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1. Introduction

Let A denote the class of all functions of the form

f(z) = z +
∞∑
n=2

anz
n, z ∈ E (1)

which are analytic and univalent in the open disk

E = {z ∈ C : |z| < 1}.

The theory of linear operators plays an important role in Geometric Function The-
ory. Several differential and integral operators were introduced and studied, see for
example [11, 12, 13, 14, 15, 17, 22, 23].

Jung et al. [8] introduced the following one parameter families of integral oper-
ators

Pαf (z) =
2α

zΓ (α)

∫ z

0

(
log

z

t

)α−1
f (t) dt (α > 0) ,

Qαβf (z) =

(
α+ β

β

)
α

zβ

∫ z

0

(
1− t

z

)α−1
tβ−1f (t) dt (α > 0, β > −1) ,

where Γ (α) is the familiar Gamma function. For

α ∈ N = {1, 2, 3, ....} ,

111

http://www.uab.ro/auajournal/


M. Tahir, B. Khan, A. Khan – Fekete-Szegö problem for some subclasses . . .

the operators Pα, Qαβ were considered by Bernardi [1, 2].
For f (z) ∈ A given by (1) Jung et al. [8] showed that

Pαf(z) = z +

∞∑
n=2

(
2

n+ 1

)α
anz

n (α > 0) (2)

and

Qαβf(z) = z +
Γ(α+ β + 1)

Γ(β + 1)

∞∑
n=2

Γ (β + n)

Γ (α+ β + n)
anz

n (α > 0, β > −1). (3)

It is well known that

(Pαf(z))′ = 2Pα−1f (z)− Pαf (z) (4)

and
z
(
Qαβf (z)

)′
= (α+ β)Qα−1β f (z)− (α+ β − 1)Qαβf (z) .

The above defined operators were subsequently studied by many authors, see [3, 4,
7, 20, 21]. In 1993, Fekete and Szegö [5] found the maximum values of

∣∣a3 − µa22∣∣ as
a function of real parameter µ, for functions belonging to the class A. Since then,
the Fekete-Szegö problem was solved for various subclasses of the class A. See for
example, [9, 10, 19] and others see for example [6, 16].

In present paper, we solve the Fekete-Szegö problem for the functional
∣∣a3 − µa22∣∣,

where µ is a complex or real number, for functions f in some subclasses of analytic
functions A.

Definition 1. Let P be the class of all functions p(z) given by

p(z) = 1 +
∞∑
n=1

cnz
n, z ∈ E (5)

which are analytic and have positive real part in E.

Definition 2. A function f(z) ∈ A, is said to be in the class R(P, α, λ), if it satisfies
the condition

| arg{(1− λ)(Pαf)′ + λ(Pα−1f)′}| < π

2
δ (6)

where
α > 1, λ ≥ 0 and 0 < δ ≤ 1.
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Definition 3. A function f(z) ∈ A, is said to be in the class R(Q,α, λ), if it satisfies
the condition

| arg{(1− λ)(Qαβf)′ + λ(Qα−1β f)′}| < π

2
δ (7)

where
α > 1, β > −1, λ ≥ 0 and 0 < δ ≤ 1.

The following result is due to Pommerenke [18].

Lemma 1. If a function p(z) ∈ P then for n ≥ 1

i) |cn| ≤ 2 (8)

ii) |c2 −
c21
2
| ≤ 2− c21

2
. (9)

2. Main Results

First we consider the functional
∣∣a3 − µa22∣∣ for complex parameter µ.

Theorem 2. Let δ ∈ (o, 1], α > 1, λ ≥ 0. If f (z) ∈ R (P, α, λ) and µ ∈ C. Then

∣∣a3 − µa22∣∣ ≤ δ 2α+1

3 (1 + λ)
max

1,
δ
∣∣∣23α−1 (2 + λ)2 − µ32α+1 (1 + λ)

∣∣∣
23α−1 (2 + λ)2

 .

