Doc. Math. J. DMV 395

Applications of Weight-Two Motivic Cohomology

Bruno Kahn

Received: July 26, 1996

Communicated by Peter Schneider

Abstract. Using Lichtenbaum’s complex Γ(2), we reprove and extend a little bit some known results relating the kernel of H^3(F, Q/Z(2)) → H^3(F (X), Q/Z(2)) to the torsion of CH^2X for rational varieties X.

1991 Mathematics Subject Classification: Primary 14C35, secondary 19E20.

Contents

Introduction 395 1. Motivic cohomology of smooth varieties 398 2. Relative motivic cohomology, I 402 3. Relative motivic cohomology, II 403 4. Purity 406 5. Cohomology of projective bundles 410 6. The coniveau spectral sequence and Gersten’s conjecture 413 7. Projective homogeneous varieties 414 References 414

Introduction

Let F be a field and X be a smooth, geometrically integral variety over F . In [6, prop. 3.6], Colliot-Thélène and Raskind produced an exact sequence:

(1) H^1_{Zar}(X, K_2) → H^1_{Zar}(X, K_2)^{GF}

→ H^1(F, K_2(F (X))/H^0_{Zar}(X, K_2)) → Ker(CH^2X → CH^2X)

→ H^1(F, H^1_{Zar}(X, K_2)) → H^2(F, K_2(F (X))/H^0_{Zar}(X, K_2)).

Here, X denotes the variety X viewed over the separable closure F of F , K_2 is the Zariski sheaf associated to the presheaf U → K_2(U) and G_F is the absolute Galois group of F . On the other hand, in [17, th. 3.1], we produced an isomorphism

H^1(F, K_2(F (X))/K_2(F )) ≃ Ker(H^3(F, Q/Z(2)) → H^3(F (X), Q/Z(2))). (2)

In (2), the coefficients Q/Z(2) are

lim−→ μ^{⊗2}_n if char F = 0 and lim−→

(n,char F )=1 μ^{⊗2}_n ⊕ lim−→ r W_r Ω^2_{log}[−2] if char F > 0,

where W_rΩ^2_{log} is the weight-two logarithmic part of the de Rham-Witt complex over the big étale site of Spec F [13] (see comments at the end of the introduction).

When X is a complete rational variety, i.e. the extension F (X)/F is purely transcendental, the group H^0_{Zar}(X, K_2) coincides with K_2(F ). One may therefore replace the group H^1(F , K_2(F (X))/H^0_{Zar}(X, K_2)) in (1) by Ker(H^3(F, Q/Z(2)) → H^3(F (X), Q/Z(2))) in this case. The resulting exact sequence has been used in [29] and [30].

Moreover, the left map in (1) is injective when X is a complete rational variety ([6, prop. 4.3] in characteristic 0, [24, prop. 1.5] in general). Putting all this together, one therefore gets an exact sequence:

0 → H^1_{Zar}(X, K_2) → H^1_{Zar}(X, K_2)^{GF} → Ker(H^3(F, Q/Z(2)) → H^3(F (X), Q/Z(2))) → Ker(CH^2X → CH^2X) → H^1(F, H^1_{Zar}(X, K_2)) for any complete rational variety X.

In this paper, we use the Lichtenbaum complex Γ(2) of [22], [23] to recover this exact sequence directly, and extend it to the right. Our main result is: Theorem 1. Let X be a smooth variety over F . a) Assume that K_2(F )^∼−→ H^0_{Zar}(X, K_2). Let us denote by η : H^3(F, Q/Z(2)) −→ H^0_{Zar}(X, H^3(Q/Z(2))) ξ : CH^2X −→ (CH^2X)^{GF} cl^2_X : CH^2X ⊗ Q/Z −→ H^4(X, Q/Z(2)) the natural maps and the divisible cycle class map. Then there is an exact sequence 0→H^1_{Zar}(X, K_2)→H^1_{Zar}(X, K_2)^{GF} →Ker η→Ker ξ →H^1(F, H^1_{Zar}(X, K_2)). (3) b) Assume moreover that H^0_{Zar}(X, H^3(Q/Z(2))) is p-primary torsion, where p is the characteristic exponent of F and H^3(Q/Z(2)) is the Zariski sheaf associated to the presheaf U → H^3_{ét}(U, Q/Z(2)) (if char F = 0, this means H^0_{Zar}(X, H^3(Q/Z(2))) = 0). Then the exact sequence (3) extends to a complex Ker ξ → H^1(F, H^1_{Zar}(X, K_2)) → H^4(F, Q/Z(2)) → Coker cl^2_X . (4) Let A (resp. B) denote the homology of (4) at H^1(F, H^1_{Zar}(X, K_2)) (resp. at H^4(F, Q/Z(2))). Then there is another complex

0→Coker η ⊗ Z[1/p]→Coker ξ ⊗ Z[1/p]→H^2(F, H^1_{Zar}(X, K_2)) ⊗ Z[1/p] (5) whose homology at Coker η ⊗ Z[1/p] (resp. at Coker ξ ⊗ Z[1/p]) is A ⊗ Z[1/p] (resp. B ⊗ Z[1/p]). If H^0_{Zar}(X, H^3(Q/Z(2))) = 0, we can remove ⊗Z[1/p] everywhere.

Remark. The assumptions are satisfied if X is a complete rational variety, but also if it is a torsor under a semi-simple, simply connected algebraic group [7]. If char k = p > 0, in the second case the group H^0_{Zar}(X, H^3(Q/Z(2)) is in general nonzero, as higher logarithmic Hodge-Witt cohomology is not homotopy invariant; hence the complicated statement of theorem 1. However, we do have H^0_{Zar}(X, H^3(Q/Z(2)) = 0 in the first case (compare corollaries 5.3 and 6.2 c)).

Corollary. Let X be as in theorem 1 b). 1) Suppose cd F ≤ 3. Then there is an exact sequence

0 → H^1_{Zar}(X, K_2) → H^1_{Zar}(X, K_2)^{GF} → Ker η → Ker ξ → H^1(F, H^1_{Zar}(X, K_2))

→ Coker η → Coker ξ → H^2(F, H^1_{Zar}(X, K_2))

after tensorisation by Z[1/p]. The part of this sequence up to H^1(F, H^1_{Zar}(X, K_2)) exists and is exact without tensoring by Z[1/p]. 2) Suppose cd F ≤ 2. Then there is an isomorphism

H^1_{Zar}(X, K_2)^∼−→ H^1_{Zar}(X, K_2)^{GF} and an exact sequence

0 → Ker ξ → H^1(F, H^1_{Zar}(X, K_2))

→ H^0_{Zar}(X, H^3(Q/Z(2))) → Coker ξ → H^2(F, H^1_{Zar}(X, K_2))

after tensorisation by Z[1/p]. The injection Ker ξ → H^1(F, H^1_{Zar}(X, K_2)) holds without tensoring by Z[1/p].

If H^0_{Zar}(X, H^3(Q/Z(2))) = 0, the results hold without tensoring by Z[1/p].

To try and get a relationship between theorem 1 and the last term in (1), we observe that a closer examination of the spectral sequence used in [17, proof of th. 3.1] yields an exact sequence:

(6) H^3(F, Q/Z(2)) → Ker(H^3(F (X), Q/Z(2)) → H^3(F (X), Q/Z(2)))

→ H^2(F, K_2(F (X))/K_2(F )) → H^4(F, Q/Z(2)) → H^4(F (X), Q/Z(2)).

