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Abstract
The reductions to a vector subbundle of a pull back vector bundle are studied.
They are related to the Finsler splittings (defined earlier by one of the authors)
and to geometrical objects, defined here.
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1 Reductions of vector bundles

Let £ = (E,w, M) be a vector bundle (denoted in the sequel v.b.), with the fibre
F = R", G C GL,(IR) a Lie subgroup and ¢ = (E',n', M) be a vector subbundle
(denoted in the sequel v.sb.), with the fibre F' = IR¥ C IR"™. Let us denote as L(£) =
(L(E),p, M) the principal bundles (p.b.s) of the frames of the v.b. £ and the induced
p.b. LE(&) = 7" L(¢) = (#"L(E) = LE'(E),p1, E'), which is also the p.b.s of the
frames of the v.b. £'(§) = n'*¢ = ("™ (E) = E'(E), m, E').

Definition 1.1 If the p.b. L({)¢ is a reduction of the group GL,(IR) of L(¢) to G,
then there is a local trivial bundle £, associated with the p.b. L(§)q, defined by the
left action of G on F' (it is used the left action of GL,(IR) on F restricted to G). We
say that the bundle &g is the G-reduced bundle of . If H is a subgroup of G and there
is a reduction of the group G of L({)¢ to H, in an analogous way we say that &g is
a H-reduced bundle of &q.

Notice that a reduction of the group G of L(§)g to H is also a reduction of the
group GL,(IR) of L(¢) to H.

Example 1.1 Consider the subgroup of the automorphisms which invariate the vec-
tor subspace F' = IR* of IR™:

A
(1) ng{ ( e ) . A€ GLy(R), B € GLn 4(IR), C € Mkynk(R)}CGLn(R).

The p.b. L(§)q, always exists and it consists of all the frames of L(£) which extend
frames on £'; we call in the sequel these frames as frames on &, adapted to £'. For the
same Gy as above, we can consider the p.b. L&' (€)g,, which also consists of frames
on L¢&'(€) which extend frames on &'(¢'), called as frames on £'(€), adapted to &£'(£').
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Example 1.2 Let Gy be as above, F" = R" % a vector subspace of F, so that
F =F' & F" and Hy C Gq the subgroup of the elements which invariate the vector
subspaces F' and F"':

(2) H0:{<’3 g);AeGLk(B),BeGLM(R)}.

The p.b. L(§)n, always exists and it is a reduction of the group Gy of L(&)q,
to Hp. It consists of frames of L(£)q, which are adapted also to other subbundle
"= (E",n", M) of £ It follows that at every point x € M we have the direct sum
of vector spaces E, = E., @ E.. Such a reduction is also called a Whitney sum of the
v.b.s & and £" and it is denoted as &' @ £". This is equivalent with a left splitting S
of the inclusion morphism i : £ — &, when £" = ker S. In the case of the p.b. L&'(&),
a reduction of the group Gq of L&' (€)a, to Hy is equivalent to a left splitting S of the
inclusion i’ = 7™ : "¢ = &'(¢') — 7' = £'(€), as we have called Finsler splitting
(see. [4]). In this case &'(€) has an Hyp-reduction as Whitney sum &'(¢') @ ker S.

It is well known that the reduction of the structural group G of a p.b. P to a
subgroup H C G is equivalent to the existence of a global section in a fibre bundle
associated with P, which have the fibre G/H, defined by the natural action of G on
G/H [1, pg.57, Propzition 5.6]. A direct computation leads to the following:

Proposition 1.1 There is a canonical identification

(3) Go/Ho = Mj = {( 8 In]ik );Pe Mk,nk(JR)},

the classes being at left, such that the left action © of the group Gy on My is the
adjunction, and

o (BB

Given the v.sb. £, the Go-reductions of the group GL, (IR) of the v.b.s L(£) and
the p.b. L&'(£) are uniquely defined. It follows that considering the bundles with the
fibres GL, (IR)/Gy, associated with the p.b.s of frames L(£) and L¢&'(€), the sections
in these bundles, which correspond to the reductions of GL,(IR) to Gy, are uniquely
determinated by £'. In the case of the Example 1.2, the Hy-reductions of the group
Gy of the p.b.s L(§)a, and L&' (), are equivalent with sections in the bundles Fy
and Fy which are associated with these p.b.s and have as fibres Go/Hj.

2 Reductions of the group G}, ,

We use in this section some ideas from [2, Cap. IV, Sectiunea 7], but in a more general
setting.

