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Abstract. In the present paper, we obtain a new result on fixed point
theorem for four metric spaces. Here we choose continuous mappings. In
fact our result is the generalization of many results of fixed point theorem
on two and three metric spaces. We also give some illustrative examples
to justify our result.

1 Introduction

Related fixed point theorems on two metric spaces have been studied by B.
Fisher [2]. Also some fixed point theorems on three metric spaces have been
studied by B. Fisher et al [3], R. K. Jain et al. [4], R. K. Namdeo and B. Fisher
[7], K. Kikina et al. [6], Z. Ansari et al. [1], and V. Gupta [8]. Also, the fixed
point theorems on four metric spaces have been studied by L. Kikina et al. [5].
In the present paper a generalization is given for four complete metric space.
Our theorem improves Theorem (2.1) of R. K. Jain et al. [4].

The following fixed point theorem was proved by R. K. Jain, H. K. Sahu,
B. Fisher [4].

Theorem 1 Let (X,d), (Y,p) and (Z,0) be complete metric spaces. If T is
continuous mapping of X — 'Y, S is a continuous mapping of Y — Z and R is
mapping of Z — X satisfying the inequalities
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d(RSTx, RSTx') < cmax{d(x,x’), d(x, RSTx), 1)
d(x’,RSTx'), p(Tx, Tx'), o(STx, STx")},
p(TRSy, TRSy') < cmax{p(y,y"), p(y, TRSy),
p(y’, TRSY’), o(Sy, Sy’), d(RSy, RSy},
o(STRz,STRz') < cmax{o(z,z’), o(z, STRz)

o(z’,STRz'), d(Rz,Rz’), p(TRz, TRz}, 3)

Vx,x"€X,y,y €Y and z,z' € Z, where 0 < ¢c < 1, then RST has a unique
fizxed point uw € X, TRS has a unique fized point v € Y and STR has a unique
fixed point w € Z. Further Tu =v, Sv =w and Rw = u.

2 Main result

Theorem 2 Let (Z41,d1),(Z2,d2),(Z3,d3), and (Z4,ds) be complete metric
spaces. If Ay is a continuous mapping of Zy1w— Z3, Ay is continuous mapping
of Zy — Z3, A3 is continuous mapping of Lz — Zg4 and A4 is a mappings of
Z4— L1, satisfying the inequalities

d1(A4A3ALA 121, AsA3ALA27)
< cmax{di(z1,27), d1(z1, AsA3A2A127), ()
di(z, A4A3A A 27), d2(Agz1, Agz’)
d3(A2A121, A2Aq27), da(A3A A 121, A3ALA21)},
d2(A1A4A3A 22, A1A4A3AZ))
< cmax{ds(z,2), d2(22, A1A4A3A2)), (5)
da(z), A1A4A3A2)), d3(Arzs, Arz)),
da(A3A222, A3Azz)), d1(A4A3AL22, AsA3AL25)),
d3(A2A1A4A323, A2A1A4A323)
< cmax{ds(z3,23), d3(z3, A2A1A4A323), (©)
ds(z3, A2A1A4A323), da(Aszs, Aszs),
d1(AsA3z3, A4A3z}), do(A1A4A323, A1A4A323)),
da(A3A2A1A424, A3A A 1A4zy)
< cmax{ds(zs,24), da(za, A3A2A1A424), )
da(zy, A3A2A1A42)), d1(Aszs, Aszy),
da(A1A4z4, A1A4zy), d3(A2A1ALzZs, A2A1ALZY)},
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VZ1,Z€ € 7, Zz,Zé € Zy, Zg,,Zé € Z3 and Z4,ZL/1 € Zy, where 0 < ¢ < 1, then
A4A3ALA 1 has a unique fized point x1 € Zy, A1A4A3A2 has a unique fized
point &y € Zy, A2A1A4A3 has a unique fixed point &3 € Z3 and A3A2A1A4
has a unique fixed point x4 € Zy.

Further Ao = &2, Arxo = o3, A3z = g, Ag0q = 1.

Proof. Let 21 be an arbitrary point in Z;.

Define the sequence {z} }, {z2}, {z3} and {z}} in Z1, Z5, Z3 and Z4 respectively
by

(A4A3A2A1) Z1 = Z1

A1Zn—1 = Z‘12’1
Azzfl = zfl
/\32131 = zfl
A42ﬁ:z31 forn=1,2...

