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CLASSES OF AN UNIVALENT INTEGRAL OPERATOR

V. PESCAR, A. SASU

ABSTRACT. In this paper we consider an integral operator for analytic functions
in the open unit disk and we obtain sufficient conditions for univalence of this integral
operator.
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1. INTRODUCTION

Let A be the class of functions of the form:
fz)=z+ Zanz"
n=2

normalized by f(0) = f(0) — 1 = 0, which are analytic in the open unit disk
U={z€eC:|z| <1}

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

Let H(U) be the space of holomorphic functions in U. We note

A":{fG/H(U)3f(z)zz+an+12n+1+~-,nEN—{O}}

with A4; = A.
In this paper we consider the integral operator

Gt An — HU), A, C HU),
%

Gu(f)(z) = [/3 /0 T e (t)de| 1)

BeC B#0,f, he A
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Forn=1,e€C, B #0, f,h € A, h(z) = z, from (1) we obtain the integral
operator Pascu-Pescar [9],

1

I(z) = [B /Oztﬁ—l <Jcit>>ﬁdt]6, 2eU. 2)

Forn=1,=1, f,h € A, h(z) = z, from (1) we obtain the integral operator
Alexander [1],

T(z) = /0 ’ fit)dt, ceu. 3)

Properties of certain integral operators were studied by different authors in the
following papers [2, 16, 17, 18, 19, 20].

In this paper we obtain sufficient conditions for univalence of integral operator
Gp,.

2. PRELIMINARIES
We need the following lemmas.
Lemma 1 (Pascu, [8]). Let a be a complex number, Re o > 0 and f € A. If

2f"(2)
f'(z)

1— |Z’2R€ «
Re o
for all z € U, then the function

<1, (4)

Fo(z) = [a /0 " jot f’(t)dt] : (5)

is reqular and univalent in U.

Lemma 2 (General Schwarz Lemma, [4]). Let f the function regular in the disk
Ur = {z€C:|z| <R} with |f(2)] < M, M fized. If the function f has in z =0

one zero with multiply > m, then

7)< il = € Ur, (©

the equality (in the inequality (6) for z # 0) can hold only if

where 6 is constant.
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Lemma 3 (Mocanu and Serb, [6]). Let My = 1.5936... be the positive solution of
equation

(2—M)eM =2,
If fe A and
?gngmzea (7)
then
fﬁg>—4<1¢eU: (8)

The edge My is sharp.

3. MAIN RESULTS

Theorem 4. Let 8 be a complex number, a = Ref > 0, the functions f,h € A,,
f(z) = 24+ an12"™ + oo, W(2) = 2+ by 2"+, M, L, K positive real
numbers.

If
zf'(2)
f&)—4<M}z6M 9)
z2f'(z)  zh'(2)
o e | b fEU (10)
zh"(z
h’((z)) <K, zeU (11)
and
WHM+L+K§@w;@%ﬁ7nGNWL (12)
n2a

then the function G (f)(z) belongs to the class S.

Proof. From (1) we have

z B-1 B
Gh<f><z>=[/3 [ (5 %h’(t)dt] 7 (13)
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forall z € U.
We consider the function

which is regular in U and ¢(0) = ¢’(0) — 1 = 0.

We have
29"(2) _ . (2f'(z) 2f'(2)  zh'(2) | =2h"(2)
o= () 5 - S

for all z e U.
Using (15) we obtain

L e 2G| L=l [, (=) | () ()
e ” ['ﬁ 1770 1‘* 7 R
zh(2)
HRND) ]
forall z € U.

Applying Lemma 2, from (9), (10), (11) we get

2f'(2)
f(2)

- 1‘ < M2", zeU,

zf'(z)  zh'(2)
fz) h(z)

< L|z|", zeU,

zh''(2)

< " .
W) <K|z|", zeU

From (17), (18), (19) and (16) we obtain

1—|z]%®

a

29"(2)| _ 1— o>

g'(2)

2" |8 - 1M+ L+ K], zeU.

