On a class of Finsler metrics of scalar flag curvature

Guojun Yang

Abstract. An («, 8)-metric is defined by a Riemannian metric o and 1-
form 8. In this paper, we study a class of («, 5)-metrics F = ad(8/a)
with ¢(s) satisfying a known ODE. For any metric F' in such a class, we
show that in dimension n > 3, F is of scalar flag curvature if and only if
F is locally projectively flat, if 8 is closed. While for a subclass with F
being a general square metric type, we prove that in dimension n > 3, F'
is of scalar flag curvature if and only if F' is locally projectively flat.
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1 Introduction

The flag curvature in Finsler geometry is a natural extension of the sectional curva-
ture in Riemannian geometry, and every two-dimensional Finsler metric is of scalar
flag curvature. It is the Hilbert’s Fourth Problem to study and classify projectively
flat metrics. The Beltrami Theorem states that a Riemannian metric is locally pro-
jectively flat if and only if it is of constant sectional curvature. It is known that
every locally projectively flat Finsler metric is of scalar flag curvature ([6] [12]). How-
ever, the converse is not true, due to the existence of Finsler metrics of constant flag
curvature which are not locally projectively flat ([1]). Therefore, it is an interesting
point to study and classify Finsler metrics of scalar flag curvature. This problem is
far from being solved for general Finsler metrics. Recent studies on this problem are
concentrated on Randers metrics and square metrics.

Randers metrics are among the simplest Finsler metrics in the form F = o + g,
where « is a Riemannian metric and § is a 1-form satisfying ||3]|o < 1. Bao-Robles-
Shen classify Randers metrics of constant flag curvature by using the navigation
method ([1]). Further, Shen-Yildirim classify Randers metrics of weakly isotropic
flag curvature ([11]). There are Randers metrics of scalar flag curvature which are
neither of weakly isotropic flag curvature nor locally projectively flat ([2]). So far, the
problem of classifying Randers metrics of scalar flag curvature still remains open.

A square metric is defined in the form F = (a + 8)?/a with ||f]la < 1. In
[10], Shen-Yildirim determine the local structure of locally projectively flat square
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metrics of constant flag curvature. L. Zhou shows that a square metric of constant
flag curvature must be locally projectively flat ([16]). Later on, we further prove that
a square metric in dimension n > 3 is of scalar flag curvature if and only if it is locally
projectively flat ([9]).

Let F = a¢(f/a) be a (regular) (a, 5)-metric (see its regular condition in Section
2). Two (a, B)-metrics F and F are called of the same metric type if

F =a¢(B/a), F=a¢(B/a): a=+/a?+ch? §=kp,

where €,k are constant. In this paper, we consider a class of (o, 8)-metric ' =
a¢(B/a) with ¢(s) being defined by

(1.1)

{14 (k1 + k3)s® + kas' } ¢ (s) = (k1 + kas®){o(s) —s¢'(s)},  (6(0) =1, ks # kiks),

where ki, ko, ks are constant. If ko = k1k3, then F is of Randers metric type. The
ODE (1.1) appears in characterizing an (a, §)-metric which is Douglasian or locally
projectively flat ([4] [8] [13]). An important special metric type of (1.1), called general
square metric type, is

2
(1.2) F=a+ef+ B—, (e = constant).
!

If e = 2 in (1.2), then F = (o + )%/« is a square metric.

Theorem 1.1. Let F = a¢(B/a) be an («,B)-metric on an n(> 3)-dimensional
manifold M, where ¢(s) satisfies (1.1). Assume f3 is closed if F is not of the metric
type (1.2). Then F is of scalar flag curvature if and only if F is locally projectively

flat.

Theorem 1.1 generalized a known result proved in [9] for square metrics. In The-
orem 1.1, the flag curvature K can be determined (Theorem 4.1 below). Theorem
1.1 might hold without the condition that 3 is closed when F' is not of the metric
type (1.2), but we have not found a way to prove the general case. Possibly it even
might be true that 8 is closed for any (a, §)-metric (not of Randers type) of scalar
flag curvature in dimension n > 3.

After proving Theorem 1.1 in Section 3, we further characterize locally projectively
flat (o, B)-metrics determined by (1.1) in dimension n > 3 in terns of the covariant
derivatives b;; and the Riemann curvature R, of a (Theorem 4.1 below). This
characterization is different from that given in [8]. In the final section, we add an
appendix to show an application of Theorem 4.1 in two aspects: the local structure
of locally projectively flat («, 3)-metrics (see Section 5.1 below) (cf. [8] [15]), and the
classification for (a, 8)-metrics which are locally projectively flat with constant flag
curvature (see Section 5.2 below) (cf. [5] [14]).

2 Preliminaries

For a Finsler metric F, the Riemann curvature R, = R’ k(y)% ® da* is defined by
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where the spray coefficients G* are given by

(2.2) G = igil{[FQ]wkylyk P )

The Ricci curvature Ric is the trace of the Riemann curvature, that is, Ric := R", . A
Finsler metric is said to be of scalar flag curvature if there is a function K = K (x,y)
such that

(2.3) Rik = KF2((5,iC — F_Qyiyk), Y = (F2/2>yiykyi.