Applying inequality (5), we get,
da(22,223.,1) = dz(A1A4A3Azzn_],A1A4A3Azzz)
za 1,z0), da(zh 1, ATA4AALZE ),
da(z3, A1A4A3ALzS), d3(Agzh , Asz),
<14(A3./Z\22TL 1, A3AzE), dr(A4A3Azln 1, A4A3A Lz}
dz(li,ziﬂ) < cmax{dz( Zhn-1,2 ) dz( Zhn-1,2 ) dz( n+1)
ds(z3q,2 )d4(n 12 )dﬂn 1z ‘)}
dz(Zi)ZﬁH) < Cmax{d1( Zn_1, n) dz( Zn—1» n) ds( —1 n) d4( Zn_1hZ i)}

(8)

< cmax{ds(z2

Using inequality (6), we get,
ds(z),z341) =d (A2A1A4A3zi,1,A2A1A4A3zi)
< max{ds(z3,_1,23), d3(z) 1, A2A1A4A3zZ) ),
ds(z3, A2A1A4A3zY), dal(Aszd 1, Aszd),
(11(/\4/\323’L 1 A4A3ZY), dz(A1A4/\3Z§L L ATALAZS))
d3(z3, 2% 11) < emax({ds(231,23), da(z3 1, 20), ds(z3, 22 1),
d4( Zn_1,2 ) dl( Zn-_1,2 ) dz(ZmZﬁH)
ds(z3, 23 1) < cmax{di(z)_1,2}), da(zh_y,23),
da(zy 1,23), dalzh 1,20)}
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Using inequality (7), we have,

da(zh, 20 1) = d4(A3A2A1A4zi_1 L A3ALATALZY)
< emax{da(zh_y,27%), dal(zh_1, A3A2A A4z ),

da(zs, A3A2A1A4zY), d1(Aazs_, Auzyy),

dz(A1A4ZfL_1,A1A4Z ), ds(A2A1A4Zi_1>A2A1A4Zi’J}
da(z, Zh 1) < cmax{da(zn_y,28), da(zn_1,20), da(z, Z0i1),

d]( Zn_1r2 ) dz(lmziﬂ) d3(Zn>Zi+1)}
d4(2i,2i+1) < cmax{d1( Zn—1 n) dz( Zn-1Zz i)

ds3(z3_1,23), dalzh_y,20)}

(10)

Using inequality (4), we have,

di(zh, zh 1) = d1(A4A3ALA 1), AsA3ALA 2]
< cmax{dq(z)_1,2}), di(z) 1, AgA3ALAZ) ),
d1(z), AsA3ALAqz)), da(Aqz)q, Asz)),
d3(A2A1z] 1, A2A4zZ)), d4(A3AzA1Zn L A3ALA 1z an)
dl(ZluZ:lH) < cmax{d1( Zn_1, n) d]( Zn_1 n) d1( n+1)
da(z3 m) ds(z}, nm da(z, i‘m)}
di(zh, 2 41) < cmax{di(z),_4,2}), da(z5 1,z2),

n1v

d3( n—]» n) d4( n ])Z?L)}

By induction on using inequalities (8), (9), (10) and (11), we have,
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Since ¢ < 1, it follows that {z]} ,{z2},{z3} and {z}} are Cauchy sequences
with limit &, &y, &3 and &y in Zy, Zy, Z3 and Z4 respectively.
Since A7, A, and A3z are continuous, we have,

lim 2121 = lim A]ZL =A10 = K
n—oo n—oo

lim z3 = lim AjzZ = Ay = o3
n—oo n—oo

lim z} = lim Azzd = Azaz = oy
n—oo n—oo

Using inequality (4), again, we get,

d1(AsA3ALA 0, 27) = d1(A4A3ALA 00, AsA3A A Z) )
< cmax{d; (e, z),_1), d1(x1, AsA3ALA1007),
di(zh_1, AdA3ALA1Z] 1), da(Aroa, Arz)_q),
d3(A2A11, A2A 2] 1), da(A3ALA 01, A3ArAqz) 1)}

Since A, A, and Az are continuous, it follows on letting n — oo that
d1(A4A3A2A 00, 1) < cmax{dy(or, AgA3A2A11)}

Thus, we have, AjA3A2A 141 = 1. Since ¢ < 1 and «q is the fixed point of
A4A3ALAT
A]A4A3A20{2 = A]A4A3A2A]O{1 = A10(1 = X2
and A2A1A4A3063 = A2A1A4A3A20(2 = Az(Xz = X3
and A3A2A]A4(X4 = A3A2A]A4A3(X3 = A30£3 = X4

Hence oy, o3 and oy are fixed points of A1A4A3A2, A2A1A4A3 and A3ALA1A4
respectively.

