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Abstract. All rings are commutative with identity and all modules are unitary.
In this note we give some properties of a finite collection of submodules such that
the sum of any two distinct members is multiplication, generalizing those which
characterize arithmetical rings. Using these properties we are able to give a con-
cise proof of Patrick Smith’s theorem stating conditions ensuring that the sum
and intersection of a finite collection of multiplication submodules is a multiplica-
tion module. We give necessary and sufficient conditions for the intersection of a
collection (not necessarily finite) of multiplication modules to be a multiplication
module, generalizing Smith’s result. We also give sufficient conditions on the sum
and intersection of a collection (not necessarily finite) for them to be multiplica-
tion. We apply D. D. Anderson’s new characterization of multiplication modules
to investigate the residual of multiplication modules.
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0. Introduction

Let R be a ring and M an R-module. For submodules K and L of M, the residual of K
by L, denoted by [K : L], is the set of all z in R such that xL C K. An R-module M
is called a multiplication module if for each submodule N of M there exists an ideal I of
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R such that N = IM [3]. It is clear that every cyclic module is multiplication, and that a
multiplication module over a local ring is cyclic [3]. Let N be a submodule of a multiplication
module M. There exists an ideal I of R such that N = IM. Note that I C [N : M| and
N =1IM C I[N : MM C N so that N = [N : M]M. It follows that M is a multiplication
R-module if and only if N = [N : M]M for all submodules N of M. An ideal A of R which
is a multiplication module is called a multiplication ideal.

In Section 2 (Theorem 2.1) we establish several properties of a finite collection of sub-
modules N; of an R-module M which satisfy the condition that N; + N; is multiplication for
all ¢ < j. The interest in these properties lies in the fact that they generalize the standard
characterization of arithmetical rings, see [6], [9] and [10]. Using these properties, we offer a
short proof of Patrick Smith’s result giving conditions for the sum and intersection of a finite
collection of multiplication modules to be a multplication module [18, Theorem 8|. Some
examples will be given to highlight these properties by showing that they fail without the
assumption of finiteness and that their converses are not true in general.

In Section 3 we give (see Theorem 3.2) necessary conditions for the intersection of a
collection (not necessarily finite) of multiplication modules to be a multiplication module.
We also give (see Theorems 3.6 and 4.2) conditions on the sum and intersection of an arbitrary
collection of modules sufficient for them to be multliplication modules, generalizing Smith’s
theorem.

In Section 4 we apply D.D. Anderson’s new characterization of multiplication modules,
[2, Theorem 2.1], to obtain yet another characterization. In Theorem 4.3 we apply it to
residuals of multiplication modules.

For the basic concepts we refer the reader to [5], [7], [11], [12] and [17].

1. Preliminaries

Let R be a ring and N;(1 < 1 < n) a finite collection of submodules of an R-module M.
Throughout this note we use the following notation:

S=YN, N=ON, S5=YN, and N,=N;.
=1 =1 j#i j#i
Lemma 1.1. Let R be a ring and N;(1 < i < n) a finite collection of submodules of an
R-module M such that
[NlNJ]—i—[Ny Nz] =R fOT’ all ’l<]
Then ) LA . n -
(1) >[Si:S]=R, (ii) [N :N;]=R.

i=1 =1

Proof. (i) From the assumption we obtain ) > [N, : N;] = R. Obviously

i=1j#i
SN N;JC[Si: Ny] forall 1<i<n.
JF

Hence $.[S; : N;] = R. But [S; : N;] = [S; : S], and hence (i) is proved. The second part is

i=1
similar. O
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Compare the following result with [18, Proposition 4] and [7, Theorem 25.2].

Corollary 1.2. Let R be a ring and N;(1 < i < n) a finite collection of submodules of an
R-module M such that [N; : N;] + [N; : N;] = R for all i < j. Then

(i) [S: K] = zn:[NZ : K| for every submodule K of M,
i=1

(ii) Y [Ni: S| =R,

1=

[y

(iii) [K : N|=>_[K: N,| for every submodule K of M,

i=1
(iv) >[N : N;] = R,
i=1
(v) KNS =Y (KNN;) for every submodule K of M,
i=1
(vi) K+ N = ﬁ (K + N;) for every submodule K of M,

=1

(vii) IN = (\IN, for every ideal I of R.

