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Abstract. The equisingularity class of a plane irreducible curve is determined by
the semigroup of the curve or, equivalently, by its multiplicity sequence. For a curve
with two branches, the semigroup (now a subsemigroup of N?) still determines the
equisingularity class. We introduce the “multiplicity tree” for the curve, which also
determines the equisingularity class, and construct an algorithm to go back and
forth between the semigroup and the multiplicity tree. Moreover we characterize
the multiplicity trees of plane curve singularities with two branches.
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1. Introduction

If O = K[[X,Y]]/(F), where k is an algebraically closed field of characteristic 0, is an irre-
ducible plane algebroid curve (a branch), then the integral closure O is a DVR, O 2 k[[t]].
Hence every nonzero element in O has a value. The set of values of elements in O consti-
tutes a numerical semigroup v(Q) = S, i.e., a submonoid of N with finite complement to
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N. The smallest nonzero value e € S is the multiplicity e(O) of O. The semigroup is an
important invariant of O and has been studied e.g. in [2], [3], [6], [5], [8], [9], [10], and [11].
Another important invariant is the sequence of multiplicities of the successive blowups of O,
(e(O),e(O"),e(0?),...). Tt is well-known that two plane branches have the same semigroup
if and only if they have the same multiplicity sequence, cf. [12]. If we instead consider plane
analytic branches, these invariants determine the topological class of the branch, cf. [12].

If we have a plane algebroid curve with d branches, O = k[[X,Y]]/(F1--- Fy), F; irre-
ducible, the integral closure is a product of DVR’s, O 2 k[[t1]] x - -+ X k[[tq]], and the set of
values S = v(0) is a submonoid of N%. The projections S; of S on the coordinate axes are
the semigroups of each branch. Two plane algebroid curves O = E[[X,Y]]/(F}--- Fy) and
C = k[[X,Y]]/(G;y---Gy) are said to be formally equivalent if (after a renumbering of the
branches) v(k[[X, Y]]/(F;)) = v(k[[X,Y]]/(G;)) for i = 1,... ,d and if the intersection multi-
plicities lo (k[ X, Y]]/ (F}, F;)) and lc (k[ X, Y]] /(G;, G;)) are the same for all pairs (7, j), i # j.
Waldi has shown in [11] that two plane curves are formally equivalent if and only if they have
the same semigroup.

In [3], we introduced and studied the multiplicity tree of an algebroid curve. This tree
contains exactly the same information as the S;’s together with the pairwise intersection
multiplicities in case of plane curves. In fact the i-th branch of the multiplicity tree of O gives
the multiplicity sequence of k[[X, Y]] /(F;), hence the semigroup of that branch. Furthermore,
if the tangents of two branches F; and Fj, are equal in O, O’,... ,©Y=Y but not in OV then,
by a theorem of Max Noether, the intersection multiplicity equals e(()i)e(()h) +-- -+e§i)e§-h), where
egi), egi), ... is the multiplicity sequence for the branch F; and egh), egh), ... is the multiplicity
sequence for the branch Fj,. Thus the multiplicity tree gives the same information as the two
semigroups together with the intersection multiplicity between every pair of branches. Thus
two plane algebroid curves are formally equivalent if and only if they (after a renumbering
of the branches) have the same multiplicity tree.

In [1] Apery showed that, if O is a plane branch and O’ is its blowup, then the semigroups
v(O) and v(Q') are strictly related: there is a formula to get a particular generating set, called
the Apery set, for v(Q’) from that of v(O) and vice versa (cf. Theorem 2.1). This does not
happen in general for non plane branches and it is the reason why for plane branches the
semigroup characterizes as well as the multiplicity sequence a class of equivalence. In [4]
we used that result of Apery to show how one can get the semigroup from the multiplicity
sequence and vice versa. Our aim is now to generalize these results to the case of a plane
curve with two branches. We point out that most results in Sections 3 and 4 (included
Theorem 4.1) are valid also for more than two branches. However in order to apply a result
of [10] in Proposition 4.2 and for the sake of simplicity in notation in the other results, we
restrict ourselves to the two branches case.

Since we deal with subsemigroups of N2, that are not finitely generated, we need first to
define a suitable set of generators for S. This “Apery set” is no longer finite, but a finite
union of subsets (its components). Each component is the generalization of an element of
the Apery set of a numerical semigroup.

The main result of the paper is Theorem 4.1, that shows how also in the two branches
case the semigroups v(O) and v(Q’) are strictly related. All Section 3 prepares this result.
We apply Theorem 4.1 to get the multiplicity tree from the semigroup and vice versa. In the
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last section a purely numerical characterization of a multiplicity tree of a plane curve with
two branches is given (cf. Proposition 5.2). Via the method described in Section 4, this gives
also a constructive characterization of the two branches plane curve semigroups.

2. Preliminaries

We start by recalling some results from the one branch case. If O is a plane branch, we
denote the semigroup v(O) by S. The semigroup S is symmetric, i.e., s € S if and only if
gs —s & S, where gg is the largest integer which does not belong to S. For an element s € S,
let Q = {wo, ... ,ws 1} consist of the elements = € S such that © — s ¢ S, i.e., the smallest
elements in S in each congruence class (mod s). We suppose that the elements are ordered
sothat 0 = wy < wy < -+ < ws_1 = gs + s. The set ) is called the Apery set of S with
respect to s. In [1] it is shown that there is a duality in €, namely w; + ws_1_; = ws_; for
i=0,...,s—1. If z is an element of smallest positive value in O, then O" = k[[z,y/z]] is
the blowup of O. The mentioned connection between v(Q) and v(Q’) is the following, cf. [1]:

Theorem 2.1. (Apery) If e is the multiplicity of O and Q. = {wo, ... ,we_1} is the Apery
set of v(O) with respect to e, then the Apery set of v(Q') with respect to e is {wpy, w1 — €, wy —
2e,... ,we_1 — (e —1)e}.

