and put the running assumption that k is totally imaginary if p = 2. Hence we may ignore archimedean primes for cohomological considerations. The notion of being a K(π, 1) for p extends in an obvious manner to the case when S is infinite. Also the isomorphism

X^2(k, S)^∼−→ B_S (k)

Documenta Mathematica 12 (2007) 441–471

452 Alexander Schmidt

generalizes to infinite S by passing to the limit over all finite subsets S^′ ⊂ S. In particular, X^2(k, S) is finite.

For the remainder of this paper, we assume that S ∩ S_p = ∅. We also keep the running assumption p ≠ 2 or k is totally imaginary.

For shorter notation, we drop p wherever possible. We write G_S instead of G_S (p), k_S for k_S (p), and so on. Unless mentioned otherwise, all cohomology groups are taken with values in Z/pZ. We keep this notational convention for the rest of this paper.

If p ∤ p is a prime with μ_p ⊄ k_p, then every p-extension of the local field k_p is unramified (see [NSW], Proposition 7.5.1). Therefore primes p /∈ S_p with N(p) ≢ 1 mod p cannot ramify in a p-extension. Removing all these redundant primes from S, we obtain a subset S_{min} ⊂ S which has the property that G_S = G_{Smin} . Moreover, we have the

Lemma 4.1. The natural map

(X ∖ S)^{(p)}_{et} −→ (X ∖ S_{min})^{(p)}_{et}

is a weak homotopy equivalence.

Proof. By [AM], (4.3), it suffices to show that for every discrete p-primary G_S -module M the natural maps H^i_{et}(X ∖ S_{min}, M) → H^i_{et}(X ∖ S, M) are isomorphisms for all i. By the same argument, as in the proof of Proposition 2.1, (iv)⇒(v), we may suppose that M = Z/pZ. Using the excision sequence, it therefore suffices to show that the group H^i_p(X ∖ S_{min}, Z/pZ) vanishes for all p ∈ S ∖ S_{min}. This follows from Proposition 3.1.

Therefore we can replace S by S_{min} and make the following notational convention for the rest of this paper.

The word ‘prime’ means nonarchimedean prime with norm ≡ 1 mod p.

At this point it is useful to redefine the notion of Dirichlet density.

Definition. Let S be a set of primes of k (of norm ≡ 1 mod p). The p-density Δ^p(S) is defined by Δ^p(S) = δ_{k(μp )} � S(k(μ_p)) � , where S(k(μ_p)) is the set of prolongations of primes in S to k(μ_p) and δ_{k(μp )} denotes the Dirichlet density on the level k(μ_p). In other words,

Δ^p(S) = d · δ_k(S), where d = [k(μ_p) : k].

The set of all primes (of norm ≡ 1 mod p) has p-density equal to 1.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 453

Proposition 4.2. Let S be a set of primes of p-density Δ^p(S) = 1. Then there exists a finite subset T ⊂ S with B_T (k) = 0. In particular, B_S (k) = 0 = X^2(k, S).

Proof. By the Hasse principle for the module μ_p, see [NSW], Thm. 9.1.3 (ii), and Kummer theory, the natural map

k^×/k^{×p} −→ � p∈S k^×_p /k^{×p}_p

is injective, hence V_S (k) = 0. Furthermore V_∅(k) is finite. Choosing to each nonzero element α of V_∅(k) a prime p ∈ S with α /∈ k^{×p}_p , we obtain a finite subset T ⊂ S with V_T (k) = 0.

Theorem 4.3. Let k be a number field and let S be a set of primes of k of p-density Δ^p(S) = 1. Then X ∖ S is a K(π, 1) for p.

Proof. Let T ⊂ S be a finite subset. By [NSW], Thm. 9.2.2 (ii), the natural map H^1_{et}(X ∖ (S ∪ S_p)) −→ � p∈T ∪S_p

H^1(k_p)

is surjective. A class in H^1_{et}(X ∖ (S ∪ S_p)) which maps to zero in H^1(k_p) for all p | p is contained in H^1_{et}(X ∖ S). Therefore, also the map

H^1_{et}(X ∖ S) −→ � p∈T H^1(k_p)

is surjective. Hence the maximal elementary abelian extension of k in k_S realizes the maximal elementary abelian extension of k_p in k_p(p) for all p ∈ S. Applying the same argument to each finite subextension of k in k_S , we conclude that k_S realizes k_p(p) for all p ∈ S. In particular, � p∈S(k_S )

H^2((k_S )_p) = 0.

Furthermore, by Proposition 4.2, X^2(K, S(K)) = 0 for all finite subextensions K of k in k_S . We obtain

H^2_{et}((X ∖ S)_{kS} ) = 0.

As there is no cohomology in dimension greater or equal 3, condition (iii) of Proposition 2.1 is satisfied.

In order to proceed, we make the following definitions.

Definition. Let S be a finite set of primes (of norm ≡ 1 mod p).

(i) We say that S is p-large if B_S (k, p) = 0.

Documenta Mathematica 12 (2007) 441–471

454 Alexander Schmidt (ii) We put δ^2_S (k) = h^2(X ∖ S) − h^2(G_S ) and call this number the h^2-defect of S (with respect to p).

(iii) We denote by k^{el}_S the maximal elementary abelian p-extension of k inside k_S .

If S is p-large, then X^2(k, S) = 0, and so, for any set T ⊃ S, the natural maps H^2(G_S ) → H^2(G_T ) and H^2_{et}(X ∖ S) → H^2_{et}(X ∖ T ) are injective. Lemma 4.4. Let S be p-large and let p be a prime (of norm ≡ 1 mod p) which does not split completely in k^{el}_S |k. Then δ^2_{S∪{p}}(k) ≤ δ^2_S (k).

Furthermore, the natural map H^2(G_{S∪{p}}) −→ H^2(k_p) is surjective. Proof. Put S^′ = S ∪ {p}. By Theorem 3.4, the extension k^{el}_S′ |k is ramified at p. Therefore k^{el}_S′ realizes the maximal elementary abelian p-extension k^{el}_p of the local field k_p, i.e. the map H^1(G_S′ (p)) −→ H^1(k_p) is surjective. As the cup-product H^1(k_p) × H^1(k_p) → H^2(k_p) is surjective, the natural map H^2(G_S′ ) −→ H^2(k_p) is also surjective. The statement of the lemma now follows from the commutative and exact diagram 0 −→ H^2(G_S ) −→ H^2_{et}(X ∖ S) � ∩ � ∩ 0 −→ H^2(G_S′ ) −→ H^2_{et}(X ∖ S^′) ↓ � � � H^2(k_p).

Lemma 4.5. Let S be p-large and let p be a prime. Let T be a set of primes of p-density Δ^p(T ) = 1. Then there exists a prime p^′ ∈ T such that (i) p^′ does not split completely in k^{el}_S |k. (ii) p does not split completely in k^{el}_{S∪{p′}}|k. In particular, δ^2_{S∪{p,p′}}(k) ≤ δ^2_S (k).

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 455

Proof. If p does not split completely in k^{el}_S |k, then condition (ii) is void. By assumption, Δ^p(T ) = δ_{k(μp)}(T (k(μ_p)) = 1. By Čebotarev’s density theorem, we can find a prime P^′ ∈ T (k(μ_p)) which does not split completely in k^{el}_S (μ_p)|k(μ_p). Then p^′ = P^′|_k satisfies (i). Therefore we may assume that p splits completely in k^{el}_S |k. By class field theory, there exists an s ∈ k^× with (a) v_p(s) ≡ 1 mod p, (b) v_q(s) ≡ 0 mod p for all q /∈ S, q ≠ p, and (c) s ∈ k^{×p}_q for all q ∈ S.

Since S is p-large, s is well-defined as an element in k^×/k^{×p}. Now consider the extensions k(μ_p,^p √ s) and k^{el}_{S∪{p}}(μ_p) of k(μ_p). The first one might be contained in the second (only if ζ_p ∈ k) but this does not matter. Using Čebotarev’s density theorem, we find P^′ ∈ T (k(μ_p)) such that Frob_{P′} is nonzero in Gal(k(μ_p,^p √ s)|k(μ_p)) and non-zero in Gal(k^{el}_{S∪{p}}(μ_p)|k(μ_p)). We put p^′ = P^′|_k. Then p^′ does not split completely in k^{el}_S |k and s /∈ k^{×p}_p′ = k(μ_p)^{×p}_P′ . We claim that p does not split completely in k^{el}_{S∪{p′}}|k: Otherwise there would exist a t ∈ k^× satisfying conditions (a) – (c) above and with t ∈ k^{×p}_p′ . Since s/t ∈ B_S (k) = 0, we obtain s/t ∈ k^{×p}. Hence s ∈ k^{×p}_p′ giving a contradiction. Hence condition (i) and (ii) are satisfied.

Lemma 4.6. Let S be a finite set of primes and let T be a set of primes of p-density Δ^p(T ) = 1. Then there exists a finite subset T_1 ⊂ T such that S ∪ T_1 is p-large and such that the natural inclusion

H^2(G_{S∪T1} (k)) −→ H^2_{et}(X ∖ (S ∪ T_1))

is an isomorphism.

Proof. We first move finitely many primes from T to S to achieve that S is p-large. If δ^2_S (k) is zero, we are ready. Otherwise, consider the commutative diagram H^2(G_S ) −→ H^2(G_{S∪T} ) � ∩ � �^≀

H^2_{et}(X ∖ S) −→ H^2_{et}(X ∖ (S ∪ T ))

in which the right hand isomorphism follows from Theorem 4.3. Let x ∈ H^2_{et}(X ∖ S) but x /∈ H^2(G_S ). Then there exists a finite subset T_0 ⊂ T such that x ∈ H^2(G_{S∪T0} ). Let T_0 = {p_1, . . . , p_n}. We choose p^′_1, . . . , p^′_n ∈ T according to Lemma 4.5 and put T_1 = {p_1, . . . , p_n, p^′_1, . . . , p^′_n}. Then the natural map

H^2(G_{S∪T1} )^ϕ−→ n� i=1 H^2(k_{pi} ) × n� i=1 H^2(k_p′_i )

is surjective. We have H^2(G_S ) ⊂ ker(ϕ) and also x ∈ ker(ϕ). Hence δ^2_{S∪T1} (k) < δ^2_S (k). Iterating this process, we obtain a set with trivial h^2-defect.

Documenta Mathematica 12 (2007) 441–471

456 Alexander Schmidt

5 Review of mild pro-p-groups

In the following we recall definitions and results from J. Labute’s paper [La]. Only interested in our application, we are slightly less general than Labute.

Let R be a principal ideal domain and let L be the free R-Lie algebra over ξ_1, . . . , ξ_n, n ≥ 1. We view L as graded algebra where the degree of ξ_i is 1. Let ρ_1, . . . , ρ_m, m ≥ 1, be homogeneous elements in L with ρ_i of degree h_i and let r = (ρ_1, . . . , ρ_m) be the ideal of L generated by ρ_1, . . . , ρ_m. Let g = L/r and U_g be the universal enveloping algebra of g. Then M = r/[r, r] is a U_g-module via the adjoint representation.

Definition. The sequence ρ_1, . . . , ρ_m is called strongly free if U_g is a free R-module and M = r/[r, r] is the free U_g-module on the images of ρ_1, . . . , ρ_m in M.

Let us consider the special case when R = k[π] is the polynomial ring in one variable π over a field k. Then L̄ = L/π is a free k-Lie algebra and the next theorem shows that we can detect strong freeness by reduction. We denote the image in L̄ of an element ρ ∈ L by ρ̄.

Theorem 5.1. ([La], Th. 3.10) The sequence ρ_1, . . . , ρ_m in L is strongly free if and only if the sequence ρ̄_1, . . . , ρ̄_m is strongly free in L̄.

Over fields, we have the following criterion for strong freeness. Let R = k be a field, X a finite set and S ⊂ X a subset. Let L(X) be the free Lie algebra over X and let a be the ideal of L(X) generated by the elements ξ ∈ X ∖ S. Put

T = { [ξ, ξ^′] | ξ ∈ X ∖ S, ξ^′ ∈ S} ⊂ a.

Theorem 5.2. ([La], Th. 3.3, Cor. 3.5) If ρ_1, . . . , ρ_m are homogeneous elements of a which lie in the k-span of T modulo [a, a] and which are linearly independent over k modulo [a, a] then the sequence ρ_1, . . . , ρ_m is strongly free in L.

Let p be an odd prime number and let G be a pro-p-group. We consider the descending p-central series (G_n)_{n≥1}, which is defined recursively by

G_1 = G, G_{n+1} = G^p_n[G, G_n].

The quotients gr_n(G) = G_n/G_{n+1}, denoted additively, are F_p-vector spaces. The graded vector space gr(G) = � n≥1 gr_n(G)

has a Lie algebra structure over the polynomial ring F_p[π], where multiplication by π is induced by x → x^p and the bracket operation for homogeneous elements is induced by the commutator operation in G, see [NSW], III, §8. For g ∈ G, g ≠ 1, let the natural number h(g) be defined by

g ∈ G_{h(G)}, g /∈ G_{h(G)+1}.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 457

This definition makes sense because � n G_n = {1}, see [NSW], Prop. 3.8.2. The image ω(g) of g in gr_{h(g)}(G) is called the initial form of g.

Let F be the free pro-p-group over elements x_1, . . . , x_n, n ≥ 1. Then h(x_i) = 1, i = 1, . . . , n, and L = gr(F )

is the free F_p[π]-Lie algebra over ξ_1, . . . , ξ_n, where ξ_i = ω(x_i), i = 1, . . . , n, see [Lz]. Let r_1, . . . , r_m, m ≥ 1, be a sequence of elements in F_2 = F^p[F, F ] ⊂ F and let R = (r_1, . . . , r_m)_F be the closed normal subgroup of F generated by r_1, . . . , r_m. Put ρ_i = ω(r_i) ∈ L.

Definition. A pro-p-group G is called mild if there exists a presentation

1 −→ R −→ F −→ G −→ 1

with F a free pro-p-group on generators x_1, . . . , x_n and R = (r_1, . . . , r_m)_F such that the associated sequence ρ_1, . . . , ρ_m is strongly free in L = gr(F ).

Essential for our application is the following property of mild pro-p-groups.

Theorem 5.3. ([La], Th. 1.2(c)) If G is a mild pro-p-group, then cd G = 2.

Now let G be a finitely presented pro-p-group and let

1 −→ R −→ F −→ G −→ 1

be a minimal presentation, i.e. F is the free pro-p-group on generators x_1, . . . , x_n where n = dim_{Fp} H^1(G) and R = (r_1, . . . , r_m)_F with m = dim_{Fp} H^2(G), cf. [NSW], (3.9.5). Then the images ξ_i = ω(x_i), i = 1, . . . , n, of x_1, . . . , x_n are a basis of the F_p-vector space F/F_2 = H_1(F ) = H_1(G) = G/G_2. For y ∈ F_n and a ∈ Z_p the class of y^a modulo F_{n+1} only depends on the residue class ā ∈ F_p of a. Every element r ∈ R ⊂ F_2 has a representation r ≡ n� j=1 (x^p_j )^{aj} · � 1≤k<l≤n

[x_k, x_l]^{akl} mod F_3,

where a_j , a_{k,l} ∈ F_p. These coefficients are uniquely defined and can be calculated as follows. As F is free, we have an isomorphism H_2(G) = R^{ab}_G /p. Let r̄ ∈ H_2(G) be the image of r and let χ_1, . . . , χ_n ∈ H^1(G) be the dual F_p-basis of ξ_1, . . . , ξ_n.

Theorem 5.4. a_{kl} = −r̄(χ_k ∪ χ_l) for k < l.

For a proof see [NSW], Prop. 3.9.13, which also gives a description of the a_j using the Bockstein operator.

Using the results above, we obtain a criterion for mildness.

Documenta Mathematica 12 (2007) 441–471

458 Alexander Schmidt

Theorem 5.5. Let G be a finitely presented pro-p-group. Assume there exists a basis χ_1, . . . , χ_n of H^1(G), a basis r̄_1, . . . , r̄_m of H_2(G) and a natural number a, 1 ≤ a < n, such that the following conditions are satisfied

(i) r̄_i(χ_k ∪ χ_l) = 0 for a < k < l ≤ n and i = 1, . . . , m.

(ii) The m×a(n − a) matrix � r̄_i(χ_k ∪ χ_l) � i,(k,l)

, 1 ≤ i ≤ m, 1 ≤ k ≤ a < l ≤ n

has rank m.

Then G is a mild pro-p-group.

Proof. Let ξ_1, . . . , ξ_n ∈ H_1(G) be the dual basis of χ_1, . . . , χ_n. We choose a minimal presentation

(∗) 1 −→ R −→ F −→ G −→ 1

and generators x_1, . . . , x_n ∈ F mapping to ξ_1, . . . , ξ_n ∈ H_1(F ) = H_1(G). Then we choose elements r_1, . . . , r_m ∈ R mapping to r̄_1, . . . , r̄_m ∈ R^{ab}_G /p = H_2(G). Let X = {ξ_1, . . . , ξ_n}. Then L = gr(F ) is the free F_p[π]-Lie algebra over X and L̄ = L/π is the free F_p-Lie algebra over X. In order to show that G is mild, we have to show that the initial forms ρ_1, . . . , ρ_m of r_1, . . . , r_m are a strongly free sequence in L. By Theorem 5.1 it suffices to show that ρ̄_1, . . . , ρ̄_m ⊂ L̄ are a strongly free sequence. By condition (ii) and Theorem 5.4, we have ρ̄_1, . . . , ρ̄_m ∈ gr_2(L̄) = F_2/F_3F^p.

Now we apply Theorem 5.2 with S = {ξ_{a+1}, . . . , ξ_n} ⊂ X. In the notation of this theorem, a is the ideal generated by ξ_1, . . . , ξ_a in L̄ and

T = {[ξ_i, ξ_j ] | 1 ≤ i ≤ a, a + 1 ≤ j ≤ n}.

By condition (i) and Theorem 5.4, we have ρ̄_i in the F_p-span H of T modulo [a, a]. The elements of T are a basis of H and the coefficient matrix of ρ̄_1, . . . , ρ̄_m is up to sign the transpose of the matrix written in condition (ii). Hence ρ̄_1, . . . , ρ̄_m are linearly independent and, by Theorem 5.2, a strongly free sequence. This concludes the proof.

6 Existence of K(π, 1)’s

Let k be a number field and let p be a prime number with μ_p ⊄ k and assume that Cl(k)(p) = 0. The exact sequence

0 −→ O^×_k −→ k^{× (vq)q}−→ � q Z −→ Cl(k) −→ 0

implies the exactness of

0 −→ O^×_k /p −→ k^×/k^{×p} −→ � q Z/pZ −→ 0.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 459

Let S = {p_1, . . . , p_m} be a finite set of primes of norm ≡ 1 mod p. We choose for i = 1, . . . , m elements s_i ∈ k^×/k^{×p} with v_{pi} (s_i) ≡ 1 mod p and v_q(s_i) ≡ 0 mod p for all primes q ≠ p_i of k. Let furthermore, e_1, . . . , e_r, r = r_1 + r_2 − 1, be a basis of O^×_k /p.

Consider the field

K = k(μ_p,^p √ s_1, . . . ,^p √ s_m,^p √ e_1, . . . ,^p √ e_r).

An inspection of the ramification behaviour shows that Gal(K|k(μ_p)) has the Galois group (Z/pZ)^{m+r} : Indeed, k(μ_p,^p √ e_1, . . . ,^p √ e_r)|k(μ_p) is unramified outside S_p and has Galois group (Z/pZ)^r by Kummer theory. Adjoining^p √ s_i, i = 1, . . . , m, yields a cyclic extension of degree p which is unramified outside S_p ∪ {p_i} and ramified at p_i.

Since μ_p ⊄ k, the extensions k^{el}_S (μ_p)|k(μ_p) and K|k(μ_p) lie in different eigenspaces for the action of Gal(k(μ_p)|k). Therefore Kk^{el}_S |k(μ_p) has Galois group (Z/pZ)^{m+r+n}, with n = dim_{Fp} Gal(k^{el}_S |k) = dim_{Fp} H^1(G_S ).

Assume now that we are given

• a set of primes T of k with T ∩ S = ∅ and with p-density Δ^p_k(T ) = 1, • a nonzero element F ∈ Gal(k^{el}_S |k) = Gal(k^{el}_S (μ_p)|k(μ_p)), • to each p_i, i = 1, . . . , m, a condition C_i which says “split” or “inert”.

By Čebotarev’s density theorem applied to the extension Kk^{el}_S (μ_p)|k(μ_p), we find a prime P ∈ T (Kk^{el}_S (μ_p)) such that

• the image of Frob_P in Gal(k(μ_p,^p √ e_1, . . . ,^p √ e_r)|k(μ_p)) is trivial, • the image of Frob_P in Gal(k(μ_p,^p √ s_i)|k(μ_p)) is trivial if C_i is “split” and nontrivial otherwise, and • the image of Frob_P in Gal(k^{el}_S (μ_p)|k(μ_p)) is equal to F .

Let p ∈ T be the restriction of P to k. Then the natural map O^×_k /p → k^×_p /k^{×p}_p is the zero map. Since_pCl(k) = 0, we obtain O^×_k /p^∼→ V_∅(k) = V_{{p}}(k). By Theorem 3.4, k^{el}_{{p}}|k is cyclic of order p and p is ramified in this extension. Recall that H^1_{nr} (G_p) is defined as the exact annihilator of the inertia group T_p(k^{el}_p |k_p) ⊂ H_1(G_p) in the natural pairing

H_1(G_p) × H^1(G_p) −→ F_p.

Dually, T_p(k^{el}_p |k_p) is the exact annihilator of H^1_{nr} (G_p). The equation T_p(k^{el}_{{p}}|k) = Gal(k^{el}_{{p}}|k) yields an isomorphism

H^1(G_{{p}})^∼−→ H^1(G_p)/H^1_{nr} (G_p).

By class field theory, p_i splits in k^{el}_{{p}}|k if and only if there exists an element s^′_i ∈ k^×/k^{×p} with v_{pi} (s^′_i) ≡ 1 mod p, v_q(s^′_i) ≡ 0 mod p for all q ≠ p_i and s^′_i ∈ k^{×p}_p . Then s^′_i/s_i lies in O^×_k /p, and therefore s_i ∈ k^{×p}_p . Hence p_i splits

Documenta Mathematica 12 (2007) 441–471

460 Alexander Schmidt

in k^{el}_{{p}}|k if and only if s_i is a p-th power in k_p. On the other hand, by our choice of P, s_i is a p-th power in k_p if and only if C_i is “split”. Therefore the following holds:

• the natural map O^×_k /p → k^×_p /k^{×p}_p is the zero map, • Frob_p = F ∈ Gal(k^{el}_S |k), • k^{el}_{{p}}|k is cyclic of order p, • each p_i, i = 1, . . . , m, satisfies condition C_i in k^{el}_{{p}}|k.

Now assume that B_{S ∖ {q}}(k) = 0 for all q ∈ S, in particular, S is p-large. Then all p_i ∈ S ramify in k^{el}_S |k and the 1-dimensional subspaces T_{pi} (k^{el}_S |k), i = 1, . . . , m, in H_1(G_S ) are pairwise different and generate H_1(G_S ). Furthermore assume that δ^2_S (k) = 0. As p does not split completely in k^{el}_S |k, Lemma 4.4 implies δ^2_{S∪{p}}(k) = 0. Since μ_p ⊄ k and by Theorem 3.4, the natural maps H^2(G_S ) → � q∈S H^2(G_q) and H^2(G_{S∪{p}}) → � q∈S∪{p} H

2(G_q) are isomorphisms. We denote the q-component of a global cohomology class α by α_q.

Next we fix a primitive p-th root of unity in k(μ_p) and to each p_1, . . . , p_m a prolongation to k(μ_p). After this choice we have identifications μ_p(k_p) = μ_p((Kk^{el}_S )_P) ∼= F_p and μ_p(k_{pi} ) ∼= F_p, i = 1, . . . , m. In particular, we have an isomorphism H^2(G_p) = H^2(G_p, μ_p) = F_p, and similarly for the p_i. Via these isomorphisms we consider the q-component α_q of a class α ∈ H^2(G_{S∪{p}}) as an element in F_p. Let

π_p ∈ H^1(G_p)/H^1_{nr} (G_p) = H^1(G_p, μ_p)/H^1_{nr} (G_p, μ_p) = k^×_p /U_pk^{×p}_p

be the image of a uniformizer and let χ_p ∈ H^1(G_{{p}}) be the unique pre-image. We denote the image of χ_p in H^1(G_{S∪{p}}) by the same letter. Thus χ_p maps to π_p under the natural map H^1(G_{S∪{p}}) → H^1(G_p)/H^1_{nr} (G_p). Consider the exact pairing

H^1_{nr} (G_p) × H^1(G_p)/H^1_{nr} (G_p) → H^2(G_p) = F_p,

which is induced by local Tate duality, see [NSW], Thm. 7.2.15. Let δ : k^×_p /k^{×p}_p^∼→ H^1(G_p) be the boundary isomorphism of the Kummer sequence and let rec : k^×_p /k^{×p}_p^∼→ H_1(G_p) be the mod-p reciprocity map. Put φ = rec ∘ δ^{−1}. Then the image of χ_p under the composition

H^1(G_S ) −→ H^1(G_p)^ϕ−→ H_1(G_p) −→ H_1(G_S )

is Frob_p, the Frobenius automorphism of the unramified prime p in k^{el}_S |k. By [NSW], Prop. 7.2.13^2), the diagram

H^1(G_p) × H^1(G_p)^∪−→ H^2(G_p) � � � � � �^{≀ φ} � � �^{≀ inv} H^1(G_p) × H_1(G_p)^{can}−→ F_p

2This proposition contains a sign error, see the errata file on the author’s homepage.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 461

commutes. We obtain for any χ ∈ H^1(G_S ) ⊂ H^1(G_{S∪{p}}) the following formula for the p-component of χ ∪ χ_p ∈ H^2(G_{S∪{p}}):

(χ ∪ χ_p)_p = χ(Frob_p).

The image of χ_p in H^1(G_{pi} ) obviously lies in the subgroup H^1_{nr} (G_{pi} ). By the same argument, noting that the cup-product is anti-symmetric, we obtain the equality (χ ∪ χ_p)_{pi} = −χ_p(Frob_{pi} ),

for any χ ∈ H^1(G_S ) mapping to π_{pi} ∈ H^1(G_{pi} )/H^1_{nr} (G_{pi} ), where Frob_{pi} is the Frobenius automorphism of the unramified prime p_i in k^{el}_{{p}}|k. As χ_p is unramified at p_i, the element (χ ∪ χ_p)_{pi} depends only on the image of χ in the one-dimensional F_p-vector space H^1(G_{pi} )/H^1_{nr}(G_{pi} ). Since p_i ramifies in k^{el}_S |k, the map H^1(G_S ) → F_p, χ → (χ ∪ χ_p)_{pi} is the linear form associated to an element t_i ∈ T_{pi} (k^{el}_S |k) ⊂ H_1(G_S ).

Summing up and using the notation and choices above, we obtain the

Lemma 6.1. Let k be a number field and let p be a prime number with μ_p ⊄ k and Cl(k)(p) = 0. Let S = {p_1, . . . , p_m} be a finite p-large set of primes and assume δ^2_S (k) = 0. Let for i = 1, . . . , m elements ε_i ∈ {0, 1} and for i = 1, . . . , n elements d_i ∈ F_p be given, where not all d_i are zero. Let χ_1, . . . , χ_n be a basis of H^1(G_S ). Furthermore, let T be a set of primes of p-density Δ_p(T ) = 1 and with T ∩ S = ∅.

Then there exists a prime p ∈ T such that the following conditions hold with respect to the identifications H^2(G_{pi} ) = F_p, i = 1, . . . , m, and H^2(G_p) = F_p.

• p does not split completely in k^{el}_S |k, • k^{el}_{{p}}|k is cyclic of order p, • χ_1, . . . , χ_n, χ_p is a basis of H^1(G_{S∪{p}}), • (χ_i ∪ χ_p)_p = d_i for i = 1, . . . , n, • For i = 1, . . . , m we have c_i = 0 if and only if ε_i = 0, where c_i ∈ T_{pi} (k^{el}_S |k) ⊂ H_1(G_S ) represents the map H^1(G_S ) → F_p, χ → (χ ∪ χ_p)_{pi} .

Now we are able to prove the following result, which is unessentially sharper than Theorem 1 of the introduction.

Theorem 6.2. Let k be a number field and let p be a prime number such that

μ_p ⊄ k and Cl(k)(p) = 0.

Let S be a finite set of primes of k and let T be a set of primes of p-density Δ^p(T ) = 1. Then there exists a finite subset T_1 ⊂ T such that Spec(O_k) ∖ (S ∪ T_1) is a K(π, 1) for p.

Proof. We may suppose that T ∩ S = ∅. After moving finitely many primes of T to S, we may assume that the following conditions hold:

Documenta Mathematica 12 (2007) 441–471

462 Alexander Schmidt

• B_{S ∖ {p}}(k) = 0 for all p ∈ S, • δ^2_S (k) = 0.

Now let S = {p_1, . . . , p_m}. Then m = h^2(G_S ). Let n = m − r = h^1(G_S ). We will achieve the K(π, 1)-situation by adding m further primes to S. We choose any basis χ_1, . . . , χ_n of H^1(G_S ). Let t_1, . . . , t_m be generators of the inertia groups T_{pi} (k^{el}_S |k) ⊂ H_1(G_S ). Now we add a prime p_{m+1} in the following way:

Let i_1 ∈ {1, . . . , n} be an index such that χ_{i1} (t_1) ≠ 0, and let i^′_1 ∈ {1, . . . , n}, i^′_1 ≠ i_1, be any other index. Now, according to Lemma 6.1, we put the conditions ε_1 = 1 and ε_i = 0 for i ∈ {2, . . . , m},

d_i′_1 = 1 and d_i = 0 for i ∈ {1, . . . , n}, i ≠ i^′_1

to choose a prime p_{m+1} ∈ T such that for i = 1, . . . , n

(χ_i ∪ χ_{pm+1} )_{p1} = λ_1χ_i(t_1), λ_1 ∈ F^×_p , (χ_i ∪ χ_{pm+1} )_{pj} = 0, j = 2, . . . , m

and (χ_i ∪ χ_{pm+1} )_{pm+1} = d_i.

Then in the matrix � (χ_i ∪ χ_{pm+1} )_{pj} � i=1,...,n j=1,...,m+1

the i_1-line has entry ≠ 0 at (i_1, 1) and all other entries zero, while the i^′_1-line has some entry at (i^′_1, 1), the entry 1 at (i^′_1, m + 1) and all other entries zero. In order to proceed, we put χ_{n+1} = χ_{pm+1} and choose an index i_2 ∈ {1, . . . , n} with χ_{i2} (t_2) ≠ 0 and any i^′_2 ∈ {1, . . . , n} with i^′_2 ≠ i_2. We choose conditions as before, completed by ε_{m+1} = 0 and d_{n+1} = 0. Then we choose p_{m+2} according to Lemma 6.1 and such that in the matrix � (χ_i ∪ χ_{pm+2} )_{pj} � i=1,...,n j=1,...,m+2

the i_2-line has entry ≠ 0 at (i_2, 2) and all other entries zero, while the i^′_2-line has some entry at (i^′_2, 2), the entry 1 at (i^′_2, m + 2) and all other entries zero. In addition, our choice implies

(χ_{pm+1} ∪ χ_{pm+2} )_{pm+1} = 0 = (χ_{pm+1} ∪ χ_{pm+2} )_{pm+2}

As χ_{pm+1} and χ_{pm+2} are unramified at p_1, . . . , p_m by construction, we have furthermore (χ_{pm+1} ∪ χ_{pm+2} )_{pi} = 0 for i = 1, . . . , m.

Now we proceed to construct p_{m+3}, . . . , p_{2m} in a similar way, and apply Theorem 5.5 with a = m. For each j, the j-th of the m-steps in the construction produced the two lines ((i_j , j), −) and ((i^′_j , j), −) in the nm×2m-matrix � (χ_i ∪ χ_{pj} )_{pk} � i=1,...,n,j=m+1,...,2m k=1,...,2m

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 463

According to our choices these 2m lines are linearly independent, hence the matrix has rank 2m. Putting T_1 = {p_{m+1}, . . . , p_{2m}}, we conclude by Theorem 5.5 that G_{S∪T1} is a mild pro-p-group. Hence cd G_{S∪T1} = 2 by Theorem 5.3. By Lemma 4.4, we didn’t produce new h^2-defect during our construction, hence δ^2_{S∪T1} (k) = 0. As the étale cohomology is trivial in dimension ≥ 3, we conclude that the homomorphisms

ϕ_i : H^i(G_{S∪T1} , Z/pZ) −→ H^i_{et}(Spec(O_k) ∖ (S ∪ T_1), Z/pZ)

are isomorphisms for all i ≥ 0. Hence condition (v) of Proposition 2.1 is satisfied.

7 Consequences of the K(π, 1)-property

In this section we assume that S is finite and we exclude the case S = ∅ from our considerations. Keeping all conventions made before, we assume p ≠ 2 or k is totally imaginary and S is a non-empty finite set of nonarchimedean primes p with norm N(p) ≡ 1 mod p.

Lemma 7.1. G_S is a fab-group, i.e. the abelianization U^{ab} of every open subgroup U of G_S is finite.

Proof. Let U ⊂ G_S be an open subgroup. The abelianization U^{ab} of U is a finitely generated abelian pro-p-group. If U^{ab} were infinite, it would have a quotient isomorphic to Z_p, which by Galois theory corresponds to a Z_pextension K_∞ of the number field K = k^U_S inside k_S . By [NSW], Theorem 10.3.20 (ii), a Z_p-extension of a number field is ramified at at least one prime dividing p. This contradicts K_∞ ⊂ k_S and we conclude that U^{ab} is finite.

The group theoretical structure of the local Galois groups is well known.

Proposition 7.2. Let p ∈ S. Then Gal(k_p(p)|k_p) is the pro-p-group on two generators σ, τ subject to the relation στσ^{−1} = τ^q . The element τ is a generator of the inertia group, σ is a Frobenius lift and q = N(p).

Proof. This follows from [NSW], Thm. 7.5.2 by passing to the maximal pro-p-factor group.

We obtain the following corollary.

Corollary 7.3. Assume that G_S is infinite. Then, for each p ∈ S, the decomposition group G_p of p in G_S has infinite index.

Proof. The decomposition group G_p is a quotient of the local Galois group Gal(k_p(p)|k_p). If G_p ⊂ G_S would have finite index, it would be an infinite fabgroup by Lemma 7.1. By Proposition 7.2, each infinite quotient of Gal(k_p(p)|k_p) has a surjection to Z_p and is therefore not a fab-group. This contradiction shows that G_p has infinite index in G_S .

Documenta Mathematica 12 (2007) 441–471

464 Alexander Schmidt

The next proposition classifies the degenerate K(π, 1)-case.

Proposition 7.4. X ∖ S is a K(π, 1) and G_S = 1 if and only if S = {p} consists of a single prime and one of the following cases occurs.

(a) p = 2, k ≠ Q( √ −1) is imaginary quadratic, 2 ∤ h_k and N(p) ≢ 1 mod 4,

(b) p = 2, k = Q( √ −1) and N(p) ≢ 1 mod 8,

(c) p = 3, k = (Q √ −3) and N(p) ≢ 1 mod 9.

Proof. Assume G_S = 1 and that X ∖ S is a K(π, 1). Then H^i_{et}(X ∖ S) = 0 for all i ≥ 1. In particular, p ∤ h_k. By Theorem 3.4, h^2(X ∖ S) = 0 implies δ = 1, #S = 1 and V_S = 0. Then, using h^1(X ∖ S) = 0, we obtain r = 1. As δ = 1, the following possibilities remain

(a) p = 2, k ≠ Q( √ −1) is imaginary quadratic and 2 ∤ h_k,

(b) p = 2, k = Q( √ −1),

(c) p = 3, k = (Q √ −3).

In all cases, Proposition 3.3 yields an isomorphism O^×_k /p^∼→ V_∅. The second exact sequence of Proposition 3.3 and the isomorphism U_p/p ∼= U_pk^{×p}_p /k^{×p}_p imply 0 = V_S = ker � O^×_k /p → U_p/p � . Note that O^×_k /p is one-dimensional. In case (a), the unit −1 is a generator of O^×_k /2 which must not be a square in U_p, implying N(p) ≢ 1 mod 4. In case (b), √ −1 is a generator, and in case (c), a generator is given by ζ_3 =^1_2 (−1 + √ −3).

The assertions in the cases (b) and (c) follow similarly. Conversely, assume we are in case (a), (b) or (c). Then we can reverse the given arguments and obtain h^i(X ∖ S) = 0 for all i ≥ 1.

Theorem 7.5. Assume G_S ≠ 1 and that X ∖ S is a K(π, 1). Then the following hold.

(i) cd G_S = 2, scd G_S = 3.

(ii) G_S is a duality group (of dimension 2).

Proof. By Lemma 7.1 and Corollary 3.5, G_S is a fab-group and cd G_S ≤ 2. Now the assertions follow in a purely group-theoretical way: As G_S ≠ 1 and G^{ab}_S is finite, G_S is not free, and we obtain cd G_S = 2. By [NSW], Proposition 3.3.3, it follows that scd G_S ∈ {2, 3}. Assume scd G = 2. We consider the G_S -module

D_2(Z) := lim−→ U U^{ab},

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 465

where the limit runs over all open normal subgroups U �G_S and for V ⊂ U the transition map is the transfer Ver: U^{ab} → V^{ab}, i.e. the dual of the corestriction map cor: H^2(V, Z) → H^2(U, Z) (see [NSW], I, §5). By [NSW], Theorem 3.6.4 (iv), we obtain G^{ab}_S = D_2(Z)^{GS} . On the other hand, U^{ab} is finite for all U and the group theoretical version of the Principal Ideal Theorem (see [Ne], VI, Theorem 7.6) implies D_2(Z) = 0. Hence G^{ab}_S = 0 which implies G_S = 1 producing a contradiction. Hence scd G_S = 3.

It remains to show that G_S is a duality group. By [NSW], Theorem 3.4.6, it suffices to show that the terms

D_i(G_S , Z/pZ) := lim−→ U H^i(U, Z/pZ)^∨

are zero for i = 0, 1. Here U runs through the open subgroups of G_S , ∨ denotes the Pontryagin dual and the transition maps are the duals of the corestriction maps. For i = 0, and V � U, the transition map

cor^∨ : Z/pZ = H^0(V, Z/pZ)^∨ → H^0(U, Z/pZ)^∨ = Z/pZ

is multiplication by (U : V ), hence zero. Therefore D_0(G_S , Z/pZ) = 0, as G_S is infinite. Furthermore,

D_1(G_S , Z/pZ) = lim−→ U U^{ab}/p = 0

by the Principal Ideal Theorem. This finishes the proof.

In order to proceed, we introduce some notation in order to deal with the case of infinite extensions. For a (possibly infinite) algebraic extension K of k we denote by S(K) the set of prolongations of primes in S to K. The set S(K) carries a profinite topology in a natural way. Now assume that M|K|k is a tower of Galois extensions. We denote the inertia group of a prime p ∈ S(K) in the extension M|K by T_p(M|K). For i ≥ 0 we write

�_′

p∈S(K)

H^i(T_p(M|K), Z/pZ)^{df}= lim−→

k^′ ⊂K � p∈S(k^′)

H^i(T_p(M|k^′), Z/pZ),

where the limit on the right hand side runs through all finite subextensions k^′ of k in K. The Gal(K|k)-module

�_′

p∈S(K) H

i(T_p(M|K), Z/pZ) is the maximal discrete submodule of the product � p∈S(K) H

i(T_p(M|K), Z/pZ).

Whenever we deal with local terms associated to the elements of S(K) (e.g. étale cohomology groups) we use restricted sums, which are, in the same manner as above, defined as the inductive limit over the similar terms associated to all finite subextensions of k in K.

A natural question is how far we get locally at the primes in S when going up to k_S .

Documenta Mathematica 12 (2007) 441–471

466 Alexander Schmidt

Proposition 7.6. Assume that X ∖ S is a K(π, 1) and that G_S ≠ 1. Then k_S realizes the maximal unramified p-extension of k_p for all p ∈ S, i.e.

k^{nr}_p (p) ⊂ (k_S )_p for all p ∈ S.

If p ∈ S ramifies in k_S , then (k_S )_p = k_p(p), i.e. k_S realizes the maximal p-extension of k_p.

Proof. For an integral normal scheme Y we write Y_L for the normalization of Y in an algebraic extension L of its function field. Then (X ∖ S)_{kS} is the universal pro-p covering of X ∖ S. We consider the following part of the excision sequence for the pair (X_{kS} , (X ∖ S)_{kS} )

H^2_{et}((X ∖ S)_{kS} ) →

�_′

p∈S(k_S )

H^3_p ((X_{kS} )_p) → H^3_{et}(X_{kS} ).

As G_S is infinite, Lemma 3.7 implies H^3_{et}(X_{kS} ) = 0. By condition (iii) of Proposition 2.1 we have H^2_{et}((X ∖ S)_{kS} ) = 0. Hence H^3_p ((X_{kS} )_p) = 0 for all p ∈ S(k_S ). As H^i_{et}((X_{kS} )_p) = 0 for i ≥ 2, we obtain

H^3_p ((X_{kS} )_p) ∼= H^2((k_S )_p),

where the group on the right hand side is Galois cohomology with values in Z/pZ. As μ_p ⊂ k_p by assumption, the vanishing of H^2((k_S )_p) implies p^∞ | [(k_S )_p : k_p]. In other words, the decomposition group G_p(k_S |k) of each p ∈ S is infinite. As a subgroup of G_S , it has cohomological dimension ≤ 2. Furthermore, G_p(k_S |k) is a factor group of the local Galois group Gal(k_p(p)|k_p), which, by Proposition 7.2, has only three quotients of cohomological dimension less or equal to 2: itself, the trivial group and the Galois group of the maximal unramified p-extension of k_p. Hence k^{nr}_p (p) ⊆ (k_S )_p and (k_S )_p = k_p(p) if p ramifies in k_S .

In order to deduce Theorem 3, it remains to show that each p ∈ S ramifies in k_S . The following lemma provides a first step.

Lemma 7.7. Let p ∈ S be a prime and let S^′ = S ∖ {p}. Assume that the natural injection V_S → V_S′ is an isomorphism. Then p ramifies in k_S .

Proof. Since the map H^1(G_S ) → H^1_{et}(X ∖ S) is an isomorphism, Theorem 3.4 implies dim_{Fp} H^1(G_S ) = 1 + #S − δ + dim_{Fp} V_S − r,

and the same formula holds with S replaced by S^′. Hence

dim_{Fp} H^1(G_S ) = dim_{Fp} H^1(G_S′ ) + 1 .

In particular, G_S′ is a proper quotient of G_S and therefore p ramifies in k_S .

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 467

Corollary 7.8. Assume that X ∖ S is a K(π, 1) and that G_S ≠ 1. Let p ∈ S be a prime and let S^′ = S ∖ {p}. Assume that V_S′ = 0. Then (k_S )_p = k_p(p).

Remark: If V_∅ = 0, then the given criterion applies to any set S and each p ∈ S. This was used in [S1] for k = Q and in [Vo] for imaginary quadratic number fields. If the unit rank of k is non-zero, then V_∅ ≠ 0 and the criterion applies only to sufficiently large sets S.

8 Enlarging the set of primes

Next we consider the problem of enlarging the set S.

Proposition 8.1. Let S ⊂ S^′ be finite sets of primes of norm congruent to 1 modulo p. Assume that X ∖ S is a K(π, 1) and that G_S ≠ 1. Further assume that each q ∈ S^′ ∖ S does not split completely in k_S . Then the following holds.

(i) X ∖ S^′ is a K(π, 1).

(ii) (k_S′ )_q = k_q(p) for all q ∈ S^′ ∖ S.

Furthermore, H^i(Gal(k_S′ |k_S )) = 0 for i ≥ 2. For i = 1 we have a natural isomorphism

H^1(Gal(k_S′ |k_S )) ∼=

�_′

p∈S^′ ∖ S(k_S ))

H^1(T_p(k_S′ |k_S )),

In particular, Gal(k_S′ |k_S ) is a free pro-p-group.

Proof. Let q ∈ S^′ ∖ S. Since q does not split completely in k_S and since cd G_S = 2, the decomposition group of q in k_S |k is a non-trivial and torsionfree quotient of Z_p ∼= G(k^{nr}_q (p)|k_q). Therefore (k_S )_q is the maximal unramified p-extension of k_q. We denote the normalization of an integral normal scheme Y in an algebraic extension L of its function field by Y_L. Then (X ∖ S)_{kS} is the universal pro-p covering of X ∖ S. We consider the étale excision sequence for the pair ((X ∖ S)_{kS} , (X ∖ S^′)_{kS} ). By assumption, X ∖ S is a K(π, 1), hence H^i_{et}((X ∖ S)_{kS} ) = 0 for i ≥ 1 by condition (iii) of Proposition 2.1. This implies isomorphisms

H^i_{et} � (X ∖ S^′)_{kS}

�_∼ → �_′

p∈S^′ ∖ S(k_S )

H^{i+1}_p � ((X ∖ S)_{kS} )_p �

for i ≥ 1. As k_S realizes the maximal unramified p-extension of k_q for all q ∈ S^′ ∖ S, the schemes ((X ∖ S)_{kS} )_p, p ∈ S^′ ∖ S(k_S ) have trivial cohomology with values in Z/pZ and we obtain isomorphisms

H^i((k_S )_p)^∼→ H^{i+1}_p � ((X ∖ S)_{kS} )_p �

Documenta Mathematica 12 (2007) 441–471

468 Alexander Schmidt for i ≥ 1. These groups vanish for i ≥ 2. This implies H^i_{et}((X ∖ S^′)_{kS} ) = 0 for i ≥ 2. The scheme (X ∖ S^′)_{kS′} is the universal pro-p covering of (X ∖ S^′)_{kS} . The Hochschild-Serre spectral sequence yields an inclusion H^2(Gal(k_S′ |k_S )) → H^2_{et}((X ∖ S^′)_{kS} ) = 0.

Hence Gal(k_S′ |k_S ) is a free pro-p-group and

H^1(Gal(k_S′ |k_S ))^∼→ H^1_{et}((X ∖ S^′)_{kS} ) ∼=

�_′

p∈S^′ ∖ S(k_S )

H^1((k_S )_p).

This shows that each p ∈ S^′ ∖ S(k_S ) ramifies in k_S′ |k_S , and since the Galois group is free, k_S′ realizes the maximal p-extension of (k_S )_p. In particular, H^1(T_p(k_S′ |k_S )) ∼= H^1((k_S )_p) for all p ∈ S^′ ∖ S(k_S ). Using that Gal(k_S′ |k_S ) is free, the Hochschild-Serre spectral sequence induces an isomorphism 0 = H^2_{et}((X ∖ S^′)_{kS} )^∼−→ H^2_{et}((X ∖ S^′)_{kS′} )^{Gal(kS′ |kS )}.

Hence H^2_{et}((X ∖ S^′)_{kS′} ) = 0, since Gal(k_S′ |k_S ) is a pro-p-group. Condition (iii) of Proposition 2.1 implies that X ∖ S^′ is a K(π, 1).

Corollary 8.2. Assume that X ∖ S is a K(π, 1), and let S ⊂ S^′ be a finite set of primes of norm ≡ 1 mod p. Assume that each q ∈ S^′ ∖ S does not split completely in k_S . Then the arithmetic form of Riemann’s existence theorem holds, i.e. the natural homomorphism ∗ p∈S^′\S(k_S )

T_p(k_S′ |k_S ) −→ Gal(k_S′ |k_S ) is an isomorphism. Here T_p is the inertia group and ∗ denotes the free pro-p-product of a bundle of pro-p-groups, cf. [NSW], Ch. IV, §3.

Proof. By Proposition 8.1 and by the calculation of the cohomology of a free product ([NSW], 4.3.10 and 4.1.4), ϕ is a homomorphism between free pro-p-groups which induces an isomorphism on mod p cohomology. Therefore ϕ is an isomorphism.

9 Proof of Theorems 3 and 5 Theorem 9.1. Assume that X ∖ S is a K(π, 1) and G_S ≠ 1. Then k_S realizes the maximal p-extension k_p(p) of the local field k_p for all p ∈ S.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 469

Proof. The decomposition groups of primes in S have infinite index by Corollary 7.3. By Corollary 2.2, we may replace k by a finite subextension in k_S , and therefore assume that #S ≥ 2.

By Proposition 7.6, it suffices to show that each p ∈ S ramifies in k_S . Let p ∈ S be a prime which does not ramify in k_S and put S^′ = S ∖ {p}. By Lemma 7.7, the natural injection ϕ: V_S → V_S′ is not an isomorphism. By Proposition 3.3, the cokernel of ϕ is one-dimensional. By Theorem 3.4, we obtain

h^2(X ∖ S^′) = h^2(X ∖ S).

As G_S = G_S′ , we have cd G_S′ = 2 and

h^2(G_S ) = h^2(G_S′ ) ≤ h^2(X ∖ S^′) = h^2(X ∖ S).

As X ∖ S is a K(π, 1), equality holds. Therefore the injection H^2(G_S′ ) → H^2_{et}(X ∖ S^′) is an isomorphism. By Corollary 3.5, X ∖ S^′ is a K(π, 1). By Proposition 7.6, p does not split completely in k_S′ = k_S . By Proposition 8.1, k_S realizes the maximal p-extension of k_p. This yields a contradiction.

Now we are in the position to show Theorem 5.

Proof of Theorem 5. We have H^2_{et}((X ∖ S)_{kS} ) = 0 by condition (iii) of Proposition 2.1. By Theorem 9.1, the local cohomology groups H^2_p ((X_{kS} )_p) vanish for all p ∈ S(k_S ). Therefore the excision sequence yields H^2_{et}(X_{kS} ) = 0. By the flat duality theorem of Artin-Mazur ([Mi], III Corollary 3.2) we have H^2_{et}(X_K )^∨ ∼= H^1_fl (X_K , μ_p) for each finite subextension K of k in k_S . Hence

lim←−

K⊂k_S

H^1_fl (X_K , μ_p) = 0.

The flat Kummer sequence 0 → μ_p → G_m^{·p}→ G_m → 0 implies compatible exact sequences 0 → O^×_K /p → H^1_fl (X_K , μ_p) →_pH^1_fl (X_K , G_m)

for all K. We obtain lim←−

K⊂k_S

O^×_K /p = 0 .

The topological Nakayama-Lemma (see [NSW], Corollary 5.2.8) for the compact Z_p-module lim←− O^×_K ⊗ Z_p therefore implies

lim←−

K⊂k_S

O^×_K ⊗ Z_p = 0 .

Tensoring the exact sequences (cf. [NSW], Lemma 10.3.11)

0 → O^×_K → O^×_{K,S} → � p∈S(K)

(K^×_p /U_p) → Cl(K) → Cl_S (K) → 0

Documenta Mathematica 12 (2007) 441–471

470 Alexander Schmidt

by (the flat Z-algebra) Z_p, we obtain exact sequences of finitely generated, hence compact, Z_p-modules. The field k_S admits no unramified p-extensions. Therefore class field theory implies lim←−_K Cl(K)(p) = 0, where K runs through all finite subextensions of k in k_S . Thus, passing to the projective limit over K, we obtain the exact sequence

0 → lim←−

K⊂k_S

O^×_K ⊗ Z_p → lim←−

K⊂k_S

O^×_{K,S} ⊗ Z_p → lim←−

K⊂k_S � p∈S(K)

(K^×_p /U_p) ⊗ Z_p → 0.

As k_S realizes the maximal unramified p-extension of k_p for all p ∈ S, local class field theory implies the vanishing of the right hand limit. Therefore the result for the S-units follows from the corresponding result for the units.

We have proven all assertions but the statement on the dualizing module in Theorem 2. In [S1], Th. 5.2 we showed this statement under the assumption that k_S realizes the maximal p-extension k_p(p) of k_p for all p ∈ S. This assumption has been shown above, hence the result follows.

Added in proof. As pointed out by K. Wingberg, the proof of Proposition 8.1 does not use that S and S^′ are disjoint from S_p. Hence Theorem 1 also holds if S ∩ S_p ≠ ∅, i.e. the result extends to the mixed case.

References

[AGV] M. Artin, A. Grothendieck and J.-L. Verdier Théorie des Topos et Cohomologie Étale des Schémas. Lecture Notes in Math. 269, 270, 305, Springer, Heidelberg, 1972/73.

[AM] M. Artin and B. Mazur Étale homotopy. Lecture Notes in Math. No.

100 Springer-Verlag, Berlin-New York 1969

[FM] J.-M. Fontaine, B. Mazur Geometric Galois representations. In: Elliptic Curves, Modular Forms, & Fermat’s Last Theorem, edited by J. Coates, and S.T. Yau. International Press, Boston 1995

[Fr] E. M. Friedlander Etale homotopy of simplicial schemes. Princeton University Press 1982.

[La] J. P. Labute Mild pro-p-groups and Galois groups of p-extensions of Q.

J. Reine und angew. Math. 596 (2006), 155–182.

[Lz] M. Lazard Sur les groupes nilpotents et les anneaux de Lie. Ann. Ec.

Norm. Sup. 71 (1954) 101-190

[Ne] J. Neukirch Algebraic Number Theory. Grundlehren der math. Wissenschaften Bd. 322, Springer 1999.

[NSW] J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of Number Fields, Grundlehren der math. Wiss. Bd. 323, Springer-Verlag 2000.

Documenta Mathematica 12 (2007) 441–471

Rings of Integers of Type K(π, 1) 471

[Ma] B. Mazur Notes on étale cohomology of number fields. Ann. Sci. École Norm. Sup. (4) 6 (1973), 521–552.

[Mi] J.S. Milne Arithmetic duality theorems. Academic Press 1986.

[S1] A. Schmidt Circular sets of prime numbers and p-extension of the rationals. J. Reine und angew. Math. 596 (2006), 115–130.

[S2] A. Schmidt On the relation between 2 and ∞ in Galois cohomology of number fields. Compositio Math. 133 (2002), no. 3, 267–288.

[Vo] D. Vogel, Circular sets of primes of imaginary quadratic number fields, Preprints der Forschergruppe Algebraische Zykel und L-Funktionen Regensburg/Leipzig Nr. 5, 2006.

http://www.mathematik.uni-regensburg.de/FGAlgZyk

[Zi] T. Zink Etale cohomology and duality in number fields. Appendix 2 to K. Haberland: Galois cohomology of algebraic number fields. Dt. Verlag der Wissenschaften, Berlin 1978

Alexander Schmidt NWF I - Mathematik Universität Regensburg D-93040 Regensburg Deutschland

Documenta Mathematica 12 (2007) 441–471

Documenta Mathematica 12 (2007)

Documenta Math. 473

Isotropy of Quadratic Spaces

in Finite and Infinite Dimension

Karim Johannes Becher, Detlev W. Hoffmann

Received: October 6, 2006 Revised: September 13, 2007

Communicated by Alexander Merkurjev

Abstract. In the late 1970s, Herbert Gross asked whether there exist fields admitting anisotropic quadratic spaces of arbitrarily large finite dimensions but none of infinite dimension. We construct examples of such fields and also discuss related problems in the theory of central simple algebras and in Milnor K-theory.

2000 Mathematics Subject Classification: 11E04, 11E81, 12D15, 12E15, 12F20, 12G05, 12G10, 16K20, 19D45 Keywords and Phrases: quadratic form, isotropy, infinite-dimensional quadratic space, u-invariant, function field of a quadric, totally indefinite form, real field, division algebra, quaternion algebra, symbol algebra, Galois cohomology, cohomological dimension, Milnor K-theory

1 Introduction

A quadratic space over a field F is a pair (V, q) of a vector space V over F together with a map q : V −→ F such that

• q(λx) = λ^2q(x) for all λ ∈ F , x ∈ V , and

• the map b_q : V × V −→ F defined by b_q (x, y) = q(x + y) − q(x) − q(y) (x, y ∈ V ) is F -bilinear.

If dim V = n < ∞, one may identify (after fixing a basis of V ) the quadratic space (V, q) with a form (a homogeneous polynomial) of degree 2 in n variables. Via this identification, a finite-dimensional quadratic space over F will also be referred to as quadratic form over F . Recall that a quadratic space (V, q) is

Documenta Mathematica 12 (2007) 473–504

474 Karim Johannes Becher, Detlev W. Hoffmann

said to be isotropic, if there exists x ∈ V \ {0} such that q(x) = 0; otherwise, (V, q) is said to be anisotropic.

Questions about isotropy are at the core of the algebraic theory of quadratic forms over fields. A natural and much studied field invariant in this context is the so-called u-invariant of a field F . If F is of characteristic not 2 and nonreal (i.e. −1 is a sum of squares in F ), then u(F ) is defined to be the supremum of the dimensions of anisotropic finite-dimensional quadratic forms over F . See Section 2 for the general definition of the u-invariant. The main purpose of the present article is to give examples of fields having infinite u-invariant but not admitting any anisotropic infinite-dimensional quadratic space. Assume now that the quadratic space (V, q) over F is anisotropic. For any positive integer n ≤ dim(V ), let V_n be any n-dimensional subspace of V and consider the restriction q_n = q|_{Vn} . Clearly, the n-dimensional quadratic form (V_n, q_n) is again anisotropic. This simple argument shows that if there is an anisotropic quadratic space over F of infinite dimension, then there exist anisotropic quadratic forms over F of dimension n for all n ∈ N. While this observation is rather trivial, it motivates us to examine the converse statement. If we assume that the field F has anisotropic quadratic forms of arbitrarily large finite dimensions, does this imply the existence of some anisotropic quadratic space (V, q) over F of infinite dimension? As already mentioned, this is generally not so.

It appears that originally this question has been formulated by Herbert Gross. He concludes the introduction to his book ‘Quadratic forms in infinitedimensional vector spaces’ [12] (published in 1979) by the following sample of ‘a number of pretty and unsolved problems’ in this area, which we state in his words (cf. [12], p. 3):

1.1 Question (Gross). Is there any commutative field which admits no anisotropic ℵ_0-form but which has infinite u-invariant, i.e. admits, for each n ∈ N, some anisotropic form in n variables?

Note that implicitly, Gross is looking for a nonreal field, because anisotropic quadratic spaces of infinite dimension always exist over real fields. (We use the term ‘real field’ for what is often called ‘formally real field’.) Indeed, one observes that the field F is real if and only if the infinite-dimensional quadratic space (V, q) given by V = F^{(N)} and q : V −→ F, (x_i) −→ � x^2_i is anisotropic.

By restricting to those quadratic spaces that are totally indefinite, i.e. indefinite with respect to every field ordering, one can formulate a meaningful analogue of the Gross Question also for real fields, to which we will provide a solution as well.

We also study the Gross Question in characteristic 2 where one has to distinguish between bilinear forms and quadratic forms. For quadratic forms, one furthermore has to distinguish the cases of nonsingular quadratic forms and of arbitrary quadratic forms. The analogue to the Gross Question for nonsingular quadratic forms in characteristic 2 can be treated in more or less the same way as in characteristic not 2, simply by invoking suitable analogues of the results

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 475

that we use in our proofs in the case of characteristic different from 2. Yet, if translated to bilinear forms or to arbitrary quadratic forms (possibly singular) in characteristic 2, it is not difficult to show that the Gross Question has in fact a negative answer, in other words, the ‘bilinear’ resp. ‘general quadratic’ u-invariant is infinite if and only if there exist infinite-dimensional anisotropic bilinear resp. quadratic spaces.

The paper is structured as follows. In the next section, we are going to discuss in more detail the u-invariant of a field and some related concepts. In Section 3 we will give two different constructions of nonreal fields, each giving a positive answer to the Gross Question.

All our constructions will be based on Merkurjev’s method where one starts with an arbitrary field and then uses iterated extensions obtained by composing function fields of quadrics to produce an extension with the desired properties. Our first construction will show the following:

1.2 Theorem I. Let F be a field of characteristic different from 2. There exists a field extension K/F with the following properties:

(i) K has no finite extensions of odd degree.

(ii) For any binary quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K that contain β.

(iii) For any k ∈ N, there is an anisotropic k-fold Pfister form over K.

In particular, K is a perfect, nonreal field of infinite u-invariant, I^kK ≠ 0 for all k ∈ N, and any infinite-dimensional quadratic space over K is isotropic.

Here and in the sequel, I^kF stands for the k^{th} power of IF , the fundamental ideal consisting of classes of even-dimensional forms in the Witt ring W F of F . The proof of this theorem only uses some basic properties of Pfister forms and standard techniques from the theory of function fields of quadratic forms. Varying this construction and using this time products of quaternion algebras and Merkurjev’s index reduction criterion (see [24] or [38], Théorème 1), we will then show the following:

1.3 Theorem II. Let F be a field of characteristic different from 2. There exists a field extension K/F with the following properties:

(i) K has no finite extensions of odd degree and I^3K = 0.

(ii) For any binary quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K that contain β.

(iii) For any k ∈ N, there is a central division algebra over K that is decomposable into a tensor product of k quaternion algebras.

Documenta Mathematica 12 (2007) 473–504

476 Karim Johannes Becher, Detlev W. Hoffmann

In particular, K is a nonreal field of infinite u-invariant, and any infinitedimensional quadratic space over K is isotropic. Furthermore, K is perfect and of cohomological dimension 2.

In Section 4, we will show two analogous theorems for real fields.

1.4 Theorem III. Assume that F is real. Then there exists a field extension K/F with the following properties:

(i) K has a unique ordering.

(ii) K has no finite extensions of odd degree and I^3K is torsion free.

(iii) For any totally indefinite quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K that contain β.

(iv) For any k ∈ N, there is a central division algebra over K that is decomposable into a tensor product of k quaternion algebras.

In particular, K is a real field of infinite u-invariant, and any totally indefinite quadratic space of infinite dimension over K is isotropic; moreover, the cohomological dimension of K( √ −1) is 2.

While this can be seen as a counterpart to Theorem II for real fields, we can also prove an analogue of Theorem I in this situation.

1.5 Theorem IV. Assume that F is real. Then there exists a field extension K/F with the following properties:

(i) K has a unique ordering.

(ii) K has no finite extensions of odd degree.

(iii) For any totally indefinite quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K that contain β.

(iv) for any k ∈ N, there is an element a ∈ K^× which is a sum of squares in K, but not a sum of k squares.

In particular, K is a real field for which the Pythagoras number, the Hasse number, and the u-invariant are all infinite, the torsion part of I^kK is nonzero for all k ∈ N, and any totally indefinite quadratic space of infinite dimension over K is isotropic.

In Section 5, we will discuss the Gross Question for quadratic, nonsingular quadratic, and symmetric bilinear forms in characteristic 2. As already mentioned, for nonsingular quadratic forms, we obtain similar results as in characteristic different from 2, whereas for arbitrary quadratic forms and for symmetric bilinear forms the answer turns out to be negative.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 477

In the final Section 6, we discuss an abstract version of the Gross Question, formulated for an arbitrary monoïd together with two subsets satisfying some requirements. We give examples of such monoïds whose elements are well known objects associated to an arbitrary field, such as central simple algebras or symbols in Milnor K-theory modulo a prime p. In some of the cases that we shall discuss, the answer to (the analogue of) the Gross Question will be positive, in others it will be negative.

For all prerequisites from quadratic form theory in characteristic different from 2 needed in the sequel, we refer to the books of Lam and Scharlau (see [20], [21] and [34]). In general, we use the standard notations introduced there. However, we use a different sign convention for Pfister forms: Given a_1, . . . , a_r ∈ F^×, we write ⟨⟨a_1, . . . , a_r⟩⟩ for the r-fold Pfister form ⟨1, −a_1⟩ ⊗ · · · ⊗ ⟨1, −a_r⟩. If φ is a quadratic form over F and n ∈ N, we denote by n × φ the n-fold orthogonal sum φ ⊥ · · · ⊥ φ.

A quadratic space (V, q) is said to be nonsingular if the radical

Rad(V, q) = {x ∈ V | b_q(x, y) = 0 for all y ∈ V }

is reduced to 0. Anisotropic quadratic spaces in characteristic different from 2 are obviously always nonsingular, but this need not be so in characteristic 2. Given two quadratic spaces (resp. forms) φ and ψ over F . We say that ψ is a subspace (resp. subform) of φ if ψ is isometric to the restriction of φ to some subspace of the underlying vector space of φ. We write ψ ⊂ φ if there exists a quadratic space τ over F such that φ ∼= ψ ⊥ τ. If φ, ψ are quadratic forms over F with ψ nonsingular, then ψ ⊂ φ if and only if ψ is a subform of φ. Unless stated otherwise, the terms ‘form’ or ‘quadratic form’ will always stand for ‘nonsingular quadratic form’. A binary form is a 2-dimensional quadratic form.

We recall the definition of the function field F (φ) associated to a nonsingular quadratic form φ over F in characteristic different from 2. If dim(φ) ≥ 3 or if dim(φ) = 2 and φ is anisotropic, then F (φ) is the function field of the projective quadric given by the equation φ = 0. We put F (φ) = F if φ is the hyperbolic plane or if dim(φ) ≤ 1. We refer to [34], Chapter 4, §5, or [21], Chapter X, for the crucial properties of function field extensions. They will play a prominent rôle in all our constructions.

Let K/F be an arbitrary field extension. If φ is a quadratic form over F , then we denote by φ_K the quadratic form over K obtained by scalar extension from F to K. Similarly, given an F -algebra A, we write A_K for the K-algebra A⊗_F K. Central simple algebras are by definition finite-dimensional. A central simple algebra without zero-divisors will be called a ‘division algebra’ for short. For the basics about central simple algebras and the Brauer group of a field, the reader is referred to [34], Chapter 8, or [31], Chapters 12-13.

2 The derived u-invariant

In this section, all fields are assumed to be of characteristic different from 2.

Documenta Mathematica 12 (2007) 473–504

478 Karim Johannes Becher, Detlev W. Hoffmann

The question about the existence of an anisotropic infinite-dimensional quadratic space over the field F can be rephrased within the framework of finitedimensional quadratic form theory, as we shall see now.

We call a sequence of quadratic forms (φ_n)_{n∈N} over F a chain of quadratic forms over F if, for any n ∈ N, we have dim(φ_n) = n and φ_n ⊂ φ_{n+1}. Given such a chain (φ_n)_{n∈N} over F , the direct limit over the quadratic spaces φ_n with the appropriate inclusions has itself a natural structure of a nonsingular quadratic space over F of dimension ℵ_0 (countably infinite). We denote this quadratic space over F by lim_{n∈N}(φ_n) and observe that it is anisotropic if and only if φ_n is anisotropic for all n ∈ N. Moreover, any infinite-dimensional nonsingular quadratic space over F contains a subspace isometric to the direct limit lim_{n∈N}(φ_n) for some chain (φ_n)_{n∈N} and we thus get:

2.1 Proposition. There exists an anisotropic quadratic space of infinite dimension over F if and only if there exists a chain of anisotropic quadratic forms (φ_n)_{n∈N} over F .

Recall that a form φ is torsion if its Witt class is a torsion element in the Witt ring W F . In [9], Elman and Lam defined the u-invariant of F as

u(F ) = sup {dim(φ) | φ is an anisotropic torsion form over F } .

It is well known that if F is nonreal, then any form over F is torsion, in which case the above supremum is actually taken over all anisotropic forms over F . If F is real, then Pfister’s Local-Global Principle says that torsion forms are exactly those forms that have signature zero with respect to each ordering of F (i.e. that are hyperbolic over each real closure of F ). In the remainder of this section, we are mainly concerned with nonreal fields.

It will be convenient to consider also the following relative u-invariants. Given an anisotropic quadratic form φ over F , we define

u(φ, F ) = sup {dim(ψ) | ψ anisotropic form over F with φ ⊂ ψ} .

Note that, trivially, dim(φ) ≤ u(φ, F ). If F is nonreal, we further have that u(φ, F ) ≤ u(F ) with equality if dim φ = 1. Moreover, if φ_1 and φ_2 are anisotropic forms over F such that φ_1 ⊂ φ_2, then u(φ_1, F ) ≥ u(φ_2, F ). We introduce now the derived u-invariant of F as

u^′(F ) = sup {dim(φ) | φ anisotropic form over F with u(φ, F ) = ∞}.

Whenever there exists an anisotropic form φ over F with u(φ, F ) = ∞, we have u^′(F ) > 0; if no such forms exist, we put u^′(F ) = sup ∅ = 0.

2.2 Proposition. If there exists an infinite-dimensional quadratic space over F , then u^′(F ) = ∞.

Proof. Assume that there exists an anisotropic infinite-dimensional quadratic space over F . Then there is also a chain (φ_n)_{n∈N} of anisotropic forms over F . Obviously, u(φ_n, F ) = ∞ for any n ∈ N, and therefore u^′(F ) = ∞.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 479

In particular, the proposition shows that u^′(F ) = ∞ if F is a real field. Certainly, one could modify the definition of u^′ to make this invariant more interesting for real fields, but we will not pursue this matter here.

2.3 Proposition. Assume that F is nonreal. Then u(F ) is finite if and only if u^′(F ) = 0.

Proof. If u(F ) = ∞, then u(⟨1⟩, F ) = u(F ) = ∞ and thus u^′(F ) ≥ 1. On the other hand, if u(F ) < ∞, then there is no anisotropic form φ over F such that u(φ, F ) = ∞, and therefore u^′(F ) = 0.

By the previous two propositions, any nonreal field F with 0 < u^′(F ) < ∞ will yield an example that answers the Gross Question in the positive. Now Theorem I and Theorem II each say that nonreal fields K with u^′(K) = 1 do exist.

2.4 Lemma. For the field F ((t)) of Laurent series in the variable t over F , one has u^′(F ((t)) ) = 2 u^′(F ) .

The proof of this lemma is straightforward and based on the well known relationship between quadratic forms over F and over F ((t)) (see [20], Chapter VI, Proposition 1.9). Details are left to the reader.

2.5 Corollary. Let m ∈ N. Then there exists a nonreal field L such that u^′(L) = 2^m. Moreover, L can be constructed such that in addition I^{m+3}L = 0, or I^rL ≠ 0 for all r ∈ N, respectively.

Proof. Theorem I and Theorem II, respectively, assert the existence of such fields for m = 0. The induction step from m to m + 1 is clear from the preceding lemma.

This raises the following question.

2.6 Question. Does there exist a nonreal field F with u^′(F ) = ∞ such that every infinite-dimensional quadratic space over F is isotropic?

3 Nonreal fields with infinite u-invariant

We are going to give a construction, in several variants, which allows us to prove the theorems formulated in the introduction. The proof that the field obtained by this construction has infinite u-invariant will be based on known facts about the preservation of properties such as anisotropy of a fixed quadratic form, or absence of zero-divisors in a central simple algebra, under certain types of field extensions.

First, we consider a finite field extension K/F of odd degree. Springer’s Theorem (see [20], Chapter VII, Theorem 2.3) says that any anisotropic quadratic form over F stays anisotropic after scalar extension from F to K.

Documenta Mathematica 12 (2007) 473–504

480 Karim Johannes Becher, Detlev W. Hoffmann

Springer’s Theorem has an analogue in the theory of central simple algebras. It says that if D is a (central) division algebra over F with exponent equal to a power of 2 and if K/F is a finite field extension of odd degree, then the K-algebra D_K = D ⊗_F K is also a division algebra (see [31], Section 13.4, Proposition (vi)).

Both statements also hold in characteristic 2. One can immediately generalise them to ‘odd’ algebraic extensions that are not necessarily finite. An algebraic extension L/F is called an odd closure of F if L is F -isomorphic to M^G, where M is an algebraic (resp. separable) closure of F if char(F ) ≠ 2 (resp. char(F ) = 2), and G is a 2-Sylow subgroup of the Galois group of M/F . Then L itself has no odd degree extension and all finite subextensions of F inside L are of odd degree. In particular, L is perfect if char(F ) ≠ 2. We call a field extension K/F an odd extension if it can be embedded into an odd closure of F . In this case, K/F is algebraic, thus equal to the direct limit of its finite subextensions, which are all of odd degree.

We thus get immediately the following (where we do not make any assumption on the characteristic).

3.1 Lemma. Let K/F be an odd extension.

(i) Any anisotropic quadratic form over F stays anisotropic over K.

(ii) Any central division algebra of exponent 2 over F remains a division algebra over K.

For the remainder of this section, all fields are assumed to be of characteristic different from 2.

We now consider extensions of the type F (φ)/F , where F (φ) is the function field of a quadratic form φ over F .

3.2 Lemma. Let π be an anisotropic Pfister form over F and φ a form over F with dim(φ) > dim(π). Then π stays anisotropic over F (φ).

Proof. By the assumption on the dimensions, φ is certainly not similar to any subform of π. Therefore, by [34], Theorem 4.5.4 (ii), π_{F (φ)} is not hyperbolic. Hence π_{F (φ)} is anisotropic as it is a Pfister form (see [34], Lemma 2.10.4).

3.3 Remark. The statement of the last lemma is actually a special case of a more general phenomenon. Let φ and π be anisotropic forms over F such that, for some n ∈ N, one has dim(π) ≤ 2^n < dim(φ). Then π stays anisotropic over F (φ) (see [14]). In the particular situation where π is an n-fold Pfister form, we immediately recover (3.2).

The next statement was the key in Merkurjev’s construction of fields of arbitrary even u-invariant (see [24]). It is readily derived from [38], Théorème 1.

3.4 Theorem (Merkurjev). Let D be a division algebra over F of exponent 2 and degree 2^m, where m > 0. Let φ be a quadratic form over F such that dim(φ) > 2m + 2 or φ ∈ I^3F . Then D_{F (φ)} is a division algebra.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 481

3.5 Remark. It is also well known that if K/F is a purely transcendental extension, then anisotropic forms (resp. division algebras) over F stay anisotropic (resp. division) over K. We will use this fact repeatedly, especially when K = F (φ) is the function field of an isotropic quadratic form φ over F , in which case F (φ)/F is purely transcendental of transcendence degree dim(φ) − 2 (see [34], 4.5.2 (vi)).

