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Abstract. We consider the projective Finsler metrizability problem: un-
der what conditions the solutions of a given system of second-order ordi-
nary differential equations (SODE) coincide with the geodesics of a Finsler
metric, as oriented curves. SODEs with isotropic curvature have already
been thoroughly studied in the literature and have proved to be projec-
tive Finsler metrizable. In this paper, we investigate the non-isotropic case
and obtain new results by examining the integrability of the Rapcsédk sys-
tem extended with curvature conditions. We consider the n-dimensional
generic case, where the eigenvalues of the Jacobi tensor are pairwise dif-
ferent. We identify the higher order compatibility condition of the system
causing the non 2-acyclicity of the Spencer sequences and the Cartan’s
test to fail. We also consider the three-dimensional case, where we find a
class of non-isotropic sprays for which the PDE system is integrable and,
consequently, the corresponding SODEs are projective metrizable.
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1 Introduction

The projective metrizability problem can be formulated as follows: under what con-
ditions the solutions of a given system of second-order ordinary differential equations
coincide with the geodesics of some metric space, as oriented curves. This problem
can be seen as a particular case of the inverse problem of the calculus of variations.
One can consider the Riemannian [2, 10] and the more general Finslerian version of
this problem [1, 4, 5, 8, 13, 15, 16]. In this paper we examine the latter: starting with
a homogeneous system of second-order ordinary differential equations, which can be
identified with a spray S, we seek for a Finsler metric F' whose geodesics coincide
with the geodesics of the spray S, up to an orientation preserving reparameterization.
For flat sprays this problem was first studied by Hamel [12] and it is known as the
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Finslerian version of Hilberts fourth problem [1, 8]. Rapesdk obtained necessary and
sufficient conditions in the general case [15].

There are different approaches to tackle the problem: In [9] the authors use the
multiplier method which is, in the context of the inverse problem of the calculus of
variations, probably the most used and studied approach. In [4] the projective metriz-
ability problem was reformulated in terms of a first-order partial differential equation
and a set of algebraic conditions on a semi-basic 1-form. Finally, [13] turns back to
the original idea of Rapcsak by considering the so called Rapcsak system, which is the
PDE system composed by the Euler-Lagrange partial differential equations and the
homogeneity condition on the unknown Finsler function F'. The different approaches
are equivalent and can lead to effective results. For example sprays with isotropic
curvature was investigated in all three different approaches and it was proved that
this class of spray is projective metrizable. Unfortunately, beyond the isotropic case,
there are practically no results about this problem in the literature.

In this paper we make a step in the direction to find new results in the non-isotropic
case by investigating the integrability of the Rapcsdk system. Here the difficul-
ties come from the fact that the PDE system is largely overdetermined: on an n-
dimensional manifold there are n + 1 equations on the unknown Finsler function,
therefore many integrability conditions arise. That is why in the generic case there is
no solution to the problem. In [13] the first compatibility conditions of the Rapcsdk
system were already determined: they can be expressed in terms of equations contain-
ing the associated nonlinear connection and its curvature tensor. When the spray is
isotropic, these conditions are satisfied. However, when the spray is non-isotropic, the
integrability conditions are not satisfied and further compatibility conditions appear.
From that point, the analysis becomes quite difficult, because of two reasons. First:
the curvature tensor has no canonical normal form, therefore each class of sprays hav-
ing different curvature form must be considered separately. Second: as it has been
shown in [13], the system containing the curvature condition may be not 2-acyclic
(the Cartan’s test fails), that is higher order compatibility conditions can arise.

The paper is organized as follows. In Section 2 we give a brief introduction to
the canonical structures on the tangent bundle of a manifold and the main structures
needed to discuss the geometry of a spray: connection, Jacobi endomorphism, curva-
ture. We also recall the basic tools of Cartan-K&ahler theory. In Section 3 the extended
Rapcsak system with curvature condition is considered in the n-dimensional generic
case, when the eigenvalues of the Jacobi curvature tensor ¢ are pairwise different: in
Subsection 3.1 we compute its first compatibility conditions and in Subsection 3.2,
using the prolonged system, we find the higher order compatibility conditions. In
Section 4 we consider the 3-dimensional case: We prove that the symbol of the pro-
longed system is 2-acyclic and discuss in detail the reducible case. Finally, we identify
a class of non-isotropic sprays for which the second and the third order conditions are
identically satisfied and the symbol of the prolonged system is 2-acyclic. Therefore we
obtain the formal integrability of the system and, in the analytic case, the projective
metrizability of this class of sprays.
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2 Preliminaries

In this paper M denotes an n-dimensional smooth manifold, C*°(M) is the ring of
the smooth functions on M and X(M) is the C°°(M)-module of vector fields on M.
The set of the skew-symmetric, symmetric and vector valued k-forms are A*(M),
Sk(M) and W*(M), respectively. Furthermore, A¥(TM) stands for the set of the
semi-basic k-forms. The tangent bundle (T'M, 7, M) and the slashed tangent bundle
(TM :=TM\{0},m, M) of M will simply be denoted by TM and T M. The tangent
bundle of TM will be denoted by TTM or T. VI'M = Ker (m, : TTM — TM) is
the vertical sub-bundle of T'.

