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1. INTRODUCTION

Let M be a contact Riemannian manifold and (¢, £, n, g) its contact structure. If the
characteristic vector field £ is a Killing vector, then M is called a K-contact manifold.
Further if the curvature tensor R satisfies R(X,Y )¢ = n(Y)X — n(X)Y, then M
is called a Sasakian manifold. Again, if the characteristic vector field £ € k-nullity
distribution, then the manifold is said to be an N (k)-contact metric manifold. For an
N (k)-contact metric manifold of dimension 2n + 1 > 3, Tanno [14] (resp. Okumura
[12]) proved that if M is Einstein manifold (resp. VS = 0) then M is Einstein-
Sasakian. Again in [9], D. Perrone proved that if M satisfies a) R(X,€).S = 0 and
b) R(X,Y)¢ = k[n(Y)X — n(X)Y], for some function k on M, then either M is
locally isometric to the Riemannian product E""1(0) x S™(4) or M is an Einstein-
Sasakian manifold. Three dimensional N (k)-contact manifolds have been studied
by D. E. Blair, Th. Koufogiorgos and R. Sharma in [4]. In [16], Z. Olszak studied 7-
parallel Ricci tensor on Sasakian manifolds. Motivated by these works in this paper
we study three dimensional N (k)-contact metric manifolds with R(X,Y").S = 0 and
this manifold satisfying certain curvature conditions.

The paper is organized as follows: After preliminaries, in section 3 we study a
three dimensional N (k)-contact metric manifold satisfying R(X,Y").S = 0 and ob-
tain some equivalent conditions. Also some important corollaries are stated here.
Section 4 is devoted to study cyclic parallel Ricci tensor on three dimensional N (k)-
contact manifolds and we prove that the manifold is either Sasakian or of constant
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curvature. In section 5, we find a necessary and sufficient condition of three dimen-
sional N (k)-contact manifolds to have n-parallel Ricci tensor. Also in this section
we establish a relation between n-parallelity and cyclic parallelity of Ricci tensor of
this manifold. Finally, in Section 6 we construct two non-trivial examples of three
dimensional N (k)-contact metric manifolds.

2. PRELIMINARIES

A (2n + 1)-dimensional manifold M7 +1) is said to admit an almost contact metric
structure if it admits a tensor field ¢ of type (1, 1), a vector field £ and a 1-form 7
satisfying

¢*=—T+n©& nE =1, ¢=0 and nod=0. (1)

An almost contact metric structure is said to be normal if the induced almost com-
plex structure J on the product manifold M?"*! x R defined by

J(X,f%) = (¢X - ff,n(X)%)

is integrable, where X is tangent to M, t is the coordinate of R and f is a smooth
function on M x R. Let g be a compatible Riemannian metric with almost contact
structure (¢, &, n), i.e.,

9(0X,9Y) = g(X,Y) = n(X)n(Y). (2)

Then M becomes an almost contact metric manifold equipped with an almost con-
tact metric structure (¢,&,7,g). From (1) it can be easily seen that

for all vector fields X,Y € x(M). An almost contact metric structure becomes a
contact metric structure if

g(Xv ¢Y) = dn(X7Y)7 (4)

for all vector fields X,Y € x(M). The 1-form 7 is then called a contact form and
¢ is its characteristic vector field. We define a (1,1) tensor field h by h = %fg(b,
where £ denotes the Lie derivative. Then h is symmetric and satisfies h¢p = —o¢h.
We have Tr.h = Tr.¢ph =0 and h§ = 0. Also

Vx&=—-¢X — phX (5)
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holds in a contact metric manifold. A normal contact metric manifold is a Sasakian
manifold. An almost contact metric manifold is Sasakian if and only if

(Vxo)(Y) =g(X,YV)§ —n(Y)X, XY ex(M), (6)

where V is the Levi-Civita connection of the Riemannian metric g. A contact
metric manifold M2 (¢, €, n,g) for which ¢ is a Killing vector field is said to
be a K-contact manifold. A Sasakian manifold is K-contact but not conversely.
However a 3-dimensional K-contact manifold is Sasakian [10]. It is well known that
the tangent sphere bundle of a flat Riemannian manifold admits a contact metric
structure satisfying R(X,Y )¢ = 0 [5]. On the other hand on a Sasakian manifold
the following relation holds:

R(X,Y)§ =n(Y)X —n(X)Y. (7)

As a generalization of both R(X,Y )¢ = 0 and the Sasakian case: D. E. Blair, Th.
Koufogiorgos and B. J. Papantoniou [6] introduced the (k, ut)- nullity distribution on
a contact metric manifold and gave several reasons for studying it. The (k, u)-nullity
distribution N (k, ) ([6],[2]) of a contact metric manifold M is defined by

N(k,p) = p—> Np(k,p)
={W e T,M : R(X, Y)W = (kI + ph)(g(Y,W)X — g(X,W)Y)},
for all X,Y € x(M), where (k,) € R%. A contact metric manifold M?"*! with

€ € N(k,p) is called a (k, p)-contact manifold. In particular on a (k, u)-contact
manifold, we have

R(X,Y)E = kn(Y)X —n(X)Y] + u[n(Y)hX —n(X)hY]. (8)

On a (k, u)-contact manifold k£ < 1. If k = 1, the structure is Sasakian (h = 0 and
p is indeterminant) and if & < 1, then the (k, p)-nullity condition determines the
curvature of M?"*! completely [6]. Infact, for a (k,u)-manifold, the condition of
being Sasakian, a K-contact manifold , Kk = 1 and h = 0 are all equivalent.

The k-nullity distribution N (k) of a Riemannian manifold M is defined by [14]
N(k):p — Np(k) ={Z € )M : R(X,Y)Z = k[g(Y, Z2)X — g(X, Z)Y]},

k being a constant. If the characteristic vector field £ € N(k), then we call the man-
ifold an N (k)-contact metric manifold [7]. If k¥ = 1, then the manifold is Sasakian
and if k = 0, then the manifold is locally isometric to the product E"*1(0) x S™(4)
for n > 1 and flat for n = 1 [5]. In a (k, u)-contact manifold if g = 0, then the
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manifold becomes an N (k)-contact manifold.
In [3], N(k)-contact metric manifold were studied in details. For more details we
refer to ([4],[8]).

In N(k)-contact metric manifold the following relations hold:

B = (k—1)¢?, k<1, (9)

(Vxo)(V) = g(X + hX,Y)§ —n(Y)(X + hX), (10)

R(& X)Y = klg(X, V)¢ —n(Y)X], (11)

S(X,€) = 2nkn(X), (12)

S(X,Y) = 2(n—1)g(X,Y)+2(n—1)g(hX,Y) (13)
+12(1 — n) + 2nkn(X)n(Y), n>1,

r=2n(2n—2+k), (14)

S(pX,0Y) = S(X,Y) — 2nkn(X)n(Y) — 4(n — 1)g(hX,Y), (15)

(Vxn)(Y) = g(X + hX, ¢Y), (16)

R(X,Y)§ = k[n(Y)X —n(X)Y], (17)

n(R(X,Y)Z) = klg(Y, Z)n(X) — g(X, Z)n(Y)], (18)

where X,Y, Z € x(M), R is the Riemannian curvature tensor and S is the Ricci
tensor of the manifold.

In a three dimensional Riemannian manifold we have,

RX,Y)Z = g(Y,2)QX — g(X,2)QY + S(Y,Z)X (19)
~S(X.2)Y ~ S[g(V. 2)X —g(X.2)Y],

where @ is the Ricci operator and r is the scalar curvature of the manifold. Putting
Z = ¢ in (19) and using (12) and (17) yields

Kn(Y)X = n(X)Y] = 5(Y)QX —n(X)QY (20)
+(2k = Z)In(Y)X — n(X)Y]

Replacing Y by ¢ in (20), we obtain

QX =[5 — KX + [3k = SIn(X)&. (21)
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From (21) we have a three dimensional N (k)-contact metric manifold is an n-Einstein
manifold.

Now we prove a Lemma here:

Lemma 2.1. A 3-dimensional N(k)-contact metric manifold is a manifold of con-
stant curvature if and only if the scalar curvature r=6k.

Proof: Using (21) in (19) we obtain

rRx)Z = "Ry 2)x - g(x, 2)y) (22

6k —r

+ [9(Y, Z)n(X)¢ — 9(X, Z)n(Y)¢
+n(Y)n(Z2)X —n(X)n(Z)Y].