If K is a constant, F' is said to be of constant flag curvature. A Finsler metric
F is said to be projectively flat in U, if there is a local coordinate system (U, z*)
such that G' = Py’, where P = P(x,y) is called the projective factor satisfying
Pz, \y) = AP(z,y) for A > 0.

The Weyl curvature W and the Douglas curvature D)’ are two important
projectively invariant tensors which are defined respectively by

; ; Rrm 1 0 Rh ;
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A Finsler metric is called a Douglas metric if D, ;1 = 0. A Finsler metric is of scalar

flag curvature if and only if W% = 0 ([12]). An n(> 3)-dimensional Finsler metric is
locally projectively flat if and only if: W* =0 and D,’;, = 0 ([6]).

For a Riemannian o = /a;;y’y7 and a 1-form 3 = b;y’, let

1 1 , " . "
Tij = i(bi‘j +bj1i), Sij = i(bi‘j —bjji), = a' gy, s = a sy,
Ty = birij, S5 = bisij, tij = sims”}, tj = bitij,

where we define b := a'/b;, (a') is the inverse of (a;;), and V3 = b;;y'dx? denotes
the covariant derivatives of 8 with respect to a. Here are some of our conventions in
the whole paper. For a general tensor T;; as an example, we define Tjo := Tj;47 and
Too := T3;y'y’?, etc. We use a;; to raise or lower the indices of a tensor.

An (a, B)-metric is a Finsler metric defined by a Riemann metric o = /a;;(2)y'y?
and a 1-form 8 = b;(z)y" as follows:

F= a¢(5)a §= ﬂ/oﬁ

where ¢(s) > 0 is a C* function on (—b,, b,). It is proved in [7] that an («, 8)-metric
is regular (positively definite on TM — 0) if and only if

(25) 6(s) — 56/(3) > 0, 6(s) — 56/(s) + (17 )" (s) > 0, (|B/a] =|s| <b<by),

where b is defined by b := ||3]|o. By (2.2), the spray coefficients G* of an («, 8)-metric
F' are given by

(2.6) G'= Gfx + ang +a7'e(—2aQs0 + roo)y’ + ¥ (—20Qsg + roo)bi,
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where G?, denote the spray coefficents of o and

__ ¢ _Q-s@ o Q@
=5 9% T 0 YA

A:=1+sQ+ (b —sH)Q.

For an (o, B)-metric, we can use (2.6), (2.1) and (2.4) to get the expression of the
Weyl curvature W?. We have given a Maple program in [9] to compute the Weyl
curvature for any («, 3)-metric. However, the expression of W is very lengthy (cf.
[3]). So for the briefness, we will not write out the whole expression of W¥_ in this
paper, but some key terms will be given.

3 Proof of Theorem 1.1

The following Lemma is already known.

Lemma 3.1. ([4]) Let F = a¢(s), s = B/a, be an n(> 3)-dimensional (o, B)-metric,
where ¢ = ¢(s) satisfies the ODE (1.1). Then F is a Douglas metric if and only if 5
satisfies

(3.1) bijj = T{(1+ k1b*)ai; + (k2b® + k3)b;b; },
where T = 7(x) is a scalar function.

In this section, we will show that, in dimension n > 3, if the metric F' in Theorem
1.1 is of scalar flag curvature in two cases, then F satisfies (3.1) and it must be of
Douglas type. Thus F is locally projectively flat.

3.1 The case of § being closed

In this subsection, we assume § is closed for the («,)-metric F = a¢(8/a) in
Theorem 1.1. We will show (3.1) holds.

Lemma 3.2. Let F = a¢(B/a) be an («, 8)-metric, where ¢(s) is given by (1.1).
Then we have

(3.2) L4 kib® >0, 14 (ky + k3)b® + kob® > 0.

2
Proof. By the ODE (1.1), we have ¢ — s¢/ = exp(— 1 [ m) > 0, and

1+ ]{3152 + (k3 + k2b2)82
1+ (kl + k3)52 + k254 '

¢ —s5¢'+ (0" = 5%)¢" = (¢ —s¢') -
Since the above expression is positive for |s| < b, we easily obtain (3.2). (]
Using the condition that 3 is closed (s;; = 0) and multiplying W% = 0 by

4(n® = 1)[p — s¢' + (b — 5%)¢"]
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and we get an equation denoted by Fgy = 0. By the ODE (1.1) we can get Q)
(2 < i < 5) expressed by ¢, ¢’. Plug them into Eqy = 0 and then multiply Eqy = 0

by [1 + (k1 + k3)s® + k234]5. By this way, we have
4(¢p —5¢')°Eqy = 0.
It is surprising that Fq; is independent of ¢ and by Eq; = 0 we have
0 = 24(n—2)(ks — kiks)®(a®by, — By)y' B> [a" + (k1 + k3)a®B% + k254]27“30
(3.3) +C1[(1 4 k1b*)a? + (kob® + k3) 57,
where C,i are homogeneous polynomials in (y*).
Lemma 3.3. For some k, a2b,—Byx cannot be divisible by (1+k1b?)a®+(kab?+k3)32.

Proof. Otherwise, for some scalar functions fi, = fi(z) we have
a?by — Byk = fe[(1+ k1b*)o® + (kob® + ks)8°].
Then we have
B’a’ — % = f[(1+ k1b%)a® + (kob® + k3)B°], f =" fi,
which implies 1 + kb + (k2b2 + k3)b2 = 0. This is a contradiction by Lemma 3.2. [J

Lemma 3.4. o + (k1 + k3)a?8% + ka3 cannot be divisible by (1+ k1b?)a? + (kob?* +
k3)B2%, provided that ko # kiks.