=1

Proof.  We prove (i) by induction on n. The result is true for n = 2 [18, Proposition 4].
Assume n > 2 and the result is true for n — 1, i.e. for every submodule K of M,

[&:K]:Z[Nj:fﬂ, forall 1<i<n.
JFi

Suppose K is a submodule of M. Clearly > [N, : K| C [S : K|. By Lemma 1.1, there exists
=1

z; € [S; : 5] such that 1 = S z;. Let z € [S : K. Then z = > zz; and zz;,K C ;5 C
i=1 i=1
5’,- for all 1 <1 <mn.It follows that

n

zGZ[S}:K] = [N;: K]

i=1

so that [S : K] C Y [N; : K, and (i) is proved. For (ii) take K = S in (i). (iii) is similar to
=1
(i). For (iv) take K = N in (iii).
To prove (v), let K be any submodule of M. Clearly > KN, C K()S. Using part (ii), there
i=1

exist x; € [N; : S] such that 1 = > ;. Let w € K S. Then v = ) uz; and uz; € K N;
=1 i=1

forall 1 <i¢<n.Thusu e > K()N; and hence K (S C Y K[N..
=1 i=1

(2
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To prove (vi), assume that K is a submodule of M. Then clearly K + N C (K + N;). By
=1

part (iv) there exist x; € [N : N;] such that 1 = le Let v € ﬂ (K + Nj). Then v = k; +n;

for some k; E K,n;e Njandall1 <j <n.It follows that xj =xjkj +xn; € K+ N, and

hence v = Zx]v € K + N so that ﬂ (K + N;) € K+ N and (vi) follows.
7j=1 =1

Finally, let I be an ideal of R. Clearly IN C ﬂINl. Again by (vi), 1 = > a; for some
=1 z:l

€[N : Ny Let y € ﬂIN Then y € IN, for all 1 <r < n. Hence y = Zumnrk where
r=1
Uy, € I and n,, € N, for all 1 <r <n and all 1 <k < m. It follows that

y= Zyxr = Zzurk(nrer)-
r=1

k=1r=1

But n,zz, € N and hence u,(n.xz,) € IN for all 1 <r <mn and all 1 <k < m. This implies
that y € IN and thus completes the proof of (vii). 0J

We observe that if R is a ring and N;(1 < i < n) is a finite collection of finitely generated
submodules of an R-module M such that N; + N; is multiplication for all ¢ < j, then
the conclusions of Corollary 1.2 are satisfied, see [16, Lemma 3.3] and [18, Corollary 3 of
Theorem 1].

An R-module M is called a weak-cancellation module if, for all ideals I and J of R, if
IM C JM then I C J+ ann(M). It is clear that every cyclic module is weak-cancellation,
from which it follows that finitely generated multiplication modules are weak-cancellation,
see [4, Theorem 3.1] and [18, Corollary of Theorem 9]. However, the following holds for
multiplication modules in general.

Lemma 1.3. Let R be a ring and M a multiplication R-module. Let I and J be ideals of R.
Then IM C JM if and only if I C J + ann(m) for all m € M.

Proof.  Suppose first that I and J are ideals such that IM C JM. By [18, Theorem 9|
either I C J+ann(M) and the result follows immediately, or M = [(J +ann(M)) : I|M. Let
m € M. Then Rm = AM for some ideal A of R. Now

Rm = AM = A[(J +ann(M)) : I[|M
= [(J+ann(M)) : I|JAM = [(J 4+ ann(M)) : I|m,

and hence R = [(J +ann(M)) : I] + ann(m). Finally

I = RI=[(J+ann(M)): I|I +ann(m)l
C J4ann(M) +ann(m)l C J + ann(m),

as required. The converse is trivial. O
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Corollary 1.4. Let R be a ring and Nx(XA € A) a collection of submodules of an R-module
M, and let S =, ., Na be a multiplication module. Then

(i) ZAeA[N/\P : Sp| = Rp for every mazimal ideal P of R.
(i) > yealNa: S| +ann(a) = R for every a € S.

In particular, if K and L are submodules of an R-module M such that K + L is multiplication,
then

(i) [Kp: Lp)+ [Lp : Kp| = Rp for every mazimal ideal P of R.
(ii) [K: L]+ [L: K]+ ann(a) = R for everya € K + L.
Proof (i) As S is a multiplication module, we have Ny = [N, : S|S for all A € A. Hence

= > aealiVa @ S]S. Assume P is a maximal ideal of R. Then Sp is a weak-cancellation
Rp module. It follows that

Rp = Z[NA : S]p +ann(Sp) C Z[N,\p : Sp| + ann(Sp).
XeA AeA

But ann(Sp) C [Nyp : Sp| for all A € A. Thus (i) is proved.
Part (ii) follows immediately by the preceding Lemma, since S = >, [Ny : S]S. O]

We remark that Patrick Smith [18, Theorem 2| proved (ii) under the additional assumption
that the submodules Ny of M are multiplication.

