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Abstract. In this study, we research geodesics of tubular surfaces which is
founded by using two-parameter spatial motion along a curve in Minkowski
3-space. To do this, we solve differential equation DT = 0 of parametric
curves on the tubular surface where D is the connection of tubular surface and
T is the unit vector field of two parametric curves on the tubular surface in
particular. It is shown that for fixed s, all of parametric curves of the tubular
surface M = ¢(s,t) are geodesics and for fixed tonly the curves ¢; — o(s) are
geodesics.
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1. Introduction

Let R3 = {(r1,72,73) | r1,72,73 € R} be a 3-dimensional vector space, r = (rq,72,73)
and s = (s1, 82, $3) be two vectors in R3. The Lorentz scalar product of the vectors
r and s is defined by

(ry8)p, = —ri181 + ross + r383.

The space R} = (R3, (,) L) is called 3-dimensional Lorentz space, or Minkowski
3-space. The Lorentz vector product of the vectors r and s is defined by

r AL § = (r2S3 — I382,T183 — I'381, 7251 — I'1S2) .

The vector r in R? is called a spacelike vector, a lightlike (null) vector or a time-
like vector if (r,r), > 0, (r,r);, = 0 or (r,r); < O respectively. The norm of the
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vector r is defined by ||r||, = /|(r,7) | and 7 is called a unit vector if ||r|, =1
[4]. Semi-orthogonal matrix providing rotation the angle (hyperbolic) ¢ around the
vector ¢. Denote by {T(s), N(s), B(s)} the moving Frenet frame along the curve
a(s). Then T, N and B are the tangent, the principal normal and the binormal
vector of the curve a(s) respectively.

If a(s) is a spacelike:
Case 1. Let T be spacelike, N spacelike and B timelike. This set of orthogonal
unit vectors, known as the Frenet-Serret frame, has the following properties

<T7T>L = <N7 N>L = 17 <B7B>L = _17

(T,N), =(N,B),=(T,B), =0
and

T =kN,N = —xT+7B,B = 1B.
where x and 7 curvature of the curve a(s) respectively. Given this set of coordinates,
let a(s) be a curve parameterized by the arc length (s) and let T'(s) be the vector
T(s) = o' (s) where the prime indicates differentiation with respect to s. While

there might be other canonical parameterizations, only a parameterization by the
arc length leads to a normalized vector T'(s).

Case 2. Let T be spacelike, N timelike and B spacelike. This set of orthogonal
unit vectors, known as the Frenet-Serret frame, has the following properties [4]:

(T,T)L =(B,B) =1,(N,N) = -1
(T,N) =(N,B) =(I'B)L =0
and
T =kN,N =kT +1B,B =7B.
The shape of the matrix depends on the type of the vector ¢ as the following [2].

i If 04(;) is a spacelike vector, then

(1.1) Ay(s,t) = I+ C -sinht + C? - (=1 + cosht)
ii. If (Tsj is a timelike vector, then

(1.2) Ag(s,t) =1+ C -sint + C?- (1 — cost)

If C is a semi-skew symmetric matrix, then

0 c3 —co

C€Rg‘,OT:*€C€,C: cs 0 —C1 R
C(3,1) = . 0_020 a 0
GERe=| 0 1 0
0 0 1

Then, let P denote the ground vector and P denote the column matrix form of
the point. The equations
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(1.3) C-P=7CNTD
and
(1.4) CAL(EAL )= (. D)+ ()P

are valid. Therefore, from equation (1.1) and if ¢(s) is a spacelike vector, then
Ai(s,t)P = [I + C -sinht + C? - (=1 + cosht)] P.
—
From the equation (1.2) and if ¢(s) is a timelike vector, then
Ay(s,t)P = [I+C-sint+C?- (1 —cost)] P.
Using the equations (1.3) and (1.4), we get

(1.5) Ay(s,t)P = p cosht+ (¢, )¢ (1 —cosht)+ (¢ A p)sinht
and

(1.6) As(s,t)P = p cost — (¢, p)rc(1—cost)+ (¢ A p)sint.