Let O,0,0® ... be the sequence of consecutive blowups of @ and let eg, e, es,... be
their respective multiplicities. The sequence e, €1, €2, ... is called the multiplicity sequence
of O and, since O is regular if i >> 0, we have ¢; = 1 if i >> 0, that is v(O®) = N,
for i >> 0. With the above result of Apery it is possible to determine from v(Q) the
multiplicity sequence of O and vice versa. Since the possible multiplicity sequences for plane
curves are characterized (cf. e.g. [4, Theorem 3.2]), this gives also a method to characterize
the semigroups of plane branches. We now give an example to show how to determine the
multiplicity sequence from the semigroup and vice versa.

Example. If the semigroup is v(0) = S = (4,6, 13) (it is in fact the semigroup of O =
k[[t*,t°+7]]), then the multiplicity e(O) of O is 4 and the Apery set of S with respect to 4 is
{0,6,13,19}. Hence the Apery set of S" = v(Q’) with respect to 4 is {0,2,5,7}, which gives
S" = (2,5) and e(O’) = 2. The Apery set of S = v(O’) with respect to 2 is {0,5}, so the
Apery set of S” = v(O®) with respect to 2 is {0, 3}, which gives S” = (2,3) and e(O®) = 2.
The Apery set of S” = v(O®)) with respect to 2 is {0,1}, so $” = N and e(O®) = 1. Hence
the multiplicity sequence of O is 4,2,2,1,...

;. If we start with the multiplicity sequence 4, 2,2, 1, ... we can go backwards in the sequence
of blowups. We have e(O®)) = 1, so " = v(0®) = N. Since e(0O?) = 2, we determine
the Apery set of N with respect to 2. This is {0, 1}, so the Apery set of S” with respect
to 2 is {0,3}, so S” = (2,3). Since v(O') = 2 we get that the Apery set of S” with respect
to 2 is {0,5}, so S = (2,5). Finally v(O) = 4 and the Apery set of S’ with respect
to 4 is {0,2,5,7}, so the Apery set of S with respect to 4 is {0,6,13,19}, and we get
S = (4,6,13,19) = (4,6,13).

Now let O = k[[X,Y]]/(F1 - F»), where Fy, I, are irreducible, be an algebroid curve with
two branches. The blowing up of the maximal ideal in O = k[[z,y]] is O’ = U,so(m" : m"),
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where m = (x,y). This is a semilocal ring with at most two maximal ideals. If we continue
to blow up the Jacobson radical, we have a sequence of overrings O = O, OM O@) and
eventually get the integral closure k[[t]] x k[[u]] of O. The integral closure has two maximal
ideals, ny = tk[[t]] x k[[u]] and ny = k[[t]] X uk[[u]]. The blowing up tree is a tree, where the
nodes on level ¢ are the localizations at the maximal ideals n; N OO of OO If we replace the
rings with their fine multiplicities, we get the multiplicity tree of ©. As long as the ring O
is local, the fine multiplicity is (e(O®/q,),e(OW /qy)), where ¢y, o are the minimal primes
of OW. If O has two maximal ideals, then O = (OW), oo x (OD), o@: the tree has
split in two branches, in the first there is a local ring Ry = (O(i))nlm(’)(i) with integral closure
k[[]], in the second a local ring Ry = (OW), - ~w with integral closure k[[u]]. Their fine
multiplicities are (e(R;),0) and (0, e(Ry)), respectively.

In this case the set of values v(O) of nonzero divisors in O is a subsemigroup of N2.

If = (v, 0) € Z2, set Ala) = {(n,0) | n > a1} U{(a1,m) | m > ag} and, if S is a
subsemigroup of N2, A%(a) = A(a) N'S. We call a semigroup local if A5((0,0)) = 0. It is
immediate that O is local if and only if v(O®) is local. As a matter of fact, O has two
maximal ideals if and only if ny N OW % ny, N O®. This happens if and only if there are in
O elements of value (a,0) and (0, b), for some a, b # 0, i.e. if and only if A*©™)((0,0)) # 0.

We refer to [3] for more details on the multiplicity tree and the semigroup of a curve with
d > 2 branches.

We introduce two order relations on Z2. The first, <, is defined by a < B if oy < f3; for
1=1,2. Welet a < Bif a < 3 and a« # 3. The second, <<, is defined by a« << 3 if
a; < fifort=1,2 or a = 8. We write a << @ if a« << 3 and o # 3.

Proposition 2.2. Let S be the value semigroup of an algebroid plane curve O with two
branches. Then:

a) There exists a vg € 72 such that A%(vg) =0 and o € S if o >> 5.

b) We have o € S if and only if AS(vg — a) = 0.

c) Let e be the minimal nonzero element in S, then the blowup O" of O 1is local if and only
if AS(e) =0, and if and only if the tangents of the two branches are equal.

Proof. a) is a well-known property of the semigroup of any algebroid curve (cf. e.g. [3,
Proposition 2.1]).

Property b) holds, i.e. S is a symmetric semigroup, because O is a plane curve and thus
is a Gorenstein ring (cf. [10] or [9]). If the two branches have the same tangent, they can
be parametrized as (t*,at' + ---), | > k, and (u™,bu™ + ---), n > m, respectively, hence
O = k[[(t*,u™), (at' + - ,bu™ + ---)]] = k[[z,v]], e = (k,m) and A®(e) = 0. Obviously the
blowup O’ = k[[z,y/z]] is local, so v(O’) is local.
If the two branches have distinct tangents, they can be parametrized as (t*, at'+---), [ >
k and (bu™ + --- ,u™),n > m, respectively; it follows that O = k[[(t*, bu™ + ---), (at' +
—u™))] = k[[z1, 29]]. Let © = xy + ey = (t* +act! + -+, cu™ + bu™ + - - - ). For a suitable
¢ # 0 we have v(z) = (k,m), which is the minimal positive value in v(Q). Hence e = (k, m),
but A%(e) # (; moreover we get v(x;/x) = (0,n —m) and v(zy/z) = (I — k,0), so v(0') is
not local. Hence c) is proved.
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3. The Apery set

Let O be a (non necessarily plane) curve with two branches, let S = v(O) and let a € S. We
define the Apery set of S with respect to o to be Qo ={B € S| B—a ¢ S}. The semigroup
S, by its good properties (cf. [3, Proposition 2.1]) is entirely described by the elements of S
in the rectangle {(m,n);0 < m <~ +1,0 < n < 3 + 1}, where yg = (71,72). It follows
that, although the Apery set ), of S is not finite, the finite subset Qo N {(m,n);0 < m <
Mm+14+a1,0<n<v+1+ay} determines all Q.