2. Finite collections

The following theorem shows several properties of a finite collection of submodules N;(1 <
i < n) such that N; + N; is multiplication for all ¢ < j. These properties generalize the
characteristic properties of Priifer domains (see for example [7, Theorem 25.2], [12, Theorem
6.6]) and of arithmetical rings (see [9, Lemma 2] and [10, Theorem 3]). Later we use these
properties to give a concise proof of Smith’s theorem [18, Theorem 8].

Theorem 2.1. Let R be a ring and N;(1 < i < n) a finite collection of submodules of an
R-module M such that N; + N; is multiplication for all i < j. Then

(i) zn:[gz : S]+ann(a) = R for alla € S,
(i) Zn:[N : N;] + ann(a) = R for all a € S,
(ili) [S: K] = i[N K] (mod ann(a)) for all submodules K of M and all a € S,

(i )i[N S|+ ann(a) = R for all a € S,
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(vil) KNS = Y_(KNN;) for every submodule K of M,
i=1

(viii) K+ N = (K + N;) for every submodule K of M,
i=1

(ix) IN = (IN, for every ideal I of R.

=1
Proof. As N; + N; is multiplication for all 7 < j, we infer from Corollary 1.4 that
[N;: Nj]+ [N, : N;] +ann(a) =R forall ae€ N;+N;.
It follows that o
ZZ[NZ : N]] + [N] : Nz] + ann(a) = R,
i=1 j=1
and hence by Lemma 1.1 we get that

n

Z[Sl : S]+ann(a) = R forall a€ Ny+ N,k <.

=1

Let m € S. Then m = > ay; where ay € Ny, + N;. Hence

k<l
R = Z[‘é’ : S|+ Nann(ay) = Z[S’@ - S]+ ann(ZRakl) C Z[SZ : S]+ ann(m),
i=1 k<l i=1 k<l i=1

so that .
R= Z[S’Z : S]+ann(m) forall meS.

i=1
(ii) is similar. For (iii), let K be a submodule of M. By induction it suffices to assume n = 2.
By (i),

[N1: N1+ No|+ [Ny : Ny + No] +ann(a) = R for all a € Ny + Ns.

Let a € Ny + N,. Clearly
[N1: K|+ [Ny : K]+ ann(a) C [Ny + Ns : K] + ann(a).

Now let w € [Ny + Ny : K| + ann(a). Then w = wy + wy where wy € [Ny + Ny : K| and
wy € ann(a). Also, there exist 1, z2, 2 € R such that x; € [Ny : N1+ Ns], 22 € [Ny : N1+ Ny,
z € ann(a) and 1 = x1+ 29+ 2. But w = wy (21 + 22+ 2) +ws and w1 K C 21(N1+Ns) C Ny,
and hence wyzy € [Ny : K|. Similarly, wize € [Ny : K]. Also, w1z + we € ann(a), and this
shows that
[N1 + Ny : K] +ann(a) C [Ny : K|+ [Ny : K]+ ann(a).

For (iv), take K = S in (iii). (v) is similar to (iii), and for (vi), take K = N in (v).

The last three parts of the theorem are true locally as seen by using Corollary 1.2 (parts (v),
(vi), and (vii)) and Corollary 1.4, and hence they are true globally. O

Liineburg [14, Theorem 3] proved that for ideals I, J of a domain R, if I + J is invertible,
then (I + J)(I(J) = IJ. The following corollary extends this result.
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Corollary 2.2. Let R be a ring and I, J ideals of R such that I + J is a multiplication ideal
of R. Then
IJ= I+ J)INJ).

Proof. As I 4 J is multiplication, we infer from Theorem 2.1 that
I+ )IN)=UT+NINI+J)J2DJINIJ=1J.

The other inclusion is always satisfied. 0

We apply Theorem 2.1 to give a concise proof of a theorem of P. Smith.

Theorem 2.3. [18, Theorem 8| Let R be a ring and N;(1 < i <n) a collection of submod-
ules of an R-module M such that N; + N; is multiplication for all i < j. Then:

(i) S is multiplication.

(ii) If each N; is multiplication, then N is multiplication.
Proof. (i) Let k € {1,... ,n}. It follows from Theorem 2.1(i) that

n
A

Sk = (O[S : 8])Sk.

