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Abstract. Two distinct genuinely nonlinear contexts [isentropic; strictly
anisentropic of a particular type] are considered for a hyperbolic quasilin-
ear system of a gasdynamic type. To each of these two contexts a pair
of two classes of solutions [“wave” solutions; “wave-wave regular interac-
tion” solutions] is associated. A parallel is then considered between the
isentropic pair of classes and the strictly anisentropic pair of classes, mak-
ing evidence of some consonances, and, concurrently, of some nontrivial
significant contrasts.
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1 Introduction

Some significant descriptions of gasdynamic evolutions are essentially based upon two
types of genuinely nonlinear ingredients: “wave” solutions, and, respectively, “wave-
wave interaction” solutions. The two mentioned types of ingredients are considered
in the literature in two theoretical versions: a qualitative version, and, respectively,
an analytical version.

The present paper deals with some aspects of the analytical version; see [2] to refer
this version to the qualitative version. The qualitative version (used, for example, in
the study of the 2D Riemann problem; see [14]) structures a “portrait” of a 2D wave-
wave interaction of a special type [irregular; orthogonal] to which four wave solutions
contribute − each of them in the form of an 1D simple waves solution.

The analytical version is constructive. Two distinct contexts [isentropic; strictly
anisentropic of a particular type] are considered for a hyperbolic system of a gasdy-
namic type. The present paper takes into account two genuinely nonlinear construc-
tions: an “algebraic” one [of a Burnat type; centered on a duality connection between
the hodograph character and the physical character] and, respectively, a “differential”
one [of a Martin type; centered on a Monge−Ampère type representation]. To each
of the two mentioned contexts a pair of two classes of solutions [wave solutions; wave-
wave interaction solutions] is associated − via a corresponding significant and specific
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intermediate construction. In the analytical construction the wave-wave interaction
solutions are associated with a regular character.

The two mentioned constructions show some distinct, complementary, valences.
• The “algebraic” approach appears to be essential for some isentropic multidimen-
sional extensions with a classifying potential. • The “differential” approach appears,
in its turn, to be essential for some strictly anisentropic descriptions. • The two men-
tioned constructions are associated with some distinct dimensional characterizations:
the “algebraic” approach allows multidimensional objects, while the “differential”
approach is restricted to two independent variables.

•We consider, to begin with, the “differential” approach via a comparison between
two significant versions of it − a [hyperbolic] unsteady one-dimensional version, and
an [elliptic-hyperbolic] steady two-dimensional one [which appears again to show a
hyperbolic character in presence of a supersonic description]. • Finally, the “dif-
ferential” approach is parallelled to the “algebraic” approach − making evidence of
some consonances, and, concurrently, of some nontrivial significant contrasts. Some
remarks concerning the fragility of the regular passage from isentropic to anisentropic
are included.

2 “Algebraic” approach of a Burnat type.
Genuine nonlinearity restrictions

2.1 Introduction

For the multidimensional first order hyperbolic system of a gasdynamic type

n∑

j=1

m∑

k=0

aijk(u)
∂uj

∂xk
= 0, 1 ≤ i ≤ n (2.1)

the “algebraic” approach (Burnat [1]) starts with identifying dual pairs of directions
~β,~κ [we write ~κ ↽⇀ ~β] connecting [via their duality relation] the hodograph [= in the
hodograph space H of the entities u] and physical [= in the physical space E of the
independent variables] characteristic details. The duality relation at u∗ ∈ H has the
form:

n∑

j=1

m∑

k=0

aijk(u∗)βkκj = 0, 1 ≤ i ≤ n. (2.2)

Here ~β is an exceptional direction [= normal characteristic direction (orthogonal in
the physical space E to a characteristic character)]. A direction ~κ dual to an excep-
tional direction ~β is said to be a hodograph characteristic direction. The reality of
exceptional / hodograph characteristic directions implied in (2.2) is concurrent with
the hyperbolicity of (2.1).