We are now interested in a finer description of the Apery set in case of a plane curve with
two branches. Let O be a plane curve with two branches, let S = v(0O) and let & € S. We
set:

Definition. Let Q2 ={8 € Q4 | B mazimal with respect to <<}. Assume that Q% ... Q.1
are defined. Let Q% = {B € Qo \ UZ48Y, | B mazimal with respect to <<}.

Lemma 3.1. a) We have Q% = A(vg + ).
b) For each B € 2., there exists a & € Q4! such that B << 4.
c) There is a finite number m of non-empty QL.
d) Qo =0% U---uQrt
) Qm L= {(0 0)}
) If 3,8 € QL then we cannot have 3 << 4.

e
f

Proof. a) By Proposition 2.2 a) we have 3 € S if B8 >> 4, A%(vg) =0, and v4 € S (since
AS(y —~) = A%(0) = 0). This gives a).
The statement in b) follows from the definitions.

Choose 3; € Q, with B, >> 3, >> ---. Since all 3, have positive coordinates, each chain
of this type must have length bounded by max{~y; + ay,72 + a2}; so ¢) is proved.

The statements in d), e) and f) are trivial.

We have also in this situation a duality. This duality will be made more precise later on.

Proposition 3.2. Let 3 € S. We have B € Qq if and only if A(vg + a — B) # 0.
Furthermore, if B € Qq then A%(vg+a — ) C Qq.

Proof. Suppose A%(yg+a —B3) # 0. Then B —a ¢ S, since B — a € S implies A®(vg +
a — (3) = (0 according to Proposition 2.2 b). Now suppose B3 € ,. Then 8 € S and
B—ad¢SsoAS(yg—B)=0and A%(yg+ a— B) # 0 according to Proposition 2.2 b). If
§ € AS(vg+a— ), then § — a € A(yg — B), but since AS(yg — B) is empty, § —a & S,
s0 0 € Qq.

Discussion. Now suppose that O = k[[X,Y]]/] = k[[z, y]], where I = (F} - F3) and F} and
F5 are irreducible.

If the two branches defined by F; and F, have the same tangent, we can assume it
is Y = 0 and, according to Weierstrass’ Preparation Theorem, we can assume that F; =
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Yo+ 3 (X)Y Fy = Yo 4 320 by (X) Y where e, and ey are the minimal powers
such that F1 (F» respectively) contains a term Y (a term Y respectively). Thus F} Fy =
YE 4 S e (X)Y? where E = e; + ey is the multiplicity of the curve.

If the tangents of the two branches are distinct, we can assume that one is Y = 0, so
Fy =Y+ 3% a(X)YY as for Fy, if we write it as Fo(X +Y,Y) we get a term Y2, where
e is the minimal degree of the nonzero terms of F». Hence after the substitution X X+Y
and applying Weierstrass’ Preparation Theorem we get again FiFy = YZ + 37 e (X)Y7,
where E = e; + e, is the multiplicity of the curve.

It is clear that, in both cases, we can express O as a k[[z]]-module minimally generated
by 1,y,47%, ...,y with v(z) = (e1,e3) and e; + ey = E.

Let now u,z € O be two elements such that O is a k[[u]]-module minimally generated by
1,2,2%,..., 2N where N = ny + ny and v(u) = (n1,n2) = n. Hence O = k[[U, Z]]/(F),
where F(U, Z) = ZN + 3N 6:(U) Z%. Indeed there is the natural surjective homomorphism
¢ : k[[U, Z]] — O, whose kernel contains (F'); now ker¢ has to be an intersection of two prime
ideals P, and P, of height 1 (hence P, = (G), P, = (H) and ker¢ = (GH), since k[[U, Z]|
is a 2-dimensional UFD); moreover if GH divides F it has to be of the form Z7 + ¥ (U, Z)
with 5 < N and, since O is minimally generated by 1, z, 22, ..., 2V~! as k[[u]]-module, then
j=Nand (GH) = (F).

Notice that, by the first part of this discussion, the classes t = X + I,y =Y +1 € O
always satisfy the condition requested for v and z. Hence we can always assume that O =
k(2] + k[[z]]y + k[[2]]y® + ... + k[[z]]yF~t, where v(z) = (e1, e5) = min(v(O) \ {(0,0)}) and
v(y) = (r,s), with r > e; and s > es.

Definitions. Assume that up to the end of the section u, z € O are fixed and let O; be the
k[[u]]-submodule of O generated by 1, z, ' Le, O = k[[u]] + E[[u]]z + - - + k[[u]]z

Moreover we set Yy = {1}, Y; = {z +¢Z 1(u z) | di1(u,2) € Op_1,0(2" + ¢i_1(u, 2)) ¢
’U(Olfl)}.

Lemma 3.3. For each i < N — 1 and each o € v(Y;) there is a B € v(Yiy1) such that
a << (.

