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1. Introduction

Let Σp,n denote the class of multivalent meromorphic functions of the form:

f(z) = z−p +

∞∑
k=n

akz
k (p ∈ N = {1, 2, 3, ...}; n > −p), (1)

which are analytic in the punctured unit disk U∗ = {z : z ∈ C, and 0 < |z| < 1} =
U\{0}. We note that Σp,−p+1 = Σp. For a function f ∈ Σp,n, we can define

ΣS∗p,n(α) = {f ∈ Σp,n : Re

(
zf ′(z)

f(z)

)
< −α (0 ≤ α < p, z ∈ U)},

ΣCp,n(α) = {f ∈ Σp,n : Re

(
1 +

zf ′′(z)

f ′(z)

)
< −α (0 ≤ α < p, z ∈ U)},
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ΣKp,n(β, α)

= {f ∈ Σp,n : ∃ g ∈ ΣS∗p,n(α) such that Re

(
zf ′(z)

g(z)

)
< −β (0 ≤ α, β < p, z ∈ U)},

and

ΣK∗p,n(β, α)

= {f ∈ Σp,n : ∃ g ∈ ΣCp,n(α) such that Re

(
(zf ′(z))′

g′(z)

)
< −β (0 ≤ α, β < p, z ∈ U)}.

These classes are meromorphic starlike, Convex, close-to-convex and quasi-convex
functions, respectively (see [3], [9], [15]-[17]).

Definition 1. For two functions f(z) and g(z), analytic in U, we say that the
function f(z) is subordinate to g(z) in U, written f ≺ g or f(z) ≺ g(z), if there exists
a Schwarz function ω(z) which is analytic in U, satisfying the following conditions:

ω(0) = 0 and |ω(z)| < 1; (z ∈ U),

such that
f(z) = g(ω(z)); (z ∈ U).

Indeed it is known that

f(z) ≺ g(z) (z ∈ U) =⇒ f(0) = g(0) and f(U) ⊂ g(U).

In particular, if the function g(z) is univalent in U, we have the following equiv-
alence (see [4], [13], [14]):

f(z) ≺ g(z) (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

Let M be the class of functions ϕ(z) which are analytic, univalent in U and for
which ϕ(U) is convex with ϕ(0) = 1 and R[ϕ(z)] > 0 for z ∈ U. By making use of
the principle of subordination between analytic functions, we define the subclasses
ΣS∗p,n(α;φ), ΣCp,n(α;φ), ΣKp,n(α, β, φ, ψ) and ΣK∗p,n(α, β;φ, ψ) of the class Σp,n

for 0 ≤ α, β < p and φ, ψ ∈M , which are defined by

ΣS∗p,n(α;φ) = {f ∈ Σp,n :
1

p− α

(
−zf ′(z)
f(z)

− α
)
≺ φ(z) in U}, (2)

ΣCp,n(α;φ) = {f ∈ Σp,n :
1

p− α

(
−
[
1 +

zf ′′(z)

f ′(z)

]
− α

)
≺ φ(z) in U}, (3)
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ΣKp,n(α, β;φ, ψ) ={f ∈ Σp,n : ∃ g ∈ ΣS∗p,n(α;φ) such that

1

p− β

(
−zf ′(z)
g(z)

− β
)
≺ ψ(z) in U},

(4)

and

ΣK∗p,n(α, β;φ, ψ) ={f ∈ Σp,n : ∃ g ∈ ΣCp,n(α;φ) such that

1

p− β

(
−(zf ′(z))′

g′(z)
− β

)
≺ ψ(z) in U}.

(5)

We note that

f(z) ∈ ΣCp,n(α;φ) ⇐⇒ −zf
′(z)

p
∈ ΣS∗p,n(α;φ),

f(z) ∈ ΣK∗p,n(α, β;φ, ψ) ⇐⇒ −zf
′(z)

p
∈ ΣKp,n(α, β;φ, ψ).

We observe that for special choices for the parameters p, α, β and the functions
φ and ψ involved in these definitions. For example, the classes

ΣS∗1,0

(
α;

1 + z

1− z

)
= ΣS∗(α), ΣC1,0

(
α;

1 + z

1− z

)
= ΣC(α),

ΣK1,0

(
α, β;

1 + z

1− z
,
1 + z

1− z

)
= ΣK(α, β), ΣK∗1,0

(
α, β;

1 + z

1− z
,
1 + z

1− z

)
= ΣK∗(α, β).

