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ABSTRACT. The purpose of this paper is to establish existence theorem, demi-
closed principle, A-convergence and some strong convergence theorems of modified
S-iteration process for two generalized asymptotically nonexpansive mappings in the
framework of CAT(0) spaces. The class of generalized asymptotically nonexpansive
mappings is wider than the class of nonexpansive, asymptotically nonexpansive and
asymptotically nonexpansive mappings in the intermediate sense. Our results extend
and generalize the previous work from the current existing literature.
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1. INTRODUCTION

A metric space X is a CAT(0) space if it is geodesically connected and if every
geodesic triangle in X is at least as ‘thin’ as its comparison triangle in the Euclidean
plane. It is well known that any complete, simply connected Riemannian manifold
having non-positive sectional curvature is a CAT(0) space. The complex Hilbert
ball with a hyperbolic metric is a CAT(0) space (see [14]). Other examples include
pre-Hilbert spaces, R-trees (see [4]) and Euclidean buildings (see [5]).

Fixed point theory in CAT(0) space has been first studied by Kirk (see [18, 19]).
He showed that every nonexpansive (single-valued) mapping defined on a bounded
closed convex subset of a complete CAT(0) space always has a fixed point. It is
worth mentioning that the results in CAT(0) spaces can be applied to any CAT(k)
space with k£ < 0 since any CAT (k) space is a CAT(m) space for every m > k (see,
Bridson and Haefliger [4], “Metric spaces of non-positive curvature”).

The concept of A-convergence in a general metric space was introduced by Lim
[22]. In 2008, Kirk and Panyanak [20] used the notion of A-convergence introduced
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by Lim [22] to prove in the CAT(0) space and analogous of some Banach space
results which involve weak convergence. Further, Dhompongsa and Panyanak [11]
obtained A-convergence theorems for the Picard, Mann and Ishikawa iterations in a
CAT(0) space. Since then, the existence problem and the A-convergence problem of
iterative sequences to a fixed point for nonexpansive mapping, asymptotically nonex-
pansive mapping, asymptotically quasi-nonexpansive mapping, total asymptotically
nonexpansive mapping, asymptotically nonexpansive mappings in the intermediate
sense and asymptotically quasi-nonexpansive type mappings through Picard, Mann
[23], Ishikawa[15] and modified S-iteration process [2] have been rapidly developed
in the framework of CAT(0) space and many papers have appeared in this direction
(see, e.g.,[1, 8, 11, 17, 25, 26, 27, 28]).

In 2010, Nanjaras and Panyanak [24] proved the demiclosedness principle for
asymptotically nonexpansive mappings and gave the A-convergence theorem of the
modified Mann iteration process for above mentioned mappings in a CAT(0) space.
In 2014, Kumam, Saluja and Nashine [21] studied modified S-iteration process in-
volving two mappings and investigate the existence and convergence theorems in
the setting of CAT(0) spaces for a class of mappings which is wider than that of
asymptotically nonexpansive mappings.

Recently, Saluja and Postolache [29] studied modified S-iteration process for two
asymptotically nonexpansive mappings in the intermediate sense in the framework
of CAT(0) spaces and investigate the existence and convergence theorems for the
iteration scheme and mappings.

The purpose of this article is to establish existence theorem, demiclosed princi-
ple, A-convergence and some strong convergence theorems of modified S-iteration
process for two generalized asymptotically nonexpansive mappings in the framework
of CAT(0) spaces. This class of mappings is wider than the class of nonexpansive,
asymptotically nonexpansive and asymptotically nonexpansive mappings in the in-
termediate sense. Our results extend and generalize several known results from the
current existing literature.

2. PRELIMINARIES

Let F(T) = {x € K : Tx = z} denotes the set of fixed points of the mapping 7.
We begin with the following definitions.

Definition 1. Let (X,d) be a metric space and K be its nonempty subset. Then
T: K — K said to be

(1) nonexpansive if d(Tz,Ty) < d(z,y) for all z,y € K;

(2) asymptotically nonexpansive if there exists a sequence {u,} C [0,00) with
limy, o0 up = 0 such that d(T"z, T"y) < (1 + up)d(z,y) for all z,y € K andn > 1;
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(3) uniformly L-Lipschitzian if there exists a constant L > 0 such that d(T"z, T™y) <
Ld(x,y) forallz,y € K andn > 1;

(4) semi-compact if for a sequence {xy,} in K with limy, o d(xy, Tx,) = 0, there
exists a subsequence {z,, } of {zn} such that z,, —p € K as k — oo.

(5) a sequence {x,,} in K is called approximate fized point sequence for T (AFPS,
in short) if limy, oo d(xy, Txy) = 0.

It is easy to see that every nonexpansive mapping is asymptotically nonexpansive
with the asymptotical sequence {1}. The class of asymptotically nonexpansive map-
pings was introduced by Goebel and Kirk [12] in 1972, is an important generalization
of the class of nonexpansive mapping and they proved that if C' is a nonempty closed
and bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive self mapping of C' has a fixed point.