Proof. We can prove it in two cases: kob? + ks = 0 and kob? + k3 # 0. We need
Lemma 3.2 and the fact ko # k1ks. The details are omitted. O

By (3.3), Lemma 3.3 and Lemma 3.4 we have (3.1) for some scalar function 7 =
7(x). Thus F in Theorem 1.1 is a Douglas metric by Lemma 3.1.

3.2 The case of F' being metric of type (1.2)

In this section, we will prove Theorem 1.1 when F' is of the metric type (1.2). In
the following discussion, we put F' = a + €8 + 32/a. The proof for the case F =
a+ e — B?/a is similar.

To complete the proof of Theorem 1.1, we only need to show that (3 is closed when
F' is of scalar flag curvature in n > 3. Then Theorem 1.1 follows from the result in
Subsection 3.1.

Lemma 3.5. j is closed <= t;; = 0 <= t’“k =0.

Now we begin our discussion. We will prove our results in two cases: € # 0 and
¢ = 0. The method used in the following proof is similar to the idea in [9] for the
consideration of square metrics. Multiplying W% =0 by (n? — 1)a*®(a? — 8%)*[(1 +

20%)a? — 352]5 gives an equation in the following form

H+aP =0,
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where H, P are homogeneous polynomials in (y%). This is equivalent to
10 9

(3.4) H=0, P=0, (H =Y A%, P= ZBM%),
i=0 i=0

where A;, B; are homogeneous polynomials in (y*).

Case I: Assume € # 0. We shall first show the following

Lemma 3.6. If H=0,P =0, then so = 0.

Proof. The equation P = 0 can be written as

(35) (---)[(1+2b%)a® — 38°] 4 2592(n — 2)e8°(a” — B°)*(a®by, — Byr)y'so P = 0,

where

(3.6) P = (8% = a®)roo + 4a°Bso,

and the equation a?H = 0 can be written as

(3.7) () [(1+2b*)a? — 382 +648(n — 2)3%(a? — B2)*(aby — Byx)y'H =0,
where

(3.8) H:= 46’5505 + (rog — 4Bs0)*a* — 2B8%rgo(roo — 4Bs0)a” + 1o B

The omitted terms in the parentheses in (3.5) and (3.7) are homogeneous polynomials
in (y). Since (1+2b%)a? — 342 is irreducible (b* < 1), it is easy to see from (3.5) and
(3.7) that both P (if so # 0) and H are divisible by (1 + 2b2)a2 — 332

Suppose sg # 0. Then it follows from (3.5) that P is divisible by (14-2b%)a2 —342.
Thus from (3.6), there is a homogeneous polynomial f in (y*) of degree two satisfying

(3.9) (8% — a®)rog + 4a2Bso = f[(1 + 2b%)a® — 357].
It is clear that (3.9) can be rewritten as
(3.10) (4Bs0 —roo — f — 267 f)a® + (roo + 3f) 8> = 0.

It follows from (3.10) that rop +3f = 2(b? — 1)7a? for some scalar function 7 = 7(z).
Solving f from this and plugging it into (3.10) again yields

6050
1—02

(3.11) roo = 7[(1+26%)a® — 35%] +
From (3.7), H is divisible by (1 + 2b2)q2 — 3%, Then it follows from (3.8) that

there is a homogeneous polynomial & in (y*) of degree six such that

(3.12) 4€?s3a84(roo—4Bs0)2a* —26%r00 (100 —4B50) > +ro, f* = h[(1+2b2)a2—3ﬁ2]

Plugging (3.11) into (3.12) yields

(3.13) (- )[(1 +2b*)a® = 38°] + 36e*a’(a® — B%)?s5 = 0,

where the omitted term in the parenthesis above is a homogeneous polynomial in (y?).
It is easy to get a contradiction from (3.13) since sg # 0 by assumption. ]
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Lemma 3.7. If H=0,P =0, then
(3.14) too = v(a® — %),
where v = y(x) is a scalar function on M.

Proof. By Lemma 3.6, we have sg = 0. Now plug sg = 0 into H = 0, and then H =0
can be written as

(--)(@® = B%) +384(n + 1) (4 + €) (1 — b°)° By (Bbr — yx)too = O,

where the omitted term in the parenthesis above is a homogeneous polynomial in (y*).
Now it is clear from the above equation that (3.14) holds for some scalar function

v =(2). a
Lemma 3.8. If H=0,P =0, then 3 is closed.

Proof. By (3.14) we have

(3.15) tio =y — Bbi), teo =(yi — Bb;), to=0, 7, =~(n—0b?).
Plugging (3.14), (3.15) and s¢ = 0 into H/(a? — 3?) = 0 yields

0 = (- )(@®=5%) +64(n+1)(4+e*)(1-)°5" x
(3.16) [v(yk — Bbr) (n8b; — Bb; — 3y; — b*yi) — 3(n — 1)siosko],

where the omitted term in the parenthesis above is a homogeneous polynomial in (y?).
Then it follows from (3.16) that there are scalar functions ;5 = o (x) such that

(3.17) ~v(yx — Bbr)(nBb; — Bb; — 3y; — bzyi) —3(n—1)s,08k0 = aik(a2 — Bg).

