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PROJECTIVE CHANGE BETWEEN CUBIC (¢, 3)-METRIC AND
KROPINA METRIC

DHRUVISHA PATEL, BRIJESH KUMAR TRIPATHI*

ABSTRACT. In 1994, S. Basco and M. Matsumoto [17] investigated projective
change between Finsler spaces with the (o, 8)-metric. The change F' — Fis
called projective change if every geodesic of one space is transformed to a geo-
desic of the other. The main aim of the present paper is to find the necessary
and sufficient conditions for a projective change between Cubic («, 8)-metric,

a+p)3 ) s ar .
F = % and Kropina metric, F' = ? with some curvature properties
a

on a manifold.

1. INTRODUCTION

In 1961, Rapscak’s [I] studied the necessary and sufficient conditions for projec-
tive change, while in 1994, S. Basco and M. Matsumoto [17] studied the projective
change between Finsler spaces with the (a,8)-metric. In 2008, H. S. Park and
Y. Lee [§] investigated the projective change between a Finsler space with (a, 3)-
metric and the corresponding Riemannian metric. Z. Shen and Civi Yildirim [22]
investigated projectively flat metrics with constant flag curvature in 2008. In 2009,
Ningwei Cui and Yi-Bing Shen [15] studied projective change between two forms of
(o, B)-metrics. N. Cui [I4] investigated the S-curvature of several («, 8)-metrics in
2006. In 2009, Z. Lin [21] investigated (a, 8)-metrics with constant flag curvature.
The projective change between two Finsler spaces has been studied by several au-
thors ([8, ), (I3} (15, 7, 22]).

In 1929, L. Berwald constructed an example of a projectively flat Finsler metric
of constant flag curvature K = 0, on unit ball B™ given by

(VA = [zD[yP+ < 2,y >3+ < 2,y >)?
(1= 2?1 = [2]P)|yP+ < z,y >2

F(x,y) = ,(x,y) € TR", where z =z’ y =y'.
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Here |.| and <, > denote the standard Euclidean norm and inner product, respec-
tively on R"™.

Furthermore, L. Berwald introduced the Kropina metric for a two-dimensional
Finsler space with a rectilinear extremal, which was later investigated by V. K.
Kropina [10]. Kropina metrics are not regular Finsler metrics. Kropina metrics, the
simplest non-trivial Finsler metrics, have several intriguing applications in physics,
electron optics with a magnetic field, dissipative mechanics, and irreversible ther-
modynamics [I8]. They also have promising applications in relativistic field theory,
control theory, evolution, and developmental biology.

A generalized form of a («, 8)-metric on an n-dimensional manifold M defined as

Fa<1+§>p, (1.1)

is known as the class p-power («, §)-metrics [7], where p # 0 is a real constant. If
p = 1 then equation reduces to Randers metric which has important and in-
teresting curvature properties and firstly introduced by Ingarden in 1957. If p = 2
then it becomes square metric and it also known as Z. Shens square metric. If
p = —1 it reduces to Matsumoto type metric which can be used in measurement of
slope of a mountain. If p = % it reduces to square root metric i.e. F'= \/a(a+ ()
and so on.

In the present paper, we considered p = 3 in equation (L.1) and got a special
class of («, f)-metric in the form of

(a+B)°

F f—
a2

(1.2)

and named as Cubic (a, §)-metric in an n-dimensional manifold M and a n-
dimensional Finsler space F" equipped with Cubic (¢, 8)-metric is known as Finsler
space with Cubic («, 8)-metric [2]. Furthermore, the main aim of this paper is to
investigate the projective change between the Cubic (¢, 8)-metric and the Kropina
metric with some curvature properties.

1.1. Preliminary estimates. Consider that M is an n-dimensional smooth man-
ifold. Denote T, M, the tangent space of M at x. The tangent bundle TM is the
union of tangent spaces, T'M := |J, ¢, To M. We denote elements of TM by (z,y),
where = (2°) be a point of M and y € T, M called supporting element. We denote
TMy =TM\{0}.

