Doc. Math. J. DMV 341

Random Matrices and K-Theory

for Exact C^∗-Algebras

U. Haagerup^{12} and S. Thorbjørnsen^{12}

Received: June 18, 1999

Communicated by Joachim Cuntz

Abstract. In this paper we find asymptotic upper and lower bounds for the spectrum of random operators of the form S^∗S = (^r∑ i=1 a_i ⊗ Y^{(n)}_i )_∗(^r∑ i=1 a_i ⊗ Y^{(n)}_i ) , where a_1, . . . , a_r are elements of an exact C^∗-algebra and Y^{(n)}_1 , . . . , Y^{(n)}_r are complex Gaussian random n × n matrices, with independent entries. Our result can be considered as a generalization of results of Geman (1981) and Silverstein (1985) on the asymptotic behavior of the largest and smallest eigenvalue of a random matrix of Wishart type. The result is used to give new proofs of:

(1) Every stably finite exact unital C^∗-algebra A has a tracial state.

(2) If A is an exact unital C^∗-algebra, then every state on K_0(A) is given by a tracial state on A.

The new proofs do not rely on quasitraces or on AW^∗-algebra techniques.

1991 Mathematics Subject Classification: Primary 46L05; Secondary 46L50, 46L35, 46L80, 60F15.

Introduction

Following the terminology in [HT], we let GRM(m, n, σ^2) denote the class of m × n random matrices B = (b_{ij} )_{1≤i≤m, 1≤j≤n}, for which ( Re(b_{ij} ), Im(b_{ij} ) ) 1≤i≤m, 1≤j≤n form a set of 2mn independent Gaussian

random variables, all with mean 0 and variance^1_2 σ^2. In other words, the

1Department of Mathematics and Computer Science, SDU, Odense University, Denmark. 2MaPhySto - Centre for Mathematical Physics and Stochastics, funded by a grant from The Danish National Research Foundation.

342 U. Haagerup and S. Thorbjørnsen

entries of B are mn independent complex random variables with distribution measure on C given by 1 πσ^2 exp(− |z|^2 σ^2 ) dRe(z) dIm(z).

The theory of exact C^∗-algebras has been developed by Kirchberg (see [Ki1], [Ki2], [Ki3], [Was] and references given there). A C^∗-algebra A is exact, if for all pairs (B, J ), of a C^∗-algebra B and a closed two-sided ideal J in B, the sequence 0 −→ A ⊗_{min}J −→ A ⊗_{min}B −→ A ⊗_{min} ( B/J ) −→ 0 is exact. Here, for any C^∗-algebras C and D, C ⊗_{min} D means the completion of the algebraic tensor product C ⊙ D in the minimal (=spatial) tensor norm. Sub-algebras and quotients of exact C^∗-algebras are again exact (cf. e.g. [Was, 2.5.2 and Corollary 9.3]), and the class of exact C^∗-algebras contains most of the C^∗-algebras of current interest, such as all nuclear C^∗-algebras, and the non-nuclear reduced group C^∗-algebras C^∗_r (F_n ), associated with the free group F_n on n generators (2 ≤ n ≤ ∞).

For any element T of a unital C^∗-algebra, we let sp(T ) denote the spectrum of T . The main result of this paper is

0.1 Main Theorem. Let H and K be Hilbert spaces, and let a_1, . . . , a_r be elements of B(H, K), such that {a^∗_i a_j | 1 ≤ i, j ≤ r} is contained in an exact C^∗-subalgebra A of B(H). Let (Ω, F, P ) be a fixed probability space, and let, for each n in N, Y^{(n)}_1 , . . . , Y^{(n)}r be independent Gaussian random matrices on Ω in the class GRM(n, n,^1_n ). Put

S_n = r∑ i=1 a_i ⊗ Y^{(n)}_i , (n ∈ N), and let c, d be positive real numbers. We then have

(i) If ‖ ∑_r i=1 a^∗_i a_i‖ ≤ c and ‖ ∑_r i=1 a_ia^∗_i ‖ ≤ d, then for almost all ω in Ω,

lim sup n→∞ max [ sp ( S^∗_n(ω)S_n(ω) )] ≤ (√ c + √ d )_2 . (ii) If ∑_r i=1 a^∗_i a_i = c1_{B(H)}, ‖ ∑_r i=1 a_ia^∗_i ‖ ≤ d, and d ≤ c, then for almost all ω in Ω, lim inf n→∞ min [ sp ( S^∗_n(ω)S_n(ω) )] ≥ (√ c − √ d )_2 . □ The Main Theorem can be considered as a generalization of the results of Geman (cf. [Gem]) and Silverstein (cf. [Si]), on the asymptotic behavior of the largest and smallest eigenvalues of a random matrix of Wishart type (see also [BY], [YBK] and [HT]).

The Main Theorem has the following two immediate consequences:

Random Matrices and K-Theory . . . 343

0.2 Corollary. Let a_1, . . . , a_r be elements of an exact C^∗-algebra A, and for each n in N, let Y^{(1)}_1 , . . . , Y^{(n)}_r be independent elements of GRM(n, n,^1_n ). Then

lim sup n→∞ ‖ ‖^r∑ i=1 a_i ⊗ Y^{(n)}_i (ω) ‖ ‖ ≤ ‖ ‖^r∑ i=1 a^∗_i a_i ‖ ‖^{12} + ‖ ‖^r∑ i=1 a_ia^∗_i ‖ ‖^{12} ,

for almost all ω in Ω. □

0.3 Corollary. Let a_1, . . . , a_r and S_n, n ∈ N, be as in the Main Theorem, and assume that ∑_r i=1 a^∗_i a_i = c1_{B(H)} and ‖ ∑_r i=1 a^∗_i a_i‖ ≤ d, for some positive real numbers c, d, such that d < c. Then for almost all ω in Ω,

0 /∈ sp ( S^∗_n(ω)S_n(ω) ) , eventually as n → ∞. □

In a subsequent paper [Th] by the second named author, it is proved, that if a_1, . . . , a_r and S_n, n ∈ N, are as in the Main Theorem, and if furthermore ∑_r i=1 a^∗_i a_i = c1_{B(H)} and ∑_r i=1 a_ia^∗_i = d1_{B(K)}, for some positive real numbers c, d, then

lim_{n→∞} max [ sp(S^∗_nS_n) ] = (√ c + √ d )_2

, almost surely,

and if c ≥ d, then

lim_{n→∞} min [ sp(S^∗_nS_n) ] = (√ c − √ d )_2

, almost surely.

Hence the asymptotic upper and lower bounds in the Main Theorem cannot, in general, be improved.

Exactness is essential both for the Main Theorem and for the corollaries. An example of violation of the upper bound in the Main Theorem is given in Section 4. The example is based on the non-exact full C^∗-algebra C^∗(F_r ) associated with the free group on r generators, for r ≥ 6.

In [Haa], the first named author proved that bounded quasitraces on exact C^∗-algebras are traces. Together with results of Handelman (cf. [Han]) and Blackadar and Rørdam (cf. [BR]), this result implies

(1) Every stably-finite exact unital C^∗-algebra has a tracial state.

(2) If A is an exact unital C^∗-algebra, then every state on K_0(A) is given by a tracial state on A.

The proof in [Haa] of the above mentioned quasitrace result, relies heavily on ultra product techniques for AW^∗-algebras, but the starting point of the proof in [Haa] is the following fairly simple observation: Let a_1, . . . , a_r be r elements in a (not necessarily exact) C^∗-algebra A, such that ∑_r i=1 a^∗_i a_i = 1_A and ‖ ∑_r i=1 a_ia^∗_i ‖ < 1. Let further x_1, . . . , x_r be a semi-circular system (in the sense of Voiculescu; cf. [Vo2]) in some C^∗-probability space (B, ψ). Then the operator s = ∑_r i=1 a_i ⊗ x_i in A ⊗ C^∗(x_1, . . . , x_r, 1_B), satisfies 0 /∈ sp(s^∗s) but

344 U. Haagerup and S. Thorbjørnsen

0 ∈ sp(ss^∗), and this implies that u = s(s^∗s)^{− 12} is a non-unitary isometry in the C^∗-algebra A ⊗ C^∗(x_1, . . . , x_r, 1_B).

Corollary 0.3 can be viewed as a random matrix version of the result that 0 /∈ sp(s^∗s). The corresponding random matrix version of the result that 0 ∈ sp(ss^∗), holds too, i.e., if a_1, . . . , a_r and S_n, n ∈ N, are as in Corollary 0.3, then with probability 1, 0 ∈ sp(S_nS^∗_n), eventually as n → ∞ (cf. [Th]). In view of Voiculescu’s random matrix model for a semi-circular system (cf. [Vo1, Theorem 2.2]), it would have been more natural to substitute Y^{(n)}_1 , . . . , Y^{(n)}r from GRM(n, n,^1_n ), with a set of independent, selfadjoint Gaussian random matrices. However, we found it more tractable to work with the non-selfadjoint random matrices Y^{(n)}_1 , . . . , Y^{(n)}_r .

In the last section (Section 9), we use Corollary 0.3 to give a new proof of the statements (1) and (2) above. The new proof does not rely on quasitraces or AW^∗-algebra techniques. The main step in the new proof of (1) and (2) is to prove, that Corollary 0.3 implies the following

0.4 Proposition. Let p, q be projections in an exact C^∗-algebra A, and assume that there exists an ϵ in ]0, 1[, such that τ(q) ≤ (1 − ϵ)τ(p), for all lower semi-continuous (possibly unbounded) traces τ : A_+ → [0, ∞]. Then for some n in N, there exists a partial isometry u in M_n(A) = A⊗M_n(C ), such that u^∗u = q ⊗ 1_{Mn(C)} and uu^∗ ≤ p ⊗ 1_{Mn(C)} . □ In the rest of this introduction, we shall briefly discuss the main steps of the proof of the Main Theorem. Observe first, that by a simple scaling argument, it is enough to treat the case d = 1. This normalization will be used throughout the paper. The proof of the Main Theorem relies on the following

0.5 Key Estimates. Let a_1, . . . , a_r be elements of B(H, K), let c be a positive constant, and put S_n = ∑_r i=1 a_i ⊗ Y^{(n)}_i , n ∈ N, as in the Main Theorem. We then have

(a) If ‖ ∑_r i=1 a^∗_i a_i‖ ≤ c and ‖ ∑_r i=1 a_ia^∗_i ‖ ≤ 1, then for 0 ≤ t ≤ min{^n_{2c} ,^n_2 }, E [ exp(tS^∗_nS_n) ] ≤ exp ( ( √ c + 1)^2t + (c + 1)^{2 t2}_n ) 1_{B(H}n_). (0.1)

(b) If ∑_r i=1 a^∗_i a_i = c1_{B(H)}, ∑_r i=1 a_ia^∗_i = 1_{B(K)} and c ≥ 1, then for 0 ≤ t ≤^n_{2c} ,

E [ exp(−tS^∗_nS_n) ] ≤ exp ( − ( √ c − 1)^2t + (c + 1)^{2 t2}_n ) 1_{B(H}n_). (0.2) □

Random Matrices and K-Theory . . . 345

We emphasize that the key estimates (0.1) and (0.2) hold without the exactness assumption of the Main Theorem. Once these estimates are proved, a fairly simple application of the Borel-Cantelli Lemma yields, that if H is finite dimensional, and λ_{max} and λ_{min} denote largest and smallest eigenvalues, then one has lim sup n→∞ λ_{max}(S^∗_nS_n) ≤ (√ c + 1

)_2

, almost surely,

in the situation of (a) above, and

lim inf n→∞ λ_{min}(S^∗_nS_n) ≥ (√ c − 1 )_2

, almost surely,

in the situation of (b) above. (This is completely parallel to the proof of the complex version of the Geman-Silverstein result, given in [HT, Section 7]). To pass from the case dim(H) < ∞ to the case dim(H) = +∞, we need the assumption that the C^∗-algebra C^∗({a^∗_i a_j | 1 ≤ i, j ≤ r}) is exact, as well as the following characterization of exact C^∗-algebras, due to Kirchberg (cf. [Ki2] and [Was, Section 7]):

A unital C^∗-subalgebra A of B(H) is exact if and only if the inclusion map ι: A → B(H) has an approximate factorization A^{φλ}−→ M_{nλ} (C )^{ψλ}−→ B(H), through a net of full matrix algebras M_{nλ} (C ), λ ∈ Λ. Here, φ_λ, ψ_λ are unital completely positive maps, and

lim_λ ‖ψ_λ ∘ φ_λ(x) − x‖ = 0, for all x in A.

Finally, we use a dilation argument to pass from the condition ∑_r i=1 a_ia^∗_i = 1_K of (b) above, to the less restrictive one: ‖ ∑_r i=1 a_ia^∗_i ‖ ≤ 1, which is assumed in (ii) of the Main Theorem (when d = 1). The proof of the fact that the key estimates (0.1) and (0.2) imply the Main Theorem, is given in Section 4 for the upper bound, and in Section 8 for the lower bound. Sections 1-3 and 5-7 are used to prove the key estimates (0.1) respectively (0.2).

In Section 1, we associate to any permutation π in the symmetric group S_p, a permutation π̂ in S_{2p}, for which π̂^2 = π̂ ∘ π̂ = id and π̂(j) ≠ j for all j, namely the permutation given by π̂(2j − 1) = 2π^{−1}(j), (j ∈ {1, 2, . . . , p}) π̂(2j) = 2π(j) − 1, (j ∈ {1, 2, . . . , p}). Moreover, following [Vo1], we let ∼_{π̂} denote the equivalence relation on {1, 2, . . . , 2p}, generated by the expression:

j ∼_{π̂} π̂(j) + 1, (addition formed mod. 2p),

and we let d(π̂) denote the number of equivalence classes for ∼_{π̂}. We can write d(π̂) = k(π̂) + l(π̂), where k(π̂) (resp. l(π̂)) denotes the number of equivalence

346 U. Haagerup and S. Thorbjørnsen

classes for ∼_{π̂}, consisting entirely of even numbers (resp. odd numbers) in {1, 2, . . . , 2p}. With this notation we prove, that for any random matrix B from GRM(m, n, 1), E ∘ Tr_n [ (B^∗B)^p ] = ∑ π∈S_p m^{k(π̂)}n^{l(π̂)}. (0.3)

Consider next the quantity σ(π̂) =^1_2 (p + 1 − d(π̂)). It turns out, that σ(π̂) is always a non-negative integer, and that σ(π̂) = 0 if and only if π̂ is non-crossing (cf. Definition 1.14). In Section 2 we show, that if a_1, . . . , a_r are elements of B(H, K) and S = ∑_r i=1 a_i ⊗ Y^{(n)}_i , where Y^{(n)}_1 , . . . , Y^{(n)}_r are independent elements of GRM(n, n,^1_n ), then

E[(S^∗ S)^p] = ( ∑ π∈S_p n^{−2σ(π̂)} · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_{Mn(C)} . (0.4)

In [HT, Section 6], we found explicit formulas for the quantities E ∘ Tr_n[exp(tB^∗B)] and E ∘ Tr_n[B^∗B exp(tB^∗B)], where B is an element of GRM(m, n, 1). In Section 3, a careful comparison of the terms in (0.3) and (0.4), combined with these explicit formulas, allows us to prove, that if ‖ ∑_r i=1 a^∗_i a_i‖ ≤ c and ‖ ∑_r i=1 a_ia^∗_i ‖ ≤ 1, then for 0 ≤ t ≤ min{^n_{2c} ,^n_2 },

‖E[exp(tS^∗S)]‖ ≤ exp((c + 1)^{2 t2}_n ) ∫_∞ 0 exp(tx) dμ_c(x), (0.5)

where μ_c is the free (analog of the) Poisson distribution with parameter c (cf. [VDN] and [HT, Section 6]). The measure μ_c is also called the Marchenko- Pastur distribution (cf. [OP]), and it is given by

μ_c = max{1 − c, 0}δ_0 + √ (x − a)(b − x) 2πx · 1_{[a,b]}(x) dx, where a = ( √ c − 1)^2, b = ( √ c + 1)^2 and δ_0 is the Dirac measure at 0. Since supp(μ_c) ⊆ [0, b], the first key estimate, (0.1), follows immediately from (0.5). To prove the second key estimate, (0.2), we show in Sections 5-6, that under the condition r∑ i=1 a^∗_i a_i = c1_{B(H)}, and r∑ i=1 a_ia^∗_i = 1_{B(K)},

one has, for any q in N, the formula: E [ P^c_q (S^∗S) ] = [ ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ( ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} )] ⊗ 1_{Mn(C)} . (0.6)

Random Matrices and K-Theory . . . 347

Here P^c_0 (x), P^c_1 (x), P^c_2 (x), . . . , is the sequence of monic polynomials obtained from 1, x, x^2, . . . , by the Gram-Schmidt orthogonalization process, w.r.t. the inner product ⟨f, g⟩ = ∫_∞ 0 fg dμ_c, (f, g ∈ L^2(R, μ_c )). Moreover, S^{irr}_q denotes the set of permutations ρ in S_q , for which 1 ≠ ρ(1) ≠ 2 ≠ ρ(2) ≠ · · · ≠ q ≠ ρ(q). For fixed t in R, we expand in Section 7 the exponential function x → exp(tx), in terms of the polynomials P^c_q (x), q ∈ N_0 :

exp(tx) = ∞∑ q=0 ψ^c_q(t)P^c_q (x), (x ∈ [0, ∞[). (0.7)

We show that the coefficients ψ^c_q (t) are non-negative for all t in [0, ∞[, and that for any q in N_0 , |ψ^c_q (−t)| ≤ ( ∫ ∞ 0 exp(−tx) dμ_c(x) ∫_∞ 0 exp(tx) dμ_c(x) ) · ψ^c_q (t), (t ∈ [0, ∞[). (0.8)

By combining (0.6), (0.7) and (0.8) with the proof of (0.5), we obtain that for c ≥ 1 and 0 ≤ t ≤^n_{2c} ,

‖E[exp(−tS^∗S)]‖ ≤ exp((c + 1)^{2 t2}_n ) ∫_∞ 0 exp(−tx) dμ_c(x), and since supp(μ_c) ⊆ [a, ∞[ = [( √ c−1)^2, ∞[, when c ≥ 1, we obtain the second key estimate (0.2).

The rest of the paper is organized in the following way:

1 A Combinatorial Expression for E ∘ Tr_n[(B^∗B)^p ] , for a Gaussian Random Matrix B in GRM(m, n, 1) . . . . . . . . . . . . . . . . . . 348 2 A Combinatorial Expression for the Moments of S^∗S . . . . . . . . 360 3 An upper bound for E [ exp(tS^∗S) ] , t ≥ 0 . . . . . . . . . . . . . . . 370 4 Asymptotic Upper Bound on the Spectrum of S^∗_nS_n in the Exact Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379 5 A New Combinatorial Expression for E [ (S^∗S)^p ] . . . . . . . . . . . 390 6 The Sequence of Orthogonal Polynomials for the Measure μ_c . . . . 405 7 An Upper Bound for E [ exp(−tS^∗S) ] , t ≥ 0 . . . . . . . . . . . . . 415 8 Asymptotic Lower Bound on the Spectrum of S^∗_nS_n in the Exact Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 428 9 Comparison of Projections in Exact C^∗-algebras and states on the K_0-group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 435

348 U. Haagerup and S. Thorbjørnsen

1 A Combinatorial Expression for E ∘ Tr_n[(B^∗B)^p ] , for a Gaussian Random Matrix B in GRM(m, n, 1)

For ξ in R and σ^2 in ]0, ∞[, we let N(ξ, σ^2) denote the Gaussian (or normal) distribution with mean ξ and variance σ^2. In [HT], we introduced the following class of Gaussian random matrices

1.1 Definition. (cf. [HT]) Let (Ω, F, P ) be a classical probability space, let m, n be positive integers, and let B = (b(i, j))_{1≤i≤m1≤j≤n} : Ω → M_{m,n}(C ), be a complex, random m × n matrix defined on Ω. We say then that B is a (standard) Gaussian random m×n matrix with entries of variance σ^2, if the real valued random variables Re(b(i, j)), Im(b(i, j)), 1 ≤ i ≤ m, 1 ≤ j ≤ n, form a family of 2mn independent, identically distributed random variables, with distribution N(0,^{σ2}_2 ). We denote by GRM(m, n, σ^2) the set of such random matrices defined on Ω. Note that σ^2 equals the second absolute moment of the entries of an element from GRM(m, n, σ^2). □

In the following we shall omit mentioning the underlying probability space (Ω, F, P ), and it will be understood that all considered random matrices/variables are defined on this probability space. As a matter of notation, by 1_n we denote the unit of M_n(C ), and by tr_n we denote the trace on M_n(C ) satisfying that tr_n(1_n) = 1. Moreover, we put Tr_n = n · tr_n. Let B be an element of GRM(m, n, σ^2). Then for any p in N, (B^∗B)^p is a positive definite n × n random matrix, and Tr_n((B^∗B)^p) is a positive valued, integrable, random variable. The main aim of this section is to derive a combinatorial expression for the moments E ∘ Tr_n((B^∗B)^p) of B^∗B w.r.t. E ∘ Tr_n, where E denotes expectation w.r.t. P .

1.2 Lemma. Let m, n, r, p be positive integers, let B_1, B_2, . . . , B_r be independent elements of GRM(m, n, σ^2), and for each s in {1, 2, . . . , r}, let b(u, v, s), 1 ≤ u ≤ m, 1 ≤ v ≤ n, denote the entries of B_s. Then for any i_1, j_1, i_2, j_2, . . . , i_p, j_p in {1, 2, . . . , r}, we have that

E ∘ Tr_n(B^∗_{i1} B_{j1} B^∗_{i2} B_{j2} · · · B^∗_{ip} B_{jp} ) = ∑ 1≤u_2,u_4,... ,u_{2p}≤m 1≤u_1 ,u_3,... ,u_{2p−1}≤n E ( b(u_2, u_1, i_1)b(u_2, u_3, j_1) · · · b(u_{2p}, u_{2p−1}, i_p)b(u_{2p}, u_1, j_p) ) ,

(1.1)

and moreover E ∘ Tr_n(B^∗_{i1} B_{j1} B^∗_{i2} B_{j2} · · · B^∗_{ip} B_{jp} ) = 0, unless there exists a permutation π in the symmetric group S_p, such that j_h = i_{π(h)} for all h in {1, 2, . . . , p}.

Random Matrices and K-Theory . . . 349

Proof. Let f(u, v), 1 ≤ u ≤ m, 1 ≤ v ≤ n, denote the usual m × n matrix units, and let g(u, v), 1 ≤ u ≤ n, 1 ≤ v ≤ m, denote the usual n × m matrix units. We have then that E ∘ Tr_n(B^∗_{i1} B_{j1} B^∗_{i2} B_{j2} · · · B^∗_{ip} B_{jp} ) = ∑ 1≤v_1,u_2,v_3 ,u_4,... ,v_{2p−1},u_{2p} ≤m 1≤u_1,v_2,u_3 ,v_4,... ,u_{2p−1},v_{2p}≤n E ( b^∗(u_1, v_1, i_1)b(u_2, v_2, j_1) · · · b^∗(u_{2p−1}, v_{2p−1}, i_p)b(u_{2p}, v_{2p}, j_p) )

· Tr_n ( g(u_1, v_1)f(u_2, v_2) · · · g(u_{2p−1}, v_{2p−1})f(u_{2p}, v_{2p}) )

= ∑ 1≤u_2,u_4,... ,u_{2p}≤m 1≤u_1 ,u_3,... ,u_{2p−1}≤n E ( b(u_2, u_1, i_1)b(u_2, u_3, j_1) · · · b(u_{2p}, u_{2p−1}, i_p)b(u_{2p}, u_1, j_p) ) .

Note here, that for any u_2, u_4, . . . , u_{2p} in {1, 2, . . . , m} and u_1, u_3, . . . , u_{2p−1} in {1, 2, . . . , n}, we have because of the independence assumptions, E ( b(u_2, u_1, i_1)b(u_2, u_3, j_1) · · · b(u_{2p}, u_{2p−1}, i_p)b(u_{2p}, u_1, j_p) )

= r∏ l=1 E ( ∏ h:i_h =l b(u_{2h}, u_{2h−1}, l) ∏ h:j_h =l b(u_{2h}, u_{2h+1}, l) ) , where 2h + 1 is calculated mod. 2p.

Note here, that for any l in {1, 2, . . . , r}, any u in {1, 2, . . . , m} and any v in {1, 2, . . . , n}, the distribution of b(u, v, l) is invariant under multiplication by complex numbers of norm 1. Hence, for any s, t in N_0 , E [ b(u, v, l)^s ·b(u, v, l)^t ] = 0, unless s = t. Using this, and the independence assumptions, it follows that for any l in {1, 2, . . . , r}, any u_2, u_4, . . . , u_{2p} in {1, 2, . . . , m} and any u_1, u_3, . . . , u_{2p−1} in {1, 2, . . . , n}, a necessary condition for the mean E ( ∏ h:i_h =l b(u_{2h}, u_{2h−1}, l) · ∏ h:j_h=l b(u_{2h}, u_{2h+1}, l) )

to be distinct from zero is that

card ({ h ∈ {1, 2, . . . , p} | | i_h = l}) = card({h ∈ {1, 2, . . . , p} | | j_h = l}). (1.2) It follows that E ∘ Tr_n(B^∗_{i1} B_{j1} B^∗_{i2} B_{j2} · · · B^∗_{ip} B_{jp} ) = 0, unless (1.2) holds for all l in {1, 2, . . . , r}, and in this case, it is not hard to construct a permutation π from S_p, with the property described in the lemma. □

1.3 Definition. Let p be a positive integer, and let π be an element of S_p. We associate to π a family Λ(π, m, n), m, n ∈ N, of complex numbers, as follows: Let B_1, B_2, . . . , B_p be independent elements of GRM(m, n, 1), and then define

Λ(π, m, n) = E ∘ Tr_n(B^∗_1 B_{π(1)}B^∗_2 B_{π(2)} · · · B^∗_p B_{π(p)}). □

350 U. Haagerup and S. Thorbjørnsen

1.4 Remark. Let m, n, r, p be positive integers, and let B_1, B_2, . . . , B_r be arbitrary elements of GRM(m, n, σ^2). Moreover, let i_1, j_1, . . . , i_p, j_p be arbitrary elements of {1, 2, . . . , r}. We shall need the fact that the quantity E ∘ Tr_n(B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ) is bounded numerically by some constant K(m, n, p, σ^2) depending only on m, n, p, σ^2 and not on r or the distributional relations between B_1, B_2, . . . , B_r. For this, adapt the notation from Lemma 1.2, and note then that by (1.1) from that lemma, |E ∘ Tr_n(B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} )| ≤ ∑ 1≤u_2 ,u_4,... ,u_{2p}≤m 1≤u_1,u_3 ,... ,u_{2p−1}≤n | | E ( b(u_2, u_1, i_1)b(u_2, u_3, j_1) · · · b(u_{2p}, u_{2p−1}, i_p)b(u_{2p}, u_1, j_p) ) | | .

Then let M(2p, σ^2) denote the 2p’th absolute moment of the entries of an element from GRM(m, n, σ^2). A standard computation yields that M(2p, σ^2) = σ^{2p} · p!, but we shall not need this explicit formula. It follows now by the generalized Hölder inequality, that for any u_2, u_4, . . . , u_{2p} in {1, 2, . . . , m} and u_1, u_3, . . . , u_{2p−1} in {1, 2, . . . , n}, | |E ( b(u_2, u_1, i_1)b(u_2, u_3, j_1) · · · b(u_{2p}, u_{2p−1}, i_p)b(u_{2p}, u_1, j_p) ) | | ≤ ‖ ‖b(u_2, u_1, i_1) ‖ ‖_{2p} ‖ ‖b(u_2, u_3, j_1) ‖ ‖_{2p} · · · ‖ ‖b(u_{2p}, u_{2p−1}, i_p) ‖ ‖_{2p} ‖ ‖b(u_{2p}, u_1, j_p) ‖ ‖_{2p} = ( M(2p, σ^2)^{12p} )_{2p} = M(2p, σ^2).

Thus it follows that we may use K(m, n, p, σ^2) = m^pn^pM(2p, σ^2). □

1.5 Proposition. Let B be an element of GRM(m, n, 1), and let p be a positive integer. We then have

E ∘ Tr_n[(B^∗B)^p] = ∑ π∈S_p Λ(π, m, n).

Proof. Let (B_i)_{i∈N} be a sequence of independent elements of GRM(m, n, 1). Note then that for any s in N, the matrix^{1√}_s (B_1 +· · ·+B_s) is again an element of GRM(m, n, 1), and therefore

E ∘ Tr_n [(B^∗B)^p] = E ∘ Tr_n [(( s^{− 12} (B_1 + · · · + B_s) )_∗( s^{− 12} (B_1 + · · · + B_s) ))p] = s^{−p} ∑ 1≤i_1 ,j_1 ,... ,i_p,j_p≤s E ∘ Tr_n [ B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ] . (1.3)

For π in S_p we define M(π, s) = { (i_1, j_1, . . . , i_p, j_p) ∈ {1, 2, . . . , s}^{2p} | j_1 = i_{π(1)}, . . . , j_p = i_{π(p)} } .

Random Matrices and K-Theory . . . 351

It follows then from Lemma 1.2, that in (1.3), we only have to sum over those 2p-tuples (i_1, j_1, . . . , i_p, j_p) that belong to M(π, s) for some π in S_p, and consequently

E ∘ Tr_n [(B^∗B)^p] = s^{−p} ∑ (i_1,j_1 ,... ,i_p,j_p)∈∪_{π∈Sp} M(π,s) E ∘ Tr_n [ B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ] . Note though, that the sets M(π, s), π ∈ S_p, are not disjoint. However, if we put D(s) = { (i_1, j_1, . . . , i_p, j_p) ∈ {1, 2, . . . , s}^{2p} | | i_1, i_2, . . . , i_p are distinct},

then the sets M(π, s) ∩ D(s), π ∈ S_p, are disjoint. Thus we have

E ∘ Tr_n [(B^∗B)^p] = s^{−p} ∑ π∈S_p ∑ (i_1 ,j_1 ,... ,i_p,j_p)∈M(π,s)∩D(s) E ∘ Tr_n [ B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ]

+ s^{−p} ∑ (i_1 ,j_1,... ,i_p,j_p)∈(∪_{π∈Sp} M(π,s))\D(s) E ∘ Tr_n [ B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ] . (1.4)

Note here, that if (i_1, j_1, . . . , i_p, j_p) ∈ M(π, s) ∩ D(s), then B_{i1} , B_{i2} , . . . , B_{ip} are independent elements of GRM(m, n, 1), and hence E ∘ Tr_n [ B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ] = Λ(π, m, n). Thus, the first term on the right hand side of (1.4) equals s^{−p} ∑ π∈S_p card(M(π, s) ∩ D(s)) · Λ(π, m, n). Here card(M(π, s) ∩ D(s)) = s(s − 1) · · · (s − p + 1), so s^{−p} · card(M(π, s) ∩ D(s)) → 1 as s → ∞. Hence, the first term on the right hand side of (1.4) tends to ∑ π∈S_p Λ(π, m, n) as s → ∞, and since the left hand side of (1.4) does not depend on s, it remains thus to show that the second term on the right hand side of (1.4) tends to 0 as s → ∞. This follows by noting that according to Remark 1.4, for any (i_1, j_1, . . . , i_p, j_p) in {1, 2, . . . , s}^{2p}, the quantity |E ∘ Tr_n [ B^∗_{i1} B_{j1} · · · B^∗_{ip} B_{jp} ] | is bounded by some constant K(m, n, p) depending only on m, n, p; not on s. And moreover,

s^{−p}card (( ∪_{π∈Sp} M(π, s) ) \ D(s) ) ≤ ∑ π∈S_p s^{−p}card(M(π, s) \ D(s)) = ∑ π∈S_p [ s^{−p}card(M(π, s)) − s^{−p}card(M(π, s) ∩ D(s)) ]

= ∑ π∈S_p [ 1 − s^{−p}card(M(π, s) ∩ D(s)) ] → 0,

352 U. Haagerup and S. Thorbjørnsen

as s → ∞. This concludes the proof of the proposition. □ It follows from Proposition 1.5, that in order to obtain a combinatorial expression for the moments E ∘ Tr_n((B^∗B)^p) for a matrix B from GRM(m, n, 1), we need to derive a combinatorial expression for the quantities

Λ(π, m, n) = E ∘ Tr_n(B^∗_1 B_{π(1)}B^∗_2 B_{π(2)} · · · B^∗_p B_{π(p)}),

where π ∈ S_p and B_1, . . . , B_p are independent elements of GRM(m, n, 1). As it turns out, it shall be useful to have the relations between the factors in the product B^∗_1 B_{π(1)}B^∗_2 B_{π(2)} · · · B^∗_p B_{π(p)} determined in terms of a permutation π̂ in S_{2p}, rather than in terms of the permutation π from S_p.

1.6 Definition. Let p be a positive integer, and let π be a permutation in S_p. Then the permutation π̂ in S_{2p} is determined by the equations: π̂(2i − 1) = 2π^{−1}(i), (i ∈ {1, 2, . . . , p}), π̂(2i) = 2π(i) − 1, (i ∈ {1, 2, . . . , p}). □ 1.7 Remark. (a) Let p, π and π̂ be as in Definition 1.6. Note then that π̂^2 = π̂ ∘ π̂ = id, the identity mapping on {1, 2, . . . , 2p}, and that π̂ maps odd numbers to even numbers, i.e., that π̂(j) − j = 1 (mod. 2), for all j in {1, 2, . . . , 2p}. In particular, π̂ has no fixed points. It is easy to check that {π̂ | π ∈ S_p} is exactly the set of permutations γ in S_{2p}, for which γ^2 = id and γ(j) − j = 1 (mod. 2), for all j in {1, 2, . . . , 2p}. Moreover, the mapping π → π̂ is injective.

(b) If B_1, B_2, . . . , B_p are independent elements of GRM(m, n, 1) , then we may write the product B^∗_1 B_{π(1)}B^∗_2 B_{π(2)} · · · B^∗_p B_{π(p)} in the form C^∗_1 C_2C^∗_3 C_4 · · · C^∗_{2p−1}C_{2p}, where C_{2i−1} = B_i and C_{2i} = B_{π(i)} for all i in {1, 2, . . . , p}. Then π̂ is constructed exactly so that for any j, j^′ in {1, 2, . . . , 2p}, we have C_j = C_j′ ⇔ j = j^′ or π̂(j) = j^′. □

1.8 Definition. We associate to π̂ an equivalence relation ∼_{π̂} on Z_{2p}. This is the equivalence relation (introduced by Voiculescu in [Vo1, Proof of Theorem 2.2]), generated by the expression: j ∼_{π̂} π̂(j) + 1, (j ∈ {1, 2, . . . , 2p}), where addition is formed mod. 2p. □

1.9 Remark. For a permutation π in S_p, the ∼_{π̂}-equivalence classes are precisely the orbits in {1, 2, . . . , 2p} for the cyclic subgroup of S_{2p} generated by the permutation j → π̂(j) + 1 (addition formed mod. 2p). Since this subgroup is finite, the equivalence class [j]_{π̂} of an element j in {1, 2, . . . , 2p} has the following form:

Random Matrices and K-Theory . . . 353

Let q be the number of elements in [j]_{π̂}. Then [j]_{π̂} = {j_0, j_1, . . . , j_{q−1}}, where j_0 = j, j_1 = π̂(j_0) + 1, j_2 = π̂(j_1) + 1, . . . , j_{q−1} = π̂(j_{q−2}) + 1, j_0 = π̂(j_{q−1}) + 1, (addition formed mod. 2p). □

It follows immediately from the definition of π̂ and Remark 1.9 that each ∼_{π̂}- equivalence class consists entirely of even numbers or entirely of odd numbers. This is used in the following definition:

1.10 Definition. Let p be a positive integer, let π be a permutation in S_p, and consider the corresponding permutation π̂ in S_{2p}. By k(π̂) and l(π̂), we denote then the number of ∼_{π̂}-equivalence classes consisting of even numbers, respectively the number of ∼_{π̂}-equivalence classes consisting of odd numbers:

k(π̂) = card ({ [j]_{π̂} | | j ∈ {2, 4, . . . , 2p}}), l(π̂) = card ({ [j]_{π̂} | j ∈ {1, 3, . . . , 2p − 1} }) . Moreover, we define the quantities d(π̂) and σ(π̂) by the equations:

d(π̂) = k(π̂) + l(π̂) = card ({ [j]_{π̂} | | j ∈ {1, 2, . . . , 2p}}), σ(π̂) =^1_2 ( p + 1 − d(π̂) ) . □ Regarding the definition of σ(π̂), it will be shown later (cf. Theorem 1.13), that σ(π̂) is always a non-negative integer. The quantity d(π̂) was introduced by Voiculescu in [Vo1, Proof of Theorem 2.2].