3.6 Proof of Theorem I.

Recall that F is an arbitrary field of characteristic different from 2. We define recursively a tower of fields (F_n)_{n∈N}, starting with F_0 = F . Suppose that for a certain n ≥ 1 the field F_{n−1} has already been defined. Let F^#_{n−1} be an odd closure of F_{n−1} and let

F^{(n)}_{n−1} = F^#_{n−1}(X^{(n)}_1 , . . . , X^{(n)}_n )

where X^{(n)}_1 , . . . , X^{(n)}_n are indeterminates over F^#_{n−1}. We define F_n as the free compositum^1 of all function fields F^{(n)}_{n−1}(φ) where φ ranges over all anisotropic forms defined over F_{n−1} such that, for some j < n, dim(φ) = 2^j + 1 and φ contains a binary form defined over F_j .

Let K be the direct limit of the tower of fields (F_n)_{n∈N}. We are going to show that the field K has the following properties:

(i) K has no finite extensions of odd degree.

(ii) For any binary quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K that contain β.

(iii) For any k ∈ N, there is an anisotropic k-fold Pfister form over K.

Once these are established the remaining claims in Theorem I will follow. Indeed, (ii) implies that every infinite-dimensional quadratic space over K is isotropic and that K is nonreal, whereas (iii) implies that u(K) = ∞ and that I^kK ≠ 0 for all k ∈ N. Finally, since char(K) = char(F ) ≠ 2, it follows from (i) that K is perfect.

(i) Consider an irreducible polynomial f over K of odd degree. Then f is defined over F_n for some n ∈ N. Since K contains F_{n+1} which in turn contains an odd closure of F_n, it follows that f has degree one. This shows that K is equal to its odd closure.

(ii) Consider an anisotropic binary form β over K. There is some j ∈ N such that β is defined over F_j . Let φ be a form of dimension 2^j + 1 over K containing β. Let n > j be an integer such that φ is defined over F_{n−1}. Then by construction, F_n contains F^{(n)}_{n−1}(φ) and φ is therefore isotropic over F_n and

1See [21], p. 333, for a precise description of the notion of ‘free compositum’ of a family of function fields of quadratic forms.

Documenta Mathematica 12 (2007) 473–504

482 Karim Johannes Becher, Detlev W. Hoffmann

thus over K. This shows that u(β, K) ≤ 2^j . Here, j depends on the binary form β, but in any case we have that u(β, K) is finite, proving (ii). (iii) Given positive integers n and j, we write F_{n,j} for the compositum of F_n with the algebraic closure of F_j inside a fixed algebraic closure of K. Similarly, we write F^#_{n−1,j} and F^{(n)}_{n−1,j} , for the compositum of F^#_{n−1}, F^{(n)}_{n−1}, respectively, with the algebraic closure of F_j .

F_{n,j}

� � � � � �

F_n

compositum

F^{(n)}_{n−1,j}

� � � � �

F^{(n)}_{n−1}

purely transc.

F^#_{n−1,j}

� � � � �

F^#_{n−1} odd F_{n−1,j}

� � � � �

F_{n−1}

From now on, let n > j. Note that F^{(n)}_{n−1,j} = F^#_{n−1,j} (X^{(n)}_1 , . . . , X^{(n)}_n ) is a purely transcendental extension of F^#_{n−1,j} . Further, F^#_{n−1,j} is an odd extension of F_{n−1,j} . Using (3.1), it follows that every anisotropic form over F_{n−1,j} stays anisotropic over F^#_{n−1,j} , hence also over F^{(n)}_{n−1,j} . Moreover, F_{n,j} is obtained from F^{(n)}_{n−1,j} as a free compositum of certain function fields F^{(n)}_{n−1,j} (φ) where φ is a form defined over the subfield F_{n−1} of F^{(n)}_{n−1,j} , either dim(φ) ≥ 2^{j+1} + 1, or dim(φ) = 2^ℓ + 1 with ℓ ≤ j in which case φ contains a binary subform defined over F_ℓ ⊂ F_j . But in this latter case, φ is isotropic over F^{(n)}_{n−1,j} and thus F^{(n)}_{n−1,j} (φ)/F^{(n)}_{n−1,j} is purely transcendental.

Consider now an anisotropic m-fold Pfister form π defined over F^{(n)}_{n−1,j} , where m ≤ j + 1. Since, by the above, F_{n,j} is obtained from F^{(n)}_{n−1,j} as a compositum of function fields of forms of dimension at least 2^{j+1} + 1 and of purely transcendental extensions, (3.2) and (3.5) imply that π stays anisotropic over F_{n,j} . But then π stays anisotropic over F^{(n+1)}_{n,j} as well. Repeating this, we see that π stays anisotropic over all the fields F_{m,j} for all m ≥ n.

Let now k be any positive integer. Let π denote the k-fold Pfister form ⟨⟨X^{(k)}_1 , . . . , X^{(k)}_k ⟩⟩. This form is defined over F^{(k)}_{k−1}. Since X^{(k)}_1 , . . . , X^{(k)}_k are algebraically independent over F_{k−1}, hence also over its algebraic closure

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 483

F_{k−1,k−1} = F^#_{k−1,k−1}, we know that π is still anisotropic when considered as a form over the field F^{(k)}_{k−1,k−1} = F^#_{k−1,k−1}(X^{(k)}_1 , . . . , X^{(k)}_n ). Now the above argument shows that, for any n ≥ k, the form π is anisotropic over F_{n,k−1} and, thus, over F_n. This implies that π is anisotropic over K, the direct limit of the fields F_n.

Hence we showed that for any k ∈ N, there exists an anisotropic k-fold Pfister form over K.

3.7 Proof of Theorem II.

Again, we define recursively a tower of fields (F_n)_{n∈N}, starting with F_0 = F . Suppose that for a certain n ≥ 1, the field F_{n−1} is defined. As before, let F^#_{n−1} denote an odd closure of F_{n−1}. This time we define

F^{(n)}_{n−1} = F^#_{n−1}( X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}_n , Y^{(n)}_n )

where X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}_n , Y^{(n)}_n are indeterminates over F^#_{n−1}. Let F_n denote the free compositum of the function fields F^{(n)}_{n−1}(φ) where φ is an anisotropic form over F_{n−1} such that

• φ is a 3-fold Pfister form, or

• dim(φ) = 2j + 3 for some j < n and φ contains a binary subform defined over F_j .

Let K be the direct limit of the tower of fields (F_n)_{n∈N}. We want to show that K has the following properties:

(i) K has no finite extensions of odd degree and I^3K = 0.

(ii) For any binary quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K which contain β.

(iii) For any k ∈ N, there is a central division algebra over K that is decomposable into a tensor product of k quaternion algebras.

Note that (iii) implies that u(K) = ∞ (see [24] or [28], Lemma 1.1(d)), while (ii) prohibits the existence of infinite-dimensional anisotropic quadratic spaces over K. Now the field K is perfect and nonreal by (i). Furthermore, (i) and (iii) together imply that the cohomological dimension of K is exactly 2 (see [24]).

(i) As in the proof of Theorem I, we see that K has no finite extensions of odd degree.

Let π be an arbitrary 3-fold Pfister form over K. It is defined as a 3-fold Pfister form over F_{n−1} for some n ≥ 1. By the construction of the field F_n, π becomes isotropic over F_n and thus over K. Hence, every 3-fold Pfister form over K is

Documenta Mathematica 12 (2007) 473–504

484 Karim Johannes Becher, Detlev W. Hoffmann

isotropic and therefore hyperbolic. Since I^3K is additively generated by the 3-fold Pfister forms over K (see [34], p. 156), we conclude that I^3K = 0. (ii) Let β be an anisotropic binary form over K. There is an integer j ∈ N such that β is defined over F_j . Let φ be any form of dimension 2j + 3 over K containing β. There is some integer n > j such that φ is defined over F_{n−1}. Since F^#_{n−1}(φ) is part of the compositum F_n, φ becomes isotropic over F_n and thus over K. Therefore u(β, K) ≤ 2j + 2, establishing (ii).

(iii) For positive integers n and j, we denote by F_{n,j} , F^#_{n−1,j} , F^{(n)}_{n−1,j} the composita of the fields F_n, F^#_{n−1}, F^{(n)}_{n−1}, respectively, with the algebraic closure of F_j inside a fixed algebraic closure of K.

Assume from now on that n > j. Similarly as in the proof of Theorem I, we have that F^{(n)}_{n−1,j} is equal to F^#_{n−1,j} (X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}n , Y^{(n)}n ), a purely transcendental extension of F^#_{n−1,j} , which in turn is an odd extension of F_{n−1,j} . Using (3.1) and (3.5), it follows that every division algebra of exponent 2 over F_{n−1,j} remains a division algebra after scalar extension to F^{(n)}_{n−1,j} . Moreover, F_{n,j} is obtained from F^{(n)}_{n−1,j} as a free compositum of certain function fields F^{(n)}_{n−1,j} (φ) where φ is a form defined over F^{(n)}_{n−1,j} which is either a 3-fold Pfister form, or which has dimension at least 2j + 3, or which contains a binary form defined over F_j and thus is isotropic over F^{(n)}_{n−1,j} . Hence, by (3.4) and (3.5), any division algebra over F^{(n)}_{n−1,j} of exponent 2 and of degree at most 2^j remains a division algebra after scalar extension to the field F_{n,j} . Consider now a central simple algebra D of exponent 2 and degree 2^j over F^{(j)}_{j−1} for some j ∈ N. Assume that for some n > j, the algebra D will stay a division algebra after extending scalars to F^{(n)}_{n−1,j} . Combining the observations above, we see that D also remains a division algebra when we extend scalars to F_{n,j} , or even to F^{(n+1)}_{n,j} . Repeating this argument shows that D will stay a division algebra after scalar extension to F^{(N)}_{N−1,j} for any N ≥ n.

Let now k be a positive integer and let D denote the tensor product of quaternion algebras (X^{(k)}_1 , Y^{(k)}_1 ) ⊗ · · · ⊗ (X^{(k)}_k , Y^{(k)}_k ) over the field F^{(k)}_{k−1}. This is a division algebra over F^{(k)}_{k−1} of degree 2^k and of exponent 2. Since X^{(k)}_1 , Y^{(k)}_1 , . . . , X^{(k)}_k , Y^{(k)}_k are algebraically independent over the field F_{k−1}, hence also over its algebraic closure F_{k−1,k−1} = F^#_{k−1,k−1}, it follows that D_F (k)_{k−1,k−1} is a division algebra over the field F^{(k)}_{k−1,k−1}. Now the argument above applies, showing that D_{Fn,k−1} is a division algebra over F_{n,k−1} for any n ≥ k. But then D_{Fn} is a division algebra for any n ≥ k, implying that the tensor product of k quaternion algebras D_K is a division algebra over K.

3.8 Remark. At first glance, it may seem that the fields K constructed in the proofs of the theorems are horrendously big. However, a closer inspection of the proofs reveals that if the field F we start with is infinite, the field K obtained by the construction will have the same cardinality as F . For example,

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 485

if we start with F = Q, then the field K will be countable and thus can be embedded into C.

4 Real fields and totally indefinite spaces

In our answer to the Gross Question, we had to construct a field F which in particular has the property that all infinite-dimensional quadratic spaces over F are isotropic. A real such field cannot exist as mentioned previously. In fact, for a quadratic space φ (of finite or infinite dimension) over a real field F to be isotropic, a necessary condition is that φ be totally indefinite, i.e. indefinite with respect to each ordering. To get a meaningful analogue to the Gross Question in the case of real fields, it is therefore reasonable to restrict our attention to quadratic spaces that are totally indefinite. We start this section with the definition of this notion and some general observations before proving the ‘real’ analogues to the constructions that answer the Gross Question.

Let F be real and let P be an ordering on F with corresponding order relation <_P . A quadratic space (V, q) over F is said to be indefinite at P , if there exist elements v_1, v_2 ∈ V such that q(v_1) <_P 0 <_P q(v_2). If (V, q) is indefinite at every ordering of F , then we say that (V, q) is totally indefinite. Note that this definition of (total) indefiniteness extends the common one for quadratic forms. (By definition, if F is nonreal, every form over F is totally indefinite.) The Hasse number ũ of F is defined by

ũ(F ) = sup {dim(φ) | φ anisotropic, totally indefinite form over F } .

Since any nontrivial torsion form is obviously totally indefinite, one has u(F ) ≤ ũ(F ). On the other hand, there are examples of real fields F where u(F ) < ∞ while ũ(F ) = ∞. For a survey on the possible pairs of values (u(F ), ũ(F )), we refer to [15].

Recall that the Pythagoras number p(F ) of F is the least integer m ≥ 1 such that every sum of squares is a sum of m squares in F if such an m exists, otherwise p(F ) = ∞. It is well known and not difficult to see that if p(F ) = ∞, then also u(F ) = ũ(F ) = ∞, and if u(F ) > 0 then p(F ) ≤ u(F ). The following observation is useful when dealing with infinite-dimensional totally indefinite quadratic spaces.

4.1 Proposition. Every totally indefinite quadratic space over a real field F contains a finite-dimensional, nonsingular, totally indefinite quadratic subspace.

Proof. Let (V, q) be a totally indefinite quadratic space over F . We may assume (V, q) nonsingular. If (V, q) is isotropic then it contains a hyperbolic plane which yields the desired subspace. Hence, we may assume that (V, q) is anisotropic. In particular, any subspace of (V, q) is nonsingular. After scaling we may furthermore assume that there exists a vector v_0 ∈ V with q(v_0) = 1. Since

Documenta Mathematica 12 (2007) 473–504

486 Karim Johannes Becher, Detlev W. Hoffmann

(V, q) is totally indefinite, for each ordering P there exists a vector v_P ∈ V such that q(v_P ) <_P 0.

Recall that the set of all orderings of F , denoted by X_F , is a compact topological space that has as a subbasis the clopen sets

H(a) = { P ∈ X_F | a ∈ P }

(see [32], Theorem 6.5). We put a_P = q(v_P ) for every P ∈ X_F . Clearly, P ∈ H(−a_P ) and hence X_F = � P ∈X_F H(−aP ). The compactness of XF thus

yields that there are finitely many orderings P_1, . . . , P_n ∈ X_F such that

X_F = H(−a_{P1} ) ∪ · · · ∪ H(−a_{Pn} ).

We put v_i = v_{Pi} for 1 ≤ i ≤ n. By the last equality, for each ordering P of F we have q(v_i) <_P 0 for at least one i ∈ {1, . . . , n}.

Let W be the subspace of V generated by the vectors v_0, v_1, . . . , v_n. Then it follows that (W, q) is an anisotropic, finite-dimensional, totally indefinite subspace of (V, q).

Recall that any ordering P of F can be extended to the odd closure of F as well as to any purely transcendental extension of F . From [10], Theorem 3.5, Remark 3.6, we cite the following simple criterion for when an ordering can be extended to the function field of a given quadratic form.

4.2 Lemma. Let P be an ordering of F and let {φ_i} be any family of quadratic forms over F of dimension at least 2. Then P can be extended to the free compositum of the F (φ_i) if and only if each φ_i is indefinite at P .

We are now going to modify the constructions presented in the last section and prove the remaining two theorems formulated in the introduction.

4.3 Proof of Theorem III.

This time, starting with the real field F = F_0 and any ordering P_0 on it, we construct a tower of fields with orderings (F_n, P_n)_{n∈N}, where the ordering P_{n+1} on F_{n+1} extends the ordering P_n on F_n for all n. Suppose now that the pair (F_{n−1}, P_{n−1}) has been defined for a certain n ≥ 1. Let F^#_{n−1} denote an odd closure of F_{n−1} and let P^#_{n−1} be any ordering on F^#_{n−1} extending P_{n−1}. Let

F^{(n)}_{n−1} = F^#_{n−1}(X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}_n , Y^{(n)}_n )

where X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}_n , Y^{(n)}_n are indeterminates over F^#_{n−1}. Let P^{(n)}_{n−1} be any ordering on F^{(n)}_{n−1} extending P^#_{n−1}. Let now F_n be the free compositum of the function fields F^{(n)}_{n−1}(φ) where φ is an anisotropic form over F_{n−1} such that

• φ is a 3-fold Pfister form and indefinite at P_{n−1}, or

• dim(φ) = 2j + 3 for some j < n, and φ contains a binary form defined over F_j and indefinite at P_j .

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 487

Note that considered as forms over F^{(n)}_{n−1} and by the construction of our orderings, all the above forms are in fact totally indefinite at P^{(n)}_{n−1}. By (4.2), the ordering P^{(n)}_{n−1} extends to an ordering P_n on F_n. In particular, F_n is a real field.

Note that, for any 2-fold Pfister form ρ over F_{n−1} and any a ∈ F_{n−1}, at least one of the 3-fold Pfister forms ρ ⊗ ⟨⟨a⟩⟩ and ρ ⊗ ⟨⟨−a⟩⟩ is indefinite at P_{n−1} and thus becomes hyperbolic over F_n by the construction of this field. Let K be the direct limit of the tower of fields (F_n)_{n∈N}. We will show that K has the following properties:

(i) K has a unique ordering which is given by P = � n∈N P_n.

(ii) K has no finite extensions of odd degree and I^3K is torsion free.

(iii) For any totally indefinite quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K that contain β.

(iv) For any k ∈ N, there is a central division algebra over K that is decomposable into a tensor product of k quaternion algebras.

Once these properties of K are established, the remaining claims in Theorem III are immediate consequences:

• K is a real field and by (iii) and (4.1), every infinite-dimensional anisotropic quadratic space over K is definite with respect to the unique ordering.

• (i) implies that K is SAP (see, e.g., [32], § 9, for the definition of and some facts about SAP), I^3K is torsion free, and (iv) implies that the symbol length λ(K) of K is infinite. (Recall that the symbol length λ(K) is the smallest m ∈ N such that each central simple algebra of exponent 2 over K is Brauer equivalent to a tensor product of at most m quaternion algebras provided such an integer exists, otherwise λ(K) = ∞.) It follows from [15], Theorem 1.5, that u(K) = ∞.

• (i) and (ii) yield that the cohomological dimension of K( √ −1) is at most 2. (iv) then implies that it is exactly 2.

We now proceed to the proof of (i)–(iv).

(i) Since all the fields F_n (n ∈ N) are real, the same holds for K. It follows from what we observed during the construction above that, for any a ∈ K^×, one of the forms ⟨⟨−1, −1, a⟩⟩ and ⟨⟨−1, −1, −a⟩⟩ is hyperbolic over K, which means that either a or −a is a sum of four squares in K. This shows that K is uniquely ordered. It is clear that the unique ordering on K is given by � n∈N P_n.

(ii) There is no change — compared to the previous constructions — in the argument that K has no finite extensions of odd degree.

Documenta Mathematica 12 (2007) 473–504

488 Karim Johannes Becher, Detlev W. Hoffmann

The torsion subgroup of I^3K is generated by those 3-fold Pfister forms over K that are torsion. Indeed, this is a general fact (see [2], Corollary 2.7) which, however, could be proven very easily in our particular situation where K is uniquely ordered.

Let π be any torsion 3-fold Pfister form over K. Then π is defined as a 3-fold Pfister form over F_{n−1} for some n ≥ 1. Since the unique ordering on K extends the ordering P_{n−1} on F_{n−1}, it follows that π (considered as 3-fold Pfister form over F_{n−1}) is indefinite at P_{n−1}. The construction of F_n then yields that π becomes isotropic and hence hyperbolic over F_n. Therefore, π is hyperbolic over K. This shows that I^3K is torsion free.

(iii) Since K has a unique ordering, every (totally) indefinite form over K contains an indefinite binary subform. Hence, (iii) needs only to be proven for binary indefinite forms β. The proof goes along the same lines as that of (ii) in Theorem II.

(iv) This part is identical to the corresponding part (iii) in the proof of Theorem II.

4.4 Proof of Theorem IV.

Again, starting with the real field F = F_0 and any ordering P_0 on it, we define a tower of ordered fields (F_n, P_n)_{n∈N} where the ordering P_{n+1} on F_{n+1} extends the ordering P_n on F_n for all n.

Suppose that for a certain n ≥ 1 the pair (F_{n−1}, P_{n−1}) is already defined. Let F^#_{n−1} be an odd closure of F_{n−1} and let F^{(n)}_{n−1} be the rational function field F^#_{n−1}(X^{(n)}). As before, P_{n−1} extends to some ordering P^#_{n−1} of F^#_{n−1} which in turn extends to an ordering P^{(n)}_{n−1} on F^{(n)}_{n−1} = F^#_{n−1}(X^{(n)}) at which X^{(n)} is positive.

We define F_n to be the free compositum of all function fields F^{(n)}_{n−1}(φ) where φ is an anisotropic form defined over F_{n−1} such that, for some j < n, we have dim(φ) = 2^j + 1 and φ contains an binary form which is defined over F_j and indefinite at P_j . By (4.2), P^{(n)}_{n−1} extends to an ordering P_n of F_n. Let K be the direct limit of the tower (F_n)_{n∈N}. We are going to establish the following properties:

(i) K has a unique ordering which is given by P = � n∈N P_n.

(ii) K has no finite extensions of odd degree.

(iii) For any totally indefinite quadratic form β over K, there is an upper bound on the dimensions of anisotropic quadratic forms over K which contain β.

(iv) for any k ∈ N, there is an element a ∈ K^× which is a sum of squares in K, but not a sum of k squares.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 489

Note that (iv) implies that the Pythagoras number of K is infinite, which in turn forces the Hasse number and the u-invariant of K to be infinite as well. As before, (iii) implies that every infinite-dimensional anisotropic quadratic space over K is definite with respect to the unique ordering of K.

(i) Since each F_n is real, so is the direct limit K. Consider an arbitrary element a ∈ K^×. Then a ∈ F_n for some n ∈ N. Now either ⟨1, −a⟩ or ⟨1, a⟩ is indefinite at P_n. Therefore, by construction, either 2^n × ⟨1⟩ ⊥ ⟨−a⟩ or 2^n × ⟨1⟩ ⊥ ⟨a⟩ becomes isotropic over the field F_{n+1}. Hence, a or −a is a sum of 2^n squares in K. It readily follows that K has a unique ordering given by � n∈N P_n.

(ii) K is equal to its odd closure, by the same arguments as before. (iii) The argument here is the same as for (iii) in the last proof. (iv) We denote by F_{n−1,j} , F^#_{n−1,j} , and F^{(n)}_{n−1,j} , the composita of F_{n−1}, F^#_{n−1}, and F^{(n)}_{n−1}, respectively, with the real closure of F_j at the ordering P_j . Assume now that n > j. Then we observe as before that every anisotropic quadratic form defined over F_{n−1,j} stays anisotropic over F^{(n)}_{n−1,j} . Note that F_{n,j} is obtained from F^{(n)}_{n−1,j} as a compositum of function fields F^{(n)}_{n−1,j} (φ) where φ is a form defined over F^{(n)}_{n−1,j} which is either of dimension at least 2^{j+1} + 1, or which contains a binary form defined over F_j and indefinite at P_j and which is therefore isotropic over F^{(n)}_{n−1,j} . As in part (iii) of the proof of Theorem I, we conclude that if π is an anisotropic m-fold Pfister form over F^{(n)}_{n−1,j} with m ≤ j + 1, then π stays anisotropic over F_{n,j} .

Let now k ∈ N. Then the (k + 1)-fold Pfister form 2^k × ⟨⟨X^{(k)}⟩⟩ is defined over F^{(k)}_{k−1} and is still anisotropic over F^{(k)}_{k−1,k−1}. It follows now from the above arguments that this form stays anisotropic over F_{n,k−1}, for all n > k. In particular, 2^k × ⟨⟨X^{(k)}⟩⟩ is anisotropic over all fields F_n for n ≥ k, thus also over K. This shows that the element X^{(k)} is not a sum of 2^k squares in K. On the other hand, by the construction we have X^{(k)} ∈ P , so that X^{(k)} is a sum of squares in K, by (i).

5 Fields of characteristic 2

Throughout this section, all fields considered will be of characteristic 2. To translate the Gross Question into this setting, we have to take into account the different types of objects for which analogous problems might be formulated: quadratic, nonsingular quadratic, and symmetric bilinear spaces. We maintain the convention to use the term ‘form(s)’ for finite-dimensional spaces. For nonsingular quadratic forms we shall obtain analogues to Theorems I and II stated in the introduction, thus obtaining a positive answer to (the corresponding formulation of) the Gross Question in this case, too. On the other hand, for arbitrary quadratic forms as well as for symmetric bilinear forms, the corresponding answer turns out to be negative. In fact, this is relatively easy to prove, so we treat these types of forms first.

Documenta Mathematica 12 (2007) 473–504

490 Karim Johannes Becher, Detlev W. Hoffmann

We refer the reader to [3], [30], or [16] for further details on notation, terminology and basic results on quadratic and bilinear forms in characteristic 2. Let (V, q) be a quadratic space over a field F of characteristic 2 and b_q : V ×V → F its associated bilinear form given by b_q(x, y) = q(x + y) + q(x) + q(y). Recall that the radical of (q, V ) is the F -subspace

V^⊥ = Rad(q, V ) = {x ∈ V | b_q(x, y) = 0 for all y ∈ V } .

The quadratic space (V, q) is said to be

• nonsingular if V^⊥ = 0;

• singular if V^⊥ ≠ 0;

• totally singular if V^⊥ = V .

If we write V = V_0 ⊕V^⊥ and we put q_0 = q|_{V0} and q_{ts} = q|_V ⊥ , then q ∼= q_0 ⊥ q_{ts} with q_0 nonsingular and q_{ts} totally singular. If we also have q ∼= φ_0 ⊥ φ_{ts} with φ_0 nonsingular and φ_{ts} totally singular, then q_{ts} ∼= φ_{ts} (any isometry maps radicals bijectively to radicals), but q_0 and φ_0 might not be isometric. Note that (V, q) is totally singular if and only if q(x+y) = q(x)+q(y) for all x, y ∈ V . For a, b ∈ F , the 2-dimensional quadratic form aX^2 +XY +bY^2 is nonsingular, and we will denote it by [a, b]. The hyperbolic plane is then the form H = [0, 0] = XY . For a_1, . . . , a_s ∈ F , the s-dimensional quadratic form

�_s i=1 a_iX^2_i is totally singular, and it will be denoted by ⟨a_1, . . . , a_s⟩.

Let now q be a quadratic form over F and let n = dim(q). Then there exist r, s ∈ N with 2r + s = n and a_1, b_1, . . . , a_r, b_r, c_1, . . . , c_s ∈ F such that

q ∼= [a_1, b_1] ⊥ · · · ⊥ [a_r, b_r] ⊥ ⟨c_1, . . . , c_s⟩ ,

and we clearly have q_{ts} ∼= ⟨c_1, . . . , c_s⟩. In particular, nonsingular quadratic forms are always of even dimension.

There are two versions of the u-invariant in characteristic 2, referring to the different types of quadratic forms, denoted by u and ^u, respectively. They are defined as follows:

u(F ) = sup{dim(q) | q anisotropic nonsingular quadratic form over F } ^u(F ) = sup{dim(q) | q anisotropic quadratic form over F }

Clearly, we have u(F ) ≤ ^u(F ), and u(F ) is always even if finite. One could define corresponding u-invariants also for the classes of anisotropic symmetric bilinear forms, and of anisotropic totally singular quadratic forms, respectively, but (5.3) below will show that both suprema thus obtained coincide with [F : F^2], the degree of inseparability of F .

We will now concentrate for a moment on totally singular quadratic spaces, a case that is very easy to treat.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 491

For a field F of characteristic 2 we fix an algebraic closure F and put √ F = {x ∈ F | x^2 ∈ F }. Note that √ F /F is a purely inseparable algebraic field extension of degree [F : F^2]. Hence the squaring map sq : x → x^2 yields a quadratic map sq_F : √ F → F over F , and the quadratic space ( √ F , sq_F ) is clearly of dimension [F : F^2].

5.1 Proposition. Let F be a field of characteristic 2. The quadratic space ( √ F , sq_F ) is anisotropic, totally singular, and of dimension [F : F^2]. Any anisotropic totally singular quadratic space over F is isometric to a subspace of ( √ F , sq_F ).

Proof. The first part is obvious. Consider now a totally singular quadratic space (V, q) over F and assume that it is anisotropic. We define

ρ : V −→ √ F , v −→ � q(v) .

Since q is totally singular, ρ is F -linear and we have sq_F ∘ ρ = q. Since furthermore q is anisotropic, ρ is injective and thus (V, q) is isometric to the subspace (ρ(V ), sq_F |_{ρ(V )}) of ( √ F , sq_F).

We will now briefly look at symmetric bilinear spaces (V, b) over a field F of characteristic 2. A symmetric bilinear space (V, b) is said to be isotropic if there exists x ∈ V \ {0} such that b(x, x) = 0, anisotropic otherwise. In other words, (V, b) is anisotropic if and only if (V, q_b) is so, where q_b : V → F is the induced quadratic map defined by q_b(x) = b(x, x).

5.2 Lemma. Let F be a field of characteristic 2 and V an F -vector space. There exists an anisotropic symmetric bilinear map b : V × V → F if and only if there exists an anisotropic totally singular quadratic map q : V → F .

Proof. By definition, a symmetric bilinear map b : V × V → F is anisotropic if and only if the associated totally singular quadratic map q_b : V → F is so. Now, given an anisotropic totally singular quadratic map q : V → F , it is not difficult to construct a symmetric bilinear map b : V ×V → F such that q = q_b. In fact, picking some F -basis (e_i)_{i∈I} of V , we can define b by b(e_i, e_j ) = δ_{ij} q(e_i) for i, j ∈ I. All this implies the claim.

The previous two statements readily imply the following.

5.3 Corollary. Let F be a field of characteristic 2. Then [F : F^2] = ∞ if and only if there exist anisotropic totally singular quadratic spaces and anisotropic symmetric bilinear spaces of infinite dimension over F . Moreover, if [F : F^2] < ∞, then

[F : F^2] = sup {dim(q) | q anisotr. tot. singular quadratic form over F } = sup {dim(b) | b anisotr. symmetric bilinear form over F }

Documenta Mathematica 12 (2007) 473–504

492 Karim Johannes Becher, Detlev W. Hoffmann

We next consider general quadratic forms in characteristic 2 and the corresponding ^u-invariant. The second part of the following statement is [22], Corollary 1.

5.4 Proposition. Let F be a field of characteristic 2. Then ^u(F ) < ∞ if and only if [F : F^2] < ∞, in which case

[F : F^2] ≤ ^u(F ) ≤ 2[F : F^2] .

Proof. If [F : F^2] = ∞ then the last corollary readily implies that ^u(F ) = ∞. Now suppose [F : F^2] < ∞. Then [F : F^2] ≤ ^u(F ) also follows from the corollary. To prove the second inequality, consider an anisotropic quadratic form q over F , say,

q = [a_1, b_1] ⊥ · · · ⊥ [a_r, b_r] ⊥ ⟨c_1, . . . , c_s⟩ , a_1, b_1, . . . , a_r, b_r, c_1, . . . , c_s ∈ F.

Then the totally singular subform ⟨a_1, . . . , a_r, c_1, . . . , c_s⟩ is anisotropic as well, hence r + s ≤ [F : F^2] and thus dim(q) ≤ 2 [F : F^2]. It follows that ^u(F ) ≤ 2 [F : F^2].

So far we have shown in this section that the Gross Question (1.1) has actually a negative answer when it is reformulated for general quadratic forms, for totally singular quadratic forms, or for symmetric bilinear forms over a field of characteristic 2.

Let us now return to the case of nonsingular quadratic forms and spaces. To motivate the Gross Question (1.1), we first shall show that the existence of an infinite-dimensional anisotropic nonsingular quadratic space implies the existence of such spaces in every finite even dimension. Again, for quadratic forms φ and ψ over F we write φ ⊂ ψ if there exists a quadratic form τ such that ψ ∼= φ ⊥ τ. It is clear that if any two of the quadratic forms φ, ψ, τ are nonsingular, then so is the third.

We call a sequence of nonsingular quadratic forms (φ_n)_{n∈N} over F a chain of nonsingular quadratic forms over F if, for any n ∈ N, we have dim(φ_n) = 2n and φ_n ⊂ φ_{n+1}. Note that we need even dimension for nonsingularity. Given such a chain (φ_n)_{n∈N} over F , the direct limit over the quadratic spaces φ_n with the appropriate inclusions is again a nonsingular quadratic space over F of countably infinite dimension. We denote this quadratic space over F by lim_{n∈N}(φ_n) and observe that it is anisotropic if and only if φ_n is anisotropic for all n ∈ N.

5.5 Lemma. Any infinite-dimensional nonsingular quadratic space over F has a subspace isometric to lim_{n∈N}(φ_n) for some chain (φ_n)_{n∈N} of nonsingular quadratic forms.

Proof. Let (V, q) be nonsingular with dim(V ) = ∞ and let b = b_q . (i) Let x ∈ V \ {0}. The nonsingularity implies the existence of y ∈ V such that b(x, y) ≠ 0. Clearly, x and y are linearly independent as b(x, x) = 0. Let

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 493

U_1 ⊂ V be the subspace spanned by x and y. Let φ_1 = q|_{U1} . One readily sees that φ_1 is nonsingular.

(ii) If U ⊂ V is any finite-dimensional subspace with q|_U nonsingular, then the usual argument shows that V = U ⊕ U^⊥, where U^⊥ = {v ∈ V | b(v, U) = 0} (see, e.g., [34], Chapter 1, Lemma 3.4). Note that in this situation, the nonsingularity of (q, V ) implies that of q|_U ⊥ .

Using (i) and (ii), the lemma follows immediately by induction.

As a direct consequence, we obtain the following:

5.6 Proposition. There exists an anisotropic nonsingular quadratic space of infinite dimension over F if and only if there exists a chain of anisotropic nonsingular quadratic forms (φ_n)_{n∈N} over F .

Before we state the analogues of Theorems I and II in characteristic 2, we have to recall a few more definitions and facts.

Let W F denote the Witt ring of nonsingular bilinear forms over F , and W_q F the Witt group of nonsingular quadratic forms, which is in fact a W F -module. The fundamental ideal of classes of even-dimensional bilinear forms in W F will be denoted by IF , and its n^{th} power by I^nF . We put I^n_q F = I^{n−1}F · W_q F . Then I^n_q F is the submodule of W_q F generated (as a group) by the n-fold quadratic Pfister forms

⟨⟨a_1, . . . , a_n]] = ⟨1, a_1⟩_b ⊗ · · · ⊗ ⟨1, a_{n−1}⟩_b ⊗ [1, a_n] ,

with a_1, . . . , a_{n−1} ∈ F^× and a_n ∈ F ; here, we denote a diagonal bilinear form with c_1, . . . , c_m in the diagonal by ⟨c_1, . . . , c_m⟩_b.

Quadratic Pfister forms in characteristic 2 have properties quite analogous to those in characteristic different from 2. For example they are either anisotropic or hyperbolic (i.e. isometric to an orthogonal sum of hyperbolic planes). Function fields of nonsingular quadratic forms are defined as in characteristic different from 2, again with the convention that F (H) = F . If q is a nonsingular quadratic form of dimension 2m > 0, then F (q)/F can be realized as a purely transcendental extension of F of transcendence degree 2m − 2 followed by a separable quadratic extension, and F (q)/F is purely transcendental if and only if q is isotropic.

Recall that (3.1) and (3.5) remain true in characteristic 2: anisotropic quadratic forms (resp. division algebras of exponent a 2-power) over F stay anisotropic (resp. division) over any odd extension of F and equally over any purely transcendental extension of F .

Also, (3.2) stays true in characteristic 2 for nonsingular forms: if π is an anisotropic n-fold quadratic Pfister form and q is any nonsingular form with dim(q) > 2^n, then π_{F (q)} is anisotropic. This follows simply by invoking the characteristic 2 analogues of the facts referred to in the proof of (3.2) (see, e.g. [16], Theorem 4.2(i), 4.4).

The characteristic 2 version of Theorem I reads as follows.

Documenta Mathematica 12 (2007) 473–504

494 Karim Johannes Becher, Detlev W. Hoffmann

5.7 Theorem I(2). Let F be a field with char(F ) = 2. There exists a field extension K/F with the following properties:

(i) K has no finite extensions of odd degree.

(ii) For any binary nonsingular quadratic form β over K, there is an upper bound on the dimensions of anisotropic nonsingular quadratic forms over K that contain β.

(iii) For any k ∈ N, there is an anisotropic k-fold quadratic Pfister form over K.

In particular, K has infinite u-invariant, I^k_q K ≠ 0 for all k ∈ N, and any infinite-dimensional nonsingular quadratic space over K is isotropic.

Note that we cannot possibly expect K to be perfect. Indeed, u(F ) = ∞ implies ^u(F ) = ∞ and thus [K : K^2] = ∞ by (5.4).

Using the above mentioned facts on nonsingular forms, quadratic Pfister forms and function fields of nonsingular forms, the proof of Theorem I now easily adapts to become a proof of Theorem I(2). Indeed, it suffices to add the adjective ‘nonsingular’ whenever a quadratic form is mentioned in the proof and to replace ‘Pfister form’ by ‘quadratic Pfister form’ (with the appropriate notation). Also, expressions of type 2^j + 1 referring to the dimension of a form must be replaced by 2^j +2 as nonsingularity requires even dimension. We leave the details to the reader.

To treat the characteristic 2 version of Theorem II, we need a few more facts about quaternion algebras and their products over fields of characteristic 2. A quaternion algebra (a, b]_F , with a ∈ F^× and b ∈ F , is a 4-dimensional central simple F -algebra generated by two elements x, y subject to the relations x^2 = a, y^2 + y = b, xy = (y + 1)x.

We now list some relevant facts that allow us to carry over the proofs from characteristic different from 2 to characteristic 2.

5.8 Proposition. Let a_1 . . . , a_n ∈ F^× and b_1, . . . , b_n ∈ F be such that A = (a_1, b_1]_F ⊗ · · · ⊗ (a_n, b_n]_F is a division algebra. Then the following hold:

(i) The nonsingular (2n + 2)-dimensional quadratic form

φ = [1, b_1 + · · · + b_n] ⊥ a_1[1, b_1] ⊥ · · · ⊥ a_n[1, b_n]

is anisotropic.

(ii) For any field extension K/F of one of the following types, the K-algebra A_K = A ⊗_F K is a division algebra and φ_K is anisotropic:

• K/F is an odd extension;

• K = F (q) where q is a nonsingular quadratic form q such that dim q ≥ 2n + 4 or q ∈ I^3_q F ;

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 495

• K/F is purely transcendental.

Proof. (i) This is [23], Proposition 6.

(ii) By Part (i) it suffices to prove in each case that A_K is a division algebra. For a purely transcendental extension K/F this is obvious, and for an odd extension it is also clear as the index of A is a 2-power. In the case K = F (q), this follows from [23], Theorems 3 and 4.

5.9 Corollary. Suppose that for every n ∈ N there exist a_1, . . . , a_n ∈ F^× and b_1, . . . , b_n ∈ F such that (a_1, b_1]_F ⊗ · · · ⊗ (a_n, b_n]_F is a division algebra. Then u(F ) = ∞.

The characteristic 2 version of Theorem II reads as follows.

5.10 Theorem II(2). Let F be a field with char(F ) = 2. There exists a field extension K/F with the following properties:

(i) K has no finite extensions of odd degree and I^3_q K = 0.

(ii) For any binary nonsingular quadratic form β over K, there is an upper bound on the dimensions of anisotropic nonsingular quadratic forms over K that contain β.

(iii) For any k ∈ N, there is a central division algebra over K that is decomposable into a tensor product of k quaternion algebras.

In particular, K has infinite u-invariant and every infinite-dimensional nonsingular quadratic space over K is isotropic.

Using (5.8) and (5.9), it is now straightforward to obtain a proof of Theorem II(2) by applying the appropriate changes to the proof of Theorem II, in a similar fashion as was done in the case of Theorem I(2). This time, it is expressions of type 2j + 3 in the proof of Theorem II which must be replaced by 2j + 4 because of the nonsingularity of the forms considered. Again, we leave the details to the reader.

5.11 Remark. In Theorem II (where char(K) ≠ 2), the facts that K has no odd degree extensions and that I^3K = 0 but I^2K ≠ 0 together imply that K has cohomological dimension cd(K) = 2.

In Theorem II(2) (where char(K) = 2) we have again that K has no odd degree extension. This implies in particular that any finite separable extension L/K also has this property, and therefore H^1(L, μ_p) = L^×/L^{×p} vanishes for every finite separable extension L/K and every odd prime p. This implies that cd_p(K) = 0 for the cohomological p-dimension of K for any odd prime p (see [37], II.1.2 and II.2.3).

On the other hand, cd_2(F ) ≤ 1 holds for any field F of characteristic 2 (see [37], II.2.2). In our case, there exist anisotropic nonsingular forms of dimension at least 2 over K, thus there certainly are separable quadratic

Documenta Mathematica 12 (2007) 473–504

496 Karim Johannes Becher, Detlev W. Hoffmann

extensions over K. This readily implies that cd_2(K) = 1 and therefore cd(K) = sup{cd_p(K) | p prime} = 1.

However, rather than considering cd_2(F ) for a field F with char(F ) = 2, it is perhaps more meaningful to ask for the separable 2-dimension dim^{sep}_2 (F ) as defined by P. Gille [11]:

dim^{sep}_2 (F ) = sup{r ≥ 0 | H^r_2 (E) ≠ 0 for some finite separable ext. E/F } ,

where the H^n_2 (F ) (n ≥ 0) are Kato’s cohomology groups for a field F with char(F ) = 2 (see, e.g., [19]).

In the situation of Theorem II(2), we have a field K of characteristic 2 with no odd degree extension and I^3_q K = 0. By Kato’s proof of the Milnor conjecture in characteristic 2 in [19], we have H^3_2 (K) = 0. Furthermore, by Galois theory, if L/K is a finite separable extension then [L : K] is a 2-power and L/K can be obtained as a tower of separable quadratic extensions. But for any field F of characteristic 2 and any separable quadratic extension E/F , we have that H^n_2 (F ) = 0 implies H^n_2 (E) = 0 (see, e.g., [4], 6.6). All this together implies that H^3_2 (L) = 0 for every finite separable extension L of K, therefore dim^{sep}_2 (K) = 2 (note that I^2_q K ≠ 0).

6 Analogues of the Gross Question

Let (M, ∗, ε) be a monoïd (associative semi-group) with neutral element ε. Let A and S be nonempty subsets of M with ε /∈ S ⊂ A ⊂ M. Denoting by ⟨S⟩ the submonoïd of M generated by S, we furthermore assume that for any a, b ∈ ⟨S⟩, if a ∗ b ∈ A then a, b ∈ A.

We now define a U-invariant for this triple (M, A, S) by

U_M(A, S) = sup {m ∈ N | ∃s_1, . . . , s_m ∈ S with s_1 ∗ · · · ∗ s_m ∈ A} .

These definitions have of course been motivated by our investigations of quadratic forms. More precisely, let F be a field with char(F ) ≠ 2. Then we take M to be the set of nonsingular quadratic forms (up to isometry) over F , the operation ∗ the orthogonal sum, ε the trivial (0-dimensional) quadratic form, A the set of anisotropic forms over F , and S the set of 1-dimensional (nonzero) quadratic forms over F . In this setting, U_M(A, S) is nothing else but u(F ).

The Gross Question has now an obvious reformulation in this more abstract setting.

6.1 Question. Suppose that U_M(A, S) = ∞. Does there exist a sequence (s_n)_{n∈N} ⊂ S such that s_1 ∗ · · · ∗ s_n belongs to A for every n ∈ N?

We proved that this does not always hold for anisotropy of quadratic forms over a field F . We will now pass from quadratic forms to other types of algebraic objects defined over a field that also naturally give rise to a triple (M, A, S), and we will sketch answers to the above question in these new contexts.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 497

Symbol algebras

Let F be a field and n ≥ 2 be an integer. We assume that char(F ) does not divide n, and that F contains a primitive n^{th} root of unity ζ which we fix. An F -algebra generated by two elements x, y subject to the relations x^n = a, y^n = b, xy = ζyx, where a, b ∈ F^×, is denoted by (a, b)_n and called an nsymbol algebra over F . Note that (a, b)_n is a central simple F -algebra of degree n. For n = 2, we recover the case of quaternion algebras. For basic properties of symbol algebras, we refer to [7], §11 (there, such algebras are called ‘power norm residue algebras’). In the sequel, we will concentrate on the case where n = p is a prime number.

With F as above, let M be the set of isomorphism classes of central simple algebras over F . The tensor product ⊗, taken over F , endows M with a monoïd structure, where the neutral element is given by the class of F . Let A ⊂ M be the subset of (finite dimensional) central division algebras over F . Further, let S_p ⊂ A be the subset given by the non-split p-symbol algebras over F . The Gross Question in this context now becomes the following: 6.2 Question. Suppose that U_M(A, S_p) = ∞, i.e. suppose that to every n ∈ N there exist p-symbol algebras Q_1, . . . , Q_n such that

�_n i=1 Q_i is a division algebra. Does there exist a sequence (A_i)_{i∈N} of p-symbol algebras A_i over F such that

�_n i=1 A_i is a division algebra for all n ∈ N?

Let us first consider the case p = 2. If we take F = K to be the field constructed in the proof of Theorem II, then we have in fact shown there that U_M(A, S_2) = ∞, while for any sequence (A_n)_{n∈N} of quaternion algebras over K, the product A_1 ⊗· · ·⊗A_n fails to be a division algebra for n ∈ N sufficiently large. Actually, these two facts do not only follow from the way in which K was constructed, but already from the properties (i)–(iii). We omit the details. Hence, for p = 2, the answer to (6.2) is negative in general. In the sequel, we will sketch how to obtain counterexamples for an arbitrary prime p. Our construction is to some extent similar to the one in the proof of Theorem II, but function fields of quadratic forms will now have to be replaced by function fields of generic partial splitting varieties, also called generalized Severi-Brauer (or Brauer-Severi) varieties, and the special case in (3.4) of Merkurjev’s index reduction results for function fields of quadratic forms will have to be replaced by an appropriate version concerning index reduction for function fields of generic partial splitting varieties.

Such generic partial splitting varieties have been studied systematically perhaps for the first time by Heuser [13], and then later by Schofield and Van den Bergh [35], [36], and Blanchet [5]. Blanchet derives in particular an index reduction formula for central simple algebras over function fields of generic partial splitting varieties. This formula has been simplified by Wadsworth [39], and it is that simpler formula which we will use. The reader interested in the most general results on index reduction of central simple algebras over function fields of varieties is referred to the two papers by Merkurjev, Panin and Wadsworth [25], [26].

Documenta Mathematica 12 (2007) 473–504

498 Karim Johannes Becher, Detlev W. Hoffmann

Let A be a central simple algebra over F of degree n, and let s be a divisor of n. To A we can now associate a generalized Severi-Brauer variety X = SB(A, n, s) such that for any field exension L/F , the L-points X(L) are the sn-dimensional right ideals in A_L = A ⊗_F L. If L is a splitting field, so that A ⊗_F L ∼= End_L(V ) for an n-dimensional L-vector space V , then X(L) is isomorphic to the Grassmannian Gr(V, s) of s-dimensional subspaces of V . The function field F (X) has the property that ind(A_{F (X)}) divides s, and it is generic for that property in the following sense: If L is any field extension such that ind(A_L) divides s, then there exists an F -place F (X) −→ L ∪ {∞} (see [13]). More precisely, we have the following (see [5], Proposition 3):

6.3 Lemma. Let A, n, s, X = SB(A, n, s) be as above and let L/F be a field extension. Then the following statements are equivalent:

(i) X has an L-rational point.

(ii) ind(A_L) divides s.

(iii) The free compositum L · F (X) is a purely transcendental extension of L.

We now have the following index reduction formula for function fields of generic partial splitting varieties, see [39], Theorem 2:

6.4 Theorem. Let A, n, s, X = SB(A, n, s) be as above, let K = F (X) and let D be a central simple algebra over F . Then

ind(D_K ) = gcd � s gcd(i, s) ind(D ⊗_F A^{−i}) � � � � 1 ≤ i ≤ n � . 6.5 Corollary. Let p be a prime, let D be a central division algebra of index p^r over F , and let A be a central simple algebra of degree p^m over F (m ≥ 1) and of exponent dividing p. Let X = SB(A, p^m, p^{m−1}). If A is not a division algebra, or if m > r, then D_{F (X)} is a division algebra.

Proof. If A is not a division algebra, then ind(A) divides p^{m−1} and F (X)/F is purely transcendental by (6.3). This clearly implies that D will stay a division algebra over F (X).

Now assume that m > r. We apply the above index reduction formula with n = p^m and s = p^{m−1}. Let i ∈ {1, . . . , n}.

If p | i, then A^{−i} is split, because exp(A) divides p, and it follows immediately that^s_{gcd(i,s)} ind(D ⊗_F A^{−i}) is divisible by ind(D ⊗_F A^{−i}) = ind(D). Furthermore, for i = p^m we have^s_{gcd(i,s)} ind(D ⊗_F A^{−i}) = ind(D). If p ̸| i then gcd(i, s) = 1. Therefore, s gcd(i, s) ind(D ⊗_F A^{−i}) = p^{m−1} · ind(D ⊗_F A^{−i}) ,

and this number is divisible by p^{m−1} and thus by ind(D) = p^r ≤ p^{m−1}.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 499

We conclude that

ind(D_{F (X)}) = gcd � s gcd(i, s) ind(D ⊗_F A^{−i}) � � � 1 ≤ i ≤ n � = ind(D) ,

in other words, D stays a division algebra over F (X).

6.6 Theorem. Let p be a prime and let F be a field with char(F ) ≠ p. Then there exists a field extension K/F containing a primitive p^{th} root of unity ζ such that the following holds:

(i) Given a_0 ∈ K^×. Then there exists an ℓ ∈ N depending on a_0 such that for any a_1, . . . , a_ℓ, b_0, . . . , b_ℓ ∈ K^×, the product

�_ℓ

i=0(a_i, b_i)_p is not a division algebra.

(ii) For every n ∈ N there exist p-symbol algebras A_1, . . . , A_n over K such that

�_n i=1 A_i is a division algebra.

Proof. Let F_0 = F (ζ) where ζ is a primitive p^{th} root of unity in an algebraic closure of F . Let n ≥ 1 and suppose we have have constructed F_{n−1}. Let now

F^{(n)}_{n−1} = F_{n−1}( X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}_n , Y^{(n)}_n )

where X^{(n)}_1 , Y^{(n)}_1 , . . . , X^{(n)}_n , Y^{(n)}_n are indeterminates over F_{n−1}. Let F_n denote the free compositum of function fields F^{(n)}_{n−1}(SB(A, p^{j+1}, p^j )) for all central simple algebras A over F_{n−1} of type A ∼= (a_0, b_0)_p ⊗ (a_1, b_1)_p ⊗ · · · ⊗ (a_j , b_j )_p with j < n and a_0 ∈ F^×_j and a_1, . . . , a_j , b_0, . . . , b_j ∈ F^×_{n−1}. Finally, we define K =

�_∞

i=0 F_n and claim that K has the desired properties.

(i) Let a_0 ∈ K^×. Then there exists an integer ℓ > 0 such that a_0 ∈ F_ℓ. Let a_1, . . . , a_ℓ, b_0, . . . , b_ℓ ∈ K^× and consider B =

�_ℓ i=0(a_i, b_i)_p. It suffices to show that B is not a division algebra over K. Now there exists n > ℓ such that a_1, . . . , a_ℓ, b_0, . . . , b_ℓ ∈ F^×_{n−1}, so B is defined over F_{n−1}, and since F^{(n)}_{n−1}(SB(B, p^{ℓ+1}, p^ℓ)) is part of the compositum F_n, we have that ind(B_{Fn} ) divides p^ℓ, which implies that B is not a division algebra over F_n and thus also not over K.

(ii) For n ≥ 1, consider over F_n the algebra

C_n = (X^{(n)}_1 , Y^{(n)}_1 )_p ⊗ · · · ⊗ (X^{(n)}_n , Y^{(n)}_n )_p .

It is well known that C_n is a division algebra over F_n (see, e.g., [25], Corollary 5.2). Part (ii) now follows if we can show that C_n will stay a division algebra over K. This can be achieved by mimicking the argument in part (iii) of the proof of Theorem II, this time by invoking (6.3) and (6.5). We omit the details.

Documenta Mathematica 12 (2007) 473–504

500 Karim Johannes Becher, Detlev W. Hoffmann

Symbols in Milnor K-theory

Recall the definition of the Milnor K-groups K_nF of a field F (see [27]). By definition, K_0F = Z, and K_1F is the multiplicative group F^×, written additively with the elements denoted by {a}, a ∈ F^×, so that {ab} = {a} + {b} for a, b ∈ F^×. For n ≥ 2, K_nF is then defined to be the quotient of the tensor product (K_1F )^{⊗n} by the subgroup generated by all {a_1} ⊗ · · ·⊗ {a_n} satisfying a_i + a_{i+1} = 1 for some i. The image of an element {a_1} ⊗ · · · ⊗ {a_n} in the quotient group K_nF is denoted by {a_1, . . . , a_n} and called a symbol. We then define the Milnor K-ring as the graded Z-algebra K_∗F =

�_∞ n=0 K_nF with multiplication defined on symbols in the obvious way: {a_1, . . . , a_n} · {b_1, . . . , b_m} = {a_1, . . . , a_n, b_1, . . . , b_m}.

We are interested in K_nF/p, the Milnor K-groups modulo p for some prime p. The image of a symbol {a_1, . . . , a_n} in K_nF/p will again be called a symbol and denoted in the same way.

For p = 2, these groups are linked to quadratic form theory through the Milnor Conjecture (now a theorem due to Orlov, Vishik, and Voevodsky [29]) which asserts that if char(F ) ≠ 2 then K_nF/2 is isomorphic to I^nF/I^{n+1}F , via an isomorphism that maps {a_1, . . . , a_n} to the class of ⟨⟨a_1, . . . , a_n⟩⟩ modulo I^{n+1}F . We now consider the abstract version of the Gross Question (6.1) in the following setting, where we assume F^× ≠ F^{×p} because otherwise K_nF/p = 0 for all n ≥ 1. Let M = K_∗F/p, S = {{a} | a ∈ F^× \ F^{×p}} (this is nonempty by assumption), A = {{a_1, . . . , a_n} ≠ 0 | n ∈ N, a_i ∈ F^×}. It is obvious that for n ≥ 1 we have K_nF/p ≠ 0 if and only if there exist a_1, . . . , a_n ∈ F^× with {a_1, . . . , a_n} ≠ 0. In this setting, Question (6.1) becomes:

6.7 Question. Suppose that U_M(A, S) = ∞, i.e. K_nF/p ≠ 0 for all n ∈ N. Does there exist a sequence (a_n)_{n∈N} ⊂ F^× such that {a_1, . . . , a_n} ≠ 0 for every n ∈ N?

Let us first consider the case where char(F ) = p. Then the answer to the above question is positive by the following:

6.8 Proposition. Let F be a field of characteristic p > 0. Then the following are equivalent:

(i) [F : F^p] = ∞.

(ii) K_nF/p ≠ 0 for all n ∈ N.

(iii) There exists a sequence (a_n)_{n∈N} ⊂ F^× such that {a_1, . . . , a_n} ≠ 0 for every n ∈ N.

For p = 2, the above statements are further equivalent to any of the following:

(iv) ^u(F ) = ∞.

(v) sup {dim(b) | b anisotropic symmetric bilinear form over F } = ∞.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 501

(vi) There exists an infinite-dimensional anisotropic quadratic space over F .

(vii) There exists an infinite-dimensional anisotropic symmetric bilinear space over F .

Proof. Recall that a subset T ⊂ F is called p-independent if, for any finite subset {a_1, . . . , a_n} ⊂ T , one has [F^p(a_1, . . . , a_n) : F^p] = p^n, and that T ⊂ F is called a p-basis of F if T is a minimal generating set of the extension F/F^p, i.e. F = F^p(T ) and T is p-independent.

The key observation here is the fact that for a_1, . . . , a_n ∈ F^× we have that {a_1, . . . , a_n} ≠ 0 if and only if a_1, . . . , a_n are p-independent, in other words [F^p(a_1, . . . , a_n) : F^p] = p^n. This is an immediate consequence of the Bloch- Kato-Gabber Theorem (see [6], Theorem 2.1, or [17], Appendix A2). The equivalence of the first three statements is now immediate and we leave the details to the reader.

For p = 2 it readily follows from (5.3) and (5.4) that (i) is equivalent to any of the statements (iv) to (vii).

Let us now turn to the case char(F ) ≠ p. For p = 2, the answer to the above question will be negative in general, i.e. there are fields such that K_nF/2 ≠ 0 for all n ∈ N, but for any sequence (a_n)_{n∈N} ⊂ F^× one has {a_1, · · · , a_m} = 0 for sufficiently large m.

Indeed, any field as constructed in Theorem I will do. To see this, it suffices to note that the map from the set of isometry classes of n-fold Pfister forms over F into K_nF/2 given by ⟨⟨a_1, . . . , a_n⟩⟩ → {a_1, . . . , a_n} is well-defined, injective, and sends the hyperbolic Pfister form to zero, see [8], Main Theorem 3.2 (here, we do not need the full thrust of the Milnor Conjecture). We leave the details to the reader.

Now if p ≠ 2 (and char(F ) ≠ p), we believe (but have not checked) that in general the answer to the above question should be negative as well. To construct counterexamples, it seems reasonable to try a similar approach as in our other constructions using a tower of iterated function fields. Candidates for these functions fields will naturally be function fields of (generic) splitting varieties of symbols in Milnor K-theory modulo p. The norm varieties as constructed by Rost (see [33], also [18]) provide examples for such splitting varieties.

Acknowledgements

We wish to express our gratitude to Pasquale Mammone for inspiring discussions on the subject of this work. He brought to our attention the intimate connection of the problem as we have originally formulated it with the Gross Question. We further wish to acknowledge financial support provided by the European RTN Network ‘Algebraic K-Theory, Linear Algebraic Groups and Related Structures’ (HPRN CT-2002-00287). We also thank the referee for some helpful comments.

Documenta Mathematica 12 (2007) 473–504

502 Karim Johannes Becher, Detlev W. Hoffmann References [1] J.K. Arason, Cohomologische Invarianten Quadratischer Formen. J. Algebra 36 (1975), 448–491.

[2] J.K. Arason, R. Elman, Powers of the fundamental ideal in the Witt ring.

J. Algebra 239 (2001), 150–160.

[3] R. Baeza, Quadratic forms over semilocal rings. Lect. Notes Math. vol.

655, Springer, Berlin–Heidelberg–New York 1978.

[4] R. Aravire, R. Baeza, Milnor’s K-theory and quadratic forms over fields of characteristic two. Comm. Algebra 20 (1992), 1087–1107.

[5] A. Blanchet, Function fields of generalized Brauer-Severi varieties.

Comm. Algebra 19 (1991), 97–118.

[6] S. Bloch, K. Kato, p-adic étale cohomology. Inst. Hautes Études Sci. Publ.

Math. 63 (1986), 107–152.

[7] P.K. Draxl, Skew Fields. London Mathematical Society Lecture Notes series, vol. 81, Cambridge University Press, Cambridge 1983.

[8] R. Elman, T.Y. Lam, Pfister forms and K-theory of fields. J. Algebra 23 (1972), 181–213.

[9] R. Elman, T.Y. Lam, Quadratic forms and the u-invariant I. Math. Z.

131 (1973), 283–304.

[10] R. Elman, T.Y. Lam, A.R. Wadsworth, Orderings under field extensions.

J. reine angew. Math. 306 (1970), 7–27.

[11] P. Gille, Invariants cohomologiques de Rost en caractéristique positive.

K-Theory 21 (2000), 57–100.

[12] H. Gross, Quadratic forms in infinite-dimensional vector spaces.

Birkhäuser, Boston/Basel/Stuttgart, 1979.

[13] A. Heuser, Partielle Zerfällung einfacher Algebren. PhD thesis, Universität Regensburg, 1976.

[14] D.W. Hoffmann, Isotropy of quadratic forms over the function field of a quadric. Math. Z. 220 (1995), 461–476.

[15] D.W. Hoffmann, Dimensions of Anisotropic Indefinite Quadratic Forms, I.

Documenta Math., Extra Volume, Quadratic Forms LSU (2001), 183–200. [16] D.W. Hoffmann, A. Laghribi, Quadratic forms and Pfister neighbors in characteristic 2. Transactions Amer. Math. Soc. 356 (2004), 4019–4053.

Documenta Mathematica 12 (2007) 473–504

Isotropy of Quadratic Spaces 503

[17] O. Izhboldin, p-primary part of the Milnor K-groups and Galois cohomologies of fields of characteristic p. With an appendix by Masato Kurihara, Ivan Fesenko. Invitation to higher local fields (Münster, 1999), 19–41. Geom. Topol. Monogr. 3, Geom. Topol. Publ., Coventry, 2000.

[18] S. Joukhovitski, A. Suslin, Norm varieties. J. Pure Appl. Algebra 206 (2006), 245–276.

[19] K. Kato, Symmetric bilinear forms, quadratic forms and Milnor K-theory in characteristic two. Invent. math. 66 (1982), 493–510.

[20] T.Y. Lam, The algebraic theory of quadratic forms. W. A. Benjamin, Inc., Reading, MA, 1973.

[21] T.Y. Lam, Introduction to Quadratic Forms over Fields. Graduate Studies in Mathematics 67, Amer. Math. Soc., Providence, RI, 2005.

[22] P. Mammone, R. Moresi, A.R. Wadsworth, u-invariants of fields of characteristic 2. Math. Z. 208 (1991), 335–347.

[23] P. Mammone, J.-P. Tignol, A.R. Wadsworth, Fields of characteristic 2 with prescribed u-invariants. Math. Ann. 290 (1991), 109–128.

[24] A.S. Merkurjev, Simple algebras and quadratic forms. Izv. Akad. Nauk SSSR Ser. Mat. 55 (1991), 218–224; English translation in: Math. USSR- Izv. 38 (1992), 215–221

[25] A.S. Merkurjev, I.A. Panin, A.R. Wadsworth, Index reduction formulas for twisted flag varieties. I. K-theory 10 (1996), 517–596.

[26] A.S. Merkurjev, I.A. Panin, A.R. Wadsworth, Index reduction formulas for twisted flag varieties. II. K-theory 14 (1998), 101–196.

[27] J. Milnor, Algebraic K-theory and quadratic forms. Invent. Math. 9 (1970), 318–344.

[28] J. Mináč, A. Wadsworth, The u-invariant for algebraic extensions, Ktheory and algebraic geometry: connections with quadratic forms and division algebras (Santa Barbara, CA, 1992), AMS, Providence, RI, 1995, 333–358.

[29] D. Orlov, A. Vishik, V. Voevodsky, An exact sequence for K^M_∗ /2 with applications to quadratic forms. Ann. of Math. 165 (2007), 1–13.

[30] A. Pfister, Quadratic forms with applications to algebraic geometry and topology. London Mathematical Society Lecture Notes series, vol. 217, Cambridge University Press, Cambridge, 1995.

[31] R.S. Pierce, Associative algebras. Graduate Texts in Mathematics 88, Springer-Verlag, New York, 1982.

Documenta Mathematica 12 (2007) 473–504

504 Karim Johannes Becher, Detlev W. Hoffmann

[32] A. Prestel, Lectures on formally real fields. Lecture Notes in Mathematics 1093, Springer-Verlag, Berlin, 1984.

[33] M. Rost, Norm varieties and algebraic cobordism. Proceedings of the International Congress of Mathematicians, Vol. II (Beijing, 2002), 77–85, Higher Ed. Press, Beijing, 2002. (Errata: Proceedings of the International Congress of Mathematicians, Vol. I (Beijing, 2002), 649, Higher Ed. Press, Beijing, 2002.)

[34] W. Scharlau, Quadratic and Hermitian forms. Grundlehren 270, Springer- Verlag, Berlin, 1985.

[35] A. Schofield, M. Van den Berg, The index of a Brauer class on a Brauer- Severi variety. Trans. Amer. Math. Soc. 333 (1992), 729–739.

[36] A. Schofield, M. Van den Berg, Division algebra coproducts of index n.

Trans. Amer. Math. Soc. 341 (1994), 505–517.

[37] J.-P. Serre, Galois Cohomology. Springer-Verlag, Berlin Heidelberg, 1997.

[38] J.-P. Tignol, Réduction de l’indice d’une algèbre simple centrale sur le corps des fonctions d’une quadrique. Bull. Soc. Math. Belg. Sér. A 42 (1990), 735–745.

[39] A.R. Wadsworth, The index reduction formula for generic partial splitting varieties. Comm. Algebra 21 (1993), 1063–1070.

Karim Johannes Becher Fachbereich Mathematik und Statistik, D203 Universität Konstanz D-78457 Konstanz Germany karim.johannes.becher@unikonstanz.de

Detlev W. Hoffmann School of Mathematical Sciences University of Nottingham University Park Nottingham NG7 2RD UK detlev.hoffmann@nottingham.ac.uk

Documenta Mathematica 12 (2007) 473–504

Documenta Math. 505

Generic Observability of Dynamical Systems

Esfandiar Nava Yazdani

Received: January 18, 2005 Revised: July 3, 2007

Communicated by Ulf Rehmann

Abstract. We deal with a certain observation mapping defined by means of weighted measurments on a dynamical system and give necessary and sufficient conditions, under which this mapping is generically an injective immersion.

2000 Mathematics Subject Classification: 93B07, 37C20, 37C10, 94A20.

Keywords and Phrases: Observability, generic, dynamical system, sampling.

1 Introduction

The observability problem of nonlinear dynamical systems has been an interesting subject and active field of research throughout the last decades. In the present work we consider time invariant systems of the form^∗

ẋ = f(x) y = h(x).

The first equation describes a real dynamic process. Its state x(t) at time t is assumed to be element of a smooth second countable (hence paracompact) n-dimensional manifold M called state space. The dynamics of the system is given by the vector field f on M. The output function h is a mapping from the state space into the reals and stands for a measuring device. The second equation describes the output, which contains partial information of the state. The output y is the only measurable quantity. There is a very broad variety of systems, which can be described in this way. We call the triple (M, f, h) or simply the pair (f, h) a system. The system is called

∗We use the customary abbreviations: Time t denotes the natural coordinate on R and the first equation is identified with its local representative.

Documenta Mathematica 12 (2007) 505–520

506 Esfandiar Nava Yazdani

C^r iff M, f and h are C^r. We denote the set of C^r vector fields on M by X^r(M).

In many applications it is of essential importance to know the state of the system at any time t. But measurement of the entire state (e.g. all its coordinates) is often impossible or very difficult. For instance because of high costs or technical reasons. In most cases one has only partial information from measurement of the output y, mathematically being described by the second equation. So the issue is to get the state (as well as distinguish different states) by using only output measurement^∗. If this is possible, then the system is said to be observable. Hence, the issue of the observability problem is the following. Find criteria on the system, such that by means of information from the output trajectory, it is possible to distinguish different states as well as to reconstruct the states. There is no uniform or canonical definition of observability in the literature. The weakest and most natural definition is the following.

Definition 1.1 The system (f, h) is said to be observable (or distinguishable) if for each (x, x^′) ∈ M × M with x ≠ x^′ there exists a time t_0 = t_0(x, x^′) such that h(Φ_{t0} (x)) ≠ h(Φ_{t0} (x^′)).

However, the above definition is not well-suited for the treatment of the observability problem. Therefore one seeks to establish a stonger notion of observability as follows. Consider a mapping Θ (in the sequel called observation mapping), which maps the state space into some finite dimensional Euclidian space, assigning states to data derived from the output trajectories on some observation time interval J. Then decide the observability of the system by means of injectivity of Θ. Moreover the following natural question arises. Is observability in this sense (, i.e. with respect to Θ) generic? The latter is the main issue of the present work. In the control theory the noatation of observer is generally standing for another system having the output (and input in the controlled case) of the original system as input and generating an output which is an asymptotic estimate of the original system state.

Beside the task of reconstruction of the state, observability has also application in the theory of chaos and turbulence in the following sense. Suppose an observable system has a global attractor. Then using an observation mapping one can get a homeomorphic picture of the attractor or at least information about some of its characteristic properties. Examples can be found in [RT] and [T]. We consider a certain observation mapping introduced in [KE] and [E]. We derive necessary and sufficient conditions for genericity of observability and local observability with respect to this mapping. Basically, there are two other well-knwon approaches to the observability task: sampling and high-gain approach. In his classical work [T], Takens proved genericity results similar to

∗It is worth to mention that often the information by output measurements underly some errors leading to the problem of stabiliy.

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 507

ours for these approaches. About the same time Aeyels [Ay] achieved sharper results concerning the sampling approach. Further results on high-gain approach can be found in [GK], [GHK] and [J]. Particularly, for a comrehensive and intensive investigation of deterministic observation theory and applications including many deep results concerning high-gain approach we refer to [GK]. Our approach has the disadvantage that a suitable linear filter has to be constructed. On the other side in contrast to high-gain approach we do not need to restrict ourselves to smooth systems. For more on our approach with applications we refer to [N].

2 Main Results

Definition 2.1 Let 0 < τ < ∞, (A, b) be a stable and controllable mdimensional linear filter and (M, f, h) a C^r-system with flow Φ. We call the mapping M ∋ x → Θ_{f,h} :=

�_0 −τ e^{−At}bh(Φ_t(x))dt ∈ R^m the observation mapping and the number m observation dimension. If Θ_{f,h} is injective we call the system (M, f, h) Θ-observable or simply observable.

Furthermore we call the system locally observable if Θ_{f,h} is an immersion. The indistinguishable subset of M × M is given by

Ω_{f,h} := {(x, x^′) ∈ M × M \ Δ_M : Θ_{f,h}(x) = Θ_{f,h}(x^′)}.

The time interval I := [−τ, 0] has the physical interpretation of observation interval. We treat for simplicity of notation and in view of the physical interpretation of the observation data as history of the output mapping, the case I ⊂ R_{≤0}, 0 ∈ I. For unbounded intervals modifications are needed, which we give explicitly for the case I = R_{≤0}.

The key point in the proof of the following genericity results is to show that zero is a regular value of the observation mapping. Proving this we then apply transversality density and openness theorems to get locally our statements, which then will be globalized to the whole state space. A Baire argument then yields the final results. Particularly for τ < ∞ in any C^r neighborhood of the system there is a system which is both observable and locally observable with respect to Θ. An appropriate statement is also valid for τ = ∞ in the C^1 topology.

If the state space is not compact, it is more suitable to consider the so called strong or Whitney (C^r-)topology on C^r(M, R) and X^r(M). The reason is that in this topology one has more control on the behavior of the functions and vector fields at infinity. Note that density in this topology is a stronger property than in the compact-open (also called weak) topology. For instance, roughly speaking, a sequence of output functions h_j converges in Whitney topology to h iff there exists a compact set K such that h_j = h outside of K except for finitely many j and all the derivatives up to order k converge uniformly on K.

Documenta Mathematica 12 (2007) 505–520

508 Esfandiar Nava Yazdani

The case of smooth vector fields is similar. The well known fact that C^r(M, R) and X^r(M) are Baire spaces in the Whitney topology (proofs can be found in in [H, 2.4.4] and [P]) is of basic importance for our results. A residual subset of C^r(M, R) or X^r(M) is dense. From now on the spaces of C^r functions as well as vector fields on M are equipped with their C^r Whitney topology, unless otherwise indicated. If the state space M is compact and r < ∞, then C^r(M, R^k) and X^r(M) endowed with the compact-open topology are Banach spaces (while in general Fréchet spaces), their Whitney and compact-open topology coincide and the flow Φ of each vector field f ∈ X^r(M) is defined globally on M ×R.

For some pairs in X^r(M) × C^r(M, R) there is no possibility to distinguish or locally distinguish the states. For genericity results it is an essential fact that the complement of the set of such pairs is residual. Let Sing(f) := {x ∈ M : f(x) = 0_x ∈ T_xM} denote the set of singularities of the vector field f (equilibria of the system), where 0_x is the zero of T_xM. In the sequel we shall often omit the subscript x and write simply f(x) = 0 for x ∈ Sing(f).

Recall that a singularity x_0 ∈ Sing(f) is called simple iff the principial part of the linearization of f at x_0, i.e. the linear mapping d_{x0} f : T_{x0} M → T_{x0} M, does not have zero as an eigenvalue.

We denote the set of C^r vector fields, whose singularities are all simple, by X^r_0(M). It is well known that a simple singularity is isolated and X^r_0(M) is an open and dense subset of X^r(M) (for a proof we refer to [PD, 3.3]).

Definition 2.2 We call x_0 ∈ M a Θ-simple singularity iff there exists a cotangent vector v ∈ T^∗_{x0} M such that the linear system (T_{x0} M, d_{x0} f, v^T ) is observable, i.e., the linear mapping �_0 −τ e^{−tA}bve^{tdx0 f} dt : T_{x0} M → R^m

is injective. In this case we say that v^T is a Θ-cocyclic covector of d_{x0} f. We denote by X^r_1(M) the set of C^r vector fields on M, whose singularities are Θ-simple. Moreover we set X^r_{0,1}(M) := X^r_0(M) ∩ X^r_1(M).

In the limiting case τ = ∞ dense orbits as well as nontrivial recurrence cause difficulties and special considerations are necessary. We investigate this case under the assumption that M is compact. Appropriate results in the noncompact case can be similarly deriven if we further restrict (in order to achieve well-definedness of the observation mapping) the systems to be globally Lipschitzian. Furthermore, in order to ensure differentiability of the observation mapping, if τ = ∞ we restrict the vector fields to the open set

X^r(M, a) := {f ∈ X^r(M) : sup_{x∈M}‖d^j_xf‖ < a for all j = 1, ..., r}

Denoting the set of critical elements (equilibria and closed orbits) of a vector

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 509

field f by C(f) and the union of the negative limit sets by L_−(f), we set

X^r_−(M) := {f ∈ X^r(M) : L_−(f) ⊂ C(f)}.