Proof. Let f(z) ∈ R(P, α, λ) then by using equation (6) , we obtain

(1− λ) (Pαf)′ + λ(Pα−1f)′ = pδ(z) (10)

where p(z) ∈ P. From equation (2) , we have

(1− λ)(Pαf)′ + λ(Pα−1f)′ = 1 +
∞∑
n=2

(
2

n+ 1

)α(2 + λ(n− 1)

2

)
nanz

n−1.

Then by using (5) and above equation, (10), we have

1 +
∞∑
n=2

(
2

n+ 1

)α(2 + λ(n− 1)

2

)
nanz

n−1 =
(
1 + c1z + c2z

2 + ...
)δ
.

A simple computation gives

1 +

∞∑
n=2

(
2

n+ 1

)α(2 + λ(n− 1)

2

)
nanz

n−1 = 1 + δ
(
c1z + c2z

2 + ....
)

+

δ (δ − 1)

2
(c21z

2 + c22z
4 + ...) + ....
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Equating the coefficients of z and z2, we obtain

a2 =

(
3

2

)α δ

2 + λ
c1. (11)

a3 =
2α

3(1 + λ)

{
δ

(
c2 −

c21
2

)
+
δ2

2
c21

}
. (12)

From (11) and (12) it results that

a3 − µa22 = δ
2α

3 (1 + λ)

(
c2 −

c21
2

)
+
δ2
(

23α−1 (2 + λ)2 − 32α+1µ (1 + λ)
)

3
(

22α (1 + λ) (2 + λ)2
) c21, (13)

therefore,

∣∣a3 − µa22∣∣ ≤ δ 2α

3 (1 + λ)

∣∣∣∣c2 − c21
2

∣∣∣∣+
δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣∣∣∣3(22α (1 + λ) (2 + λ)2
)∣∣∣

∣∣c21∣∣ .
In view of Lemma 1(ii) , we obtain

∣∣a3 − µa22∣∣ ≤ δ 2α+1

3 (1 + λ)
+
δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣− δ23α−1 (2 + λ)2

3
(

22α (1 + λ) (2 + λ)2
) ∣∣c21∣∣ .

(14)
Suppose that

δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣ ≤ δ23α−1 (2 + λ)2 .

Then it immediately follows that

∣∣a3 − µa22∣∣ ≤ δ 2α+1

3 (1 + λ)
. (15)

Now if
δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣ ≥ δ23α−1 (2 + λ)2 ,

then in view of Lemma 1(i) we obtain

∣∣a3 − µa22∣∣ ≤ δ23α+1 (2 + λ)2 + 4δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣− δ23α+1 (2 + λ)2

3
(

22α (1 + λ) (2 + λ)2
)
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=
δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣
3
(

22(α−1) (1 + λ) (2 + λ)2
) . (16)

The result now follows from (15) and (16) .

Proceeding in a similar way as above we can prove the following result.

Theorem 3. Let δ ∈ (0, 1], α > 1, β > 0, λ ≥ 0. If f (z) ∈ R (Q,α, λ) and µ ∈ C.
Then

∣∣a3 − µa22∣∣ ≤ δ 2 (α+ β)3
3 (β + 1)2 (α+ β + 2λ)

max

{
1,

δ |η (α, β)|
2 (α+ β)3 (β + 1) (α+ β + λ)2

}
,

where

η (α, β) = 2 (α+ β)3 (β + 1) (α+ β + λ)2 − 3µ (α+ β)22 (β + 2) (α+ β + 2λ) .

Next we consider the case of µ real parameter.

Theorem 4. Let δ ∈ (0, 1], α > 1, λ ≥ 0. If the function f (z) given by (1) is in the
class R (P, α, λ) and µ is real parameter then

∣∣a3 − µa22∣∣ ≤



δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣
3
(

22(α−1) (1 + λ) (2 + λ)2
) , if µ ≤ (δ−1)23α−1(2+λ)2

δ32α+1(1+λ)

δ2α+1

3(1+λ) , if (δ−1)23α−1(2+λ)2

δ32α+1(1+λ)
≤ µ ≤ (δ+1)23α−1(2+λ)2

δ32α+1(1+λ)

−δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣
3
(

22(α−1) (1 + λ) (2 + λ)2
) , if µ ≥ (δ+1)23α−1(2+λ)2

δ32α+1(1+λ)
.