1.11 Theorem. For any positive integers m, n and any π in S_p, we have that Λ(π, m, n) = m^{k(π̂)}n^{l(π̂)}. Proof. Consider independent elements B_1, B_2, . . . , B_p of GRM(m, n, 1), and for each j in {1, 2, . . . , p}, let b(u, v, j), 1 ≤ u ≤ m, 1 ≤ v ≤ n, denote the entries of B_j . It follows then by (1.1) in Lemma 1.2, that Λ(π, m, n) = E ∘ Tr_n(B^∗_1 B_{π(1)}B^∗_2 B_{π(2)} · · · B^∗_p B_{π(p)}) = ∑ 1≤u_1,u_3,...,u_{2p−1}≤n 1≤u_2,u_4,...,u_{2p}≤m E ( b(u_2, u_1, 1)b(u_2, u_3, π(1)) · · · b(u_{2p}, u_{2p−1}, p)b(u_{2p}, u_1, π(p)) ) .

(1.5)

Arguing as in the proof of Lemma 1.2, it follows that the term in the above sum corresponding to u_1, u_2, . . . , u_{2p} is zero, unless the corresponding matrix entries are pairwise conjugate to each other, i.e., unless we have that b(u_{2i}, u_{2i+1}, π(i)) = b(u_{2π(i)}, u_{2π(i)−1}, π(i)), (i ∈ {1, 2, . . . , p}). (1.6)

354 U. Haagerup and S. Thorbjørnsen

Note also, that if (1.6) is satisfied, then the corresponding term in (1.5) equals 1, and consequently Λ(π, m, n) = card ({ (u_1, u_2, . . . , u_{2p}) | | 1 ≤ u_{2i−1} ≤ n, 1 ≤ u_{2i} ≤ m, and (1.6) holds}).

To calculate this cardinality, we note first that (1.6) is equivalent to the condition

u_{2i} = u_{2π(i)} and u_{2i+1} = u_{2π(i)−1}, (i ∈ {1, 2, . . . , p}), (1.7)

where addition and subtraction are formed mod. 2p. Replacing now i by π^{−1}(i) in the first equation in (1.7), we get the equivalent condition:

u_{2i} = u_{2π}−1_{(i)} and u_{2i+1} = u_{2π(i)−1}, (i ∈ {1, 2, . . . , p}).

Recall then that by definition of π̂, π̂(2i − 1) = 2π^{−1}(i), and using this formula with i replaced by π(i), we get that also 2π(i) − 1 = π̂ ( π̂(2π(i) − 1) ) = π̂(2i).

Thus (1.6) is equivalent to the condition

u_{2i} = u_{π̂(2i−1)}, and u_{2i+1} = u_{π̂(2i)}, (i ∈ {1, 2, . . . , p}),

i.e., the condition u_j = u_{π̂(j−1)}, (j ∈ {1, 2, . . . , 2p}). Replacing finally j by π̂(j) + 1, we conclude that (1.6) is equivalent to the condition u_j = u_{π̂(j)+1}, (j ∈ {1, 2, . . . , 2p}), where π̂(j) + 1 is calculated mod. 2p. Having realized this, it follows immediately from Remark 1.9 and the definitions of k(π̂) and l(π̂), that the right hand side of (1) equals m^{k(π̂)}n^{l(π̂)}, and hence we have the desired formula. □

1.12 Corollary. Let m, n be positive integers and let B be an element of GRM(m, n, 1). Then for any positive integer p, we have that E ∘ Tr_n [ (B^∗B)^p ] = ∑ π∈S_p m^{k(π̂)}n^{l(π̂)}.

Proof. This follows immediately by combining Proposition 1.5 and Theorem 1.11. □

1.13 Theorem. Let p be a positive integer, and let π be a permutation in S_p. Then (i) k(π̂) ≥ 1 and l(π̂) ≥ 1. (ii) k(π̂) + l(π̂) ≤ p + 1. (iii) σ(π̂) =^1_2 ( p + 1 − k(π̂) − l(π̂) ) is a non-negative integer.

Random Matrices and K-Theory . . . 355

Proof. (i) This is clear from Definition 1.10.

(ii) Since d(π̂) = k(π̂) + l(π̂) is the number of equivalence classes for ∼_{π̂}, (ii) follows from [Vo1, Proof of Theorem 2.2].

(iii) The proof of (iii) requires more work. For elements p of N and k, l of N_0 , we define δ(p, k, l) = card({π ∈ S_p | k(π̂) = k and l(π̂) = l}). By (i) and (ii), δ(p, k, l) = 0 unless k ≥ 1, l ≥ 1 and k + l ≤ p + 1. By Corollary 1.12, we have for an element B of GRM(m, n, 1), that E ∘ Tr_n [ (B^∗B)^p ] = ∑ k,l∈N k+l≤p+1 δ(p, k, l)m^kn^l.

On the other hand, by the recursion formula for the moments E ∘ Tr_n [ (B^∗B)^p ] , (p ∈ N), found in [HT, Theorem 8.2], it follows that for p in N, the moment E ∘ Tr_n [ (B^∗B)^p ] can be expressed as a polynomial in m and n of the form: E ∘ Tr_n [ (B^∗B)^p ] = ∑ k,l∈N k+l≤p+1 δ^′(p, k, l)m^kn^l,

for suitable coeffecients δ^′(p, k, l). By the remarks following the proof of [HT, Theorem 8.2], only terms of homogeneous degree p + 1 − 2j, j ∈ {0, 1, 2, . . . , [^{p−1}_2 ]}, appear in this polynomial, i.e.,

δ^′(p, k, l) = 0, when k + l = p (mod. 2).

If polynomials of two variables coincide on N^2 , then they are equal. Therefore, δ(p, k, l) = δ^′(p, k, l) for all k, l, which proves that

card({π ∈ S_p | k(π̂) = k and l(π̂) = l}) = 0, if k + l = p (mod. 2).

Hence, σ(π̂) is an integer for all π in S_p, and by (ii), σ(π̂) ≥ 0. This proves (iii). □ In the rest of this section, we shall introduce a method of “reductions of permutations”, which will be needed to determine the asymptotic lower bound of the spectrum of S^∗_nS_n (cf. Sections 5-8).

Let p be a positive integer, let π be a permutation in S_p, and consider the corresponding permutation π̂ in S_{2p}, introduced in Definition 1.6. Since π̂^2 = id and π̂ has no fixed points, the orbits under the action of π̂ form a partition of {1, 2, . . . , 2p} into p sets, each with two elements.

1.14 Definition. Let p be a positive integer, and let π be a permutation in S_p. Following the standard definition of crossings in partitions of {1, 2, . . . , 2p} into sets of cardinality 2 (see e.g. [Sp]), we say that (a, b, c, d) is a crossing for π̂, if a, b, c, d ∈ {1, 2, . . . , 2p} such that a < b < c < d, and π̂(a) = c, π̂(b) = d. (1.8)

356 U. Haagerup and S. Thorbjørnsen

If π̂ has no such crossings, we say that π̂ is a non-crossing permutation, and we let S^{nc}_p denote the set of permutations π in S_p for which π̂ is non-crossing. □ 1.15 Definition. Let p be a positive integer, let π be a permutation in S_p, and let e be an element of {1, 2, . . . , 2p − 1}. We say then that (e, e + 1) is a pair of neighbors for π̂, if π̂(e) = e + 1. Note, that a pair of neighbors for π̂ is either of the form (2k − 1, 2k), where k ∈ {1, . . . , p}, or of the form (2k, 2k + 1), where k ∈ {1, . . . , p − 1}. In the first case k = π(k), and in the second case π(k) = k + 1. □

1.16 Definition. Let p be a positive integer, let π be a permutation in S_p, and consider the permutation π̂ in S_{2p} introduced in Definition 1.6. We say then that π̂ is irreducible if π̂ has no pair of neighbors (in the sense of Definition 1.15), i.e., if π̂(j) ≠ j + 1 for all j in {1, 2, . . . , 2p − 1}. We denote by S^{irr}_p the set of permutations π in S_p for which π̂ is irreducible. Note that

π ∈ S^{irr}_p ⇐⇒ 1 ≠ π(1) ≠ 2 ≠ π(2) ≠ · · · ≠ p ≠ π(p).

If π ∈ S_p \ S^{irr}_p , we say that π̂ is reducible. Note, that we do not require that π̂(2p) ≠ 1 in order for π̂ to be irreducible. Thus, irreducibility of π̂ is not invariant under cyclic permutations of {1, 2, . . . , 2p}. □

1.17 Lemma. Let p be a positive integer, and let π be a permutation in S^{nc}_p . Then π̂ has a pair of neighbors, i.e., π̂ is reducible in the sense of Definition 1.16. In other words, we have the inclusion S^{nc}_p ⊆ S_p \ S^{irr}_p or equivalently S^{irr}_p ⊆ S_p \ S^{nc}_p .

Proof. We prove the inclusion: S^{irr}_p ⊆ S_p \ S^{nc}_p . So let π from S^{irr}_p be given, and consider the set M = {j ∈ {1, 2, . . . , 2p} | π̂(j) ≥ j}. Note that M ≠ ∅, since clearly 1 ∈ M. Define now α = min{π̂(j) − j | j ∈ M}. Since π̂ has no fixed points and no pairs of neighbors (since π ∈ S^{irr}_p ), we must have α ≥ 2. Choose j in {1, 2, . . . , 2p} such that π̂(j) − j = α. Since α ≥ 2, π̂(j) ≠ j + 1, or equivalently (since π̂^2 = id), π̂(j + 1) ≠ j. Combining this with the definition of α, and the fact that π̂ has no fixed points, it follows that π̂(j + 1) /∈ {j, j + 1, . . . , j + α} = {j, j + 1, . . . , π̂(j)}, i.e., either π̂(j+1) < j or π̂(j+1) > π̂(j). In the first case (π̂(j+1), j, j+1, π̂(j)) is a crossing for π̂, and in the second case (j, j + 1, π̂(j), π̂(j + 1)) is a crossing for π̂. In all cases, π ∈ S_p \ S^{nc}_p , as desired. □

Random Matrices and K-Theory . . . 357

1.18 Definition. Let p be a positive integer, greater than or equal to 2, let π be a permutation in S_p, and assume that the permutation π̂ in S_{2p} has a pair of neighbors (e, e+1). Let φ be the order preserving bijection of {1, 2, . . . , 2p−2} onto {1, 2, . . . , 2p} \ {e, e + 1}, i.e., φ(i) = { i, if 1 ≤ i ≤ e − 1, i + 2, if e ≤ i ≤ 2p − 2. (1.9)

By π_0 we denote then the unique permutation in S_{p−1}, satisfying that

π̂_0 = φ^{−1} ∘ π̂ ∘ φ.

We say that π̂_0 is obtained from π̂ by cancellation of the pair (e, e + 1). □

A few words are appropriate about the introduction of π_0 in the definition above. Note first of all that φ^{−1} ∘ π̂ ∘ φ is a well-defined permutation of {1, 2, . . . , 2p − 2}, since π̂^2 = id and π̂(e) = e + 1, so that π̂({1, 2, . . . , 2p} \ {e, e + 1}) = {1, 2, . . . , 2p} \ {e, e + 1}. To see that this permutation is actually of the form π̂_0 for some (necessarily uniquely determined) permutation π_0 in S_{p−1}, it suffices, by Remark 1.7(a), to check that (φ^{−1} ∘ π̂ ∘ φ)^2 = id, and that φ^{−1} ∘ π̂ ∘ φ(j) − j = 1 (mod. 2), for all j in {1, 2, . . . , 2p − 2}. But these properties follow from the corresponding properties of π̂, and the fact that φ(j) = j (mod. 2), for all j.

1.19 Remark. Let p be a positive integer, greater than or equal to 2, let π be a permutation in S_p, and assume that the permutation π̂ in S_{2p} has a pair of neighbors (e, e + 1). Let π_0 be the permutation in S_{p−1} obtained from π as in Definition 1.18.

(a) If (e, e + 1) = (2k − 1, 2k) for some k in {1, . . . , p}, then π_0 = ψ^{−1} ∘ π ∘ ψ, where ψ : {1, . . . , p − 1} → {1, . . . , p} \ {k} is the bijection given by ψ(j) = { j, if 1 ≤ j ≤ k − 1, j + 1, if k ≤ j ≤ p − 1. (1.10)

(b) If (e, e+1) = (2k, 2k +1) for some k in {1, . . . , p−1}, then π_0 = χ^{−1} ∘π ∘ψ, where χ: {1, . . . , p − 1} → {1, . . . , p} \ {k + 1} is the bijection given by χ(j) = { j, if 1 ≤ j ≤ k, j + 1, if k + 1 ≤ j ≤ p − 1,

(1.11)

and where ψ is given by (1.10). □

1.20 Lemma. Let p be a positive integer, greater than or equal to 2, and let π be a permutation in S_p \ S^{irr}_p . Let (e, e + 1) be a pair of neighbors for π̂ and let π_0 be the permutation in S_{p−1}, for which π̂_0 is the permutation obtained from π̂ by cancellation of (e, e + 1). Then π̂ is non-crossing if and only if π̂_0 is non-crossing.

358 U. Haagerup and S. Thorbjørnsen

Proof. Let φ: {1, 2, . . . , 2p − 2} → {1, 2, . . . , 2p} \ {e, e + 1} be the bijection introduced in (1.9). We show that π̂_0 has a crossing if and only if π̂ does. Assume first that π̂_0 has a crossing (a, b, c, d). Then since φ is (strictly) monotone and since (by definition of π_0) π̂(φ(a)) = φ(c), π̂(φ(b)) = φ(d), it follows that (φ(a), φ(b), φ(c), φ(d)) is a crossing for π̂.

Assume conversely that π̂ has a crossing (a^′, b^′, c^′, d^′). Then clearly {a^′, b^′, c^′, d^′} ∩ {e, e + 1} = ∅, so that the numbers φ^{−1}(a^′), φ^{−1}(b^′), φ^{−1}(c^′), φ^{−1}(d^′) are well-defined. It follows then, as above, that (φ^{−1}(a^′), φ^{−1}(b^′), φ^{−1}(c^′), φ^{−1}(d^′)) is a crossing for π̂_0. □

1.21 Lemma. Let m, n be positive integers, and let B be an element of GRM(m, n, 1). Then

E(B^∗ B) = m1_n, and E(BB^∗ ) = n1_m. (1.12)

Proof. Let (b_{ij} )_{1≤i≤m1≤j≤n} be the entries of B. Then

E(b_{ij} b_{st}) = { 1, if (i, j) = (s, t), 0, otherwise.

(1.13)

Since (B^∗B)_{ij} = ∑_m s=1 b_{si}b_{sj} and (BB^∗)_{ij} = ∑_n s=1 b_{is}b_{js}, for all i, j, (1.12) follows readily from (1.13). □

1.22 Proposition. Let p be a positive integer, greater than or equal to 2, and let π be a permutation in S_p \ S^{irr}_p . Let (e, e + 1) be a pair of neighbors for π̂ and let π_0 be the permutation in S_{p−1}, for which π̂_0 is the permutation obtained from π̂ by cancellation of (e, e + 1). Then with k(·), l(·), d(·) and σ(·) as introduced in Definition 1.10, we have that (i) If e is odd, then k(π̂_0) = k(π̂) − 1 and l(π̂_0) = l(π̂). (ii) If e is even, then k(π̂_0) = k(π̂) and l(π̂_0) = l(π̂) − 1. In both cases, d(π̂_0) = d(π̂) − 1 and σ(π̂_0) = σ(π̂).

Proof. Let m, n be positive integers, and let B_1, . . . , B_p be independent random matrices from GRM(m, n, 1). By Theorem 1.11, we have then that E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_p B_{π(p)} ] = m^{k(π̂)}n^{l(π̂)}. (1.14)

(i) Assume that e is odd, i.e., that (e, e + 1) = (2q − 1, 2q) for some q in {1, 2, . . . , p}. Then π(q) = q, and hence the set of random matrices (B^∗_1 , B_{π(1)}, . . . , B^∗_{q−1}, B_{π(q−1)}, B^∗_{q+1}, B_{π(q+1)}, . . . , B^∗_p , B_{π(p)})

Random Matrices and K-Theory . . . 359

is independent from the set (B^∗_q , B_{π(q)}). Therefore, E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_p B_{π(p)} ] = E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_{q−1}B_{π(q−1)}E(B^∗_q B_{π(q)})B^∗_{q+1} · · · B^∗_p B_{π(p)} ] = m · E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_{q−1}B_{π(q−1)}B^∗_{q+1} · · · B^∗_p B_{π(p)} ] , (1.15)

where the last equality follows from Lemma 1.21. Note that only the random matrices B_1, . . . , B_{q−1}, B_{q+1}, . . . , B_p occur in the last expression in (1.15). Define now for i in {1, 2, . . . , p − 1},

B^′_i = { B_i, if 1 ≤ i ≤ q − 1, B_{i+1}, if q ≤ i ≤ p − 1. Then by Remark 1.19(a), it follows that the last expression in (1.15) is equal to m · E ∘ Tr_n [ (B^′_1)^∗B^′_{π0(1)} · · · (B^′_{p−1})^∗B^′_{π0(p−1)} ] , which, by Theorem 1.11, is equal to m·m^{k(π̂0 )}n^{l(π̂0)}. Altogether, we have shown that m^{k(π̂)}n^{l(π̂)} = m · m^{k(π̂0 )}n^{l(π̂0 )},

and since this holds for all positive integers m, n, it follows that k(π̂) = k(π̂_0)+1 and l(π̂) = l(π̂_0). This proves (i).

(ii) Assume that e is even, i.e., that (e, e + 1) = (2q, 2q + 1), for some q in {1, 2, . . . , p − 1}. Then π(q) = q + 1, and arguing now as in the proof of (i), we find that

m^{k(π̂)}n^{l(π̂)} = E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_p B_{π(p)} ] = E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_q E(B_{π(q)} B^∗_{q+1})B_{π(q+1)} · · · B^∗_p B_{π(p)} ] = n · E ∘ Tr_n [ B^∗_1 B_{π(1)} · · · B^∗_q B_{π(q+1)} · · · B^∗_p B_{π(p)} ] , (1.16)

where the last equality follows from Lemma 1.21. Defining, this time, for each i in {1, 2, . . . , p − 1}, B^′_i = { B_i, if 1 ≤ i ≤ q, B_{i+1}, if q + 1 ≤ i ≤ p − 1,

we get by application of Remark 1.19(b), that the last expression in (1.16) is equal to n · E ∘ Tr_n [ (B^′_1)^∗B^′_{π0 (1)} · · · (B^′_{p−1})^∗B^′_{π0 (p−1)} ] , which, by Theorem 1.11, equals n · m^{k(π̂0 )}n^{l(π̂0)}. Arguing then as in the proof of (i), it follows that k(π̂) = k(π̂_0) and l(π̂) = l(π̂_0) + 1. This proves (ii). The last statements of Proposition 1.22 follow immediately from (i), (ii) and Definition 1.10. □

360 U. Haagerup and S. Thorbjørnsen

1.23 Proposition. Let p be a positive integer, and let π be a permutation in S_p. By finitely many (or possibly none) successive cancellations of pairs, π̂ can be reduced to either (i) ê_1, where e_1 is the trivial permutation in S_1, or (ii) ρ̂, where ρ is a permutation in S^{irr}_q for some q in {2, . . . , p}. Case (i) appears if and only if π ∈ S^{nc}_p .

Proof. It is clear, that by finitely many (or possibly none) successive cancellations of pairs, π̂ can be reduced to a permutation ρ̂, where either ρ ∈ S_1 or ρ ∈ S^{irr}_q for some q in {2, 3, . . . , p}. By Lemma 1.20, π̂ is non-crossing if and only if ρ̂ is. Since S_1 = S^{nc}_1 = {e_1}, and S^{irr}_q ∩ S^{nc}_q = ∅ for all q in {2, 3, . . . , p}, by Lemma 1.17, it follows thus, that either case (i) or case (ii) occurs, and that case (i) occurs if and only if π̂ is non-crossing. □ The following corollary is a special case of [Sh, Lemma 2.3]. For the convenience of the reader, we include a proof based on Propositions 1.22 and 1.23.

1.24 Corollary. Let p be a positive integer and let π be a permutation in S_p. Then π̂ is non-crossing if and only if k(π̂) + l(π̂) = p + 1, or, equivalently, if and only if σ(π̂) = 0.

Proof. Assume first that π̂ is non-crossing. It follows then from Proposition 1.23, that by successive cancellations of pairs, π̂ may be reduced to ê_1, where e_1 is the unique permutation in S_1. Since σ(·) is invariant under cancellations of pairs, (cf. Lemma 1.22), it follows that σ(π̂) = σ(ê_1), and it is straightforward to check that σ(ê_1) = 0.

Assume next that π̂ has a crossing. Then, by Proposition 1.23, there exist q in {2, . . . , p} and a permutation ρ in S^{irr}_q , such that π̂ may be reduced to ρ̂ by finitely many (or possibly none) successive cancellations of pairs. By Proposition 1.22, σ(π̂) = σ(ρ̂), and hence it suffices to show that σ(ρ̂) > 0, i.e., that d(ρ̂) < q + 1. Note for this, that since ρ̂ is irreducible, ρ̂(j) ≠ j + 1, for all j in {1, 2, . . . , 2q − 1}. Since ρ̂^2 = id, this is equivalent to the condition that ρ̂(j) ≠ j − 1, for all j in {2, 3, . . . , 2q}, and by Remark 1.9, this implies that card([j]_{ρ̂}) ≥ 2, for all j in {2, 3, . . . , 2q}. Letting r denote the number of ∼_{ρ̂}-equivalence classes, that are distinct from [1]_{ρ̂}, we have thus the inequality

2r + card([1]_{ρ̂}) ≤ 2q.

Since r = d(ρ̂)−1, and since card([1]_{ρ̂}) ≥ 1, this implies that 2(d(ρ̂)−1)+1 ≤ 2q, and hence that d(ρ̂) ≤ q, as desired. □

2 A Combinatorial Expression for the Moments of S^∗S

Let H and K be Hilbert spaces, let r be a positive integer, and let a_1, . . . , a_r be elements of B(H, K). Moreover, let n be a fixed positive integer, and let

Random Matrices and K-Theory . . . 361

Y_1, . . . , Y_r be independent elements of GRM(n, n,^1_n ). We then define S = r∑ i=1 a_i ⊗ Y_i. Note that S is a random variable taking values in B(H, K) ⊗ M_n(C ). The aim of this section is to derive combinatorial expressions for the moments

(id_{B(H)} ⊗ (E ∘ tr_n))[(S^∗S)^p] and (id_{B(H)} ⊗ E)[(S^∗ S)^p], (p ∈ N),

where id_{B(H)} denotes the identity mapping on B(H). Moreover, we shall obtain another combinatorial expression, which is an upper estimate for the norm of (id_{B(H)} ⊗ E)[(S^∗ S)^p]. For the sake of short notation, in the following we shall just write E ∘ tr_n and E instead of id_{B(H)} ⊗ (E ∘ tr_n) and id_{B(H)} ⊗ E. We start with the following generalization of Proposition 1.5.

2.1 Proposition. Let H, K be Hilbert spaces, let r be a positive integer, and let a_1, . . . , a_r be elements of B(H, K). Moreover, let m, n be fixed positive integers, and let B_1, . . . , B_r be independent elements of GRM(m, n, 1). Then with T = ∑_r i=1 a_i ⊗ B_i, we have for any positive integer p, that

E ∘ Tr_n[(T^∗T )^p] = ∑ π∈S_p m^{k(π̂)}n^{l(π̂)} · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} . Proof. Let (B(1, h))_{h∈N}, . . . , (B(r, h))_{h∈N} be sequences of elements from GRM(m, n, 1), such that (the entries of) the random matrices B(i, h), 1 ≤ i ≤ r, h ∈ N, are jointly independent. Then for h in N, we define

T_h = r∑ i=1 a_i ⊗ B(i, h). Note then, that for each s in N,

s^{− 12} s∑ h=1 T_h = s^{− 12} s∑ h=1 r∑ i=1 a_i ⊗ B(i, h) = r∑ i=1 a_i ⊗ ( s^{− 12} s∑ h=1 B(i, h) ) , where the random matrices s^{− 12} ∑_s h=1 B(1, h), . . . , s^{− 12} ∑_s h=1 B(r, h) are independent elements of GRM(m, n, 1). It follows thus, that the moments of s^{−1}( ∑_s h=1 T_h)^∗ ∑_s h=1 T_h w.r.t. E ∘ Tr_n are equal to those of T^∗T . Thus for any p, s in N, we have

E ∘ Tr_n[(T^∗T )^p] = E ∘ Tr_n [ s^{−p} ((^s∑ h=1 T_h )_∗^s∑ h=1 T_h )_p ]

= s^{−p} · ∑ 1≤h_1,h_2,... ,h_p≤s 1≤g_1 ,g_2 ,... ,g_p≤s E ∘ Tr_n [ T^∗_{h1} T_{g1} T^∗_{h2} T_{g2} · · · T^∗_{hp} T_{gp} ] .

(2.1)

362 U. Haagerup and S. Thorbjørnsen

Consider here an arbitrary 2p–tuple (h_1, g_1, . . . , h_p, g_p) in {1, 2, . . . , s}^{2p}. Recalling then the definition of T_h, we find that E ∘ Tr_n [ T^∗_{h1} T_{g1} T^∗_{h2} T_{g2} · · · T^∗_{hp} T_{gp} ]

= ∑ 1≤i_1 ,... ,i_p≤r 1≤j_1 ,... ,j_p≤r (a^∗_{i1} a_{j1} · · · a^∗_{ip} a_{jp} ) · E [ Tr_n(B(i_1, h_1)^∗B(j_1, g_1) · · · B(i_p, h_p)^∗B(j_p, g_p)) ] .

Since B(i, h) is independent of B(j, g) unless i = j and h = g, it follows here from Lemma 1.2 in Section 1, that

E ∘ Tr_n [B(i_1, h_1)^∗B(j_1, g_1) · · · B(i_p, h_p)^∗B(j_p, g_p)] ≠ 0 =⇒ ∃π ∈ S_p : (j_1, g_1) = (i_{π(1)}, h_{π(1)}), . . . , (j_p, g_p) = (i_{π(p)}, h_{π(p)}).

(2.2)

In particular it follows that in (2.1), we only have to sum over (h_1, g_1, . . . , h_p, g_p) in ∪_{π∈Sp} M(π, s), where, as in the proof of Proposition 1.5 in Section 1 , M(π, s) = { (h_1, g_1, . . . , h_p, g_p) ∈ {1, 2, . . . , s}^{2p} | | g_1 = h_{π(1)}, . . . , g_p = h_{π(p)}},

for any π in S_p. Following still the proof of Proposition 1.5 in Section 1, we define, D(s) = { (h_1, g_1, . . . , h_p, g_p) ∈ {1, 2, . . . , s}^{2p} | | h_1, . . . , h_p are distinct },

and then the sets M(π, s) ∩ D(s), π ∈ S_p, are disjoint and

E ∘ Tr_n[(T^∗T )^p] = s^{−p} ∑ π∈S_p ∑ (h_1,g_1 ,... ,h_p,g_p)∈M(π,s)∩D(s) E ∘ Tr_n[T^∗_{h1} T_{g1} · · · T^∗_{hp} T_{gp} ] + s^{−p} ∑ (h_1,g_1 ,... ,h_p,g_p)∈(∪_{π∈Sp} M(π,s))\D(s) E ∘ Tr_n[T^∗_{h1} T_{g1} · · · T^∗_{hp} T_{gp} ].

(2.3)

As was noted in the proof of Proposition 1.5, we have here that s^{−p} · card(M(π, s) ∩ D(s)) → 1, as s → ∞, (π ∈ S_p), (2.4) and that

s^{−p} · card( ( ∪_{π∈Sp} M(π, s) ) \ D(s)) → 0, as s → ∞. (2.5)

Random Matrices and K-Theory . . . 363

Moreover, for any h_1, g_1, . . . , h_p, g_p in N, we have that ‖ ‖E ∘ Tr_n[T^∗_{h1} T_{g1} · · · T^∗_{hp} T_{gp} ] ‖ ‖ ≤ ∑ 1≤i_1 ,... ,i_p≤r 1≤j_1 ,... ,j_p≤r ‖a^∗_{i1} a_{j1} · · · a^∗_{ip} a_{jp} ‖ · | E [ Tr_n(B(i_1, h_1)^∗B(j_1, g_1) · · · B(i_p, h_p)^∗B(j_p, g_p)) ]|

≤ K(m, n, p, 1) · ∑ 1≤i_1,... ,i_p≤r 1≤j_1,... ,j_p≤r ‖a^∗_{i1} a_{j1} · · · a^∗_{ip} a_{jp} ‖,

where K(m, n, p, 1) is the constant introduced in Remark 1.4 in Section 1. Since this constant does not depend on s, it follows thus, by (2.5), that the second term on the right hand side of (2.3) tends to 0 as s → ∞.

Regarding the first term on the right hand side of (2.3), for any π in S_p and any 2p–tuple (h_1, g_1, . . . , h_p, g_p) in M(π, s) ∩ D(s), we have that

E ∘ Tr_n[T^∗_{h1} T_{g1} · · · T^∗_{hp} T_{gp} ] = E ∘ Tr_n[T^∗_{h1} T_{hπ(1)} · · · T^∗_{hp} T_{hπ(p)} ] = ∑ 1≤i_1 ,... ,i_p≤r 1≤j_1 ,... ,j_p≤r (a^∗_{i1} a_{j1} · · · a^∗_{ip} a_{jp} )

· E [ Tr_n(B(i_1, h_1)^∗B(j_1, h_{π(1)}) · · · B(i_p, h_p)^∗B(j_p, h_{π(p)})) ] . Recalling here the statement (2.2) and that h_1, . . . , h_p are distinct, it follows that the term in the above sum corresponding to (i_1, j_1, . . . , i_p, j_p) is 0, unless j_1 = i_{π(1)}, . . . , j_p = i_{π(p)}. Thus we have that

E ∘ Tr_n[T^∗_{h1} T_{g1} · · · T^∗_{hp} T_{gp} ] = ∑ 1≤i_1 ,... ,i_p≤r (a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) · E [ Tr_n(B(i_1, h_1)^∗B(i_{π(1)}, h_{π(1)}) · · · B(i_p, h_p)^∗B(i_{π(p)}, h_{π(p)})) ] . Note here, that since h_1, . . . , h_p are distinct, B(i_1, h_1), . . . , B(i_p, h_p) are independent for any choice of i_1, . . . , i_p in {1, 2, . . . , r}, and consequently E [ Tr_n(B(i_1, h_1)^∗B(i_{π(1)}, h_{π(1)}) · · · B(i_p, h_p)^∗B(i_{π(p)}, h_{π(p)})) ] = Λ(π, m, n), for any i_1, . . . , i_p in {1, 2, . . . , r}. Thus, we may conclude that

E ∘ Tr_n[T^∗_{h1} T_{g1} · · · T^∗_{hp} T_{gp} ] = Λ(π, m, n) · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} , and this holds for any (h_1, g_1, . . . , h_p, g_p) in M(π, s) ∩ D(s). Therefore the first term on the right hand side of (2.3) equals ∑ π∈S_p s^{−p} · card(M(π, s) ∩ D(s)) · Λ(π, m, n) · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ,

364 U. Haagerup and S. Thorbjørnsen

and by (2.4), this tends to ∑ π∈S_p Λ(π, m, n) · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ,

as s → ∞. Since the left hand side of (2.3) does not depend on s, we get thus by letting s → ∞ in (2.3), that

E ∘ Tr_n[(T^∗T )^p] = ∑ π∈S_p Λ(π, m, n) · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} .

Combining finally with Theorem 1.11, we obtain the desired formula. □

2.2 Corollary. Let H, K be Hilbert spaces, let r be a positive integer, and let a_1, . . . , a_r be elements of B(H, K). Moreover, let n be a fixed positive integer, and let Y_1, . . . , Y_r be independent elements of GRM(n, n,^1_n ). Then with S = ∑_r i=1 a_i ⊗ Y_i, we have for any positive integer p, that

E ∘ tr_n[(S^∗S)^p] = ∑ π∈S_p n^{−2σ(π̂)} · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} , (2.6)

where σ(π̂) is the quantity introduced in Definition 1.10 in Section 1.

Proof. With B_i = √ n · Y_i, i ∈ {1, 2, . . . , r}, we have that B_1, . . . , B_r are independent elements of GRM(n, n, 1). It follows thus from Proposition 2.1, that for any p in N,

n^p · E ∘ Tr_n[(S^∗S)^p] = ∑ π∈S_p n^{k(π̂)+l(π̂)} ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ,

and consequently

E ∘ tr_n[(S^∗S)^p] = ∑ π∈S_p n^{−p−1+k(π̂)+l(π̂)} ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} .

Formula (2.6) now follows by noting that,

p + 1 − k(π̂) − l(π̂) = p + 1 − d(π̂) = 2σ(π̂),

for any π in S_p. □ Our next objective is to derive a matrix version of formula (2.6). In other words, we shall obtain a combinatorial expression for E[(S^∗ S)^p].

2.3 Lemma. Let n, r be positive integers and let Y_1, . . . , Y_r be independent elements of GRM(n, n, σ^2). Then for any (non–random) unitary n×n matrices u_1, . . . , u_r, the random matrices u_1Y_1u^∗_1, . . . , u_rY_ru^∗_r are again independent elements of GRM(n, n, σ^2).

Random Matrices and K-Theory . . . 365

Proof. Note first that for each i in {1, 2, . . . , r}, the entries of u_iY_iu^∗_i are all measurable w.r.t. the σ–algebra generated by the entries of Y_i. It follows therefore immediately that u_1Y_1u^∗_1, . . . , u_rY_ru^∗_r are independent random matrices. We note next, that it follows easily from Definition 1.1, that the joint distribution of the entries of an element from GRM(n, n, σ^2) has the following density w.r.t. Lebesgue measure on M_n(C ) ≃ R^{2n2} : y → (_1 πσ^2 )_n2 exp ( −^1_{σ2} · Tr_n(y^∗y) ) , (y ∈ M_n(C )). (2.7)

(Here the identification of M_n(C ) with R^{2n2} is given by y → (Re(y_{jk} ), Im(y_{jk} ))_{1≤j,k≤n}.) Now let u be a unitary n × n matrix, and consider then the linear mapping Adu: y → uyu^∗ : M_n(C ) → M_n(C ). Under the identification of M_n(C ) with R^{2n2} , the Euclidean structure on R^{2n2} is given by the inner product: ⟨y, z⟩ = Re(Tr_n(z^∗y)), (y, z ∈ M_n(C )). Thus Adu: R^{2n2} → R^{2n2} is a linear isometry, and hence the Jacobi determinant of this mapping equals 1. Combining this fact with (2.7) and the usual transformation theorem for Lebesgue measure, it follows that for any Y in GRM(n, n, σ^2), the joint distribution of the entries of uY u^∗ equals that of the entries of Y . □

2.4 Lemma. Let B be a C^∗–algebra with unit 1, let n be a positive integer, and consider the tensor product B ⊗ M_n(C ). If x ∈ B ⊗ M_n(C ), such that (1 ⊗ u)x(1 ⊗ u)^∗ = x for any unitary n × n matrix u, then x ∈ B ⊗ 1_n.

Proof. Assume that x ∈ B ⊗ M_n(C ), and that (1 ⊗ u)x(1 ⊗ u)^∗ = x for any unitary n × n matrix u. Since M_n(C ) is the linear span of its unitaries, it follows that x ∈ { y ∈ B ⊗ M_n(C ) | | yT = T y for all T in 1 ⊗ M_n(C )} = B ⊗ 1_n,

where the last equality follows by standard matrix considerations; thinking of B ⊗ M_n(C ) as the set of n × n matrices with entries from B. □

2.5 Proposition. Let S be as in Corollary 2.2. Then for any positive integer p, we have that:

E[(S^∗ S)^p] = ( ∑ π∈S_p n^{−2σ(π̂)} · ∑ 1≤i_1,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_n.

366 U. Haagerup and S. Thorbjørnsen

Proof. Let u be an arbitrary unitary n × n matrix, and define: S_u = ∑_r i=1 a_i ⊗ (uY_iu^∗). Note then that S^∗_uS_u = (1_H ⊗ u)S^∗S(1_H ⊗ u)^∗, where 1_H denotes the unit of B(H). It follows now by Lemma 2.3, that

E[(S^∗ S)^p] = E[(S^∗_u S_u)^p] = E[(1_H ⊗ u)(S^∗S)^p(1_H ⊗ u)^∗] = (1_H ⊗ u)E[(S^∗ S)^p](1_H ⊗ u)^∗.

