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1. The object of the paper

Let (M, g) be a semi-Riemannian manifold of dimension > 3. The mani-
fold (M, g) is locally symmetric if VR = 0, on M, where V is its Levi-Civita
connection and R the curvature tensor. The proper generalization of locally
symmetric manifolds form semi-symmetric manifolds. They are character-
ized by the condition

R-R=0,

which holds on M, where R acts as a derivation. Some of the investigations
of such manifolds gave rise to the next generalization, namely to the pseu-
dosymmetric manifolds, i.e., manifolds satisfying on some set Y C M the
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condition

R-R=LQ(g,R), (1.1)

where £ is a function on U and @ is a special operator (see section 2).
A manifold (M, g), dim M > 3, is said to be Ricci pseudosymmetric,
resp. Ricci semi-symmetric, if

R-p=LQ(g,p), resp. R-p=0, (1.2)

holds on the appropiate set & C M, and p is the Ricci tensor.

For a survey of results on different aspects of pseudosymmetric mani-
folds, we refer to [3]; see also [2], [10], [11], [14]. Among other problems
there were studied the extrinsic characterizations of Ricci pseudosymmetric
hypersurfaces of semi-Riemannian spaces of constant curvature in terms of
the shape operator. Namely, in [1] (see Theorems 3.1 and 3.2) the following
result is proved

Let M be a hypersurface of a semi-Reimannian space of constant curva-
ture and dimension n > 3. Then M 1is Ricci pseudosymmetric if and only
if at every point p € M, the second fundamental form h satisfies one of the
following conditions

h? = ah + fq, a,B €R, (1.3)

or

h3 = tr h h® + \h, A E€R.

In practicular, for semi-Euclidean space, the previous result imply

A hypersurface M of semi-FEuclidean space of dimension n > 3 is Ricci
pseudosymmetric if and only if for every point p € M the tensor R - p
vanishes at p, or (1.3) holds.

In section 4 of the present paper, we adopt the notion of pseudosymme-
try and Ricci pseudosymmetry to the complex structure of the anti-Kahler
manifolds and then we extend the above theorems for the h-hypersurface
of anti-Kahler manifold of constant totally real sectional curvature. To do
this, we use two formulas proved in section 3, valid for h-hypersurface of the
anti-Kéahler manifold of constant totally real sectional curvature. In section
2, we explain notations used in the paper.
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2. Preliminaries

Let M be a connected differentiable manifold endoved with pseudo-
Riemannian metric G and a (1,1) tensor field F' such that, with respect
to the local coordinates, holds

FAFE = 54, FY¥FPGpp = —Gap, VpFh =0. (2.1)

Here V is the Levi-Civita connection of (]\A/f, G)and A,B,C,D € {1,2,...,2m},
2m = dim M. The manifold (M,G, F) is said to be anti-Kéhler manifold
[12]. In some papers (M,G, F) is named B-manifold ([6],[7],[13]) and in
some others - the Kéhler manifold with the Norden metric ([8],[9]).

The manifold (M, G, F) is orientable and evendimensional. The metric
G of such a manifold is indefinite and the signature is (m, m). Also, tr F' = 0.

We denote by

R ABCD - the Riemannian curvature tensor,

PAB = RCA pc - the Ricci tensor,

E AR = FfﬁDB - the second Ricci tensor,

R=GAB5,p - the scalar curvature,

k= GAB ; 1p - the second scalar curvature.
Since VF = 0, the curvature tensor and the Ricci tensors satisfy

FYFMRryvep = —Rapep

FYFE prav = —pas (2.2)
x T

FXFE by = — pas -

The manifold (M, G, F) is of pointwise constant totally real sectional
curvature if at p € M, ([6], [7]):

Rapcp =

K(p
47”(77(?)—1)(GADGBC ~ GacGpp — FYGLpFg Guc + FAGLeFE Gup)

k(p)

— Fk L _ FL _ FL _
4m(m_1)(GAD 5Grc + GpoF{Grp — GacFgGrp — GepFiGrc)

(2.3)
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If m > 3, both functions K and % are constants.
Now, we consider a differentiable submanifold M of M , dim M = 2n,
n =m — 1. Suppose that M is expressed in each neighbourhood U of M by
the equations
o =),

where 24 are the local coordinates of M in U and u® are the local coordinates

in U = ﬁﬂM Lowercase Latin indices a,b,c,...,%,j,k,... run over the
range {1,2,...,2n}. M is said to be a h-hypersurface (holomorphic hypersur-

face) of M if the restriction g of G on M has the maximal rank and the
complex structure F' leaves invariant the tangent space of M at each point
p € M. F induces on M the complex structure f such that (M,g, f) itself
is an anti-K&hler manifold [4]. Similarly to (2.1) and (2.2), we have

fefi = =6l foflgw=—gy, Viff=0,

%
fiaf;')Rablm = _Rijlrru Pij = fz‘apaj , (2 4)
* * :
FEfLpab = —pij » FEE) Pay = — Pijs

where V is the Levi-Civita connection with respect to the metric g, and
Rijim, pij and ,Ez-j denote the local components of the Riemannian curvature
tensor, Ricci tensor and the second Ricci tensor, respectively. We denote by
k and £ the scalar curvature and the second scalar curvature of (M,g,f).

