Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 2, 369-387.

Completeness Criteria and Invariants for Operation and Transformation Algebras

Danica Jakubíková-Studenovská^1 Dragan Mašulović^2 Reinhard Pöschel

Katedra geometrie a algebry, Prírodovedecká fakulta UPJŠ, Košice, Slovakia

Institute of Mathematics, University of Novy Sad, Yugoslavia

Institute of Algebra, TU Dresden, Germany

Abstract. Operation algebras serve as representations of composition algebras (in the sense of Lausch/Nöbauer). In this paper they are described and characterized by invariant relations as Galois-closed sets w.r.t. a suitable Galois connection. Further, the completeness problem in operation algebras is considered and solved for concrete cases (e.g. for transformation (max, ∘)-semirings). MSC 2000: 08A40, 16Y60

Introduction

In this paper operation algebras are investigated, i.e. algebras whose elements are operations (of fixed arity k) on a set A and whose fundamental operations are induced by an algebra (from some fixed class (variety) K) on the base set A and also include composition; for unary mappings (k = 1) such algebras will be called transformation algebras. One of the motivations to study operation algebras comes from the observation that such algebras are concrete cases of the so-called composition algebras introduced in [4, Ch. 3] (special examples are near-rings, algebras of binary relations and distributive lattices, see 4.2) — the most general approach known to the authors generalizing the classical Cayley theorem

1supported by Slovak Grant VEGA 1/0423/03 2supported by the postgraduate programme “Specification of Discrete Processes and Systems of Processes by Operational Models and Logics”, of the Deutsche Forschungsgemeinschaft, GK 334.

0138-4821/93 $ 2.50 © 2004 Heldermann Verlag

370 R. Pöschel et al.: Completeness Citeria and Invariants . . .

that every group is isomorphic to a group of permutations where composition plays the role of the group multiplication (see 4.4). It shows that algebras (from some fixed class (variety) K) with an additional (k + 1)-ary operation κ satisfying “composition-like” properties can be represented as concrete operation algebras where κ is given by composition (see 1.6). The connection between composition algebras (in a setting slightly more general than in [4]) and operation algebras will be reported in Section 1.

In Section 2 we show how operation algebras can be described and characterized via invariant relations; they are the Galois closed elements with respect to a suitable Galois connection (see 2.4).

The completeness problem in operation algebras is considered in Section 3, i.e. we ask for systems of operations generating the full operation K-algebra. For near-rings this was investigated in [1], here we present a much more general approach which can be applied not only to arbitrary operation algebras but also to other structures.

Finally, in Section 4 we shall consider the case where κ is binary (this means k = 1, i.e. we deal with representations of algebras by unary operations). Here we discuss some problems connected with the concrete representation of composition algebras (introduced in Section 1) by operations on some base set A, in particular we ask for minimal representations (a representation is called minimal if A has minimal size) and give several examples for transformation algebras. The completeness theorem will be demonstrated for transformation (max, ∘)-semirings over {1, . . . , n}.

Acknowledgements. We are grateful for stimulating dicussions with F. Binder, P. Mayr and G. Pilz on near-rings (2001 during the AAA62 conference in Linz), which finally led to the plan for this paper. Our thanks are also due to G. Eigenthaler for his helpful hints concerning composition algebras.

1. K-composition algebras and their representation by operation K-algebras

Let Alg(τ) denote the class of all algebras of a given type τ. Throughout the paper K denotes a quasivariety of type τ, i.e. a subclass of Alg(τ) which is closed with respect to isomorphic copies, subalgebras and direct powers; thus K may be any variety. Moreover, we assume that K is nontrivial, i.e. it does not consist of one-element algebras only. The algebras in A ∈ K must be of type τ. However, often the type is not very essential; then we also use the non-indexed form A = ⟨A; U⟩; it has to be understood as the algebra ⟨A; (f_i)_{i∈I}⟩ ∈ K with U = {f_i | i ∈ I}. Further, k denotes a positive integer.

1.1. K-composition algebras. Let ⟨B; (f_i)_{i∈I}⟩ ∈ Alg(τ) and suppose that κ is a (k+1)-ary operation on the set B. Then ⟨B; (f_i)_{i∈I} , κ⟩ will be called a (k-dimensional) K-composition algebra ([4, p. 73]), if

(i) ⟨B; (f_i)_{i∈I} ⟩ ∈ K, (ii) κ is superassociative, i.e. we have

κ(κ(x_0, x_1, . . . , x_k), y_1, . . . , y_k) = κ(x_0, κ(x_1, y_1, . . . , y_k), . . . , κ(x_k, y_1, . . . , y_k))

for all x_0, . . . , x_k, y_1, . . . , y_k ∈ B.

R. Pöschel et al.: Completeness Citeria and Invariants . . . 371

(iii) κ is right-distributive with respect to every f_i, i.e.

for every i ∈ I and all x_1, . . . , x_n, y_1, . . . , y_k ∈ B (n being the arity of f_i) we have

κ(f_i, y_1, . . . , y_k) = f_i for nullary f_i, κ(f_i(x_1, . . . , x_n), y_1, . . . , y_k) = f_i(κ(x_1, y_1, . . . , y_k), . . . , κ(x_n, y_1, . . . , y_k)) for n-ary f_i.

1.2. Selector systems. A selector system ([4, p. 73]) for an operation κ : B^{k+1} → B is a family s_1, . . . , s_k of elements of B such that for all y_0, y_1, . . . , y_k ∈ B and i ∈ {1, . . . , k}

κ(s_i, y_1, . . . , y_k) = y_i and κ(y_0, s_1, . . . , s_k) = y_0 .

A K-composition algebra ⟨B; (f_i)_{i∈I}, κ⟩ is called K-composition algebra with selector system if there exists a selector system for κ.

1.3. Remarks. a) The class of K-composition algebras shares many algebraic properties with the underlying class K, e.g. closedness with respect to subalgebras, products or homomorphisms. In particular, if K is a variety then the class of all K-composition algebras is a variety, too.

b) If there exists a selector system for a K-composition algebra then it is unique ([4, Ch. 3, 1.11]).

c) For k = 1 superassociativity of κ reduces to ordinary associativity and a selector system is just an identity for the binary operation κ.

1.4. Notation. Let A = ⟨A; (f_i)_{i∈I} ⟩ ∈ K. For any set B let A^B denote the set of all mappings f : B → A. Let i ∈ I and let n denote the arity of f_i. Then f_i induces an n-ary operation f̂_i on A^B as follows: For every h_1, . . . , h_n ∈ A^B define f̂_i(h_1, . . . , h_n) ∈ A^B by setting for every b ∈ B

(f̂_i(h_1, . . . , h_n))(b) := f_i(h_1(b), . . . , h_n(b)) (1.4.1)

(note that f̂_i is just the operation f_i in the Cartesian power A^B of the algebra A). If there is no danger of confusion we shall omit the hat and write f instead of f̂, in particular if we use special signs for f (like + or ∧).

