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ON GENERALIZED STATISTICAL CONVERGENCE IN

QUATERNION VALUED GENERALIZED METRIC SPACES

ÖMER KIŞI, BURAK ÇAKAL, MEHMET GÜRDAL

Abstract. We present and explore the concept of a quaternion-valued g-
metric space with specific foundational properties related to convergence in

this study. The main goal of this study is to introduce λ-statistically conver-

gent sequences and λ-statistically g-Cauchy sequences, examining their prop-
erties within quaternion-valued g-metric spaces. The research also includes

discussions on natural inclusion theorems relevant to these concepts.

1. Introduction

The investigation of sequence convergence and summability theory has been a
pivotal and dynamic area of research in pure mathematics for many years. Further-
more, its substantial contributions extend to topology, functional analysis, Fourier
analysis, measure theory, applied mathematics, mathematical modeling, computer
science, and other disciplines. The concept of statistical convergence of sequences
has gained widespread application in mathematics in recent times. Statistical con-
vergence, initially explored by Fast [10]. Since then, several mathematicians have
explored the properties of convergence and statistical convergence, applying these
concepts to various fields. For further reference, see [7, 12, 13, 14, 17, 18, 19, 28,
29, 31, 32, 33]. Mursaleen [26], on the other hand, introduced the concept of λ-
statistical sonvergence as a novel approach, elucidating its connections to statistical
convergence, strongly Cesáro summable and strongly (V, λ)-summable. Recently,
the concepts of λ-statistical convergence, almost λ-statistical convergence and in-
variant statistical convergence were generalized by Braha [5], Esi et al. [9], Kişi and
Nuray [23], Savaş [30] and Savaş and Nuray [34]. Also, the readers should refer to
the monographs [4], and [27], and recent papers [21], [35], [36], [37], [38], [39], [40]
and [41] for the background and related topics on the sequence spaces.

In mathematical analysis, the idea of physical distance is expanded upon by a
distance function or metric. This notion can be generalized in various ways (see,
for instance, [22]). One notable generalization is the G-metric space introduced
by Mustafa and Sims [25]. Metrics in this domain indicate the separation of three
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locayions. Choi et al. [6] introduced a g-metric, an extended form of a distance
function. The ordinary distance between two points and the G-metric between
three points are generalized by the n + 1 point distance known as the g-metric
of degree n. By advancing the metric concept, Abazari established the idea of
statistical g-convergence in [1] (see also [15, 16, 24]).

A number system that extends beyond complex numbers is known as quater-
nions. Irish mathematician Hamilton originally formulated it in 1843 to describe
mechanics in three dimensions. One characteristic of quaternions is their noncom-
mutative multiplication of two quaternions. Detailed discussions on quaternion
analysis can be found in [3] and references therein. This paper proposes a type of
convergence in quaternion-valued g-metric spaces to expand on the g-metric spaces
introduced by [6], quanternion valued g-metric spaces by [20], and various well-
known forms of statistical convergence in the literature. The motivation behind
this proposal arises from the practical applications of quaternions and fixed point
theorems.

The primary objective of this research is to define λ-statistically convergent
sequence and λ-statistically g-Cauchy sequence and to investigate their features
in a quaternion valued g-metric spaces. In addition to these definitions, natural
inclusion theorems will also be discussed.

2. Preliminaries

In this section, we will examine specific definitions and results that form the
basis of the current study. We begin with several key definitions.

We will introduce some fundamental notations for quaternionic spaces. The four-
dimensional real algebra with unity is known as the space of quaternions, denoted
by Q. The null element of Q is denoted by 0Q, and the multiplicative identity of
Q is denoted by 1Q. Within Q, there exist three imaginary units represented by
the symbols i, j, k. By definition, these units satisfy:

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j.

For each ρ = ς0 + ς1i+ ς2j+ ς3k; where ς0, ς1, ς2 and ς3 belong to R, the elements
1, i, j, k are assumed to constitute a real vector basis of Q. Given ρ = ς0 + ς1i +
ς2j + ς3k ∈ Q, we recall that:

(i) ρ̄ = ς0 − ς1i− ς2j − ς3k is the conjugate quaternion of ρ,

(ii) |ρ| =
√
ρρ̄ =

√
ς20 + ς21 + ς22 + ς23 ∈ R

(iii) Re(ρ) = 1
2 (ρ+ ρ̄) = ς0 ∈ R

(iv) Im(ρ) = 1
2 (ρ− ρ̄) = ς1i+ ς2j + ς3k is the imaginary part of ρ.

When ρ = Re(ρ), the element ρ ∈ Q is said to be real. It is obvious that ρ is
real only iff ρ = ρ̄. If ρ̄ = −ρ or ρ = Im(ρ), ρ is said to be imaginary.

The concept of a complex metric space was introduced by Azam et al. [3] as
follows:

Definition 1. ([3]) Let X be a nonempty set, and suppose the mapping dC : X ×
X → C satisfies the following conditions:
(i) 0 ≺ dC (τ1, τ2), for all τ1, τ2 ∈ X and dC (τ1, τ2) = 0 iff τ1 = τ2,
(ii) dC (τ1, τ2) = dC (τ2, τ1) for all τ1, τ2 ∈ X,
(iii) dC (τ1, τ2) � dC (τ1, τ3) + dC (τ3, τ2) for all τ1, τ2, τ3 ∈ X.