Definition 1.1 A Finsler metric on M is a function F : TM — [0, 00) with the
following properties:

(1) F is smooth on T My,
(2) F is positively 1-homogeneous on the fibers of tangent bundle TM and,
F? 1 0%F?
(3) the Hessian of 3 with element g;; = 3000y is positive definite on T'Mj.
The pair F™ = (M, F) is called a Finsler space of dimension n. F is called fun-
damental function and g;; is called the fundamental tensor of the Finsler space F™.
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For a given Finsler metric F' = F(z,y), the geodesic of F satisfy the following
ODE:s [6]:

d*x - dx
2G" (z,— | =0,
az " (x dt)
where G = G*(z,y) are called the spray coefficients of F, which are given by

% 1 % m
G'= Zgl [Fz]xmyly - [Fz]xl} .

In Riemannian geometry, two Riemannian metrics « and & are projectively related
if and only if their spray coefficients are given by [0]

Go = Gi + Ayy' (1.3)
where A = A(x) is a scalar function on the based manifold.

Two Finsler metrics F and F' are projectively related if and only if their spray
coefficients have the relation

G' =G+ P(z,y)y, (1.4)

where G* and G are the spray coefficients of F and F' respectively and P(z,y)isa
scalar function on TM\{0} and homogeneous of degree one in y.

A Finsler metric is called a projectively flat metric if it is projectively related to
a locally Minkowskian metric.

In 1972, M. Matsumoto [I1] introduced (v, §)-metrics. By definition, an («, 8)-
metric is a Finsler metric given in the following form:

F = a¢(s), s=—.

where o = /a;;(z)y’y? is a Riemannian metric and 3 = b;(z)y" is a 1-form sat-
istying ||Bz]| < bo, Y& € M. It is generally known that F' = a¢(s) is a regular
(o, B)-metric if the function ¢(s) is a positive C*° function with |s| < by satisfying
6]

3(s) — 59 () + (b° — s7)¢ () >0, [s| <b<by. (1.5)
In this case, F induces a positive definite metric tensor.
Let
1 1
rij = 5 (bag +bs1a)s g 1= 5 (baly — bjja)-

where b;; means the coefficients of the covariant derivative of 8 with respect to a.
Clearly 3 is closed if and only if s;; = 0.
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An (a, B)-metric is said to be trivial if r;; = s;; = 0. Additionally, we denote
1"; = aik’l"kj7 S; = aikskj,
R AT
00 - iiY Y, Tio = TijyY”,
Sq 1= bjsg, s 1= Sy,
ri= ’I“ijbibj, S0 = Sijyj.
The relation between the spray coefficients G* of F and geodesic coefficients G?, of
« are given by [16]

G' =Gl + aQsh + {—2Qaso + roo} { T + Oa 'y}, (1.6)
where
o_ 00 (68 +¢'¢)
20((¢ — s¢') + (0% — s2)¢")’
_ &
Q - (b _ sd)/ ’
vt ¢

2(¢—s¢") + (b = s%)¢"
The tensor D := D%,0; ® do? ® de* ® da' is called Douglas tensor where,

. o3 - 1 o0G™ .
s G — ——9" ). 1.7
IR Dyi Oyk oy ( n+1 oym Y ) (1.7)

A Finsler metric is called a Douglas metric when the Douglas tensor vanishes ([I5],
[20]). The Douglas tensor is projective invariant [9]. Since the spray coefficients
of a Riemannian metric are quadratic forms, Douglas tensor vanishes for the Rie-
mannian metric indicating that it is a non-Riemannian quantity. The fundamental
fact is that all Berwald metrics must be Douglas metrics.

To represent the appropriate quantities of the metric F, we use quantities with
a tilde. We now enumerate the Douglas tensor of a («, 5)-metric.

