Orlicz mixed affine surface areas

Chang-Jian Zhao

Abstract. In the paper, our main aim is to generalize the classical L,-
Blaschke addition and L-affine surface areas to the Orlicz space. Under
the framework of Orlicz-Brunn-Minkowski theory, we find a geometric
operation call it Orlicz Ly-Blaschke addition. A new affine geometric
quantity with respect to the operation is introduced and call it Orlicz
Ly-mized affine surface area. The fundamental notions and conclusions
of the L,-Blaschke addition and L,-affine surface areas, and Minkoswki’s
and Brunn-Minkowski’s inequalities for the L,-affine surface areas are ex-
tended to an Orlicz setting. The new related concepts and inequalities of
L,q-mixed affine surface areas are also derived.
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1 Introduction

One of the most important operations in geometry is vector addition. As an
operation between sets K and L, defined by

K+L={z+y:x€K,ye L},

it is usually called Minkowski addition and combine volume play an important role
in the Brunn-Minkowski theory. During the last few decades, the theory has been
extended to L,-Brunn-Minkowski theory. The first, a set called as L, addition, in-
troduced by Firey in [3] or [4]. Denoted by +,, for 1 < p < oo, defined by

MK +, L,z)? = h(K,z)? + h(L, x)?, (1.1)

for all x € R™ and compact convex sets K and L in R” containing the origin. When
p = 00, (1.1) is interpreted as h(K +o L,x) = max{h(K,z),h(L,x)}, as is custom-
ary. Here the functions are the support functions. If K is a nonempty closed (not
necessarily bounded) convex set in R™, then

h(K,z) =max{x -y:y € K},
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for x € R™, defines the support function h(K,z) of K. A nonempty closed convex
set is uniquely determined by its support function. L, addition and inequalities
are the fundamental and core contents in the L, Brunn-Minkowski theory. For some
important results and more information from this theory, we refer to [8], [9], [10], [11],
(17, 18], [20], [21], [24], [25], [26], [27], [28], [31], [32], [34], [36], [38], [39], [43] and the
references therein. In recent years, a new extension of L,-Brunn-Minkowski theory is
to Orlicz-Brunn-Minkowski theory, initiated by Lutwak et al [29] and [30]. Gardner,
Hug and Weil [6] constructed a general framework for the Orlicz-Brunn-Minkowski
theory, not only introduced the Orlicz addition but also made clear for the first time
the relation to Orlicz spaces and norms. The Orlicz addition of convex bodies was
also introduced and extend the L,-Brunn-Minkowski inequality to the Orlicz-Brunn-
Minkowski inequality (see [40]). The Orlicz centroid inequality for convex bodies
was introduced in [53]. The Orlicz-Brunn-Minkowski theory and its dual theory have
attracted people’s attention. The other articles recent advance these theories can be
found in literatures [7], [13], [14], [15], [16], [19], [33], [37], [41], [42], [44], [45], [46],
[47], [48], [49], [50], [51] and [52].
A body in R™ is a compact set equal to the closure of its interior. A set K is called
a convex body if it is compact and convex subset with non-empty interiors. Let K"
denote the class of convex bodies in R". Let K7 denote the class of convex bodies
containing the origin in their interiors in R™. A convex body K € K™ was said to
have a positive continuous curvature function f,(K,-) : S"t — [0,00), if S,(K,-),
is absolutely continuous with respect to spherical Lebesgue measure, S, and (see e.g.
22]) 45,5,
p\ )
dS *fp(K»')’ (1'2)

almost everywhere with respect to S, and where S, (K, -) denotes the positive Borel
measure on S™~! (see [22]). The subset of K™ consisting of convex bodies which have
a positive continuous curvature function will be denoted by F". The subset of K7
consisting of convex bodies which have a positive continuous curvature function will
be denoted by F['. The class of the origin-symmetric convex bodies with positive and
continuous curvature function in R™ will be denoted by F'. Lutwak [22] introduced
the L,-affine surface areas: For p > 1, the Ly-affine surface area of K € F', denoted
by Q,(K), defined by

) = [ fw) T ds(a) (1.3)

Moreover, the mixed affine surface areas of convex bodies was introduced in [23]. The
classical L,-Blaschke addition of convex bodies K, L € F", denoted by K+L, defined
by (see [21])

dS,(K+,L,") = dS,(K,-) + dS,(L, ). (1.4)

In the paper, our main aim is to generalize the L,-affine surface area Q,(K) and
the L,-Blaschke addition Jvrp to the Orlicz space. Under the framework of Orlicz-
Brunn-Minkowski theory, we first introduce Orlicz Ly-Blaschke addition +,. On this
basis, we introduce a new affine geometric quantity call it Orlicz Ly-mixed affine
surface area. The fundamental notions and conclusions of the L,-Blaschke addition
and Ly-affine surface areas, and Minkoswki’s and Brunn-Minkowski’s inequalities for
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the L,-affine surface areas are extended to an Orlicz setting. The related concepts
and inequalities of Lp,-mixed affine surface areas of convex bodies are also derived.
The new Orlicz Ly-Minkowski and Orlicz L-Brunn-Minkowski inequalities in special
case yield the well-known L,-Minkowski and L,-Brunn-Minkowski inequalities, and
yield new Lyq.-Minkowski and L,q-Brunn-Minkowski inequalities.

