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Abstract. In this paper, we investigate the harmonicity of a tangent map
ϕ : (TM, g̃) −→ (TN, h̃), in the case when the tangent bundles TM and
TN are endowed with natural Riemannian metrics g̃, h̃. In this work we
generalize previous results related to the article of A. Sanini [24].
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1 Introduction

Let φ : M −→ N be a smooth map between the smooth manifolds M,N . The map
φ induces the tangent map ϕ = dφ : TM −→ TN between the tangent bundles of
M and N . In the case where M,N are Riemannian manifolds, their tangent bundles
TM,TN may be endowed with the corresponding naturel metrics so that they become
Riemannian manifolds. The motivation of this paper is to study harmonicity of the
tangent map ϕ : (TM, g̃) −→ (TN, h̃).
In this paper we deal with these problems in the case where the tangent bundles
TM,TN are endowed with naturel Riemannian metrics g̃, h̃. We show that the map
ϕ is harmonic if φ is totally geodesic. Further, if TM be a compact tangent bundle
ϕ is harmonic if and only if φ is totally geodesic.
In section 4, we determine the conditions for a immersion isometric φ to induce a
harmonic map ϕ1 : (T1M, g̃) −→ (T1N, h̃). If N is a space of constant curvature, we
prove that F1 is a harmonic map if and only if f(M) is a minimal Einstein submanifold
of N .

1.1 Harmonic maps

Consider a smooth map ϕ : (Mm, g) → (Nn, h) between two Riemannian manifolds,
then the energy functional is defined by

E(ϕ) =
1

2

∫
M

|dϕ|2dvg
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(or over any compact subset K ⊂ M A map is called harmonic if it is a critical point
of the energy functional E (or E(k) for all compact subsets K ⊂ M . For any smooth
variation {ϕ}t∈I of ϕ with ϕ0 = ϕ and V = dϕt

dt |t=0, we have

(1.1)
d

dt
E(ϕt)|t=0 = −

∫
M

h(τ(ϕ), V )dvg,

where
τ(ϕ) = traceg∇dϕ

is the tension field of ϕ. Then ϕ is harmonic if and only τ(ϕ) = 0. One can refer to
[15], [22] for the background on harmonic maps.

The existence and explicit construction of harmonic mappings between two given
Riemannian manifolds (M, g) and (N,h) are two of the most fundamental problems of
the theory of harmonic mappings. If M is compact and N has nonpositive sectional
curvature, then any smooth map from M to N can be deformed into a harmonic
map using the heat flow method [Eells and Sampson 1964]. However, there is no
general existence theory of harmonic mappings if the target manifold does not satisfy
the nonpositivity curvature condition. This fact makes it interesting to find harmonic
maps defined by vector fields as a map from Riemannian manifold (M, g) to its tangent
bundleTM . Problems of this kind have been studied when TM is endowed with the
Riemannian Sasaki metric see ([16], [17], [20], [22]) and with the Riemannian Cheeger-
Gromoll metric (see [17]).

2 Some results on TM

Let (M, g) be an n-dimensional Riemannian manifold and (TM, π,M) be its tangent
bundle. A local chart (U, xi)i=1...n onM induces a local chart (π−1(U), xi, yi)i=1...n on
TM. Denote by Γk

ij the Christoffel symbols of g and by ∇ the Levi-Civita connection
of g. We have two complementary distributions on TM , the vertical distribution V
and the horizontal distribution H, defined by

V(x,u) = ker(dπ(x,u))

= {ai ∂

∂yi |(x,u)
; ai ∈ R}

H(x,u) =

{
∂

∂xi |(x,u)
− aiujΓk

ij

∂

∂yk |(x,u)
; ai ∈ R

}
,

where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).

Let X = Xi ∂
∂xi be a local vector field on M . The vertical and the horizontal lifts

of X are defined by

(2.1) XV = Xi ∂

∂yi

(2.2) XH = Xi δ

δxi
= Xi

(
∂

∂xi
− yjΓk

ij

∂

∂yk

)
.