We denote that some ineteresting classes of vector fields like Morse-Smale fields^∗ are contained in X^r_−(M). Particularly, since the set consisting of Morse-Smale vector fields is open and nonempty in X^r(M), the interior int(X^r_−(M)) of X^r_−(M) is a Baire space (in the induced topology). Furthermore note that the limit set of a gradient field consists only of the critical points of the potential function. Therefore X^r_−(M) also contains the set of gradient fields. Moreover we set X^r_2(M) := X^r(M, a) ∩ int(X^r_−(M)).

It is well known that on a compact manifold C^1-generically the nonwandering set of a smooth vector field coincides with the closure of the set of its periodic points. This statement called general density theorem is a consequence of Pugh’s closing lemma, which ensures that a nonwandering point can be made periodic by a small C^1-petrubation in a neighbourhood of the point. See also [Pu], [AR, 7.3.6] and the references given there^∗. Particularly {f ∈ X^1(M) : L_−(f) ⊂ C(f)} is a residual subset of X^1(M).

We set for y ∈ E^r_{a,τ} := {y ∈ C^r([−τ, 0], R) :

�_0 −τ e^{at}|y(t)|dt < ∞}

P_τ y :=

�_0 −τ e^{−At}by(t)dt

and for fixed τ simply write P instead of P_τ .

Lemma 2.1 Let r, τ ≤ ∞.Furthermore let q_0 ∈ R^m and T, δ > 0. Then the followings hold.

a) There exists a function y ∈ C^r(R, R) being compactly supported in ] − δ, 0[ and satisfying P_τ y = q_0.

b) There exists a T -periodic function y ∈ C^r(R, R) with P_τ y = q_0 and supp(y|_{[−(k+1)T,0]}) ⊂] − (k + 1)δ, 0[ for all k ∈ Z.

Proof: Ad a) Let ϵ := min{δ, τ}. The mapping L^1([−ϵ, 0]) ∋ y → K(y) := �_0 −ϵ e^{−At}by(t)dt ∈ R^m is linear, continuous and because of the controllability of (A, b) surjective. C^r_ϵ is a dense linear subspace of L^1([−ϵ, 0]). Therefore R := K(C^r_ϵ ) is a dense linear subspace of R^m and consequently R = R^m. Therefore there exists a function y_0 ∈ C^r_ϵ having the property K(y_0) = q_0. The trivial extension of y_0 on R is obviously the desired function. Ad b) If τ ≤ T , the assertion follows directly from part a). We prove the result for τ > T using sampling. Assume first τ < ∞ and let N := max{k ∈ N : NT ≤ τ}. Due to the stability of A the series

�_∞ k=0 e^{kT A}

∗Recall that Morse-Smale vector fields are structurally stable. ∗It is still unknown whether the C^k-closing lemma with k ≥ 2 fails in general.

Documenta Mathematica 12 (2007) 505–520

510 Esfandiar Nava Yazdani converges to (I − e^{T A})^{−1} and S_N :=

�_N k=0 e^{kT A} = (I − e^{T A})^{−1}(I − e^{(N+1)T A}) is invertible. Let us write ϵ := min{τ − T, δ}. According to part a) there exists ỹ_0 ∈ C^r_ϵ with P_T ỹ_0 = S^{−1}_N q_0 (as well as (I − e^{T A})q_0 in case τ = ∞). Let y_0 denote the trivial extension of ỹ_0 on [−T, 0]. Then we have P_T y_0 = S^{−1}_N q_0. Let y denote the T -periodic extension of y_0 on R. Consequently �_0 −τ e^{−At}by(t)dt = N� k=0 �_{−kT}

−(1+k)T

e^{−At}by_0(t + kT )dt

= N� k=0 e^{kT A}

�_0 −T e^{−At}by_0(t)dt = q_0, which yields immediately the desired conclusion. □ Let π denote the canonical projection of the tangent bundle T M: π : T M → M, π(v) := x for v ∈ T_xM.

Let M be endowed with a Riemannian metric. Denoting the induced norm on the tangent spaces by |.|, the unit tangent bundle T_1M is given by T_1M := ∪_{x∈M}{v ∈ T_xM : |v| = 1}.

Recall that T_1M is a (2n − 1)-dimensional C^{r−1} submanifold of T M. It is compact, if M is compact.

Let K be a subset of M. We set T_0K := K ×K \Δ_K and denote the restriction of T_1M to K with T_1K, i.e., T_1K := {v ∈ T_1M : π(v) ∈ K}. Recall that if K is an s-dimensional submanifold, then T_1K has dimension n + s − 1. Definition 2.3 We define the τ-history of K by the flow Φ of the vector field f to be the closure of Φ(K; τ) := {Φ_t(x) : −τ < t ≤ 0, x ∈ K}.

We denote ΔΘ_{f,h}(x, x^′) := Θ_{f,h}(x) − Θ_{f,h}(x^′) for x, x^′ ∈ M.

Let V be an open subset of M containing the τ-history of K and L be the closure of V . Then we denote

H_0(L; K) := {h ∈ C^r(L, R) : zero is a regular value of ΔΘ_{f,h}|Λ_0K}, and H_1(L; K) := {h ∈ C^{r+1}(L, R) : zero is a regular value of dΘ_{f,h}|Λ_1K}.

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 511

In the sequel we set i = 0, 1 as well as H_i(K) := H_i(M; K) and H_i := H_i(M). If K^′ ⊂ K and for an output function h, zero is a regular value of the mapping ΔΘ_{f,h} on Λ_0K, then it is also a regular value of the restricted mapping ΔΘ_{f,h}|_{Λ0 K}′ , that is, H_0(K) ⊂ H_0(K^′). Similarly H_1(K) ⊂ H_1(K^′) holds.

In the following, if f ∈ X^r_{0,1}(M), then H_0(L) stands for the set of output functions h ∈ C^r(L, R) such that

h(x_0) ≠ h(x^′_0) for all (x_0, x^′_0) ∈ Λ_0(L ∩ Sing(f)),

and H_1(L) for those h ∈ C^{r+1}(L, R) such that

d_{x0} h is a Θ-cocyclic covector of d_{x0} f for all x_0 ∈ L ∩ Sing(f).

Note that if L is compact, then the number of singularities of f in L is finite and for finite r, as an immediate application of the transversality openness and density theorems, it follows that H_i(L) is an open and dense subset of the Banach space C^{r+i}(L, R).

Lemma 2.2 Assume that i < r < ∞ and f ∈ X^r_{0,1}(M) is complete. Let S be a C^r submanifold of M such that the τ-history of S is contained in an open subset V of M with compact closure L := V̄ . Consider the mappings F^i : H_i(L) × Λ_iS → R^m defined by

F^0(h, x, x^′) := ΔΘ_{f,h}(x, x^′) and F^1(h, v) := d_{π(v)}Θ_{f,h}(v).

Then the following holds. a) Zero is a regular value of F^0. b) Zero is a regular value of F^1.

Suppose moreover that f ∈ X^r_2 (M). Then the assertions also hold for τ = ∞.

Proof: Ad a) Let W_0 := {(h, x, x^′) ∈ H_0(L) × T_0S : F^0(h, x, x^′) = 0}. We have to show that the function F^0 is submersive on W_0. Since R^m is finite dimensional, it sufficies to prove that the linear mapping d_{(h,x,x}′_)F^0 : T_{(h,x,x}′_)(H_0(L) × T_0S) → R^m is surjective for all (h, x, x^′) ∈ W_0. Fix (h, x, x^′) ∈ W_0 and q_0 ∈ R^m. According to the condition h ∈ H_0(L) we see that x and x^′ cannot be both equilibrium points. Therefore we assume without loss of generality that x is not an equilibrium point. Since H_0(L) is open and d ds |_{s=0}F^0(h + sg, x, x^′) = ΔΘ_{f,g}(x, x^′) = F^0(g, x, x^′), it is sufficient to show the existence of an output function g ∈ C^r(L, R) satisfying F^0(g, x, x^′) = q_0. We use the fact that the flow through a point of the state space M maps each closed finite time interval on a closed subset of M and define a suitable mapping g on an appropriate closed subset of the state space and then extend it to L.

Documenta Mathematica 12 (2007) 505–520

512 Esfandiar Nava Yazdani

Let γ and γ^′ denote the τ-histories of the points x and x^′ respectively and Z := γ ∪ γ^′. We define g on Z. We first treat the case τ < ∞. Case 1: Both orbits are critical elements. Let T denote the period of x. In view of lemma 2.1 there exists a T -periodic function y ∈ C^k (R, R), which satisfies the condition P_τ y = q_0. We set g(Φ_{t+kT} (x)) = y(t) for 0 ≤ t ≤ T, k ∈ Z and g = 0 else.

Case 2: One of the integral curves, say Φ(x), is injective and the other one is periodic or an equilibrium point. According to Lemma 2.1 there is a function y ∈ C^k([−τ, 0], R) with compact support such that P_τ y = q_0. We define g on γ by g(Φ_t(x)) = y(t) for −τ ≤ t ≤ 0 and g = 0 else. If Φ(x^′) is injective and x is periodic, we just set g = 0 on γ and define g on γ^′ such that P_τ (g ∘ Φ(x^′))) = −q_0.

Case 3: Both integral curves are injective. In this case we define g on γ as in case 2 and on γ^′ by g = 0.

If τ = ∞, then because of eventual presence of dense orbits g cannot be simply defined on a part of Z and then trivially extended. Hence the construction of g becomes a little more delicate. Assuming f ∈ X_2 ensures then that the recurrence is trivial and the previous procedure also works. If both orbits are critical elements, i.e. in case 1, then everything remains the same as for finite observation time. Problems could arise in case 2 or 3 if at least one of the integral curves is injective and the past half of one of the orbits, say the one through x^′, belongs to the negative limit set of the other orbit or itself, i.e., {Φ_t(x^′) : t ≤ 0} ⊂ α(x) ∪ α(x^′). But this can according to the assumption f ∈ X^r_2(M) only occur if x^′ is periodic or an equilibrium point. We proceed as in case 2 of finite τ and find again in view of Lemma 2.1 a function y ∈ C^r (R, R) compactly supported in an interval [−ϵ, 0] with ϵ > 0 and set g(Φ_t(x)) := y(t) for all t and g = 0 else.

In all cases we have defined a C^r function on the closed subset Z of the state space M with the property that Z ⊂ L and P_τ (g ∘ Φ(x) − g ∘ Φ(x^′)) = q_0. According to the smooth Tietze extension theorem, there exists a C^r extension of the function g to L. This function denoted again by g is obviously the desired function, which satisfies F^0(g, x, x^′) = q_0.

Ad b) Denote W_1 := {(h, v) ∈ H_1(L) × T_1S : F^1(h, v) = 0}. We fix (h, v) ∈ W_1, set x_0 := π(v) and show that F^1 is submersive at (h, v). Fix q_0 ∈ R^m. Since^d_{ds} |_{s=0}F^1(h + sg, v) = F^1(g, v) for arbitrary g ∈ C^r(M, R), it suffices to prove the existence of a function g ∈ C^r(L, R) with F^1(g, v) = q_0 locally and extend it L. If x_0 would be an equilibrium point, then in view of the assumption h ∈ H_1(L), the linear system (T_{x0} M, d_{x0} f, d_{x0} h) would be Θ-observable and consequently F^1(h, v) ≠ 0 in contradiction to the assumption (h, v) ∈ W_1. Therefore we may assume that x_0 is not an equilibrium point. Hence, in view of the straightening-out theorem there is a local chart (U, ψ) at x_0 such that ψ(U) = U^′×] − ϵ, −ϵ[ with ϵ > 0, U^′ an open subset of R^{n−1}, ψ(x_0) = 0 and the vector field f has the local representative (z, t) → e_n. Here e_n denotes the nth standard base vector in R^n. Denote the induced coordinate

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 513

function on T_1M at v by ^ψ. Since v ≠ 0 we can and do assume that v has the local representative η = (η_1, η_2)^T with η_1 ∈ R^{n−1}, η_2 ∈ R, η ≠ 0, i.e. v =^∂_{∂z} (x_0)η_1 +^∂_{∂t} (x_0)η_2. Furthermore for t ∈] − ϵ, −ϵ[, the local representative

of d_{x0} Φ_t reads as � Id 0 0 1 � and subsequently that of d_{x0} h ∘ Φ_tv as ∇h(0, t)η.

By shrinking U if necessary, we can (in the case τ = ∞ on account of the assumption that f ∈ X^r_2(M) if the point x_0 is recurrent, then it is periodic) and do assume that the intersection of U and the τ-history of x_0 is connected. According to lemma 2.1 there exists a function ŷ ∈ C^{r+1}(R, R) with derivative y being supported (on each period, if x_0 has period > τ) in [−ϵ, 0] such that P_ϵy(t)dt = q_0. Obviously there exists a function g ∈ C^r(U^′×] − ϵ, ϵ[, R) being compactly supported, with ∇g(0, t)η = y(t). For instance define g̃(z, t) = |η|^{−2}(z^T η_1y(t) + η_2ŷ(t)). The trivial extension of g̃ ∘ ψ to L is the desired function g. □

Sometimes in applications one is interested in or limited to observation restricted to a subset of the state space. It can be for instance because of technical or physical reasons, or if it happens that all the information needed can be evaluated from measurements on a certain subset. The latter case being perhaps the most important one, occurs if the subset under observation is an attractor. Other subsets invariant under the flow can also be of interest. Therefore we state our genericity results for observations of subsets of the state space as well.

Lemma 2.3 Suppose that K is a subset of an s-dimensional C^r submanifold of M denoted by S, τ < ∞ and f ∈ X^r_{0,1}(M) is complete. Then the following holds.

a) Assume that m ≥ n + s − r and r ≥ 2. Then H_1(K) is residual. If K is closed, then H_1(K) is also open.

b) Assume that m ≥ n + s + 1 − r. Then H_0(K) is residual. If K is closed, then H_0(K) contains an open set.

Suppose moreover that M is compact and f ∈ X^r_2(M). Then the assertions hold also in the case τ = ∞.

Proof: Assume first r < ∞, K is compact, U is a chart domain of S, which contains K and has compact closure. By compactness of U and finiteness of τ in case of finite observation time and because of compactness of M in case τ = ∞, the τ-history of U is compact. By local compactness there is an open set V ⊂ M with compact closure L := V such that V contains the τ-history of U.

Local density: We prove residuality with respect to H_i(L). Since the latter is open and dense in C^r(L, R), density of H_i(L; U) is also then shown with respect to C^r(L, R).

According to the previous lemma zero is a regular value of the evaluation map-

Documenta Mathematica 12 (2007) 505–520

514 Esfandiar Nava Yazdani

ping F^i : H_i(L) × T_iU → R^m defined by

F^0(h, x, x^′) := ΔΘ_{f,h}(x, x^′) and F^1(h, v) := d_{π(v)}Θ_{f,h}(v).

Therefore according to the transversality density theorem (see for instance [AR, 19.1]) H_i(L; U) is a residual subset of H_i(L), and hence dense in C^r(L, R). Local Openness: Compactness of K implies that T_1K is also compact in T_1U. According to the transversality openness theorem H_1(L; K) is open (with respect to the compact-open and by compactness of L also with respect to the Whitney topology) in C^r(L, R). These conclusions do not work for H_0(L; K). Instead let Λ be a compact subset of T_0U. Then in view of transversality openness theorem

H^′_0(L; Λ) := {h ∈ C^r(L, R) : zero is a regular value of ΔΘ_{f,h} on Λ}

is open in C^r(L, R).

Since the assertions are proved for r finite and sufficiently large, they also hold for r = ∞. Hence we assume from now on that r ≤ ∞.

Globalization: This part of the proof is basicly standard. Therefore we give an outline and refer to [H, 2.2] for details. Since K ⊂ U, we have H_1(L; U) ⊂ H_1(L; K). Hence H_1(L; K) is also dense in C^r(L, R). Likewise one gets density of H^′_0(L; Λ) in C^r(L, R) from density of H_0(L; U), since Λ ⊂ T_0U and subsequently H_0(L; U) ⊂ H^′_0(L; Λ). Using a bump function we now prove that H_1(K) is dense in C^r(M, R). Fix g_0 ∈ C^r(M, R). Since H_1(L; K) is dense in C^r(L, R), there is a sequence {h_j } in H_1(L; K) converging in the compactopen topology to g_0|_L. Since K ⊂ U, there is a C^r-function ρ : M → [0, 1] with compact support in L, such that ρ = 1 on an open neighborhood of K. The sequence ρh_j + (1 − ρ)g_0 converges to g_0 with respect to the Whitney topology. Therefore H_1(K) is a dense subset of C^r(M, R). A similar argument shows that H^′_0(Λ) is a dense subset of C^r(M, R).

We now drop the assumption that K ⊂ U. Let J be a countable indexing set, {U_j } with j ∈ J be a covering of S with chart domains U_j . Furthermore let {K_j } be a subordinate family of compact sets such that K = ∪_J K_j and K_j ⊂ U_j . We can and do assume that there is a compact covering of M denoted by {L_j } such that the interior of L_j contains the τ-history of U_j .

Openness statements: Suppose that K is closed. Then it is also paracompact and the covering can be assumed to be locally finite. Since {L_j } covers M, it holds that H_1(K) = {h ∈ C^r(M, R) : h|_{Lj} ∈ H_1(L_j ; K_j ) for allj ∈ J}. Hence local finiteness of the covering implies that H_1(K) is open. Simliarily it follows that the set {h ∈ C^r(M, R) : zero is a regular value of ΔΘ_{f,h} on K × K} is open. The latter is contained in H_0(K).

Residuality statements: We now drop the assumption that K is closed. By the preceding arguments H_1(K_j ) is open and dense. Therefore H_1(K) = ∩_j H_1(K_j )

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 515

is residual (and in view of the Baire property of C^r(M, R) also dense). Taking a compact covering {Λ_j } of T_0K a similar argument yields the results on H_0(K). □

The openness results in the preceding lemma can also be proved (without applying the transversality openness theorem) as follows. For instance, by compactness of L the mapping H_0(U) ∋ h → F^0(h, .)) ∈ C^r(T_0U, R^m) is continuous in the Whitney topology. This fact and openness of {F ∈ C^r(T_0U, R^m) : zero is a regular value of F } (this fact follows, for instance, from the lower semicontinuity of the mapping C^r(L, R) × T_0U ∋ (h, x, x^′) → rank(d_{(h,x,x}′_)F^0) and compactness of L) in the Whitney topology implies that H_0(L; U) is open in the Whitney topology and by compactness of L also open in the compact-open topology of C^r(L, R). Other parts follow likewise.

In light of the preceding lemmas we can now prove the genericity results on output functions just by comparing dimensions.

Theorem 2.1 Suppose that K is contained in an s-dimensional C^r submanifold of M and f ∈ X^r_{0,1}(M) is complete. Then the following assertions hold.

a) Assume that r ≥ 2 and m ≥ n + s. Then functions h belonging to C^r(M, R) such that Θ_{f,h} is immersive at each point of K, constitute a residual set. This set is also open, if K is closed.

b) Assume that m ≥ 2s + 1. Then the set of functions h belonging to C^r(M, R) such that Θ_{f,h} is injective (respectively an injective immersion) on K, is residual (respectively, if r ≥ 2). It contains an open set, if K is closed. Supposing m ≤ 2s and r > 2s−m the same results hold for the set of functions h belonging to C^r(M, R) such that the Θ-unobservable points of K × K belong to a submanifold of dimension 2s − m.

Suppose moreover that M is compact and f ∈ X^r_2(M). Then the assertions also hold for τ = ∞.

Proof: Ad a) Since m ≥ n + s, the set of functions h belonging to C^r(M, R) such that Θ_{f,h} is an immersion at each point of K, coincides with H_1(K), i.e., dΘ_{f,h}|_{T1 K} is transversal to {0} ∈ R^m. Therefore the assertion follows immediately from the previous lemma.

Ad b) According to the previous lemma H_0(K) is residual and contains an open set, if K is closed. If m ≥ 2s + 1, then the set of functions h belonging to C^r(M, R) such that the restriction of Θ_{f,h} to K is injective (respectively an injective immersion), is precisely H_0(K) (respectively H_0(K) ∩ H_1(K)). The statement on the indistinguishable set follows from the preimage theorem. □

Remark 2.2 As it can easily be seen from the proof of lemma 2.2, the dimension condition m ≥ n + s in part a) of the preceding theorem can be weakend to m ≥ 2s, if immersivity is replaced by immersivity on T S.

Documenta Mathematica 12 (2007) 505–520

516 Esfandiar Nava Yazdani

If the state space is compact, we get sharper results. In particular the following theorem is important, since embedding of the state space gives information on limit behavior of the system.

Theorem 2.2 Suppose that m ≥ 2n + 1, f ∈ X^r_{0,1}(M) and M is compact. Then output functions h ∈ C^r(M, R) such that Θ_{f,h} is an embedding constitute an open and dense set.

If we further assume that f ∈ X^r_2(M), then the assertion remains true in the case τ = ∞.

Proof: Recall that by compactness of M an injective immersion is also an embedding (case 2 ≤ r ≤ ∞ in Theorem 2.1) and an injective mapping is also a topological embedding (case r = 1). Hence density follows from Theorem 2.1. Openness is a consequence of the fact that by compactness of M the mapping C^r(M, R) × T_0M ∋ h → ΔΘ_{f,h} ∈ C^r(M, R^m) is continuous and the set of embeddings Emb^r(M, R^m) := {F ∈ C^r(M, R^m) : F is embedding} is open. □

Next we shall prove residuality of X^r_{0,1}(M) by using the characterization of simplicity and Θ-simplicity of a singularity, in terms of transversal nonintersection.

Lemma 2.4 Assume that m ≥ n. Then X^r_{0,1}(M) is open and dense in X^r(M). Moreover, the assertion holds also for τ = ∞, if we restrict the vector fields to X^r(M, a).

Proof: We give a proof for τ < ∞. The arguments for τ = ∞ are similar. It sufficies to show that X^r_1(M) is open and dense. Let O resp. U denote the set of n-dimensional Θ-observable resp. unobservable linear systems. Let f ∈ X^r_1(M), x_0 ∈ Sing(f) and d_{x0} f denote the principial part of the linearization of f.

Note that f ∈ X^r_1(M) if and only if there exists a v ∈ T_{x0} M such that the system (d_{x0} f, v) avoids the set of Θ-unobservable linear systems on T_{x0} M. We now give a local characterization. Let ψ : U → R^n be a local chart such that U has compact closure and ψ(x_0) = 0. The tangent mapping dψ : T U → R^n × R^n defined by dψ(v) = (ψ(x), d_xψv) with x = π(v) is a local chart for T M. Let P r_2 denote the projection R^n × R^n ∋ (x, w) → w. Consider the mapping ξ_f := P r_2 dψf ∘ψ^{−1} on ψ(U). Hence d_0ξ_f = d_{x0} ψd_{x0} fd_0ψ^{−1}. The singularity x_0 is Θ-simple if and only if (d_0ξ_f , d_{x0} v) /∈ U for some v ∈ T_{x0} M. Obviously U is closed, analytic and ≠ End(R^n) × R^n, hence finite union of closed positive codimensional real analytic submanifold of End(R^n) × R^n. Given a pair (G, w) ∈ O, obviously there exists a vector field g ∈ X^r(M) such that g and f coincide on M \ U, x_0 ∈ Sing(g) and d_{x0} ξ_g = G. An immediate application (details are similar to those in the proof of lemma 2.3) of the transversality density and openness theorems completes the proof. □

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 517

We can now prove the main result on generic observability with respect to the mapping Θ.

Theorem 2.3 Suppose that m ≥ 2n + 1 and M is compact. Then pairs (f, h) in X^r(M) × C^r(M, R) such that Θ_{f,h} is an embedding constitute an open and dense subset of X^r(M) × C^r(M, R). Restricing the vector fields to X^r_2(M), the assertion remains valid for τ = ∞ as well.

Proof: Recall that X^r_{0,1}(M) is open and dense. Furthermore X^r_2(M) is open in X^r(M, a). The assertions follow immediately from this facts and theorem 2.2. □

Similarily, genericity results for noncompact state spaces can be deriven, if we restrict ourself to the set of complete vector fields, replace open and dense by residual and embedding by injective immersion. We remark also that considering the observation mapping

Θ_{g,h}(x) := 0� k=−N

e^{−kA}bh(g^k(x))

for x ∈ M and (g, h) ∈ Diff^r(M) × C^r(M, R) with g^k := g ∘ g^{k−1}, corresponding results for discrete dynamical systems can be proved likewise.

3 Concluding Remarks

Remark 3.1 Since the set of m-dimensional controllable linear filters is open and dense in End(R^m) × R^m, all genericity results of the last section hold also generically with respect to the linear filters.

The following examples show that the conditions on the observation dimension are also necessary, thus m ≥ 2n for generic local observability and m ≥ 2n + 1 for generic observability can not be weakend.

Example 3.1 Let M = S^1 and f(φ) = 1, where φ denotes the standard angular coordinate of the circle. Furthermore consider the pair (λ, b) with λ < 0 and b ≠ 0. Taking τ = 2π and the output function h(φ) = cos φ leads to Θ_{f,h}(φ) =^{1−e2λπ}_{1+λ2} (λcos φ − sin φ), which is not an immersion. Moreover the zero of dΘ_{f,h} at φ_0 = −arctan^1_λ is transversal. Hence the nonimmersivity of Θ_{f,h} is preserved under small perturbations of the output function, the vector field and the linear filter.

Example 3.2 Let M, f, φ and τ be as in the preceding example. Furthermore let A = diag(−1, −2), b = (1 − e^{−2π})^{−1}(1, 1)^T and h(φ) = 2cos φ + 5cos 2φ.

Documenta Mathematica 12 (2007) 505–520

518 Esfandiar Nava Yazdani

Then a straightforward computation yields

Θ_{f,h}(φ) = � cos φ + sin φ + cos 2φ + 2sin 2φ (e^{−2π} + 1)(^2_5 (2cos φ + sin φ) +^5_4 (cos 2φ + sin 2φ)) � .

The following figure shows the image of S^1 by Θ_{f,h}.

Image of S^1 by the continuous linear filter mapping given by φ → (cosφ+sinφ+cos2φ+2sin2φ, (e^{−2π} +1)(^2_5 (2cosφ+sinφ)+^5_4 (cos2φ+sin2φ))^T in the XY -plane

The selfintersection of the image is transversal. Hence the noninjectiveness of Θ_{f,h} is persistent under small perturbations of the output function, the vector field and the linear filter.

For instance, small perturbations of h do not result in injectivity, i.e., there is an ϵ > 0 such that for each output function h̃, which is C^r near to h within ϵ, the mapping Θ_{f,h̃} is not injective.

Note that the considered system is also unobservable with respect to the highgain mapping given by φ → (2cos φ + 5cos 2φ, 2sin φ − 10sin 2φ)^T as well as sampling mapping φ → (2cos(φ + t_1) + 5cos(2φ + 2t_1, 2cos(φ + t_2) + 5cos(2φ + 2t_2))^T with sampling times t_1, t_2. The following figure shows the image of the state space by the sampling mapping with sampling times 0 and^π_2 .

Documenta Mathematica 12 (2007) 505–520

Generic Observability of Dynamical Systems 519

Image of S^1 by the sampling mapping given by φ → (2cos φ + 5cos 2φ, −2sin φ − 5cos 2φ)^T in the XY -plane

References

[AM] R. Abraham and J. Marsden: Foundations of Mechanics, Benjamin/Cummings Publishing Company, 1978

[AR] R. Abraham and T. Ratio: Transversal Mappings and Flows, Benjamin/Cummings Publishing, 1967

[Ay] D. Aeyels: Generic Observability of nonlinear systems, SIAM Journal of Control and Optimization, 19, 1981a, 595-603

[E] R. Engel: Zustandsbeobachter für Nichtlineare Systeme, Dissertation Universität Kassel, 2002

[GG] M. Golubitski and V. Guillemin: Stable mappings and their Singularities, Graduate Texts in Mathematics,Vol. 14, Springer-Verlag, 1974

[GHK] J. P. Gauthier, G. Hammouri and I. Kupka: Obervers for nonlinear systems, Proc. of the 30th Conf. on Decision and Control in Brighton, england, 1483-1489, 1991

[GK] J. P. Gauthier and I. Kupka: Deterministic Observation Theory and Applications, Cambridge University Press, 2001

[H] M.W. Hirsch: Differential Topology, Graduate Texts in Mathematics, Vol 33, Springer-Verlag, 1976

[J] Ph. Jouan: Observability of real analytic vector fields on compact manifolds, Systems Control Letters, Vol. 26, No. 2, 1995

Documenta Mathematica 12 (2007) 505–520

520 Esfandiar Nava Yazdani

[KE] G. Kreisselmeier and R. Engel: Nonlinear observers for autonomous Lipschitz continous systems, IEEE Trans. Autom. Control., Vol. 48, No. 3, March 2003

[KH] A. Katok and B. Hasselblatt: Introduction to the modern theory of dynamical systems, Cambridge University Press, 1995

[N] E. Nava yazdani: Generic Observability of Smooth Dynamical Systems, Dissertation Universität Kassel, 2005

[P] M. M. Peixoto: On an approximation theorem of Kupka and Smale, Journal of Differential Equations 3, 214-227, 1966

[PD] J. Palis and W. De Melo: Geometric Theory of Dynamical Systems, Springer-Verlag, 1982

[Pu] C.C. Pugh: An improved closing lemma and a general density theorem, Amer. J. Math., 89, 1967, 1010-1021

[RT] D. Ruelle and F. Takens: On the Nature of Turbulence, Comm. Math.

Phys., 20, 1971, 167-192

[T] F. Takens: Detecting strange attractors in turbulance, Proceedings of the Symposium on Dynamical Systems and Turbulance, Lecture Notes in Mathematics 898, 366-381, Springer-Verlag, 1981

Esfandiar Nava Yazdani navayazdani@gmx.de

Documenta Mathematica 12 (2007) 505–520

Documenta Math. 521

Geometric Methods for Cohomological Invariants

Pierre Guillot

Received: February 2, 2007 Revised: November 8, 2007

Communicated by Alexander Merkurjev

Abstract. We explain how to exploit Rost’s theory of Chow groups with coefficients to carry some computations of cohomological invariants. In particular, we use the idea of the “stratification method” introduced by Vezzosi.

We recover a number of known results, with very different proofs. We obtain some new information on spin groups.

Keywords and Phrases: cohomological invariants, algebraic cycles.

§1. Introduction

In what follows, k is a base field, and all other fields considered in this paper will be assumed to contain k. We fix a prime number p which is different from char(k), and for any field K/k, we write H^i(K) for H^i(Gal(K_s/K), Z/p(i)). Here K_s is a separable closure of K, and Z/p(i) is the i-th Tate twist of Z/p, that is Z/p ⊗ μ^{⊗i}_p . (See the end of this introduction for more information on our choice of coefficients.)

1.1. Cohomological invariants

Given a functor A(−) from fields over k to the category of pointed sets, the (mod p) cohomological invariants of A are all transformations of functors

a : A(−) → H^∗(−).

Typical examples for A include

A(K) = isomorphism classes of nondegenerate quadratic forms over K, A(K) = isomorphism classes of octonions algebras over K, etc...

Documenta Mathematica 12 (2007) 521–545

522 Pierre Guillot

For more examples and a very good introduction to the subject, see [5]. We are mostly interested in the situation where A(K) is the set of isomorphism classes over K of some type of ”algebraic object”, especially when all such objects become isomorphic over algebraically closed fields. In this case, if we write X_K for the base point in A(K), then we obtain a group scheme G over k by setting G(K) = Aut_K (X_K ), assuming Aut_K is appropriately defined. Moreover, by associating to each object Y_K ∈ A(K) the variety of isomorphisms (in a suitable sense) from Y_K to the base point X_K , we obtain a 1 : 1 correspondence between A(K) and H^1(K, G). Recall that this is the (pointed) set of all G-torsors over K, i.e. varieties acted on by G which become isomorphic to G with its translation action on itself when the scalars are extended to the algebraic closure K̄.

For example, in the case of quadratic forms, resp. of octonion algebras, we have A(K) = H^1(K, O_n), resp. A(K) = H^1(K, G_2).

In more geometric terms, a G-torsor over K is a principal G-bundle over Spec(K). In this way we see that cohomological invariants

H^1(−, G) → H^∗(−)

are analogous to characteristic classes in topology. We shall call them the mod p cohomological invariants of G. They form a graded H^∗(k)-algebra which we denote by Inv(G) (the prime p being implicit).

1.2. Versal torsors and classifying spaces

A simple way of constructing a G-torsor is to start with a G-principal bundle E → X and take the fibre over a point Spec(K) → X. As it turns out, there always exist bundles π : E → X with the particularly nice feature that any Gtorsor is obtained, up to isomorphism, as a fibre of π. In this case, the generic torsor T_κ over κ = k(X) is called versal. We shall also say that π is a versal bundle.

A strong result of Rost (presented in [5]) asserts that an invariant a ∈ Inv(G) is entirely determined by its value a(T_κ) on a versal torsor. It follows that Inv(G) ⊂ H^∗(κ), and more precisely one can show that

Inv(G) ⊂ A^0(X, H^∗).

The right hand side refers to the cohomology classes in H^∗(κ) which are unramified at all divisors of X (see loc. cit.). (The notation comes from Rost’s theory of Chow groups with coefficients, see below and section 2.) There are two well-known constructions of versal bundles. One can embed G in a “special” group S (eg S = GL_n, S = SL_n or Sp_n) and take E = S, X = S/G. Alternatively, one can pick a representation V of G such that the action is free on a nonempty open subset U ⊂ V , and take E = U, X = U/G. In either situation, there are favorable cases when we actually have

Inv(G) = A^0(X, H^∗).

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 523

For versal bundles of the first type, this happens when S is simply connected (see Merkurjev [8]). For versal bundles of the second type, this happens when the complement of U has codimension ≥ 2 ([5], letter by Totaro). In this paper we shall restrict our attention exclusively to the second type of versal torsors, for reasons which we shall explain in a second. We shall view U/G as an approximation to the classifying space of G (see [13]). It will not cause any confusion, hopefully, to call this variety BG (see §2.3).

1.3. Rost’s Chow groups with coefficients

The group A^0(X, H^∗), for any variety X, is the first in a sequence of groups A^n(X, H^∗), Rost’s Chow groups with coefficients. They even form a (bigraded) ring when X is smooth. The term “Chow groups” is used since the usual mod p Chow groups of X may be recovered as CH^nX ⊗_Z Z/p = A^n(X, H^0). Rost’s groups have extremely good properties: homotopy invariance, long exact sequence associated to an open subset, and so on. There is even a spectral sequence for fibrations.

Our aim in this paper, very briefly, is to use these geometric properties in order to get at A^0(BG, H^∗) = Inv(G).

To achieve this, we shall be led to introduce the equivariant Chow groups A^n_G(X, H^∗), defined when X is acted on by the algebraic group G. The definition of these is in perfect analogy with the case of equivariant, ordinary Chow groups as in [3], [13], where “Borel constructions” are used. When X = Spec(k), we have A^n_G(Spec(k), H^∗) = A^n(BG, H^∗) where BG is a classifying space “of the second type” as above.

The key observation for us will be that A^0_G(V, H^∗) = Inv(G) when V is a representation of G (thus a variety which is equivariantly homotopic to Spec(k), so to speak). This allows us to cut out V into smaller pieces, do some geometry, and eventually implement the “stratification method”, which was first introduced by Vezzosi in [14] in the context of ordinary Chow groups.

1.4. Results

A large number of the results that we shall obtain in this paper are already known, although we provide a completely different approach for these. Occasionally we refine the results and sometimes we even get something new. In this introduction we may quote the following theorem (3.2.1 in the text):

Theorem – Let p = 2 and n ≥ 2. There are exact sequences:

0 −−−−−→ Inv(On) −−−−−→ Inv(Z/2 × On−1)^r−−−−−→ Inv(On−2)

0 −−−−−→ Inv(SO2n) −−−−−→ Inv(Z/2 × SO2n−1)^r−−−−−→ Inv(SO2n−2)

0 −−−−−→ Inv(Spin_{2n}) −−−−−→ Inv(Z/2 × Spin_{2n−1})^r−−−−−→ Inv(Spin_{2n−2})

Moreover, the image of the map r contains the image of the restriction map Inv(On) → Inv(On−2), resp. Inv(SO2n) → Inv(SO2n−2), resp. Inv(Spin_{2n}) → Inv(Spin_{2n−2} ).

Documenta Mathematica 12 (2007) 521–545

524 Pierre Guillot

In each of the three cases the existence of the map r was not known, as far as I am aware, while the other half of the exact sequence is described by Garibaldi in [4]. Of course the computation of Inv(O_n) and Inv(SO_n) has been completed (see [5] again), and indeed we shall derive it from the theorem. This affords a new construction of an invariant first defined by Serre (and written originally b_1). On the other hand the invariants of Spin_n are not known in general: they have been computed for n ≤ 12 only ([4]), so our theorem might be of some help.

In any case, our emphasis in this paper is with methods rather than specific results, and the point that we are trying to make is that the stratification method is a powerful one. It provides us with a place to start when trying to tackle the computation of Inv(G), whatever G may be. It is much more mechanical than any other approach that I am aware of.

Still, the reader will find in what follows a number of examples of computations of Inv(G) for various G’s: products of copies of μ_p in 2.2.3, the group Spin_7 in 4.2.2, the wreath product G_m ≀ Z/2 in 4.2.1, the dihedral group D_8 in 5.2.3, etc.

1.5. Organization of the paper

We start by presenting Rost’s definition of Chow groups with coefficients in section 2. We also indicate how to construct the equivariant Chow groups, and we mention a number of basic tools such as the Künneth formula. In section 3 we introduce the stratification method, and prove the above results on orthogonal groups. We compute Inv(O_n) and Inv(SO_n) completely. In section 4 we explain how one could use the stratification method with projective representations rather than ordinary ones. We recover a result (corollary 4.1.3) which was proved and exploited fruitfully in [4].

We proceed to introduce the Bloch & Ogus spectral sequence in section 5. As we have mentioned already, the stratification method has been used by many authors (including, Vezzosi, Vistoli and myself) to compute CH^∗BG and H^∗BG, and to study the cycle map CH^∗BG → H^∗BG. It turns out that the spectral sequence shows, roughly speaking, that cohomological invariants measure the failure of this cycle map to be an isomorphism (in small degrees this is strictly true). This was the motivation to try and extend the stratification method to cohomological invariants.

We conclude in section 6 with some easy remarks on invariants with values in other cycle modules, particularly algebraic K-theory.

Notations & Conventions. We insist on the assumptions that we have made at the beginning of this introduction: p is a fixed prime, k is a fixed base field, p ≠ char(k), and H^∗(K) means mod p Galois cohomology as defined more precisely above. Our particular choice of twisting for the coefficients has been dictated by the desire to obtain a ”cycle module” in the sense described in section 2, and at the same time keep things as simple as possible. There are more general cycle modules, including Galois cohomology simply with some

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 525

more general coefficients (see [11]). In most applications, we have p = 2 anyway, in which case the twisting does not interfere.

We will say that G is an algebraic group to indicate that G is a smooth, affine group scheme over k [in alternative terminology: G is a linear algebraic group over k̄ defined over k]. Subgroups will always be assumed to be closed and smooth. We shall encounter many times the stabilizer of an element under an action of G: in each case, it will be trivially true that the scheme-theoretic stablizer is closed and smooth. [Alternatively: subgroups are always defined over k. So will all stabilizers we encounter.]

We write Inv(G) for the mod p cohomological invariants of G, even though the letter p does not appear in the notation. We caution that in [4], these would be called the invariants of G with values in μ_p (for p = 2 there is no difference). Acknowledgements. I would like to thank Burt Totaro and Skip Garibaldi for their many suggestions.

§2. Rost’s Chow groups with coefficients

2.1. Definitions

In [11], Rost defines a cycle module to be a functor M : F → M(F ) from fields containing k to graded abelian groups, equipped with structural data. Quoting Rost, these divide into ”the even ones”, namely restriction and corestriction maps, and ”the odd ones”: it is required that M(F ) should have the structure of a module over K_∗(F ) (Milnor’s K-theory of F ), and there should exist residue maps for discrete valuations. The fundamental example for us is M(F ) = H^∗(F ) (mod p Galois cohomology as defined in the introduction). Another example is Milnor’s K-theory itself, M(F ) = K_∗(F ).

Given a cycle module M, Rost defines for any variety X over k the Chow groups with coefficients in M, written A_i(X, M) (i ≥ 0). These are bigraded; for the cycle modules above, we have the summands A_i(X, H^j ) and A_i(X, K_j ). Moreover, the classical and mod p Chow groups can be recovered as CH_iX = A_i(X, K_0) and CH_iX ⊗_Z Z/p = A_i(X, H^0).

When X is of pure dimension n, we shall reindex the Chow groups by putting A^i(X, H^j ) = A_{n−i}(X, H^j ). Our interest in the theory of Chow groups with coefficients stems from the concrete description of A^0(X, H^j ) when X is irreducible: it is the subgroup of H^j (k(X)) comprised of those cohomology classes in degree j which are unramified at all divisors of X. Hence, when X is a classifying space for an algebraic group G (as in 1.2), we have A^0(X, H^j ) = Inv^j (G). Rost’s Chow groups have all the properties of ordinary Chow groups, and more: in fact they were designed to be more flexible than ordinary Chow groups, particularly in fibred situations. For the time being, we shall be content to list the following list of properties; we will introduce more as we go along. Here X will denote an equidimensional variety.

1. When X is smooth, A^∗(X, H^∗) is a graded-commutative ring.

Documenta Mathematica 12 (2007) 521–545

526 Pierre Guillot

2. A map f : X → Y induces f^∗ : A^∗(Y, H^∗) → A^∗(X, H^∗) whenever Y is smooth or f is flat.

3. A proper map f : X → Y induces f_∗ : A_∗(X, H^∗) → A_∗(Y, H^∗). 4. There is a projection formula: f_∗(xf^∗(y)) = f_∗(x)y (here f : X → Y is proper, and X and Y are smooth).

5. Let i : C → X be the inclusion of a closed subvariety, and let j : U → X denote the inclusion of the open complement of C. Then there is a long exact sequence:

· · · −−−−→ A_m(C, H^n)^{i∗}−−−−→ A_m(X, H^n)^{j∗}−−−−→ A_m(U, H^n)^r−−−−→ A_{m−1}(C, H^{n−1}) −−−−→ · · · Moreover the residue map r, or connecting homomorphism, satisfies r(xj^∗(y)) = r(x)i^∗(y).

6. If π : E → X is the projection map of a vector bundle or an affine bundle, then π^∗ is an isomorphism.

There are particular cases when we can say more about the exact sequence in property (5). When n = 0 for instance, we recover the usual localisation sequence:

CH_mC ⊗_Z Z/p −−−−→ CH_mX ⊗_Z Z/p −−−−→ CH_mU ⊗_Z Z/p −−−−→ 0. Also, when X is equidimensional and C has codimension ≥ 1 (for example when X is irreducible and U is nonempty), then the following portion of the sequence is exact:

0 −−−−→ A^0(X, H^n)^{j∗}−−−−→ A^0(U, H^n).

Example 2.1.1. Let us compute A^0(G_m, H^∗), where G_m = GL_1 is the punctured affine line. The inclusion of the origin in A^1 yields the exact sequence:

0 −−−−→ A^0(A^1, H^∗) −−−−→ A^0(G_m, H^∗) −−−−→ A^0(Spec(k), H^{∗−1}) −−−−→ A^1(A^1, H^{∗−1}) .

Now, A^1 can be seen as a (trivial) vector bundle over Spec(k), so A^i(A^1, H^∗) = A^i(Spec(k), H^∗). From the definitions, we see directly that A^i(Spec(k), H^∗) = 0 when i > 0, and A^0(Spec(k), H^∗) = H^∗(k). So we have the exact sequence of H^∗(k)-modules:

0 −−−−→ H^∗(k) −−−−→ A^0(G_m, H^∗) −−−−→ H^{∗−1}(k) −−−−→ 0.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 527

It follows that A^0(G_m, H^∗) is a free H^∗(k)-module on two generators, one in degree 0, the other in degree 1. In fact, if we write k(G_m) = k(t), it is not difficult to see that the element (t) ∈ H^1(k(t)) = k(t)^×/(k(t)^×)^p can be taken as the generator in degree 1. For this one only has to unwind the definition of r as a residue map: see [5], chap. II and III. Essentially the reason is that the divisor of the function t on A^1 is the origin.

In any case, we shall use the letter t for this generator. When k is algebraically closed, so that the ring H^∗(k) can be seen as the field F_p concentrated in degree 0, then we can write A^0(G_m, H^∗) = F_p[t]/(t^2), an exterior algebra.

Remark 2.1.2 – Let X be smooth, and suppose that X has a k-rational point Spec(k) → X. The induced map on Chow groups gives a splitting for the map H^∗(k) → A^0(X, H^∗) coming from the projection X → Spec(k). It follows that we can write A^0(X, H^∗) = H^∗(k) ⊕ A^0(X, H^∗)_{norm}.

The elements in the second summand are said to be normalised. Note that the splitting may a priori depend on the choice of a k-rational ”base point” for X. There is an analogous notion for cohomological invariants. Namely, an invariant n ∈ Inv(G) is called normalised when it is 0 on the trivial torsor; an invariant c ∈ Inv(G) is called constant when there is an α ∈ H^∗(k) such that for any torsor T over a field K, the value c(T ) is the image of α under the natural map H^∗(k) → H^∗(K). Any invariant a ∈ Inv(G) may be written a = n + c with n normalised and c constant, and we may write

Inv(G) = H^∗(k) ⊕ Inv(G)_{norm}

where the second summand consists of normalised elements. Whenever X is a classifying space of the types considered in the introduction, there is a canonical choice of a point Spec(k) → X such that the pullback of the versal torsor over X is the trivial torsor. It follows that A^0(X, H^∗)_{norm} = Inv(G)_{norm}.

Let us give an application. The group μ_p acts freely on G_m, and the quotient is again G_m. Since G_m is special, it follows from the introduction that the torsor G_m → G_m is versal, so Inv(μ_p) ⊂ A^0(G_m, H^∗). It is not immediate that this inclusion is an equality, as G_m is not a classifying space: G_m is not simply-connected, and the origin has only codimension 1 in A^1, so we are in neither of the two favorable cases.

To show that it is indeed an equality, we remark that A^0(G_m, H^∗)_{norm} is a free H^∗(k)-module on one generator of degree 1, from the previous example. As a result, if we can find a non-zero, normalised invariant of μ_p in degree 1, then the map of H^∗(k)-modules Inv(μ_p)_{norm} → A^0(G_m, H^∗)_{norm} will certainly be surjective. Such an invariant is easy to find. Indeed, take the identity H^1(K, μ_p) → H^1(K). (Should you try to compute the mod p invariants of μ_ℓ, where ℓ is a prime different from p, you would find no normalized invariants at all. It is an easy exercise to prove this using the techniques to be introduced in this paper).

Documenta Mathematica 12 (2007) 521–545

528 Pierre Guillot

2.2. Spectral sequences and Künneth formula

Apart from Milnor K-theory and Galois cohomology, there is one extra type of cycle module which we shall consider in this paper. In the presence of a map f : X → Y , and having picked a primary cycle module M, there is for each n ≥ 0 a new cycle module written A_n[f; M], see [11],§7. These are functors from fields κ ”over Y ”, that is fields with a map Spec(κ) → Y , to graded abelian groups – which turns out to be enough to define A_∗(Y, A_n[f; M]). Quite simply, if we write X_κ = Spec(κ) ×_Y X, the definition is:

A_n[f; M](κ) = A_n(X_κ, M).

When f and M are understood, we shall write A_n for A_n[f; M]. Also, when f is flat, so that the fibres all have the same dimension d, we may change the grading to follow the codimension, thus defining A^n = A_{d−n}.

Theorem 2.2.1 – Let f : X → Y be a flat map, and suppose that Y is equidimensional. Let A_n = A_n[f; M] for a cycle module M. Then there exists a convergent spectral sequence:

A^r(Y, A^s) ⇒ A^{r+s}(X, M).

See [11],§8, for a proof.

Corollary 2.2.2 – Let X be a scheme (over k), and write X_κ for the scheme obtained by extending the scalars to the field κ. Assume that A^0(X, H^∗) is a free H^∗(k)-module of finite rank, and that

A^0(X_κ, H^∗) = A^0(X, H^∗) ⊗_H∗_{(k)} H^∗(κ).

Then there is a Künneth isomorphism:

A^0(X × Y, H^∗) = A^0(X, H^∗) ⊗_H∗_{(k)} A^0(Y, H^∗)

for any equidimensional Y .

The hypotheses of this corollary should be compared with [5], 16.5.

Proof. Let f : X × Y → Y be the projection. By the theorem, we know that A^0(X × Y, H^∗) = A^0(Y, A^0).

However, for any field Spec(κ) → Y , the fibre of f above Spec(k) is X_κ as in the statement of the corollary. Our hypothesis is then that A^0(κ) = A^0(X_κ, H^∗) is a direct sum of copies of H^∗(κ), and more precisely that A^0 splits up as the direct sum of several copies of the cycle module H^∗. The result follows.

As an illustration, we have the following proposition.

Proposition 2.2.3 – There are invariants t^{(i)} ∈ Inv((μ_p)^n) for 1 ≤ i ≤ n, each of degree 1, such that Inv((μ_p)^n) is a free H^∗(k)-module on the products t^{(i1 )}t^{(i2 )} · · · t^{(ik )}, for all sequences 1 ≤ i_1 < i_2 < · · · < i_k ≤ n. When k is algebraically closed, Inv((Z/p)^n) is an exterior algebra Λ(t^{(1)}, . . . , t^{(n)}) over F_p.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 529

Proof. The case n = 1 has been dealt with in remark 2.1.2. The general case follows from corollary 2.2.2.

2.3. Equivariant Chow groups

The good properties of Chow groups with coefficients will allow us to define the equivariant Chow groups of a variety acted on by an algebraic group. This will be in strict analogy with [3] and [13], to which we will refer for details. So let G be a linear algebraic group over k. There exists a representation V of G such that the action is free outside of a closed subset S; moreover, we can make our choices so that the codimension of S is arbitrarily large (loc. cit.). Put U = V − S.

Let X be any equidimensional scheme over k with an action of G. Define

X_G =

U × X G . We shall restrict our attention to those pairs (X, U) for which X_G is a scheme rather than just an algebraic space. Lemma 9 and Proposition 23 in [3] provide simple conditions on X under which an appropriate U may be found. This will be amply sufficient for the examples that we need to study in this paper.^1 The notation X_G hides the dependence on U because, as it turns out, the Chow groups A^i(X_G, H^∗) do not depend on the choice of V or S, as long as the codimension of S is large enough (depending on i). One may prove this using the ”double fibration argument” as in [13]. We write A^i_G(X, H^∗) for this group (or the limit taken over all good pairs (V, S), if you want). A map f : X → Y induces a map f_G : X_G → Y_G (the notation X_G will mean that a choice of V and S has been made). It follows that the equivariant Chow groups with coefficients A^∗_G(−, H^∗) are functorial, and indeed they have all the properties listed in §2.1. The proof of this uses that if f is flat, proper, an open immersion, a vector bundle projection, etc, then f_G is respectively flat, proper, an open immsersion, or a vector bundle projection (see [3]). It may be useful to spell out that a G-invariant open subset U in an equidimensional G-variety X, whose complement C has codimension c, gives rise to a long exact sequence:

· · · → A^m_G (C, H^n) → A^{m+c}_G (X, H^n) → A^{m+c}_G (U, H^n) → A^{m+1}_G (C, H^{n−1}) → · · · .

We shall refer to it as the equivariant long exact sequence associated to U.

Example 2.3.1. We shall write BG for Spec(k)_G. It follows from the results above and from the introduction that

A^0_G(Spec(k), H^∗) = A^0(BG, H^∗) = Inv(G).

1I am grateful to the referee for pointing out this technical difficulty. I also agree with him or her that it would be desirable to extend Rost’s theory of Chow groups with coefficients to algebraic spaces. This is certainly not the place to do so.

Documenta Mathematica 12 (2007) 521–545

530 Pierre Guillot

Example 2.3.2. Suppose that the action of G on X is free, and that the quotient X/G exists as a scheme. Then there is a natural map X_G → X/G. Moreover X_G is an open subset in (V × X)/G, which in turn is (the total space of) a vector bundle over X/G. The complement of X_G in (V × X)/G can be taken to have an arbitrarily large codimension (namely, it is that of S). In a given degree i, we may thus choose V and S appropriately and obtain:

A^i_G(X, H^∗) = A^i(X_G, H^∗) = A^i((V × X)/G, H^∗) = A^i(X/G, H^∗).

(The second equality coming from the long exact sequence as in §2.1, property (5).)

Thus when the action is free, the equivariant Chow groups are just the Chow groups of the quotient.

Notations 2.3.3 – As we have already done in this section, we shall write X_G to signify that we have chosen V and S with the codimension of S large enough for the computation at hand. Thus we can and will write indifferently A^∗_G(X, H^∗) or A^∗(X_G, H^∗).

Moreover, we shall write EG for U = V − S, with the same convention. The quotient EG/G is written BG, and we write A^∗(BG, H^∗) much more often than A^∗_G(Spec(k), H^∗).

Remark 2.3.4 – Whenever we have a theory at hand which has the properties listed in §2.1, we can define the equivariant analog exactly as above. Apart from Chow groups with coefficients, we shall have to consider at one point the étale cohomology of schemes, namely the groups H^i_{et}(X, Z/p(i)), which we shall write simply H^i_{et}(X), the coefficients being understood. In fact we shall only encounter the expression H^i_{et}(BG).

When k = C, we have H^∗_{et}(BG) = H^∗(BG, F_p), where on the right hand side we use topological cohomology and a model for the classifying space BG in the classical, topological sense of the word. To see this, note first that H^∗_{et}((V − S)/G) = H^∗((V − S)/G, F_p) since we are using finite coefficients. Moreover, we can arrange V and S so that V − S is a Stiefel variety (see [13]), and this provides sufficiently many V ’s and S’s (that is, the codimension of S can be arbitrarily large, with V − S a Stiefel variety). As a result, we can restrict attention to these particular pairs (V, S) when forming the limit H^∗_{et}(BG) = lim H^∗((V − S)/G, F_p) without changing the result, which is then clearly H^∗(E/G, F_p) where E is the infinite Stiefel variety. This space E is contractible, so E/G is a topological model for BG.

§3. The stratification method

3.1. The idea of the method

Let G be a linear algebraic group. The stratification method is a procedure to compute A^0(BG, H^∗) = Inv(G). We shall not try to present it as a mechanical algorithm, but rather as a heuristic recipe. This being said, one of the virtues

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 531

of the method is that it is closer to a systematic treatment of the question than any other approach that the author is aware of. The stratification method rests on two very elementary facts.

1. If K is a closed subgroup of G, then the equivariant Chow groups of the variety G/K have an easy description: indeed there is an isomorphism of varieties: (G/K)_G =

EG × G/K G = EG K = BK.

Thus A^∗_G(G/K, H^∗) = A^∗(BK, H^∗).

2. Suppose that V is a representation of G. Then it is a G-equivariant vector bundle over a point, and therefore V_G → Spec(k)_G = BG is a vector bundle, too. As a result, A^∗_G(V, H^∗) = A^∗(BG, H^∗).

Things are put together in the following way. One starts with a well-chosen representation V , and then cuts V into smaller pieces. These smaller pieces would ideally be orbits or families of orbits parametrized in a simple manner. Using (1), and hoping that the stabilizer groups K showing up are easy enough to understand, one computes the Chow groups of the small pieces. Applying then repeatedly the equivariant long exact sequence from §2.3, one gets at A^0_G(V, H^∗). By (2), this is A^0(BG, H^∗).

Any particular application of the method will require the use of ad hoc geometric arguments. Before giving an example however, we propose to add a couple of lemmas to our toolkit.

Lemma 3.1.1 – Suppose that G and K are algebraic groups acting on the left on X, and suppose that the actions commute. Assume further that the action of K alone gives a K-principal bundle X → X/K = Y . Then

A^∗_G(Y, H^∗) = A^∗_{G×K} (X, H^∗).

Proof. This is simply an elaboration on example 2.3.2.

We shall have very often the occasion of using this lemma in the following guise:

Lemma 3.1.2 – Suppose that G contains a subgroup G^′ which is an extension

1 → N → G^′ → K → 1.

Let G × K act on G/N by (σ, τ) · [g] = [σgτ^{−1}]. Assume moreover that K acts on a variety X, and that there is a K-principal bundle G/N × X → Y. Then A^∗_G(Y, H^∗) = A^∗_G′ (X, H^∗).

If the product N × K is direct, we have X_N × K = BN × X_K .

Here the variety Y is an example of what we call ”a family of orbits (of G) parametrized in a simple manner”. Note that when K is the trivial group and X = Spec(k), we recover property (1) above.

Documenta Mathematica 12 (2007) 521–545

532 Pierre Guillot

Proof. By lemma 3.1.1, we have

A^∗_G(Y, H^∗) = A^∗_{G×K} (G/N × X, H^∗).

Now let E_1 be an open subset in a representation of G, on which the action is free, and suppose that the codimension of the complement of E_1 is large enough. Similarly, pick E_2 for K; then E_1 × E_2 can be chosen for the group G × K. We regard E_1 as a trivial K-space and E_2 as a trivial G-space. Finally, G^′ has natural maps to both G and K, and we combine these to see E_1 × E_2 as a G^′-space, with non-trivial action on each factor. We write:

G/N × X_G × K = (E_1 × E_2 ×^G_N × X)/G × K = (^{E1×G/N}_G × E_2 × X)/K . By property (1) above, we may identify^{E1×G/N}_G with E_1/N = BN. Moreover we have arranged things so that, under this identification, the action of K on

E_1×G/N

G translates into its natural action on E_1/N (that is, the action induced from that which G^′ possesses as a subgroup of G normalising N). We proceed:

G/N × X_G × K = (E_1/N × E_2 × X)/K = (E_1 × E_2 × X)/G^′ .

When the product is direct, the action of K on E_1/N is trivial. This concludes the proof.

As an example, we may apply this to actions of G on disjoint unions:

Lemma 3.1.3 – Suppose that G acts on Y and that Y is the disjoint union of varieties Y_1 � . . . � Y_n. Let X = Y_1, and suppose that X contains a point in each orbit, that is, suppose that the natural map

f : G × X → Y

is surjective. Let K be the subgroup of G leaving X invariant. Then there is an identification:

A^0_G(Y, H^∗) = A^0_K (X, H^∗).

Proof. This is immediate from the previous lemma, with N the trivial group.

3.2. The example of O_n, SO_n, and Spin_n

For this example we take p = 2 (so that char(k) ≠ 2).

Let q be a non-degenerate quadratic form on a k-vector space V of dimension n. Assume moreover that q has maximal Witt index. Then its automorphism group, which we will denote by O_n, is split. Similarly one has the groups SO_n and Spin_n, which are also split.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 533

Theorem 3.2.1 – Let p = 2 and n ≥ 2. There are exact sequences:

0 −−−−→ Inv(O_n) −−−−→ Inv(Z/2 × O_{n−1})^r−−−−→ Inv(O_{n−2})

0 −−−−→ Inv(SO_{2n}) −−−−→ Inv(Z/2 × SO_{2n−1})^r−−−−→ Inv(SO_{2n−2})

0 −−−−→ Inv(Spin_{2n}) −−−−→ Inv(Z/2 × Spin_{2n−1})^r−−−−→ Inv(Spin_{2n−2})

Moreover, the image of the map r contains the image of the restriction map Inv(O_n) → Inv(O_{n−2}), resp. Inv(SO_{2n}) → Inv(SO_{2n−2}), resp. Inv(Spin_{2n}) → Inv(Spin_{2n−2}).

Proof. Step 1. Let G_n denote either of O_n, SO_n, or Spin_n. Then G_n has the canonical representation V . Let V^′ denote V − {0}. We write U for the open subset in V^′ on which q is non-zero, and we write C for its complement. The codimension of {0} in V is n. Consider the long exact sequence:

0 → A^0_{Gn} (V, H^∗) → A^0_{Gn} (V^′, H^∗) →

0 = A^{1−n}_{Gn} ({0}, H^{∗−1}) → A^1_{Gn} (V, H^{∗−1}) → A^1_{Gn} (V^′, H^{∗−1}).

It follows that A^0_{Gn} (V, H^∗) = A^0_{Gn} (V^′, H^∗) = Inv(G_n). Moreover the last map above is surjective when ∗ = 1 (cf §2.1), so that A^1_{Gn} (V, H^0) = A^1_{Gn} (V^′, H^0) = CH^1BG_n ⊗_Z Z/2.

Turning to the equivariant long exact sequence associated to the open set U in V^′, we finally get:

0 −−−−→ Inv(G_n) −−−−→ A^0_{Gn} (U, H^∗) −−−−→ A^0_{Gn} (C, H^{∗−1}). (†)

When ∗ = 1 we have:

0 → Inv^1(G_n) → A^0_{Gn} (U, H^1) →

A^0(C, H^0) → CH^1BG_n ⊗_Z Z/2 → CH^1_{Gn} U ⊗_Z Z/2 → 0. (††)

Step 2. Let Q = q^{−1}(1). We shall use the following result.

Lemma 3.2.2 – The action of G_n on Q is transitive. Moreover the stabilizer of a k-rational point is isomorphic to G_{n−1}, and we get an isomorphism of k-varieties Q = G_n/G_{n−1}.

The action of G_n on C is transitive. Moreover the stabilizer of a k-rational point is isomorphic to a semi-direct product H ⋊G_{n−2}, where H is an algebraic group isomorphic to affine space as a variety, and we get an isomorphism of k-varieties C = G_n/H ⋊ G_{n−2}. Finally, the map B(H ⋊ G_{n−2}) → BG_{n−2} is an affine bundle.

For a proof, see [10].

From this we can at once identify the last term in the exact sequence (†). Indeed, if S = H ⋊ G_{n−2} as in the lemma, then A^0_{Gn} (C, H^∗) = A^0(BS, H^∗) as explained at the beginning of this §. However, since BS → BG_{n−2} is an affine

Documenta Mathematica 12 (2007) 521–545

534 Pierre Guillot

bundle, we draw from §2.1, property (6), that A^0(BS, H^∗) = A^0(BG_{n−2}, H^∗) = Inv(G_{n−2}).

Step 3. We turn to the term A^0_{Gn} (U, H^∗). Extend the action of G_n on Q to an action on Q×G_m which is trivial on the second factor. The group Z/2 = {1, τ} also acts on Q × G_m by τ(x, t) = (−x, −t). The two actions commute. Finally, there is a map Q × G_m → U defined by (x, t) → tx. It is G_n-equivariant, and a Z/2-principal bundle.

We wish to apply lemma 3.1.2 with N = G_{n−1}, K = Z/2, and G^′ = N × K. This is of course the time when we need to assume that n is even if G_n is SO_n or Spin_n. Then the element −Id generates the copy of Z/2 that we need. We conclude:

A^0_{Gn} (U, H^∗) = A^0(BG_{n−1} × (G_m)_{Z/2}, H^∗).

We may easily compute A^0((G_m)_{Z/2}, H^∗). Indeed, using that the action is free, with quotient G_m, this is A^0(G_m, H^∗) from example 2.3.2. As observed in remark 2.1.2, this happens to equal A^0(BZ/2, H^∗) = Inv(Z/2). Now, by the Künneth formula (corollary 2.2.2), which we may use as Inv(Z/2) is a free H^∗(k)-module, we draw

A^0(BG_{n−1} ×(G_m)_{Z/2}, H^∗) = Inv(G_{n−1})⊗_H∗_{(k)} Inv(Z/2) = Inv(Z/2×G_{n−1}).

Step 4. We need to prove the last sentence in the theorem. We claim that there is an x ∈ Inv(Z/2 × G_{n−1}) such that r(x) = 1 ∈ Inv(G_{n−2}). Granted this, the theorem follows from the formula r(xj^∗(y)) = r(x)i^∗(y) = i^∗(y) (see §2.1), applied here with i^∗ denoting the restriction Inv(G_n) → Inv(G_{n−2}) and j^∗ denoting the restriction Inv(G_n) → Inv(Z/2 × G_{n−1}).

To prove the claim we start by computing CH^1_{Gn} U (in the rest of this proof we shall write simply CH for the mod 2 Chow groups). As above this is CH^1BG_{n−1} × (G_m)_{Z/2}. Arguing as in example 2.3.2, we see that we may replace (G_m)_{Z/2} by G_m/Z/2 = G_m, as far as computing the Chow groups goes. Now, G_m being an open set in affine space, it has a trivial Chow ring and there is a Künneth formula, so:

CH^1BG_{n−1} × (G_m)_{Z/2} = CH^1BG_{n−1}.

Therefore the last map in (††) is the restriction map CH^1BG_n → CH^1BG_{n−1}. When G_n = Spin_n, which is simply-connected, we have CH^1BG_n = 0. In [10], the reader will find a proof that CH^1BSO_{2n} = 0 also and that CH^1BO_n → CH^1BO_{n−1} is an isomorphism. The claim follows from the exact sequence (††).

3.3. End of the computation for O_n

The main novelty in theorem 3.2.1 is with the spin groups (specifically, with the second half of the exact sequence presented, as the first half was obtained by Garibaldi in [4]). The invariants of O_n and SO_n are completely known, see

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 535

[5]. In this section and the next, however, we show how to recover these results from theorem 3.2.1. In the case of O_n this is so close to the proof given in loc. cit.that we shall omit most of the details. In the case of SO_n on the other hand, our method is considerably different, so we have thought it worthwhile to present it. We continue with p = 2.

A major role will be played by Stiefel-Whitney classes. Recall that H^1(K, O_n) is the set of isomorphism classes of non-degenerate quadratic forms on K^n. Given such a form q, the classes w_i(q) ∈ H^∗(K), for i ≥ 0, have been defined by Milnor [9] (originally they were defined in mod 2 Milnor K-theory). They are 0 for i > n and if w_t(q) = � w_i(q)t^i, then one has

w_t(q ⊕ q^′) = w_t(q)w_t(q^′).

Each w_i can be seen as a cohomological invariant in Inv(O_n). In fact one has

Proposition 3.3.1 – The H^∗(k)-module Inv(O_n) is free with a basis given by the classes w_i, for 0 ≤ i ≤ n. Moreover, the following multiplicative formula holds:

w_1w_{i−1} = w_i (i odd), = (−1)w_{i−1} (i even).

In the formula, (−1) stands for the image of −1 ∈ k in H^1(k) = k^×/(k^×)^2.

Sketch proof. From theorem 3.2.1, we have an injection

0 → Inv(O_n) → Inv(Z/2 × O_{n−1})

where Z/2×O_{n−1} is seen as a subgroup of O_n, the nonzero element in the copy of Z/2 corresponding to the −Id matrix. An immediate induction then shows that Inv(O_n) injects into Inv((Z/2)^n), the invariants of the elementary abelian 2-group comprised of the diagonal matrices in O_n with ±1 as entries. (This could be seen as a consequence of the surjection H^1(K, (Z/2)^n) → H^1(K, O_n), which in turns expresses the fact that quadratic forms may be diagonalized). We have computed Inv(Z/2) in remark 2.1.2, and we may apply corollary 2.2.2 to obtain Inv((Z/2)^n). The symmetric group S_n acts on this ring, and the image of Inv(O_n) must certainly lie in the subring fixed by this action. The latter is easily seen to be a free H^∗(k)-module on the images of the Stiefel- Whitney classes.

The multiplicative formula is obtained by direct computation.

3.4. End of the computation for SO_n

Since SO_n is a subgroup of O_n, the restriction map Inv(O_n) → Inv(SO_n) defines Stiefel-Whitney classes for SO_n.

Now, as we have defined it, the group SO_n has the following interpretation for its torsors: H^1(K, SO_n) is the set of isomorphism classes of non-degenerate quadratic forms on K^n whose discriminant is 1. Recall that the discriminant

Documenta Mathematica 12 (2007) 521–545

536 Pierre Guillot

is the determinant of any matrix representing the bilinear form associated to q, viewed as an element of K^×/(K^×)^2. As it turns out, the discriminant of q is precisely w_1(q) when seen as a class in the additive group H^1(K). So we have w_1 = 0 in Inv(SO_n). From the formula w_1w_{2i} = w_{2i+1}, we have in fact w_{2i+1} = 0 in Inv(SO_n).

Proposition 3.4.1 – When n = 2m + 1 is odd, Inv(SO_n) is a free H^∗(k)- module with basis {w_0, w_2, w_4, . . . , w_{2m}}.

When n = 2m is even, Inv(SO_n) is a free H^∗(k)-module with basis

{w_0, w_2, w_4, . . . , w_{2m−2}, b^{(1)}_{n−1}},

where b^{(1)}_{n−1} is an invariant of degree n − 1.

The invariant b^{(1)}_{n−1} was introduced by Serre [5]. It was originally denoted by b_1, but we try to keep lowerscripts for the degree whenever possible.

Proof. The odd case is easy, for we have an isomorphism

Z/2 × SO_{2m+1} = O_{2m+1}.

From the Künneth formula (corollary 2.2.2), it follows that Inv(SO_{2m+1}) is the quotient of Inv(O_{2m+1}) by the ideal generated by w_1. From the formula in proposition 3.3.1, this is the submodule generated by the odd Stiefel-Whitney classes. The result follows.

Turning to the even case, we use the exact sequence from theorem 3.2.1:

0 −−−−→ Inv(SO_{2m}) −−−−→ Inv(Z/2 × SO_{2m−1})^r−−−−→ Inv(SO_{2m−2})

We proceed by induction, assuming the result for n − 2.

The group Z/2 × SO_{2m−1} is seen as a subgroup of SO_{2m}, were again the copy of Z/2 is identified with {±Id}. However, there is also a canonical isomorphism of Z/2 × SO_{2m−1} with O_{2m−1}, as above. The corresponding injective map O_{2m−1} → SO_{2m} thus obtained induces the map H^1(K, O_{2m−1}) → H^1(K, SO_{2m}) which sends a quadratic form q to q̃ = (q ⊗ det(q)) ⊕ det(q). Here det(q) is the 1-dimensional quadratic form with corresponding 1 × 1 matrix given by the discriminant of q.

We have w_{2i+1}(q̃) = 0 as explained above. To compute the even Stiefel-Whitney classes, we note that w_i(q̃) = w_i((q ⊕ ⟨1⟩) ⊗ det(q)) = w_i(q ⊗ det(q)), and we recall that if we factorise formally � w_i(q)t^i = � (1 + a_it^i),

then � w_i(q ⊗ det(q))t^i = � (1 + (a_i + w_1(q))t^i).

It follows that w_{2i}(q̃) = w_{2i}(q)+w_1(q)R_i(q), and the remainder w_1(q)R_i(q) can thus be written as a linear combination over H^∗(k) of the classes w_j (q) with j < 2i. Moreover w_{2m}(q̃) = 0.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 537

Now, write w_i, resp w^′_i, resp w^{′′}_i , for the Stiefel-Whitney classes in Inv(SO_{2m}), resp Inv(O_{2m−1}), resp Inv(SO_{2m−2}), and regard Inv(SO_{2m}) as a subring of Inv(O_{2m−1}). Thus we have w_{2i+1} = 0 and w_{2i} = w^′_{2i} + w^′_1R_i. Let M, resp N, denote the H^∗(k)-submodule of Inv(O_{2m−1}) generated by the classes w^′_{2i+1} for 0 ≤ i ≤ m − 2, resp by the classes w_{2i} for 0 ≤ i ≤ m − 1 together with b^{(1)}_{n−1} = w^′_{2m+1} + (−1)w^′_1R_m. Then M and N are free modules, and Inv(O_{2m−1}) = M ⊕ N. We claim (i) that the residue map r is 0 on N (ie r(b^{(1)}_{n−1}) = 0), and (ii) that r maps M injectively onto a free submodule in Inv(SO_{2m−2}). This will complete the induction step, as we will have Inv(SO_{2m}) = ker(r) = N.

Both parts of the claim are proved by the same computation. We first note from theorem 3.2.1 that r(w^′_1) = 1, and we compute:

r(w^′_{2i+1} ) = r(w^′_1w^′_{2i})

= r(w^′_1w_{2i}) − r((w^′_1)^2R^′_i) = w^{′′}_{2i} − r((−1)w^′_1R_i) = w^{′′}_{2i} − (−1)r(w^′_1R_i) .

Take i = m − 1 to obtain (i) (since w^{′′}_{2m−2} = 0). Property (ii) is clear. It remains to start the induction. The group SO_2 is a torus, so Inv(SO_2) = H^∗(k). One gets the result for SO_4 from this and theorem 3.2.1. This is very similar to the induction step (but easier), and will be left to the reader.

§4. Projective variants

4.1. Projective bundles

Consider the n-th projective space P^n. It has an open subset isomorphic to A^n, and from the long exact sequence of §2.1, (5), we draw at once A^0(P^n, H^∗) = H^∗(k).

Now, if V → X is a vector bundle, we may form the associated projective bundle π : P(V ) → X. The fibre of π over Spec(κ) → X is P^{n−1}_κ , where n is the rank of V . Thus we see that the induced cycle module A^0 = A^0[π, H^∗] on X is isomorphic to H^∗, and from theorem 2.2.1 we have:

Lemma 4.1.1 – Let π : P(V ) → X denote the projective bundle associated to the vector bundle V → X. Then

A^0(P(V ), H^∗) = A^0(X, H^∗).

Remark 4.1.2 – It should be kept in mind that the above argument, which rests on the spectral sequence of theorem 2.2.1, has been used for the sake of concision only. The result is a consequence of the following general statement:

A^∗(P(V ), H^∗) = A^∗(X, H^∗)[ζ]/(ζ^n)

with ζ ∈ A^1(P(V ), H^0). This is perfectly analogous to the usual statement for ordinary Chow groups, and is no harder to prove. We shall have no use for the

Documenta Mathematica 12 (2007) 521–545

538 Pierre Guillot

complete statement in the sequel, however, and therefore we omit the lengthy argument.

Corollary 4.1.3 – Let V be a representation of the linear algebraic group G. Form the projective representation P(V ), and assume that there is a k-rational point in P(V ) whose orbit is open, and isomorphic to G/S. Then there is an injection 0 → Inv(G) → Inv(S).