=1

Then

A A A ~ A ~ ~ A ~

Sy S)Sk = [Sk = S]Sk + O _[Si + Skl) Sk
ik ik

S
I
2
A2
2
_|_

A

By induction suppose that S; is multiplication for all j € {1,... ,n}. Then [S; : Si]S; = [Sk :
S'Z-]Si =[Sk : S]S‘Z for all 7 # k, and hence

Sk =[Sk : S19% + D[Sk : S19 =[Sk : S]S.
£k

Let K be any submodule of M. Then by Theorem 2.1 (vii) we have that
KNS =) _KNN;, €Y KNS = ZK SS:Z 1S+ S1S C [K : 8]S € KNS,
i=1 i=1 i—1

so that K (S = [K : S|S. This shows that S is a multiplication module.
For the second part, let K be any submodule of M. By Theorem 2.1 (viii),

KNN = ﬂKﬂN m[ ]Ncm NIN; = [K : N]N C KON,

so that K (YN = [K : N]N, and N is a multiplication module. O

We prove two corollaries. The first is a generalization of [16, Corollary 3.4] and [18, Propositon
12], and the second shows that Theorem 2.1(vii) is true for an arbitrary collection of modules.
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Corollary 2.4. Let R be a ring and N;(1 < i < n) a finite collection of finitely generated
multiplication submodules of an R-module M that can be generated by m; elements respec-

tively, and let N = ﬂN If N; + N; is multiplication for all v < 7, then N is a finitely

generated multzplzcatzon module that can be generated by Zmz elements.
=1

Proof. As N; + Nj is multiplication, it follows from the remark made after Corollary 1.2
that > [N : N;] = R. Then there exist elements z; € [N : N;] such that Y z; = 1. It follows
i=1

i=1
that

N = i%N C i%Nz C N,

so that N = leN is a submodule of M generated by Zm, elements. That N is mul-
=1 i=1
tiplication follows by Theorem 2.3(ii). Alternatlvely, we may observe that x;IN C a: N, for

all 7, and hence z; € [z;N; : NJ|. It follows that Z[x,N N] = R. But N = Zm] s
i=1 j=1
and z;N; is multiplication [4, Corollary 1.4]. Thus by [18, Corollary 1 of Theorem 1], N i

multiplication. D

Corollary 2.5. Let R be a ring and Nx(\ € A) a collection of submodules of an R-module M

such that Ny + N,, is multiplication for all X # p. Let S = > Ny. Then K (S = > K[ Ny
AEA AEA
for every submodule K of M. In particular, if Nx(A € A) is a collection of multiplication

modules such that
[Ny : N+ [N, :N\|=R forall X\# p,

then the result holds.

Proof. Let K be a submodule of M. Clearly > (K(\N,) € K(S. For each z € K[ S there
AeA

exists a finite subset A, of A such that x € > N,.It follows that K (ST > (K[ Y. N,).
AEAL 2eKNS  Aehq

As N, + N, is multiplication for all A\, € A, (A # p), we infer from Theorem 2.1(vii)

that K () Y. Nx = Y (K[N,). Therefore K (S C > K[\N,, and the proof of the first
XEA, AEA, AEA
assertion is complete. The second assertion follows now by [18, Corollary 3 of Theorem 2|. [

Examples 1-3 below show that the conclusions of Theorem 2.1 (other than (vii)) are not
valid without the finiteness assumption, and Example 4 shows, among other things, that
their converses are not true.

Example 1. Let R = C|[[z]]. R is a Noetherian local domain and the unique maximal ideal
of R is Rx. Let N, = Rz®. Then N, is a multiplication ideal of R for each & > 1 and so
too is Ny + N,, for any positive integers k < n, because Nj + N,, = Ni. On the other hand
N = (N Ny =0 and hence Y [N : N]=0# R.

k>1 >1
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Example 2. Let R = [Z Q], the commutative ring of all matrices of the form ( g ; >
withn € Z, r € Q.

(i) For s € Q, let N, = R< 8 = [0 Zs]. Ny is a multiplication ideal of R (being

s

0

principal). If s, € Q,say s = %, ¢t = gwith ged(u,v) = ged(x,y) = 1, then let r = ged(s, t) =

v—ly ged(u, z) ged(v, y). (See [13] for properties of ged in this sense.) Then for any s,t € Q,

N+ N, is multiplication because Ny+ N; = N,., r = ged(s,t). But S = > Ny = [0 Q] which
s€Q

is neither finitely generated nor multiplication, and ) [N, : S] # R since [Ny : S] = [0 Q]

seQ
for all s € Q.