Proof. Let a = v(z' + ¢;_1(u, 2)), where 2" + ¢;_1(u, z) € Y;. Consider 2! + 2¢; 1 € O;;.
If v(z"™ + 2¢; 1) € v(Oi1) \ v(O;), we are finished. Otherwise there is an f; € O; such
that v(f1) = v(2"™ + 2¢;_1). Hence there is a ¢; € k such that v(z"™ + 2¢; 1 — 1 f1) >
vz + 2¢i ). T v(z 4 20,1 — c1f1) € v(Oi11) \ v(O;) we are finished, otherwise we go
on. If at some point v(2 + 2¢; 1 —c1f1 — -+ — ¢ fn) € v(O;) we are finished. Otherwise
we get two power series, 21 + z¢;_; and ¢; fi + - - - such that their difference belongs to any
power of the maximal ideal (u, z) in k[[u, 2]], hence they coincide, since k[[u, z]] is complete.
But this is a contradiction since 2™ + z¢; 1 € 041\ O; and ¢1 f) + -+ € O;.

Lemma 3.4. a) If o, € v(Y;) we cannot have o << 3.
b) For every a € v(Y;_1) and for every B € v(Y;), we cannot have B << .

Proof. a) Let a = v(z;) and B = v(z]), where z; = 2" + ¢;_1(u, 2) and 2} = z' + ¢}_, (u, z). If
a << B, thenv(z;—z)) = a. But z;,— 2 = ¢;_1—¢,_, € O;_1. This contradicts a ¢ v(O;_1).
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b) If B << a, since, by Lemma 3.3, there exists 3" € v(Y;) such that a << 3, we get a
contradiction with a).

Proposition 3.5. Let n = (ny,ns) and N = ny +ny. For everyi = 1,... ,N — 1, the
set v(0;) is a free Nn-submodule of N? generated by 0,v(Y1),... ,v(Y;), i.e., v(O;) = Nn U
(v(Y1) +Nn) U --- U (v(Y;) + Nn), where the unions are pairwise disjoint.

Proof. Let g(u, z) = go(u) + g1(u)z + -+ + g;(w)2" € O; and let g(U, Z) = go(U) + 9:1(U)Z +
<4 g (U)Z1 T all g;(U) contain a factor U*, we get v(g(u, 2)) = kn +v(g'(u, 2)), hence we
may assume that there exists a minimal j < ¢ such that g;(U) is a unit in k[[U]]. Multiplying
with its inverse, we can assume that g(U, Z) = go(U)+- -+ 27+ g1 (U) 29T +- - -+ g;(U) Z".
Weierstrass’ Preparation Theorem implies that there is a unit w(U, Z) € k[[U, Z]] such that
9g(U,Z) = w(U,Z)(Z7 + hj1(U)Z77 + -+ + ho(U)) = w(U, Z)h(U, Z). Thus v(g(u,z)) =
v(h(u,2)). If j <4, then v(h(u, 2)) € v(O;), and the result follows by induction. If j =4
either h(u, z) ¢ Y;, and the result follows by induction, or h(u, z) € Y; so v(h(u, 2)) € v(Y;).

By Lemma 3.4 b), it follows that, for every 8 € v(Y;) and for every a € v(O;_1), B # «
(mod n); hence B = v(z' + ¢;_1(u, 2)) ¢ v(O;_1) if and only if B # « (mod n). It follows
that the unions are pairwise disjoint.

Lemma 3.6. If g(u,z) € Y;, then v(g(u, 2)) € Q.

Proof. Let g(u,z) = 2" + ¢;_1(u,z) € Y;, where ¢;_; € O;_1. If v(g) & Qp, then v(g) —n €
v(0) = S. Hence v(g) € v(O)+n, so v(g) = v(h)+n for some h € O. If v(h) € v(O;_1), then
v(g) = v(h) +n € v(O;_1) which is a contradiction. Thus we can suppose that h € O;\ O,
for some | > i. By Proposition 3.5 v(h) = mn + v(z! + ;1 (u, 2)) for some 2! + 1, ; € V.
Now v(z! + 1 — 2'7%g) = vzt + by — 28 — 250 1) = v(Ww_y — 27 1) € v(Oy).
But v(z! + 1) = v(h) — mn << v(h) << v(g) << v(27g) so v(2! + Yy — 21 lg) =
v(z' + 1) ¢ v(O;_1), which is a contradiction.

Lemma 3.7. We have 0, = UY'o(Yj).

7=

Proof. By Lemma 3.6 we have v(Y;) C ), in particular we see that all elements in Uv(Y;)
are in different congruence classes (mod n). Since, by Proposition 3.5, S = v(O) = Nn U
-+ U (v(Yy_1) + Nn), we get the other inclusion.

Proposition 3.8. We have v(Yy_1_;) = ...

Proof. We show first that Q0 = v(Yy_1). Let a € Q2. If & € v(Yj) for some ¢ < N — 1,
then a is not maximal according to Lemma 3.3, hence a ¢ QY a contradiction. Suppose
now a € v(Yz_1) and not in Q2. Then « is not maximal in Q, = UY'v(Y;). Thus there
exists a B € v(Y;) for some j such that o << B. Hence, if j = N — 1, we contradict
Lemma 3.4. If j < N — 1 we get, by Lemma 3.3, that there exists a § € v(Yy_1) such
that a << 3 << §, which again contradicts Lemma 3.4. Assume now that the statement
is proved for j = 0,1,...,7— 1. Then Q, \ U?;%Q{l =\ U;;%U(YN,l,j). The statement
Qf = v(Yy_1_;) has now the same proof as above.
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Corollary 3.9. There are the same number of Q' ’s as Y;’s, namely N.

Notation. We will from now on denote v(Y;) by QF. Thus QF = QY17 We call it the i-th
component of the Apery set of S with respect to n.