Proof. By the virtue of (14) we have to consider the following two cases
Case I: Assume that

µ ≤ 23α−1 (2 + λ)2

32α+1 (1 + λ)
,

then from the inequality (14) it results

∣∣a3 − µa22∣∣ ≤ δ2α+1

3 (1 + λ)
+
δ
[
(δ − 1) 23α−1 (2 + λ)2 − δ32α+1µ (1 + λ)

]
3
(

22α (1 + λ) (2 + λ)2
) |c1|2 . (17)
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From Lemma 1(i) , we obtain

∣∣a3 − µa22∣∣ ≤ δ
[
δ23α+1 (2 + λ)2 − δ4 (3)2α+1 µ (1 + λ)

]
3 (2)2α (1 + λ) (2 + λ)2

.

Thus ∣∣a3 − µa22∣∣ ≤ δ2
[
23α−1 (2 + λ)− 32α+1µ (1 + λ)

]
3 (2)2(α−1) (1 + λ) (2 + λ)2

,

provided that

µ ≤ (δ − 1) 23α−1 (2 + λ)2

δ32α+1 (1 + λ)
.

Now if

µ ≥ (δ − 1) 23α−1 (2 + λ)2

δ32α+1 (1 + λ)
.

Then (17) becomes ∣∣a3 − µa22∣∣ ≤ δ2α+1

3 (1 + λ)
.

Case II: Assume that

µ ≥ 23α−1 (2 + λ)2

32α+1 (1 + λ)

and so, inequality (14) reduces to

∣∣a3 − µa22∣∣ ≤ δ2α+1

3 (1 + λ)
+
δ
[
δµ32α+1 (1 + λ)− (δ + 1) 23α−1 (2 + λ)2

]
3 (2)2α (1 + λ) (2 + λ)2

|c1|2 . (18)

Again, by using Lemma 1(i) we obtain

∣∣a3 − µa22∣∣ ≤ δ
[
δ4 (3)2α+1 µ (1 + λ)− δ23α−1 (2 + λ)2

]
3 (2)2α (1 + λ) (2 + λ)2

.

Thus ∣∣a3 − µa22∣∣ ≤ −δ2
∣∣∣23α−1 (2 + λ)2 − 32α+1µ (1 + λ)

∣∣∣
3
(

22(α−1) (1 + λ) (2 + λ)2
) ,

provided that

µ ≥ (δ + 1) 23α−1 (2 + λ)2

δ32α+1 (1 + λ)
.
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On the other hand, if

µ ≤ (δ + 1) 23α−1 (2 + λ)2

δµ32α+1 (1 + λ)
,

then, from (18) it fallows ∣∣a3 − µa22∣∣ ≤ δ2α−1

3 (1 + λ)
.

Finally, we observe that

(δ − 1) 23α−1 (2 + λ)2

δ32α+1 (1 + λ)
≤ µ ≤ 23α−1 (2 + λ)2

32α+1 (1 + λ)
≤ (δ + 1) 23α−1 (2 + λ)2

δ32α+1 (1 + λ)
.

Thus the proof of the theorem is completed.

Similarly we can prove the following.

Theorem 5. Let δ ∈ (0, 1] , α > 1, β > 0, λ ≥ 0. If the function f (z) given by (1)
is in the class R (Q,α, λ) and µ is real then

∣∣a3 − µa22∣∣ ≤


δ2|η(α,β)|
3(β+1)2(β+2)(α+β+λ)2(α+β+2λ)

, if µ ≤ γ1

δ2(α+β)3
3(β+1)2(α+β+2λ) , if γ1 ≤ µ ≤ γ2

−δ2|η(α,β)|
3(β+1)2(β+2)(α+β+λ)2(α+β+2λ)

, if µ ≥ γ2,

where

γ1 =
2 (δ − 1) (α+ β)3 (β + 1) (α+ β + λ)2

3δ (α+ β)22 (β + 2) (α+ β + 2λ)

γ2 =
2 (δ + 1) (α+ β)3 (β + 1) (α+ β + λ)2

3δ (α+ β)22 (β + 2) (α+ β + 2λ)
.
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