Proof. We have a vector bundle V_G → BG and the associated projective bundle is P(V )_G → BG. From the lemma,

Inv(G) = A^0(BG, H^∗) = A^0(P(V )_G, H^∗) = A^0_G(P(V ), H^∗).

We may view G/S as an open subset in P(V ), and from the equivariant long exact sequence we have

0 → Inv(G) → A^0_G(G/S, H^∗).

As noted in §3.1, we have A^0_G(G/S, H^∗) = Inv(S).

4.2. Applications

Example 4.2.1. As a very simple illustration, we may compute the invariants of a wreath product G_m ≀ Z/2, that is a semi-direct product G^2_m ⋊ Z/2 where Z/2 permutes the two copies of the multiplicative group.

Indeed, this group may be seen as the normalizer of a maximal torus in GL_2, and thus it has a canonical representation W of dimension 2. The space P(W ) is just two orbits, and that of [1, 1] is open with stabilizer G_m × Z/2. From corollary 4.1.3 (and corollary 2.2.2), we know that the restriction map from Inv(G^2_m ⋊ Z/2) to Inv(Z/2) is injective. It is also certainly surjective, since the inclusion Z/2 → G^2_m ⋊Z/2 is a section for the projection G^2_m ⋊Z/2 → Z/2. Finally, we conclude that Inv(G^2_m ⋊ Z/2) = Inv(Z/2) (regardless of the choice of p).

Example 4.2.2. In [4], Garibaldi gives many examples of applications of corollary 4.1.3. It is possible to recover a good number of his results using the techniques of this paper. Let us illustrates this with Spin_7 at p = 2. If Δ denotes the spin representation of Spin_7, one can show that there exists an open orbit U in P(Δ) with stabilizer G_2 × Z/2 (G_2 is the split group of that type). Hence an injection

0 → Inv(Spin_7) → Inv(G_2 × Z/2).

Garibaldi computes the image of this, creating invariants of Spin_7 by restricting invariants of Spin_8, and exploiting the fact that further restriction from Inv(Spin_7) to Inv(Z/2) is zero, since it factors through the invariants of a maximal torus.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 539

Our version of this computation is to study the complement of U in P(Δ). It consists of a single orbit with stabilizer K, and there is an affine bundle map BK → B(SL_3 × Z/2). Therefore we have an exact sequence

0 → Inv^d(Spin_7) → Inv^d(G_2 × Z/2) → Inv^{d−1}(SL_3 × Z/2).

This seems to be typical of the stratification method when projective representations are used: one can obtain some results very rapidly, but they are not always as accurate as one may wish.

Instead, if we proceed exactly as in the proof of theorem 3.2.1, we obtain:

0 → Inv^d(Spin_7) → Inv^d(G_2 × Z/2) → Inv^{d−1}(SL_3) → 0.

Since SL_3 is special, Inv(SL_3) = H^∗(k). From [5] we have that Inv(G_2) is a free H^∗(k)-module on two generators of degree 0 and 3. By corollary 2.2.2, Inv(G_2 × Z/2) is a free H^∗(k)-modules with 4 generators of degree 0, 1, 3 and 4. It follows that Inv(Spin_7) is a free H^∗(k)-module on 3 generators of degree 0, 3 and 4.

§5. The Bloch & Ogus spectral sequence

5.1. The spectral sequence

In this section, we assume that k is algebraically closed. The prime p being fixed as always, we shall write H^i_{et}(X) for the étale cohomology group H^i_{et}(X, Z/p).

Theorem 5.1.1 (Rost, Bloch, Ogus) – Let k = k̄, and let X be equidimensional. Then there is a spectral sequence

E^{r,s}_2 = A^r(X, H^{s−r}) ⇒ H^{r+s}_{et} (X).

In particular the E_2 page is zero under the first diagonal, and the resulting map

A^n(X, H^0) = CH^nX ⊗_Z Z/p → H^n_{et}(X)

is the usual cycle map.

A word of explanation on the authorship of the spectral sequence. To start with, there is the well-known coniveau spectral sequence, which converges to H^n_{et}(X) and for which there is a description of the E_1 term. In [2] Bloch and Ogus prove that the E_2 term can be identified with H^r_{Zar}(X, H^s), where H^s is the sheafification of U → H^s_{et}(U). They deduce that the groups are 0 under the diagonal, and prove the statement about the cycle map. More than 20 years later, in [11], corollary 6.5, Rost proves that the E_2 term can also be described using his Chow groups with coefficients as in the theorem. The sequence seems to be usually refered to as the Bloch & Ogus spectral sequence. Given an algebraic group G, we may take a model for BG to play the role of X, and obtain:

Documenta Mathematica 12 (2007) 521–545

540 Pierre Guillot

Corollary 5.1.2 – There is a map

H^∗_{et}(BG) → Inv(G)

which vanishes (when ∗ > 0) on the image of the cycle map

CH^∗BG ⊗_Z Z/p → H^{2∗}_{et} (BG).

Example 5.1.3. The Stiefel-Whitney classes as in 3.3 can be defined as the images of the elements with the same name in the cohomology of BO_n. The corollary explains why they square to zero in Inv(O_n), since they square to Chern classes in cohomology, and these come from the Chow ring (see [13] for details).

Remark 5.1.4 – When G is a finite group, viewed as a 0-dimensional algebraic group, there is a natural map

H^∗(G, F_p) → H^∗_{et}(BG),

where H^∗(G, F_p) is the usual cohomology of G as a discrete group. Indeed, there is a Galois covering EG → BG with group G, so we may see this map as coming from the corresponding Hoschild-Serre spectral sequence. Since we assume in this section that k is algebraically closed, it follows easily that the map is an isomorphism.

Composing this with the map from the previous corollary, we obtain the homomorphism H^∗(G, F_p) → Inv(G)

which was considered in [5]. Of course the direct definition given in loc. cit. is much preferable.

Corollary 5.1.5 (to theorem 5.1.1) – There are natural isomorphisms:

Inv^1(G) = H^1_{et}(BG) and Inv^2(G) =

H^2_{et}(BG) CH^1BG ⊗_Z Z/p . The denominator in the second isomorphism is really the image of CH^1BG ⊗_Z Z/p in étale cohomology via the cycle map. When k = C, the cycle map is injective in degree 1 and in fact CH^1BG = H^2(BG, Z) (topological cohomology), see [13].

Corollary 5.1.6 (to theorem 5.1.1) – Any class x in the kernel of the cycle map CH^2BG ⊗_Z Z/p → H^4_{et}(BG)

determines an invariant r_x ∈ Inv^3(BG), which is well-defined up to the image of H^3_{et}(BG) → Inv^3(BG). If x is nonzero, neither is r_x.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 541

We think of r_x as a simplified version of the Rost invariant.

Proof. Our assumption implies that the class x, viewed as an element of bidegree (2, 2) on the E_2 page of the spectral sequence under discussion, must be hit by a differential. Let r_x ∈ E^{0,3}_2 = Inv^3(G) be such that d_2(r_x) = x. This element is well-defined up to the kernel of d_2. Since further differentials d_r for r > 2 are zero on E^{0,3}_r , we see that r_x is defined up to elements which survive to the E_∞ page. These are, by definition, the elements in the image of H^3_{et}(BG) → Inv^3(BG).

5.2. Applications

For simplicity, we shall take k = C, the complex numbers, in the applications. In this case according to remark 2.3.4, the étale cohomology of BG as above coincides with the topological cohomology of a topological classifying space (i.e. a quotient EG/G of a contractible space EG endowed with a free G-action). We start with a proposition which should be compared with statements 31.15 and 31.20 in [7], for which there is no proof available as far as I am aware.

Proposition 5.2.1 – Over the complex numbers, there are isomorphisms

Inv^1(G) = Hom(π_0(G), Z/p) and Inv^2(G) = p-torsion in H^3(BG, Z).

In particular, if G is connected then Inv^1(G) = 0, and if G is 1-connected then Inv^2(G) = 0.

Proof. From corollary 5.1.5, we have Inv^1(G) = H^1(BG, F_p), and of course this is Hom(π_1(BG), Z/p). However π_1(BG) = π_0(G).

As noted above, the cycle map is injective in degree 1 over the complex numbers, and CH^1BG = H^2(BG, Z). From corollary 5.1.5 again, we see that

Inv^2(G) =

H^2(BG, F_p) H^2(BG, Z) ⊗ Z/p , and it is elementary to show that this maps injectively onto the p-torsion in H^3(BG, Z) via the Bockstein.

The statement about connected groups is trivial. When G is 1-connected, it is automatically 2-connected, since any real Lie group has π_2(G) = 0. Thus BG is 3-connected and we draw H^3(BG, Z) = 0 from Hurewicz’s theorem.

Example 5.2.2. Consider the case of the exceptional group G_2, for k = C and p = 2. It is reductive and 1-connected, so by the proposition we have Inv^i(G_2) = 0 for i = 1, 2. Moreover, the Chow ring of G_2 has been computed over the complex numbers, see [6]. It turns out that the map CH^2BG_2 ⊗_Z Z/2 → H^4(BG_2, F_2) has exactly one nonzero element. From corollary 5.1.6,

Documenta Mathematica 12 (2007) 521–545

542 Pierre Guillot

we know that there is a nonzero invariant e_3 ∈ Inv^3(G_2). It is uniquely defined as H^3(BG_2, F_2) = 0.

It is proved in [5] that for any field k of characteristic ≠ 2, Inv(G_2) is in fact a free H^∗(k)-module on the generators 1 and e_3.

Example 5.2.3. We take k = C, p = 2, and G = D_8 = Z/4 ⋊ Z/2, the dihedral group. We shall completely compute Inv(G) by showing first that things reduce to corollary 5.1.5.

Let t be a generator of Z/4 in G, and let τ be the second generator, so that τ(t) = τtτ^{−1} = t^{−1}. We let G act on V = A^2 via t → � t 0 0 t^{−1} �

and τ → � 0 1 1 0 � . The corresponding map G → GL_2 is an embedding, so G acts freely outside of a finite number of lines. Let U denote the open complement. We have an injection

0 → A^0_G(V, H^∗) = Inv(G) → A^0_G(U, H^∗) = A^0(U/G, H^0),

by example 2.3.2. Now, U/G is a variety of dimension 2 over an algebraically closed field, so H^∗(k(U)) = 0 for ∗ > 2. It follows that Inv(G) is concentrated in degrees ≤ 2.

Since we are working over C, we have H^∗_{et}(BG) = H^∗(BG, F_2) = H^∗(G, F_2). The cohomology of G is well-known, see for example [1]:

H^∗(G, F_2) = F_2[x_1, y_1, w_2]/(x_1y_1 = 0).

More precisely, G can be presented as an ”extraspecial group”, ie as a central extension 0 → Z/2 → G → E → 0

where E ≈ Z/2 × Z/2. If we choose x_1 and y_1 so that H^∗(E, F_2) = F_2[x_1, y_1], then we can pullback these classes to the cohomology of G where they will give the classes with the same name in the description above. (Besides, the cohomology class of the extention is x_1y_1.)

We have immediately, by corollary 5.1.5, that Inv^1(G) = F_2 · x_1 ⊕ F_2 · y_1. In degree 2, we note that H^2(G, F_2) is generated additively by the classes x^2_1, y^2_1 , and w_2. The Chow ring of BE is CH^∗BE ⊗_Z Z/2 = F_2[x^2_1, y^2_1 ], from which we know that the classes x^2_1 and y^2_1 in the cohomology of BG certainly come from the Chow ring of BG.

On the other hand, Sq^1w_2 = w_2(x_1 + y_1) ≠ 0 (loc. cit.), while the Steenrod operation Sq^1 is zero on classes coming from the integral cohomology, and a fortiori it is zero on the classes coming from the Chow ring.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 543

As a result, we have finally Inv^2(G) = F_2 · w_2.

Over a general field, we could reach a similar conclusion by studying the geometric situation a bit more carefully. The variety U/G, for example, can be shown to be the open subset in A^2 obtained by removing the axis Y = 0 and the two parabolae X ± 2Y^2 = 0. Alternatively, you might want to use that D_8 is a 2-Sylow in S_4, and exploit the double coset formula as in [5], chap. V.

§6. Other cycle modules

We shall conclude with a few simple remarks on other possible cycle modules. Given any cycle module M as in §2, we may define the invariants Inv(G, M) of G with values in M to be the natural transformations of functors

H^1(−, G) → M(−).

It is straightforward to establish the inclusion

Inv(G, M) ⊂ A^0(BG, M)

for any BG which is the base of a versal G-principal bundle. Indeed, the arguments in [5] hold verbatim (and in fact in loc. cit. the reader will find a similar inclusion even for invariants with values in the Witt ring, even though the Witt ring satisfies weaker properties than cycle modules do.) We may also define the equivariant Chow groups A^∗_G(X, M) for varieties X acted on by G, exactly as we have done for M = H^∗. When this is done, we may take BG to be Spec(k)_G (as in the rest of this paper), and we have an equality Inv(G, M) = A^0(BG, M) = A^0_G(Spec(k), M)

by Totaro’s arguments as in [5].

The techniques we have used for Galois cohomology may be used for any cycle module. Let us illustrate this for M = K_∗, the algebraic K-theory of fields (Milnor or Quillen, it will not affect the sequel). In this case we have A^∗(X, K_0) = CH^∗X, and the parallel with our previous computations becomes even more obvious.

Arguing as in example 2.1.1, we obtain that A^0(G_m, K_∗) is a free K_∗-module on two generators, one in dimension 0, the other in dimension 1. If p is a prime number, we may use this to compute the invariants of μ_p.

The group μ_p has a 1-dimensional representation V , and G_m sits in V as a μ_p-invariant open subset whose complement is a point Spec(k). We obtain the exact sequence (where G = μ_p):

0 → A^0_G(V, K_∗) → A^0_G(G_m, K_∗) → A^0_G(Spec(k), K_{∗−1}) → A^1_G(V, K_{∗−1}).

The action on G_m is free with quotient G_m, so as in example 2.3.2 we draw A^0_G(G_m, K_∗) = A^0(G_m, K_∗). Thus we may rewrite the exact sequence:

0 −−−−→ Inv(G, K_∗) −−−−→ A^0(G_m, K_∗) −−−−→ Inv(G, K_{∗−1}),

Documenta Mathematica 12 (2007) 521–545

544 Pierre Guillot

and for ∗ = 1 it is worth writing the extra term:

0 → Inv(G, K_1) → A^0(G_m, K_1) → Inv(G, K_0)^{s∗}−→ CH^1BG → 0.

Let us explain the notation s_∗ and what this map looks like. We call s the zero section s : BG → V_G of the vector bundle π : V_G → BG, and s_∗ is the induced pushforward map. We know that π^∗ is an isomorphism, and that there is a projection formula s_∗(π^∗(x)y) = xs_∗(y). If we use π^∗ as an identification, it follows that s_∗(x) = c_1(V )x where c_1(V ) = s_∗(1) is the first Chern class of V . Finally the map s_∗ : Inv(G, K_0) → CH^1BG is simply the surjective map Z → CH^1BG sending 1 to c_1(V ). Now, CH^1BG is p-torsion by a transfer argument (or see [13], example 13.1, which shows that CH^1BG may well be 0 depending on k). In any case, s_∗ has a kernel isomorphic to Z. We conclude that the 1-dimensional generator for A^0(G_m, K_∗) must map to a generator for this kernel. As a result, Inv(G, K_∗) is reduced to K_∗, i.e. the group μ_p has no nonconstant invariants in algebraic K-theory at all. For p = 2 for example, assuming that char(k) ≠ 2, we may use the surjection H^1(K, (Z/2)^n) → H^1(K, O_n) for fields containing k to deduce that Inv(O_n, K_∗) injects into Inv((Z/2)^n, K_∗). Thus, after an obvious Künneth argument, we see that O_n has no nonconstant invariants in algebraic K-theory, either. In particular, there is no natural way of lifting the Siefel-Whitney classes to integral Milnor K-theory.

References

[1] A. Adem and R. J. Milgram, Cohomology of finite groups, vol. 309 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], Springer-Verlag, Berlin, second ed., 2004.

[2] S. Bloch and A. Ogus, Gersten’s conjecture and the homology of schemes, Ann. Sci. École Norm. Sup. (4), 7 (1974), pp. 181–201 (1975).

[3] D. Edidin and W. Graham, Equivariant intersection theory, Invent.

Math., 131 (1998), pp. 595–634.

[4] S. Garibaldi, Cohomological invariants: exceptional groups and spin groups. http://www.mathcs.emory.edu/ skip/lens-ci/lens-ci.html.

[5] S. Garibaldi, A. Merkurjev, and J.-P. Serre, Cohomological invariants in Galois cohomology, vol. 28 of University Lecture Series, American Mathematical Society, Providence, RI, 2003.

[6] P. Guillot, The Chow rings of G_2 and Spin(7), J. Reine Angew. Math.

to appear.

[7] M.-A. Knus, A. Merkurjev, M. Rost, and J.-P. Tignol, The book of involutions, vol. 44 of American Mathematical Society Colloquium Publications, American Mathematical Society, Providence, RI, 1998. With a preface in French by J. Tits.

Documenta Mathematica 12 (2007) 521–545

Geometric Methods for Cohomological Invariants 545

[8] A. Merkurjev, Unramified cohomology of classifying varieties for classical simply connected groups, Ann. Sci. École Norm. Sup. (4), 35 (2002), pp. 445–476.

[9] J. Milnor, Algebraic K-theory and quadratic forms, Invent. Math., 9 (1969/1970), pp. 318–344.

[10] A. L. Molina and A. Vistoli, On the Chow rings of classifying spaces for classical groups. math.AG/0505560.

[11] M. Rost, Chow groups with coefficients, Doc. Math., 1 (1996), pp. 319– 393.

[12] M. Rost, J.-P. Serre, and J.-P. Tignol, La forme trace d’une algèbre simple centrale de degré 4, C. R. Math. Acad. Sci. Paris, 342 (2006), pp. 83–87.

[13] B. Totaro, The Chow ring of a classifying space, in Algebraic K-theory (Seattle, WA, 1997), vol. 67 of Proc. Sympos. Pure Math., Amer. Math. Soc., Providence, RI, 1999, pp. 249–281.

[14] G. Vezzosi, On the Chow ring of the classifying stack of PGL_{3,C}, J. Reine Angew. Math., 523 (2000), pp. 1–54.

Pierre Guillot Université Louis Pasteur 7, rue René Descartes 67000 Strasbourg France pierre.guillot@cantab.net

Documenta Mathematica 12 (2007) 521–545

Documenta Mathematica 12 (2007)

Documenta Math. 547

Erratum

Igor Wigman

Received: November 27, 2007

Communicated by Friedrich Götze

Abstract. This is an erratum concerning the article ”Statistics of Lattice Points in Thin Annuli for Generic Lattices”, Documenta Math. 11 (2005), 1–23

2000 Mathematics Subject Classification: Primary: 11H06, Secondary: 11J25 Keywords and Phrases: Lattice, Counting Function, Circle, Ellipse, Annulus, Two-Dimensional Torus, Gaussian Distribution, Diophantine approximation

1. The correct statement of Lemma 4.1 is: for every a > 0,

N_Λ(t) = π d t^2 − √ t dπ � ⃗k∈Λ^∗\{0}

|⃗k|≤ √ N cos � 2πt|⃗k| +^π_4 � |⃗k|^32

+ O(N^a) + O � t^3 δ_Λ(t^2) √ N � ,

provided that δ_Λ(y) < 1 (1)

for all y > 0.

The proof of this lemma proceeds exactly as the proof of the correct statement corresponding to lemma 4.1 of [W] (see the erratum to [W]).

2. In the course of ”unsmoothing” (that is, the proof of lemma 4.2), we invoke lemma 4.1 with δ_Λ(y) =^{c1}_{yK0} and δ_Λ∗ (y) =^{c2}_{yK0} , where c_1, c_2 are constants. We choose N = T^H , with

H := 8 + 4K_0,

and proceed as in the original text.

Documenta Mathematica 12 (2007) 547–548

548 Igor Wigman

Acknowledgement The author wishes to thank D. R. Heath-Brown for finding the mistake as well as other useful comments.

References

[W] Wigman, Igor The distributions of lattice points in elliptic annuli. Q. J.

Math. 57 (2006), no. 3, 395–423.

Igor Wigman School of Mathematical Sciences Tel Aviv University Tel Aviv 69078 Israel igorv@post.tau.ac.il

Documenta Mathematica 12 (2007) 547–548

Documenta Math. 549

Rational Real Algebraic Models

of Topological Surfaces

Indranil Biswas and Johannes Huisman

Received: September 20, 2007

Communicated by Thomas Peternell

Abstract. Comessatti proved that the set of all real points of a rational real algebraic surface is either a nonorientable surface, or diffeomorphic to the sphere or the torus. Conversely, it is well known that each of these surfaces admits at least one rational real algebraic model. We prove that they admit exactly one rational real algebraic model. This was known earlier only for the sphere, the torus, the real projective plane and the Klein bottle.

2000 Mathematics Subject Classification: 14P25, 14E07 Keywords and Phrases: Real algebraic surface, topological surface, rational surface, rational model, birational map, algebraic diffeomorphism, transitivity, geometrically rational surface, geometrically rational model

1 Introduction

Let X be a rational nonsingular projective real algebraic surface. Then the set X(R) of real points of X is a compact connected topological surface. Comessatti showed that X(R) cannot be an orientable surface of genus bigger than 1. To put it otherwise, X(R) is either nonorientable, or it is orientable and diffeomorphic to the sphere S^2 or the torus S^1 × S^1 [Co2, p. 257]. Conversely, each of these topological surfaces admits a rational real algebraic model, or rational model for short. In other words, if S is a compact connected topological surface which is either nonorientable, or orientable and diffeomorphic to the sphere or the torus, then there is a nonsingular rational projective real algebraic surface X such that X(R) is diffeomorphic to S. Indeed, this is clear for the sphere, the torus and the real projective plane: the real projective surface defined by the affine equation x^2 + y^2 + z^2 = 1 is a rational

Documenta Mathematica 12 (2007) 549–567

550 Indranil Biswas and Johannes Huisman

model of the sphere S^2, the real algebraic surface P^1 × P^1 is a rational model of the torus S^1 × S^1, and the real projective plane P^2 is a rational model of the topological real projective plane P^2(R). If S is any of the remaining topological surfaces, then S is diffeomorphic to the n-fold connected sum of the real projective plane, where n ≥ 2. A rational model of such a topological surface is the real surface obtained from P^2 by blowing up n − 1 real points. Therefore, any compact connected topological surface which is either nonorientable, or orientable and diffeomorphic to the sphere or the torus, admits at least one rational model.

Now, if S is a compact connected topological surface admitting a rational model X, then one can construct many other rational models of S. To see this, let P and P be a pair of complex conjugate complex points on X. The blow-up ~X of X at P and P is again a rational model of S. Indeed, since P and P are nonreal points of X, there are open subsets U of X and V of ~X such that

• X(R) ⊆ U(R), ~X(R) ⊆ V (R), and

• U and V are isomorphic.

In particular, X(R) and ~X(R) are diffeomorphic. This means that ~X is a rational model of S if X is so. Iterating the process, one can construct many nonisomorphic rational models of S. We would like to consider all such models of S to be equivalent. Therefore, we introduce the following equivalence relation on the collection of all rational models of a topological surface S.

Definition 1.1. Let X and Y be two rational models of a topological surface S. We say that X and Y are isomorphic as rational models of S if there is a sequence

X_1 � � � � � � � � X^3 � � � � � � � � � X^{2n−1} � � � � � � � X = X_0 X_2 · · · X_{2n} = Y

where each morphism is a blowing-up at a pair of nonreal complex conjugate points.

We note that the equivalence relation, in Definition 1.1, on the collection of all rational models of a given surface S is the smallest one for which the rational models X and ~X mentioned above are equivalent.

Let X and Y be rational models of a topological surface S. If X and Y are isomorphic models of S, then the above sequence of blowing-ups defines a rational map f : X � Y

having the following property. There are open subsets U of X and V of Y such that

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 551

• the restriction of f to U is an isomorphism of real algebraic varieties from U onto V , and

• X(R) ⊆ U(R) and Y (R) ⊆ V (R).

It follows, in particular, that the restriction of f to X(R) is an algebraic diffeomorphism from X(R) onto Y (R), or in other words, it is a biregular map from X(R) onto Y (R) in the sense of [BCR].

Let us recall the notion of an algebraic diffeomorphism. Let X and Y be smooth projective real algebraic varieties. Then X(R) and Y (R) are compact manifolds, not necessarily connected or nonempty. Let

f : X(R) −→ Y (R) (1)

be a map. Choose affine open subsets U of X and V of Y such that X(R) ⊆ U(R) and Y (R) ⊆ V (R). Since U and V are affine, we may assume that they are closed subvarieties of A^m and A^n, respectively. Then X(R) is a closed submanifold of R^m, and Y (R) is a closed submanifold of R^n. The map f in (1) is algebraic or regular if there are real polynomials p_1, . . . , p_n, q_1, . . . , q_n in the variables x_1, . . . , x_m such that none of the polynomials q_1, . . . , q_n vanishes on X(R), and

f(x) = � p_1(x) q_1(x)

, . . . , p_n(x) q_n(x) �

for all x ∈ X(R).

One can check that the algebraicity of f depends neither on the choice of the affine open subsets U and V nor on the choice of the embeddings of U and V in affine space. Note that the algebraicity of f immediately implies that f is a C^∞-map.

The map f in (1) is an algebraic diffeomorphism if f is algebraic, bijective, and f^{−1} is algebraic.

Again let X and Y be rational models of a topological surface S. As observed above, if X and Y are isomorphic models of S, then there is an algebraic diffeomorphism f : X(R) −→ Y (R) .

Conversely, if there is an algebraic diffeomorphism f : X(R) −→ Y (R), then X and Y are isomorphic models of S, as it follows from the well known Weak Factorization Theorem for birational maps between real algebraic surfaces(see [BPV, Theorem III.6.3] for the WFT over C, from which the WFT over R follows).

Here we address the following question. Given a compact connected topological surface S, what is the number of nonisomorphic rational models of S? By Comessatti’s Theorem, an orientable surface of genus bigger than 1 does not have any rational model. It is known that the topological surfaces S^2, S^1 × S^1 and P^2(R) have exactly one rational model, up to isomorphism (see also Remark 3.2). Mangolte has shown that the same holds for the Klein bottle [Ma, Theorem 1.3] (see again Remark 3.2).

Documenta Mathematica 12 (2007) 549–567

552 Indranil Biswas and Johannes Huisman

Mangolte asked how large n should be so that the n-fold connected sum of the real projective plane admits more than one rational model, up to isomorphism; see the comments following Theorem 1.3 in [Ma]. The following theorem shows that there is no such integer n.

Theorem 1.2. Let S be a compact connected real two-manifold.

1. If S is orientable of genus greater than 1, then S does not admit any rational model.

2. If S is either nonorientable, or it is diffeomorphic to one of S^2 and S^1 × S^1, then there is exactly one rational model of S, up to isomorphism. In other words, any two rational models of S are isomorphic.

Of course, statement 1 is nothing but Comessatti’s Theorem referred to above. Our proof of statement 2 is based on the Minimal Model Program for real algebraic surfaces developed by János Kollár in [Ko1]. Using this Program, we show that a rational model X of a nonorientable topological surface S is obtained from P^2 by blowing it up successively in a finite number of real points (Theorem 3.1). The next step of the proof of Theorem 1.2 involves showing that the model X is isomorphic to a model X^′ obtained from P^2 by blowing up P^2 at real points P_1, . . . , P_n of P^2. At that point, the proof of Theorem 1.2 would have been finished if we were able to prove that the group Diff_{alg}(P^2(R)) of algebraic diffeomorphisms of P^2(R) acts n-transitively on P^2(R). However, we were unable to prove such a statement. Nevertheless, a statement we were able to prove is the following.

Theorem 1.3. Let n be a natural integer. The group Diff_{alg}(S^1 × S^1) acts n-transitively on S^1 × S^1.

We conjecture, however, the following.

Conjecture 1.4. Let X be a smooth projective rational surface. Let n be a natural integer. Then the group Diff_{alg}(X(R)) acts n-transitively on X(R).^1

The only true evidence we have for the above conjecture is that it holds for X = P^1 × P^1 according to Theorem 1.3.

Now, coming back to the idea of the proof of Theorem 1.2, we know that any rational model of S is isomorphic to one obtained from P^2 by blowing up P^2 at real points P_1, . . . , P_n. Since we have established n-transitivity of the group of algebraic diffeomorphisms of S^1 × S^1, we need to realize X^′ as a blowing-up of P^1 × P^1 at a finite number of real points.

Let L be the real projective line in P^2 containing P_1 and P_2. Applying a nontrivial algebraic diffeomorphism of P^2 into itself, if necessary, we may assume that P_i ∉ L for i ≥ 3. Then we can do the usual transformation of P^2 into P^1 × P^1 by first blowing-up P_1 and P_2, and then contracting the strict

1This conjecture is now proved [HM].

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 553

transform of L. This realizes X^′ as a surface obtained from P^1 ×P^1 by blowingup P^1 × P^1 at n − 1 distinct real points. Theorem 1.2 then follows from the (n − 1)-transitivity of Diff_{alg}(S^1 × S^1).

We will also address the question of uniqueness of geometrically rational models of a topological surface. By yet another result of Comessatti, a geometrically rational real surface X is rational if X(R) is nonempty and connected. Therefore, Theorem 1.2 also holds when one replaces “rational models” by “geometrically rational models”. Since the set of real points of a geometrically rational surface is not neccesarily connected, it is natural to study geometrically rational models of not necessarily connected topological surfaces. We will show that such a surface has an infinite number of geometrically rational models, in general. The paper is organized as follows. In Section 2 we show that a real Hirzebruch surface is either isomorphic to the standard model P^1 × P^1 of the real torus S^1 × S^1, or isomorphic to the standard model of the Klein bottle. The standard model of the Klein bottle is the real algebraic surface B_P (P^2) obtained from the projective plane P^2 by blowing up one real point P . In Section 3, we use the Minimal Model Program for real algebraic surfaces in order to prove that any rational model of any topological surface is obtained by blowing up one of the following three real algebraic surfaces: P^2, S^2 and P^1 ×P^1 (Theorem 3.1). Here S^2 is the real algebraic surface defined by the equation x^2 + y^2 + z^2 = 1. As a consequence, we get new proofs of the known facts that the sphere, the torus, the real projective plane and the Klein bottle admit exactly one rational model, up to isomorphism of course. In Section 4 we prove a lemma that will have two applications. Firstly, it allows us to conclude the uniqueness of a rational model for the “next” topological surface, the 3-fold connected sum of the real projective plane. Secondly, it also allows us to conclude that a rational model of a nonorientable topological surface is isomorphic to a model obtained from P^2 by blowing up a finite number of distinct real points P_1, . . . , P_n of P^2. In Section 5 we prove n-transitivity of the group of algebraic diffeomorphisms of the torus S^1 × S^1. In Section 6 we construct a nontrivial algebraic diffeomorphism f of P^2(R) such that the real points f(P_i), for i = 3, . . . , n, are not on the real projective line through f(P_1) and f(P_2). In Section 7 we put all the pieces together and complete the proof of Theorem 1.2. In Section 8 we show by an example that the uniqueness does not hold for geometrically rational models of nonconnected topological surfaces.

Acknowledgement. The second author thanks the Tata Institute of Fundamental Research for its hospitality.

2 Real Hirzebruch surfaces

The set of real points of the rational real algebraic surface P^1 × P^1 is the torus S^1×S^1. We call this model the standard model of the real torus. Fix a real point O of the projective plane P^2. The rational real algebraic surface B_O(P^2)

Documenta Mathematica 12 (2007) 549–567

554 Indranil Biswas and Johannes Huisman

obtained from P^2 by blowing up the real point O is a model of the Klein bottle K. We call this model the standard model of the Klein bottle. Let d be a natural integer. Let F_d be the real Hirzebruch surface of degree d. Therefore, F_d is the compactification P(O_P1 (d)⊕O_P1 ) of the line bundle O_P1 (d) over P^1. Recall that the real algebraic surface F_d is isomorphic to F_e if and only if d = e. The restriction of the line bundle O_P1 (d) to the set of real points P^1(R) of P^1 is topologically trivial if and only if d is even. Consequently, F_d is a rational model of the torus S^1 × S^1 if d is even, and it is a rational model of the Klein bottle K if d is odd (see [Si, Proposition VI.1.3] for a different proof).

The following statement is probably well known, and is an easy consequence of known techniques (compare the proof of Theorem 6.1 in [Ma]). We have chosen to include the statement and a proof for two reasons: the statement is used in the proof of Theorem 3.1, and the idea of the proof turns out also to be useful in Lemma 4.1.

Proposition 2.1. Let d be a natural integer.

1. If d is even, then F_d is isomorphic to the standard model P^1 × P^1 of S^1 × S^1.

2. If d is odd, then F_d is isomorphic to the standard model B_O(P^2) of the Klein bottle K.

(All isomorphisms are in the sense of Definition 1.1.)

Proof. Observe that

• the real algebraic surface P^1 × P^1 is isomorphic to F_0, and

• that the real algebraic surface B_O(P^2) is isomorphic to F_1.

Therefore, the proposition follows from the following lemma.

Lemma 2.2. Let d and e be natural integers. Then the two models F_d and F_e are isomorphic if and only if d ≡ e (mod 2).

Proof. Since the torus is not diffeomorphic to the Klein bottle, the rational models F_d and F_e are not isomorphic if d ≢ e (mod 2). Conversely, if d ≡ e (mod 2), then F_d and F_e are isomorphic models, as follows from the following lemma using induction.

Lemma 2.3. Let d be a natural integer. The two rational models F_d and F_{d+2} are isomorphic.

Proof. Let E be the section at infinity of F_d. The self-intersection of E is equal to −d. Choose nonreal complex conjugate points P and P on E. Let F and F be the fibers of the fibration of F_d over P^1 that contain P and P , respectively. Let X be the real algebraic surface obtained from F_d by blowing up P and P .

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 555

Denote again by E the strict transform of E in X. The self-intersection of E is equal to −d − 2. The strict transforms of F and F , again denoted by F and F respectively; they are disjoint smooth rational curves of self-intersection −1, and they do not intersect E. The real algebraic surface Y obtained from X by contracting F and F is a smooth P^1-bundle over P^1. The image of E in Y has self-intersection −d − 2. It follows that Y is isomorphic to F_{d+2} as a real algebraic surface. Therefore, we conclude that F_d and F_{d+2} are isomorphic models.

3 Rational models

Let Y be a real algebraic surface. A real algebraic surface X is said to be obtained from Y by blowing up if there is a nonnegative integer n, and a sequence of morphisms

X = X_n^{fn} � Xn−1^{fn−1} � · · ·^{f1} � X_0 = Y ,

such that for each i = 1, . . . , n, the morphism f_i is either the blow up of X_{i−1} at a real point, or it is the blow up of X_{i−1} at a pair of distinct complex conjugate points.

The surface X is said to be obtained from Y by blowing up at real points only if for each i = 1, . . . , n, the morphism f_i is a blow up of X_{i−1} at a real point of X_{i−1}.

One defines, similarly, the notion of a real algebraic surface obtained from Y by blowing up at nonreal points only.

The real algebraic surface defined by the affine equation

x^2 + y^2 + z^2 = 1

will be denoted by S^2. Its set of real points is the two-sphere S^2. The real Hirzebruch surface F_1 will be simply denoted by F. Its set of real points is the Klein bottle K.

Thanks to the Minimal Model Program for real algebraic surfaces due to János Kollár [Ko1, p. 206, Theorem 30], one has the following statement:

Theorem 3.1. Let S be a compact connected topological surface. Let X be a rational model of S.

1. If S is not orientable then X is isomorphic to a rational model of S obtained from P^2 by blowing up at real points only.

2. If S is orientable then X is isomorphic to S^2 or P^1 × P^1, as a model.

Proof. Apply the Minimal Model Program to X in order to obtain a sequence of blowing-ups as above, where Y is one of the following:

1. a minimal surface,

Documenta Mathematica 12 (2007) 549–567

556 Indranil Biswas and Johannes Huisman

2. a conic bundle over a smooth real algebraic curve,

3. a Del Pezzo surface of degree 1 or 2, and

4. P^2 or S^2.

(See [Ko1, p. 206, Theorem 30].) The surface X being rational, we know that X is not birational to a minimal surface. This rules out the case of Y being a minimal surface. Since X(R) is connected, it can be shown that X is not birational to a Del Pezzo surface of degree 1 or 2. Indeed, such Del Pezzo surfaces have disconnected sets of real points [Ko1, p. 207, Theorem 33(D)(c– d)]. This rules out the case of Y being a Del Pezzo surface of degree 1 or 2. It follows that

• either Y is a conic bundle, or

• Y is isomorphic to P^2, or

• Y is isomorphic to S^2.

We will show that the statement of the theorem holds in all these three cases. If Y is isomorphic to P^2, then Y (R) is not orientable. Since X is obtained from Y by blowing up, it follows that X(R) is not orientable either. Therefore, the surface S is not orientable, and also X is isomorphic to a rational model of S obtained from P^2 by blowing up. Moreover, it is easy to see that X is then isomorphic to a rational model of S obtained from P^2 by blowing up at real points only. This settles the case when Y is isomorphic to P^2. If Y is isomorphic to S^2, then there are two cases to consider: (1) the case of S being orientable, (2) and the case of S being nonorientable. If S is orientable, then X(R) is orientable too, and X is obtained from Y by blowing up at nonreal points only. It follows that X is isomorphic to S^2 as a model. If S is nonorientable, then X(R) is nonorientable too, and X is obtained from S^2 by blowing up a nonempty set of real points. Therefore, the map X −→ Y factors through a blow up ~S^2 of S^2 at a real point. Now, ~S^2 contains two smooth disjoint complex conjugated rational curves of self-intersection −1. When we contract them, we obtain a real algebraic surface isomorphic to P^2. Therefore, X is obtained from P^2 by blowing up. It follows again that X is isomorphic to a rational model of S obtained from P^2 by blowing up at real points only. This settles the case when Y is isomorphic to S^2.

The final case to consider is the one where Y is a conic bundle over a smooth real algebraic curve B. Since X is rational, B is rational. Moreover, B has real points because X has real points. Hence, the curve B is isomorphic to P^1. The singular fibers of the the conic bundle Y over B are real, and moreover, the number of singular fibers is even. Since X(R) is connected, we conclude that Y (R) is connected too. it follows that the conic bundle Y over B has either no singular fibers or exactly 2 singular fibers. If it has exactly 2 singular fibers, then Y is isomorphic to S^2 [Ko2, Lemma 3.2.4], a case we have already dealt with.

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 557

Therefore, we may assume that Y is a smooth P^1-bundle over P^1. Therefore, Y is a real Hirzebruch surface. By Proposition 2.1, we may suppose that Y = P^1 × P^1, or that Y = F. Since F is obtained from P^2 by blowing up one real point, the case Y = F follows from the case of Y = P^2 which we have already dealt with above.

Therefore, we may assume that Y = P^1 × P^1. Again, two cases are to be considered: (1) the case of S being orientable, and (2) the case of S being nonorientable. If S is orientable, X(R) is orientable, and X is obtained from Y by blowing up at non real points only. It follows that X is isomorphic as a model to P^1 × P^1. If S is not orientable, X is obtained from Y by blowing up, at least, one real point. Since Y = P^1 × P^1, a blow-up of Y at one real point is isomorphic to a blow-up of P^2 at two real points. We conclude again by the case of Y = P^2 dealt with above.

Note that Theorem 3.1 implies Comessatti’s Theorem referred to in the introduction, i.e., the statement to the effect that any orientable compact connected topological surface of genus greater than 1 does not admit a rational model (Theorem 1.2.1).

Remark 3.2. For sake of completeness let us show how Theorem 3.1 implies that the surfaces S^2, S^1 × S^1, P^2(R) and the Klein bottle K admit exactly one rational model. First, this is clear for the orientable surfaces S^2 and S^1 × S^1. Let X be a rational model of P^2(R). From Theorem 3.1, we know that X is isomorphic to a rational model of P^2(R) obtained from P^2 by blowing up at real points only. Therefore, we may assume that X itself is obtained from P^2 by blowing up at real points only. Since X(R) is diffeomorphic to P^2(R), it follows that X is isomorphic to P^2. Thus any rational model of P^2(R) is isomorphic to P^2 as a model.

Let X be a rational model of the Klein bottle K. Using Theorem 3.1 one may assume that X is a blowing up of P^2 at real points only. Since X(R) is diffeomorphic to the 2-fold connected sum of P^2(R), the surface X is a blowing up of P^2 at exactly one real point. It follows that X is isomorphic to F. Therefore, any rational model of the Klein bottle K is isomorphic to F, as a model; compare with [Ma, Theorem 1.3].

One can wonder whether the case where S is a 3-fold connected sum of real projective planes can be treated similarly. The first difficulty is as follows. It is, a priori, not clear why the following two rational models of #^3P^2(R) are isomorphic. The first one is obtained from P^2 by blowing up two real points of P^2. The second one is obtained by a successive blow-up of P^2: first blow up P^2 at a real point, and then blow up a real point of the exceptional divisor. In the next section we prove that these two models are isomorphic.

4 The 3-fold connected sum of the real projective plane

We start with a lemma.

Documenta Mathematica 12 (2007) 549–567

558 Indranil Biswas and Johannes Huisman

Lemma 4.1. Let P be a real point of P^2, and let B_P (P^2) be the surface obtained from P^2 by blowing up P . Let E be the exceptional divisor of B_P (P^2) over P . Let L be any real projective line of P^2 not containing P . Consider L as a curve in B_P (P^2). Then there is a birational map

f : B_P (P^2) � B_P (P^2)

whose restriction to the set of real points is an algebraic diffeomorphism such that f(L(R)) = E(R).

Proof. The real algebraic surface B_P (P^2) is isomorphic to the real Hirzebruch surface F = F_1, and any isomorphism between them takes the exceptional divisor of B_P (P^2) to the section at infinity of the conic bundle F/P^1 = P(O_P1 (1) ⊕ O_P1 ). The line L in B_P (P^2) is given by a unique section of O_P1 (1) over P^1; this section of O_P1 (1) will also be denoted by L. We denote again by E the section at infinity of F.

We have to show that there is a birational self-map f of F such that the equality f(L(R)) = E(R) holds. Let R be a nonreal point of L. Let F be the fiber of the conic bundle F passing through R. The blowing-up of F at the pair of points R and R is a real algebraic surface in which we can contract the strict transforms of F and F . The real algebraic surface one obtains after these two contractions is again isomorphic to F.

Therefore, we have a birational self-map f of F whose restriction to the set of real points is an algebraic diffeomorphism. The image, by f, of the strict transform of L in F has self-intersection −1. Therefore, the image, by f, of the strict transform of L coincides with E. In particular, we have f(L(R)) = E(R).

Proposition 4.2. Let S be the 3-fold connected sum of P^2(R). Then S admits exactly 1 rational model.

Proof. Fix two real points O_1, O_2 of P^2, and let B_{O1 ,O2} (P^2) be the real algebraic surface obtained from P^2 by blowing up O_1 and O_2. The surface B_{O1,O2} (P^2) is a rational model of the 3-fold connected sum S of P^2(R).

Let X be a rational model of S. We prove that X is isomorphic to B_{O1,O2} (P^2), as a model. By Theorem 3.1, we may assume that X is obtained from P^2 by blowing up real points only. Since X(R) is diffeomorphic to a 3-fold connected sum of the real projective plane, the surface X is obtained from P^2 by blowing up twice real points. More precisely, there is a real point P of P^2 and a real point Q of the blow-up B_P (P^2) of P^2 at P , such that X is isomorphic to the blow-up B_Q(B_P (P^2)) of B_P (P^2) at Q.

Choose any real projective line L in P^2 not containing P . Then, L is also a real curve in B_P (P^2). We may assume that Q ∉ L. By Lemma 4.1, there is a birational map f from B_P (P^2) into itself whose restriction to the set of real points is an algebraic diffeomorphism, and such that

f(L(R)) = E(R) ,

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 559

where E is the exceptional divisor on B_P (P^2). Let R = f(Q). Then R ∉ E, and f induces a birational isomorphism

~f : B_Q(B_P (P^2)) −→ B_R(B_P (P^2))

whose restriction to the set of real points is an algebraic diffeomorphism. Since R ∉ E, the point R is a real point of P^2 distinct from P , and the blow-up B_R(B_P (P^2)) is equal to the blow up B_{P,R}(P^2) of P^2 at the real points P, R of P^2. It is clear that B_{P,R}(P^2) is isomorphic to B_{O1 ,O2} (P^2). It follows that X is isomorphic to B_{O1 ,O2} (P^2) as rational models of the 3-fold connected sum of P^2(R).

Lemma 4.3. Let S be a nonorientable surface and let X be a rational model of S. Then, there are distinct real points P_1, . . . , P_n of P^2 such that X is isomorphic to the blowing-up of P^2 at P_1, . . . , P_n, as a model.

Proof. By Theorem 3.1, we may assume that X is obtained from P^2 by blowing up at real points only. Let

X = X_n^{fn} � Xn−1^{fn−1} � · · ·^{f1} � X_0 = P^2. (2)

be a sequence of blowing ups, where for each i = 1, . . . , n, the map f_i is a blowing up of X_{i−1} at a real point P_i of X_{i−1}.

To a sequence of blowing-ups as in (2) is associated a forest F of trees. The vertices of F are the centers P_i of the blow-ups f_i. For i > j, there is an edge between the points P_i and P_j in F if

• the composition f_{j+1} ∘ · · · ∘ f_{i−1} is an isomorphism at a neighborhood of P_i, and

• maps P_i to a point belonging to the exceptional divisor f^{−1}_j (P_j ) of P_j in X_j .

Let ℓ be the sum of the lengths of the trees belonging to F . We will show by induction on ℓ that X is isomorphic, as a model, to the blowing-up of P^2 at a finite number of distinct real points of P^2.

This is obvious if ℓ = 0. If ℓ ≠ 0, let P_j be the root of a tree of nonzero length, and let P_i be the vertex of that tree lying immediately above P_j . By changing the order of the blowing-ups f_i, we may assume that j = 1 and i = 2. Choose a real projective line L in P^2 which does not contain any of the roots of the trees of F . By Lemma 4.1, there is a birational map g_1 from X_1 = B_{P1} (P^2) into itself whose restriction to the set of real points is an algebraic diffeomorphism and satisfies the condition g_1(L(R)) = E(R), where E is the exceptional divisor of X_1.

Put X^′_0 = P^2, X^′_1 = X_1, and f^′_1 = f_1. We consider g_1 as a birational map from X_1 into X^′_1. Put P^′_2 = g_1(P_2). Let X^′_2 be the blowing-up of X^′_1 at P^′_2, and let f^′_2 : X^′_2 −→ X^′_1

Documenta Mathematica 12 (2007) 549–567

560 Indranil Biswas and Johannes Huisman

be the blowing-up morphism. Then, g_1 induces a birational map g_2 from X_2 into X^′_2 which is an algebraic diffeomorphism on the set of real points. By iterating this construction, one gets a sequence of blowing ups

f^′_i : X^′_i −→ X^′_{i−1} ,

where i = 1, . . . , n, and birational morphisms g_i from X_i into X^′_i whose restrictions to the sets of real points are algebraic diffeomorphisms. In particular, the rational models X = X_n and X^′ = X^′_n of S are isomorphic. Let F^′ be the forest of the trees of centers of X^′. Then the sum of the lengths ℓ^′ of the trees of F^′ is equal to ℓ − 1. Indeed, one obtains F^′ from F by replacing the tree T of F rooted at P_1 by the disjoint union of the tree T \ P_1 and the tree {P_1}. This follows from the fact that P^′_2 does not belong to the exceptional divisor of f^′_1, and that, no root of the other trees of F belongs to the exceptional divisor of f^′_1 either.

As observed in the Introduction, if we are able to prove the n-transitivity of the action of the group Diff_{alg}(P^2(R)) on P^2(R), then the statement of Theorem 1.2 would follow from Lemma 4.3. However, we did not succeed in proving so. Nevertheless, we will prove the n-transitivity of Diff(S^1 × S^1), which is the subject of the next section.

Now that we know that the topological surfaces S^1, S^1 × S^1 and #^nP^2(R), for n = 1, 2, 3, admit exactly one rational model, one may also wonder whether Lemma 4.3 allows us to tackle the “next” surface, which is the 4-fold connected sum of P^2(R). We note that Theorem 1.2 and Lemma 4.3 imply that a rational model of such a surface is isomorphic to a surface obtained from P^2 by blowing up 3 distinct real points. However, it it is not clear why the two surfaces of the following type are isomorphic as models. Take three distinct non-collinear real points P_1, P_2, P_3, and three distinct collinear real points Q_1, Q_2, Q_3 of P^2. Then the surfaces X = B_{P1 ,P2,P3} (P^2) and Y = B_{Q1,Q2 ,Q3} (P^2) are rational models of #^4P^2(R) (the 4-fold connected sum of P^2(R)), but it is not clear why they should be isomorphic. One really seems to need some nontrivial algebraic diffeomorphism of P^2(R), that maps P_i to Q_i for i = 1, 2, 3, in order to show that X and Y are isomorphic models. We will come back to this in Section 6 (Lemma 6.1).

5 Algebraic diffeomorphisms of S^1 × S^1 and n-transitivity

The following statement is a variation on classical polynomial interpolation.

Lemma 5.1. Let m be a positive integer. Let x_1, . . . , x_m be distinct real numbers, and let y_1 . . . , y_m be positive real numbers. Then there is a real polynomial p of degree 2m that does not have real zeros, and satisfies the condition p(x_i) = y_i for all i.

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 561

Proof. Set

p(ζ) := m� j=1 � k≠j

(ζ − x_k)^2 (x_j − x_k)^2

· y_j .

Then p is of degree 2m, and p does not have real zeros. Furthermore, we have p(x_i) = y_i for all i.

Corollary 5.2. Let m be a positive integer. Let x_1, . . . , x_m be distinct real numbers, and let y_1 . . . , y_m, z_1, . . . , z_m be positive real numbers. Then there are real polynomials p and q without any real zeros such that degree(p) = degree(q), and p(x_i) q(x_i) = y_i z_i for all 1 ≤ i ≤ m.

The interest in the rational functions p/q of the above type lies in the following fact.

Lemma 5.3. Let p and q be two real polynomials of same degree that do not have any real zeros. Define the rational map f : P^1 × P^1 � P^1 × P^1 by

f(x, y) = � x, p(x) q(x) · y � . Then f is a birational map of P^1 × P^1 into itself whose restriction to the set of real points is an algebraic diffeomorphism.

Theorem 5.4. Let n be a natural integer. The group Diff_{alg}(P^1 × P^1) acts n-transitively on P^1(R) × P^1(R).

Proof. Choose n distinct real points P_1, . . . , P_n and n distinct real points Q_1, . . . , Q_n of P^1 × P^1. We need to show that there is a birational map f from P^1 × P^1 into itself, whose restriction to (P^1 × P^1)(R) is an algebraic diffeomorphism, such that f(P_i) = Q_i, for i = 1, . . . , n.

First of all, we may assume that P_1, . . . , P_n, Q_1, . . . , Q_n are contained in the first open quadrant of P^1(R) × P^1(R). In other words, the coordinates of P_i and Q_i are strictly positive real numbers. Moreover, it suffices to prove the statement for the case where Q_i = (i, i) for all i.

By the hypothesis above, there are positive real numbers x_i, y_i such that P_i = (x_i, y_i) for all i. By Corollary 5.2, there are real polynomials p and q without any real zeros such that degree(p) = degree(q), and such that the real numbers

p(x_i) q(x_i)

· y_i

are positive and distinct for all i. Define f : P^1 × P^1 � P^1 × P^1 by

f(x, y) := � x, p(x) q(x) · y � . Documenta Mathematica 12 (2007) 549–567

562 Indranil Biswas and Johannes Huisman

By Lemma 5.3, f is birational, and its restriction to (P^1 × P^1)(R) is an algebraic diffeomorphism. By construction, the points f(P_i) have distinct second coordinates. Therefore, replacing P_i by f(P_i) if necessary, we may assume that the points P_i have distinct second coordinates, which implies that y_1, . . . , y_m are distinct positive real numbers.

By Corollary 5.2, there are real polynomials p, q without any real zeros such that degree(p) = degree(q), and

p(y_i) q(y_i)

· x_i = i.

Define f : P^1 × P^1 � P^1 × P^1 by

f(x, y) = � p(y) q(y)

· x, y � . By Lemma 5.3, f is birational and its restriction to the set of real points is an algebraic diffeomorphism. By construction, one has f(P_i) = (i, y_i) for all i. Therefore, we may assume that P_i = (i, y_i) for all i.

Now, again by Corollary 5.2, there are two real polynomials p and q without any real zeros such that degree(p) = degree(q), and

p(i) q(i)

· y_i = i

for all i. Define f : P^1 × P^1 � P^1 × P^1 by

f(x, y) = � x, p(x) q(x) · y � . By Lemma 5.3, f is birational, and its restriction to the set of real points is an algebraic diffeomorphism. By construction f(P_i) = Q_i for all i.

Remark 5.5. One may wonder whether Theorem 5.4 implies that the group Diff_{alg}(P^2(R)) acts n-transitively on P^2(R). We will explain the implication of Theorem 5.4 in that direction. Let P_1, . . . , P_n be distinct real points of P^2, and let Q_1, . . . , Q_n be distinct real points of P^2. Choose a real projective line L in P^2 not containing any of the points P_1, . . . , P_n, Q_1, . . . , Q_n. Let O_1 and O_2 be distinct real points of L. Identify P^1 × P^1 with the surface obtained from P^2 by, first, blowing up O_1, O_2 and, then, contracting the strict transform of L. Denote by E_1 and E_2 the images of the exceptional divisors over O_1 and O_2 in P^1 × P^1, respectively. We denote again by P_1, . . . , P_n, Q_1, . . . , Q_n the real points of P^1 × P^1 that correspond to the real points P_1, . . . , P_n, Q_1, . . . , Q_n of P^2.

Now, the construction in the proof of Theorem 5.4 gives rise to a birational map f from P^1 × P^1 into itself which is an algebraic diffeomorphism on (P^1 × P^1)(R) and which maps P_i onto Q_i, for i = 1, . . . , n. Moreover, if one carries out

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 563

carefully the construction of f, one has that f(E_1(R)) = E_1(R) and f(E_2(R)) = E_2(R) and that the real intersection point O of E_1 and E_2 in P^1 × P^1 is a fixed point of f.

Note that one obtains back P^2 from P^1 × P^1 by blowing up O and contracting the strict transforms of E_1 and E_2. Therefore, the birational map f of P^1 × P^1 into itself induces a birational map g of P^2 into itself. Moreover, g(P_i) = Q_i. One may think that g is an algebraic diffeomorphism on P^2(R). However, the restriction of g to the set of real points is not necessarily an algebraic diffeomorphism! In fact, g is an algebraic diffeomorphism on P^2(R) \ {O_1, O_2}. The restriction of g to P^2(R) \ {O_1, O_2} does admit a continuous extension ~g to P^2(R), and ~g is obviously a homeomorphism. One may call ~g an algebraic homeomorphism, but ~g is not necessarily an algebraic diffeomorphism. It is not difficult to find explicit examples of such algebraic homeomorphisms that are not diffeomorphisms.

That is the reason why we do not claim to have proven n-transitivity of Diff_{alg}(P^2(R). The only statement about P^2(R) the above arguments prove is the n-transitivity of the group Homeo_{alg}(P^2(R)) of algebraic homeomorphisms.

6 A nontrivial algebraic diffeomorphism of P^2(R)

The nontrivial diffeomorphisms we have in mind are the following. They have been studied in another recent paper as well [RV].

Let Q_1, . . . , Q_6 be six pairwise distinct complex points of P^2 satisfying the following conditions:

1. the subset {Q_1, · · · , Q_6} is closed under complex conjugation,

2. the subset {Q_1, · · · , Q_6} does not lie on a complex conic,

3. the complex conic passing through any 5 of these six points is nonsingular.

Denote by C_1, . . . , C_6 the nonsingular complex conics one thus obtains. These conics are pairwise complex conjugate. Consider the real Cremona transformation f = f_Q of P^2 defined by first blowing-up P^2 at Q_1, . . . , Q_6 and then contracting the strict transforms of C_1, . . . , C_6. Let R_1, . . . , R_6 denote the points of P^2 that correspond to the contractions of the conics C_1, . . . , C_6. The restriction to P^2(R) of the birational map f from P^2 into itself is obviously an algebraic diffeomorphism.

The Cremona transformation f maps a real projective line, not containing any of the points Q_1, . . . , Q_6, to a real rational quintic curve having 6 distinct nonreal double points at the points R_1, . . . , R_6. Moreover, it maps a real rational quintic curve in P^2 having double points at Q_1, . . . , Q_6 to a real projective line in P^2 that does not contain any of the points R_1, . . . , R_6.

Observe that the inverse of the Cremona transformation f_Q is the Cremona transformation f_R. It follows that f = f_Q induces a bijection from the set of real rational quintics having double points at Q_1, . . . , Q_6 onto the set of real projective lines in P^2 that do not contain any of R_1, . . . , R_6.

Documenta Mathematica 12 (2007) 549–567

564 Indranil Biswas and Johannes Huisman

This section is devoted to the proof of following lemma.

Lemma 6.1. Let n be a natural integer bigger than 1. Let P_1, . . . , P_n be distinct real points of P^2. Then there is a birational map of P^2 into itself, whose restriction to the set of real points is an algebraic diffeomorphism, such that the image points f(P_3), . . . , f(P_n) are not contained in the real projective line through f(P_1) and f(P_2).

Proof. Choose complex points Q_1, . . . , Q_6 of P^2 as above. As observed before, the Cremona transformation f = f_Q induces a bijection from the set of real rational quintic curves having double points at Q_1, . . . , Q_6 onto the set of real projective lines of P^2 not containing any of the above points R_1, . . . , R_n. In particular, there is a real rational quintic curve C in P^2 having 6 nonreal double points at Q_1, . . . , Q_6.

We show that there is a real projectively linear transformation α of P^2 such that α(C) contains P_1 and P_2, and does not contain any of the points P_3, . . . , P_n. The Cremona transformation f_{α(Q)} will then be a birational map of P^2 into itself that has the required properties.

First of all, let us prove that there is α ∈ PGL_3(R) such that P_1, P_2 ∈ α(C). This is easy. Since C is a quintic curve, C(R) is infinite. In particular, C contains two distinct real points. It follows that there is α ∈ PGL_3(R) such that P_1, P_2 ∈ α(C). Replacing C by α(C) if necessary, we may suppose that P_1, P_2 ∈ C.

We need to show that there is α ∈ PGL_3(R) such that α(P_1) = P_1, α(P_2) = P_2 and α(C) does not contain any of the points P_3, . . . , P_n.

To prove the existence of α by contradiction, assume that there is no such automorphism of P^2. Therefore, for all α ∈ PGL_3(R) having P_1 and P_2 as fixed points, the image α(C) contains at least one of the points of P_3, . . . , P_n. Let G be the stabilizer of the pair (P_1, P_2) for the diagonal action of PGL_3 on P^2 × P^2. It is easy to see that G is a geometrically irreducible real algebraic group. Let ρ: C × G −→ P^2

be the morphism defined by ρ(P, α) = α(P ). Let

X_i := ρ^{−1}(P_i)

be the inverse image, where i = 3, . . . , n. Therefore, X_i is a real algebraic subvariety of C × G. By hypothesis, for every α ∈ G(R), there is an integer i such that α(C) contains P_i. Denoting by p the projection on the second factor from C × G onto G, this means that n� i=3 p(X_i(R)) = G(R).

Since G(R) is irreducible, there is an integer i_0 ∈ [3, n] such that the semialgebraic subset p(X_{i0} (R)) is Zariski dense in G(R). Since G is irreducible and p

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 565

is proper, one has p(X_{i0} ) = G. In particular, P_{i0} ∈ α(C) for all α ∈ G(C). To put it otherwise, α^{−1}(P_{i0} ) ∈ C for all α ∈ G(C), which means that the orbit of P_{i0} under the action of G is contained in C. In particular, the dimension of the orbit of P_{i0} is at most one. It follows that P_1, P_2 and P_{i0} are collinear. Let L be the projective line through P_1, P_2. Then the orbit of P_{i0} coincides with L \ {P_1, P_2}. It now follows that L ⊆ C. This is in contradiction with the fact that C is irreducible.

7 Proof of Theorem 1.2.2

Let S be a topological surface, either nonorientable or of genus less than 2. We need to show that any two rational models of S are isomorphic. By Remark 3.2, we may assume that S is the n-fold connected sum of P^2(R), where n ≥ 3. Let O_1, . . . , O_{n−2} be fixed pairwise distinct real points of P^1 × P^1, and let B_{n−2}(P^1 × P^1) be the surface obtained from P^1 × P^1 by blowing up the points O_1, . . . , O_{n−2}. It is clear that B_{n−2}(P^1 × P^1) is a rational model of S. Now, it suffices to show that any rational model of S is isomorphic to B_{n−2}(P^1 × P^1), as a model. Let X be any rational model of S. By Lemma 4.3, we may assume that there are distinct real points P_1, . . . , P_m of P^2 such that X is the surface obtained from P^2 by blowing up P_1, . . . , P_m. Since X is a rational model of an n-fold connected sum of P^2(R), one has m = n − 1. In particular, m ≥ 2. By Lemma 6.1, we may assume that the points P_3, . . . , P_m are not contained in the real projective line L through P_1 and P_2.

The blow-up morphism X −→ P^2 factors through the blow up ~P^2 = B_{P1 ,P2} (P^2). The strict transform ~L of L has self-intersection −1 in ~P^2. If we contract ~L, then we obtain a surface isomorphic to P^1 × P^1. Therefore, X is isomorphic to a model obtained from P^1 × P^1 by blowing up m − 1 = n − 2 distinct real points of P^1 × P^1. It follows from Theorem 5.4 that X is isomorphic to B_{n−2}(P^1 × P^1).

8 Geometrically rational models

Recall that a nonsingular projective real algebraic surface X is geometrically rational if the complex surface X_C = X ×_R C is rational. Comessatti showed that, if X is a geometrically rational real algebraic surface with X(R) connected, then X is rational; see Theorem IV of [Co1] and the remarks thereafter (see also [Si, Corollary VI.6.5]). Therefore, the main result, namely Theorem 1.2, also applies to geometrically rational models. More precisely, we have the following consequence.

Corollary 8.1. Let S be a compact connected real two-manifold.

1. If S is orientable and the genus of S is greater than 1, then S does not admit a geometrically rational real algebraic model.

Documenta Mathematica 12 (2007) 549–567

566 Indranil Biswas and Johannes Huisman

2. If S is either nonorientable, or it is diffeomorphic to one of S^2 and S^1 × S^1, then there is exactly one geometrically rational model of S, up to isomorphism. In other words, any two geometrically rational models of S are isomorphic.

Now, the interesting aspect about geometrically rational real surfaces is that their set of real points can have an arbitrary finite number of connected components. More precisely, Comessati proved the following statement [Co2, p. 263 and further] (see also [Si, Proposition VI.6.1]).

Theorem 8.2. Let X be a geometrically rational real algebraic surface such that X(R) is not connected. Then each connected component of X(R) is either nonorientable or diffeomorphic to S^2. Conversely, if S is a nonconnected compact topological surface each of whose connected components is either nonorientable or diffeomorphic to S^2, then there is a geometrically rational real algebraic surface X such that X(R) is diffeomorphic to S.

Let S be a nonconnected topological surface. One may wonder whether the geometrically rational model of S whose existence is claimed above, is unique up to isomorphism of models. The answer is negative, as shown by the following example.

Example 8.3. Let S be the disjoint union of a real projective plane and 4 copies of S^2. Then, any minimal real Del Pezzo surface of degree 1 is a geometrically rational model of S [Ko2, Theorem 2.2(D)]. Minimal real Del Pezzo surfaces of degree 1 are rigid; this means that any birational map between two minimal real Del Pezzo surfaces of degree 1 is an isomorphism of real algebraic surfaces [Is, Theorem 1.6]. Now, the set of isomorphism classes of minimal real Del Pezzo surfaces of degree 1 is in one-to-one correspondence with an open dense subset of the quotient P^2(R)^8/PGL_3(R) for the diagonal action of the group PGL_3(R). It follows that the topological surface S admits a 8-dimensional continuous family of nonisomorphic geometrically rational models. In particular, the number of nonisomorphic geometrically rational models of S is infinite.

References

[BPV] Barth, W., Peters, C., Van de Ven, A.: Compact complex surfaces.

Springer-Verlag, 1984.

[BCR] Bochnak, J., Coste, M., Roy, M.-F.: Géométrie algébrique réelle, Springer Verlag, 1987.

[Co1] Comessatti, A: Fondamenti per la geometria sopra le superficie razionali dal punto di vista reale, Math. Ann. 73(1) (1912), 1–72.

[Co2] Comessatti, A.: Sulla connessione delle superfizie razionali reali, Annali di Math. 23 (1914), 215–283.

Documenta Mathematica 12 (2007) 549–567

Rational Real Algebraic Models . . . 567

[HM] Huisman, J., Mangolte, F.: The group of algebraic diffeomorphisms of a real rational surface is n-transitive. arXiv:0708.3992v1

[math.AG] (2007)

[Is] Iskovskikh, V. A.: Factorization of birational mappings of rational surfaces from the point of view of Mori theory. Uspekhi Mat. Nauk 51 (1996), no. 4(310), 3–72; translation in Russian Math. Surveys 51 (1996), no. 4, 585–652.

[Ko1] Kollár, J.: The topology of real algebraic varieties. Current developments in mathematics 2000, 197–231, Int. Press, Somerville, MA, 2001.

[Ko2] Kollár, J.: Real algebraic surfaces, Preprint (1997),

http://arxiv.org/abs/alg-geom/9712003.

[Ma] Mangolte, F.: Real algebraic morphisms on 2-dimensional conic bundles, Adv. Geom. 6 (2006), 199–213.

[RV] Ronga, F., Vust, T.: Diffeomorfismi birazionali del piano proiettivo reale, Comm. Math. Helv. 80 (2005), 517–540.

[Si] Silhol, R.: Real algebraic surfaces. Lect. Notes Math. 1392, Springer Verlag, 1989.

Indranil Biswas School of Mathematics Tata Institute of Fundamental Research, Homi Bhabha Road Mumbai 400005 India indranil@math.tifr.res.in

Johannes Huisman Département de Mathématiques Laboratoire CNRS UMR 6205 Université de Bretagne Occidentale 6 avenue Victor Le Gorgeu CS 93837 29238 Brest cedex 3 France johannes.huisman@univ-brest.fr http://pageperso.univ-brest.fr/∼huisman

Documenta Mathematica 12 (2007) 549–567

Documenta Mathematica 12 (2007)

Documenta Math. 569

Eigenvalue Clusters of the Landau Hamiltonian

in the Exterior of a Compact Domain

Alexander Pushnitski and Grigori Rozenblum

Received: August 30, 2007 Revised: October 20, 2007

Communicated by Heinz Siedentop

Abstract. We consider the Schrödinger operator with a constant magnetic field in the exterior of a compact domain on the plane. The spectrum of this operator consists of clusters of eigenvalues around the Landau levels. We discuss the rate of accumulation of eigenvalues in a fixed cluster.

2000 Mathematics Subject Classification: Primary 35P20; Secondary 35Q40.

Keywords and Phrases: Schrödinger operator, magnetic field, spectral asymptotics, exterior problem

1 Introduction

1.1 Preliminaries

The Landau Hamiltonian describes a charged particle confined to a plane in a constant magnetic field. The Landau Hamiltonian is one of the earliest explicitly solvable quantum mechanical models. Its spectrum consists of the Landau levels,^1 infinitely degenerate eigenvalues placed at the points of an arithmetic progression.

In [7], the Landau Hamiltonian was considered in the exterior of a compact obstacle. Introducing the obstacle produces clusters of eigenvalues of finite multiplicity around the Landau levels. Various asymptotics (high energy, semiclassical) of these eigenvalue clusters were studied in [7]. In this paper we focus

1It is a little known fact that this was worked out by Fock two years before Landau; see [4, 9].

Documenta Mathematica 12 (2007) 569–586

570 Pushnitski and Rozenblum

on a different aspect of the spectral analysis of this model: for a fixed eigenvalue cluster, we consider the rate of accumulation of eigenvalues in this cluster to the Landau level. We describe this rate of accumulation rather precisely in terms of the logarithmic capacity of the obstacle.

Our construction is motivated by the recent progress in the study of the Landau Hamiltonian on the whole plane perturbed by a compactly supported or fast decaying electric or magnetic field, see [15, 13, 3, 16]. In particular, we use some operator theoretic constructions from [15] and [13] and some concrete analysis (related to logarithmic capacity) from [3].

1.2 The Landau Hamiltonian

We will write x = (x_1, x_2) ∈ R^2 and identify R^2 with C in the standard way, setting z = x_1 + ix_2 ∈ C. The Lebesgue measure in R^2 will be denoted by dx and in C by dm(z). The derivatives with respect to x_1, x_2 are denoted by ∂_k = ∂_{xk} ; we set, as usual, ¯∂ = (∂_1 + i∂_2)/2, ∂ = (∂_1 − i∂_2)/2. We denote by B > 0 the magnitude of the constant magnetic field in R^2. We choose the gauge A(x) = (A_1(x), A_2(x)) = (−^1_2 Bx_2,^1_2 Bx_1) for the magnetic vector potential associated with this field. The magnetic Hamiltonian on the whole plane is defined as

X_0 = −(∇ − iA)^2 in L^2(R^2). (1)

More precisely, for u ∈ C^∞_0 (R^2) we set

‖u‖^2_H1_A = � R^2

|i∇u(x) + A(x)u(x)|^2 dx (2)

and define X_0 as the selfadjoint operator which corresponds to the closure of the quadratic form ‖u‖^2_{H1A} , u ∈ C^∞_0 (R^2).

It is well known (see [4, 9] or [10]) that the spectrum of X_0 consists of the eigenvalues Λ_q = (2q + 1)B, q = 0, 1, . . . , of infinite multiplicity. In particular, we have ‖u‖^2_H1_A ≥ B‖u‖^2_L2 , u ∈ C^∞_0 (R^2). (3)

We will denote by L_q the eigenspace of X_0 corresponding to Λ_q and by P_q the operator of orthogonal projection onto L_q in L^2(R^2). Later on, we will need an explicit description of L_q ; this will be discussed in section 4.2. Let Ω ⊂ R^2 be an open set. In order to define the magnetic Hamiltonian in Ω, it is convenient to consider the associated quadratic form. Following [12], we denote by H^1_A(Ω) the closure of C^∞_0 (Ω) with respect to the norm ‖u‖_H1_A . The quadratic form ‖u‖^2_{H1A} is closed in L^2(Ω) and (by (3)) positively definite. This form defines a self-adjoint operator in R^2 which we denote by X(Ω). If Ω is bounded by a smooth curve, then the usual computations show that this definition of X(Ω) corresponds to setting the Dirichlet boundary condition on ∂Ω. The operator X_0 corresponds to taking Ω = R^2 in the above definitions.

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 571

Note that for a bounded Ω, the norm in H^1_A(Ω) is equivalent to the standard Sobolev norm H^1(Ω); in particular, in this case the embedding H^1_A(Ω) ⊂ L^2(Ω) is compact.

1.3 Main results

Let K ⊂ R^2 be a compact set and K^c its complement. Our main results concern the spectrum of the operator X(K^c). First we state a preliminary result which gives a general description of the spectrum of X(K^c). This result is already known (see [7]) but as part of our construction, we provide a simple proof in Section 1.4.

Proposition 1.1. Let K ⊂ R^2 be a compact set. Then

σ_{ess}(X(K^c)) = σ_{ess}(X_0) = ∪^∞_{q=0}{Λ_q}, Λ_q = (2q + 1)B.

Moreover, for all q and all λ ∈ (Λ_{q−1}, Λ_q) the number of eigenvalues of X(K^c) in (λ, Λ_q ) is finite.

In other words, the last statement means that the eigenvalues of X(K^c) can accumulate to the Landau levels only from above.

For all q ≥ 0, we enumerate the eigenvalues of X(K^c) in (Λ_q , Λ_{q+1}):

λ^q_1 ≥ λ^q_2 ≥ . . .

Proposition 1.1 ensures that λ^q_n → Λ_q as n → ∞. Below we describe the rate of this convergence. Roughly speaking, we will see that for large n, a^n n! ≤ λ^q_n − Λ_q ≤ b^n n! (4) with some a, b depending on K. In order to discuss the dependence of a, b on the domain K, let us introduce the following notation:

Δ_q (K) = lim sup_{n→∞} [n!(λ^q_n − Λ_q)]^{1/n},

δ_q(K) = lim inf_{n→∞} [n!(λ^q_n − Λ_q)]^{1/n}. (5)

The estimates for these spectral characteristics will be given in terms of the logarithmic capacity of K, which is denoted by Cap (K). Below we recall the definition and basic properties of logarithmic capacity; for the details, see e.g. [11] or [18]. For a measure μ ≥ 0 in R^2, its logarithmic energy is defined by

I(μ) = � � log 1 |z − t| dμ(z)dμ(t).

For a compact set K ⊂ R^2, its logarithmic capacity is defined by

Cap (K) = e^{−V (K)}, V (K) = inf{I(μ) | μ ≥ 0 is a measure in R^2, supp μ ⊂ K, μ(K) = 1}.

Documenta Mathematica 12 (2007) 569–586

572 Pushnitski and Rozenblum

The logarithmic capacity of compact sets in R^2 has the following properties: (i) if K_1 ⊂ K_2 then Cap K_1 ≤ Cap K_2;

(ii) the logarithmic capacity of a disc of radius r is r; (iii) if K_2 = {αx | x ∈ K_1}, α > 0, then Cap K_2 = α Cap K_1; (iv) Cap K coincides with the logarithmic capacity of the polynomial convex hull Pc (K) of K (=the complement of the unbounded connected component of K^c).

(v) Continuity of capacity: if K_ε = {x ∈ R^2 | dist (x, K) ≤ ε}, then Cap K_ε → Cap K as ε → +0.

