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Abstra
tThe 
on
ept of 
onformal 
atness of Finsler spa
es is studied by several au-thors ([1℄, [2℄, [3℄, [5℄, [6℄, [7℄ and [8℄). Espe
ially, Kiku
hi [6℄ obtained a veryimport ant theorem by using the fun
tion L2C2 under a 
ertain 
ondition. Here-after, we shall 
all it the Kiku
hi theorem.The purpose of the present paper is to study some ne
essary and suÆ
ient
onditions for Finsler spa
es to be 
onformally 
at, whi
h are similar to theKiku
hi theorem.Mathemati
s Subje
t Classi�
ation: 53C60Key words: Finsler manifold, 
onformal 
atness1 PreliminariesLet F = (M;L) be an n-dimensional Finsler spa
e endowed with fundamental fun
tionL = L(x; y), where M is an n-dimensional di�erentiable manifold, x = (xi) is a pointand y = (yi) is a supporting el ement of F , respe
tively. Then, the following notationsare used

(1:1) gij = (�L2=�yi�yj)=2; Cijk = (�gij=�yk)=2;Ci = gjkCijk ; C2 = gijCiCj ; gjk = (gjk)�1;
 ij k = gir(�grk=�xj + �grj=�xk � �gjk=�xr)=2;Gi = 
 ij kyjyk=2; Gij = �Gi=�yj ;Gijk = �Gij=�yk; Gijkl = �Gijk=�yl;F ij k = 
 ij k � C ir kGrj � C ir jGrk + CrjkGrtgti;where C ir k = Crtkgti and Cijk is 
alled the h(hv)-torsion tensor. Hereafter, we adoptthe Cartan 
onne
tion C� = (F ij k; Gij ; C ij k) as a Finsler 
onne
tion of F .It is well-known that if all 
oeÆ
ients of Gijk of an n-dimensional Finsler spa
e Fdepend on position alone, then F is 
alled a Berwald spa
e, and the Berwald spa
e is
hara
terized by Cijkjl = 0, where the symbol j means the h-
ovariant derivative withBalkan Journal of Geometry and Its Appli
ations, Vol.2, No.2, 1997, pp. 63-68
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64 F.Ikedarespe
t to the Cartan 
onne
tion C�. Moreover, if the fundamental fun
tion L of Fdepends on supporting element alone under a 
ertain 
oordinate system (xi), then Fis 
alled a lo
ally Minkowski spa
e.Now we 
onsider a 
hange of fundamental fun
tion L to another fundamentalfun
tion L� on the same underlying manifold M , then we have two Finsler spa
esF = (M;L) and F � = (M;L�). If there exists a s
alar fun
tion � = �(x) of positiononly su
h that L� = e�L, then the 
hange is 
alled a 
onformal 
hange. We introdu
ethe following notations that will play important roles laterli = yi=L; Bij = L2(gij � 2lilj)=2; Bijk = �Bij=�yk;Bijkm = �Bijk =�ym; Bijkml = �Bijkm=�yl:Hashigu
hi [1℄ proved the following two propositions:Proposition A. Bij ; Bijk ; Bijkm and Bijkml are invariant under any 
onformal 
hange.Proposition B. Under a 
onformal 
hange L� = e�L, the following relations aretrue (1) g�ij = e2�gij ; g�ij = e�2�gij ,(2) G�i = G�i �Bir�r; G�ij = Gij �Birj �r ,(3) G�ijk = Gijk �Birjk�r; G�ijkl = Gijkl �Birjkl�r ,(4) C� ij k = C ij k; C�k = Ck,where �r = ��=�xr.2 The Kiku
hi theorem and a similar theoremIn this se
tion, we shall state 
onformally 
at Finsler spa
es whi
h are introdu
