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CONTINUITY OF THE HAUSDORFF DIMENSION FOR
SUB-SELF-CONFORMAL SETS

(COMMUNICATED BY SONGXIAO LI)

HUI LIU

ABSTRACT. Self-similar sets and self-conformal sets have been studied exten-
sively. Recently, Falconer introduced sub-self-similar sets for a generalization
of self-similar sets, and obtained the Hausdorff dimension and Box dimension
for these sets if the open set condition (OSC) is satisfied. Chen and Xiong
proved the continuity of the Hausdorff dimension for sub-self-similar sets under
the assumption that the self-similar iterated function system (IFS) satisfies the
OSC[I2]. We extend the notion of sub-self-similar sets to sub-self-conformal
sets. In this paper, we study the continuity of the Hausdorff dimension for
sub-self-conformal sets. For self-conformal sets some well-known properties of
self-similar sets are not true in general. So Chen and Xiong’s method does not
work in the case of sub-self-conformal sets. We offer a method to deal with it at
first. And then, by using the property of the shift invariant set in symbolic s-
pace we prove the continuity of the Hausdorff dimension for sub-self-conformal
sets.

1. INTRODUCTION

Self-similar sets and self-conformal sets have been studied in various ways. See
for example [1-9]. Let’s recall the concepts. Let X C R" be a nonempty compact
convex set, and there exists 0 < C < 1 such that

|w(w)—w(y)|§0|:1c—y|, VmaQEX-

Then we say that w : X — X is a contractive map. If each w;(1 < i < m) is
a contractive map from X to X, then we call (X,{w;}.~,) the contractive iter-
ated function system (IFS). It is proved by Hutchinson that if (X, {w;}~,) is a
contractive IFS, then there exists a unique nonempty compact set £ C R", such
that

E = _le-(E). (1.1)

m

Set F is called an invariant set of IFS{w;},_,. If each w; is a contractive self-similar

map, then we call (X, {w;}." ) the contractive self-similar IFS. Set E in (1.1 is an
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invariant set of {w;};-,, and it is called self-similar set. We call a map w defined
on some open set V' C R"™ a conformal map if w is continuous differentiable and
if w'(z) is a self-similar matrix for each x € V. If each w; is a contractive self-
conformal map, then (X, {w;}.",) is called the contractive self-conformal IFS, and
set F decided by is called self-Conformal set (see, e.g. [1][4][A]).

We say that {w;};~, satisfies the open set condition (OSC) if there exists a
bounded open set U such that

w;(U) CU and w;(U) Nw;(U) =¢ (i # j).

Recently, Falconer introduced sub-self-similar sets. Let {w;};~, be a self-similar
IFS, and let F' be a nonempty compact subset of R™ such that

s

Il
-

%

This set F is called sub-self-similar set for {w;}]*, (see [L0]). It is easy to see that,
self-similar sets is a class of special sub-self-similar sets. At the same time, Falconer
obtained the formula for the Hausdorff and box dimension of the sub-self-similar
sets, if {w;};", satisfies the open set condition. In [I1], we gave the definition of
sub-self-conformal sets similarly:

Suppose (X, {w;},~,) is contractive self-conformal IFS, and a nonempty compact
subset of X, F satisfies the condition

m
1=

Then we call F' a sub-self-conformal set for{w;}
for their Hausdorff and box dimension.

In this paper, we will study the continuity of the Hausdorff dimension for sub-
self-conformal sets. Note that in [12], Xiong and Chen proved the continuity of the
Hausdorff dimension for sub-self-similar set. But their method does not work in
the case of sub-self-conformal sets. We offer a method to deal with it at first, and
then their method is valid.

We introduce our notation at first.