To extend the notion of capacity to arbitrary Borel sets E, one defines the inner and outer capacities

Cap_i(E) = sup{Cap (K) | K ⊂ E, K compact} Cap_o(E) = inf{Cap_i(U) | E ⊂ U, U open}.

Then every Borel set E is capacitable in the sense that Cap_i(E) = Cap_o(E) and one can simply write Cap (E) for this common value. We will also need another version of inner capacity, which we denote by Cap_−(K) and define by

sup{Cap S | S ⊂ K is a compact set with a Lipschitz boundary}.

Theorem 1.2. Let K ⊂ R^2 be a compact set; then for all q ≥ 0 one has

Δ_q (K) ≤ B 2 (Cap (K))^2,

δ_q (K) ≥ B 2 (Cap_−(Pc (K)))^2.

In particular, if K is a compact set with a Lipschitz boundary, then Δ_q (K) = δ_q (K) =^B_2 (Cap (K))^2 for all q ≥ 0.

The lower bound in the above theorem is strictly positive if and only if Pc (K) has a non-empty interior. In particular, for such compacts the number of eigenvalues λ^q_1, λ^q_2, . . . is infinite for each q. However, even for some compacts without interior points, lower spectral bounds can be obtained. In particular, this can be done for the compact K being a smooth (not necessarily closed) curve.

Theorem 1.3. Let K ⊂ R^2 be a C^∞ smooth simple curve of a finite length. Then for all q ≥ 0, one has

Δ_q (K) = δ_q (K) = B 2 (Cap (K))^2.

Remark. 1. One can prove that

if Cap (K) = 0, then C^∞_0 (K^c) is dense in H^1_A(R^2). (6)

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 573

It follows that for K of zero capacity, H^1_A(K^c) = H^1_A(R^2) and therefore X(K^c) = X_0. Thus, for such K the spectrum of X(K^c) consists of Landau levels Λ_q.

The statement (6) seems to be well known to the experts in the field although it is difficult to pinpoint the exact reference. One can use the argument of [1], Theorem 9.9.1; this argument applies to the usual H^1 Sobolev norm, but it is very easy to modify it for the norm H^1_A. In this theorem the Bessel capacity rather than the logarithmic capacity is used; however, the Bessel capacity of a compact set vanishes if and only if its logarithmic capacity vanishes. In order to prove the latter fact (again, well known to experts) one has to combine Theorem 2.2.7 in [1] and Sect.II.4 in [11].

2. We do not know whether it possible for Λ_q to remain eigenvalues of X(K^c) of infinite multiplicity if Cap (K) > 0.

3. Following the proof of Theorem 1.2 and using the results of [3], it is easy to show that for q = 0, the lower bound in this theorem can be replaced by the following one:

δ_0(K) ≥ B 2 (Cap (K_−))^2,

K_− = {z ∈ C | lim sup_{r→+0} log m(P c(K) ∩ D_r(z)) log r

< ∞},

where D_r(z) = {ζ ∈ C | |ζ − z| ≤ r}, and m(·) is the Lebesgue measure.

4. Analysing the proof of Theorem 1.3, it is easy to see that if we are only interested in its statement for finitely many q, it suffices to require some finite smoothness of the curve K.

1.4 Outline of the proof

Let us write L^2(R^2) = L^2(K^c)⊕L^2(K). (If the Lebesgue measure of K vanishes then, of course, L^2(K) = {0}.) With respect to this decomposition, let us define

R(K^c) = X(K^c)^{−1} ⊕ 0 in L^2(R^2) = L^2(K^c) ⊕ L^2(K). (7)

Clearly, for any λ ≠ 0 we have

λ ∈ σ(X(K^c)) ⇔ λ^{−1} ∈ σ(R(K^c)) (8)

with the same multiplicity. Thus, it suffices for our purposes to study the spectrum of the operator R(K^c).

First note that in the “free” case K = ∅ we have R(R^2) = X^{−1}_0 and the spectrum of X^{−1}_0 consists of the eigenvalues Λ^{−1}_q of infinite multiplicity and their point of accumulation, zero.

Documenta Mathematica 12 (2007) 569–586

574 Pushnitski and Rozenblum

Next, it turns out (see section 3) that

R(K^c) = X^{−1}_0 − W, where W ≥ 0 is compact. (9)

Thus, the Weyl’s theorem on the invariance of the essential spectrum under compact perturbations ensures that σ_{ess}(R(K^c)) = σ_{ess}(X^{−1}_0 ). Moreover, a simple operator theoretic argument (see e.g. [2, Theorem 9.4.7]) shows that the eigenvalues of R(K^c) do not accumulate to the inverse Landau levels Λ^{−1}_q from above. Thus, the spectrum of R(K^c) consists of zero and the eigenvalue clusters {(λ^q_1)^{−1}, (λ^q_2)^{−1}, . . . } with the eigenvalues in the q’th cluster accumulating to Λ^{−1}_q . In section 2.3 we show that the rate of accumulation of (λ^q_n)^{−1} to Λ^{−1}_q can be described in terms of the spectral asymptotics of the Toeplitz type operator P_q W P_q; here W is defined by (9) and P_q is the projection onto L_q = Ker (X_0 − Λ_q) = Ker (X^{−1}_0 − Λ^{−1}_q ).

The spectrum of P_q W P_q is studied in sections 4 and 5, using the results of [3]. The fact that the logarithmic capacity of the domain appears in this problem probably deserves some explanation. In [3], the spectral asymptotics of P_q W P_q was related to the asymptotics of the singular numbers of the embedding of the Segal-Bargmann space F^2 (see section 4.2 below) into an L^2 space with the weight related to W . Following the technique of [14], in [3] the analysis of this asymptotics is then reduced to the analysis of the sequence of polynomials of a complex variable, orthogonal with respect to the relevant weight. After this, the results of [18] ensure that the asymptotics of these polynomials is determined by the logarithmic capacity of the support of the weight.

1.5 Acknowledgements

A large part of this work was completed during the authors’ stay at the Isaac Newton Institute for Mathematical Sciences (Cambridge, UK) in the framework of the programme “Spectral Theory and Partial Differential Equations”. It is a pleasure to thank the Institute and the organisers of the programme for providing this opportunity. The authors are also grateful to Uzy Smilansky for useful discussions and to Nikolai Filonov for helpful remarks on the text of the manuscript.

2 Some abstract results

Here we collect some general operator theoretic statements that are used in the proof. The statements themselves, with the exception of the last one, are almost obvious, but spelling them out explicitly helps explain the main ideas of our construction.

2.1 Quadratic forms

Our arguments can be stated most succinctly if we are allowed to deal with quadratic forms whose domains are not necessarily dense in the Hilbert space.

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 575

Here is the corresponding abstract framework; related constructions appeared before in the literature; see e.g. [17].

Let a be a closed positive definite quadratic form in a Hilbert space H with the domain d[a]. Let the closure of d[a] in H be H_a. Then the form a defines a self-adjoint operator A in H_a. Let J_a : H_a → H be the natural embedding operator; its adjoint J^∗_a : H → H_a acts as the orthogonal projection onto the subspace H_a of H. The operator J_aA^{−1}J^∗_a in H can be considered as the direct sum J_aA^{−1}J^∗_a = A^{−1} ⊕ 0 in the decomposition H = H_a ⊕ H^⊥_a ;

here we have in mind (7). Now let b be another closed positive definite form in H and let B, d[b], H_b, J_b be the corresponding objects constructed for this form.

Proposition 2.1. Suppose that d[b] ⊂ d[a] and b[x, y] = a[x, y] for all x, y ∈ d[b]. Then:

(i) J_bB^{−1}J^∗_b ≤ J_aA^{−1}J^∗_a on H;

(ii) if x ∈ d[b] ∩ Dom (A), then x ∈ Dom (B), Bx = Ax, and J_bB^{−1}J^∗_b Ax = J_aA^{−1}J^∗_a Ax.

Proof. It suffices to consider the case H_a = H. (i) The hypothesis implies

b[x, x] = a[J_bx, J_bx] for all x ∈ d[b].

This can be recast as ‖B^{1/2}x‖ = ‖A^{1/2}J_bx‖, x ∈ d[b]. It follows that the operator A^{1/2}J_bB^{−1/2} is an isometry on H_b and therefore A^{1/2}J_bB^{−1/2}J^∗_b is a contraction on H. By conjugation, we get that ‖J_bB^{−1/2}J^∗_b A^{1/2}z‖ ≤ ‖z‖ for all z ∈ d[a]. The last statement is equivalent to ‖J_bB^{−1/2}J^∗_b u‖ ≤ ‖A^{−1/2}u‖ for all u ∈ H, and so J_bB^{−1}J^∗_b ≤ A^{−1} as required. (ii) Let y ∈ d[b]; then b[x, y] = a[x, y] = (Ax, y),

and so x ∈ Dom (B) and Bx = Ax. Next, J_aA^{−1}J^∗_a Ax = A^{−1}Ax = x, and

J_bB^{−1}J^∗_b Ax = J_bB^{−1}J^∗_b Bx = J_bB^{−1}Bx = J_bx = x,

which proves the required statement.

2.2 Shift in enumeration

The asymptotics of the type discussed in Theorems 1.2 and 1.3 is independent of a shift in the enumeration of eigenvalues. This is a consequence of the following elementary fact. Let b_1 ≥ b_2 ≥ . . . be a sequence of positive numbers such that lim sup_{n→∞}[n!b_n]^{1/n} < ∞. Then for all ℓ ∈ Z,

lim_{n→∞} � sup inf � [n!b_{n+ℓ}]^{1/n} = lim_{n→∞} � sup inf � [n!b_n]^{1/n}. (10)

Documenta Mathematica 12 (2007) 569–586

576 Pushnitski and Rozenblum

2.3 Accumulation of eigenvalues

Having in mind (9), let us consider the following general situation. Let T be a self-adjoint operator and let Λ be an isolated eigenvalue of T of infinite multiplicity with the corresponding eigenprojection P_Λ. Let τ > 0 be such that

((Λ − 2τ, Λ + 2τ) \ {Λ}) ∩ σ(T ) = ∅.

Next, let W ≥ 0 be a compact operator; consider the spectrum of T − W . The Weyl’s theorem on the invariance of the essential spectrum under compact perturbations ensures that

((Λ − 2τ, Λ + 2τ) \ {Λ}) ∩ σ_{ess}(T − W ) = ∅.

Moreover, a simple argument (see e.g. [2, Theorem 9.4.7]) shows that the eigenvalues of T − W do not accumulate to Λ from above (i.e. (Λ, Λ + ϵ) ∩ σ(T − W ) = ∅ for some ϵ > 0).

We will need a description of the eigenvalues of T − W below Λ in terms of the eigenvalues of the Toeplitz operator P_ΛW P_Λ. Let μ_1 ≥ μ_2 ≥ · · · be the eigenvalues of P_ΛW P_Λ; in order to exclude degenerate cases, let us assume that this operator has infinite rank. Let λ_1 ≤ λ_2 ≤ · · · be the eigenvalues of T − W in the interval (Λ − τ, Λ).

Proposition 2.2. Under the above assumptions, for any ϵ > 0 there exists ℓ ∈ Z such that for all sufficiently large n, one has

(1 − ϵ)μ_{n+ℓ} ≤ Λ − λ_n ≤ (1 + ϵ)μ_{n−ℓ}.

The proof borrows its key element from [8, Lemma 1.1]. An alternative proof can be found in [15, Proposition 4.1].

Proof. 1. We denote S = T − W and Q_Λ = I − P_Λ and consider the operators

R_± = ϵP_ΛW P_Λ + 1 ϵ Q_ΛW Q_Λ ± (P_ΛW Q_Λ + Q_ΛW P_Λ). and S_± = P_Λ(T − (1 ± ϵ)W )P_Λ + Q_Λ(T − (1 ± 1 ϵ )W )Q_Λ.

We have S = S_+ + R_− = S_− − R_+.

2. Since W is compact, the operators R_± are also compact. Since R_± can be represented as

R_± = ( √ ϵP_Λ ± 1 √ ϵ Q_Λ)W ( √ ϵP_Λ ± 1 √ ϵ Q_Λ)

and W ≥ 0, we see that R_± ≥ 0.

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 577

3. Let us discuss the spectrum of S_± in (Λ − τ, Λ). Clearly, the spectrum of P_Λ(T − (1 ± ϵ)W )P_Λ = ΛP_Λ − (1 ± ϵ)P_ΛW P_Λ consists of the eigenvalues Λ − (1 ± ϵ)μ_n. Next, since by assumption, T |Ran_{QΛ} has no spectrum in (Λ − 2τ, Λ + 2τ) and W is compact, we see that Q_Λ(T − (1 ±^1_ϵ )W )Q_Λ |Ran_{QΛ} has only finitely many eigenvalues in the interval (Λ − τ, Λ + τ). Since the operators P_Λ(T − (1 ± ϵ)W )P_Λ and Q_Λ(T − (1 ±^1_ϵ )W )Q_Λ act in orthogonal subspaces of our Hilbert space, the spectrum of S_± is the union of the spectra of these operators.

So we arrive at the following conclusion. Let ν^±_1 ≤ ν^±_2 ≤ · · · denote the eigenvalues of S_± in (Λ − τ, Λ). Then

ν^+_n = Λ − (1 + ϵ)μ_{n−i}, ν^−_n = Λ − (1 − ϵ)μ_{n−j} , (11)

for some integers i, j and all sufficiently large n.

4. Let us prove that λ_n ≤ ν^−_{n+k} for some integer k and all sufficiently large n. Denote δ = (λ_1 − Λ + τ)/2 and let us write R_+ = R^{(1)}_+ + R^{(2)}_+ , where 0 ≤ R^{(1)}_+ ≤ δI and rank R^{(2)}_− < ∞. Denote by N_S (α, β) the number of eigenvalues of S in the interval (α, β). Writing S = S_− − R^{(1)}_+ − R^{(2)}_+ , we get for any λ ∈ (λ_1, Λ):

N_S (Λ − τ, λ) = N_S (λ_1 − 2δ, λ)

≥ N_{S−−R}(1)_+ (λ_1 − 2δ, λ) − rank R^{(2)}_− ≥ N_{S−} (λ_1 − δ, λ) − rank R^{(2)}_− .

The second inequality above follows from σ(R^{(1)}_+ ) ⊂ [0, δ] (see [2, Lemma 9.4.3]). These inequalities for the eigenvalue counting functions can be rewritten as λ_n ≤ ν^−_{n+k} with some integer k.

In the same way, one proves that λ_n ≥ ν^+_{n−k} for large n and some integer k. Taken together with (11), this yields the required result.

3 Preliminaries and reduction to Toeplitz operators

Let K ⊂ R^2 be a compact set; we return to the discussion of the spectrum of X(K^c) and start with some general remarks.

First we would like to point out that the spectral asymptotics that we are interested in is independent of the “holes” in the domain K:

δ_q(K) = δ_q(P c(K)), Δ_q(K) = Δ_q (P c(K)). (12)

Indeed, let us write K^c = Ω ∪ Σ, where Ω is the unbounded connected component of K^c and Ω and Σ are disjoint. With respect to the direct sum decomposition L^2(K^c) = L^2(Ω) ⊕ L^2(Σ), we have X(K^c) = X(Ω) ⊕ X(Σ). By the compactness of the embedding H^1_A(Σ) ⊂ L^2(Σ), the operator X(Σ) has a compact resolvent. Thus, on any bounded interval of the real line the spectrum of X(K^c) differs from the spectrum of X(Ω) by at most finitely many eigenvalues. By (10), this yields (12).

Documenta Mathematica 12 (2007) 569–586

578 Pushnitski and Rozenblum

Next, we apply the abstract reasoning of section 2.1 to the quadratic form a[u] = ‖u‖^2_{H1A(Kc)} with domain d[a] = H^1_A(K^c), considering L^2(R^2) as the main Hilbert space H. We consider the operator R(K^c) (see (7)) and write R(K^c) = X^{−1}_0 − W . Proposition 2.2 suggests that in order to find the rate of accumulation of the eigenvalues of R(K^c) to Λ^{−1}_q , one should study the spectrum of the Toeplitz type operators P_q W P_q . This is done in the next section. Denote by μ^q_1 ≥ μ^q_2 ≥ . . . the eigenvalues of P_q W P_q . We will prove

Proposition 3.1. Let K ⊂ R^2 be a compact set and q ≥ 0. Then

lim sup n→∞ (n!μ^q_n)^{1/n} ≤ B 2 (Cap (K))^2,

lim inf n→∞ (n!μ^q_n)^{1/n} ≥ B 2 (Cap_−(K))^2.

If K is a C^∞ smooth curve, then one has

lim_{n→∞}(n!μ^q_n)^{1/n} = B 2 (Cap (K))^2.

Now we can prove our main statements.

Proof of Theorem 1.1 and Theorem 1.2. Combining Proposition 3.1, Proposition 2.2 and (12), we get the estimates for the quantities

lim_{n→∞} sup[n!(Λ^{−1}_q − (λ^q_n)^{−1})]^{1/n} ≤ B 2 (Cap (K))^2,

lim_{n→∞} inf[n!(Λ^{−1}_q − (λ^q_n)^{−1})]^{1/n} ≥ B 2 (Cap_−(P c(K))^2

for any compact K. If K is a C^∞ smooth curve, we get

lim_{n→∞}[n!(Λ^{−1}_q − (λ^q_n)^{−1})]^{1/n} = B 2 (Cap (K))^2.

An elementary argument shows that

lim_{n→∞} � sup inf � [n!(Λ^{−1}_q − (λ^q_n)^{−1})]^{1/n} = lim_{n→∞} � sup inf � [n!(λ^q_n − Λ_q)]^{1/n}.

This yields the required statements.

Proof of (9). Let D be a disc such that K ⊂ D. By Proposition 2.1(i), we get

D^c ⊂ K^c ⊂ R^2 ⇒ R(D^c) ≤ R(K^c) ≤ X^{−1}_0

and so 0 ≤ X^{−1}_0 − R(K^c) ≤ X^{−1}_0 − R(D^c). (13) Thus, W = X^{−1}_0 − R(K^c) is non-negative; let us address compactness.

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 579

It is well known that if 0 ≤ V_1 ≤ V_2 are self-adjoint operators and V_2 is compact, then V_1 is also compact. Thus, by (13), in order to prove the compactness of W , it suffices to check that X^{−1}_0 − R(D^c) is compact.

Let Γ = ∂D. Employing the same arguments as in the proof of (12), we see that X(Γ^c)^{−1} − R(D^c) is the inverse of the magnetic operator on the disc and hence a compact operator. Thus, it suffices to prove that the difference

X^{−1}_0 − X(Γ^c)^{−1} = (X^{−1}_0 − R(D^c)) − (X(Γ^c)^{−1} − R(D^c))

is compact.

Let us compute the quadratic form of this difference. Let f, g ∈ L^2(R^2), X^{−1}_0 f = u, X(Γ^c)^{−1}g = v. We have

((X^{−1}_0 − X(Γ^c)^{−1})f, g) = (u, X(Γ^c)v) − (X_0u, v).

Integrating by parts and noting that v ∈ Dom (X(Γ^c)) vanishes on Γ, we get

(u, X(Γ^c)v) − (X_0u, v) = � Γ (n_Av(s)^+ + n_Av(s)^−)u(s)ds (14)

where n_Av(s) = (∇ − iA(s))v · n(s), n(s) is the exterior normal to Γ at the point s and the superscripts + and − indicate that the limits of the functions are taken on the circle Γ by approaching it from the outside or inside. Take a smooth cut-off function ω ∈ C^∞_0 (R^2) such that ω(x) = 1 in the neighborhood of D. Then we can replace u, v by u_1 = ωu, v_1 = ωv in the r.h.s. of (14). By the local elliptic regularity we have u_1 ∈ H^2(R^2), v_1 ∈ H^2(Γ^c), and the corresponding Sobolev norms of u_1, v_1 can be estimated via the L^2-norms of f, g. Now it remains to notice that the trace mapping u_1 → u_1|_Γ is compact as considered from H^2(R^2) to L^2(Γ), and the mappings v_1 → (n_Av_1)^± are compact as considered from H^2(Γ^c) to L^2(Γ). It follows that the difference X^{−1}_0 − X(Γ^c)^{−1} is compact, as required.

4 The spectrum of Toeplitz operators

4.1 Restriction operators and the associated Toeplitz operators

Let μ be a finite measure in R^2 with a compact support. Consider the restriction operator γ_0 : C^∞_0 (R^2) ∋ u → u |_{supp(μ)}∈ L^2(μ).

We are interested in two special cases, namely when μ is the restriction of the Lebesgue measure to a set with Lipschitz boundary and when μ is the arc length measure on a simple smooth curve. In both cases γ_0 can be extended by continuity to a bounded and compact operator γ : H^1_A(R^2) → L^2(μ). Next, let J : H^1_A(R^2) → L^2(R^2) be the embedding operator, J : u → u. Then the adjoint J^∗ : L^2(R^2) → H^1_A(R^2) acts as J^∗ : u → X_0^{−1/2}u.

Documenta Mathematica 12 (2007) 569–586

580 Pushnitski and Rozenblum

For q ≥ 0, consider the operators T_q(μ) in L^2(R^2) defined by the quadratic form

(T_q (μ)u, u)_L2_{(R}2_) = � supp μ

|(P_q u)(x)|^2dμ(x), u ∈ L^2(R^2). This operator can be represented as

T_q(μ) = (γJ^∗X_0^{1/2}P_q )^∗(γJ^∗X_0^{1/2}P_q ) = Λ_q(γJ^∗P_q )^∗(γJ^∗P_q ). Since γ is compact by assumption, the operator T_q(μ) is also compact. Fix q ≥ 0; let s^q_1 ≥ s^q_2 ≥ . . . be the eigenvalues of T_q(μ) in L^2(R^2). Proposition 4.1. (i) Let μ be the restriction of the Lebesgue measure onto a bounded domain K ⊂ R^2 with a Lipschitz boundary. Then lim_{n→∞}(n!s^q_n)^{1/n} = B 2 (Cap (K))^2.

(ii) Let μ be the arc length measure of a C^∞ smooth simple curve of a finite length. Then lim_{n→∞}(n!s^q_n)^{1/n} = B 2 (Cap (supp μ))^2.

Before proving this proposition, we need to recall the description of the subspaces L_q .

4.2 The structure of subspaces L_q Denote Ψ(z) =^1_4 B|z|^2. Let us define the creation and annihilation operators (first introduced in this context by Fock [5])

Q = −2ie^{−Ψ}∂e^Ψ = −2i∂ − B 2 iz Q^∗ = −2ie^Ψ∂e^{−Ψ} = −2i∂ + B 2 iz. The Landau Hamiltonian can be expressed as X_0 = Q^∗Q + B = QQ^∗ − B. (15) The spectrum and spectral subspaces of X_0 can be described in the following way. The equation (X_0 − B)u = 0 is equivalent to Qu = −2ie^{−Ψ} ¯∂(e^Ψu) = 0.

This means that f = e^Ψu is an entire analytic function such that e^{−Ψ}f ∈ L^2(C). The space of such functions f is called Fock or Segal-Bargmann space F^2 (see [6] for an extensive discussion). So L_0 = e^{−Ψ}F^2. Further eigenspaces L_q , q = 1, 2, . . . , are obtained as L_q = (Q^∗)^q L_0. The operators Q^∗, Q act between the subspaces L_q as Q^∗ : L_q → L_{q+1}, Q : L_q → L_{q−1}, Q : L_0 → {0}, (16)

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 581

and are, up to constant factors, isometries on L_q . In particular, the substitution

L_q ∋ u = C^{−1}_q (Q^∗)^q e^{−Ψ}f, f ∈ F^2, C_q = � q!(2B)^q (17)

gives a unitary equivalence of spaces L_q and F^2.

4.3 Proof of Proposition 4.1

(i) The proof is given in [3, Lemma 3.1] for q = 0 and [3, Lemma 3.2] for q ≥ 0. (ii) For q = 0 the result again follows from Lemma 3.1 in [3]. Although the reasoning there concerns the operators T_q(v) = (vP_q )^∗(vP_q ) where the function v is separated from zero on a compact, it goes through for T_q (μ). Only notational changes are required; one simply has to replace the measure v(z)dm(z) by dμ(z).

For q ≥ 1 below we apply the reduction to the lowest Landau level similar to the proof of Lemma 3.2 in [3].

Denote dμ̃(z) = e^{−Ψ(z)}dμ(z). Applying the unitary equivalence (17), we get for u ∈ L_q (T_q (μ)u, u)_L2_{(R}2_) = C^{−2}_q ‖(2∂ − Bz)^q f‖^2_L2_{(μ̃)}. (18)

In particular, for q = 0

(T_0(μ)u, u)_L2_{(R}2_) = C^{−2}_0 ‖f‖^2_L2_{(μ̃)}. (19)

Below we separately prove the upper and lower bound for the quadratic form (18).

1. Upper bound. Consider the open δ-neighborhood U_δ ⊂ C^1 of the curve Γ. As it follows from the Cauchy integral formula, for some constant C_1(q, δ), the inequality

‖∂^kf‖^2_L2_{(μ̃)} ≤ C_1(q, δ) � U_δ

|f(z)|^2dm(z).

holds for all functions f ∈ F^2. Thus, we have the estimate

‖(2∂ − Bz)^q f‖^2_L2_{(μ̃)} ≤ C_2(q, δ) � U_δ

|f(z)|^2dm(z).

Using (18), (19), we arrive at the estimate

T_q(μ) ≤ CT_0(χ_{Uδ} (x)dx), (20)

where χ_{Uδ} is the characteristic function of the set U_δ . Now we can again apply the estimate of [3, Lemma 3.1] to the eigenvalues s_1(δ) ≥ s_2(δ) ≥ . . . of T_0(χ_{Uδ} (x)dx). This estimate together with (20) yields

lim_{n→∞}(n!s_n)^{1/n} ≤ lim_{n→∞}(n!s_n(δ))^{1/n} ≤ B 2 (Cap (U_δ))^2.

Documenta Mathematica 12 (2007) 569–586

582 Pushnitski and Rozenblum

Finally, by the continuity of capacity, Cap (U_δ) → Cap (Γ) as δ → 0, and this proves the upper bound.

2. Lower bound. The lower bound for the spectrum of T_q(μ) requires a little more work. Let σ : [0, s] → C be the parameterization of Γ by the arc length. Since f is analytic, we have

(∂f)(σ(t)) = ρ(t) d dt f(σ(t)) (21)

with some smooth factor ρ(t), |ρ(t)| = 1.

Next, due to the compactness of the embedding H^1(0, s) ⊂ L^2(0, s), for any β > 0 there exists a subspace of H^1(0, s) of a finite codimension such that for any u in this subspace, �_s 0 |u(t)|^2dt ≤ β^2

�_s 0 |u^′(t)|^2dt. (22)

It follows from (21) and (22) that for any β > 0 there exists a subspace of F^2 of a finite codimension such that for any f in this subspace � Γ |f(z)|^2dμ̃(z) ≤ β^2 � Γ |∂f(z)|^2dμ̃(z).

Arguing by induction, we obtain that for any β > 0 there exists a subspace N = N(β, q) ⊂ F^2 of finite codimension such that for all f ∈ N(β, q) � Γ |∂^kf(z)|^2dμ̃(z) ≤ β^2 � Γ |∂^q f(z)|^2dμ̃(z), ∀k = 0, 1, . . . , q − 1. (23)

Using (23) and choosing β sufficiently small, we can estimate the form (18) from below as follows:

‖(2∂ − Bz)^q f‖^2_L2_{(μ̃)} ≥ (‖(2∂)^qf‖_L2_{(μ̃)} − q−1� k=0 C_{q,k}‖∂^kf‖_L2_{(μ̃)})^2

≥ ‖(2∂)^qf‖^2_L2_{(μ̃)}(1 − q−1� k=0 C_{q,k}β)^2 = C_1‖∂^qf‖^2_L2_{(μ̃)} ≥ C_2‖f‖^2_L2_{(μ̃)}

for all f ∈ N(β, q). Using (18) and (19), we arrive at the lower bound

T_q(μ) ≥ CT_0(μ) + F

where F is a finite rank operator. For the eigenvalues of T_0(μ) the required lower estimates are already obtained by reference to [3, Lemma 3.1]; this completes the proof of the lower bound.

5 Proof of Proposition 3.1

We will prove separately upper and lower bounds.

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 583

5.1 Proof of the upper bound

1. Let U ⊂ R^2 be an open bounded set with a Lipschitz boundary, K ⊂ U, and let ω ∈ C^∞_0 (R^2) be such that ω|_K = 1 and ω|_U c = 0. Denote ω̃ = 1 − ω. Note that for any ψ ∈ H, the function ω̃P_q ψ belongs both to Dom (X_0) and to the form domain of X(K^c). Thus, by Proposition 2.1(ii) (with A = X_0 and B = X(K^c)), we have W X_0ω̃P_q ψ = 0. Thus, we have

(W P_q ψ, P_q ψ) = 1 Λ^2_q

(W X_0P_q ψ, X_0P_q ψ) = 1 Λ^2_q

(W X_0(ω + ω̃)P_q ψ, X_0(ω + ω̃)P_q ψ) = 1 Λ^2_q

(W X_0ωP_q ψ, X_0ωP_qψ).

Since W = X^{−1}_0 − R(K^c) ≤ X^{−1}_0 , we have

(W X_0ωP_q ψ, X_0ωP_qψ) ≤ (X^{−1}_0 X_0ωP_q ψ, X_0ωP_q ψ) = ‖ωP_qψ‖^2_H1_A .

Using (15), we get

‖ωP_qψ‖^2_H1_A = ‖Q^∗ωP_qψ‖^2 − B‖ωP_qψ‖^2 ≤ ‖Q^∗ωP_qψ‖^2 = ‖ωQ^∗P_q ψ − 2i(∂ω)P_qψ‖^2 ≤ 2‖Q^∗P_q ψ‖^2_L2_{(U)} + C_1‖P_q ψ‖^2_L2_{(U)}.

2. Due to the compactness of the embedding H^1_0 (U) ⊂ L^2(U), for any β > 0 there exists a subspace of H^1_0 (U) of a finite codimension such that for all elements u of this subspace, � U |u(x)|^2dx ≤ β^2 � U |∇u(x)|^2dx = β^2 � U |2∂u(x)|^2dx.

Taking β sufficiently small, we obtain

‖Q^∗u‖_L2_{(U)} ≥ ‖2∂u‖_L2_{(U)} − B 2 ‖zu‖_L2_{(U)} ≥ ‖2∂u‖_L2_{(U)} − B 2 sup_U |z|‖u‖_L2_{(U)}

≥ (1 − B 2 β sup_U |z|)‖2∂u‖_L2_{(U)} ≥ 1 2 ‖2∂u‖_L2_{(U)} ≥ 1 2β ‖u‖_L2_{(U)}

for all u in our subspace. It follows that on a subspace of ψ ∈ L^2(R^2) of a finite codimension,

(W P_q ψ, P_q ψ)_L2_{(R}2_) ≤ 2‖Q^∗P_q ψ‖^2_L2_{(U)} + 4β^2‖Q^∗P_q ψ‖^2_L2_{(U)} ≤ C‖P_{q+1}ψ‖^2_L2_{(U)};

the last inequality holds true by (16). Thus, we have P_q W P_q ≤ C_3P_{q+1}χ_U P_{q+1} + F, where χ_U is the characteristic function of U, and F is a finite rank operator.

Documenta Mathematica 12 (2007) 569–586

584 Pushnitski and Rozenblum 3. From Proposition 4.1 we get lim sup n→∞ (n!μ_n)^{1/n} ≤ 1 2 B(Cap U)^2.

Since U can be chosen such that Cap U is arbitrarily close to Cap K, by the continuity property of capacity, we get the required upper bound. 5.2 Proof of the lower bound 1. Let γ, J, μ be as in section 4.1. Consider the quadratic form in L^2(R^2) ‖u‖^2_H1_{A(R}2_) + � supp μ

|u(x)|^2dμ(x) = ‖X^{1/2}_0 u‖^2_L2_{(R}2_) + ‖γJ^∗X^{1/2}_0 u‖^2_L2_{(R}2_)

defined for u ∈ H^1_A(R^2). This form is closed and positively defined on L^2(R^2). Denote by X̃ the corresponding self-adjoint operator in L^2(R^2). We have X̃ = X_0 + X^{1/2}_0 Jγ^∗γJ^∗X^{1/2}_0 = X^{1/2}_0 (I + Jγ^∗γJ^∗)X^{1/2}_0 and therefore X^{−1}_0 − X̃^{−1} = X^{−1/2}_0 [Jγ^∗γJ^∗(I + Jγ^∗γJ^∗)^{−1}]X^{−1/2}_0 .

Since γ is compact by assumption, we have Jγ^∗γJ^∗ ≤ I on a subspace of a finite codimension. Thus, X^{−1}_0 − X̃^{−1} ≥ 1 2 X_0^{−1/2}Jγ^∗γJ^∗X^{−1/2}_0 on a subspace of finite codimension, and so P_q (X^{−1}_0 − X̃^{−1})P_q ≥ 1 2Λ_q

(γJ^∗P_q )^∗(γJ^∗P_q ) + F (24) where F is a finite rank operator.

2. Now let K ⊂ R^2 be a compact with a non-empty interior. Let K_1 ⊂ K be a set with a Lipschitz boundary. Let μ be the restriction of the Lebesgue measure on K_1. By Proposition 2.1(i), we have X^{−1}_0 ≥ X̃^{−1} ≥ R(K^c). It follows that P_q (X^{−1}_0 − R(K^c))P_q ≥ P_q (X^{−1}_0 − X̃^{−1})P_q . (25) From here, using (24) and Proposition 4.1(i), we get the required lower bound in the first part of Proposition 3.1. Finally, consider the case of K being a smooth curve. Let μ be the arc measure of the curve. Then, again by (24) and (25), and applying Proposition 4.1(ii), we get the second part of Proposition 3.1.

Documenta Mathematica 12 (2007) 569–586

Eigenvalue Clusters 585

References

[1] Adams, D. R., Hedberg, L. I., Function Spaces and Potential Theory Springer, 1995.

[2] Birman, M. Sh., Solomjak, M. Z., Spectral theory of selfadjoint operators in Hilbert space. D. Reidel Publishing Co., 1987.

[3] Filonov, N., Pushnitski, A., Spectral asymptotics of Pauli operators and orthogonal polynomials in complex domains. Comm. Math. Phys. 264, 759–772 (2006).

[4] Fock, V., Bemerkung zur Quantelung des harmonischen Oszillators im Magnetfeld, Z. Phys 47, 446–448 (1928).

[5] Fock, V., Konfigurationsraum und zweite Quantelung, Z. Phys. 75, 622– 647 (1932).

[6] Folland, G., Harmonic Analysis in Phase Space, Ann. Math. Studies, 122, Princeton Univ. Press, Princeton, 1989.

[7] Hornberger, K., Smilansky, U., Magnetic edge states, Physics Reports, 367, 249–385 (2002).

[8] Iwatsuka, A., Tamura, H., Asymptotic distribution of negative eigenvalues for two-dimensional Pauli operators with nonconstant magnetic fields. Ann. Inst. Fourier (Grenoble) 48, no. 2, 479–515 (1998).

[9] Landau, L., Diamagnetismus der Metalle. Z. Phys. 64, 629–637 (1930).

[10] Landau, L., Lifshitz, E., Quantum Mechanics (Non-relativistic theory).

3rd edition, Pergamon Press, Oxford, 1977.

[11] Landkof, N. S., Foundations of modern potential theory. Springer, NY, 1972.

[12] Lieb, E. H., Loss, M., Analysis. American Mathematical Society, 1997.

[13] Melgaard, M., Rozenblum, G., Eigenvalue asymptotics for weakly perturbed Dirac and Schrödinger operators with constant magnetic fields of full rank. Comm. Partial Differential Equations 28, 697–736 (2003).

[14] Parfënov, O. G. The widths of some classes of entire functions, Mat. Sb.

190 (1999), no. 4, 87–94; translation in Sb. Math. 190, no. 3-4, 561–568 (1999).

[15] Raikov, G., Warzel, S., Quasi-classical versus non-classical spectral asymptotics for magnetic Schroödinger operators with decreasing electric potentials. Rev. Math. Phys. 14, 1051–1072 (2002).

Documenta Mathematica 12 (2007) 569–586

586 Pushnitski and Rozenblum

[16] Rozenblum, G., Tashchiyan G., On the spectrum of the perturbed Landau Hamiltonian. To appear in Comm. Partial Differential Equations.

[17] Simon, B., A canonical decomposition for quadratic forms with applications to monotone convergence theorems. J. Funct. Anal. 28, no. 3, 377–385 (1978).

[18] Stahl, H., Totik, V., General orthogonal polynomials, Cambridge Univ.

Press, Cambridge, 1992.

Alexander Pushnitski Department of Mathematics King’s College London Strand London WC2R 2LS U.K.

alexander.pushnitski@kcl.ac.uk

Grigori Rozenblum Department of Mathematical Sciences Chalmers University of Technology and University of Gothenburg Chalmers Tvärgatan, 3, S-412 96 Gothenburg, Sweden grigori@math.chalmers.se

Documenta Mathematica 12 (2007) 569–586

Documenta Math. 587

Visibility of Mordell-Weil Groups

William A. Stein^1

Received: March 8, 2005 Revised: August 21, 2007

Communicated by Stephen Lichtenbaum

Abstract. We introduce a notion of visibility for Mordell-Weil groups, make a conjecture about visibility, and support it with theoretical evidence and data. These results shed new light on relations between Mordell-Weil and Shafarevich-Tate groups.

11G05, 11G10, 11G18, 11Y40 Keywords and Phrases: Elliptic Curves, Abelian Varieties, Mordell- Weil Groups, Shafarevich-Tate Groups, Visibility

1 Introduction

Consider an exact sequence 0 → C → B → A → 0 of abelian varieties over a number field K. We say that the covering B → A is optimal since its kernel C is connected. As introduced in [LT58], there is a corresponding long exact sequence of Galois cohomology

0 → C(K) → B(K) → A(K)^δ−→ H^1(K, C) → H^1(K, B) → H^1(K, A) → · · ·

The study of the Mordell-Weil group A(K) is central in arithmetic geometry. For example, the Birch and Swinnerton-Dyer conjecture (BSD conjecture) of [Bir71, Tat66]), which is one of the Clay Math Problems [Wil00], asserts that the rank r of A(K) equals the ordering vanishing of L(A, s) at s = 1, and also gives a conjectural formula for L^{(r)}(A, 1) in terms of the invariants of A.

The group H^1(K, A) is also of interest in connection with the BSD conjecture, because it contains the Shafarevich-Tate group

X(A/K) = Ker � H^1(K, A) → � v H^1(K_v, A) � , which is the most mysterious object appearing in the BSD conjecture.

1This material is based upon work supported by the National Science Foundation under Grant No. 0555776.

Documenta Mathematica 12 (2007) 587–606

588 William A. Stein

Definition 1.0.1 (Visibility). The visible subgroup of H^1(K, C) relative to the embedding C → B is

Vis_B H^1(K, C) = Ker(H^1(K, C) → H^1(K, B)) ∼= Coker(B(K) → A(K)).

The visible quotient of A(K) relative to the optimal covering B → A is

Vis^B (A(K)) = Coker(B(K) → A(K)) ∼= Vis_B H^1(K, C).

We say an abelian variety over Q is modular if it is a quotient of the modular Jacobian J_1(N) = Jac(X_1(N)), for some N. For example, every elliptic curve over Q is modular [BCDT01].

This paper gives evidence toward the following conjecture that Mordell-Weil groups should give rise to many visible Shafarevich-Tate groups.

Conjecture 1.0.2. Let A be an abelian variety over a number field K. For every integer m, there is an exact sequence 0 → C → B → A → 0 such that:

1. The image of B(K) in A(K) is contained in mA(K), so A(K)/mA(K) is a quotient of Vis^B (A(K)).

2. If K = Q and A is modular, then B is modular.

3. The rank of C is zero.

4. We have Coker(B(K) → A(K)) ⊂ X(C/K), via the connecting homomorphism.

In [Ste04] we give the following computational evidence for this conjecture.

Theorem 1.0.3. Let E be the rank 1 elliptic curve y^2 +y = x^3 −x of conductor 37. Then Conjecture 1.0.2 is true for all primes m = p < 25000 with p ≠ 2, 37.

Let f = � a_nq^n be the newform associated to the elliptic curve E of Theorem 1.0.3. Suppose p is one of the primes in the theorem. Then there is an ℓ ≡ 1 (mod p) and a surjective Dirichlet character χ : (Z/ℓZ)^∗ → μ_p such that L(f ⊗ χ, 1) ≠ 0. The C of the theorem belongs to the isogeny class of abelian varieties associated to f^χ and C has dimension p − 1.

In general, we expect the construction of [Ste04] to work for any elliptic curve and any odd prime p of good reduction. The main obstruction to proving that it does work is proving a nonvanishing result for the special values L(f^χ, 1). In [Ste04], we verified this hypothesis using modular symbols for p < 25000.

A surprising observation that comes out of the construction of [Ste04] is that #X(C) = p · n^2, where n^2 is an integer square. We thus obtained the first ever examples of abelian varieties whose Shafarevich-Tate groups have order neither a square nor twice a square.

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 589

1.1 Contents

In Section 2, we give a brief review of results about visibility of Shafarevich- Tate groups. In Section 3, we give evidence for Conjecture 1.0.2 using results of Kato, Lichtenbaum and Mazur. Section 4 is about bounding the dimension of the abelian varieties in which Mordell-Weil groups are visible. We prove that every Mordell-Weil group is 2-visible relative to an abelian surface. In Section 5, we describe how to construct visible quotients of Mordell-Weil groups, and carry out a computational study of relations between Mordell-Weil groups of elliptic curves and the arithmetic of rank 0 factors of J_0(N).

1.2 Acknowledgement

The author had extremely helpful conversations with Barry Mazur and Grigor Grigorov. Proposition 3.0.3 was proved jointly with Ken Ribet. The author was supported by NSF grant DMS-0400386. He used Magma [BCP97] and SAGE [Sage07] for computing the data in Section 5.

2 Review of Visibility of Galois Cohomology

In this section, we briefly review visibility of elements of H^1(K, A), as first introduced by Mazur in [CM00, Maz99], and later developed by Agashe and Stein in [Aga99a, AS05, AS02]. We describe two basic results about visibility, and in Section 2.2 we discuss modularity of elements of H^1(K, A).

Consider an exact sequence of abelian varieties

0 → A → B → C → 0

over a number field K. Elements of H^0(K, C) are points, so they are relatively easy to “visualize”, but elements of H^1(K, A) are mysterious.

There is a geometric way to view elements of H^1(K, A). The Weil-Chatalet group WC(A/K) of A over K is the group of isomorphism classes of principal homogeneous spaces for A, where a principal homogeneous space is a variety X and a simply-transitive action A × X → X. Thus X is a twist of A as a variety, but X(K) = ∅, unless X is isomorphic to A. Also, the elements of X(A) correspond to the classes of X that have a K_v-rational point for all places v. By [LT58, Prop. 4], there is an isomorphism between H^1(K, A) and WC(A/K).

In [CM00], Mazur introduced the visible subgroup of H^1 as in Definition 1.0.1 in order to help unify diverse constructions of principal homogeneous spaces. Many papers were subsequently written about visibility, including [Aga99b, Maz99, Kle01, AS02, MO03, DWS03, AS05, Dum01].

Remark 2.0.1. Note that Vis_B H^1(K, A) depends on the embedding of A into B. For example, if B = B_1 × A, then there could be nonzero visible elements if A is embedded into the first factor, but there will be no nonzero visible elements if A is embedded into the second factor.

Documenta Mathematica 12 (2007) 587–606

590 William A. Stein

A connection between visibility and WC(A/K) is as follows. Suppose

0 → A → B^π−→ C → 0

is an exact sequence of abelian varieties and that c ∈ H^1(K, A) is visible in B. Thus there exists x ∈ C(K) such that δ(x) = c, where δ : C(K) → H^1(K, A) is the connecting homomorphism. Then X = π^{−1}(x) ⊂ B is a translate of A in B, so the group law on B gives X the structure of principal homogeneous space for A, and this homogeneous space in WC(A/K) corresponds to c.

2.1 Basic Facts

Two basic facts about visibility are that the visible subgroup of H^1(K, A) in B is finite, and that each element of H^1(K, A) is visible in some B.

Lemma 2.1.1. The group Vis_B H^1(K, A) is finite.

Proof. Let C = B/A. By the Mordell-Weil theorem C(K) is finitely generated. The group Vis_B H^1(K, A) is a homomorphic image of C(K) so it is finitely generated. On the other hand, it is a subgroup of H^1(K, A), so it is a torsion group. But a finitely generated torsion abelian group is finite.

Proposition 2.1.2. Let c ∈ H^1(K, A). Then there exists an abelian variety B and an embedding A → B such that c is visible in B. Moreover, B can be chosen to be a twist of a power of A.

Proof. See [AS02, Prop. 1.3] for a cohomological proof or [JS05, §5] for an equivalent geometric proof. Johan de Jong also proved that everything is visible somewhere in the special case dim(A) = 1 using Azumaya algebras, Néron models, and étale cohomology, as explained in [CM00, pg. 17–18], but his proof gives no (obvious) specific information about the structure of B.

2.2 Modularity

Usually one focuses on visibility of elements in X(A) ⊂ H^1(K, A). The papers [CM00, AS02, AS05] contain a number of results about visibility in various special cases, and tables involving elliptic curves and modular abelian varieties.

For example, if A ⊂ J_0(389) is the 20-dimensional simple newform abelian variety, then we show that

Z/5Z × Z/5Z ∼= E(Q)/5E(Q) ⊂ X(A),

where E is the elliptic curve of conductor 389. The divisibility 5^2 | #X(A) is as predicted by the BSD conjecture. The paper [AS05] contains a few dozen other examples like this; in most cases, explicit computational construction of the Shafarevich-Tate group seems hopeless using any other known techniques.

The author has conjectured that if A is a modular abelian variety, then every element of X(A) is modular, i.e., visible in a modular abelian variety. It is a theorem that if c ∈ X(A) has order either 2 or 3 and A is an elliptic curve, then c is modular (see [JS05]).

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 591

3 Results Toward Conjecture 1.0.2

The main result of this section is a proof of parts 1 and 2 of Conjecture 1.0.2 for elliptic curves over Q. We prove more generally that Mazur’s conjecture on finite generatedness of Mordell-Weil groups over cyclotomic Z_p-extensions implies part 1 of Conjecture 1.0.2. Then we observe that for elliptic curves over Q, Mazur’s conjecture is known, and prove that the abelian varieties that appear in our visibility construction are modular, so parts 1 and 2 of Conjecture 1.0.2 are true for elliptic curves over Q.

For a prime p, the cyclotomic Z_p-extension of Q is an extension Q_p∞ of Q with Galois group Z_p; also Q_p∞ is contained in the cyclotomic field Q(μ_p∞ ). We let Q_pn denote the unique subfield of Q_p∞ of degree p^n over Q. If K is an arbitrary number field, the cyclotomic Z_p-extension of K is K_p∞ = K·Q_p∞ . We denote by K_pn the unique subfield of K_p∞ of degree p^n over K. The extension K_p∞ of K decomposes as a tower

K = K_p0 ⊂ K_p1 ⊂ · · · ⊂ K_pn ⊂ · · · ⊂ K_p∞ = ∞� n=0 K_pn .

Mazur hints at the following conjecture in [Maz78] and [RM05, §3]:

Conjecture 3.0.1 (Mazur). If A is an abelian variety over a number field K and p is a prime, then A(K_p∞ ) is a finitely generated abelian group.

Let L/K be a finite extension of number fields and A an abelian variety over K. In much of the rest of this paper we will use the restriction of scalars R = Res_{L/K} (A_L) of A viewed as an abelian variety over L. Thus R is an abelian variety over K of dimension [L : K], and R represents the following functor on the category of K-schemes:

S → E_L(S_L).

If L/K is Galois, then we have an isomorphism of Gal(Q/K)-modules

R(Q) = A(Q) ⊗_Z Z[Gal(L/K)],

where τ ∈ Gal(Q/K) acts on � P_σ ⊗ σ by τ � P_σ ⊗ σ � = � τ(P_σ ) ⊗ τ_{|L} · σ,

where τ_{|L} is the image of τ in Gal(L/K).

Theorem 3.0.2. Conjecture 3.0.1 implies part 1 of Conjecture 1.0.2. More precisely, if A/K is an abelian variety, m is a positive integer, and A(K_p∞ ) is finitely generated for each p | m, then there is an optimal covering of the form B = Res_{L/K} (A_L) → A such that L is abelian over K and the image of B(K) in A(K) is contained in mA(K).

Documenta Mathematica 12 (2007) 587–606

592 William A. Stein

Proof. Fix a prime p | m. Let M = K_p∞ . Because A(M) is finitely generated, some finite set of generators must be in a single sufficiently large A(K_pn ), and for this n we have A(M) = A(K_pn ). For any integer j > 0 let R_j = Res_{Kpj /K} (A_{Kpj} ).

Then, as explained in [Ste04], the trace map induces an exact sequence 0 → B_j → R_j^{πj}−→ A → 0, with B_j an abelian variety. Then for any j ≥ n, A(K_pj ) = A(K_pn ), so Vis^{Bj} (A(K)) ∼= A(K)/π_j (R_j (K)) = A(K)/ Tr_{Kpj /K} (A(K_pj )) = A(K)/ Tr_{Kpn /K} (Tr_{Kpj /Kpn} (A(K_pj ))) = A(K)/ Tr_{Kpn /K} (Tr_{Kpj /Kpn} (A(K_pn ))) = A(K)/ Tr_{Kpn /K} (p^{j−n}A(K_pn )) = A(K)/p^{j−n} Tr_{Kpn /K} (A(K_pn )) → A(K)/p^{j−n}A(K), where the last map is surjective since Tr_{Kpn /K} (A(K_pn )) ⊂ A(K).

Arguing as above, for each prime p | m, we find an extension L_p of K of degree a power of p such that Tr_{Lp/K} (A(L_p)) ⊂ p^{νp} A(K), where ν_p = ord_p(m). Let L be the compositum of the fields L_p. Then for each p | m, Tr_{L/K} (A(L)) = Tr_{Lp/K} (Tr_{L/Lp} (A(L))) ⊂ Tr_{Lp/K} (A(L_p)) ⊂ p^{νp} A(K).

Thus Tr_{L/K} (A(L)) ⊂ � p|m p^{νp} A(K) = mA(K), (1)

where for the last equality we view A(K) as a finite direct sum of cyclic groups.

Let R = Res_{L/K} (A_L). Then trace induces an optimal cover R → A, and (1) implies that we have the required surjective map Vis^R(A(K)) = A(K)/ Tr_{L/K} (A(L)) → A(K)/mA(K).

We will next prove parts 1 and 2 of Conjecture 1.0.2 for elliptic curves over Q by observing that Conjecture 3.0.1 is a theorem of Kato in this case. We first prove a modularity property for restriction of scalars. Recall that a modular abelian variety is a quotient of J_1(N).

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 593

Proposition 3.0.3. If A is a modular abelian variety over Q and K is an abelian extension of Q, then Res_{K/Q}(A_K ) is also a modular abelian variety.

Proof. Since A is modular, A is isogenous to a product of abelian varieties A_f attached to newforms in S_2(Γ_1(N)), for various N. Since the formation of restriction of scalars commutes with products, it suffices to prove the proposition under the hypothesis that A = A_f for some newform f. Let R = Res_{K/Q}(A_f ). As discussed in [Mil72, pg. 178], for any prime p there is an isomorphism of Q_p-adic Tate modules V_p(R) ∼= Ind^{GQ}_{GK} V_p(A_K ).

The induced representation on the right is the direct sum of twists of V_p(A_K ) by characters of Gal(K/Q). This is isomorphic to the Q_p-adic Tate module of some abelian variety P = � χ A_gχ , where χ runs through certain Dirichlet characters corresponding to the abelian extension K/Q, and g runs through certain Gal(Q/Q)-conjugates of f, and g^χ denotes the twist of g by χ. Falting’s theorem (see e.g., [Fal86, §5]) then gives us the desired isogeny R → P.

It is not necessary to use the full power of Falting’s theorem to prove this proposition, since Ribet [Rib80] gave a more elementary proof of Falting’s theorem in the case of modular abelian varieties. However, we must work some to apply Ribet’s theorem, since we do not know yet that R is modular.

Let R and P be as above. Over Q, the abelian variety A is isogenous to a power of a simple abelian variety B, since if more than one non-isogenous simple occurred in the decomposition of A/Q, then End(A/Q) would not be a matrix ring over a (possibly skew) field (see [Rib92, §5]). For any character χ, by the (3) =⇒ (2) assertion of [Rib80, Thm. 4.7], the abelian varieties A_f and A_f χ are isogenous over Q to powers of the same abelian variety A^′, hence to powers of the simple B. A basic property of restriction of scalars is that R_K is isomorphic to a power of (A_f )_K , hence R_K is isogenous over Q to a power of B. Thus R and P are both isogenous over Q to a power of B, so R is isogenous to P over Q, since they have the same dimension, as their Tate modules are isomorphic. Let L be a Galois number field over which such an isogeny is defined. Consider the natural Gal(Q/Q)-equivariant inclusion

Hom(R_Q, P_Q) ⊗ Q_p → Hom_{Gal(Q/Q)}(V_p(R), V_p(P )). (2)

By Ribet’s proof of the Tate conjecture for modular abelian varieties [Rib80], the inclusion

Hom(R_L, P_L) ⊗ Q_p → Hom_{Gal(Q/L)}(V_p(R), V_p(P )) (3)

is an isomorphism, since there is an isogeny P_L → R_L and P is modular. But then (2) must also be an isomorphism, since (2) is the result of taking Gal(L/Q)-invariants of both sides of (3).

By construction of P , there is an isomorphism V_p(R) ∼= V_p(P ) of Gal(Q/Q)- modules, so by (2) there is an isomorphism in Hom(R_Q, P_Q)⊗Q_p. Thus there is

Documenta Mathematica 12 (2007) 587–606

594 William A. Stein

a Q_p-linear combination of elements of Hom(R_Q, P_Q) that has nonzero determinant. However, if a Q_p-linear combination of matrices has nonzero determinant, then some Q-linear combination does, since the determinant is a polynomial function of the coefficients and Q is dense in Q_p. Thus there is an isogeny R → P defined over Q, so R is modular.

Corollary 3.0.4. Parts 1 and 2 of Conjecture 1.0.2 are true for every elliptic curve E over Q.

Proof. Suppose p is a prime, and let Q_p∞ be the cyclotomic Z_p extension of Q. By [BCDT01], E is a modular elliptic curve, so work of Rohrlich [Roh84], Kato [Kat04, Sch98], and Serre [Ser72] implies that E(Q_p∞ ) is finitely generated (see [Rub98, Cor. 8.2]). Theorem 3.0.2 implies that if x ∈ E(Q) and m | order(x), then x is m-visible relative to an optimal cover of E by a restriction of scalars B from an abelian extension. Then Proposition 3.0.3 implies that B is modular.

4 The Visibility Dimension

The visibility dimension is analogous to the visibility dimension for elements of H^1(K, A) introduced in [AS02, §2]. We prove below that elements of order 2 in Mordell-Weil groups of elliptic curves over Q are 2-visible relative to an abelian surface. Along the way, we make a general conjecture about stability of rank and show that it implies a general bound on the visibility dimension.

Definition 4.0.5 (Visibility Dimension). Let A be an abelian variety over a number field K and suppose m is an integer. Then A has m-visibility dimension n if there is an optimal cover B → A with n = dim(B) and the image of B(K) in A(K) is contained in mA(K), so A(K)/mA(K) is a quotient of Vis^B (A(K)).

The following rank-stability conjecture is motivated by its usefulness for proving a result about m-visibility.

Conjecture 4.0.6. Suppose A is an abelian variety over a number field K, that L is a finite extension of K, and m > 0 is an integer. Then there is an extension M of K of degree m such that rank(A(K)) = rank(A(M)) and M ∩ L = K.

The following proposition describes how Conjecture 4.0.6 can be used to find an extension where the index of A(K) in A(M) is coprime to m.

Proposition 4.0.7. Let A be an abelian variety over a number field K and suppose m is a positive integer. If Conjecture 4.0.6 is true for A and m, then there is an extension M of K of degree m such that A(M)/A(K) is of order coprime to m.

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 595

Proof. Choose a finite set P_1, . . . , P_n of generators for A(K). Let

L = K � 1 m P_1, . . . , 1 m P_n �

be the extension of K generated by all mth roots of each P_i. Since the set of mth roots of a point is closed under the action of Gal(K/K), the extension L/K is Galois. Note also that the m torsion of A is defined over L, since the differences of conjugates of a given^1_m P_i are exactly the elements of A[m]. Let S be the set of primes of K that ramify in L.

By our hypothesis that Conjecture 4.0.6 is true for A and m, there is an extension M of K of degree m such that

rank(A(K)) = rank(A(M))

and M ∩ L = K. In particular, C = A(M)/A(K) is a finite group. Suppose, for the sake of contradiction, that gcd(m, #C) ≠ 1, so there is some prime divisor p | m and an element [Q] ∈ C of exact order p. Here Q ∈ A(M) is such that pQ ∈ A(K) but Q ∉ A(K). Because P_1, . . . , P_n generate A(K) and pQ ∈ A(K), there are integers a_1, . . . a_n such that

pQ = n� i=1 a_iP_i.

Then for any fixed choice of the^1_p P_i, we have Q − n� i=1 a_i · 1 p P_i ∈ A[p],

since p � Q − n� i=1 a_i · 1 p P_i � = pQ − n� i=1 a_i · P_i = 0.

Thus Q ∈ A(L). But then since L ∩ M = K, so we obtain a contradiction from

Q ∈ A(L) ∩ A(M) = A(K).

With Proposition 4.0.7 in hand, we show that Conjecture 4.0.6 bounds the visibility dimension of Mordell-Weil groups. In particular, we see that Conjecture 4.0.6 implies that for any abelian variety A over a number field K, and any m, there is an embedding A(K)/mA(K) → H^1(K, C) coming from a δ map, where C is an abelian variety over K of rank 0.

Theorem 4.0.8. Let A be an abelian variety over a number field K and suppose m is a positive integer. If Conjecture 4.0.6 is true for A and m, then there is an optimal covering B → A with B of dimension m such that

Vis^B (A(K)) ∼= A(K)/mA(K).

Documenta Mathematica 12 (2007) 587–606

596 William A. Stein

Proof. By Proposition 4.0.7, there is an extension M of K of degree m such that the quotient A(M)/A(K) is finite of order coprime to m. Then, as in [Ste04], the restriction of scalars B = Res_{M/K} (A_M ) is an optimal cover of A and Vis^B (A(K)) ∼= A(K)/ Tr(A(M)).

However, there is also an inclusion A → B from which one sees that

mA(K) ⊂ Tr(A(M)),

so Vis^B (A(K)) is an m-torsion group.

We have [Tr(A(M)) : Tr(A(K))] � � � [A(M) : A(K)].

We showed above that gcd([A(M) : A(K)], m) = 1, so since

Tr(A(M))/ Tr(A(K))

is killed by m, it follows that Tr(A(M)) = Tr(A(K)). We conclude that

Vis^B (A(K)) = A(K)/mA(K).

Proposition 4.0.9. If E is an elliptic curve over Q and m = 2, then Conjecture 4.0.6 is true for E and m.

Proof. Let L be as in Conjecture 4.0.6, so L is an extension of Q of possibly large degree. Let D be the discriminant of L. By [MM97, BFH90] there are infinitely many quadratic imaginary extensions M of Q such that L(E^M , 1) ≠ 0, where E^M is the quadratic twist of E by M. By [Kol91, Kol88] all these curves have rank 0. Since there are only finitely many quadratic fields ramified only at the primes that divide D, there must be some field M that is ramified at a prime p ∤ D. If M is contained in L, then all the primes that ramify in M divide D, so M is not contained in L. Since M is quadratic, it follows that M ∩ L = Q, as required. Since the image of E(Q) + E^M (Q) in E(M) has finite index, it follows that E(M)/E(Q) is finite.

Corollary 4.0.10. If E is an elliptic curve over Q, then there is an optimal cover B → E, with B a 2-dimension modular abelian variety, such that

Vis^B (E(Q)) ∼= E(Q)/2E(Q).

Proof. Combine Proposition 4.0.9 with Theorem 4.0.8. Also B is modular since it is isogenous to E × E^′, where E^′ is a quadratic twist of E.

Note that the B of Corollary 4.0.10 is isomorphic to (E × E^D )/Φ, where E^D is a rank 0 quadratic imaginary twist of E and Φ ∼= E[2] is embedded antidiagonally in E × E^D. Note that E^D also has analytic rank 0, since it was constructed using the theorems of [Kol91, Kol88] and [MM97, BFH90]. Thus our construction is compatible with the one of Proposition 5.1.1 below.

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 597 5 Some Data About Visibility and Modularity This section contains a computational investigation of modularity of Mordell- Weil groups of elliptic curves relative to abelian varieties that are quotients of J_0(N). One reason that we restrict to J_0(N) is so that computations are more tractable. Also, for m > 2, the twisting constructions that we have given in previous sections are no longer allowed since they take place in J_1(N). Furthermore, the work of [KL89] suggests that we understand the arithmetic of J_0(N) better than that of J_1(N).

5.1 A Visibility Construction for Mordell-Weil Groups The following proposition is an analogue of [AS02, Thm. 3.1] but for visibility of Mordell-Weil groups (compare also [CM00, pg. 19]).

Proposition 5.1.1. Let E be an elliptic curve over a number field K, and let Φ = E[m] as a Gal(K/K)-module. Suppose A is an abelian variety over K such that Φ ⊂ A, as G_Q-modules. Let B = (A × E)/Φ, where Φ is embedded anti-diagonally. Then there is an exact sequence

0 → B(K)/(A(K) + E(K)) → E(K)/mE(K) → Vis^B (E(K)) → 0. Moreover, if (A/E[m])(K) is finite of order coprime to m, then the first term of the sequence is 0, so Vis^B (E(K)) ∼= E(K)/mE(K).

Proof. Using the definition of B and multiplication by m on E, we obtain the following commutative diagram, whose rows and columns are exact: 0 � 0 � 0 � 0 � E[m] � � E^m � � E ∼= � � 0

0 � A � � B � � E � � 0 0 � A/E[m]^{∼=} � � B/E � � 0 0 0 Taking K-rational points we arrive at the following diagram with exact rows

Documenta Mathematica 12 (2007) 587–606

598 William A. Stein

and columns:

0 � E(K)/E(K)[m]^m � � E(K) � ∼= � E(K)/mE(K) � � 0

0 � B(K)/A(K) � � E(K) � � Vis^B (E(K)) � 0

B(K)/(A(K) + E(K)) 0

The snake lemma and the fact that the middle vertical map is an isomorphism implies that the right vertical map is a surjection with kernel isomorphic to B(K)/(A(K) + E(K)). Thus we obtain an exact sequence

0 → B(K)/(A(K) + E(K)) → E(K)/mE(K) → Vis^B (E(K)) → 0.

This proves the first statement of the proposition. For the second, note that we have an exact sequence 0 → E → B → A/E[m] → 0. Taking Galois cohomology yields an exact sequence

0 → E(K) → B(K) → (A/E[m])(K) → · · · ,

so #(B(K)/E(K)) | #(A/E[m])(K). If (A/E[m])(K) is finite of order coprime to m, then B(K)/(A(K) + E(K)) has order dividing #(A/E[m])(K), so the quotient B(K)/(A(K) + E(K)) is trivial, since it injects into E(K)/mE(K).

5.2 Tables

The data in this section suggests the following conjecture.

Conjecture 5.2.1. Suppose E is an elliptic curve over Q and p is a prime such that E[p] is irreducible. Then there exists infinitely many newforms g ∈ S_2(Γ_0(N)), for various integers N, such that L(g, 1) ≠ 0 and E[p] ⊂ A_g and Vis^B (E(Q)) = E(Q)/pE(Q), where B = (A_g × E)/E[p].

Let E be the elliptic curve y^2 + y = x^3 − x. This curve has conductor 37 and Mordell-Weil group free of rank 1. According to [Cre97], E is isolated in its isogeny class, so each E[p] is irreducible.

Table 1 gives for each N the odd primes p such that there is a mod p congruence between f_E and some newform g in S_2(Γ_0(37N)) such that A_g has rank 0 and the isogeny class of A_g contains no abelian variety with rational p torsion. The first time a p occurs, it is in bold. We bound the torsion in the isogeny class using the algorithm from [AS05, §3.5] with primes up to 17. Thus by Proposition 5.1.1, the Mordell-Weil group of E is p-modular of level 37N. A − means there are no such p. Table 2, which was derived directly from Table 1, gives for a prime p, all integers N such that E(Q) is p-modular of level 37N.

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 599

Table 1: Visibility of Mordell-Weil for y^2 + y = x^3 − x

N p^′s 2 5 3 7 4 − 5 − 6 − 7 3 8 − 9 − 10 − 11 17 12 − 13 − 14 − 15 − 16 − 17 3 18 −

N p^′s 19 5 20 − 21 7 22 − 23 11 24 − 25 − 26 − 27 3 28 − 29 3 30 − 31 3 32 − 33 7 34 − 35 −

N p^′s 36 − 37 − 38 5 39 − 40 − 41 3, 17 42 − 43 7 44 − 45 − 46 − 47 3 48 − 49 − 50 5 51 − 52 −

N p^′s 53 53 54 − 55 − 56 − 57 − 58 − 59 13 60 − 61 5, 7 62 − 63 3 64 − 65 − 66 − 67 3, 5 68 − 69 −

N p^′s 70 − 71 3, 7 72 − 73 3, 5 74 − 75 − 76 − 77 − 78 − 79 − 80 − 81 3 82 − 83 3, 11 84 − 85 − 86 −

N p^′s 87 − 88 − 89 43 90 − 91 3 92 − 93 7 94 − 95 − 96 − 97 47 98 − 99 − 100 − 101 3, 11 102 − 103 43

N p^′s 104 − 105 − 106 5 107 3, 5 108 − 109 3, 7 110 − 111 − 112 − 113 3, 11 114 − 115 − 116 − 117 − 118 − 119 3 120 −

N p^′s 121 − 122 − 123 − 124 − 125 5 126 − 127 127 128 − 129 − 130 − 131 3 132 − 133 − 134 − 135 − 136 − 137 3

N p^′s 138 − 139 17 140 − 141 − 142 − 143 − 144 − 145 − 146 − 147 7 148 − 149 5, 31 150 − 151 17 152 − 153 3 154 −

N p^′s 155 − 156 − 157 3, 5 158 − 159 − 160 − 161 − 162 − 163 7, 13 164 − 165 − 166 − 167 3, 5 168 − 169 − 170 − 171 −

N p^′s 172 − 173 3, 5, 11 174 − 175 − 176 − 177 − 178 − 179 3 180 − 181 3, 59 182 − 183 − 184 − 185 − 186 − 187 − 188 −

N p^′s 189 3 190 − 191 7 192 − 193 5, 11 194 − 195 − 196 − 197 3, 5, 13 198 − 199 3, 11 200 − 201 − 202 5 203 3 204 − 205 −

N p^′s 206 − 207 − 208 − 209 −

Documenta Mathematica 12 (2007) 587–606

600 William A. Stein

Table 2: Levels Where Mordell-Weil is p-Visible for y^2 + y = x^3 − x

p N such that 37N is a level of p-modularity of E(Q) 3 7, 17, 27, 29, 31, 41, 47, 63, 67, 71, 73, 81, 83, 91, 101, 107, 109, 113, 119, 131, 137, 153, 157, 167, 173, 179, 181, 189, 197, 199, 203 5 2, 19, 38, 50, 61, 67, 73, 106, 107, 125, 149, 157, 167, 173, 193, 197, 202 7 3, 21, 33, 43, 61, 71, 93, 109, 147, 163, 191 11 23, 83, 101, 113, 173, 193, 199 13 59, 163, 197 17 11, 41, 139, 151 19 − 29 -

31 149 37 − 41 -

43 89, 103 47 97 53 53 59 181 61 − 113 -

127 127

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 601

Ribet’s level raising theorem [Rib90] gives necessary and sufficient conditions on a prime N for there to be a newform g of level 37N that is congruent to f_E modulo p. Note that the form g is new rather than just p-new since 37 is prime and there are no modular forms of level 1 and weight 2. If, moreover, we impose the condition L(g, 1) ≠ 0, then Ribet’s condition requires that p divides N + 1 + εa_N , where ε is the root number of E. Since E has odd analytic rank, in this case ε = −1. For each primes p ≤ 127 and each N ≤ 203, we find the levels of such g. If f is a newform, the torsion multiple of f is a positive integer that is a multiple of the order of the rational torsion subgroup of any abelian variety attached to f, as computed by the algorithm in [AS05]. The only cases in which we don’t already find a congruence level already listed in Table 2 corresponding to a newform with torsion multiple coprime to p are

p = 3, N = 43 and p = 19, N = 47, 79.

In all other cases in which Ribet’s theorem produces a congruent g with ord_{s=1} L(g, s) even (hence possibly 0), we actually find a g with L(g, 1) ≠ 0 and can show that #A_g (Q)_{tor} is coprime to p.

For p = 3 and N = 43 we find a unique newform g ∈ S_2(Γ_0(1591)) that is congruent to f_E modulo 3. This form is attached to the elliptic curve y^2 + y = x^3 − 71x + 552 of conductor 1591, which has Mordell-Weil groups Z ⊕ Z. Thus this is an example of a congruence relating a rank 1 curve to a rank 2 curve. For p = 19 and N = 47, the newform g has degree 43, so A_g has dimension 43, we have L(g, 1) ≠ 0, but the torsion multiple is 76 = 19 · 4, which is divisible by 19. For p = 19 and N = 79, the A_g has dimension 57, we have L(g, 1) ≠ 0, but the torsion multiple is 76 again.

Tables 3–4 are the analogues of Tables 1–2 but for the elliptic curve y^2 +y = x^3 + x^2 of conductor 43. This elliptic curve also has rank 1 and all mod p representations are irreducible. The primes p and N such that Ribet’s theorem produces a congruent g with ord_{s=1} L(g, s) even, yet we do not find one with L(g, 1) ≠ 0 and the torsion multiple coprime to p are

p = 3, N = 31, 61 and p = 11, N = 19, 31, 47, 79.

The situation for p = 11 is interesting since in this case all the g with ord_{s=1} L(g, s) even fail to satisfy our hypothesis. At level 19 · 43 we find that g has degree 18 and L(g, 1) ≠ 0, but the torsion multiple is divisible by 11.

Let E be the elliptic curve y^2 + y = x^3 + x^2 − 2x of conductor 389. This curve has Mordell-Weil group free of rank 2. Tables 5–6 are the analogues of Tables 1–2 but for E. The primes p and N such that Ribet’s theorem produces a congruent g with ord_{s=1} L(g, s) even, yet we do not find one with L(g, 1) ≠ 0 and the torsion multiple coprime to p are

p = 3, N = 17 and p = 5, N = 19.

For p = 3, there is a unique g of level 6613 = 37 · 17 with ord_{s=1} L(g, s) even and E[3] ⊂ A_g . This form has degree 5 and L(g, 1) = 0, so this is another

Documenta Mathematica 12 (2007) 587–606

602 William A. Stein

Table 3: Visibility of Mordell-Weil for y^2 + y = x^3 + x^2

N p^′s 2 5 3 3 4 − 5 5 6 − 7 − 8 − 9 − 10 − 11 3 12 − 13 19 14 − 15 − 16 −

N p^′s 17 3, 7 18 − 19 − 20 − 21 − 22 5 23 5 24 − 25 − 26 − 27 3 28 − 29 3 30 − 31 −

N p^′s 32 − 33 3 34 5 35 − 36 − 37 19 38 − 39 3 40 − 41 37 42 − 43 − 44 − 45 − 46 −

N p^′s 47 − 48 − 49 − 50 5 51 3 52 − 53 59 54 − 55 5 56 − 57 3 58 − 59 3 60 − 61 5

N p^′s 62 − 63 − 64 − 65 − 66 − 67 71 68 − 69 − 70 − 71 5, 7 72 − 73 3 74 − 75 − 76 −

N p^′s 77 − 78 − 79 − 80 − 81 3 82 − 83 3, 23 84 − 85 5 86 − 87 3 88 − 89 47 90 − 91 −

N p^′s 92 − 93 − 94 − 95 − 96 − 97 7, 13 98 − 99 3 100 −

Table 4: Levels Where Mordell-Weil is p-Visible for y^2 + y = x^3 + x^2

p N such that 43N is a level of p-modularity of E(Q) 3 3, 11, 17, 27, 29, 33, 39, 51, 57, 59, 73, 81, 83, 87, 99 5 2, 5, 22, 23, 34, 50, 55, 61, 71, 85 7 17, 71, 97 11 - 13 97 17 - 19 13, 37 23 83 29, 31 -

37 41 41, 43 -

47 89 53 - 59 53 61, 67 -

71 67

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 603

Table 5: Visibility of Mordell-Weil for y^2 + y = x^3 + x^2 − 2x

N p^′s 1 5 2 − 3 − 4 − 5 3 6 −

N p^′s 7 3 8 − 9 3 10 − 11 − 12 −

N p^′s 13 11 14 − 15 3 16 − 17 − 18 −

N p^′s 19 − 20 − 21 − 22 − 23 5 24 −

N p^′s 25 − 26 − 27 3 28 − 29 3

Table 6: Levels Where Mordell-Weil is p-Visible for y^2 + y = x^3 + x^2 − 2x

p N such that 389N is a level of p-modularity of E(Q) 3 5, 7, 9, 15, 27, 29 5 1, 23 7 - 11 13

example where the rank 0 hypothesis of Proposition 5.1.1 is not satisfied. Note that the torsion multiple in this case is 1. For p = 5, there is a unique g of level 7391 = 37 · 19, with ord_{s=1} L(g, s) even and E[5] ⊂ A_g . This form has degree 4 and L(g, 1) ≠ 0, but the torsion multiple is divisible by 5.

References

[Aga99a] A. Agashe, On invisible elements of the Tate-Shafarevich group, C.

