Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 1, 283-289.

Categories of Locally Diagonal

Partial Algebras

Josef Šlapal^1 Department of Mathematics, Technical University of Brno 616 69 Brno, Czech Republic e-mail: slapal@um.fme.vutbr.cz

Abstract. We define and study the property of local diagonality for partial algebras and also a pair of related properties. We show that each of the three properties, together with idempotency, gives a cartesian closed initially structured subcategory of the category of all partial algebras of a given type. MSC 2000: 08A55, 08C05, 18D15 Keywords: local diagonality, local antidiagonality and weak local antidiagonality for partial algebras, cartesian closed and initially structured category

It is well known that cartesian closed categories have a plenty of applications to many branches of mathematics and, in particular, to computer science. An especially important role is played by the cartesian closed categories that are initially structured because such categories have well-behaved function spaces for all pairs of objects. In this note, we define and study three properties of partial algebras: local diagonality, local antidiagonality and weak local antidiagonality. We show that each of the three properties, together with idempotency, gives a cartesian closed initially structured subcategory of the category of all partial algebras of a given arity (with the usual homomorphisms as morphisms) For the categorical terminology used, see e.g. [4]. Throughout the paper, all categories are considered to be constructs (i.e., concrete categories of structured sets and structurecompatible maps). If A is an object of a category, then the underlying set of A is denoted by |A|. A category K is called initially structured [5] if the following three conditions are satisfied:

(1) K is fibre-small, (2) All constant maps between objects of K are morphisms in K,

1 This research has been partially supported by the Ministry of Education of the Czech Republic, project no. CEZ J22/98 260000013.

0138-4821/93 $ 2.50 © 2004 Heldermann Verlag

284 J. Šlapal: Categories of Locally Diagonal Partial Algebras

(3) K has uniquely determined initial structures for arbitrary mono-sources (i.e., sources f_i : X → A_i, i ∈ I, such that for any pair of maps r, s : Y → X from f_i ∘ r = f_i ∘ s for all i ∈ I it follows that r = s).

If A, B are objects of a given category K, we denote by MorK(A, B) the set of all morphisms from A to B in K.

Definition 1. ([8]) Let K be a category with finite products and S, T be full and isomorphism closed subcategories of K. Let T be finitely productive (i.e., closed under finite products) in K. We say that T is exponential for S in K provided that the following condition is satisfied: For any objects A ∈ S and B ∈ T there exists an object A^B ∈ S ∩ T with |A^B| =MorK(B, A) such that the pair (A^B, e), where e : B × A^B → A is the evaluation map (given by e(x, f) = f(x)), is a co-universal map for A with respect to the functor B × − : T → K. If a category T is exponential for K in K, then T is called an exponential subcategory of K (cf. [6]).

The objects A^B from the definition are called function spaces and they are uniquely determined up to the isomorphisms carried by identity maps (and hence uniquely determined whenever K is transportable, i.e., whenever for any object A ∈ K and any bijection f : |A| → Y there exists a unique object B ∈ K with |B| = Y such that f : A → B is an isomorphism in K. Function spaces fulfill a very important condition – the so-called first exponential law (A^B)^C w A^B�^C . If a concrete category K with finite products is exponential for K in K, then K is cartesian closed [3], i.e., the functor B × − : K → K has a right adjoint (and vice versa whenever all constant maps between objects of K are morphisms in K). Especially, if T is exponential for S in K and if also S is finitely productive in K, then S ∩ T is cartesian closed.

Let K be a set. By a K-ary partial algebra we understand a pair (X, p) where X is a set and p is a K-ary partial operation on X, i.e., a partial map p : X^K → X. As usual, total maps (and thus also total operations) are considered to be special cases of partial ones. We denote by D_p the domain of the partial operation p, i.e., the subset of X^K having the property that p(x_k; k ∈ K) is defined if and only if (x_k; k ∈ K) ∈ D_p. Thus, (x_k; k ∈ K) ∈ D_p is implicitly assumed whenever we write p(x_k; k ∈ K) = x (x ∈ X an element). Given a pair of K-ary partial algebras G = (X, p) and H = (Y, q), by a homomorphism of G into H we understand any (total) map f : X → Y such that p(x_k; k ∈ K) = x ⇒ q(f(x_k); k ∈ K) = f(x). The set of all homomorphisms of G into H will be denoted by Hom(G, H). We denote by P al_K the category of K-ary partial algebras with homomorphisms as morphisms. Clearly, P al_K is transportable and has products (given by direct products, cf. [1]).