In Section 3, we introduce a notion of Orlicz L-Blaschke addition of convex bodies
K,L € F!, denoted by K—T—¢L, defined by

Jp(K w) fo(L,u) B
(Gt i) =" (15)

for u € S"7L and p > 1, if f,(K,u) + f,(L,u) > 0, and by f,(K+4L,u) = 0, if
fp(K u) = fp(L,u) = 0. Here ¢ € @9, and P, denotes the set of convex function

: [0,00)% — [0,00) that are increasing in each variable and satisfy ¢(0,0) = 0 and
(1 O) ©(0,1) = 1. When ¢(x1,22) = 2] + 2 and ¢ = 1, the Orlicz L,-Blaschke
addition (1.5) becomes to

Fo(B+yL, ) = fp(K,) + f(L, ).

This is just the L,-Blaschke addition +, defined in (1.4). The particular instance of
interest corresponds to using (1.5) with ¢(z1,z2) = 1 (x1) + eha(x2) for € > 0 and
some 91,12 € ®, where ® is the sets of convex functions 1,1 : [0,00) — (0, 00)
that are increasing and satisfy 11 (0) = 2(0) = 0 and 91 (1) = ¢2(1) =1

Comply with the basic spirit of Aleksandrov [1], Fenchel and Jessen [2] introduc-
tion of mixed quermassintegrals, and introduction of Lutwak’s [22] p-affine surface
areas, we are based on the study of the first order Orlicz variational of the L,-affine
surface areas. In Section 4, we prove that the first order Orlicz variation of the L,-
affine surface areas can be expressed as: For K,L € F!', 1,92 € &, p > 1 and
e >0,

d y n 1
— QP(KereE -L) = - . 7(1#1);(1)

where (101);(1) denotes the value of left derivative of convex function t; at point 1.
In this first order variational equation (1.6), we find a new geometric quantity. Based
on this, we extract the required geometric quantity, denoted by €, , (K, L) and call
it Orlicz Ly,-mixed affine surface area of K, L € F', defined by for p > 1

- Qu, (K, L), 1.6
z . va (L) (1.6)

"D i) L

Qy, p(K, L) = Qp(K+ye- L), (1.7)

e=0*

where 11,19 € ®. We also prove the new affine geometric quantity has an integral
representation.

_ fp(L’u) u e u
QD) = [ () g as(), (19

where 1) € ® and p > 1. In Section 5, we establish an Orlicz L-Minkowski inequality
for the Orlicz L,-mixed affine surface areas: If K, L € 7', p > 1 and ¢ € @, then

S

(K, L) 2 Op(K) - ((g((?)) " ) (1.9
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If 4 is strictly convex, equality holds if and only if K and L are homothetic.

When ¢(t) = twr, i >n+p ieRandp>1, (1.9) becomes the following L,-
Minkowski inequality for p-mixed affine surface area, which was established in [36].
K, LeF! p>1,i€Randi>n+p, then

n—i

Qpi(K, L) > Qy(K)

0, (L), (1.10)

with equality if and only if K and L are homothetic, and where

Qpi(K,L) = /S oK) Sy (L) S ().

In Section 6, we establish an Orlicz L,-Brunn-Minkowski inequality for the Orlicz
Ly-Blaschke addition and the L, affine surface areas. If K, L € F',p > 1and ¢ € ®,,

then

If ¢ is strictly convex, equality holds if and only if K and L are homothetic.

When ¢(s,t) = s+ t? and ¢ = 1, (1.11) becomes the following L,-Brunn-
Minkowski inequality for p-mixed affine surface area, which was established in [36].
If K,L € F} and p > 1, then

QK1) = 0, (K) ™ + 0, (1) (1.12)
with equality if and only if K and L are homothetic.
2 Preliminaries

The setting for this paper is n-dimensional Euclidean space R™. The support
function of convex body K is homogeneous of degree 1, that is (see e.g. [35]),

WK, ru) = rh(K,u),

for all u € S~ and r > 0. If K € K" and A € GL(n), then for all z € R (see e.g.

[5], p.17)
h(AK,z) = h(K, A'x).