Then (X, dC) is called a complex metric space.

Ahmed et al. [8] extended the above definition to Clifford analysis as follows:
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Definition 2. ([8]) Let X be a nonempty set and suppose that the mapping dQ :
X ×X → Q satisfies the following.
(i) 0 ≺ dQ (τ1, τ2), for all τ1, τ2 ∈ X and dQ(τ1, τ2) = 0 iff τ1 = τ2,
(ii) dQ (τ1, τ2) = dQ (τ2, τ1) for all τ1, τ2 ∈ X,
(iii) dQ (τ1, τ2) � dQ (τ1, τ3) + dQ (τ3, τ2) for all τ1, τ2, τ3 ∈ X.

Then (X, dQ) is called a quaternion valued metric space.

Ahmed et al. [8] introduced a partial order � on Q (space of all quaternions).

Definition 3. Let ρ1, ρ2 ∈ Q. Then ρ1 � ρ2 iff Re (ρ1) ≤ Re (ρ2) and Ims (ρ1) ≤
Ims (ρ2) , ρ1, ρ2 ∈ Q, s = i, j, k where Immi = b, Immj = c, Immk = d. It was
observed that ρ1 � ρ2, if any one of the below circumstances is true:
(a) Re (ρ1) = Re (ρ2) , Ims1 (ρ1) = Ims1 (ρ2) where s1 = j, k, Imi (ρ1) < Imi (ρ2);
(b) Re (ρ1) = Re (ρ2) , Ims2 (ρ1) = Ims2 (ρ2) where s2 = i, k, Imj (ρ1) < Imj (ρ2);
(c) Re (ρ1) = Re (ρ2) , Ims3 (ρ1) = Ims3 (ρ2) where s3 = i, j, Imk (ρ1) < Imk (ρ2);
(d) Re (ρ1) = Re (ρ2) , Ims1 (ρ1) = Ims1 (ρ2) , Immi (ρ1) = Imi (ρ2);
(e) Re (ρ1) = Re (ρ2) , Ims2 (ρ1) = Ims2 (ρ2) , Immj (ρ1) = Immj (ρ2);
(f) Re (ρ1) = Re (ρ2) , Ims3 (ρ1) < Ims3 (ρ2) , Immk (ρ1) = Immk (ρ2);
(g) Re (ρ1) < Re (ρ2) , Ims (ρ1) = Ims (ρ2);
(h) Re (ρ1) < Re (ρ2) , Ims1 (ρ1) = Ims1 (ρ2) , Imi (ρ1) < Imi (ρ2);
(i) Re (ρ1) < Re (ρ2) , Ims2 (ρ1) = Ims2 (ρ2) , Immj (ρ1) < Immj (ρ2);
(j) Re (ρ1) < Re (ρ2) , ImsI (ρ1) = ImsI (ρ2) , Imk (ρ1) < Immk (ρ2);
(k) Re (ρ1) < Re (ρ2) , Ims1 (ρ1) < Ims1 (ρ2) , Imi (ρ1) = Immi (ρ2);
(l) Re (ρ1) < Re (ρ2) , Ims2 (ρ1) < Ims2 (ρ2) , Immj (ρ1) = Immj (ρ2);
(m) Re (ρ1) = Re (ρ2) , Ims3 (ρ1) = Ims3 (ρ2) , Imk (ρ1) = Im (ρk);
(n) Re (ρ1) < Re (ρ2) , Ims (ρ1) < Ims (ρ2);
(o) Re (ρ1) = Re (ρ2) , Ims (ρ1) = Im (ms).

To be more precise, we write ρ1 ≺ ρ2 if only (n) is fulfilled and ρ1 � ρ2 if ρ1 6= ρ2

and one from (a) to (o) is satisfied

Remark. Noteworthy is the fact that ρ1 � ρ2 ⇒ |ρ1| ≤ |ρ2|.

Inspired by the research of Ahmed et al. [8], Adewale et al. [2] offered the
subsequent definition.

Definition 4. ([2]) Let Q be a collection of quaternions, X a nonempty set, and
GQ : X ×X ×X → Q a function that satisfies the following properties:
(a) GQ(τ1, τ2, τ3) = 0 iff τ1 = τ2 = τ3,
(b) 0 ≺ GQ(τ1, τ1, τ2), ∀τ1, τ2 ∈ X, with τ1 6= τ2,
(c) GQ(τ1, τ1, τ2) � GQ(τ1, τ2, τ3), ∀τ1, τ2, τ3 ∈ X, with τ3 6= τ2,
(d) GQ(τ1, τ2, τ3) = GQ(τ2, τ3, τ1) = GQ(τ1, τ3, τ2) = . . . (symmetry),
(e) There exists a real number r ≥ 1 such that

GQ(τ1, τ2, τ3) ≤ r
[
GQ(τ1, a, a) +GQ(a, τ2, τ3)

]
,

∀a, τ1, τ2, τ3 ∈ X (rectangle inequality).
Then, the function GQ is called a quaternion G-metric and

(
X,GQ

)
is referred

to as the GQ-metric space. A GQ-metric space is considered complete if every
Cauchy sequence in it is GQ-convergent.