Example. Consider the semigroup v(Q), where O = k[[X,Y]]/(Y* —2X?Y? —4X°Y + X —
X7)(Y? — X3) and choose n = e = (4,2) (cf. Fig. 1, where the elements of ) are marked
with circles). We have Q, = U_,Q¢, where Q"% = {(0,0)}, @*? = {(6,3)}, {*? =

{(13,n) | n > 7} Q5P = {(19,n) [ n > 10}, Q'Y = {(n,13) | n > 27} U{(26,n) | n > 14},
and Q" = {(n,16) | n >33y U {(32,n) | n > 17}.

o L] ] L] L] e O e ® ¢ ¢ O 0 0 o
[0} [ ] o () L] e O o ® ¢ 6 O 0o 0 o
o L] o L] L] e O e ®e ¢ ¢ O 0 0 o
[e] (] [e] [ ) L] e O o e 6 0 O 0 0 o
16 o o o] L] L] e O e ®e ©¢ ¢ ®¢ O OO
[e] o [¢] [ ] L] e O o ® 06 0 0 0 0 o
14 o L] o L] L] ® O o o
[e] ° o [ ] L] e € O OO 0O OOOOO0
12 [0} (] o [ ) e o
[¢] L] [0} e o
].0 o [ ] o e
o e o
8 o e
o e
6 .
(]
4 .
o
2 .

4 8 12 16 20 24 28 32
Fig. 1. The semigroup of O =k[[X,Y]]/(Y* - 2X3Y? —4X%Y + X6 — X7)(Y?2 — X3)

Proposition 3.10. We have a € QP if and only if AS(yg+n—a) C O, ..

Proof. Let o = v(2'+¢;_1(u, 2)) € QF, with ¢;_; € O;_;. We know that AS(yg+n—a) C Q,
by Proposition 3.2. Pick a 3 € A%(yg+n — a). Suppose B € O, so B = v(y’ +v;_1(z,y))
for some ;1 € O;_1. Now a+ 3 € A%(vg+n) = v(Yn_1). But a+ 03 = v((z" +
$i-1)(z7 + 1)) = v(z" + ®(u,2)). We want to show that j = N — i — 1, ie., that
i+j=N-1.Ifi+j < N—1, then y"+® € O, ;, so v(y"+®) € v(O;4;) which contradicts
o+ B € v(Yy_1), since, for every f(u,2) € Yy_1, f(u,2) ¢ O;y;. Ifi+35 > N — 1, then
20 = 2N f(y, 2), where ZN + fy ((U)YN "1+ + fo(U) = YN — f(U, Z) is the equation
of our curve in k[[U, Z]]. Since none of the f;’s is a unit, we can factor out an u from f(u, z).
Now neither ¢;_; nor 1;_; contains a pure power of z, since if there were a pure power of z in
e.g. ¢i_1, then z'+¢;_; would lie in some O, with k < ¢ by Weierstrass’ Preparation Theorem.
The same applies for ¥;_;. Thus we can factor out an u from ® = 29¢;_1 +2";_1+ @191,
and thus from 27 + ®. Thus v(z"7 + ®) —n € S, so v(y"™7 + @) & Q,, a contradiction.



V. Barucci et al.: The Apery Algorithm for a Plane Singularity . .. 9

4. Blowing up

Let O = k[[z, y]] be a plane curve with two branches, where v(z) = e = (e, €3) is the smallest
value in S\ {0}. The blowup of O is O" = k[[z,y/x]]. We will now derive the connection
between the Apery sets of v(Q) and v(Q’) with respect to e, in case also O is local.

Theorem 4.1. Assume that O and O are both local rings. Let Q2 and (2,)® denote the
i-th component of the Apery set with respect to e of v(O) and v(O'), respectively. Then
QF = (Q)° + ie.

Proof. For 0 <i < E — 1, denote by Y; the subsets of O defined as in Section 3.

Consider the elements in O’ as power series in « and z = y/z. Then O’ is a k[[z]]-module
minimally generated by 1,z2,...,2F71 where F = e; + e5. Denote by O! the k[[z]]-module
generated by 1,z,... 2" and let Y/ = {2+ ¢;_1(z, 2) | ¢i_1(x,2) € O._,v(z" + di1(x,2)) ¢
v(O;_)}, () = v(Y/). We know, by the results of previous section, that v(Y;) = Q¢
(respectively v(Y/) = (€)°) is the i-th component of the Apery set of v(O) (respectively
v(Q")) with respect to e.

Notice that v(O}) and v(0;) contain exactly the same congruence classes (mod e), that
is, if @ € N?, then there exists 3 € v(0O;) such that 3 = a (mod e) if and only if there
exists 3 € v(0O}) such that ' = a (mod e). In fact if @ = B = v(fo(z) + fi(zx)y + ... +
fi(@)y") € v(0;), then B = v(folz) + filx)zz + ... + fi(x)x'z") € v(O)) and, conversely, if
a =P8 =v(gp()+9(@)z+...+0(x)) € v(0;), then B = B'+ie = v((go(z) + g1 (x)y/z +
ot gi(@)y/at)zt) € v(0). 4

We claim that Y/2* C Y. If f(x,z) € Y/, then f(z,y/x)z" is an element of the form
requested in Y; and, if a = v(f(z,2)), then v(f(z,z/y)z")) = a + ie ¢ v(O,;_;), since
a & v(0;_y).

By the inclusion Yz’ C Y/ we get, passing to the values, that (€})¢ +ie C Q°. To
prove the equality, assume that i is the smallest index such that (€2})¢ 4 ie C Qf. Then in
v(0;) = NeU (2§ + Ne) U --- U (2¢ + Ne) (cf. Proposition 3.5) there is a congruence class
not appearing in v(O0}) = Ne U ((€2)® + Ne) U --- U ((€2;)® + Ne), which is in contradiction
with what we have showed above.

Assume now that O is local and O is not local; this happens when the two branches of O have
distinct tangents (cf. Proposition 2.2c)). In this case O’ is the direct product of localizations
at its maximal ideals (cf. [3, Proposition 3.1]), hence " = v(0’) = S| x S}, where S| and S},
are the two projections of S’.