It has been prove in [9] that § is closed by (3.17). Here we also show it. Exchanging
the indices i and k in (3.17), we have

(3.18) v(y; — Bb;)(nfby — Bbr — 3yx — bzyk) —3(n—1)si08k0 = U;ﬂ-(a2 — 62).
Then (3.17) — (3.18) gives
v(n — 4 — b)B(bry: — biy) = (o — owi) (@2 — B2),

which implies that v = 0 since n — 4 — b*> # 0 (b> < 1). Now since v = 0, (3.17)
reduces to

(3.19) —3(n — 1)si0sp0 = ou(a® — 52).
It is clear from (3.19) that s;o = 0 and thus S is closed. O

Case II: Assume € = 0. In this case, there are some different steps from that in Case
I
In (3.4), we have P =0 and A;9 = 0 for H. First we have the following lemma.
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Lemma 3.9. If H =0, then

5
=2

(3.20) too = y(a® — 5%) +

where v = y(z) is a scalar function.

Proof. Rewrite H = 0 in the following form
(---)(a@® = B%) +1536(n + 1)(1 — b*) B [(1 — b*)too — s3]y’ (brB — yi) = O,

where the omitted term in the parenthesis above is a homogeneous polynomial in (y*).
It is clear that the above equation shows that a? — 32 is divisible by (1 — b?)tg — s3.
This fact implies that (3.20) holds for some scalar function v = vy(z). O

Lemma 3.10. If H =0, then 3 is closed.
Proof. By Lemma 3.9 that (3.20) holds. Then it follows from (3.20) that

s"sp

th = (0 = i) + -t

6ssy, Sk . ) )
12 tko = v(yr — Bbk) + ﬁ; thy =7(y" — Bb) +

t" = q(n—2b%), tp=(1—=0)vbg, to=(1—b)B spms™ = —b*(1 —b*)y.
Plugging the above formula and (3.20) into H - (1 — b?)/(a? — 3?) = 0 gives
(3.21) Al (a® — B%) +24(1 — b*)B* B}, = 0,

where Al and Bi are homogeneous polynomials in ('), and B are in the following
form

Bi = (% — 1)(1 - 1)B[(1 — b%)Bso — 3so(k — Bbe)] 5% + (0 — 1)(1 — b2)Bso[(n + )b
=3y sko + 3y — ﬁbk){ [2(1 = 6*)*98% + (3n — 5)sg]y’ — (n® — 1)5$3bi}~

By (3.21), there are polynomials A% such that

(3.22) B, = Al(a? - 82).

Contracting (3.22) by b;b* we obtain

(3.23) Xa? —B2[6(1—b?)3yB% —2(n* —3n+5)(1—b%)si+ X]| =0, (X = A}bb"),

By (3.23), there is a scalar function ¢ = &(z) such that X = £32, and then plugging
it into (3.23) yields

(3.24) E(® = BH) —6(1 —b*)*yB2 +2(n? —3n+5)(1 —b*)s2 = 0,
(3.25)  &(aij — bibj) — 6(1 — b*)3ybsbj + 2(n® — 3n +5)(1 — b*)sis; = 0.

Contracting (3.25) by a¥ and using the expression of s,,s™ implied by (3.20) we
obtain

(3.26) E(n —b?) —20%(1 — b*)*(n® — 3n + 8 — 3b*)y = 0.
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Contracting (3.25) by b'b? gives

(3.27) € = 6b%(1 — b*)?y.
Substitute (3.27) into (3.26) and we have

(3.28) 2(n — 2)(n — 4)b*(1 — b*)%y = 0.

(1). If n # 4, then by (3.28) we have v = 0. In this case, by v = 0 and (3.24)
we have so = 0 and then by (3.20) we get tgo = 0. Therefore, it shows § is closed by
Lemma 3.5.

(2). If n =4, then plugging n = 4 and (3.27) into (3.24) shows

(3.29) (1 —b*)y(b*a® — B%) +3s2 = 0.

Since n > 3, clearly by (3.29) we have sg = 0, = 0, and then again by (3.20) we get
too = 0. Therefore, 3 is closed by Lemma 3.5. |

4  Characterizations for locally projective flatness

Let ¢(s) satisfies (1.1). It is shown in [8] that an n(> 3)-dimensional («, 8)-metrics
F = a¢(B/a) is locally projectively flat iff.

by; = T{(l + k1b2)aij + (kob® + Igg)bibj}7
G = 0y —r(kia® + koS

where G°, are the spray coefficients of a, 6 is a 1-form and 7 = () is a scalar
function.

In the above characterization, G%, hold in a special coordinate system. On the
other hand, locally projectively flat Finsler metrics can be also characterized by pro-
jective quantities W% = 0 and Dji i = 0. Basing on this, we have the following
different characterization theorem.