For µ > 0, a, c ∈ C be such that Re(c − a) ≥ 0, Re(a) ≥ µp, p ∈ N and
f(z) ∈ Σp,n is given by (1), the integral operator

Ja,cp,µ : Σp,n → Σp,n

defined as following ([8])

• For Re(c− a) > 0 by

Ja,cp,µf(z) =
Γ(c− µp)

Γ(a− µp)Γ(c− a)

∫ 1

0
ta−1(1− t)c−a−1f(ztµ)dt; (6)

• For a = c by
Ja,ap,µf(z) = f(z). (7)
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Using (6) and (7), it is easily that the operator Ja,cp,µf(z) can expresse as following

Ja,cp,µf(z) = z−p +
Γ(c− µp)
Γ(a− µp)

∞∑
k=n

Γ(a+ µk)

Γ(c+ µk)
akz

k, (8)

where µ > 0, a, c ∈ C, Re(c− a) ≥ 0, Re(a) ≥ µp (p ∈ N).
It is readily verified from (8) that

z(Ja,cp,µf(z))′ =
a− µp
µ

Ja+1,c
p,µ f(z)− a

µ
Ja,cp,µf(z). (9)

z(Ja,c+1
p,µ f(z))′ =

c− µp
µ

Ja,cp,µf(z)− c

µ
Ja,c+1
p,µ f(z), (10)

We also note that the operator Ja,cp,µf(z) generalizes several previously studied
familiar operators, and we will show some of the interesting particular cases as
follows

(i) Ja,c1,µf(z) = Iµ(a, c)f(z)(a, c ∈ C, µ > 0, Re(a) > µ,Re(c− a) ≥ 0)(see [7]),

(ii) Ja+p,c+pp,1 f(z) = `p(a, c)f(z)(a ∈ R, c ∈ R\Z−0 ,Z
−
0 = {0, 1, 2, ...}, p ∈ N)(see

[12]),

(iii) Jn+2p,p+1
p,1 f(z) = Dn+p−1f(z) (n is an integer, n > −p, p ∈ N) (see [1],[2],[18]),

(iV) Ja,a+1
p,1 f(z) = Jap f(z) (Re(a) > p, p ∈ N) (see [10]).

Using the operator Ja,cp,µ, we introduce the following subclasses of the multivalent
meromorphic functions as follows

ΣS∗a,cp,µ (α;φ) = {f : f ∈ Σp,n and Ja,cp,µf ∈ ΣS∗p,n(α;φ)}, (11)

where µ > 0; a, c ∈ C;Re(c− a) ≥ 0;Re(a) > pµ; p ∈ N;n > −p;φ ∈M.

ΣCa,cp,µ(α;φ) = {f : f ∈ Σp,n and Ja,cp,µf ∈ ΣCp,n(α;φ)}, (12)

where µ > 0; a, c ∈ C;Re(c− a) ≥ 0;Re(a) > pµ; p ∈ N;n > −p;φ ∈M.

ΣKa,c
p,µ(α, β;φ, ψ) = {f : f ∈ Σp,n and Ja,cp,µf ∈ ΣKp,n(α, β;φ, ψ)}, (13)

where µ > 0; a, c ∈ C;Re(c− a) ≥ 0;Re(a) > pµ; p ∈ N;n > −p;φ ∈M.

ΣK∗a,cp,µ (α, β;φ, ψ) = {f : f ∈ Σp,n and Ja,cp,µf ∈ ΣK∗p,n(β, α;φ, ψ)}, (14)

where µ > 0; a, c ∈ C;Re(c− a) ≥ 0;Re(a) > pµ; p ∈ N;n > −p;φ ∈M.
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We note that

f(z) ∈ ΣCa,cp,µ(α;φ) ⇐⇒ −zf
′(z)

p
∈ ΣS∗a,cp,µ (α;φ), (15)

f(z) ∈ ΣK∗a,cp,µ (α, β;φ, ψ) ⇐⇒ −zf
′(z)

p
∈ ΣKa,c

p,µ(α, β;φ, ψ). (16)

In particular, set

ΣS∗a,cp,µ

(
α,

1 +Az

1 +Bz

)
= ΣS∗a,cpµ (α;A,B) (−1 < B < A ≤ 1), (17)

and

ΣCa,cp,µ

(
α,

1 +Az

1 +Bz

)
= ΣCa,cpµ (α;A,B) (−1 < B < A ≤ 1), (18)

In this paper, we investigate several inclusion relationship properties of the
classes mentioned above. Some applications involving integral operator are also
considered. We drive interesting arguments properties of p-valent meromorphic
functions defined by the integral operator Ja,cp,µ.

2. The main results

In this section, we give several inclusion relationships for p−valent meromorphic
functions classes, which are associated with the operator Ja,cp,µ.

Lemma 1. [5]Let φ be convex univalent in U with φ(0) = 1 and <{βφ(z) + v} >
0 (β, v ∈ C). If q(z) is analytic in U with q(0) = 1, then

q(z) +
zq′(z)

βq(z) + v
≺ φ(z),

which implies that
q(z) ≺ φ(z).

Lemma 2. [14] Let φ be convex univalent in U and ω be analytic in U with <{ω(z)} ≥
0. If q(z) is analytic in U with q(0) = φ(0), then

q(z) + ω(z)zq′(z) ≺ φ(z),

implies that
q(z) ≺ φ(z).
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Unless otherwise mentioned we shall assume throughout this section that µ > 0,
a, c ∈ C, Re(c − a) ≥ 0, Re(a) ≥ µp, p ∈ N, 0 ≤ α, β < p and the powers are
understood as principle values.