The following is an extension of G-metric space with degree l.
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Definition 5. ([2]) Let X be a non-empty set. A function g : Xp+1 → R+ is called
a g-metric space with order p on X if it satisfies the following conditions:
(a) g (τ0, τ1, τ2, . . . , τp) = 0 iff τ0 = τ1 = . . . = τp,
(b) g (τ0, τ1, τ2, . . . , τp) = g

(
τσ(0), τσ(1), τσ(2), . . . , τσ(p)

)
for permutation σ on {0, 1, 2, . . . , p},

(c) g (τ0, τ1, τ2, . . . , τp) ≤ g (ς0, ς1, ς2, . . . , ςp) for all (τ0, τ1, τ2, . . . , τp) , (ς0, ς1, ς2, . . . , ςp) ∈
Xp+1 with {τi : i = 0, 1, . . . , p} ⊆ {ςi : i = 0, 1, . . . , p},
(d) For every τ0, τ1, . . . , τs, ς0, ς1, . . . ςt, w ∈ X with s + t + 1 = l,

g (τ0, τ1, τ2, . . . , τs, ς0, ς1, ς2, . . . , ςt) ≤
g (τ0, τ1, τ2, . . . , τs, w, w, . . . w) + g (ς0, ς1, ς2, . . . , ςt, w, w . . . w) .

The pair (X, g) is called g-metric space with degree p. For p = 1, 2 respectively, it
is respectively equivalent to metric and G-metric space.

The statistical convergence of real valued sequences is based on the concept of
natural density of subsets of N, the set of all positive integers, which is defined as
follows: Let (X, d) be a metric space. A real number sequence (τk) is said to be
statistically convergent to the number τ if for every ε > 0,

lim
n
n−1 |{j ≤ n : d (τj , τ) ≥ ε}| = 0,

where the number of elements in the contained set is indicated by the vertical bars.
The idea of λ-statistical convergence of sequences τ = (τj) of real numbers has

been studied by Mursaleen [26]. Let λ = (λn) be a non-decreasing sequence of
positive real numbers tending to ∞ such that λn+1 ≤ λn + 1 and λ1 = 1. The
generalized de la Vallèe-Poussin mean is defined by

tn (τ) =
1

λn

∑
j∈In

τj ,

where In = [n− λn + 1, n] for n = 1, 2, .... If λn = n, then (V, λ)-summability
reduces to (C, 1)-summability.

A real number sequence τ = (τj) is said to be λ-statistically convergent to the
number τ if for every ε > 0,

lim
n

1

λn
|{j ∈ In : d (τj , τ) ≥ ε}| = 0.

In this case we write st-λ-lim τj = τ or τj → τ (st− λ).
Note that if λj = j is taken here, λ-statistical convergence is reduced to statistical

convergence.
The following definitions were given by Abazari [1].

Definition 6. ([1]) If p ∈ N and K ∈ Np, and

K(j) = {(i1, i2, . . . , ip) ≤ j : (i1, i2, . . . , ip) ∈ K} ,

then

δp(K) = lim
j→∞

p!

jp
|K(j)|,

is called p-dimensional asymptotic (or natural density) of the set K.

Definition 7. ([1]) Let (τj) be a sequence in a g-metric space (Y, g) . Then, the
following statements hold:
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(i) (τj) is statistically convergent to τ , provided for all ε > 0,

lim
j→∞

p!

jp
∣∣{i1, i2, ..., ip ≤ j : g

(
τ, τi1 , τi2 , ..., τip

)
≥ ε
}∣∣ = 0,

and is indicated by gS-limj→∞ τj = τ.
(ii) (τj) is called to be statistical g-Cauchy, provided for all ε > 0, there exists

iε ∈ N so that

lim
j→∞

p!

jp
∣∣{i1, i2, ..., ip ≤ j : g

(
τiε , τi1 , τi2 , ..., τip

)}∣∣ = 0.

The following definition was given by Jan and Jalal [20].

Definition 8. ([20]) Let X be a non-empty set. A function gQ : Xp+1 → Q (where
Q is the space of quaternions) is called quaternion valued g-metric space with order
p on X if it satisfies the following conditions:
(a) gQ (τ0, τ1, τ2, . . . , τp) = 0 iff τ0 = τ1 = . . . = τp,
(b) gQ (τ0, τ1, τ2, . . . , τp) = gQ

(
τσ(0), τσ(1), τσ(2), . . . , τσ(p)

)
for permutation σ on

{0, 1, 2, . . . p},
(c) gQ (τ0, τ1, τ2, . . . , τp) � gQ (ς0, ς1, ς2, . . . , ςp) for all

(τ0, τ1, τ2, . . . , τp) , (ς0, ς1, ς2, . . . , ςp) ∈ Xp+1,

with {τi : i = 0, 1, . . . p} ( {ςi : i = 0, 1, . . . p},
(d) For all τ0, τ1, . . . , τs, ς0, ς1, . . . ςt, v ∈ X with s + t + 1 = p,

gQ (τ0, τ1, τ2, . . . , τs, ς0, ς1, ς2, . . . , ςt) ≤ gQ (τ0, τ1, τ2, . . . , τs, v, v, . . . v)

+ gQ (ς0, ς1, ς2, . . . , ςt, v, v . . . v) .

The pair (X, gQ) is called quaternion valued gQ-metric space with degree p. For
p = 1, 2 respectively, it is equivalent to quaternion valued metric and quaternion
valued G-metric space.