Let 6 denote the Hausdorff metric, as follows, if K, L € K™, then
0(K,L) = |h(K,u) — h(L,u)|oo-
For K; € FJ',i=1,...,m, define the real numbers Rg, and rx, by

Rg, = max f,(K;,u), and rg, = min f,(K;, u).
uesSn—1 weSn—1

Obviously, 0 < rg, < Rg,, for all K; € F

7 and writing R = max{Rg,} and
r =min{rg, }, where i =1,...,m.
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2.1 Ly-curvature function

A convex body K € K" was said to have first order positive continuous curvature
function f(K,-): S"~1 — [0,00), if S(K,-), is absolutely continuous with respect to
spherical Lebesgue measure, S, and

dS(Kv ) _
B = ),

almost everywhere with respect to S. A convex body K € K™ was said to have

a positive continuous curvature function f,(K,-) : S"™! — [0,00), if S,(K,"), is
absolutely continuous with respect to spherical Lebesgue measure, S, and
dS,(K,-)
ds
almost everywhere with respect to S. It is easily seen that a body in K™ has a positive

continuous curvature function if and only if the body belongs to F;'. Obviously, for
KeFlandp>1

o

= fp(K7 ')7

fP(K7 ) = h(K7 ')1_pf(K7 )
Suppose K € F'. If p > 1 and A € SL(n), then
fp(AKv u) = fp(K7 Atu)a (2.1)
for u € S"1 (see [22]).
2.2 Ly-mized affine surface areas
If Kq,...,K, € FJ, the L,-mixed affine surface area of Ky,..., K,, denoted by
Q, (K1, ..., K,), defined by Lutwak (see [22])

(%(KL.”,K%):‘K;ilggu(hu)~-ﬂxkgﬂn)ﬁﬁd500. (2.2)

If K4 =--- = K,, = K, then the L,-mixed affine surface area Q(Kq,...,K,) is
written as Q,(K). Obviously, for K € ) and p > 1,

smmzéﬂmmwﬁww. (2.3)
This is just the Ly-affine surface area Q,(K) stated in the introduction.

2.8 Lpg-mized affine surface areas

When ¢(z1,22) = 2{ +24 and ¢ > 1, the Orlicz L,-Blaschke addition 4, becomes
a new addition in L,-space, denoted by —T—pq, and call as Lp,-Blaschke addition of
convex bodies K, L € F}

fo(BFpgLyu)? = fp(K,u)? + fp(L, u)?, (2.4)

for uw € S"~! and p > 1. Obviously, when g = 1, L,,-Blaschke addition becomes L,-
Blaschke addition The following result follows immediately form (2.4) with p,q > 1.

q(n +p) lim Qp(K‘T‘pqE L) — Qp(L)

n e—0t g

= /S»,Lfl fp(K’u)ﬁiqu(L,u)qu(u),
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Definition 2.1 Let K,L € F!' and p,q > 1, L,,-mixed affine surface area of K

S

and L, denoted by Q, ,(K, L), defined by

Qp (K, L) = /S (K, w) 75 9 f (L, u)?dS (u). (2.5)

Obviously, when K = L, the L,,-mixed affine surface area €, ,(K, K) becomes
the L, affine surface area €,(K). This integral representation (2.5), together with
Holder inequality, immediately gives:

Proposition 2.2 (L,,-Minkowski inequality) If K,L € F' and p,q > 1, then

Qg (K, L)™7 > Qp(K) 75710, (L)1, (2.6)

with equality if and only if K and L are homothetic.

Proposition 2.3 (L,,-Brunn-Minkowski inequality) If K,L € F! and p,q > 1,
then

(K Fpg L) 5 > 0, (K) 5 +0,(L) "5 (2.7)

with equality if and only if K and L are homothetic.

Proof From (2.4) and (2.5), it is easily seen that the L,,-mixed affine surface area
is linear with respect to the L,,-Blaschke addition, and together with inequality (2.6)
show that for p,q > 1

Qp,q(QvK'T‘pqL) = Qp,q(QvK)+Qp,q(QaL)

_n_ _ \.ntp q(n+p) a(n+p)
QP(Q)("“’ 0 (QP(K) " +Qp(L) "),

with equality if and only if K and L are homothetic.
Take K+,L for Q, recall that Q, ,(Q,Q) = Q,(Q), inequality (2.7) follows easy.
This completes the proof. O

3 Orlicz Ly-Blaschke addition

v

Throughout the paper, the standard orthonormal basis for R” will be {e1,...,e,}.
Let ®,, n € N, denote the set of convex function ¢ : [0,00)" — (0,00) that are
increasing in each variable and satisfy (0) = 0 and ¢¥(e;) =1, j = 1,...,n. When
n = 1, we shall write ® instead of ®;. The left derivative and right derivative of a
real-valued function f are denoted by (f); and (f);., respectively. We first define the
Orlicz L.-Blaschke addition.