Because F' leaves invariant the tangent space of M, it leaves invariant
the normal space, too. There exist locally vector fields Ny and Ny normal
to M, such that ([4]):

GABNllAN1|B = —GABN2‘AN2|B = 17 GABNllAN2|B = O’
A
F§N1|B == 2\Aa F§N2‘B =

Denoting by h and k the second fundamental forms corresponding to NNy
and Ny respectively, we have

hij = fi'kaj,  kij = —f{'haj - (2.5)
Also, we shall use

2 _pa 3 _pap2
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It is easy to see that the following conditions are satisfied
Fifhay = =hij, [ fTkay = —kij |
fithaj = fihais  fikaj = [{kia,
Wiy =hji S Sihay = —hl,  fihG = [,

jio i

(2.6)

hiy =3 FfThey = —hl fihG = [N

710 YR

Let at p € M, A and D be two symmetric (0,2) tensors and B the
curvature like tensor, satisfying

FifP Ay = —Ayj, fi Doy, = —Dij (2.7)

fz‘af]l?Bablm = _Bijlm (2.8)

Let T be a (0,4) tensor. We define the tensors B - A, B - T, Q(A, D),
Q(A, B) by the formulas

(B ) A)TSij = AajB%rs + AiaBajrsv (29)

(B . T)rsijlm = ajlmBC;rs Tz’almBajrs + TijamBalrs + T%jlaBamrsa (2-10)
Q(Aa D)rsij = Am’Dsj + Aersi - AsiDrj - Astm'

(2.11)
— 2 f2(AuiDyj + AajDyi — ApiDaj — ApjDai),
Q(A7 B)rsz'jlm = Aristlm + Aerislm + ArlBijsm + ArmBijls
_AsiBrjlm - AsjBirlm - AslBijrm - AsmBijl'r
(2.12)

— 2 f2 (AuiByjim + AajBibim + AaiBijom + AamBiji
— ApiBajim — AbjBiaim — AviBijam — AvymBijia) -

Remark. The operator @) of a semi-Riemannian manifold (M, g) is
defined in the following way (e.g. see [1],[2],[3]):

Q(A, D)Tsij = AriDsj + Aersi - AsiDrj - ASjDTi7
Q(A, B)rsijim = AriBsjim + ArjBisim + AriBijsm + ArmBijis
—AsiBrjim — AsjBirim — AsiBijrm — AsmBijir-

Thus, (2.11) and (2.12) are the same operators, but adopted to the
complex structure of the manifold.
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We note that

Q(A,D) = —-Q(D,A) and therefore Q(A,A)=0,
Q(fA, fD) = —Q(A,D) and therefore Q(fA,D)=Q(A, fD), (2.13)

For the latter use, we present

Lemma 2.1 ([4]) Let as a point p € M, A and D be two symmetric
(0,2) tensors satisfying (2.7). If

Q(A,D) =0, (2.14)

then
D =3§A+6fA, 5,6 € R. (2.15)

Proof Let X be a vector such that
XX Ay =w #0, XX A =0 #0,
where X* = fX® We put
n=XX"Dy,  71=X"X"Dy,.

Transvecting (2.14) with X* X", and symmetrizing the resulting equality, we
get
wDgj —nAsj — O fdDaj +11fAaj =0,

from which it follows that
wfiDaj —nfi'Aej + 0D —NA;; =0
These two relations imply

_wntwn o wl—Wwn L,

) w2 _{_(‘—)2 ) w2+@2 1 Seaj

But this is just the relation (2.15). O
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3. H-hypersurface of an anti-Kdhler manifold of constant totally real
sectional curvatures

The Gauss equation for an h-hypersurface (M, g, f) reads

7 Azt 92P 92C 2P
ABCD 5 7 00 0wl dum

= Rijim — (himhji — hithjm) + (Kimkji — Kikjm).

