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Abstract. We give an algebraic characterization of the case when confor-
mal Weyl and conformal Lyra connections have the same curvature tensor.
It is determined a (1,3)-tensor field invariant to certain transformation of
semi-symmetric connections, compatible with Weyl structures on confor-
mal manifolds. It is studied the case when this tensor is vanishing.
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Introduction

The invariance of curvature type tensors under conformal transformation of metrics
plays a central role in conformal geometry and has deep geometric significance.

The conformal Weyl curvature tensor

C(X,Y, Z,W ) = R(X,Y, Z, W )− 1
2
[g(X, W )S(Y, Z)− g(Y,W )S(X, Z)+

+g(Y, Z)S(X,W )− g(X, Z)S(Y, W )]+

+
k

(n− 1)(n− 2)
[g(X,W )g(Y, Z)− g(Y,W )g(X,Z)]

is invariant under conformal transformation of metrics g → g = e2ξg.
The conharmonic curvature tensor

K(X, Y, Z, W ) = R(X, Y, Z, W )− 1
n− 2

[S(X, W )g(Y, Z)− S(Y, W )g(X, Z)+

+S(Y,Z)g(X, W )− S(X,Z)g(Y, W )]
is invariant under conharmonic transformation of metrics g → g = e2ξg, where ξp

p =
gijξij = 0, ξhk = ξh,k − ξhξk + 1

2ξiξ
ighk, ξi = ∂ξ

∂xi .
The concircular curvature tensor

L(X,Y, Z, W ) = R(X, Y, Z, W )− k

n(n− 1)
[g(X, W )g(Y,Z)− g(Y,W )g(X,Z)]

is invariant under concircular transformation of metrics g → g = e2ξg, where Trs =
ξr,s − ξrξs, T = 1

2Tr(T )g, S is the Ricci tensor and k is the scalar curvature.
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1 Semi-symmetric connections
on Lyra manifolds

Let π ∈ Λ1(M). A linear connection ∇ is called π-semi-symmetric if

T (X,Y ) = π(X)Y − π(Y )X, ∀X, Y ∈ X (M).

If, moreover, ∇ is metric (∇Xg = 0), then the triple (M, g,∇) is called Lyra manifold
associated to π.

A. Friedman, J.A. Schouten introduced the notion of semi-symmetric connection.
The research is continued by H.A. Hayden. The subject was developed from different
perspectives. The main directions of study are:

a) The geometrical significance of semi-symmetric connection:

Theorem A [12] The necessary and sufficient condition such that a Riemannian
manifold admits a metric semi-symmetric connection with vanishing curvature tensor
is that the space is conformally flat (i.e. C = 0).

Theorem B [12] The necessary and sufficient condition such that a Riemannian
manifold admits a metric semi-symmetric connection ∇ such that M is a group man-
ifold (i.e. R(X, Y )Z = 0, (∇XT )(Y, Z) = 0) is that the space (M, g) has constant
curvature.

Along the same line T. Imai got the following results
Theorem C [3] If a Riemannian manifold (M, g) admits a metric semi-symmetric

connection ∇ such that S∇ = 0, then:
a) R∇ = C (the curvature tensor associated to this connection coincides with the

conformal Weyl curvature tensor of the Riemann space).
b) There exists g ∈ ĝ such that R = C (the curvature tensor of the Levi-Civita

connection associated to g coincides with the conformal Weyl curvature tensor of the
Riemann space).

If the 1-form π is closed one can introduce the notion of sectional curvature.
Theorem D [3] If a Riemannian manifold (M, g) admits π-semi-symmetric con-

nection ∇ such that π is closed and the sectional curvature corresponding to ∇ is
constant, then the Riemann space is conformally flat.

In [13] P. Zhao, H. Song, X. Yang studied semi-symmetric recurrent connections.
They considered ∇ and ∇ two semi-symmetric metric recurrent connections on a
Riemannian space such that ∇ → ∇ is a projective transformation and determined
an invariant of this transformation.

b). Properties of semi-symmetric connections on manifolds endowed with special
structures:

Let M(ϕ, ξ, η, g) be a Sasaki manifold. A metric connection is called S-connection
if (∇Xϕ)(Y ) = η(Y )X − g(X, Y )ξ.