(ii) For i« > 1, let N; = R( (Z) (Z) ) = [Zi QJ. Then N; is multiplication and so too is
N; + N; for all ¢, > 1 because N; + N; = Ny where d = ged(i, 7). Bt N = (N, =[0 Q]
i>1

is not multiplication, and ) [N : N;] =0 # R.

j>1

(iii) Let p be an odd prime integer and N, = [Zp Q. Then (N, = [0 Q], and hence

PF#2
No+ (NN, = No. But (N2 + N,) = [Z Q] = R. Also it is easy to verify that [N, :
p#2 p#2
r]A@]ZZ}%kHH zz[A& IA%]ZZA&.
p#2 P#2

Example 3. [8, Example 31| Let R be a Priifer domain which is not Noetherian. There
is a maximal ideal P of R which is not finitely generated. P is not multiplication, and
hence R # 0(p) = > [pR : P], [1, Theorem 1] and [2, Theorem 2.1]. However, aR + bR is

peEP
multiplication for all a, b, € R.

Example 4. Let () be the ring of all sequences of elements of Z,, and put

e, = (0,0,...,1,0,...). Let R = Q[z,y]. Then I = > e, R is a multiplication ideal of R
n>1

since it is generated by idempotents, [1] and [4]. Let I, = (e1,... ,en,en112, eni1y)R. We

show that I, is not a multiplication ideal by showing that I, is not locally principal, [1].

Let Mypy1 = (1 — epq1,2,y)R. M,41 is a maximal ideal of R (in fact R/M, 1 ~ Z,). For

f = fi,xzy’ € R, define p(f) = Y (fij)nr12'y’, where (fi;) is the k' term of the sequence
i,J

fij- Then ¢ : R — Zs|z,y] is a homomorphism, and ker ¢ = (1 —e,,41)R C M, 1. Moreover,
©(Mpy1) = (z,y)Zs[z,y]. So ¢ extends to a homomorphism ¢ : Ry, ., — Zo[2,y](zy), and

+1

o(I,) = (%,9)Zs[x,y)(z,) is not principal, hence neither is I, Ry, ,,. Now, [; C I C --- , and
I = | I,.. One may show directly that, as Corollary 1.4(ii) concludes, >[I, : I]+ann(a) = R
n>1 n>1

for all a € I, a conclusion which does not follow from Smith’s theorem [18, Theorem 2]. It
also shows that the converse of Corollary 1.4 is not true, because

L : L)+ [I; : ] +ann(a) = R
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for all ¢ # j and all a € I, + I;, but I; + I; = I, where k = max{%,j}, which is not
multiplication. This example further shows that the converses of Theorem 2.1 and Corollary

2.2 are not true. For this purpose, let S = > I, and N = (\[;. Then S = I, and N = [; are
i=1 i=1
not multiplication. Also, for all 4, j, I; + I; is not multiplication.

3. Infinite collections

Naoum and Hasan [16] gave a sufficient condition for the intersection of two multiplication
modules to be multiplication. That result was generalized by Smith [18] to a finite collection
of multiplication modules. Using different methods, we extend the results to intersections of
arbitrary collections of modules. First, we need a lemma.

Lemma 3.1. Let R be a ring and Nx(A € A) a collection of submodules of an R-module M

and let N = () Nx. If Y [N : N)| = R, then IN = () IN, for every ideal I of R.
AEA AEA AeA

Proof. Let I be an ideal of R. Clearly IN C [ IN,. If the condition is satisfied, there
AeA

exist a finite subset A’ of A and elements z, € [N : N)J(A € A’) such that )  z), = 1. Let
AEA!

w € () INy. Then w € IN, for all A € A’. For each A € A’ there exists a finite set A, such
AEA

that w = ) w,ys, where u, € I and y,, € N,. It follows that w = ) > u,(z\yr,). But
pEAN XEA'HEN
zx\yx, € N for all A € A" and all € Ay. Thus w € IN, and the result follows. O

Theorem 3.2. Let R be a ring and Ny(A € A) a collection of multiplication submodules of

an R-module M and let N = (| Nyx. Then
AEA

Z[N : Nx]+ann(a) =R forall a€ N
AEA
if and only if these conditions are satisfied:
(i) IN = () IN, for every ideal I of R.
AEA
(ii) N is a multiplication module.
Proof. Suppose first that
Z[N : Ny]+ann(a) =R forall a€ N.
AEA

We can prove (i) even without the assumption that the Ny are multiplication. It suffices to
prove it locally. Thus we may assume that R is a local ring. If N = 0, there is nothing to
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prove. Otherwise N # 0, and hence there exists 0 # a € N so that ann(a) # R. It follows
that

Y [N:N\J =R,

AEA

and the result follows from Lemma 3.1. To prove (ii), let K be any submodule of M. Then

KON = N(ENN)) = N[K : NJJNy € N [K : N]N, = [K : N]N € KN,

so that K (YN = [K : N|N, and N is multiplication. Conversely, assume that (i) and (ii) are
satisfied. As N, is multiplication for all A € A, we infer that

N=[N:N,JNyC (D) [N:NJ)N,y forall AeA.

