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Abstract. A characterization of semi-continuous interval-valued multihomo-
morphisms on (R, +) has been given as follows : An interval-valued multifunc-
tion f on R is a semi-continuous multihomomorphism on (R, +) if and only if
f is one of the following forms : f(x) = {cz}, f(z) =R, f(z) = (0,00), f(x) =
(—00,0), f(z) = [cx,00) and f(x) = (—o0,cx| where ¢ is a constant in R.
Denote by SIM(R, +) the set of all such multifunctions on R. We show that
SIM(RR, +) is a semigroup under composition and it is a regular semigroup.
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1 Introduction

A multifunction from a nonempty set X into a nonempty set Y is a function
f:X — P(Y)~ {0} where P(Y) is the power set of Y. By a multifunction
on X we mean a multifunction from X into itself.

A multifunction f from a group G into a group G’ is a multihomomorphism
if

flry) = f(@)f(y)(={st|s € f(z) and t € f(y)}) forallz,y€G.

Multihomomorphisms between cyclic groups were characterized in [7]. These
characterizations were used in [2] to determine surjective multihomomorphisms
between cyclic groups. In [8], the authors provided some necessary conditions
of multihomomorphisms from any group into groups of real numbers under
the usual addition and multiplication.



A multifunction f from a topological space X into a topological space Y
is upper semi-continuous at a € X if for any open set V' in Y containing f(a)
as a subset, there exists an open set U in X containing a such that f(U) C V.
Such an f is called a lower semi-continuous at a € X if for any open set V'
in Y such that f(a) NV # ), there exists an open set U containing a such
that f(z) NV # 0 for all x € U. See [3], p.261. If f is upper semi-continuous
and lower semi-continuous at a € X, then we call f semi-continuous at a. If
f is upper semi-continuous [lower semi-continuous, semi-continuous] at every
point in X, then f is called upper semi-continuous [lower semi-continuous,
semi-continuous| on X. Evidently, the upper and lower semi-continuity as
well as the continuity at a € X of a single-valued function are identical.

Let R be the set of real numbers. By an interval-valued multifunction on
R we mean a multifunction f on R such that f(z) is an interval in R for
all x € R. Notice that interval-valued multihomomorphisms on (R, +) are a
generalization of homomorphisms on (R, +).

It is well-known that if f is a continuous homomorphism on (R, +), then
there is a constant ¢ € R such that f(z) = czx for all x € R. This result was
extended in [6] as follows :

Theorem 1.1 ([6]). Let f be an interval-valued function on R. Then f is an
upper semi-continuous multihomomorphism on (R, +) if and only if f is one
of the followings :

(i) There is a constant ¢ € R such that f(x) = {cz} for all z € R.

(i) f(z) =R for all z € R.

(73) f(z) = (0,00) for all x € R.

(i) f(x) = (—00,0) for all x € R.

(v) There is a constant ¢ € R such that f(x) = [cx,00) for all x € R.

(vi) There is a constant ¢ € R such that f(z) = (—oo, cx] for all z € R.

In [5], the authors extended the above known result to lower semi-continuous
interval-valued multihomomorphisms on (R, +). The following result was pro-

vided in [5].

Theorem 1.2 ([5]). Let [ be an interval-valued multihomomorphism on (R, +).
If f is upper semi-continuous on R, then f is semi-continuous on R.

For a nonempty set X, let B(X) be the set of all binary relations on X.
Then B(X) is a monoid under the composition defined by

cgop={(z,y) € X x X | (z,2) € pand (z,y) € o for some z € X},

having the identity function on X as its identity ([1], p. 13). If f and g € B(X)
are multifunctions on X, then gf (the composition of f and g) € B(X) is a
multifunction on X and

for all z € X, (9f)(z) = g(f(x))
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An element a of a semigroup S is called an idempotent if a®> = a. An
element a of S is called regular if a = axa for some x € S. Then every
idempotent of S is regular. We call S a regular semigroup if every element of
S is regular.

Next, let SIM(R, +) be the set of all semi-continuous interval-valued mul-
tihomomorphisms on (R,+). By Theorem 1.2, SIM(R, +) is the set of all
upper semi-continuous interval-valued multihomomorphisms on (R, +). Also,
SIM(R, +) € B(R). For convenience, for ¢ € R, let g, hR,h(o,m),h(_m,o)%C
and k. be the interval-valued multifunctions on R defined by

ge(x) = {cz},
hr(x) =R, b0y (x) = (0,00), b(—oo0)(x) = (—00,0),

ko(x) = [cx,00), k(1) = (—00, cx]
for all x € R. By Theorem 1.1,
SIM(R, +) = {gc | ¢ € R} U {h, ho,00), (=00} U {kes k. | ¢ € R}

Notice that g, is the identity function on R.
In this paper, we show that SIM(R, +) is a semigroup under composition

and it is a regular semigroup. In addition, the idempotents of the semigroup
SIM(R, +) are determined.