Theorem 4.1. Let F' = a¢(B/a) be an (a,B)-metric on an n(> 3)-dimensional
manifold M, where o = \/a;j(x)y'y? is Riemannian and B = b;(z)y® is a 1-form,
and ¢(s) satisfies (1.1). Then F is locally projectively flat iff. the Riemann curvature
R, of a and the covariant derivatives bi; of B with respect to o satisfy the following
equations

(4.1) bij = 7{(1+kib%)ay; + (k2b® + k3)bib; },
(4.2) Ry = MNP0, — y'ye) +n(B°6), + by — By, — Bbry’),
(43) Tyt = qbi,

where A = A(z), 7 = 7(x) are scalar functions on M and n,q are defined by
(4.4) n:= {k} + ks — 2k1ks — ky (ko — KD)b* }r° + ki X, q = (ks —2ky — kb*) 72 — A,
In this case, the flag curvature K is given by

3202K = f¢'¢r1{ [24£¢71¢/ + (3 — 3f + hs?)2s~3b? — 16hs] 2 + 16)\5}
(4.5) +[8(2ghs® + 12f — 3¢%) — g(3 + hs® — 3f)*s72b*] s 1> — 16)g,
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where f,g,h are defined by
(4.6)  fi:=1+ (kg + k3)s® +kos®, g:=kos® —ky1s® —2, h:=3kes® — k1 + 3ks.

Proof. Let F = a¢(8/a) be locally projectively flat in dimension n > 3, where ¢(s)
satisfies (1.1). Then the Weyl curvature W, vanish. It is shown in [8] that (4.1)
holds. Now by (4.1) we can obtain the expressions of these quantities:

m
7005 Tis Tms Ty T00[0s T0]0s T00ks TkO|ms> Tklos €EC.
For example, we have

rojo = [14 (k1 + ks)b? + kb*] { [(1 4 k1b2)a® + (2ky + 3ks + 5kob?) 8272 + Tof}}.

Define Wy, := aimW“,g, where V_V’,’g are the Weyl curvature of a. Now plug all the
above quantities into (3.3) and then we can get W;,. We will discuss it under two
cases.

Case I: Assume k1 # 0. We have

= ki k1 + kob?)wo — kab™w,y,
Wi = bW (0P ai — yiyr) — (ks + kob o — ko b Baix
n—1 n—1
1 k1 + k2b2 m
—{F5 20— 1B — (n = 2wnbi] — kb, Bbi
(4.7) Fwobs (k1ye + k2Bbr) — (k1o® + k2 3%)biwy,
where 7; := 7, and
k
(48) Wi 1= T; + (kl + ]Cg + k2b2 — 3)7'2171'.
k1

Lemma 4.2. (4.7) < (4.2) and (4.3), where q is defined by

k
(4.9) gi=—- — (k1+/€3+/€2b2——2)72.
k’l kl

Proof. = : By the definition of the Weyl curvature Wj;, of a we have
- _ 1 <. 1 =
(4.10) Wir = Ry — —— Ricooar + —— Ricroy;,
n—1 n—1

where R;j, := aimR"i and Ric;;, denote the Ricci tensor of . Using the fact R;; = Ry
we get from (4.10)

1 — =
(4.11) Wip — Wi = m (chkoyi — RZCioyk).

By (4.7) we can get another expression of W;, — Wy;. Thus by (4.7) and (4.11) we
have

(4.12) Tiyr — Tryi + (n* = 1) (k10® + k28%) (wibi — wibi) = 0,
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where we define

ﬂ L= (Tl + 1)]?7,610 — (277, - 1)(k1 + k2b2)ﬂw¢
+{[(n* +n = 3)k1 + (n — 2)k2b*Jwo + (n + 1)k2b™wy, B} ;.

Contracting (4.12) by y* we get
(4.13)  [Ti + (n® — Dk1(wiB — wobi)]® — Toy; + (n* — 1)ka 8% (wiB — wob;) = 0.

Contracting (4.13) by b° we obtain
(4.14)
(6T, + (n? = D)ky (6w B — bPwp)|a? + [(n? — 1)k B(0"wim B — b*wo) — Tp] B = 0.

So by (4.14) there is some scalar function 7 = 7j(z) such that
(4.15) To = (n? = Dka B0 wim B — b2wo) + (n + 1)702.
Then by the definition of T; and (4.15) we have

(4.16) R’iCOO = ﬁOéQ - (n -2) [(kl + k2b2)w0 - kgbmwmﬁ]ﬁ,
k1 + k2b2

(4.17) Riciy = 7yi — (n —2){ 9

(Bwi + biwo) — ko™ wy, Bb; }.
Now plugging (4.16) and (4.17) into (4.13) yields

(4.18) 2(n + ko A; B+ Bia? =0,

where A; and B; are defined by

Ai: = (PPwo — b wmB)yi + Bwi — Buwob;,
Bi: = k{[2(n+ 1)b"wnpB — (n — 2)b°wo|b; — (n+ 4)b*Bw; } + (n — 2)k1(Bw; — wob;).

If ko = 0, then by (4.18) we have

(4.19) Bw; — wob; = 0.

If ko = 0, then by (4.18) we have

(4.20) A; = fia?,

where f; = f;(x) are scalar functions. Contracting (4.20) by y* we get
(4.21) fi = b2w; — b wpmb;

Plugging (4.20) and (4.21) into (4.18) gives

(4.22) (n — 2) (k1 + kob®)(Bw; — wobi)a? = 0.

