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CERTAIN INTEGRALS INVOLVING ALEPH FUNCTION AND
WRIGHT’S GENERALIZED HYPERGEOMETRIC FUNCTION
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Abstract. The aim of this paper is to establish certain integrals involving prod-
uct of the Aleph function with exponential function and Fox-Wright’s Generalized
Hypergeometric Function. Being unified and general in nature, these integrals yield
a number of known and new results as special cases. For the sake of illustration,
four corollaries are also recorded here as special case of our main results.
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1. Introduction and Preliminaries

Throughout this paper, let C, R, Z−, and N be sets of complex numbers, real
numbers, and positive integers respectively. Also N 0 := {0} ∪N .
The Aleph function, which is a general higher transcendental function and was
introduced by S̈udland et al. [9, 10], is defined in terms of the Mellin- Barnes type
integrals as following manner (see, e.g., [7, 8])

ℵ [z] = ℵm,npi, qi, τi; r

[
z

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ]n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]

=
1

2πi

∫
L

Ωm,n
pi,qi, τi; r (ξ) z−ξdξ, (1)

where z ∈ C- {0}, i =
√
−1 and

Ωm,n
pi,qi,τi; r (ξ) =

Πm
j=1Γ (bj + βjξ) Πn

j=1Γ (1− aj − αjξ)∑r
i=1 τiΠ

qi
j=m+1Γ (1− bji − βjiξ) Πpi

j=n+1Γ (aji + αjiξ)
, (2)

The integration path L = Li γ∞ (γ ∈R) ranging from γ − i∞ to γ − i∞; is a con-
tour of the Mellin-Barnes type, which separates the poles of Γ (1− aj − αjξ) , (j =

1
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1, ... , n) from Γ (bj + βjξ) , (j = 1 , ... , m). The empty product in (2) is in-
terpreted as unity. The parameters pi, qi ∈N0with 0 ≤ n ≤ pi , 1 ≤ m ≤ qi
,τi > 0 (i = 1 , ... , r) and αj , βj , αji , βji > 0 whereas aj , bj , aji , bji ∈C. The
existence of the ℵ-function defined on (1) depends on the following conditions.

ϕl > 0 , |arg (z)| < π

2
ϕl , l = 1, ..., r (3)

and
ϕl ≥ 0 , |arg (z)| < π

2
ϕl , l = 1, ..., r and < (ζl) + 1 < 0 , (4)

where

ϕl =
n∑
j=1

αj +
m∑
j=1

βj − τl

 pl∑
j=n+1

αjl +

ql∑
j=m+1

βjl

 , (5)

and

ζl =
m∑
j=1

bj −
n∑
j=1

aj + τl

 ql∑
j=m+1

bjl −
pl∑

j=n+1

ajl

+
1

2
(pl − ql) , l = 1 , ... , r (6)

Remark 1: On setting τi = 1 (i = 1, ..., r) in (1), yields the I-function due to
Saxena [6], defined in following manner:

I m,npi, qi; r [z] = ℵm,npi, qi, 1; r
[z] = ℵm,npi, qi, 1; r

[
z

∣∣∣∣∣ (aj , αj)1,n , ... , [(aji, αji) ] n+1,pi

(bj , βj)1,m , ... , [(bji , βji) ]m+1,qi

]

=
1

2π i

∫
L

Ωm,n
pi,qi, 1; r

(ξ) z−ξdξ. (7)

where the kernel Ωm,n
pi,qi, 1; r

(ξ) is given in (2). The existence conditions for the
integral in (7) are the same as given in (3)–(6) with τi = 1 (i = 1, ..., r).

Remark 2: If we set r = 1, then (7) reduces to the familiar H-function [3]

H m,n
p, q [z] = ℵm,npi, qi, 1; 1

[z] = ℵm,npi, qi, 1; 1

[
z

∣∣∣∣ (aj , αj)
(bj , βj)

]
=

1

2π i

∫
L

Ωm,n
pi, qi, 1; 1

(ξ) z−ξdξ.

(8)
are the kernel Ωm,n

pi, qi, 1; 1 (ξ)can be obtained from (2).