We denote the coordinates on M by z = (z') and the induced coordinates on
TM by (z,y) = (2%,9°). The local expressions of the Liouville vector field C €
X(TM) corresponding to the infinitesimal dilatation in the fibres, and the vertical
endomorphism J € W1(TM) are

i 0 i 9
_ya—yi, J =dx ®8yl

Using Euler’s theorem on homogeneous functions f € C°°(T M) is positive homoge-
neous of degree k if Lof = kf.

A spray on M is a vector field S € X(7T M) satisfying the conditions JS = C and
[C,S] = S. The coordinate expression of a spray S takes the form

C

+Lz”(r'ic711)i

0
S=y' oy

oxt
where the spray coefficients f* = f(z,y) are 2-homogeneous functions. The geodesics
of a spray S are curves 7 : I — M such that So+ = 4. Locally, they are the solutions
of the second order ordinary differential equations & = fi(x, ), i =1,...,n.

A Finsler function on a manifold M is a continuous function F': TM — R, smooth
and positive away from the zero section, homogeneous of degree 1 and the matrix
composed by the coefficients g;; = %83;7}71 of the metric tensor g = gijdxi ® da? is
positive definite on 7M. Consequently, tﬁe Hessian of F' is positive quasi-definite in
the sense that agfé;j vivd > 0 with equality only if v is a scalar multiple of y (see
[9]). The pair (M, F) is called Finsler manifold. To any Finsler function F' there exits
a unique canonical spray Sz, such that the geodesics of F' are the geodesic of Sp.
The canonical spray is characterized by the equation ig,dd;F? = —dF?. A spray S
is called Finsler metrizable if there exist a Finsler metric F' whose canonical spray is
Sy =S. A spray S is called projective Finsler metrizable if there exist a Finsler metric
F whose canonical spray is projective equivalent to S i.e. Sp ~ S. In that case the
geodesics of the two sprays coincide up to an orientation preserving reparametrization.
According to Rapcsék’s result [15], the spray S is projective Finsler metrizable if
and only if there exists a Finsler function F' such that igQ2 = 0, where 2 := dd; F
(e A%2(TM)). Consequently, the spray S is projective Finsler metrizable if and only
if the Rapcsdk system

(2.1) {LcF-F=0, isQ=0}

admits a positive quasi-definite solution F'. The first compatibility conditions of the
partial differential system (2.1) were determined in [13] in terms of geometric objects
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associated to the spray. To present them, let us consider the following notions. The
connection associated to S is the vector valued one form I' := [J, S]. One has I'> = Id
and the eigenspaces of I' corresponding to the eigenvalue +1 and —1 are the vertical
and the horizontal subspaces. The horizontal bundle is denoted by HT M. The
horizontal and vertical projectors associated to the connection are h := %(I +7T') and
v:= 2(I—T). We have hS = S, that is the spray is a horizontal vector field. The
curvature R € W2(TM) of the connection I is the Nijenhuis torsion of the horizontal
projection R = %[h, h]. The Jacobi endomorphism ® can be derived from the curvature
by ® :=igR. They are also related by the equation 1[.J,®] = R. In [13] it was proved
that the spray S is projective metrizable if and only if there exists a regular function
F on T M such that it is a solution to the extended Rapcsdk system:

(2.2) {LcF —F =0, irQ=0}.

The compatibility conditions of the system (2.2) can be expressed a coordinate free
way in terms of the curvature tensor R of I" by the equation ig{2 = 0. In the case when
dim M = 2 or S is flat or more of isotropic curvature that is the flag curvature does
not depend on the direction (cf. [6, 7]), then this compatibility condition is satisfied
and the system (2.2) is integrable. One obtains that in the analytic case the spray S
is locally projective metrizable [13].

In this article we are investigating the projective metrizability when the curvature
of the spray is non-isotropic. In that case the compatibility condition of (2.2) is not
satisfied. This is why one has to consider an enlarged system by adding to (2.2)
its compatibility condition. We remark that instead of the curvature tensor, one can
express the compatibility condition in terms of the Jacobi tensor (see [9]) and consider
the enlarged the system:

(2.3) LocF—F=0, irQ=0, isQ=0.

Depending on the algebraic form of ® there are many cases and sub cases to consider.
Moreover, there is a new phenomenon appearing: the partial differential system (2.3)
is not 2-acyclic [13, Section 5], which is the indication of the existence of higher order
integrability condition. All these informations suggest that the non-isotropic case
may be extremely complex. We consider the generic case, when ® is diagonalizable
with distinct eigenvalues in the following sense: A function A € C®(T'M) is called
an eigenfunction and X € X(T'M) is an eigenvector field of ® if X is a horizontal
and ®,X, = A\, JX, for any v € TM. It is easy to verify that the spray S is an
eigenvector field of ® and the corresponding Jacobi eigenfunction is A = 0.