If 7 = 0, we can naturally find A, 7, ¢ such that (4.1)—(4.3) hold, since in this case,
B(#£ 0) is parallel and « is flat. So we may assume 7 # 0, and then by (4.1) and
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Lemma 3.2, we have b? # constant. So by (4.22) we also get (4.19). Thus it follows
from (4.19) that

(423) Ww; = €bi,

for some scalar function e = e(x). Now plugging (4.16), (4.17) and (4.23) into (4.7)
and (4.10) we obtain

(4.24) Ri = MNPai — y'yr) + n(B%aik + biby, — Bbiyr, — Bbryi),
where we define

 kieb® + 1)
T oon-—1

Clearly, (4.24) is just (4.2). It follows from (4.8), (4.23) and (4.25) that

(4.25) A . ni=—ke.

n o kay o
Tiquiz{—kfl— (ka4 s+ kot = ) }b
which implies (4.3) with ¢ given by (4.9).
<= : We verify that both sides of (4.7) are equal. By (4.2) we have (4.16) and
(4.17). Since (4.10) naturally holds, we plug (4.16), (4.17) and (4.2) into (4.10) and
then we obtain the left side of (4.7). By (4.3) and (4.9) we get

(4.26) w; = eb; = — 1

k1
from (4.8). Then plugging (4.26) into the right side of (4.7) we obtain the result equal
to the left side of (4.7). O

In the final we compute the flag curvature and prove that 7, ¢ are given by (4.4).
As shown above, we have (4.1)—(4.3) with ¢ being given by (4.9) since F' is locally
projectively flat. Plug (1.1) and (4.1)-(4.3) and (4.9) into the Riemann curvature R’,
of F, and then a direct computation gives

¢/(8Fy’" — djbk) %
k192(¢ — s¢’)
(427) [77 — {k‘% + ko — 2k1ks — k‘l(kg — k%)bQ}TQ — k‘l)\] Fyi,

R, = KF*6,—F '"y'Fu)+

where the expression of K = K(x,y) is omitted. Since F' is of scalar flag curvature
and n > 3, by (4.27) we must have

(428) n— {k%+k2—2k1k3—k1(k2 —k%)bz}T2—k1)\:0.
Thus we get n given by (4.4). Plug n given by (4.4) into K, and then we obtain the
flag curvature K given by (4.5). By (4.9) and 7 in (4.4), we get ¢ given by (4.4).

Case II: Assume k; = 0. Then ko # 0 since ko # k1ks. We have

1. 2 4 pm 2 32 2.2
% _ (r*+0b Tm)ﬁn_fi (B + T )&_k + (roby — Bri) Bb; + 72(aby, — Byw)b;
(20— )8 — (n = 2mb¥ + (n+ D[ — (72 + 57 )0

n? —1
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Lemma 4.3. (4.29) < (4.2) and (4.3), where ¢ = q(z) is some scalar function and
n = kat?.

Proof. We only show the final results of the necessity. Assume that (4.29) holds. By
similar steps as that in Lemma 4.2, we have

(431) Ry = Molai — y'yr) + ka7 (B%air + obib, — Bbiys — Bbryi),
where ¢ = ¢q(z), A\ = A(z) are scalar functions. By (4.31), n in (4.2) is given by
n = ko2, which is equal to the 7 in (4.4) with k; = 0. O

Now we compute the Riemann curvature R’; of F in this case and prove that
q are given by (4.4) with k1 = 0. By (1.1) and (4.1)-(4.3) with n = ko72, a direct
computation gives

¢/(8Fyk - (bbk)
% (¢ — s¢')

where the expression of K = K(x,y) is omitted. Since F' is of scalar flag curvature
and n > 3, by (4.32) we must have

(4.32) R, =KF*(6, — F 'y'F,.) — A+ q — k3T Fy',

(4.33) A+ q—Fkam? =0.

Thus we get ¢ given by (4.4) with ky = 0.

5 Appendix

In this appendix, as an application of Theorem 4.1, we would like to use the charac-
terization (4.1)—(4.4) and the scalar flag curvature (4.5) to verify two known results
in [15] and [5] respectively. One is about the local structure of locally projectively
flat (o, B)-metrics and the other is about the classification on locally projectively flat
(a, B)-metrics of constant flag curvature.

5.1 A deformation on («, $)-metrics

In Theorem 4.1, (4.1)—(4.4) are necessary and sufficient conditions for an n(> 3)-
dimensional (a, §)-metric satisfying (1.1) to be locally projectively flat. In [8], Shen
gives another characterization, and then in [15], Yu finds a deformation to obtain the
local structure based on Shen’s result. In this section, we will give the local structure
using (4.1)—(4.4) by a similar deformation.

Let u = u(t),v = v(t),w = w(t) satisfy the following ODEs:

, v—kju
(5.1) T TE (b + k)t o Rt
(5.2) o - u(kou — kzv — 2k1v) + 202
ull + (k1 + k3)t + kot?]
(53) W = w(3v — ksu — 2k1u)

2u1 + (k1 + k3)t + kat?]
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Let o and 3 satisfy (4.1)-(4.4), and define a new Riemann metric h = \/h;;(z)y'y’
and a new 1-form p = p;(z)y’ by

(5.4) h:=+\ua? +v52, p:=wp,

where u = u(b?) # 0,v = v(b?),w = w(b?) # 0 are determined by (5.1)—(5.3). We
will show in the following that h is of constant sectional curvature and p is a closed
1-form which is conformal with respect to h.