R. Acad. Sci. Paris Sér. I Math. 328 (1999), no. 5, 369–374. MR 1 678 131

[Aga99b] Amod Agashé, On invisible elements of the Tate-Shafarevich group, C. R. Acad. Sci. Paris Sér. I Math. 328 (1999), no. 5, 369–374. MR 2000e:11083

[AS02] A. Agashe and W. A. Stein, Visibility of Shafarevich-Tate groups of abelian varieties, J. Number Theory 97 (2002), no. 1, 171–185. MR 2003h:11070

[AS05] A. Agashe and W. Stein, Visible evidence for the Birch and Swinnerton-Dyer conjecture for modular abelian varieties of analytic rank zero, Math. Comp. 74 (2005), no. 249, 455–484 (electronic), With an appendix by J. Cremona and B. Mazur. MR 2085902

Documenta Mathematica 12 (2007) 587–606

604 William A. Stein

[BCDT01] C. Breuil, B. Conrad, F. Diamond, and R. Taylor, On the modularity of elliptic curves over Q: wild 3-adic exercises, J. Amer. Math. Soc. 14 (2001), no. 4, 843–939 (electronic). MR 2002d:11058

[BCP97] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system.

I. The user language, J. Symbolic Comput. 24 (1997), no. 3–4, 235– 265, Computational algebra and number theory (London, 1993). MR 1 484 478

[BFH90] D. Bump, S. Friedberg, and J. Hoffstein, Eisenstein series on the metaplectic group and nonvanishing theorems for automorphic Lfunctions and their derivatives, Ann. of Math. (2) 131 (1990), no. 1, 53–127.

[Bir71] B. J. Birch, Elliptic curves over Q: A progress report, 1969 Number Theory Institute (Proc. Sympos. Pure Math., Vol. XX, State Univ. New York, Stony Brook, N.Y., 1969), Amer. Math. Soc., Providence, R.I., 1971, pp. 396–400.

[CM00] J. E. Cremona and B. Mazur, Visualizing elements in the Shafarevich-Tate group, Experiment. Math. 9 (2000), no. 1, 13–28. MR 1 758 797

[Cre97] J. E. Cremona, Algorithms for modular elliptic curves, second ed., Cambridge University Press, Cambridge, 1997,

http://www.maths.nott.ac.uk/personal/jec/book/.

[Dum01] N. Dummigan, Congruences of modular forms and Selmer groups, Math. Res. Lett. 8 (2001), no. 4, 479–494. MR MR1849264 (2002k:11064)

[DWS03] N. Dummigan, M. Watkins, and W. A. Stein, Constructing Elements in Shafarevich-Tate Groups of Modular Motives, Number theory and algebraic geometry, ed. by Miles Reid and Alexei Skorobogatov 303 (2003), 91–118.

[Fal86] G. Faltings, Finiteness theorems for abelian varieties over number fields, Arithmetic geometry (Storrs, Conn., 1984), Springer, New York, 1986, Translated from the German original [Invent. Math. 73 (1983), no. 3, 349–366; ibid. 75 (1984), no. 2, 381; MR 85g:11026ab] by Edward Shipz, pp. 9–27. MR 861 971

[JS05] D. Jetchev and W. Stein, Visibility of Shafarevich-Tate Groups at Higher Level, in preparation.

[Kat04] Kazuya Kato, p-adic Hodge theory and values of zeta functions of modular forms, Astérisque (2004), no. 295, ix, 117–290, Cohomologies p-adiques et applications arithmétiques. III. MR MR2104361

Documenta Mathematica 12 (2007) 587–606

Visibility of Mordell-Weil Groups 605

[KL89] V. A. Kolyvagin and D. Y. Logachev, Finiteness of the Shafarevich- Tate group and the group of rational points for some modular abelian varieties, Algebra i Analiz 1 (1989), no. 5, 171–196.

[Kle01] T. Klenke, Modular Varieties and Visibility, Ph.D. thesis, Harvard University (2001).

[Kol88] V. A. Kolyvagin, Finiteness of E(Q) and X(E, Q) for a subclass of Weil curves, Izv. Akad. Nauk SSSR Ser. Mat. 52 (1988), no. 3, 522–540, 670–671. MR 89m:11056

[Kol91] V. A. Kolyvagin, On the Mordell-Weil group and the Shafarevich- Tate group of modular elliptic curves, Proceedings of the International Congress of Mathematicians, Vol. I, II (Kyoto, 1990) (Tokyo), Math. Soc. Japan, 1991, pp. 429–436. MR 93c:11046

[LT58] S. Lang and J. Tate, Principal homogeneous spaces over abelian varieties, Amer. J. Math. 80 (1958), 659–684.

[Maz78] B. Mazur, Rational isogenies of prime degree (with an appendix by D. Goldfeld), Invent. Math. 44 (1978), no. 2, 129–162.

[Maz99] , Visualizing elements of order three in the Shafarevich-Tate group, Asian J. Math. 3 (1999), no. 1, 221–232, Sir Michael Atiyah: a great mathematician of the twentieth century. MR 2000g:11048

[Mil72] J. S. Milne, On the arithmetic of abelian varieties, Invent. Math. 17 (1972), 177–190. MR 48 #8512

[MM97] M. R. Murty and V. K. Murty, Non-vanishing of L-functions and applications, Birkhäuser Verlag, Basel, 1997.

[MO03] William J. McGraw and Ken Ono, Modular form congruences and Selmer groups, J. London Math. Soc. (2) 67 (2003), no. 2, 302–318. MR MR1956137 (2004d:11033)

[Rib80] K. A. Ribet, Twists of modular forms and endomorphisms of abelian varieties, Math. Ann. 253 (1980), no. 1, 43–62. MR 82e:10043

[Rib90] , Raising the levels of modular representations, Séminaire de Théorie des Nombres, Paris 1987–88, Birkhäuser Boston, Boston, MA, 1990, pp. 259–271.

[Rib92] , Abelian varieties over Q and modular forms, Algebra and topology 1992 (Taejŏn), Korea Adv. Inst. Sci. Tech., Taejŏn, 1992, pp. 53–79. MR 94g:11042

[RM05] K. Rubin and B. Mazur, Finding large selmer groups, in preparation.

Documenta Mathematica 12 (2007) 587–606

606 William A. Stein

[Roh84] D. E. Rohrlich, On L-functions of elliptic curves and cyclotomic towers, Invent. Math. 75 (1984), no. 3, 409–423. MR 86g:11038b

[Rub98] K. Rubin, Euler systems and modular elliptic curves, Galois representations in arithmetic algebraic geometry (Durham, 1996), Cambridge Univ. Press, Cambridge, 1998, pp. 351–367. MR 2001a:11106

[Sch98] A. J. Scholl, An introduction to Kato’s Euler systems, Galois Representations in Arithmetic Algebraic Geometry, Cambridge University Press, 1998, pp. 379–460.

[Ser72] J-P. Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Invent. Math. 15 (1972), no. 4, 259–331.

[Sage07] W. Stein, SAGE: Software for Algebra and Geometry Experimentation, http://www.sagemath.org/.

[Ste04] W. Stein, Shafarevich-Tate Groups of Nonsquare Order, Modular Curves and Abelian Varieties, Progress of Mathematics (2004), 277– 289.

[Tat66] J. Tate, On the conjectures of Birch and Swinnerton-Dyer and a geometric analog, Séminaire Bourbaki, Vol. 9, Soc. Math. France, Paris, 1965/66, pp. Exp. No. 306, 415–440.

[Wil00] A. J. Wiles, The Birch and Swinnerton-Dyer Conjecture,

http://www.claymath.org/prize problems/birchsd.htm.

William A. Stein Department of Mathematics University of Washington Seattle, WA 98195-4350 wstein@math.washington.edu

Documenta Mathematica 12 (2007) 587–606

Documenta Math. 607

Réalisation ℓ-Adique

des Motifs Triangulés Géométriques I

Florian Ivorra

Received: December 30, 2005

Communicated by Alexander Merkurjev

Abstract. In this work, we provide an integral ℓ-adic realization functor for Voevodsky’s triangulated category of geometrical motives over a noetherian separated scheme. Our approach to the realization problem is to study finite correspondences from the Nisnevich and étale local point of view. We set the existence of a local decomposition for finite correspondences which implies the existence of local transfers. This result allows us to provide canonical transfers on the Godement resolution of a Nisnevich sheaf with transfers and then to carry out the construction of the ℓ-adic realization functor. We also give a moderate ℓ-adic realization functor in some geometrical situations.

2000 Mathematics Subject Classification: Primary 19E15 ; Secondary 19F27, 14F42.

Keywords and Phrases: Mixed motives, ℓ-adic realizations, algebraic cycles.

Introduction

Nous nous intéressons dans cet article à la réalisation des motifs triangulés géométriques de V. Voevodsky sur un schéma noethérien séparé S dans la catégorie des coefficients ℓ-adiques de T. Ekedahl [11]^1. M. Levine a construit dans [25] une catégorie triangulée de motifs munie de foncteurs de réalisation très généraux. Ce travail fournit indirectement des foncteurs de réalisations pour les motifs triangulés de Voevodsky dans les cas où les catégories de [29] et [25] sont équivalentes à savoir essentiellement le cas d’un corps parfait [25, 22]. Dans [18, 19] A. Huber fait directement le lien pour un corps de caractéristique

1Nous renvoyons à l’appendice A pour un rappel sur la construction de cette catégorie et pour de plus amples précisions sur les notations utilisées dans le cadre ℓ-adique.

Documenta Mathematica 12 (2007) 607–671

608 Florian Ivorra

nulle entre les motifs triangulés de Voevodsky et la catégorie des réalisations mixtes de [16] en construisant un foncteur de réalisation mixte. Nous commençons ce travail en remarquant que la construction de la catégorie triangulée des motifs mixtes géométriques de [29] se généralise au schéma de base S, ce qui nous permet d’obtenir une catégorie triangulée tensorielle que nous notons DM_{gm}(S). L’approche faisceautique sur une base régulière fait l’objet d’un travail en cours de D-C. Cisinski et F. Déglise commencé dans [6]. En convenant de désigner par D^+(S, Z_ℓ) la catégorie des coefficients ℓadiques définie par T. Ekedahl [11], notre résultat principal — le théorème 4.3 — s’énonce alors comme suit :

Théorème. Le foncteur de réalisation ℓ-adique des S-schémas lisses de type fini R_ℓ : Sm^{op}_S → D^+(S, Z_ℓ) X → Rπ_{X∗}π^∗_X Z_S /ℓ^∗.

se prolonge canoniquement en un foncteur triangulé quasi-tensoriel^2

DM_{gm}(S)^{op} → D^+(S, Z_ℓ). (1)

(a) Lorsque S est de type fini sur un schéma noethérien régulier de dimension ≤ 1, le foncteur (1) prend ses valeurs dans D^b_c (S, Z_ℓ) sous-catégorie triangulée pleine formée des coefficients constructibles.

(b) Lorsque S est de type fini sur un corps fini, le foncteur (1) induit un foncteur triangulé tensoriel

DM_{gm}(S)^{op} → D^b_m(S, Q_ℓ)

où le second membre désigne la catégorie des coefficients ℓ-adiques mixtes de P. Deligne [8, 5].

L’approche des réalisations que nous adoptons repose essentiellement sur une étude locale pour les topologies de Nisnevich et étale des correspondances finies. Le résultat fondamental à ce sujet — la proposition 2.1 — consiste en un raffinement de la proposition 3.1.3 de [29] et assure l’existence d’une homotopie canonique pour certains complexes de C̆ech associés à la décomposition locale d’un schéma pour la topologie de Nisnevich. Dans l’article [9] P. Deligne et A. Goncharov ont utilisé une approche similaire pour construire certains foncteurs de réalisation. Nous renvoyons à [21] pour le lien entre le travail de A. Huber [18, 19] et le présent article.

Dans certaines situations géométriques nous raffinons également la construction précédente en un foncteur de réalisation ℓ-adique modérée — corollaire 4.17. Les résultats contenus dans cet article ainsi que dans [21] proviennent de la thèse de doctorat de l’auteur [20].

2Nous renvoyons à la définition B.1 pour ce qui concerne la terminologie utilisée dans cet article.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 609

Conventions

Tout au long de ce travail, nous adoptons la convention suivante.

S désigne un schéma noethérien séparé et ℓ un nombre premier inversible sur S. Tous les schémas considérés sont supposés noethériens et séparés.

Nous sortirons parfois, de manière anodine, de ce cadre en considérant des réunions disjointes, non nécessairement finies, de schémas pris au sens de la convention précédente. Cela sera notamment le cas dans la section 2. Nous notons Sch_S (resp. Var_S ) la catégorie des S-schémas (resp. des S-schémas de type fini) et nous désignons par Sm_S la catégorie des S-schémas lisses de type fini. Le morphisme structural d’un S-schéma X est noté π_X .

1 Motifs mixtes géométriques

Rappelons que sur un corps^3 Voevodsky définit DM^{eff}_{gm} à partir de la catégorie homotopique de la catégorie des complexes de variétés lisses munies des correspondances finies, modulo les relations : – Mayer-Vietoris pour la topologie de Zariski – invariance par homotopie.

La construction que nous donnons ici est exactement la même (en se fondant sur la théorie des correspondances finies sur S de Suslin-Voevodsky), à une différence près : nous remplaçons les relations de Mayer-Vietoris pour la topologie de Zariski par leurs analogues en topologie de Nisnevich. Il y a donc a priori plus de relations, mais il résulte de la proposition 4.1.23 de [20] et du théorème 3.1.12 de [29] que les deux constructions coïncident sur un corps parfait.

Avant d’introduire les correspondances finies sur une base quelconque, nous rappelons pour la commodité du lecteur quelques constructions tirées de [28], référence à laquelle nous renvoyons pour un exposé complet.

1.1 Quelques rappels sur les cycles relatifs

Soient K un corps, s un K-point de S. Un épaississement de s est la donnée d’un trait O et d’une factorisation de s sous la forme

Spec O^τ � S

Spec K s � � � � σ �

3Dans le texte de référence [29], le schéma de base considéré est un corps et pour les besoins de la démonstration de la conjecture de Bloch-Kato, les constructions sont étendues à des schémas simpliciaux lisses sur un corps dans [31].

Documenta Mathematica 12 (2007) 607–671

610 Florian Ivorra

où σ est le point fermé de O et τ un morphisme birationnel de O sur une composante irréductible de S contenant le lieu s de s. Le point s est épais lorsqu’il admet un épaississement. Soit Z un schéma équidimensionnel sur S de dimension n dominant la même composante irréductible que O. Le schéma O ×_S Z possède une unique composante irréductible Z dominant O et cette dernière est plate et équidimensionnelle sur O de dimension n. Supposons donné un cycle α de la forme α = � Z α_Z [Z]

la somme étant prise sur les sous-schémas fermés intègres Z de X qui sont équidimensionnels sur S de dimension n, les α_Z non nuls étant en nombre fini. On peut associer à α le cycle

(O, τ, σ)^⊛α := � Z α_Z [Spec(K) ×_O Z] (2)

la somme étant restreinte aux sous-schémas fermés qui dominent la même composante irréductible de S que O. On prendra garde néanmoins que pour un K-point épais s de S, le choix de l’épaississement n’est pas unique et qu’en toute généralité rien n’assure que les cycles (2) pour des épaississements distincts soient égaux. Ceci explique l’introduction dans [28, Definition 3.1.3] du groupe abélien P ropCycl_{equi}(X/S, n) formé des cycles α = r� i=1 α_i[Z_i]

vérifiant les deux conditions suivantes :

– Les Z_i sont des sous-schémas fermés intègres de X équidimensionnels et propres sur S de dimension n^4.

– Pour tout K-point épais s de S, le cycle (O, τ, σ)^⊛α est indépendant de l’épaississement (O, τ, σ) choisi.

L’opération essentielle sur les cycles relatifs est l’opération de changement de base

θ^⊛ : P ropCycl_{equi}(X/S, n)_Q → P ropCycl_{equi}(X_T /T, n)_Q

pour un morphisme de schémas θ : T → S qui est construite de sorte que l’on ait s^⊛α = (O, τ, σ)^⊛α

pour un K-point épais s et un épaississement (O, τ, σ) de ce dernier. En général un cycle obtenu par changement de base n’est pas nécessairement à coefficients entiers, en revanche par construction les dénominateurs pouvant apparaître ne peuvent avoir comme facteurs premiers que les caractéristiques résiduelles de S aux points images des points génériques des composantes irréductibles de T .

4Dans le cas n = 0 cela revient à dire que les Z_i sont finis et dominants sur une composante irréductible de S.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 611

Finalement on introduit le sous-groupe c_{equi}(X/S, n) de P ropCycl_{equi} (X/S, n) formé des cycles universellement entiers c’est à dire des cycles α tels que θ^⊛α soit à coefficients entiers pour tout morphisme de schéma θ : T → S. Le changement de base permet alors de définir l’opération Cor. Soient X un S-schéma et Y un X-schéma. Supposons donnés un cycle α ∈ c_{equi}(Y/X, n) et un cycle β ∈ c_{equi}(X/S, m) que l’on écrit β = � Z β_Z [Z]

la somme étant prise sur les sous-schémas fermés intègres de X propres et équidimensionnels sur S de dimension m. Pour un tel sous-schéma, on a le carré cartésien Y ×_X Z^{(ιZ )Y} �

�^□ Y � Z^{ιZ} � X et on peut considérer le cycle Cor(α, β) = � Z β_Z (ι_Z )_{Y ∗}ι^⊛_Z α

qui appartient à c_{equi}(Y/S, n + m) d’après le corollaire 3.7.5 de [28]. Nous utilisons dans la suite le lemme suivant.

Lemme 1.1. Soient X un S-schéma et p : Y → Y^′ un morphisme de Xschémas. Pour tout cycle α ∈ c_{equi}(Y/X, n) et β ∈ c_{equi}(X/S, m), on a Cor(p_∗α, β) = p_∗Cor(α, β) dans c_{equi}(Y^′/S, n + m).

Démonstration. Par linéarité on peut supposer β = [Z] où Z est un sousschéma fermé intègre de X. Notons ι l’immersion fermée correspondante, en utilisant les notations du diagramme commutatif suivant

Y^′ ×_X Z^{ιY ′} �

�

Y^′

� � � � � Y ×_X Z

p_Z �

�_{ιY} � � � � Y � � � p � � � �

Z^ι � X la proposition 3.6.2 de [28] assure que Cor(p_∗α, β) = ι_Y ′_∗ι^⊛p_∗α = ι_Y ′_∗p_{Z∗}ι^⊛α = p_∗ι_{Y ∗}ι^⊛α = p_∗Cor(α, β).

Documenta Mathematica 12 (2007) 607–671

612 Florian Ivorra

1.2 Correspondances finies

Hormis un survol dans [26, Appendix 1A], cette notion n’est disponible dans la littérature que dans le cas des corps. L’extension aux schémas de base quelconques^5 ne présente aucune difficulté et s’avère une application de la théorie générale des cycles relatifs de [28]. Nous énonçons sans démonstration certaines propriétés élémentaires des correspondances finies : on trouvera plus de détails dans la thèse de l’auteur [20, §2.1].

Définition 1.2. Soient X et Y deux S-schémas. Les S-correspondances finies de X dans Y sont les éléments du groupe abélien

c_S (X, Y ) := c_{equi}(X ×_S Y/X, 0).

La composition des correspondances finies est fournie par la relation

β ∘ α := p^{XY Z}_{XZ∗} Cor(p^{XY ⊛}_X β, α) (3)

dans laquelle α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z).

Remarque 1.3. Dans la formule (3) donnant la composition p^{XY Z}_{XZ} désigne la projection de X ×_S Y ×_S Z sur X ×_S Z et p^{XY}_X la projection de X ×_S Y sur X. Nous utilisons ce type de notation pour les projections dans le reste de ce travail.

Dans la suite nous utilisons la notation suivante.

Notation 1.4. Nous désignons par Δ_p l’immersion fermée X → X ×_S Y associée à un morphisme de S-schémas p : X → Y et par Γ_p le graphe de ce dernier. Celui-ci définit une correspondance finie de X dans Y que nous notons [p].

Lemme 1.5. Soient X, Y, Z et W des S-schémas.

(a) Étant données des correspondances finies α ∈ c_S (X, Y ), β ∈ c_S (Y, Z) et γ ∈ c_S (Z, W ) on a γ ∘ (β ∘ α) = (γ ∘ β) ∘ α.

(b) Pour tout morphisme de S-schémas p : X → Y et toute correspondance finie α ∈ c_S (Y, Z) on a α ∘ [p] = p^⊛α.

(c) Pour tout morphisme de S-schémas p : Y → Z et toute correspondance finie α ∈ c_S (X, Y ) on a

[p] ∘ α = (id_X ×_S p)_∗α.

(d) Pour tout morphisme de S-schémas p : X → Y et q : Y → Z on a

[q] ∘ [p] = [q ∘ p].

5Le cas plus restreint des schémas lisses de type fini sur une base réguliere est traité dans [6] en utilisant les multiplicités d’intersection de Serre. Nous renvoyons à la proposition 1.8 pour le lien entre ces deux approches.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 613

En particulier le lemme 1.5 assure qu’en prenant pour objets les S-schémas et pour morphismes les correspondances finies, on obtient une catégorie SchCor_S munie d’un foncteur pleinement fidèle

[−] : Sch_S → SchCor_S . (4)

qui à un morphisme de schémas associe son graphe. La définition suivante est donc licite :

Définition 1.6. Nous désignons par SchCor_S la catégorie des S-schémas munis des correspondances finies ayant pour objet les S-schémas et dont les morphismes sont donnés par

Hom_{SchCorS} ([X], [Y ]) := c_S (X, Y )

pour des S-schémas X et Y . La notation VarCor_S (resp. SmCor_S ) fait référence à la sous-categorie strictement pleine obtenue en restreignant les objets aux seuls schémas de type fini sur S (resp. lisses de type fini sur S).

L’opération � correspondance � de [28] permet de définir un produit associatif et commutatif sur les cycles relatifs via la composition

c_{equi}(X/S, 0) ⊗ c_{equi}(Y/S, 0)

� � ×_S � π^⊛_{Y /S} ⊗id � c_{equi}(X ×_S Y/Y, 0) ⊗ c_{equi}(Y/S, 0)

Cor � c_{equi}(X ×_S Y/S, 0).

Ce produit est compatible aux morphismes de changement de base. En posant pour α ∈ c_S (X, Y ) et β ∈ c_S (X^′, Y^′)

α ⊗ β := (p^{XX ′ ⊛}_X α) ×_{X×S X} ′ (p^{XX ′}_X ′ β)

on définit sur la catégorie additive SchCor_S une structure tensorielle naturelle compatible via le foncteur (4) avec la structure monoïdale symétrique induite par le produit fibré sur Sch_S .

Remarque 1.7. Étant donnés des S-schémas X, Y et une correspondance finie α ∈ c_S (X, Y ), le carré

X^{[ΔX ]} � α � X ×_S X α⊗α � Y^{[ΔY ]} � Y ×S Y

n’est pas nécessairement commutatif lorsque α n’est pas une correspondance finie obtenue à partir d’un morphisme de S-schémas.

Documenta Mathematica 12 (2007) 607–671

614 Florian Ivorra La proposition suivante montre que la composition définie par les relations (3) coïncident avec la composition des correspondances finies pour les schémas lisses de type fini sur une base régulière obtenue via la théorie de l’intersection et considérée dans [29, 6].

Proposition 1.8. Supposons que S soit régulier et que X, Y, Z soient des Sschémas lisses de type fini. Alors pour toute correspondance finie α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z) (a) les cycles p^{XY Z∗}_{XY} α et p^{XY Z∗}_{Y Z} β s’intersectent proprement, (b) la composition des correspondances α et β est donnée par β ∘ α = p^{XY Z}_{XZ∗} � p^{XY Z∗}

XY α ⌢ p^{XY Z∗}_{Y Z} β �

où ⌢ désigne le produit d’intersection.

Nous utiliserons dans la suite l’extension aux schémas munis des correspondances finies de l’opération classique de changement de base. Étant donnés un morphisme de schémas θ : T → S et des S-schémas X, Y , nous pouvons considérer le morphisme de changement de base induit par le morphisme θ_X θ^⊛_X : c_{equi}(X ×_S Y/X, 0) → c_{equi}((T ×_S X) ×_S (X ×_S Y )/T ×_S X, 0).

Sachant que l’on a les isomorphismes

(T ×_S X) ×_S (X ×_S Y ) = T ×_S (X ×_S Y ) = (T ×_S X) ×_T (T ×_S Y ) ce dernier nous donne en fait un morphisme de changement de base T ×_S − : c_S (X, Y ) → c_T (T ×_S X, T ×_S Y ).

Nous noterons souvent α_T la T -correspondance finie obtenue par changement de base à partir d’une S-correspondance finie α. Les propriétés élémentaires du changement de base sont rassemblées dans le lemme ci-dessous. Lemme 1.9. Soient θ : T → S un morphisme de schémas et X, X^′, Y, Y^′, Z des S-schémas.

(a) Étant données α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z), on a β_T ∘ α_T = (β ∘ α)_T .

(b) Étant données α ∈ c_S (X, Y ) et β ∈ c_S (Y, Y^′), on a α_T ⊗ β_T = (α ⊗ β)_T .

(c) Si p : X → Y est un morphisme de S-schémas alors [p]_T = [p_T ].

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 615

Le lemme 1.9 assure que le morphisme de changement de base T ×_S − est fonctoriel, tensoriel et qu’en outre le carré suivant est commutatif

Sch_S [−] �

T ×_S − �

Sch_T [−] � SchCor_{S T ×S −} � SchCor_T .

Définition 1.10. Soit S = Sch_S , Var_S , Sm_S . Un préfaisceau avec transferts sur S est un préfaisceau additif de groupes abéliens sur la catégorie SCor_S . Un faisceau Nisnevich (étale) avec transferts est un préfaisceau avec transferts dont la restriction à S est un faisceau Nisnevich (resp. étale). Nous notons Sh^{tr}_{Nis}(S) (resp. Sh^{tr}_{Et}(S)) la catégorie des faisceaux Nisnevich (resp. étales) avec transferts sur S.

1.3 Motifs mixtes géométriques La topologie de Nisnevich intervient dans cette sous-section via la définition suivante.

Définition 1.11. On appelle carré distingué élémentaire pour la topologie de Nisnevich, un carré cartésien excisif de Sm_S

U ×_X V �

�^□ V p � U^e � X (5)

dans lequel e est une immersion ouverte et p un morphisme étale. Définition 1.12. La catégorie DM^{eff}_{gm}(S) est la catégorie triangulée tensorielle

DM^{eff}_{gm}(S) = K^b(SmCor_S )/E_{gm}(S)

obtenue par passage au quotient par la sous-catégorie triangulée épaisse E_{gm}(S) de K^b(SmCor_S ) engendrée par les complexes : – Homotopie :

[A^1_X ]^{[π]}−−→ [X] (6) où X est un S-schéma lisse de type fini et π la projection de A^1_X sur X.

– Mayer-Vietoris pour la topologie de Nisnevich :

[U ×_S X] −→ [U] ⊕ [V ]^{[e]⊕(−[p])}

−−−−−−→ [X] (7)

pour tout carré distingué élémentaire pour la topologie de Nisnevich de la forme (5).

Documenta Mathematica 12 (2007) 607–671

616 Florian Ivorra

Remarque 1.13. Sachant que le complexe (6) est le cône dans C^b(SmCor_S ) du morphisme [A^1_X ] → [X] induit par la projection et que le complexe (7) est le cône du morphisme canonique entre le cône du morphisme de [U ×_X V ] dans [U] ⊕ [V ] et [X], un foncteur triangulé F : K^b(SmCor_S ) → T se prolonge à la catégorie DM^{eff}_{gm}(S) si et seulement si les deux conditions suivantes sont vérifiées.

(a) Le morphisme F (A^1_X ) → F (X) induit par la projection est un isomorphisme.

(b) Le triangle de Mayer-Vietoris F (U ×_X V ) → F (U) ⊕ F (V ) → F (X) → F (U ×_X V )[1] est distingué.

Définition 1.14. La catégorie des motifs géométriques effectifs que nous noterons DM^{eff}_{gm}(S) est l’enveloppe pseudo-abélienne de la catégorie triangulée DM^{eff}_{gm}(S). Remarque 1.15. La catégorie introduite à la définition 1.14 possède une structure naturelle de catégorie triangulée d’après le théorème 1.5 de [4]. Nous notons M le foncteur canonique M : Sm_S → DM^{eff}_{gm}(S) qui à un S-schéma lisse de type fini X associe son motif géométrique M(X) image de l’objet [X] de SmCor_S dans la catégorie des motifs mixtes géométriques effectifs.

En posant DM^{eff}_{gm}(S)(n) := DM^{eff}_{gm}(S), on dispose d’un 2-système inductif, indexé par l’ensemble ordonné Z, de catégories triangulées tensorielles n → DM^{eff}_{gm}(S)(n) avec pour foncteurs de transition si m ≥ n − ⊗ Z(m − n) : DM^{eff}_{gm}(S)(n) → DM^{eff}_{gm}(S)(m) Par définition les catégories des motifs mixtes non effectifs sont données par les 2-colimites de ces systèmes DM_{gm}(S) := 2-colim_n DM^{eff}_{gm}(S)(n).

Ces catégories DM_{gm}(S) héritent d’une structure tensorielle. En effet il s’agit de voir que la permutation cyclique des facteurs du motif Z(1) ⊗ Z(1) ⊗ Z(1) est l’identité dans DM^{eff}_{gm}(S) et cette propriété résulte du lemme 3.13 de [24].

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 617

2 Localisation des correspondances finies

Dans cette section nous donnons deux résultats de décomposition locale des correspondances finies pour la topologie de Nisnevich. Nous utilisons de manière cruciale les propriétés des anneaux locaux henséliens lors de la construction de ces décompositions, en particulier ces dernières ne possèdent pas d’analogue en topologie de Zariski.

L’existence de ces décompositions locales est aussi valable lorsque l’on remplace la topologie de Nisnevich par la topologie étale. Les démonstrations sont identiques à condition de substituer les anneaux locaux strictement henséliens aux anneaux locaux henséliens et nous avons choisi pour simplifier la présentation de ne donner les détails que pour la topologie de Nisnevich. Les modifications mineures à effectuer lorsque l’on considère la topologie étale sont données dans la sous-section 2.4.

2.1 Schémas décomposés

Nous dirons qu’un S-schéma est décomposé pour la topologie de Nisnevich lorsqu’il est une réunion disjointe non nécessairement finie de S-schémas locaux henséliens. À un S-schéma X on peut associer fonctoriellement un S-schéma décomposé pour la topologie de Nisnevich

X^h := � x∈X X^h_x

réunion disjointe sur les points de X des schémas locaux henséliens X^h_x spectre de l’anneau local hensélien O^h_{X,x} dont on notera le point fermé abusivement par x. Pour tout point x de X on dispose du morphisme canonique

X^h_x �

l^h_{X,x} � Spec (O_{X,x}) � X

nous donnant un morphisme de schémas l^h_X : X^h → X.

La propriété universelle des hensélisés se traduit par le fait que la composition par l^h_X induit un isomorphisme

Hom_{SchS} (D, X^h) = Hom_{SchS} (D, X) (8)

pour tout S-schéma D décomposé pour la topologie de Nisnevich. On remarquera que le morphisme l^h_{X h} : (X^h)^h → X^h

n’est pas un isomorphisme en général, mais qu’il admet cependant une section canonique s^h_X identifiant X^h à un sous-schéma fermé de (X^h)^h et provenant du

Documenta Mathematica 12 (2007) 607–671

618 Florian Ivorra

fait que l’anneau local hensélien de X^h_x en son point fermé est canoniquement isomorphe à O^h_{X,x} :

X^{h s} h X � id_{Xh}

(X^h)^{h l} h Xh � X h^{lhX} � X

Autrement dit dans (X^h)^h apparaissent des facteurs supplémentaires correspondant aux points non fermés des X^h_x .

2.2 Une homotopie canonique Étant donnés un S-schéma X et un X-schéma U, nous notons Č_X (U) le schéma simplicial de C̆ech dont les n-simplexes sont donnés par le produit fibré sur X de n + 1-copies de U

Č_X (U)_n = U^{n+1}_X = U ×_X · · · ×_X U � � �

n + 1 termes

la i-ème dégénérescence δ^n_i étant le morphisme de projection sur chaque facteur sauf le i-ème et la i-ème face σ^n_i le morphisme induit par l’immersion diagonale sur le i-ème facteur. Ce schéma simplicial nous définit un complexe de C̆ech augmenté dans la catégorie des faisceaux Nisnevich avec transferts^6

Č_{U/X} : · · · → Z_{tr}[Č_X (U)_n]^{dn}→ Z_{tr}[Č_X (U)_{n−1}] → · · · → Z_{tr}[X]. (9)

dont la différentielle est donnée par la somme alternée des morphismes induits par les dégénérescences

d_n = n� i=0 (−1)^i(δ^n_i )_∗.

Dans la suite nous nous intéressons dans un premier temps aux sections de (9) sur les schémas locaux henséliens puis nous raffinons les résultats obtenus en considérant cette fois les fibres pour la topologie de Nisnevich.

2.2.1 Cas des sections sur les schémas locaux henséliens Étant donné un S-schéma O, en prenant les sections sur O du complexe de C̆ech précédent on obtient un complexe de groupes abéliens

Č_{U/X} (O) : · · · → Z_{tr} �U^2_X � (O) → Z_{tr}[U](O) → Z_{tr}[X](O) → 0 → · · · .

6Nous renvoyons à définition 1.10 pour la notion de faisceau Nisnevich avec transferts. Z_{tr}[X] désigne selon les conventions usuelles le faisceau Nisnevich avec transferts représentable associé à X.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 619

Le résultat essentiel assurant l’existence d’une décomposition locale canonique des correspondances finies consiste en un raffinement de la proposition 3.1.3 de [29]. Cette dernière assure que lorsque U est un recouvrement Nisnevich de X et O est un schéma local hensélien, le complexe Č_{U/X} (O) est exact. Lorsque l’on remplace le recouvrement Nisnevich U par le schéma décomposé X^h le complexe

Č_{X h/X} (O) : · · · → Z_{tr} �(X^h)^2_X � (O) → Z_{tr}[X^h](O) → Z_{tr}[X](O) → 0 → · · · (10) est non seulement exact mais devient en fait canoniquement homotope à zéro. Plus précisément :

Proposition 2.1. Soient X un S-schéma et O un S-schéma local hensélien. Il existe des morphismes canoniques

σ^h_{O,X,n} : Z_{tr} � (X^h)^n_X � (O) → Z_{tr} � (X^h)^{n+1}_X � (O) n ≥ 0

satisfaisant aux deux propriétés suivantes.

(a) (Homotopie) On a pour tout n les relations

d_{n+1} ∘ σ^h_{O,X,n} + σ^h_{O,X,n−1} ∘ d_n = id. (11)

(b) (Fonctorialité) Étant donnés un S-schéma local hensélien O^′ et une correspondance finie α ∈ c_S (O^′, O), on a un carré commutatif

Z_{tr} � (X^h)^n_X � (O)^{Ztr}

[(X^h)^n_X ](α) �

σ^h_{O′ ,X,n} � Z_{tr} � (X^h)^n_X � (O^′)

σ^h_{O,X,n} � Z_{tr} � (X^h)^{n+1}_X � (O)^{Ztr}

[(X^h)^{n+1}_X ](α) � Z_{tr} � (X^h)^{n+1}_X � (O^′).

(12)

Remarque 2.2. En pratique pour les applications — [21, 22] et section 4 du présent article — seuls les cas n = 0 des propositions 2.1 et 2.7 nous seront utiles.

Démonstration. Étant donné un sous-schéma fermé Z de O ×_S X fini et équidimensionnel sur O, on note W le sous-schéma fermé de O ×_S X^h défini par le carré cartésien

W^r � □ � Z � O ×_S X^h � O ×S X.

Documenta Mathematica 12 (2007) 607–671

620 Florian Ivorra

Sachant que dans le carré précédent les morphismes verticaux sont des immersions fermées et que

O ×_S (X^h)^n_X = O ×_S � �X^h ×_X · · · ×_X X^h � � �

n + 1 termes

� � = (O ×_S X^h) ×_{(O×S X)} · · · ×_{(O×S X)} (O ×_S X^h) � � �

n + 1 termes

= (O ×_S X^h)^n_{O×S X}

on voit que W^n_Z est un sous-schéma fermé de O ×_S (X^h)^n_X . En particulier on a des sous-groupes c_{equi}(W^n_Z /O, 0) ⊂ Z_{tr} � (X^h)^n_X � (O) définissant un sous-complexe de (10)

· · · → c_{equi}(W^2_Z /O, 0) → c_{equi}(W^1_Z /O, 0) → c_{equi}(Z/O, 0) → 0 · · · . (13)

Les complexes (13) sont fonctoriels pour l’inclusion des sous-schémas fermés Z finis et équidimensionnels sur O et on voit que le complexe (10) est la colimite sur de tels sous-schémas fermés de ces complexes. En effet il s’agit de voir que pour tout n colim_Z c_{equi}(W^n_Z , O, 0) = Z_{tr} � (X^h)^n_X � (O) (14)

la colimite étant prise sur les sous-schémas fermés de O×_S X équidimensionnels et finis sur O. Soit W un sous-schéma fermé intègre de O ×_S (X^h)^n_X équidimensionnel et fini sur O. Comme les images de W par les morphismes

O ×_S (X^h)^n_X

morphisme induit par

la i-ème projection

� O ×_S X h^{O×S lhX} � O ×_S X

sont des sous-schémas fermés intègres de O ×_S X finis et équidimensionnels sur O, il existe un sous-schéma fermé Z fini et équidimensionnel sur O qui les contient toutes. Pour un tel Z notre W est un sous-schéma fermé de W^n_Z ce qui prouve la relation (14).

Nous allons construire pour chacun des complexes (13) une homotopie canonique. Comme Z est fini sur le schéma local hensélien O, il est lui même semilocal hensélien^7 donc décomposé pour la topologie de Nisnevich de la forme Z = � z point fermé

de Z

Spec (O_{Z,z} ) .

7Cette propriété des anneaux henséliens est cruciale, un raisonnement analogue ne peut donc s’appliquer à la topologie de Zariski.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 621 En particulier la propriété universelle (8) nous assure l’existence d’un unique morphisme θ_Z factorisant la projection π_Z de Z sur X sous la forme

Z_{θZ} �

π_Z � X^h_{lhX} � X.

La propriété universelle des produits fibrés nous fournit alors une section canonique σ^h_Z du morphisme r via le diagramme

Z id_Z �

θ_Z �

σ^h_Z �

W^r � �^□ Z �_{πZ}

� O ×_S X^h �

�^□

O ×_S X � X^h_{lhX} � X.

(15)

On peut alors considérer les morphismes de schémas σ^h_{Z,n} = σ^h_Z ×_Z id_W n_Z : W^n_Z → W^{n+1}_Z .

Ces derniers vérifient les relations pour i = 0, . . . , n δ^{n+1}_{i+1} ∘ σ^h_{Z,n} = σ^h_{Z,n−1} ∘ δ^n_i δ^{n+1}_0 ∘ σ^h_{Z,n} = id ce qui assure que les morphismes induits sur les cycles équidimensionnels σ^h_{O,X,Z,n} := (σ^h_{Z,n})_∗ : c_{equi}(W^n_Z /O, 0) → c_{equi}(W^{n+1}_Z /O, 0) définissent une homotopie entre l’identité du complexe (13) et le morphisme nul.

Lorsque Z^′ est un sous-schéma fermé de O ×_S X fini et équidimensionnel sur O contenant Z, les factorisations précédemment obtenues sont compatibles Z_{πZ} �

�

θ_Z � � � �

X^{h l} h X � X

Z^{′ πZ′}

� θ_Z′ � � � �

Documenta Mathematica 12 (2007) 607–671

622 Florian Ivorra

et en particulier la construction de la section σ^h_Z assure que le carré

Z^σ h Z � � W � Z^{′ σ} h Z′ � W ′

est commutatif et donc que le diagramme obtenu au niveau des cycles algébriques

c_{equi}(W^n_Z /O, 0)^σ h O,X,Z,n �

� c_{equi}(W^{n+1}_Z /O, 0) � � �

� Z_{tr} � (X^h)^{n+1}_X � (O)

c_{equi} ((W^′)^n_Z′ /O, 0)^σ h O,X,Z′ ,n�

c_{equi} � (W^′)^{n+1}_Z′ /O, 0 � � � �

l’est aussi. En passant à la colimite sur les sous-schémas fermés Z on obtient ainsi un morphisme

σ^h_{O,X,n} : Z_{tr} � (X^h)^n_X � (O) → Z_{tr} � (X^h)^{n+1}_X � (O) et ces derniers nous donnent une homotopie canonique du complexe (10). Montrons maintenant que le carré (12) est commutatif autrement dit que l’on a l’égalité σ^h_O′_{,X,n}(β ∘ α) = σ^h_{O,X,n}(β) ∘ α

pour toute correspondance finie β ∈ c_S � O, (X^h)^n_X � . Fixons pour cela un sousschéma fermé Z de O×_S X fini et équidimensionnel sur O de sorte qu’en notant ι_n l’immersion fermée de W^n_Z dans O ×_S (X^h)^n_X on ait

β = (ι_n)_∗β β ∈ c_{equi}(W^n_Z /O, 0).

De même fixons un sous-schéma fermé Z de O^′ ×_S O fini et équidimensionnel sur O^′ de sorte qu’en notant ι l’immersion fermée de Z dans O^′ ×_S O on ait

α = ι_∗α α ∈ c_{equi}(Z/O^′, 0).

Notons alors Z^{′′} le sous-schéma fermé de O^′ ×_S O ×_S X défini par le carré cartésien Z^{′′}

fini �

fini � � □ Z fini � Z � fini � O

O^′.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 623 Fixons d’autre part un sous-schéma fermé Z^′ de O^′ ×_S X fini équidimensionnel sur O^′ tel que l’on ait le carré commutatif Z^{′′} � � fini �

O^′ ×_S O ×_S X � Z^′ �

fini � O^′ ×_S X � � � O^′ et convenons de noter W^{′′} le schéma défini par le carré cartésien

W^{′′ r′′} �

�^□

Z^{′′} � O^′ ×_S O ×_S X^h � O^′ ×S O ×S X.

Par définition Z^{′′} est fini sur le schéma local hensélien O^′, autrement dit semilocal hensélien et donc décomposé pour la topologie de Nisnevich de la forme Z^{′′} = � z^{′′} point fermé de Z^{′′}

Spec (O_Z′′_{,z}′′ ) .

La propriété universelle (8) nous assure comme précédemment l’existence d’un unique morphisme θ_Z′′ factorisant la projection π_Z′′ de Z^{′′} sur X sous la forme

Z^{′′}_{θZ′′} �

π_Z′′ � X^h_{lhX} � X.

La propriété universelle des produits fibrés nous fournit une section canonique σ^h_Z′′ du morphisme r^{′′} via le diagramme

Z^{′′}

id_Z′′ �

θ_Z′′ �

σ^h_{Z′′}

� W^{r′′} �

�^□

Z^{′′} �_π Z′′ � O^′ ×_S O ×_S X^h � �^□

O^′ ×_S O ×_S X � X^h_{lhX} � X.

Documenta Mathematica 12 (2007) 607–671

624 Florian Ivorra

On a par ailleurs le diagramme commutatif

Z^{′′} �

� π_Z′′

�

� � � � � � � � � θ_Z′′ � Z^{θZ} �

π_Z � � � � � X^h

l^h_X � Z^′

θ_Z′�

π_Z′ � � � � X ce qui assure que les carrés suivants sont commutatifs Z σ^h_Z � Z^{′′} � � σ^h_{Z′′} � Z^′

σ^h_{Z′} � W W^{′′} �

� W ′.

On obtient ainsi que le diagramme suivant dans lequel p_n et q_n désignent respectivement les projections induites par les projections de Z^{′′} sur Z et Z^′

(W^{′′})^{n+1}_Z′′_{pn+1} � � � q_{n+1} � � � � � � � (W^{′′})^n_Z′′_p n � � � q_n � � � � � � σ^h_{Z′′ ,n} �

(W^′)^{n+1}_Z′ (W^′)^n_Z′

σ^h_{Z′ ,n} �

W^{n+1}_Z W^n_Z

σ^h_{Z,n} � est commutatif. D’autre part on a un carré cartésien

(W^{′′})^n_Z′′ � � □ W^n_Z � Z � O.

Cela donne ainsi

σ^h_O′_{,X,n}(β ∘ α) = σ^h_O′_{,X,n} � p^{O′×S O×S X}

O^′×_S X � ∗ Cor_O′_{×S O/O}′ � p^{O′×S O} O �_⊛ β, α �

= σ^h_O′_{,X,n} � (ι^′_n)_∗(p_n)_∗Cor_{Z/O}′ � p^Z_O

�_⊛

β, α �

= (ι^′_{n+1})_∗(σ^h_Z′_{,n})_∗(p_n)_∗Cor_{Z/O}′ � p^Z_O

�_⊛

β, α �

= (ι^′_{n+1})_∗(p_{n+1})_∗(σ^h_Z′′_{,n})_∗Cor_{Z/O}′ � p^Z_O

�_⊛

β, α �

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 625

D’autre part en utilisant la proposition 3.6.2 de [28] et le lemme 1.1, on voit que (σ^h_Z′′_{,n})_∗Cor_{Z/O}′ � p^Z_O

�_⊛

β, α � = Cor_{Z/O}′ � (σ^h_Z′′_{,n})_∗ � p^Z_O

�_⊛

β, α �

= Cor_{Z/O}′ � p^Z_O

�_⊛ (σ^h_{Z,n})_∗β, α � ce qui assure finalement que

σ^h_O′_{,X,n}(β ∘ α) = (ι^′_{n+1})_∗(p_{n+1})_∗Cor_{Z/O}′ � p^Z_O

�_⊛ (σ^h_{Z,n})_∗β, α �

= � p^{O×S O′×S (X h)n+1X}

O^′×_S (X^h)^{n+1}_X � ∗ Cor_O′_{×S O/O}′ � p^{O′×S O} O �_⊛

σ^h_{O,X,n}(β), α �

= σ^h_{O,X,n}(β) ∘ α.

2.2.2 Cas des fibres pour la topologie de Nisnevich

Considérons maintenant les fibres Nisnevich du complexe (9). Rappelons que pour un point x ∈ X on dispose d’un isomorphisme canonique

X^h_x = lim

U∈(V^h_{X,x} )^{op} U où V^h_{X,x} désigne la catégorie des voisinages Nisnevich affines de x. La fibre Nisnevich d’un préfaisceau F au point x est alors donnée par

F_x = colim

U∈(V^h_{X,x} )^{op}

F (U).

Plus généralement considérons la définition suivante.

Définition 2.3. Soit O un S-schéma. On appelle présentation de O la donnée d’un triplet (Λ, U, u) vérifiant les conditions suivantes. – Λ est une catégorie cofiltrante.

– U : Λ → Sch_S ; λ → U_λ est un système projectif de S-schémas indexé par Λ^{op} tel que pour tout morphisme λ → μ de Λ le morphisme induit U_λ → U_μ soit plat et affine.

– u est un isomorphisme de S-schémas O → lim_{λ∈Λ}op U_λ.

Exemple 2.4. La catégorie V^h_{X,x} des voisinages Nisnevich affines de x fournit une présentation naturelle du schéma local hensélien X^h_x . De même pour un point y ∈ X^h_x en remarquant que l’on a un isomorphisme canonique

(X^h_x )^h_y = lim

U∈(V^h_{X,x} )^{op} ,V ∈(V^h_{U,z} )^{op} V on obtient une présention naturelle du S-schéma local hensélien (X^h_x )^h_y . On remarquera que lorsque X est (lisse) de type fini sur S les schémas apparaissant dans les systèmes projectifs précédemment décrit sont tous (lisses) de type fini sur S.

Documenta Mathematica 12 (2007) 607–671

626 Florian Ivorra Notation 2.5. Étant donnés un S-schéma X et une présentation d’un S-schéma O^′ il sera commode de disposer des groupes abéliens^8 c_S {O, X} := colim_{λ∈Λop} c_S (U_λ, X) c_S (O^′, O} := lim_{λ∈Λop} c_S (O^′, U_λ) c_S {O^′, O} := lim_{λ∈Λop} c_S {O^′, U_λ) Lorsque F est un préfaisceau (avec transferts) on pose également F {O} := colim_{λ∈Λop} F (U_λ) de sorte que Z_{tr}[X]{O} = c_S {O, X) avec les notations précédentes. On dispose via u d’un morphisme naturel F {O} → F (O) et les transferts induisent des morphismes naturels s’inscrivant dans un diagramme commutatif c_S {O^′, O) ⊗ F {O} � � c_S {O^′, O) ⊗ F (O) � c_S {O^′, O} ⊗ F {O} � � F {O^′} � c_S (O^′, O} ⊗ F {O} � F (O^′)

c_S (O^′, O) ⊗ F {O} � � c_S (O′, O) ⊗ F (O). � (16)

Étant donné un élément α ∈ c_S {O^′, O) ou plus généralement un élément α ∈ c_S {O^′, O} nous désignerons dans la suite par F {α} : F {O} → F {O^′} le morphisme induit. On remarquera que si β ∈ c_S {O^{′′}, O^′) et α désigne l’image de α dans c_S (O^′, O) on a la relation F {α ∘ β} = F {β} ∘ F {α}.

Nous noterons également F {α} : F {O} → F (O^′) le morphisme induit par un élément α ∈ c_S (O^′, O}. Le lemme suivant nous sera très utile dans la suite : Lemme 2.6. Étant donnés un S-schéma X et une présentation d’un S-schéma O. Le morphisme canonique Z_{tr}[X]{O} → Z_{tr}[X](O) est injectif.

8Ces notations peuvent sembler ambiguës à priori puisque l’on néglige de préciser la présentation choisie. Néanmoins dans la suite cela n’entrainera aucune confusion, la présentation étant clairement définie par le contexte. Dans le cas des hensélisés nous utiliserons les présentations décrites dans l’exemple 2.4.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 627

Démonstration. Pour tout λ ∈ Λ, le morphisme O → U_λ est plat et ainsi

c_S (U_λ, X) = c_{equi}(U_λ ×_S X/U_λ, 0) → c_S (O, X) = c_{equi}(O ×_S X/O, 0)

est donné par un simple changement de base plat. Soit α ∈ c_S (U_λ, X) une correspondance dont l’image dans c_S (O, X) soit nulle. Étant donné μ ∈ Λ/λ, si Z_μ désigne le support de l’image α_μ dans c_S (U_μ, X) de α, il s’ensuit que la limite projective du système μ → Z_μ est vide. Le théorème 8.10.5 de [14] assure alors que Z_μ est vide pour μ suffisamment grand et donc que α_μ = 0. L’injectivité en résulte.

Dans la situation précédente il est possible de raffiner la proposition 2.1 sous la forme suivante.

Proposition 2.7. Étant donnés un S-schéma X et une présentation d’un Sschéma local hensélien O. Il existe d’uniques morphismes

{σ}^h_{O,X,n} : Z_{tr} � (X^h)^n_X � {O} → Z_{tr} � (X^h)^{n+1}_X � {O} n ≥ 0

satisfaisant aux deux propriétés suivantes.

(a) (Homotopie) On a pour tout n les relations

d_{n+1} ∘ {σ}^h_{O,X,n} + {σ}^h_{O,X,n−1} ∘ d_n = id. (17)

(b) (Compatibilité) Le carré suivant est commutatif

Z_{tr} � (X^h)^n_X � {O}^{{σ}} h O,X,n �

� Z_{tr} � (X^h)^{n+1}_X � {O} � Z_{tr} � (X^h)^n_X � (O)^σ h O,X,n �

Z_{tr} � (X^h)^{n+1}_X � (O).

(18)

Démonstration. L’unicité de tels morphismes découle immédiatement de la commutativité de (18) et du lemme 2.6. Il suffit donc de donner une construction de ces morphismes en raffinant la preuve de la proposition 2.1. Introduisons la catégorie C dont les objets sont les couples (λ, Z) où λ ∈ Λ et Z est un sousschéma fermé de U_λ ×_S X fini et équidimensionnel sur U_λ. L’ensemble des morphismes de (λ, Z) dans (λ^′, Z^′) étant réduit à un élément si le schéma Z_O est contenu dans Z^′_O et vide dans le cas contraire. Étant donné (λ, Z) ∈ C, on note W le sous-schéma fermé de V ×_S X^h défini par le carré cartésien

W^r � □ � Z � U_λ ×_S X^h � Uλ ×S X

Documenta Mathematica 12 (2007) 607–671

628 Florian Ivorra ce qui fournit le complexe · · · → colim

μ∈(Λ/λ)^{op}

c_{equi}((W_{Uμ} )^{n+1}_{ZUμ} /U_μ, 0) → colim_{μ∈(Λ/λ)op}c_{equi}((W_{Uμ} )^n_{ZUμ} /U_μ, 0) → · · · . (19) Ces complexes sont fonctoriels par rapport aux morphismes dans C et en remarquant que colim

(λ,Z)∈C

colim

μ∈(Λ/λ)^{op}

c_{equi}((W_{Uμ} )^n_{ZUμ} /U_μ, 0) = Z_{tr}(X^h)^n_X {O}

on voit que le complexe Č_X h_{/X} {O} est la colimite sur C des complexes (19). Nous allons construire comme précédemment une homotopie canonique pour chacun de ces complexes. Il résulte de la preuve de la proposition 2.1 que le morphisme r_O : W_O → Z_O possède une section canonique σ^h_{ZO} : Z_O → W_O.

En particulier quitte à remplacer (λ, Z) par (μ, Z_{Uμ} ) pour un certain élément μ ∈ (Λ/λ)^{op} cette section se relève en une section du morphisme r σ^h_Z : Z → W.

On peut alors considérer pour tout μ ∈ (Λ/λ)^{op} les morphismes de schémas σ^h_{ZUμ ,n} = σ^h_{ZUμ} ×_{ZUμ} id_{(WUμ )}n_{ZUμ} : (W_{Uμ} )^n_{ZUμ} → (W_{Uμ} )^{n+1}_{ZUμ} .

Ces derniers vérifient les relations pour i = 0, . . . , n δ^{n+1}_{i+1} ∘ σ^h_{ZUμ ,n} = σ^h_{ZUμ ,n−1} ∘ δ^n_i δ^{n+1}_0 ∘ σ^h_{ZUμ ,n} = id ce qui assure que les morphismes induits sur les cycles équidimensionnels

{σ}^h_{O,X,(λ,Z),n} := colim_{μ∈(Λ/λ)}op c_{equi}((W_{Uμ} )^n_{ZUμ} /U_μ, 0)

colim_{μ∈(Λ/λ)}op (σ^h_{ZUμ ,n})_∗ � colim_{μ∈(Λ/λ)}op c_{equi}((W_{Uμ} )^{n+1}_{ZUμ} /U_μ, 0) définissent une homotopie entre l’identité du complexe (19) et le morphisme nul.

Supposons donné un morphisme (λ, Z) → (λ^′, Z^′) dans C. Il résulte de la preuve de la proposition 2.1 que le carré

Z_O^σ h ZO � � W_O � Z^′_O

σ^h_{Z′O}

� W^′_O

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 629

commute. Il existe donc μ ∈ Λ et des morphismes λ ← μ → λ^′ tels que le carré

Z_{Uμ}

σ^h_{ZUμ} �

� W_{Uμ} � Z^′_{Uμ}

σ^h_{Z′U}

μ � W^′_{Uμ}

soit commutatif. Cela entraîne que le carré

colim

μ∈(Λ/λ)^{op}

c_{equi}((W_{Uμ} )^n_{ZUμ} /U_μ, 0)

{σ}^h_{O,X,(λ,Z),n} �

� colim

μ∈(Λ/λ)^{op}

c_{equi}((W_{Uμ} )^{n+1}_{ZUμ} /U_μ, 0)

� colim

μ∈(Λ/λ^′ )^{op}

c_{equi}((W^′_{Uμ} )^n_Z′_{Uμ} /U_μ, 0)

{σ}^h_{O,X,(λ′ ,Z′ ),n}

� colim

μ∈(Λ/λ^′ )^{op}

c_{equi}((W^′_{Uμ} )^n_Z′_{Uμ} /U_μ, 0)

l’est aussi et en passant à la colimite sur C on obtient ainsi des morphismes

{σ}^h_{O,X,n} : Z_{tr} � (X^h)^n_X � {O} → Z_{tr} � (X^h)^{n+1}_X � {O} fournissant une homotopie canonique du complexe Č_X h_{/X} {O}. Il résulte immédiatement de la construction que le carré (18) est commutatif.

Par application du lemme 2.6, la commutativité du carré supérieur de (16) ainsi que celle du carré (12) assurent que les morphismes construits dans la proposition précédente satisfont également le lemme suivant.

Lemme 2.8. (Fonctorialité) Étant donnés une présentation d’un S-schéma local hensélien O^′ et un élément α ∈ Z_{tr}[O]{O^′}, on a un carré commutatif

Z_{tr} � (X^h)^n_X � {O}^{Ztr}

[(X^h)^n_X ]{α} �

{σ}^h_{O′ ,X,n} � Z_{tr} � (X^h)^n_X � {O^′}

{σ}^h_{O,X,n} � Z_{tr} � (X^h)^{n+1}_X � {O}^{Ztr}

[(X^h)^{n+1}_X ]{α} � Z_{tr} � (X^h)^{n+1}_X � {O^′}.

Corollaire 2.9. Soit X un S-schéma. Le complexe de faisceaux Nisnevich avec transferts Č_X h_{/X} est universellement exact au sens de Grayson [12].

Démonstration. Il suffit de vérifier que pour toute présentation d’un S-schéma local hensélien O le complexe Č_{X h /X} {O} : · · · → Z_{tr} �(X^h)^2_X � {O} → Z_{tr}[X^h]{O} → Z_{tr}[X]{O} → 0 → · · ·

est universellement exact au sens de Grayson. Ceci découle de la proposition 2.1 puisque cette dernière assure que Č_X h_{/X} {O} est en fait homotope à zéro donc à fortiori universellement exact au sens de Grayson .

Documenta Mathematica 12 (2007) 607–671

630 Florian Ivorra

Remarque 2.10. En dépit de la fonctorialité — lemme 2.8 — des homotopies construites dans la proposition 2.7, ces dernières ne peuvent généralement pas se relever en des morphismes de faisceaux avec transferts. En particulier le complexe de faisceaux Nisnevich avec transferts

Č_{X h/X} : · · · → Z_{tr} �(X^h)^2_X � → Z_{tr}[X^h] → Z_{tr}[X] → 0 → · · ·

bien qu’exact d’après le corollaire 2.9 n’est pas homotope à zéro en général.

2.3 Décomposition locale

2.3.1 Première décomposition locale

Nous abordons maintenant la décomposition locale d’une correspondance finie pour la topologie de Nisnevich. Les morphismes de schémas l^h_{X,x} nous donnent un morphisme naturel � x∈X c_S � O, X^h_x

�^P_{x∈X} [l^h_{X,x}]∘−

−−−−−−−−−→ c_S (O, X). (20)

La remarque suivante résulte immédiatement de la définition des correspondances finies.

Remarque 2.11. On a un isomorphisme naturel c_S (O, X^h) = � x∈X c_S � O, X^h_x � s’insérant dans le triangle commutatif � x∈X c_S � O, X^h_x

�^P_{x∈X} [l^h_{X,x} ]∘− � c_S (O, X)

c_S (O, X^h).

[l^h_X ]∘− � � � �

Lorsque O est hensélien, la proposition précédente nous permet d’écrire une correspondance finie α ∈ c_S (O, X) sous la forme d’une somme de contributions locales α = � x [l^h_{X,x}] ∘ α_x α_x ∈ c_S � O, X^h_x �

la correspondance α_x étant canoniquement déterminée par α. Plus précisément on peut déduire de la proposition 2.1 l’énoncé suivant.

Corollaire 2.12. Soient X un S-schéma et O un S-schéma local hensélien. Il existe un morphisme canonique

c_S (O, X)^σ h O,X −−−→ � x∈X c_S � O, X^h_x � (21)

satisfaisant les propriétés suivantes.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 631

(a) σ^h_{O,X} est une section du morphisme (20) telle que le carré

c_S (O, X)^σ h O,X �

c_S (α,X) �

� x∈X c_S � O, X^h_x � c_S (α,X^h_x ) � c_S (O^′, X)^σ h O′ ,X � �

x∈X c_S � O^′, X^h_x � (22)

soit commutatif pour tout schéma local hensélien O^′ et toute correspondance finie α ∈ c_S (O^′, O).

(b) Pour un S-morphisme g : O → X la composante suivant le point x de l’image de [g] par (21) est donnée par

σ^h_{O,X} ([g])_x = � [g] si x = τ 0 sinon

τ étant l’image du point fermé de O et g le morphisme déduit de g

Spec(O)^g � g � X^h_x^l h X,x � X.

Démonstration. Le premier point est une conséquence immédiate de la proposition 2.1. En effet le morphisme

c_S (O, X)^σ h O,X,0�

σ^h_{O,X} � c_S (O, X^h) � x∈X c_S � O, X^h_x �

est une section du morphisme (20) d’après la relation d’homotopie (11), et la commutativité du diagramme (22) n’est autre que celle du diagramme (12).

Considérons donc la seconde assertion. Pour reprendre les notations utilisées dans la démonstration de la proposition 2.1, nous désignons par Z le sousschéma fermé de O ×_S X graphe du morphisme g et par W le schéma défini par le carré cartésien

W^r �

�^□ Z � O ×_S X^h � O ×S X.

Le sous-schéma fermé Z s’identifie à l’immersion fermée Δ_g : O → O ×_S X et l’on voit que le morphisme θ_Z de la démonstration de la proposition 2.1

Documenta Mathematica 12 (2007) 607–671

632 Florian Ivorra

s’identifie à la composée de g et du morphisme d’inclusion ι : X^h_x → X^h. Dans ce cas le diagramme (15) est donc de la forme

O id_O �

ι∘g �

σ^h_Z �

W^r �

�^□ O Δ_g

�_g

� O ×_S X^h �

�^□

O ×_S X � X^{h l} h X � X

ce qui prouve que (σ^h_Z )_∗([g]) = [g]. Par construction du morphisme σ^h_{O,X} cela se traduit par

σ_{O,X} ([g])_x = � [g] si x = τ 0 sinon

qui n’est autre que l’égalité souhaitée.

Remarque 2.13. Supposons que X soit lui même un schéma local hensélien de point fermé s. On a vu que pour une correspondance finie α ∈ c_S (O, X) on avait une décomposition locale α = � x∈X\{s}

[l^h_{X,x}] ∘ α_x � � �

contribution des points non fermés

+α_s.

En général les correspondances α et α_s ne sont pas égales, autrement dit les points non fermés de X ont une contribution non nulle dans la décomposition locale. Prenons par exemple le cas où α est la correspondance finie associée à un morphisme de schéma. On voit d’après la seconde assertion du corollaire 2.12 que

α_s = � α si le morphisme est local 0 sinon.

et que de plus lorsque le morphisme est local non seulement la contribution globale des points non fermés est nulle mais encore chaque correspondance α_x associée à un point non fermé est nulle.

Compte tenu de la remarque 2.11, le morphisme donnant la décomposition locale peut être vu comme un morphisme

σ^h_{O,X} : c_S (O, X) → c_S (O, X^h). (23)

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 633

On dispose d’un morphisme d’inclusion

[s^h_X ] ∘ − : c_S (O, X^h) → c_S (O, (X^h)^h)

et d’un morphisme de localisation

σ^h_{O,X h} : c_S (O, X^h) → c_S (O, (X^h)^h).

Ces morphismes ne coïncident naturellement pas comme on le voit déjà avec la remarque 2.13. Sachant que le morphisme l^h_{X h} n’est pas un isomorphisme en général, il est légitime de se demander si l’on obtient plus d’informations en localisant à nouveau le résultat fourni par le morphisme (23). Le lemme suivant montre qu’il n’en est rien.

Lemme 2.14. Soient X un S-schéma et O un S-schéma local hensélien. Le diagramme suivant est commutatif

c_S (O, X)^σ h O,X �

σ^h_{O,X} � c_S � O, X^h � σ^h_{O,Xh} � c_S � O, X^h

� [s^h_X ]∘− � c_S � O, (X^h)^h � . (24)

Démonstration. Fixons une correspondance finie α ∈ c_S (O, X) et désignons par Z son support qui est un sous-schéma fermé de O×_S X fini et équidimensionnel sur O. Notons Z le support de la correspondance finie

σ^h_{O,X} (α) ∈ c_S � O, X^h � qui est un sous-schéma fermé de O ×_S X^h fini et équidimensionnel sur O. On a alors un diagramme commutatif

Z � id_Z �

�^□ W � �^□ Z � W � �^□ Y � �^□ W � ι �^□ Z � O ×_S X^h �

id_{O×S Xh} � O ×_S (X^h)^h � O ×_S X^h � O ×S X.

Le schéma Z est semi-local hensélien donc de la forme Z = � z point fermé de Z

Spec (O_{Z,z} ) .

Documenta Mathematica 12 (2007) 607–671

634 Florian Ivorra

Notons z_1, . . . , z_n ses points fermés et désignons par x_1, . . . , x_n leur projection sur X. Par construction de la section σ^h_Z , le diagramme (15) est commutatif et

σ^h_{O,X} (α) = ι_∗(σ^h_Z )_∗(α).

En particulier on voit que les points fermés du schéma semi-local Z se projettent nécessairement sur x_1, . . . , x_n. Cela entraîne que σ^h_Z est en fait le morphisme d’inclusion de Z dans W et donc que

σ^h_{O,X h} � σ^h_{O,X} (α) � = σ^h_{O,X} (α)

dans c_S � O, (X^h)^h � . Ce qui prouve la commutativité du diagramme (24).

En particulier lorsque l’on se donne une correspondance finie α ∈ c_S (X, Y ), on peut associer à un point x de X et un point y de Y une correspondance finie α_{x,y} du schéma X^h_x dans le schéma Y^h_y donnée par

α_{x,y} := σ^h_{X hx ,Y} (α ∘ [l^h_{X,x}])_y

On obtient ainsi une décomposition locale pour la topologie de Nisnevich de la correspondance α de la forme

α ∘ [l^h_{X,x}] = � y∈Y [l^h_{Y,y}] ∘ α_{x,y}.

Notation 2.15. Pour un morphisme de S-schéma g : X → Y et un point x nous notons g^h_x le morphisme de schémas locaux henséliens déduit de g

X^g � Y

X^h_x

l^h_{X,x} � g^h_x �

Y^h_{g(x)}.

l^h_{Y,g(x)} �

La proposition suivante explicite le comportement par composition et itération de cette décomposition ainsi que la nature de la décomposition obtenue dans le cas d’un morphisme de schémas.

Proposition 2.16. Soient X, Y et Z des S-schémas.

(a) Étant données des correspondances finies α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z), on a pour tout point x ∈ X et z ∈ Z l’égalité

(β ∘ α)_{x,z} = � y∈Y β_{y,z} ∘ α_{x,y}. (25)

(b) Étant donné un morphisme g : X → Y de S-schémas on a

[g]_{x,y} = � g^h_x � si y = g(x) 0 sinon.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 635

(c) Étant donnée une correspondance finie α ∈ c_S (X, Y ), on a l’égalité dans c_S � X^h_x , (Y^h_y )^h_z �

(α_{x,y})_{x,z} = � α_{x,y} si z = y 0 sinon

pour tout point x de X et tout point z du schéma local hensélien Y^h_y .

Démonstration. Le second point est une conséquence immédiate du corollaire 2.12. La formule de composition (25), se déduit des égalités

(β ∘ α)_{x,z} = σ^h_{X hx ,Z} � β ∘ α ∘ [l^h_{X,x}] � z = σ^h_{X hx ,Z} � � � y∈Y β ∘ [l^h_{Y,y}] ∘ α_{x,y} � � z = � y∈Y σ^h_{Y hy ,Z} � β ∘ [l^h_{Y,y}] � z ∘ α_{x,y} = � y∈Y β_{y,z} ∘ α_{x,y}

dans lesquelles nous avons utilisé la commutativité du diagramme (22). La dernière assertion est quant à elle un corollaire du lemme 2.14.

Nous donnons maintenant le lien entre la décomposition locale du produit tensoriel de deux correspondances finies et le produit tensoriel des décompositions locales. Étant donnés deux S-schémas X et Y , la propriété universelle (8) nous donne un morphisme

(X ×_S Y )^{h m} h X,Y �

l^h_{X×S Y} � � � � X^h ×^S Y^h

(l^h_X )×_S (l^h_Y ) � X ×_S Y.

Ces morphismes font du foncteur (−)^h un foncteur quasi-monoïdal symétrique. Lorsque l’on se fixe un point e du produit X ×_S Y se projetant sur x et y on a une factorisation

(X ×_S Y )^h_e �

m^h_{X,Y,e}

� (X^h_x ) ×_S (Y^h_y )

� (X ×_S Y )^{h m} h X,Y � X ×_S Y.

Le comportement des décompositions locales par rapport au produit tensoriel des correspondances finies est donné par le résultat suivant.

Documenta Mathematica 12 (2007) 607–671

636 Florian Ivorra

Proposition 2.17. Soient X, Y, X^′, Y^′ des S-schémas, α ∈ c_S (X, X^′) et β ∈ c_S (Y, Y^′) des correspondances finies. Pour tout point e de X ×_S Y et tout point x^′ de X^′ et y^′ de Y^′, on a l’égalité � α_{x,x}′ ⊗ β_{y,y}′ � ∘ � m^h_{X,Y,e} � = � e^′ point de X^′ ×_S Y^′ se projetant sur x^′ et y^′

� m^h_X ′_{,Y} ′_{,e}′ � ∘ � α ⊗ β � e,e^′

dans c_S � (X ×_S Y )^h_e , (X^′)^h_x′ ×_S (Y^′)^h_y′ � . Démonstration. Pour simplifier convenons de noter E le produit X ×_S Y , E^′ le produit X^′ ×_S Y^′ et de désigner par E^′_x′_y′ l’ensemble des points de E^′ se projetant sur x^′ et y^′. Le lemme sera démontré lorsque nous aurons vérifié la formule

[m^h_X ′_{,Y} ′ ] ∘ σ^h_{Ehe ,E′} � α ⊗ β � ∘ [l^h_{E,e}] �

= � σ^h_{X hx ,X ′} � α ∘ [l^h_{X,x}] � ⊗ σ^h_{Y h,Y ′} � β ∘ [l^h_{Y,y}] � ∘ [m^h_{X,Y,e}].

(26)

En effet on a d’une part

[m^h_X ′_{,Y} ′ ] ∘ σ^h_{Ehe ,E′} � α ⊗ β � ∘ [l^h_{E,e}] � = � x^′∈X^′ y^′∈Y^′ � e^′ ∈E^′_{x′y′} � m^h_X ′_{,Y} ′_{,e}′ � ∘ � α ⊗ β � e,e^′

et d’autre part � σ^h_{X hx ,X ′} � α ∘ [l^h_{X,x}] � ⊗ σ^h_{Y h,Y ′} � β ∘ [l^h_{Y,y}] � ∘ [m^h_{X,Y,e}] = � x^′ ∈X^′ y^′∈Y^′ � α_{x,x}′ ⊗ β_{y,y}′ � ∘ � m^h_{X,Y,e} � .

Il suffit alors d’identifier facteur direct par facteur direct pour voir que l’égalité (26) n’est qu’une reformulation du résultat cherché.

Fixons un sous-schéma fermé Z_α de X^h_x ×_S X^′ fini et équidimensionnel sur le schéma local hensélien X^h_x de sorte qu’en notant ι_{Zα} l’immersion fermée associée à ce dernier on ait

α ∘ [l^h_{X,x}] = (ι_{Zα} )_∗α

pour un unique élément α de c_{equi}(Z_α/X^h_x , 0).

Choisissons de même un sous-schéma fermé Z_β de Y^h_y ×_S Y^′ équidimensionnel fini sur Y^h_y de sorte qu’en notant ι_{Zβ} l’immersion fermée associée à ce dernier on ait β ∘ [l^h_{Y,y}] = (ι_{Zβ} )_∗β

pour un unique élément β de c_{equi}(Z_β/X^h_x , 0).

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 637

Notons comme précédemment W_α et W_β les schémas définis par les carrés cartésiens

W_α �

ι_{Wα}

�^□

Z_α

ι_{Zα} � X^h_x ×_S (X^′)^h � X^h_x ×_S X^′

W_β �

ι_{Wβ}

�^□

Z_β

ι_{Zβ} � Y^h_y ×_S (Y^′)^h � Y^h_y ×_S Y^′

et posons Z = Z_α ×_S Z_β et W = W_α ×_S W_β . Nous avons alors un carré cartésien W □ � ι_W � Z ι_Z � X^h_x ×_S Y^h_y ×_S (X^′)^h ×_S (Y^′)^h � X^h_x ×_S Y^h_y ×_S E^′.

Considérons par ailleurs les schémas définis par les carrés cartésiens W � W^{′ θ} �

ι_W′

�^□ W � ι_W

�^□

� �

Z � □

ι_Z

�^□ Z ι_Z � E^h_e ×_S (E^′)^h � E^h_e ×_S (X^′)^h ×_S (Y^′)^h � E^h_e ×_S E^′ � � □ X^h_x ×_S Y^h_y ×_S E^′ � E^h_{e mhX,Y,e} � X^h_x ×S Y^h_y .