To investigate the integrability of the system (2.3) we use the Spencer-Goldschmidt’s
integrability theory. Here we just set the notation. For more details, we refer to
(3, 11] and [13] in the context of projective metrizability. Let E = (E,w, M) be
a fibred bundle over the manifold M. Ji(E) denotes the bundle of k-jets of sec-
tions of E. Then Ji41(F) become a fibred bundle over Ji(E) with the projection
7k ¢ Jg1(FE) = Ji(E). Let E and E be vector bundles over the manifold M and

P : Sec(E) — Sec(E) be a k! order differential operator. Then P can be identified
with the map pg(P): JpE — E and a natural way the [*! prolongation can be intro-
duced as pryi(P): Jypt E — JiE. The elements of Sol4; := Ker ppy(P) is called the
It order formal solutions. P is formally integrable if Sol; is a vector bundle over M for
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all I > k, and the map 7 : Sol;;1 — Sol; is onto ¥ [ > k. In that case any k*® order
solution can be lift into an infinite order formal solution. The highest order terms of P
said to be the symbol of P. It can be interpreted as a map oy: S*T*"M @ F — E. The
I order prolongation of the symbol is denoted as oy 4;: S*HT*MQFE — S'T*M® E.

The existence or the non-existence of higher order compatibility condition can
be calculated classically with the Cartan’s test but more information can be ob-
tained about the higher order compatibility conditions from the Spencer cohomology
groups. Classical version of the Cartan-Kéahler integrability theorem uses the Cartan’s
test while its generalization, proved by Goldschmidt, uses the Spencer cohomology
groups. Let us introduce the two concepts. A basis (e;); of T, M is quasi-reqular if
dim gg41.0 :dimgk7m+2?:1 dim(gr,z)es,...,e;,» Where one notes gp4; := Ker oy and
(Grye)er,e; = {A € Ohalicy A=0,...i,A= O}, (1 < j < n). The symbol oy, is
involutive if there exists a quasi-regular basis of T, M at any x € M (Cartan’s test).
Moreover, the symbol of P is called 2-acyclic if for all m > k the (m,2) Spencer
cohomology groups H™? = Ker §5*/Im §7* vanish where

5m s
Im1 QT M = g @ A2T*M, G QN2 TM =25 g1 QAT M

are the natural skew-symmetrizations. We remark that if oy (P) is involutive then all
Spencer cohomology groups are zero.

Theorem 2.1 (Cartan-Kéhler/Goldschmidt). Let P: J,E — E be a k'™ order regular
linear partial differential operator. If Ty : Solpy1 — Soly is surjective and oy, is
involutive/2-acyclic, then P is formally integrable.

Remark 2.1 (Computation of the first compatibility condition).

In the practice the surjectivity of 7y, or in other words the first compatibility condi-
tion, can be computed as follows: Using the snake lemma of homological algebra one
can show that there exits a morphism ¢ such that the sequence

(2.4) Solgt1 Ty Soly —2 Coker(og+1)

is exact. From the exactness of (2.4) we get that 7y is onto if and only if ¢ = 0. The
partial differential equation ¢ = 0 is_called the first compatibility condition of P. To
compute ¢ we note that if 7 : T* ® E — K is a morphism such that Ker7 = Im 041
then Im 7 is isomorphic to Coker(cy4+1) and

(25) QDZTO(VP”SOZ,C,

where V is an arbitrary linear connection on F' (see [11, p. 28]). The meaning of
formula (2.5) is the following: differentiate the kth order equations, take the conve-
nient linear combination of the equation in order to eliminate the highest (that is the
k+ 1st) order terms form the equation, and obtain this way the k order compatibility
conditions.

3 Extended Rapcsak system with curvature condi-
tion

Let S be a spray on M and P: C®(TM) — C°(TM) x A2(TM) x A%2(TM) the dif-
ferential operator corresponding to the second order linear partial differential system
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(2.3):
(3.1) P := (Pr,Pc, Ps)
where
PcF = ﬁcF — F, PFF = iFQ, P@F = i@Q,

with Q := ddjF. We suppose that the Jacobi endomorphism & has n distinct eigen-
values. In this chapter we compute the first integrability conditions of order 2, and
the the higher order compatibility condition of order 3 of system (3.1). It turns out
that in some cases, even though the Cartan’s test fails, these compatibility conditions
give the complete set of obstructions to the integrability and in very specific situations
the system becomes integrable (see Chapter 4).

3.1 First compatibility conditions

First we remark that hS = S that is the spray is horizontal with respect to the
connection associated. Moreover, from the definition of the Jacobi endomorphism we
get

(3.2) ®(S) = isR(S) = R(S,S) =0,

that is S is an eigenvector of ® and the corresponding eigenvalue is A = 0. Let
Al, ..., A be the n distinct eigenfunctions of ® and hq, ..., h, the corresponding
eigenvector fields, where A, =0 and h,,=S. For any x € 7 M we consider the basis

(33) B:= {hl,...,hn,vl,...,vn} c T, TM,
where Jh;=v;, i=1,...,n. We have the following

Proposition 3.1. A 2" order solution s = jo(F), of P at x € TM can be lifted
into a 3" order solution, if and only if

(34&) 7;[<1>,q>]Qm = O,
cycl

(3.4b) S (@ ([vis )y b)) = 0.

ijk

To compute the compatibility conditions we use the method described in Remark 2.1.
The symbol of the system P is composed by the symbol of the operator Po, Pr and
P<I>Z

02(P) = (02(Pc),02(Pr),02(Po)) s S*T* — T x A°T; x A°T},
o3(P) = (03(Pr),03(Pc),05(Ps)):  SPT* — S*°T* x (T*@A*T)) x (T*@A*TY),

where the symbol of the first order operator Pg is

Ul(PC)Al = AI(C)