How to derive theorem 1 from sequence (6) does not seem obvious, however.

This paper is organized as follows. In section 1, we compute the étale hypercohomology of X with coefficients in Γ(2): this is done in theorem 1.1, which is of independent interest. In sections 2 and 3, we introduce two relative complexes Γ(F (X)/X, 2) (over X_{ét}) and Γ(X/F, 2) (over (Spec F )_{ét}). Considering the Hochschild-Serre spectral sequence for the hypercohomology of Γ(F (X)/X, 2), we get back the Colliot-Thélène-Raskind exact sequence (1) in a straightforward manner (see proposition 2.2). To prove theorem 1, we similarly examine the Hochschild-Serre spectral sequence for the hypercohomology of X with coefficients Γ(X/F, 2) (see section 3). In sections 4, 5 and 6, we respectively prove a purity theorem, compute the motivic cohomology of a projective bundle and prove a Bloch-Ogus type theorem. Finally, in section 7, we look at projective homogeneous varieties.

The proof of the isomorphism (2) in [17] consisted of considering the Hochschild- Serre spectral sequence for the hypercohomology of F with coefficients in a relative

Lichtenbaum complex Γ(F (X)/F, 2), relative to the extension F /F . What we do here can be considered as a refinement of this method, by factoring the morphism Spec F (X) → Spec F into Spec F (X) −→ X −→ Spec F. Remarks on characteristic p. We have to be a little careful if char F > 0 when defining the coefficients Q/Z(2). In characteristic 0, they are defined as lim−→ μ^{⊗2}_n . If char F = p > 0, we set Z/p^r(2) = W_rΩ^2_{log}[−2], where W_rΩ^2_{log} is the sheaf of logarithmic de Rham-Witt differentials over the big étale site of Spec F , defined as the subsheaf of the de Rham-Witt sheaf W_r Ω^2 generated locally for the étale topology by sections of the form d log x_1 ∧ d log x_2 [13, I.5.7]. So Z/p^r(2) is a complex of étale sheaves concentrated in degree 2. The Verlagerung maps V : W_nΩ^2 → W_{n+1}Ω^2 preserve logarithmic differentials, hence can be used to define Q_p/Z_p(2) as lim−→ r Z/p^r(2).

Corollaires I.3.5 and I.5.7.5 of [13] yield exact sequences of étale sheaves

0 → Z/p^r(2)^{V s}−−→ Z/p^{r+s}(2) → Z/p^s(2) → 0 (7) hence exact sequences

0 → Z/p^r(2) → Q_p/Z_p(2)^{pr}−→ Q_p/Z_p(2) → 0. (8) We now define Q/Z(2) as lim−→

(n,char F )=1

μ^{⊗2}_n ⊕ Q_p/Z_2(2). We sometimes abbreviate

Q/Z(2) by ‘2’.

Notation. We denote by Γ_{Zar}(2) (resp. Γ_{ét}(2)) the complex of sheaves over the big Zariski (resp. étale) site of Spec F associated to the presheaf U → Γ(U, 2) of [22]. When necessary, we denote by Γ_{Zar}(X, 2) (resp. Γ_{ét}(X, 2)) the restriction of Γ_{Zar}(2) (resp. Γ_{ét}(2)) to the small Zariski (resp. étale) site of a scheme X. We drop indices when the context makes it clear what site we are in.

1. Motivic cohomology of smooth varieties

Let X be a smooth, connected variety over a field F . We compute the étale hypercohomology groups H^∗_{ét}(X, Γ(2)) = H^∗_{ét}(X, Γ_{ét}(2)):

1.1. Theorem. H^i_{ét}(X, Γ(2)) is

(i) 0 for i ≤ 0.

(ii) K_3(F (X))_{ind} for i = 1. (iii) H^0_{Zar}(X, K_2) for i = 2. (iv) H^1_{Zar}(X, K_2) for i = 3 (v) Coker cl^2_X for i = 5 (vi) H^{i−1}_{ét} (X, Q/Z(2)) for i ≥ 6 where cl^2_X is defined in theorem 1. Moreover, for i = 4 there is a short exact sequence: 0 → CH^2X → H^4_{ét}(X, Γ(2)) → H^0_{Zar}(X, H^3(Q/Z(2))) → 0. (9) As an immediate application, we get:

1.2. Corollary. In characteristic 0, weight-two étale motivic cohomology is homotopy invariant. In characteristic >0, this is still true up to (cohomological) degree 3.

To prove theorem 1.1, we shall use the Leray spectral sequence

E^{p,q}_2 = H^p_{Zar}(X, R^qα_∗Γ(2)) =⇒ H^{p+q}_{ét} (X, Γ(2))

(10) associated to the change-of-sites map α : X_{ét} → X_{Zar}. For the convenience of the reader, we prove a well-known general lemma:

1.3. Lemma. Let η^j−→ X be the generic point of the irreducible normal scheme X, and let A be an étale sheaf over η. Then the cohomology groups H^q_{ét}(X, j_∗A) are torsion for all q > 0.

Proof. Let η = Spec K. Consider the Leray spectral sequence for j

E^{p,q}_2 = H^p_{ét}(X, R^qj_∗A) =⇒ H^{p+q}_{ét} (K, A).

Since the abutment is Galois cohomology, it is torsion for p + q > 0 and we have to prove that R^q j_∗A is torsion for all q > 0. But since X is normal, it is geometrically unibranch and the stalks of R^qj_∗A are Galois cohomology of the strict Henselizations of K relatively to the points of X, hence the claim. 2 1.4. Lemma. The Zariski sheaves R^qα_∗Γ(2) are as follows:

(i) 0 for q ≤ 0.

(ii) The constant sheaf K_3(F (X))_{ind} for q = 1. (iii) K_2 for q = 2. (iv) 0 for q = 3.

(v) H^{q−1}(Q/Z(2)) for q ≥ 4.

Proof. (i) is obvious, (iii) is proved in [23, th. 2.10]) and (ii) (resp. (iv)) is proved in [23, prop. 2.11] (resp. in [23, prop. 2.12]) but only up to 2-torsion. This partially comes from the insistence to deal with gr^2_γ K_3 rather than with K_{3,ind}. We give proofs of (ii), (iv) and (v).

Denote by K_{3,ind} (resp. H^1(Γ(2))) the étale sheaf associated to the presheaf R → K_3(R)_{ind} (resp. R → H^1(Γ(R, 2))) for étale Spec R → X. Let x ∈ X. We claim that there is a chain of isomorphisms

(11) H^1_{ét}(O_{X,x}, Γ(2))^∼−→ H^0_{ét}(O_{X,x}, H^1(Γ(2)))^∼←− H^0_{ét}(O_{X,x}, K_{3,ind})

∼−→ H^0_{ét}(K, K_{3,ind})^∼←− K_3(K)_{ind}.