Notons p et q les projections de X^h_x ×_S Y^h_y sur le premier et le second facteur. Par définition du produit tensoriel des correspondances, on a � α ∘ [l^h_{X,x}] � ⊗ � β ∘ [l^h_{Y,y}] � = � p^⊛ � α ∘ [l^h_{X,x}] � ×_X h_{x ×S Y} h_y � q^⊛ � β ∘ [l^h_{Y,y}] � = � p^⊛(ι_{Zα} )_∗α � ×_X h_{x ×S Y} h_y � q^⊛(ι_{Zβ} )_∗β �

= (ι_Z)_∗ � p^⊛α � ×_X h_{x ×S Y} h_y � q^⊛β � . Convenons de noter γ le cycle algébrique γ = � p^⊛α � ×_X h_{x ×S Y} h_y � q^⊛β �

Documenta Mathematica 12 (2007) 607–671

638 Florian Ivorra

appartenant à c_{equi}(Z/X^h_x ×_S Y^h_y , 0). Cela nous donne

[m^h_X ′_{,Y} ′ ]∘ σ^h_{Ehe ,E′} � α ⊗ β � ∘ [l^h_{E,e}] � = (id_Eh_e ×_S m^h_X ′_{,Y} ′ )_∗ � (ι_W′ )_∗(σ^h_Z)_∗ � m^{h⊛}_{X,Y,e}γ � = (ι_W)_∗θ_∗(σ^h_Z)_∗ � m^{h⊛}_{X,Y,e}γ �

= m^{h⊛}_{X,Y,e} � (ι_W )_∗(σ^h_{Zα} ×_S σ^h_{Zβ} )_∗γ � . On a par ailleurs l’égalité

(ι_W )_∗(σ^h_{Zα} ×_S σ^h_{Zβ} )_∗γ = � p^⊛ � (ι_{Wα} )_∗(σ^h_{Zα} )_∗α � ×_X h_{x ×S Y} h_y � q^⊛ � (ι_{Wβ} )_∗(σ^h_{Zβ} )_∗β � = � σ^h_{X hx ,X ′} � α ∘ [l^h_{X,x}] � ⊗ � σ^h_{Y hy ,Y ′} � β ∘ [l^h_{Y,y}] � On obtient ainsi

[m^h_X ′_{,Y} ′ ] ∘ σ^h_{Ehe ,E′} � α ⊗ β � ∘ [l^h_{E,e}] �

= m^{h⊛}_{X,Y,e} � σ^h_{X hx ,X ′} � α ∘ [l^h_{X,x}] � ⊗ σ^h_{Y hy ,Y ′} � β ∘ [l^h_{Y,y}] � = � σ^h_{X hx ,X ′} � α ∘ [l^h_{X,x}] � ⊗ σ^h_{Y hy ,Y ′} � β ∘ [l^h_{Y,y}] � ∘ [m^h_{X,Y,e}]

ce qui prouve la formule (26).

2.3.2 Décomposition locale raffinée

Supposons donnés une présentation d’un S-schéma local hensélien O ainsi qu’un élément α de c_S {O, X). On peut alors constater en utilisant le cas n = 0 de la proposition 2.7 que la correspondance α_x précédemment construite provient en fait d’un unique élément {α}_x de c_S � O, X^h_x � vérifiant α = � x [l^h_{X,x}] ∘ {α}_x

dans c_S {O, X). Désignons par {l}^h_{X,x} l’élément de c_S � X^h_x , X � induit par les morphismes U → X pour U parcourant V^h_{X,x}. Une correspondance finie α ∈ c_S (X, Y ) possède alors une décomposition locale raffinée de la forme

α ∘ {l}^h_{X,x} = � y∈Y [l^h_{Y,y}] ∘ {α}_{x,y} {α}_{x,y} ∈ c_S � X^h_x , Y^h_y �

{α}_{x,y} ayant pour image α_{x,y} dans c_S � X^h_x , Y^h_y � . Notation 2.18. Soient g : X → Y un morphisme et x un point de X. Pour tout V ∈ V^h_{Y,g(x)} le morphisme g définit un élément dans c_S � X^h_x , V � et la collection de ces éléments définit un élément

{g}^h_x ∈ c_S � X^h_x , Y^h_y � . Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 639

Les propriétés de ces décompositions locales raffinées se déduisent directement du lemme 2.6 et de la proposition 2.16.

Proposition 2.19. Soient X, Y et Z des S-schémas.

(a) Étant données des correspondances finies α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z), on a pour tout point x ∈ X et z ∈ Z l’égalité

{β ∘ α}_{x,z} = � y∈Y β_{y,z} ∘ {α}_{x,y}. (27)

(b) Étant donné un morphisme g : X → Y de S-schémas on a

{[g]}_{x,y} = � {g}^h_x si y = g(x) 0 sinon

dans c_S � X^h_x , Y^h_y � . (c) Étant donnée une correspondance finie α ∈ c_S (X, Y ), on a l’égalité dans c_S � X^h_x , (Y^h_y )^h_z �

{{α}_{x,y}}_{x,z} = � {α}_{x,y} si z = y 0 sinon

pour tout point x de X et tout point z du schéma local hensélien Y^h_y .

Soient X, Y deux S-schémas et e un point de X ×_S Y se projetant sur x et y. L’identité de X ×_S Y induit pour tout U ∈ V^h_{X,x}, V ∈ V^h_{Y,y} un élément dans c_S � (X ×_S Y )^h_e , U ×_S V � et la collection de ces éléments donne un élément de

{m}^h_{X,Y,e} ∈ c_S � (X ×_S Y )^h_e , X^h_x ×_S Y^h_y �

ayant même image que [m^h_{X,Y,e}] dans c_S � (X ×_S Y )^h_e , X^h_x ×_S Y^h_y � . Proposition 2.20. Soient X, Y, X^′, Y^′ des S-schémas, α ∈ c_S (X, X^′) et β ∈ c_S (Y, Y^′) des correspondances finies. Pour tout point e de X ×_S Y et tout point x^′ de X^′ et y^′ de Y^′, on a l’égalité � {α}_{x,x}′ ⊗ {β}_{y,y}′ � ∘ {m}^h_{X,Y,e} = � e^′ point de X^′ ×_S Y^′ se projetant sur x^′ et y^′

� m^h_X ′_{,Y} ′_{,e}′ � ∘ � α ⊗ β � e,e^′

dans c_S � (X ×_S Y )^h_e , (X^′)^h_x′ ×_S (Y^′)^h_y′ � . Documenta Mathematica 12 (2007) 607–671

640 Florian Ivorra

2.4 Cas de la topologie étale

Les démonstrations données dans la section précédente s’adaptent parfaitement au cas de la topologie étale, il suffit pratiquement pour cela de remplacer les anneaux locaux henséliens par les anneaux locaux strictement henséliens. Dans cette sous-section nous avons rassemblé les énoncés des résultats obtenus pour la topologie étale tout en précisant les modifications mineures à effectuer. Nous fixons pour tout point s de S une clôture algébrique κ(s) de κ(s) et nous désignons par s le point géométrique de S défini par la clôture algébrique κ(s).

Définition 2.21. Un bon point géométrique x est la donnée d’un point x ∈ X et d’un plongement κ(x) → κ(s) le point s étant l’image de x dans S.

Lemme 2.22. Les bons points géométriques possèdent les proprétés suivantes. (a) L’image par un morphisme de S-schémas d’un bon point géométrique est un bon point géométrique.

(b) Les bons points géométriques forment un ensemble conservatif de points^9 pour la topologie étale sur Var_S .

Démonstration. La première assertion est immédiate, quant à la seconde d’après la remarque 3.13.b de l’exposé VIII de [2], il suffit de voir que les points d’un S-schéma de type fini X fermés dans leur fibre sont le lieu d’un point bon géométrique. Or pour un point x de X fermé dans sa fibre, l’extension κ(x)/κ(s) est finie et il existe bien un morphisme de corps de κ(x) dans la clôture algébrique

Nous appellerons bon S-schéma local strictement hensélien la donnée d’un Sschéma strictement hénsélien O et d’un isomorphisme ω : κ → κ(s) de κ(s)- extensions où k est le corps résiduel de O et s est l’image dans S du point fermé de O. Les hensélisés stricts d’un S-schéma en un bon point géométrique sont canoniquement des bons S-schémas strictement henséliens. Étant donné un bon S-schéma strictement hensélien (O, ω), on remarquera pour l’adaptation des démonstrations précédentes au cas de la topologie étale que les O-schémas finis sont canoniquement des réunions disjointes de bons S-schémas locaux strictement henséliens.

A un S-schéma X, on peut associer fonctoriellement le S-schéma X^{sh}

X^{sh} := � x bon point géométrique

X^{sh}_x .

Ce dernier est la réunion disjointe, sur les bons points géométriques de X, des schémas locaux strictement henséliens X^{sh}_x spectre de l’anneau local strictement hensélien O^{sh}_{X,x} dont on notera le point fermé abusivement par x.

9Pour un schéma qui n’est pas de type fini sur S on prendra garde que l’ensemble des bons points géométriques peut être vide.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 641

Pour tout bon point géométrique x de X on dispose du morphisme canonique

X^{sh}_x �

l^{sh}_{X,x} � Spec (O_{X,x}) � X

nous donnant un morphisme de schémas l^{sh}_X : X^{sh} → X. Comme dans le cas hensélien, le morphisme

l^{sh}_{X sh} : (X^{sh})^{sh} → X^{sh}

n’est pas un isomorphisme en général mais admet cependant une section canonique s^{sh}_X identifiant X^{sh} à un sous-schéma fermé de (X^{sh})^{sh} et provenant du fait que l’anneau local strictement hensélien de X^{sh}_x en son point fermé x est canoniquement isomorphe à O^{sh}_{X,x} :

X^{sh s} sh X � id_{Xsh}

(X^{sh})^{sh l} sh Xsh � X sh^{lshX} � X

Autrement dit dans (X^{sh})^{sh} apparaissent des facteurs supplémentaires correspondants aux bons points géométriques distincts des points fermés des X^{sh}_x . Dans le cas étale, le complexe considéré est le complexe de C̆ech associé au X-schéma X^{sh}

Č_{X sh /X} (O) : · · · → Z_{tr} �(X^{sh})^2_X � (O) → Z_{tr}[X^{sh}](O) → Z_{tr}[X](O) → 0.

On a alors l’analogue de la proposition 2.1.

Proposition 2.23. Soient X un S-schéma et O un bon S-schéma local strictement hensélien. Il existe des morphismes canoniques

σ^{sh}_{O,X,n} : Z_{tr} � (X^{sh})^n_X � (O) → Z_{tr} � (X^{sh})^{n+1}_X � (O) n ≥ 0

satisfaisant aux deux propriétés suivantes. (a) (Homotopie) On a pour tout n les relations

d_{n+1} ∘ σ^{sh}_{O,X,n} + σ^{sh}_{O,X,n−1} ∘ d_n = id.

(b) (Fonctorialité) Étant donnés un bon S-schéma local strictement hensélien O^′ et une correspondance finie α ∈ c_S (O^′, O) on a un carré commutatif

Z_{tr} � (X^{sh})^n_X � (O^′)^{Ztr}

[(X^{sh} )^n_X ](α) �

σ^{sh}_{O′ ,X,n} � Z_{tr} � (X^{sh})^n_X � (O) σ^{sh}_{O,X,n} � Z_{tr} � (X^{sh})^{n+1}_X � (O^′)^{Ztr}

[(X^{sh} )^{n+1}_X ](α) � Z_{tr} � (X^{sh})^{n+1}_X � (O).

Documenta Mathematica 12 (2007) 607–671

642 Florian Ivorra

De même on dispose également de l’analogue de la proposition 2.7.

Proposition 2.24. Soient X un S-schéma et une présentation V d’un bon S-schéma local strictement hensélien O. Il existe d’uniques morphismes

{σ}^{sh}_{O,X,n} : Z_{tr} � (X^{sh})^n_X � {O} → Z_{tr} � (X^{sh})^{n+1}_X � {O} n ≥ 0

satisfaisant aux deux propriétés suivantes. (a) (Homotopie) On a pour tout n les relations

d_{n+1} ∘ {σ}^{sh}_{O,X,n} + {σ}^{sh}_{O,X,n−1} ∘ d_n = id. (28)

(b) (Compatibilité) Le carré suivant est commutatif

Z_{tr} � (X^{sh})^n_X � {O}^{{σ}} sh O,X,n �

� Z_{tr} � (X^{sh})^{n+1}_X � {O} � Z_{tr} � (X^{sh})^n_X � (O)^σ sh O,X,n �

Z_{tr} � (X^{sh})^{n+1}_X � (O).

(29)

Sachant d’après le lemme 2.22 que les bons points géométriques fournissent une famille conservative de points pour la topologie étale, on obtient le corollaire suivant.

Corollaire 2.25. Soit X un S-schéma de type fini. La restriction à la catégorie VarCor_S du complexe de faisceaux étales avec transferts Č_X sh_{/X} est universellement exact au sens de Grayson [12].

Lorsque l’on se donne une correspondance finie α ∈ c_S (X, Y ) et des bons points géométriques x, y de X et Y , le cas n = 0 de la proposition 2.23 fournit une décomposition locale pour la topologie étale de la correspondance α de la forme

α ∘ [l^{sh}_{X,x}] = � y bon point géométrique

[l^{sh}_{Y,y}] ∘ α_{x,y}. (30)

En utilisant le cas n = 0 de la proposition 2.24 on voit finalement que la décomposition locale précédente se raffine en

α ∘ {l}^{sh}_{X,x} = � y bon point géométrique

[l^{sh}_{Y,y}] ∘ {α}_{x,y}

où {l}^{sh}_{X,x} ∈ c_S {X^{sh}_x , X) est induit par les morphismes U → X pour U ∈ V^{sh}_{X,x}.

Soient g : X → Y un morphisme et x un point de X. Pour tout V ∈ V^{sh}_{Y,g∘x} le morphisme g définit un élément dans c_S {X^{sh}_x , V ) et la collection de ces éléments définit un élément {g}^{sh}_x ∈ c_S {X^{sh}_x , Y^{sh}_y }.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 643

Proposition 2.26. Soient X, Y et Z des S-schémas.

(a) Étant données des correspondances finies α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z), on a pour tout point bon point géométrique x de X et tout bon point géométrique z de Z l’égalité

{β ∘ α}_{x,z} = � y bon point géométrique

β_{y,z} ∘ {α}_{x,y}.

(b) Étant donné un morphisme g : X → Y de S-schémas on a

{[g]}_{x,y} = � {g}^{sh}_x si y = g ∘ x 0 sinon

dans c_S {X^{sh}_x , Y^{sh}_y }.

(c) Étant donnée une correspondance finie α ∈ c_S (X, Y ), on a l’égalité dans c_S {X^{sh}_x , (Y^{sh}_y )^{sh}_z )

{{α}_{x,y}}_{x,z} = � {α}_{x,y} si z = y 0 sinon

pour tout bon point géométrique x de X et tout bon point géométrique z du schéma local strictement hensélien Y^{sh}_y .

Comme dans le cas de la topologie Nisnevich, ces décompositions locales se comportent bien par produit tensoriel. Étant donnés deux S-schémas X et Y ainsi qu’un bon point géométrique e de X ×_S Y se projetant sur x et y nous avons un diagramme naturel

(X ×_S Y )^{sh}_e �

m^{sh}_{X,Y,e}

� (X^{sh}_x ) ×_S (Y^{sh}_y )

� (X ×_S Y )^{sh m} sh X,Y � X ×_S Y.

L’identité de X×_S Y induit par ailleurs un élément dans c_S {(X×_S Y )^{sh}_e , U ×_S V ) pour tout U ∈ V^{sh}_{X,x}, V ∈ V^{sh}_{Y,y}. La collection de ces éléments donne un élément

{m}^{sh}_{X,Y,e} ∈ c_S {(X ×_S Y )^{sh}_e , X^{sh}_x ×_S Y^{sh}_y }

ayant même image que [m^{sh}_{X,Y,e}] dans c_S ((X ×_S Y )^{sh}_e , X^{sh}_x ×_S Y^{sh}_y }.

Proposition 2.27. Soient X, Y, X^′, Y^′ des S-schémas, α ∈ c_S (X, X^′) et β ∈ c_S (Y, Y^′) des correspondances finies. Pour tout bon point géométrique e de X ×_S Y et tout bon point géométrique e’ de X^′ ×_S Y^′, on a l’égalité � {α}_{x,x}′ ⊗ {β}_{y,y}′ � ∘ {m}^{sh}_{X,Y,e} = � m^{sh}_{X ′,Y ′,e}′ � ∘ � α ⊗ β � e,e^′

dans c_S {(X ×_S Y )^{sh}_e , (X^′)^{sh}_x′ ×_S (Y^′)^{sh}_y′ ).

Documenta Mathematica 12 (2007) 607–671

644 Florian Ivorra

3 Résolution de Godement et transferts

Rappelons qu’une monade dans une catégorie C est la donnée d’un endofoncteur M de C et de transformations naturelles μ : MM → M et η : id → M pour lesquelles les diagrammes

M^{ηM} �

id � � � � MM_μ � M Mη� id � � � M

MMM^{Mμ} � μM � MM μ � MM^μ � M

sont commutatifs. Étant donnée une monade (M, μ, η), l’un des nombreux avatars de la construction bar permet d’associer à un objet C de C un objet cosimplicial B^∗(M, C) de C muni d’une coaugmentation de C dans ce dernier. Les n-cosimplexes sont donnés par l’objet M^{n+1}C de C, les codégénérescences par les morphismes

σ^n_i := M^iμM^{n−1−i} : M^{n+1}C → M^nC i = 0, . . . , n − 1

et les cofaces par les morphismes

δ^{n−1}_i := M^iηM^{n−i} : M^nC → M^{n+1}C i = 0, . . . , n.

Dans la suite de cette section nous fixons une catégorie S = Sch_S , Var_S ou Sm_S , tous les préfaisceaux sont définis sur S et nous renvoyons à la définition 1.10 pour la notion de faisceaux avec transferts.

3.1 Cas de la topologie de Nisnevich Nous allons maintenant appliquer les résultats concernant la localisation Nisnevich des correspondances finies que nous avons obtenus dans la sous-section 2.3. Rappelons que S désigne l’une des catégories suivantes Sch_S , Var_S ou Sm_S . Dans la suite, nous désignons par s_x la composante suivant le point x d’un élément s du produit � x∈X F {X^h_x }.

Par définition F {X^h_x } correspond à la fibre Nisnevich de F au point x. Désignons par G_{Nis} la monade de la catégorie des faisceaux Nisnevich définissant la résolution cosimpliciale de Godement. Étant donné un faisceau Nisnevich F , cette dernière se caractérise de la manière suivante.

(a) Les sections sur X du faisceau Nisnevich G_{Nis}F sont données par

G_{Nis}F (X) = � x∈X F {X^h_x }

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 645

les morphismes structuraux étant déterminés par les égalités � G_{Nis}F (p)(s) � x = F � {p}^h_x � (s_{p(x)})

dans lesquelles x est un point de X, p : X → Y un morphisme de Sschémas et s un élément de G_{Nis}F (Y ).

(b) Le morphisme structural η_F se trouve donné par � η_F (s) � x = F � {l}^h_{X,x} � (s) pour un élément s de F (X).

(c) Le morphisme structural μ_F coïncide avec la projection sur les composantes associées aux points fermés des X^h_x via le morphisme naturel

(G_{Nis}G_{Nis}F )(X) → � x∈X � z∈X^h_x F � X^h_x

�_h z � .

Nous notons s_{x,z} la composante suivant x, z de l’image d’une section s par le morphisme précédent de sorte que μ_F (s)_x = s_{x,x}.

La résolution cosimpliciale de Godement d’un faisceau Nisnevich F est par définition le faisceau Nisnevich cosimplicial

G^∗_{Nis}F = B^∗(G_{Nis}, F ).

Ce dernier nous fournit un complexe G^∗_{Nis}F de faisceaux Nisnevich de termes G^n_{Nis}F = G^n_{Nis}F et dont les différentielles sont données par la somme alternée des morphismes cofaces.

Remarque 3.1. La famille formée de ces foncteurs fibres F → F {X^h_x } étant conservative, l’augmentation canonique

F → G^∗_{Nis}F

est un quasi-isomorphisme^{10} de complexes de faisceaux Nisnevich.

Proposition 3.2. Il existe une monade canonique G^{tr}_{Nis} de la catégorie Sh^{tr}_{Nis}(S) rendant le carré suivant commutatif

Sh^{tr}_{Nis}(S) �

G^{tr}_{Nis} � Sh_{Nis}(S)

G_{Nis} � Sh^{tr}_{Nis}(S) � ShNis(S).

10Il s’agit d’une propriété classique de la résolution de Godement prouvée par exemple dans [25, Part II, Ch. IV, lemma 2.2.2].

Documenta Mathematica 12 (2007) 607–671

646 Florian Ivorra

Démonstration. Il suffit de montrer que pour un faisceau Nisnevich avec transferts F , le faisceau Nisnevich G_{Nis}F est canoniquement muni de transferts et que les morphismes

η_F : F → G_{Nis}F μ_F : G_{Nis}G_{Nis}F → G_{Nis}F

sont des morphismes de faisceaux Nisnevich avec transferts. Étant donnée une correspondance finie α ∈ c_S (X, Y ), on peut associer à une section s de G_{Nis}F (Y ) la section de G_{Nis}F (X) donnée par

G_{Nis}F (α)(s)_x = � y∈Y F � {α}_{x,y} � (s_y).

On obtient ainsi un morphisme de groupes abéliens G_{Nis}F (α). Lorsque l’on se donne une correspondance finie β ∈ c_S (Y, Z), la formule de composition (27) de la proposition 2.19 nous assure que pour un point x de X

G_{Nis}F (β ∘ α)(s)_x = � z∈Z F {{β ∘ α}_{x,z}}(s_z) = � z∈Z � y∈Y F {β_{y,z} ∘ {α}_{x,y}}(s_z) = � z∈Z � y∈Y F {{α}_{x,y}} � F {{β}_{y,z}}(s_z) � = � y∈Y F {{α}_{x,y}} � G_{Nis}F (β)(s)_y �

= G_{Nis}F (α) � G_{Nis}F (β)(s) � x et donc que cette définition est fonctorielle :

G_{Nis}F (β ∘ α) = G_{Nis}F (α) ∘ G_{Nis}F (β).

Par ailleurs pour un morphisme p : X → Y de S-schémas, la seconde assertion de la proposition 2.19 nous donne

G_{Nis}F ([p])(s)_x = F {{p}^h_x}(s_{p(x)}) = G_{Nis}F (p)(s)_x.

Les morphismes G_{Nis}F (α) étendent donc la structure usuelle de préfaisceau en une structure de préfaisceau avec transferts. La construction des germes de correspondances locaux utilisés assure que

F (α)(s)_x = F {α ∘ {l}^h_{X,x}}(s) = � y F {[l^h_{Y,y}] ∘ {α}_{x,y}}(s) = � y F {{α}_{x,y}}(s_y)

= G_{Nis}F (α)(η_F (s))_x

autrement dit que η_F est un morphisme de faisceaux avec transferts. Il reste à montrer que μ_F est aussi un morphisme de faisceaux Nisnevich avec transferts. Pour une section s appartenant à G_{Nis}G_{Nis}F (X) on obtient en utilisant

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 647

la troisième assertion de la proposition 2.19

μ_F (G_{Nis}G_{Nis}F (α)(s))_x = � y∈Y μ_F � G_{Nis}F {{α}_{x,y}}(s_y) � x = � y∈Y � z∈Y^h_y F � {{α}_{x,y}}_{x,z} � (s_{y,z}) = � y∈Y F {{α}_{x,y}}(s_{y,y}) = G_{Nis}F (α)(μ_F (s)).

Ce qui achève la démonstration.

La proposition 3.2 assure en particulier que la résolution cosimpliciale de Godement G^∗_{Nis}F d’un faisceau Nisnevich avec transferts est canoniquement munie de transferts et qu’à fortiori le complexe G^∗_{Nis}F est un complexe de faisceaux Nisnevich avec transferts quasi-isomorphe à F dans la catégorie des complexes de faisceaux Nisnevich avec transferts. Cela entraîne en particulier que les préfaisceaux de cohomologie Nisnevich

X → H^j_{Nis}(X, F )

d’un faisceau Nisnevich avec transferts sont canoniquement munis de transferts, résultat se déduisant par ailleurs de la proposition 3.1.8 de [29, chapter 5]. Nous allons maintenant voir que les tranferts � naturels � précédemment construits sur la résolution de Godement sont en outre compatibles avec la structure tensorielle de cette dernière.

Définition 3.3. Nous appelons faisceau Nisnevich (resp. avec transferts) quasi-monoïdal symétrique la donnée d’un faisceau Nisnevich (resp. d’un faisceau Nisnevich avec transferts) F et pour tout S-schéma X, Y d’un morphisme associatif symétrique

⊠^F_{X,Y} : F (X) ⊗ F (Y ) → F (X ×_S Y )

fonctoriel par rapport aux morphismes de schémas (resp. aux correspondances finies).

Ces derniers sont les objets d’une catégorie Sh_{Nis,⊗}(S) (resp. une catégorie Sh^{tr}_{Nis,⊗}(S)) munie d’un foncteur fidèle vers Sh_{Nis}(S) (resp. vers Sh^{tr}_{Nis}(S)).

Remarque 3.4. La monade de Godement G_{Nis} induit une monade sur la catégorie des faisceaux Nisnevich quasi-monoïdaux symétriques. Étant donné un faisceau Nisnevich quasi-monoïdal symétrique (F, ⊠^F_{X,Y} ), on voit en effet que G_{Nis}F est canoniquement un faisceau Nisnevich quasi-monoïdal symétrique pour les morphismes

⊠^{GNisF}

X,Y : G_{Nis}F (X) ⊗ G_{Nis}F (Y ) → G_{Nis}F (X ×_S Y )

Documenta Mathematica 12 (2007) 607–671

648 Florian Ivorra

donnés par les relations � ⊠^{GNisF}

X,Y (s ⊗ t) � e = F � {m}^h_{X,Y,e} � ⊠^F_X h_{x ,Y} h_y (s_x ⊗ t_y) �

dans lesquelles s ∈ G_{Nis}F (X), t ∈ G_{Nis}F (Y ) et e désigne un point du produit X ×_S Y de projection x et y. Avec cette définition il est aisé de voir que les morphismes structuraux η_F et μ_F de la monade G_{Nis} sont bien des morphismes de faisceaux Nisnevich quasi-monoïdaux symétriques.

Nous sommes maintenant en mesure d’énoncer le résultat suivant.

Proposition 3.5. La monade G^{tr}_{Nis} induit une monade sur la catégorie Sh^{tr}_{Nis,⊗}(S) compatible avec la monade G_{Nis} via le foncteur d’oubli. Autrement dit le carré suivant est commutatif

Sh^{tr}_{Nis,⊗}(S) �

G^{tr}_{Nis} � Sh_{Nis,⊗}(S)

G_{Nis} � Sh^{tr}_{Nis,⊗}(S) � Sh_{Nis,⊗}(S).

Démonstration. Supposons que (F, ⊠^F_{X,Y} ) soit un faisceau Nisnevich avec transferts quasi-monoïdal symétrique. En utilisant la proposition 3.2, il suffit de montrer que le carré

G_{Nis}F (X^′) ⊗ G_{Nis}F (Y^′)^⊠

GNisF X′ ,Y ′ �

G_{Nis}F (α)⊗G_{Nis}F (β) � G_{Nis}F (X^′ ×_S Y^′)

G_{Nis}F (α⊗β) � G_{Nis}F (X) ⊗ G_{Nis}F (Y )^⊠

GNisF

X,Y � G_{Nis}F (X ×_S Y )

(31)

est commutatif pour toute correspondance finie α ∈ c_S (X, X^′) et β ∈ c_S (Y, Y^′). Notons E le produit X ×_S Y et E^′ le produit X^′ ×_S Y^′. Considérons un point e de E de projection x et y ainsi que des sections s ∈ G_{Nis}(X^′), t ∈ G_{Nis}(Y^′). En utilisant la remarque 3.4 nous avons

G_{Nis}F (α ⊗ β) � ⊠^{GNisF}

X^′,Y^′ (s ⊗ t) � e = � e^′ ∈E^′ F � {α ⊗ β}_{e,e}′ � ⊠^{GNisF}

X^′,Y^′ (s ⊗ t) � e^′ = � e^′ ∈E^′ F � {α ⊗ β}_{e,e}′ � F � {m}^h_X ′_{,Y} ′_{,e}′ � � ⊠^F_{(X ′)}h_{x′ ,(Y ′)}h_{y′} (s_x′ ⊗ t_y′ ) �

= � x^′∈X^′ y^′∈Y^′ F � � � � e^′ ∈E^′_{x′y′}

[m^h_X ′_{,Y} ′_{,e}′ ] ∘ {α ⊗ β}_{e,e}′ � � � � ⊠^F_{(X ′)}h_{x′ ,(Y ′)}h_{y′} (s_x′ ⊗ t_y′ ) � .

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 649

En utilisant la proposition 2.20, cette dernière égalité peut se réécrire sous la forme

G_{Nis}F (α ⊗ β) � ⊠^{GNisF}

X^′,Y^′ (s ⊗ t) � e = � x^′ ∈X^′ y^′∈Y^′ F � {α}_{x,x}′ ⊗ {β}_{y,y}′ � ∘ {m}^h_{X,Y,e} � ⊠^F_{(X ′)}h_{x′ ,(Y ′ )}h_{y′} (s_x′ ⊗ t_y′ ) �

= � x^′ ∈X^′ y^′∈Y^′ F � {m}^h_{X,Y,e} � ⊠^F_X h_{x ,Y} h_y � F {{α}_{x,x}′ }(s_x′ ) ⊗ F {{β}_{y,y}′ }(t_y′ �

= F � {m}^h_{X,Y,e} � ⊠_X h_{x ,Y} h_y � G_{Nis}F (α)(s)_x ⊗ G_{Nis}F (β)(t)_y � . Ce qui donne finalement

G_{Nis}F (α ⊗ β) � ⊠^{GNisF}

X^′,Y^′ (s ⊗ t) � e = ⊠^{GNisF}_{X,Y} � G_{Nis}F (α)(s) ⊗ G_{Nis}F (β)(t) � e et prouve la commutativité du carré (31).

La remarque 3.4 assure que la cohomologie d’un faisceau Nisnevich quasimonoïdal symétrique est munie d’un produit associatif et commutatif

H^p(X, F ) ⊗ H^q(Y, F )^⊗ F X,Y −−−→ H^{p+q} (X ×_S Y, F ) (32)

induit par la structure quasi-monoïdale symétrique sur la résolution de Godement. Ce produit est commutatif au sens gradué, autrement dit tel que

a ⊗^F_{X,Y} b = (−1)^{p+q} b ⊗^F_{Y,X} a

pour un élément a de H^p(X, F ) et un élément b de H^q (X, F ) et compatible au produit induit par F sur le H^0. En particulier on dispose d’un cup-produit associatif et commutatif

H^p(X, F ) ⊗ H^q(X, F )

⌣^F_X � ⊗^F_{X,X}

� H p+q (X ×_S X, F )_{Δ∗} X � H p+q (X, F ) (33)

munissant H^∗(X, F ) d’une structure d’algèbre graduée commutative. Lorsque F est en outre un faisceau Nisnevich avec transferts quasi-monoïdal symétrique, la proposition 3.5 assure que les produits (32) sont compatibles aux transferts i.e. que les carrés

H^p(X^′, F ) ⊗ H^q(Y^′, F )

H^p(α,F )⊗H^q (β,F ) �

⊗^F_{X′ ,Y ′}

� H p+q(X ′ ×_S Y ′, F )

H^{p+q} (α⊗β,F ) � H^p(X, F ) ⊗ H^q(Y, F )^⊗ F X,Y � H p+q (X ×_S Y, F )

sont commutatifs pour toute correspondance α ∈ c_S (X, X^′) et β ∈ c_S (Y, Y^′).

Documenta Mathematica 12 (2007) 607–671

650 Florian Ivorra

Remarque 3.6. On prendra garde que pour une correspondance finie α ∈ c_S (X, Y ), les carrés

H^p(Y, F ) ⊗ H^q(Y, F )

H^p (α,F )⊗H^q (α,F ) �

⌣^F_Y �

H^{p+q} (Y, F )

H^{p+q} (α,F ) � H^p(X, F ) ⊗ H^q(X, F )^⌣ F X � H p+q (X, F )

ne sont pas nécessairement commutatifs — nous renvoyons d’ailleurs à la remarque 1.7 à ce propos. Les cup-produits (33) ne sont donc pas à priori compatibles aux transferts.

3.2 Cas de la topologie étale

Nous nous contentons dans cette sous-section d’énoncer les résultats dans le cas de la topologie étale : les démonstrations étant identiques à celles données pour la topologie de Nisnevich. Nous supposons ici que S = Var_S ou Sm_S . Dans la suite, nous désignons par s_x la composante suivant x d’un élément s du produit �

x bon point géométrique de X

F {X^{sh}_x }.

Par définition F {X^{sh}_x } est la fibre étale de F au point géométrique x. Pour définir la résolution de Godement dans le cadre étale, nous partons de la monade G_{Et} de la catégorie des faisceaux étales caractérisée pour un faisceau étale F par les propriétés suivantes.

(a) Les sections sur X du faisceau étale G_{Et}F sont données par

G_{Et}F (X) = � x bon point géométrique de X

F {X^{sh}_x }

les morphismes structuraux étant déterminés par les égalités � G_{Et}F (p)(s) � x = F � {p}^{sh}_x � (s_{p∘x})

dans lesquelles x est un bon point géométrique de X, p : X → Y un morphisme de S-schémas et s un élément de G_{Et}F (Y ).

(b) Le morphisme structural η_F se trouve donné par � η_F (s) � x = F {{l}^{sh}_{X,x}}(s)

pour un élément s de F (X).

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 651

(c) Le morphisme structural μ_F coïncide avec la projection sur les composantes associées aux points fermés des X^{sh}_x via le morphisme naturel

(G_{Et}G_{Et})F (X) → � x bon point géométrique de X � z bon point géométrique de X^{sh}_x F � X^{sh}_x

�_{sh} z � .

La résolution cosimpliciale de Godement d’un faisceau étale F est par définition le faisceau étale cosimplicial

G^∗_{Et}F = B^∗(G_{Et}, F ).

Ce dernier nous fournit un complexe G^∗_{Et}F de faisceaux étales de termes G^n_{Et}F = G^n_{Et}F et dont les différentielles sont données par la somme alternée des morphismes cofaces.

Remarque 3.7. La famille formée des foncteurs fibres F → F {X^{sh}_x } étant conservative sur Var_S d’après le lemme 2.22, l’augmentation canonique

F → G^∗_{Et}F

est un quasi-isomorphisme^{11} de complexes de faisceaux étales sur Var_S .

Proposition 3.8. Il existe une monade canonique G^{tr}_{Et} de la catégorie Sh^{tr}_{Et}(S) rendant le carré suivant commutatif

Sh^{tr}_{Et}(S) �

G^{tr}_{Et} � Sh_{Et}(S)

G_{Et} � Sh^{tr}_{Et}(S) � ShEt(S).

Comme précédemment les tranferts � naturels � sur la résolution de Godement étale sont compatibles avec la structure tensorielle de cette dernière.

Définition 3.9. Nous appelons faisceau étale (resp. avec transferts) quasimonoïdal symétrique la donnée d’un faisceau étale (resp. d’un faisceau étale avec transferts) F et pour tout S-schéma X, Y d’un morphisme associatif symétrique ⊠^F_{X,Y} : F (X) ⊗ F (Y ) → F (X ×_S Y )

fonctoriel par rapport aux morphismes de schémas (resp. aux correspondances finies).

Ces derniers sont les objets d’une catégorie Sh_{Et,⊗}(S) (resp. une catégorie Sh^{tr}_{Et,⊗}(S)) munie d’un foncteur fidèle vers Sh_{Et}(S) (resp. vers Sh^{tr}_{Et}(S)).

11Il s’agit d’une propriété classique de la résolution de Godement prouvée par exemple dans [25, Part II, Ch. IV, lemma 2.2.2].

Documenta Mathematica 12 (2007) 607–671

652 Florian Ivorra

Remarque 3.10. La monade de Godement G_{Et} induit une monade sur la catégorie des faisceaux étales quasi-monoïdaux symétriques. Étant donné un faisceau étale quasi-monoïdal symétrique (F, ⊠^F_{X,Y} ), on voit en effet que G_{Et}F est canoniquement un faisceau étale quasi-monoïdal symétrique pour les morphismes ⊠^{GEt F}_{X,Y} : G_{Et}F (X) ⊗ G_{Et}F (Y ) → G_{Et}F (X ×_S Y )

donnés par les relations � ⊠^{GEt F}_{X,Y} (s ⊗ t) � e = F � {m}^{sh}_{X,Y,e} � ⊠^F_X sh_{x ,Y} sh_y (s_x ⊗ t_y) �

dans lesquelles s ∈ G_{Et}F (X), t ∈ G_{Et}F (Y ) et e désigne un bon point géomérique du produit X ×_S Y de projection x et y. Avec cette définition il est aisé de voir que les morphismes structuraux η_F et μ_F de la monade G_{Et} sont bien des morphismes de faisceaux Nisnevich quasi-monoïdaux symétriques. Nous sommes maintenant en mesure d’énoncer le résultat suivant.

Proposition 3.11. La monade G^{tr}_{Et} induit une monade sur la catégorie Sh^{tr}_{Et,⊗}(S) compatible avec la monade G_{Et} via le foncteur d’oubli. Autrement dit le carré suivant est commutatif

Sh^{tr}_{Et,⊗}(S) �

G^{tr}_{Et} � Sh_{Et,⊗}(S)

G_{Et} � Sh^{tr}_{Et,⊗}(S) � Sh_{Et,⊗}(S).

4 Réalisation ℓ-adique des motifs mixtes

Nous allons montrer que le foncteur de réalisation ℓ-adique des S-schémas lisses de type fini^{12} R_ℓ : Sm^{op}_S → D^+(S, Z_ℓ) X → Rπ_{X∗}π^∗_X Z_S /ℓ^∗ (34)

se prolonge canoniquement en un foncteur triangulé quasi-tensoriel sur la catégorie des motifs mixtes géométriques DM_{gm}(S). Avant d’aborder le résultat principal, nous tenons à donner quelques précisions quant à la catégorie dans laquelle le foncteur de réalisation ℓ-adique prend ses valeurs.

Lemme 4.1. Lorsque le foncteur (34) prend ses valeurs dans une sous-catégorie triangulée pleine C de D^+(S, Z_ℓ), il est en est de même d’un prolongement de (34) aux motifs mixtes géométriques.

Démonstration. Cela résulte du fait que la catégorie triangulée des motifs mixtes géométriques est engendrée par les motifs des S-schémas lisses de type fini.

12La notation D^+(S, Z_ℓ) désigne la catégorie des coefficients ℓ-adiques construite par T. Ekedahl dans [11]. Nous renvoyons le lecteur à l’appendice A.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 653

Dans la construction qui suit nous utilisons la proposition suivante que nous tirons de [27, 28].

Proposition 4.2. Les h-faisceaux en groupes abéliens ont une structure canonique de préfaisceau avec transferts. En particulier les faisceaux de groupes abéliens localements constants pour la topologie étale sont canoniquement munis d’une structure de préfaisceau avec transferts et de plus les faisceaux d’anneaux localement constants sont canoniquement munis d’une structure de préfaisceau avec transferts quasi-monoïdal symétrique.

4.1 Construction

Nous consacrons cette sous-section à la construction du foncteur de réalisation ℓ-adique des motifs mixtes géométriques. L’ingrédient essentiel réside dans les propriétés de la résolution de Godement que nous prouvées dans la section 3. Nous allons donc prouver le

Théorème 4.3. Le foncteur symétrique monoïdal (34) se prolonge canoniquement en un foncteur triangulé quasi-tensoriel

DM_{gm}(S)^{op} → D^+(S, Z_ℓ). (35)

(a) Lorsque S est de type fini sur un schéma noethérien régulier de dimension ≤ 1, le foncteur (35) prend ses valeurs dans D^b_c (S, Z_ℓ) sous-catégorie triangulée pleine formée des coefficients constructibles.

(b) Lorsque S est de type fini sur un corps fini, le foncteur (35) induit un foncteur triangulé tensoriel

DM_{gm}(S)^{op} → D^b_m(S, Q_ℓ)

où le second membre désigne la catégorie des coefficients ℓ-adiques mixtes de P. Deligne [8, 5].

Avant de donner la démonstration de ce résultat, il y a lieu de préciser la terminologie que nous employons. On peut considérer le topos N^{op}S_{Et} des systèmes projectifs de grands faisceaux étales^{13} sur S ainsi que le faisceau d’anneaux sur ce dernier

Z_{S,Et}/ℓ^∗ : · · · → Z_{S,Et}/ℓ^{r+1} → Z_{S,Et}/ℓ^r → · · · → Z_{S,Et}/ℓ

et la catégorie de modules associée Mod(Z_{S,Et}/ℓ^∗). Un système projectif de faisceaux étales avec transferts

F : r → F_r

dont les composantes F_r sont des Z_{S,Et}/ℓ^{r+1}-modules sera appelé un Z_{S,Et}/ℓ^∗- module avec transferts. En prenant pour morphismes, les morphismes de

13Il s’agit des faisceaux sur Var_S munie de la topologie étale.

Documenta Mathematica 12 (2007) 607–671

654 Florian Ivorra

systèmes projectifs de faisceaux étales avec transferts, on obtient une catégorie munie d’un foncteur d’oubli fidèle. Nous dirons qu’un Z_{S,Et}-module (resp. un Z_{S,Et}-module avec transferts) F est quasi-monoïdal symétrique lorsque ses composantes F_r sont des Z_{S,Et}/ℓ^{r+1}-modules (resp. Z_{S,Et}/ℓ^{r+1}-modules avec transferts) quasi-monoïdaux symétriques et que les morphismes de transition sont compatibles avec ces structures.

Preuve du théorème 4.3. On sait d’après la proposition 4.2 que le grand faisceau étale Z_{S,Et}/ℓ^r se trouve canoniquement muni de transferts, les morphismes de transition Z_{S,Et}/ℓ^r → Z_{S,Et}/ℓ^{r+1} étant des morphismes de faisceaux étales avec transferts. On peut donc voir que Z_{S,Et}/ℓ^∗ est canoniquement un Z_{S,Et}/ℓ^∗- module avec transferts. En prenant la résolution cosimpliciale de Godement de ce dernier, on obtient un Z_{S,Et}/ℓ^∗-module cosimplicial

G^∗_{Et} � Z_{S,Et}/ℓ^∗ � ∈ ΔMod(Z_{S,Et}/ℓ^∗)

qui d’après le lemme 3.8 est en fait canoniquement un Z_{S,Et}/ℓ^∗-module avec transferts cosimplicial. Supposons que X soit un S-schéma de type fini, on dispose alors de deux morphismes de topos

X_{et}

ι_X �

S_{Et}

p_X

� pX ∘ ιX = id

la restriction d’un faisceau F au petit site étale de X étant donnée par ι^∗_X F . Ces morphismes s’étendent naturellement aux topos N^{op}X_{et}^{14} et N^{op}S_{Et} et sachant que ι^∗_X Z_{S,Et}/ℓ^∗ = Z_X /ℓ^∗, ils induisent un foncteur exact

ι^∗_X = p_{X∗} : Mod(Z_{S,Et}/ℓ^∗) → Mod(Z_X /ℓ^∗).

En désignant par π_X le morphisme structural de X dans S, cela permet d’associer au S-schéma de type fini X le Z_S /ℓ^∗-module cosimplicial

R_ℓ(X) := π_{X∗}i^∗_X G^∗_{Et} � Z_{S,Et}/ℓ^∗ � . (36)

En prenant le complexe de chaîne associé, on obtient un objet

R_ℓ(X) := CR_ℓ(X) = π_{X∗}i^∗_X G^∗_{Et} � Z_{S,Et}/ℓ^∗ � (37)

appartenant à C^+(S, Z/ℓ^∗).

Remarque 4.4. Par construction de la résolution de Godement, on peut voir que R_ℓ(X) = π_{X∗}G^{X,∗}_{Et} � Z_X /ℓ^∗ � . Le passage par les grands faisceaux étales ne sert en fait que dans la mesure où il permet de mettre des transferts.

14Il s’agit des systèmes projectifs de faisceaux sur le schéma X muni de la topologie étale, ainsi X_{et} désigne le petit topos étale de X.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 655

Pour la définition des complexes normalisés apparaissant dans le lemme suivant, nous renvoyons à la remarque A.3.

Lemme 4.5. Les objets (36) et (37) sont fonctoriels par rapport aux correspondances finies, autrement dit on dispose de foncteurs additifs

R_ℓ : VarCor^{op}_S → ΔMod(Z_S /ℓ^∗) R_ℓ : VarCor^{op}_S → C^+(S, Z_S /ℓ^∗).

De plus le foncteur R_ℓ est à valeurs dans la sous-catégorie formée des systèmes projectifs � normalisés � et on a un isomorphisme de foncteurs canonique θ

SmCor^{op}_S^{Rℓ} � D^+(S, Z_ℓ) θ � Sm^{op}_S

�

� R_ℓ

�

Démonstration. Supposons plus généralement que F soit un Z_{S,Et}/ℓ^∗-module avec transferts cosimplicial. En posant pour un S-schéma X ~F (X) := π_{X∗}ι^∗_X F

on obtient un préfaisceau avec transferts prenant ses valeurs dans la catégorie ΔMod(Z_S /ℓ^∗). En effet lorsque l’on se donne une S-correspondance finie α de X dans Y et un S-schéma étale U, on a un morphisme naturel de Z/ℓ^∗-modules cosimpliciaux

~F (Y )(U) := F (Y_U )^{F (αU )}−−−−→ F (X_U ) =: ~F (X)(U)

induit par les correspondances α_U construites dans la sous-section 1.2. Ces morphismes nous fournissent un morphisme dans la catégorie de Z_S /ℓ^∗-modules cosimpliciaux ~F (α) : ~F (Y ) → ~F (X).

La compatibilité avec la composition démontrée au lemme 1.9 assure que pour des correspondances finies α ∈ c_S (X, Y ) et β ∈ c_S (Y, Z) on a (β∘α)_U = β_U ∘α_U et donc que ~F (α) ∘ ~F (β) = ~F (β ∘ α).

En particulier ceci assure que les objets (36) et (37) sont fonctoriels par rapport aux correspondances finies. Pour la seconde assertion, il suffit de remarquer que pour un Z_{S,Et}/ℓ^∗-module F , la résolution de Godement F → G^∗_{Et}F est une résolution flasque. En particulier si X est un S-schéma de type fini, les morphismes naturels

Rπ_{X∗}i^∗_X F � Rπ_{X∗}i^∗_X G^∗_{Et}F

π_{X∗}i^∗_X G^∗_{Et}F

�

Documenta Mathematica 12 (2007) 607–671

656 Florian Ivorra sont des quasi-isomorphismes. En prenant F = Z_{S,Et}/ℓ^∗, on obtient un isomorphisme de foncteurs

SmCor^{op}_S^{Rℓ} � D^+(S, Z/ℓ^∗) θ � Sm^{op}_S

�

� R_ℓ

�

Pour un Z_{S,Et}/ℓ^∗-module plat F , les composantes de sa résolution de Godement G^n_{Et}F sont des Z_{S,Et}/ℓ^∗-modules plats^{15} ce qui assure que G^∗_{Et}F est normalisé lorsque F est ℓ-adique. En particulier ceci entraîne que le foncteur considéré prend bien ses valeurs dans les complexes normalisés — voir remarque A.3. On a donc un foncteur

R_ℓ : C^b(SmCor_S )^{op Cb Rℓ}−−−→ C^b � C^+(S, Z/ℓ^∗)

�_{Tot} −−→ C^+(S, Z/ℓ^∗) et donc un foncteur triangulé R_ℓ : K^b(SmCor_S )^{op} → D^+(S, Z/ℓ^∗) prenant en fait ces valeurs dans D^+(S, Z_ℓ). En utilisant l’invariance par homotopie dans le cadre ℓ-adique, la localisation Nisnevich, on obtient un foncteur triangulé R_ℓ : DM^{eff}_{gm}(S)^{op} → D^+(S, Z_ℓ).

Comme la catégorie triangulée D^+(S, Z_ℓ) est pseudo-abélienne — il s’agit d’une conséquence du lemme 2.4 de [4] — ce dernier nous donne un foncteur R_ℓ : DM^{eff}_{gm}(S) → D^+(S, Z_ℓ). (38) Il reste à vérifier que ce foncteur est bien compatible aux structures tensorielles de part et d’autre.

Lemme 4.6. Le foncteur triangulé (38) est quasi-tensoriel^{16} et pour tout Sschémas X, Y le morphisme induit ⊠_{X,Y} : R_ℓ(X) ⊗ R_ℓ(Y ) → R_ℓ(X ×_S Y ) coïncide avec le morphisme de Künneth.

15On trouvera une preuve de cette propriété classique par exemple dans [25, Part II, Ch. IV, proposition 2.4.3].

16Nous renvoyons à la définition B.1 pour ce qui concerne la terminologie utilisée dans cet article.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 657

Démonstration. D’après la proposition 4.2, Z_{S,Et}/ℓ^∗ est un Z_{S,Et}/ℓ^∗-module avec transferts quasi-monoïdal symétrique. Le lemme 3.11 assure alors que G^∗_{Et}Z_{S,Et}/ℓ^∗ est en fait un Z_{S,Et}/ℓ^∗-module avec transferts quasi-monoïdal symétrique cosimplicial. Cela entraîne que le foncteur

R_ℓ : SmCor^{op}_S → ΔMod(Z_S /ℓ^∗)

du lemme 4.5 est quasi-monoïdal symétrique, autrement dit que l’on dispose d’un morphisme canonique de foncteurs sur SmCor_S ⊗ SmCor_S

⊠ : R_ℓ(−) ⊗ R_ℓ(−) → R_ℓ(− ×_S −)

associatif et commutatif. Ce dernier nous fournit des morphismes de foncteurs associatifs et commutatifs

CR_ℓ(−) ⊗ CR_ℓ(−) C � R_ℓ(−) ⊗ R_ℓ(−)

�_{C⊠} �

⊠^{EM L}

� CR_ℓ(− ×_S −)

R_ℓ(−) ⊗ R_ℓ(−) R_ℓ(− ×_S −)

où ⊠^{EML} désigne la transformation d’Eilenberg Mac Lane [10]. On a donc des morphismes de bifoncteurs associatifs et commutatifs

C^b � CR_ℓ(−) ⊗ CR_ℓ(−) � C^b � C � R_ℓ(−) ⊗ R_ℓ(−)

�_Cb_{C⊠}�

C^b⊠^{EM L}

� Cb � CR_ℓ(− ×_S −) �

R_ℓ(−) ⊗ R_ℓ(−) R_ℓ(− ×_S −)

Par ailleurs l’augmentation

Z_S /ℓ^∗ → R_ℓ(S)

est un quasi-isomorphisme qui rend le diagramme suivant commutatif

R_ℓ(S) ⊗ R_ℓ(−) C^b � C � R_ℓ(S) ⊗ R_ℓ(−)

�_Cb_{C⊠} �

C^b ⊠^{EM L}

� R_ℓ(S ×_S −)

� � � �

Z_S /ℓ^∗ ⊗ R_ℓ(−)

�

R_ℓ(−).

Cela nous assure que le foncteur (38) est bien quasi-tensoriel.

En remarquant que le motif de P^1 a pour image l’objet Z_ℓ ⊕ Z_ℓ(−1)[−2] de D^b_c (S, Z_ℓ), on déduit immédiatement de la définition du motif de Tate le résultat suivant.

Documenta Mathematica 12 (2007) 607–671

658 Florian Ivorra Lemme 4.7. Il existe un isomorphisme ϑ : R_ℓ(Z(1))^∼→ Z_ℓ(−1).

Comme Z_ℓ(−1) est inversible dans D^+(S, Z_ℓ), il résulte du lemme 4.7 que le foncteur (38) se prolonge en un foncteur triangulé quasi-tensoriel sur la catégorie des motifs mixtes géométriques DM_{gm}(S).

Les assertions (a) et (b) du théorème 4.3 découlent du lemme 4.1 compte tenu respectivement du théorème de finitude de P. Deligne [1] et des résultats de P. Deligne sur les conjectures de Weil [7, 8].

Remarque 4.8. Lorsque S est de type fini sur un corps, il résulte de [3, exposé III] que la flèche de Künneth ⊠_{X,Y} : R_ℓ(X) ⊗ R_ℓ(Y ) → R_ℓ(X ×_S Y ) du lemme 4.6 est un isomorphisme pour tout S-schéma lisse de type fini X, Y . Cela entraîne que le foncteur de réalisation du théorème 4.3 est en fait tensoriel autrement dit que le morphisme ⊠_{M,N} : R_ℓ(M) ⊗ R_ℓ(N) → R_ℓ(M ⊗ N) est un isomorphisme pour tout M, N ∈ DM_{gm}(S).

Remarque 4.9. Soit T un schéma noethérien séparé et θ : T → S un morphisme lisse de schémas. Pour tout S-schéma lisse de type fini X, le théorème de changement de base lisse appliqué au carré cartésien

X_T^{θX} �

π_{XT /T}

�^□ X π_{X/S} � T^θ � S nous donne un isomorphisme canonique

θ^∗R_ℓ(X) = θ^∗Rπ_{X/S∗}π^∗_{X/S} Z_S /ℓ^∗ = Rπ_{XT /T ∗}θ^∗_X π^∗_{X/S} Z_S /ℓ^∗ = Rπ_{XT /T ∗}π^∗_{XT /T} Z_T /ℓ^∗ = R_ℓ(X_T ).

Il résulte alors de la construction donnée dans la preuve du théorème 4.3 que l’on a un isomorphisme canonique de foncteurs ϕ

DM_{gm}(S)

�

R_ℓ �

D^+(S, Z_ℓ/ℓ^∗)

θ^∗ � ϕ � DM_{gm}(T )^{Rℓ} � D^+(T, Z_ℓ).

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 659

4.2 Une variante modérée

La généralité correspondant au théorème 4.3 permet de construire dans différentes situations géométriques des variantes modérées du foncteur de réalisation ℓ-adique.

Le résultat essentiel à cet égard réside dans la proposition 4.16 du paragraphe suivant dans lequel nous détaillons le comportement des catégories de motifs mixtes géométriques par rapport à certaines limites projectives.

4.2.1 Commutation aux limites projectives

Les systèmes projectifs de schémas que nous considérons sont les systèmes projectifs de schémas λ → S_λ indexés par un ensemble ordonné filtrant Λ et nous notons u_{λ,μ} : S_μ → S_λ les morphismes de transition. Notre hypothèse est la suivante.

Le schéma S est régulier et limite projective d’un système projectif de schémas réguliers λ → S_λ dont les morphismes de transition sont plats et affines.

Comme S et les S_λ sont réguliers, leurs composantes irréductibles coïncident avec leurs composantes connexes. Pour un élément λ de Λ, nous notons dans la suite u_λ : S → S_λ

le morphisme canonique. Il résulte de notre hypothèse que ce morphisme est plat. Si X_{λ0} est un S_{λ0} -schéma, nous posons

X_λ = S_λ ×_{Sλ0} X_{λ0} X = S ×_{Sλ0} X_{λ0} .

Proposition 4.10. Soit X_{λ0} un S_{λ0} -schéma de type fini. Les morphismes de changement de base associés aux morphismes de transition induisent un isomorphisme colim

λ≥λ_0

c_{equi}(X_λ/S_λ, 0) = c_{equi}(X/S, 0).

Démonstration. Il s’agit de voir que le morphisme

colim

λ≥λ_0

c_{equi}(X_λ/S_λ, 0)^{colimλ≥λ0 u} ⊛ λ −−−−−−−−−→ c_{equi}(X/S, 0)

est un isomorphisme. On remarquera que nos hypothèses entraînent que tous les changements de base considérés sont plats. Montrons tout d’abord que le morphisme est surjectif. On sait d’après le corollaire 3.4.6 de [28] que le membre de droite est le groupe abélien libre engendré par les sous-schémas fermés intègres Z de X finis et surjectifs sur une composante connexe de S. Soit Z un tel sousschéma fermé de X. En utilisant les théorèmes 8.8.2 et 8.10.5 de [14], on peut supposer, quitte à prendre λ_0 un peu plus grand, qu’il existe un sous-schéma fermé Z_{λ0} de X_{λ0} tel que Z = S ×_{Sλ0} Z_{λ0} .

Documenta Mathematica 12 (2007) 607–671

660 Florian Ivorra

Une nouvelle application du théorème 8.10.5 de loc.cit. nous assure, quitte à prendre λ_0 un peu plus grand, que Z_{λ0} est fini sur S_{λ0} . Soit C la composante connexe de S dominée par Z. Comme le morphisme u_λ est plat, C domine une composante connexe C_λ de S_λ. Le système projectif λ → C_λ étant à morphismes de transition affines dominants, la proposition 8.4.4 de loc.cit. assure que la limite projective C^′ de C est connexe. Par ailleurs, il résulte du théorème 8.10.5 de loc.cit. qu’il d’agit d’un ouvert de S. On voit donc que C^′ est un ouvert connexe de S contenant C, ce qui permet de conclure que C est la limite projective des C_λ. Quitte à prendre λ_0 un peu plus grand, une nouvelle application du théorème 8.10.5 de loc.cit. permet de conclure que Z_{λ0} est surjectif sur la composante connexe C_{λ0} . Sachant que nous avons supposé les S_λ réguliers, le corollaire 3.4.6 de [28] assure alors que [Z_{λ0} ] appartient à c_{equi}(X_{λ0} /S_{λ0} , 0) et la surjectivité résulte de l’égalité

u^⊛_{λ0} [Z_{λ0} ] = [S ×_{Sλ0} Z_{λ0} ] = [Z].

Montrons maintenant l’injectivité. Soit λ ≥ λ_0 un élément de Λ et α_λ un élément de c_{equi}(X_λ/S_λ, 0) dont l’image par u^⊛_λ est nulle. En notant Z_μ le support du cycle α_μ = u^⊛_{λ,μ}α, il s’ensuit que la limite projective du système μ → Z_μ est vide. Le théorème 8.10.5 de [14] assure alors que Z_μ est vide pour μ suffisamment grand et donc que α_μ = 0. Cela achève la preuve de la proposition.

En appliquant le lemme précédent aux correspondances finies entre schémas lisses de type fini, on obtient alors le corollaire suivant.

Corollaire 4.11. Soient λ_0 ∈ Λ et X_{λ0} , Y_{λ0} des S_{λ0} -schémas lisses de type fini. Le morphisme canonique

colim

λ≥λ_0

c_{Sλ} (X_λ, Y_λ) → c_S (X, Y )

est un isomorphisme.

Démonstration. Comme les X_λ et Y_λ sont des schémas lisses sur un schéma régulier, ils sont eux-mêmes réguliers. La proposition 4.10 nous donne alors

colim

λ≥λ_0

c_{Sλ} (X_λ, Y_λ) = colim_{λ≥λ0} c_{equi}(X_λ ×_{Sλ} Y_λ/X_λ, 0)

= c_{equi}(X ×_S Y/X, 0) = c_S (X, Y )

ce qui justifie le corollaire.

Ce résultat nous donne la propriété de commutation à certaines limites projectives des catégories de schémas lisses munis des correspondances finies. Son énoncé est la reformulation ci-dessous du corollaire 4.11.

Corollaire 4.12. Le foncteur canonique

2-colim_λ SmCor_{Sλ} → SmCor_S (39)

est une équivalence de catégories.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 661

Démonstration. Compte tenu du corollaire 4.11, notre assertion est une conséquence des théorèmes 8.8.2 et 8.10.5 de [14] qui assurent que pour tout S-schéma de type fini X, il existe un λ_0 tel que X provienne d’un S_{λ0} -schéma de type fini X_{λ0} , et de la proposition 17.7.8 de [15] qui assure que X_{λ0} peut-être choisi lisse sur S_{λ0} lorsque X est lisse sur S.

Supposons donné un 2-foncteur

C_− : Λ → Cat ; λ → C_λ

où Cat désigne la 2-catégorie des catégories essentiellement petites et notons F_{λ,μ} : C_λ → C_μ le foncteur de transition pour μ ≥ λ.

Remarque 4.13. Dans la suite il est utile de noter que la 2-colimite C des C_λ admet la description élémentaire suivante.

– Un objet de C est la donnée (C, λ) d’un élément λ ∈ Λ et d’un objet C de C_λ.

– Les morphismes entre deux objets (C, λ) et (C^′, λ^′) de C sont donnés par

Hom_C((C, λ), (C^′, λ^′)) = colim_{μ≥λ,λ′} Hom_{Cμ} (F_{λ,μ}(C), F_λ′_{,μ}(C^′)).

Lorsque les C_λ sont des catégories additives et que les foncteurs F_{λ,μ} sont additifs, la catégorie C est naturellement une catégorie additive et il s’agit aussi de la 2-colimite de C_λ dans la 2-catégorie Add des catégories additives. On dispose du lemme suivant. On remarquera la nécessité dans ce dernier de se restreindre aux complexes bornés.

Lemme 4.14. Supposons donné un 2-foncteur

C_− : Λ → Add ; λ → C_λ

et notons C la 2-colimite des C_λ. Le foncteur canonique

2-colim_λ K^b(C_λ) → K^b(C)

est une équivalence de catégories triangulées.

Démonstration. Notons F_λ le foncteur additif canonique de C_λ dans C. De la description précédente des 2-colimites, il résulte que le foncteur

2-colim_λ C^b(C_λ) → C^b(C)

est une équivalence de catégories. Un morphisme c : C → C^′ de complexes d’objets de C est donc l’image d’un morphisme c_λ : C_λ → C^′_λ de complexes d’objets de C_λ par le foncteur C^b(F_λ). Il suffit alors juste de remarquer que c est une équivalence d’homotopie si et seulement si il existe μ ≥ λ tel que C^b(F_{λ,μ})(c_λ) soit une équivalence d’homotopie dans C^b(C_μ).

Documenta Mathematica 12 (2007) 607–671

662 Florian Ivorra En utilisant le corollaire 4.12, le lemme précédent nous donne le résultat suivant. Corollaire 4.15. Le foncteur canonique 2-colim_λ K^b(SmCor_{Sλ} ) → K^b(SmCor_S ) (40) est une équivalence de catégories triangulées.

Démonstration. Le lemme 4.14 entraîne que le foncteur canonique 2-colim_λ K^b(SmCor_{Sλ} ) → K^b(2-colim_λ SmCor_{Sλ} ) est une équivalence de catégories. Le fait que le foncteur (40) soit une équivalence de catégories découle du corollaire 4.12 via le diagramme commutatif

2-colim_λ K^b(SmCor_{Sλ} ) �

(40) � K^b(2-colim_λ SmCor_{Sλ} )^K

b(39)�

K^b(SmCor_S ).

Proposition 4.16. La sous-catégorie épaisse E_{gm}(S) est la 2-colimite des sous-catégories E_{gm}(S_λ) et les foncteurs canoniques 2-colim_λ DM^{eff}_{gm}(S_λ) → DM^{eff}_{gm}(S) (41) 2-colim_λ DM^{eff}_{gm}(S_λ) → DM^{eff}_{gm}(S) (42) 2-colim_λ DM_{gm}(S_λ) → DM_{gm}(S) (43) sont des équivalences de catégories.

Démonstration. Remarquons tout d’abord que pour tout carré distingué élémentaire pour la topologie de Nisnevich sur S_λ U_λ ×_{Xλ} V_λ �

�^□

V_λ � U_λ � X_λ

(44)

le carré obtenu par changement de base (S ×_{Sλ} U_λ) ×_{(S×Sλ Xλ )} (S ×_{Sλ} V_λ) � � □ S ×_{Sλ} V_λ � S ×_{Sλ} U_λ � S ×_{Sλ} X_λ

(45)

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 663

est distingué élémentaire pour la topologie de Nisnevich sur S. La définition des catégories épaisses E_{gm}(S_λ) et E_{gm}(S) entraîne donc que le foncteur (40) induit un foncteur 2-colim_λ E_{gm}(S_λ) → E_{gm}(S). (46)

D’après le corollaire 4.15 le foncteur (46) est pleinement fidèle, en ce qui concerne la première assertion, il suffit donc de voir que les objets de K^b(SmCor_S ) de la forme

[A^1_X ] → [X] [U ×_X V ] → [U] ⊕ [V ] → [X]

où X est un S-schéma lisse de type fini et

U ×_X V �

�^□ V � U � X

(47)

un carré distingué élémentaire pour la topologie de Nisnevich sur S proviennent à isomorphisme près d’éléments de la 2-colimite des E_{gm}(S_λ). Pour le premier complexe, il s’agit d’une conséquence immédiate de l’assertion (ii) du théorème 8.2.2 de [14]. Pour le second complexe, il suffit de remarquer que le théorème 8.10.5 de loc.cit. entraîne l’existence d’un λ ∈ Λ et d’un carré distingué pour la topologie Nisnevich de S_λ de la forme (44) tel que le carré (47) soit isomorphe au carré (45) obtenu par changement de base.

Montrons maintenant que le foncteur (41) est une équivalence de catégories triangulées. On sait déjà grâce au corollaire 4.15 que ce dernier est essentiellement surjectif. Il suffit donc de prouver sa pleine fidélité. Pour simplifier les notations nous posons

K_λ = K^b(SmCor_{Sλ} ) K = K^b(SmCor_S )

D_λ := DM^{eff}_{gm}(S_λ) D := DM^{eff}_{gm}(S)

ainsi que E := 2-colim_λ DM^{eff}_{gm}(λ).

Convenons en outre de noter par S_λ (resp. S) la sous-catégorie de K_λ (resp. K) ayant les mêmes objets mais dont les morphismes sont les morphismes de K_λ (resp. K) qui deviennent des isomorphismes dans D_λ (resp. D). On peut reformuler l’assertion que nous venons de prouver concernant les catégories E_{gm} en disant que pour tout objet M ∈ K_λ et tout objet M^′ ∈ K_λ′ on a un isomorphisme naturel

colim

μ≥λ,λ^′

S_μ(F_{λ,μ}(M), F_λ′_{,μ}(M^′)) = S(Φ(M, λ), Φ(M^′, λ^′)) (48)

où Φ désigne l’isomorphisme (40).

Documenta Mathematica 12 (2007) 607–671

664 Florian Ivorra Notons Ψ le morphisme (41) et fixons des objets (M, λ) et (M^′, λ^′) de D. En utilisant la description de la remarque 4.13 on obtient

Hom_E((M, λ), (M^′, λ^′)) = colim_μ Hom_{Kμ} (F_{λ,μ}(M), F_λ′_{,μ}(M^′)) = colim_μ colim_{L∈Kμ}

s∈S_μ (F_λ′_{,μ} (M^′),L)

Hom_{Kμ} (F_{λ,μ}(M), L).

D’autre part en utilisant le corollaire 4.15 ainsi que les isomorphismes (48) on voit que Hom_D(Ψ(M, λ), Ψ(M^′, λ^′)) = colim_{K∈K}

σ∈S(Φ(M^′ ,λ^′ ),K)

Hom_K(Φ(M, λ), K)

= colim_μ colim_{K∈Kμ}

σ∈(Φ(M^′ ,λ^′),Φ(K,μ))

Hom_K(Φ(M, λ), Φ(K, μ))

= colim_μ colim_{K∈Kμ}

σ∈S_μ (F_λ′_{,μ} (M^′ ),K)

Hom_{Kμ} (F_{λ,μ}(M), K).

Ce qui prouve la pleine fidélité recherchée.

Désignons par (−)^♮ le 2-foncteur qui à une catégorie associe son enveloppe pseudo-abélienne. Le morphisme canonique 2-colim_λ (C^♮_λ) → C^♮ est une équivalence de catégories comme on le voit à partir de la propriété universelle des 2-colimites et de la pseudo-abélianisation. En particulier le diagramme commutatif

2-colim_λ DM^{eff}_{gm}(S_λ)^{♮ equiv.}� � 2-colim_λ DM^{eff}_{gm}(S_λ)

�_{♮ (41)}♮

� DM^{eff}_{gm}(S)♮

2-colim_λ DM^{eff}_{gm}(S_λ)_{(42)} � DM^{eff}_{gm}(S)

entraîne que (42) est aussi une équivalence de catégories. Quant à la dernière assertion, il suffit de remarquer que

2-colim_λ DM_{gm}(S_λ) = 2-colim_λ 2-colim_n � DM^{eff}_{gm}(S_λ)(n) � = 2-colim_n 2-colim_λ � DM^{eff}_{gm}(S_λ)(n) �

= 2-colim_n � 2-colim_λ DM^{eff}_{gm}(S_λ) � (n) = 2-colim_n DM^{eff}_{gm}(S)(n) = DM_{gm}(S).

Ce qui achève la preuve de la proposition.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 665

4.2.2 Réalisation modérée Dans ce qui suit, nos hypothèses sont légèrement plus restrictives que dans le paragraphe 4.2.1.

Le schéma S est régulier et limite projective d’un système projectif de schémas réguliers λ → S_λ dont les morphismes de transition sont lisses et affines.

Il résulte des théorèmes 8.8.2 et 8.10.5 de [14] et de la proposition 17.7.6 de [15] que la catégorie des S-schémas lisses de type fini admet la description suivante 2-colim_λ Sm_{Sλ} = Sm_S .

En passant à la 2-colimite sur Λ, les foncteurs de réalisation ℓ-adique Sm^{op}_{Sλ} → D^+(S_λ, Z_ℓ) λ ∈ Λ fournissent donc un foncteur Sm^{op}_S → D^+(S, Z_ℓ)_{md}. (49) La conjonction du théorème 4.3 et de la description de la catégorie des motifs géométriques de la proposition 4.16 nous donne le corollaire suivant. Corollaire 4.17. Le foncteur de réalisation ℓ-adique modérée (49) se prolonge canoniquement en un foncteur triangulé quasi-tensoriel R_{md,ℓ} : DM_{gm}(S)^{op} → D^+(S, Z_ℓ)_{md}. (50) (a) Lorsque λ → S_λ est un système projectif de schémas de type fini sur un schéma nothérien régulier de dimension ≤ 1, le foncteur (50) prend ses valeurs dans D^b_c (S, Z_ℓ)_{md}.

(b) Lorsque S lisse de type fini sur un corps de nombres, le foncteur (50) induit un foncteur triangulé tensoriel DM_{gm}(S)^{op} → D^b_m(S, Q_ℓ)_{md} où le second membre désigne la catégorie des coefficients ℓ-adiques mixtes modérés de [17, Definition 3.1].

Démonstration. D’après le théorème 4.3 on a des foncteurs triangulés quasitensoriels DM_{gm}(S_λ)^{op} → D(S_λ, Z_ℓ) λ ∈ Λ.

Compte tenu de la proposition 4.16 et de la remarque 4.9, en passant à la 2-colimite sur Λ on obtient un foncteur triangulé quasi-tensoriel 2-colim_λ DM_{gm}(S_λ)^{op} � 2-colim_λ D(S_λ, Z_ℓ)

DM_{gm}(S)^{op Rmd,ℓ} � D(S, Z_ℓ)_{md}.

Documenta Mathematica 12 (2007) 607–671

666 Florian Ivorra

Lorsque λ → S_λ est un système projectif de schémas de type fini sur un schéma nothérien régulier de dimension ≤ 1, le théorème 4.3 entraîne également que ce foncteur prend ses valeurs dans D^b_c (X, Z_ℓ)_{md}.

On peut appliquer ce résultat au cas où Λ est l’ensemble des ouverts affines non vides d’un schéma intègre régulier S de corps des fonctions F . Cela permet pour tout F -schéma lisse de type fini X d’obtenir une réalisation ℓ-adique

DM_{gm}(X) → D^b_c (X, Z_ℓ)_{md}

la catégorie de droite étant étudiée dans [17] dans le cas où F est un corps de nombres. En outre les résultats de [7, 8] et le lemme 4.1 assurent que le foncteur précédent induit un foncteur triangulé tensoriel

DM_{gm}(S)^{op} → D^b_m(S, Q_ℓ)_{md}

lorsque F est un corps de nombres.

A La catégorie des coefficients ℓ-adiques de T. Ekedahl

Avec cet appendice nous précisons la nature des coefficients ℓ-adiques que nous utilisons pour réaliser les motifs mixtes sur S. Nous en profitons pour fixer les notations que nous utilisons dans la cadre ℓ-adique. Dans son article [8], P. Deligne propose de considérer la catégorie

2-lim D^b_{ctf} (S, Z/ℓ^r)

2-limite projective du système projectif r → D^b_{ctf} (S, Z/ℓ^r) dans lequel – les morphismes de transition sont fournis par les produits tensoriels

D^b_{ctf} (S, Z/ℓ^s)^{ZS /ℓ}

r ⊗^L_{ZS /ℓ}s −

−−−−−−−−−→ D^b_{ctf} (S, Z/ℓ^r) r ≥ s ;

– D^b_{ctf} (S, Z/ℓ^r) désigne la sous-catégorie triangulée de la catégorie dérivée D^b(Z_S /ℓ^r) formée des objets de tor dimension finie et à cohomologie constructible.

Mais cette construction ne fournit pas en toute généralité une catégorie triangulée. En effet la 2-limite projective d’un système projectif de catégories triangulées à morphismes de transition triangulés n’est pas à priori munie d’une structure triangulée. En revanche d’après la proposition 2.2.15 de [5], cette construction devient tout à fait raisonnable lorsque le groupe abélien

Hom_Db_{ctf (S,Z/ℓ}r_)(F, G)

est fini pour tout objet F, G de D^b_{ctf} (S, Z/ℓ^r).

En pratique on sait que cette hypothèse est satisfaite par exemple lorsque S est de type fini sur Z ou sur le spectre d’un corps k tel que, pour toute extension finie séparable de E de k, les groupes de cohomologie Galoisienne H^i(G_E , Z/ℓ)

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 667

sont finis — ceci inclut notamment le cas où k est un corps fini ou un corps algébriquement clos.

La construction de P. Deligne recouvre donc un grand nombre de situations arithmético-géométriques mais présente un inconvénient majeur relativement à notre approche : il est extrêmement malaisé de travailler � à homotopie près � dans une limite projective de catégories triangulées même lorsque chacune d’entre elle est la catégorie dérivée d’une catégorie abélienne.