Projective Finsler metrizability: First steps in the non-isotropic case 31

The prolongation of the symbol of Po and the symbol of the second order Pr and Pg
are

[02(Po)A2](X) = A2(X, C),
2(Pr)A2](X,Y) = 2[Ax(hX, JY) = Az (RY, JX)],

[02(Ps) A2)(X,Y) = As(BX, JY ) — A (@Y, I X),

Q

q

and their prolongations at third order level are

[UB(PC)Afﬁ](X, Y) = A3(Xa Y: C)a
[03(Pr)As](X,Y, Z)=2[A3(X,hY,JZ)—As(X,hZ, JY)],
[03(Pp)A3)(X,Y, Z)=A3(X, DY, JZ)— A3(X,®Z,JY),
where X,Y,Z €T, A; € S°T*, i = 1,2,3. According to Remark 2.1, to compute the
compatibility condition we should construct a map 7 such that Ker 7=Im o3(P). Let
us consider the map
(35) T = (TlaTQa 7—3)7—477—577-6’7-7’Tijk)7

as follows: if B = (B¢, Br, Bs) is an element of S?T* x (T*@A?T7) x (T*®@A*TY)
then

m(B)(X,Y,Z) = Br(hX,Y,Z) + Br(hY,Z,X) + Br(hZ,X,Y),
m(B)(X,Y,Z) = Br(JX,Y,Z) + Br(JY,Z,X) + Br(JZ,X,Y),
m3(B)(X,Y) = 3Br(C,X,Y) — Be(hX,JY) + Be(hY, JX),
74(B)(X,Y,Z) = Bo(®X,Y,Z) + Bs(®Y, Z,X) + Bo(®Z,X,Y),
75(B)(X,Y, Z) = Bs(JX,Y,Z) + Ba(JY, Z,X) + Be(JZ, X, Y),
76(B)(Y, Z) = Bo(C,Y, Z) — Bc(®Y,JZ) + B (92, JY),
m7(B)(X,Y) = Be(X,Y, S) — Be(X, 9Y),

Tije(B) = 5Br(vi, by, hi) + 525 B (hy, hiy hi) + 555 Ba (h, ha, By),
where i, 7,k (1 <14,7,k < n) are pairwise different indices.
Lemma 3.2. With the above notation we have Ker 7=Im o3(P).

Proof. Tt is not difficult to verify that Ker 7 C Imos(P). Moreover, comparing the
dimension of the two space, one can find that they are equal (see [14, Lemma 3.2]).
Consequently on obtain the Lemma. O

Proof of Proposition 8.1. The following commutative diagram shows the maps intro-
duced above:

5(P) — $37 P Qe (T @ AT ) X (T* AT —— K — 0

Sol3(P) —— JR 2PN (Ryar) x Ji(APTE x A2TY)

. 1

Soly(P) —s BR 2P0 (Rear) x AT x AT
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To compute the first compatibility condition of the system represented by P we use
the method described in Remark 2.1: differentiate the 2th order equations, take the
convenient linear combination of the equations (given by the map 7) eliminate the
highest (that is the 3st) order terms form the equation. What one gets this way is a
new 2 order compatibility condition. Let F' be a second order solution of P at a point
x, that is (PF), = 0:

(36) (LoF—F),=0, (V(LcF—F)), =0, (irddsF),=0, (igdd;F), =0.

Using the map 7 given in (3.5) the integrability condition can be computed by the
formula (2.5):

T1(VPF), = dp(irdd; F),
— (2dp(ind — din)dy F)y = (2dpdpds F),
= (drd F)z = (ir2)qs-
T2(VPE)y = dj(irQ)e = (dj(ion_1Q))e = (2d sindd; F — 2d jdd s F),
= (~2dyindydF —2i ydddyF+2di ydd s F)y = —(2d;(dyindF + dsdF)), =0,
where we used [d,d;] = 0, [in,ds] = djn —if, 5 and [J,h] =0,
75(VPF).(X,Y) = 1VipQ(C, X,Y) — VP F(hX, JY) + VP F(hY, JX)
= LdcirQ(hX, hY) — Lirdedd, F(hX, hY) = LdicrQhX, hY) = 0,
T1(VPF),y = (do(i0Q))s = (doded, F + dodieds F)y = tdig.ayds Fe = Lig.eQa.
T5(VPF)y = (dj(ie$)s = (—ip7,e)Q +ied;Q)y = (=3ipQ), =0

because of the identity [ig,ds] = djo — i3, 5. Using the notation Fi. := CF — F, we
have

T6(VPF),; = (dc(ieQ)) — iodd  Fe)s
= (dcded s F — dedydcF )y = (dic,e)ds F)s = (iaQ2), = 0.
2 (VPE)(X,Y) = X, (iadd (Y, S)) — X (@Y (E,))
= X, (J[®Y, S]F) + X, (Y F)
= —X,([J, S)(®Y)F) + Xo(PY F) = —X,((2h — BV F) — X, (PY F) = 0.
Since iQ(hg, hy) = 0 we have Q(vg, hy) = Q(vy, hy). Moreover,
i Q(hi, hy) = Q(Phy, hi) — Q(Phy, hi) = (N — ) Qw4 h);

therefore, using the fact that \; #)\; and F is a 2"? order solution at z, from the last
equation of (3.6) we obtain Q,(v;, hy) = 0. Consequently,

VigQ(hy, his hi)e =(hi(i9Q(hi, ki), = (A = M) Qvi, b))
and
Tijk(va)m(hh hj, hk)
= 5 VirQ(ui, hyj, hi)o+ 550 VieQUhy, b, b o+ 525 Via Qb iy )

= ’Uz'Q(hj, hk)a: + th(hk, Ui)ac + th(Ui, h])g,c
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From d2 = 0 we have Zf}’ld iy, hi) — Q([vs, hyl, hi,) = 0, thus
Tijk(VPF)y = Qu([vs, hy), hi) + Qa([hy, ki), vi) + Qo ([, vil, hj).