Theorem 3. Let φ ∈M, Re( cµ), Re( aµ) > α with

max
z∈U

(Re{φ(z)}) < min

{
Re( aµ)− α
p− α

,
Re( cµ)− α
p− α

}
,

then
ΣS∗a+1,c

p,µ (α;φ) ⊂ ΣS∗a,cp,µ (α;φ) ⊂ ΣS∗a,c+1
p,µ (α;φ).

Proof. (i) we prove the first inclusion relationship

ΣS∗a+1,c
p,µ (α;φ) ⊂ ΣS∗a,cp,µ (α;φ).

Let f(z) ∈ ΣS∗a+1,c
p,µ (α;φ) and set

z(Ja,cp,µf(z))′

Ja,cp,µf(z)
= −α− (p− α)q(z), (19)

where q(z) is analytic in U with q(0) = 1. Then by applying Eq.(9) in (19), we obtain

a− pµ
µ

Ja+1,c
p,µ f(z)

Ja,cp,µf(z)
= −α+

a

µ
− (p− α)q(z). (20)

Differentiating (20) logarithmically with respect to z, we obtain

z(Ja+1,c
p,µ f(z))′

Ja+1,c
p,µ f(z)

= −α− (p− α)q(z)− (p− α)zq′(z)

−α+ a
µ − (p− α)q(z)

1

p− α

[
−z(J

a+1,c
p,µ f(z))′

Ja+1,c
p,µ f(z)

− α

]
= q(z) +

zq′(z)

−α+ a
µ − (p− α)q(z)

. (21)

Since

max
z∈U

(<{φ(z)}) <
Re(a)
µ − α
p− α

(Re(a) > 0; 0 ≤ α < p).

Applying Lemma 1 to Eq.(21), it follows that q(z) ≺ φ(z), that is f(z) ∈ ΣS∗a,cp,µ (α;φ).

(ii) For the second inclusion relationship asserted by Theorem 3, using arguments
similar to those detailed above with (10), we have

ΣS∗a,cp,µ (α;φ) ⊂ ΣS∗a,c+1
p,µ (α;φ).

This completes the proof of Theorem 3.
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Theorem 4. Let φ ∈M, Re( cµ), Re( aµ) > α with

max
z∈U

(Re{φ(z)}) < min

{
Re( aµ)− α
p− α

,
Re( cµ)− α
p− α

}
,

then
ΣCa+1,c

p,µ (α;φ) ⊂ ΣCa,cp,µ(α;φ) ⊂ ΣCa,c+1
p,µ (α;φ).

Proof. Applying (15) and Theorem 3, we obtain that

f(z) ∈ ΣCa+1,c
p,µ (α;φ) ⇔ Ja+1,c

p,µ f(z) ∈ ΣCp,n(α;φ)

⇔ −z
p

(
Ja+1,c
p,µ f(z)

)′ ∈ ΣS∗p,n(α;φ)

⇔ Ja+1,c
p,µ

(
−zf ′(z)

p

)
∈ ΣS∗p,n(α;φ)

⇒ −zf ′(z)
p

∈ ΣS∗a+1,c
p,µ (α;φ)

⇒ −zf ′(z)
p

∈ ΣS∗a,cp,µ (α;φ)

⇔ Ja,cp,µ

(
−zf ′(z)

p

)
∈ ΣS∗p,n(α;φ)

⇔ −z
p

(
Ja,cp,µf(z)

)′ ∈ ΣS∗p,n(α;φ)

⇔ Ja,cp,µf(z) ∈ ΣCp,n(α;φ)

⇔ f(z) ∈ ΣCa,cp,µ(α;φ).

The second part of the theorem can be proved by using similar arguments. The
proof of Theorem 4 is completed.

Corollary 5. Suppose that

1 +A

1 +B
< min

(
Re( aµ)− α
p− α

,
Re( cµ)− α
p− α

)
,

with Re( cµ), Re( aµ) > α;−1 < B < A ≤ 1. Then, for the function classes defined by
(17) and (18),

ΣS∗a+1,c
p,µ (α;A,B) ⊂ ΣS∗a,cp,µ (α;A,B) ⊂ ΣS∗a,c+1

p,µ (α;A,B),

and
ΣCa+1,c

p,µ (α;A,B) ⊂ ΣCa,cp,µ(α;A,B) ⊂ ΣCa,c+1
p,µ (α;A,B).
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Theorem 6. Let φ, ψ ∈M , Re{ aµ}, Re{
c
µ} > α with

max
z∈U

(Re{φ(z)}) < min

(
Re( aµ)− α
p− α

,
Re( cµ)− α
p− α

)
,

then
ΣKa+1,c

p,µ (α, β;φ, ψ) ⊂ ΣKa,c
p,µ(α, β;φ, ψ) ⊂ ΣKa,c+1

p,µ (α, β;φ, ψ).

Proof. (i)We begin by showing the first inclusion relationship:

ΣKa+1,c
p,µ (α, β;φ, ψ) ⊂ ΣKa,c

p,µ(α, β;φ, ψ).