Let

Gi =G, +aQsh + U {—2Qasy + 190} b'. (1.8)
Then (1.6)) becomes

G =Gi+0 {—2Qaso + 700} a1yt

Clearly, if sprays G and Gi are projective equivalent, they will have the same
Douglas tensor. Consider

T" = aQsh + U {—2Qasy + oo} b". (1.9)
Differentiating equation (1.9)) with respect to y™, we have

T = Qs+ W a  (b® — s%)[roo — 2Qaso] + 2[ro — Q (b* — 5%)s0 — Qs50](1.10)
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The equation (T.8) can be rewritten as G¢ = G, + T*. By (L.7), we have

GE .1 9G™ ., .1 arm

3 7 7

Jkt 6y16yk8yl( * n+1 Bymy n+18ymy

& i LT
Oy oykoy! n+1 oym v

The Douglas tensor of an («, 8)-metric is given by following equation

4 (1.11)

. o3 , 1 orm
Dyy=———|T"————y" ). 1.12

IR Oyl oyk Oy ( n+1 oy’ ) (1.12)
Therefore, if F' and F are observed to possess the same Douglas tensor, that is to

say D;kl = D;kl. From (1.7) and (1.12)), we get

PE L
— Z T
QY1 dyk oyt [

T (T — T;}n)yi} =0. (1.13)

Then there exists a class of scalar functions H}k = H]’:k(x), such that

T =T = —— (Tyh = Ty = Hi, (1.14)

where Hjy := Hiy(x)y’y*, T* and T are given by the relation (1.9) and (L.10)
respectively.

2. PROJECTIVE CHANGE OF THE TWO METRICS

In this section, we consider the projectively related two (a, §)-metrics, namely

3 _ ~
Cubic (o, 8)-metric F' = M and Kropina metric F' = «
e

3

For the Cubic («, 8)-metric M, one can prove by (|1.5)) that F is a regular
o)

Finsler metric if and only if ||8;]] < 1 for any # € M. Geodesic coefficients are

provided by (1.6)) with

Q= T2 (2.1)
O = 3—12s ’
2(1 — s — 852 + 6b2)

3
V.= .
1— s — 8s2 4 6b2

=

The Kropina-metric F' = is not a regular (o, 8)-metric, but the relation ¢(s) —

1"

5@ (s) + (b2 — s2)¢ " (s) >

S o

remains valid for |s| > 0.
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The geodesic coefficients are given by (1.6]) with

~ -1
= — 2.2
Q=5 (22)
~ —5
@ = bTQ’
~ 1
\II = —=.
262
. .. . . 1
For simplicity, we assume in this paper that A := .
(n+1)

2
Lemma 2.1. [12] Let F = % be a Kropina metric on an n-dimensional manifold

M. Then
(1) (n > 3) Kropina metric F with b*> # 0 is a Douglas metric if and only if

1
Sik = b72(b’3k - bksi). (2.3)
(2) (n=2) Kropina metric F is a Douglas metric.

Furthermore, the Douglas tensor is projective invariant; hence, we have

(a+p5)? 0

Proposition 2.2. Let ' = ~——— be a Cubic («, B)-metric and F="1bea
o

Kropina metric on a manifold M with dimension n > 3, where a and & are two

Riemannian metrics, 8 and B are two non-zero 1-forms. The Finsler metrics F
and F' have same Douglas tensor if and only if both are Douglas metrics.

Proof. The sufficiency is obvious, we simply need to prove the necessity. Suppose
that F and F' have the same Douglas tensor on an n-dimensional manifold M when
n > 3. Then D;kl = D;kl, which implies that (1.14]) holds.