173320‘).%”

We consider the function J : [0,1] — R, J(z) = ( -
[0,1].
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We have
on3a
max J .fL') = n72n+2a, n € N — {0} (21)
z€[0,1] (2a +n) 2a
By (12), (21) and (20) we obtain
1— 2> | 29" (2)
- <1, (22)
a 9 ()

for all z € U.
Now, from (22) and Lemma 1, it results that the function Gp,(f)(z) belongs to
the class S,

Gh(f)(2) =2+ 22 + 323 + - (23)

We note by K the class of univalent integral operator Gy, (f), obtained by the
conditions of Theorem 4.

Corollary 5. Let § be a complex number, a = Ref8 > 0, the function f € A,

f(z) =z4agz+---, M a positive real number.
If
/
Z}f(i”;) - 1‘ <M, zeU, (24)
and
a+1
2a+ 1) 2
18] < ( 5 M) , (25)

then the function I(z) defined by (2) is in the class S.

Proof. For n = 1, h(z) = z and using (15) from Theorem 4, we obtain Corollary
5.

Corollary 6. Let the function f € A, f(z) =z + azz® + - --.
If

) |3
8 1‘< , z€U, (26)

2
then the function T'(z) defined by (3) is in the class S.
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Proof. Forn =1, B =1, h(z) = z, from Corollary 5, we obtain Corollary 6.

Theorem 7. Let 5 be a compler number, a = Ref > 0, the functions f,h € A,
f()=z+a2®+..., h(z) =2+ bz® + ..., My=1.5936..., the positive solution
of equation (2 — M)eM = 2.

If
f"(2)
f/(Z) < M(]a KAS U7 (27)
le((j)) < M,z €U, (28)
and

-1/ +2 2M
potixz, A<, (29
a (2a+1) 2
then the function Gi(f)(z) belongs to the class S.

Proof. We consider the function G(f)(z) defined by (13) and the function g(z)
defined by (14).
From (15) we obtain:

29" (2) zf'(2) ‘ zf'(2) ‘ zh'(z) ‘ h'(2)
<|8-1 — 1]+ — 1]+ — 1]+ |z 30
7 | =P () h(:) ey €0
forall z € U.
Using (27), (28) and Lemma 3, from (30) we get
1— 2a " 1— 2a 1— 2a
G JR TS e L ] VAP 0
a g'(2)
‘We have )
1-— a 2
max 12 z| = S5aTT (32)
|2[<1 a (2a+1)"2a

From (31) and (32) we obtain:

1— 2% | 2¢" (2 B—1+2 2My
2| / @) 1B-1+2 . (33)
a 9'(2) a (204 1) 2
for all z € U.
Using (29), from (33) we have
1— 2a /"

12 i Gy, sew (34)
a g'(2)

110



V. Pescar, A. Sasu — Classes of an univalent integral operator

Now, from (34) and Lemma 1 we obtain that the function Gy (f)(z) belongs to
the class S,
Gh(f)(2) =2+ 22+ ...

We note by Ky the class of univalent integral operator Gy, (f), obtained by the
conditions of Theorem 7.

Corollary 8. Let 3 be a real number, 8 > 1, the function f € A, f(2) = z +az2% +
oo, My =1.5936... the positive solution of the equation (2 — M)eM = 2.

If
‘ /"(z)

)| < Mo, 2 €U, (35)

then the function I1(z) defined by (2) is in the class S.

Proof. Using (30) and Theorem 7 for h(z) = z, we obtain Corollary 8.

Corollary 9. Let the function f € A, f(z) = z 4+ a22® + ..., Mg = 1.5936... the
positive solution of equation (2 — M)eM = 2.
If
/(=)
f'(z)
then the function T'(z) defined by (3) is in the class S.

<My, 2€U (36)

Proof. For =1, h(z) = z, using (30) and Theorem 7 we obtain Corollary 9.
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