If, moreover, T (X, Y ) = η(Y )ϕ(X) − η(X)ϕ(Y ), then ∇ is called metric semi-
symmetric S-connection and is given by

∇XY =
◦
∇X Y − η(X)ϕ(Y ),

where
◦
∇ is the Levi-Civita connection.
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Theorem E [7] If a Sasaki manifold M(ϕ, ξ, η, g) admits a metric semi-symmetric
S- connection, whose curvature tensor is vanishing, then:
a) the conformal Weyl curvature tensor coincides with the conharmonic curvature
tensor;
b) the concircular curvature tensor coincides with the Riemann curvature tensor.

R.N. Singh and K.P. Pandey [9] gave the relativististic significance of a semi-
symmetric metric S- connection whose curvature tensor is vanishing. S.D.Singh, A.K.
Pandey [8] studied semi-symmetric metric connections in an almost Norden metric
manifolds. P.N. Pandey and B.B. Chaturvedi [6] considered semi-symmetric connec-
tions on Kähler manifolds. F. Ünal and A. Uysal [10] studied semi-symmetric connec-
tions on Weyl manifolds.

2 Weyl manifolds

Let M be a connected paracompact differentiable manifold of dimension n ≥ 3.
Let g be a pseudo-Riemannian metric on M and ĝ = {e2ξg | ξ ∈ F(M)} the

conformal class defined by g.
A Weyl structure on the conformal manifold (M, ĝ) is a mapping

W : ĝ 7→ Λ1(M),W (e2ξg) = W (g)− 2dξ, ∀ξ ∈ F(M).

We call the triple (M, ĝ, W ) a Weyl manifold.

Remark 2.1. There exists an unique torsion free connection ∇ on M , compatible
with the Weyl structure W :

∇g + W (g)⊗ g = 0,
called the conformal Weyl connection. This is required to be invariant under the
transformation g 7→ e2ξg.

H.Weyl introduced the 2-form ψ(M) = dW (g), g ∈ ĝ (a gauge invariant). If
ψ(M) = 0, then the cohomology class ch(W ) = [W (g)] ∈ H1(M, d) does not de-
pend on the choice of the metric g ∈ ĝ.

ψ(M) and ch(M) are obstructions for a Weyl structure to be a Riemannian struc-
ture.

Theorem F [2] Let (M, ĝ,W ) be a Weyl manifold and ∇ the conformal Weyl
connection. The following assertions are equivalent:

1) ψ(M) = 0, ch(M) = 0;
2) There is a Riemannian metric g ∈ ĝ such that ∇g = 0.

Let (M, ĝ, W ) be Weyl manifold and ∇ be the conformal Weyl connection.
Let ∇ be the π semi-symmetric connection compatible with the Weyl structure

W i.e.
∇g + W (g)⊗ g = 0,

called conformal π semi-symmetric connection or the conformal Lyra connection.

Let E ∈ T 1,2(M). The F(M)-module X (M) becomes an algebra, denoted
U(M, E) if X ◦ Y = E(X, Y ),∀X, Y ∈ X (M).
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If ∇ and ∇′ are linear connections on M and E = ∇−∇′, then U(M,E) is called
the deformation algebra associated to the pair (∇,∇′).

Our purpose is to study properties of semi-symmetric connections on Weyl mani-
folds.

Theorem 2.1. Let (M, ĝ, W ) be a Weyl manifold, n ≥ 4 and
U(M,∇ − ∇) be the Weyl-Lyra deformation algebra associated to the 1-form π. Let
R, R be the curvature tensors associated to the connections ∇,∇.

Then R = R, if ψ(M) = 0 and Rp : Tp×Tp×TpM −→ TpM is surjective, ∀p ∈ M,
if and only if the Weyl-Lyra algebra is associative.

Proof. ” ⇒ ”
Let A = ∇−∇. One has

g
(
A (X, Y ) , Z

)
= π (Y ) g (X,Z)− π (Z) g (X, Y ) , ∀X,Y, Z ∈ X (M) .

Using the second Bianci identities and ∇XR = ∇XR we have

(δs
i R

r
ljk + δs

jR
r
lki + δs

kRr
lij)πr + (gilR

s
rjk + gjlR

s
rki + gkrR

s
rij)π

r = 0.

This relation leads to

(n− 3) grhRh
ljkπr + (gklSrj − gjlSrk)πr = 0

and
(n− 2)Srkπr = 0.

Therefore
(n− 3) grhRh

ljkπr = 0.

Since Rp is surjective, one has A = 0.
” ⇐ ”
The condition (X ◦ Y ) ◦ Z = X ◦ (Y ◦ Z) , ∀X,Y, Z ∈ X (M) , implies

gjkπsπ
sδr

i = (gikπj + gjkπi − gijπk)πr.

This becomes
(gikπj + gjkπi − gijπk) πr = 0.

