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ON V3-STATISTICAL CONVERGENCE OF DOUBLE
SEQUENCES OF ORDER o IN RANDOM 2-NORMED SPACE

OMER KiSi

ABSTRACT. In this present paper, we introduce the notion of Va-statistical
convergence of double sequences of order a, Va-statistical Cauchy double se-
quences of order « in random 2-normed spaces and obtain some results. We
display examples which show that our method of convergence is more general
in random 2-normed space.

1. INTRODUCTION

The idea of the statistical convergence was given by Zygmund [36] in the first
edition of his monograph published in Warsaw in 1935. The concept of statistical
convergence was introduced by Fast [7] and Steinhaus [34] and then reintroduced
by Schoenberg [31] independently. Over the years, statistical convergence has been
developed in ([3], [13], [14], [21], [25], [29], [35]) and turned out very useful to resolve
many convergence problems arising in Analysis.

Definition 1. ([7]) A number sequence x = (xy) is said to be statistically conver-
gent to the number [ if for every e > 0,
.1
nh%ngo ﬁHk <n:lzp—I >e}=0.
In this case we write st —limy_,  x = l. Statistical convergence is a natural gener-
alization of ordinary convergence. If limxy = [, then st —limxy = 1. The converse
does not hold in general.

In literature, several interesting generalizations of statistical convergence have
been appeared. One among these is A-statistical convergence given by Mursaleen
[23] with a non-decreasing sequence A = (\,,) of positive real numbers tending to
oo such that A1 <A+ 1, A = 1.

The idea of A-statistical convergence can be connected to the generalized de la
Vallée-Poussin mean. It is defined by

tn(ﬂz:):)\i Zxk

" kel,
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where I, = [n — A, + 1,1].

Definition 2. ([23]) A sequence x = (xx) of numbers is said to be A -statistical
convergent to a number [ provided that for every e > 0,
. 1
nlgnéo )\—n|{k €L, |z —1>¢e}=0.

In this case, the number | is called \-statistical limit of the sequence © = () and
we write Sy — limg_ 00 T = L.

Recently, for « € (0,1] Colak and Bektas [2] generalized Definition 2 in terms
of A-statistical convergence of order av and obtained some analogous results.

The concept of probabilistic normed spaces was initially introduced by A. N.
Sherstnev [33] in 1962. Menger [22] introduced the notion of probabilistic metric
spaces in 1942. The idea of Menger [22] was to use distribution function instead of
non-negative real values of a metric. In last few years these spaces are grown up
rapidly and many detereministic results of linear normed spaces are obtained for
probabilistic normed spaces. For a detailed study on probabilistic functional anal-
ysis, we refer ([I], [I7], [26], [32]). In 2005, Golet [16] used the concept of 2-norm of
Gahler [I5] and presented generalized probabilistic normed space which he called
random 2-normed space. Giirdal and Pehlivan ([37], [38]) studied statistical con-
vergence in 2-normed spaces and in 2-Banach spaces. Recently, Savas [39] defined
and studied generalized statistical convergence in random 2-normed space. Esi and
Ozdemir [6] introduced and studied the concept of generalized A™-statistical con-
vergence of sequences in probabilistic normed space. Esi [5], defined and studied
the notion of V-statistical convergence and V-statistical Cauchy sequences using
by A-sequences in random 2-normed spaces, and proved some theorems.

The existing literature on statistical convergence and its generalizations appears
to have been restricted to real or complex sequences, but in recent years these ideas
have been also extended to the sequences in fuzzy normed [40] and intutionistic
fuzzy normed spaces [18], [20], [27] and [28]. Several authors studied on the sets
of fuzzy valued sequences and the characterization of the classes of related matrix
transformations ([§], [9], [10], [I1], [12]).

Let R denotes the set of reals and Rf = [0,00). A function f : R — R{
is called a distribution function if it is non-decreasing and left-continuous with
infier f (t) = 0 and sup,cp f(t) = 1. We will denote the set of all distribution
functions by D. Also, a distance distribution function is a non decreasing function
F defined on RT = [0,00) that satisfies F(0) = 0 and F (00) = 1; and is left
continuous on (0,00). Let DT denotes the set of all distance distribution functions.