Now, we suppose that the ambient manifold (]T/f ,G, F) is a manifold
of constant totally real sectional curvatures. Then, substituting (2.3) into
above Gauss equation, and taking into account that m =n + 1, we get

*
Rijim = K Gijim + K f{'Gajim + Eijim (3.1)
where

Gijim = 9im9j1 — 9iGjm — fim[it + fifim » (3.2)
Eijim = himhji — hithjm — Eimkj + Kiakjm (3.3)

- ~>|<

K * K
K=—— K=———— 3.4
dn(n+1)’° dn(n+1)"° (34)

and fij = f{gaj-
The relation (3.1) yields

*
pim =20 — (K gim + K fim) + tr h hipy +tr k f&ham — 2h2

(3.5)
*
Dim = 2(n — V)(K fimn — Kgim) +tr b fham — v k him — 2f2h2,,
and therefore
k=4n(n — 1)K + (tr h)* — (tr k)* — 2tr (h?),
B} " (3.6)
= —4n(n —1) K — 2tr h tr k — 2tr (fh?).
We note that, because of k;j; = —f{hs;, we have tr k = —tr (fh). In

view of (3.1), we have

ES
R-R=KG-R+ K(fG)-R+E-R.
Using (2.12), we can easy to see that
G-R=Q(g,R), (fG)-R=Q(fg,R).
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Therefore .
R-R=KQ(¢9,R)+ KQ(fg,R)+E-R. (3.7)
On the other hand

E-R=K(E-G)+ K(E-fG)+E-E.

But
(E- G)rsijlm =

= GojimE% s + GiamEGrs + GijamEYs + GijiaE s

= gj1 (Emirs + Eimrs) — Gjm (Eirs + Eirs)
+9im (Eijrs + Ejirs) — git (Emjrs + Ejmrs)
—fom (17 Eajes + 17 Bairs) + Fit (£ Bajrs + £ Bamss)
—fit (fmBairs + [ Eamrs) + fim (f{ Bairs + [ Eairs) =0,

because of

Emirs = _Emirs and frglEairs = _ngamrs .
Similary we have E - fG = 0, and therefore (3.7) reduces to
*
Finally
(E ’ E)rsijlm =
_ 2 2 2 2
- - [hm‘Esjlm + hrjEislm + hrlEijsm + hrmEijls
— 1% Erjim — 13 Eivim — h3i Eijrm — B Eijir
— 1282 (2 Evgtom + 12 Bivim + Wi Bigom + i By
_hgiEajlm - hl%jEialm - hl%lEijam - hl%mEijla)}
= —Q(hQ, E)rsijlm-
Thus, we can state

Proposition 3.1. The relation

*
(R . R)T’sijlm = KQ(97 R)Tsijlm + KQ(an R)Tsijlm - Q(h27 E)?"sijlm (38)
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holds good for any h-hypersurface of an anti-Kdhler manifold of constant
totally real sectional curvatures.

Transvecting (3.8) with ¢/ we get

*
R-p=KQ(g,p) + K(fg,p) + Q(h,tr h h*> +tr k fh* —2h3).  (3.9)
Thus, we have

Proposition 3.2. The relation (3.9) holds good for any h-hypersurface
of an anti-Kdahler manifold of constant totally real sectional curvatures.

4. H-pseudosymmetry

In the case of anti-Kéhler manifolds, we adopt the conditions (1.1) and
(1.2) to the complex structure of the manifold introducing the following

Definition. The anti-Kdhler manifold (M, g, f) is said to be h-pseudo-
symmetric if the condition

R-R=Li1Q(g, R) + £2Q(fg. R) (4.1)

1s satisfied on some set U C M, where £1 and Lo are some scalar function
on U.

The manifold (M, g, f) is said to be Ricci h-pseudosymmetric if the con-
dition

R-p=L1Q(g,p) + L2Q(fg.p) (42)

is satisfied on U.

Now, we consider h-hypersurface (M, g, f) of the anti-Kéhler manifold
of constant totally real sectional curvatures. Then, according to the Propo-
sition 3.2, the relation (3.9) holds good. Thus, if (M,g, f) is also Ricci
h-pseudosymmetric, then we have

(Lr—K)Q(g, p)+ (La— K)Q(fg,p) = Q(h,tr b h2+tr k A2 —2h%). (4.3)
We shall examine two cases.
Case (1). If
Li=K  and  Lo— K, (4.4)
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then (4.3) reduces to
Q(h,tr h B 4+tr k fh* —2h3) =0

and, in view of Lemma 2.1, we have

B = %trhh2+%trkfh2+6h+5fh. (4.5)

Conversely, if (4.5) holds, then
Q(h,tr b h? +tr k fh% — 2h3) =
= —20Q(h,h) — 25Q(h, fh) =0,

and (3.9) reduces to

i.e., (4.4) holds.
Thus, we can state

Theorem 4.1. Let (M, g, f) be h-hypersurface of the anti-Kdihler man-
ifold (M,G,F) of constant totally real sectional curvatures. Then (4.5)
is the necessary and the sufficient condition for (M,g, f) to be Ricci h-
pseudosymmetric on the appropriate set U C M such that (4.4) holds.