These calculations shows that the first compatibility condition (2.5) for P (represent-
ing the non-identically zero terms) is given by

cycl

@(F)y = 7(VPF); = (ir, 3i@,01 Y Q[vi, byl b)),
ijk

which proves the proposition.

3.2 Higher order compatibility condition

The integrability theorem of Cartan-Kéhler or Spencer-Goldschmidt states that if
the first compatibility equations are satisfied and the symbol of the linear differential
operator is surjective (resp. 2-acyclic), then there is no more (i.e. higher order)
compatibility condition and the PDE operator is formally integrable. Unfortunately
this is not the case with the PDE operator (3.1). As it was proved in [13, Theorem
5.1], the symbol of P is not 2-acyclic and therefore it is not involutive either. Since the
first non trivial Spencer cohomology group is H?2, we can deduce that at the level of
first prolongation of the PDE operator P there is an extra (third order) compatibility
condition appearing. In this subsection we compute this extra condition and prove
the following

Proposition 3.3. If a 3 order solution F of P at x € TM can be lifted into a 4%
order solution, if and only if for any X,Y € H,TM we have

[hX, ®X]Q(JY,Y) — [hY, BY]Q(X, JX) =
+OX (Z Q([JY, hX], hY)) ~hX (Z Q[JY, 8X],hY) — Q([JY, ®Y], X))

(37) cyc cyc
— oY (Z Q([JX, hX], hY)) +RY (Z QJX,8X],Y) — Q([JX, dY], X))

Proof. If the Spencer cohomology groups H?? is trivial, then the compatibility con-
dition of the first prolongated system would be exactly the prolongation of the first
compatibility condition of P. However, from Theorem 5.1 in [13] we know that
dim H?? = 1(n—1)(n—2) = Cp, 2. That indicates that there is C,, » extra compatibility
condition for the first prolongation of P. To compute these conditions we will com-
plete the prolongation of the map 7 defined in (3.5) and apply the method described
in Remark 2.1.

Let us consider the sequence

3.8) ST PV (BT (ST @AT*) x (ST @AT*) —— K' — 0
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where 04(P)=1id®o3(P) is the prolongation of the symbol of P, and the components
of 7t = (id®T,13,) are the prolongation id ® 7 of (3.5) and 7, with

(3.9) (B)(X,Y) ::% (Br(®X,JY,X,Y)— Br(®Y,JX,X,Y))

+ Bo(hY,JX, X,Y) — Bo(hX,JY,X,Y),

where B := (B¢, Br, Bg) € S3T* x (S?°T*@A*T) x (S?°T*@A%T7), X,Y € T. It is
not difficult to show that the equation 7, = 0 gives C,, 2 extra independent equations
with respect to the equations of the system 7! = 0, thus the sequence (3.9) is exact.

Let us compute the compatibility conditions appearing from the new obstruction map
1. If Fis a 3" order solution of P at « € TM, then

(VVPF),.(X,Y)
1 (V2irQ(@X,JY,X)Y) - V%rQ(@Y,J X, X,Y))
+V2ieQ(hY,JX,X,Y)—-V2igQ(hX,JY,X,Y)
= OX(JYirQ(X,Y))—®Y (JXirQ(X,Y))
+hY (JXieQ(X,Y))—hX (JYieQ(X,Y)).

In the above formula the 2°¢ derivatives of 2 (and therefore 4'!' derivatives of F)
appears. However, using the fact that 2 = dd;F vanishes identically on the ver-
tical sub-space, Q(JX,hY) = Q(JY,hX) and Q(Y,JX) = Q(JY,X) = 0, the 274
derivatives of Q can be expressed by 15t derivatives of {0 and find
h(VVPF)(X,Y) = [hY,2Y]Q(X,JX) — [hX, 2X]|Q(JY,Y)

+OX (Z Q([JY, hX], hY)) — hX (Z Q[JY, 8X],hY) — Q([JY, dY], X))

— oY (Z Q([JX, hX], hY)) +RY (Z QJX, X, Y) — Q[JX, 3Y], X)),

containing only 3¢ order derivatives of F. The compatibility condition is satisfied if
and only if 7, (VVPF), = 0 which is equivalent to equation (3.7). O

Remark 3.1. In an adapted basis (3.3) we have
(310&) ir2=0 < Q(hl, hj) = 0, 1< 7,,] <n,
s Iy 0

(3.10b) e =0 <= Qv h;)=
(3.10c)  isQ=0 <= Qihy) =Q0sh,) =0, 1<i<n

[t
IN
<,
IN
S
RIS
$

hence, using the notation g;; = Q(v;, h;) the only nonzero components of € are
(311) Gis :Q(U“hz), 1= 1,771—1

Moreover, because the Hessian of F' must be positive quasi-definite, the terms in
(3.11) are positives.
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Corollary 3.4. In an adapted basis (3.3) the compatibility condition (3.7) can be
expressed as

(3.12) 4 (Lo, 9ii) B (Lo, 957) 75 (Lngid) H7 (Lny 955)+ > ok ger = 0,
k=1

where 1 <4, 5 <n, and the summation convention is not applied. The afj, ij, ij are
functions in a neighborhood of © € T M determined by the Lie bracket of the elements
of the local basis (3.3).