36 H. El Hendi and L. Belarbi

As consequences, we have ( ∂
∂xi )

H = δ
δxi and ( ∂

∂xi )
V = ∂

∂yi , and hence ( δ
δxi ,

∂
∂yi )i=1..n

is a local adapted frame in TTM .

Remark 2.1. 1. If w = wi ∂
∂xi +w̄j ∂

∂yj ∈ T(x,u)TM , then its horizontal and vertical
parts are defined by

wh = wi ∂

∂xi
− w̄iujΓk

ij

∂

∂yk
∈ H(x,u)

wv = {w̄k + wiujΓk
ij}

∂

∂yk
∈ V(x,u)

2. If u = ui ∂
∂xi ∈ TxM then its vertical and horizontal lifts are defined by

uV = ui ∂

∂yi
∈ V(x,u) ∈ H(x,u)

uH = ui

{
∂

∂xi
− yjΓk

ij

∂

∂yk

}
.

Proposition 2.1. ([17]). Let (M, g) be a Riemannian manifold and R its tensor
curvature, then for all vector fields X,Y ∈ Γ(TM) and any point (p, u) in T 2M we
have

1. [XH , Y H ](p,u) = [X,Y ]H(p,u) − (Rp(X,Y )u)V ,

2. [XH , Y V ](p,u) = (∇XY )V(p,u),

3. [XV , Y V ](p,u) = 0.

3 β- metric on TM

Definition 3.1. Let (M, g) be a Riemannian manifold and β ∈ R+. On the tangent
bundle TM , we define a β-metric noted g̃ by

1. g̃(XH , Y H) = g(X,Y ) ◦ π

2. g̃(XH , Y V ) = 0

3. g̃(x,u)(X
V , Y V ) = 1

α

(
gx(X,Y ) + βgx(X,u)gx(Y, u)

)
,

where X,Y ∈ Γ(TM), (x, u) ∈ TM, r = g(u, u), α = 1 + βr.

Note that, if β = 0 (resp β = 1), then g̃ is the Sasaki metric [16] (resp the
Cheeger-Gromoll metric [17]).

Theorem 3.1. ([10]). Let (M, g) be a Riemannian manifold and g̃ be a β-metric

relative to g on TM . If ∇ (resp ∇̃) denote the Levi-Civita connection of (M, g) (resp
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(TM, g̃), then we have

(∇̃XHY H)p = (∇XY )Hp − 1

2
(Rx(X,Y )u)V

(∇̃XHY V )p = (∇XY )Vp +
1

2α
(Rx(u, Y )X)H

(∇̃XV Y H)p =
1

2α
(Rx(u,X)Y )H

(∇̃XV Y V )p =
[−β

α
(g(X,u)Y V + g(Y, u)XV )− β2

α
g(X,u)g(Y, u)uV

+ β
(1 + α)

α
g(X,Y )uV

]
p

(∇̃XHuV )p = 0 = (∇̃uV XH)p

(∇̃XV uV )p =
1

α

(
XV + βg(X,u)uV

)
p

(∇̃uV XV )p =
β

α

(
g(X,u)− r2XV

)
p

(∇̃uV uV )p = uV ,

for all vector fields X,Y ∈ Γ(TM) and p = (x, u) ∈ TM , where R denote the curva-
ture tensor of (M, g).

4 Harmonic tangent maps

Lemma 4.1. . Let φ : (Mm, g) −→ (Nn, h) be a smooth map between Riemannian
manifolds. The map φ induces the tangent map

ϕ = dφ : (TMm, gs) −→ (TNn, hs)

(x, y) 7−→ (φ(x), dφ(y))/.

For all vector field X ∈ Γ(TM), we have

dϕ
(
(X)V

)
=

(
dφ(X)

)V

dϕ
(
(X)H) =

(
dφ(X)

)H

+
(
∇dφ(y,X)

)V

.