Remark. According to (3.4), (4.4) turns into

~ *
K K

L= —— Lo—= —— "~

"Tntn+1) 2 dn(n+1)’

where % and £ are the first and the second scalar curvatures of M and
dim M = 2n.

Corollary. Let (M,g, f) be h-hypersurface of the flat anti-Kdhler man-
ifold. Then (4.5) is the necessary and the sufficient condition for (M, g, f)
to be Ricci semisymmetric.

Case (2) If

- kS
K K

M=Li—— 20 and N =Lot — "
! ! 4n(n—i—1)# o 2 2+4n(n+1)

#0,
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then (4.3) gives
MQ9,0) + 22Q(fg.p) = QU tr h W2+t k fh2—20%) . (4.6)
from which it follows that
MQ(fgp) = 22Q(g, p) = —Q(h,tr k h* —tr h fR* +2fh%) . (47)
In the local coordinates, the left hand side of (4.6) is the following
M (Gripsj + GriPsi — GsiPrj — GsjPri — fri Psj — frj Psi + Fsi Prj + Fsj Pri)
A2 (fripsj + fripsi — fsiprj — fsjpri + gri Zsj + rj Dsi — 9si ;Tj — Gsj Dri)s
from which, by transvection with ¢"* we get
M(2np — kg + Kfg) +Aa(2n p— rfg— kg).
In the similar way, we obtain from
Q(h,tr h h* 4+ tr k fh% — 2h3)
the following expression
= [trh o Btk e (FR2) — 260 B3 b (o hote(fR2) = tr k tr B = 26(fB%)] fh
+ [ (o )2 = (tr K)?) B2+ 260 ook B2 — 2w h B® = 2wk fR° .

Thus, as a consequence of (4.6), we have

MQ(2np— kg + Rfg,h)+XQ(2n p—rfg— kg h)
= — [(trh)? = (tvk)?| Q(h, h?) — 2trh trk Q(h, f1?) (4.8)
+2trh Q(h, h3) 4 2trk Q(h, fh3) .
But, the right hand side of (4.8) can be written in the form
|[—(erh)? + (trk)?| Q(h, h?) — 2trh trk Q(h, fh?)
+2trh Q(h, h?) + 2trk Q(h, fh3)
— _trh [trh Q(h, h?) + trk Q(h, fh?) — 2Q(h, h3)]
ttrk [trk Q(h,h2) —trh Q(h, fh2) + 2Q(h, fh3)}
= —trh Q(h,trh h* 4+ trk fh% — 2h3) + trk Q(h, trk h® — trh fh? + 2fh?)
= —trh [MQ(g, p) + A2Q(fg, p)] + trk [-MQ(fg,p) + X2Q(g,p)] ,
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because of (4.6) and (4.7). Thus, (4.8) is of the form
MQ2np — kg + Kfg,h)+XQ(2n p—rKfg— kg h)
==X [trh Q(g, p) + trk Q(fg, p)] + A2 [trk Q(g,p) — trh Q(fg,p)] -
On the other hand, using (3.5), we have

(4.9)

Q(2np — kg + Kfg,h)
— [n(n— 1)K — K] Q(g,h) + [4n(n 1)K+ 72} Q(fg,h) + 4nQ(h, h2) .
Similarly
Q2n p—rfg— Rg.h)
= [4n(n — 1)K — k] Q(fg, h) — [4n(n DK+ 2} Q(g, h) + 4nQ(h, fh?)
such that (4.9) becomes

M{n(n — DK — 5]Q(g,h) + 4n(n — 1) K + KQ(fg, h)

+4nQ(h, h*) + trh Q(g, p) + trk Q(fg, p)}
(4.10)

a{[An(n — DK — KQ(fg,h) — [n(n— 1) K + HQ(g, h)
+4nQ(h, £12) — trk Q(g,p) + trh Q(fg,p)} =0 .

If we set

P= [n(n— 1K — slQ(g.h) + [4n(n — 1) K + £1Q(fg.h)
+4nQ(h, h?) + trh Q(g, p) + trk Q(fg. p) ,
then

[P = [n(n— 1)K — rlQ(fg,h) — [4n(n — 1) K — £Q(g,h)
F4nQ(fh, 1) + trh Q(fg.p) — trk Q(g.p) -

But
Q(h, fB*) = Q(fh, h?) .