Putting equations ([2.1)) and ([2.2)) into equation ([1.14]). Thus, we obtain

atléy +al% + a4+ a8y + aTés + ab + ad&r + atls + aéy + iy + by + Ero 9
al®ny + any + adnz + Ty + abns + aPng + atng + adng + a®ng + amio + 1M '

1)

L oroap - i
+252B [04251 +§2] = H,
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where

&1 = A1Bs,

& = A1Br + A3Bg — Ay A5 By,

&3 = A1Bs + A3 Br + A3Bg — \y"As By — \y" Ag B,

€4 = A1By + A3 Bs + A3Br + AyBs — A\y' As B3 — A\y' A¢ B2 — \y' A7 By,

& = A1Bio + A2 By + A3 Bs + AaBr — \y' As By — My’ A¢ By — \y* A7 By — Ay As B,
& = A1B11 + AsBig + A3By + AysBs — M\y' A5 Bs — Ay Ag By — Ay A7 By — Ay Ag By — Ay* Ag By,
& = A1Bia + AsBiy + A3Bio + AyBy — \y*AgBs — \y* A7 By — \y' As B3 — \y* A9 By — \y'A10Ba,
& = AsBio + A3Bi1 + AyBig — \y'A7Bs — \y' As By — My’ Ag By — Ny’ A19 By — Ny’ A1 By,
§o = AsBia + AyBi1 — Ay AgBs — A\y" A9 By — A\y"A19Bs — Ay' A11 B,

&0 = AyBia — Ay' A9 Bs — Ay* A9 By — Ay"A11 B3,

&1 = —Ay'A1oBs — Ay' A1 By,

§12 = —Ay'A11Bs,

m = B1Bg,

12 = B1 By + B3 B,

n3 = B1Bg + B2 B7 + B3Bg,

N4 = BlBg + Bng + BgB7 + B4BG,

N5 = B1B1o + B2 Bg + B3Bg + B4B7 + Bs B,

ne = B1B11 + B2 Bio + B3 By + B4Bs + Bs By,

17 = B1B12 + Ba By + B3Big + By By + BsDBs,

ng = BaBia + B3B11 + B4Big + Bs By,

N9 = B3Bia + B4B11 + Bs B,

no = B4B12 + Bs B,

M1 = BsBia,

&= b2§6 — 5pbt,

§2 = 2\y"Broo — Broobd’,

Ay = 3sb + 18b%s}h — 18s0b’,

Ay = —98sb — 36b2Bsh + 3roob® + 3683s0b?,

A3 = —188652 - 12ﬁr00bi,

A4 = 486356 + 12[32T00bi,

A5 = 80(6 + 18b2) + ?"0(6 + 36b2),

Ag = 50(—308 — 3963b%) + 3b%rgp + 10(—303 — 144b23),

A; = (18ﬂ2 + 720b262>80 + 36b2,6’r00 + 144b2ﬂ27“0,

Ag = 42080,83 + 7’00(—3ﬁ2 — 180()262) + 7’0(16863),

Ag = —T68s08% + roo(—363% + 19262 5%) + ro(—19253%),

Aqg = 18070 8%,

Ay = —19253°,

B; =1+ 612,

By = —583 — 24b%83,
B3 = 24b%32,

By = 28433,

B5 = _32ﬁ4a

Bg =1+ 1202 + 3644,

B; = —683 — 60b%3 — 14463,
Bg = —3/32% + 144b*32,

By = 68433 + 3366232,

By = —608* — 384b% %,

By = —1923°,

By = 25673,
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1
Here \ := R Furthermore, (2.4))is equal to
n

(a'& + a6 + a6 + a®& + aT& + o
+a’&r + atés + P&y + a?E1o + abiy + &12)
x(2626) + ('On1 + a®nz 4+ a®ns + "y + aBns
+ans + atnr + aPng + a’ng + amio + ) X
(@261 + &) = Hio(20°B) x (a'%n1 + any + a®ns

+a"ng + aSns + ang + atny + aPng + ang + anig + n11).

By replacing y* with —y* in (2.5)), we get

(—alté + 0% — a8 + ¢y — a8 + %
—a&r +a'ty — oy + a’&ip — alin + &i2)
x(=2b?B) — (% — a2 + a®nz — a"ny + s
—a®16 + a’nr — aPng + Py — amo + 1) X
(6261 + &) = Hio(—2b7B) x ('%n — an2 + a®ns
—a’ny +alns — a’ne + o

Adding (2.5) with (2.6]), we obtain

(@& + 0%+ a"& + aEr + oo + adir) x (20°P)
+(a%nz + any + P + ong + amo) x (%61 + &)
= H{o(26°B) x (a”n2 + a’ng + a®ng + a1 + ano).