Let ¢ = (E,p, M) be a v.b., having the fibre F* = R", dimM = m and G C
GL,(R) a Lie subgroup. We suppose that the structural group GL,(IR) of L(§) is
reducible to G. Denote as G, ,, the subgroup of GL(m + n, IR) which consists of the



Geometrical Objects on Subbundles 107

matrices of the form < %j BP“ > , (4%) € GLn(IR), (Bf) € G. Given r € IN*, the
b

r-prolongation of the group G}, ,,, denoted as G7, ,,, is the set of the elements which

have the form

(5) a= (A;1 AL

1 . a a a
e Al By, B ..., B

Jija-gr? "jr71)7

where the components are symmetric in the indices j, € 1,m, and (4%) € GL,,(IR),
(Bf) € G and if we fix ji,J2,...Jp, then ngl---jp € ¢, where ¢ is the Lie alge-
bra of the Lie group G. The composition law of two elements of the form (5) can
be done looking at the cmponents as multi-linear maps. Thus, let a : (A,B) =
((A1(-), Aa(y), o Ar(eyeooy), Bo(5)y, Bi(ty ), oo, Br(ey+y--+5°))), and b : (C, D) be
two elements in G7, . We denote ba : (4’, B'), where the expresion of this composi-
tion law, using coordinates, can be found in [2, pag. 70]. Notice that if H C G is a
subgroup, then Hy, , C G7, , is a subgroup.

Consider the p.b. OGE" on the base E, with the group Gj ,,, defined by the
structural functions

’

. -1
ox? oz’

r—1 a'
—(1‘)7 ey T (A 9 Ja
oz’ Ozh - Oxir

(), 94 (:L“),m

(6)  puu(u) = ( (),

where 7(u) = z, and {gsl (m)} are structural functions of the vertical bundle V¢,

constant on the fibres, defined on an open cover of E of the form {U =7~ '(V),V C
M, V open}. These structural functions proceed from some structural function on
M, so the definition is coherent and is equivalent to that used in [2]. We shall use the
condition in this form in order to construct some reductions. In the case G = GL, (IR)
we get the definitions used in [2].

Let ¢ be a v.sb. of the v.b. £. We denote OG¢E'(£)" = i*OGE", where i : E' —» E
is the inclusion. From now to the end of the section we study the reductions of the
group Gy, , of the p.b. OGo&'(§)" to the subgroup Hg,, ,,, where Go and Hy are
given by the formulas (1) and (2). We consider first the case r = 1.

Proposition 2.1 Let & be a v.sb. of the v.b. £&. Then a Finsler splitting S of the
inclusion i : & — £ induces a Hy-reduction of the v.b. £'(€) to a bundle £'(¢') &,
where 1 = ker S is isomorphic with &'(£"), £" = £/€', such that the bundle £'(¢') Dy
is isomorphic to the bundle &'(&' @ ¢"). Conversely, every Hgy-reduction of &'(€) as
&'(¢') @ defines a Finsler splitting S of the inclusion i, such that n = ker S.

Proof. The second statement follows from Example 1.2. In order to prove the first
statement, it suffices to prove that 7 is isomorphic with £'(¢"”). Considering local
coordinates, adapted to the v.b.s structures: on M, E’, E"” and E, it can be shown
that 7 is isomorphic with £'(£"). The same reason shows that £'(£') @ n is isomorphic

with £'(¢") & £'(§") = (&' @ ") Q.ed.

Theorem 2.1 Let & be a v.sb. of the v.b. £ andr > 1

1) Every Finsler splitting of the inclusion i : £ — & defines a canonical reduction
of the group Gg,, , of OG¢&'(§)" to Hg,, ,,, the reduced p.b. being OHy€'(§)".

2) Every reduction of the group Gy, ,, of OG&'(§)" to Hy is OH&'(€)" and

0Om,n
1t is induced by a Finsler splitting, as above.
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Proof. 1) Taking on E'(E) a vectorial atlas, which has the structural functions from
Hy, we obtain structural functions on the p.b. OGy€' ()", which thake values in
the subgroup Hg,, ,,- 2)Considering a reduction as in hytothesis and some structural
functions on OHy¢'(€)", as in the definition, it follows some structural functions on
the p.b.s (’)Hof’(f)”l, with 1 < #' < r. Taking r' = 1 and using the second part and

the proof of Propsition 2.1, we obtain a Finsler splitting S. Q.e.d.

3 Geometrical objects

Let £ be a v.b., G C GL,(IR) a Lie subgroup and &' a v.sb. of &.

Definition 3.1 A space of geometrical G— objects of order r is a manifold O so that
there is a left action of the group G, ,,, on ©. Consider now the fibre bundle with the
fibre O, associated with the p.b. OG¢", which correspond to this action. A section in
this bundle is a field of geometrical G—objects on the v.b. .

In an analogous way, we can consider the fibre bundle with the fibre © , associated
with the principal bundle OGE” A section in this bundle is a field of geometrical
G—objects on the v.b. £, restricted to the v.sb. £'.

In the case G = GL,(IR) we obtain the definitions used in [2] of a space of
geometrical objects of order r and of a field of geometrical objects on a v.b..

Example 3.1 Take © = IR*, G given by the formula (1) and the left action ofi Gy

. A C
on O given by < 0 B
of the group Gy, ,, on ©. It follows a field of geometrical Go-objects of order 1 on the
v.b. &, which is in fact a section in the v.b. £(¢') and a field of geometrical Gy-objects
of order 1 on the v.b. £, restricted to the v.sb. &, which is in fact a section in the v.b.

¢'(&").-

The second part of the example above, can be extended as follows:

) v = Av. It is obvious that this action induces a left action

Proposition 3.1 Every field of geometrical objects of order r > 1 on the v.b. &
defines canonicaly a field of geometrical Gy-objects of order r on the v.b. £, restricted
to the v.sb. &'.