Definition 2. ([8]) Let G = (X, p), H = (Y, q) be K-ary partial algebras. The power of G and H is the K-ary partial algebra [H, G] = (Hom(G, H), r) where r is given by r(f_k; k ∈ K) = f if and only if f ∈Hom(H, G) is a unique homomorphism with the property that q(y_k; k ∈ K) = y ⇒ p(f_k(y_k); k ∈ K) = f(y).

J. Šlapal: Categories of Locally Diagonal Partial Algebras 285

A K-ary partial algebra (X, p) is said to be idempotent if for any x ∈ X we have p(x_k; k ∈ K) = x whenever x_k = x for all k ∈ K. The full subcategory of P al_K whose objects are precisely the idempotent K-ary partial algebras will be denoted by IP al_K . Clearly, IP al_K is productive (i.e., closed under products) in P al_K and initially structured. (The mono-sources in IP al_K are precisely the sources separating points; given a mono-source f_i : X → (X_i, p_i), i ∈ I, in IP al_K , the initial K-ary partial operation p on X for this mono-source is given by p(x_k; k ∈ K) = x if and only if p_i(f_i(x_k); k ∈ K) = f_i(x) for each i ∈ I.) Definition 3. A K-ary partial algebra (X, p) is called locally diagonal if, whenever (x_{kl}; k, l ∈ K) ∈ X^K�^K is an element such that there exists x ∈ X with x_{kk} = x for all k ∈ K, from (x_{kl}; l ∈ K) ∈ D_p for all k ∈ K it follows that p(p(x_{kl}; l ∈ K); k ∈ K) = x.

We denote by LdP al_K the full subcategory of P al_K given by the K-ary partial algebras which are locally diagonal. Further, we put LdIP al_K = IP al_K ∩LdP al_K . Clearly, LdP al_K is transportable and has products (it is isomorphism closed and productive in P al_K ), and LdIP al_K is productive in LdP al_K and initially structured (it is closed under formation of initial structures for monosources in IP al_K).

Remark 1. By Definition 3, a partial groupoid, i.e., a partial binary algebra, X is locally diagonal if and only if, for any x, y, z ∈ X, we have (xy)(zx) = x whenever xy and zx are defined (we use multiplicative denotation for partial binary operations).

Examples.

1. Let X be a set and for any l ∈ K let p_l : X^K → X be the l-th projection, i.e., the K-ary (total) operation on X given by p_l(x_k; k ∈ K) = x_l. Then (X, p_l) is idempotent and locally diagonal for any l ∈ K.

2. Each total n-ary algebra (n a positive integer) which is diagonal in the sense of [7] is idempotent and locally diagonal. In particular, each rectangular band (see [2]) is idempotent and locally diagonal.

3. A K-ary partial algebra (X, p) is said to be diagonal (cf. [9], Remark 2) provided that, whenever (x_{kl}; k, l ∈ K) ∈ X^K�^K is an element such that (x_{kl}; l ∈ K) ∈ D_p for each k ∈ K, we have p(p(x_{kl}; l ∈ K); k ∈ K) = x if and only if p(x_{kk}; k ∈ K) = x. It is obvious that each idempotent and diagonal partial algebra is locally diagonal.

4. Let X be a set and let ρ be a binary relation on X (i.e., ρ ⊆ X^2). Define a binary partial operation Δ_ρ on X by xΔ_ρy = x ⇔ xρy. Then the partial groupoid (X, Δ_ρ) has the following properties:

(1) ρ is reflexive if and only if (X, Δ_ρ) is idempotent, (2) If ρ is symmetric, then (X, Δ_ρ) is locally diagonal (but not vice versa in general), (3) (X, ρ) is a tolerance space (i.e., ρ is both reflexive and symmetric) if and only if (X, Δ_ρ) is both idempotent and locally diagonal.

Proposition 1. Let (X, p) be an idempotent K-ary partial algebra with card K < ℵ_0. Let, for any (x_k; k ∈ K) ∈ D_p, any k_0 ∈ K, and any (z_k; k ∈ K) ∈ D_p, from z_{k0} = x_{k0} it

286 J. Šlapal: Categories of Locally Diagonal Partial Algebras

follows that the element (y_k; k ∈ K) ∈ X^K given by y_{k0} = p(z_k; k ∈ K) and y_k = x_k for all k ∈ K − {k_0} fulfills p(x_k; k ∈ K) = p(y_k; k ∈ K). Then (X, p) is locally diagonal.