Subtracting (2.6)) from ([2.5), we get

(al% + o8¢y + 0B + alés + a?&ig + £12) x (20°8)+
(%1 + a®ns + a®ns + a*nr + a®ng + mu1) X (621 + &2)

= Héo(%?»é) x (' + a®ng + abns + otz 4+ aPng + m11).

From ([2.7) we have,

(a8 + aB¢s + 0S¢ + atér + a2 + &u1) x (20°B)

T+ (_048773 + a%ny + atne 4+ a®ng + mo) X (G261 + &)
= H{,(20%3) x (a®nz + a®ny + a*ne + a1 + 110).

N7 — &ng + a’ng — amig + M11).

(2.5)

(2.6)

(2.8)

(2.9)

According to equation (2.9)), The term (a®n +a®n,+a*ns+a?ns+n10) x (G2€ +&2)
can be divided by 8. The expression a%&08n, can also be divided by j. Since
B = uf and f3 is prime with respect to a and &, Thus, & := b5} — bisy is divisible

by 3. Consequently, there is a scalar function 1¢(x) such that

b25h — b'sy = Byt

(2.10)

Contracting ([2.10) by g; := a;;y?, we obtained 1*(y;) = —5o. As g; is an arbitray

vector, we get 1'(z) = —&°. Then we have,

Sij =

(2.11)
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3]

o

B

are both Douglas metrics because they have the same Douglas tensor.

given that b2 # 0. Lemma states that the Douglas metric is F = —. F and F

~2
Whenn =2, F = % is a Douglas metric according to Lemma Since F and

F have the same Douglas tensor, they are all Douglas metrics. This concludes the
demonstration of proposition

Now we are able to claim the following theorem

3 o x2
Theorem 2.3. Let F' = M and F = % be two (a, B)-metrics on a manifold
o)

M with dimension n > 2, where a and & are two Riemannian metrics, B = by’
and 8 are two non-zero colinear 1-forms. Then F is projectively related to F if and
only if the following relations hold:

Q2((1 4 662)a? — 8B2)b
2 _aff —8B2 +6b2a? ’

N A L P i_ T
(i) G, =G4 + e [04 sl—&-roob} + 0y

(ii) biy; = g {(1+66%)ai; — 8bib; },

iy~ 1

(ili) s5; = o {b 5 — b sl},
where T = 7(x) is some scalar function, b;); denote the coefficients of the covariant
derivatives of 8 with respect to o and b' := a¥b;, b := ||B|la and 6§ = O;y" is a
1-form on M.

3
Cubic (o, §)-metric F = M is a Douglas metric if and only if by ; =
e’

% {(1 4 6b?)a;; — 8b;b;} holds for some scalar 7 = 7(x). It is known that Kropina

- A2 1 r- -
metric F =% is a Douglas metric if and only if si; = = [biéj — bjéi] .

Proof. First, we establish the necessity. The Douglas tensor is defined to be invari-
ant under projective change between two Finsler metrics. If F is pro Jectlvely related
to F then they have the same Douglas tensor. By proposition we obtain that

F and F are both Douglas metrics. It has been proved in [12] that Kropina metric
&2

F= F is a Douglas metric if and only if

- T =

Sij - 5*2 {bZSJ — jsi} . (2.12)

. . (a+B)3 .
In the present paper, we proved that Cubic (o, 8)-metric F = ——— is a Dou-
e
glas metric if and only if
bijj = % {(1+ 6b%)a;; — 8bib; } . (2.13)
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for some scalar function 7 = 7(x), where b;; represent the coefficients of the co-
variant derivatives of 8 with respect to «. In this case, 8 is closed. Plugging (2.13))

and (2.1]) into (1.6]), we have

Ta?((1+6b%)a? —832)b°  7((1+ 6b%)a? — 84%)(a — 483)y?