By (4.1), a direct computation shows that the sprays G% of h and G?, of « satisfy

(5-5) L =G+ T{%(kloﬂ + ko B2)01 — Mgﬂ}’

By (4.1) and (5.5) we can directly get

wT
(5.6) Dilj = Thij (= —2chij),

where the covariant derivatives are taken with respect to h. Now (5.6) implies that p
is a closed conformal 1-form with respect to h.
By (5.5) and using (4.1)—(4.4), we obtain

_ Au+ (K2ub® + 2k1u — v)72

u2 (h25;<: - yigk)v

(5.7) R,

where R . are the Riemann curvatures of h and yi := hgmy™. It follows from (5.7)
that h is of constant sectional curvature. We put it as u, and then we obtain

klu(2+k1b2) — UV 9
— T .

(5.8) A= pu ”

It is already known that the local solution can be determined for a conformal
vector field on a Riemannian space of constant sectional curvature. In some local
coordinate system we may put h = h,, in the form

(5.9) o VO plaP)lyP — ple,y)?
' ! 1+ plaf? ’

and then by (5.6) and (5.9) we obtain the 1-form p = p;y* given by (cf. [15])

k—pla, 2Nz’ + (1 + plz|?)a? i i i
(5.10) pi:( i (1>?|-um|(2)3 ) . Pt =14 plz|?(ka' +a').

where k is a constant and a = (a') is a constant vector, and p; = h;mp™. By (5.10)
we have

k2|z|? + 2k(a, 2) — pla, x)?

5.11 2 =|lpll} = |a]* +
By (5.4) we have
w?b?
(5.12) p’ = (= llplln)-

u + vb?’
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Thus we can get the local expression of b from (5.11) and (5.12) for a given triple
(u,v,w). Additionally, ¢ and 7 in (5.6) are given by

—k + pla, z) u
P L A A P
2¢/1+ plz[? w

If we choose a triple (u, v, w) determined by (5.1)—(5.3), then by the above discus-
sion, we can obtain the local expressions of o and 5 by (5.4).

(5.13)

Remark 5.1. We can have different suitable choices of u, v, w satisfying (5.1)-(5.3).
For a square metric F' = (a + )%/, the triple (u,v,w) can be chosen as ([9])

u=(1-0%)?% v=0, w=+1-0b2

For the general case in Theorem 4.1, we may choose the triple (u,v,w) as ([15])

(5.14) u=¢%, v= (ki + ks + kob>)u, w=/1+ (k1 + k3)b% + kob* ¢,

where o is defined by

b
kot + ks
20 = dt.
7 /0 1+ (ky + k)t + kot?

5.2 Constant flag curvature

In this section, we consider the classification in Theorem 4.1 when F' is of constant
flag curvature. The following corollary has been proved in [5] [14] in a different way.

Corollary 5.1. Let F = a¢(B/a) be an (a, B)-metric on an n(> 2)-dimensional
manifold M, where ¢(s) satisfies (1.1). Suppose F is locally projectively flat with
constant flag curvature K and B is not parallel with respect to a. Then F must be in
the following form

(5.15) o WP+ kB +ep)?
| NeET

where k and € # 0 are constant. In this case, we have K =0 and k = ky — ¢/(0)?/2.

Proof. Note that § is closed if F is locally projectively flat in n > 3 ([8]). We
can use Theorem 4.1 to prove this corollary in n > 3, and for the case n = 2, see
[14]. Since F is of constant flag curvature, K given by (4.5) is a constant. Put
#(s) = 1+ ays + ass® + azs® + --- . Then by (1.1), we can express all a;’s (i > 2)
in terms of ki, ko, k3. Multiply (4.5) by ¢? and we get an equation. Let p; be the
coefficients of s'. Firstly, by py = 0, we get

3
(5.16) K =X+ (k30> + &k + Za%)#.

We show ay # 0. If a; = 0, then plugging a; = 0 and (5.16) into py = 0 yields

127’2(/{i2 — ]{ilkg,) =0.
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Since ko # kiks, we get 7 = 0 on the whole M. Thus by (4.1), S is parallel with
respect to a. So a; # 0. Now substitute (5.16) into p; = 0 and then using a; # 0 we
obtain

(5.17) A= — (k30 + ks + 2a3) 72

Next plugging (5.16) and (5.17) into ps = 0 and using a; # 0 and 7 # 0 we get
3 1
(5.18) ky = —aj + 5(kl —k3)a? + g(klkg + 2kT + 2k3).

Then similarly, by (5.16)—(5.18) and ps = 0 we have

5 10
ks =k, — a%, ki — Za%, —k1 + Ea%

If ks = —k1 + 10a2 /3, then plugging it and (5.16)—(5.18) into ps = 0 yields

5 , 13 , 55,

kl = Eal, €a17 2740/1.

It can be easily verified that if

10 5 13
ks = k1 — a%, or ks =—ki + gaf and ki = Ea%, Fa%,
then we have ko = k1ks. Therefore, we have
5 10 55
(519) kg = kl - Za%, or kg = —kl + ga% and kl = 2*4&%

The second case in (5.19) is a special case of the first case in (5.19). So by (5.18) and
(5.19), we have
3 5 5
(520) ]CQ == ga% — Zkla% + k%7 kg = kl - Za%
Now by (5.16), (5.17) and (5.20) we get K = 0. Plug (5.20) into (1.1) and solving
the ODE we obtain (5.15) with k := k1 — a3 /2, € :=a;/2. O

Corollary 5.2. Let F = (a + 8)?/a be a non-Riemannian square metric on an
n(> 2)-dimensional manifold M. Then F is of constant flag curvature iff. either o
is flat and B is parallel with respect to a, or up to a scaling on F, o and B can be
locally expressed as

(A (a,2)? (= [Py + (z,y)?