Proof. Let the assumptions of the statement be fulfilled. Without loss of generality we can suppose K = {1, . . . , n}, n a positive integer. Let (x_{kl}; k, l ∈ K) ∈ X^K�^K be an element such that there exists x ∈ X with x = x_{kk} for all k ∈ K and let (x_{kl}; l ∈ K) ∈ D_p for each k ∈ K. Then we have x = p(x_{11}, . . . , x_{nn}) = p(p(x_{11}, . . . , x_{1n}), x_{22}, . . . , x_{nn}) = p(p(x_{11}, . . . , x_{1n}), p(x_{21}, . . . , x_{2n}), x_{33}, . . . , x_{nn}) = · · · = p(p(x_{11}, . . . , x_{1n}), p(x_{21}, . . . , x_{2n}), . . . , p(x_{n1}, . . . , x_{nn})). Hence (X, p) is locally diagonal. �

Remark 2. Let X be an idempotent partial groupoid. If, for any elements x, y, z, t ∈ X for which xy, xz and ty are defined, we have xy = (xz)y = x(ty), then, by Proposition 1, X is locally diagonal.

Proposition 2. Let (X, p) be an idempotent locally diagonal K-ary partial algebra. Let (x_k; k ∈ K) ∈ D_p, p(x_k; k ∈ K) = y, let k_0 ∈ K and put y_{k0} = y and y_k = x_{k0} for all k ∈ K − {k_0}. Then p(y_k; k ∈ K) = x_{k0} .

Proof. Put x_{kl} = x_{k0} for all k, l ∈ K, k ≠ k_0, and x_{k0l} = x_l for all l ∈ K. Then x_{kk} = x_{k0} for each k ∈ K. We have p(x_{k0l}; l ∈ K) = y and, because (X, p) is idempotent, p(x_{kl}; l ∈ K) = x_{k0} for each k ∈ K − {k_0}. Since (X, p) is locally diagonal, we get p(p(x_{kl}; l ∈ K); k ∈ K) = x_{k0} . As p(x_{kl}; l ∈ K) = y_k for each k ∈ K, the proof is complete. �

Remark 3. Let X be an idempotent locally diagonal partial groupoid and let x, y ∈ X. Then, by Proposition 2, (xy)x = x and y(xy) = y whenever xy is defined.

We will need the following result proved in [8]:

Lemma 1. IP al_K is an exponential subcategory of P al_K and the corresponding function spaces are given by powers.

Theorem 1. LdIP al_K is an exponential subcategory of LdP al_K and the corresponding function spaces are given by powers.

Proof. Let G = (X, p) ∈ LdP al_K , H = (Y, q) ∈ LdIP al_K and let [H, G] = (Hom(H, G), r). Let (f_{kl}; k, l ∈ K) ∈ (Hom(H, G))^K�^K be an element such that there exists f ∈Hom(H, G) with f = f_{kk} for every k ∈ K. For each k ∈ K, let (f_{kl}; l ∈ K) ∈ D_r, r(f_{kl}; l ∈ K) = f_k. Let (y_k; k ∈ K) ∈ D_q, q(y_k; k ∈ K) = y. For each k, l ∈ K put y_{kl} = y_k whenever k ≠ l and y_{kk} = y. By Proposition 2, we have q(y_{kl}; l ∈ K) = y_k for every k ∈ K. Put x_{kl} = f_{kl}(y_{kl}) for each k, l ∈ K. Then p(x_{kl}; l ∈ K) = p(f_{kl}(y_{kl}); l ∈ K) = f_k(y_k) and x_{kk} = f_{kk}(y_{kk}) = f(y) for every k ∈ K. As (X, p) is locally diagonal, we have p(f_k(y_k); k ∈ K) = f(y). Since (Y, q) is idempotent, f is uniquely determined and hence r(f_k; k ∈ K) = f. Therefore, [H, G] ∈ LdP al_K and the statement follows from Lemma 1. �

J. Šlapal: Categories of Locally Diagonal Partial Algebras 287

Corollary 1. LdIP al_K is an initially structured cartesian closed category.