ed bythe following de�nition:De�nition. An n-dimensional Finsler spa
e F = (M;L) with fundamental fun
tionL is 
alled 
onformally 
at, if for any point p of F , there exists a lo
al 
oodinateneigborhood (U; x) 
ontaining p and a fun
tion �(x) on U , su
h that the Finslerspa
e F � = (M;L�) with fundamental fun
tion L� = e�L is a lo
ally Minkowskispa
e.Kiku
hi payed attension to the fun
tion L2C2 of a Finsler spa
e F and introdu
eda tensor W ij = (�L2C2=�yr)Brij . Moreover, under the 
ondition that the tensor W ijis regular, he de�ned a ve
tor Bj , a 
onformally invariant 
onne
tion M ijk and two
onformally invariant 
urvature tensors M ijkl and H ijkl as follows(2:1) Bj = (L2C2)jkW 0kj ; whereW 0kj = (W kj)�1;



Criteria for Conformal Flatness of Finsler Spa
es 65(2:2) M ijk = Gijk �BirjkBr;(2:3)M ijkl = �M ijk=�xl � (�M ijk=�yr)Mrltyt � �M ijl=�xk + (�M ijl=�yr)Mrktyt+ MrjkM irl �MrjlM irk;(2:4) H ijkl = Gijkl �BirjklBr:The Kiku
hi Theorem [6℄. Let F = (M;L) be an n-dimensional Finsler spa
e forwhi
h W ij is regular. The spa
e F is 
onformally 
at if and only if�Bi=�yj = 0; Bi;j �Bj;i = 0; H ijkl = 0; M ijkl = 0;where the symbol ; means the h-
ovariant derivative with respe
t to the new Finsler
onne
tion (M ijk ;M ijkyk).We now 
onsider two 
onditions that the fun
tion L2C2 in the Kiku
hi theoremhas to satisfy. The �rst 
ondition is that L2C2 is 
onformally invariant and the se
ond
ondition is that if F � be
omes a Berwald spa
e under a 
onformal 
hange L� = e�L,then L�2C�2 is h-
ovariant 
onstant with respe
t to the Cartan 
onne
tion C�� =(F � ij k; G�ij ; C� ij k) of F �. So, if there exists a 
ertain 
onformally invariant fun
tionA on an n-dimensional Finsler spa
e F and satis�es the above se
ond 
ondition, thenwe get a theorem whi
h is similar to the Kiku
hi theorem ex
hanging the fun
tionL2C2 for this fun
tion A.Sin
e the fun
tion A is 
onformally invariant, that is A = A�, from (1.1), it isderived that(2:5) A�j�k = Ajk +Ark�r;whereArk = (�A=�yi)Birk and the symbol j� means h-
ovariant derivative with respe
tto the Cartan 
onne
tion C�� = (F � ij k; G�ij ; C� ij k) of F �. Now, we assume that Arkis regular tensor, then transve
tion of (2.5) by the re
ipro
al tensor A0rj of Arj yields(2:6) �j = Aj �A�j ;where Aj = �AjkA0kj , be
ause A0rj and Arj are both 
onformally invariant. PutAijk = Gijk �BirjkAr, then (3) of Proposition B and (2.6) show that Aijk be
omes a
onformally invariant symmetri
 
onne
tion. Thus, we 
an get a 
onformally invariant
urvature tensor(2:7) Aijkl = �Aijk=�xl � (�Aijk=�yr)Arltyt � �Aijl=�xk++ (�Aijl=�yr)Arktyt +ArjkAirl �ArjlAirk:Moreover, from (3) of Proposition B and (2.6), another 
onformally invariant 
urva-ture tensor A0i jkl is de�nded by



66 F.Ikeda(2:8) A0i jkl = Gijkl �BirjklAr:Therefore, using a similar proof to those of Kiku
hi [6℄, we haveTheorem 2.1. Let F = (M;L) be an n-dimensional Finsler spa
e. If there exists a
onformal invariant fun
tion A whi