If {&€%, v} 1<i<n is the dual basis of (3.3), then X = &4 h; +v4v; and using dQ = 0
and from (3.10) we get that the coefficients of the third order terms appearing in the
Lie derivatives of g;; and g;; are:

(3.13) b= NV, n) Vi = Mo ]

Definition 3.2. We say that the higher order compatibility condition of the spray S

is reducible, if the coefficients 3, ﬁj are identically zero.

In the reducible case the third order condition can be identically zero or may
represent a second order compatibility condition.

Remark 3.3. From the expression (3.13) it is clear that the higher order compati-
bility condition is reducible if and only if the eigen-distributions D; := Span{h;,v;},
1 < i < n are involutives. If in addition the the vector fields appearing in (3.3)
are commuting, then (3.7) is identically zero that is the third order compatibility
condition is identically satisfied.

4 The three dimensional case

In the previous chapter we investigated the integrability condition of the extended
Rapcsak system completed with the curvature condition. We determined the compat-
ibility condition to lift a second order solution into a third order solution (Proposition
3.1) and an extra higher order compatibility condition appearing to lift a second or-
der solution into a third order solution (Proposition 3.3). In this chapter we focus on
the case, when M is a 3—dimensional manifold and the spray is non-isotropic. We
consider the generic situation, when the eigenvalues of the Jacobi endomorphism are
pairwise distinct. We identify the special cases when the integrability conditions are
satisfied and by computing the higher order Spencer cohomology groups we prove
that the system has no further compatibility condition.
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4.1 Extended Rapcsak system with curvature condition

The compatibility condition to lift a second order solution of P into a third order
solution is given by (3.4a) and (3.4b). Then, in the 3-dimensional case the can be
simplified:

Lemma 4.1. The compatibility condition (3.4a) is identically satisfied.

Indeed, ® is semi basic 1-1 tensor and from ig® = 0 we have ig[®, ] = 0.
Evaluating the semi basic 3-form i[¢ ¢)¢2 on the 3-dimensional horizontal space by
using the second equation of (2.2) we get that

ife,0)Uh1, ha, h) =S Q([@,@](hy, ha), hs) = isQ([®, ®](hy, ha)) = 0.

cyc

Lemma 4.2. The integrability condition (3.4b) can be written as

(4.1) i =0,
where @' := vo[S, ®|oh is the semi basic dynamical covariant derivative of ® (see
5, 1))

Indeed, we have
' (S) = 0[S, ®]S = v[S, ®S] — &([S, S]) = 0,

thus (4.1) is satisfied if and only if i Q(hy1, he) = 0. Moreover, F' being a second
order solution, we have (3.6), and in particular Q([v1, ko], S)=0 and Q(hy, he)=0 at
z. Using

hz' == [J, S]hZ: [’Ui,S] 7J[hi,S], 1= 1,2,

and hg =S5 we can obtain that the condition (3.4b) is
(4.2)
(34b) = Q([Ul, hg], S) + Q([hg, SL ’Ul) + Q([S, 1)1}, hg) = Q([hg, S], U1) + Q([S, 111], hg)

= Q([h2, 5], v1) = Q(J[h1, 5], he) = Q([h2, S],v1) — Q(v2, [h1, 5]).
On the other hand, from to i$$2 = 0 we have
(43)  Q®[hs, 8], hy) = Q(Phy, [hi, S]) = AjQvj, [hi, S]), 0,5 =1,2, i # ],
therefore,

i Q(ha, hy) = Q([®hy, S] — B[y, S], ha) — Q([Bha, S] — B[ha, 8], hy) =
= )\19(’()2, [hl7 S]) — )\QQ(UQ, [hl, S]) — )\QQ(’Ul, [hz, S]) + )\19(’01, [hg, S])

= (A1 — A2)(Q2(va, [h1, S]) + Q(v1, [h2, 5T)).
Comparing the result with (4.2) we obtain Lemma 4.2.

Considering further Spencer cohomology groups we have the



Projective Finsler metrizability: First steps in the non-isotropic case 37

Lemma 4.3. For any m > 3 the Spencer cohomology group H™? is trivial.

In order to show the Lemma, one considers the Spencer sequences

. 5m 67‘!1 -
(44) 0= gmio =T " @gnms1 —— N°T* @ gp —— NPT* Qg1 — ...

for m > 3, where i is the inclusion, §7" and 05" are the Spencer operators skew-
symmetrizing the first two, resp. three variables. To prove the lemma we have to show
that H™? = Ker 05" /Im 67" = 0, that is Ker 65" = Im 67" Since Im §7* C Ker 637, it is
enough to show that the dimension of the two spaces are equal. Long and laborious
linear algebraic computation shows that the dimension of rank(d7") and dim Ker 65"
are equal, therefore the Im 67" = Ker 65". For more detail we refer to [14, Lemma 4.3].