Definition 9. ([20]) A gQ-metric on X is called multiplicity independent with
degree p if the following holds

gQ (τ0, . . . , τp) = gQ (ς0, . . . , ςp) ,

for all (τ0, τ1, . . . , τp) , (ς0, ς1, . . . , ςp) ∈ Xp+1 with

{τi : i = 0, . . . , p} = {ςi : i = 0, . . . , p} .

Note that for a given multiplicity independent gQ-metric with order 2, it holds
that gQ(τ, ς, ς) = gQ(τ, τ, ς). For a given multiplicity independent gQ-metric with
order 3, it holds that gQ(τ, ς, ς, ς) = gQ(τ, τ, ς, ς) = gQ(τ, τ, τ, ς) and gQ(τ, τ, ς, z) =
gQ(τ, ς, ς, z) = gQ(τ, ς, z, z).

Remark. If we allow equality under the conditions of monotonicity in Definition
9 that is

gQ (τ0, . . . , τp) � gQ (ς0, . . . , ςp)

for (τ0, . . . , τp) , (ς0, . . . , ςp) ∈ Xp+1 with {τi : i = 0, . . . , p} ⊆ {ςi : i = 0, . . . , p},
then every gQ-metric becomes multiplicity independent.
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3. Main Results

Following the definitions and findings presented above, we aim to introduce
new concepts of λ-statistically convergent sequences with regard to the metrics
on quaternion valued g-metric spaces in this section. Alongside these definitions,
we will discuss natural inclusion theorems.

We are now ready to define λ-statistical convergence in a quaternion-valued g-
metric space (X, gQ).

Definition 10. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) λ-statistically converges to τ if for every
q ∈ Q with 0 ≺ q such that

limj→∞
p!

(λj)p

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ = 0,

where Ipj = [j − λj + 1, j] × [j − λj + 1, j] × ... × [j − λj + 1, j] (p times) for j =

1, 2, ... and denoted by gQ(st− λ)− limj→∞
{
τi1 , τi2 , . . . τip

}
= τ or (τj)

gQ(st−λ)→ τ .

When λj = j, for all j, then the notion of gQ(st−λ)-statistically convergence of
sequences is reduced to the quaternion valued g-statistical convergence for sequences
in [20].

Definition 11. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. Then, (τj) is bounded if there exists a positive
number B such that

∣∣{τj1,τj2 , . . . ., τjp}∣∣ ≤ B for all {(i1, i2, . . . , ip)}.

We denote the set of all quaternion valued bounded sequences by `Q∞.

Theorem 3.1. If gQ − lim τk = τ then gQ(st− λ)− lim τk = τ .

Proof. Let gQ − lim τk = τ . Then for all 0 ≺ q ∈ Q there exists Υ ∈ N such that

{k1, k2,, . . . , kp} ≥ Υ⇒ gQ
(
τ, τk1 , τk2 , . . . , τkp

)
≺ q.

The set

A (ε) =
{

(k1, k2,, . . . , kp) ∈ Ipj , k1,k2, . . . , kp ≤ j (j ∈ N) :∣∣gQ (τ, τk1 , τk2 , ..., τkp)∣∣ ≥ |q| = ε
}
⊂ {1, 2, 3, . . .}p ,

where q = ε
2 + i ε2 + j ε2 + k ε2 , δλ(A(ε)) = 0. Hence, gQ (st− λ) − lim τk = τ as

desired. �

The following example shows that the converse of Theorem 3.1 need not be true,
in general.

Example 1. Let X = R and GQ : R×R×R→ Q be a quaternion valued G-metric
space defined by

GQ (p1, p2, p3) =
∣∣z10 − z20

∣∣+
∣∣z10 − z30

∣∣+
∣∣z20 − z30

∣∣
+ i
(∣∣z11 − z21

∣∣+
∣∣z11 − z31

∣∣+
∣∣z21 − z31

∣∣)
+ j

(∣∣z12 − z22
∣∣+
∣∣z12 − z32

∣∣+
∣∣z22 − z32

∣∣)
+ k

(∣∣z13 − z23
∣∣+
∣∣z13 − z33

∣∣+
∣∣z23 − z33

∣∣) ,
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where pr = zr0 + zr1i + zr2j + zr3k for r = 1, 2, 3. Let τm =
{
xi1 , xi2 , . . . xip

}
be a

sequence defined as

τk =

{
k, if k is a square
1, otherwise.

It is easy to see that gQ(st− λ)− lim τk = 1, since the cardinality of the set

|{k ∈ Ipk , k ≤ n (n ∈ N) : |gQ (1, τk)| > |q| = ε}| ≤
√
k,

for every ε > 0 and

q =
ε

2
+ i

ε

2
+ j

ε

2
+ k

ε

2
.

But (τk) is neither convergent nor bounded.

Following theorem shows that the statistical limit in a quaternion valued g-metric
space is unique.

Theorem 3.2. If a sequence (τj) is λ-statistically convergent in (X, gQ) , then
gQ(st− λ)− lim τj is unique.

Proof. Suppose that (τj) λ-statistically converges in (X, gQ). Let gQ(st − λ) −
lim τj = τ1 and gQ(st− λ)− lim τj = τ2. Given ε > 0 and 0 ≺ q ∈ Q, let

q =
ε

4p
+ i

ε

4p
+ j

ε

4p
+ k

ε

4p
.