G'=G! . (214
o a? — aff — 882 + 6b%2a? 2(a? — aff — 862 4 6b%a?) (2.14)
On the other hand, Putting (2.12)) and (2.2)) into (1.6]), we have
T | : , = 2700 By
Gl =Gh — — |=a%5" + (250" — Foob) + HooBy' | (2.15)

20 o2

As F is projectively connected to F again, there is a scalar function P = P(z,y)
on TM\ {0} such that

G =G + Py (2.16)

From (2.14)), (2.15) and (2.16]), we have;

14+6b%)a®—86%)(a—4B8) 1 [_  FoB\| ;
T A
ra?((1+6b%)a? —832)b' -, 1

_ i Y R B P B¢
=Gt s s raar  Ca g B+ b

The right-hand side of the preceding equation is a quadratic form in y. Then there
exists just one form 6 = 6;(z)y* on M such that,

P (2.18)

&2

_ 7((146b*)a® —86%)(a—48) 1 . +f005 0
2(a? —af — 832 + 6b2a?) 2\ -

Then, we have

C = a2 (L6 =882 1 (o . ;
Go=Com o osgramar T (07 el 0 (219)

From (2.12)), (2.13)), and (2.19)), we finish the proof of the necessity.

Conversely, plugging (2.13)) into (1.6) with (2.1) yields (2.14). Plugging (2.12)
into (|1.6)) with (2.2) yileds (2.15). From (2.14) and (2.19) we have,

7((1 +6b%)a? — 832)(a — 4P)

2(a? — af — 862 + 6b%a?) - (2:20)

. ~ . 1 . ~ .
G' = G+ —= [a%" + fob | + o/ [9+
e
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Putting the value of G% from equation(2.15) to equation (2.20)), we get

G =G+ { (2;2 ) - (9 | T+ 6%)a” — 857)(a - 46)) } y(2.21)

2(a? — af — 862 4 6b2a?)
From equation (2.16)), we get

27003
a2

250 +

7((1 +6b%)a? — 832%)(a — 403) 1

P=20 =
+ 2(a? — af — 832 + 6b%a?) + 2h2

250 +

(2.22)

2%061 .

d2

i.e. F is projectively related to F. Hence complete the proof of theorem (2.3)).

(a+pB)3 a2

Corollary 2.4. Let F = 2 and F = F be two («, B)-metrics on a manifold

M with dimension n > 2, where a and & are two Riemannian metrics, B = byt and
B are two non-zero 1-forms. Then F is projectively related to F' if and only if they
are Douglas metrics and the spray coefficients of o and & have the following relation

ra?((1 4 6b%)a? — 832!
a? — aff — 862 + 6b2a? ’

. ~ . 1 ~. )
Gl = G+ o [5?51 + rﬁob’] + oy — (2.23)

where b := dijgj, 7 = 7(x) is a scalar function and 6 = 6;3" is a 1-form on M.

3. PROJECTIVE CHANGE WITH CURVATURE PROPERTIES

The Berwald curvature tensor of a Finsler metric F is defined by

B := Blj,d2! ® 0; ® da" ® da',

3 i
where Bt G

e [G*] s+t and G* are the spray coefficients of F.

A Finsler metric F is of isotropic Berwald curvature if

B;'kl = C(ijyk(sli + ijyz(sli —+ Fykyz(s; =+ Fy(]ykylyi),

where ¢ = ¢(z) is a scalar function on M [6].

The mean Berwald curvature tensor is defined by E := E;jdz’ ® da’, where

1 82 oG™ 1
Eji=-—— () =2Bm .
720y 9y (CW”) 2™
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. S . . . n+1
A Finsler metric is said to be isotropic mean Berwald curvature if E;; = 5 c(x)Fyiyi,

where ¢ = ¢(x) is a scalar function on M [I9]. Clearly, the Finsler metric of isotropic
Berwald curvature must be of isotropic mean Berwald curvature.

