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Assume throughout the paper that k denotes a field of characteristic zero. Recall that
A = (A,-,{-,-}) is said to be a Poisson algebra if (A,-) is a commutative k-algebra and
(A, {-,-}) is a Lie algebra such that

{ab, c} = a{b, c} + b{a,c}

for all a,b,c € A. For every Poisson algebra A, there exists a unique Poisson enveloping
algebra U(A), which is a (associative) k-algebra, such that a k-vector space M is a Poisson
A-module if and only if M is a U(A)-module (see [4, 1, 5 and 6]). The main purpose of
this paper is to see that if A is also a Hopf algebra with Hopf structure compatible with the
given Poisson structure (in this case, A is called a Poisson Hopf algebra) then U(A) is a Hopf
algebra.

Throughout the paper that, for an algebra B, By will be the Lie algebra B with Lie bracket
la,b] = ab — ba for all a,b € B.

Let us review a definition of Poisson enveloping algebra (see [4, 3]):
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Definition 1. For a Poisson algebra A, a triple (U(A),«, ), where U(A) is an algebra,
a:A— U(A) is an algebra homomorphism and 3 : A — U(A)L is a Lie homomorphism
such that

a({a,b}) = [6(a),a(b)], B(ab) = a(a)B(b) + a(b)b(a)

for all a,b € A, is called the Poisson enveloping algebra for A if (U(A),a, 3) satisfies the
following; if B is a k-algebra, v is an algebra homomorphism from A into B and § is a Lie
homomorphism from (A, {-,-}) into Br such that

7({a,b}) = [6(a),7(b)], d(ab) = v(a)d(b) + 7(b)d(a)

for all a,b € A, then there ezists a unique algebra homomorphism h from U(A) into B such
that hao =~ and hf3 = 9.

o - U(A)
A/'h‘\ﬁA
e S

For every Poisson algebra A over k, note that there exists a unique Poisson enveloping algebra
(U(A),a, ) up to isomorphic, that U(A) is generated by o(A) and B(A) by [4, proof of 5]
and that 5(1) = 0.

Definition 2. (see [3, 3.1.3]) A Poisson algebra A is said to be a Poisson Hopf algebra if A
is also a Hopf algebra (A, i, p, e, A, S) over k such that both structures are compatible in the
sense that

A({a,b}) = {A(a), A(b)}aea
for all a,b € A, where the Poisson bracket {-,-}aga on A® A is defined by

{a®d, bRV} aga ={a,b} @'t +ab® {d',b'}
for all a,a’,b, b’ € A.

For example, every coordinate ring of Poisson Lie group is a Poisson Hopf algebra.

For Poisson algebras A and B, an algebra homomorphism ¢ : A — B is said to be a Poisson
homomorphism (respectively, anti-homomorphism) if ¢ satisfies the rule

¢({a,b}) = {d(a), ¢(b)} (respectively, ¢({a,b}) = {¢(b), d(a)})
for all a,b € A.

Lemma 3. If (A, ¢, pu,6,A,S) is a Poisson Hopf algebra then the counit € is a Poisson ho-
momorphism and the antipode S is a Poisson anti-automorphism.

Proof. [3, Remark 3.1.4] O
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Lemma 4. If v and 0 are k-linear maps from a Poisson algebra A into a k-algebra B such
that

v({a,b}) = [6(a),¥(b)], d(ab) =~(a)é(b) + v(b)d(a)
for all a,b € A, then

v({a,b}) = [v(a),8(b)], 6(ab) = d(a)y(b) + d(b)y(a).
Proof. Since

v({a,b}) + d(ab) = 6(a)y(b) + ~(a)d(b
({0, a}) + d(ba) = 6(b)(a) +~(b)é(a
we have
20(ab) = 6(a)y(b) + 0(b)v(a) +~v(a)d(b) +v(b)d(a)
= 0(a)y(b) +6(b)7(a) + 6(abd)
2y({a,b}) = 6(a)y(b) — 6(b)v(a) +v(a)d(b) — v(b)d(a)
=7(a)d(b) — 6(b)v(a) +v({a, b})
by adding and subtracting the above two formulas. Hence we have the conclusion. O]

Lemma 5. Let (U(A), a, ) be the Poisson enveloping algebra for a Poisson algebra A. Then
(i) a®a: A® A — U(A)®@U(A) is an algebra homomorphism.
(i) a®f+Ra: AR A — (UA) ® U(A))L is a Lie homomorphism.
Proof. (i) It is clear since « is an algebra homomorphism.
(ii) By Lemma 4, for a,a’, b,V € A,
(a@f+0@a){a®d,bxb'})
~(a®p+B®a)(a®d),(a®B+B@a) (b))
=(a®@pf+0@a)(ab® {d, bV} + {a,b} ® a'’)
—[(e®@pf+8Ra)a®d),(a®+L2a) (b))
= a(ab) ® B({d',0'}) + a({a,b}) ® B(a't’) + B(ab) @ a({a’,b'})
)®

+8({a,0}) ® a(a't) — [a(a) ® B(d), a(b) ® B(b)]

— [a(a) ® B(d), B(b) ® a(t)] — [B(a) ® a(a’), a(b) @ B(V)]