Proposition 4.4. Let S be a non-isotropic spray on a 3-dimensional manifold with
distinct Jacobi eigenvalues. Then the PDE operator P defined in (3.1) is formally
integrable if and only if

1. @' € Span{J, @}
2. The compatibility condition (3.7) is satisfied.

Proof. Using Proposition 3.1 with Lemma 4.1 and Lemma 4.2 we get that the first
condition of Proposition 4.4 guaranties that any 2" order solution of P can be pro-
longed into a 3" order solution. Using Proposition 3.3 we get that if the second
condition of Proposition 4.4 holds then any 3"¢ order solution of 7 can be prolonged
into a 4*" order solution. Moreover, Lemma 4.3 shows that the Spencer cohomology
groups H™? are trivial and therefore there is no higher order compatibility condition
for P that is, any m'" order solution can be prolonged into a (m -+ 1)t order solution,
m > 4. Therefore, we obtain the formal integrability of P. a

Theorem 4.5. Let S be a non-isotropic analytic spray on a 3-dimensional analytic
manifold with distinct Jacobi eigenvalues. If conditions 1 and 2 of Proposition 4.4
are satisfied, then S is locally projective metrizable.

Proof. Indeed, in the analytic case, for any initial data there exists a local analytic
solution of P. Choosing an initial data compatible with the positive quasi-definite
criteria, one can obtain an analytic solution F such that F? is locally positive definite.
The spray associated to the Finsler function F' will be projective equivalent to S, that
is S is locally projective metrizable. O

4.2 Reducible case: the complete system

In the previous subsection we investigated the integrability of the extended Rapcsak
system completed with curvature condition. When the conditions 1. or 2. of Propo-
sition 4.4 is not satisfied, then the PDE system P corresponding to the projective
metrizability is not integrable. As usual, the necessary compatibility condition should
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be added to the system and restart the analysis of the enlarged system. In this section
we consider the case where this extra compatibility condition is of second order.

We remark that the extended Rapcsdk system is composed by equations on the
components the 2-form ) = dd;F whose potentially nonzero components are listed
n (3.11). When dim M = 3, there are only two such components: (v, hy) and
Q(va, ha). The extra compatibility condition gives a new relation between these two
components. In the adapted basis this equation can be written as

(4.5) m v, hr) + 12 Q(v2, he) =0,
where 7; and 72 are well defined function on 7 M determined by the spray S.
Remark 4.1. If (4.5) is nontrivial but one of the 7; vanishes, then one of the g;; =
Q(vs, hi), i = 1,2 must be zero. Consequently, P has no positive quasi-definite solution
and the spray is not projective metrizable. Therefore further simplification is possible:
introducing 7 := Z—f the equation can written as
(4.6) Qv1, h1) +1Q(v2, h2) = 0.
with n < 0. In the sequel we suppose that 7 satifies that condition.
The second order PDE operator corresponding to (4.5) will be denoted by

P\p : COO(TM) — COO(TM), Pq/(F) = 7]19(@1, hl) + 7729(@2, h2)
The PDE operator corresponding the completed system is P = (P, Py) ie.:
(4.7) P = (Pc, Pr, Py, Py).
Remark 4.2. If F is a solution of P then for any k€N the £FQ (the k*® order Lie
derivatives of Q) can be calculated algebraically from Q.

Proof. 1t is sufficient to check this property for the Lie derivatives with respect to
the element of the adapted basis (3.3). According the Remark 3.1, the only nonzero
components of  are g11 = Q(v1, h1) and gag = Q(ve, he). Using d2 = 0 and equation
(3.10) with (4.5) we can find for the Lie derivatives of g1; the following:

Ly g11="h2Q(v1, h) =Q([h2, v1], h1) +Q([v1, k1], ha) +Q([h1, hel, v2),

Ly, 911 =v22(v1, h1) =Q([va, v1], h1)+Q([v1, h1], v2) +Q([h1, v2], v1),

L, 911 =h1Q(v1, h1) = (h1n)Q(v2, ha) +1(Q[h1, v2], ha) +Q([vz, ha], h1) +Q([he, ha], v2)),
Ly, 911 =v1v1, ha) = (019)Q(v2, ha) +1(Q[v1, v2], ha) +Q([v2, ha], v1)+Q([h2, v1],v2)).
On the right hand side of the above expressions there are only terms containing (2
but not its derivatives. We remark that all these terms can be expressed as linear
combinations of g11 and gos. Any further derivatives can be computed the same way.

On the other hand, one can use (4.6) to find the formulas for the derivatives of gas.
O

Corollary 4.6. The system (4.7) is complete in the sense that either all compatibility
conditions are satisfied or the spray is not projective metrizable.