T is said to be asymptotically nonexpansive in the intermediate sense if it is
continuous and the following inequality holds:

limsup sup (d(T"z,T"y) — d(z,y)) < 0. (1)

n—oo z,yek

Putting ¢, = max {0, sup, ,ex (d(T"z,T"y) — d(z,y))}, we see that ¢, — 0 as
n — 0o. Then, (1) is reduced to the following:

d(T"z, T"y) < d(z,y)+cn, Va,y e K, n>1.

The class of asymptotically nonexpansive mappings in the intermediate sense was
introduced by Bruck et al. [7] as a generalization of the class of asymptotically
nonexpansive mappings. It is known that if K is a nonempty closed convex and
bounded subset of a real Hilbert space, then every asymptotically nonexpansive self
mapping in the intermediate sense has a fixed point (see [33], for more details).

T is said to be generalized asymptotically nonexpansive [3] if it is continuous
and there exists a positive sequence {k,,} C [1,00) with k,, — 1 as n — oo such that

limsup sup (d(T"z,T"y) — knd(z,y)) <O0. (2)

n—oo zx,yek

Putting ¢, = max {0, sup, ,cx (d(T"2, T"y) — kn d(2,y))}, we see that ¢, — 0 as
n — o0o. Then, (2) is reduced to the following:

d(T"z,T"y) < kpd(z,y)+cn, VYVz,y € K,n>1.

We remark that if k,, = 1, then the class of generalized asymptotically nonexpansive
mappings is reduced to the class of asymptotically nonexpansive mappings in the
intermediate sense.
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We now give the definition and some basic properties of CAT(0) space.

Let (X, d) be a metric space. A geodesic path joining x € X to y € X (or, more
briefly, a geodesic from x to y) is a map ¢ from a closed interval [0,{] C R to X such
that ¢(0) = z, ¢(l) = y and d(c(t),c(t")) = |t — /| for all t,¢' € [0,1]. In particular,
¢ is an isometry, and d(z,y) = [. The image « of ¢ is called a geodesic (or metric)
segment joining = and y. We say that X is (i) a geodesic space if any two points of
X are joined by a geodesic and (ii) uniquely geodesic if there is exactly one geodesic
joining x and y for each z,y € X, which we will denote by [z, y], called the segment
joining x to y.

A geodesic triangle A(x1,x2,23) in a geodesic metric space (X, d) consists of
three points in X (the vertices of A) and a geodesic segment between each pair of ver-
tices (the edges of A). A comparison triangle for the geodesic triangle A(x1, z2, x3)
in (X,d) is a triangle A(zy1,z2,73) := A(T1,72,73) in R? such that dg:(7,7;) =
d(z;, ;) for i,j € {1,2,3}. Such a triangle always exists (see [4]).

CAT(0) space. A geodesic metric space is said to be a C'AT(0) space if all
geodesic triangles of appropriate size satisfy the following C AT'(0) comparison ax-
iom.

Let A be a geodesic triangle in X, and let A C R? be a comparison triangle
for A. Then A is said to satisfy the CAT(0) inequality if for all z,y € A and all
comparison points T,y € A,

d(l‘ay) < dRQ(Evg)' (3)

Complete CAT'(0) spaces are often called Hadamard spaces (see [16]). If z,y1,y2
are points of a C'AT'(0) space and yp is the midpoint of the geodesic segment [y, y2]
which we will denote by (y1 @ y2)/2, then the CAT'(0) inequality implies

Y1 Py 1 1 1
(2, 502) < S ) + 5 ) - 7). (4)

Inequality (4) is the (CN) inequality of Bruhat and Tits [6]. The above inequality
was extended in [11] as
P(z,00®(1-a)y) < ad®(z,2)+ (1 - a)d(z,y)
—Oé(l - Oé)dQ(l', )7 (5)
for any o € [0,1] and z,y,z € X.
Let us recall that a geodesic metric space is a CAT(0) space if and only if it
satisfies the (CN) inequality (see, [4], p.163). Moreover, if X is a CAT'(0) space

and z,y € X, then for any « € [0, 1], there exists a unique point ax® (1—a)y € [z, y]
such that

dz,ax ® (1 —a)y) < ad(z,z)+ (1 —a)d(z,y), (6)

56



G. S. Saluja — Demiclosed principle and convergence theorems ...

for any z € X and [z,y] = {am@ (I-a)y:aclo, 1]}
A subset K of a CAT'(0) space X is convex if for any =,y € K, we have [z,y] C K.
In the sequel, we need the following definitions and useful lemmas to prove our
main results.

Lemma 1. (See [2/]) Let X be a CAT(0) space.
(i) For z, y € X and t € [0, 1], there exists a unique point z € [z, y] such that

d(z, z) =td(xz,y) and d(y, z)=(1—-t)d(x,y).

We denote such unique z as (1 —t)z @ ty.
(it) For xz,y € X and t € [0, 1], we have

d(1—-t)x@ty,z) < (1 —t)d(z,z) + td(y, 2).

