Criteria for Conformal Flatness of Finsler Spaces

Fumio Ikeda

Abstract

The concept of conformal flatness of Finsler spaces is studied by several au-
thors ([1], [2], [3], [5], [6], [7] and [8]). Especially, Kikuchi [6] obtained a very
import ant theorem by using the function L?C? under a certain condition. Here-
after, we shall call it the Kikuchi theorem.

The purpose of the present paper is to study some necessary and sufficient
conditions for Finsler spaces to be conformally flat, which are similar to the
Kikuchi theorem.
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1 Preliminaries

Let F = (M, L) be an n-dimensional Finsler space endowed with fundamental function
L = L(z,y), where M is an n-dimensional differentiable manifold, z = () is a point

and y = (y*) is a supporting el ement of F', respectively. Then, the following notations
are used

9ij = (0L*/0y'dy’) /2, Cijr = (9gi;/0y")/2,
Ci = ¢?*Cijr, C* =g¢"CiCy, ¢o% = (gju) 7,
Vjik = g (0grk /077 + Ogyj/0x* — Dgj1/0x") /2,
G' =7, w'y" /2, G';=0G" |9y,

Gl = 0GEJOy*, Gl = 0GH, 0y,

Fjik = ’yjik — CrikGTj — CrijGTk + erkGrtgti7

(1.1)

where C,?; = Cy41,g" and Cjjy, is called the h(hv)-torsion tensor. Hereafter, we adopt
the Cartan connection CT = (F",,G";,C}";) as a Finsler connection of F.

It is well-known that if all coefficients of Gijk of an n-dimensional Finsler space F
depend on position alone, then F'is called a Berwald space, and the Berwald space is
characterized by Cjj;; = 0, where the symbol | means the h-covariant derivative with
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respect to the Cartan connection CT. Moreover, if the fundamental function L of F
depends on supporting element alone under a certain coordinate system (z?), then F
is called a locally Minkowski space.

Now we consider a change of fundamental function L to another fundamental
function L* on the same underlying manifold M, then we have two Finsler spaces
F = (M,L) and F* = (M, L*). If there exists a scalar function o = o(z) of position
only such that L* = e? L, then the change is called a conformal change. We introduce
the following notations that will play important roles later

I'=y'/L, BY=L*g"-20)/2, By =08B"/dy",
By, = 0B} [oy™. By, = 0B}, [y
Hashiguchi [1] proved the following two propositions:

Proposition A. B, B’ B,’ and B,’  are invariant under any conformal change.

Proposition B. Under a conformal change L* = e’ L, the following relations are
true

(1) 95 = €*°gij, 9" =e 79",

2) G* = G* — Birg,, G*ij _ Gij _ B;TO.T,

(3) G*ijk = Gijk - B;'.Zar, G*ijkl = Gijkl - B;Zlaﬁ
(4) ¢ W= Cjika % = G,

where o, = 0o /0z".

2 The Kikuchi theorem and a similar theorem

In this section, we shall state conformally flat Finsler spaces which are introduced by
the following definition:

Definition. An n-dimensional Finsler space F' = (M, L) with fundamental function
L is called conformally flat, if for any point p of F, there exists a local coodinate
neighorhood (U, z) containing p and a function o(z) on U, such that the Finsler
space F* = (M,L*) with fundamental function L* = e?L is a locally Minkowski
space.

Kikuchi payed attension to the function L2C? of a Finsler space F' and introduced
a tensor W*; = (OL*C?/dy") B}'. Moreover, under the condition that the tensor W
is regular, he defined a vector B;, a conformally invariant connection M, and two
conformally invariant curvature tensors M, and H';,, as follows

(2.1) B; = (L*C?) W'k, where W', = (Wh)~1,

7
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(2.2) M’y =G'y, — BBy,
(2.3) , , . .
My, = aM’jk/aml — (aM’jk/ayr)MTltyt — aM’jl/amk + (aM’jl/ayT)MTktyt

+ M7 M, - MM

(2.4) Hijk, = Gijkl - Bi;k,Br.

The Kikuchi Theorem [6]. Let F' = (M, L) be an n-dimensional Finsler space for
which Wij is reqular. The space F' is conformally flat if and only if

8B;/dy’ =0, Bjj— Bj; =0, H';y =0, M, =0,

where the symbol ; means the h-covariant derivative with respect to the new Finsler
connection (M';, M, y*).

We now consider two conditions that the function L?C? in the Kikuchi theorem
has to satisfy. The first condition is that L?C? is conformally invariant and the second
condition is that if F™* becomes a Berwald space under a conformal change L* = e’ L,
then L*2C*? is h-covariant constant with respect to the Cartan connection CT* =
(F* 7%, G*;,C%Y) of F*. So, if there exists a certain conformally invariant function
A on an n-dimensional Finsler space F' and satisfies the above second condition, then
we get a theorem which is similar to the Kikuchi theorem exchanging the function
L2C? for this function A.