Let a be a space curve given by
a:I—RY s — afs)

be differentiable as for s € I C R. In additional, let a vector field defined C(s) along
the curve a(s) be given as

c 04<I)_)UT]R§
sel

s = o) = (als),¢(5)) = (s) | age) -

Let C(s) be a semi-skew symetric matrix defined by the vector ¢ for all s € I. The
matrices Aj(s,t)and As(s,t) are semi-orthogonal matrices defined by C(s). The
moving Frenet frame defined along the curve a([) is {a(s), T(s), N(s), B(s)} and p
is a fixed point according to the frame. With these notations and assumptions, we
can give the following definition:

Definition 1.1. The motion ¢(s,t)(P) = A 2(s, t)P+a(s) is called the two parame-
ter motion defined along the curve in Minkowski 3—space [1]. Here p(s,t)(P) indicates
a trajectory level.
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Let us give some properties of the ¢(s,t)(P). We will always use the {?, ﬁ, ?}
_— — —
instead of the Frenet frame {T(s),N(s),B(s)} for the rest of our work. We will

N
also choose the tangent vector field T instead of the vector field €. A trajectory of
the point P indicates a surface under the two parameter motion. The equation of
this surface is

i. If ¢ is a spacelike vector, then from equations (1.1) and (1.5), we have
(1.7) p1(s,t)(P) = P cosht + (T, P)r(1 — cosht) T +sinht- (T Ay P) + als).
ii. If ¢ is a timelike vector, then from equations (1.2) and (1.6), we have

(1.8) a5, 8)(P) = P cost — (T, P)p(l —cost) T +sint(T Ap 7))+ als).

2. Helices on tubular surfaces

. . . - = = .
In this section, we will use frame {T , B, EQ} instead of Frenet frame of the curve

and our calculations will be constructed on this case, where F; and Fs are indepen-
dent from choosing of the curve.

i. If a(s) is a spacelike curve, then tangent Tisa spacelike and we have the
following cases:
.
Let’s take ' = AE1, A € R in two parameter motion (1.7).

— — —
(a) T spacelike, F; timelike and Es spacelike. We have
(2.1) w1(s,t)(p) = )\El) cosht + )\E_)'g sinht + «(s)

which is parametric equation of tubular surface in Minkowski 3-space
defined along the curve a(s). If we take as a(s) = (0,0, s), T = (0,0,1)
and another frame ﬁ = (1,0,0), E; = (0,1,0), and substitute in equa-
tion (2.1), then we have

©1(s,t)(p) = (Acosht, Asinht, s)

which is a Lorentz cylinder.

— — —
(b) T spacelike, E; spacelike and Fs timelike. We have
(2.2) v1(s,t)(p) = )\E cosht — )\E_>'2 sinht + «(s)

which is parametric equation of tubular surface in Minkowski 3-space
defined along the curve a(s). If we take as a(s) = (0,0,s),? =
(0,0,1),17.]1) = (0,1,0),172> = (1,0,0), and substitute in equation (2.2),
then we have

v1(s,t)(p) = (=Asinht, Acosht,s)

which is a Lorentz cylinder.
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ii. If a(s) is a timelike curve:
Let’s take p = /\E, A € R in two parameter motion (1.8). We have
(2.3) 0a(5,1)(p) = AEy cost + AEasint + a(s)
which is parametric equation of tubular surface in Minkowski 3-space de-
fined along the curve a(s). If we take as a(s) = (s,0,0), T = (1,0, 0)7271> =
(0,1,0), E = (0,0,1), and substitute in equation (2.3), then we have
wa(s,t)(p) = (s, Acost, Asint)
which is a Lorentz cylinder.

Let’s take t = s. Then a curve on the tubular surface is obtained. The equation
of this curve from equation (2.1) is

(2.4) B(s) = )\E_’{ cosh s + )\E) sinh s + a(s).
From equation (2.2), it is
(2.5) B(s) = )\E{ cosh s — )\F'Q sinh s + af(s).
From equation (2.3), it is
(2.6) B(s) = AE; cosh s — AEssinh s + a(s).

These curves are helix curves on the tubular surfaces in Minkowski 3-space.
If a(s) = (0,0, s) is a spacelike curve, then

(2.7) B(s) = (cosh s,sinh s, s)

— — —
is obtained from equation (2.4), where T = (0,0,1), F; = (1,0,0), F> = (0,1,0) and
A =1

(2.8) B(s) = (—sinh s, cosh s, )

— — —
is obtained from equation (2.5), where T' = (0,0, 1), E; = (0,1,0), E5 = (1,0,0) and
A=1.