Let {z} be a bounded sequence in a closed convex subset K of a CAT(0) space
X. For x € X, set
r(xz,{zy}) = limsupd(z, z,).

n—oo

The asymptotic radius r({z,}) of {z,} is given by
r({zn}) = inf{r(z, {z,}) : x € X}
and the asymptotic center A({x,}) of {z,} is the set

A{zn}) = {m € X :r({xn}) = r(x, {mn})}

It is known that, in a CAT(0) space, A({x,}) consists of exactly one point
[[9], Proposition 7].

We now recall the definition of A-convergence and weak convergence (—) in
CAT(0) space.

Definition 2. (See [20]) A sequence {xn} in a CAT(0) space X is said to A-
converge to x € X if x is the unique asymptotic center of {u,} for every subsequence
{un} of {xn}. In this case we write A-limy, x,, = x and call x is the A-limit of {zy}.

Recall that a bounded sequence {z,} in X is said to be regular if r({z,}) =
r({un}) for every subsequence {u,} of {x,}. In the Banach space, it is known that,
every bounded sequence has a regular subsequence ([13], Lemma 15.2).

Lemma 2. (See [24], Lemma 2.4) Every bounded sequence in a complete CAT(0)
space has a A-convergent subsequence.
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Lemma 3. (See [11], Lemma 2.8) If {xzy} is a bounded sequence in a CAT(0) space
X with A({xn}) = {z} and {u,} is a subsequence of {x,} with A({u,}) = {u} and
the sequence {d(xn,u)} converges, then x = u.

Lemma 4. (See [10], Proposition 2.1) If K is a closed convex subset of a complete
CAT(0) space X and {x,} is a bounded sequence in K, then the asymptotic center
of {z} is in K.

Lemma 5. (See [24], Proposition 3.12) Let {xy} be a bounded sequence in a CAT(0)
space X and let K be a closed convex subset of X which contains {x,}. Then

(i) A-lim, o0 z, = = implies x, — z,

(ii) the converse is true if {z,} is reqular.

Lemma 6. (See [32]) Suppose that {a,}, {bn} and {r,} are sequences of nonnegative
numbers such that ant1 < (14 by)an + 1y for allm > 1. If 372 b, < co and
S0 1 rn < 00, then limy, o0 ay exists.

Example 1. Let X = K = [0,1] with the usual metric d, {zn} = {1}, {wn,,} =
{=—== m+1 }, for alln, m € N are sequences in K. Then A({z,}) = {0} and A({wn,,}) =

{O} Thzs shows that {x,} A-converges to 0, that is, A-lim, o0z, = 0. The se-
quence {x,} also converges strongly to 0, that is, |x, — 0] — 0 as n — oo. Also it is

weakly convergent to 0, that is, x,, — 0 as n — oo, by Lemma 5. Thus, we conclude
that

strong convergence = A-convergence = weak convergence,

but the converse is not true in general.

The following example shows that if the sequence {z,} is weakly convergent then
it is not A-convergent.

Example 2. [2/] Let X = R, d be the usual metric on X, K = [-1,1], {z,} =
{1,-1,1,-1,... }, {up,} ={-1,-1,—-1,... }and {v,} = {1,1,1,... }. Then A({z,})
Ag({zn}) = {0}, A{un}) = {1} and A({v,}) = {1}. This shows that {z,} — 0
but it does not have a A-limit.

Algorithm 1. The sequence {x,} defined by

{x1€K, (7)

Tnt1 = anT"w, & (1 — ap)zp, n>1,

where {a,}72 is a sequence in (0,1), is called a modified Mann iterative sequence
(see [23]).

58



G. S. Saluja — Demiclosed principle and convergence theorems ...

Algorithm 2. The sequence {x,} defined by

r1 € K,
Tn+1 = anTnyn @ (1 - O‘n)xm (8)
Yn = BnTnxn @ (1 - Bn)xm n>1,

where {a,}2°, and {$,}22, are appropriate sequences in [0,1], is called modified
Ishikawa iterative sequence (see [15]).

Algorithm 3. The sequence {x,} defined by

r1 € K,
Tpt1 = Ty & (1 — )T xp, 9)
Yn = BnTnﬁn S (1 - ,Bn)l'ny n > 17

where {a,}22 and {8,}52, are appropriate sequences in (0,1), is called modified
S-iterative sequence (see [2]).

Inspired and motivated by the works of Agarwal et al. [2], Basarir and Sahin
[25] and some others, we modify iteration scheme (9) for two mappings in a CAT(0)
space as follows.

Let K be a nonempty closed convex subset of a complete CAT(0) space X
and S, T: K — K be two generalized asymptotical nonexpansive mappings with
F(S,T)=F(S)NF(T) # 0. Suppose that {z,} is a sequence generated iteratively
by

1 € K|
Tny1 = (1 —apn)T"zp & nS"yn, (10)
Yn = (1 - Bn)Snxn @ BnTn-Tm n > 17

where {a,,} and {3, } are the sequences such that 0 < a,, 5, <1 for all n > 1.

Remark 1. If we take S = I, where I is the identity mapping and B, = 0 for all
n > 1, then (10) reduces to the modified Mann iteration process (7).