In case B = A^k the set A^B gives the so-called (full) Menger algebra ⟨A^{Ak} ; κ_A⟩ of k-ary operations, where κ_A is the composition (superposition) defined by

κ_A(f_0, f_1, . . . , f_k) := f_0(f_1, . . . , f_k) (1.4.2)

(here f_0 : A^k → A acts as f̂_0 according to 1.4.1). For k = 1 the operation κ_A is just the usual composition ∘ of unary mappings: (f_0 ∘ f_1)(b) = f_0(f_1(b)).

1.5. Operation K-algebras. Given an algebra A = ⟨A; (f_i)_{i∈I} ⟩ ∈ K it is easy to check that ⟨A^{Ak} ; (f̂_i)_{i∈I} , κ_A⟩ is a (k-dimensional) K-composition algebra; we call this algebra the full

372 R. Pöschel et al.: Completeness Citeria and Invariants . . .

(k-dimensional) operation K-algebra over A. It has a selector system namely the projections e^k_1, . . . , e^k defined by e^k_i (a_1, . . . , a_k) = a_i (i ∈ {1, . . . , k}).

By a (k-dimensional) operation K-algebra we understand any subalgebra of a full (k-dimen-sional) operation algebra over some A ∈ K (1-dimensional operation algebras are also called transformation K-algebras, see [3]). Since K is closed under subalgebras, such operation algebras are K-composition algebras in the sense of Definition 1.1. The following theorem shows that the converse is also true up to isomorphism.

1.6. Representation Theorem. ([4, Ch. 3, Thm. 1.51]) Let K be a quasivariety. Then every (k-dimensional) K-composition algebra is isomorphic to some (k-dimensional) operation K-algebra.

1.7. Remark. The proof of Theorem 1.6 is constructive and generalizes the proof of the Cayley representation theorem for (semi-)groups. It was given in [4] for varieties but this proof also works for quasivarieties. The proof is particularly easy in case of algebras with a selector system: If B = ⟨A; (f_i)_{i∈I}, κ⟩ is a k-dimensional K-composition algebra with selector system, then the mapping

a → φ_a , where φ_a : A^k → A : (a_1, . . . , a_k) → κ(a, a_1 . . . , a_k),

is an embedding of B into the full k-dimensional operation K-algebra over A = ⟨A; (f_i)_{i∈I} ⟩.

Examples will be considered in Section 4.

2. Characterization of operation K-algebras by invariant relations

In the previous section we have seen that K-composition algebras can be represented by operation K-algebras. In this section we describe and characterize operation K-algebras by invariant relations. However, now we shall restrict to K-composition algebras with selector system. This means that we shall consider operation K-algebras which always contain the projections e^k_1, . . . , e^k. In most cases this is not a real restriction since one can just add a selector system.

2.1. Some notions and notation. For operations and relations on a fixed base set A we introduce the following notation:

Op^{(k)}(A) := A^{Ak} = {f | f : A^k → A} (k-ary operations),

Op(A) := ∞� k=1 Op^{(k)}(A) (finitary operations),

Rel^{(m)}(A) := {ϱ | ϱ ⊆ A^m} (m-ary relations),

Rel(A) := ∞� m=1 Rel^{(m)}(A) (finitary relations).

An m-tuple r ∈ A^m may be regarded as a mapping r : m → A (with m := {1, . . . , m}), and its components are given by r = (r(1), . . . , r(m)).

R. Pöschel et al.: Completeness Citeria and Invariants . . . 373

A relation ϱ ∈ Rel^{(m)}(A) is invariant for an operation f ∈ Op^{(k)}(A) (also f preserves ϱ, or f is a polymorphism of ϱ) if for all r_1, . . . , r_k ∈ ϱ we have f[r_1, . . . , r_k] ∈ ϱ. Here the m-tuple f[r_1, . . . , r_k] is defined component-wise by f[r_1, . . . , r_k](i) := f(r_1(i), . . . , r_k(i)) (i ∈ m). For F, S, U ⊆ Op(A) and Q ⊆ Rel(A) we define

Pol Q := {f ∈ Op(A) | every ϱ ∈ Q is invariant for f} , (k)Pol Q := Op^{(k)}(A) ∩ Pol Q , End Q :=^{(1)}Pol Q , SPol Q := S ∩ Pol Q , Inv F := {ϱ ∈ Rel(A) | ϱ is invariant for every f ∈ F } , U Inv F := Inv U ∩ Inv F .

Note that the notation Pol stands for polymorphisms not for polynomials!

2.2. Galois connections derived from Pol − Inv. The operators Pol and Inv form a Galois connection between sets of mappings and sets of finitary relations on a base set A. From this one can derive the Galois connections^{(k)}Pol − Inv and End − Inv or, more general, SPol −^U Inv.

The Galois closed subsets of Op(A) and of Rel(A) are well-known (see e.g. [9, 1.2.1, 1.2.3]). For F ⊆ Op(A), H ⊆ Op^{(1)}(A) and Q ⊆ Rel(A) with finite A we have (for infinite A some modifications are necessary, [6], [7]):

F = Pol Inv F ⇐⇒ F is a clone, F =^{(k)}Pol Inv F ⇐⇒ F is a Menger algebra on A of order k, H = End Inv H ⇐⇒ H is a transformation monoid, Q = Inv Pol Q ⇐⇒ Q is a relational algebra, Q = Inv^{(k)}Pol Q ⇐⇒ Q is a k-locally closed relational algebra, Q = Inv End Q ⇐⇒ Q is a weak Krasner algebra.

All necessary notions will be defined below. In general, for F, S, U ⊆ Op(A) and finite A we have:

SPol^U Inv F = S ∩ clone(F ∪ U) . (2.2.1)

In fact, S ∩ clone(F ∪ U) = S ∩ Pol Inv(F ∪ U) = S ∩ Pol(Inv F ∩ Inv U) =^SPol^U Inv F . For an arbitrary S there is no general procedure how to characterize the corresponding Galois closed sets of relations. However, if we assume that S is a clone then there exists a set Q_0 ⊆ Rel(A) such that S = Pol Q_0 (e.g. one can take Q_0 = Inv S) and for any such Q_0 we have for finite A (see [8, Thm. 3.2]):

U Inv^SPol Q = Inv U ∩ [Q_0 ∪ Q]_{RA} (2.2.2)

(notation below). Recall that a clone on A is a composition closed set of operations on A containing all projections e^k_i ∈ Op^{(k)}(A), k ∈ N. The clone generated by a set F ⊆ Op(A) will be denoted by clone(F ). Note that the k-ary operations F^{(k)} of a clone F ⊆ Op(A)

374 R. Pöschel et al.: Completeness Citeria and Invariants . . .

always form a (concrete) Menger algebra ⟨F^{(k)}; κ_A⟩, i.e. a subset of Op^{(k)}(A) which is closed under κ_A (see 1.4).