Example 2.1. For the one-dimensional strictly hyperbolic version of system (2.1)
a finite number n of dual pairs ~κi↽⇀~βi consisting in ~κi=~Ri and ~βi=Θi(u)[−λi(u), 1],
where ~Ri is a right eigenvector of the n × n matrix a and λi is an eigenvalue of a,
are available (i = 1, ..., n). Each dual pair associates in this case, at each u∗∈R [for a
suitable region R⊂H], to a vector ~κ a single dual vector ~β.
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Example 2.2 (Peradzyński [12]). For the two-dimensional isentropic version of
(2.1) an infinite number of dual pairs are available at each u∗∈H. Each dual pair
associates, at the mentioned u∗, to a vector ~κ a single dual vector ~β.

Example 2.3 (Peradzyński [13]). For the isentropic description corresponding to
the three-dimensional version of (2.1) an infinite number of dual pairs are available
at each u∗∈H. Each dual pair associates, at the mentioned u∗, to a vector ~κ a finite
[constant, 6=1] number of k independent exceptional dual vectors ~βj , 1≤ j ≤ k; and
therefore has the structure ~κ ↽⇀(~β1,..., ~βk).

Definition 2.4 (Burnat [1]). A curve C ⊂H is said to be characteristic if it is
tangent at each point of it to a characteristic direction ~κ. A hypersurface S ⊂H is
said to be characteristic if it possesses at least a characteristic system of coordinates.

2.2 Genuine nonlinearity. Nondegeneracy.
Simple waves solutions

Remark 2.5. As it is well-known (Lax [8]), in case of an one-dimensional strictly
hyperbolic version of (2.1) a hodograph characteristic curve C⊂R⊂H, of index i, is
said to be genuinely nonlinear (gnl) if the dual constructive pair ~κi ↽⇀ ~βi is restricted
[the restriction is on the pair ! ] by ~κi(u)¦ ~βi(u) ≡ ~Ri(u) ·graduλi(u) 6= 0 in R; see
Example 2.1. This condition transcribes the requirement d~β

dα 6=0 along each hodograph
characteristic curve C.

Definition 2.6. We naturally extend the gnl character of a hodograph character-
istic curve C to the cases corresponding to Examples 2.2 and 2.3, by requiring along

C:
∣∣∣ d~β
dα

∣∣∣6=0 and, respectively,
k∑

µ=1

∣∣∣d~βµ

dα

∣∣∣6=0.

Definition 2.7a. A solution of (2.1) whose hodograph is laid along a gnl char-
acteristic curve is said to be a simple waves solution (here below also called wave).
The gnl character implies a nondegeneracy [resulting from a “funning out”] of such a
solution.

Here are three types of simple waves solutions, presented in an implicit form −
respectively associated, in presence of a gnl character, to the Examples 2.1−2.3 above
[α(x,t) results from the implicit function theorem; solution U◦α is structured by (2.2)]

u=U [α(x, t)]; α=θ(ξ), ξ=x−ζi(α)t,

u=U [α(x, t)]; α=θ(ξ), ξ=
∑m

ν=0 βν [U(α)]xν =
∑m

ν=0 βν {U [θ(ξ)]}xν ,

u=U [α(x, t)]; α=θ(ξ1, . . . , ξk), ξj =
∑m

ν=0 βjν [U(α)]xν ; 1≤j≤k





dU

dα
=~κ

along C.