2 Main Results

First, we show that SIM(R,+) is a semigroup under composition, that is,
SIM(RR, +) is a subsemigroup of B(R). The following two lemmas are needed.

Lemma 2.1. For f € SIM(R,+), f(R) = R if and only if f is one of the

followings : g, hg, k. and k. where ¢ € R~ {0}.

Proof. We have that go(R) = {0}, h(,00)(R) = (0,00), b(—c0,0)(R) = (—00,0),
ko(R) = [0,00) and ky(R) = (—o00,0]. If ¢ € R~ {0}, then

9.(R) = (R =R,
c(U[$,oo)):cR:R if ¢ >0,
R®) = Jleroo) = { =
z€R c U(—oqx]) =cR=R ife<O,
zeR



C<U(—oo,x]):cR:]R if ¢ > 0,
k(R) = | (=00, cx] = veR

(0

zeR

zeR

=cR=R if ¢ < 0.

Since SIM(R, +) = {g. | ¢ € R} U {hg, h(0,00)s B(—000)} U {ke, k. | ¢ € R}, the
result follows. N

Lemma 2.2. The following statements hold for c¢,d € R.

(i) For a constant multifunction f on R and a multifunction | on R, fl = f.

In particular, if f € {go,hR,h(opo),h(,oo,o),go,ﬁo}, then fl = f for every
multifunction | on R.
() 9e9a = Gea,
(ZZZ) gchR = EChR = EchR = hR ZfC 7é 0,
, h(o oo if c >0, hi—s if c >0,
(ZU) gch(O,oo) = (0:00) . (7oe0) .
h(,oo’o) if c <0, h(o o) if c <0,
_ ked if c >0, k.4 if c >0,
(U) gckd = gckd
k. if ¢ <0, if ¢ <0,
Ecgd = Ecdvﬁcgd = Ecdv
h(o oo ‘ 0, h ' 0,
(vi) keh(o,00) = (0:00) Z.f € koo =14 Z.f €
hr if c <0, h—s0) if ¢ <0,
— h ‘ h_ )
k;ch(foo 0) = K ch =5 k/‘ch(foo,O) = (7oc0) ch >0
h(0,00) if ¢ <0, hr if ¢ <0,
__ k. ) 0, - h f ¢ >0,
(vii) Eokg =4 ye> keky =4 Ve
hg if ¢ <0, keq if ¢ <0,
— h ' k ’
Ky = R Z‘fC > 0, ko, _ Sk z.fc > 0,
k., if ¢ <0, hr if ¢ < 0.
Proof. (i) and (ii) are evident.

(iii) follows directly from Lemma 2.1.

(iv) and (v) are obviously seen.



(vi) If z € R, then

Fehooo(x) = | let.o0)

te(0,00)
c| | [too) | =c(0,00) = (0,00) = hu(x)  ife>0,
te(0,00)
c U (—o0,t] | =cR=R = hg(x) if ¢ <0,
te(0,00)

koo (@) = | (—o0,cl]
te(0,00)

c U (—o0,t] | =cR =R = hg(x) if ¢ > 0,

te(0,00)

| U o) | = e(0,00) = (=50,0) = sy ()
te(0,00) if c<O,

Feh(—oon)(x) = | ct,00)
te(—o0,0)

c U [t,00) | =R =R = hg(z) if ¢ > 0,

te(—o0,0)

k(@) = | (-0,

te(—o00,0)
C U (—OO,t] = C(—OO, 0) = (_007 0) = h(*oo,U)(x)
t€(—00,0) if c>0,
c U [t,00) | =R =R = hg(z) if ¢ <0,
L te(—o0,0)

so (vi) is proved.



(vii) Let z € R. Then

keka(x) = ] [et,0)

te[dx,00)
(
c U [t,00) | = c[dz, 00) = [cdx, 0) = keg() if ¢ >0,
te(dx,00)
c U (—o0,t] | =R =R = hg(z) if ¢ <0,
L te(dx,00)

Eckd(x) = U [Ctu OO)
te(—o0,dz]
(

c U [t,00) | = cR =R = hg(x) if ¢ > 0,

te(—oo,dz]

c U (—00,t] | = ¢(—00,dz] = [cdr,00) = keg(z)
te(—oo0,dz] if ¢ < 0,

\

kka(z) = U (—o0, ct]

te[dx,00)
(

c U (—o0,t] | =cR =R = hg(x) if ¢ > 0,

te[dx,00)

c U [t,00) | = cldx,00) = (—00, cdx] = k. 4(z) if ¢ <0,

te[dx,00)

te(—oo,dz]
(
c U (—o00,t] | = c(—o00,dx] = (—o00, cdr] = k4(x)
t€(—00,dx] if ¢ > 0,
c U [t,00) | = cR =R = hg(x) if ¢ < 0.
L te(—oo,dz]

Hence the proof is complete.