In this paper, we study the modified two-step iteration process (10) involving
two generalized asymptotical nonexpansive mappings and investigate the strong and
A-convergence theorems for the mappings and iteration scheme in the framework of
CAT(0) spaces. Our results generalize, unify and extend several comparable results
in the existing literature.
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3. MAIN RESULTS

Existence theorem and Demiclosed principle

Denote by N the set of positive integers. Put

¢p = max {0, xs;lepK (d(T"m, T"y) — knd(z, y)) }

Theorem 7. Let K be a nonempty closed convex subset of a complete CAT(0) space
X. If T: K — K be a generalized asymptotically nonexpansive mapping, then T has
a fixed point.

Proof. Fix v € K. We can consider the sequence {T"x}:° ; as a bounded sequence
in K. Let ®: K — [0,00) be a function defined by

®(u) = limsupd(T"z,u) forall we K.

n—oo

Then there exists z € K such that ®(z) = inf{®(u) : u € K} = ®¢. Since T is a
generalized asymptotically nonexpansive mapping, for each n, m € N, we have

d(T" "2, T™u) < Ky, d(T™2,u) + cpp.
On taking limit as n — co, we obtain
O(T™u) < kp®(u) + cm (11)

for any m € N.

Then by (11), for any n € N, we have
O(T"z2) < kp®(z)+cn = knPo+cp. (12)
In view of inequality (4), we obtain

m h,\ 92
T z@Tz) <

d<T”a:, 5

1 1

§d(T”33, Tm2)? + id(T":L‘, T"z)?
1

fzd(Tmz, T"2)?

which on taking limit as n — oo gives

m ho\ 92
q)g < CI>(T z;BT z)
1 m \2 1 h_\2 1 m h_\2
< SOT7) GBI = Jd(T"E T"2), (13)
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Using (12) in (13), we have
A(T™2, T"2)% < 2(km o + ) + 2(kp Bo + cp)? — 4B,

As T'is a generalized asymptotically noonexpansive mapping, so we have lim sup,,, 5_,
d(T™z,T"z) < 0. Therefore, {T"2}°°; is a Cauchy sequence in K and hence con-
verges to some point v* € K. Since T is continuous,

T(v*) = T( lim T”(z)) = lim T""(2) = v*.

n—o0 n—o0

This shows that T has a fixed point in K. This completes the proof.

Theorem 8. Let K be a nonempty closed convex subset of a complete CAT(0) space
X. IfT: K — K be a generalized asymptotically nonexpansive mapping, then F(T')
1s closed and conver.

Proof. As T is continuous, so F(T) is closed. In order to prove F(T') is convex, it
is sufficient to show that “2% € F(T') whenever x,y € F(T). Set f = 3%, For any
n € N, we have

AT P = d(T"f,xfyP

< @, TP+ 5, T (e y) (1)

In view of Lemma 1(ii), we obtain
d(z, T"f)? = d(T"z,T"f)*
< [kn(f ) + o)’

- =2t e
< {%”d (z,y) +cn}2. (15)
Similarly,
a7 < {%dy) te) (16)
From (14), (15) and (16), we get
arnp gy < a2 et kuden)

for any n € N. Since ¢, — 0 and k, — 1 as n — oo, hence lim, ,,,T"f = f and
Tf = f € F(T). This completes the proof.
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Theorem 9. Let K be a nonempty closed convex subset of a complete CAT(0) space
X. If T: K — K be a generalized asymptotically nonexpansive mapping. If {x,}
is a bounded sequence in K such that lim, oo d(xy, Txy) = 0 and {z,} — w, then
Tw = w.

Proof. Define ®(x) = limsup,,_, . d(T™xy,x) for all x € K and m € N. Then as
observed in (11), we have

O(T"w) < kpyp®(w)+cy forallz € K and m e N.
Hence

limsup ®(T"w) < &(w). (17)

m—o0

In view of inequality (4), we have

T 2 | 1
d(T"xn,w@%) < AT, w)? + (T, T"w)?
1

—Zal(w,me)2

for all n,m € N. On taking limit as n — oo, we get

wdTw\ 2 1 9 1 | A2
- < — — - —
@( 5 ) < 2@(11}) +2®(T w) 4d(w,T w)

for any m € N. Since A — limy,_y00 5, = w, s0 A({z}) = w, letting n — oo, we get
that

1 1 1

d(w)? < 5<1>(w)2 + 5<1>(me)2 - Zd(w,me)Q.
That is,

TTw\2

4<I)(w)2 < @(U)EB%)

< 20(w)? 4+ 28(T™w)? — d(w, T™w)?

for any m € N, which implies that
dw, T™w)? < 20(T™w)? — 2&(w)>. (18)
By (17) and (18), we have
n}i_r}rloo d(w, T™w) =0

and Tw = w. This completes the proof.
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In the light of Lemma 5, we get the following result from Theorem 9.

Corollary 10. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and T: K — K be a generalized asymptotically nonexpansive mapping. If
{z} is a bounded sequence in K A-converges to x and lim,,_, d(zy, Tzy,) = 0, then
ze K and Tx = x.

Now, we prove the following lemma using modified two-step iteration scheme for
two generalized asymptotically nonexpansive mappings (10) needed in the sequel.