Proof. Let xi and (xi, yi) be a local coordinates on M and TM respectively. The
local frames of vector fields on M respectively TM is given by{ ∂

∂xi
: i = 1, ...,m

}
,
{( ∂

∂xi

)H

=
∂

∂xi
−

M

Γk
ij y

j ∂

∂yk
,

( ∂

∂xi

)V

=
∂

∂yi
, i, j, k = 1, ..,m

}
.

If uα and (uα, vβ) be a local coordinates on N and TN respectively. The local frames
of vector fields on N respectively TN is given by{ ∂

∂uα
: α = 1, ..., n

}
,
{( ∂

∂uα

)H

=
∂

∂uα
− vβ

N

Γγ
αβ

∂

∂vγ
,
( ∂

∂uα

)V

=
∂

∂vα
, α, β, γ = 1, .., n

}
,
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where vβ = yj
∂φβ

∂xj
= yjϕβ

j

dϕ
(
(
∂

∂xi
)H

)
=

∂φα

∂xi

∂

∂uα
+ yj

∂ϕα
j

∂xi
−

M

Γk
ij y

jϕα
k

∂

∂vα
(4.1)

dϕ
(
(
∂

∂xi
)V

)
= ϕα

i

∂

∂vα
.

We have

dϕ
(
(
∂

∂xi
)V

)
= ϕα

i (
∂

∂vα
)V =

(
dφ(

∂

∂xi
)
)V

∂φα

∂xi

∂

∂uα
=

∂φα

∂xi
(

∂

∂uα
)H+

N

Γγ
αβ vβ

∂φα

∂xi

∂

∂vγ
.

Substituting in equation 4.1, we obtain

dϕ
(
(
∂

∂xi
)H

)
=

∂φα

∂xi
(

∂

∂uα
)H+

N

Γγ
αβ vβ

∂φα

∂xi

∂

∂vγ
+ yj

∂ϕα
j

∂xi
−

M

Γk
ij y

jϕα
k

∂

∂vα

= (dφ(
∂

∂xi
))H + yj

(∂ϕγ
j

∂xi
+ ϕβ

j

∂φα

∂xi

N

Γγ
αβ −

M

Γk
ij ϕ

γ
k

)
(

∂

∂uγ
)V .

On the other hand

∇ϕ(
∂

∂xi
,

∂

∂xj
) = ∇φ

∂

∂xi

ϕ(
∂

∂xj
)− ϕ(∇M

∂

∂xi

∂

∂xj
)

= ∇φ
∂

∂xi

ϕβ
j

∂

∂vβ
−

M

Γk
ij ϕ

γ
k

∂

∂vγ

=
∂ϕβ

j

∂xi

∂

∂vβ
+ ϕβ

j∇
φ
∂

∂xi

∂

∂vβ
−

M

Γk
ij ϕ

γ
k

∂

∂vγ

=
∂ϕβ

j

∂xi

∂

∂vα
+ ϕβ

j

∂φα

∂xi

N

Γγ
αβ

∂

∂vγ
−

M

Γk
ij ϕ

γ
k

∂

∂vγ

=
(∂ϕγ

j

∂xi
+ ϕβ

j

∂φα

∂xi

N

Γγ
αβ −

M

Γk
ij ϕ

γ
k

)
(

∂

∂uγ
)V

=
(
∇ϕ(

∂

∂xi
,

∂

∂xj
)
)V

.

Then, we obtain

dϕ
( ∂

∂xi

)H

=
(
dφ(

∂

∂xi
)
)H

+
(
∇ϕ(

∂

∂xi
, y)

)V

.

