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1. Introduction

Equations with left and right fractional derivatives appear as mathemat-
ical models in different branches of physics and mechanics (see [12]). We
refer to monographs [10], [11], [13], [16], [18], [19], [24] and references therein
for equations with the left fractional derivatives. Equations with the both
types of fractional derivatives have appeared recently only in a few papers
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although the interest for models with both types of derivatives increases (cf.
3= [7], 9], [26]-[28]).

In year 2010 appeared the monograph [14] in which the author solve
equations with symetric D®sym = 3 (D, + D¢ ) and D%anti = 1 (D3, — D")
and with complex derivatives: “Dy Dy, Dy Dg,. This operators appear
when we apply the minimum action principle in constructing mathematical
models in fractional mechanics.

The aim of this paper is to reduce the problem of solving differen-
tial equations with fractional derivatives, within D’ ((—o0c, b)) —generalized
functions with supports contained in [0,b), denoted by D}.([0,b)), to the
well-known problem of solving Fredholm’s type equations with bounded or
weakly bounded kernels (cf. [20], [21]).

We consider equation

P q
S A(DGEY ) (@) + Y Bi(D)Y) (@) + C(@)Y (2) = D() in D ([0,0)),
i=1 =1

! (1.1)
where A; and Bj are constants; a; = k; + v, ki € Nog = NU{0}, v €

[0,1), ,i=1,..p, dit1 > a;,i=1,..p— 1 and B; =n; +v;, nj € Ng, v; €

[Ov l)a Bj-i-l > 6]7 J = 17"'7q - 17 Vg < 17 C(ZL‘) € Cm([oab)) and D(.’IJ) €

Dzz:rk”([O, b)) (see, Section 2.2).

Now we can explain that the main contribution of our paper comes from
assumptions C(z) € C™([0,b)), D(x) € D/LTZ:rkp([O, b)) as well as from a
simple procedure of solving (1.1) which will be realized in Sections 3 and 4.

We refer to [24] for explicit methods of solving (1.1) in various classes of
function spaces which depend on coefficients and the order of (1.1). Let us
mention some of these results

Let p = ¢ = 1. With appropriate assumptions on D, the case a = 8 and
C = 0 can be reduced to the generalized Abel integral equation, which is
solvable within the space

(=)

q;l_fl(b_ x)l—sg’f)\ € H)\(()? b)751752 S (0, 1)},

H*(0,0) = {f; f =

where H*(0,b) is the space of the Lipshitz functions of order A in (0,b) (cf.
Theorem 30.7 in[24]). Note that this case is solved in [28] within a suitable
space of generalized functions.
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The case a =  and C # 0 as well as the case k = n and v > v (with
appropriate assumptions on C and D) can be reduced to a Noether integral
equation of the first kind

b
/ T(x, ) f(t)dt = f(x),0 < < b.
0
Such an integral equation was solved in [24], Theorem 31.11.

In this paper we suppose that k, > n,+1, A, # 0. We seek for solutions
belonging to the space D}, ([0,b)). Reducing (1.1) to Fredcholm’s integral
equation of second kind with bounded or weakly bounded singular kernel,
we discuss the existance of solutions to (1.1) and note that the solutions are
the classical solutions as well, if appropriate conditions hold for C' and D.
We give in Example 1 a unique solution to an equation of a given form over
the interval [0,b) for sufficiently small b. As an application of Proposition
3.2 we give a complete solution of the linear differential equation in which
right fractional derivative do not exist.

2. Preliminaries

We use the usual notation of distributions theory (see for example [25],
[30]): D' = D'(R) and 8’ = S'(R) are Schwartz’s spaces of distributions;
S’ is the commutative and associative convolution algebra of tempered dis-
tributions supported by [0,00). If T € &' is a regular distribution defined
by a function f so that f(z)(1+ |z|)~* € LY(R) for some k > 0, then we
write T' = f.

The family of distributions {fz; 5 € R} :

[ H@mPT(B), B> 0,
fa(t) = ), B<0, B4+m>0,meN,

where ()™ is the distributional derivative and H is Heviside’s function,
is an Abelian group in &’} under convolution: fg, * fg, = f3,48,, fo =9
and f g =00 B1,8,8 € No. If f €Sy, and B < 0, then f5x f is —f3
fractional derivative and if 5 > 0, then fg * f is [ fractional integral of f.

