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ON A STUDY OF BINOMIAL FORM TO THE NEW
(S,T)-JACOBSTHAL SEQUENCE

A. A. WaNI, S. HArict, T. A. TARRAY

ABSTRACT. Many (s,t)-type of sequences has been introduced earlier such as
(s,t)-Fibonacci sequence, (s,t)-Lucas sequence, (s,t)-Jacobsthal sequence, (s,t)-
Jacobsthal-Lucas sequence etc . However in this article, we give a new type of
(s,t)-Jacobsthal sequence (Up (s,1)),cn

Up=1Up-1+2Up_9, n>2 and Up=s—2t, Uy =1i(s—1t)

where ¢ = /-1 and s,t € Z*. Next we define a binomial form (X, (s,)),cn
to the new (s,t)-Jacobsthal sequence and then some fundamental properties for
the binomial form (X, (s,t)),cy are obtained. Furthermore a new kind of matrix

sequence (Zy, (s,t)),cy Will be presented for the binomial form (X, (s,t)),,c-
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1. INTRODUCTION

In the mathematical world, the Fibonacci sequence (see [1]) have great importance
and plays an important role almost in the every arena of science. Some sequences
such as Jacobsthal and Jacobsthal-Lucas sequences etc have similar structure to the
Fibonacci sequence and in another words, we can say that these sequences are the
extensions or generalizations of Fibonacci sequence.

In 1961 Horadam [2] introduced the first ever generalization of Fibonacci se-
quence and denoted it by (H,).

H,=H, 1+H, 2 n>3and Hy=p, Hi=p+q (11)
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where p and g are arbitrary integers. Then in 1965 Horadam introduced another
generalized Fibonacci sequence (W,,) called as Horadam sequence (see [3]). The
sequence (W,,) is generated by the following recurrence relation

Wp=pWpn_1 —gWy_o, n>2 and Wo=a, W1 =b (1.2)

where a, b, p and q are real constants. After that a lot of work has been done to
study the generalizations of Fibonacci sequences by several methods.

In formal terms, a complex sequence is a function whose domain is the positive
integers and co-domain is a set of the complex numbers. Gaussian numbers were
first investigated in 1832 by the German mathematician Karl Friedrich Gauss. A
Gaussian number is a complex number Z = a + ib, where a and b are any integers
and i = /—1. In 1963 Horadam [4] considered the generalized Fibonacci sequence
(1.1) and then delineated generalized complex Fibonacci sequence (D,,).

Dy = Hy +iHps1, n>1
= (pa — qu +iqu) Fo + (qu + ipg) Fay1, n>1 (1.3)
=Dp 1+ Dp2, n>3

with D; = (1 + i)pH +qy and Do =pyg+qy+ i(2pH + qH).
As a special case of equation (1.3) the author defined a complex Fibonacci sequence
(Cy,) such that

Cn :Fn+iFn+1, n 2 1

14
= n71+Cn72, n>3 ( )

with C1=1+¢and Cy =1+ 2i.
Jordan [5] in 1965 presented a Gaussian Fibonacci sequence (GF),) and established
some results between Gaussian Fibonacci sequence and classical Fibonacci sequence.

GF, =GF,_1+GF,,_2, n>2 and GFy =1, GF; =1 (1.5)

Later on Berzsenyi [6], Harman [7] and Pethe [8] used different approaches of ex-
tensions of Fibonacci numbers on the complex plane.

Now we discuss some other literature where the authors studied the general-
izations of Jacobsthal numbers and Jacobsthal-Lucas numbers. Asci ans Gurel [9]
introduced and studied Gaussian Jacobsthal (G.J,,) and Gaussian Jacobsthal-Lucas
(Gjpn) numbers.