�

Lemma 4.2. Let φ : (Mm, g) −→ (Nn, h) be a isometric map between Riemannian
manifolds, then the energy density associated of the tangent map ϕ : (TMm, g̃) −→
(TNn, h̃) is given by

e(ϕ) = m+
1− α

2α
+

1

2α
traceg

(
|∇dφ(y, ∗)|2|+ βg(∇dφ(y, ∗), dφ(y)

)
.
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Proof. We distinguish two cases.
First case: y = 0. Let {e1, ...en} be an orthonormal basis of TxM . Then, we obtain
n unit vectors {eH1 , ...eHn } of T(x,0)TM which are orthogonal because g̃(eHi , eHj ) =

g(ei, ej) = δij . Moreover, {eV1 , ...eVn } are also orthonormal vectors of T(x,0)TM since
g̃(eVi , e

V
i ) = g(ei, ei) = δij , when y = 0 So, {eH1 , ...eHn , eV1 , ...e

V
n } is an orthonormal

basis of T(x,0)TM .

2e(ϕ)(φ(x),dφ(y))

=

m∑
i=1

(
h̃(φ(x),dφ(y))(dϕ(e

H
i ), dϕ(eHi )) + h̃(φ(x),dφ(y))(dϕ(e

V
i ), dϕ(e

V
i ))

)
.

Using lemma 4.1, we obtain

2e(ϕ)(φ(x),dφ(y))

=

m∑
i=1

(
h̃(φ(x),dφ(y))((dφ(ei))

H , (dφ(ei))
H
)

+

m∑
i=1

(
h̃(φ(x),dφ(y))((dφ(ei))

V , (dφ(ei))
V
)

+

m∑
i=1

(
h̃(φ(x),dφ(y))((∇dφ(y, ei))

V , (∇dφ(y, ei))
V
)
.

Using Definition 3.1, we have

2e(ϕ)(φ(x),dφ(y))

=

m∑
i=1

(
h(φ(x)((dφ(ei)), (dφ(ei))

)
+
1

α

m∑
i=1

(
h(φ(x)((∇dφ(y, ei)), (∇dφ(y, ei))

)
+
β

α

m∑
i=1

(
h(φ(x)((∇dφ(y, ei)), dφ(y))

2
)

+
1

α

m∑
i=1

(
h(φ(x)((dφ(ei)), (dφ(ei))

+
β

α

m∑
i=1

(
h(φ(x)((dφ(ei)), dφ(y))

2
)
.

From the isometry property of the map φ and at y = 0, we have

e(ϕ)(φ(x),dφ(0)) = m.

Second case: y 6= 0 The first step consists of constructing an orthonormal basis
of T(x,y)TM . So, from an orthonormal basis {e1 = y

|y| , e2, ...en} of TxM , we obtain



40 H. El Hendi and L. Belarbi

n unit vectors {eH1 , ...eHn } which are orthonormal because g̃(eHi , eHj ) = g(ei, ej) = δij .

To obtain a basis, we complete with {fV
1 , ..., fV

n } where:{
fV
1 = eV1
fV
j =

√
αeVj , j = 2..n

So {eH1 , ...eHn , fV
1 , ..., fV

n } is an orthonormal basis of T(x,y)TM. Analogously, we have

2e(ϕ)(φ(x),dφ(y))

=

m∑
i=1

(
h̃(φ(x),dφ(y))(dϕ(e

H
i ), dϕ(eHi )) + h̃(φ(x),dφ(y))(dϕ(f

V
i ), dϕ(fV

i ))
)
.

Using lemma 4.1 and Definition 3.1, we have

2e(ϕ)(φ(x),dφ(y))

=

m∑
i=1

(
h(φ(x)((dφ(ei)), (dφ(ei))

)
+
1

α

m∑
i=1

(
h(φ(x)((∇dφ(y, ei)), (∇dφ(y, ei))

)
+
β

α

m∑
i=1

(
h(φ(x)((∇dφ(y, ei)), dφ(y))

2
)

+
1

α

m∑
i=1

(
h(φ(x)((dφ(fi)), (dφ(fi))

+
β

α

m∑
i=1

(
h(φ(x)((dφ(fi)), dφ(y))

2
)
;

by isometry of the map φ, we have

e(ϕ) = m+
1− α

2α
+

1

2α

m∑
i=1

(
|∇dφ(y, ei)|2|+ βg(∇dφ(y, ei), dφ(y)

)
.