A triangular norm, briefly ¢-norm, is a binary operation * on [0,1] which is
continuous, commutative, associative, non-decreasing and has 1 as neutral element,
i.e., it is the continuous mapping * : [0,1] x [0,1] — [0, 1] such that for all a,b,c €
[0,1] :

(1) a*x1=a,

(i) axb=Dbxa,

(i4i) cxd > axbif c>aand d > b,
() (axb)xc=ax(bxc).

The * operations a * b = max{a + b — 1,0}, axb = ab, and a * b = min {a, b} on
[0,1] are ¢t-norms.

In following, we give some useful definitions.
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Definition 3. ([I5]) Let X be a real vector space of dimension d > 1 (d may be
infinite). A real valued function ||.,.|| : X% — R satisfying the following conditions:

(2) ||z1, 22| = 0, if and only if 1,z are linearly dependent.
(1) ||x1, z2|| = ||x2, z1|| for all z1, 20 € X,
(1) ||axy, 2| = | ||#1, z2||, for any @ € R and
(i0) llz1 + w23 < |22, 2] + 22, 23]
is called a 2-norm and the pair (X, ||.,.||) is called a 2-normed space.

Definition 4. ([I6]) Let X be a real vector space of dimension d > 1 (d may be
infinite), T be a triangle function(a binary operation on DT which is associative,
commutative, nondecreasing and €y as a unit) and F : X x X — DT (for x,y € X,
F (xz,y;t) is the value of F (x,y) att € R). Then F is called a probabilistic norm
(X, F,T) a probabilistic 2-normed space if the following conditions are satisfied:

(¢) F(x,y;t) = Hy(t), if 2,y are linearly dependent, where Hy (¢t) = 0 if
t<O0and Hy(t)=11ift > 0.

(1) F (x,y;t) # Ho (t), if 2,y are linearly dependent.

(7i1) F (x,y;t) = F (y,x;t), for all x,y € X,

() F(ax,y;t) = F (x,y; ﬁ) for every t > 0, a # 0 and z,y € X,

(v) Flx+y,z;t) > 7(F (z,2;t) , F (y, 2;t)), where x,y,z € X.

If (v) is replaced by F (x 4+ y, z;t1 + t2) > F (x, z;t1) x F (y, 2;t2) for all x,y, z €

X and t1,ty € Ry then (X, F,*) is called a random 2-normed space.

Example 1. Let (X, ||.,.||) be a 2-normed space with ||z, z|| = |x122 — z221|; © =
(x1,22), z = (21,22) and axb = ab for all a,b € [0,1]. For every x,y € X and

t > 0 we define F (z,y;t) = m, then (X, F,*) is a random 2-normed space.

Definition 5. ([24]) Let (X, F,*) be a random 2-normed space. Then a sequence
x = (xk) is said to be convergent to xg € X with respect to norm F if for every
e>0,t € (0,1) and non-zero z € X, there exists a positive integer ko such that
F (z — 0, 2;8) > 1 —t whenever k > ko. It is denoted by F-lim zy, = xg.

Definition 6. ([24]) Let (X, F, ) be a random 2-normed space. Then a sequence
x = (zy) is said to be statistically convergent ST2N convergent to xo € X with
respect to norm F if for every e >0, t € (0,1) and non-zero z € X,

S({keN: F(ap —xg,2;¢6) <1—1})=0.
In this case, we write ST2N lim xj, = z¢.
Definition 7. ([4]) Let (X, F,*) be a random 2-normed space. Then a sequence

x = (xk) is said to be statistically convergent to | with respect to F if for every
e>0,t€(0,1) and non-zero z € X,

1
lim —|({k <n:F(xp—1z¢e) <1-1t})=0.

n—oo N

In this case, we write ST2N limx;, = [.

Kisi [19] has recently defined the Va-statistical convergence of double sequences
in random 2-normed spaces.

Throughout the paper, we consider a random 2-normed space (X, F,*) and
Xm = A\us be the collection of such sequences X will be denoted by As.
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Let A = (\.) and pu = (us) be two non-decreasing sequences of positive real
numbers, each tending to oo and such that A\, g < A\ +1, A\ =15 psp1 < ps + 1,
pwr =1 Let I, =[r—X .+ 1,7, [y =[s—us+1,8] and I, s = I, x I,.