Gpsr = Gy +2GJn_1, n>1 and GJy = % GJ =1 (1.6)
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Ginit = Gijp +2Gjn_1, n>1 and Gjo =2 — % Gji =1+ 2i. (1.7)

Asci ans Gurel [10] defined the polynomials of Gaussian Jacobsthal and Gaussian
Jacobsthal-Lucas numbers. Catarino et al. [11] studied the new generalizations of
Jacobsthal and Jacobsthal-Lucas sequences. Uygun [12] also defined new generaliza-
tions for Jacobsthal and Jacobsthal-Lucas sequences called p(z)-Jacobsthal polyno-
mial sequences (Jp, , (x)) and p(z)-Jacobsthal-Lucas polynomial sequences (C, ,, (x))
by

Jpn () =p(x) Jppn_1(x) +2Jpn—2(z), n>2 and Jyo(z) =0, Jp1(z) =1

(1.8)
Cpn (1) =p(2) Cppnr (2) +2Cpn2 (), n =2 and Cpo(x) =2, Cpa(z) = p(z)
(1.9)
where p (z) is a polynomial with real coefficients.
In [13] a sequence (by),,cz, is the binomial transform to the sequence (an), ¢z, if
" (n
b, = ay (1.10)

Chen [13] obtained various identities related to binomial transform. In [14] and
[15] the authors discussed the binomial transforms to the Dold and Fibonacci-Like
sequences respectively.

From past several years many authors investigated the generalizations of Fi-
bonacci, Lucas, Jacobsthal sequences etc by adding parameters s and ¢ to the recur-
rence relations of these sequences then named the resulted sequences as (s,t)-type
sequences. In addition to this they also defined the matrix sequences for (s,t)-type
sequences and called the matrix sequences as (s, t)-type matrix sequences. A ma-
trix sequence is the sequence in which the terms of the sequences are in the form
of matrices and the elements of these matrices are the terms of general sequences.
In 2008 Civciv and and Turkmen [16] presented (s, t)-Fibonacci sequence (F,, (s,t))
and (s,t)-Fibonacci matrix sequence (F, (s,t)).

Frti1(s,t) = sFy (s,t) +tFy—1(s,t), n>1 and Fy(s,t) =0, Fy(s,t) =1 (1.11)
Fnti1 (s,t) = sFp (s, t) +tFp_1(s,t), n>1 (1.12)
s 1
t 0
FTH-l (Sat) Fy, (87t>
tF, (s,t)  tF,—1(s,t)

10
with Fop (s,t) = [O . , F1(s,t) =

whereas F, (s,t) =

] for s >0, t #0, s>+ 4t > 0.
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In 2011 Yazlik et al. [17] introduced the generalizations of (s,¢)-Fibonacci sequence
and (s, t)-Fibonacci matrix sequence by defining the sequences (G, (s,1)),,cy called
the generalized (s,t)-Fibonacci sequence and (R, (s,t)), oy called the generalized
(s,t)-Fibonacci matrix sequence. The sequences (G, (s,1)), oy and (Ry, (s,1)),cn
are recurrently defined by

Gry1 (s,t) = sGp (s,t) + tGp—1(s,t), n>1 and Gy (s,t) =a, Gy (s,t) =bs
(1.13)

and
Rnt1 (8,t) = sRy, (s,t) + tR,—1 (s,t), forn >1 (1.14)

bs® +at bs

‘ bs a
with PRo (s,t) = » P (s,t) = bst at

at (b—a)s
Gnt1 (s,t) Gy (s,t)
tGy, (s,t)  tGp—1(s,t)
Again in 2015 Ipek et al. [18] delineated the another generalized (s,t)-Fibonacci
sequence (G, (s,t)),,cy and its matrix sequence (Ry, (s,1)),cy by

] whereas R, (s,t) =

]f0r3>0, t#0, s2+4t >0 and a,b € R.