It is clear from (22) that the manifold is of constant curvature if and only if the
scalar curvature r = 6k. This proves the lemma.

3. Riccr SEMISYMMETRIC N (k)-CONTACT METRIC MANIFOLDS OF DIMENSION
THREE

Definition 3.1. A Riemannian manifold is said to be Ricci semisymmetric if
R(X,Y).S = 0, where R(X,Y) is treated as a derivation of the tensor algebra for
any tangent vector X,Y; R denotes the curvature tensor and S is the Ricci tensor
of type (0,2) of the manifold.

In this section we consider Ricci semisymmetric N (k)-contact metric manifolds
of dimension three. Then we have

(R(X,Y).S)(U,V) =0. (23)
Putting X = £ in (23), we obtain
(R(£,Y).95)(U,V)=0. (24)

ie.,

S(R(EY)U,V)+ S(U,R(EY)V)=0. (25)
Using (11) and (12) in (25) yields

k2kg(Y,U)n(V) = S(Y, V)n(U) + 2kg(Y,V)n(U) = SU,Y)n(V)] = 0. (26)
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Therefore from (26) we have
2kg<Yv U)TI(V) - S(Y7 V)U(U) + 2kg<Yv V)U(U) - S(U7 Y)U(V) =0, (27)

provided k£ # 0. Now, in the relation (27), putting ¥ = U = e;, where {e;},
i1 =1,2,3, is an orthonormal basis of the tangent space and summing up for i = 1
to 3, we obtain

3 3 3
2k glesen(V) — > n(e)S(ei, V) +2k Y glei, Vn(e:) (28)
=1 =1 =1

3
— ) n(V)S(ei,ei) = 0.
=1
o (6K — r)p(V) = 0. (29)

Since V' is an arbitary vector field therefore n(V') # 0, in general. Hence we have
from (29), » = 6k. Using the value of r in (21) yields

QX =2kX (30)
ie.,

S(X,Y) = 2kg(X,Y). (31)

Thus the manifold under consideration is an Einstein manifold. It is easy to
show that for an Einstein N (k)-contact metric manifold V.S = 0.

Consversely, if Ricci tensor S is parall then R.S = 0. Hence we state the folowing;:

Theorem 3.1. In a three dimensional N (k)-contact metric manifold with & # 0
the following conditions are equivalent:

i) R.S =0,
ii) the manifold is an Einstein manifold,
iii) V.S = 0.

From (19) it follows that in a three dimensional Riemannian manifold, semisym-
metry (R.R = 0) and Ricci-semisymmetry (R.S = 0) are equivalent. Therefore in
view of Lemma 2.1 we state the following:
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Corollary 3.1. In a three dimensional N (k)-contact metric manifold with k& # 0
the following conditions are equivalent:

i) R.R =0,
ii) the manifold is of constant curvature,
iii) VR = 0.

In [14], the authors proved that for an Einstein N (k)-contact metric manifold
k =1 and hence the manifold is Sasakian. Thus we state the following corollary:

Corollary 3.2. A Ricci-semisymmetric three dimensional N (k)-contact metric man-
ifold with is an Einstein-Sasakian manifold, provided k # 0.

Again in [4], Blair, Koufogiorgos and Sharma proved that a 3-dimensional N (k)-
contact metric manifold is locally ¢-symmetric if and only if the scalar curvature of
the manifold is constant. Therefore in view of Theorem 3.1 we state the following;:

Corollary 3.3. A Ricci semisymmetric N (k)-contact metric manifold of dimension
three is locally ¢-symmetric, provided k # 0.

4. THREE DIMENSIONAL N (k)-CONTACT METRIC MANIFOLDS SATISFYING CYCLIC
PARALLEL RICCI TENSOR

A. Gray [1] introduced two classes of Riemannian manifold determined by covariant
derivative of Ricci tensor. The class A consisting of all Riemannian manifolds whose
Ricci tensor S is a Codazzi tensor, i.e.,

(VxS)(Y,Z) = (VyS)(X, Z).