�

Theorem 4.3. Let φ : (Mm, g) −→ (Nn, h) be a isometric map between Riemannian
manifolds, then the tension field associated of the tangent map ϕ : (TMm, g̃) −→
(TNn, h̃) is given by

τ(ϕ) =
[ 1

2α
trgR

N (dφ(y),∇dφ(y, ∗))dφ(∗)
]H

+
[
traceg

(
div(∇dφ))(y)

−2
β

α
h(∇dφ(y, ∗), dφ(y))∇dφ(y, ∗)− β2

α
h(∇dφ(y, ∗), dφ(y))2dφ(y)

+
β(1 + α)

α
h(∇dφ(y, ∗),∇dφ(y, ∗))dφ(y)

)]V
.
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Proof. Let (φ(x), dφ(y)) ∈ TN , and {eHi , fV
i }mi=1 be a local orthonormal frame on

TM such that (∇eiei)x = 0 then by summing over i, we have

τ(ϕ) = ∇TN
dϕ(eHi )dϕ(e

H
i )− dϕ(∇TM

eHi
eHi )

+ ∇TN
dϕ(fV

i )dϕ(f
V
i )− dϕ(∇TM

fV
i

fV
i )

= ∇TN
(dφ(ei)H

(dφ(ei)
H +∇TN

(dφ(ei)H
(∇dφ(y, ei))

V

+ ∇TN
(∇dφ(y,ei))V

(dφ(ei)
H +∇TN

(∇dφ(y,ei))V
(∇dφ(y, ei))

V

+ ∇TN
(dφ(fi))V

dφ(fi))
V − dϕ(∇TM

eHi
eHi )− dϕ(∇TM

fV
i

fV
i );

by Theorem 3.1, we have

∇TN
dϕ(eHi )dϕ(e

H
i ) = (∇φ

eidφ(ei))
H

∇TN
(dφ(ei)H

(∇dφ(y, ei))
V = (∇φ

ei∇dφ(y, ei))
V + (

1

2α
R(dφ(y),∇dφ(y, ei))dφ(ei))

H

∇TN
(∇dφ(y,ei))V

(dφ(ei)
H =

1

2α
(R(dφ(y)∇dφ(y, ei))dφ(ei))

H

∇TN
(∇dφ(y,ei))V

(∇dφ(y, ei))
V =

−2β

α
h(∇dφ(y, ei), dφ(y))∇dφ(y, ei)

− β2

α
h(∇dφ(y, ei), dφ(y))

2dφ(y)

+
β(1 + α)

α
h(∇dφ(y, ei),∇dφ(y, ei))dφ(y)

)V

∇TN
(dφ(fi))V

dφ(fi))
V =

−2β

α
h(dφ(fi), dφ(y))dφ(fi)

− β2

α
h(dφ(fi), dφ(y))

2dφ(y)

+
β(1 + α)

α
h(dφ(fi), dφ(fi)dφ(y)

)V

−dϕ(∇TM
eHi

eHi ) = −dϕ((∇eiei)
H) = −(dφ(∇M

ei ei))
H

− ∇dφ(y,∇M
ei ei))

V

−dϕ(∇TM
fV
i

fV
i ) =

2β

α
g(fi, y)dφ(fi)

+
β2

α
h(fi, y)

2dφ(y)

− β(1 + α)

α
h(fi, fi)dφ(y)

)V

;

by isometry of the map φ, the proof of the Theorem 4.3 is completed. �

From Theorem 4.3, we obtain

Theorem 4.4. Let φ : (Mm, g) −→ (Nn, h) be a isometric map between Riemannian
manifolds, then the tangent map ϕ : (TMm, g̃) −→ (TNn, h̃) is harmonic if and only
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if the following conditions are verified
RN (dφ(y),∇dφ(y, ∗))dφ(∗) = 0

div(∇dφ)(y)− 2β
α αh(∇dφ(y, ∗), dφ(y))∇dφ(y, ∗)− β2

α h(∇dφ(y, ∗), dφ(y))2dφ(y)
+β(1+α)

α h(∇dφ(y, ∗),∇dφ(y, ∗))dφ(y) = 0.