Since this holds for any unitary u, it follows from Lemma 2.4, that E[(S^∗ S)^p] ∈ B(H) ⊗ 1_n, and consequently

E[(S^∗ S)^p] = ( tr_n(E[(S^∗ S)^p]) ) ⊗ 1_n = ( E ∘ tr_n[(S^∗S)^p] ) ⊗ 1_n. The proposition now follows by application of Corollary 2.2. □ In the next section, we shall obtain combinatorial expressions that are upper estimates for the moments E[(S^∗ S)^p]. It follows from Proposition 2.5, that in order to obtain such combinatorial estimates, we should concentrate on deriving combinatorial estimates for the quantities ‖ ∑ 1≤i_1,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ‖ , where π ∈ S_p, and a_1, . . . , a_r are arbitrary bounded operators from a Hilbert space H to a Hilbert space K.

2.6 Definition. Let p be a positive integer, let π be a permutation in S_p and consider the permutation π̂ in S_{2p}. We then put

κ(π̂) = card( { j ∈ {1, 3, . . . , 2p − 1} | π̂(j) > j } ), λ(π̂) = card( { j ∈ {1, 3, . . . , 2p − 1} | | π̂(j) < j}) + 1. □ We note, that since π̂ has no fixed points, it follows that

κ(π̂) + λ(π̂) = p + 1, (p ∈ N, π ∈ S_p). (2.8)

Recalling that by definition of π̂, π̂(2h − 1) = 2π^{−1}(h) for all h in {1, 2, . . . , p}, it follows furthermore that

κ(π̂) = card( { h ∈ {1, 2, . . . , p} | | 2π^{−1}(h) > 2h − 1}) = card( { h ∈ {1, 2, . . . , p} | π^{−1}(h) ≥ h } ) = card( { h ∈ {1, 2, . . . , p} | | h ≥ π(h)}), (2.9)

where the last equality follows by replacing h by π^{−1}(h). Similarly we have that

λ(π̂) = p + 1 − κ(π̂)

= card( { h ∈ {1, 2, . . . , p} | | π^{−1}(h) < h}) + 1

= card( { h ∈ {1, 2, . . . , p} | | h < π(h)}) + 1. (2.10)

Random Matrices and K-Theory . . . 367

We note also, that since π̂(j) = j + 1 mod. 2 and π̂(π̂(j)) = j for all j, we have that

κ(π̂) = card(π̂ [{ j ∈ {1, 3, . . . , 2p − 1} | | π̂(j) > j}]) = card( { j ∈ {2, 4, . . . , 2p} | | π̂(j) < j}), (2.11) and similarly

λ(π̂) = card( { j ∈ {2, 4, . . . , 2p} | | π̂(j) > j}) + 1. (2.12)

In connection with products of the form a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} , note that κ(π̂) denotes the number of h’s in {1, 2, . . . , p} for which the factor a^∗_{ih} appears before the factor a_{ih} in this product. Similarly λ(π̂) − 1 denotes the number of h’s in {1, 2, . . . , p} for which the factor a_{ih} appears before the factor a^∗_{ih} .

2.7 Proposition. Let H, K be Hilbert spaces, let r be a positive integer, and let a_1, . . . , a_r be elements of B(H, K). Let further c and d be positive real numbers, such that ‖ ‖ ‖ r∑ i=1 a^∗_i a_i ‖ ‖ ‖ ≤ c and ‖ ‖ ‖ r∑ i=1 a_ia^∗_i ‖ ‖ ‖ ≤ d. (2.13)

Then for any positive integer p and any permutation π in S_p, we have that ‖ ‖ ‖ ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ‖ ‖ ‖ ≤ c^{κ(π̂)}d^{λ(π̂)−1}.

Proof. Let V be an infinite dimensional Hilbert space, and choose r isometries s_1, . . . , s_r in B(V), with orthogonal ranges, i.e., s^∗_i s_j = δ_{i,j}1_{B(V)}, (i, j ∈ {1, 2, . . . , r}). (2.14) Consider then the Hilbert space Ṽ = V ⊗ · · · ⊗ V (p factors), and for each i in {1, 2, . . . , r} and h in {1, 2, . . . , p}, define the operator s(i, h) in B(Ṽ) by the equation s(i, h) = 1_{B(V)} ⊗ · · · ⊗ 1_{B(V)} ⊗ S_i ⊗ 1_{B(V)} ⊗ · · · ⊗ 1_{B(V)} ↑ h’th position

. (2.15)

Next, put t(i, h) = { s(i, h), if h ≤ π^{−1}(h), s(i, h)^∗, if h > π^{−1}(h), (i ∈ {1, 2, . . . , r}, h ∈ {1, 2, . . . , p}), (2.16)

368 U. Haagerup and S. Thorbjørnsen and A_h = r∑ i=1 a_i ⊗ t(i, h), (h ∈ {1, 2, . . . , p}). (2.17) We consider A_h as an element of B(H ⊗ Ṽ, K ⊗ Ṽ) in the usual way. We claim then that

A^∗_1A_{π(1)}A^∗_2A_{π(2)} · · · A^∗_pA_{π(p)} = ( ∑ 1≤i_1,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_{B(Ṽ)}.

(2.18) To prove (2.18), observe first that A^∗_1A_{π(1)} · · · A^∗_pA_{π(p)} = ∑ 1≤i_1 ,i_2,... ,i_p≤r 1≤j_1 ,j_2,... ,j_p≤r (a^∗_{i1} a_{j1} a^∗_{i2} a_{j2} · · · a^∗_{ip} a_{jp} ) ⊗ Π(i_1, j_1, i_2, j_2, . . . , i_p, j_p), (2.19)

where

Π(i_1, j_1, . . . , i_p, j_p) = t(i_1, 1)^∗t(j_1, π(1))t(i_2, 2)^∗t(j_2, π(2)) · · · t(i_p, p)^∗t(j_p, π(p)),

(2.20)

for all i_1, j_1, . . . , i_p, j_p in {1, 2, . . . , r}. By (2.15) and (2.16), t(i, h) and t(i, h)^∗ both commute with t(j, k) and t(j, k)^∗, as long as h ≠ k. Hence, we can reorder the factors in the product on the right hand side of (2.20), according to the second index in t(·, ·) and t(·, ·)^∗, in the following way Π(i_1, j_1, . . . , i_p, j_p) = T (1)T (2) · · · T (p), where T (h) = { t(i_h, h)^∗t(j_π−1_{(h)}, h), if h ≤ π^{−1}(h), t(j_π−1_{(h)}, h)t(i_h, h)^∗, if h > π^{−1}(h), for each h in {1, 2, . . . , p}. By (2.16), it follows that

T (h) = { s(i_h, h)^∗s(j_π−1_{(h)}, h), if h ≤ π^{−1}(h), s(j_π−1_{(h)}, h)^∗s(i_h, h), if h > π^{−1}(h), and thus by (2.14)-(2.15), we get that for all i_1, j_1, . . . , i_p, j_p in {1, 2, . . . , r} and all h in {1, 2, . . . , p},

T (h) = { 1_{B(Ṽ)}, if i_h = j_π−1_{(h)}, 0, if i_h ≠ j_π−1_{(h)}.

Therefore, Π(i_1, j_1, . . . , i_p, j_p) = 0, unless i_h = j_π−1_{(h)}, for all h in {1, 2, . . . , p}, or equivalently, unless i_{π(h)} = j_h, for all h in {1, 2, . . . , p}, in which case Π(i_1, j_1, . . . , i_p, j_p) = 1_{B(Ṽ)}. Combining this with (2.19), we obtain (2.18).

Random Matrices and K-Theory . . . 369

Using again that s(i, h)^∗s(j, h) = δ_{i,j}1_{B(Ṽ)}, for all i, j in {1, 2, . . . , r}, we get that if h ≤ π^{−1}(h),

A^∗_hA_h = r∑ i,j=1 a^∗_i a_j ⊗ s(i, h)^∗s(j, h) = r∑ i=1 a^∗_i a_i ⊗ 1_{B(Ṽ)},

and if h > π^{−1}(h),

A_hA^∗_h = r∑ i=1 a_ia^∗_i ⊗ 1_{B(Ṽ)}.

By (2.13), it follows thus, that ‖A_h‖^2 = ‖A^∗_hA_h‖ ≤ c, if h ≤ π^{−1}(h), ‖A_h‖^2 = ‖A_hA^∗_h‖ ≤ d, if h > π^{−1}(h), so by (2.9) and (2.10), ‖A^∗_1A_{π(1)} · · · A^∗_pA_{π(p)}‖ ≤ p∏ h=1 ‖A_h‖^2 ≤ c^{κ(π̂)}d^{λ(π̂)−1}. Together with (2.18), this proves the proposition. □

2.8 Corollary. Let H, K be Hilbert spaces, let r be a positive integer, and let a_1, . . . , a_r be elements of B(H, K). Moreover, let n be a fixed positive integer, and let Y_1, . . . , Y_r be independent elements of GRM(n, n,^1_n ). Then with S = ∑_r i=1 a_i ⊗ Y_i, c = ‖ ∑_r i=1 a^∗_i a_i‖ and d = ‖ ∑_r i=1 a_ia^∗_i ‖, we have for any positive integer p, that ‖E[(S^∗ S)^p]‖ ≤ ∑ π∈S_p n^{−2σ(π̂)}c^{κ(π̂)}d^{λ(π̂)−1}. Proof. This follows immediately by combining Propositions 2.5 and 2.7. □ In Section 3 we shall estimate further the quantity ‖E[(S^∗ S)^p]‖. As preparation for this, we will in Proposition 2.10 below, compare the numbers κ(π̂) and λ(π̂) with the numbers k(π̂) and l(π̂), defined in Section 1.

2.9 Lemma. Let p be a positive integer, let π be a permutation in S_p, and consider the permutation π̂ in S_{2p} and the corresponding equivalence relation ∼_{π̂}. Then any equivalence class for ∼_{π̂}, except possibly [1]_{π̂}, contains an element j with the property that π̂(j) < j.

Proof. Let j^′ be an element of {1, 2, . . . , 2p}, such that 1 /∈ [j^′]_{π̂}. We show that [j^′]_{π̂} contains an element j such that π̂(j) < j. For this, note first, that we may assume that j^′ is the smallest element of [j^′]_{π̂}. Then, by assumption, j^′ ≥ 2. Now write in the usual manner (cf. Remark 1.9)

[j^′]_{π̂} = {j_0, j_1, . . . , j_q }.

370 U. Haagerup and S. Thorbjørnsen

In particular, π̂(j_q ) + 1 = j_0 = j^′ (addition formed mod. 2p). Now, since j^′ ≥ 2, we have that j^′ − 1 < j^′, even when the subtraction is formed mod. 2p. Therefore, since j^′ is the smallest element of [j^′]_{π̂}, π̂(j_q ) = j^′ − 1 < j^′ ≤ j_q . Thus we may choose j = j_q. □

2.10 Proposition. Let p be a positive integer, let π be a permutation in S_p, and consider the permutation π̂ in S_{2p}. We then have (i) κ(π̂) ≥ k(π̂) and λ(π̂) ≥ l(π̂). (ii) (κ(π̂) − k(π̂)) + (λ(π̂) − l(π̂)) = 2σ(π̂).

(iii) κ(π̂) = k(π̂) and λ(π̂) = l(π̂) if and only if π̂ is non–crossing.

Proof. (i) By Lemma 2.9 and the definition of l(π̂), it follows that

l(π̂) − 1 ≤ card( { j ∈ {1, 3, . . . , 2p − 1} | | π̂(j) < j}) = λ(π̂) − 1. Similarly we find by application of (2.11), that

k(π̂) ≤ card( { j ∈ {2, 4, . . . , 2p} | | π̂(j) < j}) = κ(π̂). (ii) We find by application of (2.8), that

(κ(π̂) − k(π̂)) + (λ(π̂) − l(π̂)) = (κ(π̂) + λ(π̂)) − d(π̂) = p + 1 − d(π̂) = 2σ(π̂).

(iii) This follows immediately by combining (i), (ii) and Corollary 1.24. □

3 An upper bound for E [ exp(tS^∗S) ] , t ≥ 0

In the previous section, we computed E[(S^∗ S)^p], for p in N and S = ∑_r i=1 a_i ⊗ Y_i, where a_1, . . . , a_r ∈ B(H, K), for Hilbert spaces H and K, and where Y_1, . . . , Y_r are independent random matrices in GRM(n, n,^1_n ). For fixed p in N, the function ω → ( S^∗(ω)S(ω) )_p only takes values in a finite dimensional subspace of B(H) ⊗ M_n(C ). This is not the case for the function ω → exp ( tS^∗(ω)S(ω) ) , so in order to give precise meaning to the mean E [ exp(tS^∗S) ] , we will need the following definition (cf. [Ru, Definition 3.26]).

3.1 Definition. Let X be a Banach space, let (Ω, F, P ) be a probability space, and let f : Ω → X be a mapping, that satisfies the following two conditions (a) ∀φ ∈ X^∗ : φ ∘ f ∈ L^1(Ω, F, P ) (b) ∃x_0 ∈ X ∀φ ∈ X^∗ : ∫ Ω φ ∘ f(ω) dP (ω) = φ(x_0).

We say then that f is integrable in X , and we call x_0 the integral of f, and write E(f) = ∫ Ω f dP = x_0. □ Note that in the above definition, x_0 is uniquely determined by (b). Note also, that we do not require that ∫ Ω ‖f‖ dP < ∞, in order for f to be integrable.

However, if X is finite dimensional, then this follows automatically from (a).

Random Matrices and K-Theory . . . 371

3.2 Proposition. Let H and K be Hilbert spaces, let a_1, . . . , a_r be elements of B(H, K), and let γ be a strictly positive number, such that max { ‖ ∑_r i=1a^∗_i a_i‖, ‖ ∑_r i=1 a_ia^∗_i ‖ } ≤ γ. Furthermore, let n be a positive integer, let Y_1, . . . , Y_r be independent random matrices in GRM(n, n,^1_n ), and put S = ∑_r i=1 a_i ⊗ Y_i.

Then for any complex number t, such that |t| <^n_γ , the function ω → exp ( tS^∗(ω)S(ω) ) , (ω ∈ Ω), is integrable in B(H^n), in the sense of Definition 3.1, and E [ exp(tS^∗S) ] = ∞∑ p=0 t^p p! E [ (S^∗S)^p ] , (3.1)

where the series on the right hand side is absolutely convergent in B(H^n).

Proof. By Proposition 2.5, we have for any p in N, E [ (S^∗S)^p ] = ( ∑ π∈S_p n^{−2σ(π̂)} ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_n,

and by Proposition 2.7 and formula (2.8), we have here for all π in S_p, that ‖ ‖ ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ‖ ‖ ≤ γ^p. (3.2)

Hence the absolute convergence of the right hand side of (3.1) will follow, if we can prove that 1 + ∞∑ p=1 (γ|t|)^p p! ( ∑ π∈S_p n^{−2σ(π̂)} ) < ∞, (3.3)

whenever |t| <^n_γ . For this, consider an element B of GRM(n, n, 1), and recall then from Corollary 1.12, that E ∘ Tr_n [ (B^∗B)^p ] = ∑ π∈S_p n^{k(π̂)+l(π̂)} = n^{p+1} ∑ π∈S_p n^{−2σ(π̂)}. Hence for positive numbers s, we have E ∘ Tr_n [ exp(sB^∗B) ] = n ( 1 + ∞∑ p=1 (ns)^p p! ∑ π∈S_p n^{−2σ(π̂)} ) . (3.4)

From [HT, Theorem 6.4], we know that E ∘ Tr_n [ exp(sB^∗B) ] < ∞, when 0 ≤ s < 1.

372 U. Haagerup and S. Thorbjørnsen

Hence the sum in (3.4) is finite, whenever 0 ≤ s < 1, and this implies that (3.3)

holds whenever |t| <^n_γ .

Consider now the state space S(B(H^n)) of B(H^n) and an element φ of

S(B(H^n)). For any ω in Ω, we have then that φ [ exp ( tS^∗(ω)S(ω) )] = ∞∑ p=0 t^p p! φ [ (S^∗(ω)S(ω))^p ] ,

which is clearly a positive measurable function of ω (since φ is a state). More-

over, by Lebesgue’s Monotone Convergence Theorem, E [ φ ( exp(tS^∗S) )] = ∞∑ p=0 t^p p! E [ φ ( (S^∗S)^p )]

= ∞∑ p=0 t^p p! φ ( E [ (S^∗S)^p ])

= 1 + ∞∑ p=0 t^p p! φ ( ∑ π∈S_p n^{−2σ(π̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_n )

≤ 1 + ∞∑ p=0 t^p p! ∑ π∈S_p n^{−2σ(π̂)} ‖ ‖ ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ‖ ‖, (3.5)

and by (3.2) and (3.3), the latter sum is finite, when |t| <^n_γ . Since

B(H^n)^∗ = span ( S(B(H^n) ) , it follows that the function ω → exp(tS^∗(ω)S(ω)),

is integrable, and (by the first two equalities in (3.5)) that E [ exp(tS^∗S) ] is given by (3.1). □

The main result of this section is the following

3.3 Theorem. Let H, K be Hilbert spaces, and let a_1, . . . , a_r be elements of

B(H, K), satisfying that r∑ i=1 a^∗_i a_i ≤ c1_{B(H)} and r∑ i=1 a_ia^∗_i ≤ 1_{B(K)},

for some constant c in ]0, ∞[. Consider furthermore independent elements

Y_1, . . . , Y_r of GRM(n, n,^1_n ), and put S = ∑_r i=1 a_i ⊗ Y_i. Then for any t in

[0,^n_{2c} ] ∩ [0,^n_2 ], we have that E [ exp(tS^∗S) ] ≤ exp ( ( √ c + 1)^2t + (c + 1)^2 ·^{t2}_n ) · 1_{B(H}n_).

For the proof of Theorem 3.3, we need three lemmas. Before stating these

lemmas, we introduce some notation:

Random Matrices and K-Theory . . . 373

For any p, k, l in N, we put

δ(p, k, l) = card({π ∈ S_p | k(π̂) = k and l(π̂) = l}). (3.6)

Note that for any p, k, l in N, δ(p, k, l) = 0, unless k + l ≤ p + 1 (cf. Theorem 1.13).

For any complex number w and any n in N_0 , we put

(w)_n = { 1, if n = 0, w(w + 1)(w + 2) · · · (w + n − 1), if n ∈ N.

We recall then, that the hyper-geometric function F , is defined by the formula F (a, b, c; x) = ∞∑ k=0 (a)_k(b)_k (c)_kk! x^k, for a, b, c, x in C , such that c /∈ Z \ N, and |x| < 1.

3.4 Lemma. For all positive real numbers α, β, we have that ∞∑ p=1 t^{p−1} (p − 1)! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^{k−1}β^{l−1}

= F (1 − α, 1 − β, 2, t^2) (1 − t)^{α+β} , (t ∈ C , |t| < 1). (3.7)

Proof. Assume first that α = n and β = m, where m, n ∈ N, and consider an element B of GRM(m, n, 1). Then by [HT, Theorem 6.4], F (1 − n, 1 − m, 2, t^2) (1 − t)^{m+n} = 1 mn E ∘ Tr_n [ B^∗B exp(tB^∗B) ]

= 1 mn ∞∑ p=1 t^{p−1} (p − 1)! E ∘ Tr_n [ (B^∗B)^p ] . But from Section 1 of this paper, we know that for any p in N E ∘ Tr_n [ (B^∗B)^p ] = ∑ π∈S_p m^{k(π̂)}n^{l(π̂)} = ∑ k,l∈N k+l≤p+1 δ(p, k, l)m^kn^l,

and thus (3.7) holds for all α, β in N. In particular, the left hand side (3.7) is finite for all α, β in N. Since the left hand side of (3.7) is an increasing function of both α and β, it is therefore finite for all α, β in ]0, ∞[.

To prove (3.7) for general positive real numbers, α, β, we get first, as in [HT, Proof of Proposition 8.1], by multiplying the power series

F (1 − α, 1 − β, 2; t^2) = ∞∑ j=0 1 j + 1 ( α − 1 j )( β − 1 j ) t^{2j} , (|t| < 1),

374 U. Haagerup and S. Thorbjørnsen and (1 − t)^{−(α+β)} = ∞∑ k=0 ( α + β + k − 1 k ) t^k, (|t| < 1), that the power series expansion for^{F (1−α,1−β,2;t2)}_{(1−t)α+β} is given by

F (1 − α, 1 − β, 2; t^2) (1 − t)^{α+β} = ∞∑ p=1 ψ(p, α, β)t^{p−1}, (|t| < 1), (3.8) where for all p in N, ψ(p, α, β) = [^{p−1}_2 ]∑

j=0 1 j + 1 ( α − 1 j )( β − 1 j )( α + β + p − 2j − 2 p − 2j − 1 ) . (3.9)

Since we know that (3.7) holds for all α, β in N, we have, on the other hand, that ψ(p, α, β) = 1 (p − 1)! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^{k−1}β^{l−1}, (3.10)

for all α, β in N. Thus, for fixed p, the right hand sides of (3.9) and (3.10) coincide whenever α, β ∈ N, and since these two right hand sides are both polynomials in α and β, they must therefore coincide for all α, β in ]0, ∞[. In other words, (3.10) holds for all α, β in ]0, ∞[, and inserting this in (3.8), we get the desired formula. □

3.5 Lemma. Let α, β be positive numbers, and assume that either α or β is an integer. Then

F (1 − α, 1 − β, 2; t^2) ≤ ∞∑ j=0 (αβ)^j t^{2j} j!(j + 1)!

, whenever 0 ≤ t < 1. (3.11)

Proof. We recall first, that

F (1 − α, 1 − β, 2; t^2) = ∞∑ j=0 1 j + 1 ( α − 1 j )( β − 1 j ) t^{2j} , (t ∈ [0, 1[).

If both α and β are integers, then 0 ≤ ( α − 1 j ) ≤ α^j j! and 0 ≤ ( β − 1 j ) ≤ β^j j! , for all j in N_0 , and (3.11) follows immediately. By symmetry of (3.11) in α and β, it is therefore sufficient to treat the case where α is an integer and β is not. In this case, we have

F (1 − α, 1 − β, 2; t^2) = α−1∑ j=0 1 j + 1 ( α − 1 j )( β − 1 j ) t^{2j} .

Random Matrices and K-Theory . . . 375

If β ≥ α, we have for any j in {0, 1, . . . , α − 1}, that 0 < (_{α−1} j ) ≤^{αj}_{j!} and 0 < (_{β−1} j ) ≤^{βj}_{j!} , and again (3.11) follows immediately.

Assume then that β < α, and let n be the integer for which n − 1 < β < n. Since α is an integer, and α > β, we have that α ≥ n. Forming now Taylor expansion on the function f(s) = F (1 − α, 1 − β, 2; s), (s > 0), it follows that F (1 − α, 1 − β, 2; s) = n−1∑ j=0 1 j + 1 ( α − 1 j )( β − 1 j ) s^j + r_n(s), (s > 0),

(3.12)

where r_n(s) =^{f (n)(ξ(s))}_{n!} s^n, for some ξ(s) in ]0, s[. It suffices thus to show that f^{(n)}(ξ) ≤ 0, for all ξ in [0, 1[, since this will imply that for all s in [0, 1[, F (1 − α, 1 − β, 2; s) ≤ n−1∑ j=0 1 j + 1 ( α − 1 j )( β − 1 j ) s^j ,

where, as above, 0 < (_{α−1} j ) ≤^{αj}_{j!} and 0 < (_{β−1} j ) ≤^{βj}_{j!} , for all j in {0, 1, . . . , n − 1}. To show that f^{(n)}(ξ) ≤ 0 for all ξ in [0, 1[, we note that by [HTF, Vol. 1, p. 58, formula (7)],

f^{(n)}(ξ) = d^n dξ^n F (1 − α, 1 − β, 2; ξ) = (1 − α)_n(1 − β)_n (n + 1)! F (n + 1 − α, n + 1 − β, n + 2; ξ), for all ξ in [0, 1[. Note here that

(1 − α)_n(1 − β)_n = (α − 1)(α − 2) · · · (α − n)(β − 1)(β − 2) · · · (β − n) ≤ 0,

because α ≥ n and n − 1 < β < n. Moreover, by [HTF, Vol. 1, p. 105, formula (2)], we have for all ξ in [0, 1[

F (n + 1 − α, n + 1 − β, n + 2; ξ) = (1 − ξ)^{α+β−n}F (α + 1, β + 1, n + 2; ξ) = (1 − ξ)^{α+β−n} ∞∑ j=0 (α + 1)_j (β + 1)_j j!(n + 2)_j ξ^j ,

and therefore F (n + 1 − α, n + 1 − β, n + 2; ξ) > 0 for all ξ in [0, 1[. Taken together, it follows that f^{(n)}(ξ) ≤ 0 for all ξ in [0, 1[, as desired. □ For any c in ]0, ∞[, we let μ_c denote the free Poisson distribution with parameter c, i.e., the probability measure on R, given by

μ_c = max{1 − c, 0}δ_0 + √ (x − a)(b − x) 2πx · 1_{[a,b]}(x) · dx, (3.13)

376 U. Haagerup and S. Thorbjørnsen

where a = ( √ c − 1)^2, b = ( √ c + 1)^2 and δ_0 is the Dirac measure at 0 (cf. [HT, Definition 6.5]).

3.6 Lemma. Let α, β be strictly positive real numbers, and assume that either α or β is an integer. Then for any t in [0,^1_2 ],

1 + ∞∑ p=1 t^p p! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^kβ^{l−1} ≤ exp((α + β)t^2) ∫_∞ 0 exp(βtx) dμ^α_β (x),

Proof. Using that − log(1 − t) = ∑_∞ n=1 t^n n ≤ t + t^2, whenever 0 ≤ t ≤^1_2 , we note first that

(1 − t)^{−(α+β)} ≤ exp((α + β)t) exp((α + β)t^2), (t ∈ [0,^1_2 ]).

Hence by Lemma 3.4 and Lemma 3.5, ∞∑ p=1 t^{p−1} (p − 1)! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^{k−1}β^{l−1}

≤ exp((α + β)t) exp((α + β)t^2) ∞∑ j=0 (αβ)^j t^{2j} j!(j + 1)!

(3.14)

Put c =^α_β and s = βt. From [HT, Formula (6.27)], it follows then that ∫_∞ 0 x exp(sx) dμ_c(x) = c exp((c + 1)s) ∞∑ j=0 c^j s^{2j} j!(j + 1)!

= c exp((α + β)t) ∞∑ j=0 (αβ)^j t^{2j} j!(j + 1)! .

Hence (3.14) can be rewritten as ∞∑ p=1 t^{p−1} (p − 1)! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^{k−1}β^{l−1}

≤^β_α exp((α + β)t^2) ∫_∞ 0 x exp(βtx) dμ^α_β (x). (3.15)

Using then that^{tp}_{p!} = ∫_t 0 u^{p−1} (p−1)! du, for all p in N, and that exp((α + β)u

2) ≤ exp((α + β)t^2), whenever 0 ≤ u ≤ t, we get by termwise integration of (3.15)

Random Matrices and K-Theory . . . 377

(after replacing t by u), that ∞∑ p=1 t^p p! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^{k−1}β^{l−1}

≤^β_α exp((α + β)t^2) ∫_t 0 ( ∫ ∞ 0 x exp(βux) dμ^α_β (x) ) du =^β_α exp((α + β)t^2) ∫_∞ 0 x exp(βtx) − 1 βx dμ^α_β (x) =^1_α exp((α + β)t^2) ∫_∞ 0 (exp(βtx) − 1) dμ^α_β (x).

Hence, using that μ^α_β is a probability measure, it follows that 1 + ∞∑ p=1 t^p p! ∑ k,l∈N k+l≤p+1 δ(p, k, l)α^kβ^{l−1}

≤ 1 + exp((α + β)t^2) ( ∫ ∞ 0 exp(βtx) dμ^α_β (x) − 1 )

≤ exp((α + β)t^2) ∫_∞ 0 exp(βtx) dμ^α_β (x). This concludes the proof. □ Proof of Theorem 3.3. Let a_1, . . . , a_r, Y_1, . . . , Y_r and S be as set out in Theorem 3.3. By Proposition 2.5 and Proposition 2.7, we have then that E [ (S^∗S)^p ] = ( ∑ π∈S_p n^{−2σ(π̂)} ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_n ≤ ( ∑ π∈S_p n^{−2σ(π̂)}c^{κ(π̂)} ) · 1_{B(H}n_),

(3.16)

where κ(π̂) was introduced in Definition 2.6.

We assume first that c ≥ 1. By Proposition 2.10(i) and (ii), we have that κ(π̂) ≤ k(π̂) + 2σ(π̂), (π ∈ S_p). Hence, E [ (S^∗S)^p ] ≤ ( ∑ π∈S_p (_n c )_{−2σ(π̂)} c^{k(π̂)} ) · 1_{B(H}n_).

Using now that 2σ(π̂) = p + 1 − d(π̂) = p + 1 − k(π̂) − l(π̂), we find that E [ (S^∗S)^p ] ≤ ((_c n )_{p+1} ∑ π∈S_p n^{k(π̂)} (_n c )_{l(π̂)}) · 1_{B(H}n_) = ((_c n )_p ∑ k,l∈N k+l≤p+1 δ(p, k, l)n^k (_n c )_{l−1}) · 1_{B(H}n_),

378 U. Haagerup and S. Thorbjørnsen

and therefore, for 0 ≤ t ≤^n_{max{c,1}} =^n_c , it follows by application of Proposition 3.2, that E [ exp(tS^∗S) ] = 1_{B(H}n_) + ∞∑ p=1 t^p p! E [ (S^∗S)^p ]

≤ ( 1 + ∞∑ p=1 1 p! (_{ct} n )_p ∑ k,l∈N k+l≤p+1 δ(p, k, l)n^k (_n c )_{l−1}) · 1_{B(H}n_).

Using now Lemma 3.6, we get for 0 ≤^{ct}_n ≤^1_2 , that E [ exp(tS^∗S) ] ≤ ( exp ( (n +^n_c )(^{ct}_n )^2 )∫^∞ 0 exp (_n c (^{ct}_n )x ) dμ_c(x) ) · 1_{B(H}n_) = ( exp ( c(c + 1)^{t2}_n )∫^∞ 0 exp(tx) dμ_c(x) ) · 1_{B(H}n_) ≤ ( exp ( (c + 1)^2 ·^{t2}_n )∫^∞ 0 exp(tx) dμ_c(x) ) · 1_{B(H}n_).

Since supp(μ_c) ⊆ [ 0, ( √ c + 1)^2 ] , it follows that E [ exp(tS^∗S) ] ≤ exp ( (c + 1)^2 ·^{t2}_n ) exp ( ( √ c + 1)^2t ) · 1_{B(H}n_),

and this proves the theorem in the case where c ≥ 1.

Assume then that c < 1. In this case we use (3.16) together with the fact that κ(π̂) ≥ k(π̂) for all π in S_p, (Proposition 2.10(ii)) to obtain E [ (S^∗S)^p ] ≤ ( ∑ π∈S_p n^{−2σ(π̂)}c^{k(π̂)} ) · 1_{B(H}n_) ≤ (_1 n^{p+1} ∑ π∈S_p (nc)^{k(π̂)}n^{l(π̂)} ) · 1_{B(H}n_) = (_1 n^p ∑ k,l∈N k+l≤p+1 δ(p, k, l)(nc)^kn^{l−1} ) · 1_{B(H}n_).

Hence for 0 ≤ t <^n_{max{c,1}} = n, we get by application of Proposition 3.2,

E [ exp(tS^∗S) ] ≤ 1_{B(H}n_) + ∞∑ p=1 t^p p! E [ (S^∗S)^p ]

≤ ( 1 + ∞∑ p=1 1 p! (_t n )_p ∑ k,l∈N k+l≤p+1 δ(p, k, l)(nc)^kn^{l−1} ) · 1_{B(H}n_).

Random Matrices and K-Theory . . . 379

Hence by Lemma 3.6, we have for 0 ≤^t_n ≤^1_2 , E [ exp(tS^∗S) ] ≤ ( exp ( (nc + n)(^t_n )^2 )∫^∞ 0 exp ( n(^t_n )x ) dμ_c(x) ) · 1_{B(H}n_) = ( exp ( (c + 1)^{t2}_n )∫^∞ 0 exp(tx) dμ_c(x) ) · 1_{B(H}n_)

≤ exp ( (c + 1)^2 ·^{t2}_n ) ) exp ( ( √ c + 1)^2t ) · 1_{B(H}n_),

and this completes the proof. □

3.7 Remark. Assume that a_1, . . . , a_r ∈ B(H, K), satisfying that ∑_r i=1 a^∗_i a_i ≤ c1_{B(H)} and ∑_r i=1 a_ia^∗_i ≤ d1_{B(H)}, for some positive constants c and d. Consider furthermore independent elements Y_1, . . . , Y_r of GRM(n, n,^1_n ), and put S = ∑_r i=1 a_i ⊗ Y_i. Applying then Theorem 3.3 to a^′_i =^{1√}_d a_i and c^′ =^c_d , we get the following extension of Theorem 3.3: For any t in [0,^n_{2c} ] ∩ [0,^n_{2d} ], E [ exp(tS^∗S) ] ≤ exp ( ( √ c + √ d)^2t + (c + d)^2 ·^{t2}_n ) · 1_{B(H}n_). □

4 Asymptotic Upper Bound on the Spectrum of S^∗_nS_n in the Exact Case

Throughout this section, we consider elements a_1, . . . , a_r of B(H, K) (for Hilbert spaces H and K), satisfying that ‖ ‖^r ∑ i=1 a^∗_i a_i ‖ ‖ ≤ c, and ‖ ‖^r ∑ i=1 a_ia^∗_i ‖ ‖ ≤ 1, (4.1)

for some constant c in ]0, ∞[. Let A denote the unital C^∗-subalgebra of B(H) generated by the family { a^∗_i a_j | | i, j ∈ {1, . . . , r}} ∪ {1_{B(H)}}. Furthermore, for each n in N, we consider independent elements Y^{(n)}_1 , . . . , Y^{(n)}_r of GRM(n, n,^1_n ), and we define

S_n = r∑ i=1 a_i ⊗ Y^{(n)}_i . (4.2)

In this section, we shall determine (almost surely) the asymptotic behavior (as n → ∞) of the largest element of the spectrum of S^∗_nS_n (i.e., the norm of S^∗_nS_n), under the assumption that A is an exact C^∗-algebra. We start by studying the corresponding asymptotic behavior for the image of S^∗_nS_n under certain matrix valued completely positive mappings. More precisely, let d be a fixed positive integer, and let Φ: A → M_d(C ) be a unital completely positive mapping. For

380 U. Haagerup and S. Thorbjørnsen

each n in N, let id_n : M_n(C ) → M_n(C ) denote the identity mapping on M_n(C ). We then define

V_n = ( Φ ⊗ id_n ) (S^∗_nS_n) = r∑ i,j=1 Φ(a^∗_i a_j ) ⊗ ( Y^{(n)}_i )_∗ Y^{(n)}_j , (n ∈ N). (4.3)

Note that V_n is a random variable taking values in M_d(C ) ⊗ M_n (C ) ≃ M_{dn}(C ). As indicated above, our first objective is to determine the asymptotic behavior of the largest eigenvalue of V_n. We emphasize, that this step does not require that A be exact.

The following lemma is a version of Jensen’s Inequality, which we shall need significantly in this section and in Section 8. The lemma has been proved in much more general settings by Brown and Kosaki (cf. [BK]) and by Petz (cf. [Pe]). For the reader’s convenience, we include a short proof, handling the special case needed here.