Definition 3.1 Let m > 2,9 € ®,,, K; € F’ and j = 1,...,m, Orlicz Ly-

S

Blaschke addition of K7, ..., K,,, denoted by +(Ki,..., K,,), defined by

FolTu(Kr, .o Kp)u) = inf{)\ >0 (fp(lil’w,..., fp(KAm’“)) < 1}, (3.1)
for u € S*~ 1.
What’s worth mentioning here is 4, (K1, ..., K,;,) € F2*. The proof of this argu-
ment can be found in Lemma 3.7.
Equivalently, the Orlicz L,-Blaschke addition +(K7,..., K,,) can be defined
implicitly by

o (gt Bl Y
fp(—T_lb(Klv"'va)’u)?“.’ fp(_T_w(Klw"aKm)vu) ’
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if fp(K1,u) 4+ fp(Km,u) >0, and by f,(+4(K1,..., Kp),u) =0, if f,(Ki,u) =
oo = fp(Km,u) =0 for all u € S"~!. An important special case is obtained when

w(xla' . .,"Em) = ng(%)a
j=1

for some fixed 1p; € @ such that 11 (1) = -+ = ¥, (1) = 1, and write +4 (K1, ..., Kp) =
K14y -+ Ky, This means that Kq+y - - -+ K,y is defined either by

y . o K;
fo(K1 4y -+ Km,u) = inf A>o;;¢j (W)g , (3.3)

for all u € S"~1, or by the corresponding special case of (3.2).

Lemma 3.2 The Orlicz Ly-Blaschke addition 4, : (F)™ — F is monotonic
and has the identity property.

Proof Suppose K; C Lj, j =1,...,m, where K;,L; € FI'. If f,(Kq,u)="---=
fp(Km,u) = 07 then fp(_T_IZJ(Klv N ,Km),u) =0 S fp(—T—¢(L1, KQ, ey Lm),u) If
fp(K17u) +-+ fp(Kma U) > 07 then fp(L17u) +-F fp(Kmnu) > 07 by using (31)7
and in view of Ky C L; and the fact that 1 is increasing in the first variable, we
obtain

w( fp(L17u) fP(K27u) fP(Km7u) )
fP(—T_¢(L1>K27-“7Km)>u)7 fp(—T_w(LhK%“'aKmLu)’ 7f:0(—T_111(L1>K2""7Km)7u)

= 1
fP(K17u) fP(K2vu) fP(Kmvu)

17[} (fp(_T_’LP(KhK%- . -7K'm)7u)’ fp(_T—w(Kl’K27' . -7Km),u) B
fp(Lhu) fP(K27u) fP(KWhu)

IN

v (fp(—T—w(K17K27...,Km)7u)’ Fo(Fo (K1, Koy oo, Ki)yu)’

which again implies that f,(+y (K1, Ko, ..., Kpn),u) < fp(+y(L1, Kz, ..., Ly),u).
By repeating this argument for each of the other (m — 1) variables, we have
fp(:&l-lz,(Kl, ey Km)7 u) S fp('T_w(Lla ey Lm),u)
The identity property is obvious from (3.2). This completes the proof. |
Lemma 3.3 The Orlicz Ly-Blaschke addition +, : (F*)™ — F" is SL(n)
covariant.

Proof From (2.1), (3.1) and let A € SL(n), we obtain

fp(_T'dJ(AKhAKQ e 7AK7n)au)

_ inf{)\ >0:9 <f”(A§(1’“), fp(Afz’“),...7 f”(ﬂf’”’“)> < 1}

_ inf{)\ >0 (f”(Kl’At“), folla, AT) f”(K’”’At“)) < 1}
A A )
fo(Fu (K1, .o, K), Alu)

= fp(—T-w(Kl,...,Km),u).

V(R (K1, Koy ey Ki), )

.’ fp(_T—w(Kl,K27- . -7Km),u))

)
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This shows Orlicz Ly-Blaschke addition + is SL(n) covariant. This completes
the proof. O

Lemma 3.4 If Ky,...,K,, € F} and i) € ®, then

S

(L) 4 (Bl

t t
if and only if
fp(+¢(K1, ey Km),u) =t
Proof This follows immediately from Definition 3.1. (]
Lemma 3.5 If Ky,...,K,, € F} and ) € ®, then

S

< fp(_T_w(Klw";Km)vu) <

V) VE)

for allu € S"~1.
Proof Suppose f,(+¢(K1,...,Ky),u) =t. From Lemma 3.4 and noting that v
is increasing on (0, 00), we have

U n (D) Ly (50)

t 4

R, Rg,, R
¢(t> +-~'+¢(t> < myp (t)

Noting that ! is increasing on (0,00), we obtain the upper bound for
fp(+1/)(K1a"'7Km)au):

IN

t < R
pEaes)
On the other hand, from the Lemma 3.4, together with the convexity and the fact v
is increasing on (0, 00), we have

Un (D) Ly (5l0)

t t
>y (PR Bt ) 5 (7).
Hence, we obtain the lower estimate:
t> " .
T
This completes the proof. O

Lemma 3.6 The Orlicz Ly-Blaschke addition + : (FI')™ — F2 is continuous.