The first isomorphism (from the left) simply comes from the fact that H^i(Γ(2)) = 0 for i ≤ 0. The last one is proven in [26, prop. 11.4] (see also [21, th. 4.13]). By [16, theorem], if A is a local ring of a smooth variety, then K_3(A)_{ind} → K_3(K)_{ind} is bijective, where K is the field of fractions of A. Letting j : Spec K → X be the inclusion of the generic point, this shows that the map K_{3,ind} → j_∗j^∗K_{3,ind} is an isomorphism, hence the third isomorphism in (11). Finally, by [22, prop. 1.8], for any local ring A whose residue field contains more than 2 elements, there is a surjection K_3(A)_{ind} −→→ H^1(Γ(A, 2)) which is bijective if A is a field. Therefore, the commutative diagram K_3(O^{sh}_{X,x})_{ind} −→→ H^1(Γ(O^{sh}_{X,x}, 2)) ≀ K_3(K^{sh}_x )_{ind}^∼−−−−→ H^1(Γ(K^{sh}_x , 2)) where O^{sh}_{X,x} is the strict Henselisationes of O_{X,x} and K^{sh}_x is its field of fractions, shows that K_3(O^{sh}_{X,x})_{ind} → H^1(Γ(O^{sh}_{X,x}, 2)) is an isomorphism (we used [16] again for the left vertical isomorphism). This proves the second isomorphism in (11), which proves lemma 1.4 (ii).

We note that (iv) follows from (iii), the Merkurjev-Suslin theorem for the local rings of X [22, th. 9.1], the fact that R^3α_∗Γ(2) is torsion [22, th. 9.2] and the triangles

Γ(2)^n−−−−→ Γ(2) ↖ ↙ μ^{⊗2}_n

Γ(2)^{pr}−−−−→ Γ(2) ↖ ↙ Z/p^r(2)

(12)

in the derived category (the second triangle in the case char F = p > 0). The first triangle is proven exact in [22] and [23] only for n odd, relying on the computation of torsion and cotorsion in K_{3,ind} [22, lemma 8.2]. However, the proof goes through just as well for n even by using the isomorphism from [16] already mentioned. The second triangle is proven exact in [23, lemma 2.7] only for r = 1 and p > 2 (this fact was overlooked in [17]). However, the proof of [23, lemma 2.7] carries over in the same way, using (ii) and the Bloch-Gabber-Kato isomorphism K_2(E)/p^{r ∼}−→ W_rΩ^2_{E,log} for any field E of characteristic p [2, cor. 2.8].

Finally, let us prove (v). By the triangle (12), we have a long exact sequence of Zariski sheaves

· · · → R^{i−1}α_∗Γ(2) ⊗ Q → R^{i−1}α_∗Q/Z(2) → R^iα_∗Γ(2) → R^iα_∗Γ(2) ⊗ Q → . . .

so that it is enough to see that R^iα_∗Γ(2) is torsion for i ≥ 3. For i = 3, this is (iv). For i > 3, we have a long exact sequence of sheaves

· · · → R^{i−1}α_∗K_{3,ind} → R^iα_∗Γ(2) → R^{i−2}α_∗K_2 → . . .

so it is enough to see that R^iα_∗K_{3,ind} and R^iα_∗K_2 are torsion for i > 0. In view of the isomorphism (see above)

K_{3,ind}^∼−→ j_∗j^∗K_{3,ind}

the first one follows from lemma 1.3. We are left with proving that R^iα_∗K_2 is torsion for i > 0. As in [23, proof of lemma 2.2], we have a “Gersten resolution”

0 → K_2 → j_∗K_{2,K} → ∐ x∈X(1) i^∗_xG_m → ∐ x∈X(2) i^∗_xZ → 0. This complex of étale sheaves is not exact, but up to torsion it is. Therefore, up to torsion, there is a spectral sequence of Zariski sheaves

E^{p,q}_1 = R^qα_∗C^p =⇒ R^{p+q}α_∗K_2

where C^p is the p-th term of the above “resolution” of K_2. Since C^0 is of the form j_∗F, the same argument as above shows that E^{0,q}_1 is torsion for q > 0. The stalks of E^{1,q}_1 and E^{2,q}_1 are sums of Galois cohomology groups, so are torsion for q > 0. This shows that E^{p,q}_2 is torsion for p + q > 0, except perhaps when q = 0. But, for x ∈ X, the stalks of E^{1,0}_2 and E^{2,0}_2 at x are the cohomology groups of the complex H^0(K, K_2(K)) → ∐ y∈Y (1) F (y)^∗ → ∐ y∈Y (2) Z → 0

(13)

where Y = Spec O_{X,x}. Comparing with the exact sequence (Gersten’s conjecture) K_2(K) → ∐ y∈Y (1) F (y)^∗ → ∐ y∈Y (2) Z → 0

and using the fact that the map K_2(K) → H^0(K, K_2(K)) has torsion kernel and cokernel, we get that (13) has torsion cohomology groups, which concludes the proof of lemma 1.4 (v). 2

Proof of theorem 1.1. As indicated above, we use the spectral sequence (10). (i) is obvious in view of lemma 1.4 (i) and so is (ii) in view of the isomorphism H^1_{ét}(X, Γ(2))^∼−→ H^0_{Zar}(X, R^1α_∗Γ(2)) and lemma 1.4 (ii). To get further, we observe that E^{p,1}_2 = 0 for p > 0 since R^1α_∗Γ(2) is constant, and E^{p,3}_2 = 0 for all p in view of lemma 1.4 (iv). This and lemma 1.4 (iii) immediately imply (iii) and (iv). Still by lemma 1.4 (iii) and Gersten’s conjecture, E^{p,2}_2 = 0 for p > 2 and E^{2,2}_2 ≃ CH^2X; this and lemma 1.4 (v) (for q = 4) gives the exact sequence (9). We now note that the above information and lemma 1.4 (v) imply that H^i_{ét}(X, Γ(2)) is torsion for i ≥ 5. (v) and (vi) now follow from (9) and the long exact sequence · · ·→H^{i−1}_{ét} (X, Γ(2)) ⊗ Q→H^{i−1}_{ét} (X, Q/Z(2))→H^i_{ét}(X, Γ(2))→H^i_{ét}(X, Γ(2)) ⊗ Q→· · · 2 1.5. Remark. The same computation gives the cohomology sheaves of Γ_{Zar}(X, 2): H^1(Γ_{Zar}(X, 2)) = K_3(K)_{ind} H^2(Γ_{Zar}(X, 2)) = K_2 H^i(Γ_{Zar}(X, 2)) = 0 for i ≠ 1, 2.

From this, we deduce a triangle, precising [23, prop. 3.1]: Γ_{Zar}(2) −−−−→ Rα_∗Γ_{ét}(2) ↖ ↙ τ_{≥3}(Rα_∗Q/Z(2))[−1] In particular, Γ_{Zar}(2) ⊗ Q^∼−→ Rα_∗Γ_{ét}(2) ⊗ Q.

(14) We also get the following analogue of theorem 1.1:

1.6. Theorem. H^i_{Zar} (X, Γ_{Zar}(2)) =

K_3(K)_{ind} if i = 1 H^{i−2}_{Zar} (X, K_2) if 2 ≤ i ≤ 4 0 otherwise.2

2. Relative motivic cohomology, I Let j : Spec F (X) → X be the inclusion of the generic point and Γ(F (X)/X, 2) be the homotopy fibre of the morphism Γ_{ét}(X, 2) → Rj_∗Γ_{ét}(F (X), 2).