HEA
Hence
NS NQ_IN:N)Ny =D _[N: NN
AEA’pEA pEA
By Lemma 1.3, the result follows. 0

In the following example, condition (i) but not (ii) of Theorem 3.2 holds.

Example 5. Let R = Q[[z]], I = Rx. (R, 1) is a discrete valuation ring. Let D = Z + I.
Then I is a Priifer domain [7, p.319]. Let N; = Dp; where p; < ps < --- is the sequence
of positive primes of Z. Let N = (| Dp;. Then N is not a finitely generated ideal of R and

i>1
hence it is not multiplication. One can easily verify that for all 4, [N : N;] = N and hence
;[N : N;] # D.

We mention three corollaries to Theorem 3.2. The first is an immediate consequence while
the second and third give sufficient conditions for the radical of a module to be multiplication.

Corollary 3.3. Let R be a ring and Nx(A € A) a collection of multiplication submodules of

an R-module M and let N = () Nx. If > [N : N\] = R, then N is a multiplication module.
xeA AEA

Let R be a ring and M an R-module. A submodule P of M is called a prime submodule if
whenever rm € P, for some m € M, r € R, then m € P or r € [P : M]. The M-radical of

a submodule N of M is defined as the intersection of all prime submodules of M containing
N, (see [15]).

Corollary 3.4. Let R be a ring and N a submodule of an R-module M such that
Z[rad N:P]=R,

where the sum is over all prime submodules P of M containing N.
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(i) If every P is multiplication, then so too is rad N.
(ii) If every P is finitely generated, then so too is rad N.
(iii) If every P is faithful, then so too is rad N.

Proof. (i) Corollary 3.3.
(ii) There exist a finite set of prime submodules {P\,P5,... ,P,} of M containing N and

elements z; € [rad N : P,] such that le = 1. It follows that rad N = Za: P,;, and hence is
=1 i=1
finitely generated.

(iii) Asin (ii), 1 = > x; with x; € [rad N : P}]. Let w € ann(radN). Then wx; P, = 0, and
i=1

wz; € ann(P;) = 0. But w = ) wx; = 0. So radN is faithful. O

The Jacobson radical of a module M over a ring is defined [11] to be the intersection of all
maximal submodules of M.

Corollary 3.5. Let R be a semi-local ring with maximal ideals Py,...,P,. If each P; is
multiplication (i.e. principal), then J(R), the Jacobson radical of R is multiplication (i.e.
principal). If M is a multiplication R-module (i.e. cyclic) with P;M # M, then J(M), the

Jacobson radical of M is also multiplication (i.e. cyclic).

Proof. The first assertion is clear by Theorem 2.3(ii). On the other hand, by [4, Theorem 2.5],
P;M is a maximal submodule of M and by [4, Corollary 1.4], P;M is multiplication. In fact
P, M are the only maximal submodules of M. For, if () is any maximal submodule different
from P;M, then again by [4, Theorem 2.5 there exists a maximal ideal P € {Py, Ps,... ,P,}
such that Q = PM. Hence P,M # PM and hence P; # P, a contradiction. It follows

that J(M) = (\P,M. Since P,M + P;M = M for all i # j, the result is clear by Theorem
i=1
2.3(ii). 0

Let R be aring such that every maximal ideal P of R is multiplication and ). [J(R):P]=

P maximal

R. Then by Corollary 3.3, J(R) is multiplication. Suppose that M is a multiplication module
such that for all maximal ideals P of R, PM # M. Then J(M)= (| PM, and PM is a

P maximal

multiplication submodule of M. Also it is easy to verify that Y [J(M): PM] = R, and

P maximal

hence again by Corollary 3.3, J(M) is multiplication.

Example 6. Contrary to what happens in the finite case, in Example 2(ii) and Example
5 an intersection of multiplication modules is not multplication. On the other hand, let
R = k[z,y], k an infinite field. Then R has an infinite number of maximal ideals My, A € A.

The Jacobson radical J = (| M, = 0 is a multiplication ideal. Also M, + M, = R, a
AEA
multiplication ideal for all A # u, but the M) are not all multiplication ideals. Thus an
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intersection of modules may be multiplication even if the components are not. In each of
these examples, however, the sum of any two distinct modules is multiplication.

The next theorem establishes necessary and sufficient conditions for the intersection of a
collection (not necessarily finite) of multiplication submodules to be a multiplication module.
It is a generalization of [18, Theorem 8 (ii)].