Gri1 (s, t) = sGp (s, t) +tGp—1(s,t), n>1 and Gy (s,t) = ag, G1 (s,t) = a1
(1.15)

and
Rpt1 (s, 1) = sRy, (s,8) +tRp—1 (s,8), n>1 (1.16)

al ag say + ta() al

with Ry (s,t) = whereas R, (s,t) =

], R (s,t) =

tag a1 — sag tay tag

Gn+1(s,t) Gy(s,t)
tGp (s,t)  tGp_1(s,t)

Yazlik et al. [19] applied binomial transforms to the (s, ¢)-Fibonacci matrix sequence
(1.12) and generalized (s, t)-Fibonacci matrix sequence (1.14). Uygun [20] presented
(s,t)-Jacobsthal sequence (7, (s,t)) and (s,t)-Jacobsthal-Lucas sequence (&, (s,t))
such that

for s >0, t #0, s> +4t >0 and ag,a; € R.

Jn (Sut) = Sjn—l (Svt) + 2tjn—2 (S)t) , n>2 and jO (Svt) =0, 71 (57t) =1 (117)
Cn (8,t) = Sép—1(8,t) + 2tén—2(s,t), n>2 and ¢ (s,t) =2, ¢1(s,t) =s (1.18)
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where s >0,t#0 and s?+ 8t > 0.
Then in [21] the authors defined (s, ?)-Jacobsthal matrix sequence (J, (s,1)),, oy and
(s,t)-Jacobsthal-Lucas matrix sequence (C, (s,1)),cy as

Int1 (8,) = sJy (s, t) + 2tJp—1 (s,t), n>1 (1.19)

1 0 2 - t i (s,
with Jo (s, 1) = J1(s,t) = ’ whereas J, (s,t) = Jut1 (,8) g (5,8)
ol to o (5:8) i1 (5,1)

and
Cri1 (s,t) = sCy (s,t) + 2tCh—q1 (s,1), n>1 (1.20)
ith C (s.1) s 4 Oy (5.1) s2+4t 2s
1 87 = ) 87 =
v 0 2t —s ! st 4t

¢(s,t) Cn (8,1)
tén (s,t) tén—1(s,t)
Uygun [22] gave some summation identities for the (s,t)-Jacobsthal and (s,t)-
Jacobsthal-Lucas matrix sequences.

In 2016 Uygun and Uslu [23] studied the generalizations of (s,t)-Jacobsthal and

(s,t)-Jacobsthla-Lucas sequences as well as generalizations of their matrix ones.
Thus in [23] the authors presented (s, t)-generalized Jacobsthal sequence (G, (s, 1))
and (s,t)-generalized Jacobsthal matrix sequence (R, (s,t))
equations

whereas and C), (s,t) = [ ] for t #0, 5%+ 8t #0.

neN

nen by the following

Gry1 (s, t) = sGy, (s,t) + 2tGp_1 (s,t), n>1 and Gy (s,t) = a, Gy (s,t) = bs

(1.21)
and
Rpt1(s,t) = Ry, (s,t) + 2tR,—1 (s,t), n>1 (1.22)
bs 2a bs? + 2at 2bs
with Rg (s,t) = , Ry (s,t) = whereas R, (s,t) =
at (b—a)s bst 2at

Gn+1 (Sat) G (Svt)

tGp (s,t)  tGp_1(s,t)
In the rest of the paper, we use symbols (Uy), (X,) and (Z,) instead of (Uy (s, 1)),
(Xn (s,t)) and (Z, (s,1)).

]f0r5>0, t#0, s>+4t >0 and a,b € R.
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2. (s,t)-JACOBSTHAL SEQUENCE

Definition 1. For s,t € Z" and i (= v/—1), the (s,t)-Jacobsthal sequence (Uy,)
18 recurrently defined by

neN

U,=iUp_1+2U,_2, n>2 (2.1)
with seeds Uy = s — 2t and Uy =i (s —t)

The recurrence relation (2.1) have the characteristic equation u? — iu — 2 = 0
and suppose that 8 and ¢ are the roots of this characteristic equation.