h satis�es the 
ondition that F � = (M;L�) is aBerwald spa
e under a 
onformal 
hange L� = e�L, then A� is h-
ovariant 
onstantwith respe
t to the Cartan 
onne
tion C�� of F � and the tensor Ark = (�A=�yi)Birkis regular. Then F is 
onformally 
at if and only if�Ai=�yj = 0; Ai;j �Aj;i = 0; Aijkl = 0; A0i jkl = 0;where the symbol ; means the h-
ovariant derivative with respe
t to the new Finsler
onne
tion (Aijk ; Aijkyk).3 The 
onditions for a Finsler spa
e to be 
onfor-mally 
atIn this se
tion, we shall �nd some fun
tions satisfying two 
onditions in Theorem 2.1.First, we state the h(hv)-torsion tensor Cijk . From Proposition B, it is easily seenthat C�ijk = e2�Cijk and C�i = e�2�Ci, where Ci = girCr. Thus, a fun
tion D =L4CijkCiCjCk be
omes 
onformally invariant. On the other hand, the h-
ovariantderivative of the fun
tion D� vanishes, if the Finsler spa
e F � is a Berwald spa
e.Therefore, we haveTheorem 3.1. Let F = (M;L) be an n-dimensional Finsler spa
e with detDij 6= 0.Then, a ne
essary and suÆ
ient 
ondition for F to be 
onformally 
at is�Di=�yj = 0; Di;j �Dj;i = 0; Dijkl = 0; D0ijkl = 0;whereD = L4CijkCiCjCk; Drk = (�D=�yi)Birk ;Dj = �DjkD0kj ; D0kj = (Dkj)�1; Dijk = Gijk �BirjkDr;Dijkl = �Dijk=�xl � (�Dijk=�yr)Drltyt � �Dijl=�xk + (�Dijl=�yr)Drktyt++ DrjkDirl �DrjlDirk;D0ijkl = Gijkl �BirjklDr:and the symbol ; means the h-
ovariant derivative with respe
t to the new Finsler
onne
tion (Dijk ; Dijkyk).Moreover, it is evident that a fun
tion E = L2CijkCijk satis�es two 
onditions inTheorem 2.1. Therefore, we haveTheorem 3.2. Let F = (M;L) be an n-dimensional Finsler spa
e with detEij 6= 0.Then, a ne
essary and suÆ
ient 
ondition for F to be 
onformally 
at is�Ei=�yj = 0; Ei;j � Ej;i = 0; Eijkl = 0; E0ijkl = 0;
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es 67where E = L4CijkCijk ; Erk = (�E=�yi)Birk ;Ej = �EjkD0kj ; E0kj = (Ekj)�1; Eijk = Gijk �BirjkEr;Eijkl = �Eijk=�xl � (�Eijk=�yr)Erltyt � �Eijl=�xk + (�Eijl=�yr)Erktyt++ ErjkEirl �ErjlEirk;E0ijkl = Gijkl �BirjklEr:and the symbol ; means the h-
ovariant derivative with respe
t to the new Finsler
onne
tion (Eijk ; Eijkyk).Finally, we deal with the v-
urvature tensor Sijkl(= CilrC rj k � CikrC rj l) of ann-dimensional Finsler spa
e F . I� U = L2gilgjkSijkl , then the fun
tion U satis�estwo 
onditions of Theorem 2.1. So, we haveTheorem 3.3. Let F = (M;L) be an n-dimensional Finsler spa
e with detU ij 6= 0.A ne
essary and suÆ
ient 
ondition for F to be 
onformally 
at is that�Ui=�yj = 0; Ui;j � Uj;i = 0; U ijkl = 0; U 0ijkl = 0;where U = L2gilgjkSijkl; Urk = (�U=�yi)Birk ;Uj = �EjkD0kj ; U 0kj = (Ekj)�1; U ijk = Gijk �BirjkUr;U ijkl = �U ijk=�xl � (�U ijk=�yr)Urltyt � �U ijl=�xk + (�U ijl=�yr)Urktyt++ UrjkU irl � UrjlU irk;U 0ijkl = Gijkl �BirjklUr:and the symbol ; means the h-
ovariant derivative with respe
t to the new Finsler
onne
tion (Eijk ; Eijkyk).Referen
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