Let f(z) ∈ ΣKa+1,c
p,µ (α, β;φ, ψ), then from the definition of the class ΣKa+1,c

p,µ (α, β;φ, ψ)
there exists a function k(z) ∈ ΣS∗p,n(α, φ) such that

1

p− β

[
−(zJa+1,c

p,µ f(z))′

k(z)
− β

]
≺ ψ(z).

Choose the function g(z) such that Ja+1,c
b,µ g(z) = k(z). Then g(z) ∈ ΣS∗a+1,c

p,µ (α;φ)
and

1

p− β

[
−z(Ja+1,c

p,µ f(z))′

Ja+1,c
p,µ g(z)

− β

]
≺ ψ(z). (22)

Let

p(z) =
1

p− β

[
−z(Ja,cp,µf(z))′

Ja,cp,µg(z)
− β

]
, (23)

where the function p(z) is analytic in U with p(0) = 1. Using (9), we find that

1

p− β

[
−z(Ja+1,c

p,µ f(z))′

Ja+1,c
p,µ g(z)

− β

]
=

1

p− β

[
Ja+1,c
p,µ (−zf ′(z))
Ja+1,c
p,µ g(z)

− β

]

=
1

p− β

[
z[Ja,cp,µ(−zf ′(z))]′ + a/µJa,cp,µ(−zf ′(z))

z[Ja,cp,µg(z)]′ + a/µJa,cp,µg(z)
− β

]
=

1

p− β

[
z[Ja,cp,µ(−zf ′(z))]′/Ja,cp,µg(z)

z[Ja,cp,µg(z)]′/Ja,cp,µg(z) + a/µ

]
+

1

p− β

[
a/µJa,cp,µ(−zf ′(z))/Ja,cp,µg(z)

z[Ja,cp,µg(z)]′/Ja,cp,µg(z) + a/µ
− β

]
.

(24)

Since
g(z) ∈ ΣS∗a+1,c

p,µ (α;φ) ⊂ ΣS∗a,cp,µ (α;φ)

By Theorem 3, then we set

q(z) =
1

p− α

[
−z[Ja,cp,µ(g(z))]′

Ja,cp,µ(g(z))
− α

]
22
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where q(z) ≺ φ(z) in U with assumption that φ(z) ∈M . Then by (23) and (24), we
observe that

Ja,cp,µ(−zf ′(z)) = (p− β)p(z)Ja,cp,µg(z) + βJa,cp,µg(z), (25)

and

1

p− β

[
−z[Ja+1,c

p,µ (f(z))]′

Ja+1,c
p,µ g(z)

− β

]
=

1

p− β

[
z[Ja,cp,µ(−zf ′(z))]′/Ja,cp,µg(z)

−(p− α)q(z)− α+ a/µ

]
+

1

p− β

[
a/µ[(p− β)p(z) + β]

−(p− α)q(z)− α+ a/µ
− β

] (26)

Differentiating both side of (25) with respect to z and dividing by Ja,cp,µg(z), we obtain

z[Ja,cp,µ(−zf ′(z))]′

Ja,cp,µg(z)
= (p− β)zp′(z)− [(p− α)q(z) + α][(p− β)p(z) + β]. (27)

Now, using Eqs.(22), (26) and (27), we get

1

p− β

[
−z[Ja+1,c

p,µ f(z)]′

Ja+1,c
p,µ g(z)

− β

]
=

zp′(z)

a/µ− α− (p− α)q(z)
+ p(z) ≺ ψ(z) (z ∈ U).

(28)
Since Re{ aµ} > α, and q(z) ≺ φ(z) in U with

max
z∈U
{Re(φ(z))} < Re{a/µ} − α

p− α
.

We have
Re{a/µ− α− (p− α)q(z)} > 0 (z ∈ U).

Hence by taking

ζ(z) =
1

a/µ− (p− α)q(z),

in (28) and then by applying Lemma 2, we can show that p(z) ≺ ψ(z) in U, so that
f(z) ∈ ΣKa,c

p,µ(α, β;φ, ψ).

(ii)For the second inclusion relationship asserted by Theorem 6, using arguments
similar to those detailed above with (10), we obtain

ΣKa,c
p,µ(α, β;φ, ψ) ⊂ ΣKa,c+1

p,µ (α, β;φ, ψ).
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Theorem 7. Let φ, ψ ∈M , Re{ aµ}, Re{
c
µ} > α with

max
z∈U

(Re{φ(z)}) < min

(
Re{a/µ} − α

p− α
,
Re{c/µ} − α

p− α

)
,

then
ΣK∗a+1,c

p,µ (α, β;φ, ψ) ⊂ ΣK∗a,cp,µ (α, β;φ, ψ) ⊂ ΣK∗a,c+1
p,µ (α, β;φ, ψ).