Corollary 4.5. Let ϕ : (TMm, g̃) −→ (TNn, h̃) be a the tangent map of isometric
map φ : (Mm, g) −→ (Nn, h), if φ is totally geodesic then ϕ is harmonic.

Theorem 4.6. Let TM be a compact tangent bundle and ϕ : (TMm, g̃) −→ (TNn, h̃)
be its the tangent map of a isometric map φ : (Mm, g) −→ (Nn, h). Then ϕ is a
harmonic if and only if φ is totally geodesic.

Proof. If φ is totally geodesic, from Corollary 4.5, we deduce that ϕ is harmonic.
Inversely.
Let ω : I ×M −→ N be a smooth map satisfying for all t ∈ I = (−ϵ, ϵ), ϵ > 0 and all
x ∈ M

ω(t, x) = φt(x) = (1 + t)φ(x),

and
ω(0, x) = φ(x).

The variation vector field v ∈ Γ(φ−1TN) associated to the variation {φt}t∈I is given
for all x ∈ M by

v(x) = d(0,x)ω(
d

dt
),

From Lemma 4.2, we have

e(ϕt) = m+
1− α

2α
+

(1 + t)2

2α
traceg

(
|∇dφ(y, ∗)|2|+ βg(∇dφ(y, ∗), dφ(y)

)
.

If ϕ is a critical point of the energy functional, from equation 1.1 we have

d

dt
E(ϕt)t=0 = 0

=
1

α

∫
TM

|∇dφ(∗, u)|2 + βg(∇dφ(y, ∗), dφ(y)dvhS = 0

then ∇dφ = 0. �

5 Harmonicity of the map ϕ1 : T1M
m −→ T1N

n

Lemma 5.1. Let j : Mm1
1 −→ Mm be a isometric immersion of Riemannian mani-

fold M. Then the tension field associated of the map φ̃ = φ◦j : Mm1
1

j−→ Mm φ−→ Nn

is given by

(5.1) τ(φ̃) = τ(φ)|M1
+m1dφ(H1)−∇dφ(eα, eα),

where eα be a local orthonormal frame on TM1 and H1 the mean curvature of M1.



Naturally harmonic maps between tangent bundles 43

Proof. Let j be a isometric immersion¿ Then the tension field associated of the map
j is given by

τ(j) = m1H1,

and we have

τ(φ̃) = τ(φ ◦ j) = dφ ◦ τ(j) + trg∇dφ(dj(∗), dj(∗))
= dφ(m1H1) +∇dφ(dj(ei), dj(ei))

= m1dφ(H1) + τ(φ)|M1
−∇dφ(eα, eα).

�

Proposition 5.2. Let ϕ̃ : T1M
m −→ TNm the restriction of the tangent map ϕ to

unit tangent bundle T1M
m. Then tension field associated of the map ϕ̃ is given by

(5.2) τ(ϕ̃) = τ(ϕ)|T1M − (m− 1)(dφ(y))V .

Proof. From the Lemma 5.1, we have

(5.3) τ(ϕ̃) = τ(ϕ)|T1M + dϕ((2m− 1)HT1M
1 )− ∇̃dϕ(Y, Y ),

where Y the normal unit vector field on T1M . Let {eHi , fV
i }mi=1 be a local orthonormal

frame on T1M
m, the mean curvature of T1M

m is given by

HT1M
1 = −g̃(eHi , ∇̃eHi

Y )Y − g̃(fV
i , ∇̃fV

i
Y )Y ;

by Theorem 3.1, we have
HT1M

1 = −(m+ 1)Y

and
∇̃dϕ(Y, Y ) = 0.