_ VT - (V7-1)
2

f 2

and ¢ = (2.2)

3. BINOMIAL FORM TO THE (s,?)-JACOBSTHAL SEQUENCE

In this section first and foremost we give a binomial form (X,,) of (s,t)- Jacobsthal
sequence (Up) and after that a recurrence relation and Binet’s formula for (X,,) are
presented.

Definition 2. For n € Zy, the binomial form to the (s,t)-Jacobsthal sequence (Uy,)
18 defined by

X, = i (7) of (3.1)

=0

Lemma 1. For n € Zy, the following property holds for (X,)

Xnt1 = Z (7) (Ui + Uipa) (3.2)

=0

n+1 n
Proof. Its proof can be easily obtained by using the relation ( l > = < ) +

()

Theorem 2. ( Recurrence relation for (X,) ) If s,t € Z* and i (= /1), the
recurrence relation of the binomial form (X,) is given by

Xnt1 = (2+i)Xn+(1—i) Xno1, n>1 (33)
with Xo=s—2t and Xy =s(1+1d)—t(2+1)
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Proof. Since

Xpg1 = Zn: (7) (U +Upa)

=0

" [n
=Up+U; -I-Z (l) (U1+Ul+1)
=1

" (n
=Up+ U+ E (l) (Ul + 43U + 2Ul_1) By the Eqn.(2.1)
=1

—Up+ Ui+ (7) [(1 +i) U+ 2UH]
=1

:(1+i)z <7> Uz+22 <T;> U_14+Us+ Uy
=1

=1

:(1+¢)Z<?) Ul+(1+z')Uo+22<T;> Uy — (141) Up + Up

=1 =1

+ Uy
. - n " n .
:(1+Z)Z< )Ul+22< >U11—2U0+U1
=0 ! =1 !
" (n
:(1+’L)Xn+22 (l) Ui_1—1Uy+ Uy By the Eqn(31)
=1

(3.4)

By replacing n by n — 1, we get

Xn=1+)Xn1+2)_ ;U= iU+ U
=1
n—1 n—1
n—1 n—1
=an1+Z< )Usz( )Ul_l—z‘UwUl
1=0 : =1 ;
- i n—1 U ) n—1 U n—1 U n—1
=iXp_1+ -1+ + +
1 2o\1-1 -1 1 0 9 1 5
n—1 n—1
Uy + -+ Up—2 + Un—1
n—1 n

19
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n
After using the fact (
n

) = 0, we have

" (n—1 "o fn—1
Xn:an_1+Z<l_1>Ul_1+22< z >U1_1—¢U0+U1
=1 =1

, " /n—1 n—1 ,
X, =1X,1+ Z + 2 Ui_1—1Ug+ U4
=l -1 l
" [/n-1 n—1 n—1 n—1
=iXp_1+ + 2 + 2 -2 U,_
— iU+ U
n [ n—1 n
=iXp 1+ (1_2)<z 1>+2<z> Up_y — iUy + Uy
=11 o
" fn—1 " (n
=iXp1— ) U142 Ui_1 — iUy + U4
=1 I=1 =1 l
n—1 n
n—1 n
=iXp 41— U +2 U1 — iUy + Uy
=0 ! =1 !
" (n
=1Xp1 —Xp1+2 <l> U1 —1Ug+ U, By the Eqn(31)
=

Thus
X, —(i—1)X zzn: "Vo - i+ U
n —(t— n—1= -1 —tWp 1
=1 !

Hence from the equation (3.4), we get

Xpi1=01+) X+ X — (1 —1) X1
=240)X,+(1—14) X

as required.