These representations indicate that a simple waves solution is constant in E over
some straightlines / planes [cf. ξ = constant; for 1D or 2D] or include some planar
substructures [corresponding to ξj ; for 3D].
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2.3 Genuine nonlinearity: a constructive extension.
Nondegeneracy. Riemann−Burnat invariants.
A subclass of wave-wave regular interaction solutions

Remark 2.8. Let R1, . . . , Rp be gnl characteristic coordinates on a given p-
dimensional characteristic region R of a hodograph hypersurface S with the normal
~n. Solutions of the intermediate system

∂ul

∂xs
=

p∑

k=1

ηkκkl(u)βks(u), u ∈ R; 1≤ l≤n, 0≤s≤m; ~κk ⊥ ~n, 1≤k≤p (2.3)

appear to concurrently satisfy the system (2.1) [we carry (2.3) into (2.1) and take into
account (2.2)]. This indicates a key importance of the “algebraic” concept of dual
pair.

Definition 2.7b. A solution of (2.1) whose hodograph is laid on a characteristic
hypersurface is said to correspond to a wave-wave regular interaction if its hodograph
possesses a gnl system of coordinates and there exists a set of Riemann−Burnat invari-
ants R(x), structuring the dependence on x of the solution u by a regular interaction
representation

ul =ul[R1(x0, ..., xm),...,Rp(x0,...,xm)], 1≤ l≤n. (2.4)

Remark 2.9. We consider next a subclass of the wave-wave solutions of (2.1).
This subclass results whether (2.1) is replaced by (2.3) in Definition 2.7b [because,
the solutions of (2.3) concurrently satisfy (2.1); cf. Remark 2.8]. To construct this
subclass we have to put together (2.3) and (2.4). We compute from (2.4)

∂ul

∂xs
=

p∑

k=1

∂ul

∂Rk
· ∂Rk

∂xs
=

p∑

k=1

κkl(u)
∂Rk

∂xs
, 1 ≤ l ≤ n; 0 ≤ s ≤ m (2.5)

and compare (2.5) with (2.3), taking into account the independence of the charac-
teristic directions ~κk. It results that for a wave-wave regular interaction solution in
the mentioned subclass, Ri(x) in (2.4) must fulfil a reasonable (overdetermined and
Pfaff) system

∂Rk

∂xs
= ηkβks[u(R)], 1 ≤ k ≤ p, 0 ≤ s ≤ m. (2.6)

Sufficient restrictions for solving (2.6) are proposed in [6], [7], [12], [13].

A wave-wave regular interaction reflects the nondegenerate nature of the gnl
hodographs of the interacting simple waves solutions. The “algebraic” characteri-
zation of a wave-wave regular interaction will be regarded to correspond to a case
of [“algebraic”] nondegeneracy. The gnl character of the contributing simple waves
solutions results in an ad hoc gnl character of the wave-wave regular interaction so-
lution constructed. Importance of a criterion of selection, in favor of the genuine
nonlinearity, when a hybrid nature [concurrently implying a linear degeneracy] could
be present, is discussed and exemplified in [2].
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3 “Differential” approach of a Martin type

A gasdynamic Riemann−Lax invariance analysis associated to the systems (3.1) and
(3.3) indicates that an “algebraic” construction of simple waves solutions or wave-wave
regular interaction solutions appears to be essentially isentropic ([2]: 4.6, Example 5.1).

• To a particular strictly anisentropic context [characterized in sections 3.3, 3.4
to be “pseudo isentropic” and gnl ] we associate in §3 a “differential” Martin type
approach ([10], [11]; see sections 3.1, 3.2) centered on a Monge−Ampère type of
representation of solution. This is done in two significant versions [unsteady one-
dimensional, supersonic steady two-dimensional].

• In an isentropic context the Martin type approach persists [due to its “pseudo
isentropic” character] and appears to coincide with the Burnat type approach. It
still essentially replaces the Burnat type approach in a strictly anisentropic context.
The nature of this replacement significantly depends on the possibility of Martin’s ap-
proach to characterize, in a strictly anisentropic context, some “differential” analogues
of the “algebraic” simple waves solutions or wave-wave regular interaction solutions.
Such a Martin characterization appears to be active only in presence of a geometrical
linearization (described in §4; in the sense of [11]). In presence of such a linearization
a parallel between Burnat’s approach and Martin’s approach is included in §4.