Lemma 11. Let K be a nonempty closed convex subset of a complete CAT(0) space
X and let S, T: K — K be two generalized asymptotical nonerpansive mappings
with sequences {k},},{kn} C [1,00) such that Y > (k, — 1) < oo and F(S,T) =
F(S)NF(T) # 0. Suppose that {x,} is defined by the iteration process (10). Put

A, = max {0, C’:szl/lepK (d(S”m, S"™y) — k! d(x, y))} (19)
and
B, = max {0, ;;161)[( (d(T”:E, T"y) — ki'd(z, y)) } (20)

such that Y~°° | Ay, < oo and > 07 | B, < co. Then

(iI)limy, o0 d(zy, p) exists for each p € F(S,T).
(1) limy,—yo0 d(xy, FI(S,T)) exists.

Proof. Let p € F(S,T) and let k, = max{k],,k/'} with k, — 1 as n — oo. From

n»’'n

(10), (19), (20) and Lemma 1(ii), we have

d((1 = Bn)S"zy @ BnT"xn, p)
1 — Bn)d(S"n, p) + Brd(T" zy, p)
(1= Bu)[ky, d(zn, p) + An] + Bulky, d(n, p) + Byl
(L = Bn)[kn d(zn, p) + An] + Bulkn d(zn, p) + B
kn d(zp,p) + An + By. (21)

d(Yn,p)

(VAN VAN VAN VAN
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Again using (10), (19)-(21) and Lemma 1(ii), we have

d(xpi1,p) = d((1 = an)T"zy ® anS"yn, p)

< (1= an)d(T"zn, p) + and(T"yn, p)

< (1- an)[k;z/ d(zp, p) + Bp] + O‘n[k;m d(Yn,p) + An]

< (1 —an)knd(zn,p) + Ba] + anlks d(yn, p) + Ay

= (1 — an)knd(zn,p) + anknd(yn,p) + (1 — ap)Bn + an Ay,
< (1= ap)kpd(xn, p) + ankn[knd(zn, p) + An + Byl

+(1 — an)Bp + an Ay
< (1 - an)k2d(zn,p) + anknlknd(vn, p) + An + By

+(1 = ap)kn By + ankn Ay
< k2d(zn,p) + 20nkn Ay + kn By,
= [1+ (k2 = D]d(zn,p) + 20nknAp + kB,
= [1+ W,]d(zpn,p) + Vi, (22)

where W,, = (k2 — 1) = (k, + 1)(k, — 1) and V;, = 2a,knA, + kB, Since
Yool i(kn—1) <00, Y07 Ay <ooand ) o7 By, < 00, it follows that > 7, W, <
oo and > o7 Vi, < o0.

Taking infimum over all p € F(S,T), we have
d(xzp+1, F(S,T)) < [14+Wy,]d(zy, F(S,T)) + V. (23)

Since > o2 W, < oo and > o2 |V, < o0, it follows from Lemma 6, (22) and (23)
that limy, o0 (2, p) and limy, oo d(xy,, F(S,T)) both exist.

Lemma 12. Let K be a nonempty closed convex subset of a complete CAT(0) space
X andlet S, T: K — K be two generalized asymptotical nonexpansive mappings with
sequences {k,},{k} C [1,00) such that Y > (k, —1) < co and F(S,T) = F(S)N
F(T) # 0. Suppose that {x,,} is defined by the iteration process (10) and A,, and By,
be taken as in Lemma 11. Suppose that {oan} and {5} are real sequence in [a,b] for
some a,b € (0,1). If d(xz,Sx) < d(Txz,Sx) for all x € K, then lim,_,o d(xy,, Szy) =
0 and im0 d(zp, T'xy) = 0.
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Proof. Using (10), (19), (20) and (5), we have

d*(yn, )

IN

IN

<

<

d?((1 = Bp)S"xp @ BT xn, p)

BndQ(Tnxnap) +(1— Bn)dQ(Snwnap)

—Bn(1 = Bn)d*(T"zp, S™xy,)

ﬁn[kgd(xnap) + Bn}z +(1— Bn)[k;d(xmp) + An]2

—Bn(1 = Bn)d*(T"zp, S™xy,)

B lknd(zn, p) + Bn}z + (1 = Bu)lknd(zn, p) + An]2

—Bn(1 = Bp)d*(T"xy,, S™ )

k2d* (2, D) + P+ Qn — Bn(1 — Bo)d*(T"xp, S"xy) (24)

where P, = B2 + 2k, B, d(zy,p) and Q,, = A2 + 2k, A,d(zy,, p), since by hypothesis
Yool An < occand o7 By, < 00, it follows that > " | P, < coand > > 1 @y, < 00.
Again using (10), (19), (20), (24) and (5), we have

d2($ﬂ+1vp) =

IN

IN

IN

AN

IN

IN

IN

(1 — an)T"zn ® 0 S™Yn, p)

and2(5"yn,p) + (1 - an)d2(T"xn,p)

—an (1 = an)d*(S™yn, T"xy)

an[k;d(yn,p) + An]2 +(1— an)[kﬂd(fﬂn,p) + Bn}Q

—an (1 = an)d*(S™yn, T"zy)

o knd(yn, p) + An)? + (1 — ap) [knd(2n, p) + Bn)?