If S =wv(0), the projections S; and Sy of S are the (numerical) value semigroups of the
two branches of O, so the connection between S; and S (and between Sy and S5, respectively)
is described in 2.1. Thus, if we know S and consequently its projections S; and Sy, we get
easily S = 5] x S5.

On the other hand, if we know S’ and consequently its projections S| and S5, we get
the projections S; and Sy of S, but they are not enough to determine S, that is not a
direct product. To get a precise description of S we can use some results from [10]. Let
O0=ayp < -+ <ae_1and 0 =0y <--- < be,_1 be the Apery sets of S; and Sy, respectively,
with respect to their smallest positive elements e; and es, then we have the following result.
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Proposition 4.2. [10, Theorems 6 and 18] Suppose O has distinct tangents at the origin.
Let P = {(aj+iey, bi+jes) | 0<i<e;—1,0<j<ey—1}. Thenv(O) = S1x So\UpepA®(p).

Finally, if O is not local (and thus also @’ is not local), both S = v(O) and S = v(O’) are
direct products of their projections: S = 51 x Sy, §" = 5] x §5; it follows that the result for
the one branch case (2.1) is enough to describe the connection between S and S’.

4.1. From the semigroup to the multiplicity tree

We will use our results to determine the multiplicity tree of a plane curve with two branches
O from its semigroup and vice versa. The fine multiplicty of O is the smallest nonzero value
in v(0). By Theorem 4.1, we get the semigroup of the blowup @’ from the semigroup of O.
If @’ is local, we get the fine multiplicity as the smallest nonzero value in v(0O’). We continue
like this as long as the blowup is local. At some point a blowup will have two maximal ideals.
Then the semigroup is the product of the two projections, S = S; x Sy, and the multiplicity
tree splits in two branches with fine multiplicity (e1,0) and (0, e3), where e; is the smallest
positive value in S;, i = 1,2. After that point, the blowup is the product of the blowups of
the two branches, so we can use the corresponding results for one branch to continue. In this
way the multiplicity tree is determined.

We illustrate our result with an example.

Example. Let us start with a semigroup for a plane curve as in Fig. 1. This semigroup
is local, and by Theorem 4.1 we get for the blowup 984’2) = {(0,0)}, 954’2) = {(2,1)},
0 = {(5,m) [n >3}, Q5" = {(7.n) [ n 2 4}, O = {(n,5) | n > 11}U{(10,) | n > 6},
and ng) = {(n,6) | n > 13} U{(12,n) | n > 7}. This gives the whole semigroup of the
blowup, since the semigroup is the free (4,2)-module on this set, cf. Proposition 3.5. The
semigroup is shown in Fig. 2. This semigroup is still local with fine multiplicity (2,1). We
show QY in Fig. 3. In fact Q" = {(0,0)}, QPY = {(5,n) | n >3}, QP = {(n,5) | n >
11} U {(10,n) | n > 6}. Applying again Theorem 4.1 and Proposition 3.5, we get the
semigroup shown in Fig. 4. This semigroup is still local with fine multiplicity (2, 1) and Apery
sets QY = {(0,0)}, QY = {3,n) | n > 2}, QY = {(n,3) | n > T}U{(6,n) | n > 4}.
In the next blowup we get the semigroup in Fig. 5 which is still local with fine multiplicity
(1,1). The branches now have different tangents, since A((1,1)) # 0, cf. Proposition 2.2 c).
Both projections of the semigroup are N, hence the next blowup has semigroup N x N. Thus
we get the multiplicity tree in Fig. 6.
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Fig. 2. The semigroup of the blowup of O
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Fig. 3. The semigroup of the blowup of O
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4.2. From the multiplicity tree to the semigroup

Now suppose that we have a multiplicity tree for a plane curve with two branches. At some
level we have the fine multiplicities (1,0) and (0, 1) on the two branches. If on the previous
level we still have two maximal ideals, we can blow down each branch and the semigroup will
be the product of the two semigroups. We continue like this to a level j, where on level j — 1
we have a local ring. We can, in the same way as above, get the projections S; and Sy of
S = v(OU=D) on the coordinate axes and apply Proposition 4.2. After that we can continue
with our Theorem 4.1. Finally we get the semigroup of O.
Also here we give an example.

Example Now we start with the multiplicity tree in Fig. 7. The semigroup on level 3
is N x N, since the fine multiplicities are (1,0) and (0, 1), respectively. On the previous
level the ring still has two maximal ideals, both with multiplicity 2. The Apery set of
N with respect to 2 is {0,1}, so on the previous level the Apery set with respect to 2 is
{0,3}, which gives the semigroup (2,3) on level 2. Thus the semigroup of the curve is
(2,3) x (2,3). Proposition 4.2 gives the local semigroup in Fig. 8 on level 1, with fine
multiplicity (2,2), and Apery sets with respect to (2,2) equal to: Q(()Q’z) = {(0,0)}, ng) =
{(4.2),(5.2),(2,4), 2.5)}, %7 = {(n.4) [ n 2 8} U{(4.n) | n > 8} U{(6,7).(7.7).(7.6)},
and ng) ={(n,9) | n > 10} U{(9,n) | n > 10}. Then we use Theorem 4.1 to get the
semigroup at level 0. We have the fine multiplicity (2,2), and for the Apery sets we get
05 = {(0.0)}, 9 = {(6,4). (7,4). (4.6), (4.7)}, %" = {(n,8) [ n > 12} U{(8,n) [ n >
12} U {(10,11), (11,11), (11,10}, and Q% = {(n,15) | n > 16} U {(15,n) | n > 16}. This
gives the semigroup in Fig. 9.
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5. The multiplicity tree of a plane curve with two branches

The possible multiplicity sequences of a plane branch, and thus also the semigroups are
characterized (cf. e.g. [4, Theorem 3.2]). In order to extend also these results to curves with
two branches, we will now give an explicit characterization of the multiplicity tree of a plane
curve with two branches. With the results of previous sections this is also a characterization
of the semigroup of a plane curve with two branches.