Proof. Applying (16) and Theorem 6 obtain that

f(z) ∈ ΣK∗a+1,c
p,µ (α, β;φ, ψ) ⇔ Ja+1,c

p,µ f(z) ∈ ΣK∗p,n(α, β;φ, ψ)

⇔ −z
p

(
Ja+1,c
p,µ f(z)

)′ ∈ ΣKp,n(α, β;φ, ψ)

⇔ Ja+1,c
p,µ

(
−zf ′(z)

p

)
∈ ΣKp,n(α, β;φ, ψ)

⇒ −zf ′(z)
p

∈ ΣKa+1,c
p,µ (α, β;φ, ψ)

⇒ −zf ′(z)
p

∈ ΣKa,c
p,µ(α, β;φ, ψ)

⇔ Ja,cp,µ

(
−zf ′(z)

p

)
∈ ΣKp,n(α, β;φ, ψ)

⇔ −z
p

(
Ja,cp,µf(z)

)′ ∈ ΣKp,n(α;φ)

⇔ Ja,cp,µf(z) ∈ ΣK∗p,n(α, β;φ, ψ)

⇔ f(z) ∈ ΣK∗a,cp,µ (α, β;φ, ψ).

The second part of the theorem can be proved by using similar arguments. The
proof of Theorem 7 is completed.

3. Inclusion properties involving the integral operators Fν,p

In this section, we consider the integral operator Fν,p (see [10]) defined by

Fν,pf(z) =
ν

zν+p

∫ z

0
tν+p−1f(t)dt (f(z) ∈ Σp,n, ν > 0; p ∈ N). (29)

From the above equation, it is easily verified that

z
(
Ja,cp,µFν,pf(z)

)′
= νJa,cp,µf(z)− (ν + p)Ja,cp,µFν,pf(z). (30)

By using (30), we can prove the following theorems.
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Theorem 8. Let φ ∈ M with maxz∈U (Re{φ(z)}) < 1 + ν
p−α , (ν > 0; 0 ≤ α < p).

If f(z) ∈ ΣS∗a,cp,µ (α;φ), then Fν,pf(z) ∈ ΣS∗a,cp,µ (α;φ).

Proof. Let f(z) ∈ ΣS∗a,cp,µ (α;φ) and set

p(z) =
1

p− α

[
−z(J

a,c
p,µFν,pf(z))′

Ja,cp,µFν,pf(z)
− α

]
, (31)

where p(z) is analytic in U with p(0) = 1. By using (30) and (31), we have

− ν Ja,cp,µf(z)

Ja,cp,µFν,pf(z)
= (p− α)p(z)− (ν + p− α). (32)

Differntiating (32) logarithmically with respec to z, we obtain

z[Ja,cp,µf(z)]′

Ja,cp,µf(z)
− z[Ja,cp,µFν,pf(z)]′

Ja,cp,µFν,pf(z)
=

(p− α)zp′(z)

(p− α)p(z)− (ν + p− α)

1

p− α

[
−z[Ja,cp,µf(z)]′

Ja,cp,µf(z)
− α

]
= p(z) +

zp′(z)

(ν + p− α)− (p− α)p(z)
(z ∈ U).

Hence by Lemma 1, we conclude that p(z) ≺ φ(z) in U for

max
z∈U

(Re{φ(z)}) < ν

p− α
+ 1 (ν > 0, 0 ≤ α < p),

which implies that
Fν,pf(z) ∈ ΣS∗a,cp,µ (α;φ).

Theorem 9. Let φ ∈M with

max
z∈U

(Re{φ(z)}) < 1 +
ν

p− α
(ν > 0; 0 ≤ α < p).

If f(z) ∈ ΣCa,cp,µ(α;φ), then

Fν,pf(z) ∈ ΣCa,cp,µ(α;φ).

Proof. By applying Theorem 8, it follows that

f(z) ∈ ΣCa,cp,µ(α;φ) ⇔ −z
p
f ′(z) ∈ ΣS∗a,cp,µ (α;φ)

⇒ Fν,p

(
−z
p
f ′(z)

)
∈ ΣS∗a,cp,µ (α;φ)

⇔ −z
p

(Fν,pf(z))′ ∈ ΣS∗a,cp,µ (α;φ)

Fν,pf(z) ∈ ΣCa,cp,µ(α;φ),

which proves Theorem 9.

25



R. M. El-Ashwah, W. Y. Kota – Inclusion Relationship . . .

From Theorem 8 and 9, we obtain the following corollary.

Corollary 10. Suppose that

1 +A

1 +B
< 1 +

ν

p− α
,

with ν > 0; 0 ≤ α < p;−1 < B < A ≤ 1. Then, for the function classes defined by
(17) and (18),

f(z) ∈ ΣS∗a+1,c
p,µ (α;A,B)⇒ Fν,pf(z) ∈ ΣS∗a+1,c

p,µ (α;A,B),

and
f(z) ∈ ΣCa+1,c

p,µ (α;A,B)⇒ Fν,pf(z) ∈ ΣCa+1,c
p,µ (α;A,B).

Theorem 11. Let φ, ψ ∈M with

max
z∈U

(Re{φ(z)}) < 1 +
ν

p− α
(ν > 0; 0 ≤ α, β < p).

If f(z) ∈ ΣKa,c
p,µ(α, β;φ, ψ), then

Fν,pf(z) ∈ ΣKa,c
p,µ(α, β;φ, ψ).