— [B(a) ® a(a’), B(b) ® a(b)]

= a(ab) ® [5(d), B(t')] + [B(a), a(b)] ® (a(a)B(V) + a(b)5(d))

+ (a(a)ﬂ( ) + a(b)B(a)) ® [B(d), a(b)] + [B(a), B(b)] ® a(a't)
a(a)a(b) @ [B(a’), B(V)] — a(a)3(b) ® B(a)a (b))
Bb)a(a) @ a(t))B(a’) — Bla)a(b) ® ala’)B()
(b)ﬁ(a) B)a(a’) — [B(a), 5(b)] ® afa’)a(b)

= —a(b)B(a) @ [a(d), B(t)] + [B(a), a(b)] @ a(t')5(d’)
— [a(a), (b)) ® a(b')5(a) + a(b)B(a) ® [B(a’), a (b))
= —a(b)B(a) ® a({d’,b'}) + a{a, b}) © a(t')5(d)

—a({a,b}) @ a(t)B(a’) + a(b)B(a) ® a({d’,b'})

=0.
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Hence a ® B+ f ® « is a Lie homomorphism. ]

Lemma 6. Let A and B be Poisson algebras and let C' be an algebra. If ¢ : A — B is a
Poisson homomorphism, o : B — C is an algebra homomorphism and 3 : B — Cp, is a
Lie homomorphism such that

a({b1,b2}) = [B(b1), a(b2)], B(biby) = a(b1)B(b2) + c(b2)B(b1)

for all by,by € B then ap : A — C is an algebra homomorphism and B¢ : A — Cp, is a
Lie homomorphism such that

a¢({a17 CLQ}) = [6¢(a1)7 agb(a’Q)}
Bolaraz) = ad(ar)Bo(az) + ad(az)Be(ar)
for all ay,as € A.
Proof. Straightforward. m
Lemma 7. Let (U(A), a, ) be the Poisson enveloping algebra for a Poisson algebra A. Then
(U(A)@U(A),a® a,a® B+ [ ® «) is the Poisson enveloping algebra for A® A.
Proof. 1t is straightforward to see that
(@@a){a®d,b@V}) =[(a®B+a)(a®d), (0@ a)(b@V)]

(a®pB+@a)((a@d)(bab))=(a®a)(a®d)(a® B+ a)(bRV)
+(a@a)bebt)(a®f+i®a)(a®ad).

Let 4; and 75 be the Poisson homomorphisms from A into A ® A defined by

ih:A— AR A, i1(a) =a®1
i A— A® A, is(a) =1®a
for all a € A. Given an algebra B, let up be the multiplication map on B. If v is an algebra

homomorphism from A ® A into B and § is a Lie homomorphism from A ® A into By, such
that

Y{e@d, bt} =[ba@d),y(b® V)
i((a®a)(b@b)) =v(a®d)5(b@ V) +y(b@b)i(a®d)

for all a,a’,b,b/ € A, then there exist algebra homomorphisms f, g from U(A) into B such
that fa = viq, f3 = i1, g = vis, g8 = iy by Lemma 6.

ua)—L -8 U9 . p
a,ﬁw M,é a,ﬂw %,5
A—2 e ApA A2 A A
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Moreover we have di;(a)yiz(a’) = yiz(a’)di1(a) for all a,a’ € A since

[071(a),viz(a')] =7({a® 1,1 ®a'})
v(a®{1,d'} +{a,1} ® a’)
=0.

Hence we have

/

pe(f ®@g)(a®a)(a®d) = fala)ga(a) =
—’V(h( Jia(a')) = a®a)
) a

pe(f®g)a®B+F®a)a®d) = fa(a)gh(d) + fB(a)ga(a’)
= 7ir(a)diz(a’) + dir(a)yiz(a)
= viy(a)diz(a’) + vyiz(a')di1(a
= 0(i1(a)iz(a’))
=d(a®a)

for all a,a’ € A. Thus ug(f ® g) is an algebra homomorphism such that

pe(f@g)a®a) =y, ps(f@g)(a®f+LRa)=>4

If h: U(A® A) — B is an algebra homomorphism such that

then

Ma®a)=7y, hla®f+B®a)=34

ps(f © g)(afa) ®1) = hla@a)(a®1) = h(a(a) ® 1)
pe(f ®@g)(1@ala) = h(a®a)(1®a) = h(l ® ala))
pe(f ®g)(1®H(a)) =h(a®F+F®a)(l1®a) = h(1® 5(a))
pe(f ®9)(Bla)®1) =h(a®f+ @ a)(a®l)=h((a)®1)
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for all @ € A, hence we have up(f ® g) = h since U(A) is generated by a(A) and G(A). It
completes the proof by Lemma 5.

]

Lemma 8. Let (U(A),aa,B4) and (U(B),ap,p) be Poisson enveloping algebras for Pois-
son algebras A and B respectively. If ¢ : A — B is a Poisson homomorphism then there
ezists a unique algebra homomorphism U(¢) : U(A) — U(B) such that U(¢)as = apd and
U(9)Ba = Bpo.