This means that (4.10) can be expressed in the form

MP+XfP=0.
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This relation, together with
— P+ MfP=0,

yields
A\ +A)P =0,

and P = 0 if at last one of the conditions A\; # 0 and A\s # 0 is satisfied.
Thus we have

n(n — DK — KQ(g,h) + [An(n — 1) K + F1Q(fg,h)
+4nQ(h, h*) + trh Q(g, p) + trk Q(fg,p) =0,

. [An(n — 1)K — k + (trh)? — (trk)?]Q(g, h)

+[4n(n — 1) K+ &+ 2trh trk]Q(fg, h) (4.11)
—2trh Q(g, h?) — 2trk Q(g, fh?) + 4nQ(h, h?) =0,

because of

Q(g,p) = trh Q(g,h) + trk Q(g, fh) — 2Q(g,h*)

Finally, according to (3.6),
dn(n — 1)K — k4 (trh)? — (trk)? = 2tr (h?),
dn(n — 1) I*( + f2trhtrk = —2tr(fh?),
and (4.11) becomes

trh?Q(g, h) — tr (fh*)Q(fg, h)
—trh Q(g,h?) — trk Q(g, fh?) + 2nQ(h, h?) =0 .

On the other hand,

(4.12)

Q(h—@gthr(fh) trh29+tr(fh2)

h? —
2n 2n 19, 2n on

h? h?
= QU 1)+ QU Sy — (g, UMD g

Q. 502+ QUo, ).

f9)
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This, in view of (4.12), means that

trh tr(fh) 5 trh? tr(fh?) B
Q(h—2n9+ 5 19 W =5 gt — fg)=0
from which, applying Lemma 2.1, we get
o trh®  tr(fR%) o trh  tr(fh)
W =5 g+ — —fg=0h— 5 g+ — —fg)
- trh tr(fh)
O(fh — —fg—
HO(fh— 5 -f9———9)
or
h? = 6h+0fh+ pg+ ifyg (4.13)
where )
_ trh trh <tr(fh)
#= 2n 6% 0 on
2
o U () st
2n 2n 2n

Conversely, if (4.13) holds, then

Qh+46fh+ ug+ ifg, E)
= 0Q(h, E) +0Q(fh, E) + puQ(g, E) + iQ(fg, E).

Q(r?, E)

But

and therefore
Q(h* E) = uQ(g, E) + iQ(fg, E) . (4.14)
On the other hand, in view of Q(g,G) = Q(fg,G) = 0, we have
* B *
pQ(g, KG+ KfG)=0,  pQ(fg, KG+ KfG)=0,
that is, the relation (4.14) is equivalent to
* *
Q2 E) = uQ(g, KG + KfG +E) + iQ(fg, KG+ KfG+E).

In the other words
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Q(h*,E) = nQ(g, R) + iQ(fg, R) - (4.15)

According to the Proposition 3.1, for any h-hypersurface of the anti-
Kéhler manifold of constant totally real sectional curvatures, the relation
(3.8) holds, which, in view of (4.15) becomes

R-R=(K - QG R)+ (K — ))Q(fg. R)

This means that if (4.15) holds, then (M, g, f) is h-pseudosymmetric. But
h-pseudosymmetric manifold is Ricci h-pseudosymmetric, too. Thus, we can
state

Theorem 4.2. Let (M, g, f), dim M = 2n, be a h-hypersurface of the

anti-Kdahler manifold (M, G, F') of constant totally real sectional curvatures.

Let & and R be the first and the second scalar curvatures of(M, G,F). Then
(4.13) is the necessary and the sufficient condition for (M,g, f) to be, on
the appropriate set U C M, Ricci h-pseudosymmetric such that at least one
of the relations

- Tk
K

i Loy #

ﬁl#ma

dn(n+1)
1s satisfied.

5. Remark. H-pseudosymmetry is also considered in [5]. In that
paper it is proved that every anti-Ké&hler manifold satisfying the Roter type
equation

R(X\)Y,Z, W)= NI(X,Y,Z, W)+ NT(fX,Y, Z,W)
FN3G(X,Y, Z, W) + NuG(fX,Y, Z,W) ,

on some set U C M, is h-pseudosymmetric, where

DX, Y, Z,W) = p(X,W)p(Y,Z) — p(X, Z)p(Y, W)
— DX, W) DY, Z) + p(X,Z) p(Y, W),

and Ny, ..., N4 are some scalar functions on U.
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