Proof. Let f(z) ∈ ΣKa,c
p,µ(α, β;φ, ψ). Then in view of the definition of the function

class there exists a function g(z) ∈ ΣS∗a,cp,µ (α;φ) such that

1

p− β

[
−z(J

a,c
p,µf(z))′

Ja,cp,µg(z)
− β

]
≺ ψ(z) (z ∈ U). (33)

Setting

p(z) =
1

p− β

[
−z(J

a,c
p,µFν,pf(z))′

Ja,cp,µFν,pg(z)
− β

]
,

where the function p(z) is analytic in U with p(0) = 1. Applying Eq.(30), we obtain

1

p− β

[
−z(Ja,cp,µf(z))′

Ja,cp,µg(z)
− β

]
=

1

p− β

[
Ja,cp,µ(−zf ′(z))
Ja,cp,µg(z)

− β
]

=
1

p− β

[
z[Ja,cp,µFν,p(−zf ′(z))]′ + (ν + p)Ja,cp,µFν,p(−zf ′(z))

z[Ja,cp,µFν,pg(z)]′ + (ν + p)Ja,cp,µFν,pg(z)
− β

]
=

1

p− β

[
z[Ja,cp,µFν,p(−zf ′(z))]′/Ja,cp,µFν,pg(z)

z[Ja,cp,µFν,pg(z)]′/Ja,cp,µFν,pg(z) + (ν + p)

]
+

1

p− β

[
(ν + p)Ja,cp,µFν,p(−zf ′(z))/Ja,cp,µg(z)

z[Ja,cp,µFν,pg(z)]′/Ja,cp,µFν,pg(z) + (ν + p)
− β

]
.

(34)
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Since
g(z) ∈ ΣS∗a,cp,µ (α;φ),

By Theorem 8, we find Fν,pg(z) ∈ ΣS∗a,cp,µ (α;φ) and set

q(z) =
1

p− α

[
−z[Ja,cp,µFν,p(g(z))]′

Ja,cp,µFν,p(g(z))
− α

]
,

where q(z) ≺ φ(z) in U with assumption that φ(z) ∈ M . Then by using the same
techniques as in the proof of Theorem 6 from Eqs.(33) and (34), we obtain

1

p− β

[
−z[Ja,cp,µ(f(z))]′

Ja,cp,µg(z)
− β

]
= p(z) +

zp′(z)

(ν + p− α)− (p− α)q(z)
≺ ψ(z). (35)

Hence, by setting

ω(z) =
1

(ν + p− α)− (p− α)q(z)
,

in Eq.(35) and apply Lemma 2, we find that p(z) ≺ ψ(z) in U , which yields

Fν,pf(z) ∈ ΣKa,c
p,µ(α, β;φ;ψ).

Theorem 12. Let φ, ψ ∈M with

max
z∈U

(Re{φ(z)}) < 1 +
ν

p− α
(ν > 0; 0 ≤ α, β < p).

If f(z) ∈ ΣK∗a,cp,µ (α, β;φ, ψ), then

Fν,pf(z) ∈ ΣK∗a,cp,µ (α, β;φ, ψ).

Proof. By applying Theorem 11, we obtain that

f(z) ∈ ΣK∗a,cp,µ (α, β;φ, ψ) ⇔ −z
p
f ′(z) ∈ ΣKa,c

p,µ(α, β;φ, ψ)

⇒ Fν,p

(
−z
p
f ′(z)

)
∈ ΣKa,c

p,µ(α, β;φ, ψ)

⇔ −z
p

(Fν,pf(z))′ ∈ ΣKa,c
p,µ(α, β;φ, ψ)

Fν,pf(z) ∈ ΣK∗a,cp,µ (α, β;φ, ψ),

which proves Theorem 9.
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4. Argument properties for the operator Ja,cp,µ

Following the technique used by El-Ashwah [6], we will study some argument re-
sults involving the operator Ja,cp,µ. Unless otherwise mentioned, we shall assume
throughtout this section that p ∈ N, θ > 0, γ, α, δ > 0, a, c ∈ R+, (c − a) > 0,
a > µp.
To derive our main theorems, we need the following lemma.

Lemma 13. [11] Let p(z) be analytic in U with p(0) = 1 and p(z) 6= 0. Further
suppose that

|arg(p(z) + ηzp′(z))| < π

2
(θ +

2

π
arctan(ηθ)) (η, θ > 0),

then
|arg p(z)| < π

2
θ.

Theorem 14. Let g(z) ∈ Σp. Suppose f(z) ∈ Σp satisfies the following condition∣∣∣∣arg({
Ja,cp,µf(z)

Ja,cp,µg(z)

}γ [
1 + δ

{
Ja+1,c
p,µ f(z)

Ja,cp,µf(z)
−
Ja+1,c
p,µ g(z)

Ja,cp,µg(z)

}])∣∣∣∣ < π

2

(
α+

2

π
arctan

[
δµ

γ(a− µp)
α

])
then ∣∣∣∣arg{Ja,cp,µf(z)

Ja,cp,µg(z)

}γ∣∣∣∣ < π

2
α, (z ∈ U).