For any set X C N x N, the number,

1
0N (X)=P- lim — [{(k,]) € I, x I, : (k1) € X}|;

r,8—00 AT,S

is said to be A-density of the set X, provided the limit exists, where A, s = A,jis.
2. MAIN RESULTS

In this section, we define Vs-statistical convergent double sequence of order
a(0 < o < 1) in random 2-normed space (X, F,x*). Also, we obtain some basic
properties of this notion in random 2-normed space.

Definition 8. A double sequence x = (xy;) in random 2-normed space (X, F,x*) is
said to be Va-convergent to l € X of order a with respect to F if for each € > 0,
t € (0,1) and for non-zero z € X, there exists an positive integer ng such that

Fl < ooz —1lze| > 1 —1t whenewer k,l > ng. In this case we write
" (kD)€L s
Fg,—limg oo w1 = 1, and 1 is called the Fg,—limit of v = (wx).

Definition 9. A double sequence x = (xy;) in a random 2-normed space (X, F, *)
is said to be Va-Cauchy of order a with respect to F if for every e >0, t € (0,1)
and for non-zero z € X, there exists positive integers p,q such that

1
F| = Thi — Tmn), 26 | <1—1t,
S )

s (kl)El s
whenever k,m > p, l,n > q.
Definition 10. A double sequence x = (xg;) in a random 2-normed space (X, F, )

is said to be Va-statistical convergent or Sv,-convergent to I of order a(0 < a <1)
with respect to F if for every e >0, t € (0,1) andfor non-zero z € X such that

1
5v2 (k,l)EIrvsi.F - E T —lizie | <1—1t =0.
A
78 (k)€

In other ways we can write

1
: 1 _— — . < — =
(k,)els: F 7_’£1m = E T —lze | <1—t 0,
T8 (k)EL,

or, equivalently,

1
ov, k,)els: F| = E T —lyze | >1—1 =1,
A
7,5 (kyl)Elrs

i.e.,

1
Sy, — lim F | =~ Z T — Ll ze | =1

T,§—00
7,8 (k)El,
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In this case, we write S¢_(R2N) — limy; zp = | or a5 — 1 (S, (R2N)) and
S2 (R2N) (X) = {:v = (aw) : 3 € R, 5, (R2N) — limayy = z} ,

The collection of all Va-statistically convergent double sequences of order « in
random 2-normed space is symbolized as S¢, (R2N) (X).

Definition 11. A double sequence x = (xy;) in a random 2-normed space (X, F, x)
is said to be Vo -statistically Cauchy of order a with respect to F if for every e > 0,

€ (0,1) and for non-zero z € X, there exist positive integers p,q such that for all
k,m>p, l,n>q

1
5V2 (ka l) S Ir,s : F o Z (xkl - xmn) , %€ S 1-1¢ = 07
Ars (kD€L s
or, equivalently,
1
dv, (k,))el,s: F Z (Tpt — Tyn) s 256 | > 1 —1t =1
)‘r s (k)el,

Definition 11, immediately implies the following Lemma.

Lemma 1. Let (X, F,*) be a random 2-normed space. If x = (zi1) is a double
sequence in X, then for everye > 0, t € (0,1) and for non-zero z € X, the following
statetements are equivalent.

(Z) S%Q — limk,l Tl = l.

(i1) by, ({(k,l) €l :F <ka
™S (kl)€El,
(ZZZ) 5V2 ({(kJ) S Ir,s : F (Af i Tl — ) }) 1.

(iv) S%z — hmk,l—)oof <)\i Z Tkl — l,z > =

"o (kDELr, s

Tkl —

—
v
H/—’
N———
.C’

=

Theorem 2. Let (X, F,*) be a random 2-normed space and o € (0,1] be given. If
r = (wp) is a double sequence in X such that Sg, (R2N) — limy ;v = 1 ewists,
then it is unique.