If a(s) = (s,0,0) is a timelike curve, then

(2.9) B(s) = (s,coss,sin s)

— — —
is obtained from equation (2.6), where T' = (1,0,0), E; = (0,1,0), E5 = (0,0,1) and
A=1.
These curves are helix curves on the cylinder in Minkowski 3-space with z-axis or
T-axis.

3. Tubular surfaces defined by 3(s)

In this section, we investigate tubular surfaces by using ((s) curves in equations
(2.4), (2.5) and (2.6). Furthermore, we can use Frenet frame of the curve. For the

equations of tubular surfaces from equation (1.7),
—_— —

(3.1) ©*(s,t)(P*) = AN*(s) cosht + AB*(s) sinht + 3(s)

and
—_— —_—

(3.2) ©*(s,t)(P*) = AN*(s) cosht — AB*(s) sinh ¢ + 3(s)
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— —
are obtained, where p* = AN*. Furthermore, from equation (1.8)
(3.3) ©*(s,t)(p*) = AN"(s) cost + AB*(s)sint + [(s)
is also obtained. We can find the equations of tubular surfaces with the helping of
B(s) curves on the surfaces of the equations (2.1), (2.2) and (2.3).

(a) Tubular surface defined by S(s) = (cosh s,sinh s, s).
By using the curve §(s), then

T ! (sinhs, cosh s, 1)

= ——(sinh s, cosh s,
V2

N

N* = (—coshs,—sinhs,0)

N

*

1
= ——(sinhs,coshs,—1)

V2
are obtained. If we substitute these values in equation (3.1), where
— —
p* = AN* = A\(— cosh s, —sinh 5,0), A € R,

then
Asinh ssinh ¢

V2

(3.4) ©*(s,t)(p*) = | —Asinhscosht + M\/sﬁsinht +sinh s,

—Acoshscosht + + cosh s,

Asinh ¢
—ASIE 4
V2

is obtained. This shows the characterization of tubular surface.

(b) Tubular surface defined by 3(s) = (—sinh s, cosh s, s).

— /
Since T* = [ (s) = (—coshs,sinhs, 1), the curve is a null curve. Let’s
choose binormal vector field of the curve such that

4 "
B*=W; =0 (s) = (—sinhs,coshs,0).

— — — — —
We need to find the vector field N* such that(N*, N*);, = Oand (T*, N*), =

s

1. For that reason, we can find V vector such that (T, V) # 0. If we take

—

V =(1,0,0), then (77*), V)L # 0. If we substitute 7% and V' in equation

N <v 0] ’F) ,
(T*, V)L 2(T*, V)L

then

— 1 sinh s 1
N = Scosms’ 2y 2
cosh s’ 2cosh”s 2cosh”s
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is obtained. So, Frenet frame of null curve in Minkowski 3-space is obtained.
If we substitute these values in equation (3.2), then

%CC(())SS}};; + Asinh ssinh ¢t — sinh s,
(3.5) ©* (s, ) (p*) = % — Acosh ssinht + cosh s,
Acosht
2 cosh? s

is obtained. This shows the characterization of tubular surface.

(¢) Tubular surface defined by 3(s) = (s, cos s,sins).

— ’
Since T* = (3 (s) = (1, —sin s, cos s),the curve is a null curve. Let’s choose
binormal vector field of the curve such that

=W = ﬂ//(S) = (0, — cos s, — sin ).
We need to find the vector field N* such that <N* >L =0 and <T* N*)L
—>
t

,V>L 7'é 0. If we
and V in equation

/\

= 1. For that reason, We can find V vector such tha
take V = (1,0,0), then (T*, VL # 0. If we substitute

VoL (V wa>
(T*, V>L 2<T*, V>

ﬁ _ _17_sins7 COS S
2 2 2

is obtained. So, Frenet frame of null curve in Minkowski 3-space is obtained.
If we substitute these values in equation (3.3), then

l

*

N

then

_/\cgst ts,

(3.6) ©*(s,)(p*) = —w — Acos ssint,

% — Asinssint

is obtained. This shows the characterization of tubular surface.

4. Geodesic curves of tubular surfaces

Definition 4.1. Let o : I — M be a curve such that DT = 0, where D and T are
connection of M and unit tangent vector field of o respectively. Then « is called a
geodesics curve on M [3].