2.1 Uniqueness

Suppose that A4A3AA; has a second fixed point «}. Then, using inequal-
ity (4), we have,
di(our, &f) = d1(A4A3AA oy, AgA3ALA &)
< cmax{dq (g, 007), di(otr, AgA3AA 1),
di(x7, AgA3ALA 1), da(Araq, Ajeg),
d3(A2Aq001, A2A 1),
da(AzA2A a1, A3A2A 001)}
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di(otr, ) < cmax{dy(otr, xq), di(a, 001), dy (], ot),
da(Aqraq, Ajeny), d3(AA 0, AsA ),
d4(A3A2A1OL1,A3A2A1(X4)} (12)
di(ocr, 1) < cmax{da(Aqor, Ajor), d3(A2A 001, AZA &),
da(AzAA 001, A3ALA &)}

Using inequality (5), we have

da(Aqar, Arey) = da(A1A4A3A A &, AA4A3ALA 1K)
< cmax{da(Ajotr, Ajey),
d2(Aqor, A1A4A3ALA 1),
da(Ara), ATALAZALA &),
d3(A2A 01, A2A 1),
da(A3A2A 001, A3ALA &),
da(A4A3A A 001, AdA3ALA o))
da(Aqar, Arey) < cmax{da(Ajor, Aaxy), da(Arxg, Ay,
di(Aqey, Aqag),
d3(A2A 01, A2A 1),
da(AzAA 001, A3ALA &),
d1(A4A3A A 001, AsA3A A )}
da(Aqar, Aroy) < cmax{da(Ajog, Arxy), d3(A2A 9, ArA 007),
da(A3A2A 11, A3A2A 1), di (&, 007)}
d2(Aro, Ajory) < e max{d3(A2A 11, A2A 147,
da(AzAA 001, A3ALA &), di (&, o0p))

Now, we have

d2(Aroer, Ajoy) < emax{dz(A2A 1, A2A17),
da(A3ALA 11, A3ALA1x7),
cda(Aqor, Araxg), cds(A2A 001, A2A &),
cda(AzALA 11, A3A A7)}

da(Aqaq, Aroy) < cmax{dz(ArA 001, A2A 1))
da(A3A2A 001, A3A2A 1))
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Similarly on using inequality (6), we get

d3(A2A 00, A2A 1)) <

d3(A2A 00, A2A ) <

d3(A2A 00, A2A 1)) <

d3(A2A 00, A2A ) <

cmax{d3(A2A 001, A2A 1),
d3(A2Aq000, A2A1A4A3A A1 04),
d3(A2A 07, A2A1A4A3A A ),
da(AzAA 001, A3ALA &),
d1(A4A3A A 1001, AgA3ALA ),
d2(A1A4A3A A &7, AqALA3ALA X7}
cmax{d3(A A101,A2A 1),

d3(A2A 11, A2A 1),

d3(A2A 07, AZA ),

da(AzA2A 001, A3ALA &),

di(ar, o), da(Aqor, Aqay))
cmax{dg(A3A2A1001, A3A2A 1),
di(oer, ), da(Aqoer, Aqocq)}

C rnax{d4(A3A2A1 X1, A3A2A1 OL% ),
cda(Araq, Arxq), cdz(A2A 001, A2A 1)
cda(A3A2A 101, A3A2A &)}

(14)

Using inequality (13) and (14), we have

d3(A2A 00, A2A 1)) < cmax{da(A3A2A 001, A3A2A 1))} (15)

Similarly on using inequality (7), (13) and (15), we have,

da(A3A2A 11, A3ALA 1)) < edilog, o) (16)

Using inequality (12), (13), (15) and (16), we have

dy(eer, &)

Now we have

cdz(Aror, Aqay)
c2d3(A2A109, AZA 1))
Ada(A3A2A a1, AzA2A )

ctdy (o, of)

INCINCIN N

di(or, of) < c*dyfag, o)
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Since 0 < ¢ < 1, we have
di(or, &f) =0

= o = océ, proving the uniqueness of o.