Proof. Suppose that Sg (R2N) — limy; x3; = I', where I #1'. Let € > 0 be given.
Choose v > 0 such that
I-v)x(1-v)>1-—c. (1)

Then, for any ¢t > 0 and for non-zero z € X, we define

1 t
Ki(vt)=S (kD) €ls: F = (ww =1,z | <1=v s
T8 (kvl)ejr,s
Koty =l el Fla S (u-0),55) <1-v
2 ) - ’ 7,8 * X kl 772 >~

78 (k,l)el, s
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Since
Sg, (R2N) — 1]1€Hll rr =1 and Sg, (R2N) — 1}161{1 g =1,

we have

0v, (K1 (v,t)) =0 and 0y, (K2 (v,t)) =0 for all t > 0.
Let K (v,t) = K3 (v,t) U K3 (v,1), then it is easy to observe that dv, (K (v,t)) =0
which immediately implies dv, (K°(v,t)) = 1. Let k € K°(v,t) = Kf (v,t) N
K§ (v,t) . Now one can write,

1 t 1 t
Fl-lzt) > F i Z T —bzg | *F | = Z xkl*l/72;§
78 (k€L s "8 (kD)€L s
> 1-v)x(1—-v).

It follows by (1) that
Fl=U,zt)>(1—¢).

Since ¢ is arbitrary, it follows that F (I — ', z;t) = 1, for all ¢ > 0 and non-zero
z € X. This shows that [ =1". 11

Theorem 3. Let (X,F,*) be a random 2-normed space and o € (0,1] be given.
Let x = (xy;) and y = (yr1) be two double sequences in X .

(i) If Sg, (R2N) — lim 71y = [ and 0 # ¢ € R, then Sg (R2N) —
limk,l CTEl — cl.

(Z’L) If S%Q (RQN) - limkyl Tl — [ and S%Q (R2N) - limk,lykl = l/, then
S%Q (R2N) — limy, ; (xrr +yr) =1+ .

Proof. The proof of the theorem is not so hard so is omitted here.

Theorem 4. Let (X,F,*) be a random 2-normed space and o € (0,1] be given.
If x = (zn1) be a double sequence in X such that Fg, —limy; oo w1y = [, then
5%2 (R2N) — limy,; x; = I. Hovewer the converse need not be true in general.

Proof. Since Fg, —limy ;o0 g1 = [, for every € > 0, ¢t > 0 and for non-zero z € X
there is a positive integer ng such that

1
Fls— S am—lzmt| >1-¢ Yk 1> no.
8 (ke
The set
1
K t)y=<(k,))el,s: F = Z o=zt <1-—c¢

™S (k,)El, s

has at most finitely many terms. Also, since every finite subset of N has dv,-
density zero, consequently we have Sg_ (K (e,t)) = 0. This shows that Sg  (R2N)—
limy ; 25 = I. We next give the following example which shows that the converse
need not be true. |

Example 2. Let X = R? with the 2-norm ||z, 2| = ||v122 — 2221| where x =

(x1,22), z = (21,22) and axb = ab for all a,b € [0,1]. Let F (xg, z,t) = m,
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where each t > 0, non-zero z € X, zo > 0. We define a sequence x = (xx;) as
follows:

L S o= (k,1), ifn—VX +1<k<n, m— /am+1<1<m,
X "7 (0,0), otherwise.
™S (kD)€L s
Now fore >0, t e (0,1), write
1
K(€7t): (kzl)EIT,s:Jr ~a Z l'kl—l,Z;t §1—€ ’
Ars (k1)el,..
where | = (0,0). Then
K(e,8) =4 (k1) € L.y - t <1-e%.0=(0,0)
thxa— X zum
™8 (k,))EIr,s

S:X% S am

"o (k€I s

te
Z 1—e > O}

sin—=VA+1<k<n, m— /im+1<1<m},

{(kz el
(k1) € I st vy = (K, 1)}
{(k,)) €1

so we get
1 1 VArs
o | (1) < 5o H(k,l) €hyir— VA +1<k<r, s— g +1 ngSH <5
Letting limit, v, s as 0o, we get
1 Vv )\TS
= 1 —_— < 1 = .
dv, (K (g,1)) 7‘,£1£>noo 3 |K (e,t)| < 7-,£1£>noo 3 0

This shows that xx — 0 (S, (R2N) (X)).

On the other hand the sequence is not Jg, —convergent to zero as

F X‘}‘ Soow =1zt ¢
" (D)l e T o

™S (kD) €Iy s

‘ ifn—vA+1<k<n,
= t+(k+1)22” m—/tm +1 <1< m,
1, otherwise.