The following theorem is directly obtained from Lemma 2.2.

Theorem 2.3. SIM(R, +) is a semigroup under composition.

Theorem 2.4. All the idempotents of the semigroup SIM(R,+) are go, g1,
hR, h(()po), h(—oo,0)7 EO, El, EO and El'

Proof. 1t follows from Lemma 2.2(i), (ii) and (vii) that go, g1, hr, (0,00);

h(—0.0), ko, k1,ky, k, are idempotents of the semigroup SIM(R,+). If ¢ €
R\ {0}, then

92 =9c = g = e from Lemma 2.2(ii)
= =ge(1l) =g.(1) =c
=c=1,

Ei =k, = ke =kc.and ¢ >0  from Lemma 2.2(vii)
= ka(1) = k(1)
= [c*, 00) = [¢, )
=c=1,

K=k =ks=k andc>0 from Lemma 2.2(vii)
= k(1) = k(1)
= (—00,c?] = (—o0, d

=c=1.

Therefore the result follows, as desired. O

Theorem 2.5. The semigroup SIM(R, +) is a regular semigroup.

Proof. Since every idempotent is a regular element, it follows from Theorem
2.4 that go, g1, hr, h(0,00)5 M(=00,0)5 ko, k1, k, and k, are regular elements of the
semigroup SIM(R, +). Let ¢ € R\ {0}. Then by Lemma 2.2(ii), g.g.-19. =
Jec—1c = Ye- AlSO?

Ecgc—lgc = (Ecgc—l) ke

= koo ke from Lemma 2.2(v)
= kik,
=k = k. from Lemma 2.2(vii),

=k, .1k, from Lemma 2.2(v)
- El kc
=k. =k, from Lemma 2.2(vii).



Therefore SIM(R, +) is a regular semigroup, as desired. O

Remark 2.6. It follows from Lemma 2.2(i) and (vii) that for ¢ € R\ {0},

kike = ke if ¢ >0,

) hgke = hg if ¢ <0,
Ecktflkc (Eckcfl) Ec

| kk. =k, if ¢ >0,

) hek, = hg if ¢ < 0.

Therefore the equalities k.k. 1k, = k. and k.k, k. = k. hold only the case
that ¢ > 0.

e}

Remark 2.7. If e is an idempotent of a semigroup S, then the greatest sub-
group of S having e as its identity is

Ge={x €S |xe=exr=xand zy = yr = e for some y € S}.

([4], p-10). Thus if S has an identity 1, then G is the unit group or the group
of units of S and

Gi={z € S|zy=yx=1for somey € S}.

Let us consider G of the semigroup SIM(R,+) where f is an idempotent of
SIM(R, +). By Theorem 2.4, all the idempotents of SIM(RR, +) are

90, 91, hR7 h’(O,oo)a h(foo,0)7E0a Ela EOa El-
It follows directly from Lemma 2.2(i) that
GQO - {90}7 Gh]R = {hR}’ Gh(o,oo) = {h(O,oo)}a
Chi oy = U000 }: Gy = {ho}, G, = {Ko}-

Also, it can be seen from Lemma 2.2(i)-(vii) that the unit group of the semi-
group SIM(R, +) is

Gy = {gc [ c € R\ {0}}
which is clearly isomorphic to the group (R \ {0},). It follows from Lemma
2.2(1)-(vii) that

G, = {kc | ¢ > 0} and Gy, = {k, | ¢ > 0}.

Evidently, both Gy, and Gy, are isomorphic to the group ((0,c0), ).
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Notice

U {Gy | f is an idempotent of SIM(R, +)} C SIM(R, +).

This implies that SIM(R, 4) is not a union of groups. A semigroup S is called
an inverse semigroup if for every a € S, there is a unique element a~! € S such
that a = aa 'a and a™! = a~taa™!. Then every inverse semigroup is a regular
semigroup. By Theorem 2.5, the semigroup SIM(RR, +) is a regular semigroup.
It is interesting to know whether SIM(R, +) is an inverse semigroup. It is well-
known that a semigroup S is an inverse semigroup if and only if S is a regular
semigroup and any two idempotents commute with each other ([1], p.28).
From Lemma 2.2(i) and Theorem 2.4, we have that gy and hg are idempotents
and gohg = go # hg = hrgo. Therefore we deduce that SIM(R, +) is a regular
semigroup which is neither an inverse semigroup nor a union of groups.
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