By a symbolic space we mean the infinite product space ¥ = {1,2,--- ,m}N,
ie. ¥ = {(i1,42, ) :1<1i; <m}.We write Q = ng0{1,2,~~ ,m}". For I =

1- And we obtained the formula

(i1,42,---) € ¥ and k € N*, we write
Ilx = (inyin, - yig), 11" = (s, ingz, ), Se={Ilx: I € T}

The shift transformation on X is defined by (1) = I|*. Throughout the paper we
let o € E. For I = (i1,42, ), J = (J1,J2, ) € X, define a metric p on 3 by

0, if T=J:

p(I,J)=4 L if 1 # g

‘w’llk(xo)‘ , ifk=max{l:I|;=J|}.

Let {w;};", be defined as above, and B be any closed ball in R" large enough to

ensure that w;(B) C B, (i = 1,2,---m). Since each w; is contractive, it is easy to
see that the sequence of balls wy), (B) := w;, o wy, o --- 0w, (B) decreases with k
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and has intersection a single point. Then we let 7 : ¥ — R" be defined by

W(I) = m Wiy © Wiy o"'owik(B)7
k=1
or
m(I) = kli_{r;owil owg, 0---ow;, (2), VzeR"

By using the symbolic space, we state our main result as follows:

Let F be a sub-self-conformal set, and dimy(F) = s, then for any t € [0, 5],
there exists a sub-self-conformal set F’ such that dimgy (F’) = t.

Our paper is organized as follows. In section 2, we study symbolic dynamics,
and we set up a relationship between a sub-self-conformal set and a compact subset
of the symbolic space. In section 3, we will study further the continuity of the
Hausdorff dimension for sub-self-conformal sets.

2. PRELIMINARIES

Proposition 2.1[4] Suppose 7 be defined as above, then the map 7 : ¥ — R"
is continuous.

Similarly as the case of sub-self-similar set, we have this conclusion. This con-
clusion will be found in [11I]. We include it for completeness.

Lemma 2.1 F is a sub-self-conformal set for the IFS{w;}.", if and only if there
is a set K, which is a shift invariant closed subset of 3, such that

F =n(K).

Proof. Let F be a sub-self-conformal set for {w;},",, then F' C Lnj w;(F). We
define K as follows =
K = {(ir,iz, ) : (i, k41, ) € FVk € ZT}.
Obviously, for any I € K, we have 6(I) € K. Then we will prove that F = 7(K).
By the definition of K, we have w(K) C F. Since F C '61 w;(F), then for any

xo € F, we can find some 21 € F such that zy = w;, (z1), for some iy : 1 < i3 < m.
Similarly we have 1 = w;, (z2) for some x5 € F and 1 < is < m, and so on. We
get a sequence {x,} C F and i, : 1 <14, < m satisfy the condition

o
Tp—1 = nlggowlk O Wipyy O Owln(xn) = rlwik S sz7(‘B) € F7 Vk € zZ*.
j=

So xg € F.
Conversely, let K be a compact subset of ¥, and 8(I) € K for any I € K.

Suppose F' = 7(K), then we will prove that F C |J w;(F). In fact, for any
i=1
x € w(K), there exist some I = (iy,1i2,---) € K such that
r=n(I)= lim w;, o---ow;, (z), VzeR"
k—o0 ’
Since I|' = (ia,i3,---) € K, then

m

& = w;, (r(I]') € wy, (n(K)) € | wi(n(K)).

=1
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m
So m(K) C |J w;(n(K)), i.e. F is a sub-self-conformal set for {w;}.~,. B

For each k € N, let
Kp,={Ilx: T € K}.
And s(k) € R be determined by the following equation:
> fwp@) ™ =1
I€K,
Proposition 2.2[13] In symbolic space (3, p), we let K € X be any shift invari-

ant set. Then we have

dimy (K) = dimp(K) = lim s(k).

k—o0

Lemma 2.2 Let E be a self-conformal set of {w;};~, which satisfies the open
set condition, and let map 7 : ¥ —R"™ be as above. Then for any set K C ), we
have

dimpy (7(K)) = dimpy (K).
Furthermore, if H4(K) > 0, then H%(7(K)) > 0, where d = dimy (K).
Proof. For any I,J € 3, we have

w(l) = nl;rrgo Wiy O Wy, 0+ ow; (2),

and

(J) = ”h_>m wj, owj, o---owj (z), forany ze R".