Proof To see this, indeed, let K;; € F2', i € NU{0}, j =1,...,m, be such that
Kij — K()j as 1 — o0o. Let

fp('\‘lj_w(Kl:[, PP ,Kim),u) = ti'
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Then Lemma 3.5 shows
S L
f— (— )
() ()
where r;; = min{rg,; } and R;; = max{Rk,,}. Since K;; — Ko;, we have Ry, —
Rk, <ooand rg,, — ri,; > 0, and thus there exist a,b such that 0 <a <t; <b <
oo for all i. To show that the bounded sequence {t;} converges to f,(+(Ko1, - - -, Kom), 1),
we show that every convergent subsequence of {t;} converges to f,(+(Ko1, - - -, Kom), ).
Denote any subsequence of {t;} by {¢;} as well, and suppose that for this subsequence,
we have
ti — ts.

Obviously a < t, < b. Noting that v is continuous function, we obtain

fp(KOhU) fp(KOmau)

tzﬁlnf{t*>0’d)< ) <1}:fp('\i_w(KODH'aKOm)vu)'

;. e ;.
Hence
Fo(Fo(Kit, oo Kim), u) = fp(+o(Kot, - - - Kom), u)
as 1 — 00.
This shows that the Orlicz L,-Blaschke addition + : (K™)™ — K™ is continuous.
This completes the proof. ([l

Lemma 3.7 Lety € ® ande > 0. If K,L € F", then K+y¢e- L € FI.
Proof Let ug € S"~1, for any subsequence {u;} C S"~! such that u; — ug. as
1 — 00.
Let
[o(KFyL,w) = N

Then Lemma 3.5 shows
r R

<<
) NS
where R = max{Rk, Ry} and r = min{rg,r1}.

Since K,L € F", we have 0 < rg < Rgx < oo and 0 < r;, < Ry < oo, and
thus there exist a,b such that 0 < a < \; < b < oo for all 7. To show that the
bounded sequence {)\;} converges to f,(K —T—wL, up), we show that every convergent
subsequence of {\;} converges to f,(K+,L,up). Denote any subsequence of {\;} by
{A\i} as well, and suppose that for this subsequence, we have

i — Ao.

Obviously a < Ao < b. From (3.4) and note that 11,19 are continuous functions, so
(o ! is continuous, we obtain

fp(Ka UO)

e ()

1 (fp(l)i;uo)) + ety (f;;(i(;?m)) =1.

)\1‘—>

as 1 — 0o. Hence
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Therefore
Ao = fp(K—Fw&‘ . L,U,O).
Namely
fp(K—T-wE . L,Ui) — fp(K—T-w&‘ . L,Uo).
as ¢ — 00.
This shows that K+4,¢- L € Fn. O

Next, we define the Orlicz L,-Blaschke linear combination on the case m = 2.
Definition 3.8 Orlicz L,-Blaschke linear combination + (K, L, a, 8) for K, L €
Fo and «, 8 > 0 (not both zero), defined by

a- fp(Ku) . fo(L,u) _
¢1 <fp(—T—w(K,L’a7B)7u>> +ﬁ 1/]2 (fp(-T-w(K,L7a7ﬁ)’u)> 1, (34)

if af,(K,u) + Bfy(L,u) > 0, and by f,(+4(K,L,a,B),u) = 0, if af,(K,u) +
Bfp(L,u) =0, for all u € S*~ 1.

We shall write K—T—weL instead of —T—w (K, L,1,¢), for ¢ > 0 and assume throughout
that this is defined by (3.1), if @« = 1, 3 = £ and ¥ € ®. We shall write K+, L instead
of +4(K,L,1,1) and call the Orlicz L,-Blaschke addition of K and L.

4 Orlicz Ly-mixed affine surface areas

In order to define Orlicz Ly-mixed affine surface area , we need the following
lemmas.