For our purpose, we recall the Wright’s Generalized hypergeometric function pψq
given by Wright [12] defined as:

pψq

 (e1, ν1) , ..., (ep, νp) ;

(f1, ε1) , ..., (fp, εp) ;
x

 = pψq

 (ej , νj)1,p ;

(fj , εj)1,q ;
x

 =

∞∑
k=0

∏p
j=1 (ej + νjk)∏q
j=1 (fj + εjk)

xk

k!
.

(9)
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where νj and εj(i = 1, ..., p; j = 1, ..., q) are real and positive, and 1 +
∑q

j=1 εj −∑p
j=1 νj > 0.

To establish the integrals, we have also used the following result due to Rainville [4]:
∞∑
n=0

∞∑
k=0

A (k, n) =

∞∑
n=0

n∑
k=0

A (k, n− k) . (10)

2. Main Results

In this section, we have evaluated three integrals involving product of the Aleph
function and Wright’s Generalized Hypergeometric function.

First Integral

I1 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpψq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y xµ (t− x)υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Λ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

× ℵm,n+2
pi+2,qi+1,τi:r

[
y t(µ+υ)

∣∣∣∣∣(1−ρ−ςk,µ),(1−δ−(η−1)k−u,υ),(aj ,αj)1,n,...,[τi(aji,αji)]n+1,pi; r

(1−ρ−δ−u−(ς+η−1)k,µ+υ),(bj ,βj)1,m,...,[τi(bji ,βji)]m+1,qi; r

]
.

(11)
where

Λ(k) =

∏p
j=1 (ej + νj k) ak∏q
j=1 (fj + εj k) k !

. (12)

provided

1. µ ≥ 0, υ ≥ 0(not both zero simultaneously) such that υ − µ > 0,

2. ζ and η are non-negative integers such that ζ + η ≥ 1,

3. Ai > 0, Bi < 0; |arg(y)| < 1
2Aiπ, ∀i ∈ 1, ..., r ; where

Ai =
n∑
j=1

αj +
m∑
j=1

βj − τi

 pi∑
j=n+1

αji +

qi∑
j=m+1

βji

 ,
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Bi =
1

2
(pi − qi) +

 m∑
j=1

bj −
n∑
j=1

aj

+ τi

 qi∑
j=m+1

bji −
pi∑

j=n+1

aji

 ,

4. < (ρ) + µmin1≤j≤m [< (bj/βj)] > 0, < (δ) + υmin1≤j≤m [< (bj/βj)] > 0.

Proof:

I1 ≡ e−zt
∫ t

0
xρ−1 (t− x)δ−1 e(t−x) zpψq (axς (t− x)η)

×ℵm,npi,qi,τi:r

[
yxµ (t− x)υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx,

Substituting the e(t−x) z by the infinite series
∑∞

u=0
(t−x)uzu

u ! and rewriting the Aleph
(ℵ) function and Wright generalized hypergeometric function the with the help of
(1) and (9) respectively, we obtain;

I1 ≡ e−zt
∫ t

0
xρ−1 (t− x)δ−1

∞∑
u=0

(t− x)u zu

u !

∞∑
k=0

∏p
j=1 (ej + νj k)∏q
j=1 (fj + εj k)

akxς k (t− x)η k

k !

= e−zt
∫ t

0
xρ−1 (t− x)δ−1

∞∑
u=0

∞∑
k=0

∏p
j=1 (ej + νj k)∏q
j=1 (fj + εj k)

akzuxς k (t− x)η k+u

k ! u !

× 1

2πi

∫
L

Ωm,n
pi,qi,τi:r (ξ) y−ξx−µξ (t− x)−υ ξ dξdx,

By means of (8), the above result reduces to

= e−zt
∫ t

0
xρ−1 (t− x)δ−1

∞∑
u=0

u∑
k=0

∏p
j=1 (ej + νj k)∏q
j=1 (fj + εj k)

akxς k (t− x)η k+u−k

k !

z(u−k)

(u− k) !