4.1 Lemma. (i) Let L be a Hilbert space, and let P be a finite dimensional projection in B(L). Let tr denote the normalized trace on B(P (L)). Then for any selfadjoint element a of B(L), and any convex function g : R → R, we have that tr [ g(P aP ) ] ≤ tr [ P g(a)P ] . (4.4)

(ii) Let B be a C^∗-algebra, let m be a positive integer and let Ψ: B → M_m(C ) be a unital completely positive mapping. Then for any selfadjoint element a of B and any convex function g : R → R, we have that

tr_m [ g(Ψ(a)) ] ≤ tr_m [ Ψ(g(a)) ] . Proof. (i) Note first that g is continuous (being convex on the whole real line). Let m denote the dimension of P (L), and choose an orthonormal basis (e_1, . . . , e_m) for P (L) consisting of eigenvectors for P aP . Let λ_1, . . . , λ_m be the corresponding eigenvalues for P aP , i.e., λ_i = ⟨P aP e_i, e_i⟩ = ⟨ae_i, e_i⟩, (i ∈ {1, 2, . . . , m}). Then g(λ_1), . . . , g(λ_m) are the eigenvalues of g(P aP ), and hence tr [ g(P aP ) ] = m∑ i=1 g(λ_i) = m∑ i=1 g(⟨ae_i, e_i⟩). (4.5) Since the trace on B(P (L)) is independent of the choice of orthonormal basis for P (L), we have at the same time, that tr [ P g(a)P ] = m∑ i=1 ⟨P g(a)P e_i, e_i⟩ = m∑ i=1 ⟨g(a)e_i, e_i⟩. (4.6)

Random Matrices and K-Theory . . . 381

Comparing (4.5) and (4.6), we see that it suffices to show that ⟨g(a)e_i, e_i⟩ ≥ g(⟨ae_i, e_i⟩), for all i in {1, 2, . . . , m}. But for each i, this follows from the classical Jensen Inequality, applied to the distribution of a w.r.t. the state ⟨ · e_i, e_i⟩, i.e., the probability measure μ_i supported on sp(a), and satisfying that ⟨f(a)e_i, e_i⟩ = ∫ sp(a) f(t) dμi(t), for all functions f in C(sp(a)). This

concludes the proof of (i).

(ii) By Stinespring’s Theorem, we may choose a Hilbert space L, a ∗- representation π : B → B(L) of B on L, and an embedding ι: C^m → L of C^m into L, such that

Ψ(b) = P_K π(b)P_K , (b ∈ B), (4.7)

where K = ι(C^m ), and P_K is the orthogonal projection of L onto K. Moreover, the equality (4.7) is modulo the natural identifications associated with ι. Let tr_K denote the normalized trace on B(K). By application of (i), it follows then that

tr_m [ g(Ψ(a)) ] = tr_K [ g(P_K π(a)P_K ) ] ≤ tr_K [ P_K g(π(a))P_K ] = tr_K [ P_K π(g(a))P_K ] = tr_m [ Ψ(g(a)) ] , and this proves (ii). □

4.2 Lemma. Let V_n, n ∈ N, be as in (4.3), and let λ_{max}(V_n) denote the largest eigenvalue of V_n (considered as an element of M_{dn}(C )). Then for any ϵ in ]0, ∞[, we have that ∞∑ n=1 P ( λ_{max}(V_n) ≥ ( √ c + 1)^2 + ϵ ) < ∞. (4.8)

Proof. The proof proceeds along the same lines as the proof of [HT, Lemma 7.3]; the main difference being that in the present situation, we have to rely on the estimate obtained in Theorem 3.3. Consider first a fixed n in N. We find then for any t in ]0, ∞[, that P ( λ_{max}(V_n) ≥ ( √ c + 1)^2 + ϵ ) = P ( exp ( tλ_{max}(V_n) − t( √ c + 1)^2 − tϵ ) ≥ 1 ) ≤ E [ exp ( tλ_{max}(V_n) − t( √ c + 1)^2 − tϵ )] = exp(−t( √ c + 1)^2 − tϵ) · E [ λ_{max} ( exp(tV_n) )] ≤ exp(−t( √ c + 1)^2 − tϵ) · E [ Tr_{dn} ( exp(tV_n) )] , (4.9)

where the last inequality follows by noting, that since exp(tV_n) is a positive dn × dn matrix, λ_{max}(exp(tV_n)) ≤ Tr_{dn}(exp(tV_n)). Note now, that since the mapping Φ ⊗ id_n is unital, completely positive, and since the function x →

382 U. Haagerup and S. Thorbjørnsen

e^{tx} : R → R is convex, it follows from Lemma 4.1(ii), that tr_{dn} [ exp(tV_n) ] = tr_{dn} [ exp ( t(Φ ⊗ id_n)(S^∗_nS_n) )] ≤ tr_{dn} [( Φ ⊗ id_n ) (exp(tS^∗_nS_n)) ] = tr_d ⊗ tr_n [( Φ ⊗ id_n ) (exp(tS^∗_nS_n)) ] = ϕ ⊗ tr_n [ exp(tS^∗_nS_n) ] , (4.10)

where ϕ is the state tr_d ∘ Φ on A. Note here, that by Definition 3.1 and

Theorem 3.3, E [ ϕ ⊗ tr_n ( exp(tS^∗_nS_n) )] = ϕ ⊗ tr_n ( E [ exp(tS^∗_nS_n) ]) ≤ exp ( t( √ c + 1)^2 +^{t2}_n (c + 1)^2 ) , (4.11)

for all t in ]0,^n_{2c} ].

Combining now (4.9)-(4.11), we get that for all t in ]0,^n_{2c} ], P ( λ_{max}(V_n) ≥( √ c + 1)^2 + ϵ ) ≤ dn · exp(−t( √ c + 1)^2 − tϵ) · exp ( t( √ c + 1)^2 +^{t2}_n (c + 1)^2 ) = dn · exp ( t(^t_n (c + 1)^2 − ϵ) ) ,

Now choose t = t_n =^{nϵ}_{2(c+1)2} , and note that t_n ∈ ]0,^n_{2c} ], as long as ϵ ≤ 1.

Clearly it suffices to prove the lemma for such ϵ, so we assume that ϵ ≤ 1. It

follows then that P ( λ_{max}(V_n) ≥ ( √ c+1)^2 +ϵ ) ≤ dn·exp ( t_n(^{tn}_n (c+1)^2 −ϵ) ) = dn·exp (_{−nϵ2} 4(c+1)^2 ) . Since this estimate holds for all n in N, it follows immediately that (4.8) holds. □ 4.3 Proposition. Let V_n, n ∈ N, be as in (4.3). We then have

lim sup n→∞ λ_{max}(V_n) ≤ (√ c + 1

)_2

, almost surely.

Proof. It suffices to show, that for any ϵ from ]0, ∞[, P ( lim sup n→∞ λ_{max}(V_n) ≤ ( √ c + 1)^2 + ϵ ) = 1,

and this will follow, if we show that P ( λ_{max}(V_n) ≤ ( √ c + 1)^2 + ϵ, for all but finitely many n ) = 1,

for all ϵ in ]0, ∞[. But this follows from the Borel-Cantelli Lemma (cf. [Bre,

Lemma 3.14]) together with Lemma 4.2. □

Random Matrices and K-Theory . . . 383

The next step is to replace V_n in Proposition 4.3 by S^∗_nS_n itself. This is where we need to assume that A is an exact C^∗-algebra. The key point in this step is the important result of E. Kirchberg that exactness implies nuclear embeddability (cf. [Ki2, Theorem 4.1] and [Was, Theorem 7.3]).

Let B be a unital C^∗-algebra. Recall then that an operator system in B is a subspace E of B, such that 1_B ∈ E and x^∗ ∈ E for all x in E.

4.4 Proposition. Let B be a unital exact C^∗-algebra, and let E be a finite dimensional operator system in B. Then for any ϵ in ]0, ∞[, there exist d in N and a unital completely positive mapping Φ: B → M_d(C ), such that ‖ ‖(Φ ⊗ id_n)(x) ‖ ‖ ≥ (1 − ϵ)‖x‖, for all n in N and all x in M_n(E).

Proof. Clearly we may assume that B is a unital C^∗-subalgebra of B(L) for some Hilbert space L. Let N denote the dimension of E. Then by Auerbach’s Lemma (cf. [LT, Proposition 1.c.3]), we may choose linear bases e_1, . . . , e_N of E and e^∗_1, . . . , e^∗_N of the dual space E^∗, such that ‖e_i‖ = ‖e^∗_i ‖ = 1, and e^∗_i (e_j ) = δ_{i,j} , (i, j ∈ {1, 2, . . . , N}). (4.12) Now since B is exact, and hence nuclear embeddable, there exist d in N, and unital completely positive mappings Φ: B → M_d(C ) and Ψ: M_d(C ) → B(L), such that ‖Ψ(Φ(e_i)) − e_i‖ ≤^ϵ_N , (i ∈ {1, 2, . . . , N}), (4.13) (cf. [Was, p. 60]). We show that this Φ has the property set out in the proposition. For this, it suffices to show that ‖ ‖(Ψ ∘ Φ − ι_B)_{|E} ‖ ‖_{cb} ≤ ϵ, (4.14)

where ι_B : B → B(L) is the embedding of B into B(L). Indeed, knowing the validity of (4.14), we have for n in N and x in M_n(E), that ‖x‖ ≤ ‖ ‖((Ψ ∘ Φ) ⊗ id_n)(x) − x ‖ ‖ + ‖ ‖((Ψ ∘ Φ) ⊗ id_n)(x) ‖ ‖ ≤ ϵ‖x‖ + ‖ ‖((Ψ ∘ Φ) ⊗ id_n)(x) ‖ ‖, and hence that (1 − ϵ)‖x‖ ≤ ‖( (Ψ ∘ Φ) ⊗ id_n ) (x) ‖ ≤ ‖(Φ ⊗ id_n)(x)‖, where the last inequality is due to the fact that Ψ, being unital completely positive, is a complete contraction.

To verify (4.14) note first, that for x in E, we have by (4.12), x = N∑ i=1 e^∗_i (x)e_i,

384 U. Haagerup and S. Thorbjørnsen

and hence

Ψ ∘ Φ(x) − x = N∑ i=1 e^∗_i (x) ( Ψ ∘ Φ(e_i) − e_i ) = N∑ i=1 e^∗_i (x)f_i, where f_i = Ψ ∘ Φ(e_i) − e_i. Note that by (4.13), ‖f_i‖ ≤^ϵ_N , for all i in {1, 2, . . . , N}. Consider now n in N and x = (x_{rs})_{1≤r,s≤n} in M_n(E). We then have ( (Ψ ∘ Φ) ⊗ id_n ) (x) − x = [ (Ψ ∘ Φ)(x_{rs}) − x_{rs} ] 1≤r,s≤n = [∑_N i=1e^∗_i (x_{rs})f_i ] 1≤r,s≤n = N∑ i=1 ( [e^∗_i (x_{rs})]_{1≤r,s≤n} · diag_n(f_i, . . . , f_i) ) , (4.15)

where diag_n(f_i, . . . , f_i) is the n × n diagonal matrix with f_i in all the diagonal positions. Note here that by (4.12), ‖e^∗_i ‖_{cb} = ‖e^∗_i ‖ = 1, for all i (cf. [Pa, Proposition 3.7]). Consequently, ‖ ‖[e^∗_i (x_{rs})]_{1≤r,s≤n} ‖ ‖ ≤ ‖e^∗_i ‖_{cb} · ‖x‖ = ‖x‖, (i ∈ {1, 2, . . . , N}), and using this in (4.15), we get that ‖ ‖((Ψ ∘ Φ) ⊗ id_n)(x) − x ‖ ‖ ≤^N ∑ i=1 ‖x‖ · ‖f_i‖ ≤ N∑ i=1 ‖x‖^ϵ_N = ϵ‖x‖, which proves (4.14). □

4.5 Theorem. Let a_1, . . . , a_r be elements of B(H, K), such that ‖ ∑_r i=1 a^∗_i a_i‖ ≤ c, and ‖ ∑_r i=1 a_ia^∗_i ‖ ≤ 1, for some constant c in ]0, ∞[.

Assume, in addition, that the C^∗-subalgebra A of B(H), generated by {a^∗_i a_j | i, j ∈ {1, 2, . . . , r}} ∪ {1_{B(H)}}, is exact. Consider furthermore, for

each n in N, independent elements Y^{(n)}_1 , . . . , Y^{(n)}r of GRM(n, n,^1_n ), and put S_n = ∑_r i=1 a_i ⊗ Y^{(n)}_i . We then have

lim sup n→∞ max [ sp(S^∗_nS_n) ] ≤ (√ c + 1

)_2

, almost surely.

Proof. It suffices to show, that for any ϵ from ]0, ∞[, the set

T_ϵ = { ω ∈ Ω | | lim sup n→∞ max [ sp(S_n(ω)^∗S_n(ω)) ] ≤^1_{1−ϵ} ( √ c + 1)^2 } , has probability 1. So let ϵ from ]0, ∞[ be given, and put

E = span ( {1_A} ∪ { a^∗_i a_j | i, j ∈ {1, 2, . . . , r} }) .

Random Matrices and K-Theory . . . 385

Note that x^∗ ∈ E for all x in E, and that 1_A ∈ E. Hence E is a finite dimensional operator system in A. Since A is exact, it follows thus from Proposition 4.4, that we may choose d in N and a completely positive mapping Φ: A → M_d(C ), such that ‖ ‖(Φ ⊗ id_n)(x) ‖ ‖ ≥ (1 − ϵ)‖x‖, (n ∈ N, x ∈ M_n(E)). (4.16) Now put V_n = ( Φ ⊗ id_n ) (S^∗_nS_n), (n ∈ N), and define furthermore V = { ω ∈ Ω | | | lim sup n→∞ ‖V_n(ω)‖ ≤ ( √ c + 1)^2 } . By Proposition 4.3, P (V) = 1, and hence it suffices to show that T_ϵ ⊇ V. But if ω ∈ V, it follows from (4.16) that

lim sup n→∞ ‖S_n(ω)^∗S_n(ω)‖ ≤ (1 − ϵ)^{−1} lim sup_{n→∞} ‖V_n(ω)‖ ≤ (1 − ϵ)^{−1}( √ c + 1)^2,

which shows that ω ∈ T_ϵ. This concludes the proof. □

4.6 Corollary. Let a_1, . . . , a_r be elements of an exact C^∗-algebra A, and let, for each n in N, Y^{(n)}_1 , . . . , Y^{(n)}r be independent elements of GRM(n, n,^1_n ). Then

lim sup n→∞ ‖ ‖^r ∑ i=1 a_i ⊗ Y^{(n)}_i ‖ ‖ ≤ ‖ ‖^r ∑ i=1 a^∗_i a_i ‖ ‖^12 + ‖ ‖^r ∑ i=1 a_ia^∗_i ‖ ‖^12 , almost surely.

Proof. We may assume that not all a_i are zero. Put γ = ‖ ∑_r i=1 a^∗_i a_i‖ > 0 and δ = ‖ ∑_r i=1 a_ia^∗_i ‖ > 0. We may assume that A ⊆ B(H) for some Hilbert space H. Then the unital C^∗-algebra Ã = C^∗(A, 1_{B(H)}) is also exact, and hence so is every C^∗-subalgebra of Ã (cf. [Ki1] and [Was, 2.5.2]). Therefore Corollary 4.6 follows by applying Theorem 4.5 to a^′_i =^{1√}_δ a_i, i = 1, . . . , r, and c =^γ_δ . □

Regarding the corollary above, consider arbitrary elements a_1, . . . , a_r of an arbitrary C^∗-algebra A, and let {y_1, . . . , y_r} be a circular (or semi-circular) system in some C^∗-probability space (B, ψ) (cf. [Vo2]), and normalized so that ψ(y^∗_i y_i) = 1, i = 1, 2, . . . , r. In [HP, Proof of Proposition 4.8], G. Pisier and the first named author showed, that in this setting, the following inequality holds: ‖ ‖^r ∑ i=1 a_i ⊗ y_i ‖ ‖ ≤ 2 max {‖ ‖^r ∑ i=1 a^∗_i a_i ‖ ‖^12 , ‖ ‖^r ∑ i=1 a_ia^∗_i ‖ ‖^12 } . (4.17)

In [HP, Proof of Proposition 4.8], the factor 2 on the right hand side of (4.17) is missing, but this is due to a different choice of normalization of semi-circular

386 U. Haagerup and S. Thorbjørnsen

and circular families. By application of [Haa, Section 1], it is not hard to strengthen (4.17) to the inequality ‖ ‖^r ∑ i=1 a_i ⊗ y_i ‖ ‖ ≤ ‖ ‖^r ∑ i=1 a^∗_i a_i ‖ ‖^12 + ‖ ‖^r ∑ i=1 a_ia^∗_i ‖ ‖^12 , (4.18)

both for semi-circular and circular systems. Since independent elements Y^{(n)}_1 , . . . , Y^{(n)}_r of GRM(n, n,^1_n ) can be considered as a random matrix model for the circular system {y_1, . . . , y_r}, in the sense of [Vo1, Theorem 2.2], we should thus consider Corollary 4.6 as a random matrix version of (4.18). However, the random matrix version holds only under the assumption that the C^∗-algebra A be exact. In fact, we shall spend the remaining part of this section, showing that the assumption in Theorem 4.5 that the C^∗-algebra A be exact, can not be omitted. We start with two lemmas, the first of which is a slightly strengthened version of [HT, Theorem 7.4] (which, in turn, is a special case of a theorem of Wachter (cf. [Wac])).

4.7 Lemma. Let c be a positive number, and let (m_n) be a sequence of positive integers, such that^{mn}_n → c as n → ∞. Let furthermore (Y_n) be a sequence of random matrices, such that for each n in N, Y_n ∈ GRM(m_n, n,^1_n ). Then for any continuous function f : [0, ∞[ → C , we have that

lim_{n→∞} tr_n [ f(Y^∗_n Y_n) ] = ∫_b 0 f(x) dμ_c(x), almost surely, (4.19)

where b = ( √ c + 1)^2 and μ is the measure introduced in (3.13).

Proof. By splitting f in its real and imaginary parts, it is clear, that we may assume that f is a real valued continuous function on [0, ∞[. We note next, that it follows from [HT, Theorem 7.4] and the definition of weak convergence (cf. [HT, Definition 2.2]), that (4.19) holds for all continuous bounded functions f : [0, ∞[ → R. Thus, our objective is to pass from bounded to unbounded continuous functions, and the key to this, is the fact (cf. [HT, Theorem 7.1]), that

lim_{n→∞} ‖Y^∗_n Y_n‖ = (√ c + 1

)_2

, almost surely. (4.20)

Indeed, it follows from (4.20), that (for example) P ( ‖Y^∗_n Y_n‖ ≤ ( √ c + 1)^2 + 1, for all but finitely many n ) = 1,

and hence, given any ϵ in ]0, ∞[, we may choose N in N, such that P (F_N ) ≥ 1 − ϵ, where

F_N = { ω ∈ Ω | ‖Y_n(ω)^∗Y_n(ω)‖ ≤ ( √ c + 1)^2 + 1, whenever n ≥ N } .

Random Matrices and K-Theory . . . 387

Now, given a continuous function f : [0, ∞[ → R, let f_1 : [0, ∞[ → R be an arbitrary continuous function, satisfying that f_1 = f on [0, ( √ c + 1)^2 + 1], and that supp(f) is compact. Then for any ω in F_N , we have that

f_1(Y_n(ω)^∗Y_n(ω)) = f(Y_n(ω)^∗Y_n(ω)), whenever n ≥ N,

and hence, since f_1 is bounded,

lim_{n→∞} tr_n [ f(Y_n(ω)^∗Y_n(ω)) ] = lim_{n→∞} tr_n [ f_1(Y_n(ω)^∗Y_n(ω)) ] = ∫_b a f_1(x) dμ_c(x) = ∫_b a f(x) dμ_c(x).

It follows thus, that P ( lim_{n→∞} tr_n [ f(Y^∗_n Y_n) ] = ∫_b a f(x) dμ_c(x) ) ≥ P (F_N ) ≥ 1 − ϵ, and since this holds for any ϵ in ]0, ∞[, we obtain the desired conclusion. □ Next, we shall study the polar decomposition of Gaussian random matrices. Let n be a positive integer and let Y be an element of GRM(n, n,^1_n ), defined on (Ω, F, P ). Furthermore, let U_n denote the unitary group of M_n(C ). By a measurable unitary sign for Y , we mean a random matrix U : Ω → U_n, such that for almost all ω in Ω, the polar-decomposition of Y (ω) is given by: Y (ω) = U(ω)|Y (ω)|, where, as usual, |Y (ω)| = [Y (ω)^∗Y (ω)]^{12} . To see that such measurable unitary signs do exist, we note first that by [HT, Theorem 5.2], Y (ω) is invertible for almost all ω. Thus, for example the random matrix U : Ω → U_n given by U(ω) = { Y (ω) [ Y (ω)^∗Y (ω) ]_− 1_2 , if Y (ω) is invertible, 1_n, otherwise,

is a measurable unitary sign for Y .

4.8 Lemma. For each n in N, let Y^{(n)}_1 , . . . , Y^{(n)}_r be (not necessarily independent) random matrices in GRM(n, n,^1_n ), and let U^{(n)}_1 , . . . , U^{(n)}_r be measurable unitary signs for Y^{(n)}_1 , . . . , Y^{(n)}_r , respectively. Furthermore, let U^{(n)}_1 , . . . , U^{(n)}_r , denote the complex conjugated matrices of U^{(n)}_1 , . . . , U^{(n)}_r . We then have

lim inf n→∞ ‖ ‖^r ∑ i=1 U^{(n)}_i ⊗ Y^{(n)}_i ‖ ‖ ≥^8_{3π} · r, almost surely.

388 U. Haagerup and S. Thorbjørnsen

Proof. Let (e_1, . . . , e_n) be the usual orthonormal basis for C^n , and consider then the unit vector ξ =^{1√}_n ∑_n i=1 e_i ⊗ e_i in C^n ⊗ C^n . Note then that for any A = (a_{jk} ) and B = (b_{jk} ) in M_n(C ), we have that ⟨ (A ⊗ B)ξ, ξ ⟩ =^1_n n∑ j,k=1 ⟨ (A ⊗ B)(e_j ⊗ e_j ), e_k ⊗ e_k ⟩

=^1_n n∑ j,k=1 ⟨Ae_j , e_k⟩ · ⟨Be_j , e_k⟩

=^1_n n∑ j,k=1 a_{kj} b_{kj} = tr_n(AB^t) = tr_n(A^tB).

It follows thus, that ‖^r∑ i=1 U^{(n)}_i ⊗ Y^{(n)}_i ‖ ≥ | |⟨(^r∑ i=1 U^{(n)}_i ⊗ Y^{(n)}_i ) ξ, ξ ⟩| | = | |^r∑ i=1 tr_n [( U^{(n)}_i )_∗ Y^{(n)}_i ]| |

= r∑ i=1 tr_n ( |Y^{(n)}_i | ) , (4.21)

where the last equation holds almost surely. By Lemma 4.7, we have for all i in {1, . . . , r}, that lim_{n→∞} tr_n ( |Y^{(n)}_i | ) = ∫_4 0 √ x dμ_1(x), almost surely,

and combining this with (4.21), it follows that

lim inf n→∞ ‖ ‖^r ∑ i=1 U^{(n)}_i ⊗ Y^{(n)}_i ‖ ‖ ≥ r ∫_4 0 √ x dμ_1(x), almost surely.

We note finally that

∫_4 0 √ x dμ_1(x) =

∫_4 0 √ x · √_{x(4−x)} 2πx dx =^1_{2π}

∫_4 0 √ 4 − x dx =^8_{3π} ,

and this concludes the proof. □ We are now ready to give an example where the conclusion of Theorem 4.5 fails, due to lack of exactness of the C^∗-algebra A. Consider a fixed positive integer r, greater than or equal to 2, and let F_r denote the free group on r generators. Let g_1, . . . , g_r denote the generators of F_r , and let C^∗(F_r ) denote the full C^∗- algebra associated to F_r . Recall that there is a canonical unitary representation u_{Fr} : F_r → C^∗(F_r ), and that the pair (C^∗(F_r ), u_{Fr} ) is characterized (up to ∗- isomorphism) by the universal property, that given any unital C^∗-algebra B

Random Matrices and K-Theory . . . 389

and any unitary representation u: F_r → B, there exists a unique unital ∗- homomorphism Φ_u : C^∗(F_r ) → B, such that the following diagram commutes: F_r^{uFr} � u � C^∗(F_r )

Φ_u � � � B It is well-known (cf. [Was, Corollary 3.7]) that C^∗(F_r ) is not exact. We let u_1, . . . , u_r be the canonical unitaries in C^∗(F_r ) associated to g_1, . . . , g_r respectively, i.e., u_i = u_{Fr} (g_i), i = 1, . . . , r. We then define a_i =^{1√}_r u_i, (i ∈ {1, . . . , r}). (4.22)

Then clearly, r∑ i=1 a^∗_i a_i = r∑ i=1 a_ia^∗_i = 1_C∗_{(Fr )}. (4.23)

Consider now, in addition, for each n in N, independent elements Y^{(n)}_1 , . . . , Y^{(n)}_r of GRM(n, n,^1_n ), and define

S_n = r∑ i=1 a_i ⊗ Y^{(n)}_i , (n ∈ N). (4.24)

We then have the following

4.9 Proposition. With a_1, . . . , a_r and S_n, n ∈ N, as introduced in (4.22) and (4.24), we have that (i) lim inf n→∞ ‖S^∗_nS_n‖ ≥ (_8 3π )_2 · r, almost surely.

(ii) The conclusion of Theorem 4.5 does not hold for these a_1, . . . , a_r, whenever r ≥ 6. In particular, the assumption in Theorem 4.5, that A be exact, can not, in general, be omitted.

Proof. (i) For each positive integer n, choose measurable unitary signs U^{(n)}_1 , . . . , U^{(n)}_r for Y^{(n)}_1 , . . . , Y^{(n)}_r respectively, and let U^{(n)}_1 , . . . , U^{(n)}_r denote the complex conjugated matrices of U^{(n)}_1 , . . . , U^{(n)}_r . Since F_r is the group free product of r copies of Z, it follows that for each ω in Ω and each n in N, there exists a unitary representation u^{(n)}_ω : F_r → M_n(C ), such that u^{(n)}_ω (g_i) = U^{(n)}_i (ω), (i ∈ {1, . . . , r}). By the universial property of C^∗(F_r ) it follows then, that for each ω in Ω and each n in N, we may choose a ∗-homomorphism Φ^{(n)}_ω : C^∗(F_r ) → M_n(C ), such that Φ^{(n)}_ω (u_i) = U^{(n)}_i (ω), (i ∈ {1, . . . , r}).

390 U. Haagerup and S. Thorbjørnsen

For each ω in Ω and each n in N, note now that ‖ ‖^r ∑ i=1 u_i ⊗ Y^{(n)}_i (ω) ‖ ‖ ≥ ‖ ‖(Φ^{(n)}_ω ⊗ id_n) (^r∑ i=1 u_i ⊗ Y^{(n)}_i (ω) )‖ ‖

= ‖ ‖^r ∑ i=1 U^{(n)}_i (ω) ⊗ Y^{(n)}_i (ω) ‖ ‖. Applying then Lemma 4.8, it follows that

lim inf n→∞ ‖ ‖^r ∑ i=1 u_i ⊗ Y^{(n)}_i ‖ ‖ ≥^8_{3π} · r, almost surely,

and hence that

lim inf n→∞ ‖ ‖^r ∑ i=1 a_i ⊗ Y^{(n)}_i ‖ ‖ ≥^8_{3π} · √r, almost surely.

Since ‖S^∗_nS_n‖ = ‖S_n‖^2, we get the desired formula.

(ii) By (4.23), a_1, . . . , a_r introduced in (4.22) satisfy condition (4.1) in the case c = 1. Thus, if the conclusion of Theorem 4.5 were to hold for these a_1, . . . , a_r, it would mean that

lim sup n→∞ ‖ ‖^r ∑ i=1 a_i ⊗ Y^{(n)}_i ‖ ‖ ≤ 2, almost surely.

However, Proposition 4.9 shows that

lim inf n→∞ ‖^r∑ i=1 a_i ⊗ Y^{(n)}_i ‖ ≥ (_8 3π ) · √ r, almost surely,

and thus the conclusion of Theorem 4.5 breaks down, for c = 1, whenever r > (^{3π}_4 )^2 ≈ 5.55, i.e., for r ≥ 6. □

5 A New Combinatorial Expression for E [ (S^∗S)^p ] Throughout this section, we consider elements a_1, . . . , a_r of B(H, K), where H and K are Hilbert spaces. In Section 2 we proved that if Y_1, . . . , Y_r are independent random matrices in GRM(n, n,^1_n ), and we put S = ∑_r i=1 a_i ⊗ Y_i, then E [ (S^∗S)^p ] = ( ∑ π∈S_p n^{−2σ(π̂)} · ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) ⊗ 1_n. (5.1)

In this section, we shall assume that a_1, . . . , a_r satisfy the condition r∑ i=1 a^∗_i a_i = c1_{B(H)}, and r∑ i=1 a_ia^∗_i = 1_{B(K)}, (5.2)

Random Matrices and K-Theory . . . 391

for some number c in ]0, ∞[. Under this assumption, and by application of the method of “reductions of permutations”, introduced in Section 1, we show that E [ (S^∗S)^p ] can be expressed as a constant plus a linear combination of the sums: ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} ) , (q = 2, . . . , p),

where S^{irr}_q , as in Section 1, denotes the set of permutations ρ in S_q for which ρ̂ is irreducible in the sense of Definition 1.16.

5.1 Lemma. Let a_1, . . . , a_r be elements of B(H, K), and assume that (5.2) holds. Let p be a positive integer, greater than or equal to 2, let π be a permutation in S_p \ S^{irr}_p , and let π_0 be the permutation in S_{p−1} obtained by cancellation of a pair (e, e + 1) for π̂ (cf. Definition 1.18). We then have (i) If e is odd, then k(π̂_0) = k(π̂) − 1, and ∑ 1≤i_1 ,... ,i_p ≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} = c · ( ∑ 1≤i_1 ,... ,i_{p−1}≤r a^∗_{i1} a_{iπ0(1)} · · · a^∗_{ip−1} a_{iπ0 (p−1)} ) . (5.3)

(ii) If e is even, then k(π̂_0) = k(π̂), and ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} = ∑ 1≤i_1,... ,i_{p−1}≤r a^∗_{i1} a_{iπ0(1)} · · · a^∗_{ip−1} a_{iπ0(p−1)} . (5.4)

Proof. (i) Assume that e is odd. Then k(π̂_0) = k(π̂) − 1 by Proposition 1.22. Moreover, (e, e + 1) is of the form (2j − 1, 2j) for some j in {1, 2, . . . , p}, and therefore π(j) = j (cf. Definition 1.15). Hence, the index i_j occur only at the 2j − 1’th and the 2j’th factor in the product a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} , and therefore the sum on the left hand side of (5.3) is equal to ∑ 1≤i_1 ,... ,i_{j−1} ,i_{j+1} ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a_{iπ(j−1)} (^r∑ i_j =1 a^∗_{ij} a_{ij} ) a^∗_{ij+1} · · · a^∗_{ip} a_{iπ(p)} ,

which by (5.2) is equal to c · ( ∑ 1≤i_1 ,... ,i_{j−1} ,i_{j+1} ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a_{iπ(j−1)} a^∗_{ij+1} · · · a^∗_{ip} a_{iπ(p)} ) . (5.5)

Note here, that if we relabel the indices i_{j+1}, . . . , i_p by i_j , . . . , i_{p−1}, then it follows from Remark 1.19(a), that (5.5) is equal to c · ( ∑ 1≤i_1 ,... ,i_{p−1}≤r a^∗_{i1} a_{iπ0 (1)} · · · a^∗_{ip−1} a_{iπ0 (p−1)} ) ,

392 U. Haagerup and S. Thorbjørnsen

and this proves (5.3).

(ii) Assume that e is even. Then k(π̂_0) = k(π̂) by Proposition 1.22, and (e, e + 1) = (2j, 2j + 1), for some j in {1, 2, . . . , p − 1}, so that π(j) = j + 1 (c.f. Definition 1.15). Hence, the left hand side of (5.4) is equal to ∑ 1≤i_1,... ,i_j ,i_{j+2} ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ij} (^r∑ i_{j+1} =1 a_{ij+1} a^∗_{ij+1} ) a_{iπ(j+1)} · · · a^∗_{ip} a_{iπ(p)} . (5.6)

Here, ∑_r i_{j+1} =1 aij+1 a ∗ i_{j+1} = 1B(K), by (5.2), and proceeding then as in the

proof of (i), we obtain by Remark 1.19(b) (after relabeling i_{j+2}, . . . , i_p by i_{j+1}, . . . , i_{p−1}), that (5.6) is equal to ∑ 1≤i_1 ,... ,i_{p−1}≤r a^∗_{i1} a_{iπ0(1)} · · · a^∗_{ip−1} a_{iπ0(p−1)} . This proves (5.4) □ Recall that for p in N, S^{nc}_p denotes the set of permutations π in S_p, for which the permutation π̂ is non-crossing in the sense of Definition 1.14.

5.2 Lemma. Let a_1, . . . , a_r be elements of B(H, K), such that (5.2) holds, let p be a positive integer, and let π be a permutation in S^{nc}_p . Then ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} = c^{k(π̂)}1_{B(H)}, (5.7) and ∑ 1≤i_1 ,... ,i_p≤r a_{i1} a^∗_{iπ(1)} · · · a_{ip} a^∗_{iπ(p)} = c^{l(π̂)−1}1_{B(K)}. (5.8)

Proof. We start by proving (5.7); proceeding by induction on p. The case p = 1 is clear from (5.2). Assume now that p ≥ 2, and that (5.7) holds for p − 1 instead of p, and all permutations in S^{nc}_{p−1}. Consider then a permutation π from S^{nc}_p , and recall from Lemma 1.17 that π̂ has a pair of neighbors (e, e + 1). Let π_0 be the permutation in S_{p−1} obtained by cancellation of this pair. Then by Lemma 1.20, π_0 ∈ S^{nc}_{p−1}, and hence by the induction hypothesis, ∑ 1≤i_1 ,... ,i_{p−1}≤r a^∗_{i1} a_{iπ0 (1)} · · · a^∗_{ip−1} a_{iπ0 (p−1)} = c^{k(π̂0)}1_{B(H)}. (5.9)

But by Lemma 5.1, (5.9) implies (5.7), both when e is odd, and when e is even. This completes the proof of (5.7).

To prove (5.8), we put b_i =^{1√}_c a^∗_i , i = 1, 2, · · · , r. Then r∑ i=1 b^∗_i b_i = c^{−1}1_{B(K)}, and r∑ i=1 b_ib^∗_i = 1_{B(H)}.

Random Matrices and K-Theory . . . 393

Applying then (5.7), with c replaced by c^{−1}, it follows that ∑ 1≤i_1 ,... ,i_p ≤r b^∗_{i1} b_{iπ(1)} · · · b^∗_{ip} b_{iπ(p)} = c^{−k(π̂)}1_{B(K)},

i.e., that ∑ 1≤i_1 ,... ,i_p≤r a_{i1} a^∗_{iπ(1)} · · · a_{ip} a^∗_{iπ(p)} = c^{p−k(π̂)}1_{B(K)}. Recall finally, that since π̂ is non-crossing, k(π̂) + l(π̂) = p + 1 (cf. Corollary 1.24), and hence it follows that (5.8) holds. □ As in Section 3, for any c in ]0, ∞[, μ_c denotes the probability measure on [0, ∞[, given by

μ_c = max{1 − c, 0}δ_0 + √ (x − a)(b − x) 2πx · 1_{[a,b]}(x) · dx, where a = ( √ c − 1)^2, b = ( √ c + 1)^2 and δ_0 is the Dirac measure at 0. Recall from [OP] or [HT, Remark 6.8], that the moments of μ_c are given by ∫_∞ 0 x^p dμ_c(x) =^1_p p∑ j=1 (_p j )(_p j−1 ) c^j , (p ∈ N). (5.10)

5.3 Lemma. For any positive integer p, we have ∑ π∈S^{nc}_p c^{k(π̂)} =^1_p p∑ j=1 (_p j )(_p j−1 ) c^j , (5.11) and ∑ π∈S^{nc}_p c^{l(π̂)−1} =^1_p p∑ j=1 (_p j )(_p j−1 ) c^{j−1}. (5.12)

Proof. To prove (5.11), recall from Corollary 1.12, that for B in GRM(m, n, 1), we have that E ∘ Tr_n [ (B^∗B)^p ] = ∑ π∈S_p m^{k(π̂)}n^{l(π̂)}. Hence, for Y in GRM(m, n,^1_n ), E ∘ tr_n [ (Y^∗Y )^p ] = n^{−p−1} ∑ π∈S_p m^{k(π̂)}n^{l(π̂)} = ∑ π∈S_p n^{−2σ(π̂)} (_m n )_{k(π̂)} , (5.13)

where we have used that σ(π̂) =^1_2 (p+1−k(π̂)−l(π̂)). Consider now a sequence (m_n) of positive integers, such that^{mn}_n → c as n → ∞, and for each n in N, let Y_n be an element of GRM(m_n, n,^1_n ). It follows then from (5.13), that

lim_{n→∞} E ∘ tr_n [ (Y^∗Y )^p ] = ∑ π∈S_p σ(π̂)=0

c^{k(π̂)} = ∑ π∈S^{nc}_p c^{k(π̂)}, (5.14)

394 U. Haagerup and S. Thorbjørnsen

where the last equality follows from Corollary 1.24. On the other hand, it follows from [HT, Theorem 6.7(ii)] and (5.10), that

lim_{n→∞} E ∘ tr_n [ (Y^∗Y )^p ] = ∫_∞ 0 x^p dμ_c(x) =^1_p p∑ j=1 (_p j )(_p j−1 ) c^j . (5.15)

Combining (5.14) and (5.15), we obtain (5.11).