One can obtain the characteristic equation of (X,) in the form v? — (2+4)v —

(1 —4) =0. Let v and § be its two roots such that
y=60+1and §=9+1

20
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Some noticeable points about v and § are

Y4+0=24i, W=i—1=—(1—4) and v —0 =7 (3.6)

244 1—1
Lemma 3. For a square matric X = ) 0 ] and n € Zy, the following
results hold
X, X
[ ;“] _ xn [X1] (3.7)
n 0
n+1 _5n+1 s n+1+ 6n+1
1|7 Y Y
xt=(-ot|t L (38)
) -0 + 6

Proof. The equation (3.7) can be easily proved by the induction method. Certainly
X is a square matrix and let v be the eigen value of X. Then by Cayley Hamilton
theorem the characteristic equation of X is given by the equation

| X —ulI| =0

244 1—i
1 0
v —(2+i)v—(1-4)=0

Let v and d be the characteristic roots as well as eigen values of matrix X. Now same

)
as in [24] the eigen vectors corresponding to v and ¢ are lz] and L] respectively.

v . .
Let V1 = - be the matrix of eigen vectors and Vo =

0
(5] is the diagonal
matrix. Then by the process of diagonalization of matrices, we get

X" — ‘/1V2nvl—l

o 71_7 ol [™ O 1 =9
=(r=9) 1 1”0 5”] [—1 7]

_fy”“ _ §ntl _5,yn+1 + 75n+1]

-1
( ) ,Yn — " _5771 + ’7(5”

Hence the proof of the equation (3.8).
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Theorem 4. (Binet’s formula for the binomial form (X,,)) For a square matriz

244 1—1
= and n € Zgy, we have
1 0
X1 —6X Xo—X
Xp= Ay + Bo", A=2L7000 gpg p= 1207 AL (3.9)
v—9 v—9
n+1_6n+1 n_ §n
Y Y
= — —t(y" + " 3.10
S( y—0 7—6) (7 + ) (3.10)

241 1—1

Proof. Since X =
1 0

] and n € Zg then clearly from the equation (3.8),

we have

n+1 n+1 n+1 n+1
. [P T Lo R PSS R
X" =(y=0)" [ ]

,yn —n —(5’)/” + ’}/(Sn
X1
i X0

—Xl,yn—l-l _ X16n+1 o X057n+1 +X076n+1
X1y" = X10" — Xooy™ + Xovyd"

By using the equation (3.7), we have

Xn+1
Xn

_,-)/TL-H _ 5n+1 _5,}/n+1 4 ,Y(sn+1

= (y =6t
] ('Y ) ,Yn —o _5771 + ,Yé‘n

=(y—4)"

Thus
B X" — X10™ — Xooy™ + Xoyd"
— o

1

= 5[ (= 8% + (1% — X1)9")

= A" + B§"

Xn

5
|
(%)

|
=
—

X1—5X0)’yn
s(1+i)—t(2+i)—5(s—2t)]~y”
is+ s — it — 2t — &5 + 26t)y"

Il
~ o~ o~

SN
| |

g} g}

I |

= —
~~ —

6
|
(%)

|
=
/N

157" + sy" — 809" — ity — 2ty" + 25t’y")

22
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=(y—0)" [i87”+87” —s(24i—)y" —ity" —20y" + 262+ — )"
By the Eqn. (3.6)
=(y-— 5)_1 (iS’y” + 59" — 257" — isy" + sy — ity — 2" + Aty + 2ty

— 2t7"+1)
=(y—0)"" (—S'y" + 597" ity + 2" — 2t'y”+1)
=(y—-0)"" [SV”H — sty (241 — 27)}
=(y—0)"" [s*y”Jrl — "+t (v + 0 — 27)} By the Eqn. (3.6)
=(v-6~" [Svn“ — sy =" (v - 5)}
Similarly

B=(y—0)" [—55”“ 450" — 6" (y — 5)}
Therefore, we have

X, = 5 i 5 [s*y”“ — sy =ty (y = 8) — 86" 4 56" — 16" (y — 5)]
1
= o [sv”“ — 80" — sy 50—ty (y — §) — 6" (y — 5)] (3.11)
n+1 n+1 n n
_ g -9 o Y- 0 _ n n
_s< o 7_5> t( +5) (3.12)

Hence the result.
For the sake of convenience we express the large sized equation (3.12) into two
sequences (M) and (N,,). Then, we have

Xp=58(Mpy1 — My) —tN,, n€Zg (3.13)
Clearly

n __ sn

~
)

The following corollaries are useful while proving the subsequent results.