Denote the hypercohomology group H^i_{ét}(X, Γ(F (X)/X, 2)) by H^i (F (X)/X, Γ(2)), so that we have a long exact sequence → H^i (F (X)/X, Γ(2)) → H^i_{ét}(X, Γ(2)) → H^i_{ét}(F (X), Γ(2)) → H^{i+1} (F (X)/X, Γ(2)) → This gives:

2.1. Lemma. The groups H^i (F (X)/X, Γ(2)) are 0 for i ≤ 2; there are exact sequences:

0 → K_2(F (X))/H^0_{Zar}(X, K_2) → H^3 (F (X)/X, Γ(2)) → H^1_{Zar}(X, K_2) → 0 H^4 (F (X)/X, Γ(2))^∼−→ CH^2X (15) 0 → H^0_{Zar}(X, H^3(2)) → H^3_{ét}(F (X), 2) → H^5 (F (X)/X, Γ(2)) → Coker cl^2_X → H^4_{ét}(F (X), 2).

Proof. The first claim is clear for i ≤ 0; for i = 1 and 2 it follows from theorem 1.1 and the injectivity of H^0_{Zar}(X, H^2) → K_2(F (X)). For i = 3, it follows from theorem 1.1 again, plus the vanishing of H^3 (F (X), Γ(2)). For i = 4, 5, we have a cross of exact sequences: 0

H^4 (F (X)/X, Γ(2))

0 −−−−→ CH^2X −−−−→ H^4_{ét}(X, Γ(2)) −−−−→ H^0_{Zar}(X, H^3(2)) −−−−→ 0

H^3_{ét}(F (X), 2)

H^5 (F (X)/X, Γ(2))

Coker cl^2_X

H^4_{ét}(F (X), 2) The map H^4_{ét}(X, Γ(2)) → H^3_{ét}(F (X), 2) factors through H^0_{Zar}(X, H^3(2)) → H^3_{ét}(F (X), 2), which is injective. A diagram chase concludes the proof. 2

For simplicity, let us denote by K_2(F (X)) the group K_2(F (X))/H^0_{Zar}(X, K_2). Using the “Hochschild-Serre” (hypercohomology) spectral sequence H^p_{ét}(F, H^q (F (X)/X, Γ(2))) ⇒ H^{p+q} (F (X)/X, Γ(2)) and the vanishing of H^i (F (X)/X, Γ(2)) for i ≤ 2, we get an isomorphism H^3 (F (X)/X, Γ(2))^∼−→ H^0(F, H^3 (F (X)/X, Γ(2))) and an 5-terms exact sequence

0 → H^1(F, H^3 (F (X)/X, Γ(2))) → H^4 (F (X)/X, Γ(2)) → H^0(F, H^4 (F (X)/X, Γ(2))) → H^2(F, H^3 (F (X)/X, Γ(2))) → H^5 (F (X)/X, Γ(2)) hence, using lemma 2.1:

2.2. Proposition. There are exact sequences:

0 → K_2(F (X)) → K_2(F (X))^{GF} → H^1_{Zar}(X, K_2) → H^1_{Zar}(X, K_2)^{GF} → H^1(F, K_2(F (X))) → H^1(F, H^3 (F (X)/X, Γ(2)) → H^1(F, H^1_{Zar}(X, K_2)) → H^2(F, K_2(F (X)))

0 → H^1(F, H^3 (F (X)/X, Γ(2)) → CH^2X → (CH^2X)^{GF} → H^2(F, H^3 (F (X)/X, Γ(2)) → H^5 (F (X)/X, Γ(2)). 2 The exact sequence (1) follows immediately. Moreover, we also get [6, lemma 4.1]. 3. Relative motivic cohomology, II We recall some notation:

• As above, H^i(X, j) (resp. H^i(j)) is shorthand for H^i_{ét}(X, Q/Z(j)) (resp. for H^i(Q/Z(j))).

• η is the map H^3(F, 2) → H^0(X, H^3(2)). • ξ is the map CH^2X → (CH^2X)^{GF} .

We also denote by H^0(X, K_2) the group H^0(X, K_2)/K_2(F ).

Let π : X → Spec F be the structural morphism and Γ(X/F, 2) be the homotopy fibre (in the derived category) of the morphism Γ_{ét}(F, 2) → Rπ_∗Γ_{ét}(X, 2).

Denote the hypercohomology group H^i_{ét}(F, Γ(X/F, 2)) by H^i (X/F, Γ(2)), so that we have a long exact sequence

· · · → H^i (X/F, Γ(2)) → H^i_{ét}(F, Γ(2)) → H^i_{ét}(X, Γ(2)) → H^{i+1} (X/F, Γ(2)) → · · ·

(16)

This gives:

3.1. Lemma. The groups H^i (X/F, Γ(2)) are:

(i) 0 for i ≤ 1.

(ii) K_3(F (X))_{ind}/K_3(F )_{ind} for i = 2. (iii) H^0_{Zar}(X, K_2)/K_2(F ) for i = 3.

Moreover, there is a complex (17) 0 → H^1_{Zar}(X, K_2) → H^4 (X/F, Γ(2)) → Ker η → CH^2X → H^5 (X/F, Γ(2)) → H^4(F, Q/Z(2)) → Coker cl^2_X .

This complex is exact, except perhaps at H^5 (X/F, Γ(2)), where its homology is Coker η. In particular, we have an isomorphism H^1_{Zar}(X, K_2)^∼−→ H^4 (X/F , Γ(2)) and a short exact sequence 0 → CH^2X → H^5 (X/F , Γ(2)) → H^0_{Zar}(X, H^3(2)) → 0.

(18) Proof. (i), (ii) and (iii) immediately follow from theorem 1.1 and the exact sequence (16). The complex (17) and the value of its homology follow from the cross of exact sequences ((9) and (16)) 0

H^1_{Zar}(X, K_2)

H^4 (X/F, Γ(2))

H^3_{ét}(F, 2) η ↘ 0 −−−−→ CH^2X −−−−→ H^4_{ét}(X, Γ(2)) −−−−→ H^0_{Zar}(X, H^3(2)) −−−−→ 0

H^5 (X/F, Γ(2))

H^4_{ét}(F, 2)

Coker cl^2_X and the “lemma of the 700th” [27]. 2

We now consider the hypercohomology spectral sequence H^p(F, H^q (X/F , Γ(2))) =⇒ H^{p+q} (X/F, Γ(2)).

(19)

Note that E^{p,2}_2 = 0 for p > 0, since the group K_3(F (X))_{ind}/K_3(F )_{ind} is uniquely divisible by [26, prop. 11.6]. Hence we get an isomorphism H^0_{Zar}(X, K_2)^∼−→ H^0_{Zar}(X, K_2)^{GF} and an exact sequence

0 → H^1(F, H^0_{Zar}(X, K_2)) → H^4 (X/F, Γ(2)) → H^1_{Zar}(X, K_2)^{GF} → H^2(F, H^0_{Zar}(X, K_2)) (noting that H^4(X/F , Γ(2)) = H^1_{Zar}(X, K_2) by lemma 3.1). The isomorphism is Suslin’s [32, cor. 5.9], but we get it here by a formal argument, in the vein of [17, th. 3.1 (a)]. The cross of complexes (the above exact sequence and (17)): 0 H^1_{Zar}(X, K_2)

0 → H^1(F, H^0_{Zar}(X, K_2))→ H^4 (X/F, Γ(2)) →H^1_{Zar}(X, K_2)^{GF} → H^2(F, H^0_{Zar}(X, K_2)) Ker η CH^2X H^5 (X/F, Γ(2)) H^4_{ét}(F, 2)

Coker cl^2_X contains, via the lemma of the 700th, all the information one can easily get in this generality.