<1

Theorem 5. Let (X, F,*) be a R2N space and 0 < a < 3 < 1, then Sg (X) C
S@z (X) and the inclusion is strict for some o and B such that o < S.
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Proof. If 0 < o < B < 1, then for every € > 0 and ¢ > 0 and non-zero z € X, we

have
7113 (k,l)E[ns:f-‘ ! Nooam—lizt])| <1l—¢
Ars ™S (kl)EL s

Sji {(k,l)elr,s:]:<)\}‘ Z xkl—l72;t>§1—5}
s ™S (k) EL s

which immediately implies the inclusion Sg, (X) C S€2 (X). We next give an

>
o]

example that shows the inclusion in Sg_(X) C S@Q (X) is strict for some « and
with a < 5. 11

Example 3. Let X = R? with the 2-norm ||z, 2| = ||v122 — 2221| where © =
(x1,22), z = (21,22) and a*x b = ab for all a,b € [0,1]. Let F (xy1, 2,t) = m,
where each t > 0, non-zero z € X, zo > 0. We define a sequence x = (xx;) as

follows:
Z Ty = (1,0), ifk+1 is even,
(k)el M (0,0),  ifk+1 s odd.

Fore>0,te€(0,1), if we define

K (g,t) = {(kJ) GIT’S:]:<>\¢1Y > xkl—H,z;t> <1—5}79: (0,0)

" (k1) EIr, s

= (k1) €I, : t <l-¢

t+|| =2 > TR —0,2
> et >O}
= l—¢

o8 (k)€ s
={(k,l)el,s:(zr) = (1,00} ={(k,]) € I, s : k+1 is even};

1
7)\701 Z Tkl — 9, z
" (kD)EIr,s

{(k‘,l) el ‘

then,

1 1 . . Ars +1
rélinoo i |K (g,1)] = T,}"‘li)noo K (k1) €1,5:k+1is even}| < T,lslgloo Tfs =0
for a> 1. Similarly, fore >0, t € (0,1), if we define

1
B(€7t): (k7l)617',s:-/—" = Z xkl_x()az;t §1—€ ,J)o:(l,O)
Ars (k,)ET, s
then
1 1 Xr,s +1
7,8—00 s 7,5§—00 )‘r,s 7,8—00 2)‘r,s

for a> 1. This shows that Sg, — limy; X is not unique and we obtain a contra-
diction to theorem 1.
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Example 4. Let (RQ, F, *) be a R2N space as defined above. We define a sequence
z = (zw1) as follows:

1 Z T _{(1a0)7 ifT—\/x—FlSkS?‘, S—\/X'F].Slgs,
kl —

N 0,0 therwise.
X s i (0,0), otherwise

Then one can easily see S@z —limg 2, = 0, e, x € 5’@2 for % < B <1 but
x ¢ 5% (X) for 0 <<%, This shows that the inclusion in 5S¢, (X) C S@z (X)

18 strict.

Theorem 6. Let (X,F,*) be a random 2-normed space and o € (0,1] be given.
If x = (zr1) be a sequence in X, then Sg, — limyxy = 1 if and only if there
exists a subset K = {kp, : k1 < ko < ...} of N such that lim, s_, o0 X% |K| =1 and
]:%2— hmk,l%oo Tkl = l. )

Proof. First suppose that 5%2 —limy ;23 = I. For ¢ > 0 and non-zero z € X and
s € N, we define

1 1
A(s,t) =< (k,1)e I, : — — 1zt 1—-
(s,t) (k1) € L5+ F 5 Z Tkl z > .

™S (k)€ s

K (s,t)=1{ (k,]) € Lo : F % S am—lzt] <1- E
™S (kl)€Elr s
Since Sg, — limg; x = [ it follows that
dv, (K (s,t)) =0
Also, for s =1,2,3,... and for t > 0, we observe that
A(s,t) D A(s+1,t)

and .
lim = [A(s,0)] = 1; ie., g, (A (s,)) = 1. (2)

r,8—00 )‘r s
Now, to prove the result, it is sufficient to prove that ]-'%Z—limk,lﬁoo T = L.