× 1

2πi

∫
L

Ωm,n
pi,qi,τi:r (ξ) y−ξx−µξ (t− x)− υ ξ dξdx,

Interchanging the order of integration and summation, we obtain

= e−zt
∞∑
u=0

u∑
k=0

∏p
j=1 (ej + νj k)∏q
j=1 (fj + εj k)

ak

k !

z(u−k)

(u− k) !

1

2πi

∫
L

Ωm,n
pi,qi,τi:r (ξ) y−ξ

×
{∫ t

0
xρ+ς k−µ ξ−1 (t− x)δ+(η−1) k+u−υ ξ−1 dx

}
dξ,
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By replacing x = ts, the above equation becomes:

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

∏p
j=1 (ej + νj k)∏q
j=1 (fj + εj k)

aktu+(ς+η−1)k

k !

z(u−k)

(u− k)
!

× 1

2πi

∫
L

Ωm,n
pi,qi,τi:r (ξ) y−ξt−(µ+υ)ξ

{∫ 1

0
sρ+ς k−µ ξ−1 (1− s)δ+(η−1) k+u−υξ−1 ds

}
dξ,

By using the definition of Beta function

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

∏p
j=1 (ej + νj k)∏q
j=1 (fj + εj k)

aktu+(ς+η−1)k

k !

z(u−k)

(u− k) !

× 1

2πi

∫
L

Ωm,n
pi,qi,τi:r (ξ)

Γ (ρ+ ς k − µ ξ) Γ (δ + u+ (η − 1) k − υ ξ)
Γ (ρ+ δ + u+ (ς + η − 1) k − (µ + υ) ξ)

y−ξt−(µ+υ) ξdξ,

(13)
Finally, interpreting the contour integral by the virtue of (1) in the right-hand side
of the equation (13), we arrive at the desired result (11).

Second Integral

I2 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpψq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y x−µ (t− x)−υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Λ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

× ℵm+2,n
pi+1,qi+2,τi:r

[
y t−(µ+υ)

∣∣∣∣∣ (aj , αj)1,n,...,[τi(aji, αji) ]n+1,pi; r
, (ρ+δ+u+(ς+η−1)k, µ+υ),

(ρ+ς k, µ), (u+δ−(η−1)k, υ), (bj , βj)1,m,...,[ τi(bji , βji) ]m+1,qi; r

]
.

(14)
provided

< (ρ)− µ min
1≤j≤n

[< ((aj − 1) /αj)] > 0, < (δ)− υ min
1≤j≤n

[< ((aj − 1) /αj)] > 0,

along with the conditions (i) to (iii) given with I1 and Λ(k) is given by (12).

Third Integral

I3 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpψq (a xς (t− x) η)

5
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×ℵm,npi,qi,τi:r

[
y xµ (t− x)−υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Λ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

×ℵm+1,n+1
pi+1,qi+2,τi:r

[
y t(µ−υ)

∣∣∣∣∣ (1−ρ+ςk,µ),(aj ,αj)1,n,...,[τi(aji,αji)]n+1,pi; r

(u+δ−(η−1)k,υ),(1−ρ−δ−u+(ς+η−1)k,µ−υ),(bj ,βj)1,m,...,[τi(bji ,βji) ]m+1,qi; r

]
.

(15)
provided

< (ρ) + µ min
1≤j≤m

[< (bj/βj)] > 0, < (δ)− υ min
1≤j≤n

[< ((aj − 1) /αj)] > 0,

along with the conditions (i) to (iii) given with I1 and Λ(k)is given by (12).

Fourth Integral

I4 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpψq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y x−µ (t− x)υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Λ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

×ℵm+1,n+1
pi+1,qi+2,τi:r

[
y t(−µ+υ)

∣∣∣∣∣ (1−u−δ−(η−1)k,υ),(aj ,αj)1,n,...,[τi(aji,αji)]n+1,pi;r

(ρ+ςk,µ),(1−ρ−δ−u−(ς+η−1)k,υ−µ),(bj ,βj)1,m,...,[τi(bji,βji) ]m+1,qi; r

]
.