(5.21) @ = o = :
(14 (a,2))*y (a,y) (z,y)

(5.22) po= = e {1+<a,x> 1_|x\2}’

where a = (a') € R™ is a constant vector. In this case, the constant flag curvature
K=0.
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Proof. This corollary has been verified in [10] [16]. Based on Theorem 4.1, we can
prove Corollary 5.1 in dimension n > 3 in a different way. Let F be of constant
flag curvature. Then F is locally projectively flat by Theorem 1.1 (cf. [16]). For
F = a1 + 5)?, we can put k; = 2,ky = 0,k3 = —3 in Section 5.1 and in the proof of
Corollary 5.1. Now put u = (1 —b%)2, v =0, w = v/1 — b2 as shown in Remark 5.1,
and define h and p by (5.4). Now it follows from (5.8) and (5.17) that

(5.23) (1 —02)% —4(1 + )72 4 (5 + 4b*) 72 = 0.
Plug (5.12), (5.11) and (5.13) into (5.23) and then we get
(5.24) (14 plaf2) (K2 + o+ plal?) = 0.
Therefore by (5.24) we get

k2

5.25 = 0.
( ) p’ 1 + ‘ll|2

If £k =0, then g = 0 by (5.25). In this case, we easily see that « is flat and § is
parallel. If k # 0, using (5.25), we plug (5.12), (5.9)—(5.11) into (5.4) and then put

k=6d, a=—, 1+|a]*=0°

ISHST

and next put
b=k d®=—pu a=a,

and finally we get
(k + (a, z))?
hy,
T+ lal?

_ L (k+(a,2)*y (ay)  pla,y)
b= 2= T {k:+<a,x> 1+u|x|2}'

Then by choosing Z' = \/=pz’ and a scaling on F' we obtain (5.21) and (5.22). O

<0,

Acknowledgement. This work was supported by the National Natural Science
Foundation of China (11471226).

References

[1] D. Bao, C. Robles and Z. Shen, Zermelo navigation on Riemann manifolds, J.
Diff. Geom. 66 (2004), 391-449.

[2] B.Chen and L.Zhao, A note on Randers metrics of scalar flag curvature, Canad.
Math. Bull., 55(3)(2012), 474-486.

[3] X. Cheng, Z. Shen and Y. Tian, A class of Einstein («, 3)-metrics, Israel J. of
Math., 192 (1) (2012), 221-249.

[4] B.Li, Y. B. Shen and Z. Shen, On a class of Douglas metrics in Finsler geometry,
Studia Sci. Math. Hungarica, 46 (3) (2009), 355-365.



On a class of Finsler metrics of scalar flag curvature 123

[5]

(6]

[10]
[11]

[12]

[13]
[14]
[15]

[16]

B. Li and Z. Shen, On a class of projectively fat Finsler metrics with constant
flag curvature, International Journal of Mathematics, 18 (7) (2007), 1-12.

M. Matsumoto, Projective changes of Finsler metrics and projectively flat Finsler
spaces, Tensor, N. S. 34 (1980), 303-315.

Z. Shen, On a class of Landsberg metrics in Finsler geometry, Canadian J. Math.,
61 (6) (2009), 1357-1374.

Z. Shen, On projectively flat (o, 8)-metrics, Canadian Math. Bull. 52 (1) (2009),
132-144.

Z. Shen and G. Yang, On square metrics of scalar flag curvature, Israel J. Math.
224 (2018), 159-188.

Z. Shen and G. C. Yildirim, On a class of projectively flat metrics with constant
flag curvature, Canadian J. Math. 60 (2) (2008), 443-456.

Z. Shen and G. C. Yildirim, A characterization of Randers metrics of scalar flag
curvature, Survey in Geometric Analysis and Relativity, ALM 23 (2012), 330-343.
7. 1. Szabo, Fin Finslersher Raum ist gerade dann von skalarer Krummung wenn
seine Weylsche Projectivkrummung verschwindet, Acta Sci. Math. (Szeged) 39
(1977), 163-168.

G. Yang, On a class of two-dimensional Douglas and projectively flat Finsler
metrics, The Sci. World J., 2013, 291491[11 pages] DOI: 10.1155/2013/291491.
G. Yang, On a class of two-dimensional projectively flat Finsler metrics with
constant flag curvature, Acta. Math. Sin. 29 (5) (2013), 959-974.

C. Yu, Deformations and Hilbert’s Fourth Problem, Math. Ann. 365 (3-4) (2016),
1379-1408.

L. Zhou, A local classification of a class of (a,B)-metrics with constant flag
curvature, Diff. Geom. and its Appl. 28 (2010), 170-193.

Author’s address:

Guojun Yang

Department of Mathematics,
Sichuan University,

Chengdu 610064, P. R. China.
E-mail: yangguojun@scu.edu.cn