Suppose we have a plane branch with multiplicity sequence eg,eq,.... It is well-known
that, for each i > 0, ¢; = S.r_, e, for some k > 1 (cf. [3, Theorem 5.11]). In particular the
sequence is not increasing. The restriction number r(e;) of e; is defined to be the number of
sums e; = 22:1 ei+r where e; appears as a summand. It is also well-known that, if R is a
plane branch, 7(e;) = 1 or 2, for j > 1 (cf. [7, Corollary 3.5.7]). The ring RY) obtained by
blowing up j times R is classically called a free point if r(e;) = 1, where ¢; = e(RY)) and
a satellite point if r(e;) = 2. When, in a multiplicity sequence of a plane branch, we have
e; > €11, then, if the Euclidean division gives

e =eip1q; + 1 (0< 71 <eiy)
we will have in the sequence ¢; times e;, 1 and then, if r; # 0, r;:
€; > €i41l = €jpg = - :eH_qi > i :6i+qi+1'

It is clear that the elements e;io,... , €itq,, €itq+1 have restriction number 2, because any
of them is a summand of the previous one and of e;. Since €;14, > €i4q,+1, our multiplicity
sequence is uniquely determined with elements of restriction number 2 (corresponding to
satellite points), up to the ged(e;, e;41) = en. After ey, we will have any number ¢ (0 < q)
of elements equal to ey, before an element eni,+1 < eniq, that starts another Euclidean
algorithm. The elements en.1,... ,en4q+1 have restriction number 1, because any of them
is a summand only for the previous one and corresponds to free points.

What is recalled above (and it is well-known) is got from the fact that, if R® has a
parametrization

(L%, ct™ +--+)

with e; < n; , so that e(R®) = ¢;, and ¢ # 0 (always possible by Puiseux Theorem), then
the blowup RU*tY has a parametrization

(t, ct™ % 4 o)

so that e(RUTV) = e;,; = min(e;, n; — €;).

If e; > €;11, i.e. ;11 = n; — e;, the exponent n; is uniquely determined. In this case
the couple e;,¢e;11 (or e;,n;) is enough to determine the multiplicity sequence as long as
the restriction number is 2. If we include the coefficient ¢ of the parametrization of R as
information, then also the tangents of R®, RU*1D . are determined as long as we have
satellite points.

Example. Consider the multiplicity sequence ey = 7,e; = 2,69 = 2,e3 = 2,e4 = l,e5 =
1,e¢ = 1,..., that is the multiplicity sequence of a plane branch (cf. [4, Theorem 3.2]). For
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the restriction numbers we get: r(ep) = 0,7(e1) = 1,7(e2) = 2,7(e3) = 2,r(eq) = 2,7(e5) =
2,r(eg) = 1,.... Notice that, after 7,2 (since 7 > 2) all the numbers in the multiplicity
sequence are determined as long as the restriction number is 2. We can suppose that a plane
branch R = R® with multiplicity sequence 7,2,2,2,1,1,... has parametrization (7, ct*+- - - )
with ¢ # 0. Hence the successive blowups are RV = (¢7,¢t? +---), R?® = (¢ +--- ,ct?> +

), R®) = (C_2t3+~ et ), RW — (C_St—i-- et ), RO = (C_St—i-- oMt ),
where R®, ..., RO are satellite points.

Another example. Consider the multiplicity sequence 2,2,2,1,1, ... . The restriction num-
bers are 0,1,1,1,2,1,1, ... . In this case the first two elements of the multiplicity sequence
do not determine the following ones. We can suppose that a plane branch R = R with
multiplicity sequence 2,2,2,1,1,... has parametrization (2, ct" +---) with 2 < n and ¢ # 0,
but the exponent n is not uniquely determined in this case. The value semigroup is (2, 7), so
the characteristic exponents are 2 and 7, so R has a parametrization (t2, at* +bt® +ct"+---),
with a and b arbitrary but with ¢ # 0.

We denote the tangent vector of R at the origin by tg R.

Lemma 5.1. Let R be a plane branch with multiplicity sequence eq, ey, . . .. Suppose that R®
has a parametrization
(%, ct" +--+)
with e; < n; , and ¢ # 0, so that e(RY) = ¢; and tg RY = (1,0), then:
if n; < 2e; (equivalently e; > e;41), we have tg ROTYD = (0,1);
if ng > 2e; (equivalently e; = e;11), we have to distinguish two cases:
1) In case r(ej41) = 2:
if r(eir2) = 2, then tg RUHY = (1,0);
if r(eipn) = 1, then tg RUTY = (1,¢), with ¢ # 0.
Moreover if we have a plane branch multiplicity sequence e, ey, . .., with r(e; 1) =
2 and r(e;2) = 1, then, for each ¢ # 0, there exists a plane branch R such that
tg R® = (1,0) and th(1+1 (1,c).
2) In case r(e;11) = 1, tg RO = (1, ¢).
Moreover if we have a plane branch multiplicity sequence eg, e, . .., with r(e; 1) =

1, then, for each c, there exists a plane branch R such that tgR® = (1,0) and
tg R(Hl (1,¢).

Proof. If n; < 2e;, the claim follows immediately from the parametrization of the blowup.

Suppose n; > 2¢;. In case 1), in the parametrization (%, ct™i4-- - ) of R®_ the exponent n;
is uniquely determined by the multiplicity sequence, thus, if 7’(€Z+2) =2, we have necessarily
n; > 2e; and (t%, ct™ 4. ), with e; = ;41 < n; —e; = n;41, IS a parametrization for R+,
Hence tg R0+Y = (1,0). If, on the other hand, r(e;;5) = 1, we have necessarily n; = 2¢; and
RUFD — (o ct™=¢ 4 ...), with e; = €;41 = n; — €; = ni41, has tg (1, c), with ¢ # 0.