Define the following sets as:

K1(ε) =
{

(k1, k2, . . . , kp) ∈ Ipj , k1, k2, . . . , kp ≤ j (j ∈ N) :∣∣gQ (τ1, τk1 , τk2 , . . . .τkp)∣∣ ≥ |q| = ε

2p

}
,

K2(ε) =
{

(k1, k2, . . . , kp) ∈ Ipj , k1, k2, . . . , kp ≤ j (j ∈ N) :∣∣gQ (τ2, τk1 , τk2 , . . . .τkp)∣∣ ≥ |q| = ε

2p

}
.

Since gQ(st − λ) − Iim
(
τk1 , τk2 , . . . τkp

)
= τ1, we have δλ (K1(ε)) = 0. Similarly

gQ(st− λ)− Iim
(
τk1 , τk2 , . . . τkp

)
= τ2, implies δλ (K2(ε)) = 0.

Let K(ε) = K1(ε)∪K2(ε). Then δλ(K(ε)) = 0 and we have Kc(ε) is non-empty
and δλ (Kc(ε)) = 1. Suppose {k1, k2, . . . , kp} ∈ Kc(ε), then by Definition 8, we
have:

|gQ (τ1, τ2, τ2, ..., τ2)| ≤ |gQ (τ1, τm, τm, ..., τm)|+ |gQ (τm, τ2, τ2, ..., τ2)|
≤ |gQ (τ1, τm, τm, ..., τm)|+ p |gQ (τ2, τm, ..., τm)|
≤
∣∣gQ (τ1, τk1 , τk2 , ..., τkp)∣∣+ p

∣∣gQ (τ2, τk1 , τk2 , ..., τkp)∣∣
≤ p

∣∣gQ (τ1, τk1 , τk2 , ..., τkp)∣∣+ p
∣∣gQ (τ2, τk1 , τk2 , ..., τkp)∣∣

≤ p
(
ε

2p
+

ε

2p

)
= ε.

Since ε > 0 was arbitrary, we get gQ (τ1, τ2, τ2 . . . , τ2) = 0, therefore τ1 = τ2. �
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Definition 12. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) is said to be λ-statistically gQ-Cauchy if
for every q ∈ Q with 0 ≺ q, there exists ir ≺ Q such that

limj→∞
p!

(λj)p

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τir , τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ = 0,

(X, gQ) is called a complete quaternion valued g-metric space.

If λj = j, for all j, then the notion of λ-statistically gQ-Cauchy sequence is
reduced to the concept of statistical gQ-Cauchy sequence in [20].

Theorem 3.3. Let (X, gQ) be a complete quaternion valued g-metric space. Then,
a sequence (τj) of points in (X, gQ) is λ-statistically g-convergent if and only if it
is λ-statistically gQ-Cauchy.

Proof. Suppose that gQ(st− λ)− lim τj = τ . Then, we get δλ(A(ε)) = 0, where

A (ε) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

2

}
,

where q = ε
4 + i ε4 + j ε4 + k ε4 .

This implies that

δλ (Ac (ε)) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ < |q| = ε

2

}
= 1,

Let (m1,m2,m3, . . . ,ms) ∈ Ac(ε). Then

|gQ (τ, τm1
, τm2

, ..., τms
)| < |q| = ε

2
.

Let

B (ε) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τm1 , τm2 , . . . , τms , τi1 , τi2 , . . . , τip
)∣∣ ≥ ε} ,

we need to demonstrate that B(ε) ⊂ A(ε). Let j ∈ B(ε). That is (i1, i2, . . . , ip) ≤ j
(j ∈ N) ∈ A(ε). Otherwise, if

∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ ≤ ε then

ε ≤
∣∣gQ (τm1

, τm2
, . . . , τms

, τi1 , τi2 , . . . , τip
)∣∣ ≤ gQ (τ, τi1 , τi2 , . . . , τip)

+ gQ (τ, τm1
, τm2

, . . . , τms
)

<
ε

2
+
ε

2
= ε,

which is not possible. Hence B(ε) ⊂ A(ε), which implies that
{
τi1 , τi2 , ..., τip

}
is

λ-statistically gQ-Cauchy.
Conversely, suppose that (τk) is gQ(st−λ)-Cauchy but not gQ(st−λ)-convergent.

Then, there exist τk1 , τk2 , . . . τkm ∈ I
p
j (j ∈ N) such that δλ(G(ε)) = 0 where

G (ε) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τi1 , τi2 , . . . , τip , τk1 , τk2 , . . . , τkm)∣∣ ≥ ε

2

}
,
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and δλ(D(ε)) = 0 where

D (ε) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ < ε

2

}
,

that is δλ (Dc(ε)) = 1.
Since ∣∣gQ (τm1

, τm2
, . . . , τms

, τi1 , τi2 , . . . , τip
)∣∣ ≤ 2

∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ < ε

if
∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ < ε

2 . Therefore δλ (Gc(ε)) = 0 that is δλ(G(ε)) = 1, which

leads the contradiction, since
{
τi1 , τi2 , ..., τip

}
was gQ(st− λ)-Cauchy. Hence, (τk)

is a gQ(st− λ)-convergent sequence. �

Now, we establish the relation between strongly Cesáro summability, strong
summability and gQ-statistical convergence in quaternion valued g-metric space.

Definition 13. A sequence (τj) is said to be strongly Cesáro summable to limit τ
in (X, gQ) if

lim
j→∞

p!

jp

j∑
(i1,i2,...,ip)=1

gQ
(
τi1 , τi2 , ..., τip , τ

)
= 0,

and write it as τj → τ [C, 1, gQ]. In this case τ is the [C, 1, gQ]-limit of (τj).