U(A) @) U(B)
aa, ﬂA[ l ag, e
A ¢ B



572 Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras

Proof. Tt follows immediately from the definition for Poisson enveloping algebra and Lem-
ma 6. O

Let A= (A,-,{-,-}) be a Poisson algebra. Define a k-bilinear map {-,-}; on A by

{a,b}; = {b,a}

for all a,b € A. Then A; = (A4,-,{-,-}1) is a Poisson algebra. For an algebra B, we denote
by B = (B, o) the opposite algebra of B.

Proposition 9. Let (U(A), «, ) be the Poisson enveloping algebra for a Poisson algebra A.
Then (U(A)?, a, B) is the Poisson enveloping algebra for A;.

Proof. Clearly, « is an algebra homomorphism from A; into U(A)% since A; is commutative
and [ is a Lie homomorphism from A; into U(A)?. Moreover, by Lemma 4, we have

a({a,b}1) = a({b, a}) = [a(b), B(a)] = B(a) o a(b) — a(b) o 5(a)
B(ab) = Ba)a(b) + H(b)a(a) = ala) o 5(b) + a(b) o f(a)

for all a,b € A;. If B is an algebra, v : A; — B is an algebra homomorphism and
0 : Ay — By, is a Lie homomorphism such that

v({a,b}1) = [6(a),7(b)] and d(ab) = ¥(a)d(b) + v(b)(a)

for all a,b € Ay, then v: A — B is an algebra homomorphism and § : A — B7" is a Lie
homomorphism such that

v({a,b}) = v({b,a}1) = [7(b),6(a)] = d(a) o v(b) — 7(b) 0 6(a)
d(ab) = 6(a)y(b) + 6(b)v(a) = y(a) o 6(b) +(b) © 6(a)

for all a,b € A by Lemma 4. Hence there is a unique algebra homomorphism h from U(A)

into B’ such that ha = v and h3 = 0 and so h : U(A)? — B is a unique algebra

homomorphism such that ha = vy and h = 6. Thus (U(A)?, a, ) is the Poisson enveloping
algebra for A;. O

Theorem 10. If (A, ¢, p, €, A, S) is a Poisson Hopf algebra then

(U(A), Ly ays Buyeay, U(€), U(A), U(S))
is a Hopf algebra such that
UA)a = (a®a)A UA)B=(a®p+0®a)
Ul(e)a =€ Ue)s =
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Proof. Since A is a Poisson homomorphism and (U(A) @ U(A),a® a,a ® + f® «) is the
Poisson enveloping algebra of A ® A by Lemma 7, there exists an algebra homomorphism
U(A) :U(A) — U(A) ® U(A) such that

UlA)a=(a®a)A, UA)B=(a®8+FRa)A

by Lemma 8. Similarly, there exists an algebra homomorphism U (e) from U(A) into k such
that U(e)a = €, U(e) = 0 since (k,idy,0) is the Poisson enveloping algebra of the field k
with trivial Poisson bracket. Since the antipode S is a Poisson homomorphism from A into
Ay by Lemma 3, there is an algebra homomorphism U(S) : U(A) — U(A)? such that
U(S)a = aS and U(S)B = S by Lemma 8 and Proposition 9. It is verified routinely that
(U(A) U(e),U(A),U(S)) is a Hopf algebra. O

7[’U(A)’/’LU(A)’

Example 11. Let L be a finite dimensional Lie algebra over k with Lie bracket [-, -] and let
S(L) be the symmetric algebra of L. Fix a k-basis x1,... ,z, of L. Note that S(L) is the
commutative polynomial ring k[z1, ... ,z,]. Then, by [1, 2.8.7] or [2, Example 1], S(L) is a
Poisson Hopf algebra with structure

{a,b} =[a,b], Ala) =a®1+1®a, €(a) =0, S(a) =—a

for all a,b € L. In fact, it is verified easily using the induction on degree of homogeneous
elements of S(L) that

A({z,y}) = {A(x), Aly)}
e{z,y}) =0
S{z,y}) = {S(), S(=)}

for all z,y € S(L). Observe that the Poisson enveloping algebra U(S(L)) = (U(S(L)), o, )
is the algebra generated by z1,... ,%,,y1,...,y, subject to the relation
Ty = x5, YiY; = Yy + 0z 5]), ;= yim [, o)

forall i,7 =1,...,n and, @ and [ are given by a(x;) = z;, 5(z;) = y;, respectively, where
Y : L — U(S(L)) is a k-linear map defined by ¢ (z;) = y; for all i = 1,... ,n. By Theorem
10, the Poisson enveloping algebra U(S(L)) is a Hopf algebra with Hopf structure

Alz) =z @1+ 10 Aly) =3 ®1+1®y;

elz:) =0 €(y:) =0

S(zi) = —z; S(yi) = —vi
foralli=1,... n.

The Poisson enveloping algebra U(S(L)) contains the universal enveloping algebra of
L as a subalgebra. Let U be the subalgebra of U(S(L)) generated by y1,...,y, and let
j: L — U be a k-linear map defined by j(z;) = y; for all i = 1,... ;n. Then (U, j) is the
universal enveloping algebra of L.
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