3.1 An unsteady one-dimensional version. First details

For the unsteady one-dimensional conservative anisentropic form of (2.1)

∂ρ

∂t
+

∂(ρvx)
∂x

=0,
∂(ρvx)

∂t
+

∂

∂x

(
ρv2

x+p
)
=0,

∂(ρS)
∂t

+
∂(ρvxS)

∂x
=0, S =S(p, ρ) (3.1)

(in usual notations: ρ, vx, p, S are respectively the mass density, fluid velocity,
pressure and entropy density) a Martin type approach uses, to begin with, the first
two equations (3.1)1,2 to introduce (Martin [10]) the functions ψ, ξ̃ and ξ cf.

dx =
1
ρ
dψ + vxdt, dξ̃ = vxdψ − p dt; ξ = ξ̃ + pt, dξ = vxdψ + tdp. (3.2)

3.2 A steady two-dimensional version. First details

For the steady two-dimensional conservative anisentropic form of (2.1)

∂(ρvx)
∂x

+
∂(ρvy)

∂y
= 0,

∂

∂x

(
ρv2

x + p
)

+
∂

∂y
(ρvxvy) = 0,

∂

∂x
(ρvxvy) +

∂

∂y

(
ρv2

y + p
)

= 0,
∂(ρvxS)

∂x
+

∂(ρvyS)
∂y

= 0; S = S(p, ρ)
(3.3)

a Martin type approach uses, to begin with, the first three equations (3.3)1,2,3 to
introduce (Martin [10]) the functions ξ̃, η̃ cf.

dξ̃ = −(ρvxvy)dx + (ρv2
x + p)dy, dη̃ = −(ρv2

x + p)dx + (ρvxvy)dy,

the functions ξ, η
ξ = ξ̃ − py, η = η̃ + px,
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and the stream function ψ, to get

dψ = −(ρvy)dx + (ρvx)dy, dξ = vxdψ − ydp, dη = vydψ + xdp. (3.4)

3.3 The unsteady one-dimensional version:
anisentropic details

Remark 3.1a [concerning an unsteady one-dimensional solution with shock].
A continuous [smooth] anisentropic [strictly adiabatic] flow results behind a shock
discontinuity of non-constant continuous [smooth] velocity which penetrates into a
region of uniform flow. For such a flow, entropy S(p, ρ) in (3.1)3 is a function of ψ
alone, F (ψ), determined by the shock conditions. Prescription of F as a function of ψ
provides an algebraic relation between p, ρ, ψ throughout the anisentropic flow region.
• Such a particular anisentropic flow shows a “pseudo isentropic” and gnl character
− thus allowing a Monge−Ampère type description (3.6)−(3.8) for the system (3.1)
[see Remarks 3.2 and 3.3a,b,c here below].

We follow Martin [10] to seek for solutions of (3.1) which fulfil the (natural; see
[5]) requirement

∂p

∂t

∂ψ

∂x
− ∂p

∂x

∂ψ

∂t
6= 0, (3.5)x,t

use (3.5) to select [Martin] p and ψ as new independent variables in place of x and t,
and compute from (3.2)

∂x

∂ψ
=vx

∂t

∂ψ
+

1
ρ
,

∂x

∂p
=vx

∂t

∂p
, vx =

∂ξ

∂ψ
, t=

∂ξ

∂p
. (3.6)

On eliminating x from (3.6)1,2 and taking (3.6)3,4 into account it results that ξ must
fulfil the hyperbolic Monge−Ampère equation

∂2ξ

∂p2

∂2ξ

∂ψ2
−

(
∂2ξ

∂p∂ψ

)2

=−ζ2(p, ψ)≡ ∂

∂p

(
1
ρ

)
≡− 1

ρ2c2
(3.7)

where ρ = ρ(p, ψ) and c(p, ψ) =
√(

∂ρ
∂p

)
−1
S is an ad hoc sound speed. Finally, we

compute from (3.6)

x =
∫ (

∂ξ

∂ψ

∂2ξ

∂p∂ψ
+

1
ρ

)
dψ +

(
∂ξ

∂ψ

∂2ξ

∂p2

)
dp. (3.8)