2.1. Spaces D'71([0,b)) and D}, ([0,b))

Let b > 0. We denote by L{((—00,b)), resp., L§((—oc,b)) the space
of integrable functions, resp., of bounded functions in (—oo,b) vanishing in
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(—00,0). Let m € Ny,
D'TL([0,6)) = {f™ =" x £, f € L{((—o0,b))}, m € No

and
T ([0,0)) = {f™™, f € LF((—o0,b))}, m € No.

Clearly, D'} ([0,b)) C D'71([0,b). If m < my, then D'} ([0,b)) C D71 ([0,b))
and the inclusion mapping is continuous. Then, define

DL ([0.0) = | D (0.5).
m=0

It is a closed subset of &'((—o00,b)) (where the former space is the strong
dual of the test space with the sequence of seminorms defining the structure
of §). Since

D' ([0,0) 3 0(-) = fO() = (H()FOH(b =)™, f € Li((=00,b)),

we will also use the representation
v(-) = (HC) (Y H b =)™,

If v € D'71(]0,b)) and a € C™([0,b)), then we define av in D'}i([a,b))
by av = af(™.

(We have to use the Leibnitz formula af(™) = S jem (=1 () (a9 £)(m=i)),
In the same way we define the product av if a € C°° [70, and v €
71(la,b)).

Let v; € D'77([0,b)),4 = 1,2. Then the convolution v * vy belongs
to D'TT2((0,b)) and it is defined by vy % va = (fi * fo)™T™M2) f; €
Li((—00,b)),i=1,2.

2.2. Left and right fractional derivatives in D' ([a,D))

We introduce a mapping Q as follows. Let f € L((—o0,b)). Then Qf
is defined in R by

QN(x)=flb—=), 0<z<b(Qf)(x) =0,2<0

and

it v=fm eDm([0,0)), then Qu=(—1)"(Qf)"™
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It follows that Qu € D'71([0,b)) and that Q maps D’ ,1([0,b)) onto D}, ([0,b)).
Moreover, QQ = I.

Let v1 and vg bein D11 ([0,b)), then Q(Avi+Buvs) = AQui+BQus, A, B €
R.Let a € C*®([0,b)),v € D'11([0,b)). Then Q(av) = Q(a)Q(v) and Q(v™) =
(=)™(Qu)™, m € N.

We recall (cf. [24] and [11]) the definitions of the left and right Riemann-
Liouville fractional integrals [, , I;*. and fractional derivatives D, , Di*. for
a=k+v, v€(0,1), k € Ny, of a function f, for z € [0,b),

b
APV S L () ‘e L[ O
13- N@) = 7= | @t D@ = oy [ G aeat

INE) (x —t)l- INE) J
(2.1)
R S A B ()
(Do+ f)(x) = m(@) O/Wdtv (2.2)
o e (DM dkn )
(D ) = 1=y () / et (2.3)

In order to make legitimate definitions (2.1)-(2.3) we assume that f be-
longs to AC*+1([0,T]), k € Ny, for every T € [0,b), which means that the
derivatives of f up to order k, are continuous and (k + 1)—th derivative is
integrable in [0, T, for every T € [0,b).

Using the left fractional integral, (2.2) can be written as
o dNk+l, 4
D59 = () (177F) = frma x fiy = f. (2.7)

Thus, for v € D'71([0,b)) and a =k +, k € Ng, 0 <y < 1 we have
Do =dFTm s f e f,
Let us remark that DF v = 6™ « f = Dktmf,

Dy v = QD Qu.

The next lemma gives some properties of operators Dg, and D;* , which
we need in the sequel. Its proof is simple and thus, omitted.
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Lemma 2.1.

1) D§, and Dy map D'71([0,b)) into DTRL([0,b)), where o = k +
v, k € Ng, v € [0,1). In particular, these operators map D'11([0,b)) into
D'11([0,0)).