—a (1 = an)d*(S™yn, T"xy)

an[k%dQ(yn,p) + Rn] + (1 - an)[kidz(xn,p) + Sn]

—an(1 = ay,)d*(S™yp, T,

ank2d?(yn, p) + (1 — an)k2d*(xn,p) + anRn + (1 — ) Sy
—aun (1 — an)d*(S™yn, T"xy)

ankzi[k‘idQ(wn,p) + P+ Qn — Ba(1 - 5n)d2(Tn$nv ™)
+(1 = ap)kpd*(zn,p) + an Ry + (1 — ) Sy,

—a (1 = an)d*(S™yn, T"xy)

kﬁdQ(xn,p) — anBn(l - /Bn)k%d2(T"xn, S"xn)

+(Pp + Qn + Ry 4+ Sp)k2 — an(1 — o) d?(S™yp, T"xy,)
knd? (2, p) = 0B (1 = Bo)d*(T" 2y, S" )

+ T — an (1 — ) d* (8™, Tz, (25)

where R,, = A2 + 2k, And(yn,p), Sn = B2 + 2k, Bnd(xy,p) and T;, = (P, + Qn +
Ry, + Sp)k2, since by hypothesis >°° A, < 00, 300 B, < 00, > o0, Py < 00,

65



G. S. Saluja — Demiclosed principle and convergence theorems ...

Yol Qn < 00, it follows that > > | R, < o0, Y 1S, <ooand ) 2 T, < oco.

This implies that

mn mn 1
dz(T T, S xn) m[kid%&%,p) - d2(xn+1,p)]
P —
anﬂn(l - ﬁn)
1
S m[kidQ(xﬂmp) - d2($n+1,p)]
L -
a?(1—1b)
and
1
d*(8"yn, T"xy) < m[%éd%n,p) — & (241, )]
LT
an(l —ay)
1
S a(l — b) [k;lLdQ(xn7p) - d2(£n+17p)]
o n
a(l —b)

(27)

Since T,, — 0 and k,, — 1 as n — oo and d(x,,p) is convergent, therefore on taking

limit as n — oo in (26) and (27), we get

lim d(T"zy, S"x,) =0

n—oo
and
lim d(S"yn,T"x,) = 0.
n—oo
Now
d(T"xp,xy) < d(T"xyn, S"x,) +d(S"Tn, )
< d(T"xp,S"xy) +d(S"zp, T"xy)
= 2d(T"zp,S"x,) — 0 asn — oo,
and

d(S"zp,xn) < d(S"xn,T"xy) + d(T"xp, xp)
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by (22) and (24), we obtain

nh_)ng@ d(S"zy, xy) = 0. (31)
Again note that
d(@py1,T"xn) = d((1 —an)T"zy ® anS"Yn, T"xy)
< (1= ap)d(T"xn, T"xn) + and(S"yn, T" y)
— 0 asn — oo. (32)

By (30) and (32), we have

d(anrla xn) < d(fI;nJrla Tnlin) + d(T”ﬂSn, :En)
— 0asn — oo. (33)

Let p, = d(T"xp, xy), by (30), we have p, — 0 as n — co. Now, we have

d(xn, Try) < d(@n, Tpi1) + d(@Tpgq, T"Han) + d(T”“an, T"+1:L‘n)
+d(T" Mz, Txy,)

< d(xp, Tpp1) + d(@pgr, T ap 1) + Ky 1d(Zn41,2n) + Bngi
+d(T" Mz, Txy,)

< d(xp, Tpp1) + ATy, T 1) + Epng1d(Tpg1, Tn) + Boga
+d(T" a,,, Ty,

< pps1+ A+ kny1)d(@n, ps1) + Bugr + (T2, Tay,)

—0 as n— o0 (34)
by (30), (33), By+1 — 0 and uniform continuity of T'. Similarly, we can prove that

lim d(xy,, Sz,) =0. (35)

n—oo

This completes the proof.
Now we prove the A-convergence and strong convergence results.

Theorem 13. Let K be a nonempty closed convex subset of a complete CAT(0) space
X and let S, T: K — K be two generalized asymptotical nonexpansive mappings
with sequences {k,},{ki} C [1,00) such that > " (k, —1) < 0o and F(S,T) =
F(S)NF(T) # (0. Suppose that {x,} is defined by the iteration process (10) and A,
and By, be taken as in Lemma 11. Suppose that {ay,} and {B,} are real sequence in
[a,b] for some a,b € (0,1). Then {x,} A-converges to a point of FI(S,T).
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Proof. Tt follows from Lemma 12 that lim,,_,cc d(Szp, x,) = 0 and limy, 00 d(TTp, x5,)
= 0. Now let wy(x,) == JA({un}) where the union is taken over all subsequences
{un} of {x,,}. We can complete the proof by showing that wy(z,) C F and w,(xy,)
consists of exactly one point. Let u € wy,(xy,), then there exists a subsequence {u,, }
of {x,} such that A({u,}) = {u}. By Lemma 2 and 3, there exists a subsequence
{vn} of {u,} such that A —lim,v, = v € K. Since lim, o d(vy, Tv,) = 0 and
lim;, 00 d(vp, Svy,) = 0, then by Corollary 10, v € F(T) and v € F(S) and so
v € F(S,T). By Lemma 11, lim,,—o0 d(xy, F(S,T)) exists so by Lemma 3, v = u,
ie., wy(zn) C F(S,T).