The notion of relational clone is less common. For finite A it coincides with the following notion of a relational algebra (in the sense of e.g. [9]; however it is different from Tarski’s relation algebra of binary relations): A relational algebra Q is a set of relations in Rel(A) which is closed under the following (set-theoretical) operations:

• Δ_A (nullary operation: Q must contain the diagonal (or equality) relation Δ_A := {(a, a) | a ∈ A}), • ∩ (intersection of relations of the same arity), • × (product: for m-ary ϱ and s-ary σ let

ϱ × σ = {(a_1, . . . , a_m, b_1, . . . , b_s) ∈ A^{m+s} | (a_1, . . . , a_m) ∈ ϱ, (b_1, . . . , b_s) ∈ σ} ),

• pr_I (projection onto a subset I of coordinates: for m-ary ϱ and I = {i_1, . . . , i_t} with 1 ≤ i_1 < i_2 < · · · < i_t ≤ m we define

pr_I (ϱ) := {(a_{i1} , . . . , a_{it} ) | ∃a_j(j ∈ {1, . . . , m} \ I) : (a_1, . . . , a_m) ∈ ϱ}) ,

• π_α (permutation of coordinates: for m-ary ϱ and a permutation α of {1, . . . , m} let π_α(ϱ) := {(a_{α(1)}, . . . , a_{α(m)}) | (a_1, . . . , a_m) ∈ ϱ}).

If, in addition, Q is also closed with respect to

• ∪ (union of relations of the same arity), then Q is called a weak Krasner algebra.

For a positive integer k a relational algebra Q is called k-locally closed if k-LOC Q = Q where

k-LOC Q := {ϱ ∈ Rel(A) | ∀r_1, . . . , r_k ∈ ϱ ∃σ ∈ Q : {r_1, . . . , r_k} ⊆ σ ⊆ ϱ} .

The relational algebra (weak Krasner algebra) generated by a set Q ⊆ Rel(A) will be denoted by [Q]_{RA} ([Q]_{WKA}, resp.).

2.3. Lemma. F ⊆ A^{Ak} is an operation K-algebra with selector system over A = ⟨A; U⟩ if and only if F = Op^{(k)}(A) ∩ clone(F ∪ U).

Proof. Let ⟨F ; (f̂_i)_{i∈I} , κ_A⟩ be an operation K-algebra over A = ⟨A; (f_i)_{i∈I} ⟩, U := {f_i | i ∈ I}. By Definition 1.5 it can be characterized as a subalgebra ⟨F ; κ_A⟩ of the full Menger algebra ⟨A^{Ak} ; κ_A⟩ which is closed with respect to each f̂_i, i.e. f̂_i(g_1, . . . , g_{ni} ) ∈ F for g_1, . . . , g_{ni} ∈ F , i ∈ I.

But these properties can be reformulated: f̂_i(g_1, . . . , g_{ni} ) is just a composition of the operations f_i, g_1, . . . , g_{ni} (see 1.4) and thus belongs to the clone generated by F and f_i, and so also to clone(F ∪ U). Conversely, every k-ary operation in clone(F ∪ U) must belong to F . To conlude the proof we mention that the projections e^k_1, . . . , e^k belong to every clone and therefore only algebras with selector system are characterized by the condition of the lemma.

R. Pöschel et al.: Completeness Citeria and Invariants . . . 375

Note that by 2.2 every Menger algebra F ⊆ A^{Ak} can be characterized by invariant relations: F =^{(k)}Pol Inv F . Therefore it makes sense to ask how to characterize those Menger algebras which are at the same time operation K-algebras with respect to a given algebra A = ⟨A; U⟩ ∈ K. Following a general approach described already in [7, 15.1, page 84] we get those Menger algebras as Galois closed elements of the restricted Galois connection^{(k)}Pol −^U Inv.

2.4. Theorem. Let A = ⟨A; U⟩ be some finite algebra in K. Then F ⊆ A^{Ak} is an operation K-algebra over A if and only if F =^{(k)}Pol^U Inv F .

In particular (for k = 1), a set H ⊆ A^A is a transformation K-algebra over A if and only if

H = End^U Inv H .

Proof. By Lemma 2.3, F is an operation K-algebra if and only if F = A^{Ak} ∩ clone(F ∪ U). Now take into account that A^{Ak} ∩ clone(F ∪ U) =^{(k)}Pol^U Inv F (by 2.2.1).

2.5. Remark. Let us consider the case of transformation K-algebras (k = 1). According to 2.2 we have [Q]_{WKA} = Inv End Q (for finite A). Consequently, from 2.4 we get

Inv H = [^U Inv H]_{WKA}

for a transformation K-algebra H over ⟨A; U⟩. The U-invariants^U Inv H always form a relational algebra (since it is the intersection of relational algebras, see 2.1 and 2.2). It follows that every invariant relation ϱ ∈ Inv H is a union of U-invariant relations.

3. Completeness

In this section we want to characterize generating sets F of the full operation K-algebras over some given finite algebra A = ⟨A; U⟩ ∈ K. It follows from Theorem 2.4 that the subalgebra of ⟨A^{Ak} ; Û, κ_A⟩ generated by F equals A^{Ak} ∩ clone(F ∪ U) =^{(k)}Pol^U Inv F . We slightly generalize this problem using an arbitrary set S of operations instead of A^{Ak} . Thus we are faced with a typical completeness problem “does S ∩ clone(F ∪ U) = S hold?” and we shall connect it with methods known from clone theory.

3.1. Notions and Notation. Let S, U ⊆ Op(A) be arbitrary fixed sets of operations. For F ⊆ S set

F := S ∩ clone(F ∪ U) (3.1.1)

(see Fig. 1). We shall say that F ⊆ S is a U-set (with respect to S) if F = F . A U-set N ≠ S is said to be maximal if for every U-set P , from N ⊂ P ⊆ S it follows that P = S. A set F ⊆ S is called U-complete (or F is a generating system) if F = S, i.e. together with U it generates all elements of S.

3.2. Lemma. 1. The operator F → F is an algebraic closure operator on P(S).

2. If C is a clone containing U, then S ∩ C is a U-set.

376 R. Pöschel et al.: Completeness Citeria and Invariants . . .

Figure 1. The closure operator F → F and a U-maximal set N

3. F is the least U-set containing F (for F ⊆ S).

Proof. 1. F is a Galois closure for the Galois connection^SPol −^U Inv (see 2.2.1), thus F → F is a closure operator. It is also algebraic since it is an intersection (of S) with an algebraic closure operator (namely F → clone(F ∪ U)).

2. Assume U ⊆ C. From (S ∩C)∪U ⊆ C it follows immediately that clone((S ∩C)∪U) ⊆ C. Now, taking intersection of both sides with S gives S ∩ C ⊆ S ∩ C.

3. From 2. it follows that F is a U-set. Let H be a U-set such that F ⊆ H. Then F ⊆ H = H.

In clone theory there are several completeness criteria via maximal clones which can easily be adapted to U-completeness (here the maximal subclones of a clone B will be called Bmaximal):

3.3. U-completeness criterion. Suppose B := clone(S ∪ U) is a finitely generated clone. Then we have:

(1) A set F ⊆ S is U-complete if and only if for every B-maximal clone M with U ⊆ M we have F ⊈ M.