A Finsler metric F is said to have isotropic S-curvature if S = (n + 1)c(x)F for
some scalar function ¢(z) on M [6].

Furthermore, N.W. Cui proves the following:

2 3

Lemma 3.1. [I4] For metric F = o + €8 + kﬂf + rﬂ—2, where €, k,r # 0 are
@

constants on an n-dimensional manifold M, the following are equivalent:

(i) F is of isotropic S-curvature, that is, S = (n+ 1)c(z)F;

1
ii) F s of isotropic mean Berwald curvature, E = ic z)F~1h;
2

(iii) F has vanished S-curvature, that is, S = 0;

(iv) F is a weakly Berwald metric, that is, E = 0;

(v) B is a Killing 1-form of constant length with respect to «, that is, rog =
so = 0, where ¢ = ¢(x) is a scalar function.

3
Q
The lemma ({3.1)) is valid for F' = (a%) when we put ¢ =3, k =3, and r = 1.
: (a+B8)°
In the present section, we suppose that F' = ———— has some curvature proper-
~2 3
~ a Q
ties. Kropina metric F = — is projectively related to F. For F = % of
@

isotropic S-curvature, we have the following:

(o +B)° a2

Theorem 3.2. Let F = 5—— and F = — be two (v, B)-metrics on a manifold
a

M with dimension n > 2, where a and & are two Riemannian metrics, B = by’
and B are two non-zero 1-forms. Suppose that F has isotropic S-curvature. Then
F is projectively related to F if and only if the following conditions hold:

N L P i.
(i) G, =G5+ o2 [a 3 —&—roob} + 0y,
(ii) B is parallel with respect to o, that is, b;; = 0;

1 r- ~
(il) s3; = bTQ [bz@j — bj§z}, where b;); denote the coefficients of the covariant

derivatives of B with respect to o and b == ab;, b := ||B||a and 6 = 6,y
is a 1-form on M.

Proof. Sufficiency is clear from Theorem (2.3). Theorem(2.3) states that if F is
projectively related to F, then
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b [(1 + 6[)2)&1']' - 8blbjj| s

r
ili =3
for some scalar function 7 = 7(x). Contracting the above equation with 3* and y7
yields

roo = % [(1+66%)a2 — 857] . (3.1)

According to Lemma (3.1)), if F possesses isotropic S-curvature, then rop = s = 0.

Plugging rop = sg = 0 in equation (3.1]), we get

(1+6b*)a? —862 =0,
provided 7 # 0. That is

1+6b2 QZ—Bb,bZO
( j i

Contracting the above equation with a* yields n + (6n — 8)b*> = 0, which is
impossible. Therefore, 7 = 0, which is not possible as n > 2, we put in Theorem
(2.3) and finish the proof.

We know that the Finsler metric for isotropic Berwald curvature must be equal
to isotropic mean Berwald curvature. As a result of Lemma (3.1)), and assuming
that F has isotropic Berwald curvature, the theorem is consequently obtained.

O
(a+B)3 - &P ) .
Theorem 3.3. Let F' = ~——— and F' = — be two («, B)-metrics on a manifold
o
M with dimension n > 2, where a and & are two Riemannian metrics, 3 = by’
and 8 are two non-zero 1-forms. Suppose that F has isotropic Berwald curvature.
Then F is projectively related to F if and only if the following conditions hold:

) ~ . 1 . ~. .
(1) Gh=Ch+ [625° + Foob’ | + 0y
(2) B is pmiallel with respect to «, that is, b;; = 0;
(3) S;j = bTZ |:Z~JZ§] - ngii|, where b

i; denote the coefficients of the covariant

derivatives of B with respect to a and b* = Zzijgj, b= ||BH& and 6 = 0;y°
is a 1-form on M.

(a+p)° a?
o2

Theorem 3.4. Let F' = be projectively equivalent to F =" and F has

isotropic Berwald curvature. Then F has isotopic Berwald curvature if and only if
F has isotropic S-curvature.