Suppose d'(I,J) = e, Since w(I),7(J) € wi, ow;, 0 -+ 0wy, (E) = wy), (E), so
|7 (1) =7 ()| < |wn, (B)| < ce™ |E| = ep(1,J) |E|.
It follows that dimpy (7 (K)) < dimg (K).

Next we will prove that dimg (7 (K)) > dimpy (K).
Let Qs = {I € Kj : 710 < |wy(B)| < 6}. Here r; = mf |wi(x)]. Then we get
F C U wi(B). ie. 1% wr(B) is a é-cover ofF. Slnce K is compact, we can
€Qs

IeQs
find a finite @, such that K C IUQ or. We write ¢ = max{|I|: I € Q}. Then
€

diamo; < e~ 7. So
HS (K) < Z (diamoy)® < Z e 1% < Z c1|lwr(B)|C =1 Z |wr (B
I€Q IeQ IeQ I€Q

Here ¢, c; are constants. Hence

HE(K) < ey HEy 1y (m(K).
Since we can find a constant cg, such that e=? < ¢y |B|d, then for § — 0 we have
e 17— 0. So HY(K) < ¢y H°(n(K)). That means

dimgy (7(K)) > dimgy (K). B
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Lemma 2.3[11] LetF be a sub-self-conformal set for {w;};", which satisfies the
open set condition. Suppose 7, K be as above, and let F' = w(K). Then

dimgy (F) = dimp(F) = dimy (K) = s.

1
Here s is the number satisfies 7(s) = klim (> |wh()|”) Tk =1.
0 Ie Ky

3. THE CONTINUITY OF THE HAUSDORFF DIMENSION

Theorem 3.1 Let F be a sub-self-conformal set for {w;};", which satisfies the
open set condition. Then there exists an IFS {d;},-, such that

() F= ]fi Ay, here Ay, are the self-conformal sets for dy.

(IT) If {w;};, satisfies the open set condition, then & satisfies the open set
condition also. Furthermore, for each k£ € N, we have

Proof. (I) Let Q = {I € Ki,o1 N K # ¢}, and 6, = {wy: I € Qi}. For any
x € F, there exists an [ = iqiy--- € K such that

x= lm w;, ow, o---ow;, (2).
n—o00 .

For each k € N, we let Ij|§ = Ligv1ljpto2 - Liggx (j =0,1,2---). Then Ij\,lz € Q,
and

= lim w; kowy, k00w k(2).
j—o0 IUlk Ill)C Ijlk( )

Thus z € (Jpo; Ak
Conversely, we let x € U;il Ay for any k € N. Then there is a sequence

E 7.k k — L
Iolk, g, L] -+ € Qg such that x = jl;r&wjo‘ﬁ oW kO O“’Ijlﬁ(z)v for any
z € R". Since Ay € E, then z € wy x(E), i.e. we can find some P € E, such that
x = wy,x(P). Suppose x ¢ F', we have d(z, F)) = ¢ > 0. For |E| < o0, so we can

get some k € N such that Rf|E| < §. Here R; = ma)>(<|w’l(x)\ Let
fAS
y= lim wy,, owy,, o owy, (z), foranyze€

Then we have

m(l) = lim wy, owp, 0---owy, (z), foranyz € E.
n—oo

Hence
c
|z — 7(I)] = |wy e (P) — wry e (y)| < RY|z—P| < 7

That means d(z, ') < 5. Sox € F.

(IT) Let U be a bounded open set, which satisfies |J w;(U) C U and w;(U) N
i=1
w;(U) = ¢. Then we have w;(U) C U, for any k € N and I € Q. For each
I= (ilai27“' ?ik) and J = (j17.j27"' a.jk) € Qk7 if we let [ = ma‘X{k : I‘k = J|k}a
then

wr(U) Nwy(U) Cwiy 0w, 00w, (wy, (U) Nwj, (U)).
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Thus from the definition of dx, we can know that for any k, J; satisfies the open
set condition. Suppose dimg(Ay) = s(k), here s(k) satisfies

. s(k 1
lim (7w ()") 7k = 1.

k—o0
IeKy

Then from Proposition 2.3, we have dimpy (K) = klim s(k), hence
— 00

- k—o0

Theorem 3.2 Let F be a sub-self-conformal set for {w;};-, which satisfies the
open set condition, E a self-conformal set for {w;}.*,. If dimy(F) = dimpy(E),
then F' = E.