R. Pöschel et al.: Completeness Citeria and Invariants . . . 377

(1^′) A set F ⊆ S is U-complete if and only if for every maximal U-set N we have F ⊈ N.

Thus, for the completeness problem it becomes essential to know the maximal U-sets. Therefore, before giving the proof of 3.3, we shall relate maximal U-sets to maximal subclones of the clone B = clone(S ∪ U).

Recall that for a finitely generated clone B there are only finitely many B-maximal clones and every proper subclone of B is contained in a B-maximal clone (see e.g. [9, 4.1.2, 4.1.1]).

3.4. Proposition. Suppose B := clone(S ∪ U) is a finitely generated clone and let M = {M_1, M_2, . . . , M_s} be the set of all B-maximal clones that contain U. Then we have (2) S is a finitely generated U-set and every U-set not equal to S is contained in some maximal U-set.

(3) Let N be a maximal U-set. Then there exists an M ∈ M such that N = S ∩ M (see Fig. 1).

(4) Let N be a maximal U-set and let P ⊃ N be a subset of S properly containing N. Then clone(P ∪ U) = B.

(5) Let N be the partially ordered set formed by S∩M_1, S∩M_2, . . . , S∩M_s under inclusion.

A U-set N is maximal if and only if it is a maximal element of N . In particular, there are only finitely many maximal U-sets.

Proof of 3.3 and 3.4. (1) “⇐”: Let C := clone(F ∪ U). Clearly, C is contained in no Bmaximal clone (for every B-maximal clone M we have either F ⊈ M, or U ⊈ M). Since B is finitely generated, it follows that C = B whence F = S ∩ C = S ∩ B = S. “⇒”: Suppose F = S but F ⊆ M for some B-maximal clone M ⊇ U. Then clone(F ∪U) ⊆ M since U ⊆ M, so S = F = S ∩ clone(F ∪ U) ⊆ M. Therefore, S ∪ U ⊆ M whence B ⊆ M which contradicts the fact that M is B-maximal.

(2): It is easy to see that S ⊈ M for all M ∈ M (if S ⊆ M then U ∪ S ⊆ M whence B = M, which contradicts the fact that M is a maximal B-clone). Take arbitrary f_1 ∈ S \ M_1, . . . , f_s ∈ S \ M_s. Then by 3.3(1) we have {f_1, . . . , f_s} = S. By Lemma 3.2(1), the lattice of U-sets is algebraic. Since S is finitely generated, it follows now that maximal U-sets exist and every U-set ≠ S is contained in a maximal one.

(3): Let C := clone(N ∪ U). Since N is a maximal U-set, S ∩ C = N ⊂ S, and thus C ≠ B. Since B is finitely generated, there exists a B-maximal clone M such that C ⊆ M. Since U ⊆ C ⊆ M we have M ∈ M. We show that M is the B-maximal clone we are looking for, i.e., S ∩ M = N. Suppose S ∩ M ≠ N. Then S ∩ M ⊃ N, so take any f ∈ (S ∩ M) \ N and let P := N ∪ {f}. Since N ⊂ P and the U-set N is maximal, it follows that P = S. Now, S = P = S ∩ clone(N ∪ {f} ∪ U) ⊆ S ∩ M. This shows S ⊆ M. On the other hand, we already know that U ⊆ M, whence clone(S ∪ U) = B ⊆ M. This contradicts the fact that M is a maximal B-clone.

(4): Let C := clone(P ∪ U) and suppose C ≠ B. Since B is finitely generated, C is contained in some B-maximal clone M. From U ⊆ C ⊆ M and Lemma 3.2(2), it follows that S ∩ M is a U-set. Clearly, S ∩ M ≠ S, so by (3) there is a maximal U-set N^′ such that S ∩ M ⊆ N^′. We now have N ⊂ P ⊆ S ∩ C ⊆ S ∩ M ⊆ N^′, that is N ⊂ N^′, which contradicts the fact that both N and N^′ are maximal U-sets.

378 R. Pöschel et al.: Completeness Citeria and Invariants . . .

(5) “⇒”: Suppose that N is a maximal U-set. Then by (3) there is a j ∈ {1, . . . , s} such that N = S ∩ M_j. If S ∩ M_j is not a maximal element of M, there is a k ∈ {1, . . . , s} such that S ∩ M_j ⊂ S ∩ M_k. Since the U-set N is maximal, by (4), we obtain clone((S ∩ M_k) ∪ U) = B. Now S ∩ M_k = S ∩ M_k = S ∩ clone((S ∩ M_k) ∪ U) = S ∩ B = S. Therefore, S ∪ U ⊆ M_k which implies M_k = B – contradiction with the fact that M_k is B-maximal. “⇐”: Take j ∈ {1, . . . , s} such that S ∩ M_j is a maximal element of N and let N = S ∩ M_j. Suppose further that the U-set N is not maximal. Then there is a maximal U-set P such that P ⊃ N. According to (3) there is a k such that P = S ∩M_k. But then S ∩M_k ⊃ S ∩M_j, which is impossible due to the choice of j.

(1^′) is a direct consequence of (1) and (5), but it follows also from (2).

The maximal clones in the lattice of all clones (i.e. the Op(A)-maximal clones) are well known. They can be described as Pol ϱ where ϱ is a relation from one of six finite classes described by I. Rosenberg ([12], see also [9, Ch. 4.3]) – we shall call these relations Rosenberg relations. Thus combining 3.3(1^′) with 3.4(5) we immediately get the following theorem.

3.5. Theorem. Suppose clone(S ∪ U) = Op(A). Let Q_0 denote the set of all Rosenberg relations which are contained in Inv U, and let Q_1 be the set of all ϱ ∈ Q_0 such that S ∩ Pol ϱ is maximal in the partially ordered set N := ⟨{S ∩ Pol{ϱ} | ϱ ∈ Q_0}; ⊆ ⟩. Then: (1) A U-set N is maximal if and only if there exists a ϱ ∈ Q_1 such that N = S ∩ Pol{ϱ}. (2) A set F ⊆ S is U-complete if and only if for every ϱ ∈ Q_1 there exists an f ∈ F such that f /∈ Pol{ϱ}.

(3) Suppose that all U-sets S ∩ Pol{ϱ}, ϱ ∈ Q_0, are mutually incomparable. Then a U-set N is maximal if and only if N = S ∩ Pol{ϱ} for some ϱ ∈ Q_0.

Examples how to apply the completeness criteria will be given in the next section.

4. 1-dimensional composition algebras: Examples and problems

In this section we present examples for the main results of the paper and discuss some problems. We restrict mainly to 1-dimensional composition algebras and corresponding transformation algebras (see 1.5), i.e. we deal with the representation by unary mappings (although the problems can be formulated for arbitrary k-dimensional composition algebras as well).