Now we are ready to state the following theorem.

Theorem 4.1. Let v : I — M be a curve. Then DyT = 0 if and only if ~y one of
the following curves.
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i. For any fized s, the corresponding curve.
ii. The curves m—o(s) which corresponds tot = 0 where M is tubular surface
given by equation (3.4).

Proof. If we denote the connections of R} and M, by D and D respectively, then we
can write the Gauss equation

(4.1) DxY = DxY +¢&(S(X),Y) .U

XY e x(M), (U,U), =¢e,e = F1 [3]. Where x(M) is vector space of tangential

vector fields on M and U is the unit normal vector field of M and S denotes the
Weingarten map of M. If we have X =Y =T, then (4.1) reduces to

(4.2) DrT = DrT +e(S(T),T) .U
on the geodesics curves, DT = 0, for this kind of curve we have
(4.3) DT +e(S(T), T) U =0.
On the other hand, since
(T, Uy, =0
or
(DT, U)r, + (T, DrU), =0
or
DU = S(T),

the last equation gives us
(T,8(T)). = (S(T), T)r = —(DrT,U)L
and equation (4.3) reduces to

(4.4) DrT — e(DyT,U) LU = 0.

i. In equation (3.4), choose those curves such that s = constant. Then for
these curves we have

—Acoshscosht + Asinh ssinh¢ + cosh s,
V2
(4.5) Y(t) = @s(t) = —Asinh scosht + Mj;inht + sinh s, ,
Asinh ¢
— 5= +s
V2
dy
_ _ dat
T
dt || 1,
h ¢ sinh h h h
T = (—coshssinht—f—cos tsin S,—simhtsinhs—i—COS tcos S,—COS t)
V2 V2 V2
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(4.6)

DT = (_ cosh # cosh s + sinh s sinh ¢ sinh ¢ cosh s _sinht)

,—coshtsinh s + ,
V2 V2 V2

On the other hand, for the unit vector field U we have

(4.7)
—coshtcoshs + wv
V2
do  dy |
U= dds det _ 1 — coshtsinh s + %’
"TfAL Tf“L \/|Sinh2t—cosh2t
_sinht
V2
or
DrT =U|
or

<DTT7U>L = <U7U>L =e=-1
and from (4.4) we have
DT — (71)<DTT, U>LU = DT + <DTT, U>LU =0

and so, the equation (4.2) give us D7T = 0 which implies that each of s =
constant parameter curve, lies on M is a geodesic.

ii. Now we take the curves n such that ¢ = constant on M then we can obtain
the parametric representation of 7 from (3.4) as

—Acoshscosht +

Asinh ssinh ¢
AN oY + cosh s,
V2

(4.8) n(s) = pi(s) = | —Asinhscosht + w +sinhs,

__Asinht

V2

In this case, the unit tangent vector field T of nis

+ s

dn
_ ds
T
ds L
. Asinh ¢ cosh s .
—Asinh scosht + 422989 4 qinh s,
V2
1 . .
T = —)\coshtcoshs—l—w—i—coshs,
V2

A2 sinh? ¢
\/1 + (1 = Acosht)? — =52
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and
(4.9)
—Acosh scosht + )\smhi\}fismhs + cosh s,
1 .
DrT = 3 . 12 f)\coshtsinhs+w+sinhs,
14+ (1= Acosht)? — Asinh” ¢ Sglh l V2
0
1 Asinh? ¢
DT, U)p, = —/\COSth-i-L—l—COSht .
2 2 2
14 (1—Acosht)? — %

If we write the equation (4.7) and (4.9) in equation,
DTT - (71)<DTT3 U>LU = DTT + <DTT, U>LU = 07

we obtain three algebric differential equations and since one of these equation in
being

1
———=sinht =0,

V2

the solution of this equation are ¢ = 0. If we put this value of ¢ in (3.4), we have
1(s) = vi=o(s) = ((1 — A) cosh s, (1 — A) sinh s, s)

which implies that only geodesic curves among the parameter curves ¢ = constant
are parametric curve which corresponds to t = 0. The converse of the proof of this
theorem in obvious. Since parameter curves in the equations (3.5) and (3.6) of the
surfaces are not getting the equation DyT = 0. Parameter curves are not geodesic
curves. This completes the proof. 1
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