We can similarly prove that AjA4A3A, has a unique fixed point dy € Zy
and AyA1A4A3 has a unique fixed point &3 € Z3 and A3A2A1A4 has unique
fixed point ag € Z4. O

Now, in support of our result, we give some examples.

Example 1 Let suppose X = [0,1],Y = [1,2],Z = [2,3] and L = [3,4] be
complete metric spaces with usual metric. If T:[0,1] — [1,2], S: [1

and R : [2,3] — [3,4] are continuous mappings and U : [3,4] —
mapping satisfying given conditions (in Theorem 2.1), where

6 . 5
gZ, 1f j<Z§3

then URST has fized point 1 such that URST(1) =1, TURS has fized point 4/3
such that TURS(4/3) =4/3, STUR has fized point 2 such that STUR(2) = 2 and
RSTU has fized point 8 such that RSTU(3) = 3. Also T(1) =4/3, S(4/3) = 2,
R(2) =3 and U(3) =1.

Remark 1 Below we give an example which satisfies all the condition of The-
orem 2.1 but does not satisfies the condition of Theorem 1.1.

[
metric space with usual metric. If T : [0,1] — [1,2], S : [1, (2,3] and
R:[2,3] — [3,4] are continuous mappings and U : [3, 4] [0,1] is a mapping
satisfying given conditions (in Theorem 2.1), where

Example 2 Let X = [0,1],Y = [1,2],Z = [2,3] and L = [3,4] be complete
] —
]

1, if 0<x<g 2, if 1<y<?

T(x)=<2x+3, if 1<x<3, Sy)=<2y+1, if 3<y<?

2, if 3<x<1 2.4, if £<y<2

> i 2<z<3 0 f 3<u<?

1 u 5

R(z) = 34 << Uu) =< -2

(2) zha 1 ‘]‘]_2_4 () %u 1, if %§u§4
3.5, if <z<3
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then URST has fized point 0 such that URST(0) = 0, TURS has fized point 1
such that TURS(1) = 1, STUR has fizxed point 2 such that STUR(2) = 2 and
RSTU has fized point 3 such that RSTU(3) = 3. Also T(0)=1, S(1)=2, R(2)=3
and U(3)=0.

Example 3 Let suppose X = [0,2],Y = [1,5],Z = [0,10] and L = [1,12] be
complete metric spaces with usual metric. If T : [0,2] — [1,5], S : [1,5] — [0, 10]
and R :[0,10] — [1,12] are continuous mappings and U : [1,12] — [0,2] is a
mapping satisfying given conditions (in Theorem 2.1), where

T(x) =1 +x,2], Sly) =2y +1,5]
B CJ %5 if 1<z<6
R(z) = [1+2,10], U(u)_{[hg] ¥ o 6<z<12

then URST has fized point 1 such that URST(1) = 1, TURS has fixed point 2
such that TURS(2) = 2, STUR has fized point 5 such that STUR(5) = 5 and
RSTU has fized point 6 such that RSTU(6) = 6. Also T(1) = 2, S(2) = 5,
R(5) =6 and U(6) =1.

Example 4 Let suppose X = [0,3],Y = [1,4],Z = [4,7] and L = [3,10] be
complete metric spaces with usual metric. If T:[0,3] — [1,4], S: [1,4
and R : [4,7] — [3,10] be a continuous mappings and U : [3,10] — [
mapping satisfying given conditions (in Theorem 2.1), where

T(x) =1+x, Sly) =y +2,

u if 3<z<5

R(z) =z+3, U(u) =<’ -
(2) == w {ug1 if 5<2<10

then URST has fized point 1 such that URST(1) = 1, TURS has fized point 2
such that TURS(2) = 2, STUR has fized point 4 such that STUR(4) = 4 and
RSTU has fized point 7 such that RSTU(7) = 7. Also T(1) = 2, S(2) = 4,
R(5) =7 and U(7) =1.
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