2) D?_U _ (_1)k+15(k+m+1) % (Ibl—_wf)
3. Solutions to linear equation with left and right fractional derivatives

We consider equation (1.1) with prescribed properties of coefficients.
Note that assumption on D implies that D * fo, 1, is a continuous function
in [0, b]. As regards the supposition k, > n, + 1, let us remark that:

if ng > kp+1, then we can transform equation (1.1) to the previous case
applying operator () and obtain

i:OAZ»D?i QY + iijDgiQY +(QC)(2)(QY) = QD. (3.1)
i= j=
Equation (3.1) is also of the form (1.1) with the opposite role of 3, and a,.
3.1. Casep=1, g=1

Equation (1.1) in this case becomes

(Dg+y)(x) + B(D}y)(w) + C(z)y(x) = D(z), inD'1a((0,b), (3.2)

where a = k+~, S=n+v;n<k-—1, k,n e Ny,v€[0,1),re€0,1),B €
R,C(z) € C™([0,b)) and D(z) € D ([0,b)).

Assuming that y is of the form y = 6(™) % n, with

() = H()H(b~ )i(z),7 € Lj((—o0,b)),

we have

Gey = 8w [,

for v € (0,1) and DS,y = §* D« = n(+h) for = 0;

Df_y = (—1)nHiglmtntl) Il}__”n.
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We rewrite (3.2) (for v € (0,1)) as

Slmtkt1) Ié;vn + B(—1)nlgtmtntl) o plovy,

+ g ar fr—m * (C(r)ﬁ) =D
r=0

(ar = (=1)"("")). Applying (fa+m*) to both sides of (3.3) we obtain
n+ (_1)n+1Bfu * I;j’/n + Z ar fatr * (C(”)n) = fat+m * D, (3.4)
r=0

where y=k—n—1+~v>~(k>n+1) and for z € [0,b],

fo I7Vn(z) =
b
10/1{(95 — )@ — t)“_ldt/ AT =) s (35)

fox I,”"n(x) = I,”"n()

foe # (C)@) = s [ OO @ = (36)
0

(a+7r—12>0).
Here and below we consider L' —functions, so a function can take value co
or —oo at some points of [0, b].

Since p — 1>~ — 1, (for v € (0,1)), it follows that for every x € [0, b]

n(T)H(z —t)H(T — )

&) = e = a(r — oy

, t€]0,b], T €[0,0],

is an integrable function. Thus, we can change the order of integration in
(3.5) and with (3.6), equation (3.4) becomes
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We consider
b
na) + [ Ko, rn(r)dr = M), 0< o <, (37)
0

where M (x) = form * D(x), x € [0, 0]
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and
K(z,7) = é(—ll)_"f)H(T — g;)i(T —133)” + (3.9)
+ ;) 7“;:_ ) H(x — T)C(T) (T)(z — 1)L p=o.

Note that M is a continuous function in [0, b].

Let us analyze the kernel K. Suppose that p # 0. The first addend of
K contains the integral

T

J(x,7) = / C —g”Zx_—tzf)lﬂdt’ (x,7) €[0,b] x [0,0], u#0

which determines the structure of K, u # 0, because the second addend in
K is a bounded function on [0, b] x [0, b].

We will consider separately cases
Lu<v,Iv<pandIII: v = p. (Recall, u =k —n—1++).
Case L.

Let (x,7) € [0,b] x [0,b],z < 7. Then, with the change of variable ¢t =
x — (T — x)p, we have (with suitable C')

x z/(T—x)
B dt I S
J(a:, T) - ‘0/ (T _ t)l/(x _ t)l—ﬂ B (T )M 0/ (1 +p)upl—u
1 o)
< troap([ e [ SR <0 -n 310

1

Let (z,7) € [0,b] x [0,b],2 > 7. Then, with the change of variable ¢ =
T — (x — 7)p, we have

J(x,7) < Clx —1)F".
Case II.
Let (z,7) € [0,b] x [0,b],7 > . Then

. 1 z/(r—x)
dt ~ dp
J(va) < 0/ (T—t)’/(w—t)l*“ - (7‘—1‘)“ (/+ 1/ W)

0
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This implies
|J(z,7)] < C, (x,7) € [0,b] x [0,b], 7 > .

Similarly, we have

|J(z,7)| < C, (x,7) € [0,b] x [0,b],2 > T.

Case III.
Let (z,7) € [0,b] x [0,b],7 > z. We have

1 a/(r—x)

J(CL‘,’T):/ dp + / ijSC'lnh—mL

1—
p#
1

If (z,7) € [0,b] x [0,b],7 < x, then the same inequality holds, as well.
Since v € (0,1), > 0, it follows that J is an integrable function.