4.1. Specializing 1.1 to the case k = 1 we get that a 1-dimensional K-composition algebra is an algebra B = ⟨B; (f_i)_{i∈I} , ·⟩ satisfying

(i) ⟨B; (f_i)_{i∈I} ⟩ ∈ K, (ii) ⟨B; ·⟩ is a semigroup, (iii) The operation · is right distributive over every f_i (i ∈ I),

i.e., we have for all b, c_1, c_2, . . . , c_n ∈ B:

f_i · b = f_i for every nullary f_i, and f_i(c_1, c_2, . . . , c_n) · b = f_i(c_1 · b, c_2 · b, . . . , c_n · b) for every n-ary f_i.

Further, B has a selector system (see 1.3c) iff ⟨B; ·⟩ is a monoid.

R. Pöschel et al.: Completeness Citeria and Invariants . . . 379

4.2. Examples of 1-dimensional K-composition algebras.

(A) Near-rings. An algebra ⟨N; +, ·⟩ is called a near-ring (see, e.g., [5]), if ⟨N; +⟩ is a group, ⟨N; ·⟩ is a semigroup and · is right distributive over +. Obviously, near-rings ⟨N; +, ·⟩ are 1-dimensional K-composition algebras for K being the class of all groups.

(B) Binary relations. Let B := Rel^{(2)}(Y ) be the set of all binary relations on Y . It is easy to check that ⟨B; ∪, ∘⟩ is a 1-dimensional K-composition algebra for the variety K of semilattices. Here ∘ denotes the relational product

ϱ ∘ σ = {(x, y) ∈ Y^2 | ∃z ∈ Y : (x, z) ∈ ϱ & (z, y) ∈ σ}

for ϱ, σ ∈ B, and ∪ is the set-theoretical union.

(C) Distributive lattices. Obviously, any distributive lattice L = ⟨L; ∧, ∨⟩ can be considered as a 1-dimensional K-composition algebra over the variety K of semilattices, where ∨ plays the role of · .

Note that e.g. for Boolean lattices we cannot add complementation to the signature, because ∨ is not right distributive over complementation. Note further that, according to 4.1(iii), the largest element 1 is right distributive with respect to ∨, but the least element 0 is not.

(D) Semirings. Semirings S = ⟨S; +, ·⟩ are rings with the usual axioms except that ⟨S; +⟩ is a commutative semigroup and not necessarily a group (see, e.g., [2]). Therefore semirings are 1-dimensional K-composition algebras for the variety of commutative semigroups.

4.3. The Representation Theorem 1.6 provides us with a representation of composition algebras B by transformation K-algebras, i.e. subalgebras of ⟨A^A; (f̂_i)_{i∈I} , ∘⟩ for some A = ⟨A; (f_i)_{i∈I} ⟩ ∈ K, where ∘ is the composition of (unary) mappings. It can be checked easily (see also [3]) that the representation sketched in 1.7 works here not only for K-composition algebras B with selector system but for any K-composition algebra satisfying one of the following conditions:

(ii_0) all left translations are distinct, i.e. � [∀c ∈ B : a · c = b · c] =⇒ a = b � for all a, b ∈ B, (ii_1) ⟨B; ·⟩ is a monoid, (ii_2) ⟨B; ·⟩ is a semigroup with a right unit, (ii_3) ⟨B; ·⟩ is a right cancellative semigroup (i.e. x · y = z · y implies x = z). Note (ii_2) =⇒ (ii_1) =⇒ (ii_0) ⇐= (ii_3), in particular (ii_0) is satisfied if any of the other three conditions holds.

Consequently, given a K-composition algebra B = ⟨B; (f_i)_{i∈I} , ·⟩, under any of these conditions, the mapping

b → φ_b where φ_b : B → B : x → b · x (4.3.1)

is an embedding of B into the full transformation algebra ⟨B^B; (f̂_i)_{i∈I} , ∘⟩ over ⟨B; (f_i)_{i∈I} ⟩.

4.4. Remark. The representation theorem for 1-dimensional K-composition algebras (1.6, k = 1) generalizes various Cayley-type theorems for special structures; we list some of them:

380 R. Pöschel et al.: Completeness Citeria and Invariants . . .

• For the class K of all sets (without any algebraic structure) and for a group operation · we obtain the classical Cayley theorem: every group is isomorphic to some permutation group.

• Likewise, if K is the class of all sets and · is a semigroup operation, then we obtain that every semigroup is isomorphic to some transformation semigroup.

• If we consider ordinary rings as 1-dimensional K-composition algebras (whereby K is the class of commutative groups), then 1.6 shows that every ring is isomorphic to a ring of transformations. Moreover, every ring R can be considered as an R-module (over itself, just by left multiplication). Therefore we have more precisely (due to the property 4.1(iii)) the known result (see e.g. [11, §38, Satz 66]): every ring R with unit element is isomorphic to a subring of the full endomorphism ring of the module R. The unit element of R hereby ensures property 4.3(ii_1). The weaker property 4.3(ii_0) says in the case of rings that 0 is the only left annullator in R. In [11, Satz 66] it was proved that this is a necessary and sufficient condition that the Cayley representation Φ : R → R^R : b → φ_b (as given in (4.3.1) with B := R) is an isomorphism.

4.5. The minimal representation problem. With Theorem 1.6 in hand we are faced with the minimal representation problem: Find a minimal representation of a given 1-dimensional K-composition algebra B, i.e., find a representation of B as a transformation K-algebra over some Y = ⟨Y ; (f_i)_{i∈I} ⟩ ∈ K of minimal cardinality |Y |. From the construction (4.3.1) above we conclude that such a minimal Y satisfies |Y | ≤ |B| if B satisfies 4.3(ii_0); otherwise it is known that e.g. |Y | ≤ |B|^2 (which can be further improved, see [3]).

The following three examples illustrate the representation theorem and the minimization problem.

4.6. Example (Semirings). Let S = ⟨{s_1, s_2, s_3}; +, ·⟩ be the algebra with the following operation tables: + s_1 s_2 s_3 s_1 s_1 s_2 s_3 s_2 s_2 s_2 s_3 s_3 s_3 s_3 s_3

· s_1 s_2 s_3 s_1 s_1 s_1 s_3 s_2 s_2 s_2 s_3 s_3 s_3 s_3 s_3

This is a semiring (it can be found in [2, page 24], however here we used the transposed multiplication table in order to ensure condition 4.3(ii_2) so that we can use (4.3.1)). Thus S is a 1-dimensional K-composition algebra for the variety K of commutative semigroups (see 4.2(D)). Using the notation φ = � φ(s_1) φ(s_2) φ(s_3) � for mappings φ : S → S we have

φ_{s1} = � s_1 s_1 s_3 � , φ_{s2} = � s_2 s_2 s_3 � , φ_{s3} = � s_3 s_3 s_3 � . Put C = {φ_{s1} , φ_{s2} , φ_{s3} }. By (4.3.1), the algebra ⟨C; +, ∘⟩ is isomorphic to S (according to 1.4 we write + instead of ^+). E.g., we have

φ_{s1} + φ_{s2} = � s_1 + s_2 s_1 + s_2 s_3 + s_3 � = � s_2 s_2 s_3 � = φ_{s2} = φ_{s1+s2} , φ_{s1} ∘ φ_{s2} = � s_1 s_1 s_3 � = φ_{s1} = φ_{s1·s2} .