Then

τ(ϕ̃) = τ(ϕ)|T1M − (m− 1)dϕ(Y )

= τ(ϕ)|T1M − (m− 1)(dφ(y))V .

�

Proposition 5.3. ([24]) Let φ : (Mm, g) −→ (Nn, h), f : (Nn, h) −→ (P d, l) are
smooths maps. Then the map φ is harmonic if and only if τ(φ ◦ f) is orthogonal to
N .

Using Propositions 5.2, 5.3, we obtain the Theorem

Theorem 5.4. The differential of an isometric immersion φ : Mm −→ Nn induces
a harmonic map ϕ1 : T1M

m −→ T1N
n if and only if the following conditions are

verified
RN (dφ(y),∇dφ(y, ∗))dφ(∗) = 0

div(∇dφ)(y)− 2β
α αh(∇dφ(y, ∗), dφ(y))∇dφ(y, ∗)− β2

α h(∇dφ(y, ∗), dφ(y))2dφ(y)
+β(1+α)

α h(∇dφ(y, ∗),∇dφ(y, ∗))dφ(y) = λdφ(y).
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In other words, identifying M with f(M) and place b = ∇dφ, if X an arbitrary
unit vector field then we have

Theorem 5.5. Let Nn be a smooth manifold with a constant sectional curvature k.
Then the differential of an isometric immersion φ : Mm −→ Nm induces a harmonic
map ϕ1 : T1M

m −→ T1N
n if and only if the following conditions are verified

kb(X,X) = 0, |X| = 1, k ∈ R

n∇N
XH +RicciM (X) = µX, µ = λ+

β(1 + α)h(div(b)X,X))

α
+ k(1− n).

Proof. By Theorem 5.4, the map ϕ1 : T1M
m −→ T1N

n is harmonic if and only if

RN (X, b(X, ei))ei = 0(5.4)

(∇N
eib)(ei, X)− 2β

α
αh(b(X, ei), X)b(X, ei)−

β2

α
h(b(X, ei), X)2X

+
β(1 + α)

α
h(b(X, ei), b(X, ei))X = λX.(5.5)

Then, we have

RN (X, b(X, ei))ei = kb(X,X)(5.6)

(∇N
eib)(ei, X) = ∇N

X(b(ei, ei))−RN (ei, X)ei +RicciM (X)

= n∇N
XH + (k(n− 1))X +RicciM (X)(5.7)

div(b)(X) = (∇N
eib)(ei, X) = ∇N

eib(ei, X)− b(∇M
ei ei, X)

− b(ei,∇M
ei X)

h(div(b)(X), X) = h(∇N
eib(ei, X), X) = −h(b(ei, X),∇N

eiX)

= −h(b(ei, X), b(ei, X))(5.8)

h(b(X, ei), X) = 0.(5.9)

Replacing equations (5.6), (5.7), (5.8), (5.9) in equations (5.4) and (5.5) the proof of
Theorem 5.5 is completed. �

Theorem 5.6. Let Nn be a smooth manifold with a constant sectional curvature
k 6= 0. Then the differential of an isometric immersion φ : Mm −→ Nm induces
a harmonic map ϕ1 : T1M

m −→ T1N
n if and only if f(M) is a minimal Einstein

submanifold of N .
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Proof. By theorem 5.5, ϕ1 : T1M
m −→ T1N

n is harmonic if and only if
kb(X,X) = 0, |X| = 1, k ∈ R

n∇N
XH +RicciM (X) = µX, µ = λ+

β(1 + α)h(div(b)X,X))

α
+ k(1− n).

If k 6= 0 then b(X,X) = 0, for each unit vector X tangent to M and therefore

b(X,Y ) = h(X,Y )H, ∀X,Y ∈ Γ(TM)

we have b(X,X) = H = 0. Then M is a minimal submanifold of N .
n∇N

XH + RicciM (X) = µX is equivalent to the condition of Einstein, because
∇N

XH = −|H|2X. �
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