Proof. Suppose F has isotropic Berwald curvature, then F has isotropic mean
Berwald curvature. Thus, by Lemma (3.1), F is of isotropic S-curvature. This
proves necessary condition for proving sufficiency. Since F and F' are projectively
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equivalent, (1.4) holds. Suppose that F has isotropic S-curvature S = (n+1)c(z)F.
By Lemma (3.1), we have F is of isotropic mean Berwald curvature, that is,

n+1

E;; = 72 CFyiyj

]

Given that F' has isotropic Berwald curvature, then
B;’kl =cC (ijykéf + U]yzék + Fykyzéj + ijykylyi) ,

where ¢ = é(z) is a scalar function on M. Hence, by the definition of the mean
Berwald tensor, it follows from (1.4) that cFi,; = ¢Fyi, + Pyiys, which gives that

CF " = ¢k

yyyk"'P

yiydyk

Now we have

. aSGi
gkt Oy 0y*Foy!
—B]kl+( y_/yk(s —|—P 1(51 +Pykyl(sj+PJykylyi)
= C( ygyk(s + F zé + Fykyz(SJ + F ]ykylyi)
+ ( ygyk6 —|—P L(S +Pykyl5J +P yiyk ylyi)
ké +F 15 —|—Fyky1(5]—|-ng yzy)

( yiy

This implies that F has isotropic Berwald curvature. We complete the proof. By

the above methods, we could obtain the theorem.
O

be projectively equivalent to F' = — and F has

° a2
Theorem 3.5. Let F = M - , &

isotropic Berwald curvature. Then F has isotropic Berwald curvature if and only
if F' has isotropic S-curvature.

4. CONCLUSION

In the present paper, we investigated the condition for projective change be-
tween the Cubic («a, 8)-metric [2 B, 4] and the Kropina metric with some curvature
properties. The results that we obtained are as follows:

(1) Let F = M be a Cubic (a, 8)-metric and F = 2 bea Kropina
a?

metric on a manifold M with dimension n > 3, where a and & are two
Riemannian metrics, 3 and 8 are two non-zero 1-forms. The Finsler metrics
F and F have same Douglas tensor if and only if both are Douglas metrics.

3 a2
(2) Let F = @ and F = % be two («, 8)-metrics on a manifold M with

dimension n > 2, where a and & are two Riemannian metrics, 8 = b;3* and
/3 are two non-zero colinear 1-forms. Then F is projectively related to F if
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and only if the following relations hold:

ra?((1 4+ 6b%)a? — 832
a? —aff — 862 4 6b2a? ’

. ~ . 1 - .
() Gh =it o 625 + ri0b] + 0y’ —

T
(b) bl|j = g {(1 + sz)aij - 8b7,b]},

(©) i = 55 [bss; — 551,

Where 7 = 7(z) is some scalar function, b;; denote the coefficients of the

|7

covariant derivatives of 8 with respect to a and b’ := a“b;, b := ||3||4 and
6 = 6;y° is a 1-form on M.
3 a2
(3) Let F = M and F = £ be two (a, B)-metrics on a manifold M with
!

dimension n > 2, where o and & are two Riemannian metrics, § = byt
and f3 are two non-zero 1-forms. Suppose that F has isotropic S-curvature.
Then F is projectively related to F' if and only if the following conditions
hold:

R T ,

(a) G, =G% + 52 [ozzsl + roob’] + 0y*;

(b) Bis pa{allel with respect to «, that is, b;; = 0;

(c) sij = 5 {I;zéj - l;jél}, where b;|; denote the coefficients of the covari-

ant derivatives of 3 with respect to o and b := ~ijl}j, b= HBH& and
6 = 0;y" is a 1-form on M.

(a+p)? o : - &’ = .
(4) Let F' = ~———— be projectively equivalent to /' = —- and F" has isotropic
a

Berwald curvature. Then F has isotopic Berwald curvature if and only if F
has isotropic S-curvature.
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