R. Pöschel et al.: Completeness Citeria and Invariants . . . 381

It is easy to check that this representation is minimal.

4.7. Example (Lattices). Let L = ⟨{0, u, v, 1}; ∧, ∨⟩ be the 4-element free boolean lattice (see Fig. 2(i)). Thus L is a 1-dimensional K-composition algebra for the variety K of semilattices (∨ plays the role of multiplication, see 4.2(C)). Moreover, it satisfies 4.3(ii_1). According to 4.3.1 we obtain φ_a(x) = a ∨ x for a, x ∈ L, and the transformation K-algebra D_0 := ⟨{φ_0, φ_1, φ_u, φ_v}; ∧, ∘⟩ (over Y = ⟨{0, 1, u, v}; ∧⟩) is isomorphic to L. Let us ask for a minimal representation of L (in the sense of the minimization problem, see 4.5). Does there exist a transformation algebra D over some semilattice Y = ⟨Y ; ∧⟩ such that L ∼= D but Y has less elements as in the above representation (where Y = L has 4 elements)?

Case |Y | = 2: There is only one semilattice Y on a 2-element set, namely the chain Y = {0, 1} with 0 ∧ 1 = 0. The corresponding full transformation algebra ⟨Y^Y ; ∧, ∘⟩ is not isomorphic to L since ∘ is not commutative but ∨ is. Thus there does not exist a representation of L over a 2-element Y .

Case |Y | = 3: In fact there is a representation with a 3-element semilattice Y . Let Y := {a, b, c} and let Y = ⟨Y ; ∧⟩ be the semilattice corresponding to the chain ⟨Y ; ≤⟩ (as shown in Fig. 2(ii); as usual, ≤ is defined by x ≤ y : ⇐⇒ x ∧ y = x).

Figure 2. The lattice L and the isomorphic transformation algebra D over the semilattice Y

Let D := {ψ_0, ψ_u, ψ_v, ψ_1} ⊆ Y^Y with

ψ_0 = (abc), ψ_u = (acc), ψ_v = (cbc), ψ_1 = (ccc)

(recall that we represent ψ ∈ Y^Y as the triple (ψ(a)ψ(b)ψ(c))). Then D := ⟨D; ∧, ∘⟩ is a transformation algebra over Y , where the poset ⟨D; ≤⟩ corresponding to ⟨D; ∧⟩ (induced componentwise by ⟨Y ; ≤⟩) is given in Fig. 2(iii). Thus

Ψ : L → D : x → ψ_x

is a semilattice isomorphism from ⟨L; ∧⟩ onto ⟨D; ∧⟩. But we also have

Ψ(x ∨ y) = Ψ(x) ∘ Ψ(y)

since ψ_0 ∘ ψ_x = ψ_x ∘ ψ_0 = ψ_x (ψ_0 is the identity map), ψ_x ∘ ψ_1 = ψ_1 ∘ ψ_x = ψ_1 and ψ_u ∘ ψ_v = ψ_v ∘ ψ_u = ψ_1. Therefore Ψ is also an isomorphism from L onto D, and D is a minimal representation of L.

382 R. Pöschel et al.: Completeness Citeria and Invariants . . .

4.8. Example (Lattices continued). Let K be the variety of all semilattices enriched with an additional unary operation f which is a semilattice endomorphism, i.e. satisfies f(x∧y) = f(x) ∧ f(y). Thus, e.g., Y_0 := ⟨L; ∧, f⟩ with L = {0, u, v, 1} from the previous example together with f : L → L given by f(0) = f(v) = v, f(u) = f(1) = 1, belongs to K. Since this f also satisfies f(x) ∨ y = f(x ∨ y), i.e., ∨ is right distributive over f, the algebra

M := ⟨{0, u, v, 1}; ∧, f, ∨⟩

is a 1-dimensional K-composition algebra. To get a representation as transformation Kalgebra we have to extend the representation D_0 in 4.7 by the operation f̂ : D_0 → D_0 : φ_x → φ_{f(x)}.

Now, contrary to Example 4.7, this representation is minimal.

To see this, assume that there is a representation of M as a transformation K-algebra D = ⟨D; ∧, ĝ, ∘⟩ over a 3-element semilattice Y = ⟨Y ; ∧, g⟩ with a semilattice endomorphism g. Consequently, D ⊆ Y^Y and there would exist an isomorphism, say Φ : x → ψ_x, from M onto D (the mappings ψ_x are still not known and have nothing to do with those from Example 4.7). Assume that Y = {a, b, c} where a denotes the least element (w.r.t. the corresponding poset ⟨Y ; ≤⟩ induced by ⟨Y ; ∧⟩).

Since Φ is an isomorphism, we get for any x ∈ L

ψ_x = Φ(x) = Φ(x ∨ x) = Φ(x) ∘ Φ(x) = ψ_x ∘ ψ_x .

Therefore every ψ_x (x ∈ L) belongs to the following set S ⊂ Y^Y of idempotent mappings (where ψ_x is again written as the triple ψ_x = (ψ_x(a)ψ_x(b)ψ_x(c))):

S := {(aaa), (bbb), (ccc), (aac), (bbc), (aba), (cbc), (abb), (acc), (abc)}.

Up to isomorphism there are only two 3-element semilattices Y , which we shall examine separately.

Case 1: Y is the semilattice with b ∧ c = a (see Fig. 3).

Figure 3. The semilattice Y (case 1) and the induced poset on S

Then the induced poset ⟨S; ≤⟩ is as in Fig. 3. Since ψ_u and ψ_v must be incomparable but must have a least upper bound, namely ψ_1 (see Fig. 2(i)), we get {ψ_u, ψ_v} = {(aba), (aac)}.

R. Pöschel et al.: Completeness Citeria and Invariants . . . 383

But ψ_1 = Φ(1) = Φ(u ∨ v) = ψ_u ∘ ψ_v = (aaa). Hence ψ_1 ≤ ψ_u, which is a contradiction to D ∼= M.

Case 2: Y is the semilattice with b ∧ c = b (see Fig. 4).

Figure 4. The semilattice Y (case 2) and the induced poset on S

Then the induced poset ⟨S; ≤⟩ is as in Fig. 4. The elements ψ_u, ψ_v must be incomparable, thus one of them, say ψ_u, must belong to {(aac), (abc), (acc)} (see Fig. 4). We are going to exclude each case by contradiction.