Lemma 4.1 If K,L € F, ¢>0 and ) € ®, then

K¥ye-L - K (4.1)
ase — 0.
Proof From (3.4) and noting that v, ¢, and f, are continuous functions, we
obtain

Ip(K,u)
¢11(1_5¢2(fﬂé282?2ﬂ0)>

as € — 0. Since 97! is continuous, 1y is bounded and in view of ¢; }(1) = 1, we have
L
ot (1-evn () ) -
fp(K+ye- L,u)

Fo(K+ye - Lyu) = fp(K )

as € — 0%. This completes the proof. O

fp(K+ye- Lyu) —

as € — 0. This yields

Lemma 4.2 IfK,L € F!, p>1 and ¢¥1,¢¥2 € ®, then

fo(L,u)
fP(Kv u)

d v n+p n 1
e €:O+fp(K+w6-L,u) e W) - 1)a (

D

) o )

(4.2)
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Proof From (3.4), we have

() - )

dfp(K-T-w€ . L,u) B dy y
de o fo(Lyu) ’
o' (1o ()
y [w ( Ip(L,u) ) . da(2) Ip(L,u) dfy(K+ye - L,u)
"\ fo(K¥ye - L) dz fo(K¥ye- Lu)? de ’
(4.3)

where f(Lo)
plLr U

y:1—€'l/}2 (fp(K—T—wEL,U)>7

and noting that y — 1~ as ¢ — 0%, and

fo(L,u)
JCI)([(_T_lb8 ’ L?”).

z =

Form (4.1), (4.3) and notice that ] ", 15 are continuous functions and 7 (1) = 1,
we obtain for p > 1

Fo(K¥ e Lou)mH —fo (K,u) P
£

_n —% . dfp(K-T-wa'L,u)
= n+pfp(Kv w)” P lime o+ de

lim, o+

. P, _ SpLw)
= mfp(K, u) lim, o+ (fp(K’ u)iy <fp(KI_)T_¢g . L,u)>)

. L) -yt
X hl,ny_>1Jr ¥y (y,;,’(]bl (1)

- n fp(L,u) o
= G Y2 (m) o (K u) 77

This completes the proof. ([l
Lemma 4.3 If K, L€ F!, p>1 and ¢ € Oo, then

n+p , d o / fp(L,u) n
' -2 Q(Kiye L) = I N (K w) T dS (u).
- | e n) = [ () g ast)
(4.4)
Proof This follows immediately from Lemma 4.2 and (1.3). O

Denoting by € ,(K, L), for any ¢ € ® and p > 1, the integral on the right-hand
side of (4.4) with ¢ replaced by 1, we see that either side of the equation (4.4) is equal
to Qy, (K, L) and hence this new Orlicz Ly-mixed affine surface area Qy ,(K, L) has
been born.

Definition 4.4 For K,L € F}, ¢y € ® and p > 1, Orlicz Ly-mixed affine surface
area of K and L, denoted by Qy ,(K, L), defined by

0 (fp(f‘“)> < fo( K, u) 77 dS (u). (4.5)

Ql/”P(Ka L) = / fp(K7 u)

Sn—1
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Obviously, when K = L and p > 1, the Orlicz L,-mixed affine surface area
Qy (K, L) becomes the L,-affine surface area Q,(K). When ¢(t) = t? and ¢ > 1, the
Orlicz Ly-mixed affine surface area Qy, ,(K, L) becomes the Ly,-mixed affine surface
area O, 4(K, L) stated in the Section 2. When 9 (t) =t , i > n+p, i € R and
p > 1, the Orlicz Ly-mixed affine surface area 2y (K, L) becomes the well-known
i-th L,-mixed affine surface area €, ;(K, L).

Lemma 4.5 If K, L € F}, p>1 and ¥1,12 € O, then

S

n+p d ¥
Qpop (B L) = — = (i hi(1) - =] Qp(EFye-L). (4.6)
e=0t
Proof This follows immediately from Lemma 4.3 and (4.5). O

Lemma 4.6 If K,L € F?, ¥ € ® and any A € SL(n), then fore >0
A(KYye- L) = (AK)¥ye - (AL). (4.7)

Proof For any A € SL(n), from (2.1) and (3.4), we obtain

Fo(AK Y ye - AL), w) inf{)\ >0 <fP(AK“)> + ey <fp(AL“)> < 1}

A A
t t
— it das 0.y (PEAWY L (LAWY
A A
= fo(K+ye- L, Au)
fo(A(K+ye - L), u).
This completes the proof. -

Lemma 4.7 IfK,L € F*, p>1 and ¢ € O, then for A € SL(n),

Qyp(AK, AL) = Qy (K, L). (4.8)

Proof From Lemma 4.5 and Lemma 4.6, we have for A € SL(n),

n—+ d o
Q,p(AK AL) = =L (@n)i(1) —|  Q(AKFye- AL)

n de | ._o+
n+p / d y

= . 1) — Q,(A(K - L
L@ | (AT e D)
n+p , d Y

= . 1) — Q, (K - L
LW | (T ee D)

= Q¢27P(K7L)'

This completes the proof. O

5 Orlicz Ly,-Minkowski inequality

In this section, we need define a Borel measure in S"~!, denoted by Q, ,(K,v),
call it L, —curvature measure of convex body K.
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Definition 5.1 Let K € F!' and p > 1, the L,—curvature measure, denoted by
O, (K, v), defined by

fp(Kv U)ﬁ dS

dQy, (K, v) = 0, (K (v).