Proof. Let dimg(E) = s. Then

Suppose K, Qg, dx, Ar be define as above, we know that

If dimpy (F) = dimy (F) = s for any k € N, it follows that dimpg(Ax) = s(k) = s.
Sody ={ws:I€Qi} ={wr:Ie€ Ky}, and Ay = E for any k € N. Therefore

F:ﬁAk:E.I
k=1

By using the well-known property of self-similar set, which i r; =1, here r; are
the contractive scale of the self-similar maps, Xiong and Chen lp:ri)ved the continuity
of the Hausdorff dimension for sub-self-similar sets. However 7271: r; =1 is not true
for self-conformal sets in general. So we must overcome this (Zi:if}ﬁculty in advance.
Then their method can be used.

Lemma 3.1 Let X be defined as above. Then for any n, there exists a point
xo, such that > |w)(z0)|” = 1.
[ I|l=n
Proof. Note that for any n, we have

inf Y Jwi(e)]® <1< sup Y fwp(e)|

[I]=n T |I)=n

for each z € X. In fact, let E be a self-conformal set for the IFS{w;};" . So the
1

®
Hausdorff dimension of F is s, here s satisfies lim [ > |w}(z)|° | = 1. Suppose
k—oo \ 1cK,
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o

|wl(z)|® <r <1, for any x € X. Then we have

=1

I
NE ?Ms HMS
8
=
§

Z lwi (=

|1]=2

Z |w) ()|

IN IA
= .
o 1

1

o
Let ( > |w/](m)|s> < r < 1. Then we have

[I|=no

1
Fng

> jwi@)) <r<l.

\I|:kno
1

%
It is contradict with lim | Y |w}(x)|® = 1. We can prove that if we let
k—o00 IEK),

no
( > |w’1(o:)s> > r > 1, which will lead to a contradiction also. So we have
[I]=no

1nf Z lwh(z)]” <1 <sup Z |w} (z

x
[|= =

Since X is a nonempty compact convex set, from the intermediate value theorem,
there exists a point zo such that > |w)(zo)]> =1. A
[T]=n
Theorem 3.4 LetE be a self-conformal set for {w; }~, which satisfies the open
set condition. If dimpy(F) = s, then for any ¢ € [0, s], there exists some F' C E
such that dimg (F) = ¢. Here F is a sub- self-conformal set for{w;}; .
Proof. Let r; = |w}(zo)|. We write

1 1 +1
filz) = (1" gﬂH‘ZT —77"‘;, Yz € [0,1].
It follows that [0,1] = gl £i([0,1]). Next, we define a map f : [0,1] — [0, 1]

% i i—1 i
i—1 — i—1, — s 1+(71)271 s s
@) = () e = ()T Y g s we DY
j=1 j=0  j=0
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Bc (7B c B = U fi(B).

So B is a sub-self-conformal set for {f;}. For any ¢ € [0,s], let & = £, then
0 <& < 1. By Theorem 3 in [I4], there is an invariant closed set B C [0, 1] such that
dimg (B) = €. From Lemmas 2.1 and 2.2, there exists an invariant closed set K’ €
(3>, p), such that dimpy(K') = dimg(B) = e. Here for any I = (i1,42, -+ ),J =
(J1,72,--+) € X, we let

0, if I=J;
p(I,J)=1¢ 1, if i1 # Ji;
M pi,, ifk=max{l:1,=J}.

For any 1 < i < m, we write p; = |w}(zo)|”. Hence p = p*. So we can find some
K’ € (3, p) such that dimy (K’) = es = t. It follows that dimpy(7(K')) =¢. R
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