Definition 14. A sequence (τj) is said to be strongly λ-summable to limit τ in
(X, gQ) if

lim
j→∞

p!

(λj)
p

∑
(i1,i2,...,ip)∈Ipj

gQ
(
τi1 , τi2 , ..., τip , τ

)
= 0,

and write it as τj → τ [V, λ, gQ]. In this case τ is the [V, λ, gQ]-limit of (τj).

Proofs of the following result are routine works, so ommitted.

Theorem 3.4. Let (X, gQ) be a quaternion valued g-metric space. Then, following
statements hold:

(i) If τj → τ [V, λ, gQ] then τj → τ (gQ(st− λ)), and the inclusion [V, λ, gQ] ⊆
gQ(st− λ).

(ii) If τj ∈ `Q∞ and τj → τ (gQ(st− λ)), then τj → τ [V, λ, gQ].
(iii) gQ(st− λ) ∩ `Q∞ = [V, λ, gQ] ∩ `Q∞.

Proof. (i) Let

Kε(p) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τi1 , τi2 , ..., τip , τ)∣∣ ≥ ε} ,
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Now, since τj → τ [V, λ, gQ] for all 0 ≺ q ∈ Q we have

0←− p!

(λj)
p

j∑
(i1,i2,...,ip)∈Ipj

gQ
(
τi1 , τi2 , ..., τip , τ

)

≥ p!

(λj)
p


j∑

i1,i2,...,ip=1

(i1,i2,...,ip)/∈Kε(p)

gQ
(
τi1 , τi2 , ..., τip , τ

)

+

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)∈Kε(p)

gQ
(
τi1 , τi2 , ..., τip , τ

)


≥ p!

(λj)
p ε |Kε(p)| , as j →∞.

That is, limj→∞
p!

(λj)p |Kε(p)| = 0 and δλ (Kε(p)) = 0. Hence, we have τj →
τ (gQ(st− λ)) .

It is easy to see that the inclusion [V, λ, gQ] ⊆ gQ(st− λ) is proper.
(ii) Suppose that

{
τi1 , τi2 , ..., τip

}
is bounded and λ-statistically gQ-convergent to

τ in (X, gQ). Then, for ε > 0, we have δλ (Kε(p)) = 0. Since
{
τi1 , τi2 , ..., τip

}
∈ `Q∞,

there exist a M > 0 such that
∣∣gQ (τi1 , τi2 , ..., τip , l)∣∣P ≤M . We have

p!

(λj)
p

∑
i1,i2,...,ip∈Ipj

∣∣g (τi1 , τi2 , ..., τip , τ)∣∣
=

p!

(λj)
p

j∑
i1,i2,...,ip=1

i1,i2,...,ip /∈Kε(p)

∣∣gQ (τi1 , τi2 , ..., τip , τ)∣∣

+
p!

(λj)
p

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)∈Kε(p)

∣∣gQ (τi1 , τi2 , ..., τip , τ)∣∣ .
= S1(j) + S2(j),

where

S1(j) :=
p!

(λj)
p

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)/∈Kε(p)

∣∣gQ (τi1 , τi2 , ..., τip , τ)∣∣
and

S2(j) :=
p!

(λj)
p

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)∈Kε(p)

∣∣gQ (τi1 , τi2 , ..., τip , τ)∣∣ .
Now if {i1, i2, . . . , ip} /∈ Kε(p) then S1(j) < ε. For {i1, i2, . . . , ip} ∈ Kε(p), we have

S2(j) ≤ sup
∣∣gQ (τi1 , τi2 , ..., τip , τ)∣∣ ( |Kε(p)|

j

)
≤M p! |Kε(p)|

(λj)
p → 0
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as j →∞, since δλ(K(ε)) = 0. Hence{
τi1 , τi2 , ..., τip

}
→ τ [V, λ, gQ].

As a result, we conclude that τj → τ [V, λ, gQ].
(iii) Follows from (i) and (ii). �

Theorem 3.5. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. Then

i) If τj → τ ([C, 1, gQ]), then τj → τ (gQ(st− λ)) .
ii) If (X, gQ) is bounded and τj → τ (gQ(st− λ)), then τj → τ ([C, 1, gQ]).

Proof. The proof has been omitted since it follows by the similar way used in
proving Theorem 3.4. �

It is easily seen that τj → τ (gQ(st− λ)) ⊆ τj → τ (gQ(st)) for all λ, since
(λj)p

jp

is bounded by 1. Therefore, we establish the following relation.

Theorem 3.6. gQ(st) ⊆ gQ(st− λ) iff lim inf
(λj)p

jp > 0.

Proof. For given ε > 0, we see that{
(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

}
⊂ {(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

}
,

where q = ε
2 + i ε2 + j ε2 + k ε2 . This gives

p!
jp |{(i1, i2, . . . , ip) ∈ N

p, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε
}∣∣

≥ p!
jp

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε
}∣∣

≥ (λj)p

jp . p!
(λj)p

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε
}∣∣ .

Taking the limits as j →∞ and employ the reality that lim inf
(λj)p

jp > 0, we get

τj → τ (gQ(st))⇒ τj → τ (gQ(st− λ)) .