Proof. Define a function

p(z) =

{
Ja,cp,µf(z)

Ja,cp,µg(z)

}γ
, γ 6= 0, (36)

then p(z) = 1 + c1z + c2z
2 + · · · , is analytic in U with p(0) = 1 and p′(0) 6= 0.

Differentiating (36) logarithmically with respect to z and multiplying by z, we have

1

γ

zp′(z)

p(z)
=
z(Ja,cp,µf(z))′

Ja,cp,µf(z)
− z(Ja,cp,µg(z))′

Ja,cp,µg(z)
. (37)

Using (9) in (37), we obtain

p(z) +
δµ

γ(a− µp)
zp′(z) =

{
Ja,cp,µf(z)

Ja,cp,µg(z)

}γ [
1 + δ

{
Ja+1,c
p,µ f(z)

Ja,cp,µf(z)
− Ja+1,c

p,µ g(z)

Ja,cp,µg(z)

}]
.

By using Lemma 13, the proof of Theorem 14 is completed.

Putting γ = 1 and g(z) = z−p in Theorem 14, we obtain the following corollary:
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Corollary 15. If f(z) ∈ Σp satisfies the following condition∣∣arg ((1− δ) (zpJa,cp,µf(z)
)

+ δzpJa+1,c
p,µ f(z)

)∣∣ < π

2

(
α+

2

π
arctan

[
δµ

(a− µp)
α

])
then ∣∣arg {zpJa,cp,µf(z)

}∣∣ < π

2
α, (z ∈ U).

Next, putting p = 1 in Corollary 15, we obtain the following corollary:

Corollary 16. If f(z) ∈ Σ1 satisfies the following condition∣∣∣arg ((1− δ)
(
zJa,c1,µf(z)

)
+ δzJa+1,c

1,µ f(z)
)∣∣∣ < π

2

(
α+

2

π
arctan

[
δµ

(a− µ)
α

])
then ∣∣∣arg {zJa,c1,µf(z)

}∣∣∣ < π

2
α, (z ∈ U).

Putting a = c, δ = 1 and g(z) = z−p in Theorem 14, we obtain the following
corollary:

Corollary 17. If f(z) ∈ Σp satisfies the following condition∣∣∣∣arg((zpf(z))γ
(

µ

a− µp
zf ′(z)

f(z)
+

a

a− µp

))∣∣∣∣ < π

2

(
α+

2

π
arctan

[
µ

γ(a− µp)
α

])
then

|arg {zpf(z)}γ | < π

2
α, (z ∈ U).

Finally, putting f(z) = z−p, γ = 1 in Theorem 14, we obtain the following
corollary:

Corollary 18. If g(z) ∈ Σp and z−p

Ja,cp,µg(z)
6= 0, satisfies the following condition∣∣∣∣arg((1 + δ)

(
1

zpJa,cp,µg(z)

)
− δ

(
1

zpJa,cp,µg(z)

)(
Ja+1,c
p,µ g(z)

Ja,cp,µg(z)

))∣∣∣∣ < π

2

(
α+

2

π
arctan

[
δµ

(a− µp)
α

])
then ∣∣∣∣arg{ z−p

Ja,cp,µg(z)

}∣∣∣∣ < π

2
α, (z ∈ U).

Theorem 19. Suppose g(z) ∈ Σp and f(z) ∈ Σp satisfies the following condition∣∣∣∣arg({
Ja,c+1
p,µ f(z)

Ja,c+1
p,µ g(z)

}γ [
1 + δ

{
Ja,cp,µf(z)

Ja,c+1
p,µ f(z)

−
Ja,cp,µg(z)

Ja,c+1
p,µ g(z)

}])∣∣∣∣ < π

2

(
α+

2

π
arctan

[
δµ

γ(c− µp)
α

])
then ∣∣∣∣∣arg

(
Ja,c+1
p,µ f(z)

Ja,c+1
p,µ g(z)

)∣∣∣∣∣ < π

2
α, (z ∈ U).
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Proof. The proof is similar to the proof of Theorem 14, so we omit it.

Putting γ = 1 and g(z) = z−p in Theorem 19, we obtain the following corollary:

Corollary 20. If f(z) ∈ Σp satisfies the following condition∣∣arg ((1− δ) (zpJa,c+1
p,µ f(z)

)
+ δzpJa,cp,µf(z)

)∣∣ < π

2

(
α+

2

π
arctan

[
δµ

(c− µp)
α

])
then ∣∣arg {zpJa,c+1

p,µ f(z)
}∣∣ < π

2
α, (z ∈ U).

Next, putting p = 1 in Corollary 20, we obtain the following corollary:

Corollary 21. If f(z) ∈ Σ1 satisfies the following condition∣∣∣arg ((1− δ)
(
zJa,c+1

1,µ f(z)
)

+ δzJa,c1,µf(z)
)∣∣∣ < π

2

(
α+

2

π
arctan

[
δµ

(c− µ)
α

])
then ∣∣∣arg {zJa,c+1

1,µ f(z)
}∣∣∣ < π

2
α, (z ∈ U).