(16)
provided

< (ρ)− µ min
1≤j≤n

[< ((aj − 1) /αj)] > 0, < (δ) + υ min
1≤j≤m

[< (bj/βj)] > 0,

along with the conditions (i) to (iii) given with I1 and Λ(k) is given by (12).

3. Special Cases

On taking νj = εj = 1 in equation (11), (14) (15), and (16), we get the following
four corollaries respectively, involving generalized hypergeometric function.

6
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Corollary 1.

C1 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpFq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y xµ (t− x)υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Θ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

× ℵm,n+2
pi+2,qi+1,τi:r

[
y t(µ+υ)

∣∣∣∣∣(1−ρ−ς k, µ), (1−δ−(η−1)k−u, υ),(aj , αj)1,n,...,[τi(aji, αji) ]n+1,pi; r

(1−ρ−δ−u−(ς+η−1)k, µ+υ), (bj , βj)1,m,...,[ τi(bji , βji) ]m+1,qi; r

]
.

(17)
where

Θ(k) =

∏p
j=1 (ej + k) ak∏q
j=1 (fj + k) k !

. (18)

provided that the conditions easily obtainable from those mentioned with (11) are
satisfied.

Corollary 2.

C2 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpFq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y x−µ (t− x)−υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Θ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

× ℵm+2,n
pi+1,qi+2,τi:r

[
y t−(µ+υ)

∣∣∣∣∣ (aj ,αj)1,n,...,[τi(aji, αji) ]n+1,pi; r
, (ρ+δ+u+(ς+η−1)k, µ+υ),

(ρ+ς k, µ), (u+δ−(η−1)k, υ), (bj , βj)1,m,...,[ τi(bji , βji) ]m+1,qi; r

]
.

(19)

Corollary 3.

C3 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpFq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y xµ (t− x)−υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

7
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= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Θ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

×ℵm+1,n+1
pi+1,qi+2,τi:r

[
yt(µ−υ)

∣∣∣∣∣ (1−ρ+ςk,µ),(aj ,αj)1,n,...,[τi(aji,αji)]n+1,pi;r

(u+δ−(η−1)k,υ),(1−ρ−δ−u+(ς+η−1)k,µ−υ),(bj ,βj)1,m,...,[τi(bji ,βji) ]m+1,qi;r

]
.

(20)
Corollary 4.

C4 ≡
∫ t

0
xρ−1 (t− x)δ−1 e−x zpFq (a xς (t− x) η)

×ℵm,npi,qi,τi:r

[
y x−µ (t− x)υ

∣∣∣∣∣ (aj , αj)1,n , ..., [τi (aji, αji) ] n+1,pi; r

(bj , βj)1,m , ..., [ τi (bji , βji) ] m+1,qi; r

]
dx

= e−zttρ+δ−1
∞∑
u=0

u∑
k=0

Θ(k)
z(u−k)

(u− k) !
tu+(ς+η−1)k

×ℵm+1,n+1
pi+1,qi+2,τi:r

[
yt(−µ+υ)

∣∣∣∣∣ (1−u−δ−(η−1)k, υ), (aj ,αj)1,n,...,[τi(aji,αji)]n+1,pi;r

(ρ+ςk,µ),(1−ρ−δ−u−(ς+η−1)k, υ−µ), (bj ,βj)1,m,...,[τi(bji , βji) ]m+1,qi; r

]
.

(21)
Remark 3. Using (7) in (15), (16), and (21), make some suitable adjustment of
the parameters, we arrive at the known result given by Bhargava et al. [2].

4. Conclusion

The Aleph-function, expressed in this paper, is relatively basic in nature. Therefore,
on some suitable adjustment of the parameters on function, we may obtain various
other special functions such as I–function, Fox’s H-function, Meijer’s G-function,
etc. as its special cases, and therefore, various unified integral presentations can be
obtained as special cases of our results. Certain special cases of integrals involv-
ing generalized hypergeometric function have been investigated in the literature by
some of authors ([1, 5, 11, 12]) with different arguments. In this sequel, one can
obtain integral representation of more generalized special function, which has much
application in physics and engineering Science.
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