Conversely, suppose that lim inf
(λj)p

jp = 0. As in [11, p. 510], we can choose a

subsequence (j (r))
∞
r=1 such that

(λj(r))p

(j(r))p < 1
r . Let X = R and gQ be the quaternion

valued metric as Example 1. Let τj =
{
τi1 , τi2 , . . . , τip

}
be a sequence defined as

τj =

{
1, if i1, i2, ..., ip ∈ Ipj(r)
0, otherwise.

It is easy to see that τ ∈ [C, 1, gQ], and so, by [7, Theorem 2.1], τ ∈ gQ(st). On the
other hand, τ /∈ [V, λ, gQ] and Theorem 3.4(ii) gives that τ /∈ gQ(st − λ). Hence,

lim inf
(λj)p

jp > 0 is necessary. �

Let σ be a mapping of the positive integers into themselves. A continuous linear
functional ϕ on `∞ is said to be an invariant mean or a σ-mean if the following
conditions hold:

(i) ϕ (x) ≥ 0, when the sequence x = (xn) has xn ≥ 0 for all n,
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(ii) ϕ (e) = 1, where e = (1, 1, 1, ...) and
(iii) ϕ

(
xσ(n)

)
= ϕ (xn) for all x ∈ `∞, where `∞ denotes the set of bounded

sequences.
The mapping σ are assumed to be one-to-one and such that σm (n) 6= n for

all n,m ∈ Z+, where σm (n) denotes the m th iterate of the mapping σ at n.
Thus, ϕ extends the limit functional on c, the space of convergent sequences, in
the sense that ϕ (xn) = limxn for all x ∈ c. In the case σ is translation mappings
σ (n) = n+ 1, the σ-mean is often called a Banach limit. The space Vσ, the set of
bounded sequences whose invariant means are equal, can be shown that

Vσ =

{
x ∈ `∞ : lim

m→∞

1

m

m∑
k=1

xσk(n) = L, uniformly in m

}
.

In [42], Schaefer proved that a bounded sequence x = (xk) of real numbers is
σ-convergent to L if and only if

lim
k→∞

1

k

k∑
i=1

xσi(m) = L,

uniformly in m. A sequence x = (xk) is said to be strongly σ-convergent to L if
there exists a number L such that

lim
k→∞

1

k

k∑
i=1

d
(
xσi(m), L

)
= 0,

uniformly in m. We write [Vσ] as the set of all strong σ-convergent sequences. A
sequence x = (xn) ∈ `∞ is said to be almost convergent of all of its Banach limits
coincide. The spaces ĉ and [ĉ] of almost convergent sequences and strongly almost
convergent sequences are defined respectively by

ĉ =
{
x ∈ `∞ : lim

m
tmn (x) exists uniformly in n

}
and

[ĉ] =
{
x ∈ `∞ : lim

m
tmn (|x− le|) exists uniformly in n for some l ∈ C

}
where tmn (x) = xn+xn+1+...+xn+m

m+1 and e = (1, 1, ...) . Taking σ (m) = m + 1, we

obtain [Vσ] = [ĉ] .

Definition 15. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) σ-statistically converges to τ if for every
q ≺ Q with 0 ≺ q such that

limn→∞
p!
jp |{(i1, i2, . . . , ip) ∈ N

p, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q|}∣∣∣ = 0,

uniformly in m. In this case, we write τj → τ
(
gQ(ŝt− σ)

)
.

Before presenting the promised inclusion relations, we will introduce a new def-
inition.
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Definition 16. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) (σ, λ)-statistically converges to τ if for
every q ≺ Q with 0 ≺ q such that

limj→∞
p!

(λj)p

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q|}∣∣∣ = 0,

uniformly in m. In this case, we write τj → τ
(
gQ(ŝt− σ − λ)

)
.

Definition 17. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. A sequence (τj) is said to be strongly (σ, λ)-
summable to limit τ in (X, gQ) if

lim
j

j!

(λj)
j

∑
(i1,i2,...,ip)∈Ij

g
(
τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)
= 0,

uniformly in m = 1, 2, 3, ...

This form of convergence is represented as gQ

[
V̂ − σ − λ

]
-lim τj = τ or τj →

τ
(
gQ

(
V̂ − σ − λ

))
.

Now we give some inclusion relations between gQ(ŝt−σ−λ) and gQ

(
V̂ − σ − λ

)
.

Theorem 3.7. The following statements hold:

(i) If τj → τ
(
gQ

(
V̂ − σ − λ

))
, then τj → τ

(
gQ(ŝt− σ − λ)

)
,

(ii) If x ∈ `Q∞ and τj → τ
(
gQ(ŝt− σ − λ)

)
, then τj → τ

(
gQ

(
V̂ − σ − λ

))
, and

hence τj → τ ([C, 1, gQ]) .

Proof. (i) Let

Kε(p) =
{

(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τσi1 (m), τσi2 (m), ..., τσip (m), τ
)∣∣∣ ≥ ε} ,

Now since τj → τ
(
gQ

(
V̂ − σ − λ

))
then, for all 0 ≺ q ∈ Q, we have

0←− p!

(λj)
p

∑
(i1,i2,...,ip)∈Ipj

gQ

(
τσi1 (m), τσi2 (m), ..., τσip (m), τ

)

≥ p!

(λj)
p


j∑

i1,i2,...,ip=1

(i1,i2,...,ip)/∈Kε(p)

gQ

(
τσi1 (m), τσi2 (m), ..., τσip (m), τ

)

+

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)∈Kε(p)

gQ

(
τσi1 (m), τσi2 (m), ..., τσip (m), τ

)
≥ p!