Now one has to use the well-known Fredholm’s theory of integral equa-
tions of second type (see [20], Ch.IIl and Ch. III, and the Handbook of
integral equations [21], Chapter II, especially Section 11) in order to solve
equation (3.7). Here we will only present a result which is related to the
unique solvability in the case when A\ = —1, respectively, A\, = (—1) is not
an eigenvalue of the kernel K, respectively, iterated kernel K. Actually,
the kernel considered in this work does not have any of properties which can
imply a simple analysis of eigenvalues (i.e of zeros of D(\), where D(A) is a
power series in A\ with coefficients constructed by K, see II (42) in [20] and
[21]). So some of approximation procedures of numerical analysis can serve
as a method for explicite approximate solving of the equation. In the end of
the paper we will discuss a class of integral equations which can be solved by
simpler methods. Very special interesting cases of integral equations with
log-type kernel can be foud in [§].

So, we have the following procedure for solving (3.2) given in the form
of a theorem:
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Theorem 3.1.

a) Ifk >n+1ork=n+1 and v > v, the integral equation (3.7)
is of Fredholm’s type. Moreover, suppose that (—1) is not an eigenvalue of
the kernel K. Then the unique solution n to (3.7) defines distribution y =
D™(Hn) € D7([0,b)), the unique solution to equation (3.2) in D'71([0,b)).

b) Ifk=n+1andv >~ >0, then (3.7) is a weakly singular Fredholm
equation with the kernel given by (3.8). But if v = 0, the kernel K(x,T) is
given by (3.9) and is also weakly singular. Let K, be p—times iterated kernel
of the singular kernel K, such that Ky(x,T) is bounded on |a,b] x [a,b],

b
Ky(z,7) = /Kp_l(x,s)K(s,T)ds, Ki(x,7) = K(z,7), (z,7) € [0,b]x]0, b].
0

If (=1)P is not an eigenvalue of K, then we have 1 to be the solution to the
(p — 1)-fold iterated equation (3.7) and y = D™(Hn) € D/LT([O, b)) to be the
unique solution to equation (3.2) in D'71([0,0)).

Proof Ifk>mn+1 thenk >n+2and u>1+~v # 0. The
kernel K (z,7) is of the form (3.8). Since p > v, the function J(x, 1) is
bounded and with this, K(z,7) is bounded, as well. Fredholm’s theory can
be applied.

If k =n+1, then p =~; for v # 0 and v > v K(z,7) is also given by
(3.8) and is bounded. But if v # 0 and v < v, the kernel K (z,7) is given
by (3.8) and is weakly singular. In case v = 0, we have p = 0 and K (z, 1) is
given by (3.9). This kernel is also weakly singular. The theory of Fredholm’s
equation with weakly singular kernel can be applied (cf. [20], Part III).

In this case there exists pg € N, which depends on + and v such that
for p > po the iterated kernels K, are bounded. Now, if (—1)P is not an
eigenvalue of K, then the (p — 1)-fold iterated equation to (3.7) is

o(2) = My(z) + (1) ij,ﬂw(wdt, 0<z<b

where, with M7 = M,



72 B. Stankovié

has a unique solution 7, which is integrable function in [0, b].

(As we mentioned, the previous conclusions are consequences of results
exposed in [18], Chapters II, III. Se also [9] and [8].

Now it is clear that 7 is a solution to equation (3.7) and that D™(Hn)
a unique solution to (3.2).

Remark 3.1 1) It is self-understandable that if we have a solution n(x)
to (3.7) with C € C[(0,b)] and D € L*>([0,b)) such that D§,n and Df_n
belong to L'([0,b)), then n(z) is a classical solution to (3.2) in L'([0,b)).

2) To solve integral equation (3.7) one can use the following result (cf.
[23], Chapter IV,§1):

If o, B and b are such that the Kernel K(x,T) satisfies one of the condi-
tions:

a) jqflK(x,T)dedT <1, M € L*([0,b));
00

b) max |K(z,7)| < %, (z,7) €[0,b]2, M € C([0,b]),

then the solution to integral equation (3.7) can be expressed by Neumann’s
series

00 b
n=M(z)+ Z /Kn(I,T)M(T)dT,
0

n=1

where Ky (x,T) is the iterated kernel. In case a) the solution belongs to
L?([0,b)) and in case b) the solution belongs to C([0,b]).