To prove (5.12), we use, again, that k(π̂) + l(π̂) = p + 1 for all π in S^{nc}_p . It follows thus, that ∑ π∈S^{nc}_p c^{l(π̂)−1} = c^p ∑ π∈S^{nc}_p c^{−k(π̂)}. (5.16)

But by (5.11) (with c replaced by c^{−1}), the right hand side of (5.16) is equal to 1 p p∑ j=1 (_p j )(_p j−1 ) c^{p−j} . (5.17)

Substituting finally j with p + 1 − j in (5.17), we obtain (5.12). □

5.4 Corollary. Let a_1, . . . , a_r be elements of B(H, K), such that (5.2) holds. Then for any p in N, we have that (i) ∑ π∈S^{nc}_p ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) = [_1 p p∑ j=1 (_p j )(_p j−1 ) c^j ] · 1_{B(H)},

and (ii) ∑ π∈S^{nc}_p ( ∑ 1≤i_1,... ,i_p≤r a_{i1} a^∗_{iπ(1)} · · · a_{ip} a^∗_{iπ(p)} ) = [_1 p p∑ j=1 (_p j )(_p j−1 ) c^{j−1} ] · 1_{B(K)}.

Proof. Combine Lemma 5.2 and Lemma 5.3. □

5.5 Definition. (a) A subset I of Z is called an interval of integers, if it is the form I = {α, α + 1, . . . , β}, for some α, β in Z, such that α ≤ β.

(b) Let p be a positive integer, let π be a permutation in S_p, and let I be an interval of integers, such that I ⊆ {1, 2, . . . , 2p}. We say then that the restriction π̂_{|I} of π̂ to I is non-crossing, if π̂(I) = I, and π̂ has no crossing (a, b, c, d) where a, b, c, d ∈ I. In this case, we refer to I as a non-crossing interval of integers for π̂. □

Random Matrices and K-Theory . . . 395

5.6 Remark. Let p be a positive integer, let π be a permutation in S_p and let I be an interval of integers, such that I ⊆ {1, 2, . . . , 2p} and π̂(I) = I. Since π̂^2 = id and π̂ has no fixed points, it follows then, that card(I) is an even number. Put t =^1_2 card(I), and consider the unique order preserving bijection φ: {1, 2, . . . , 2t} → I of {1, 2, . . . , 2t} onto I (i.e., φ(j) = min(I) − 1 + j, for all j in {1, 2, . . . , 2t}). It is clear then, that the mapping φ^{−1} ∘ (π̂_{|I} ) ∘ φ is a permutation of {1, 2, . . . , 2t}, and that we may choose a (unique) permutation π_1 in S_t, such that

π̂_1 = φ^{−1} ∘ (π̂_{|I} ) ∘ φ, (5.18)

(cf. Remark 1.7(a)). It is clear too, that the restriction π̂_{|I} of π̂ to I is noncrossing in the sense of Definition 5.5, if and only if π̂_1 is a non-crossing permutation in the usual sense (cf. Definition 1.14). □

5.7 Lemma. Let p be a positive integer, and let π be a permutation in S_p. (i) If I is an interval of integers such that I ⊆ {1, 2, . . . , 2p} and π̂_{|I} is noncrossing, then there exists e in I, such that e + 1 ∈ I and π̂(e) = e + 1. (ii) If π ∈ S^{irr}_p , then π̂ has no non-crossing interval of integers.

Proof. (i) Assume that I ⊆ {1, 2, . . . , 2p} and that π̂_{|I} is non-crossing. Put t =^1_2 card(I), let φ be the order preserving bijection of {1, 2, . . . , 2t} onto I, and let π_1 be the permutation in S_t given by (5.18). Then π_1 ∈ S^{nc}_t , and hence π̂_1 has a pair of neighbors (e^′, e^′ + 1) by Lemma 1.17. Putting e = φ(e^′), it follows that e + 1 = π̂(e) ∈ I, and this proves (i).

(ii) This follows immediately from (i). □

5.8 Lemma. Let p be a positive integer, and let π be a permutation in S_p, such that π̂ is reducible. Consider furthermore a family (I_λ)_{λ∈Λ} of intervals of integers, such that I_λ ⊆ {1, 2, . . . , 2p} for all λ, and such that the union I = ∪_{λ∈Λ}I_λ is again an interval of integers. If each I_λ is a non-crossing interval of integers for π̂, then so is I.

Proof. Assume that each I_λ is a non-crossing interval of integers for π̂. Then π̂(I_λ) = I_λ for all λ, and hence also π̂(I) = I. Assume then that I contains a crossing for π̂, i.e., that there exist a, b, c, d in I, such that a < b < c < d and π̂(a) = c, π̂(b) = d. Choose λ in Λ such that a ∈ I_λ. Then c = π̂(a) ∈ I_λ, and since I_λ is an interval of integers, also b ∈ I_λ. But then d = π̂(b) ∈ I_λ too, and hence (a, b, c, d) is a crossing for π̂ contained in I_λ; a contradiction. Therefore I too is a non-crossing interval of integers for π̂. □

5.9 Definition. Let p be a positive integer and let π be a permutation in S_p. By J (π̂) we denote then the family of all non-crossing intervals of integers for

396 U. Haagerup and S. Thorbjørnsen

π̂. Moreover, we put

NC(π̂) = ⋃ I∈J (π̂) I, (5.19)

IRR(π̂) = {1, 2, . . . , 2p} \ NC(π̂). (5.20)

We refer to NC(π̂) (respectively IRR(π̂)) as the non-crossing set (respectively irreducible set) for π̂. □

5.10 Lemma. Let p be a positive integer and let π be a permutation in S_p. We then have (i) NC(π̂) = {1, 2, . . . , 2p} if and only if π̂ is non-crossing. (ii) NC(π̂) = ∅ if and only if π̂ is irreducible.

Proof. (i) If NC(π̂) = {1, 2, . . . , 2p}, then is follows from Lemma 5.8, that π̂ is non-crossing. If, conversely, π̂ is non-crossing, then {1, 2, . . . , 2p} ∈ J (π̂), and hence NC(π̂) = {1, 2, . . . , 2p}.

(ii) If NC(π̂) = ∅, then for any j in {1, 2, . . . , 2p − 1}, {j, j + 1} can not be a non-crossing interval of integers for π̂. Hence π̂(j) ≠ j + 1 for all j in {1, 2, . . . , 2p − 1}, which means that π̂ is irreducible. If, conversely, π̂ is irreducible, then J (π̂) = ∅ by Lemma 5.7(ii), and hence also NC(π̂) = ∅. □

5.11 Proposition. Let p be a positive integer, let π be a permutation in S_p, and assume that π̂ has a crossing. Then the set IRR(π̂) is of the form

IRR(π̂) = {s_1, s_2, . . . , s_{2q} },

where q ∈ {1, . . . , p}, and 1 ≤ s_1 < s_2 < · · · < s_{2q} ≤ 2p. Moreover, s_1, s_2, . . . , s_{2q} have the following properties:

(i) The set {s_1, s_2, . . . , s_{2q} } is π̂-invariant and π̂(s_i) ≠ s_{i+1}, for all i in {1, 2, . . . , 2q − 1}. (ii) If we put s_0 = 0 and s_{2q+1} = 2p + 1, then for each i in {0, 1, . . . , 2q}, the set I_i = ]s_i, s_{i+1}[ ∩ Z

is either the empty set or a non-crossing interval of integers for π̂.

Proof. By Definition 5.5(b), each I in J (π̂) is π̂-invariant. Therefore NC(π̂) is π̂-invariant too, and hence so is IRR(π̂). Since π̂^2 = id and π̂ has no fixed points, it follows that card(IRR(π̂)) = 2q for some q in {0, 1, . . . , p}, and since π̂ has a crossing, Lemma 5.10(i) shows that q ≥ 1. Thus, we may write IRR(π̂) in the form {s_1, s_2, . . . , s_{2q} }, where s_1 < s_2 < · · · < s_{2q}, and it remains to show that these s_1, s_2, . . . , s_{2q} satisfy (i) and (ii).

We start by proving (ii). For all I from J (π̂), I ∩ {s_1, s_2, . . . , s_{2q}} = ∅, and hence each such I is contained in one of the sets I_i = ]s_i, s_{i+1}[ ∩ Z,

Random Matrices and K-Theory . . . 397

i = 0, 1, . . . , 2q. Therefore

J (π̂) = 2q⋃ i=0 J_i(π̂), (5.21)

where J_i(π̂) = {I ∈ J (π̂) | I ⊆ I_i}, for all i in {0, 1, . . . , 2q}. Note here that ⋃ I∈J_i (π̂) I ⊆ I_i, (i ∈ {0, 1, . . . , 2q}), (5.22)

and that ⋃ I∈J (π̂) I = NC(π̂) = {1, 2, . . . , 2p} \ IRR(π̂) = 2q⋃ i=0 I_i. (5.23)

Combining (5.21)-(5.23), it follows that we actually have equality in (5.22), i.e., ⋃ I∈J_i (π̂) I = I_i, (i ∈ {0, 1, . . . , 2q}). (5.24)

Since each I_i is either empty or an interval of integers, (ii) follows now by combining (5.24) with Lemma 5.8.

It remains to prove (i). We already noted (and used) that IRR(π̂) is π̂-invariant. Assume then that π̂(s_i) = s_{i+1} for some i in {1, . . . , 2q − 1}. Then, by (ii), the set Ĩ_i = {s_i} ∪ I_i ∪ {s_{i+1}}, is a non-crossing interval of integers for π̂. But this contradicts that s_i /∈ NC(π̂), and hence we have proved (i). □ We prove next the following converse of Proposition 5.11.

5.12 Proposition. Let p be a positive integer, let π be a permutation in S_p, and assume that there exist q in {1, . . . , p} and s_1 < s_2 < · · · < s_{2q} in {1, 2, . . . , 2p}, such that (i) The set {s_1, s_2, . . . , s_{2q} } is π̂-invariant and π̂(s_i) ≠ s_{i+1}, for all i in {1, 2, . . . , 2q − 1}. (ii) If we put s_0 = 0 and s_{2q+1} = 2p + 1, then for each i in {0, 1, . . . , 2q}, the set I_i = ]s_i, s_{i+1}[ ∩ Z is either the empty set or a non-crossing interval of integers for π̂.

Then {s_1, s_2, . . . , s_{2q} } = IRR(π̂).

Proof. It follows from (i), that there exists a (unique) permutation γ in S_{2q} , such that π̂(s_i) = s_{γ(i)}, (i ∈ {1, 2, . . . , 2q}),

398 U. Haagerup and S. Thorbjørnsen

and moreover γ(i) ≠ i + 1, (i ∈ {1, 2, . . . , 2q − 1}). (5.25) Our first objective is to prove that γ is of the form ρ̂ for some (unique) permutation ρ in S^{irr}_q . For this, note first that by (ii), card(I_i) is an even number for all i in {0, 1, . . . , 2q}. Hence s_{i+1} − s_i is odd for all i in {0, 1, . . . , 2q}, and this implies that

s_1, s_3, . . . , s_{2q−1} are odd numbers s_2, s_4, . . . , s_{2q} are even numbers

Since π̂^2 = id and π̂(j) − j is odd for all j in {1, 2, . . . , 2p}, it follows now that γ^2 = id and that γ(i) − i is odd for all i in {1, 2, . . . , 2q}. Therefore, by Remark 1.7(a), γ = ρ̂ for some (unique) ρ in S_q , and (5.25) shows that in fact ρ ∈ S^{irr}_q .

Returning now to the proof of the equation {s_1, s_2, . . . , s_{2q} } = IRR(π̂), note first that ∪^{2q}_{i=0}I_i ⊆ NC(π̂), and therefore {s_1, s_2, . . . , s_{2q} } = {1, 2, . . . , 2p} \ ∪^{2q}_{i=0}I_i ⊇ IRR(π̂). Suppose then that IRR(π̂) is a proper subset of {s_1, s_2, . . . , s_{2q}}. Then there exists j_0 in {1, 2, . . . , 2q}, such that s_{j0} ∈ NC(π̂), i.e., s_{j0} ∈ I, for some noncrossing interval of integers for π̂. For this I, define J = { j ∈ {1, 2, . . . , 2q} | | s_j ∈ I}. Then J ≠ ∅, and since s_1 < s_2 < · · · < s_{2q} , J is an interval of integers. Consider now the permutation ρ in S^{irr}_q , introduced above. Then, since π̂(I) = I, we have also that ρ̂(J) = J. Moreover, J is a non-crossing interval of integers for ρ̂. Indeed, if (a, b, c, d) were a crossing for ρ̂ contained in J, then clearly (s_a, s_b, s_c, s_d) would be a crossing for π̂ contained in I, which is impossible. Altogether, ρ is both irreducible and has a non-crossing interval of integers, and by Lemma 5.10(ii), this is impossible. Thus, we have reached a contradiction, which means that we must also have the inclusion {s_1, s_2, . . . , s_{2q}} ⊆ IRR(π̂). □ 5.13 Lemma. Let p be a positive integer, and let π be a permutation in S_p\S^{nc}_p . Write then, as in Proposition 5.11, IRR(π̂) in the form

IRR(π̂) = {s_1, s_2, . . . , s_{2q} },

where q ∈ {1, . . . , p} and 1 ≤ s_1 < s_2 < · · · < s_{2q} ≤ 2p. Then s_1, s_2, . . . , s_{2q} satisfy, in addition, that (i) s_1, s_3, . . . , s_{2q−1} are odd numbers. (ii) s_2, s_4, . . . , s_{2q} are even numbers.

(iii) There is one and only one permutation ρ in S^{irr}_q , such that π̂(s_j ) = s_{ρ̂(j)} for all j in {1, 2, . . . , 2q}.

Random Matrices and K-Theory . . . 399

Proof. This follows immediately from Proposition 5.11 and the first part of the proof of Proposition 5.12. □

5.14 Definition. Let p be a positive integer, let π be a permutation in S_p\S^{nc}_p , and let q, s_1, s_2, . . . , s_{2q} and I_0, I_1, . . . , I_{2q} , be as in Proposition 5.11. Then put t_i =^1_2 card(I_i), (i ∈ {0, 1, . . . , 2q}), and note that since I_i is either empty or a non-crossing interval of integers for π̂, t_i ∈ N_0 for all i. If t_i > 0, then as in Remark 5.6, we consider the order-preserving bijection φ_i of {1, 2, . . . , 2t_i} onto I_i, and we let π_i denote the (unique) permutation in S_{ti} , satisfying that π̂_i = φ^{−1}_i ∘ (π̂_{|Ii} ) ∘ φ. Clearly π_i ∈ S^{nc}_p .

It is convenient to consider the permutation group S_0 of the empty set, as a group with one element π_∅. Then, in the setting considered above, we put π_i = π_∅, for all i in {0, 1, . . . , 2q}, for which t_i = 0. By convention, we put

k(π̂_∅) = 0, and l(π̂_∅) = 1. (5.26) □ 5.15 Lemma. Let p be a positive integer, let π be a permutation in S_p \ S^{nc}_p , and let ρ be the irreducible permutation introduced in Lemma 5.13(iii). Then σ(ρ̂) = σ(π̂).

Proof. Let q, s_1, s_2, . . . , s_{2q} and I_0, I_1, . . . , I_{2q} , be as in Proposition 5.11, and for each i in {0, 1, . . . , 2q}, let t_i and π_i be as in Definition 5.14. If t_i > 0, then π̂_i is non-crossing, and hence, by Proposition 1.23, π̂_i may be reduced to ê_1 (where e_1 is the permutation in S_1), by a series of successive cancellations of pairs. Here ê_1 consists exactly of one pair of neighbors, so, formally speaking, ê_1 can be reduced π̂_∅, by cancellation of this pair. Thus, π̂_i can be reduced to π̂_∅, by a series of successive cancellations of pairs, and forming the corresponding series of cancellations of pairs to π̂_{|Ii} , it follows that π̂ can be reduced to a permutation, which is, loosely speaking, obtained by “cutting out” π̂_{|Ii} from π̂. Forming these reductions for each i in {0, 1, . . . , 2q}, for which t_i > 0, it follows that π̂ can be reduced to ρ̂ by a series of successive cancellations of pairs. By Proposition 1.22, this implies that σ(π̂) = σ(ρ̂). □

5.16 Proposition. Let p be a positive integer, let π be a permutation in S_p \ S^{nc}_p , and let q, s_1, s_2, . . . , s_{2q} be as in Proposition 5.11. Let further ρ be the permutation in S^{irr}_q introduced in Lemma 5.13(iii), and let π_0, π_1, . . . , π_{2q} be as in Definition 5.14. Then for any elements a_1, . . . , a_r of B(H, K) for which (5.2) holds, we have ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} = c^{h(π̂)} ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} , (5.27)

400 U. Haagerup and S. Thorbjørnsen

where

h(π̂) = k(π̂_0) + (l(π̂_1) − 1) + k(π̂_2) + · · · + (l(π̂_{2q−1}) − 1) + k(π̂_{2q} ). (5.28) Proof. We start by introducing some notation. Let t be a positive integer, and let η be a permutation in S_t. We then put

Γ(η̂) = ∑ 1≤i_1 ,... ,i_t ≤r a^∗_{i1} a_{iη(1)} · · · a^∗_{it} a_{iη(t)} , (5.29)

and moreover, we put Γ(π̂_∅) = 1_{B(H)}. (5.30) Note that Γ(η̂) can be expressed in terms of η̂ only, namely as

Γ(η̂) = ∑ (i_1 ,i_2,i_3 ,i_4 ,... ,i_{2t} )∈N(η̂)

a^∗_{i1} a_{i2} a^∗_{i3} a_{i4} · · · a^∗_{i2t−1} a_{i2t} , (5.31)

where N(η̂) = { (i_1, i_2, . . . , i_{2t}) ∈ {1, 2, . . . , r}^{2t} | | i_j = i_{η̂(j)}, for all j in {1, 2, . . . , 2t}}, (5.32) (cf. Remark 1.7(b)). Consider next an interval of integers I, such that I ⊆ {1, 2, . . . , 2t} and η̂(I) = I. Write I in the form {α, α + 1, . . . , β}, and note that β − α + 1 = card(I) is an even number. We then put N(η̂, I) = { (i_α, . . . , i_β) ∈ {1, 2, . . . , r}^{β−α+1} | | i_j = i_{η̂(j)}, j = α, α + 1, . . . , β} (5.33) and

Γ(η̂, I) = ∑ (i_α ,... ,i_β )∈N(η̂,I) a^∗_{iα} a_{iα+1} · · · a^∗_{iβ−1} a_{iβ} , if α is odd, ∑ (i_α ,... ,i_β )∈N(η̂,I) a_{iα} a^∗_{iα+1} · · · a_{iβ−1} a^∗_{iβ} , if α is even. (5.34)

Now, to prove (5.27), consider p in N and π in S_p \S^{nc}_p , and let q, s_1, s_2, . . . , s_{2q} and I_0, I_1, . . . , I_{2q} , t_0, t_1, . . . , t_{2q} be as in Proposition 5.11. Note then, that we may write N(π̂) as

N(π̂) = ⋃ (i_{s1} ,... ,i_{s2q} )∈N_1(π̂) N(π̂, I_0) × {i_{s1} } × N(π̂, I_1) × {i_{s2} } × · · · × {i_{s2q} } × N(π̂, I_{2p}), (5.35)

Random Matrices and K-Theory . . . 401

with the convention that N(π̂, I_i) is omitted in the product sets when 2t_i = card(I_i) = 0, and where

N_1(π̂) = { (i_{s1} , . . . , i_{s2q} ) ∈ {1, 2, . . . , r}^{2q} | | i_{sj} = i_{π̂(sj )}, j = 1, 2, . . . , 2q}. (5.36)

It follows thus, by (5.31), that

Γ(π̂) = ∑ (i_{s1} ,... ,i_{s2q} )∈N_1(π̂) Γ(π̂, I_0)a^∗_{is1} Γ(π̂, I_1)a_{is2} · · · a_{is2q} Γ(π̂, I_{2q} ), (5.37)

with the convention that if card(I_i) = 0,

Γ(π̂, I_i) = { 1_{B(H)}, if s_i is even, 1_{B(K)}, if s_i is odd.

(5.38)

To calculate Γ(π̂, I_0), . . . , Γ(π̂, I_{2q} ), consider the non-crossing permutations π_0, π_1, . . . , π_{2q} introduced in Definition 5.14. Note then, that for each v in {0, 1, . . . , 2q}, such that t_v > 0, we have by a suitable relabeling of indices,

N(π̂, I_v ) = { (i_1, i_2, . . . , i_{2tv} ) ∈ {1, 2, . . . , r}^{2tv} | | i_j = i_{π̂v (j)}, j = 1, 2, . . . , 2t_v} = N(π̂_v ).

It follows thus, that if t_v > 0,

Γ(π̂, I_v ) = ∑ 1≤i_1 ,... ,i_{tv} ≤r a^∗_{i1} a_{iπv (1)} · · · a^∗_{itv} a_{iπv (tv )} , if v is even, ∑ 1≤i_1 ,... ,i_{tv} ≤r a_{i1} a^∗_{iπv (1)} · · · a_{itv} a^∗_{iπv (tv )} , if v is odd, and hence by Lemma 5.2 (since π̂_v is non-crossing),

Γ(π̂, I_v ) = { c^{k(π̂v )}1_{B(H)}, if v is even, c^{l(π̂v )−1}1_{B(K)}, if v is odd.

(5.39)

If t_v = 0, then by definition,

Γ(π̂, I_v ) = { 1_{B(H)}, if v is even, 1_{B(K)}, if v is odd, = { c^{k(π̂v )}1_{B(H)}, if v is even, c^{l(π̂v )−1}1_{B(K)}, if v is odd, (5.40)

with k(π̂_∅), l(π̂_∅) as defined in (5.26). Combining (5.37),(5.39) and (5.40), it follows that with h(π̂) given in (5.28), we have

Γ(π̂) = c^{h(π̂)} ∑ (i_{s1} ,... ,i_{s2q} )∈N_1(π̂) a^∗_{is1} a_{is2} · · · a^∗_{i2q−1} a_{is2q} . (5.41)

402 U. Haagerup and S. Thorbjørnsen

Note finally, that with ρ the permutation introduced in Lemma 5.13(iii), we have that

N_1(π̂) = { (i_1, i_2, . . . , i_{2q}) ∈ {1, 2, . . . , r}^{2q} | | i_j = i_{ρ̂(j)}, j = 1, 2, . . . , 2q} = N(ρ̂),

and therefore ∑ (i_{s1} ,... ,i_{s2q} )∈N_1(π̂) a^∗_{is1} a_{is2} · · · a^∗_{i2q−1} a_{is2q} = ∑ 1≤i_1,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} .

Inserting this in (5.41), we obtain (5.27). □

5.17 Definition. Let c be a positive number. Then for any p in N_0 , we define

g_c(p) =

{_1 p ∑_p j=1 (_p j )(_p j−1 ) c^j , if p ∈ N, 1, if p = 0,

(5.42) and h_c(p) =

{_1 p ∑_p j=1 (_p j )(_p j−1 ) c^{j−1}, if p ∈ N, 1, if p = 0.

(5.43)

Moreover, for p, q in N_0 , such that p ≥ q, we put ν^′(c, p, q) = ∑ r_0,r_1,... ,r_{2q} ≥0 r_0+r_1+···+r_{2q} =p−q g_c(r_0)h_c(r_1)g_c(r_2)h_c(r_3) · · · g_c(r_{2q} ). (5.44)

□ We are now ready to prove the main result of this section.

5.18 Theorem. Let a_1, . . . , a_r be elements of B(H, K), let c be a positive number, and assume that ∑_r i=1 a^∗_i a_i = c1_{B(H)}, and ∑_r i=1 a_ia^∗_i = 1_{B(K)}. Consider furthermore independent elements Y_1, . . . , Y_r of GRM(n, n,^1_n ), and put S = ∑_r i=1 a_i ⊗ Y_i. Then for any positive integer p, E [ (S^∗S)^p ] = [ ν^′(c, p, 0)1_{B(H)} + p∑ q=1 ν^′(c, p, q) ( ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} )] ⊗ 1_n. (5.45)

Random Matrices and K-Theory . . . 403 Proof. Let p from N be given. Then for each q in {1, 2, . . . , p}, we define S_{p,q} = { π ∈ S_p | | card(IRR(π̂)) = 2q}, (5.46) and M_q = ∑ π∈S_{p,q} n^{−2σ(π̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) (5.47)

It follows then by (5.1), that E [ (S^∗S)^p ] = [ ∑ π∈S_p n^{−2σ(π̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} )] ⊗ 1_n

= p∑ q=0 M_q ⊗ 1_n.

(5.48)

By Lemma 5.10, S_{p,0} = S^{nc}_p and S_{p,p} = S^{irr}_p . Hence M_p = ∑ π∈S^{irr}_p n^{−2σ(π̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) , (5.49)

and by Corollary 5.4(i) and Corollary 1.24, M_0 = g_c(p)1_{B(H)} = ν^′(c, p, 0)1_{B(H)}. (5.50) To calculate M_1, M_2 . . . , M_{p−1}, we let, for each π in S_p, ρ(π) denote the irreducible permutation ρ associated to π in Lemma 5.13(iii). Then for any q in {1, 2, . . . , p − 1} and any ρ in S^{irr}_q , we define R(p, ρ) = {π ∈ S_{p,q} | ρ(π) = ρ}. Then we have the following disjoint union S_{p,q} = •⋃ ρ∈S^{irr}_q R(p, ρ), and therefore

M_q = ∑ ρ∈S^{irr}_q ∑ π∈R(p,ρ) n^{−2σ(π̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ) . (5.51)

Note here, that for any ρ in S^{irr}_q , we have by Proposition 5.16 and Lemma 5.15, ∑ π∈R(p,ρ) n^{−2σ(π̂)} ( ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} )

= ( ∑ π∈R(p,ρ) c^{h(π̂)} ) n^{−2σ(ρ̂)} ( ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} ) , (5.52)

404 U. Haagerup and S. Thorbjørnsen

where for each π in R(p, ρ),

h(π̂) = k(π̂_0) + (l(π̂_1) − 1) + k(π̂_2) + · · · + (l(π̂_{2q−1}) − 1) + k(π̂_{2q} ),

and where π_0, π_1, . . . , π_{2q} are the permutations introduced in Definition 5.14. For any ρ in S^{irr}_q and any π in R(p, ρ), it follows from Proposition 5.11 and Lemma 5.13, that π̂ can be obtained from ρ̂ in a unique way, by “stuffing in” the intervals (or empty sets) I_0, I_1, . . . , I_{2q} , and the corresponding noncrossing permutations π̂_0, π̂_1, . . . , π̂_{2q} . Conversely, if π ∈ S_p such that π̂ can be obtained from ρ̂ by “stuffing in” intervals (or empty sets) J_0, J_1, . . . , J_{2q} and corresponding non-crossing permutations η̂_0, η̂_1, . . . , η̂_{2q}, then, by Proposition 5.12, π ∈ R(p, ρ) and J_j = I_j , η_j = π_j , for all j in {0, 1, . . . , 2q}. It follows thus, that the mapping π → (π_0, π_1, . . . , π_{2q} ) is a bijection of R(p, ρ) onto the set of (2q + 1)-tuples (π_0, π_1, . . . , π_{2q} ) of permutations for which there exist t_0, t_1, . . . , t_{2q} in N_0 , such that π_i ∈ S^{nc}_{ti} for all i, and ∑_{2q} i=0 t_i = p − q (here we have used the convention that S^{nc}_0 = S_0 = {π_∅}).

Using this description of R(p, ρ), it follows that ∑ π∈R(p,ρ) c^{h(π̂)} = ∑ t_0 ,... ,t_{2q} ≥0 t_0+···+t_{2q} =p−q ∑ π_0∈S^{nc}_{t0} ,... ,π_{2q} ∈S^{nc}_{t2q} c^{k(π̂0)}c^{(l(π̂1 )−1)}c^{k(π̂2 )} · · · c^{k(π̂2q )}.

(5.53)

Recall here from Definition 5.17 and Lemma 5.3, that for any t in N, ∑ η∈S^{nc}_t c^{k(η̂)} = g_c(t), and ∑ η∈S^{nc}_t c^{l(η̂)−1} = h_c(t),

and by (5.26) this formula holds for t = 0 too. Using this in (5.53), it follows that ∑ π∈R(p,ρ) c^{h(π̂)} = ∑ t_0,t_1 ,... ,t_{2q} ≥0 t_0 +t_1+···+t_{2q} =p−q

g_c(t_0)h_c(t_1)g_c(t_2)h_c(t_3) · · · g_c(t_{2q} )

= ν^′(c, p, q). (5.54)

Note, in particular, that the right hand side depends only on p and q, and not on ρ itself. Combining (5.51),(5.52) and (5.54), it follows that for any q in {1, 2, . . . , p − 1}, M_q = ν^′(c, p, q) ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ( ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} ) . (5.55)

Since ν^′(c, p, p) = 1, (5.55) holds for q = p too, by (5.49), and combining this with (5.48) and (5.50), we obtain, finally, (5.45). □

Random Matrices and K-Theory . . . 405

5.19 Proposition. Let a_1, . . . , a_r in B(H, K), c in ]0, ∞[ and S = ∑_r i=1 a_i ⊗ Y_i, be as in Theorem 5.18. Then for any p in N, we have that ∑ π∈S_p n^{−2σ(π̂)} ‖ ‖ ‖ ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ‖ ‖ ‖

= ν^′(c, p, 0) + p∑ q=1 ν^′(c, p, q) ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ‖ ‖ ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} ‖ ‖.

Proof. This follows by exactly the same proof as for Theorem 5.18. □

5.20 Example. Let a_1, . . . , a_r in B(H, K) and c from ]0, ∞[ be as in Theorem 5.18.

(a) For p = 1 or p = 2, we have S_p = S^{nc}_p . Hence by (5.1), Corollary 1.24 and Corollary 5.4(i), we get that E [ S^∗S ] = c1_{B(H)⊗Mn(C)} , and E [ (S^∗S)^2 ] = (c^2 + c)1_{B(H)⊗Mn(C)} .

This can also easily be obtained directly from (5.1) and (5.2). (b) For p = 3, card(S_3) = 6 and card(S^{nc}_3 ) = 5. The only element of S_3 \ S^{nc}_3 is the irreducible permutation π given by

π(1) = 3, π(2) = 1, π(3) = 2.

For this π, σ(π̂) = 1, and it follows then by (5.1) and Corollary 5.4(i), that E [ (S^∗S)^3 ] = (c^3 + 3c^2 + c)1_{B(H)⊗Mn(C)} + ( n^{−2} r∑ i,j,k=1 a^∗_i a_ka^∗_j a_ia^∗_ka_j ) ⊗ 1_n.

This follows also from Theorem 5.18, because S^{irr}_1 = S^{irr}_2 = ∅ and S^{irr}_3 = {π}. □ 6 The Sequence of Orthogonal Polynomials for the Measure μ_c

Throughout this section we consider a fixed positive constant c, and elements a_1, . . . , a_r of B(H, K), satisfying that r∑ i=1 a^∗_i a_i = c1_{B(H)} and r∑ i=1 a_ia^∗_i = 1_{B(H)}.

Moreover, we put S = r∑ i=1 a_i ⊗ Y_i, where Y_1, . . . , Y_r are independent elements of GRM(n, n,^1_n ).

406 U. Haagerup and S. Thorbjørnsen

As in Section 3, we let μ_c denote the probability measure on R, given by

μ_c = max{1 − c, 0}δ_0 + √ (x − a)(b − x) 2πx · 1_{[a,b]}(x) · dx, where a = ( √ c − 1)^2, b = ( √ c + 1)^2.

The asymptotic upper bound for the spectrum of S^∗S obtained in Section 4 (in the exact case), was obtained by making careful estimates of the moments E [ (S^∗S)^p ] , p ∈ N. However, these estimates cannot be used to give good asymptotic lower bounds for the spectrum of S^∗S in the case c > 1. To obtain such lower bounds, we shall instead consider the operators E [ P^c_q (S^∗S) ] , where (P^c_q )_{q∈N0} is the sequence of monic polynomials, obtained by Gram-Schmidt orthogonalization of the polynomials 1, x, x^2, . . . , w.r.t. the inner product ⟨f, g⟩ = ∫_∞ 0 f(x)g(x) dμ_c(x), (f, g ∈ L^2(R, μ_c )). The main result of this section is the equation E [ P^c_q (S^∗S) ] = [ ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ( ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} )] ⊗1_n, (q ∈ N),

where S^{irr}_q is the set of permutations ρ in S_q, satisfying that

1 ≠ ρ(1) ≠ 2 ≠ ρ(2) ≠ · · · ≠ ρ(q)

(cf. Definition 1.16).

6.1 Proposition. Let (P^c_q )_{q∈N0} be the sequence of polynomials on R, defined by the recursion formulas:

P^c_0 (x) = 1, (6.1) P^c_1 (x) = x − c, (6.2) P^c_{q+1}(x) = (x − c − 1)P^c_q (x) − cP^c_{q−1}(x), (q ≥ 1). (6.3)

We then have (i) For each q in N_0 , P^c_q (x) is a monic polynomial of degree q, and P^c_q (x) ∈ R for all real numbers x.

(ii) P^c_q (c + 1 + 2 √ c cos θ) = c^{q2} sin((q + 1)θ) + c^{q−12} sin(qθ) sin θ , (θ ∈ ]0, π[ ).

(iii) ∫_b a P^c_q (x)P^c_q′ (x) dμ_c(x) = { c^q , if q = q^′, 0, if q ≠ q^′, (q, q^′ ∈ N_0 ).

In particular, (P^c_q )_{q∈N0} is the sequence of monic orthogonal polynomials obtained by Gram-Schmidt orthogonalization of 1, x, x^2, . . . , in the Hilbert space L^2(R, μ_c ).

Random Matrices and K-Theory . . . 407

Proof. (i) This is clear from (6.1)-(6.3).

(ii) Consider the sequences (R^c_q )_{q∈N0} and (T^c_q )_{q∈N0} of polynomials, given by the recursion formulas

R^c_0(x) = 1, (6.4) R^c_1(x) = x − c − 1, (6.5) R^c_{q+1}(x) = (x − c − 1)R^c_q(x) − cR^c_{q−1}(x), (q ≥ 1), (6.6)

respectively

T^c_0 (x) = 0, (6.7) T^c_1 (x) = 1, (6.8) T^c_{q+1}(x) = (x − c − 1)T^c_q (x) − cT^c_{q−1}(x), (q ≥ 1). (6.9)

Note here, that the conditions (6.6) and (6.9) are the same, and therefore, the sequence (R_q + T_q)_{q∈N0} satisfies this condition too. Moreover, the sequence (R_q + T_q)_{q∈N0} also satisfies (6.1) and (6.2), and it follows thus, that

P^c_q (x) = R^c_q (x) + T^c_q (x), (q ∈ N_0 ).