Assume now that H^0_{Zar}(X, K_2) = 0. Then the exact row in the above diagram reduces to an isomorphism H^4 (X/F, Γ(2))^∼−→ H^1_{Zar}(X, K_2)^{GF} , hence we get a complex:

(20) 0 → H^1_{Zar}(X, K_2) → H^1_{Zar}(X, K_2)^{GF} → Ker η → CH^2X → H^5 (X/F, Γ(2)) → H^4_{ét}(F, 2) → Coker cl^2_X with homology Coker η at H^5 (X/F, Γ(2)) and 0 elsewhere. Moreover the spectral sequence (19) and lemma 3.1 give an exact sequence 0 → H^1(F, H^1_{Zar}(X, K_2)) → H^5 (X/F, Γ(2)) → (H^5 (X/F , Γ(2)))^{GF} → H^2(F, H^1_{Zar}(X, K_2)).

Putting (20) and () together, we get a cross of complexes (the horizontal one exact, the vertical one exact except perhaps at the crossing point):

0 H^1_{Zar}(X, K_2)

H^1_{Zar}(X, K_2)^{GF} Ker η CH^2X ξ^0 ↘ 0→H^1(F, H^1_{Zar}(X, K_2))→ H^5 (X/F, Γ(2)) → (H^5 (X/F , Γ(2)))^{GF}→H^2(F, H^1_{Zar}(X, K_2))

H^4_{ét}(F, 2)

Coker cl^2_X .

Note that Ker ξ = Ker ξ^′ by (18). We get theorem 1 a) from this cross and the latter remark, by a diagram chase analogous to the lemma of the 700th. The same diagram chase gives us the complex (4), and shows that its cohomology coincides with that of a complex 0 → Coker η → Coker ξ^′ → H^2(F, H^1_{Zar}(X, K_2)).

Notice the short exact sequence from (18) 0 → Coker ξ → Coker ξ^′ → H^0_{Zar}(X, H^3(2))^{GF} .

Using this exact sequence, we easily conclude the proof of theorem 1. 2

4. Purity In this section, we establish a purity theorem for Zariski and étale weight-two motivic cohomology, generalizing results of [23]. Recall that Γ(1) is defined as G_m [−1] and Γ(0) as Z[0] (in both the Zariski and étale topologies). We also need such complexes for i < 0:

4.1. Definition. For i < 0, we define:

Γ_{Zar}(i) = 0;

Γ_{ét}(i) = Q/Z(i)[−1] (no p-primary part in characteristic p). The following theorem extends and precises [23, th. 4.5]; the method of proof is different.

4.2. Theorem. Let X be a smooth variety over a field and let Z^i−→ X be a closed immersion, with Z smooth of codimension c.

a) There is an isomorphism (in the derived category of complexes of sheaves over Z_{Zar}) Γ_{Zar}(Z, 2 − c)[−2c]^∼−→ Ri^!_{Zar}Γ_{Zar}(X, 2).

b) There is a map (in the derived category of complexes of sheaves over Z_{ét}) Γ_{ét}(Z, 2 − c)[−2c] → Ri^!_{ét}Γ_{ét}(X, 2) whose homotopy cofibre is concentrated in degree c + 4 and has p-primary torsion cohomology, where p is the characteristic exponent of F . In particular, if char F = 0, this map is an isomorphism.

4.3. Lemma. Let Z^i−→ X be a smooth subvariety of X of codimension c. Then: a) For any constant sheaf A over X_{Zar}, R^pi^!_{Zar}A = 0 for all p.

b) For any n, R^pi^!_{Zar}K_n = { 0 for p ≠ c K_{n−c} for p = c, where K_{n−c} := 0 if n < c.

Proof. a) is trivial and b) follows in a well-known way from Gersten’s conjecture (e.g. [9, § 7]). 2

Proof of theorem 4.2 a). Apply Ri^! to the triangle (K_3)_{ind}[−1] −−−−→ Γ_{Zar}(2) ↖ ↙ K_2[−2] and apply lemma 4.3, noting that the Zariski sheaf (K_3)_{ind} is constant.

For the proof of theorem 4.2 b), we need some facts on étale cohomological purity. For all m ≥ 1, there is a morphism Z/m(2 − c)[−2c] → Ri^!_{ét}Z/m(2).

(21)

For m prime to the characteristic exponent of F , this morphism is the classical purity isomorphism of SGA4, e.g. [28, th. 6.1]. For char F = p > 0 and m a power of p, it is comes from Gros’ thesis [10, II.3.5]: its homotopy cofibre is concentrated in degree c + 3. In the general case, we define the morphism component-wise, on the prime-to-p and p-primary parts.

The following rather trivial lemma is very useful:

4.4. Lemma. a) Let f : S → T be a morphism of sites and Rf_∗ : D^+(S) → D^+(T ) the functor induced from the bounded below derived category of Abelian S-sheaves to that of Abelian T -sheaves. Let C be a bounded below complex of Abelian groups, that we view as a complex of constant sheaves over S. Then there is a natural isomorphism of functors Rf_∗ ∘ (C^L⊗?) ≈ C^L⊗(Rf_∗?) and a natural morphism of functors

f^∗ ∘ (C^L⊗?) → C^L⊗(f^∗?).

b) Denote by i_λ (λ = Zar or ét) the map corresponding to i from Z_λ to X_λ (small sites). Then, with C as in a), there is a natural isomorphism of functors Ri^!_λ ∘ (C^L⊗?) ≈ C^L⊗(Ri^!_λ?).

Proof. a) For A, B two Abelian groups, let A * B denote T orZ_1 (A, B). We note that * is left exact and its unique nonzero higher derived functor is R^1 * = ⊗. Hence there is a natural isomorphism C^L⊗ D ≈ C^R* D[1] for all C, D ∈ D(Ab). Therefore the natural isomorphism of the lemma is equivalent to a natural isomorphism of functors Rf_∗ ∘ (C^R*?) ≈ C^R*(Rf_∗?)

which in turn will follow from a natural isomorphism f_∗(A * F) ≈ A * f_∗F (22) for any Abelian group A and any sheaf F over S. Note that, since * is left exact, the presheaf U → A * G(U) is a sheaf for any sheaf G over any site. Therefore, given U ∈ S, both sides of (22) evaluated on U are A * F(f^{−1}(U)). Finally, the second natural transformation, say, follows from the first one by adjunction.

b) Follows from a), considering the triangle of functors (with j : X − Z → X the complementary open immersion) i_∗Ri^! → Id_{Xλ} → Rj_∗j^∗ → i_∗Ri^![1] (23) and the fact that i_∗ is fully faithful. Here we dropped the index_λ for notational simplicity. 2

Note that the triangle (12) and its analogues for i = 0, 1 can be reformulated as quasi-isomorphisms Γ_{ét}(i)^L⊗ Z/m^∼−→ Z/m(i) (0 ≤ i ≤ 2)

(24) over the big étale site of Spec F . Note also the obvious quasi-isomorphisms α^∗Γ_{Zar}(i)^∼−→ Γ_{ét}(i) (0 ≤ i ≤ 2).

(25)

Using (24) and lemma 4.4, they give by adjunction morphisms Γ_{Zar}(i)^L⊗ Z/m → Rα_∗Z/m(i) (o ≤ i ≤ 2)

(26) over the big Zariski site of Spec F .