Remark 4. Denote by DIP al_K the full subcategory of IP al_K given by the idempotent K-ary partial algebras which are diagonal – see Example 3. Then we get a chain of three initially structured cartesian closed categories DIP al_K ⊆ LdIP al_K ⊆ IP al_K where ⊆ denotes the full categorical inclusion (the cartesian closedness of DIP al_K is proved in [9]).

With respect to Definition 3, it is natural to define:

Definition 4. A K-ary partial algebra (X, p) is called locally antidiagonal if, whenever (x_{kl}; k, l ∈ K) ∈ X^K�^K is an element such that there exists x ∈ X with x_{kk} = x for all k ∈ K, from (x_{kl}; l ∈ K) ∈ D_p for all k ∈ K and p(p(x_{kl}; l ∈ K); k ∈ K) = x it follows that x_{kl} = x for all k, l ∈ K.

We denote by LaP al_K the full subcategory of P al_K whose objects are precisely the locally antidiagonal K-ary partial algebras. Further, we put LaIP al_K = IP al_K ∩LaP al_K Clearly, LaP al_K is productive in P al_K and LaIP al_K is an initially structured category.

Example 5. Let X be a set and let ∗ be the partial operation on the set PX of all subsets of X given as follows: A ∗ B is defined if and only if either A = B or A and B are nonempty and disjoint, and then A ∗ B = A ∩ B. Then (PX, ∗) is a locally antidiagonal (and idempotent) partial groupoid.

Theorem 2. IP al_K is exponential for LaP al_K in P al_K and the corresponding function spaces are given by powers.

Proof. Let G = (X, p) ∈ LaP al_K , H = (Y, q) ∈ IP al_K and let [H, G] = (Hom(H, G), r). Let (f_{kl}; k, l ∈ K) ∈ (Hom(H, G))^K�^K be an element such that there exists f ∈Hom(H, G) with f_{kk} = f for all k ∈ K, let (f_{kl}; l ∈ K) ∈ D_r for each k ∈ K and let r(r(f_{kl}; l ∈ K); k ∈ K) = f. Let y ∈ Y be an arbitrary element. Then (f_{kl}(y); k, l ∈ K) ∈ X^K�^K , f_{kk}(y) = f(y) for each k ∈ K and, since H is idempotent, (f_{kl}(y); l ∈ K) ∈ D_p for each k ∈ K and p(p(f_{kl}(y); l ∈ K); k ∈ K) = f(y). As G is locally antidiagonal, we have f_{kl}(y) = f(y) for all k, l ∈ K. Hence f_{kl} = f for all k, l ∈ K. It follows that [H, G] is locally antidiagonal. Now the statement follows from Lemma 1. �

Corollary 2. LaIP al_K is a cartesian closed initially structured category.

Clearly, a K-ary partial algebra (X, p) is locally diagonal if and only if, whenever (x_{kl}; k, l ∈ K) ∈ X^K�^K is an element such that there exists x ∈ X with x_{kk} = x for all k ∈ K, from (x_{kl}; l ∈ K) ∈ D_p for all k ∈ K it follows that p(p(x_{kl}; l ∈ K); k ∈ K) = x and from (x_{kl}; k ∈ K) ∈ D_p for all l ∈ K it follows that p(p(x_{kl}; k ∈ K); l ∈ K) = x. With respect to this fact, the notion of local antidiagonality, which seems to be rather strong, can be weakened as follows:

Definition 5. A K-ary partial algebra (X, p) is called weakly locally antidiagonal if, whenever (x_{kl}; k, l ∈ K) ∈ X^K�^K is an element such that there exists x ∈ X with x_{kk} = x

288 J. Šlapal: Categories of Locally Diagonal Partial Algebras

for all k ∈ K, from (x_{kl}; l ∈ K) ∈ D_p for all k ∈ K, (x_{kl}; k ∈ K) ∈ D_p for all l ∈ K, and p(p(x_{kl}; l ∈ K); k ∈ K) = p(p(x_{kl}; k ∈ K); l ∈ K) = x it follows that x_{kl} = x for all k, l ∈ K. We denote by W laP al_K the full subcategory of P al_K whose objects are precisely the weakly locally antidiagonal K-ary partial algebras, and we put W laIP al_K = IP al_K ∩ W laP al_K. Of course, W laP al_K is productive in P al_K and W laIP al_K is initially structured.

Example 6. Let X be a set, ρ a binary relation on X, and let (X, Δ_ρ) be the partial groupoid given in Example 4. Then (X, Δ_ρ) is weakly locally antidiagonal if and only if ρ is antisymmetric.