Note also, that T^c_2 (x) = x − c − 1, so that the sequence (T^c_{q+1})_{q∈N0} satisfies (6.4)-(6.6), and hence T^c_q (x) = R^c_{q−1}(x), (q ∈ N). Altogether, it follows that

P^c_q (x) = R^c_q (x) + R^c_{q−1}(x), (q ≥ 1), (6.10) P^c_0 (x) = R^c_0(x). (6.11)

To prove (ii), it suffices therefore to show, that with x = c + 1 + 2 √ c cos θ, θ ∈ ]0, π[, one has

R^c_q(x) = c^{q2} sin((q + 1)θ) sin θ

, (q ∈ N_0 ). (6.12)

For q = 0, this is clear from (6.4), and for q = 1, it follows easily from (6.5), using that sin 2θ = 2 sin θ cos θ. Proceeding by induction, assume now that p ≥ 1 and that (6.12) has been proved for all q in {0, 1, . . . , p}. Then by (6.6),

R^c_{p+1}(x) = 2 √ c cos θ · c^{p2} sin((p + 1)θ) sin θ − c^{p+12} sin(pθ) sin θ , when x = c + 1 + 2 √ c cos θ, θ ∈ ]0, π[. But 2 cos θ sin((p + 1)θ) = sin((p + 2)θ) + sin(pθ), and therefore

R^c_{p+1}(x) = c^{p+12} sin((p + 2)θ) sin θ , Documenta Mathematica 4 (1999) 341–450

408 U. Haagerup and S. Thorbjørnsen which means that (6.12) holds for q = p + 1. Thus, by induction, (6.12) holds for all q in N_0 , and this concludes the proof of (ii). (iii) We show first, that for any m, n in N_0 , ∫_∞ 0 xR^c_m(x)R^c_n(x) dμ_c(x) = { 0, if n ≠ m, c^{m+1}, if n = m,

(6.13)

where R^c_0, R^c_1, R^c_2, . . . , are the polynomials determined by (6.4)-(6.6). Note for this, that if c < 1, then the atom for μ_c at 0, does not contribute to the integral on the left hand side of (6.13). Hence, for all values of c in ]0, ∞[, we have ∫_∞ 0 xR^c_m(x)R^c_n(x) dμ_c(x) =^1_{2π} ∫_b a R^c_m(x)R^c_n(x) √ (x − a)(b − x) dx. (6.14) By the substitution x = c + 1 + 2 √ c cos θ, θ ∈ ]0, π[, and by (6.12), the integral on the right hand side of (6.14) can be reduced to 2c π ∫_π 0 c^{m+n2} sin((m + 1)θ) sin((n + 1)θ) dθ, which is equal to c^{m+1}δ_{m,n}. This proves (6.13). We show next that xR^c_m(x) = P^c_{m+1}(x) + cP^c_m(x), (m ∈ N_0 ). (6.15) For m = 0, this is clear from (6.1),(6.2) and (6.4), and for m ≥ 1, we get from (6.6) and (6.10), that

xR^c_m(x) = R^c_{m+1}(x) + (c + 1)R^c_m(x) + cR^c_{m−1}(x) = P^c_{m+1}(x) + cP^c_m(x). This proves (6.15). Define now γ_{m,n} = ∫_∞ 0 P^c_m(x)P^c_n(x) dμ_c(x), (m, n ∈ N_0 ). It follows then from (6.15), that γ_{m+1,n} + cγ_{m,n} = ∫_∞ 0 xR^c_m(x)P^c_n(x) dμ_c(x), (m, n ∈ N_0 ), and applying then (6.10),(6.11) and (6.13), we get that γ_{m+1,n} + cγ_{m,n} = c^{m+1}(δ_{m,n} + δ_{m,n−1}), (m ∈ N_0 , n ∈ N), (6.16) and γ_{m+1,0} + cγ_{m,0} = c^{m+1}δ_{m,0}, (m ∈ N_0 ). (6.17)

Random Matrices and K-Theory . . . 409

Since μ_c is a probability measure, γ_{0,0} = 1, and using this and induction on (6.17), it follows that γ_{m,0} = 0 for all m in N. Thus

γ_{0,n} = γ_{n,0} = { 1, if n = 0, 0, if n ≥ 1. (6.18)

Consider now a fixed n in N. By (6.16), we have then that γ_{m+1,n} + cγ_{m,n} = { 0, if m ∈ {0, 1, . . . , n − 2}, c^n, if m = n − 1. By induction in m (0 ≤ m ≤ n), we get then, by application of (6.18), that γ_{m,n} = { 0, if m < n, c^n, if m = n, and this completes the proof of (iii). □

6.2 Lemma. For any non-negative integers p, q, put ν(c, p, q) = c^{−q} ∫_b a x^pP^c_q (x) dμ_c(x). (6.19)

We then have (i) For any p in N_0 , x^p = ∑_p q=0 ν(c, p, q)P^c_q (x). (ii) For any p, q in N_0 , ν(c, p, q) ≥ 0, if q ≤ p, (6.20) ν(c, p, p) = 1, (6.21) ν(c, p, q) = 0, if q > p. (6.22) Proof. (i) Consider a fixed p from N_0 . By Proposition 6.1, span{P^c_0 , P^c_1 , . . . , P^c_p } is equal to the set of all polynomials of degree less than or equal to p. In particular we have that x^p = ∑_p q=0 γ_q P^c_q (x), for suitable complex numbers γ_0, . . . , γ_p (depending on c and p). Applying then the orthogonality relation in Proposition 6.1(iii), it follows that γ_q = ν(c, p, q) for all q in {0, 1, . . . , p}, and this proves (i). (ii) By (6.1)-(6.3), it follows that

xP^c_0 (x) = P^c_1 (x) + cP^c_0 (x), (6.23) xP^c_q (x) = P^c_{q+1}(x) + (c + 1)P^c_q (x) + cP^c_{q−1}(x), (q ≥ 1), (6.24)

so by induction in p, we get that x^p(= x^pP^c_0 (x)), can be expressed as a linear combination of P^c_0 (x), P^c_1 (x), . . . , P^c_p (x), in which all coefficients are nonnegative. By (i) and the linear independence of P^c_0 (x), P^c_1 (x), . . . , P^c_p (x), these

410 U. Haagerup and S. Thorbjørnsen

coefficients are exactly ν(c, p, 0), ν(c, p, 1), . . . , ν(c, p, p), and hence (6.20) follows.

Note next that (6.21) follows from (i) and the facts that P^c_p (x) is a monic polynomial of degree p, whereas P^c_0 (x), . . . , P^c_{p−1}(x) are all of degree at most p − 1. Finally, (6.22) follows from (i) and the orthogonality relation in Proposition 6.1(iii). □

6.3 Lemma. Let ν(c, p, q), p, q ∈ N_0 , be as in Lemma 6.2. Then for any fixed q in N_0 , the power series ∞∑ p=0 ν(c, p, q)t^p, (6.25) converges for all t in the open complex ball B(0,^1_b ), where b = ( √ c + 1)^2.

Moreover, the function

J^c_q (t) = ∞∑ p=0 ν(c, p, q)t^p, (t ∈ B(0,^1_b )), is for all t in B(0,^1_b ) \ {0}, given by

J^c_q (t) = 1 − (c − 1)t − √ (1 − at)(1 − bt) 2t ( 1 − (c + 1)t − √ (1 − at)(1 − bt) 2ct )_q , (6.26)

where √ · is the principal branch of the complex square-root.

Proof. Consider the Hilbert space L^2(R, μ_c ), and let A be the bounded operator on L^2(R, μ_c ), given by [A(f)](x) = xf(x), (f ∈ L^2(R, μ_c ), x ∈ R). Note that A^∗ = A and that sp(A) = supp(μ_c) ⊆ [0, b]. Thus, letting 1 denote the identity operator on L^2(R, μ_c ), 1 − tA is invertible for all complex numbers t such that |t| <^1_b , and moreover, for such t,

(1 − tA)^{−1} = ∞∑ p=0 t^pA^p, (norm convergence).

For any t in B(0,^1_b ), we have thus that ∞∑ p=0 ν(c, p, q)t^p = c^{−q} ∞∑ p=0 ⟨x^p, P^c_q ⟩t^p = c^{−q} ∞∑ p=0 ⟨A^pP^c_0 , P^c_q ⟩t^p = c^{−q}⟨(1 − tA)^{−1}P^c_0 , P^c_q ⟩.

Random Matrices and K-Theory . . . 411

This shows that the series in (6.25) converges for all t in B(0,^1_b ), and moreover, that

J^c_q (t) = c^{−q} ⟨(1 − tA)^{−1}P^c_0 , P^c_q ⟩, (t ∈ B(0,^1_b )). (6.27)

To prove (6.26), we shall calculate the right hand side of (6.27). For this, consider for each z in B(0,^{1√}_c ) the series ∑_∞ q=0 z^qP^c_q , and note that by Lemma 6.1(iii), this series converges in ‖ · ‖_2-norm in L^2(R, μ_c ). We may thus define

ω_z = ∞∑ q=0 z^qP^c_q ∈ L^2(R, μ_c ), (z ∈ B(0,^{1√}_c )). (6.28)

With A as above, it follows now by (6.23) and (6.24), that for any z in B(0,^{1√}_c ) \ {0},

Aω_z = ∞∑ n=0 z^nAP^c_n = cP^c_0 + P^c_1 + ∞∑ n=1 z^n(cP^c_{n−1} + (c + 1)P^c_n + P^c_{n+1})

= (c + cz)P^c_0 + ∞∑ n=1 (z^{n−1} + (c + 1)z^n + cz^{n+1})P^c_n

= (c + cz)P^c_0 + z^{−1}(1 + (c + 1)z + cz^2) ∞∑ n=1 z^nP^c_n = ( c + cz − z^{−1}(1 + (c + 1)z + cz^2) ) P^c_0 + z^{−1}(1 + (c + 1)z + cz^2)ω_z = −z^{−1}(1 + z)P^c_0 + z^{−1}(1 + z)(1 + cz)ω_z,

where the infinite sums converge in ‖ · ‖_2-norm. From this it follows that

(z^{−1}(1 + z)(1 + cz)1 − A)ω_z = z^{−1}(1 + z)P^c_0 , (z ∈ B(0,^{1√}_c ) \ {0}),

and hence that ( 1 −^z

(1+z)(1+cz) A ) ω_z =^1_{1+cz} P^c_0 , (z ∈ B(0,^{1√}_c ) \ {−1, −^1_c }). (6.29)

Define now φ(z) = z (1 + z)(1 + cz) , (z ∈ C \ {−1,^1_c }). Since sp(A) ⊆ [0, b], it follows that (1 − φ(z)A) is invertible whenever φ(z) /∈ [^1_b , ∞[, and in particular, as long as |φ(z)| <^1_b . Note then, that φ is analytic on C \ {−1, −^1_c }, and that φ(0) = 0, φ^′(0) = 1. It follows thus, that we may choose neighborhoods U and V of 0 in C , such that φ is a bijection of U onto V. We may assume, in addition, that

U ⊆ B(0,^{1√}_c ) \ {−1, −^1_c }, and V ⊆ B(0,^1_b ).

412 U. Haagerup and S. Thorbjørnsen

For z in U, it follows now from (6.29), that

ω_z =^1_{1+cz} ( 1 − φ(z)A )_{−1} P^c_0 ,

and hence, by (6.27) and Lemma 6.1(iii), J^c_q ( φ(z) ) = (1 + cz) · c^{−q}⟨ω_z, P^c_q ⟩ = (1 + cz)z^q, (z ∈ U). (6.30)

It remains to invert φ. By solving the equation t = z (1 + z)(1 + cz) , w.r.t. z, we find that

φ^{−1}(t) =

1 − (c + 1)t ± √ (1 − at)(1 − bt) 2ct , (t ∈ V \ {0}), where, as usual, a = ( √ c−1)^2 and b = ( √ c+1)^2. Since φ^{−1}(t) → 0 as t → 0, it follows that for some neighbourhood V_0 of 0, such that V_0 ⊆ V, we must have

φ^{−1}(t) =

1 − (c + 1)t − √ (1 − at)(1 − bt) 2ct , (t ∈ V_0 \ {0}), (6.31)

where √ · is the principal part of the square root. Hence, we have also that

1 + cφ^{−1}(t) = 1 − (c − 1)t − √ (1 − at)(1 − bt) 2t , (t ∈ V_0 \ {0}). (6.32)

Inserting (6.31) and (6.32) in (6.30), we obtain that (6.26) holds for all t in V_0 \ {0}.

To show that (6.26) actually holds for all t in B(0,^1_b ) \ {0}, note that for all such t, Re(1 − at) > 0 and Re(1 − bt) > 0, so that (1 − at)(1 − bt) ∈ C \ ] − ∞, 0]. Hence, with √ · the principal branch of the square root, t → √ (1 − at)(1 − bt) is an analytic function of t ∈ B(0,^1_b ). By uniqueness of analytic continuation, it follows thus, that (6.26) holds for all t in B(0,^1_b ) \ {0}. □

6.4 Lemma. Let g_c(p) and h_c(p), p ∈ N_0 , be as in Definition 5.17. Then the power series

G_c(t) = ∞∑ p=0 g_c(p)t^p, (6.33) and H_c(t) = ∞∑ p=0 h_c(p)t^p, (6.34)

are convergent for all t in B(0,^1_b ), and

J^c_q (t) = t^q G_c(t)^{q+1}H_c(t)^q , (t ∈ B(0,^1_b )). (6.35)

Random Matrices and K-Theory . . . 413

Proof. By (5.10), we have

g_c(p) = ∫_∞ 0 x^p dμ_c(x), (p ∈ N), and since g_c(0) = 1, the same formula holds for p = 0. Hence g_c(p) = ν(c, p, 0), for all p in N_0 , so by Lemma 6.3, the series in (6.33) converges for all t in B(0,^1_b ), and

G_c(t) = J^c_0 (t) = 1 − (c − 1)t − √ (1 − at)(1 − bt) 2t , (t ∈ B(0,^1_b ) \ {0}). (6.36)

Since h_c(0) = 1 and since h_c(p) =^1_c g_c(p), for all p in N, the series in (6.34) is also convergent for all t in B(0,^1_b ), and

H_c(t) = 1 +^1_c (G_c(t) − 1), (t ∈ B(0,^1_c )).

Hence by (6.34)

H_c(t) =

1 + (c − 1)t − √ (1 − at)(1 − bt) 2ct , (t ∈ B(0,^1_b ) \ {0}). (6.37)

By (6.36) and (6.37), we get now for all t in B(0,^1_b ) \ {0}, G_c(t)H_c(t) = ( 1 − √ (1 − at)(1 − bt) )_2

− (c − 1)^2t^2 4ct^2 = 1 + (1 − at)(1 − bt) − 2 √ (1 − at)(1 − bt) − (c − 1)^2t^2 4ct^2 = 1 + (1 − 2(c + 1)t + (c − 1)^2t^2) − 2 √ (1 − at)(1 − bt) − (c − 1)^2t^2 4ct^2 = 1 − (c + 1)t − √ (1 − at)(1 − bt) 2ct^2 . Combining this with (6.36) and (6.26), it follows that

J^q_c (t) = G_c(t) ( tG_c(t)H_c(t) )_q , (t ∈ B(0,^1_b )),

and the same formula holds trivially for t = 0, by (6.22). This proves (6.35). □ 6.5 Lemma. For all p, q in N_0 such that p ≥ q, let ν(c, p, q) be as introduced in Definition 5.17. Then ν^′(c, p, q) = ν(c, p, q), (p, q ∈ N_0 , q ≤ p).

414 U. Haagerup and S. Thorbjørnsen

Proof. Recall from Definition 5.17, that for p, q in N_0 , such that p ≥ q, we have ν^′(c, p, q) = ∑ r_0,r_1,... ,r_{2q} ≥0 r_0+r_1+···+r_{2q} =p−q g_c(r_0)h_c(r_1)g_c(r_2)h_c(r_3) · · · g_c(r_{2q} ).

Hence ν^′(c, p, q) is the coefficient to t^{p−q} in the power series for

G_c(t)H_c(t)G_c(t)H_c(t) · · · G_c(t), (2q + 1 factors),

and therefore ν^′(c, p, q) is the coefficient to t^p in the power series for t^q G_c(t)^{q+1}H_c(t)^q . Thus, by Lemma 6.3 and Lemma 6.4, it follows that

ν^′(c, p, q) = ν(c, p, q), for all p, q in N_0 , such that p ≥ q. □

6.6 Theorem. Let H, K be Hilbert spaces, and let a_1, . . . , a_r be elements of B(H, K), satisfying that ∑_r i=1 a^∗_i a_i = c1_{B(H)} and ∑_r i=1 a_ia^∗_i = 1_{B(K)}, for some positive real number c. Furthermore, let Y_1, . . . , Y_r be independent elements of GRM(n, n,^1_n ), and put S = ∑_r i=1 a_i ⊗ Y_i. Then for any q in N, E [ P^c_q (S^∗S) ] = [ ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ( ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} )] ⊗ 1_n.

Proof. For each q in N, put

T_q = ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ( ∑ 1≤i_1,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} ) ,

and put T_0 = 1_{B(H)}. By Theorem 5.18 and Lemma 6.5, it follows then that

E [ (S^∗S)^p ] = p∑ q=0 ν(c, p, q) · T_q ⊗ 1_n, (p ∈ N_0 ). (6.38)

On the other hand, it follows from Lemma 6.2(i), that E [ (S^∗S)^p ] = p∑ q=0 ν(c, p, q)E [ P^c_q (S^∗S) ] , (p ∈ N_0 ). (6.39)

We prove that E [ P^c_q (S^∗S) ] = T_q ⊗ 1_n, (q ∈ N_0 ), (6.40)

by induction in q. Note that (6.40) is trivial for q = 0. Consider then p from N, and assume that (6.40) has been proved for q = 0, 1, . . . , p − 1. Since

Random Matrices and K-Theory . . . 415

ν(c, p, p) = 1, by Lemma 6.2(ii), it follows then from (6.39) and (6.38), that

E [ P^c_p (S^∗S) ] = E [ (S^∗S)^p ] − p−1∑ q=0 ν(c, p, q)E [ P^c_q (S^∗S) ]

= E [ (S^∗S)^p ] − p−1∑ q=0 ν(c, p, q) · T_q ⊗ 1_n = T_p ⊗ 1_n.

Thus, (6.40) holds for q = p, and this completes the proof. □

6.7 Example. By (6.1)-(6.3), it follows that

P^c_1 (x) = x − c, (6.41) P^c_2 (x) = x^2 − (2c + 1)x + c^2, (6.42) P^c_3 (x) = x^3 − (3c + 2)x^2 + (3c^2 + 2c + 1)x − c^3. (6.43)

By Example 5.20, S^{irr}_p = ∅ if p ∈ {1, 2}, and S^{irr}_3 = {π}, where π is the permutation given by π(1) = 3, π(2) = 1, π(3) = 2, so that σ(π̂) = 1. It follows thus by Theorem 6.6, that E [ P^c_1 (S^∗S) ] = 0, E [ P^c_2 (S^∗S) ] = 0, E [ P^c_3 (S^∗S) ] = n^{−2} r∑ i,j,k=1 a^∗_i a_ka^∗_j a_ia^∗_ka_j .

These three formulas can also easily be derived directly from Example 5.20, using the formulas (6.41)-(6.43). □

7 An Upper Bound for E [ exp(−tS^∗S) ] , t ≥ 0 Throughout this section, we consider elements a_1, . . . , a_r of B(H, K) (for given Hilbert spaces H and K), satisfying that r∑ i=1 a^∗_i a_i = c1_{B(H)} and r∑ i=1 a_ia^∗_i = 1_{B(K)},

for some constant c in [1, ∞[. Moreover, we consider independent elements Y_1, . . . , Y_r of GRM(n, n,^1_n ), and put S = r∑ i=1 a_i ⊗ Y_i.

416 U. Haagerup and S. Thorbjørnsen

As in Section 3, we let μ_c denote the probability measure on R, given by

μ_c = √ (x − a)(b − x) 2πx · 1_{[a,b]}(x) · dx, where a = ( √ c − 1)^2 and b = ( √ c + 1)^2. Furthermore, we let (P^c_q )_{q∈N0} be the sequence of monic orthogonal polynomials w.r.t. μ_c as defined in Section 6. In particular P^c_0 ≡ 1.

7.1 Lemma. Let, as above, a = ( √ c − 1)^2 and b = ( √ c + 1)^2. Then for any q in N_0 , (i) P^c_q (x) ≥ P^c_q (b) > 0, for all x in ]b, ∞[. (ii) |P^c_q (x)| ≤ P^c_q (b), for all x in [a, b].

(iii) |P^c_q (x)| ≤ P^c_q (2c + 2 − x), for all x in ] − ∞, a[.

Proof. We start by proving (ii). If x ∈ [a, b], then x = c + 1 + 2 √ c cos θ, for some θ in [0, π]. For θ in ]0, π[, we have from Proposition 6.1(ii), that

P^c_q (c + 1 + 2 √ c cos θ) = c^{q2} sin((q + 1)θ) + c^{q−12} sin(qθ) sin θ

. (7.1)

Note here that for any k in N_0 ,

sin((k + 1)θ)

sin θ = e^{−kθ} ( 1 + e^{2iθ} + e^{4iθ} + · · · + e^{2kiθ} ) , (7.2)

so that | |^{sin((k+1)θ)}

sin θ | | ≤ k + 1. It follows thus that

|P^c_q (x)| ≤ c^{q2} (q + 1) + c^{q−12} q, (x ∈]a, b[), (7.3)

and by continuity, (7.3) holds also for x = a and x = b. By (7.2), lim_{θ→0}^{sin((k+1)θ)}

sin θ = k + 1, for any k in N0 , and hence the right hand side

of (7.3) is equal to P^c_q (b). This proves (ii).

To prove (i), we note first, that by uniqueness of analytic continuation, (7.1) actually holds for all θ in C \ πZ. If we put θ = iρ, ρ > 0, we get the equation:

P^c_q (c + 1 + 2 √ c cosh ρ) = c^{q2} sinh((q + 1)ρ) + c^{q−12} sinh(qρ) sinh ρ , (ρ ∈]0, ∞[), (7.4)

which covers the values of P_q (x) for all x in ]b, ∞[. Note here that for any k in N_0 , sinh((k + 1)ρ) sinh ρ = e^{−kρ} ( 1 + e^{2ρ} + e^{4ρ} + · · · + e^{2kρ} ) , and hence, if k is even,

sinh((k + 1)ρ) sinh ρ

= 1 + 2 cosh(2ρ) + 2 cosh(4ρ) + · · · + 2 cosh(kρ),

Random Matrices and K-Theory . . . 417

whereas, if k is odd,

sinh((k + 1)ρ) sinh ρ

= 2 cosh(ρ) + 2 cosh(3ρ) + · · · + 2 cosh(kρ),

so in both cases^{sinh((k+1)ρ)}_{sin ρ} is an increasing function of ρ > 0. It follows thus from (7.4), that P^c_q (x) ≥ P^c_q (b) for all x in ]b, ∞[. Moreover, as we saw in the proof of (ii), P^c_q (b) > 0. This concludes the proof of (i).

Finally, to prove (iii), we put θ = π + iρ in (7.1), and get for ρ in ]0, ∞[, that | |P^c_q (c + 1 − 2√c cosh ρ) | | = | | | (−1)^q c^{q2} sinh((q + 1)ρ) + (−1)^{q−1}c^{q−12} sinh(qρ) sinh ρ | | | ≤ c^{q2} sinh((q + 1)ρ) + c^{q−12} sinh(qρ) sinh ρ = P^c_q (c + 1 + 2 √ c cosh ρ).

This proves (iii). □

7.2 Definition. For each q in N_0 , we define the function ψ^c_q : R → R, by the equation ψ^c_q (t) = c^{−q} ∫_b a exp(tx)P^c_q (x) dμ_c(x), (t ∈ R). □ 7.3 Lemma. Consider the sequence (ψ^c_q )_{q∈N0} of functions, introduced in Definition 7.2, and for each p in N_0 , let, as in Section 6, ν(c, p, q) = c^{−q} ∫_b a x^pP^c_q (x) dμ_c(x), (p, q ∈ N_0 ). We then have

(i) ψ^c_q (t) = ∑_∞ p=q t^p p! ν(c, p, q), for all t in R.

(ii) ∑_∞ q=0 |ψ^c_q (t)| · |P^c_q (x)| ≤ exp(|t|x) + exp(|t|(2c + 2)), for all t in R and all x in [0, ∞[.

(iii) exp(tx) = ∑_∞ q=0 ψ^c_q (t) · P^c_q (x), for all t in R and x in [0, ∞[, and for fixed t in R, the series converges uniformly in x on compact subsets of [0, ∞[.

Proof. (i) By Lemma 6.2(ii), ν(c, p, q) = 0 whenever q > p. Hence (i) follows from the power series expansion of exp(tx).

(ii) Let β : R → [b, ∞[ be the continuous function defined by:

β(x) = x, if x > b, b, if a ≤ x ≤ b, 2c + 2 − x, if x < a,

418 U. Haagerup and S. Thorbjørnsen

It follows then from Lemma 7.1, that

|P^c_q (x)| ≤ P^c_q (β(x)), (x ∈ R, q ∈ N_0 ). (7.5)

Recall that x^p = ∑_p q=0 ν(c, p, q)P^c_q (x), for all p in N (c.f. Lemma 6.2(i)). Hence, for x, t in R, we have that

exp(tx) = ∞∑ p=0 t^p p! x^p = ∞∑ p=0 t^p p! (^p∑ q=0 ν(c, p, q)P^c_q (x) ) . (7.6)

Substituting x with β(x) and t with |t| in this formula, and recalling from Lemma 6.2(ii), that ν(c, p, q) ≥ 0, for 0 ≤ q ≤ p, we get by application of (7.5), ∞∑ p=0 |t|^p p! (^p∑ q=0 ν(c, p, q)|P^c_q (x)| ) ≤ ∞∑ p=0 |t|^p p! (^p∑ q=0 ν(c, p, q)P^c_q (β(x)) )

= exp(|t|β(x)) < ∞. Hence, we can apply Fubini’s theorem to the double sum in (7.6), and obtain that

exp(tx) = ∞∑ q=0 (^∞∑ p=q t^p p! ν(c, p, q) ) P^c_q (x), (x, t ∈ R). (7.7)

Similarly we have that exp(|t|β(x)) = ∞∑ q=0 (^∞∑ p=q |t|^p p! ν(c, p, q) ) P^c_q (β(x)), (x, t ∈ R). (7.8)

Note here that by (i) proved above, we have that, |ψ^c_q (t)| ≤ ∞∑ p=q |t|^p p! ν(c, p, q). (7.9)

Since β(x) ≤ max{2c + 2, x} for all x in [0, ∞[, (7.5) and (7.7)-(7.9) imply that for all t in R and x in [0, ∞[, ∞∑ q=0 |ψ^c_q (t)| · |P^c_q (x)| ≤ exp(|t|β(x)) ≤ exp(|t|(2c + 2)) + exp(|t|x),

and this proves (ii).

(iii) The summation formula in (iii) follows from (i) and (7.7). To prove that the convergence is uniform in x on compact subsets, we observe that for any

Random Matrices and K-Theory . . . 419

Q in N, | | | exp(tx) − Q∑ q=0 ψ^c_q(t)P^c_q (x) | | | ≤ ∞∑ q=Q+1 |ψ^c_q (t)| · |P^c_q (x)|

≤ ∞∑ q=Q+1 (^∞∑ p=q |t|^p p! ν(c, p, q)P^c_q (β(x)) )

≤ ∞∑ p=Q+1 |t|^p p! (^p∑ q=0 ν(c, p, q)P^c_q (β(x)) )

= ∞∑ p=Q+1 (|t|β(x))^p p! .

(7.10)

Since β is continuous, and hence bounded on compact sets, it follows readily

from (7.10) that for fixed t in R, the series in (iii) converges uniformly in x on

compact subsets of [0, ∞[. □

7.4 Proposition. Consider the sequence (ψ^c_q )_{q∈N0} of functions, introduced in

Definition 7.2. Then for any t in R such that |t| <^n_c , the function ω →

exp(tS^∗(ω)S(ω)) is integrable in the sense of Definition 3.1, and E [ exp(tS^∗S) ] = ∞∑ q=0 ψ^c_q(t)E [ P^c_q (S^∗S) ] , (7.11)

where the sum on the right hand side is absolutely convergent in B(H^n).

Proof. We start by proving that the right hand side of (7.11) is absolutely

convergent in B(H^n). Since |ψ^c_q (t)| ≤ ψ^c_q (|t|) by Lemma 7.3(i) and (7.9), it

suffices to consider the case where t ≥ 0.

By Lemma 7.3(i), we have for any t in [0, ∞[, ∞∑ q=0 ψ^c_q(t) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ =^∞ ∑ p=0 t^p p! (^p∑ q=0 ν(c, p, q) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ ) . (7.12)

Note here, that by Theorem 6.6, ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ ≤ ∑ ρ∈S^{irr}_q n^{−2σ(ρ̂)} ‖ ‖ ‖ ∑ 1≤i_1 ,... ,i_q ≤r a^∗_{i1} a_{iρ(1)} · · · a^∗_{iq} a_{iρ(q)} ‖ ‖ ‖,

for any q in N, whereas ‖ E [ P^c_0 (S^∗S) ]‖ = ‖E(1_{B(H}n_))‖ = 1.

420 U. Haagerup and S. Thorbjørnsen

Hence, by Proposition 5.19, Lemma 6.5 and Proposition 2.7, we have for any p in N, p∑ q=0 ν(c, p, q) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ ≤ ∑ π∈S_p n^{−2σ(π̂)} ‖ ‖ ‖ ∑ 1≤i_1 ,... ,i_p≤r a^∗_{i1} a_{iπ(1)} · · · a^∗_{ip} a_{iπ(p)} ‖ ‖ ‖ ≤ ∑ π∈S_p n^{−2σ(π̂)}c^{κ(π̂)}. (7.13)

Using now that c ≥ 1, and that κ(π̂) ≤ k(π̂) + 2σ(π̂) (c.f. Proposition 2.10), it follows that for any p in N, ∑ π∈S_p n^{−2σ(π̂)}c^{κ(π̂)} ≤ ∑ π∈S_p (_n c )_{−2σ(π̂)} c^{k(π̂)}. (7.14)

For p = 0, we note that p∑ q=0 ν(c, p, q) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ = 1. (7.15)

Combining now (7.12)-(7.15), we get that ∞∑ q=0 ψ^c_q (t) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ ≤ 1 +^∞ ∑ p=1 t^p p! ( ∑ π∈S_p (_n c )_{−2σ(π̂)} c^{k(π̂)} ) . (7.16)

Using then that −2σ(π̂) = k(π̂) + l(π̂) − p − 1, it follows that ∞∑ q=0 ψ^c_q (t) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ ≤ 1 +^∞ ∑ p=1 1 p! (_{ct} n )_p ∑ π∈S_p n^{k(π̂)} (_n c )_{l(π̂)−1}

≤ 1 + ct ∞∑ p=1 1 (p−1)! (_{ct} n )_{p−1} ∑ π∈S_p n^{k(π̂)−1} (_n c )_{l(π̂)−1} , (7.17)

where the last equality follows by noting that^1_{p!} ≤^1_{(p−1)!} for all p in N. By

Lemma 3.4, the last quantity in (7.17) is finite whenever 0 ≤^{ct}_n < 1, and this shows that the right hand side of (7.11) is absolutely convergent for all t in ] −^n_c ,^n_c [, as desired.

It remains now (cf. Definition 3.1) to show, that for any state φ on B(H^n), E [ φ(exp(tS^∗S)) ] = ∞∑ q=0 ψ^c_q (t)φ ( E [ P^c_q (S^∗S) ]) , (t ∈]−^n_c ,^n_c [). (7.18)

Random Matrices and K-Theory . . . 421

So consider a fixed t from ] −^n_c ,^n_c [ and a fixed state φ on B(H^n). Since the spectrum of S^∗(ω)S(ω) is compact for each ω in Ω, it follows then by Lemma 7.3, that φ [ exp(tS^∗(ω)S(ω)) ] = ∞∑ p=0 ψ^c_q (t)φ [ P^c_q (S_n(ω)^∗S_n(ω)) ] , (7.19)

so we need to show that we can integrate termwise in the sum on the right hand side. Note for this, that by Lemma 7.3(ii), and the function calculus for selfadjoint operators on Hilbert spaces, ∞∑ p=0 |ψ^c_q (t)| · |P^c_q (S(ω)^∗S(ω))| ≤ exp(2(c + 1)|t|)1_{B(H}n_) + exp(|t|S(ω)^∗S(ω)),

(7.20)

where |T | = (T^2)^{12} , for any selfadjoint T in B(H^n). For such T , we have also that |φ(T )| ≤ φ(|T |), and hence it follows from (7.20), that ∞∑ p=0 |ψ^c_q (t)| · | |φ[P^c_q (S(ω)^∗S(ω))] | | ≤ exp(2(c + 1)|t|) + φ[ exp(|t|S(ω)^∗S(ω))]. (7.21)

Since E [ φ(exp(|t|S^∗S)) ] < ∞, by Proposition 3.2, it follows from (7.21) and Lebesgue’s theorem on dominated convergence, that we may integrate termwise in (7.19), and hence obtain (7.18). This concludes the proof. □

In order to obtain the upper bound for E [ exp(−tS^∗S) ] in Theorem 7.8 below, we need more precise information about the behavior of the function ψ^c_q (t) for t < 0. 7.5 Proposition. Consider the sequence (ψ^c_q )_{q∈N0} of functions, defined in Definition 7.2. Then for any q in N_0 , and any t in ]0, ∞[, we have that (i) ψ^c_q (t) > 0.

(ii) (−1)^q ψ^c_q(−t) > 0. (iii) |ψ^c_q (−t)| ≤^{ψc0 (−t)}_ψc_{0 (t)} ψ^c_q (t).

Proof. (i) This follows from Lemma 7.3(i), but for completeness we include a different proof, which will also be needed in the proof of (ii) and (iii). For each q in N_0 , we put ρ^c_q (x) = c^{− q2} P^c_q (x), (x ∈ R).

Then by Proposition 6.1, (ρ^c_q )_{q∈N0} is an orthonormal basis for L_2([a, b], μ_c). Let A be the (bounded) operator for multiplication by x in L_2([a, b], μ_c). Then by

422 U. Haagerup and S. Thorbjørnsen

(6.23) and (6.24), the matrix M(A) of A w.r.t. (ρ^c_q)_{q∈N0} , is given by

M(A) = c √ c 0 √ c c + 1 √ c √ c c + 1 √ c .. . .. . . . . 0

(7.22)

From this, it follows, that for any p in N, M(A^p)_{jk} > 0, when |j − k| ≤ p, M(A^p)_{jk} = 0, when |j − k| > p. Hence, for any t in [0, ∞[,

M(exp(tA))_{jk} = δ_{j,k} + ∞∑ p=1 t^p p! M(A^p)_{jk} > 0, (j, k ∈ N_0 ). Since exp(tA) is the operator for multiplication by exp(tx) in L_2([a, b], μ_c), and

since P^c_0 (x) ≡ 1, we get that ψ^c_q (t) = c^{−q} ∫_b a exp(tx)P^c_q (x)P^c_0 (x) dμ_c(x) = c^{− q2} ⟨exp(tA)ρ^c_q , ρ^c_0⟩

= c^{− q2} M(exp(tA))_{0,q} > 0,

(7.23)

and this proves (i).

(ii) To prove (ii), we consider the operator

B = A + 2P_0,

where P_0 is the projection onto C ρ^c_0 in B ( L_2([a, b], μ_c) ) . Then

M(B) = c + 2 √ c 0 √ c c + 1 √ c √ c c + 1 √ c .. . .. . . . . 0

, (7.24)

so as above, we get that

M(exp(tB))_{jk} > 0, for all j, k in N_0 . (7.25)

Let U be the unitary operator on L_2([a, b], μ_c), defined by the equation:

Uρ^c_q = (−1)^q ρ^c_q, (q ∈ N_0 ).

Random Matrices and K-Theory . . . 423

Then

M(UBU^∗) = c + 2 − √ c 0 − √ c c + 1 − √ c − √ c c + 1 − √ c .. . .. . .. . 0

= M(2(c + 1)1 − A).

Hence A = 2(c + 1)1 − UBU^∗, and for t in [0, ∞[, we have thus that

exp(−tA) = exp(−2(c + 1)t) exp(tUBU^∗) = exp(−2(c + 1)t)U exp(tB)U^∗.

Therefore,

M(exp(−tA))_{jk} = (−1)^{j+k} exp(−2(c + 1)t)M(exp(tB))_{jk} , (j, k ∈ N_0 ), (7.26)

so in particular, by (7.25), (−1)^{j+k}M(exp(−tA))_{jk} > 0, (j, k ∈ N_0 ). For t in [0, ∞[, we note here that ψ^c_q (−t) = c^{−q} ∫_b a exp(−tx)P^c_q (x)P^c_0 (x) dμ_c(x) = c^{− q2} M(exp(−tA))_{q0}, (7.27)

and hence it follows that (−1)^qψ_q (−t) > 0, which proves (ii). To prove (iii), we need the following technical lemma:

7.6 Lemma. Let C and D be bounded positive selfadjoint operators on ℓ_2(N_0 ), and assume that the corresponding matrices (c_{jk})_{j,k∈N0} and (d_{jk} )_{j,k∈N0} satisfy the following conditions:

(a) c_{jk} ≥ 0 for all j, k in N_0 . (b) c_{jk} = 0 when |j − k| ≥ 2. (c) d_{jk} = c_{jk}, when (j, k) ≠ (0, 0). (d) d_{00} ≥ c_{00}.