M, =

and N, =~" 44", n e Z (3.14)

Corollary 5. (Binet’s formula of the (s,t)-Jacobsthal sequence (U,)) Let
n > 0, we have

9n+1 o 19"+1
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Proof. From the equation (3.11), we have

1

vy =9

:Sf)/ ( 1) (5_1)_t(7n+5n)

n—=——

sy — 50" — sy 56—ty (y — §) — t0" (7 — 5)}

¢ [(9 +1)" 4+ (0 + 1)"} By the Eqn. (2.2)

(3.15)

n n 0l+1 _,19l+1

=0

If we compare the equations (3.1) and (3.15), we get
gl+1 _ i+l
U[ :Sw—t(el—i—ﬁl) or UnZS

Hence the result.

9n+1 o ﬁn—i—l

Corollary 6. For m,n > 1, the sequences (X,,), (M,) and (Ny,) satisfy the following
properties

XOXm+n - Xle+n—l

Mm n—1 — 3.16
o XX, — X7 (3.16)
NoNpan — N1 Npan—
Mm n—1 — 0 + ! ol (317)
’ (v—0)°
M A" — My 6™ — My—10Y™ + Mpy—170™
Myt = =27 - = 1 il (3.18)
Nm+n = Mm+n+1 + (1 - Z) Mm+n—1 (319)

Proof. The proof of all the equations can be given by using the equations (3.9) and
(3.14).

Corollary 7. If m,q € Zg and n € N, we get

N Xontq — (Z - 1)me(n—l)+q = Xm(n+1)+q (3.20)
Nman+q - (2 - 1)mjwm(n—1)—§—q - Mm(n+1)+q (3'21)

Proof. The proof is clearly seen by the equations (3.9) and (3.14).
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4. SOME GENERALIZED RESULTS

In this section we obtain the various generalized results for the sequences (X,,) and
(M,,) whose terms of the form mn + ¢, m,n,q > 0.

Theorem 8. (Generalized sum for (X,,) ) For m,n,q € Zy, we have

Zn:X R Xm(n+1)+q B (Z - 1)men+q - Xm+q + (Z — l)qu
mj+q Nm— (i—l)m_l

(4.1)

Proof. Let
S == Z ij+q
j=1

Multiplying both sides by [Nm — (z — 1)m — 1} , we have

S[Nm - (Z - l)m ] = Np, ZXm]—i-q Zij—I—q ZXm]—i-q

Let
S[Nm—(i—l)m—l} =51 +5 + 53

Here

n
S1=Nu > Xmjiq
j=1

Now

n

Sp=—(i=1)" D Xmjsq
st

2—1

/_\

m+q + X2m+q + -+ an+q)

Add and subtract X, on R. H. S, we get
S = _(Z o 1)m<an+q — Xg+ Xg+ Xongg + Xomig +-- + Xm(n—l)+q>

—(i = 1)" Xppnag + (1 —1)" Xy — (i — 1) me(j o

25
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and
n
53 = - Z ij+q
j=1
Add and subtract X,,(,41)+4 on R. H. S, we have
S3 = — <_Xm(n+1)+q + Xm+q + X2m+q +oo an+q + Xm(n+1)+q)

n
= Xm(n+1)+q — Xmtq — ZXm(j+l)+q
=1

Thus, we have

S| N = (= 1)" = 1]

n
= Xm(n+1)+q — (2 - 1)men+q — Xmq + (2 - 1)qu + Z(Nmej+q
j=1

= (= 1) Xon—1)+q Xm(j+1)+q>
n
= Xm(n+1)+q - (2 - 1)men+q - Xm+q + (Z - 1)qu + Z(Xm(j+1)+q
j=1