In case 2), in the parametrization (¢, ct™ + ---) of R®), the exponent n; is not uniquely
determined by the multiplicity sequence (although the value semigroup of R and the char-
acteristic exponents are). Also in this case of course, if n; > 2e;, tg RUHY = (1,0) and, if
n; = 2¢;, tg RUTY = (1, ¢), but the two possibilities are not forced by any other condition.
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Recall that if O is a plane curve with two branches R and T, then O is local, so the tree
has not split, as long as the branches have the same tangents, cf. Proposition 2.2 ¢). If ¢
is the first index such that R® and 7™ have different tangents, then 4 is the splitting level
of (the multiplicity tree of) the curve. With this in mind, we can now give the following
characterization for a multiplicity tree of a plane curve with two branches.

Proposition 5.2. Let ey, eq,... and fo, f1,... be two plane branch multiplicity sequences.
They give a multiplicity tree of a plane curve with two branches with splitting node at level k
if and only if the following conditions are satisfied:

1) e;_1 =¢; if and only if fiy = f;, fori=1,...  k—1.

2) r(e;)=r(f;), fori=0,... k.

3) If ex—1 > ey, then fr—1 = fi.

4) Ifr(ex) =r(fr) = r(exr1) = r(fee1) = 2 and if ex_1 = eg, then fr_1 > fi.

Proof. Conditions 1) and 2) are necessary and sufficient in order that the two multiplicity
sequences are “very similar” up to level k. Conditions 3) and 4) are necessary and sufficient
in order that the two multiplicity sequences are not “too similar” around level k.

Denote by R and T the two branches and by R = R® ¢ RW c ... and T = T© ¢
TM C ... the respective blowing ups.

Proof of necessity:

1) If for example e;_; > ¢; and fi_; = f;, supposing that tg RO~ = tgT0~1) = (1,0),
we have by Lemma 5.1 tg R®) = (0,1) and tgT® = (1,¢), for some constant c, so level i
(1 < k —1) is necessarily a splitting level, a contradiction.

2) Suppose r(e;) = 1 and r(f;) = 2, for some ¢ < k. It means that e; is a summand only
for e;_; and f; is a summand for f;_; and for f;_;, for some j > 1. This is in contradiction
with the fact that the node (e;_;, fi—;) is the sum of the nodes of a subtree rooted in it (and
we are supposing that the tree has splitting level k£ > 7) (cf. [3, Theorem 5.11, c¢)]).

3) If ep_y > e and fr_1 > fi, supposing that tg R*=Y = tgT*=1 = (1,0), we get
tg R® = tgT® = (0,1) and level k is not a splitting level, a contradiction.

4) If r(ex) = r(fx) = r(exs1) = 7(frs1) = 2, ex—1 = ex and fr_1 = f, then supposing
that tg R*1 = tg T*=1 = (1,0), we get by Lemma 5.1 tg R*® = tgT® = (1,0), impossible
for a splitting level.

We have to prove now that the conditions are sufficient. Suppose we have two plane branch
multiplicity sequences ey, €1, ... and fy, f1,... fulfilling conditions 1), 2), 3) and 4). We want
to show that there exists a curve O with the following multiplicity tree
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Fig. 10 (€0, fo)

Suppose we have a plane curve @ with two branches R and T such that RY) has the same
tangent as 7V, for j = 0,... ,4 and suppose tg R = tgT® = (1,0), where i < k — 2. We
want to show that there exists a plane curve such that tg RO+Y = tg 70+,

If e; > e;41, then by 1) also f; > fii1 and so RFYD and TG+ have same tangent (= (0,1)).
If €; = €11, then by 1) also fz = fi+1- :NOVV7 if T(€i+1> = r(fi+1) =2 and T(@Z‘+2) = T(fz‘+2) =2
(cf. condition 2)), then tg ROTYD = tg T0+D = (1,0), if r(e;1) = 7(fiy1) = 2 and r(ej42) =
7(fiz2) = 1 (cf. condition 2)), by Lemma 5.1 we can choose the two branches with the same
coefficient ¢ in the parametrizations of R® and T®, so that tg ROV = tg T+ = (1,¢).
Finally, if r(e;11) = r(fix1) = 1, then, again by Lemma 5.1, we can choose a curve such that
tg RUTD = tg T+ = (1, ¢).

Now, if we have ex_; > e; and fy_1 = fi (cf. condition 3)), then, supposing tg R*~1 =
tg T*=1 = (1,0), we get tg R*® = (0,1) and tgT™ = (1,¢), so the curve must split at level
k. On the other hand, if we have e;_1 = ej and fr_1 = f%, then by condition 2) r(ex) = r(fx).
If r(ex) = r(fr) = 1, then, supposing tg R*~1 = tg T~V = (1,0), by Lemma 5.1, case 2),
we get tg R*) = (1,¢) and tgT™® = (1,d) and we can choose the branches such that ¢ # d. If
r(ex) = r(fx) = 2, then by condition 4), r(ex+1) # 2 or 7(fr+1) # 2, so that again by Lemma
5.1 we can always realize different tangents for R*®) and 7).

Example. Consider the two plane branch multiplicity sequences 62,62, 18, 18,18, 8, 8,2, 2, 2,
2,1,... and 30,30,10,10,10,4,4,2,2,2,2,1,.... According to Proposition 5.2, the possible
splitting levels for a multiplicity tree (of a plane curve with two branches with those mul-
tiplicity sequences for the branches) are only k& = 0,1,4. In fact k¥ = 2 is not possible for
condition 3), k = 3 is not possible for condition 4) and k& > 5 is not possible for condition 2).
Examples of curves that realize these three different multiplicity trees are k[[(t5%, u™ + u™ +
u™), (12 + 113 430)]], that splits at level 0, E[[(9%, u3Y), (#124 + t142 + ¢13 470 + ™ + u™)]]
that splits at level 1 and k[[(¢%2, u?), (#1424 ¢13, ™0 4+ u™ + u™)]] that splits at level 4.
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