Let finally α_X : X_{ét} → X_{Zar} and α_Z : Z_{ét} → Z_{Zar} be the natural morphisms of (small) sites. Note the natural isomorphism of functors Ri^!_{Zar}R(α_X )_∗^∼−→ R(α_Z )_∗Ri^!_{ét}

(27) over the small Zariski site of Z. (It can be obtained for example with the help of (23); compare [14, II.6.14].)

There is a diagram

Γ_{Zar}(Z, 2 − c)[−2c]^L⊗ Z/m −−−−→ Ri^!_{Zar}Γ_{Zar}(X, 2)^L⊗ Z/m

R(α_Z )_∗Z/m(2 − c)[−2c] −−−−→ Ri^!_{Zar}R(α_X )_∗Z/m(2)

(28)

where the vertical maps are given by (26), the top horizontal map by theorem 4.2 a) and the bottom horizontal map is defined by applying R(α_Z )_∗ to (21) and using (27). The notation in the top right corner is unambiguous, thanks to lemma 4.4. 4.5. Lemma. Diagram (28) commutes up to sign.

Proof. As in the proof of lemma 4.3, this boils down to the fact that the Gersten complex for K-theory is compatible with the Gersten complex for étale cohomology via the Galois symbol (m prime to char F ) or the differential symbol (m a power of char F ). The first case is well-known; see [11, cor. 1.6 and proof of lemma 4.11] for the second one. 2

Proof of theorem 4.2 b). We first construct the map. There is a tautological natural transformation (stemming from (27)) α^∗_Z Ri^!_{Zar} → Ri^!_{ét}α^∗_X

(29) hence a morphism (in the derived category of étale sheaves over Z) α^∗_Z Γ_{Zar}(Z, 2 − c)[−2c] → Ri^!_{ét}Γ_{ét}(X, 2)

(30) where we used a) and (25). On the other hand, the triangle Γ(2) −−−−→ Γ(2) ⊗ Q ↖ ↙ Q/Z(2)

(31)

deduced from (12) yields a map Ri^!_{ét}Q/Z(2)[−1] → Ri^!_{ét}Γ_{ét}(X, 2).

(32)

Passing to the colimit in (21), we get a morphism Q/Z(2 − c)[−2c] → Ri^!_{ét}Q/Z(2)

(33) whose homotopy cofibre is concentrated in degree c + 3 and has p-primary torsion cohomology. Shifting and composing with (32), we get a morphism Q/Z(2 − c)[−1 − 2c] → Ri^!_{ét}Γ_{ét}(X, 2).

(34)

For c ≤ 2, we use (30) to define the map of b), noting that it becomes then Γ_{ét}(Z, 2 − c)[−2c] → Ri^!_{ét}Γ_{ét}(X, 2) via (25). For c > 2, we use (34) to define this map.

We now prove the property of the map of b) as claimed in the statement of theorem 4.2. It is enough to do this after tensoring (30) and (34) by Q and Z/m for all m (in the derived sense). Since R(α_Z )_∗ is fully faithful, we may even apply this functor to the situation.

Suppose first that c ≤ 2. Using (27), (14) and a), we see that the morphism R(α_Z )_∗Γ_{ét}(Z, 2 − c)[−2c] ⊗ Q → R(α_Z )_∗Ri^!_{ét}Γ_{ét}(X, 2) ⊗ Q is a quasi-isomorphism. On the other hand, there is a ±-commutative diagram Γ_{ét}(Z, 2 − c)^L⊗ Z/m[−2c] → α^∗_Z Ri^!_{Zar}Γ_{Zar}(X, 2)^L⊗ Z/m → Ri^!_{ét}Γ_{ét}(X, 2)^L⊗ Z/m ≀ ≈ ↙ Z/m(2 − c)[−2c] → Ri^!_{ét}Z/m(2).

In this diagram, the left square is obtained via (25) and (27) by applying adjunction to (28) and using lemma 4.5; the right triangle is obtained via (25) and (29). The left vertical map and the southwest map come from the triangle (12).

The bottom horizontal map is none else than (21): its homotopy cofibre is p-primary torsion and concentrated in degree c + 3. The left vertical map and the south-west map are quasi-isomorphisms by (24), hence the top composite has the same cofibre as the bottom map. This proves theorem 4.2 b) in the case c ≤ 2.

Suppose now that c > 2. We first have R(α_Z )_∗Ri^!_{ét}Γ_{ét}(X, 2) ⊗ Q ≈ Ri^!_{Zar}R(α_X )_∗Γ_{ét}(X, 2) ⊗ Q ≈ Ri^!_{Zar}Γ_{Zar}(X, 2) ⊗ Q = 0 by (14) and a). On the other hand, tensoring (34) by Z/m and using (31) yields Z/m(2 − c)[−2c] → Ri^!_{ét}Γ_{ét}(X, 2)^L⊗ Z/m.

Using (24), we get a composition

Z/m(2 − c)[−2c] → Ri^!_{ét}Γ_{ét}(X, 2)^L⊗ Z/m^∼−→ Ri^!_{ét}Z/m(2) which is clearly (33). This concludes the proof of theorem 4.2 b). 2

5. Cohomology of projective bundles Let E → X be a vector bundle of rank n, and P^π−→ X the associated projective bundle. Our aim in this section is to compute Rπ_∗Γ_{Zar}(P, 2) and Rπ_∗Γ_{ét}(P, 2).

In order to state the theorem, we remark that there are pairings (i ≤ 2): Γ_{Zar}(i − 1)^L⊗ Γ_{Zar}(1) → Γ_{Zar}(i)

(35) over the big Zariski site of Spec F , if F has more than two elements, and Γ_{ét}(i − 1)^L⊗ Γ_{ét}(1) → Γ_{ét}(i)

(36) over the big étale site of Spec F .

For i = 2, (35) and (36) are the pairings of [22, prop. 2.5]; for i = 1 they are tautological. For i < 0 (and in the étale case), the triangle analogous to (31) for Γ(1) shows that, for all i, the morphism Q/Z(i − 1)^L⊗ Q/Z(1)[−1] → Q/Z(i − 1)^L⊗ Γ_{ét}(1) is a quasi-isomorphism. Therefore it suffices to define morphisms

Q/Z(i − 1)^L⊗ Q/Z(1) → Q/Z(i)[1] for all i ∈ Z. This is nothing else than Tate twists of the natural isomorphisms (in D(Ab)) Q_l/Z_l^L⊗ Q_l/Z_l ≈ Q_l/Z_l[1] for l ≠ char F . Finally, for i = 0, the pairing is defined similarly, using the natural map Q/Z[−1] → Z[0] = Γ_{ét}(0).

Let L be a line bundle over an F -scheme S. Let λ = Zar or ét. Via (36), its class [L] ∈ H^1_λ(S, G_m ) = H^2_λ (S, Γ(1)) defines morphisms of complexes Γ_λ(i − j)_{|S} [−2j]^{[L]j}−−→ Γ_λ(i)_{|S} where_{|S} means “restriction to the big λ site of S”. In particular, for S = P and L = O(1), we get maps

Γ_λ(2 − j)_{|P} [−2j]^{[O(1)]j}−−−−→ Γ_λ(2)_{|P} (j ≥ 0) hence, by adjunction, a morphism n∐ j=0 Γ_λ(2 − j)_{|X} [−2j]^{ρλ}−→ Rπ_∗(Γ_λ(2)_{|P} ).