- Xm(j+1)+q) By the Eqn. (3.20)
= Xonnt1)+g — (0 = 1) Xonntq — Xmag + (i — 1) X,

Hence

iX = Xin(nt1)+g ~ (Z - 1)men+q — Ximtq t+ (Z - 1)qu
~ mj+q Nm — (@ — 1)m —

This completes the proof of the theorem.

Theorem 9. For m,n,q € Zg, the following property holds for (M)

" u  Myynityag — (0= 1) " Minyg — Myyg + (i — 1) M,
E mj+q — R m
st Np—(i—1)" =1
Theorem 10. Ifx € R and 0 < m < ¢, we get

i M+ (i — 1) "Myyqz
= e (2 — l)mx2 — Npz+1
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Proof. Let

oo
T=Y3" Muniqgz"
n=0

Multiplying both sides by [(z — 1) 2 — Npx + 1}, we obtain
T[(z— 1) 2?2 — N,z + 1}

o0 [e.9]
1
=(i—1) § Moniqt™ = N > Mynnyqz™ ™+ Moy gz
n=0 n=0

2
= z — 1 Z an+qm — Ny Mgz — Z - n+1 +q "2 Mg+ My, qo

2
+ z_: M (n+2) +qmn+

= My + (Mysq — Ny M,) x+2[
n=0

+ (i — 1)man+q} "2 By the Eqn. (3.21)

— 2
_qu (Zil ‘1 mx+2( m n+2 7Mm(n+2)+Q>$n+

— N M
(

(n+2)+q m(n+1)+q

Since — (1 — 1) My—p, = (i — 1)™ 7 Mip4q, we get
T[(i = 1)"a = Npo + 1) = My + (i = 1) Mgz

Therefore, we have

Hence the proof.

5. MATRIX SEQUENCE OF THE BINOMIAL FORM (X))

In this section we define a kind type of matrix sequence (Z,,) to binomial form (X,).
In addition to this we investigate some results for the matrix sequence (Z,).
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Definition 3. For i (= /—1), the matriz sequence (Zy),cy is defined by the fol-
lowing equation

Znir =2+ 1) Zn+ (1 —i) Zp_1, n>1 (5.1)

My (1—14)M 1—14) M-

with 7y = |2 ,) Yognd z, = | ,) ?

M1 (1—Z)M0 2 (1—Z)M1

241 1—1
Lemma 11. For a square matriz X = ) 0 and n > 0, we have
Zp+1 _ yn Z (5.2)
Zn Zy
241 1—1

Theorem 12. For a square matriz X = ) 0 and n > 0, the n* term of

matriz sequence (Zy) is given as

T = (5.3)

Myio (1 —4) Myt
Mn—i—l (1 - Z)Mn

XoXpis — X1 Xnyo (1—1i)(XoXnto — Xan+1)] (5.4)
XoXniz — X1 Xor1 (1-1)(XoXnp1 — XaX) |
NoNp43 — NiNpy2 (1 —1i) (NoNpja — Nan—‘,-l)]

NoNpt2 — NiNpy1 (1 —4) (NoNpy1 — N1N,)

= (XoXy — x2)7 [
=(y-4)" [

Proof. Since X = then by the equation (3.8), we have

241 1—1

,yn —_gn _5,yn 4 75n

n+1 _ 5n+1 -5 n+1 4 5n+1
" | gl gl
X"=(y-06)"" [ ]