Theorem 3.6. Let R be a ring and Nx(A € A) a collection of submodules of an R-module

M. Let N = (| N and S = Y N). Suppose that Ny + N, is a multiplication module for all
AEA AEA

A # p. Let A= > [N : N,], and suppose that A+ ann(n) = R for alln € S. Then N is
AEA
multiplication if and only if Ny is multiplication for all A € A.

Proof. Suppose first that N is multiplication. Let A € A and K a submodule of M such
that K C N,. Clearly [K : N)|N) C K. Let z € K and set

H={reR | rze[K:N)N,}.

If H # R, then there exists a maximal ideal P of R such that H C P. We discuss two cases.

Case 1: A C P. As A+ann(n) = R for all n € S, we have Ny + N, = A(N) + N,) for all
i # X. Then
Ny+ N, =A(Ny+ N,) C P(Nx+N,) C Nx+ N,

so that N + N, = P(Nyx+ N,). Also N, + N, is multiplication for all z # A. Thus Rz =
I(N) + N,) for some ideal I of R and hence
Rx = I(N)\ +N#) = IP(N)\ +NH) = Pz.
There exists p € P such that (1 —p)z =0, and hence 1 —p € H C P, a contradiction.
Case 2: A Z P. Then

NN\ ]+ [N:NJZP.
HFEX

If [N : N,] € P, there exists ¢ € P such that (1 —¢)N, C N, and hence (1 —¢)K C N. Since
N is multiplication, there exists an ideal J of R such that (1 — ¢)K = JN. Now

(1—q)JNy=J(1— )N\ CJN=(1— @)Kk CK
so that (1 —¢)J C [K : N,]. It follows that
(1-gPzre(l-9)?*K=(1-g)JNC(1-q)JN,C[K: NNy

Hence (1—q)* € H C P, a contradiction. Finally, if > [N : N,] € P, then there exists p # A,
HFEX
such that [N : N,] € P, and hence there exists ¢ € P such that (1—¢ )N, C N C N,. Then

(1—¢)(Nx+ N,) C N,. Next

K = [K : (Ny+ N)|(Nx + N,)) C [K : NyJ(Ny + N,
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and hence
1-¢)re(1—-¢)K C[K:N,\{1—q)Nx+N,) C[K:N,\N,.

But this gives (1 — ¢') € H C P, a contradiction. Thus H = R and x € [K : N,|N, so that
K = [K : N,]N, and this proves that N, is a multiplication module. The converse follows
by Theorem 3.2. O

4. Applications of Anderson’s new characterization of multiplication modules

D. D. Anderson [2, Theorem 2.1] has proved that a submodule A of an R-module M is
multiplication if and only if for each maximal ideal P of R with Ap # 0p, Ap is cyclic and
[N : Alp = [Np : Ap| for each submodule N of M. We use this new characterization to obtain
two further characterizations of multiplication modules which we then apply to investigate
the residual of multiplication modules. We further illustrate uses of the characterization by
providing alternative proofs of some of our results in Sections 2 and 3.

Proposition 4.1. Let R be a ring and A a submodule of an R-module M. The following
conditions are equivalent:

(i) A is a multiplication module.

(ii) For each mazimal ideal P of R with Ap # Op, there exists a multiplication submodule
B containing A and an element p € R such that (1 —p)B C A.

(iii) For each mazimal ideal P of R with Ap # Op, there exists a multiplication submodule
B of A and an element p € P such that (1 —p)A C B.

Proof. (i) = (ii) and (i) = (iil) are obvious by [2, Theorem 2.1 Part 5] and by taking
A = B, B = Ra for some a € A respectively.

(ii) = (i): Let P be a maximal ideal of R such that Ap # 0p. There exists a multiplication
submodule B of M containing A and an element p € P such that (1 —p)B C A. It follows
that Ap = Bp and for each submodule N of M,

[Np : AP] = [Np : Bp] = [N : B]p Q [N : A]p Q [Np : Ap],

and by [2, Theorem 2.1], A is multiplication.

(iii) = (i): Let P be a maximal ideal of R such that Ap # 0p. There exists a multiplication
submodule B of A and an element p € P such that (1 — p)A C B. Hence Ap = Bp and for
each submodule N of M,

IN:B]p C[N:(1-p)Alp
—([IN:Al: (1—p)Rlp=[[N:Alp:(1—p)Rp] = [N:Alp C[N:Blp,

and therefore [N : Alp = [N : B]p = [Np : Bp| = [Np : Ap|, and again by [2, Theorem 2.1],
A is multiplication. O
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In Example 4 at the end of Section 2, we showed that a sum of modules may be multiplication
even if no summand is multiplication. It is known [4, Theorem 2.2 that if a multiplication
module S is a direct sum of submodules, then all of the summands are multiplication. We
show that the same conclusion follows if the assumption of directness is weakened by assuming
only that the intersection of distinct summands is multiplication.