Since the function A is conformally invariant, that is A = A*, from (1.1), it is
derived that

(2.5) A'y = A + Ao,

where A", = (0A/dy")B;] and the symbol |, means h-covariant derivative with respect

to the Cartan connection CT™* = (F*j e G*ij, c i) of F*. Now, we assume that A",

is regular tensor, then transvection of (2.5) by the reciprocal tensor A,”j of A"; yields
(26) g = Aj — A*j7
where A4; = fA‘kAlkj, because A'Tj and A"; are both conformally invariant. Put

Al =G — Bii Ay, then (3) of Proposition B and (2.6) show that A’;; becomes a
conformally invariant symmetric connection. Thus, we can get a conformally invariant
curvature tensor

Aijkl = 8Aijk/8:rl — (BAijk/Byr)AT”yt — 6Aijl/8:1ck+

(2.7) . | |
+ (0A';/Oy") ATyt + AT AL — AT AT

Moreover, from (3) of Proposition B and (2.6), another conformally invariant curva-
ture tensor A", is definded by
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(2.8) A ijkl = Gijkl - B;ZzAr-

Therefore, using a similar proof to those of Kikuchi [6], we have

Theorem 2.1. Let F = (M, L) be an n-dimensional Finsler space. If there exists a
conformal invariant function A which satisfies the condition that F* = (M,L*) is a
Berwald space under a conformal change L* = e° L, then A* is h-covariant constant
with respect to the Cartan connection CT* of F* and the tensor A", = (0A/dy*)Bir
is reqular. Then F is conformally flat if and only if

0A;/0y =0, Ayj—Aj;i =0, Ay, =0, A, =0,

where the symbol ; means the h-covariant derivative with respect to the new Finsler
connection (A’ A5 y").

3 The conditions for a Finsler space to be confor-
mally flat

In this section, we shall find some functions satisfying two conditions in Theorem 2.1.
First, we state the h(hv)-torsion tensor Cjji. From Proposition B, it is easily seen
that C%;, = e??Cijr, and C** = e 29C", where C' = ¢"C,. Thus, a function D =
L4CijkCiCjCk becomes conformally invariant. On the other hand, the h-covariant
derivative of the function D* vanishes, if the Finsler space F* is a Berwald space.
Therefore, we have

Theorem 3.1. Let F = (M, L) be an n-dimensional Finsler space with detDij # 0.
Then, a necessary and sufficient condition for F to be conformally flat is

dD;/dy’ =0, Di; — Dj; =0, D'y, =0, D, =0,

where
D = L'CyC'CiC*, D", = (0D/dy")Bjr,
D; = -DuD*, D* =(D)"', D', =G, ~ BiD,,
D'y, = 9D, /8x' — (D'}, /0y")D"y' — OD'; /0x* + (D, /9y") D"yt +
+ D"y D', D7Dy,
Dlijkl = Gijkl - B;ZIDT'

and the symbol ; means the h-covariant derivative with respect to the new Finsler
connection (Dijk, Dijkyk).

Moreover, it is evident that a function E = LQCijk C'I* gatisfies two conditions in
Theorem 2.1. Therefore, we have
Theorem 3.2. Let F' = (M, L) be an n-dimensional Finsler space with detEij # 0.
Then, a necessary and sufficient condition for F to be conformally flat is

OE; /0y’ =0, Eij— B =0, B, =0, E' =0,
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where
E = LiCy,Ci% Ev, = (0E/dy’)BI",
E; = *E\lekjW Elkj = (BS)7L By = Gy - By,
Eijlcl = aEijk/aml - (aEijk/ayT)ETltyt - aEijl/awk + (aEifl/ayr)Er’“tyt+
+ BB - ETE,
Elijkl = Gijkl - BJZ"ZZET"

and the symbol ; means the h-covariant derivative with respect to the new Finsler
connection (E';, E' " ).

Finally, we deal with the v-curvature tensor S;jp (= C’ierj”k — CikTC’jTl) of an
n-dimensional Finsler space F. Iff U = L2g“gjk5ijkl, then the function U satisfies
two conditions of Theorem 2.1. So, we have
Theorem 3.3. Let F' = (M, L) be an n-dimensional Finsler space with detUij # 0.
A necessary and sufficient condition for F to be conformally flat is that

oU; /9y’ = 0, Uij = Uji = 0, Uijkl =0, U,ijkl =0,

where
U = L%*g'g*S;ju, U, = (0U/dy")BI",
Uy = -EyD*, UR=(EY)", U, =G ~ BLU,,
Ui = 0UY [0zt —(0UY [oy") Uyt — dUY, [0x* + (OUY, /9y Uy +
+ U U U U,,
Ulijkl = Gijkl - B;’ZZUT'

and the symbol ; means the h-covariant derivative with respect to the new Finsler
connection (E';, B y*).
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