3) The case when —1 is an eigenvalue has to be treated by the third
Fredholm theorem (Section II in [17]). In the case of a weak singular kernel
and (—1)P being an eigenvalue, one has to use results of Chapter III of [17].
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3.2. The general case of equation (3.1)
Let in (1.1), Y = 6™ x5 € D'71([0,b)). Then we have

P q . 1—v;
Zl Aiffmfai * 1)+ Zl Bj(—l)nj+1ffnjfmfl xI,_"'n
= j=
m
+ 3 apfrom * (CTn) = D.
r=0
We apply to this equation (fa,m*) and obtain
pil q +1 1 14
n + X:l Aifap*ai * 1) + Zl(_l)nj Bj(fup Ib— Jn)"‘
1= j=

+ Z arfap—l-r «Clr 77 = fap—i-m * D,

where p, j =k, —n; — 1+, > 0, because we suppose that k, > ng + 1.

We consider a singular integral equation

+ /K(.Z‘,T)’O(T)dT =M(z), 0<z<b (3.11)
where
p—1
A; 1
K(z,7) = H(m—T)Z < T(ap — i) (w— 1)~ (op—ai)
1)" B; (t —7)dr

12
’ ;Fum /!t—ﬂ”fw—t)l (312)

3 - (r) _ yaptr—1 ‘
+ gfap—{—r) x—1)C"(T)(x —T)% L, 7 € [0,b], 1 # 0;

=4 1
F(Oép — Oéi) (x — T)l_(ap_ai)

=1

.
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. (=1)” . 1

+ J;I’ 1—1/]) )(T—m)”f (3.13)
3 ZL'—TC(T)T z—71)t L =o.
TZ:(:] a+r )C(7)(x = 7T) Iz

and
M(z) = (faytm * D)(z), 0<2<b

is continuous.

Now, with the arguments of previous section, we have the following the-
orem related to equation (3.1). Again by the use of results from [18], we
have the following theorem in which we assume that v; € [0,1),7=1,...,q

Theorem 3.2.

a) Let ap—ap—1 > 1 and: 1) ky—ng>1o0r2) k,—n; =1, je{l,...,q}
and vy, > vj.

Then the kernel of equation (3.11) given by (3.12) is a Fredholm kernel.
Moreover, assume that (—1) is not an eigenvalue of this kernel. Then the
unique solution n to (3.11) defines the distribution Y = D™(Hn) which is a
unique solution to equation (1.1) in D'71([0,0)).

b)If0 < op—ay <1, 1 <ig <porifky,—nj, =0, forajo, 1 <jo<gq,
and vj, > 7yp such that: 1) v, #0 or 2) v, =0, then (3.11) with the kernel
K given in case 1) by (3.2) and in case 2) by (3.13) is a weakly singular
Fredholm equation. Let K, p > po be a bounded iterated kernel of K. Then

n is the solution to the (p — 1) fold iterated equation (3.11). Moreover,
Y = D™(Hn) is a unique solution to (1.1) in D'71([0,,b]).

The procedure of the proof is the same as for the Theorem 3.1. O
Remark 3.2 Consider equation (1.1) as the classical one in [0, D]

- 8;

> ADGY +ZB DyY)(z) + C(x)Y () = D(x),

i=1

where A; and Bj are constants; o; = ki + v, ki € No, v € [0,1),i =
1.0, aiq1 > o4t = 1,..,p—1, and B; = n; +vj, nj € Ng, v; €
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0,1), Bj+1 > B, 1 =1,..,q—1, C € C([0,b)) and D € L>=([0,b)). If the
solution to (3.11) (withm =0), Y = n has fractional derivatives, appearing
in the equation, which belong to the space of integrable functions in [0,b],
then'Y is a classical solution to (1.1) € [0,b].

Example 1. Let us consider equation
D%y (t) + B[(Dgy) (t) — (Dy-y) (1) + w?y () = f (1),

where 0 < a < 1. This equation is of the form (1.1) with: ap = 2, Ay =
liog =a,Ay =B;31=a,B1 = —B;c=w?and D (t) = f(t).