The class B consisting of all Riemannian manifolds whose Ricci tensor is cyclic
parallel, i.e.,

(VxS (Y, Z)+ (VyS)(Z,X) 4+ (Vz9)(X,Y) = 0. (32)

A Riemannian manifold is said to satisfy cyclic parallel Ricci tensor if the Ricci
tensor is non-zero and satisfies the condition (32). It is known [15] that Cartan
hypersurface are manifolds with non-parallel Ricci tensor satisfying the condition
(32). In this section we consider a three dimensional N (k)-contact metric manifolds
satisfying cyclic parallel Ricci tensor.

Putting Y = Z = ¢; in (32) and taking summation over ¢ = 1 to 3, where {e;},
i =1,2,3, is an orthonormal basis of the tangent space, we obtain

(VxS)(ei,ei) +2(Ve,S)(X,e;) =0. (33)
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Now,
(VXS)(GZ‘,GZ') = VXS(ei,ei) — 2S(Vxei,ei). (34)

We know that the scalar curvature r = ). S(e;,e;). Also, in local coordinates
Ve = X7 F?ieh, where F;-‘i are the Christoffel symbols. Since {e;} are orthonormal
basis, the metric tensor g;; = d;;, where ¢;; is the Kronecker delta and hence the
Cristoffel symbols are zero. Therefore, Vxe; = 0. Hence from (34) it follows that

(VXS’)(ei,ei) = dT(X) (35)
Again, we know that

(div@)(X)

tr(Z — (VzQ)(X))
= Zg((vezQ)(‘X)?eZ)

But it is known [13] that (divQ)(X) = $dr(X).
Hence

—

(V28)(X,e0) = 5dr(X). (36)

Using (35) and (36) in (33), we obtain dr(X) = 0, for all X € y(M).
From (21) we have
S(XY) = (5 = K)g(X,Y) + (3k = Hn(X)n(Y). (37)
Differentiating (37) covariantly with respect to Z, we obtain
(V2S)(X.Y) = 5dr(Z)g(X.Y) ~ Ldr(Z)n(X)n(Y) (39)
+(3k = )(Vzn)COm(Y) +n(X)(Vzm) (V)]
Using dr(Z) = 0 in (38) yields
(V29)(X,Y) = 8k = D(Vzm(XInY) +n(X)(Van)(¥). (39)

Using (39) in (32), we get

(3k—g)[(vxn)(Y)n(Z) + (Vxn)(Z)n(Y) + (Vyn)(X)n(Z) (40)
+ (Vyn)(Z)n(X) + (Vzn)(X)n(Y)
+ (Vzn)(Y)n(X)] =0



U. Chand De, S. Ghosh — A classification of three dimensional N (k) ...

Hence either » = 6k or

(Vxn)¥)n(Z) + (Vxn)(Z)n(Y)

Using (16) and (3) in (41), we obtain
2[9(X, ohZ)n(Y) + g(Y, 0hX)n(Z) + g(Z, $hY )n(X)] = 0. (42)
Putting X = ¢ in (42) and using h¢ = 0 and ¢¢ = 0, we get
9(Z,¢hY) = 0. (43)

ie.,

G(6Z,1Y) = 0. (44)
Putting hY instead of Y in (44) and using (9), we have

(1-k)g(¢pX,Y)=0. (45)

Since g(¢X,Y) # 0, hence (45) gives kK = 1. Again, we know that an N (k)-contact
metric manifold with £ = 1 is a Sasakian manifold. Hence in view of the above
discussions we state the following:

Proposition 4.1. A three dimensional N (k)-contact metric manifold with cyclic
parallel Ricci tensor is either a Sasakian manifold or the scalar curvature r =
6k =constant.

Again, we know that a three dimensional N(k)-contact metric manifold is of
constant curvature if and only if » = 6k. Therefore we have the following:

Theorem 4.1. A three dimensional N (k)-contact metric manifold with cyclic par-
allel Ricci tensor is either a Sasakian manifold or a manifold of constant curvature.

5. THREE DIMENSIONAL N (k)-CONTACT METRIC MANIFOLD WITH 7)-PARALLEL
Ri1CcCl TENSOR

Definition 5.1. A three dimensional N (k)-contact manifold is said to have a 7-
parallel Ricci tensor if the Ricci tensor satisfies

(VxS)(¢Y,0Z) =0, (46)
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for X,Y,Z € x(M)

In this section we consider a three dimensional N (k)-contact manifold with -
parallel Ricci tensor.