Theorem 4.2. Let R be a ring and Nx(A € A) a collection of submodules of an R-module

M and let S = Y Ny. If S is multiplication and NxNN,, is multiplication for all X # i, then
AEA
all Ny are multiplication.

Proof. Let P be a maximal ideal of R. Let A\ € A, and suppose that N yp # 0p. Then
Sp # 0Op, and hence for some a € S, ann(a) C P. By Corollary 1.4, > [N, : S| € P, and
pEA

hence there exist 4 € A and p € P such that (1 —p)S C N,. Let K be a submodule of M. If
A = u, then

[KPINAP] == [Kp : Sp] == [KS}]D Q [KIN/\]p g [Kp : N)\p],

and by [2, Theorem 2.1], N, is multiplication. Otherwise, A # u, and hence (1 — p)N, C
Ny N N,. It follows that (N N N,)p = Nyp, and hence

[Kp . N)\p] = [Kp . (N)\ﬂNu)p]
= [K:(N\AN)]p C[K:(1—p)No]p=[K: Ni]p C [Kp : Napl,

and again by [2, Theorem 2.1], N, is multiplication. OJ

We remark that this same method applying Anderson’s new characterization of multiplication
modules may be used for example to give alternative proofs for our results 2.3, 3.2 and 3.6.

Naoum and Hasan [16, Theorem 2.5] proved that if R is an arithmetical ring and A and
B are finitely generated ideals in R such that ann(B) is finitely generated, then [A : B] is
finitely generated and hence a multiplication ideal. Patrick Smith [18, Theorem 10] showed
that if M is a finitely generated faithful multiplication module, then N is a multiplication
submodule of M if and only if [V : M] is multiplication. Compare Smith’s theorem with the
following in which Anderson’s characterization of multiplication modules is applied to give
an alternative proof. An R-module M is torsion if ann(m) # 0 for all m € M, otherwise it
is called non-torsion [17]. Clearly every non-torsion module is faithful.

Theorem 4.3. Let R be a ring and B a non-torsion multiplication submodule of an R-mo-
dule M. Then

(i) I =[IB: B] for every ideal I of R,
(ii) a submodule A of B is multiplication if and only if [A : B] is a multiplication ideal of
R,
(iii) IB is a multiplication module if and only if I is a multiplication ideal of R,

(iv) a submodule A of B is non-torsion if and only if [A : B] is non-torsion.
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Proof. (i) Let P be a maximal ideal of R. Since B is non-torsion, Bp # 0p. Since B is
multiplication, it follows that /B = [IB : B]B, and from [2, Theorem 2.1] that ann(Bp) =
ann(B)p = 0p. Hence, IpBp = [IB : B|pBp. Since Bp is cyclic, we conclude from [18,
Corollary to Theorem 9] that Ip + ann(Bp) = [IB : B]p + ann(Bp). But ann(Bp) = 0p, so
Ip = [IB : B]p. Since the equality holds locally, it holds globally.

(ii) Assume A is a multiplication submodule of B, and suppose P is a maximal ideal of R
with [A : B]p # 0p. Since B is non-torsion, we infer that Bp # 0p and [A : B]p = [Ap : Bp].
Hence, Ap # Op. It is easy to show that [Ap : Bp| is multiplication, and hence [A : Blp is
principal. Let I be an ideal of R. Since B is non-torsion and multiplication, it is easy to
show that [IB: A] = [ : [A: B]]. Since A is multiplication,

Up : [A . B]p] = [IP . [Ap . Bp“ = UPBP . AP] = [IB . A]p = [I . [A : B]]p
It follows from [2, Theorem 2.1] that [A : B] is multiplication. The converse follows by [4,
Corollary 1.4].

(iii) follows from (i) and (ii), (iv) is routine. O

Finally, we observe that it follows easily from Lemma 1.3 that every non-torsion multiplication
module over any ring R is a cancellation module and hence is finitely generated. On the other
hand if R is an integral domain, then any faithful multiplication R-module M is non-torsion.
In fact, since M is multiplication, M = M6(M), so that (M) # 0. For some m € M,
[Rm : M| # 0. Hence M C Rm for some 0 # r € R, so that ann(m) C ann(rM) = 0.
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