Proof. Indeed, according to Remark 4.2, if there is a non-trivial extra compatibility
condition for P then it can be expressed algebraically with €2, that would give a new
and independent linear (homogeneous) equation between g11 and ga2. Consequently,
from Remark 3.1 we get that only the trivial solution (g;; = 0) exists. O
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Compatibility conditions

To compute the compatibility conditions of 75, we can follow the methods presented
in the previous chapter. The symbol of P and its prolongations are

O’Q(P\p) ZSQT* — R, (Jz(P@)AQ) = AQ(’Ul,’Ul) + nAZ(’l}27’l)2),

o3(Py) :S3T* — T, (Ug(P\p)AS)(X) = AS(X, v1,v1) + 77A3(X, Vg, U2),

04(Py) :S'T* — S?T*,  (04(Py)AY)(X,Y) = AY(X,Y,v1,v1) + nA* (X, Y, v2,v2),

Ak € SkT* and X,Y € T. Using the map 7 and 75, defined in (3.5) and (3.9)
respectively, we can consider the extended obstruction map:

7= (7, T1, T2), 7= (id®T, T, T3, T4, T5, T6)
where
71(B) = Bw(C)—Bc(v1,v1) —nBe(v2, v2),
72(B) = Bu(S)—3Br(vi, S, h1) = Br(v2, S, h2) = 3= Be (h1, h1, S) = 5L Ba (h2, h2, S),
73(B) = Bu(v1,v2) — 555 Ba (v1,v1, b1, ha) = 525 Ba (v2, v2, b, ho),
71(B) = By(hi, h2) — L Br(h1,v1, ha, h1) — 2 Br (ha, v2, hi, ha)
— 555 Ba(ha, ha, ha, ha) = 525 Ba (ha, ha, ha, ho),

75(B) = Bu(h1,v2) = 555 Ba(h1,v1, b1, ha) — 4 Br(v2, v2, ha, ha) — 5725 Ba (v2, ha, ha, ha),
?G(E) = éqz(m, ha) + %Er(m,m, hi, h2)77>\1i>\2 éc}(hl, v1, h1, hg)fﬁﬁ)\z §q>(h2,vz, hi, h2),

and B = (B¢, Br, Bs, By) denotes an element of 7*® (T* x A>T x A>T x R) and
B = (B¢, Br, By, By) denotes an element of S2T*® (T* x A>T} x A*T} x R). Then

(4.8) Imo3(P) = Ker 7, Im o4 (P) = Ker 7.

The compatibility conditions of the PDE operator P can be calculated:

FU(VPF) = LonQ(v2, ho),
(VPF) = LsnQ(vz, ha) + 22([S, v1], h1) + 202([S, va], ha),
?3(v2ﬁF) = (’U1 (UQT]))Q(UQ, hz) + 77[1}1, ’UQ]Q(UQ, hz) + (U1’r])’L)QQ(U2, hz)

+ (an) (O Q([vr,v2], ko)) + w1 (D (w2, v1), h1)) — 2 (> Q[v2, 1], ha)),

cyc cyc cyc

’774(V275F) = hl(hzn)Q(Uz, hz) -+ (hzn)th(Ug, hQ) -+ (hﬂ’])th(vg, hz) + n[hl, hQ]Q(Uz, hz)
+ 01 (D Q([he, v1], b)) = nha (D Q[v2, b, b)),

cyc cyc

Fo(VPPF) = (ha(v21))Q(v2, ha) + (van)haQ(va, ha) + nlha, v2]Q(ve, ho)
+ hy (Z Q([U27 Ul], hl)) — nu2 (ZQ([U27 h1]7 hQ))’

cyc cyc

Fo(VPPF) = (v1(han))Q(v2, ha) + (han)viQ(va, ha) + (v17)ha(va, ha) + nlvr, ha]Q(va, ha)
+ 01> Q([ha, v1], b)) = nha (O Q[va,v1], ho)).

cyc cyc

el
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Then, using Remark 4.2, the above expressions can be written as

7(VPF) = iQ(v1, h1) + 0iQva, ho) i = 1,2,

(4.9) B - , ‘
7 (VEPFE) = n]Q(v1, h1) + 3 Qv2, he) = 3,4,5,6

where 1% are functions on 7M. If we consider the matrix
1 nt ... 6
o=(, u 1),
n Ny .- T2

Proposition 4.7. The operator P is formally integrable if and only if rank © = 1.

we can have the following

Proof. Applying the method used in the previous chapter we get that a 2nd order
solution F' can be lifted into a third order solution iff 74(VPF) = 0 and a 3¢ order
solution can be lifted into a third order solution iff 7} (V2PF) = 0. The compatibility
conditions expressed in terms of Q can be written as a system of (homogeneous)
linear algebraic system equating the right hand side of (4.9) to zero. These equations
are identically satisfied if and only if they are multiple of equation (4.5), that is the
rank © = 1. Moreover, it is easy to show that (3.3) is a quasi-regular basis for the
first prolongation of the symbol of 75, that is the Cartan’s test is satisfied. From the
Cartan-Kahler theorem (Theorem 2.1) we get that P is formally integrable. (]

Based on Remark 4.1 and Proposition 4.7 we have the following

Theorem 4.8. Let S be a non-isotropic analytic spray on a 3-dimensional analytic
manifold with distinct Jacobi eigenvalues. If ® ¢ Span{J,®} or the compatibility
condition (3.7) is reducible but not identically zero, then the spray is locally projective
metrizable if and only if n1 - n2 < 0 and rank © = 1.

Proof. Under the hypothesis of the theorem, the operator P corresponding to the
projective metrizability is integrable. Considering at any point € TM a second
order solution j», having g1; > 0 and gg2 > 0 one can extend it into an analytic
positive quasi-definite solution. Therefore, the spray is locally projective metrizable.
|
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