Remark 3.2. For any smooth solution ξ(p, ψ) of (3.7) we get from (3.6), (3.8)

vx = vx(p, ψ), x = x(p, ψ), t = t(p, ψ). (3.9)

On reversing [cf. (3.5)] (3.9)2,3 into p = p(x, t), ψ = ψ(x, t) and carrying this into
(3.9)1 we get a form p(x, t), vx(x, t), ψ(x, t) of the corresponding anisentropic solution
of (3.1).

Remark 3.3 ([3], [4]). (a) The hyperbolicity of (3.1) corresponds to the hyper-
bolicity of (3.7). (b) On prescribing F we will not find the streamlines C0 among the
physical characteristic fields of (3.1) [a “pseudo isentropic” aspect]. (c) The two fam-
ilies of characteristics C∓ of (3.7) in the plane p, ψ appear to correspond to the two
families of sound characteristics C± in the plane x, t [a “pseudo isentropic” aspect].
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3.4 The steady two-dimensional version:
anisentropic details

Remark 3.1b [concerning a steady two-dimensional solution with shock].
A continuous [smooth] anisentropic [strictly adiabatic] rotational flow results behind
a curved shock discontinuity from a region of uniform flow ahead. For such a flow,
entropy S(p, ρ) in (3.3)4 and the Bernoulli type function e+ p

ρ + 1
2V 2 [e is the density

of the internal energy, V 2 =v2
x+v2

y; according to Crocco’s form of (3.3)] are functions
of ψ alone, F (ψ), respectively H(ψ), determined by the shock conditions. Prescrip-
tion of F and H as functions of ψ provides two algebraic relations among p, ρ, V 2, ψ
throughout the anisentropic flow region. • Such a particular anisentropic flow shows
a “pseudo isentropic” and gnl character − thus allowing a Monge−Ampère type de-
scription (3.10), (3.14)ξ,η for the system (3.3) [see Remarks 3.4a,b,c here below].

We follow Martin [10] to parallel section 3.3 and seek for solutions of (3.3) which
fulfil the [natural] requirement (3.5)x,y, use (3.10) to select [Martin] p and ψ as new
independent variables in place of x and y, and compute from (3.4)2,3

x=
∂η

∂p
, y=−∂ξ

∂p
, vx =

∂ξ

∂ψ
, vy =

∂η

∂ψ
, (3.10)

and from (3.4)1

vx
∂y

∂ψ
− vy

∂x

∂ψ
=

1
ρ
, vx

∂y

∂p
− vy

∂x

∂p
= 0. (3.11)

We then transcribe (3.11) via (3.10) cf.

∂ξ

∂ψ

∂2ξ

∂p∂ψ
+

∂η

∂ψ

∂2η

∂p∂ψ
+

1
ρ(p, ψ)

= 0,
∂ξ

∂ψ

∂2ξ

∂p2
+

∂η

∂ψ

∂2η

∂p2
= 0 . (3.12)

Finally we integrate (3.12)1 with respect to p and obtain
(

∂ξ

∂ψ

)2

+
(

∂η

∂ψ

)2

=F(p, ψ),
∂ξ

∂ψ

∂2ξ

∂p2
+

∂η

∂ψ

∂2η

∂p2
= 0; F(p, ψ) = 2G(ψ)−2

∫ p dp

ρ
(3.13)

where F is determined by the shock conditions. We solve simultaneously for ∂η
∂ψ and

∂2η
∂p2 in (3.13) and carry the result into ∂2

∂p2

(
∂η
∂ψ

)
= ∂

∂ψ

(
∂2η
∂p2

)
in order to eliminate η in

favor of ξ. We are led to a Monge−Ampère type equation for ξ:

4F
[(

∂2ξ

∂p∂ψ

)2

− ∂2ξ

∂p2

∂2ξ

∂ψ2

]
−4

(
∂ξ

∂ψ

∂F
∂p

)
∂2ξ

∂p∂ψ
+2

(
∂ξ

∂ψ

∂F
∂ψ

)
∂2ξ

∂p2
+

{(
∂F
∂p

)2

−2

[
F−

(
∂ξ

∂ψ

)2
]
∂2F
∂p2

}
=0

(3.14)ξ

where ρ = ρ(p, ψ) and c(p, ψ)=

√(
∂ρ
∂p

)−1

S
is an ad hoc sound speed.

As the system (3.12) is symmetric in ξ and η it results that η must fulfil the same
Monge−Ampère type equation (3.14). A given solution ξ of (3.14)ξ is paired by a
computed [cf. (3.13)] solution η of (3.14)η.

The characteristic directions for (3.14) in the plane p, ψ are given ([5]) by
(

dp

dψ

)

±
=

2F ∂2ξ
∂p∂ψ − ∂F

∂p
∂ξ
∂ψ ±

√
∆

−2F ∂2ξ
∂p2

, ∆ =
4

ρ2c2
v2

y

(
V 2 − c2

)
, V 2 = v2

x + v2
y .

(3.15)
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We have

−V 2dy +
1
ρc

[
cvx ± vy

√
V 2 − c2

]
dψ = 0

vy

[
vydvx − vxdvy ∓ 1

ρc

√
V 2 − c2dp

]
= 0

along the characteristics C± of (3.14).

(3.16)
Remark 3.4a. In contrast with the unsteady one-dimensional case, the system

(3.3) and the Monge−Ampère equation (3.14) show an elliptic-hyperbolic character
generally ([4]). Still, cf. (3.16), they show both a hyperbolic character for a supersonic
flow. This aspect pairs the one-dimensional Remark 3.3a.

Remark 3.4b. On prescribing F and H we will not find the streamlines among
the physical characteristic fields of (3.3) ([4]). This “pseudo isentropic” aspect pairs
the one-dimensional Remark 3.3b.

Remark 3.4c. The Mach lines C± of (3.3) in the physical plane and the char-
acteristics C± [(3.15)] of the Monge−Ampère equation (3.14) are in correspondence
([4]). In fact, we get from (3.16)1 and (3.4)1

−V 2dy+
1
ρc

[
cvx±vy

√
V 2−c2

]
(vxdy+vydx) = 0 along the characteristics C± of (3.14)

which results in

dy

dx
= − cvx ± vy

√
V 2−c2

cvy ∓ vx

√
V 2−c2

=
vxvy ± c

√
V 2−c2

v2
x − c2

= λ± along the characteristics C± of (3.14)

where λ+ and λ− are the Mach eigenvalues of the system (3.3). This “pseudo
isentropic” aspect pairs the one-dimensional Remark 3.3c.

4 Martin linearization. A classifying parallel
between Burnat’s and Martin’s approaches

4.1 Unsteady one-dimensional version.
Pseudo simple waves solution.
Pseudo wave-wave interaction solution.
Riemann−Martin invariants

In case of anisentropic systems (3.1) and (3.3) some “differential” analogues of the
“algebraic” simple waves solutions or wave-wave regular interaction solutions could be
constructed, in presence of a “pseudo isentropic” and gnl character, by a geometrical
linearization approach associated to a Martin type construction ([11]).

Such a linearization − we call it a Martin linearization − becomes active whether
we can find for the Monge−Ampère type equation (3.7) / (3.14) associated to (3.1) /
(3.3) a pair of intermediate integrals F±

(
p, ψ, ξ, ∂ξ

∂p , ∂ξ
∂ψ

)
, linear in ξ. The presence of

such a pair appears to be a constructive intermediate element associated to a Martin
type approach; we notice that, similarly, the Burnat construction was based upon an
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intermediate element [(2.3)]. • There are few cases of Martin linearization available
in the literature (see for example Martin [11] or Ludford [9]).