(λj)
p ε |Kε(p)| , as n→∞.
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Hence, we have τj → τ
(
gQ(ŝt− σ − λ)

)
.

(ii) Suppose that
{
τi1 , τi2 , ..., τip

}
is bounded and (σ, λ)-statistically gQ-convergent

to τ in (X, gQ). Since
{
τi1 , τi2 , ..., τip

}
∈ `Q∞, there exists M > 0 such that∣∣gQ (τi1 , τi2 , ..., τip , l)∣∣P ≤M for all p and m.We have

p!

(λj)
p

j∑
i=1

gQ

(
τσi1 (m), τσi2 (m), ..., τσip (m), τ

)
=

p!

(λj)
p

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)/∈Kε(p)

gQ

(
τσi1 (m), τσi2 (m), ..., τσip (m), τ

)

+
p!

(λj)
p

j∑
i1,i2,...,ip=1

(i1,i2,...,ip)∈Kε(p)

gQ

(
τσi1 (m), τσi2 (m), ..., τσip (m), τ

)

= S1(j) + S2(j).

Now if {i1, i2, . . . , ip} /∈ Kε(p) then S1(j) < ε. For {i1, i2, . . . , ip} ∈ Kε(p), we have

S2(j) ≤ sup
∣∣∣gQ (τσi1 (m), τσi2 (m), ..., τσip (m), τ

)∣∣∣ ( |Kε(p)|
j

)
≤M p! |Kε(p)|

(λj)
p → 0

as j →∞. As a result, we get τj → τ
(
gQ

(
V̂ − σ − λ

))
. �

Theorem 3.8. If

lim inf
(λj)

p

jp
> 0 (3.1)

then

τj → τ (gQ(st− λ)) implies τj → τ
(
gQ(ŝt− σ − λ)

)
.

Proof. For given ε > 0, we see that{
(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q| = ε
}

⊃ {(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q| = ε
}

where q = ε
2 + i ε2 + j ε2 + k ε2 . This gives

p!
jp |{(i1, i2, . . . , ip) ∈ N

p, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q| = ε
}∣∣∣

≥ p!
jp

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q| = ε
}∣∣∣

≥ (λj)p

jp . p!
(λj)p

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N)∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q| = ε
}∣∣∣ .

Taking the limits as j →∞ and employ the reality that lim inf
(λj)p

jp > 0, we get

τj → τ (gQ(st− λ))⇒ τj → τ
(
gQ(ŝt− σ − λ)

)
.
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This finalizes the proof. �

If we take σ (j) = j + 1 in the Definitions 15, 16 and 17, then we have the
following:

Definition 18. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) σ-statistically converges to τ if for every
q ≺ Q with 0 ≺ q such that

limj→∞
p!
jp |{(i1, i2, . . . , ip) ∈ N

p, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣∣gQ (τ, τσi1 (m), τσi2 (m), ..., τσip (m)

)∣∣∣ ≥ |q|}∣∣∣ = 0,

uniformly in m. In this case, we write τj → τ
(
gQ(ŝt− σ)

)
.

Definition 19. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) almost statistically converges to τ provided
that for every q ≺ Q with 0 ≺ q,

limj→∞
p!
jp |{(i1, i2, . . . , ip) ∈ N

p, i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τi1+m, τi2+m, ..., τip+m, τ
)∣∣ ≥ |q|}∣∣ = 0,

uniformly in m. In this case, we write τj → τ
(
gQ(ŝt)

)
.

Definition 20. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) almost λ-statistically converges to τ provided
that for every q ≺ Q with 0 ≺ q,

limj→∞
p!

(λj)p

∣∣{(i1, i2, . . . , ip) ∈ Ipj , i1, i2, . . . , ip ≤ j (j ∈ N) :∣∣gQ (τi1+m, τi2+m, ..., τip+m, τ
)∣∣ ≥ |q|}∣∣ = 0,

uniformly in m. In this case, we express τj → τ
(
gQ(ŝt− λ)

)
.

If λj = j, for all j, then gQ(ŝt− λ) is same as gQ(ŝt).

Definition 21. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τj) ⊆ X be a sequence. (τj) is said to be strongly almost λ-summable
to a number τ if

lim
j→∞

p!

(λj)
p

∑
(i1,i2,...,ip)∈Ipj

gQ
(
τi1+m, τi2+m, ..., τij+m, τ

)
= 0,

uniformly in m = 1, 2, 3, ..., (denoted by τj → τ
([
gQ(V̂ − λ)

])
).

Remark. Similar inclusions to Theorems 3.7 and 3.8 hold between strongly λ-
almost statistically convergent and almost λ-statistically convergent in (X, gQ).
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[15] M. Gürdal, Ö. Kişi and S. Kolancı, New convergence definitions for double sequences in

g-metric spaces. J. Class. Anal., 21(2):173-185, 2023.
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[30] E. Savaş. Strongly almost convergence and almost λ-statistical convergence. Hokkaido J.
Math., 29:63–68, 2000.
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[41] Ö. Talo, U. Kadak and F. Başar. On series of fuzzy numbers. Contemp. Anal. Appl. Math.,

4(1):132–155, 2016.

[42] P. Schaefer. Infinite matrices and invariant means. Proc. Amer. Math. Soc., 36(1):104–110,
1972.
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