Z, YA
Since - X" ' , we have
n ZO
Zn+1 ( 6)71 ,Yn+1 _ 5n+1 _(5,yn+1 +’)’5n+1 Zl
Zn | K A — " —0y™ 4 o™ Zy
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g Zyy L — 205" — Zgoym ! + 2075"“]
ZY" — Z10" — Zody" + Zoyo"
Therefore
Zn _ Zl"}/n — Zl(S” — 2057" + 2075"
y—9
_ 1{ M (1—i)Ma| [Ms (1 —i)M2] o [Mz (1—Z')M1] 5o
Y=0 | [My (1—14)M My (1 —1d) M, M, (1 —1i) My

My (1—i) M
+ , o
My (1—i) Mo
Msy™ — M30™ — Moyd™ 4+ Moyé™ (1 — ’L) (Mg’yn — Myo™

1 —Myy0™ + Myv6™)

v—=90 Moy™ — Myo™ — Myy&” + Myyé” (1 — Z) (Ml")/n — Mo™
—Moyd™ + Moys™)
M, 1—14) M,
_ | Maez ). i By the Eqn. (3.18)
Mn+1 (1 — ’L) Mn
XoXnis — X1 Xnso (1 —1)(XoXng2 — X1Xn+1)]
XoXpt2 — X1iXny1 (1 —14) (XoXpp1 — X1Xn)
By the Eqn. (3.16)
NoNpy3 — NiNpyo (1 —1i)(NoNpjo — Nan+1)]
NoNpi2 — NiNpy1 (1 =) (NoNpg1 — NiNy)
By the Eqn. (3.17)

— (XoX2 — X3) 7 [

= (-0~ [

Hence the result.

Corollary 13. Ifn > 0, the following relation is true for the sequences (X), (My)
and (Ny)

Xo [Xn+3 + (1- i)Xn+1} - X |:Xn+2 +(1- Z)Xn]

N =
et XoX, — X2

(5.6)

Proof. Tf we compare corresponding terms of matrices from the equations (5.3) and
(5.4). Therefore we have

XoXnt3 — X1 Xnyo

M,y =
2 XoX; — X2
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XoXnt+1 — X1 Xy

(1—i)M, = (1—1) XoXo — X7

If we add these equations together, we have

| Xo| Xnrs+ (1= 1) Xs1| = X1 [ Xoga + (1 1) X,
Mn+2 + (1 - Z)Mn =

XoXs — X2
N Xo [Xn+3 +(1- i)Xn+1:| - X1 [Xn+2 + (1- Z)Xn}
nl XoX, — X2

By the Eqn. (3.19)
This proves the equation (5.6).
Theorem 14. (Sum of the first n terms of matrix sequence (Z,))
n [Mn+3 — (1 =) Mpgo — (7T+2i) (1 —14)Myio —2iMpyq —3(1 — i)]

Zy=2""
j; Mo — (1 —i)Mpy —3 (1 =) Mpq1 — 2iM,, — (1 — i)
(5.7)

Proof. From the equations (4.2) and (5.3), we have

n n [Mn+2 (1 - Z')]\4n+1]

2 7=, My (1—14)M,

J=1 J=1

Mn+3+(1*i) Mn+2*(7+2i) . Mn+2+(1*’i) Myp41-3
2 (1 — i) 2

Mn+2+(1;i)Mn+1*3 (1 - Z) Mn+1+(127i)Mn71

" [Mn+3 — (1= 4)Mypo — (7T+2i) (1 —14)Myqo —2iMpyq — 3(1 — i)
=2
Myio— (1 =) Mpyq —3 (1 —4) M1 — 2iM,, — (1 — 1)
Hence the proof.

Theorem 15. (Generating function of the binomial matrix sequence (Z,,))
Let x € R, we get

240+ (i —1)"2(4+3)x 1—i— 2+

; e F M G W CE P
ot = 5.8
Jzz:l 1+G—-1)""2+i)z (1-14) (5.8)

(t—1Da?2—-2+)z+1 (GE-1)a2—-2+i)x+1
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Proof. The proof of this theorem is established by using the equations (5.3) and
(4.3).
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