• In presence of such a pair we have F±= constant=R± along a characteristic
C± and we must distinguish between the circumstances (a) when R± depend on the
characteristic C±, and (b) when R+ or R− are overall constants.

• In the case (a) we may use R± as new independent variables. It can be
shown in this case (Martin [11]) that the entities p−1, vx, ψ−1, t fulfil various
Euler−Poisson−Darboux linear equations

∂2w

∂R+∂R−
− ν

R+−R−

(
∂w

∂R+
− ∂w

∂R−

)
=0, constant ν

to which well-known representations of solutions are associated; we present these
representations by

p=p(R+,R−), ψ=ψ(R+,R−), vx =vx(R+,R−); t = t(R+, R−), x = x(R+, R−) (4.1)

where x(R+,R−) results by quadratures [see (3.8)]. Reversing (4.1)4,5 into R± =
R±(x, t) will induce a form of solution (4.1)1,2,3, parallel to (2.4) [as R± have a
characteristic nature]. We call R±(x, t) Riemann−Martin invariants.

• In the case (b) we notice that a solution ξ(p, ψ) of the linear equation F+≡R+

or F−≡R− will automatically fulfil (3.7). We have to follow, in this case, Remark 3.2
to describe a solution of (3.1); we call such solution a pseudo simple waves solution.
See [10] for some numerical remarks.

Figure 1

• Solution (4.1) might be regarded as pseudo nondegenerate [a formal regular
interaction of pseudo simple waves solutions]. The image of a characteristic C ⊂ E
on the hodograph of a solution of (3.1) will be said to be a M- characteristic. The
hodograph of a formal regular interaction of pseudo simple waves solutions will be
then made by glueing, along suitable M- characteristics, a hodograph (4.1) with some
suitable hodographs of pseudo simple waves solutions; see Figure 1.

• The anisentropic solutions of (3.1) which do not belong to a linearization case
will not show a regularity structure (4.1).
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4.2 The steady two-dimensional version

For the Monge−Ampère type equation (3.15) a study of these authors on the Martin
linearization [possibility, details] is in progress: identifying complementary restric-
tions.

4.3 Pseudo simple waves solution:
an one-dimensional example

A case of Martin linearization is associated to ζ = ψν−1

pν+1

(
ν =−γ−1

2γ , integralν, ν 6=0,1
)

in (3.7). To this ζ two intermediate integrals of (3.7), F±≡p ∂ξ
∂p+ψ ∂ξ

∂ψ−ξ± 1
ν

(
ψ
p

)ν

, cor-

respond. We satisfy F+≡R+=0 by ξ= 1
ν

(
ψ
p

)ν

, and calculate from (3.6), (3.8) (see [4])

x = − ν + 1
2ν + 1

ψ2ν−1

p2ν+1
, t = − ψν

pν+1
, vx =

ψν−1

pν
, ρ = (2ν + 1)

p2ν+1

ψ2ν−2
,

which leads to

p = −
(

ν + 1
2ν + 1

)ν
t2ν−1

(−x)ν
, vx =

2ν + 1
ν + 1

x

t
, ψ = −

(
ν + 1
2ν + 1

)ν+1
t2ν+1

(−x)ν+1
. (4.2)

This is a [local] pseudo simple waves solution of (3.1) corresponding to a certain region
D⊂E (for example, a region of t> 0, x< 0). For this solution the assumption (3.5)
holds.