(5.1)

Lemma 5.2 (Jensen’s inequality) Let p be a probability measure on a space X
and g : X — I C R is a p-integrable function, where I is a possibly infinite interval.
If ¢ : I — R is a convex function, then

/. ot 120 ( [ st@au). (5.2)

If ¢ is strictly convez, equality holds if and only if g(x) is constant for p-almost all
x € X (see [12, p.165]).

Lemma 5.3 Let 0 < a < oo be an extended real number, and let I = [0,a) be a
possibly innite interval. Suppose that 1 : I =[0,a) — [0,00) is convex and increasing
with ¥(0) =0. If K,L € F? are such that L C int(aK), then forp > 1,

S

szK) /SM ¥ (W) fo( K, u) ™7 dS (u) > 1) ((%)iv : (5.3)

If Y is strictly convex, equality holds if and only if K and L are homothetic.
Proof Since L C int(aK), so we have f,(L,u)/f,(K,u) € I for all u € S"~1. For
K e F', p>1andany u € S"!, noting that

fp(K“)" W) =
/,W s =1

hence the L,—curvature measure €, ,(K,u) is a probability measure on S"~!. Hence,
from (5.1) and by using Jensen’s inequality and Holder’s inequality, and in view of ¢
is increasing, we obtain

P L u _n_
w7 Jsnr ¥ (,{p(K u))) fo(K,u) 5 dS (u)

- fS" 1 ( fp(IL(Z))) dQn’p(Ka u)

> ( Jan—1 fp(Kﬂ:L)_"f”’fp(Lu)dS(u))

Qp(K)

__p_ ntp ntp
QP(K) ntp QIJ(L) " — QT?(L) "
21”( 9, (K) )—¢((QP<K>) )

Next, we discuss the equal condition of (5.3). Suppose the equality holds in (5.3).
When 9 is strictly convex, form the equality condition of Jensen’s inequality, then
fp(L,u)/ fp(K,u) must be a constant, namely: f,(L,u) and f, (K, u) are proportional,
this yields that K and L must be homothetic. On the other hand, form the equality
condition of Holder’s inequality, it follows that K and L must be homothetic. Combine
these, this yields that the equality holds in (5.3) must K and L be homothetic.
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Conversely, suppose that K and L are homothetic, i.e. there exist A > 0 such that
fp(Lyu) = A\fp(K,u) for all u € S"~ 1. Hence

ngK) /sm v (M) Fp(K,w) ™47 dS (u)

L
- R ( ) )f,,(Ku)nwdS()

)

This implies the equality in (5.3) holds. |
Theorem 5.4 (Orlicz Ly-Minkowski inequality) If K,L € F', p>1 and ¢ € @,
then

Qup(K, L) > Qy(K) - ¢ ((g&%)) (5.4)

If ¢ is strictly convex, equality holds if and only if K and L are homothetic.
Proof This follows immediately from (4.5) and Lemma 5.3 with a = cc.
When 9(t) = t7 and ¢ > 1, we have the following inequality.

Corollary 5.5 If K, L € FI' and p,q > 1, then

S

Qp.q(K, L)™7 > 0 (K) 7710, (L)1, (5:5)

with equality if and only if K and L are homothetic.
This is just Lpe-Minkowski inequality proved in the Section 2.
Theorem 5.6 Let K, L e M C F}, p>1 and ¢ € ®, and if either

Q%I,(Q,K) = Q%P(Qvl’)v for all Q € M (5.6)
o Qup(K, Q) Qup(L,Q)
P, ) by, s
QZ;(K) = Qpp(L) , for all Q € M, (5.7)
then K = L.

Proof Suppose (5.6) hold. Taking K for @, then from (4.5) and (5.4), we obtain

n+p
Qp(L)\
() = 2, 56.2) > 2,500 ( (G255
P »,p P QP(K)
with equality if and only if K and L are homothetic. Hence
0,(L)\
o((38)).
( 0, (K)

with equality if and only if K and L are homothetic. Since 1) is increasing function
n (0,00), this follows that

0 (K) = Q,(L),
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with equality if and only if K and L are homothetic. On the other hand, if taking
L for @, we similar get Q,(K) < Q,(L), with equality if and only if K and L are
homothetic. Hence Q,(K) = Q,(L), and K and L are homothetic, it follows that K
and L must be equal.