Example 3.2 A d-connection on the v.b. £ induces a field of geometrical Gy-objects
of order 2 on the v.b. , restricted to the v.sh. &

Notice that a field of geometrical Gy-objects on the v.b. &, restricted to the v.sh.
&' is also such Hp-objects. So, the fields of geometrical Gg-objects from Proposition
3.1 and from Example 3.2 are also Hy-objects. A remarcable example of a field of
geometrical Gy-objects of order k on the v.b. &, restricted to the v.sb. &, is given by
the following direct consequence of the result [1, pg.57, Propzition 5.6], already stated
and used in the first section:

Proposition 3.2 Let Gy and Hy be given by (1) and (2), and &' be a v.sb. of the
v.b. . Then every reduction of the group Hg,, , of the p.b. OG¢&'(§)" to Hg,, ,, is

uniquely defined by a field of geometrical Gy-objects on the v.b. &, restricted to the
v.sb. &', of order r.
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Example 3.3 Every Finsler splitting S of the inclusion i : £ — £ is defined by a
field of geometrical Gy-objects on the v.b. &, restricted to the v.sb. &', of order 1.
According he above Proposition 3.2, this Gy-object is a section Sy in the bundle Fy,
which is associated with the p.b. OGo¢'(€)" and defined by the left action of G, ,
on Go/Hp (in the form (3), determinated by the left action of Go on Go/Hy given by
formula 4. This formula can be related to the change rule of the local components of

a Finsler splitting, which give also the change rule of the local form of the section Sy.

The action (4) can be extended in the general case, but this will be done else-
where. An example of a field of geometrical Hg-objects on the v.b. £, restricted to
the v.sb. &, of order 2, is given by the following action of Hgm,n on Fy = IRY,
where d = m? + mk®> + m(n — k)®> + m®n + k*n + (n — k)*n. Writting Fy as
(L%, Lg,, Ly, i, Ch,, CF,, CF, Coty, OF), we define the action of Hg, , on Fy, by

Jjar Y jur ny’l Bu’ Yvar vw)7 , 0m,n
an element | A% A%, Ba 0, , Bai 0, , as
pfie\ g o 0 B
Li, = (A;i i — A;il) AL AL L = (Ag g, - Agi) B AL,

il — jlat —

L (B;;’L;ji - B;‘;) BY AL, Cl, = Al A1, BS.CL,,
' A AT pu i o _ pd pb py a
C;u, = Aj AJ,BU,CJ’-U, CB"Y' = BY Bﬁ’B’Y'CB’Y’
Cg. = BY B}, BLCS,,Cly = BY BLBSCY, CY,, = BY BLBL,CY,.
It follows that there is a local trivial bundle F; with the fibre F}, associated with
the p.b. OHy&'(€)?.

Let S be the Finsler splitting which correspomd to the reduction of the group Gy
of OGy¢'(€)! to Hy, according to Theorem 2.1.

Definition 3.2 A restricted d-connection on £ (related to the v.sb. ¢ and the Finsler
splitting S) is a section in the above bundle F;.

If follows that a restricted d-connection is uniquely determinated by the local
functions on E'(E)
(7) (L;l/ nga L:)Lz/ C]Za, Cl

u
Jju» voucvw)

C3,.Ch.
which have as variables (z?,y®). They are given on domains of local maps on E’, which
belong to a vectorial atlas on E’, which proceed from one on E’. The coordinates on
the fibres change following the rules y* = g2 (z")y® +g¢% (z")y", y* = g% (x')y*.The
local functions (7) change according the rules

" ozt [ 0z7 02t . 9%zt . ) oxt 09¢%
L;"z' = a3 —',—Z,L;l t a7 | Lgfif = ga 9§f—i, E‘Z + —L:, )
oxt \ Oz’ Ox oxi' Ox ox ox
, . o' dgY, . Ozl Oz’ ,
Ll = g% (g o Ll 4 S0 ) | Ol = oo S gl
ox ox oxi’" Ox
.7 al‘] al‘i, . ’ ' ' '
Clru = ng:f' Ciu:Chryr = 9o gfigllcé‘w Coruwr = 9u 9o 9w Crw-

If we compare the above formulas with those of a d-connection on the v.b. i*¢ [2,
ec. (7.5), pag. 72], we obtain:
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Theorem 3.1 Let &' be a v.sb. of the v.b. £, N a non-linear connection on £ and S
a Finsler splitting of the inclusion i : & — £.

1) Every linear d-connection on & defines canonicaly a restricted d-conection on &
related to £'.

2) Every restricted d-connection on & related to & defines canonicaly a d-conection
on &' and a linear Finsler ¢'-connection on " = £/¢'.

3) A d-connection on £' and a linear Finsler {'-connection on " = £/¢', defines
canonicaly, using the Finsler splitting S, a restricted d-conection on & related to £'.

The proof of the theorem will be given elsewhere. For the definition of a linear
Finsler ¢'-connection on a v.b. £, over the same base, see [4].
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