Suppose that for k € A (s,t), x = (zy;) does not convergent to | with respect to
Fg,- Then, there exists some u > 0 such that

1
(kD)€L Fl= Y. au—lazt|<l-u

)\T’S (k,D)el, s

for infinitely many terms (xg;). Let

1
Aty =< (k1) el s F | = Z T — Lzt >1—u
Ars (k,1)E .

and u > 1 for s = 1,2,3.... This implies that v, (A (s,t)) = 0, which contradicts
(2) as dv, (A(s,t)) = 1. Hence Fg,—limy ;oo Ty = [.
Conversely, suppose that there exists a subset

K:{kmlk1<k2<...}
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of N such that lim, s e X% |K| =1 and Fg —limg oo 2k = [. Then for every

£>0and ¢t >0 and non-zero z € X , there exists a positive integer ng such that

1
(kD)€L Fl= > am—lLazt]>1-¢
Ars (k,D)EL s
for all k,1 > ng. If we take
1
KEt)y=<s(kl)el,s: F| = rp— Lzt <1-—¢
(e.t) = { (k,) Y

s (kl)El
then it is easy to see that
KEt)CNxN—-—{ng+1,n0+2,..}
and consequently
ov, (K (e,1)) <1-1=0.
Hence, Sg, — limg zi = 1. 11

Finally, we establish the Cauchy convergence criteria of double sequences of order
« in random 2-normed spaces.

Theorem 7. Let (X, F,*) be a random 2-normed space and « € (0,1] be given. A
double sequence x = (xy;) is said to be Vy-statistical convergent of order a if and
only if it is Va-statistical Cauchy of order a.

Proof. Let x = (xx;) be Va-statistical convergent sequence of order «. Suppose
that S%Q —limg ;x5 = 1. For ¢ > 0, ¢ > 0 and non-zero z € X choose s > 0 such
that (1 —s)* (1 —s) > 1 —e. We define

1 t
A(s,t) =< (k) el o F S E a:kl—l,z;§ <(1-—3s)p;
™S (k)El, s

then
A(s,t)y = ¢ (kD) €I, 5 F | = E T l,z; > (
b b 73 . —a kl - b b) 72 - S)

>‘T-,S (k,0)eI, s

Since Sg, — limy ;v = [ it follows that dy, (A(s,t)) = 0 and consequently
dv, (A°(s,t)) = 1. Let (u,v) € A° (s,t), then

1 t
F Sl Z xuv—l,z;i >(1—3).
8 (k)€ s
If we take
1
B,t)=< (k,))els: F = Z Thl — Tuy, 25t | < (1—¢) o,

8 (k,l)el, s
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then to prove the first part it is sufficient to prove that B (e,t) C A(s,t). Let
(k,1) € B(g,t), which gives

1
F| = Z Tpl — Tuy, 25t | < (1 —¢).

Ars (k)€

Suppose (k,1) ¢ A(s,t), then
1
Fl= Z z —lzt] > (1-s),

AT,S (k,1)€E s

Also it can be easily seen that

1
l—e > F| = Z mkl_l‘u’yvz;t

Ars (kDel,..
1 t 1 t
> F XT Z mkl—l72§§ * F Sl Z xuw_laz§§
7.5 (k,)Ely. 7,5 (kyl)El, s
> 1-95)x(1—-s5)>1—c¢.

This contradiction shows that B (e,t) C A(s,t) and therefore, the theorem is
proved.

Conversely, let = (xy;) is V3 -statistical Cauchy double sequence of order
a but not double Va-statistical convergent of order o with respect to F. Now

1
F on Z Tkl _zu'yvz§t
78 (k)]s

1 t 1 t
> F| = Z xkl—laZ;g * F Sl Z $u7—172;§
(A% (k”l)el'r',s T8 (k7l)€[r',s

> 1-9)x(1—-5)>1—c¢.

since x is not double V-statistical convergent. Therefore dv, (B¢ (t,€)) = 0, where

1
B, t)=< (k,))el,s: F| = Z Tpl — Tuy, 258 | <1 —€

78 (k)€ s

and so 0y, (B (t,e)) = 1, which is contradiction, since z is Va-statistical Cauchy
double sequence. Hence x must be Vs-statistical Cauchy. This completes the
proof. I
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