Suppose (5.7) hold. Taking L for @, then from from (4.5) and (5.4), we obtain

n+p
=SB L) (Qp(L)> "),
Q,(K) € (K)
with equality if and only if K and L are homothetic. Hence

=o((38)7)

with equality if and only if K and L are homothetic. Since 1) is increasing function
n (0, 00), this follows that

QP(K) 2 QP(L)a

with equality if and only if K and L are homothetic. On the other hand, if taking
K for @, we similar get Q,(K) < Q,(L), with equality if and only if K and L are
homothetic. Hence Q,(K) = Q,(L), and K and L are homothetic, it follows that K
and L must be equal. O
When #(t) = t? and ¢ > 1, Corollary 5.6 becomes the following result.
Corollary 5.7 Let K, L € M C F, and p,q > 1, and if either

Q, (K, Q) =Q,4(L,Q), for all Q e M

or

Qg (K, Q) _ (L, Q)
Qp(K) (L)

, for all Q € M,
then K = L.
6 Orlicz Ly-Brunn-Minkowski inequality
Lemma 6.1 IfK,L e F}, p>1, and 91,92 € ©, then fore >0
Qp(K+ype- L) = Qp, p(K¥ye - LK) 4+ eQy, p(K+ye - L, L). (6.1)
Proof From (1.3), (3.4) and (4.5), we have for any Q € F7
Qy, p(Q, K) + ey, ,(Q, L)
= Jos (1 (PeG7) + 202 (£63)) H@Qw™dS@)  (69)
= Jour ¥ (529, 153 ) (@ )7 dS () = 2,(Q).

Putting Q = K+y¢e - L in (6.2), (6.2) changes (6.1). O
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Theorem 6.2 (Orlicz Ly-Brunn-Minkowski inequality) If K,L € F}', p > 1 and
Y € Oy, then for e >0

o((awin) (awitn) ) o9

If 1 is strictly convex, equality holds if and only if K and L are homothetic.

Proof From (5.4) and Lemma 6.1, we have

Qp(K+ye- L)
=Qy, p(K+¥ye - LK)+ eQyp, p(K+ye - L, L)

n+p n+p
v Q, (K " Q, (L m
> Qp(K+ye- L) <¢1 <<Qp(Kp§er:.L)) ) + ey ((QP(KI’;&;&.L)) ))

n+p n+p
_ v Q, (K) o Q,(L) "
= Qp(K+ye- L)y ((Qp(KplwaL)) ) (QP(KPerE»L)) ) :

This is just the inequality (6.3). From the equality condition of (5.4), if follows that
if 4 is strictly convex, equality in (6.3) holds if and only if K and L are homothetic.
([

When ¢(z1,xz2) = 2§ + 24 and ¢ > 1, we have following result.

Corollary 6.3 If K, L € FI' and p,q > 1, then

S

a(n+p) a(n+p) a(n+p)

Qp(K¥p, L) n > Q(K) = +Qu(L) =, (6.4)

with equality if and only if K and L are homothetic.

This is just Lp,-Brunn-Minkowski inequality proved in the Section 2. When ¢ =1,
(6.4) becomes the L,-Brunn-Minkowski inequality for p-mixed affine surface area
stated in the Introducation.

Corollary 6.4 If K,L € F', p>1 and ¢ € @, then

Qup(K, L) > Qy(K) - ¢ ((g&%)) (6.5)

If ¢ is strictly convex, equality holds if and only if K and L are homothetic.
Proof Let

K.=K¥yue- L.
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From (4.6) and in view of the Orlicz-Brunn-Minkowski inequality (6.3), we obtain

o o s (G L) = & E:0+QP(KE)
0, (K) B ((QP(K)>+>
1 P 1—1 )

= lim,_,o+ 2p(Ke) n"Tp Z(KE) x Qp(Ke)

Q,(K) \
Y1(1) — ((Qp(([())> )
p\ e
O, (K)\ "
b (9:(&)) )
= lim;_,;- 1t ntp lim, g+ € !
1(1) = (t E )

ntp
x lim, 0+ 2, (Ke) > ﬁ . le(l) limg o+ Y2 ((g%) > im0+ Qp(Ke)

n+p
_ _n 1 QUL
=t o V2 ((QP(K)) > Q,(K).
(6.6)

Obviously, from (6.6), (6.5) yields. If ¢ is strictly convex, from the equality condi-
tion of (6.3), it follows that the equality holds in (6.5) if and only if K and L are
homothetic. This proof is complete. O
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