(1) ψ_u = (aac). Then ψ_v ∈ {(aba), (abb), (bbb)} (by incomparability, see Fig. 4), but this gives Φ(1) = Φ(u ∨ v) = ψ_u ∘ ψ_v = (aaa) which is not a least upper bound of ψ_u, ψ_v in ⟨S; ≤⟩. (2) ψ_u = (abc). Then ψ_v = (bbb) and ψ_u ∘ ψ_v = ψ_v gives the contradiction (analogously to case (1)).

(3) ψ_u = (acc). Then ψ_v ∈ {(bbb), (bbc), (cbc)} (since ψ_u, ψ_v must be incomparable). But (bbb) ∘ ψ_u = (bbb) ≠ (ccc) = ψ_u ∘ (bbb) and (bbc) ∘ ψ_u = (bcc) ∉ S, thus ψ_v = (cbc). Consequently the unique remaining possibility is D = {ψ_0, ψ_u, ψ_v, ψ_1} with ψ_0 = (abc), ψ_1 = (ccc) as in 4.7. Contrary to 4.7 now we have to take into account the additional unary operation. From the isomorphism Φ : M → D we get ĝ(Φ(0)) = Φ(f(0)) = Φ(v), i.e., ĝ(ψ_0) = ψ_v. Thus (g(a)g(b)g(c)) = ĝ((abc)) = (cbc), but this g is not a semilattice endomorphism since g(a ∧ b) = g(a) = c ≠ b = c ∧ b = g(a) ∧ g(b), a contradiction. Therefore no Y with 3 elements exists.

Finally, we shall demonstrate how the Completeness Theorem 3.5(2) applies to produce completness criteria for concrete structures. A completeness theorem for near-rings (see 4.2(A)) can be found in [1]. Here we consider semirings (see 4.2(D)).

4.9. (max, ∘)-semirings. Let A = {1, 2, . . . , n} be a finite at least two element set and let T := ⟨A^A; max, ∘⟩ be the full concrete (max, ∘)-semiring. Here max denotes the maximum

384 R. Pöschel et al.: Completeness Citeria and Invariants . . .

(acting as � max pointwise on A^A, see 1.4.1). Note that T is the full transformation algebra over A := ⟨A; max⟩ with selector (= id_A). For the purposes of this example we shall consider only subsemirings of T containing the identity map.

In accordance with notation from Theorem 3.5, put S := A^A, U := {max} and for F ⊆ A^A let Srg(F ) := F = A^A ∩ clone(F ∪ {max})

be the corresponding closure operator (see 3.1.1). It follows from 2.3 that Srg(F ) is the least (max, ∘)-semiring containing F ∪ {id_A}.

We shall say that F is semiring-complete if Srg(F ) = T .

Therefore, U-sets in the terminology of Theorem 3.5 are just subsemirings of T containing the identity map (or 1-dimensional operation algebras as defined in 1.5). Since max is a so-called Słupecki operation (i.e. surjective and essentially binary), clone(A^A ∪ {max}) is the clone of all operations on A, so by Theorem 3.5 we now know that in order to find maximal U-sets it suffices to find those Rosenberg relations that are invariant under max. In the next lemma we single out possible candidates for these relations.

4.10. Lemma. If a Rosenberg relation on A = {1, . . . , n} is invariant under max, then it belongs to one of the following classes of relations:

• bounded partial orders on A where n is either the least or the greatest element; • equivalence relations whose blocks are intervals in the usual linear order ⟨A; ≤⟩; • proper subsets of A;

• binary central relations where 1 is not a central element.

Proof. We examine the six classes of Rosenberg relations (assuming the reader is familiar with them, otherwise see e.g. [10] or [9, 4.3.21]) and eliminate those not invariant under max.

Bounded partial orders. Let ≼ be a bounded partial order on A with the least element a and the greatest element b and suppose ≼∈ Inv{max}. Then clearly a ≼ n ≼ b. If a < b then from a ≼ n and b ≼ b we infer b = max(a, b) ≼ max(n, b) = n so b = n, i.e. n is the greatest element of ≼. Analogously, if a > b then n is the least element of ≼.

Nontrivial equivalence relations. Consider an equivalence relation ϱ ∈ Inv{max} and let B be one of its blocks. Take any b, b^′ ∈ B and let b ≤ x ≤ b^′. From (b, b^′) ∈ ϱ and (x, x) ∈ ϱ we get (max(b, x), max(b^′, x)) = (x, b^′) ∈ ϱ whence x ∈ B. Consequently B is an interval w.r.t. the order ≤.

Permutational relations. Let ϱ = {(x, α(x)) | x ∈ A} ∈ Inv{max} be a permutational relation given by some permutation α of A where all cycles of α have the same prime length p. Thus, in particular, n ≠ α(n). On the other hand from (α^{−1}(n), n) ∈ ϱ and (n, α(n)) ∈ ϱ it follows that (max(α^{−1}(n), n), max(n, α(n))) = (n, n) ∈ ϱ, i.e. α(n) = n. Contradiction. Therefore, no permutational relation is invariant under max.

Affine relations. Let ⟨A; +, −, 0⟩ be an elementary abelian p-group on A and suppose that λ_+ := {(x, y, u, v) | x + y = u + v} ∈ Inv{max}. Let a ∈ A \ {n}. Then (n, a, n, a) ∈ λ_+ and (n, a, a, n) ∈ λ_+. Consequently

(max(n, n), max(a, a), max(n, a), max(a, n)) = (n, a, n, n) ∈ λ_+

R. Pöschel et al.: Completeness Citeria and Invariants . . . 385

whence n = a. Contradiction. Therefore, no affine Rosenberg relation λ_+ is invariant under max.

Regular relations and central relations of arity at least three. These relations are totally reflexive and of arity at least three. Suppose that ϱ ∈ Inv{max} is a nontrivial h-ary (h ≥ 3) totally reflexive relation. Take any (a_1, . . . , a_h) /∈ ϱ. We have (a_1, 1, . . . , 1), (1, a_2, 1, . . . , 1), . . . , (1, . . . , 1, a_h) ∈ ϱ. Applying max to these tuples component-wise and recalling the fact that ϱ is invariant under max yields (a_1, . . . , a_h) ∈ ϱ. Contradiction. Thus no such ϱ is invariant under max.

Unary and binary relations. Note that unary central relations are just proper subsets of A and that every subset of A is invariant under max. Finally, let ϱ ∈ Inv{max} be a binary central relation. Suppose that 1 is a central element of ϱ. Then for every x, y ∈ A we have (x, 1), (1, y) ∈ ϱ whence (x, y) ∈ ϱ by applying max component-wise. Thus ϱ = A^2 is trivial which contradicts the requirement that central relations are nontrivial.

Some of the relations ϱ listed in Lemma 4.10 need not produce maximal semirings End{ϱ} and a careful examination would improve (i.e. shorten) the list. However, all maximal semirings are among the semirings End{ϱ} produced from the above relations. This already provides us the following:

4.11. Proposition (Completeness criterion). A set F ⊆ A^A is semiring-complete if and only if for every relation ϱ listed in Lemma 4.10 there is an f ∈ F such that f ∉ End{ϱ}.