To show that {x,} A-converges to a point in F'(S,T), it is sufficient to show that
wy (5 consists of exactly one point.

Let {wy} be a subsequence of {z,,} with A({w,}) = {w} and let A({z,,}) = {=}.
Since w € wy(zyn) C F(S,T) and by Lemma 11, lim,_,o d(zy, w) exists. Again by
Lemma 3, we have z = w € F(S,T). Thus wy(z,) = {z}. This shows that {z,}
A-converges to a point in F'(S,T'). This completes the proof.

Theorem 14. Let K be a nonempty closed convez subset of a complete CAT(0) space

X andlet S, T: K — K be two generalized asymptotical nonexpansive mappings with

sequences {k,},{kl} C [1,00) such that Y 7 (k, — 1) < 00 and F(S,T) = F(S)N

F(T) # 0. Suppose that {x,} is defined by the iteration process (10) and A,, and By,

be taken as in Lemma 11. Suppose that {c,} and {B,} are real sequence in [a,b] for
some a,b € (0,1). If liminf, o d(xy,, F(S,T)) = 0 or limsup,,_, d(zy, F(S,T)) =

0, where d(z, F(S,T)) = inf,ep(s,7) d(z,p), then the sequence {xn} converges strongly
to a point in F(S,T).

Proof. From (23) of Lemma 11, we have
d(xn—i—lap) < [1 + Wn]d(xna F(57 T)) + Vi

where p € F(S,T). Since > -2, W, < oo and » 2V, < oo, by Lemma 6 and
liminf,, o d(zy, F(S,T)) = 0 or limsup,,_, ., d(zy, F(S,T)) = 0 gives that

lim d(z,, F(S,T)) = 0. (36)

n—oo

Next, we show that {x,} is a Cauchy sequence in K. With the help of inequality
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1+ 2z <e® x> 0. For any integer m > 1, therefore from (22), we have

d(xn+m7p) S (1 + Wn+m—1)d(xn+m—17p) + Vn+m—1
< eWn+m_ld(xn+m—lap) + Vn+m—1
< €Wn+m_l [eWn+m_2d(xn+m—27p) + Vn+m—2] + Vn+m—1
< €(W"+m’1+W"+m’2)d($n+m72,p)+€W"+m’1[vn+m72—|—vn+mfﬂ
<
ety + - n+m 1
< (eZi=n WR)d(zg,p) + (e Z Vi
n+m—1
< (T + ()3
n+m—1
= Md(n,p)+M Y Vi (37)
k=n

where M = eXn=1Wn < 0.

Since limy, o0 d(zp, F(S,T)) = 0 and Y 2, V,, < oo, therefore for any £ > 0,
there exists a natural number ng such that d(x,, F(S,T)) < ¢/8M and > 72"~ v <
e/2M for all m,n > ngy. So, we can find p* € F(S,T) such that d(z,,,p*) < e/4M.
Hence, for all n > ng and m > 1, we have

d(l‘n+m7 l'n) < d($n+map*) + d(l'nvp*)

n+m—1
< Md(zpy,p*)+ M Z Vi
k=n
+M d(xn,,p*)
n+m—1
= 2Md(zp,,p*) + M Z Vi
k=n

This proves that {x,} is a Cauchy sequence in K. Thus, the completeness of X im-
plies that {x,} must be convergent. Assume that lim,_,~ =, = ¢. Since K is closed,
therefore ¢ € K. Next, we show that ¢ € F/(S,T). Since lim, oo d(zp, F(S,T)) =0
we get d(q, F(S,T)) = 0, closedness of F(S,T) gives that ¢ € F(S,T). Thus {z,}
converges strongly to a point in F'(S,T"). This completes the proof.
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Theorem 15. Let K be a nonempty closed convex subset of a complete CAT(0) space
X and let S, T: K — K be two generalized asymptotical nonexpansive mappings
with sequences {k},},{kn} C [1,00) such that Y > (k, — 1) < oo and F(S,T) =
F(S)NF(T) # (0. Suppose that {x,} is defined by the iteration process (10) and A,
and B, be taken as in Lemma 11. Suppose that {ay,} and {5,} are real sequence in
[a,b] for some a,b € (0,1). If either S or T is semi-compact, then the the sequence
{zn} converges strongly to a point of F(S,T).

Proof. Suppose that T'is semi-compact. By Lemma 12, we have lim,—,oc (2, Tzy) =
0. So there exists a subsequence {z,, } of {x;,} such that x,,, — p € K. Now Lemma
12 guarantees that lim,,; oo d(@n;, Tpn;) = 0 and so d(p, Tp) = 0. Similarly, we can
show that d(p, Sp) = 0. Thus p € F(S,T). By (22), we have

d(xn—i-l?p) < [1 + Wn]d(xn7p) + Vi

Since Y >2, W,, < oo and Y 7, V,, < 0o, by Lemma 6, lim,,_, d(xp,p) exists and
Tp; — p € F(S,T) gives that x, — p € F(S,T). This shows that {z,} converges
strongly to a point of F(S,T'). This completes the proof.