From (46) we obtain

VxS(9Y,02) = S(Vx9)(Y),0Z) = S(¢Y, (Vx¢)(Z)) = 0. (47)
Using (10), (15) and (16) in (47) yields

(VxS)(Y,Z) = 2k[g(X +hX,¢Y)n(Z) + g(X +hX,¢Z)n(Y)]  (48)
—[S(X 4+ hX, $Z)n(Y) + S(X + hX, oY )n(Z)).

Again, if the manifold satisfies the condition (48) then it is clear that the Ricci
tensor of the manifold is n-parallel. Therefore we state the following:

Theorem 5.1. A necessary and sufficient condition for n-parallelity of the Ricci
tensor in a three dimensional N (k)-contact metric manifold is that the relation (48)
holds.

Using (48) we have

(VxS)(Y, Z) + (VyS)(X, Z) + (Vz5)(X,Y) (49)
= 2k[g(X +hX,0Y)nN(Z) 4+ g(X + hX,0Z)n(Y)

+9(Y +hY,0Z)n(X) + g(Y + hY, 06X )n(2)

+9(Z +hZ, 0 X)) + g(Z + hZ, ¢Y )n(X)]

—[S(X 4+ hX,0Y)n(Z) + S(X + hX,0Z)n(Y)

+S(Y +hY,0Z)n(X)+ S(Y + LY, ¢ X )n(Z)

+S(Z+hZ, X))+ S(Z + hZ,pY )n(X)].

Using (3) in (49), we obtain

(VxS)(Y,Z) + (VyS)(X, Z) + (V29)(X,Y) (50)
= 4klg(hX, oY )n(Z) + g(hZ, ¢ X)n(Y)

+g(hY, ¢Z)n(X)] = n(2)[S(hX, ¢Y)

+S(hY, ¢X)] —n(Y)[S(hX,¢Z)

+S(hZ,6X)] — n(X)[S(hY, 6Z) + S(hZ, $Y)].

Replacing X and Y by hX and ¢Y respectively in (37), we have

S(hX,4Y) = (% — k)g(hX, V). (51)
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Using (51) in (50) yields
(VxS)Y, Z) + (VyS) (X, Z) + (Vz5)(X,Y) (52)
= (6k—1)[g(hX, oY )n(Z) + g(hZ, ¢X)n(Y)
+9(hY, ¢Z)n(X)].

From (52), it is clear that the Ricci tensor of the manifold is cyclic parallel if r = 6k
or

g(hX, oY )n(Z) + g(hZ, ¢ X)n(Y) + g(hY, pZ)n(X) = 0. (53)
Replacing X by ¢ in (53), we obtain
g(hY,¢Z) = 0. (54)
Putting hX instead of X in (54) and using (9) yields
(1—k)g(Y,9Z) = 0. (55)

Since g(Y,¢Z) # 0, therefore we must have & = 1, i.e., the manifold is Sasakian.
From (52) and (55) we state the following:

Proposition 5.1. If a three dimensional N (k)-contact metric manifold satisfies 7-
parallel Ricci tensor as well as cyclic parallel Ricci tensor, then either the scalar
curvature is constant or the manifold is Sasakian.

Again, in view of Lemma 2.1 we state the following:

Theorem 5.2. If a three dimensional N(k)-contact metric manifold satisfies n-
parallel Ricci tensor as well as cyclic parallel Ricci tensor, then either the manifold
is of constant curvature or Sasakian.

6. EXAMPLE

In this section we construct two examples of three dimensional N (k)-contact metric
manifold.

Example 1:

We consider 3-dimensional manifold M = {(x,y, z) € R3}, where (z,y, 2) are the
standard coordinate in R3. Let e, e, e are three vector fields in R? which satisfies

le1,ea] = (1 4+ A)es, [ea,e3] =2e1  and [es,e1] = (1 — Aea,
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A being a real number.
Let g be the Riemannian metric defined by

gle,e3) = glez,e3) = gler,e2) =0, gler,e1) = g(e2, e2) = g(es, e3) = 1.
Let 1 be the 1-form defined by
n(U) = g(U,e1),
for any U € x(M). Let ¢ be the (1,1)-tensor field defined by
pe1 =0, ges =e3, deg = —es.
Using the linearity of ¢ and g we have
nler) =1,

¢*(U) = ~U +n(U)er

and
9(oU, oW) = g(U, W) = n(U)n(W)
for any U, W € x(M). Moreover

he; =0, hey = Aea and hes = —es.