For φ, ψ in ℓ_2(N_0 ), we define [φ, ψ]_{j,k} = φ(j)ψ(k) − φ(k)ψ(j), (j, k ∈ N_0 ). Consider then furthermore f, g from ℓ_2(N_0 ), satisfying that

(e) f(k) ≥ 0 and g(k) ≥ 0 for all k in N_0 . (f) [f, g]_{j,k} ≥ 0, for all k, j in N_0 such that k > j.

Then for all j, k in N_0 , such that k > j, we have that (i) [Cf, Cg]_{j,k} ≥ 0. (ii) [Df, Cg]_{j,k} ≥ 0. (iii) [D^nf, C^ng]_{j,k} ≥ 0, for all n in N.

(iv) [exp(tD)f, exp(tC)g]_{j,k} ≥ 0, for all t in [0, ∞[.

424 U. Haagerup and S. Thorbjørnsen

7.7 Remark. If φ, ψ are strictly positive functions in ℓ_2(N_0 ), then the statement [φ, ψ]_{j,k} ≥ 0, for all j, k in N_0 , such that k > j, is equivalent to the condition that

φ(0) ψ(0) ≥ φ(1) ψ(1) ≥ φ(2) ψ(2) ≥ · · · . □ Proof of Lemma 7.6. Note first that for any φ, ψ in ℓ_2(N_0 ) and j, k in N_0 , we have that [φ, ψ]_{j,k} = −[φ, ψ]_{k,j} . In particular,

[φ, ψ]_{j,j} = 0, (φ, ψ ∈ ℓ_2(N_0 ), j ∈ N_0 ). (7.28)

Note also that the positivity of C implies that det ( c_{jj} c_{jk} c_{kj} c_{kk} ) ≥ 0, for all j, k in N_0 , such that j ≠ k. (7.29)

To prove (i), consider k, j in N_0 , such that k > j ≥ 0. We then have ( Cf ) (j) = { c_{j,j−1}f(j − 1) + c_{j,j} f(j) + c_{j,j+1}f(j + 1), if j ≥ 1, c_{0,0}f(0) + c_{0,1}f(1), if j = 0,

and since k ≠ 0, ( Cg ) (k) = c_{k,k−1}g(k − 1) + c_{k,k}g(k) + c_{k,k+1}g(k + 1). Thus, [Cf, Cg]_{j,k} = {∑_{j+1} l=j−1 ∑_{k+1} m=k−1 cjlckm[f, g]l,m, if j ≥ 1, ∑_1 l=0 ∑_{k+1} m=k−1 c0lckm[f, g]l,m, if j = 0. Assume first that k ≥ j + 2. In this case, l ≤ j + 1 ≤ k − 1 ≤ m, for all terms in the above sums, and thus, by (f) and (7.28), [f, g]_{l,m} ≥ 0. Since c_{lm} ≥ 0 for all l, m in N_0 (by (a)), it follows thus that [Cf, Cg]_{j,k} ≥ 0. Assume next that k = j + 1, and consider first the case j ≥ 1. Then [Cf, Cg]_{j,k} = j+1∑ l=j−1 j+2∑ m=j c_{jl}c_{j+1,m}[f, g]_{l,m}. (7.30) In 8 of the 9 terms in the sum above, l ≤ m, and hence [f, g]_{l,m} ≥ 0. Only in the case (l, m) = (j + 1, j), do we have l > m. However, the sum of the two terms corresponding to (l, m) = (j, j +1) and (l, m) = (j +1, j) is non-negative, since c_{jj} c_{j+1,j+1}[f, g]_{j,j+1} + c_{j,j+1}c_{j+1,j} [f, g]_{j+1,j} = (c_{jj} c_{j+1,j+1} − c_{j,j+1}c_{j+1,j} )[f, g]_{j,j+1},

Random Matrices and K-Theory . . . 425

which is non-negative by (7.29). Since the remaining 7 terms in the sum on the right hand side of (7.30) are also non-negative, it follows that [Cf, Cg]_{j,k} ≥ 0. If j = 0, and k = j + 1 = 1, the same argument can be used to show that [Cf, Cg]_{0,1} = 1∑ l=0 2∑ m=0 c_{0l}c_{1m}[f, g]_{l,m} ≥ 0. This proves (i).

To prove (ii), note first that by (a) and (c), we have ( Df ) (j) = ( Cf ) (j), if j ≥ 1, and ( Df ) (0) = ( Cf ) (0) + (d_{00} − c_{00})f(0).

Hence, if k > j ≥ 1, we get from (i), that [Df, Cg]_{j,k} = [Cf, Cg]_{j,k} ≥ 0. If k > j = 0, then [Df, Cg]_{0,k} = ( Df ) (0) ( Cg ) (k) − ( Df ) (k) ( Cg ) (0) = [Cf, Cg]_{0,k} + (d_{00} − c_{00})f(0)(Cg)(k).

But (d_{00} −c_{00})f(0) ≥ 0 by (d) and (e), and since also (Cg)(k) = ∑_∞ l=0 c_{kl}g(l) ≥ 0, by (a) and (e), it follows by (i), that also [Df, Cg]_{0,k} ≥ 0. This proves (ii). Next, (iii) follows from (ii) and induction on n, and from noting (by induction), that (D^nf)(j), (C^ng)(j) ≥ 0 for all n in N and j in N_0 . To prove (iv), we let t be a fixed number in [0, ∞[, and put

C_n = 1 +^t_n C, and D_n = 1 +^t_n D, (n ∈ N_0 ).

Then, for all n, C_n and D_n are positive selfadjoint operators on ℓ_2(N_0 ), which also satisfy the requirements (a)-(d). Hence, if f, g ∈ ℓ_2(N_0 ) which satisfy (e) and (f), we conclude from (iii), that [( 1 +^t_n D )_n f, ( 1 +^t_n C )_n g ] j,k ≥ 0, when j > k, and hence, letting n → ∞, we get that [ exp(tD)f, exp(tC)g ] j,k ≥ 0, when j > k, as desired. □ End of Proof of Proposition 7.5. Only (iii) in Proposition 7.5 remains to be proved. Let A, B from B ( L_2([a, b], μ_c) ) be as in the first part of the proof of Proposition 7.5. Since A is the multiplication operator associated to a positive function on [a, b], and since B ≥ A, both A and B are positive selfadjoint

426 U. Haagerup and S. Thorbjørnsen

operators on L_2([a, b], μ_c). Let C and D be the operators in B ( ℓ_2(N_0 ) ) corresponding to A and B respectively, via the natural Hilbert space isomorphism between L_2([a, b], μ_c) and ℓ_2(N_0 ), given by the orthonormal basis (ρ^c_q )_{q∈N0} for L_2([a, b], μ_c). Then C and D are positive selfadjoint operators and by (7.22) and (7.24), they satisfy the conditions (a)-(d) of Lemma 7.6. Now, let both f and g be the first basis vector in the natural basis for ℓ_2(N_0 ) (i.e., f(k) = g(k) = δ_{k,0} for all k in N_0 ). Then (e),(f) of Lemma 7.6 are also satisfied, and hence we obtain from (iv) of that lemma, that for all j, k in N_0 such that k > j, ( exp(tD)f ) (j) ( exp(tC)f ) (k) − ( exp(tD)f ) (k) ( exp(tC)f ) (j) ≥ 0, i.e., ⟨ exp(tB)ρ^c_0, ρ^c_j ⟩ · ⟨ exp(tA)ρ^c_0, ρ^c_k ⟩ ≥ ⟨ exp(tB)ρ^c_0, ρ^c_k ⟩ · ⟨ exp(tA)ρ^c_0, ρ^c_j ⟩ . For j = 0, we get in particular, M(exp(tB))_{k,0} M(exp(tA))_{k,0} ≤ M(exp(tB))_{0,0} M(exp(tA))_{0,0}

, (k ∈ N_0 ). (7.31)

Note here, that by (7.26),

(−1)^kM(exp(−tA))_{k,0} = exp(−2(c + 1)t)M(exp(tB))_{k,0} > 0, (k ∈ N_0 ).

Inserting this in (7.31), it follows that

(−1)^kM(exp(−tA))_{k,0} M(exp(tA))_{k,0} ≤ M(exp(−tA))_{0,0} M(exp(tA))_{0,0}

, (k ∈ N_0 ). (7.32)

By (7.23) and (7.27),

M(exp(±tA))_{k,0} = c^{− k2} ∫_b a exp(±tx)P^c_k (x) dμ_c(x) = c^{k2} ψ^c_k(±t), (k ∈ N_0 ).

Hence, (iii) in Proposition 7.5 follows from (7.32). □

7.8 Theorem. Let H and K be Hilbert spaces, and let a_1, . . . , a_r be elements of B(H, K) such that ∑_r i=1 a^∗_i a_i = c1_{B(H)}, and ∑_r i=1 a_ia^∗_i = 1_{B(K)}, for some constant c in [1, ∞[. Consider furthermore independent elements Y_1, . . . , Y_r of GRM(n, n,^1_n ), and put S = ∑_r i=1 a_i ⊗ Y_i. Then for any t in [0,^n_{2c} ], E [ exp(−tS^∗S) ] ≤ exp ( − ( √ c − 1)^2t + (c + 1)^2 ·^{t2}_n ) · 1_{B(H}n_). (7.33)

Proof. Consider a fixed t in [0,^n_{2c} ]. By Proposition 7.4 and Proposition 7.5 we then have ‖ ‖E[ exp(−tS^∗S)] ‖ ‖ ≤^∞ ∑ q=0 |ψ^c_q (−t)| · ‖ ‖E[P^c_q (S^∗S)] ‖ ‖

≤ ψ^c_0(−t) ψ^c_0(t) ∞∑ q=0 ψ^c_q (t) ‖ ‖E[P^c_q (S^∗S)] ‖ ‖. (7.34)

Random Matrices and K-Theory . . . 427

From (7.16) in the proof of Proposition 7.4, we have here that ∞∑ q=0 ψ^c_q (t) · ‖ ‖E[P^c_q (S^∗S)] ‖ ‖ ≤^∞ ∑ p=0 1 p! (_{ct} n )_p ∑ π∈S_p n^{k(π̂)} (_n c )_{l(π̂)−1}

≤ ∞∑ p=0 1 p! (_{ct} n )_p ∑ k,l∈N k+l≤p+1 δ(p, k, l)n^k (_n c )_{l−1} ,

where δ(p, k, l) was introduced in (3.6). Applying now Lemma 3.6, we get for

t in [0,^n_{2c} ], that ∞∑ q=0 ψ^c_q (t) · ‖ E [ P^c_q (S^∗S) ]‖ ≤ exp ( (n +^n_c )(^{ct}_n )^2 )∫^b a exp (_n c (^{ct}_n x) ) dμ_c(x)

≤ exp ( (c + 1)^2 ·^{t2}_n )∫^b a exp(tx) dμ_c(x).

Note here, that ψ^c_0(t) = ∫_b a exp(tx) dμ_c(x), and hence we get by (7.34), that ‖ ‖E[ exp(−tS^∗S)] ‖ ‖ ≤ exp ((c + 1)2 ·^{t2}_n )ψc_0(−t)

= exp ( (c + 1)^2 ·^{t2}_n )∫^b a exp(−tx) dμ_c(x). But exp(−tx) ≤ exp(−ta) = exp(−t( √ c + 1)^2) for all x in [a, b], and hence it

follows that ‖ ‖E[ exp(−tS^∗S)] ‖ ‖ ≤ exp ((c + 1)2 ·^{t2}_n ) exp(−(√c − 1)2t), (t ∈ [0,^n_{2c} ]).

This proves (7.33). □

7.9 Remark. By application of the method of Remark 3.7, it is easy to extend

Theorem 7.8, to the case where r∑ i=1 a^∗_i a_i = c1_{B(H)}, and r∑ i=1 a_ia^∗_i = d1_{B(K)},

for constants c, d such that c ≥ d > 0. In this case, one obtains that for t in

[0,^n_{2c} ], E [ exp(−tS^∗S) ] ≤ exp ( − ( √ c − √ d)^2t + (c + d)^2 ·^{t2}_n ) · 1_{B(H}n_). □

428 U. Haagerup and S. Thorbjørnsen

8 Asymptotic Lower Bound on the Spectrum of S^∗_nS_n in the Exact Case

Let H and K be Hilbert spaces, and consider elements a_1, . . . , a_r of B(H, K). Let A denote the C^∗-subalgebra of B(H), generated by the family { a^∗_i a_j | i, j ∈ {1, 2, . . . , r} } . Consider furthermore, for each n in N, independent elements Y^{(n)}_1 , . . . , Y^{(n)}_r of GRM(n, n,^1_n ), and define

S_n = r∑ i=1 a_i ⊗ Y^{(n)}_i , (n ∈ N). (8.1)

In this section, we shall determine (almost surely), the asymptotic behavior of the smallest element of the spectrum of S^∗_nS_n, under the assumptions that A is an exact C^∗-algebra and that a_1, . . . , a_r satisfy the condition r∑ i=1 a^∗_i a_i = c1_{B(H)} and r∑ i=1 a_ia^∗_i ≤ 1_{B(K)}, (8.2)

for some constant c in [1, ∞[. We start, however, by considering the simpler case, where, instead of (8.2), a_1, . . . , a_r, satisfy the stronger condition r∑ i=1 a^∗_i a_i = c1_{B(H)} and r∑ i=1 a_ia^∗_i = 1_{B(K)}, (8.3)

for some constant c in [1, ∞[. Once this simpler case has been handled, we obtain the more general case by virtue of a dilation result.

As in Section 4, we determine first the asymptotic behavior of the smallest eigenvalue of V_n, where

V_n = ( Φ ⊗ id_n ) (S^∗_nS_n), (n ∈ N), (8.4)

and Φ: A → M_d(C ) is a completely positive mapping, for some d in N.

8.1 Lemma. Let S_n, n ∈ N, and V_n, n ∈ N, be as in (8.1) and (8.4), and assume that a_1, . . . , a_r satisfy the condition (8.3). Let λ_{min}(V_n) denote the smallest eigenvalue of V_n (considered as an element of M_{dn}(C )). Then for any ϵ in ]0, ∞[, we have that ∞∑ n=1 P ( λ_{min}(V_n) ≤ ( √ c − 1)^2 − ϵ ) < ∞. Proof. The proof is basically the same as the proof of Lemma 4.2; the main difference being that in this proof we apply Theorem 7.8 instead of Theorem 3.3. Consequently, we shall not repeat all details in this proof.

Random Matrices and K-Theory . . . 429

For fixed n in N, and arbitrary t in ]0, ∞[, we find that P ( λ_{min}(V_n) ≤ ( √ c − 1)^2 − ϵ ) = P ( exp ( − tλ_{min}(V_n) + t( √ c − 1)^2 − tϵ ) ≥ 1 ) ≤ exp(t( √ c − 1)^2 − tϵ) · E [ exp ( − tλ_{min}(V_n) )] ≤ exp(t( √ c − 1)^2 − tϵ) · E ∘ Tr_{dn} [ exp(−tV_n) ] . (8.5)

By application of Lemma 4.1(ii), we have here, that tr_{dn} [ exp(−tV_n) ] = tr_{dn} [ exp ( − t(Φ ⊗ id_n)(S^∗_nS_n) )] ≤ tr_{dn} [( Φ ⊗ id_n ) (exp(−tS^∗_nS_n)) ] = tr_d ⊗ tr_n [( Φ ⊗ id_n ) (exp(−tS^∗_nS_n)) ] = ϕ ⊗ tr_n [ exp(−tS^∗_nS_n) ] , (8.6)

where ϕ is the state tr_d ∘ Φ on A. It follows here from Definition 3.1 and

Theorem 7.8, that E [ ϕ ⊗ tr_n ( exp(−tS^∗_nS_n) )] = ϕ ⊗ tr_n ( E [ exp(−tS^∗_nS_n) ]) ≤ exp ( − t( √ c − 1)^2 +^{t2}_n (c + 1)^2 ) , (8.7)

for all t in ]0,^n_{2c} ]. Combining now (8.5)-(8.7), it follows that for all t in ]0,^n_{2c} ], P ( λ_{min}(V_n) ≤( √ c − 1)^2 − ϵ ) ≤ dn · exp(t( √ c − 1)^2 − tϵ) · exp ( − t( √ c − 1)^2 +^{t2}_n (c + 1)^2 ) = dn · exp ( t(^t_n (c + 1)^2 − ϵ) ) .

From here, the proof is concluded exactly as the proof of Theorem 4.2. □

8.2 Proposition. Let S_n, n ∈ N, and V_n, n ∈ N, be as in (8.1) and (8.4), and

assume that a_1, . . . , a_r satisfy the condition (8.3). We then have

lim inf n→∞ λ_{min}(V_n) ≥ (√ c − 1 )_2

, almost surely.

Proof. By Lemma 4.2 and the Borel-Cantelli Lemma (cf. [Bre, Lemma 3.14]),

we have for any ϵ from ]0, ∞[, that P ( λ_{min}(V_n) ≥ ( √ c − 1)^2 − ϵ, for all but finitely many n ) = 1,

and from this the proposition follows readily. □

The next two lemmas enable us to pass from the situation considered in Propo-

sition 8.2 to the more general situation, where it is only assumed that a_1, . . . , a_r

satisfy (8.2).

430 U. Haagerup and S. Thorbjørnsen

8.3 Lemma. Let c be a number in [1, ∞[, and put q = 2+[c], where [c] denotes the integer part of c. Then there exist elements x_1, . . . , x_q in the Cuntz algebra O_2, such that q∑ i=1 x^∗_i x_i = c1_{O2} , and q∑ i=1 x_ix^∗_i = 1_{O2} .

Proof. Recall that O_2 is the unital C^∗-algebra C^∗(s_1, s_2) generated by two operators s_1, s_2 satisfying that s^∗_i s_j = δ_{i,j}1_{O2} , i, j ∈ {1, 2}, and that s_1s^∗_1 + s_2s^∗_2 = 1_{O2} . Define then t_1, . . . , t_{q−1} in O_2, by the expression

t_j = { s^{j−1}_2 s_1, if j ∈ {1, 2, . . . , q − 2}, s^{q−2}_2 , if j = q − 1.

Then t^∗_i t_j = δ_{i,j}1_{O2} , for all i, j in {1, 2, . . . , q − 1}, and q−1∑ j=1 t_j t^∗_j = q−3∑ i=0 s^i_2(1_{O2} − s_2s^∗_2)(s^i_2)^∗ + s^{q−2}_2 (s^{q−2}_2 )^∗ = 1_{O2} , (8.8)

(i.e., t_1, . . . , t_{q−1} generates a copy of O_{q−1} inside O_2). Define now x_1, . . . , x_q in O_2, by

x_i = ( c − 1 q − 2 ) 1_2 t_i, if i ∈ {1, 2, . . . , q − 1} (q − 1 − c q − 2 ) 1_2

1_{O2} , if i = q.

Then_q ∑ i=1 x^∗_i x_i = (q − 1) · c − 1 q − 2 · 1_{O2} + q − 1 − c q − 2 · 1_{O2} = c1_{O2} ,

and by (8.8), q∑ i=1 x_ix^∗_i = c − 1 q − 2 · 1_{O2} + q − 1 − c q − 2 · 1_{O2} = 1_{O2} .

Thus, x_1, . . . , x_q have the desired properties. □

8.4 Lemma. Let H and K be Hilbert spaces, and let a_1, . . . , a_r be elements of B(H, K), such that ∑_r i=1 a^∗_i a_i = c1_{B(H)}, and ∑_r i=1 a_ia^∗_i ≤ 1_{B(K)}.

Then there exist Hilbert spaces H̃, K̃, s in {r, r + 1, r + 2, . . . } and elements ã_1, . . . , ã_s of B(H̃, K̃), such that the following conditions hold: (i) H̃ ⊇ H and K̃ ⊇ K.

(ii) ã_{i|H} = { a_i, if 1 ≤ i ≤ r, 0, if r + 1 ≤ i ≤ s. (iii) ∑_s i=1 ã^∗_i ã_i = c1_{B(H̃)} and ∑_s i=1 ã_iã^∗_i = 1_{B(K̃)}.

Random Matrices and K-Theory . . . 431

Proof. By Lemma 8.3, we may choose finitely many elements x_1, . . . , x_q of the Cuntz algebra O_2, such that ∑_q i=1 x^∗_i x_i = c1_{O2} and ∑_q i=1 x_ix^∗_i = 1_{O2} . We assume that O_2 is represented on some Hilbert space L, so that x_1, . . . , x_r ∈ B(L). Define then H̃ = (H ⊗ L) ⊕ (K ⊗ L) and K̃ = (K ⊗ L) ⊕ (H ⊗ L). For Hilbert spaces V, W, an element v of B(V, W), and an element y of B(L), we consider v ⊗ y as an element of B(V ⊗ L, W ⊗ L) in the natural manner. Moreover, given v_{11} in B(H ⊗ L, K ⊗ L), v_{12} in B(K ⊗ L), v_{21} in B(H ⊗ L) and v_{22} in B(K ⊗ L, H ⊗ L), we shall consider the matrix (v_{ij} )_{1≤i,j≤1} as an element of B(H̃, K̃) in the usual way. With these conventions, consider now the following elements of B(H̃, K̃),

ã_i = ( a_i ⊗ 1_{B(L)} 0 0 0 ) , (i ∈ {1, 2, . . . , r}), b_j = ( 0 (1_{B(K)} − ∑_r i=1 a_ia^∗_i )^{12} ⊗ x_j 0 0 ) , (j ∈ {1, 2, . . . , q}), c_{i,j,k} = ( 0 0 0^{1√}_c · a^∗_i ⊗ (x_j x_k) ) , (i ∈ {1, 2, . . . , r}, j, k ∈ {1, 2, . . . , q}).

It follows then by direct calculation, that r∑ i=1 ã^∗_i ã_i + q∑ j=1 b^∗_j b_j + r∑ i=1 q∑ j,k=1 c^∗_{i,j,k}c_{i,j,k}

= ([ ∑_r i=1 a^∗_i a_i ] ⊗ 1_{B(L)} 0 0 [ c(1_{B(K)} − ∑_r i=1 a_ia^∗_i ) + c ∑_r i=1 a_ia^∗_i ] ⊗ 1_{B(L)} )

= c1_{B(H̃)},

and that r∑ i=1 ã_iã^∗_i + q∑ j=1 b_j b^∗_j + r∑ i=1 q∑ j,k=1 c_{i,j,k}c^∗_{i,j,k}

= ([ ∑_r i=1 a_ia^∗_i + (1_{B(K)} − ∑_r i=1 a_ia^∗_i ) ] ⊗ 1_{B(L)} 0 0 [_1 c ∑_r i=1 a^∗_i a_i ] ⊗ 1_{B(L)} )

= 1_{B(K̃)}.

Thus, if we put s = r + q + rq^2, and let ã_{r+1}, ã_{r+2}, . . . , ã_s, be new names for the elements in the set {b_j | j ∈ {1, . . . , q}} ∪ {c_{i,j,k} | i ∈ {1, . . . , r}, j, k ∈ {1, . . . , q}}, then it follows that ã_1, ã_2, . . . , ã_s satisfy condition (iii).

432 U. Haagerup and S. Thorbjørnsen

Choosing a fixed unit vector ξ in L, we have natural embeddings ι_H : H → H̃ and ι_K : K → K̃ given by the equations ι_H(h) = (h ⊗ ξ) ⊕ 0, (h ∈ H), ι_K(k) = (k ⊗ ξ) ⊕ 0, (k ∈ K). This justifies (i), and moreover, it is straightforward to check, that under the identifications of H with ι_H(H) and K with ι_K(K), condition (ii) is satisfied. This concludes the proof. □

8.5 Proposition. Let S_n, n ∈ N, and V_n, n ∈ N, be as in (8.1) and (8.4), and assume now that a_1, . . . , a_r satisfy the condition (8.2). Then

lim inf n→∞ λ_{min}(V_n) ≥ (√ c − 1 )_2 , almost surely.

Proof. By Lemma 8.4, we may choose Hilbert spaces H̃, K̃, s in {r, r + 1, . . . , } and elements ã_1, ã_2, . . . , ã_s of B(H, K), such that conditions (i)-(iii) of Lemma 8.4 are satisfied. If r < s, then for each n in N we choose additional elements Y^{(n)}_{r+1}, . . . , Y^{(n)}_s of GRM(n, n,^1_n ), such that Y^{(n)}_1 , Y^{(n)}_2 , . . . , Y^{(n)}_s are independent. We then define

S̃_n =^s ∑ i=1 ã_i ⊗ Y^{(n)}_i , (n ∈ N). Recall from (8.4), that

V_n = ( Φ ⊗ id_n ) (S^∗_nS_n), (n ∈ N), where Φ: A → M_d(C ) is a completely positive mapping from the C^∗-subalgebra A of B(H) generated by {a^∗_i a_j | i, j ∈ {1, 2, . . . , r}}, into the matrix algebra M_d(C ). By [Pa, Theorem 5.2], there exists a completely positive mapping Φ_1 : B(H) → M_d(C ) extending Φ. Note that since Φ is unital, so is Φ_1. Consider next the orthogonal projection P_H of H̃ onto H. Then the mapping C_{PH} : b → P_HbP_H : B(H̃) → P_HB(H̃)P_H ≃ B(H), is unital completely positive. Hence, so is the mapping Φ_2 : B(H̃) → M_d(C ), given by

Φ_2(b) = Φ_1(P_HbP_H) = Φ_1 ∘ C_{PH} (b), (b ∈ B(H̃)).

Thus, if we define Ṽ_n = (Φ_2 ∘ id_n)(S̃^∗_nS̃_n), (n ∈ N),

then it follows from Lemma 8.4(iii) and Proposition 8.2, that

lim inf n→∞ λ_{min}(Ṽ_n) ≥ (√ c − 1 )_2 , almost surely. (8.9)

Random Matrices and K-Theory . . . 433

However, by Lemma 8.4(ii), we have here that

Ṽ_n = (Φ_2 ⊗ id_n) [^s∑ i,j=1 ã^∗_i ã_j ⊗ ( Y^{(n)}_i )_∗ Y^{(n)}_j ] = s∑ i,j=1 Φ_2 ( ã^∗_i ã_j ) ⊗ ( Y^{(n)}_i )_∗ Y^{(n)}_j

= s∑ i,j=1 Φ_1 ( P_Hã^∗_i ã_j P_H ) ⊗ ( Y^{(n)}_i )_∗ Y^{(n)}_j = r∑ i,j=1 Φ_1(a^∗_i a_j ) ⊗ ( Y^{(n)}_i )_∗ Y^{(n)}_j

= r∑ i,j=1 Φ(a^∗_i a_j ) ⊗ ( Y^{(n)}_i )_∗ Y^{(n)}_j = V_n.

Therefore (8.9) yields the desired conclusion. □ It remains now to show that we can replace V_n in Proposition 8.5 by S^∗_nS_n itself. Before proceeding with this task, we draw attention to the following simple observation:

8.6 Lemma. For each n in N, let B_n be a unital C^∗-algebra, and let b_n be an element of B_n. Then for any R in [0, ∞[, the following two conditions are equivalent: (i) lim sup n→∞ ‖b_n‖ ≤ R. (ii) lim sup n→∞ max(sp(b_n)) ≤ R, and lim inf_{n→∞} min(sp(b_n)) ≥ −R.

Proof. This is clear, since, for each n, ‖b_n‖ is the largest of the two numbers max(sp(b_n)) and − min(sp(b_n)). □

8.7 Theorem. Let a_1, . . . , a_r be elements of B(H, K), such that ∑_r i=1 a^∗_i a_i = c1_{B(H)} and ∑_r i=1 a_ia^∗_i ≤ 1_{B(K)}, for some constant c in [1, ∞[. Assume, in addition, that the unital C^∗-subalgebra A of B(H), generated by the set {a^∗_i a_j | i, j, ∈ {1, 2, . . . , r}}, is exact. Consider furthermore, for each n in N, independent elements Y^{(n)}_1 , . . . , Y^{(n)}_r of GRM(n, n,^1_n ), and put S_n = ∑_r i=1 a_i ⊗ Y^{(n)}_i , n ∈ N. We then have

lim inf n→∞ min [ sp(S^∗_nS_n) ] ≥ ( √ c − 1)^2, almost surely. (8.10)

Proof. Put E = span{a^∗_i a_j | i, j ∈ {1, 2, . . . , r}}, and note that x^∗ ∈ E for all x in E, and that 1_A = c^{−1} ∑_r i=1 a^∗_i a_i ∈ E. Thus, E is a finite dimensional operator system, and since A is exact, it follows thus from Proposition 4.4, that for any ϵ from ]0, ∞[, there exist d in N and a unital completely positive mapping Φ: A → M_d(C ), such that ‖ ‖(Φ ⊗ id_n)(x) ‖ ‖ ≥ (1 − ϵ)‖x‖, (n ∈ N, x ∈ M_n(E)). (8.11) Consider now a fixed ϵ from ]0, ∞[, let d, Φ be as described above, and define

V_n = ( Φ ⊗ id_n ) (S^∗_nS_n), (n ∈ N).

434 U. Haagerup and S. Thorbjørnsen

Recall then from Proposition 4.3 and Proposition 8.5, that

lim sup n→∞ max [ sp(V_n) ] ≤ c + 1 + 2 √ c, almost surely,

lim inf n→∞ min [ sp(V_n) ] ≥ c + 1 − 2 √ c, almost surely,

and hence that

lim sup n→∞ max [ sp ( V_n − (c + 1)1_{dn} )] ≤ 2 √ c, almost surely,

lim inf n→∞ min [ sp ( V_n − (c + 1)1_{dn} )] ≥ −2 √ c, almost surely.

By Lemma 8.6, this means that

lim sup n→∞ ‖ ‖V_n − (c + 1)1_{dn} ‖ ‖ ≤ 2√c, almost surely. (8.12)

Note here, that since S^∗_nS_n − (c + 1)1_{A⊗Mn(C)} ∈ M_n(E), for all n, it follows

from (8.11), that ‖ ‖S^∗_nS_n − (c + 1)1_{A⊗Mn(C)} ‖ ‖ ≤ (1 − ϵ)^{−1} ‖ ‖(Φ ⊗ id_n)[S^∗_nS_n − (c + 1)1_{A⊗Mn(C)} ] ‖ ‖ = (1 − ϵ)^{−1} ‖ ‖V_n − (c + 1)1_{dn} ‖ ‖,

for all n in N. Hence (8.12) implies that

lim sup n→∞ ‖ ‖S^∗_nS_n − (c + 1)1_{A⊗Mn(C)} ‖ ‖ ≤ (1 − ϵ)^{−1} · 2√c, almost surely.

Since this holds for arbitrary ϵ from ]0, ∞[, it follows that actually

lim sup n→∞ ‖ ‖S^∗_nS_n − (c + 1)1_{A⊗Mn(C)} ‖ ‖ ≤ 2√c, almost surely.

By Lemma 8.6, this implies, in particular, that

lim inf n→∞ min [ sp(S^∗_nS_n) − (c + 1) ] ≥ −2 √ c, almost surely,

and this proves (8.10). □

8.8 Remark. As for the upper bound (cf. Section 4), Theorem 8.7 does not, in

general, hold without the condition, that the C^∗-algebra generated by {a^∗_i a_j |

1 ≤ i, j ≤ r} be exact. In fact, for any c in ]1, ∞[, it is possible to choose

a finite set of elements a_1, . . . , a_r of B(H), for an infinite dimensional Hilbert

space H, such that r∑ i=1 a^∗_i a_i = c1_{B(H)} and r∑ i=1 a_ia^∗_i = 1_{B(H)},

Random Matrices and K-Theory . . . 435

but at the same time P ( 0 ∈ sp(S^∗_nS_n), for all but finitely many n ) = 1,

where S_n = ∑_r i=1 a_i ⊗ Y^{(n)}_i , as in (8.1). The proof of this is, however, much more complicated than the corresponding proof of the possible violation for the upper bound (cf. Proposition 4.9(ii)), and it will be presented elsewhere. □

9 Comparison of Projections in Exact C^∗-algebras and states on the K_0-group

In [Haa], the first named author proved that quasitraces on exact, unital C^∗- algebras are traces. This result implies the following two theorems

9.1 Theorem. (cf. [Han], [Haa]) If A is an exact, unital, stably finite C^∗- algebra, then A has a tracial state.

9.2 Theorem. (cf. [BR, Corollary 3.4]) If A is an exact, unital C^∗- algebra, then every state on K_0(A) comes from a tracial state on A.

The proof given in [Haa] of the fact that quasitraces in exact unital C^∗-algebras are traces, is based on an ultra-product argument, involving ultra products of finite AW^∗-algebras. The aim of this section is to show that Theorem 9.1 and Theorem 9.2 can be obtained from the random matrix results of the previous sections, without appealing to results on quasitraces and AW^∗-algebras. We start by recapturing some of the standard notions and notation in connection with comparison theory for projections in C^∗-algebras (see e.g. [Bl1],[Bl2],[Cu] and [Go2]). For a C^∗-algebra A, we put

M_∞(A) = ⋃ n∈N M_n(A),

where elements are identified via the (non-unital) embeddings M_n(A) → M_{n+1}(A), given by addition of a row and a column of zeroes. Given two projections p, q in M_∞(A), we say, as usual, that p and q are (Murray-von Neumann) equivalent, and write p ∼ q, if there exists a u in M_∞(A), such that u^∗u = p and uu^∗ = q. We let V (A) denote the set of equivalence classes ⟨p⟩ of projections p in M_∞(A), w.r.t. Murray-von Neumann equivalence, and we equip V (A) with an order structure and an addition, as follows: For projections p, q in M_∞(A), we write ⟨q⟩ ≤ ⟨p⟩ if q ≺ p, i.e., if q is equivalent to a sub-projection of p. Moreover, we define ⟨p⟩+⟨q⟩ to be ⟨p^′ +q^′⟩, where p^′, q^′ are projections in M_∞(A), satisfying that p^′ ∼ p, q^′ ∼ q and p^′ ⊥ q^′. Finally, for k in N, we let k⟨p⟩ denote the equivalence class ⟨p⟩ + · · · + ⟨p⟩ (k summands). Recall that for a unital C^∗-algebra A, K_0(A) is the additive group obtained from the semi group V (A), via the Grothendieck construction (cf. [Bl1]), and

436 U. Haagerup and S. Thorbjørnsen

that K_0(A)_+ denotes the range of V (A) under the natural map ρ: V (A) → K_0(A). In particular, we have that K_0(A) = K_0(A)_+ − K_0(A)_+. For a projection p in M_∞(A), we put [p] = ρ(⟨p⟩). Note then, that for projections p, q in M_∞(A), [p] = [q] if and only if there exists a projection r in M_∞(A), such that ⟨p⟩ + ⟨r⟩ = ⟨q⟩ + ⟨r⟩. The four lemmas 9.3-9.6 below are well known and easy, but since we have not been able to find precise references in the literature, we have included proofs of these lemmas.

9.3 Lemma. Let A be a C^∗-algebra, and let p, q be projections in A. Then with I(p) the ideal in A generated by p, the following three conditions are equivalent:

(i) ⟨q⟩ ≤ k⟨p⟩, for some k in N. (ii) q ∈ I(p). (iii) q ∈ I(p).

Proof. (i) ⇒ (ii) : Assume that (i) holds, i.e., that there exists k in N and u in M_k(A), such that

u^∗u = ( q 0 0 0 ) and uu^∗ ≤ p 0 .. . 0 p .

This implies that u is of the form

u = u_{11} 0 · · · 0 . . . . .. . . . u_{k1} 0 · · · 0 ,

where u_{11}, u_{21}, . . . , u_{k1} ∈ pAq. It follows thus, that q = k∑ j=1 u^∗_{j1}u_{j1} = k∑ j=1 u^∗_{j1}pu_{j1} ∈ I(p), as desired.

(ii) ⇒ (iii) : This is trivial.

(iii) ⇒ (i) : Assume that (iii) holds. Then there exist k in N and a_1, . . . , a_k, b_1, . . . , b_k in A, such that ‖ ‖ ‖ k∑ j=1 a_j pb_j − q ‖ ‖ ‖ < 1. (9.1)

Random Matrices and K-Theory . . . 437

Thus, by [Go2, 10.7], ( q 0 0 0 ) ≺ p 0 .. . 0 p in Mk(A),

i.e., ⟨q⟩ ≤ k⟨p⟩. □ 9.4 Lemma. Let M be a von Neumann algebra, and let p be a projection in M. Then any σ-weakly lower semi-continuous trace τ : ( pMp ) + → [0, ∞], has an extension to a σ-weakly lower semi-continuous trace τ̃ on M_+.