Theorem 3. IP al_K is exponential for W laP al_K in P al_K and the corresponding function spaces are given by powers.

Proof. The proof of the statement is analogous to the proof of Theorem 2. �

Corollary 3. W laIP al_K is a cartesian closed initially structured category.

Remark 5. Again (see Remark 4), we have a chain of three cartesian closed initially structured categories LaIP al_K ⊆ W laIP al_K ⊆ IP al_K . Example 7. It is well known that the category Rel of sets endowed with a reflexive binary relation, with relational homomorphisms as morphisms, is an initially structured cartesian closed category (see e.g. [9]). Given a pair G = (X, ρ) and H = (Y, σ) of objects of Rel, their function space in Rel is defined by G^H = (Hom(H, G), τ) where τ ⊆ (Hom(H, G))^2 is given by fτg if and only if xρy ⇒ f(x)σg(y). Putting F (X, ρ) = (X, Δ_ρ) for each object (X, ρ) ∈ Rel – see Example 4 – we get a full concrete embedding of Rel into the category IP al_2 of idempotent partial groupoids. Thus, Rel can be considered to be a full subcategory of IP al_2 and then it can easily be seen that the function spaces in Rel are inherited from IP al_2. In other words, for any pair G, H of objects of Rel we have F (G^H ) = [F (H), F (G)]. We denote by T ol and P os the full subcategories of Rel whose objects are precisely the tolerance spaces and the pseudo-ordered sets (i.e., sets endowed with a reflexive and antisymmetric binary relation) respectively. Then F (restricted to T ol and P os) is a full concrete embedding of T ol into LdIP al_2 and of P os into W laIP al_2, i.e., T ol and P os can be considered to be full subcategories of LdIP al_2 and W laIP al_2, respectively. By [10], T ol and P os are cartesian closed initially structured categories and their function spaces are inherited from Rel. By Corollaries 1 and 2, also LdIP al_2 and W laIP al_2 are cartesian closed initially structured categories and their function spaces are inherited from IP al_2. Thus, the function spaces in T ol and P os are inherited from IP al_2, hence from LdIP al_2 and W laIP al_2, respectively.

Remark 6. The definitions 2–5 can be extended in a natural way to universal partial algebras of an arbitrary type (K_i; i ∈ I), i.e., pairs (X, (p_i; i ∈ I)) where (X, p_i) is a K_i-ary

J. Šlapal: Categories of Locally Diagonal Partial Algebras 289

partial algebra for each i ∈ I. All results proved for K-ary partial algebras will remain valid also for universal partial algebras of a given type.

References

[1] Burmeister, P.: A Model Theoretic Approach to Partial Algebras. Akademie Verlag, Berlin 1986. Zbl 0598.08004 [2] Clifford, A. H.; Preston, G. B.:The Algebraic Theory of Semigroups. Providence, Rhode Island 1964. cf. Vol. 1 (1961) Zbl 0111.03403 cf. Vol. 2 (1967) Zbl 0178.01203 [3] Eilenberg, S.; Kelly, G. M.: Closed categories. Proc. Conf. Cat. Alg. La Jolla 1965, 424–562. Zbl 0192.10604 [4] Herrlich, H.; Strecker, G. E.: Category Theory. Allyn & Bacon, Boston 1973. Zbl 0265.18001 [5] Nel, L. D.: Initially structured categories and cartesian closedness. Canad. J. Math.

27 (1975), 1361–1377. Zbl 0294.18002 [6] Nel, L. D.: Cartesian closed coreflective hulls. Quaest. Math. 2 (1977), 269–283. Zbl 0366.18008 [7] Płonka, J.: Diagonal algebras. Fund. Math. 58 (1966), 309–321. Zbl 0166.27404 [8] Šlapal, J.: Exponentiality in concrete categories. New Zealand J. Math. 22 (1993), 87–90. Zbl 0793.18004 [9] Šlapal, J.: Cartesian closedness in categories of partial algebras. Math. Pannonica 7 (1996), 273–279. Zbl 0858.08003 [10] Šlapal, J.: On some cartesian closed relational categories. In: K. Denecke and O. Lüders (eds.), General Algebra and Applications in Discrete Mathematics. Proceedings of Conference on General Algebra and Discrete Mathematics, Potsdam 1996, Shaker Verlag, Aachen 1997, 169–176. Zbl 0917.18003

Received February 6, 2000