We suppose that f € D},([0,b)) such that M = fo x f is continuous.
Now the kernel K, given by (3.12), reads:
bH (z —T)
re-a)

K (z,7)= (m—t)lfa—l- b ] /OxH(tT)dT—I—H(x—T)wZ(x—T),

rl—-—o |t —7|*
(z,7) € ]0,b] x [0,b].

We shall find the solution in [0,b) for sufficiently small b.Here we have con-
sidered the cas when f is a distribution. Since it is known the existence and
the unity of the solution of this equation on any interval where the Lipschitz
condition holds for f, we obtain that the solution obtained in this example
can be continued on any finite interval [0,T],T > 0, if f is locally Lipschitz
in [0, 00).

We estimate K in [0, b] x [0, b],

2—a b2—a b2—a

w2: e~ (JJ2E .
T2—a) TA—a)d—a) Y= 2rg_q TWo=N

Let K (z,t) = K (z,t) and

K (z,7)] <

K, (z,t) = /Ob Kp_1(x,7) K (1,t)dr, (z,t)€[0,b] x[0,b], n > 2.

By the above estimate, we have

K, (x,t)] < N1, (2,t) € ]0,b] x [0,D)].

Let w, b and a be such that Nb < 1, then corresponding integral equation
has a unique solution

0 b
(@) =M@ +Y (—1)"/0 K, (z,t) M(t)dt, z € [0,b].
n=1
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3.3. Equation (1.1) in which right fractional derivatives do not exist

Equation of the form (1.1) in which right fractional derivatives do not ex-
ist (Bj =0, j =1,...,q) have been analysed in many papers and books. Also
many methods for explicitly solving such equations have been elaborated. In
[13] one can find collected such results and references on them. Also in [21],
p. 141-142 one can find explicitly solved generalized Abel integral equation
of the second kind.

As a consequence of Theorem 3.2 we have

Proposition 3.1 Integral equation (3.11) with the Kernel

1

K(z,7) (z—7) z_: — al) (@ — 1)@ (3.14)
+ 72) %H(Jf —)CO (1) (z — 1) (2, 7) € [0,

is: 1) if ap —oy > 1, i = 1,...,p — 1, a Voltera integral equation; 2) if
ap —ajy <1, 1 <dg < ap—1 or ap < 1 1s a weakly singular Voltera
equation, integrable on 0 <z < b, 0 <7 < x.

FEquation
2 ADGY @) + C(e)Y () = Dla), (3.15)

where D € D/’L’gk, has one and only one solution in D17 ([0,b)) of the form
Y = D™(Hn), where

n(x) = M(z) + (—1)/N(x, r—1)M(r)dr, 0 <z <b, (3.16)

where

N(z,7,—1) = (—1)K($,7')+Z(—l)"Kn(:c,T),
n=1

Kp(e,7) — / K (2, ) Kp_1(t,7)dr, Ko = K.
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P r o o f. Equation (3.15) is a special case of equation (1.1) with
B;j =0, j=1,...,q. The kernel K(x,7) given by (3.14) is the kernel given
by (3.12) with B; =0, j =1,....q.

To prove this proposition we have only to apply the theorem for Voltera
weakly singular integral equations with the kernels integrable on 0 < z <
b, 0 <7 <z and M(x) € L*([0,b)) (cf. [20], p.13).

Appendiz

Theorem A Voltera equation of the second kind
pla) = £(z) + 1 [ N(a,y)e(w)dy
0
has one and only one bounded solution, given by the formula
pla) = f(2) + X [ Nz, NS )dy,
0

where the resolvent kernel A is

Ny, N) = Nerg) + 3 A" Na(e,y)

n=1

convergent for all values of A. It is assumed that the function f(x) is in-
tegrable in the interval [0,b] and the function N(z,y) is integrable in the

x

triangle 0 < 2 < b, 0 <y < z. (Np(z,y) = | N(z,8)Np_1(s,y)ds, integral
y

is a Rieman integral).

Generalized Abel equation of the second kind (cf [21], p.141-142),
[yt

y(x)—/\/y():f(x), azl—m, meN, neN+1 m>n
/ (x —t)> n

has the solution

where

_ - (ra —a)zl=)"
2I' (1 — «))
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