Proof. We can assume that p ≠ 0. Choose then a maximal family (p_i)_{i∈I} of pairwise orthogonal projections in M, such that p_i ≺ p for all i in I. Then, by standard comparison theory, it follows that ∑ i∈I p_i = c(p), where c(p) denotes the central support of p in M. Choose next, for each i in I, a partial isometry v_i in M, such that

v^∗_i v_i = p_i and v_iv^∗_i ≤ p, (i ∈ I).

Define then τ̃ : M_+ → [0, ∞], by the equation

τ̃ (a) = ∑ i∈I τ(v_iav^∗_i ), (a ∈ M_+). Clearly τ̃ is additive, homogeneous and σ-weakly lower semi-continuous. To show that τ̃ has the trace property, note first that since pv_i = v_i for all i, we have also that c(p)v_i = v_i for all i. Since c(p) is in the center of M, it follows thus, that for any x in M,

τ̃(xx^∗) = ∑ i∈I τ ( v_ixx^∗v^∗_i ) = ∑ i∈I τ ( c(p)v_ixx^∗v^∗_i )

= ∑ i∈I τ ( v_ixc(p)x^∗v^∗_i ) = ∑ i∈I ∑ j∈I τ ( (v_ixv^∗_j )(v_j x^∗v^∗_i ) ) , and similarly τ̃ (x^∗x) = ∑ j∈I ∑ i∈I τ ( (v_j x^∗v^∗_i )(v_ixv^∗_j ) ) . But by the trace property of τ on pMp, we have that τ ( (v_ixv^∗_j )(v_j x^∗v^∗_i ) ) = τ ( (v_j x^∗v^∗_i )(v_ixv^∗_j ) ) ,

438 U. Haagerup and S. Thorbjørnsen

for all i, j, and since all the terms in the above sums are positive, we can permute their order without changing the sums, and thus obtain τ̃ (xx^∗) = τ̃ (x^∗x). Taken together, we have verified that τ̃ is a σ-weakly lower semi-continuous trace on M_+, and it remains thus to show that τ̃ coincides with τ on ( pMp ) +. Given a from ( pMp ) +, we have that v_ia^{12} ∈ pMp, for all i, and therefore

τ̃ (a) = ∑ i∈I τ ( (v_ia^{12} )(a^{12} v^∗_i ) ) = ∑ i∈I τ ( a^{12} v^∗_i v_ia^{12} ) = τ ( a^{12} c(p)a^{12} ) = τ(a), as desired. □

9.5 Lemma. Let M be a von Neumann algebra, and let 1 denote the unit of M. Let furthermore p, q be projections in M, that satisfy the following two conditions: (i) 1 ∈ I(p).

(ii) τ(q) ≤ τ(p), for any normal, tracial state τ on M. Then q ≺ p.

Proof. Let M = eM ⊕ (1 − e)M, be the decomposition of M into a finite part eM and a properly infinite part (1 − e)M, by a central projection e. Since any normal, tracial state on M must vanish on (1−e)M, condition (ii) is equivalent to the condition

τ(eq) ≤ τ(ep), for any normal tracial state τ on eM.

By comparison theory for finite von Neumann algebras (cf. e.g. [KR, Theorem 8.4.3(vii)]), this condition implies that eq ≺ ep in eM, (9.2) By Lemma 9.3, condition (i) implies that there exists a k in N, such that

1 ⊗ e_{11} ≺ p ⊗ 1_k in M_k(M),

where (e_{ij} )_{1≤i,j≤k} are the usual matrix units in M_k(C ). Therefore, we have also that (1 − e) ⊗ e_{11} ≺ (1 − e)p ⊗ 1_k in M_k((1 − e)M).

At the same time, since 1 − e is a properly infinite projection in M, we have that (1 − e) ⊗ e_{11} ∼ (1 − e) ⊗ 1_k in M_k((1 − e)M).

It follows thus, that

(1 − e)q ⊗1_k ≤ (1 − e) ⊗1_k ∼ (1 − e) ⊗ e_{11} ≺ (1 − e)p ⊗1_k in M_k((1 − e)M),

Random Matrices and K-Theory . . . 439 and by [KR, Exercise 6.9.14], this implies that (1 − e)q ≺ (1 − e)p in (1 − e)M. (9.3) Combining (9.2) and (9.3), it follows that q ≺ p, as desired. □ 9.6 Lemma. Let M be a von Neumann algebra, and let p, q be projections in M. Then the following two conditions are equivalent (i) q ≺ p.

(ii) q ∈ I(p), and τ(q) ≤ τ(p) for every σ-weakly lower semi-continuous trace τ on M_+.

Proof. Clearly (i) implies (ii). To show that (ii) implies (i), assume that (ii) holds. By Lemma 9.3 there exists then a k in N, such that ⟨q⟩ ≤ k⟨p⟩, i.e., such that q ⊗ e_{11} ∼ q^′ ≤ p ⊗ 1_k, for some projection q^′ in M_k(M). Consider now the von Neumann algebra N = M_k(pMp), with unit 1_N = p ⊗ 1_k. Set p^′ = p ⊗ e_{11}. Then p^′, q^′ are both projections in N , and 1_N ∈ I_N (p^′), (9.4) where I_N (p^′) is the ideal in N generated by p^′. We show next, that τ(q^′) ≤ τ(p^′), for any normal, tracial state τ on N . (9.5) Indeed, if τ is a normal, tracial state on N , then by Lemma 9.4, the restriction τ_{|N+} of τ to N_+ can be extended to a σ-weakly lower semi-continuous trace τ̃ on M_k(M)_+. Then the mapping a → τ̃ (a ⊗ e_{11}), (a ∈ M_+), is a σ-weakly lower semi-continuous trace on M_+, and hence the assumption (ii) yields that τ̃ (q ⊗ e_{11}) ≤ τ̃ (p ⊗ e_{11}).

Since q^′ ∼ q ⊗ e_{11}, p^′ = p ⊗ e_{11} and p^′, q^′ ∈ N , it follows thus that τ(q^′) = τ̃ (q^′) = τ̃ (q ⊗ e_{11}) ≤ τ̃(p ⊗ e_{11}) = τ̃ (p^′) = τ(p^′), which proves (9.5).

Applying now Lemma 9.5, it follows from (9.4) and (9.5), that q^′ ≺ p^′ in N , and hence that q ⊗ e_{11} ∼ q^′ ≺ p^′ = p ⊗ e_{11} in M_k(M), which implies that q ≺ p in M. □

440 U. Haagerup and S. Thorbjørnsen

9.7 Proposition. Let A be a C^∗-algebra, and let p, q be projections in A. Then the following two conditions are equivalent: (i) q ≺ p in A^{∗∗}.

(ii) τ(q) ≤ τ(p), for every (norm) lower semi-continuous trace τ on A_+.

Proof. (i) ⇒ (ii) : Assume that q ≺ p in A^{∗∗}, and choose u in A^{∗∗}, such that u^∗u = q and uu^∗ ≤ p. Then ‖u‖ ≤ 1, and hence by the Kaplansky Density Theorem, we may choose a net (u_β )_{β∈B} from A, such that ‖u_β‖ ≤ 1, for all β in B, and u_β → u in the strong (operator) topology.

Define now: v_β = pu_β q, (β ∈ B), and note that v_β → puq = u in the strong (operator) topology, so that v^∗_β v_β → u^∗u = q in the weak (operator) topology. Since ‖v_β‖ ≤ 1 for all β, this implies that actually

v^∗_β v_β → q in the σ-weak topology.

Note also, that since ‖u_β‖ ≤ 1 for all β, v_β v^∗_β ≤ p, (β ∈ B). (9.6) Recall now that the σ-weak topology on A^{∗∗} is the weak* topology i.e., the σ(A^{∗∗}, A^∗)-topology, and hence its restriction to A is the weak topology, i.e., the σ(A, A^∗)-topology. Since v_β ∈ A for all β, we have thus, that

v^∗_β v_β → q in the σ(A, A^∗)-topology.

Consider then the convex hull K of {v^∗_β v_β | β ∈ B}. Then q ∈ K^{−σ(A,A∗)}, but since convex sets in a Banach space have the same closure in weak and norm topology (cf. [KR, Theorem 1.3.4]), it follows that actually q ∈ K^{−norm}. Hence, we may choose a sequence (w_n)_{n∈N} from K, which converges to q in norm. Then, for any (norm) lower semi-continuous trace τ : A_+ → [0, ∞],

τ(q) ≤ lim inf_{n→∞} τ(w_n) ≤ sup_{β∈B} τ(v^∗_β v_β ) = sup_{β∈B} τ(v_β v^∗_β ) ≤ τ(p), (9.7)

and this proves (i).

(ii) ⇒ (i) : Assume (ii) holds. We set out to show that condition (ii) in Lemma 9.6 is satisfied, in the case M = A^{∗∗}. Consider first the function τ_0 : A_+ → [0, ∞], defined by

τ_0(a) = { 0, if a ∈ I_A(p)_+, ∞, if a ∈ A_+ \ I_A(p)_+.

Then τ_0 is a (norm) lower semi-continuous trace on A_+, and hence the assumption (ii) yields that τ_0(q) ≤ τ_0(p) = 0, which means that q ∈ I_A(p)_+. According to Lemma 9.3, this implies that actually q ∈ I_A(p) ⊆ I_A∗∗ (p). Note next, that for any σ-weakly lower semi-continuous trace τ on (A^{∗∗})_+, the restriction τ_{|A+} is a (norm) lower semi-continuous trace on A, and hence, by the assumption (ii), τ(q) ≤ τ(p).

Random Matrices and K-Theory . . . 441

Taken together, we have verified that the projections p, q satisfy the condition (ii) in Lemma 9.6, in the case M = A^{∗∗}, and hence this lemma yields that q ≺ p in A^{∗∗}, as desired. □

9.8 Corollary. Let A be a C^∗-algebra, and let p, q be projections in A. Then the following two conditions are equivalent: (i) ∃k ∈ N : k⟨q⟩ ≤ (k − 1)⟨p⟩ in V (A^{∗∗}). (ii) ∃ϵ > 0: τ(q) ≤ (1 − ϵ)τ(p), for any (norm) lower semi-continuous trace τ on A_+.

Proof. (i) ⇒ (ii) : Assume that (i) holds, and define, for the existing k, q^′ = q ⊗ 1_k and p^′ = p ⊗ ( ∑_{k−1} i=1 e_{ii} ) . Then q^′, p^′ are projections in M_k(A), and the assumption (i) implies that

q^′ ≺ p^′ in M_k(A^{∗∗}). (9.8)

Given now any (norm) lower semi-continuous trace τ on A_+, note that the expression

τ_k (a) = k∑ i=1 τ(a_{ii}), (a = (a_{ij} ) ∈ M_k(A)_+),

defines a (norm) lower semi-continuous trace τ on M_k(A)_+. Thus, by Proposition 9.7, (9.8) implies that τ_k(q^′) ≤ τ_k(p^′), i.e., that kτ(q) ≤ (k −1)τ(p). This shows that (ii) holds for any ϵ in ]0,^1_k ].

(ii) ⇒ (i) : Assume that (ii) holds, and choose, for the existing ϵ, a k in N such that^1_k ≤ ϵ. Define then, for this k, q^′ and p^′ as above.

Now, for any (norm) lower semi-continuous trace τ on M_k(A)_+, the mapping a → τ(a ⊗ e_{11}), (a ∈ A_+), is a (norm) lower semi-continuous trace on A_+, and thus the assumption (ii) yields that

τ(q ⊗ e_{11}) ≤ (1 − ϵ)τ(p ⊗ e_{11}) ≤^{k−1}_k · τ(p ⊗ e_{11}),

and hence that

τ(q^′) = k · τ(q ⊗ e_{11}) ≤ (k − 1) · τ(p ⊗ e_{11}) = τ(p^′).

According to Proposition 9.7, this means that q^′ ≺ p^′ in M_k(A^{∗∗})(= M_k(A)^{∗∗}), which shows that (i) holds. □

9.9 Lemma. Let A be a C^∗-algebra, and let p, q be projections in A. Then the following two conditions are equivalent: (i) There exists an ϵ in ]0, ∞[, such that

τ(q) ≤ (1 − ϵ)τ(p), for any (norm) lower semi-continuous trace τ on A_+.

442 U. Haagerup and S. Thorbjørnsen

(ii) There exist ϵ in ]0, ∞[, r in N and a_1, . . . , a_r in A, such that r∑ i=1 a^∗_i a_i = q, and r∑ i=1 a_ia^∗_i ≤ (1 − ϵ)p. Proof. The proof follows the ideas of the first section of [Haa]. Note first that (ii) clearly implies (i). To show the converse implication, assume that (i) holds. Then, by Corollary 9.8, there exists a k in N, such that q ⊗ 1_k ≺ p ⊗ (∑_{k−1} i=1 e_{ii} ) in M_k(A^{∗∗}),

i.e., such that

u^∗u = q ⊗ 1_k, and uu^∗ ≤ p ⊗ ( ∑_{k−1} i=1 e_{ii} ) , (9.9)

for some u = (u_{ij} )_{1≤i,j≤k} in M_k(A^{∗∗}). For this u, we have then that k∑ j=1 k∑ i=1 u^∗_{ij} u_{ij} = k∑ j=1 (u^∗u)_{jj} = kq, and that_k ∑ i=1 k∑ j=1 u_{ij} u^∗_{ij} = k∑ i=1 (uu^∗)_{ii} ≤ (k − 1)p. Thus, if b_1, . . . , b_k2 ∈ A^{∗∗} denote the elements^{1√}_k u_{ij} , i, j ∈ {1, 2, . . . , k}, listed in any fixed order, then we have that

k^2∑

i=1 b^∗_i b_i = q, and

k^2∑

i=1 b_ib^∗_i ≤^{k−1}_k p. Note also, that (9.9) implies that b_i ∈ pA^{∗∗}q for all i. Consider then the subset K of A ⊕ A, defined by K = {(∑_r i=1 c^∗_i c_i, g + ∑_r i=1 c_ic^∗_i ) | | r ∈ N, c1, . . . , cr ∈ pAq, g ∈ (pAp)+ } . Then K is clearly closed under addition and multiplication by a non-negative scalar, and thus K is a convex cone in A ⊕ A.

Recall next, that the σ-strong^∗ topology on a von Neumann algebra M, is generated by the semi-norms

x → φ(x^∗x + xx^∗)^{12} , (φ ∈ (M_∗)_+).

Since the σ-strong^∗ continuous functionals on M are also σ-weakly continuous (i.e., belong to M_∗; cf. [Ta, Lemma II.2.4]), any convex set in M has the same closure in σ-strong^∗ and σ-weak topology. In particular it follows that

pAq is σ-strong^∗ dense in pA^{∗∗}q, and (pAp)_+ is σ-strong^∗ dense in (pA^{∗∗}p)_+.

Random Matrices and K-Theory . . . 443

Thus, we may choose a net (c^α_1 , . . . , c^α_{k2} , g^α)_{α∈A} in [ ⊕^{k2}_{j=1} pAq ] ⊕ (pAp), such that

• c^α_i → b_i, in the σ-strong^∗ topology, for all i in {1, 2, . . . , k^2}, • g^α ≥ 0, for all α, • g^α →^{k−1}_k p − ∑_k2

i=1 b_ib^∗_i , in the σ-strong^∗ topology. It follows then that

lim_α (^{k2}∑ i=1 (c^α_i )^∗c^α_i ) = q, σ-weakly,

and that

lim_α ( g^α +

k^2∑

i=1 c^α_i (c^α_i )^∗ ) =^{k−1}_k p, σ-weakly.

But since the σ-weak topology on A^{∗∗} is just the weak^∗-topology (i.e., the σ(A^{∗∗}, A^∗)-topology), its restriction to A is the weak topology (i.e., the σ(A, A^∗)-topology) on A. It follows thus that ( q,^{k−1}_k p ) ∈ K^{−σ(A⊕A,A∗⊕A∗)}. But convex sets in a Banach space have the same closure in weak and norm topology (cf. [KR, Theorem 1.3.4]), so it follows that in fact ( q,^{k−1}_k p ) ∈ K^{−norm}. (9.10)

Since (1 − δ)^{−1} (_{k−1} k + δ ) →^{k−1}_k < 1, as δ → 0, we may choose δ, ϵ in ]0, 1[, such that (1 − δ)^{−1} (_{k−1} k + δ ) = 1 − ϵ. By (9.10), there exist then r in N, c_1, . . . , c_r in pAq and g in (pAp)_+, such that ‖ ‖ ‖q − ∑_r i=1c^∗_i c_i ‖ ‖ ‖ < δ and ‖ ‖ ‖^{k−1}_k p − g − ( ∑_r i=1 c_ic^∗_i )‖ ‖ < δ. (9.11)

The first inequality in (9.11) implies that ∑_r i=1 c^∗_i c_i is invertible in the C^∗- algebra qAq. Let h ∈ (qAq)_+ denote the inverse of ∑_r i=1 c^∗_i c_i in qAq. Since (1 − δ)q ≤ r∑ i=1 c^∗_i c_i ≤ (1 + δ)q,

it follows then that

(1 + δ)^{−1}q ≤ h ≤ (1 − δ)^{−1}q. (9.12)

Define now: a_i = c_ih^{12} , i ∈ {1, 2, . . . , r}. Then ∑_r i=1 a^∗_i a_i = q, and moreover, by (9.12) and the second inequality in (9.11), r∑ i=1 a_ia^∗_i = r∑ i=1 c_ihc^∗_i ≤ (1 − δ)^{−1} r∑ i=1 c_ic^∗_i ≤ (1 − δ)^{−1} ( g + r∑ i=1 c_ic^∗_i )

≤ (1 − δ)^{−1} (_{k−1} k + δ ) p = (1 − ϵ)p.

444 U. Haagerup and S. Thorbjørnsen

Thus, it follows that (ii) holds. □

9.10 Theorem. Let A be an exact C^∗-algebra, and let p, q be projections in A. Assume that there exists ϵ in ]0, ∞[, such that τ(q) ≤ (1 − ϵ)τ(p) for any (norm) lower semi-continuous trace τ : A_+ → [0, ∞]. Then there exists n in N, such that

q ⊗ 1_n ≺ p ⊗ 1_n in M_n(A).

Proof. By Lemma 9.9, we get (after multiplying the a_i’s from Lemma 9.9(ii) by (1 − ϵ)^{− 12} ), that there exist c in ]1, ∞[, r in N and a_1, . . . , a_r in A, such that r∑ i=1 a^∗_i a_i = cq, and r∑ i=1 a_ia^∗_i ≤ p. (9.13)

We may assume that A is a C^∗-subalgebra of B(H) for some Hilbert space H. Then (9.13) implies that we may consider a_1, . . . , a_r as elements of B(q(H), p(H)), and that r∑ i=1 a^∗_i a_i = c1_{q(H)}, and r∑ i=1 a_ia^∗_i ≤ 1_{p(H)}.

Moreover, the set { a^∗_i a_j | i, j ∈ {1, 2, . . . , r} } is contained in the exact, unital C^∗-algebra qAq. Choosing now, for each n in N, independent elements Y^{(n)}_1 , . . . , Y^{(n)}_r of GRM(n, n,^1_n ), it follows from Theorem 8.7, that with

S_n = r∑ i=1 a_i ⊗ Y^{(n)}_i , (n ∈ N), we have that

lim inf n→∞ [ min { sp(S_n(ω)^∗S_n(ω)) }] ≥ (√ c − 1 )_2

, for almost all ω in Ω.

In particular, there exists one(!) ω in Ω, and an n in N, such that S_n(ω)^∗S_n(ω) is invertible in the C^∗-algebra M_n(qAq). For this pair (ω, n), we define

u = S_n(ω) [ S_n(ω)^∗S_n(ω)

]_− 1_2 , where the inverse is formed w.r.t. M_n(qAq). Then u ∈ M_n(pAq), and

u^∗u = 1_{q(H)} ⊗ 1_n = q ⊗ 1_n. (9.14)

Moreover, uu^∗ ∈ M_n ( B(p(H)) ) , and since u^∗u is a projection in M_n ( B(q(H)) ) , uu^∗ is a projection in M_n ( B(p(H)) ) , so that

uu^∗ ≤ 1_{p(H)} ⊗ 1_n = p ⊗ 1_n. (9.15)

Combining (9.14) and (9.15), we obtain the desired conclusion. □

Random Matrices and K-Theory . . . 445

9.11 Corollary. If A is an exact, unital and simple C^∗-algebra, and p, q are projections in A, such that p ≠ 0 and τ(q) < τ(p) for all tracial states τ on A, then for some n in N

q ⊗ 1_n ≺ p ⊗ 1_n in M_n(A). (9.16)

Proof. By simplicity of A, τ(p) > 0 for all tracial states τ on A, and hence by weak* compactness of the set of tracial states on A, there exists ϵ in ]0, ∞[, such that τ(q) ≤ (1 − ϵ)τ(p), for all tracial states τ on A. By the assumptions on A, A is algebraically simple. Hence, every non-zero trace τ : A_+ → [0, ∞] is either equal to +∞ on all of A_+ \ {0}, or proportional to a tracial state. Hence we can apply Theorem 9.10. □ 9.12 Remark. In the “inequality” (9.16) in Corollary 9.11, the tensoring with 1_n can in general not be avoided. This follows from Villadsen’s result in [Vi] that there exist nuclear (and hence exact) unital simple C^∗-algebras with weak perforation. Recall that a unital C^∗-algebra A has weak perforation, if there exists x in K_0(A), such that x /∈ K_0(A)_+, but nx ∈ K_0(A)_+ \ {0}, for some n in N. To see how Villadsen’s result implies, that we cannot, in general, avoid tensoring with 1_n in (9.16), let A be a unital exact simple C^∗-algebra, and assume that x ∈ K_0(A), such that x /∈ K_0(A)_+ and nx ∈ K_0(A)_+ \ {0}, for some positive integer n. Write then x in the form x = [p] − [q], where p, q are projections in M_k(A) for some k in N. By the assumption that nx ∈ K_0(A)_+ \ {0}, and the simplicity of A, it is not hard to deduce that

(τ ⊗ tr_k)(p) > (τ ⊗ tr_k)(q),

for all tracial states τ on A, and hence τ̃ (p) > τ̃ (q) for all tracial states τ̃ on M_k(A). However, since x /∈ K_0(A)_+, q cannot be equivalent to a sub-projection of p. □

9.13 Theorem. Let A be a unital, exact C^∗-algebra. Then the following two conditions are equivalent: (i) A has no tracial states.

(ii) For some n in N there exist projections p, q in M_n(A), such that

p ⊥ q and p ∼ q ∼ 1_A ⊗ 1_n.

Proof. Clearly, (ii) implies (i). To show the converse implication, assume that (i) holds, and consider then the two projections p^′, q^′ in M_2(A) given by

p^′ = ( 1_A 0 0 0 ) , and q^′ = ( 1_A 0 0 1_A ) .

446 U. Haagerup and S. Thorbjørnsen

Since A has no tracial states, A^{∗∗} has no normal tracial states, and hence A^{∗∗} is a properly infinite von Neumann algebra. Therefore,

⟨1_A⟩ = 4⟨1_A⟩ in V (A^{∗∗}),

which implies that ⟨p^′⟩ = 2⟨q^′⟩ in V ( M_2(A^{∗∗}) ) . Hence by Corollary 9.8 and Theorem 9.10, there exists an n in N, such that

q^′ ⊗ 1_n ≺ p^′ ⊗ 1_n in M_{2n}(A).

Here, p^′ ⊗ 1_n ∼ ( 1_A ⊗ 1_n 0 0 0 ) , and thus there exists u in M_{2n}(A), such that

u^∗u = ( 1_A ⊗ 1_n 0 0 1_A ⊗ 1_n ) , and uu^∗ ≤ ( 1_A ⊗ 1_n 0 0 0 ) . (9.17)

The inequality in (9.17) implies that u has the form u = ( u_{11} u_{12} 0 0 ) , for suitable u_{11}, u_{12} from M_n(A). The equality in (9.17) yields then subsequently that

u^∗_{11}u_{11} = u^∗_{12}u_{12} = 1_A ⊗ 1_n, and u^∗_{11}u_{12} = 0.

Defining now p = u_{11}u^∗_{11} and q = u_{12}u^∗_{12},

it follows that p, q are orthogonal projections in M_n(A), such that p ∼ q ∼ 1_A ⊗ 1_n. This shows that (ii) holds. □ In particular, Theorem 9.13 implies the validity of Theorem 9.1:

9.14 Corollary. If A is an exact, unital, stably finite C^∗-algebra, then A has a tracial state.

Proof. This is an obvious consequence of Theorem 9.13. □ Consider next an arbitrary unital C^∗-algebra A. A function φ: V (A) → R is said to be a state on V (A), if it satisfies the following three conditions:

• φ(x) ≥ 0, for all x in V (A).

• φ(x + y) = φ(x) + φ(y), for all x, y in V (A). • φ ( ⟨1_A⟩ ) = 1.

Similarly, a function ψ : K_0(A) → R is said to be a state on K_0(A), if it satisfies the conditions:

• ψ(z) ≥ 0, for all z in K_0(A)_+.

• ψ(z + w) = ψ(z) + ψ(w), for all z, w in K_0(A).

Random Matrices and K-Theory . . . 447 • ψ ( [1_A] ) = 1.

The set of states on V (A) (resp. K_0(A)) is denoted by S(V (A)) (resp. S(K_0(A))). Note that S(V (A)) and S(K_0(A)) are both convex compact sets in “the topology of pointwise convergence”. Let ρ: V (A) → K_0(A) be the natural map introduced in the beginning of this section. Then it is clear, that the map ψ → ψ ∘ ρ, ψ ∈ S(K_0(A)), gives a one-to-one correspondence between the states on K_0(A) and the states on V (A). Moreover, this map is an affine homeomorphism of S(K_0(A)) onto S(V (A)).

9.15 Lemma. Let A be a unital, exact C^∗-algebra, and let p, q be projections in A, such that

τ(q) ≤ τ(p), for any tracial state τ on A. (9.18)

Then for any k in N, there exists n in N, such that nk⟨q⟩ ≤ nk⟨p⟩ + n⟨1_A⟩. Proof. Let k from N be given, and consider then the projections p^′, q^′ in M_{k+1}(A) defined by: p^′ = p ⊗ (∑_k i=1 e_{ii} ) + 1_A ⊗ e_{k+1,k+1}, and q^′ = q ⊗ (∑_k i=1 e_{ii} ) . Given now an arbitrary non-zero, bounded trace τ on M_{k+1}(A), note that the mapping a → τ(a ⊗ e_{11}), (a ∈ A), is proportional to a tracial state on A. It follows thus from the assumption (9.18), that τ(q ⊗ e_{11}) ≤ τ(p ⊗ e_{11}), and hence

τ(q^′) = k · τ(q ⊗ e_{11}) ≤ k · τ(p ⊗ e_{11}) =^k_{k+1} · τ(p ⊗ 1_{k+1}) ≤^k_{k+1} · τ(p^′).

Since 1_A ⊗ e_{11} ≺ p^′, any unbounded (lower semi-continuous) trace τ on M_{k+1}(A) must take the value +∞ at p^′, and hence we have also in this case, that τ(q^′) ≤^k_{k+1} · τ(p^′).

Applying now Theorem 9.10, it follows that there exists an n in N, such that n⟨q^′⟩ ≤ n⟨p^′⟩, and hence such that nk⟨q⟩ ≤ nk⟨p⟩ + n⟨1_A⟩, as desired. □ Next, we need the following version of the Goodearl-Handelman theorem (see [Bl2, 3.4.7], [Go1, 7.11] and [BR, Lemma 2.9]).

9.16 Lemma. Let A be a unital C^∗-algebra, and consider a convex subset K of S ( V (A) ) , which is closed in “the topology of pointwise convergence”. Assume furthermore that the following implication holds ∀x, y ∈ V (A): [ ∀φ ∈ K : φ(x) ≤ φ(y) ] =⇒ [ ∀φ ∈ S ( V (A) ) : φ(x) ≤ φ(y) ] . (9.19)

Then K = S ( V (A) ) .

448 U. Haagerup and S. Thorbjørnsen

Proof. By the one-to-one correspondence between states on K_0(A) and states on V (A), we can find a convex compact subset L of S(K_0(A)), such that K = {ψ ∘ ρ | ψ ∈ L}. Since K_0(A) = ρ(V (A)) − ρ(V (A)), condition (9.19) is equivalent to the condition: ∀z ∈ K_0(A): [ ∀ψ ∈ L: ψ(z) ≥ 0 ] =⇒ [ ∀ψ ∈ S(K_0(A)): ψ(z) ≥ 0 ] . Thus by [Go1, Corollary 7.11], all the extreme points of S(K_0(A)) are contained in L = L. Hence by Krein-Milman’s theorem,

S(K_0(A)) ⊆ conv(L) = L,

and therefore L = S(K_0(A)), which is equivalent to the equation: K = S(V (A)). □ 9.17 Theorem. Let A be a unital, exact C^∗-algebra. Then for any state φ on V (A), there exists a tracial state τ on A, such that

φ(⟨p⟩) = (τ ⊗ Tr_m)(p), for all projections p in M_m(A), and m in N. (9.20)

Proof. Let K denote the subset of S ( V (A) ) consisting of those states on V (A), that are given by (9.20) for some tracial state τ on A. Then K is clearly a convex, compact subset of S ( V (A) ) , and hence, by Lemma 9.16, it suffices to verify that K satisfies condition (9.19). So consider projections p, q in M_∞(A). We may assume that p, q ∈ M_m(A), for some sufficiently large positive integer m. Suppose then that

(τ ⊗ Tr_m)(q) ≤ (τ ⊗ Tr_m)(p), for all tracial states τ on A.

Since any tracial state on M_m(A) has the form^1_m · τ ⊗ Tr_m, for some tracial state τ on A, it follows then from Lemma 9.15, that for any k in N, there exists an n in N, such that nk⟨q⟩ ≤ nk⟨p⟩ + n⟨1_A ⊗ 1_m⟩. Hence for any φ in S ( V (A) ) , and any k in N, we have that φ(⟨q⟩) ≤ φ(⟨p⟩) +^m_k , and this shows that K satisfies condition (9.19). □ Using the one-to-one correspondence between states on K_0(A) and states on V (A), Theorem 9.17 gives a new proof, not relying on quasitraces, for the following

9.18 Corollary. Let A be a unital, exact C^∗-algebra. Then any state on K_0(A) comes from a tracial state on A, i.e., for every state ψ on K_0(A), there exists a tracial state τ on A, such that ψ ( [p] ) = (τ ⊗ Tr_m)(p), for all projections p in M_m(A), and all m in N. □

Random Matrices and K-Theory . . . 449

References

[Bl1] B. Blackadar, K-theory for Operator Algebras, Math. Sci. Research Inst.

Publ. 5, Springer Verlag (1986).

[Bl2] B. Blackadar, Comparison theory for simple C^∗-algebras, Operator Algebras and Applications, London Math. Society Lecture Notes, 135 (1989), 21-54.

[BK] L.G. Brown and H. Kosaki, Jensen’s Inequality in Semi-finite von Neumann algebras, J. Operator Theory 23 (1990), 3-19.

[BR] B. Blackadar and M. Rørdam, Extending states on preordered semigroups and the existence of quasitraces on C^∗-algebras, J. Algebra 152 (1992), 240-247.

[Bre] L. Breiman, Probability, Classics In Applied Mathematics 7, SIAM (1992). [BY] Z.D. Bai and Y.Q. Yin, Limit of the smallest eigenvalue of a large dimensional sample covariance matrix, Ann. Probab. 21 (1993), 1275-1294.

[Cu] J. Cuntz, The internal structure of simple C^∗-algebras, Proc. Sympos. Pure Math. 38, Amer. Math. Soc., Providence R.I. (1982), 85-115.

[Gem] S. Geman, A limit theorem for the norm of random matrices, Annals of Probability 8 (1980), 252-261.

[GH] K. Goodearl and D. Handelman, Rank functions and K0 of regular rings, J. Pure Appl. Algebra 7 (1976), 195-216.

[Go1] K. Goodearl, Partial ordered abelian groups with interpolation, Mathematical Surveys and Monographs 20, Amer. Math. Soc., Providence R.I. (1986).

[Go2] K. Goodearl, K0 of Multiplier algebras of C^∗-algebras with real rank zero, K-theory 10 (1996), 419-489.

[Haa] U. Haagerup, Quasitraces on exact C^∗-algebras are traces, Manuscript distributed at the Operator Algebra Conference in Istanbul, July 1991, and paper in preparation.

[Han] D. Handelman, Homomorphisms of C^∗-algebras to finite AW^∗-algebras, Michigan Math. J. 28 (1991), 229-240.

[HP] U. Haagerup and G. Pisier, Bounded Linear Operators Between C^∗- algebras, Duke Math. J. 71 (1993), 889-925.

[HT] U. Haagerup and S. Thorbjørnsen, Random Matrices with Complex Gaussian Entries, Preprint, Odense University (1998).

[HTF] Higher Transcendental Functions vol. 1-3, A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi (editors), based in part on notes left by H. Bateman, McGraw-Hill Book Company Inc. (1953-55).

[Ki1] E. Kirchberg, The Fubini Theorem For Exact C^∗-algebras, J. Operator Theory 10 (1983), 3-8.

[Ki2] E. Kirchberg, On Subalgebras of the Car-Algebra, J. Functional Analysis 129 (1995), 35-63.

[Ki3] E. Kirchberg, On non-semisplit extensions, tensor products and exactness of Group C^∗-algebras, Invent. Math. 112 (1993), 449-489.

450 U. Haagerup and S. Thorbjørnsen

[KR] R.V. Kadison and J.R. Ringrose, Fundamentals of the theory of operator algebras, vol. I-II, Academic Press (1983, 1986).

[LT] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I and II, Classics in Mathematics, Springer Verlag (1996).

[OP] F. Oravecz and D. Petz, On the eigenvalue distribution of some symmetric random matrices, Acta Sci. Math. (szeged) 63 (1997), 383-395.

[Pa] V.I. Paulsen, Completely bounded maps and dilations, Pitman Research Notes in Mathematics Series 146, Longman Scientific & Technical (1986).

[Pe] D. Petz, Jensen’s Inequality for Positive Contractions on Operator Algebras, Proc. American Mathematical Society 99 (1987), 273-277.

[Ru] W. Rudin, Functional Analysis, McGraw-Hill Book Company (1973). [Sh] D. Shlyakhtenko, Limit distributions of matrices with bosonic and fermionic entries, Free Probability Theory (ed. D.V. Voiculescu), Fields Institute Communications 12 (1997), 241-252.

[Si] J.W. Silverstein, The smallest eigenvalue of a large dimensional Wishart matrix, Annals of Probability 13 (1985), 1364-1368.

[Sp] R. Speicher, Multiplicative functions on the lattice of non-crossing partitions and free convolution, Math. Ann. 298 (1994), 611-628.

[Ta] M. Takesaki, Theory of Operator Algebras I, Springer Verlag (1979). [Th] S. Thorbjørnsen, Mixed Moments of Voiculescu’s Gaussian Random Matrices, Preprint, Odense University (1999).

[VDN] D.V. Voiculescu, K.J. Dykema and A. Nica, Free Random Variables, CRM Monographs Series, vol. 1 (1992).

[Vi] J. Villadsen, Simple C^∗-algebras with Perforation, J. Functional Analysis 154 (1998), 110-116.

[Vo1] D.V. Voiculescu, Limit laws for random matrices and free products, Invent. Math. 104 (1991), 201-220.

[Vo2] D.V. Voiculescu, Circular and semi-circular systems and free product factors, Operator Algebras, Unitary Representations, Enveloping Algebras and Invariant Theory, Progress in Mathematics 92, Birkhäuser, Boston (1990), 45-60.

[Wac] K.W. Wachter, The strong limits of random matrix spectra for sample matrices of independent elements, Annals of Probability 6, (1978), 1-18.

[Was] S. Wassermann, Exact C^∗-algebras and Related Topics, Seoul National University Lecture Notes Series 19 (1994).

[YBK] Y.Q. Yin, Z.D. Bai and P.R. Krishnaiah, On the limit of the largest eigenvalue of the large dimensional sample covariance matrix, Prob. Theory and related Fields 78 (1988), 509-521. U. Haagerup Department of Mathematics and Computer Science SDU, Odense University Campusvej 55, 5230 Odense Denmark haagerup@imada.ou.dk

S. Thorbjørnsen Department of Mathematics and Computer Science SDU, Odense University Campusvej 55, 5230 Odense Denmark steenth@imada.ou.dk