The Riemannian connection V of the metric tensor g is given by Koszul’s for-
mulae,

29(VxY,2) = Xg(Y,2)+Yg(Z,X) - Zg(X,Y)
—g(X, [Y7 Z]) - g(Y, [X’ Z]) —I—g(Z, [Xv Y])

Using Koszul’s formula we calculate the following;:

Velel = 0, Veleg = 0, Veleg = O,
Ve,e1 =—(1+ANes, Ve,ea =0, Vees= (14 Neq,
Veser = (1 —Aea, Veea=—(1—XNej, Veez3=0.

In view of the above relations we have

Vx&=—-¢0X —phX, for e =¢
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Therefore the manifold is a contact metric manifold with the contact structure

(0,61, 9)

Now, we find the curvature tensors of the manifold as follows:

R(el, 62)62 = (1 — /\2)61, R(eg, 62)62 = —(1 — /\2)63,
R(el, 63)63 = (1 - )\2)61, R(ez, 63)63 = —(1 - )\2)62,
R(ez,e3)e1 =0,  R(er,ez)er = —(1—A)ez,  R(es,er)er = (1= A?)es.

In view of the expressions of the curvature tensors we conclude that the manifold
is a N(1 — A\?)-contact metric manifold.

Example 2: In [11], J. Milner gave a complete classification of three dimensional
manifolds admitting the Lie algebra structure

le2, €3] = cie1, [e3,e1] = caea, [e1,e2] = c3es. (56)

As in the case of the given example of [6], let us consider n be the dual 1-form to
the vector field e;. Using (56), we get

C
dn(ez,e3) = —dn(es, e2) = 51 #0

and dn(e;, e;) = 0 for (i,7) # (2,3),(3,2). It is easy to check that 7 is a contact
form and e; is the characteristic vector field. Defining a Riemannian metric g by
g(ei,e;) = d;5, then, because we must have dn(e;,ej) = g(e;, ¢e;), ¢ has the same
metric as dn with respect to the basis e;. Moreover, for g to be an associated metric,
we must have ¢ = —I + 1 ® e1. So for (¢,e1,7,g) to be a contact metric structure
we must have ¢; = 2. The unique Riemannian connection V coresponding to g is
given by

29(VxY,Z) = Xg(Y,2)+Yg(Z,X) - Zg(X,Y) - g(X,[Y, Z])
9g(Y,[X,Z]) + 9(Z,[X,Y])).

So, using ¢; = 2 we easily obtain

Velel = 0, V6262 = 0, veseg = 0,
1 1
Ve, €2 = 5(02 +c3 —2)e3, Ve,er = 5(62 —c3 — 2)es,
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1 1
Ve, €3 = —5(024-63—2)62, V8361 = 5(24—62—63)62.
But we also know that

Vezel = —¢€2 — ¢h€2.

Comparing two values of V,e; and using ¢e; = 0, ¢pes = —ea we conclude that
C3 — C9
hey = .
€ 5 €2
And hence
C3 — C2
hes = — .
€3 5 €3

Thus e; are eigenvectors of h with corresponding eigenvalues (0, A\, —\), where \ =
5% ey. Moreover by direct calculation we have

(c3 — c2)?

R(eg,e1)er =[1 — 1

lea + [2 — c2 — c3]hey,

(c3 —c2)?

R(es,e1)e; = [1 — 1

]63 + [2 —Cco — Cg]heg.

R(eg, 63)61 =0.

Putting k =1— % and p = 2—co — c3 we conclude, from these relations that e;
belongs to the (k, u)-nullity distribution, for any cg, 3. In particular, if we consider
the values of cg, c3 in such a way that ¢y + c3 = 2 then it is seen that © = 0 and the
manifold becomes an N (k)-contact metric manifold.
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