(37)

We are now ready to state the result:

5.1. Theorem. The morphism ρ_λ is a quasi-isomorphism for λ = Zar or ét (for λ = Zar, assume F has more than two elements).

Proof. We proceed as in the last section, first proving the Zariski case. Let A be a local ring of X, and K be its field of fractions. The restriction of E to Spec A is trivial, hence P_{| Spec A} ≃ P^n_A. Looking at the maps induced by ρ_{Zar} on cohomology sheaves and using theorem 1.6, we can identify them to: K_3(K)_{ind} → K_3(K(T_1, . . . , T_n))_{ind} K_2(A) → H^0_{Zar}(P^n_A, K_2) A^∗ → H^1_{Zar}(P^n_A, K_2) Z → H^2_{Zar}(P^n_A, K_2).

We have to show that all these maps are isomorphisms. The first one is an isomorphism because K_{3,ind} is invariant under rational extensions. The other ones follow from [9, lemma 8.11].

In the étale case, it is enough to check that ρ is a quasi-isomorphism after tensoring by Q and by Z/l for all prime l. In the case of Q, we reduce to the Zariski case as above, by applying Rα_∗ and using (14).

For Z/l, we first need a lemma. Note that there are products: Z/l(i − 1)^L⊗ Z/l(1) −→ Z/l(i). (38)

For l ≠ char F , they are nothing else than Tate twists of the natural product in D(Ab). For l = char F (and i > 0), they come from the products Ω^{i−1}_{log} ⊗ Ω^1_{log} → Ω^i_{log}.

5.2. Lemma. For any prime l and any i ≤ 2, the diagram Γ_{ét}(i − 1)^L⊗ Γ_{ét}(1)^L⊗ Z/l −−−−→ Γ_{ét}(i)^L⊗ Z/l

Z/l(i − 1)^L⊗ Z/l(1) −−−−→ Z/l(i) commutes, where the top horizontal map is (36)^L⊗ Z/l, the bottom horizontal map is (38) and the vertical maps are deduced from (24).

Proof. For l ≠ char F , this follows from [22]. For l = char F , it follows from the definition of the logarithmic symbol, since (for i = 1) the étale sheaf K_{3,ind} is uniquely l-divisible. 2 If l ≠ char F , using lemma 5.2, ρ^L⊗ Z/l becomes the map γ of [15, th. 2.2.1], which is a quasi-isomorphism, Tate-twisted twice. If p = char F , still using lemma 5.2, ρ^L⊗ Z/p becomes the map Z/p[−2] ⊕ (Ω^1_{log})_{|X} [−1] ⊕ (Ω^2_{log})_{|X} −→ Rπ_∗(Ω^2_{log})_{|P} shifted, which is an isomorphism by [10, cor. I.2.1.12]. 2 5.3. Corollary. H^0_{Zar}(X, H^3(2))^∼−→ H^0_{Zar}(P, H^3(2)).

Proof. (We don’t really need Γ(2) for this.) Consider the commutative diagram with exact rows 0 −−−−→ CH^2X −−−−→ H^4_{ét}(X, Γ(2)) −−−−→ H^0_{Zar}(X, H^3(2)) −−−−→ 0

0 −−−−→ CH^2P −−−−→ H^4_{ét}(P, Γ(2)) −−−−→ H^0_{Zar}(P, H^3(2)) −−−−→ 0 where the rows come from (9). Using theorem 5.1 and the analogous result for Chow groups, the bottom left horizontal map can be rewritten

CH^0(X) ⊕ CH^1(X) ⊕ CH^2(X) → H^0_{ét}(X, Γ(0)) ⊕ H^2_{ét}(X, Γ(1)) ⊕ H^4_{ét}(X, Γ(2)).

The result now comes from the fact that CH^i(X) → H^{2i}_{ét}(X, Γ(i)) is an isomorphism for i = 0, 1. 2

6. The coniveau spectral sequence and Gersten’s conjecture By the standard procedure, we can construct a coniveau spectral sequence ([3], [5]) E^{p,q}_1 = ∐ x∈X(^p) H^{q+p}_x (X_{ét}, Γ(2)) =⇒ H^{p+q}_{ét} (X, Γ(2))

where H^{q+p}_x (X_{ét}, Γ(2)) = lim−→ U∋x H^{q+p}_{{x}∩U} (U_{ét}, Γ(2)).

Applying theorem 4.2, we get, for x ∈ X^{(p)}:

H^{q+p}_x (X_{ét}, Γ(2)) =

H^q (F (X), Γ(2)) for p = 0 H^{q−2}(F (x), G_m ) for p = 1 and q ≠ 4, 5 H^{q−2}(F (x), Z) for p = 2 and q ≠ 4, 5 H^{q−p−1}(F (x), Q/Z(−p)) for p > 2 and q ≠ 4, 5.

Moreover, we have exact sequences:

0 → H^{3−p}(F (x), Q/Z(2 − p)) → H^{p+4}_x (X_{ét}, Γ(2)) → H^0(F (x), F) → H^{4−p}(F (x), Q/Z(2 − p)) → H^{p+5}_x (X_{ét}, Γ(2)) → 0 where F is an l-primary torsion sheaf if char F = l > 0 (and is 0 if char F = 0). For p > 2, the map H^0(F (x), F) → H^{4−p}(F (x), Q/Z(2 − p)) has to be 0, so the sequence splits into

0 → H^{3−p}(F (x), Q/Z(2 − p)) → H^{p+4}_x (X_{ét}, Γ(2)) → H^0(F (x), F) → 0 H^{4−p}(F (x), Q/Z(2 − p))^∼−→ H^{p+5}_x (X_{ét}, Γ(2)).

This shows that E^{p,5}_1 = 0 for p ≥ 5 and E^{p,4}_1 is l-primary torsion for p ≥ 4. For q ≠ 4, 5, E^{p,q}_1 = 0 for p ≥ q, except for E^{2,2}_1 = Z^2(X) (codimension 2 cycles). Note also that E^{p,3}_1 = 0 for all p.

Using theorem 5.1 for P = P^1_X , the arguments of [8], [5] show that Gersten’s conjecture holds for étale weight-two motivic cohomology. Therefore we get a Bloch- Ogus-type theorem:

6.1. Theorem. The E^{p,q}_2 term of the coniveau spectral sequence for weight-two motivic cohomology coincides with H^p(X_{Zar}, R^qα_∗Γ(2)) =: H^p_{Zar}(X, H^q(Γ(2))). 2 6.2. Corollary. For any i ≥ 0, a) The functor X → H^i_{ét}(X, Γ(2)) satisfies “codimension 1 purity” for regular local rings of a smooth variety in the sense of [4, def. 2.1.4 (b)].

b) H^0_{Zar}(X, H^i(Γ(2))) is a birational invariant of smooth, proper varieties X/F . c) For any proper morphism P^f−→ X of smooth, integral F -varieties such that the generic fibre of f is F (X)-rational, H^0_{Zar}(X, H^i(Γ(2)))^∼−→ H^0_{Zar}(P, H^i(Γ(2))).