A.1 La catégorie de T. Ekedahl

La construction inconditionnelle des catégories D^+(S, Z_ℓ) donnée par T. Ekedahl dans [11] ne présente pas cet inconvénient. Cela tient au fait que le passage àla limite projective n’est pas effectuée au niveau des catégories triangulées mais au niveau des complexes. Naturellement lorsque l’hypothèse de finitude n’est plus satisfaite, le foncteur lim n’est plus exact, et la cohomologie ℓ-adique n’est pas donnée par la simple limite

lim_r H^i(X, Z/ℓ^r)

mais par la cohomologie étale continue de U. Jannsen [23] : en d’autres termes il y a lieu de dériver aussi le foncteur limite projective pour obtenir un résultat raisonnable. Le passage à la limite projective au niveau des complexes permet justement de dériver ce foncteur et la catégorie de T. Ekedahl fournit le � formalisme dérivé � correspondant à la cohomologie étale continue de U. Jannsen. Nous rappelons maintenant la construction de la catégorie de T. Ekedahl. On peut considérer le topos N^{op}S_{et} des systèmes projectifs de faisceaux étales sur S ainsi que le faisceau d’anneaux sur ce dernier

Z_S /ℓ^∗ : · · · → Z_S /ℓ^{r+1} → Z_S /ℓ^r → · · · → Z_S /ℓ.

La catégorie des Z/ℓ^∗-modules est une catégorie abélienne de Grothendieck dont on note D(S, Z/ℓ^∗) la catégorie dérivée. Pour un objet F ∈ D(S, Z/ℓ^∗), on pose suivant [11] ^F := Lπ^∗Rπ_∗F.

où π : N^{op}S_{et} → S_{et} désigne le morphisme naturel de topos. D’après la proposition 2.2 de loc.cit. on dispose du lemme suivant.

Lemme A.1. Soit F un objet de D(X, Z/ℓ^∗). Les conditions suivantes sont équivalentes (a) Le morphisme naturel ^F → F est un isomorphisme. (b) Les morphismes induits par les morphismes de transition

Z_S /ℓ^{s+1} ⊗^L_{ZS /ℓ}r+1 F_r → F_s r ≥ s

sont des isomorphismes dans D(S, Z/ℓ^{s+1}).

Documenta Mathematica 12 (2007) 607–671

668 Florian Ivorra

Définition A.2. Soit † ∈ {b, +, −, ∅}. La catégorie triangulée D^†(S, Z_ℓ) des coefficients ℓ-adiques est la sous-catégorie pleine de D^†(Z_S /ℓ^∗) engendrée par les complexes F satisfaisant les conditions équivalentes du lemme A.1. La catégorie des coefficients constructibles D^b_c (S, Z_ℓ) est donnée par la sous-catégorie triangulée de D^b(S, Z_ℓ) formée des objets à cohomologie constructible.

Remarque A.3. Dans [11] les complexes vérifiant les conditions équivalentes du lemme A.1 sont appelés complexes normalisés.

A.2 Coefficients ℓ-adiques modérés

Dans cette section nous donnons la définition de la catégorie des coefficients ℓ-adiques que nous appelons modérés. Nous nous fixons un ensemble ordonné filtrant Λ et nous supposons que S est limite projective d’un système projectif de schémas λ → S_λ dont les morphismes de transition sont des morphismes plats affines.

Définition A.4. Nous appellerons catégorie des coefficients ℓ-adiques modérés relativement au système projectif des S_λ la catégorie triangulée

D(S, Z_ℓ)_{md} := 2-colim_λ D(S_λ, Z_ℓ).

On pose de même

D^+(S, Z_ℓ)_{md} := 2-colim_λ D^+(S_λ, Z_ℓ) D^b_c (S, Z_ℓ)_{md} := 2-colim_λ D^b_c (S_λ, Z_ℓ).

B Foncteurs monoïdaux

La terminologie concernant les catégories symétriques monoïdales n’étant pas entièrement fixée dans la littérature, nous précisons les conventions valables dans cet article avec la définition ci-dessous.

Définition B.1. Soient A et B deux catégories monoïdales symétriques. Un foncteur quasi-monoïdal symétrique consiste en les données suivantes. – Un foncteur F : A → B.

– Une transformation naturelle ⊠ : F (−) ⊗ F (−) → F (− ⊗ −) vérifiant les conditions ci-dessous.

(a) (Associativité) Pour tout objet A, A^′, A^{′′} de A, le diagramme

F (A) ⊗ F (A^′) ⊗ F (A^{′′})^{F (A)⊗ ⊠A′,A′′} �

⊠_{A,A}′ ⊗F (A^{′′}) � F (A) ⊗ F (A^′ ⊗ A^{′′})

⊠_{A,A}′_{⊗A}′′ � F (A ⊗ A^′) ⊗ F (A^{′′})_{⊠A⊗A′,A′′} � F (A ⊗ A^′ ⊗ A^{′′})

est commutatif.

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 669

(b) (Commutativité) Pour tout objet A, A^′ de A, le diagramme

F (A) ⊗ F (A^′) �

⊠_{A,A}′ � F (A^′) ⊗ F (A)

⊠_A′_{,A} � F (A ⊗ A^′) � F (A^′ ⊗ A)

est commutatif.

– Une transformation naturelle 1_B → F (1_A) telle que l’on ait le diagramme commutatif 1_B ⊗ F (A) � � F (A)

F (1_A) ⊗ F (A)_{⊠1A ,A} � F (1_A ⊗ A)

�

pour tout objet A de A.

Nous dirons que le foncteur est monoïdal symétrique lorsque le morphisme 1_B → F (1_A) est un isomorphisme et que pour tout objet A, A^′ de A^′ le morphisme ⊠_{A,A}′ : F (A) ⊗ F (A^′) → F (A ⊗ A^′)

est un isomorphisme. Lorsque les catégories A, B sont additives i.e. tensorielles nous parlerons plutôt de foncteur quasi-tensoriel que de foncteur quasimonoïdal symétrique, et de même de foncteur tensoriel plutôt que de foncteur monoïdal symétrique.

Remerciements. Je remercie Bruno Kahn et Marc Levine pour les discussions que nous avons eus au sujet des résultats contenus dans [21] et dans le présent article ainsi que Joël Riou pour les remarques dont il m’a fait part. Je souhaite également remercier le rapporteur dont la lecture attentive et les remarques m’ont permis de corriger une erreur commise dans la version préliminaire.

Références

[1] Cohomologie étale, Séminaire de géométrie algébrique du Bois-Marie SGA 4^1_2 . Lecture Notes in Mathematics, vol. 569, Springer-Verlag, Berlin, 1977 [2] Théorie des topos et cohomologie étale des schémas. Tome 2, Séminaire de géométrie algébrique du Bois-Marie SGA 4. Lecture Notes in Mathematics, vol. 270, Springer-Verlag, Berlin, 1972 [3] Cohomologie ℓ-adique et fonctions L, Séminaire de géométrie algébrique du Bois-Marie SGA 5. Lecture Notes in Mathematics, vol. 589, Springer- Verlag, Berlin, 1977 [4] P. Balmer, M. Schlichting, Idempotent completion of triangulated categories, J. Algebra 236 (2001), no. 2, p. 819-834

Documenta Mathematica 12 (2007) 607–671

670 Florian Ivorra

[5] A. A. Beilinson, J. Bernstein, P. Deligne, Faisceaux pervers, Astérisque (1982), no. 100, p. 5-171, Analysis and topology on singular spaces I (Luminy, 1981) [6] F. Déglise, Finite correspondences and transfers over a regular base, Preprint K-theory/0765/ [7] P. Deligne, La conjecture de Weil I, Inst. Hautes Études Sci. Publ. Math.

(1974), no. 43, p. 273-307 [8] P. Deligne, La conjecture de Weil II, Inst. Hautes Études Sci. Publ. Math.

(1980), no. 52, p. 137-252 [9] P. Deligne, A. Goncharov, Groupes fondamentaux motiviques de Tate mixte, Ann. Sci. École Norm. Sup. (4) 38 (2005), no. 1, p. 1-56 [10] S. Eilenberg, J.A. Zilber, On products of complexes Amer. J. Math 75 (1953), p. 200-204 [11] T. Ekedahl, On the adic formalism, The Grothendieck Festschrift, Vol. II, Progr. Math., vol. 87, Birkäuser Boston, Boston, MA, 1990, p. 197-218 [12] D.R. Grayson, Universal exactness in algebraic K-theory, J. Pure Appl.

Algebra 36 (1985), no. 2, p. 139-141 [13] A. Grothendieck, Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes de schémas. II, Inst. Hautes Études Sci. Publ. Math. (1965), no. 24 [14] A. Grothendieck, Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes de schémas. III, Inst. Hautes Études Sci. Publ. Math. (1966), no. 28 [15] A. Grothendieck, Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes de schémas. IV, Inst. Hautes Études Sci. Publ. Math. (1967), no. 32 [16] A. Huber, Mixed motives and their realization in derived categories, Lecture Notes in Mathematics, vol. 1604, Springer-Verlag, Berlin, 1995 [17] A. Huber, Mixed perverse sheaves for schemes over number fields, Compositio Math. 108 (1997), no. 1, p. 107-121 [18] A. Huber, Realization of Voevodsky’s motives, J. Algebraic Geom. 9 (2000), no. 4, p. 755-799 [19] A. Huber, Corrigendum to � Realization of Voevodsky’s motives �, J. Algebraic Geom. 13 (2004), no. 1, p. 195-207 [20] F. Ivorra, Réalisation ℓ-adique des motifs mixtes, Thèse de doctorat de l’Université Paris 6 (2005) [21] F. Ivorra, Réalisation ℓ-adique des motifs triangulés géométriques II, Preprint K-theory/0762 [22] F. Ivorra, Levine’s motivic comparison theorem revisited, à paraître dans J. Reine Angew. Math. (2007)

Documenta Mathematica 12 (2007) 607–671

Réalisation ℓ-Adique I 671

[23] U. Jannsen, Continuous étale cohomology, Math. Ann. 280 (1988), no. 2, p. 207-245 [24] J. F. Jardine, Motivic symmetric spectra, Doc. Math. 5 (2000), p. 445-553 (electronic) [25] M. Levine, Mixed motives, Mathematical Surveys and Monographs, vol.

57, American Mathematical Society (1998) [26] C. Mazza, V. Voevodsky, C. Weibel, Lecture notes on motivic cohomology, Clay Mathematics Monographs, vol. 2, American Mathematical Society (2006) [27] A. Suslin, V. Voevodsky, Singular homology of abstract algebraic varieties, Invent. Math. 123 (1996), no. 1, p. 61-94 [28] A. Suslin, V. Voevodsky, Relative cycles and Chow sheaves, Cycles, transfers, and motivic homology theories, Annals of Mathematics Studies, vol. 143, Princeton University Press, Princeton, NJ, 2000, p. 10-86 [29] V. Voevodsky, Triangulated categories of motives over a field, Cycles, transfers, and motivic homology theories, Annals of Mathematics Studies, vol. 143, Princeton University Press, Princeton, NJ, 2000 [30] V. Voevodsky, Homology of schemes, Selecta Math. (N.S.) 2 (1996), no. 1, p. 111-153 [31] V. Voevodsky, Motives over simplicial schemes, www.math.uiuc.edu/Ktheory/0638, June 2003

Florian Ivorra Institut de Mathématiques de Jussieu Équipe Théorie des nombres 175-179 rue du Chevaleret 75013 Paris FRANCE fivorra@math.jussieu.fr

Documenta Mathematica 12 (2007) 607–671

Documenta Mathematica 12 (2007)

Documenta Math. 673

Visibility of the Shafarevich–Tate Group

at Higher Level

Dimitar P. Jetchev, William A. Stein

Received: January 12, 2007

Communicated by Stephen Lichtenbaum

Abstract. We study visibility of Shafarevich–Tate groups of modular abelian varieties in Jacobians of modular curves of higher level. We prove a theorem about the existence of visible elements at a specific higher level under certain hypothesis which can be verified explicitly. We also provide a table of examples of visible subgroups at higher level and state a conjecture inspired by our data.

2000 Mathematics Subject Classification: 11G05, 11G10, 11G18, 11Y40 Keywords and Phrases: Elliptic Curves, Abelian Varieties, Mordell- Weil Groups, Shafarevich-Tate Groups, Visibility

1 Introduction

1.1 Motivation

Mazur originally suggested that the Shafarevich–Tate group X(A/K) of an abelian variety A over a number field K could be studied via a collection of finite subgroups (the visible subgroups) corresponding to different embeddings of the variety into other abelian varieties C over K (see [Maz99] and [CM00]). The advantage of this approach is that the isomorphism classes of principal homogeneous spaces, for which one has a priori little geometric information, can be given a much more explicit description as K-rational points on the quotient abelian variety C/A (the reason why they are called visible elements).

Agashe, Cremona, Klenke and the second author built upon the ideas of Mazur and proved many results about visibility of Shafarevich–Tate groups of abelian varieties over number fields (see [Aga99b, AS02, AS05, CM00, Kle01, Ste00]). More precisely, Agashe and Stein provided sufficient conditions for the

Documenta Mathematica 12 (2007) 673–696

674 Dimitar P. Jetchev, William A. Stein

existence of visible subgroups of certain order in the Shafarevich–Tate group and applied their general theory to the case of newform subvarieties A_{f /Q} of the Jacobian J_0(N)_{/Q} of the modular curve X_0(N)_{/Q} (here, f is a newform of level N and weight 2 which is an eigenform for the Hecke operators acting on the space S_2(Γ_0(N)) of cuspforms of level N and weight 2). They gave many examples of nontrivial elements of X(A_f /Q) that are visible with respect to the embedding A_f → J_0(N), along with many examples that are not, assuming the Birch and Swinnerton-Dyer conjecture. The results of the present paper allow us in some cases to remove this dependence on the Birch and Swinnerton-Dyer conjecture.

In this paper we consider the case of modular abelian varieties over Q and make use of the algebraic and arithmetic properties of the corresponding newforms to provide sufficient conditions for the existence of visible elements of X(A_f /Q) in Jacobians of modular curves of levels multiples of the base level N. More precisely, we consider morphisms of the form A_f → J_0(N)^ϕ−→ J_0(MN), where ϕ is a suitable linear combination of degeneracy maps whose kernel is 2-torsion. For specific examples, the sufficient conditions can be verified explicitly. We also provide a table of examples where certain elements of X(A_f /Q) which are not visible in J_0(N) become visible at a suitably chosen higher level. At the end, we state a conjecture inspired by our results.

1.2 Organization of the paper

Section 2 discusses the basic definitions and notation for modular abelian varieties, modular forms, Hecke algebras, the Shimura construction and modular degrees. Section 3 is a brief introduction to visibility theory for Shafarevich– Tate groups. In Section 4 we state and prove a refinement of a theorem of Agashe-Stein (see [AS05, Thm 3.1]) which guarantees existence of visible elements. The result is stronger since it makes use of the Hecke action on the Jacobian J_0(N).

In Section 5 we introduce the notion of strong visibility which is relevant for visualizing cohomology classes in Jacobians of modular curves whose level is a multiple of the level of the original abelian variety. Theorem 5.1.3 guarantees existence of strongly visible elements of the Shafarevich–Tate group under a hypothesis on the component groups, a congruence condition between modular forms, and irreducibility of the Galois representation. In Section 5.4 we prove a variant of the same theorem (Theorem 5.4.2) with hypotheses that are easier to verify.

Section 6 discusses in detail two computational examples for which strongly visible elements of certain order exist. These examples provide evidence for the Birch and Swinnerton-Dyer conjecture. We state a general conjecture (Conjecture 7.1.1) in Section 7 according to which every element of the Shafarevich– Tate group of a modular abelian variety becomes visible at higher level. We provide evidence for the conjecture in Section 7.2 and a table of computational data in Section 7.4.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 675

Acknowledgement: The authors would like to thank David Helm, Ben Howard, Barry Mazur, Bjorn Poonen and Ken Ribet for various discussions and comments on the paper.

2 Notation

1. Abelian varieties. For a number field K, A_{/K} denotes an abelian variety over K. We denote the dual of A by A^∨_{/K} . If φ : A → B is an isogeny of degree n, we denote the complementary isogeny by φ^′; this is the isogeny ϕ^′ : B → A, such that φ ∘ φ^′ = φ^′ ∘ φ = [n], the multiplication-by-n map on A. Unless otherwise specified, Néron models of abelian varieties will be denoted by the corresponding caligraphic letters, e.g., A denotes the Néron model of A over the ring of integers of K.

2. Galois cohomology. For a fixed algebraic closure K of K, G_K will be the Galois group Gal(K/K). If v is any non-archimedean place of K, we let K_v and k_v denote the completion and the residue field of K at v, respectively. By K^{ur}_v we denote the maximal unramified extension of the completion K_v. Given a G_K -module M, we let H^1(K, M) be the Galois cohomology group H^1(G_K , M).

3. Component groups. The component group of A at v is the finite group Φ_{A,v} = A_{kv} /A^0_{kv} which also has the structure of a finite group scheme over k_v . The Tamagawa number of A at v is c_{A,v} = #Φ_{A,v}(k_v ), and the component group order of A at v is c_{A,v} = #Φ_{A,v}(k_v ).

4. Modular abelian varieties. Let h = 0 or 1. A J_h-modular abelian variety is an abelian variety A_{/K} which is a quotient of J_h(N) for some N, i.e. there exists a surjective morphism J_h(N) ↠ A defined over K. We define the level of a modular abelian variety A to be the minimal N, such that A is a quotient of J_h(N). The modularity theorem of Wiles et al. (see [BCDT01]) implies that all elliptic curves over Q are modular. Serre’s modularity theorem (see [KhW07]) implies that the modular abelian varieties over Q are precisely the abelian varieties over Q of GL_2-type (see [Rib92, §4]).

5. Shimura construction. Let f = ∞� n=1 a_nq^n ∈ S_2(Γ_0(N)) be a newform of level

N and weight 2 for Γ_0(N) which is an eigenform for all Hecke operators in the Hecke algebra T(N) generated by all Hecke operators T_n for all integers n. Shimura (see [Shi94, Thm. 7.14]) associated to f an abelian subvariety A_{f /Q} of J_0(N), simple over Q, of dimension d = [K : Q], where K = Q(. . . , a_n, . . . ) is the Hecke eigenvalue field. More precisely, if I_f = Ann_{T(N)}(f) then A_f is the connected component containing the identity of the I_f -torsion subgroup of J_0(N), i.e. A_f = J_0(N)[I_f ]^0 ⊂ J_0(N). The quotient T(N)/I_f of the Hecke algebra T(N) is a subalgebra of the endomorphism ring End_Q(A_{/Q}). Also

Documenta Mathematica 12 (2007) 673–696

676 Dimitar P. Jetchev, William A. Stein

L(A_f , s) = d� i=1 L(f_i, s), where the f_i are the G_Q-conjugates of f. We also consider the dual abelian variety A^∨_f which is a quotient variety of J_0(N). 6. I-torsion submodules. If M is a module over a commutative ring R and I is an ideal of R, let M[I] = {x ∈ M : mx = 0 all m ∈ I} be the I-torsion submodule of M.

7. Hecke algebras. Let S_2(Γ) denote the space of cusp forms of weight 2 for any congruence subgroup Γ of SL_2(Z). Let T(N) = Z[. . . , T_n, . . .] ⊆ End_Q(J_0(N)) be the Hecke algebra, where T_n is the nth Hecke operator. T(N) also acts on S_2(Γ_0(N)) and the integral homology H_1(X_0(N), Z). 8. Modular degree. If A is an abelian subvariety of J_0(N), let θ : A → J_0(N) ∼= J_0(N)^∨ → A^∨ be the induced polarization. The modular degree of A is m_A = � # Ker(A^θ−→ A^∨).

See [AS02] for why m_A is an integer and for an algorithm to compute it.

3 Visible Subgroups of Shafarevich–Tate Groups Let K be a number field and ι : A_{/K} → C_{/K} be an embedding of an abelian variety into another abelian variety over K.

Definition 3.0.1. The visible subgroup of H^1(K, A) relative to ι is Vis_C H^1(K, A) = Ker � ι_∗ : H^1(K, A) → H^1(K, C) � . The visible subgroup of X(A/K) relative to the embedding ι is Vis_C X(A/K) = X(A/K) ∩ Vis_C H^1(K, A) = Ker (X(A/K) → X(C/K))

Let Q be the abelian variety C/ι(A), which is defined over K. The Galois cohomology exact sequence associated to 0 → A → C → Q → 0 gives rise to 0 → A(K) → C(K) → Q(K) → Vis_C H^1(K, A) → 0.

Surjectivity of the last map implies that the cohomology classes of Vis_C H^1(K, A) are exactly the images of K-rational points on Q, which is why Mazur called these classes visible. The group Vis_C H^1(K, A) is finite since it is torsion and since Q(K) is finitely generated.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 677

Remark 3.0.2. If A_{/K} is an abelian variety and c ∈ H^1(K, A) is any cohomology class, there exists an abelian variety C_{/K} and an embedding ι : A → C defined over K, such that c ∈ Vis_C H^1(K, A), i.e. c is visible in C (see [AS02, Prop. 1.3]). The C of [AS02, Prop. 1.3] is the restriction of scalars of A_L = A ×_K L down to K, where L is any finite extension of K such that c has trivial image in H^1(L, A).

4 Refined Visibility

Let K be a number field, let A_{/K} and B_{/K} be abelian subvarieties of an abelian variety C_{/K} , such that C = A + B and A ∩ B is finite. Let Q_{/K} denotes the quotient C/B. Let N be a positive integer divisible by all primes of bad reduction for C.

Let ℓ be a prime such that B[ℓ] ⊂ A and e < ℓ − 1, where e is the largest ramification index of any prime of K lying over ℓ. Suppose that

ℓ ∤ N · #B(K)_{tor} · #Q(K)_{tor} · � v|N c_{A,v}c_{B,v}.

Under these conditions, Agashe and Stein (see [AS02, Thm. 3.1]) constructed a homomorphism B(K)/ℓB(K) → X(A/K)[ℓ] whose kernel has F_ℓ-dimension bounded by the rank of A(K).

We refine the above theorem by taking into account the algebraic structure coming from the endomorphism ring End_K (C). In particular, when we apply the theory to modular abelian varieties, we would like to use the additional structure coming from the Hecke algebra. There are examples (see [AS05]) where the theorem of Agashe and Stein does not apply, but nevertheless, we can use our refinement to prove existence of visible elements of X(A_f /Q) at higher level (e.g., see Propositions 6.1.3 and 6.2.1 below).

4.1 The main theorem

Let A_{/K} , B_{/K} , C_{/K} , Q_{/K} , N and ℓ be as above. Let R be a commutative subring of End_K (C) that leaves A and B stable, and let m be a maximal ideal of R of residue characteristic ℓ. By the Néron mapping property, the subgroups Φ_{A,v}(k_v ) and Φ_{B,v} (k_v ) of k_v -points of the corresponding component groups can be viewed as R-modules.

Theorem 4.1.1 (Refined Visibility Theorem). Suppose that A(K) has rank zero and that the groups Q(K)[m], B(K)[m], Φ_{A,v}(k_v )[m] and Φ_{B,v}(k_v )[ℓ] are all trivial for all nonarchimedean places v of K. Then there is an injective homomorphism of R/m-vector spaces

(B(K)/ℓB(K))[m] → Vis_C (X(A/K))[m]. (1)

Remark 4.1.2. Applying the above result for R = Z, we recover the result of Agashe and Stein in the case when A(K) has rank zero. We could relax the

Documenta Mathematica 12 (2007) 673–696

678 Dimitar P. Jetchev, William A. Stein

hypothesis that A(K) is finite and instead give a bound on the dimension of the kernel of (1) in terms of the rank of A(K) similar to the bound in [AS02, Thm. 3.1]. We will not need this stronger result in our paper.

4.2 Some commutative algebra

Before proving Theorem 4.1.1 we recall some well-known lemmas from commutative algebra. Let M be a module over a commutative ring R and let m be a finitely generated prime ideal of R.

Lemma 4.2.1. If M_m is Artinian, then M_m ≠ 0 ⇐⇒ M[m] ≠ 0.

Proof. We first prove that M_m = 0 implies M[m] = 0 by a slight modification of the proof of [AM69, Prop. I.3.8]. Suppose M_m = 0, yet there is a nonzero x ∈ M[m]. Let I = Ann_R(x). Then I ≠ (1) is an ideal that contains m, so I = m. Consider x/1 ∈ M_m. Since M_m = 0, we have x/1 = 0 and hence, x is killed by some element of the set-theoretic difference R−m. But Ann_R(x) = m, a contradiction, so M[m] = 0.

Conversely, we will show that M_m ≠ 0 implies M[m] ≠ 0. Since M_m is Artinian over R_m, by [AM69, Prop. 6.8], M_m has a composition series:

M_m = M_0 ⊃ M_1 ⊃ · · · ⊃ M_{n−1} ⊃ M_n = 0,

where each quotient M_i/M_{i+1} is a simple R_m-module. In particular, M_{n−1} is a simple R_m-module. Suppose x ∈ M_{n−1} is nonzero, and let I = Ann_{Rm} (x). Then R_m/I ∼= R_m · x ⊂ M_{n−1},

so by simplicity R_m/I ∼= M_{n−1} is simple. Thus I = m, otherwise R_m/I would have m/I as a proper submodule. Thus x ∈ M_{n−1}[m] is nonzero.

Write x = y/a with y ∈ M and a ∈ R − m. Since a ∈ R − m, the element a acts as a unit on M_m, hence ax = y/1 ∈ M_{n−1} is nonzero and also still annihilated by m (by commutativity).

To say that y/1 is annihilated by m means that for all α ∈ m there exists t ∈ R − m such that tαy = 0 in M. Since m is finitely generated, we can write m = (α_1, . . . , α_n) and for each α_i we get corresponding elements t_1, . . . , t_n and a product t = t_1 · · · t_n. Also t ∉ m since m is a prime ideal and each t_i ∉ m. Let z = ty. Then for all α ∈ m we have αz = tαy = 0. Also z ≠ 0 since t acts as a unit on M_{n−1}. Thus z ∈ M[m], and is nonzero, which completes the proof of the lemma.

Lemma 4.2.2. Suppose 0 → M_1 → N → M_2 → 0 is an exact sequence of R-modules, such that (M_1)_m, N_m and (M_2)_m are all Artinian. Then

N[m] ≠ 0 ⇐⇒ (M_1 ⊕ M_2)[m] ≠ 0.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 679

Proof. By Lemma 4.2.1 we have N[m] ≠ 0 if and only if N_m ≠ 0. By Proposition 3.3 on page 39 of [AM69], the localized sequence

0 → (M_1)_m → N_m → (M_2)_m → 0

is exact. Thus N_m ≠ 0 if and only if at least one of (M_1)_m or (M_2)_m is nonzero. Again by Lemma 4.2.1, at least one of (M_1)_m or (M_2)_m is nonzero if and only if at least one of M_1[m] or M_2[m] is nonzero. The latter is the case if and only if (M_1 ⊕ M_2)[m] ≠ 0.

Remark 4.2.3. One could also prove the lemmas by using that M[m] ∼= Hom_R(R/m, M) and the exactness properties of Hom, but many of the same details have to be checked.

Lemma 4.2.4. Let G be a finite cyclic group, M be a finite G-module that is also a module over a commutative ring R such that the action of G and R commute (i.e., M is an R[G]-module). Suppose p is a finitely-generated prime ideal of R, and H^0(G, M)[p] = 0. Then H^1(G, M)[p] = 0.

Proof. The proof is exactly the same as [Se79, Prop. VIII.4.8], but we note that all modules are modules over R and all maps are morphisms of R-modules.

4.3 Proof of Theorem 4.1.1

Proof of Theorem 4.1.1. The proof is very similar to the proof of [AS02, Thm. 3.1], except that [ℓ] is replaced by [m] and we apply the above lemmas to verify properties of various maps between m-torsion modules.

We now give the details of the proof, for the benefit of the reader who is not convinced by the above brief sketch. The construction of [AS02, Lem. 3.6] yields the following commutative diagram with exact rows and columns:

M_0 � M_1 � M_2 � 0 � B(K)/(B(K)[ℓ])^ℓ � � B(K) π � � � � �

� B(K)/ℓB(K) � φ � 0

0 � C(K)/A(K) � � Q(K) � Vis_C (H^1(K, A)) � 0

M_3.

Here, M_0, M_1 and M_2 denote the kernels of the corresponding vertical maps and M_3 denotes the cokernel of the first map. Since R preserves A, B, and B[ℓ], all objects in the diagram are R-module and the morphisms of abelian varieties are also R-module homomorphisms.

Documenta Mathematica 12 (2007) 673–696

680 Dimitar P. Jetchev, William A. Stein

The snake lemma yields an exact sequence

0 → M_0 → M_1 → M_2 → M_3.

By hypothesis, B(K)[m] = 0, so N_0 = Ker(B(K) → C(K)/A(K)) has no m torsion. Noting that B(K)[ℓ] ⊂ N_0, it follows that M_0 = N_0/(B(K)[ℓ]) has no m torsion either, by Lemma 4.2.2. Also, M_1[m] = 0 again since B(K)[m] = 0.

By the long exact sequence on Galois cohomology, the quotient C(K)/B(K) is isomorphic to a subgroup of Q(K) and by hypothesis Q(K)[m] = 0, so (C(K)/B(K))[m] = 0. Since Q is isogenous to A and A(K) is finite and C(K)/B(K) → Q(K), we see that C(K)/B(K) is finite. Thus M_3 is a quotient of the finite R-module C(K)/B(K) that has no m-torsion, so Lemma 4.2.2 implies that M_3[m] = 0. The same lemma implies that M_1/M_0 has no mtorsion, since it is a quotient of the finite module M_1 which has no m-torsion. Thus, we have an exact sequence

0 → M_1/M_0 → M_2 → M_3 → 0,

and both of M_1/M_0 and M_3 have trivial m-torsion. It follows by Lemma 4.2.2, that M_2[m] = 0. Therefore, we have an injective morphism of R/m-vector spaces φ : (B(K)/ℓB(K))[m] → Vis_C (H^1(K, A))[m].

It remains to show that for any x ∈ B(K), we have φ(x) ∈ Vis_C (X(A/K)), i.e., that φ(x) is locally trivial.

We proceed exactly as in Section 3.5 of [AS05]. In both cases char(v) ≠ ℓ and char(v) = ℓ we arrive at the conclusion that the restriction of φ(x) to H^1(K_v, A) is an element c ∈ H^1(K^{ur}_v /K_v, A(K^{ur}_v )). (Note that in the case char(v) ≠ ℓ the proof uses that ℓ ∤ #Φ_{B,v} (k_v ).) By [Mil86, Prop I.3.8], there is an isomorphism

H^1(K^{ur}_v /K_v, A(K^{ur}_v )) ∼= H^1(k_v /k_v, Φ_{A,v}(k_v)). (2)

We will use our hypothesis that

Φ_{A,v}(k_v )[m] = Φ_{B,v}(k_v )[ℓ] = 0

for all places v of bad reduction to deduce that the image of φ lies in Vis_C (X(A/K))[m]. Let d denote the image of c in H^1(k_v /k_v, Φ_{A,v}(k_v)). The construction of d is compatible with the action of R on Galois cohomology, since (as is explained in the proof of [Mil86, Prop. I.3.8]) the isomorphism (2) is induced from the exact sequence of Gal(K^{ur}_v /K_v)-modules

0 → A^0(K^{ur}_v ) → A(K^{ur}_v ) → Φ_{A,v}(k_v) → 0,

where A is the Néron model of A and A^0 is the subgroup scheme whose generic fiber is A and whose closed fiber is the identity component of A_{kv} . Since φ(x) ∈ H^1(K, A)[m], it follows that

d ∈ H^1(k_v /k_v, Φ_{A,v}(k_v ))[m].

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 681

Lemma 4.2.4, our hypothesis that Φ_{A,v}(k_v )[m] = 0, and that H^1(k_v/k_v, Φ_{A,v}(k_v )) = lim−→ H^1(Gal(k^′_v /k_v), Φ_{A,v}(k^′_v ))), together imply that H^1(k_v/k_v, Φ_{A,v}(k_v ))[m] = 0, hence d = 0. Thus c = 0, so φ(x) is locally trivial, which completes the proof.

5 Strong Visibility at Higher Level 5.1 Strongly visible subgroups Let A_{/Q} be an abelian subvariety of J_0(N)_{/Q} and let p ∤ N be a prime. Let φ = δ^∗_1 + δ^∗_p : J_0(N) → J_0(pN), (3) where δ^∗_1 and δ^∗_p are the pullback maps on equivalence classes of degree-zero divisors of the degeneracy maps δ_1, δ_p : X_0(pN) → X_0(N). Let H^1(Q, A)^{odd} be the prime-to-2-part of the group H^1(Q, A).

Definition 5.1.1 (Strong Visibility). The strongly visible subgroup of H^1(Q, A) for J_0(pN) is

Vis_{pN} H^1(Q, A) = Ker � H^1(Q, A)^{odd φ∗}−−→ H^1(Q, J_0(pN)) � ⊂ H^1(Q, A).

Also, Vis_{pN} X(A/Q) = X(A/Q) ∩ Vis_{pN} H^1(Q, A).

The reason we replace H^1(Q, A) by H^1(Q, A)^{odd} is that the kernel of φ is 2- torsion (see [Rib90b]).

Remark 5.1.2. We could obtain more visible subgroups by considering the map δ^∗_1 − δ^∗_p in Definition 5.1.1. However, the methods of this paper do not apply to this map.

For a positive integer N, let

ν(N) = 1 6 · � q^r ‖N

(q^r + q^{r−1}) 1 6 · [SL_2(Z) : Γ_0(N)].,

where each q^r exactly divides N.

We refer to ν(N) as the Sturm bound (see [Stu87]).

Theorem 5.1.3. Let A = A_f be a newform abelian subvariety of J_0(N) for which L(A_{/Q}, 1) ≠ 0 and let p ∤ N be a prime. Suppose that there is a maximal ideal λ ⊂ T(N) and an elliptic curve E_{/Q} of conductor pN such that the following properties are satisfied:

1. [Nondivisibility] The residue characteristic ℓ of λ satisfies ℓ ∤ 2 · N · p · � q|N c_{E,q} .

Documenta Mathematica 12 (2007) 673–696

682 Dimitar P. Jetchev, William A. Stein

2. [Component Groups] For each prime q | N, Φ_{A,q} (F_q)[λ] = 0.

3. [Fourier Coefficients] Let a_n(E) be the n-th Fourier coefficient of the modular form attached to E, and a_n(f) the n-th Fourier coefficient of f. We have a_p(E) = −1,

a_p(f) ≡ −(p + 1) (mod λ) and a_q (f) ≡ a_q(E) (mod λ), for all primes q ≠ p with q ≤ ν(pN).

4. [Irreducibility] The mod ℓ representation ρ_{E,ℓ} is irreducible. Then there is an injective homomorphism E(Q)/ℓE(Q) → Vis_{pN} (X(A_f /Q))[λ].

Remark 5.1.4. In fact, we have

E(Q)/ℓE(Q) → Ker(X(A_f /Q) → X(C/Q))[λ] ⊂ Vis_{pN} (X(A_f /Q))[λ], where C ⊂ J_0(pN) is isogenous to A_f × E. 5.2 Some auxiliary lemmas We will use the following lemmas in the proof of Theorem 5.1.3. The notation is as in the previous section. In addition, if f ∈ S_2(Γ_0(N)), we denote by a_n(f) the n-th Fourier coefficient of f and by K_f and O_f the Hecke eigenvalue field and its ring of integers, respectively.

Lemma 5.2.1. Suppose A_f ⊂ J_0(N) and A_g ⊂ J_0(pN) are attached to newforms f and g of level N and pN, respectively, with p ∤ N. Suppose that there is a prime ideal λ of residue characteristic ℓ ∤ 2pN of an integrally closed subgroup O of Q that contains the ring of integers of the composite field K = K_f K_g such that for q ≤ ν(pN),

a_q(f) ≡ � a_q (g) (mod λ) if q ≠ p, (p + 1)a_p(g) (mod λ) if q = p.

Assume that a_p(g) = −1. Let λ_f = O_f ∩ λ and λ_g = O_g ∩ λ and assume that A_f [λ_f ] is an irreducible G_Q-module. Then we have an equality φ(A_f [λ_f ]) = A_g [λ_g ] of subgroups of J_0(pN), where φ is the morphism of equation (3) from Section 5.1.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 683

Proof. Our hypothesis that a_p(f) ≡ −(p + 1) (mod λ_f ) implies, by the proofs in [Rib90b], that φ(A_f [λ_f ]) ⊂ φ(A_f ) ∩ J_0(pN)_{p-new},

where J_0(pN)_{p-new} is the p-new abelian subvariety of J_0(N).

By [Rib90b, Lem. 1], the operator U_p = T_p on J_0(pN) acts as −1 on φ(A_f [λ_f ]). Consider the action of U_p on the 2-dimensional vector space spanned by {f(q), f(q^p)}. The matrix of U_p with respect to this basis is

U_p = � a_p(f) p −1 0 � . In particular, neither of f(q) and f(q^p) is an eigenvector for U_p. The characteristic polynomial of U_p acting on the span of f(q) and f(q^p) is x^2 − a_p(f)x + p. Using our hypothesis on a_p(f) again, we have

x^2 − a_p(f)x + p ≡ x^2 + (p + 1)x + p ≡ (x + 1)(x + p) (mod λ).

Thus we can choose an algebraic integer α such that

f_1(q) = f(q) + αf(q^p)

is an eigenvector of U_p with eigenvalue congruent to −1 modulo λ. (It does not matter whether x^2 + a_p(f)x + p has distinct roots; nonetheless, since p ∤ N, [CV92, Thm. 2.1] implies that it does have distinct roots.) The cusp form f_1 has the same prime-indexed Fourier coefficients as f at primes other than p. If necessary, replace O by O[α] so that α ∈ O. The p-th coefficient of f_1 is congruent modulo λ to −1 and f_1 is an eigenvector for the full Hecke algebra. It follows from the recurrence relation for coefficients of the eigenforms that

a_n(g) ≡ a_n(f_1) (mod λ)

for all integers n ≤ ν(pN).

By [Stu87], we have g ≡ f_1 (mod λ), so a_q (g) ≡ a_q(f) (mod λ) for all primes q ≠ p. Thus by the Brauer-Nesbitt theorem [CR62, page. 215], the 2-dimensional G_Q-representations φ(A_f [λ_f ]) and A_g [λ_g ] are isomorphic.

Because A_g [λ_g ] is irreducible as a Galois module, the annihilator m of A_g [λ_g ] in the Hecke algebra T(pN) is a maximal ideal. Thus m gives rise to an irreducible Galois representation ρ_m : G_Q → GL_2(T(pN)/m) isomorphic to A_g [λ_g ]. Finally, we apply [Wil95, Thm. 2.1(i)] for H = (Z/NZ)^× (i.e., J_H = J_0(N)) to conclude that J_0(N)(Q)[m] ∼= (T(pN)/m)^2, i.e., the representation ρ_m occurs with multiplicity one in J_0(pN). Thus

A_g [λ_g ] = φ(A_f [λ_f ]).

Documenta Mathematica 12 (2007) 673–696

684 Dimitar P. Jetchev, William A. Stein

Lemma 5.2.2. Suppose φ : A → B and ψ : B → C are homomorphisms of abelian varieties over a number field K, with φ an isogeny and ψ injective. Suppose n is an integer that is relatively prime to the degree of φ. If G = Vis_C (X(B/Q))[n^∞], then there is some injective homomorphism

f : G → Ker {(ψ ∘ φ)_∗ : X(A/Q) −→ X(C/Q)} ,

such that φ_∗(f(G)) = G.

Proof. Let m be the degree of the isogeny φ : A → B. Consider the complementary isogeny φ^′ : B → A, which satisfies φ ∘ φ^′ = φ^′ ∘ φ = [m]. By hypothesis m is coprime to n, so gcd(m, #G) = gcd(m, n^∞) = 1, hence

φ_∗(φ^′_∗(G)) = [m]G = G.

Thus φ^′_∗(G) maps, via φ_∗, to G ⊂ X(B/Q), which in turn maps to 0 in X(C/Q).

Lemma 5.2.3. Let M be an odd integer coprime to N and let R be the subring of T(N) generated by all Hecke operators T_n with gcd(n, M) = 1. Then R = T(N).

Proof. See the lemma on page 491 of [Wil95]. (The condition that M is odd is necessary, as there is a counterexample when N = 23 and M = 2.)

Lemma 5.2.4. Suppose λ is a maximal ideal of T(N) with generators a prime ℓ ∈ Z and T_n − a_n, with a_n ∈ Z. For each integer p ∤ N, and let λ_p be the ideal in T(N) generated by ℓ and all T_n − a_n with with p ∤ n. Then λ = λ_p.

Proof. Since λ_p ⊂ λ and λ is maximal, it suffices to prove that λ_p is maximal. Let R be the subring of T(N) generated by Hecke operators T_n with p ∤ n. The quotient R/λ_p is a quotient of Z since each generator T_n is equivalent to an integer. Also, ℓ ∈ λ_p, so R/λ_p = F_ℓ. But by Lemma 5.2.3, R = T(N), so T(N)/λ_p = F_ℓ, hence λ_p is a maximal ideal.

Lemma 5.2.5. Suppose that A is an abelian variety over a field K. Let R be a commutative subring of End(A) and I an ideal of R. Then

(A/A[I])[I] ∼= A[I^2]/A[I],

where the isomorphism is an isomorphism of R[G_K ]-modules.

Proof. Let a + A[I] for some a ∈ A be an I-torsion element of A/A[I]. Then by definition, xa ∈ A[I] for each x ∈ I. Therefore, a ∈ A[I^2]. Thus a + A[I] → a + A[I] determines a well-defined homomorphism of R[G_K ]-modules

φ : (A/A[I])[I] → A[I^2]/A[I].

Clearly this homomorphism is injective. It is also surjective as every element a + A[I] ∈ A[I^2]/A[I] is I-torsion as an element of A/A[I], as Ia ∈ A[I]. Therefore, φ is an isomorphism of R[G_K ]-modules.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 685

Lemma 5.2.6. Suppose ℓ is a prime and ϕ : E → E^′ is an isogeny of degree coprime to ℓ over a number field K between two elliptic curve over K. If v is any place of K then ℓ | c_{E,v} if and only if ℓ | c_E′_{,v}.

Proof. Consider the complementary isogeny ϕ^′ : E^′ → E. Both ϕ and ϕ^′ induce homomorphisms ϕ : Φ_{E,v}(k_v ) → Φ_E′_{,v}(k_v ) and ϕ^′ : Φ_E′_{,v}(k_v ) → Φ_{E,v} (k_v) and ϕ ∘ ϕ^′ and ϕ^′ ∘ ϕ are multiplication-by-n maps. Since (n, ℓ) = 1 then # ker ϕ and # ker ϕ^′ must be coprime to ℓ which implies the statement.

5.3 Proof of Theorem 5.1.3

Proof of Theorem 5.1.3. By [BCDT01] E is modular, so there is a rational newform f ∈ S^{new}_2 (pN) which is an eigenform for the Hecke operators and an isogeny E → E_f defined over Q, which by Hypothesis 4 can be chosen to have degree coprime to ℓ. Indeed, every cyclic rational isogeny is a composition of rational isogenies of prime degree, and E admits no rational ℓ-isogeny since ρ_{E,ℓ} is irreducible.

By Hypothesis 1 the Tamagawa numbers of E are coprime to ℓ. Since E and E_f are related by an isogeny of degree coprime to ℓ, the Tamagawa numbers of E_f are also not divisible by ℓ by Lemma 5.2.6. Moreover, note that

E(Q) ⊗ F_ℓ ∼= E_f (Q) ⊗ F_ℓ.

Let m be the ideal of T(pN) generated by ℓ and T_n − a_n(E) for all integers n coprime to p. Note that m is maximal by Lemma 5.2.4.

Let φ be as in (3), and let A = φ(A_f ). Note that if T_n ∈ T(pN) then T_n(E_f ) ⊂ E_f since E_f is attached to a newform, and if, moreover p ∤ n, then T_n(A) ⊂ A since the Hecke operators with index coprime to p commute with the degeneracy maps. Lemma 5.2.1 implies that

E_f [ℓ] = E_f [m] = φ(A_f [λ]) ⊂ A,

so Ψ = E_f [ℓ] is a subgroup of A as a G_Q-module. Let

C = (A × E_f )/Ψ,

where we embed Ψ in A × E_f anti-diagonally, i.e., by the map x → (x, −x). The antidiagonal map Ψ → A × E_f commutes with the Hecke operators T_n for p ∤ n, so (A × E_f )/Ψ is preserved by the T_n with p ∤ n. Let R be the subring of End(C) generated by the action of all Hecke operators T_n, with p ∤ n. Also note that T_p ∈ End(J_0(pN)) acts by Hypothesis 3 as −1 on E_f , but T_p need not preserve A.

Suppose for the moment that we have verified that the hypothesis of Theorem 4.1.1 are satisfied with A, B = E_f , C, Q = C/B, R as above and K = Q. Then we obtain an injective homomorphism

E(Q)/ℓE(Q) ∼= E_f (Q)/ℓE_f (Q) → Ker(X(A/Q) → X(C/Q))[m].

Documenta Mathematica 12 (2007) 673–696

686 Dimitar P. Jetchev, William A. Stein

We then apply Lemma 5.2.2 with n = ℓ, A_f , A, and C, respectively, to see that E_f (Q)/ℓE_f (Q) ⊂ Ker(X(A_f /Q) → X(C/Q))[λ].

That E_f (Q)/ℓE_f (Q) lands in the λ-torsion is because the subgroup of Vis_C (X(E_f /Q)) that we constructed is m-torsion.

Finally, consider A × E_f → J_0(pN) given by (x, y) → x + y. Note that Ψ maps to 0, since (x, −x) → 0 and the elements of Ψ are of the form (x, −x). We have a (not-exact!) sequence of maps

X(A_f /Q) → X(C/Q) → X(J_0(pN)/Q),

hence inclusions

E_f (Q)/ℓE_f (Q) ⊆ Ker(X(A_f /Q) → X(C/Q)) ⊆ Ker(X(A_f /Q) → X(J_0(pN)/Q)),

which gives the conclusion of the theorem.

It remains to verify the hypotheses of Theorem 4.1.1. That C = A + B is clear from the definition of C. Also, A ∩ E_f = E_f [ℓ], which is finite. We explained above when defining R that each of A and E_f is preserved by R. Since K = Q and ℓ is odd the condition 1 = e < ℓ − 1 is satisfied. That A(Q) is finite follows from our hypothesis that L(A_f , 1) ≠ 0 (by [KL89]).

It remains is to verify that the groups

Q(Q)[m], E_f (Q)[m], Φ_{A,q}(F_q )[m], and Φ_{Ef ,q}(F_q )[ℓ],

are 0 for all primes q | pN. Since ℓ ∈ m, we have by Hypothesis 4 that

E_f (Q)[m] = E_f (Q)[ℓ] = 0.

We will now verify that Q(Q)[m] = 0. From the definition of C and Ψ we have Q ∼= A/Ψ. Let λ_p be as in Lemma 5.2.4 with a_n = a_n(E). The map φ induces an isogeny of 2-power degree

A_f /(A_f [λ]) → A/Ψ.

Thus there is λ_p-torsion in (A_f /(A_f [λ]))(Q) if and only if there is m-torsion in (A/Ψ)(Q). (Note that λ_p and m are both ideals generated by ℓ and T_n − a_n for all n coprime to p, but for λ_p the T_n ∈ T(N), and for m they are in T(pN).) Thus it suffices to prove that (A_f /A_f [λ])(Q)[λ_p] = 0.

By Lemma 5.2.4, we have λ_p = λ, and by Lemma 5.2.5,

(A_f /A_f [λ])[λ] ∼= A_f [λ^2]/A_f [λ].

By [Maz77, §II.14], the quotient A_f [λ^2]/A_f [λ] injects into a direct sum of copies of A_f [λ] as Galois modules. But A_f [λ] ∼= E[ℓ] is irreducible, so (A_f [λ^2]/A_f [λ])(Q) = 0, as required.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 687

By Hypothesis 2, we have Φ_{Af ,q} (F_q)[λ] = 0 for each prime divisor q | N. Since A is 2-power isogenous to A_f and ℓ is odd, this verifies the Tamagawa number hypothesis for A. Our hypothesis that a_p(E) = −1 implies that Frob_p on Φ_{Ef ,p}(F_p) acts as −1. Thus Φ_{Ef ,p}(F_p)[ℓ] = 0 since ℓ is odd. This completes the proof.

Remark 5.3.1. An essential ingrediant in the proof of the above theorem is the multiplicity one result used in the paper of Wiles (see [Wil95, Thm. 2.1.]). Since this result holds for Jacobians J_H of the curves X_H (N) that are intermediate covers for the covering X_1(N) → X_0(N) corresponding to subgroups H ⊆ (Z/NZ)^× (i.e., the Galois group of X_1(N) → X_H is H), one should be able to give a generalization of Theorem 5.1.3 which holds for newform subvarieties of J_H . This would likely require generalizing some of [Rib90b] to the case of arbitrary H.

5.4 A Variant of Theorem 5.1.3 with Simpler Hypothesis

Proposition 5.4.1. Suppose A = A_f ⊂ J_0(N) is a newform abelian variety and q is a prime that exactly divides N. Suppose m ⊂ T(N) is a non-Eisenstein maximal ideal of residue characteristic ℓ and that ℓ ∤ m_A, where m_A is the modular degree of A. Then Φ_{A,q}(F_q )[m] = 0.

Proof. The component group of Φ_{J0(N),q} (F_q) is Eisenstein by [Rib87], so

Φ_{J0(N),q}(F_q )[m] = 0.

By Lemma 4.2.2, the image of Φ_{J0(N),q}(F_q ) in Φ_A∨_{,q} (F_q) has no m torsion. By the main theorem of [CS01], the cokernel Φ_{J0(N),q} (F_q) in Φ_A∨_{,q} (F_q) has order that divides m_A. Since ℓ ∤ m_A, it follows that the cokernel also has no m torsion. Thus Lemma 4.2.2 implies that Φ_A∨_{,q} (F_q)[m] = 0. Finally, the modular polarization A → A^∨ has degree coprime to ℓ, so the induced map Φ_{A,q}(F_q ) → Φ_A∨_{,q} (F_q) is an isomorphism on ℓ primary parts. In particular, that Φ_A∨_{,q} (F_q)[m] = 0 implies that Φ_{A,q}(F_q )[m] = 0.

If E is a semistable elliptic curve over Q with discriminant Δ, then we see using Tate curves that c_p = ord_p(Δ).

Theorem 5.4.2. Suppose A = A_f ⊂ J_0(N) is a newform abelian variety with L(A_{/Q}, 1) ≠ 0 and N square free, and let ℓ be a prime. Suppose that p ∤ N is a prime, and that there is an elliptic curve E of conductor pN such that:

1. [Rank] The rank of E(Q) is positive.

2. [Divisibility] We have ℓ | c_{E,p} but ℓ ∤ 2 · N · p · c_{E,p} · � q|N c_{E,q} .

3. [Irreducibility] The mod ℓ representation ρ_{E,ℓ} is irreducible.

Documenta Mathematica 12 (2007) 673–696

688 Dimitar P. Jetchev, William A. Stein

4. [Noncongruence] The representation ρ_{E,ℓ} is not isomorphic to any representation ρ_{g,λ} where g ∈ S_2(Γ_0(N)) is a newform of level dividing N that is not conjugate to f.

Then there is an element of order ℓ in X(A_f /Q) that is not visible in J_0(N) but is strongly visible in J_0(pN). More precisely, there is an inclusion

E(Q)/ℓE(Q) → Ker(X(A_f /Q) → X(C/Q))[λ] ⊂ Vis_{pN} (X(A_f /Q))[λ],

where C ⊂ J_0(pN) is isogenous to A_f × E, the homomorphism A_f → C has degree a power of 2, and λ is the maximal ideal of T(N) corresponding to ρ_{E,ℓ}.

Proof. The divisibility assumptions of Hypothesis 2 on the c_{E,q} imply that the Serre level of ρ_{E,ℓ} is N and since ℓ ∤ N, the Serre weight is 2 (see [RS01, Thm. 2.10]). We have c_{E,p} ≠ c_{E,p} since one is divisible by ℓ and the other is not, so E has nonsplit multiplicative reduction, hence a_p(E) = −1. Since ℓ is odd, Ribet’s level lowering theorem [Rib91] implies that there is some newform h = � b_nq^n ∈ S_2(Γ_0(N)) and a maximal ideal λ over ℓ such that a_q (E) ≡ b_q (mod λ) for all primes q ≠ p. By our non-congruence hypothesis, the only possibility is that h is a G_Q-conjugate of f. Since we can replace f by any Galois conjugate of f without changing A_f , we may assume that f = h. Also a_p(f) ≡ −(p + 1) (mod λ), as explained in [Rib83, pg. 506].

Hypothesis 3 implies that λ is not Eisenstein, and by assumption ℓ ∤ m_A, so Proposition 5.4.1 implies that Φ_{A,q}(F_q )[λ] = 0 for each q | N.

The theorem now follows from Theorem 5.1.3.

Remark 5.4.3. The non-congruence hypothesis of Theorem 5.4.2 can be verified using modular symbols as follows. Let W ⊂ H_1(X_0(N), Z)_{new} be the saturated submodule of H_1(X_0(N), Z) that corresponds to all newforms in S_2(Γ_0(N)) that are not Galois conjugate to f. Let W = W ⊗ F_ℓ. We require that the intersection of the kernels of T_q |_W − a_q(E), for q ≠ p, has dimension 0.

6 Computational Examples

In this section we give examples that illustrate how to use Theorem 5.4.2 to prove existence of elements of the Shafarevich–Tate group of a newform subvariety of J_0(N) (for 767 and 959) which are invisible at the base level, but become visible in a modular Jacobian of higher level.

Hypothesis 6.0.4. The statements in this section all make the hypothesis that certain commands of various computer algebra systems such as Magma [BCP97] produced correct output.

The main point of the examples below is to clearly illustrate how the theoretical quantities elsewhere in this paper behave in practice.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 689

6.1 Level 767

Consider the modular Jacobian J_0(767). Using the modular symbols package in Magma, one decomposes J_0(767) (up to isogeny) into a product of six optimal quotients of dimensions 2, 3, 4, 10, 17 and 23. The duals of these quotients are subvarieties A_2, A_3, A_4, A_{10}, A_{17} and A_{23} defined over Q, where A_d has dimension d. Consider the subvariety A_{23}.

We first show that the Birch and Swinnerton-Dyer conjectural formula predicts that the orders of the groups X(A_{23}/Q) and X(A^∨_{23}/Q) are both divisible by 9.

Proposition 6.1.1. Assume [AS05, Conj. 2.2]. Then

3^2 | #X(A_{23}/Q) and 3^2 | #X(A^∨_{23}/Q).

Proof. Let A = A^∨_{23}. We use [AS05, §3.5 and §3.6] (see also [Ka81]) to compute a multiple of the order of the torsion subgroup A(Q)_{tor}. This multiple is obtained by injecting the torsion subgroup into the group of F_p-rational points on the reduction of A for odd primes p of good reduction and then computing the order of that group. Hence, the multiple is an isogeny invariant, so one gets the same multiple for A^∨(Q)_{tor}. For producing a divisor of #A(Q)_{tor}, we use the injection of the subgroup of rational cuspidal divisor classes of degree 0 into A(Q)_{tor}. Using the implementation in Magma we obtain 120 | #A(Q)_{tor} | 240. To compute a divisor of A^∨(Q)_{tor}, we use the algorithm described in [AS05, §3.3] to find that the modular degree m_A = 2^{34}, which is not divisible by any odd primes, hence 15 | #A^∨(Q)_{tor} | 240.

Next, we use [AS05, §4] to compute the ratio of the special value of the L-function of A_{/Q} at 1 over the real Néron period Ω_A. We obtain L(A_{/Q}, 1)

Ω_A

= c_A ·

2^9 · 3 5 , where c_A ∈ Z is the Manin constant. Since c_A | 2^{dim(A)}

by [ARS06] then L(A_{/Q}, 1)

Ω_A = 2^{n+2} · 3 5 , for some 0 ≤ n ≤ 23. In particular, the modular abelian variety A_{/Q} has rank zero over Q.

Next, using the algorithms from [CS01, KS00] we compute the Tamagawa number c_{A,13} = 1920 = 2^3 · 3 · 5. We also find that c_{A,59} is a power of 2 because W_{23} acts as 1 on A, and on the component group Frob = −W_{23}, so the fixed subgroup Φ_{A,59}(F_{59}) of Frobenius is a 2-group (for more details, see [Rib90a, Prop.3.7–8]).

Finally, the Birch and Swinnerton-Dyer conjectural formula for abelian varieties of rank zero (see [AS05, Conj. 2.2]) asserts that

L(A_{/Q}, 1) Ω_A = #X(A/Q) · c_{A,13} · c_{A,59} #A(Q)_{tor} · #A^∨(Q)_{tor} . Documenta Mathematica 12 (2007) 673–696

690 Dimitar P. Jetchev, William A. Stein

By substituting what we computed above, we obtain 3^2 | #X(A/Q). Since L(A_{/Q}, 1) ≠ 0, [KL89] implies that X(A/Q) is finite. By the nondegeneracy of the Cassels-Tate pairing, #X(A/Q) = #X(A^∨/Q). Thus, if the BSD conjectural formula is true then 3^2 | #X(A/Q) = #X(A^∨/Q).

We next observe that there are no visible elements of odd order for the embedding A_{23/Q} → J_0(767)_{/Q}.

Lemma 6.1.2. Any element of X(A_{23}/Q) which is visible in J_0(767) has order a power of 2.

Proof. Since m_{A23} = 2^{34}, [AS05, Prop. 3.15] implies that any element of X(A_{23}/Q) that is visible in J_0(767) has order a power of 2.

Finally, we use Theorem 5.4.2 to prove the existence of non-trivial elements of order 3 in X(A_{23}/Q) which are invisible at level 767, but become visible at higher level. In particular, we prove unconditionally that 3 | #X(A_{23}/Q) which provides evidence for the Birch and Swinnerton-Dyer conjectural formula.

Proposition 6.1.3. There is an element of order 3 in X(A_{23}Q) which is not visible in J_0(767) but is strongly visible in J_0(2 · 767).

Proof. Let A = A_{23}, and note that A has rank 0, since L(A_{/Q}, 1) ≠ 0. Using [Cre] or [Sage] we find that the elliptic curve

E : y^2 + xy = x^3 − x^2 + 5x + 37

has conductor 2 · 767 and E(Q) = Z ⊕ Z. Also

c_2 = 2, c_{13} = 2, c_{59} = 1, c_2 = 6, c_{13} = 2, c_{59} = 1.

We apply Theorem 5.4.2 with ℓ = 3 and p = 2. Since E does not admit any rational 3-isogeny (by [Cre]), Hypothesis 3 is satisfied. The level is square free and the modular degree of A is a power of 2, so Hypothesis 2 is satisfied.

We have a_3(E) = −3. Using Magma we find

det(T_3|_W − (−3)) ≡ 1 (mod 3),

where W is as in Remark 5.4.3. This verifies the noncongruence hypothesis and completes the proof.

6.2 Level 959

We do similar computations for a 24-dimensional abelian subvariety of J_0(959). We have 959 = 7 · 137, which is square free. There are five newform abelian subvarieties of the Jacobian, A_2, A_7, A_{10}, A_{24} and A_{26}, whose dimensions are the corresponding subscripts. Let A_f = A_{24} be the 24-dimensional newform abelian subvariety.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 691

Proposition 6.2.1. There is an element of order 3 in X(A_f /Q) which is not visible in J_0(959) but is strongly visible in J_0(2 · 959).

Proof. Using Magma we find that m_A = 2^{32} · 583673, which is coprime to 3. Thus we apply Theorem 5.4.2 with ℓ = 3 and p = 2. Consulting [Cre] we find the curve E=1918C1, with Weierstrass equation

y^2 + xy + y = x^3 − 22x − 24,

with E(Q) ∼= Z ⊕ Z ⊕ (Z/2Z), and

c_2 = 2, c_7 = 2, c_{137} = 1, c_2 = 6, c_7 = 2, c_{137} = 1.

Using [Cre] we find that E has no rational 3-isogeny. The modular form attached to E is g = q − q^2 − 2q^3 + q^4 − 2q^5 + · · · , and we have

det(T_2|_W − (−2)) = 2177734400 ≡ 2 (mod 3),

where W is as in Remark 5.4.3.

7 Conjecture, evidence and more computational data

We state a conjecture, provide some evidence and finally, provide a table that we computed using similar techniques to those in Section 6

7.1 The conjecture The two examples computed in Section 6 show that for an abelian subvariety A of J_0(N) an invisible element of X(A/Q) at the base level N might become visible at a multiple level NM. We state a general conjecture according to which any element of X(A/Q) should have such a property. Conjecture 7.1.1. Let h = 0 or 1. Suppose A is a J_h-modular abelian variety and c ∈ X(A/Q). Then there is a J_h-modular abelian variety C and an inclusion ι : A → C such that ι_∗c = 0.

Remark 7.1.2. For any prime ℓ, the Jacobian J_h(N) comes equipped with two morphisms α^∗, β^∗ : J_h(N) → J_h(Nℓ) induced by the two degeneracy maps α, β : X_h(ℓN) → X_h(N) between the modular curves of levels ℓN and N, and it is natural to consider visibility of X(A/Q) in J_h(Nℓ) via morphisms ι constructed from these degeneracy maps.

Remark 7.1.3. It would be interesting to understand the set of all levels N of J_h-modular abelian varieties C that satisfy the conclusion of the conjecture.

Documenta Mathematica 12 (2007) 673–696

692 Dimitar P. Jetchev, William A. Stein

7.2 Theoretical Evidence for the Conjecture

The first piece of theoretical evidence for Conjecture 7.1.1 is Remark 3.0.2, according to which any cohomology class c ∈ H^1(K, A) is visible in some abelian variety C_{/K} .

The next proposition gives evidence for elements of X(E/Q) for an elliptic curve E and elements of order 2 or 3.

Proposition 7.2.1. Suppose E is an elliptic curve over Q. Then Conjecture 7.1.1 for h = 0 is true for all elements of order 2 and 3 in X(E/Q).

Proof. We first show that there is an abelian variety C of dimension 2 and an injective homomorphism i : E → C such that c ∈ Vis_C (X(E/Q)). If c has order 2, this follows from [AS02, Prop. 2.4] or [Kle01], and if c has order 3, this follows from [Maz99, Cor. pg. 224]. The quotient C/E is an elliptic curve, so C is isogenous to a product of two elliptic curves. Thus by [BCDT01], C is a quotient of J_0(N), for some N.

We also prove that Conjecture 7.1.1 is true with h = 1 for all elements of X(A/Q) which split over abelian extensions.

Proposition 7.2.2. Suppose A_{/Q} is a J_1-modular abelian variety over Q and c ∈ X(A/Q) splits over an abelian extension of Q. Then Conjecture 7.1.1 is true for c with h = 1.

Proof. Suppose K is an abelian extension such that res_K (c) = 0 and let C = Res_{K/Q}(A_K ). Then c is visible in C (see Section 3.0.2). It remains to verify that C is modular. As discussed in [Mil72, pg. 178], for any abelian variety B over K, we have an isomorphism of Tate modules

Tate_ℓ(Res_{K/Q}(B_K )) ∼= Ind^{GQ}_{GK} Tate_ℓ(B_K ),

and by Faltings’s isogeny theorem [Fal86], the Tate module determines an abelian variety up to isogeny. Thus if B = A_f is an abelian variety attached to a newform, then Res_{K/Q}(B_K ) is isogenous to a product of abelian varieties A_f χ , where χ runs through Dirichlet characters attached to the abelian extension K/Q. Since A is isogenous to a product of abelian varieties of the form A_f (for various f), it follows that the restriction of scalars C is modular.

Remark 7.2.3. Suppose that E is an elliptic curve and c ∈ X(E/Q). Is there an abelian extension K/Q such that res_K (c) = 0? The answer is “yes” if and only if there is a K-rational point (with K-abelian) on the locally trivial principal homogeneous space corresponding to c (this homogeneous space is a genus one curve). Recently, M. Ciperiani and A. Wiles proved that any genus one curve over Q which has local points everywhere and whose Jacobian is a semistable elliptic curve admits a point over a solvable extension of Q (see [CW06]). Unfortunately, this paper does not answer our question about the existence of abelian points.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 693

Remark 7.2.4. As explained in [Ste04], if K/Q is an abelian extension of prime degree then there is an exact sequence

0 → A → Res_{K/Q}(E_K )^{Tr}−→ E → 0,

where A is an abelian variety with L(A_{/Q}, s) = � L(f_i, s) (here, the f_i’s are the G_Q-conjugates of the twist of the newform f_E attached to E by the Dirichlet character associated to K/Q). Thus one could investigate the question in the previous remark by investigating whether or not L(f_E, χ, 1) = 0 which one could do using modular symbols (see [CFK06]). The authors expect that Lfunctions of twists of degree larger than three are very unlikely to vanish at s = 1 (see [CFK06]), which suggests that in general, the question might have a negative answer for cohomology classes of order larger than 3.

7.3 Visibility of Kolyvagin cohomology classes

It would also be interesting to study visibility at higher level of Kolyvagin cohomology classes. The following is a first “test question” in this direction.

Question 7.3.1. Suppose E ⊂ J_0(N) is an elliptic curve with conductor N, and fix a prime ℓ such that ρ_{E,ℓ} is surjective. Fix a quadratic imaginary field K that satisfies the Heegner hypothesis for E. For any prime p satisfying the conditions of [Rub89, Prop. 5], let c_p ∈ H^1(Q, E)[ℓ] be the corresponding Kolyvagin cohomology class. There are two natural homomorphisms δ^∗_1 , δ^∗_p : E → J_0(Np). When is

(δ^∗_1 ± δ^∗_ℓ )_∗(c_ℓ) = 0 ∈ H^1(Q, J_0(Np))?

When is res_v ((δ^∗_1 ± δ^∗_ℓ )_∗(c_ℓ)) = 0 ∈ H^1(Q_v, J_0(Np))?

7.4 Table of Strong Visibility at Higher Level

The following is a table that gives the known examples of A_{f /Q} with square free conductor N ≤ 1339, such that the Birch and Swinnerton-Dyer conjectural formula predicts an odd prime divisor ℓ of X(A_f /Q), but ℓ does not divide the modular degree of A_f . These were taken from [AS05]. If there is an entry in the fourth column, this means we have verified the hypothesis of Theorem 5.4.2, hence there really is a nonzero element in X(A_f /Q) that is not visible in J_0(N), but is strongly visible in J_0(pN). The notation in the fourth column is (p, E, q), where p is the prime used in Theorem 5.4.2, E is an elliptic curve, denoted using a Cremona label, and q ≠ p is a prime such that � q^′ ≤q

Ker(T^′_q|_W − a_q′ (E)) = 0.

Documenta Mathematica 12 (2007) 673–696

694 Dimitar P. Jetchev, William A. Stein

A_f dim ℓ | X(A_f )_? moddeg (p, E, q)’s 551H 18 3 2^? · 13^2 (2, 1102A1, -) 767E 23 3 2^{34} (2, 1534B1, 3) 959D 24 3 2^{32} · 583673 (2, 1918C1, 5), (7, 5369A1,2) 1337E 33 3 2^{59} · 71 (2, 2674A1, 5) 1339G 30 3 2^{48} · 5776049 (2, 2678B1, 3), (11, 14729A1,2)

References

[Aga99b] A. Agashe, On invisible elements of the Tate-Shafarevich group, C.

R. Acad. Sci. Paris Sér. I Math. 328 (1999), no. 5, 369–374.

[AS02] A. Agashe and W. A. Stein, Visibility of Shafarevich-Tate groups of abelian varieties, J. Number Theory 97 (2002), no. 1, 171–185.

[AS05] A. Agashe and W. Stein, Visible evidence for the Birch and Swinnerton-Dyer conjecture for modular abelian varieties of analytic rank zero, Math. Comp. 74 (2005), no. 249, 455–484 (electronic), With an appendix by J. Cremona and B. Mazur.

[ARS06] A. Agashe, K. A. Ribet and W. Stein, The Manin constant, to appear in Quarterly J. of Pure and Applied Math. volume in honor of J. Coates.

[AM69] M. F. Atiyah and I. G.Macdonald, Introduction to commutative algebra, Addison-Wesley Publishing Co., Reading, Mass.-London- Don Mills, Ont., (1969).

[BCDT01] C. Breuil, B. Conrad, F. Diamond, and R. Taylor, On the modularity of elliptic curves over Q: wild 3-adic exercises, J. Amer. Math. Soc. 14 (2001), no. 4, 843–939 (electronic).

[BCP97] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system.

I. The user language, J. Symbolic Comput. 24 (1997), no. 3–4, 235– 265, Computational algebra and number theory (London, 1993).

[CW06] M. Ciperiani, A. Wiles, Solvable points on genus one curves, preprint (2006).

[CFK06] C. David, J. Fearnly, H. Kisilevsky, Vanishing of twisted L-functions of elliptic curves, to appear in Experiment. Math.

[CM00] J. E. Cremona and B. Mazur, Visualizing elements in the Shafarevich-Tate group, Experiment. Math. 9 (2000), no. 1, 13–28.

[CV92] R. F. Coleman, J. F. Voloch, Companion forms and Kodaira- Spencer theory, Invent. Math., 110, (1992), 2, 263–281.

[CS01] B.Conrad, W. A. Stein, Component groups of purely toric quotients, Math. Res. Lett., 8, 5-6, (2001), 745–766.

Documenta Mathematica 12 (2007) 673–696

Visibility of the Shafarevich–Tate Group . . . 695

[Cre] J. E. Cremona, Tables of Elliptic Curves,

http://www.maths.nott.ac.uk/personal/jec/ftp/data/

[CR62] C. W. Curtis and I. Reiner, Representation theory of finite groups and associative algebras, Interscience Publishers, a division of John Wiley & Sons, New York-London, 1962, Pure and Applied Mathematics, Vol. XI.

[Fal86] G. Faltings, Finiteness theorems for abelian varieties over number fields, Arithmetic geometry (Storrs, Conn., 1984), Springer, New York, 1986, Translated from the German original [Invent. Math. 73 (1983), no. 3, 349–366; ibid. 75 (1984), no. 2, 381] by Edward Shipz, pp. 9–27.

[Ka81] N. M. Katz, Galois properties of torsion points on abelian varieties, Invent. Math. 62 (1981), no. 3, 481–502.

[KhW07] Ch. Khare and J.-P. Wintenberger,

Serre’s modularity conjecture I-II, preprint, (2007).

[Kle01] T. Klenke, Modular Varieties and Visibility, Ph.D. thesis, Harvard University (2001).

[KS00] D. R. Kohel and W. A. Stein, Component Groups of Quotients of J_0(N), Proc. ANTS-IV, Springer, 2000.

[KL89] V. A. Kolyvagin and D. Y. Logachev, Finiteness of the Shafarevich- Tate group and the group of rational points for some modular abelian varieties, Algebra i Analiz 1 (1989), no. 5, 171–196.

[Maz77] B. Mazur, Modular curves and the Eisenstein ideal, Inst. Hautes Études Sci. Publ. Math., 47, (1977), 33–186.

[Maz99] , Visualizing elements of order three in the Shafarevich-Tate group, Asian J. Math. 3 (1999), no. 1, 221–232, Sir Michael Atiyah: a great mathematician of the twentieth century.

[Mil72] J. S. Milne, On the arithmetic of abelian varieties, Invent. Math. 17 (1972), 177–190.

[Mil86] , Arithmetic duality theorems, Academic Press Inc., Boston, Mass., (1986), x+421.

[Rib83] K. A. Ribet, Congruence relations between modular forms, Proc.

International Congress of Mathematicians, 503–514, (1983).

[Rib87] , On the component groups and the Shimura subgroup of J_0(N), Séminaire de Théorie des Nombres, 1987–1988 (Talence, 1987–1988), Exp. No. 6, 10, Univ. Bordeaux I.

Documenta Mathematica 12 (2007) 673–696

696 Dimitar P. Jetchev, William A. Stein

[Rib90a] , On modular representations of Gal(Q/Q) arising from modular forms, Invent. Math., 100 1990, no. 2, 431–476.

[Rib90b] , Raising the levels of modular representations, Séminaire de Théorie des Nombres, Paris 1987–88, Birkhäuser Boston, Boston, MA, 1990, pp. 259–271.

[Rib91] , Lowering the levels of modular representations without multiplicity one, International Mathematics Research Notices, (1991), 15–19.

[Rib92] , Abelian varieties over Q and modular forms, Algebra and topology 1992 (Taejŏn), Korea Adv. Inst. Sci. Tech., Taejŏn, 1992, pp. 53–79.

[RS01] K. A. Ribet and W. A. Stein, Lectures on Serre’s conjectures, Arithmetic algebraic geometry (Park City, UT, 1999), IAS/Park City Math. Ser., 9, 143–232, Amer. Math. Soc., Providence, RI, (2001).

[Rub89] K. Rubin, The work of Kolyvagin on the arithmetic of elliptic curves, Arithmetic of complex manifolds (Erlangen, 1988), 128–136, Springer, Berlin, (1989).

[Se79] J-P. Serre, Local fields, Springer-Verlag, New York, (1979).

[Shi94] G.Shimura, Introduction to the arithmetic theory of automorphic functions, reprint of the 1971 original, Kan Memorial Lectures, 1, Princeton University Press, (1994).

[Ste00] W. A. Stein, Explicit approaches to modular abelian varieties, Ph.D.

thesis, University of California, Berkeley (2000).

[Ste04] W. A. Stein, Shafarevich-Tate Groups of Nonsquare Order, Modular Curves and Abelian Varieties, Progress of Mathematics (2004), 277– 289.

[Sage] W. A. Stein, Sage: Open Source Mathematics Software,

http://www.sagemath.org.

[Stu87] J.Sturm, On the congruence of modular forms, Number theory (New York, 1984–1985), Springer, Berlin (1987), 275–280.

[Wil95] A. J. Wiles, Modular elliptic curves and Fermat’s last theorem, Ann.

of Math. (2), 141(3), (1995), 443–551.

Dimitar P. Jetchev Department of Mathematics University of California Berkeley, CA 94720-3840 jetchev@math.berkeley.edu

William A. Stein Department of Mathematics University of Washington Seattle, WA 98195-4350 wstein@math.washington.edu

Documenta Mathematica 12 (2007) 673–696