Now, we proceed with the details. We compute

c =
1
ζρ

=
1

2ν + 1
ψν−1

pν
=

1
2ν + 1

vx (4.3)

and notice that the explicit equations of the [physical] field lines C−, C+, C0 [of these,
only C± have a characteristic character (see Remark 3.3)] through a point (x∗, t∗)∈D
result, cf. (4.2), (4.3), by respectively integrating the differential equations

dx

dt
= vx(x, t)− θαc(x, t) = kα

x

t
, α=−, 0, +, (θ−, θ0, θ+)=(−1, 0, 1) along C− (4.4)

where for 1< γ < 5
3 we have k− =

2ν

ν+1
= −2

γ−1
γ+1

, k0 =
2ν+1
ν+1

=
2

γ+1
, k+ = 2.

We get from (4.4)

|x|=Kα|t|kα, Kα =log
|x∗|
|t∗|kα

, α=−, 0, +, along Cα3(x∗, t∗). (4.5)

Remark 4.1. We notice that a pseudo simple waves solution has a two-dimensional
hodograph [see (3.5)] and for it none of the characteristic fields C± in the physical
plane x, t is made of straightlines generally [see (4.5)]. This is in contrast with some
“algebraic” aspects [see Definition 2.7a and the final lines of section 2.2].
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4.4 Algebraic approach and differential approach:
some unsteady one-dimensional contrasts

In each of the cases of Martin linearization a parallel is possible, independent of
the already mentioned Riemann−Lax invariance analysis, between the “algebraic”
approach and the “differential” approach. In [3] it is computed, at each point of the
hodograph (4.1), the following relation between the Burnat hodograph characteristic
directions ~κ and the Martin hodograph characteristic directions ~µ

~µ±=
(

∂p

∂R±
,
∂vx

∂R±
,

∂S

∂R±

)t

= η∓~κ∓+ η̃∓~κ0 (4.6)

where
S(R+,R−)≡F [ψ(R+,R−)], η∓=

1
Λ∓

∂vx

∂R±
, η̃∓=

∂S

∂R±
.

We notice from (4.6) that at the hodograph points of a solution of (3.1) the M -
characteristic fields and, respectively, the Burnat characteristic fields appear to be
distinct generally in the mentioned strictly anisentropic context and can be shown to
be coincident in the isentropic context (cf. η̃∓≡0).

Remark 4.2. Representation (4.1) corresponds, for a strictly anisentropic de-
scription, to an example of hodograph surface of (3.1) which is not a Burnat char-
acteristic surface [Definition 2.4]. Still, incidentally and essentially for the linearized
approach, this representation appears to be associated with an example of hodograph
surface of (3.1) for which a characteristic character persists in a Martin sense.

4.5 Final remarks

Finding a solution to the systems (2.1)/(3.1)/(3.3) or, alternatively, to the Monge−
Ampère type equations (3.7)/(3.14) is a hard task generally. This suggests consider-
ing suitable classes of solutions to these systems or, alternatively, to the mentioned
Monge−Ampère type equations.

In case of the system (2.1) a pair of such classes puts together the simple waves
solutions and the wave-wave regular interaction solutions − associated to an “alge-
braic” construction. • In case of the equations (3.7)/(3.14) a pair of such classes could
be constructed “differentially” by a linearization approach. The classes in this pair
appear to be respectively connected with the pseudo simple waves solutions or the
pseudo wave-wave regular interaction solutions. • A classifying parallel is constructed
between the two pairs of classes. It is noticed that this parallel concurrently classifies
two gasdynamic contexts: an isentropic one, and, respectively, an anisentropic one.

The regular passage [which uses the two mentioned pairs of classes] from an isen-
tropic description to an anisentropic description appears to be fragile. This aspect is
suggested by section 4.1 [noticing “few cases of Martin linearization”], section 4.2 [re-
porting “complementary restrictions concerning the Martin linearization”], Remarks
3.1a and 3.1b [indicating a particular character of the anisentropic flow considered],
sections 3.1−3.4 [considering dimensional restrictions (two independent variables) −
in contrast with Burnat’s availability].
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