Putting a = c, δ = µ = 1 and g(z) = z−p in Theorem 19, we obtain the following
corollary:

Corollary 22. If f(z) ∈ Σp,n satisfies the following condition∣∣∣∣arg((zpJap f(z))γ
(

f(z)

Jap f(z)

))∣∣∣∣ < π

2

(
α+

2

π
arctan

[
1

γ(a− p)
α

])
then

|arg {zpf(z)}γ | < π

2
α, (z ∈ U).

Finally, putting f(z) = z−p, γ = 1 in Theorem 19, we obtain the following
corollary:

Corollary 23. If g(z) ∈ Σp and z−p

Ja,c+1
p,µ g(z)

6= 0, satisfies the following condition∣∣∣∣∣arg
(

(1 + δ)

(
1

zpJa,c+1
p,µ g(z)

)
− δ

(
1

zpJa,c+1
p,µ g(z)

)(
Ja,cp,µg(z)

Ja,c+1
p,µ g(z)

))∣∣∣∣∣
<
π

2

(
α+

2

π
arctan

[
δµ

(c− µp)
α

])
then ∣∣∣∣∣arg

{
z−p

Ja,c+1
p,µ g(z)

}∣∣∣∣∣ < π

2
α, (z ∈ U).
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Theorem 24. Let 0 < δ ≤ 1. Suppose f(z) ∈ Σp, (p ∈ N) satisfies the following
condition ∣∣(zpJa,cp,µf(z))γ

∣∣ < π

2

(
α+

2

π
arctan

[
µδ

a− µp
α

])
, (z ∈ U),

then ∣∣∣∣arg

(
a− µp
µδ

z
−a−µp

µδ

∫ z

0
t
a−µp
µδ
−1

(tpJa,cp,µf(t))γdt

)∣∣∣∣ < π

2
α.

Proof. Consider the function

p(z) =
a− µp
µδ

z
−a−µp

µδ

∫ z

0
t
a−µp
µδ
−1

(tpJa,cp,µf(t))γdt (z ∈ U), (38)

then p(z) = 1 + c1z+ ..., is analytic in U with p(0) = 1 and p′(0) 6= 0. differentiating
(38) with respect to z, we have

p(z) +
µδ

a− µp
zp′(z) = (zpJa,cp,µf(z))γ .

By using Lemma 13, the proof of Theorem 24 is completed.

Putting p = δ = γ = 1, a = c and µ = 1 in Theorem 24, we obtain the following
corollary:

Corollary 25.

|arg(zf(z))| < π

2

(
α+

2

π
arctan

[
α

a− 1

])
,

then ∣∣∣∣arg(a− 1

za−1

∫ z

0
ta−1f(t)dt

)∣∣∣∣ < π

2
.

Theorem 26. Let 0 < δ ≤ 1. Suppose f(z) ∈ Σp, (p ∈ N) satisfies the following
condition ∣∣(zpJa,c+1

p,µ f(z))γ
∣∣ < π

2

(
α+

2

π
arctan

[
µδ

c− µp
α

])
, (z ∈ U),

then ∣∣∣∣arg

(
c− µp
µδ

z
− c−µp

µδ

∫ z

0
t
c−µp
µδ
−1

(tpJa,c+1
p,µ f(t))γdt

)∣∣∣∣ < π

2
α.

Proof. The proof is similar to the proof of Theorem 26, so we omit it.
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Putting p = δ = γ = 1, a = c and µ = 1 in Theorem 26, we obtain the following
corollary:

Corollary 27.

|arg(zJap f(z))| < π

2

(
α+

2

π
arctan

[
α

a− 1

])
,

then ∣∣∣∣arg(a− 1

za−1

∫ z

0
ta−1Jap f(t)dt

)∣∣∣∣ < π

2
.

Theorem 28. Suppose f(z) ∈ Σp satisfies the following condition∣∣∣∣arg((1− δ)(zpJa,cp,µFν,p(z))
γ + δ[zpJa,cp,µFν,p(z)]

γ

[
Ja,cp,µf(z)

Ja,cp,µFν,p(z)

])∣∣∣∣ < π

2

(
α+

2

π
arctan

(
δ

νγ
α

))
then ∣∣arg (zpJa,cp,µFν,pf(z)

)γ∣∣ < π

2
α, (z ∈ U),

where the function Fν,p(z) is defined by (29).

Proof. Let
p(z) =

(
zpJa,cp,µFν,pf(z)

)γ
, γ 6= 0, (39)

Differentiating (39) logarithmically with respect to z and multiplying by z, we have

1

γ

zp′(z)

p(z)
=
z(Ja,cp,µFν,pf(z))′

Ja,cp,µFν,pf(z)
+ p. (40)

Using (30) in (40), we obtain

p(z) +
δ

γν
zp′(z) = (1− δ)(zpJa,cp,µFν,pf(z))γ + δ

(
zpJa,cp,µFν,pf(z)

)γ [ Ja,cp,µf(z)

Ja,cp,µFν,pf(z)

]
.

By using Lemma 13, the proof of Theorem 28 is complete.

Remark 1. By specifying the parameters p, a, c and µ, we obtain various results
for different operators remined in the introduction.
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