Proof. a) follows from theorem 6.1. b) follows from theorem 6.1 and [4, prop. 2.1.8]. Finally, c) follows from b) and corollary 5.3. (In [5, §8], we give a general proof of these properties for suitable “cohomology theories with supports”.) 2

Remark. As for corollary 5.3, we could prove this without having recourse to Γ(2), in view of lemma 1.4. More precisely, we could “merely” use Gersten’s conjecture for K-theory (Quillen [31]), étale cohomology with coefficients in twisted roots of unity (Bloch-Ogus [3]) and logarithmic Hodge-Witt cohomology (Gros-Suwa [11]).

7. Projective homogeneous varieties

Let X be a projective homogeneous variety in the sense of [25] and [30]. In particular X is rational, so the assumptions of theorem 1 are satisfied, including H^0_{Zar}(X, H^3(2)) = 0 by corollary 6.2 c). Moreover, we have K_{j−i}(F ) ⊗ CH^iX^∼−→ H^i_{Zar}(X, K_j ) for all i ≤ j (loc. cit.). Finally, the G_F -modules CH^iX are permutation modules, hence torsion-free [30]. In particular: H^1(F, H^1_{Zar}(X, K_2)) = 0 Ker ξ = (CH^2X)_{torsion}.

Let E be the étale F -algebra associated to X as in [25]. We get the following corollary of theorem 1, containing [25, Theorem] and [30, th. 1]:

7.1. Corollary. If X is projective homogeneous, there is an exact sequence:

0 → H^1_{Zar}(X, K_2) → E^{∗ ρ}−→ Ker η → (CH^2X)torsion → 0 and a complex 0 → Coker η → Coker ξ → Br(E) which is exact, except perhaps at Coker ξ, where its homology is Ker(H^4(F, 2) → Coker cl^2_X ).

The map ρ in corollary 7.1 is described by Merkurjev [25]: there is an Azumaya E-algebra A associated to X, and ρ is cup-product by [A] followed by transfer.

7.2. Corollary. Coker η is finite.

Indeed, Coker ξ is finite, as a torsion quotient of the finitely generated group (CH^2X)^{GF} . 2

In [19] we show that Coker η is isomorphic to Ker cl^2_X .

Acknowledgements. I wish to thank Jean-Louis Colliot-Thélène, Hélène Esnault, Marc Levine, Eckart Viehweg and the referee for useful comments.

References

[1] J.Kr. Arason Cohomologische Invarianten quadratischer Formen, J. Alg. 36 (1975), 448–491.

[2] S. Bloch; K. Kato p-adic étale cohomology, Publ. Math. IHES 63 (1986), 107–152. [3] S. Bloch, A. Ogus Gersten’s conjecture and the homology of schemes, Ann. Sci.

Ec. Norm. Sup. 7 (1974), 181–202.

[4] J.-L. Colliot-Thélène Birational invariants, purity and Gersten’s conjecture, Proc. Symposia Pure Math. 58.1 (1995), 1–64.

[5] J.-L. Colliot-Thélène, R. Hoobler, B. Kahn The Bloch-Ogus-Gabber theorem, preprint, 1996.

[6] J.-L. Colliot-Thélène, W. Raskind K_2-cohomology and the second Chow group, Math. Ann. 270 (1985), 165–199.

[7] H. Esnault, B. Kahn, M. Levine, E. Viehweg The Arason invariant and mod 2 algebraic cycles, preprint, 1996.

[8] O. Gabber Gersten’s conjecture for some complexes of vanishing cycles, Manuscripta Math. 85 (1994), 323–343.

[9] H. Gillet Riemann-Roch theorems for higher algebraic K-theory, Adv. in Math.

40 (1981), 203–289.

[10] M. Gros Classes de Chern et classes de cycles en cohomologie de Hodge-Witt logarithmique, Mém. Soc. Math. France 21 (1985).

[11] M. Gros, N. Suwa La conjecture de Gersten pour la cohomologie de Hodge-Witt logarithmique, Duke Math. J. 57 (1988), 615–628.

[12] A. Grothendieck, J. Dieudonné Eléments de géométrie algébrique, ch. IV: Etude locale des schémas et des morphismes de schémas (première partie), IHES Publ. Math. 20 (1964).

[13] L. Illusie Complexe de de Rham-Witt et cohomologie cristalline, Ann. Sci. E.N.S.

12 (1979), 501–661.

[14] B. Iversen Cohomology of sheaves, Springer, 1986.

[15] J.P. Jouanolou Cohomologie de quelques schémas classiques et théorie cohomologique des classes de Chern, Exposé 7 in SGA5, Lect. Note in Math. 589, Springer, 1977, 282–350.

[16] B. Kahn K_3 d’un schéma régulier, C. R. Acad. Sci. Paris 315 (1992), 433–436. [17] B. Kahn Descente galoisienne et K_2 des corps de nombres, K-theory 7 (1993), 55–100.

[18] B. Kahn, M. Rost, R. Sujatha Unramified cohomology of quadrics, preprint, 1996. [19] B. Kahn Cohomologie non ramifiée des variétés homogènes, in preparation. [20] N. Karpenko Algebro-geometric invariants of quadratic forms (in Russian), Algebra i Analiz 2 (1990), 141–162. English translation: Leningrad (Saint-Petersburg) Math. J. 2 (1991), 119–138.

[21] M. Levine The indecomposable K_3 of fields, Ann. Sci. Ec. Norm. Sup. 22 (1989), 255–344.

[22] S. Lichtenbaum The construction of weight-two arithmetic cohomology, Invent.

Math. 88 (1987), 183–215.

[23] S. Lichtenbaum New results on weight-two motivic cohomology, The Grothendieck Festschrift, vol. 3, Progress in Math. 88, Birkhäuser, Boston, 1990, 35–55.

[24] A.S. Merkurjev Certain K-cohomology groups of Severi-Brauer varieties, Ktheory and algebraic geometry: connections with quadratic forms and division algebras, AMS Summer Research Institute, Santa Barbara (1992), Proc. Symp. Pure Math. 58 (2), AMS, Providence 1995, 319–331.

[25] A.S. Merkurjev The group H^1(X, K_2) for projective homogeneous varieties, Algebra i Analiz. English translation: Leningrad (Saint-Petersburg) Math. J. 7 (1995), 136–164.

[26] A.S. Merkurjev, A.A. Suslin The group K_3 for a field (in Russian), Izv. Akad.

Nauk. SSSR 54 (1990), 339–356. English translation: Math. USSR Izv. 36 (1990), 541–565.

[27] A.S. Merkurjev, J.-P. Tignol Galois cohomology of biquadratic extensions, Comm.

Math. Helv. 68 (1993), 138–169.

[28] J.S. Milne Etale cohomology, Princeton University Press, 1980. [29] E. Peyre Products of Severi-Brauer varieties and Galois cohomology, K-theory and algebraic geometry: connections with quadratic forms and division algebras, AMS Summer Research Institute, Santa Barbara (1992), Proc. Symp. Pure Math. 58 (2), AMS, Providence 1995, 369–401.

[30] E. Peyre Corps de fonctions de variétés homogènes et cohomologie galoisienne, C. R. Acad. Sci. Paris 321 (1995), 891–896.

[31] D. Quillen Higher algebraic K-theory, I, Lect. Notes in Math. 341, Springer, 1973, 83–147.

[32] A. Suslin Torsion in K_2 of fields, K-theory 1 (1987), 5–29.

Bruno Kahn Institut de Mathématiques de Jussieu Equipe Théories Géométriques Université Paris 7, Case 7012 75251 Paris Cedex 05 France kahn@math.jussieu.fr