Hence π = 0 and A = 0. Therefore R = R.

A linear connection ∇ is compatible with the Weyl structure W and is associated
to the 1-form ω if

(?)(∇Xg)(Y, Z) + W (g)(X)g(Y,Z) + ω(Y )g(X, Z) + ω(Z)g(X, Y ) = 0.

There exists an unique connection ∇ σ-semi-symmetric satisfying (?):

∇XY =
◦
∇X Y + 1

2W (g)(X)Y + ( 1
2W (g) + σ)(Y )X − g(X,Y )( 1

2W (g) + σ − ω)#,

where
◦
∇ is the Levi-Civita connection associated to g.

Proposition 2.2. Let (M, ĝ,W ) and (M, ĝ, W ) be Weyl manifolds. Let ∇ (resp.
∇) be the σ (resp. σ)-semi-symmetric connection compatible with the Weyl structure
W (resp. W ), associated to the 1-form ω (resp. ω). Then
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(??) ∇XY = ∇XY + p(X)Y + q(Y )X − g(X,Y )r#,

holds, where p = 1
2 (W (g)−W (g)), q = p + σ − σ, r = q − ω + ω.

Theorem 2.3 Let (M, ĝ) be a conformal manifold , n ≥ 3.The tensor

Bi
jsl = Ai

jsl +
2

n− 2
{Ωmi

js (Aml − k

2(n− 1)
gml)− Ωmi

jl (Ams − k

2(n− 1)
gms)}

is invariant under the transformation (??),
where Ω = 1

2 (I ⊗ I − g ⊗ g̃) is the Obata operator, (g.g̃)(X,σ) = g(X,σ#),
Ai

jsl = Ri
jsl − 1

nδi
jR

p
psl, Aij = As

ijs and k is the scalar curvature.
Proof. From (??) we find

R
i

jrl = R i
jrl + δi

j(prl − plr) + 2Ωmi
jr qml − 2Ωmi

jl qmr,

where prl = pr/l + prσl, qrl = qr/l − qrql + 1
2grlρ + qrσl and ρ = gijqiqj .

We get
A

i

jrl = Ai
jrl + 2Ωmi

jr qml − 2Ωmi
jl qmr .

The previous relation leads to

Ajr = Ajr − (n− 2)qjr − gjr q̃ ,

where q̃ = Trq. Therefore q̃ = − k − k
2(n− 1) and we get

qjr = − 1
n− 2

{
Ajr −Ajr − gjr

r − k

2(n− 1)

}
.

Hence B i
jrl = B

i

jrl.

Theorem 2.4. Let (M, ĝ, W ) be a Weyl manifold, n > 3 and ∇ the conformal
Weyl connection. Then there exist the 1-forms p and q such that the semi-symmetric
connection

(? ? ?) ∇XY = ∇XY + q(Y )X + p(X)Y − g(X, Y )q#

has vanishing curvature tensor if and only if the tensor B is zero.
Proof. ” ⇒ ” is obvious.
” ⇐ ” If Bi

jkl = 0, one considers the following two systems of equations

{
pr/l = prl

prl − plr = − 1
nRs

srl ,

{
qr/l = qrl + qrql − 1

2grlρ

qrl = 1
n− 2

[
Arl − k

2(n−1)grl

]
.

We prove that if Bi
jrl = 0 , n > 3, then the previous systems have solutions. From

pr/l − pl/r = Φr/l − Φl/r = − 1
nRs

srl, where Φr == −1
2 (W (g))r, one has
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pr = −Φr +
∂h

∂xr
,

where h is arbitrary smooth mapping.
Since Bi

jrl = 0, using
∑

r,l,h

c
Ai

jrl/h = 0, we get

Ωmi
jl qmr/h − Ωmi

jr qml/h + Ωmi
jh qml/r−

−Ωmi
jl qmh/r + Ωmi

jr qmh/l − Ωmi
jh qmr/l = 0 .

Hence (n− 3)(qjr/l − qjl/r) = 0. Because n > 3 the integrability conditions

qjr/l − qjl/r = 0

are satisfied.

Remark 2.5. The previous result remains valid when replace ∇ by a semi-
symmetric conection, compatible with the Weyl structure W.

Open problems. Let (M, ĝ,W ), (M, ĝ, W ) be Weyl manifolds and π, π be closed
1-forms.

Let ∇ and ∇ be conformal π (resp. π) -semi-symmetric connections.

1) The characterisation of the invariance of sectionale curvature.

2) The study of properties of the deformation algebra U(M,∇−∇).
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