We recall the following definition.

A mapping T: K — K, where K is a subset of a metric space (X, d), is said to
satisfy condition (A) [31] if there exists a nondecreasing function f: [0, 00) — [0, 00)
with f(0) =0 and f(¢) > 0 for all ¢ € (0, 00) such that d(z,Tx) > f(d(z, F(T))) for
all x € K where d(x, F(T)) = inf{d(z,p) : p € F(T) # 0}.

We modify this definition for two mappings.

Two mappings S,T: K — K, where K is a subset of a metric space (X, d), is said
to satisfy condition (B) if there exists a nondecreasing function f: [0,00) — [0, 00)
with f(0) =0 and f(¢) > 0 for all ¢t € (0, 00) such that a; d(z, Sx) + as d(z, Tx) >
f(d(z, F(S,T))) for all x € K where d(x, F(S,T)) = inf{d(x,p) : p € F(S,T) # 0}
and a; and ag are two nonnegative real numbers such that a; + as = 1. It is to be
noted that Condition (B) is weaker than compactness of the domain K.

Remark 2. Condition (B) reduces to condition (A) when S =T.

As an application of Theorem 14, we establish some strong convergence results
as follows.

Theorem 16. Let K be a nonempty closed convez subset of a complete CAT(0) space
X and let S, T: K — K be two generalized asymptotical nonexpansive mappings
with sequences {k,},{ki,} C [1,00) such that > 2 (k, — 1) < oo and F(S,T) =
F(S)NF(T) # 0. Suppose that {xy,} is defined by the iteration process (10) and Ay,
and B, be taken as in Lemma 11. Suppose that {con,} and {5,} are real sequence
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in [a,b] for some a,b € (0,1). If S and T satisfy condition (B), then the sequence
{zn} converges strongly to a point of F(S,T).

Proof. By Lemma 12, we know that

lim d(x,,Sz,) =0 and lim d(z,,Tx,) =0. (39)

n—oo n—o0

From condition (B) and (39), we get

nhﬁngo fd(zn, F(S,T))) < al'nlg& d(xy, Sxy) + GQ.HIL% d(xn, Txy) =0,
ie.,

lim f(d(zy, F(S,T))) =0

n—o0

Since f: [0,00) — [0, 00) is a nondecreasing function satisfying f(0) = 0, f(¢) > 0
for all t € (0, 00), therefore we obtain

lim d(z,, F(S,T)) = 0.

n—o0

The conclusion now follows from Theorem 14. This completes the proof.

Theorem 17. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and let S, T: K — K be two uniformly continuous asymptotical nonez-
pansive mappings with sequences {ky,},{kn} C [1,00) such that Y >, (k, — 1) < 00
and F(S,T) = F(S)N F(T) # 0. Suppose that {x,} is defined by the iteration
process (10). Suppose that {a,} and {Bn} are real sequence in [a,b] for some
a,b € (0,1). If liminf, o d(zp, F(S,T)) = 0 or limsup,,_,., d(zn, F(S,T)) = 0,
where d(z, F'(S,T)) = infpepesm) d(z,p), then the sequence {x,} converges strongly
to a point of F(S,T).

Proof. Let p € F(S,T) and let k, = max{kl,, kI'} with k, — 1 as n — oo. Since
S is uniformly continuous and asymptotically nonexpansive mapping, we know that
there exist a sequence {k},} C [1,00) with k], — 1 as n — oo such that

d(S"x, S"y) <k, d(z,y)
< kpd(z,y), Vz,y € K, n> 1.

This implies that

d(S"z,S"y) — kpd(z,y) < 0,Vz,ye K,n>1.
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Therefore we have

lim sup{ sup (d(S”J;, S"™y) — kny, d(asjy))} <0.

n—00 z,ye K

This implies that S is a generalized asymptotically nonexpansive mapping. By
similar fashion, we can show that T is also a generalized asymptotically nonexpansive
mapping. Thus the conclusion of Theorem 17 follows from Theorem 14 immediately.
This completes the proof.

Example 3. Let E=R, K =[-1,1] and T: K — K be a mapping defined by

T(x)= if ve[-1,1].
Thus T 1is a nonexpansive mapping and hence it is asymptotically nonexpansive
mapping with constant sequence {1}. Also T is uniformly continuous on [—1,1].
Thus T is asymptotically nonexpansive mapping in the intermediate sense and hence
it 1s generalized asymptotically nonexpansive mapping.

4. CONCLUSION

In this paper, we establish a A convergence and some strong convergence theorems
using iteration scheme (10) which contains modified Mann iteration scheme for a
wider class of nonexpansive, asymptotically nonexpansive and asymptotically non-
expansive mappings in the intermediate sense in the setting of CAT(0) spaces. The
results presented in this paper extend and generalize several known results from the
previous work given in the current existing literature.
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