We specialise this in two ways. First, we shall describe 1-element generating sets of T . We shall say that an equivalence relation ϱ on A is ≤-regular if it is nontrivial and all its blocks are intervals in ⟨A; ≤⟩ of the same length.

4.12. Proposition (1-Generators of T ). Let f ∈ A^A. Then Srg(f) = A^A if and only if f is a cyclic permutation of A such that f /∈ End{ϱ} for all ≤-regular equivalence relations on A. In particular, if |A| is prime then Srg(f) = A^A if and only if f is a cyclic permutation of A.

Proof. “⇒:” Suppose Srg(f) = A^A. Then f preserves no relation listed in Lemma 4.10, in particular no ≤-regular equivalence relation and no proper subset of A. The latter implies that f has to be a cyclic permutation.

“⇐:” Suppose f is a cyclic permutation of A with f /∈ End{ϱ} for all ≤-regular equivalence relations on A. By 4.11 it suffices to show that f preserves no relation mentioned in Lemma 4.10.

A cyclic permutation preserves no bounded partial order and no proper subset of A. If f preserves an equivalence relation ϱ, then it acts on the set of blocks of ϱ as a cyclic permutation as well, whence follows that all the blocks of ϱ have the same length. Therefore, ϱ is ≤-regular, and f preserves no ≤-regular equivalence relation by the assumption. Finally, suppose f ∈ End{ϱ} for some binary central relation. Take any (x, y) /∈ ϱ and let s be an integer such that f^{−s}(x) is a central element of ϱ. Then (f^{−s}(x), f^{−s}(y)) ∈ ϱ and from the fact that f preserves ϱ we get (x, y) ∈ ϱ. Contradiction. Thus f preserves no binary central relation.

386 R. Pöschel et al.: Completeness Citeria and Invariants . . .

For the second part of the statement it suffices to observe that if |A| is prime, no nontrivial equivalence relation on A is ≤-regular.

4.13. As a further illustration of 4.11 we shall describe all maximal semirings on A = {1, 2, 3} in order to get a completeness criterion for the full transformation (max, ∘)-semiring on A. The relations listed in Lemma 4.10 are the following:

Bounded partial orders: τ_{123} := 1 ≺ 2 ≺ 3 and τ_{213} := 2 ≺ 1 ≺ 3 (as well as their duals which we do not have to consider since End{τ} = End{τ^{−1}});

Equivalence relations: ε_{12|3} := Δ_A ∪ {(1, 2), (2, 1)} and ε_{1|23} := Δ_A ∪ {(2, 3), (3, 2)};

Unary relations: σ_1 := {1}, σ_2 := {2}, σ_3 := {3}, σ_{12} := {1, 2}, σ_{13} := {1, 3}, σ_{23} := {2, 3}; and Binary central relations: ζ_2 := Δ_A ∪ {(1, 2), (2, 1), (2, 3), (3, 2)} whose only central element is 2, and ζ_3 := Δ_A ∪ {(1, 3), (3, 1), (2, 3), (3, 2)} whose only central element is 3.

We know (see 3.5(1)) that the maximal subsemirings of the full (max, ∘)-semiring A^A are among End{ϱ} where ϱ is one of the above relations. It is straightforward to determine the partially ordered set N (ordered by inclusion) of all these End{ϱ}, see Figure 5.

Figure 5. The partially ordered set N

Thus, by 3.5(1), there are precisely 8 maximal subsemirings of T containing the identity map, namely End{ϱ} for ϱ ∈ {ε_{12|3}, ε_{1|23}, τ_{123}, τ_{213}, σ_1, σ_{13}, ζ_2, ζ_3} .

Therefore, we can now infer the following completeness criterion:

4.14. Proposition. Let A = {1, 2, 3}. A set F ⊆ A^A is semiring complete if and only if for every ϱ ∈ {ε_{12|3}, ε_{1|23}, τ_{123}, τ_{213}, σ_1, σ_{13}, ζ_2, ζ_3} there is an f ∈ F such that f /∈ End{ϱ}.

References

[1] Aichinger, E.; Mašulović, D.; Pöschel, R.; Wilson, J. S.: Completeness for concrete near-rings. Technical Report MATH-AL-14-2002, TU Dresden, September 2002 (25 pages).

[2] Hebisch, U.; Weinert, H. J.: Halbringe. B.G.Teubner, Stuttgart 1993. Zbl 0829.16035

R. Pöschel et al.: Completeness Citeria and Invariants . . . 387

[3] Jakubíková-Studenovská, D.; Pöschel, R.: Cayley representation of algebras with additional semigroup structure and their invariant relations. Technical Report MATH-AL- 7-2001, TU Dresden, October 2001 (19 pages).

[4] Lausch, H.; Nöbauer, W.: Algebra of polynomials. North-Holland Publishing Company, 1973. Zbl 0283.12101 [5] Pilz, G.: Near-Rings. Volume 23 of North-Holland Mathematics Studies. North-Holland Publishing Company, revised edition, 1983. Zbl 0521.16028 [6] Pöschel, R.: Concrete representation of algebraic structures and a general Galois theory.

In: H. Kautschitsch, W.B. Müller, and W. Nöbauer, editors: Contributions to General Algebra, 249–272. Verlag J. Heyn, Klagenfurt 1979 . (Proc. Klagenfurt Conf. 1978). Zbl 0396.08003 [7] Pöschel, R: A general Galois theory for operations and relations and concrete characterization of related algebraic structures. Report R-01/80, Zentralinstitut für Mathematik und Mechanik, Akademie der Wissenschaften der DDR, Berlin 1980 (with German and Russian summaries), 101 pp. Zbl 0435.08001 [8] Pöschel, R.: Galois connections for operations and relations. In: K. Denecke, M. Erné, and S. Wismath (eds.): Galois connections and applications. Kluwer, Dordrecht 2003, (to appear).

[9] Pöschel, R.; Kalužnin, L. A.: Funktionen- und Relationenalgebren. Deutscher Verlag der Wissenschaften, Berlin 1979. Zbl 0421.03049 Birkhäuser Verlag Basel, Math. Reihe Bd. 67, 1979. Zbl 0418.03044 [10] Quackenbush, R. W.: A new proof of Rosenberg’s primal algebra characterization theorem. In: Finite Algebra and Multiple-valued Logic, volume 28 of Coll.Math.Soc. J. Bolyai, 603–634. North-Holland, Amsterdam 1981. (Proc. Szeged Conf. 1979). Zbl 0479.08003 [11] Rédei, L.: Algebra I. Akademische Verlagsgesellschaft Geest & Portig K.-G., Leipzig 1959. Zbl 0092.02901 [12] Rosenberg, I. G.: Über die funktionale Vollständigkeit in den mehrwertigen Logiken.

Rozpr. ČSAV Řada Mat. Přir. Věd., Praha, 80(4) (1970), 3–93. Zbl 0199.30201

Received October 23, 2002