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FIXED POINT THEOREM FOR N METRIC SPACES

V. GurTA

ABSTRACT. Various fixed point theorem on two, three, four and more metric spaces
have been proved by many authors. In this paper, we prove a fixed point theorem
on n-metric spaces for set valued mapping. Our theorem generalizes and extends
many previously proved results .

2010 Mathematics Subject Classification: 54H25, 4TH10.

Keywords: fixed points, complete metric spaces, continuous mapping.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory for set valued and associated mappings has played an essential
role in many aspects of nonlinear functional analysis. Because of its simplicity, still
the Banach fixed point theorem seems to be the most important result in metric
fixed point theory. The first considerable generalization of Banach’s theorem was
obtained by E. Rakotch in 1962, who replaced Banach’s strict contractions with
contractive mappings. The fixed point theory of set-valued contractions, which was
initiated by S.B. Nadler [9]. After that it was developed in different directions by
many authors, in particular, by S.Reich [10] and B. Fisher [2]. Such mappings, as
well as their many modifications, were studied and used by many authors.

The following fixed point theorem was proved by R.K. Jain et al [5]:

Theorem 1. Let (X,d), (Y,p) and Z,0) be complete metric spaces. If T is a
continuous mapping of X into Y, S is a continuous mapping of Y into Z and R is
a mapping of Z into X.
d (RST:U, RSTx’) < cmax {d (a;, x') ,d(x,RSTx),
d(2',RSTx") ,p (Tz,T2") 0 (STX,STz")}
p(TRSy,TRSy'") < cmax{p(y,v'),p(y,TRSy),
P (y’,TRSy’) ,O (Sy, Sy') ,d (RSy, RSy’)}
o (STRz, STRZ’) < cmax {U (z, z’) ,o0(z,STRz),
o (z', STRZ’) ,d (Rz, Rz') P (TRZ, TRZ')}
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Va2 € X,y,y €Y and 2,2 € Z where 0 < ¢ < 1 then RST has a unique fized
point u € X, TRS has a unique fized point v € Y and STR has a unique fized point
w € Z. Further Tu =wv, Sv =w and Rw = u.

A number of fixed point theorems for set valued mapping and for n metric
complete metric spaces are obtained by many authors, which generalized the result
of [2]. Recently, Vishal Gupta, Ashima Kanwar[8] also proved the following related
fixed point theorem in n-complete metric spaces.

Theorem 2. Let (X;,d;) be complete metric spaces where i =1,2,3,...,n. If A; is
continuous mapping of X; to X;41 wherei =1,2,3,...,n—1 and A,, is mapping of
X, to Xy satisfying the following inequalities.
dy(ApAp_1.. . AgAizt ApA, .. AgAjad)
<cmax {d (z',21),di (2", Andp_y ... A Arz")
dy (:v%, A A1 ... A2A1$%) ,do (Alml, Alaj%) ,
ds (AgAlxl,AgAlx%) ,dy (AgAQAl.Tl, A3A2A1:U%) ,
ey dy (An_lAn_g L AsAat Ay 1A, .AgAlx%)} (1)
do(A1A, ... AzAgz AL A, ... A3Asz?)
< cmax {d2 (:c2,:c%) ,do (:c2, A1A, ... A3A2x2) ,
do (a;%, A1A, ... A3A2x%) ,ds (Agajz, Agl'%) ,
dy (A3Asz®, A3 Aoz} , ...,
dp, (An,lAn,g . AgAgx? A1 An_o ... AgAQSU%) )
dy (AnAn_l o AgAgx? An AL .. .A3A2x%)} (2)
d3(Ag AL A, .. AyAsx3 Ay AL A, ... AyAsz?)
< emax {dg (:Eg,w:{’) ,ds (:1:3, Ay A1A, ... A4A3$3) ,
ds (x‘i’, AsA1A, ... A4A3:c‘;’) ,dy (A3x3, Agﬂ::{’) ,
ds (A4A3$3, A4A3x?) e
dn (An—1An_o ... AgAs2® Ay 1 Ao ..  AgAsad)
dq (AnAn,l A AsTS AR AL A4A3x‘i’)
do (AlAn L AAsaS AA, L A4A3x§)} (3)
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So continuously like above.

dn(Ap—1An—2... A1 Apz"™ Ap_1An—2... A1 Apal)
< emax {d, (z",27) ,dp (2", Ap—14p—o... AJApz™)
dp (27, Ap—1An—2... A1 Apx?)  dy (Apa™, Apal),
do (A1 Apz™, A1 Apal) ,ds (Ag A1 Apa™, Ag A1 Ayl
o dnet (AnoAp_g . ArAna™, Ao Ap_s. .. AjAnz™)}  (4)

V' @) 6X1,x2,x% € Xo,...,2" a7 € X,

where 0 < ¢ < 1. Then A,A,_1...A2A1 has a unique fixed point 5y € Xq,
A1 A, ... A3As has a unique fized point Bo € Xo, As A1 ... A4As has a unique fixed
point

B3 € X3 and so on A,,_1An_o...A1A, has a unique fized point B, € X,,. Further,

Ay (B1) = P2, A2 (B2) = B3, A3 (B3) = Bas- -, A1 (Bn-1) = Bn, An (Bn) = b1

In the next section, we shall prove unique fixed point theorem for set valued
mappings in the setting of n mertic spaces and for proving our theorem we need the
following definition,

Let (X, d) be a complete metric space and let B(X) be the set of all non-empty
subset of X. The function §(A, B) with A and B in B(X) is defined by

0(A,B) =sup{d(a,b):a € Abec B}

and also
(a,b) = d(a,b)
So 0(A,B)=06(B,A) >
0(A,B) > 6(A,C)+6(C,B)

2. MAIN RESULT

Theorem 3. Let (X;,d;) be complete metric spaces
where i = 1,2,...,n. If T1,Ts,...,T,_1 is continuous mapping such that T; : X; —
B(X;y1) where i = 1,2,...,n—1 and T,, : X,, — B(X1) satisfying the following
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inequalities.

6 (TnTor ... ToTat T, Ty ... ToThaty)
< cmax {d1 (xl,xh) , 01 (:cl,TnTn_l .. .Tngxl) ,
61 (11, TnTn-1 ... ToTi3yy) , 62 (T2t Thaty) , 03 (T2That, ToThay, ), - ..
n (Tn-1Tp—2 ... ToT12" Ty 1 Tyos ... ToT121,) } (5)

0 (T ... TsToa?, VT, ... T5Toat;)
< cmax {dg (1‘2,1‘%1) ,
8 (22, T\ T, ... TsTha?)
6 (231, T T . .. T5ToaY,)
o3 (Toa?, Toxsy) . 0a (T3Toa?, T3ToxY, ) , . ..
S (Tn-1Tn—2 ... TyTha?,
To-1Tn—2 ... T5Toa3;)
6 (T Tner - . Tox? T Ty ... Tol) }

(6)

3 (2N T, . .. TyT32® Ty T T, ... TyTs7,)
< cmax {dg (wg’,x‘;’l) ,
o3 (23, LIV T,, ... TuT32%)
o3 (231, TV Ty . .. TuTsasy)
64 (Tsa®, Thaly) , 05 (TuTsa®, Ty Ty ), . ..
n (Tn-1Tn—2 ... TuTsa?, (7)
Ton1Tps... TyTsa3))
61 (TpTr - .. TuTsa?,
T Ty ... TuTsa?),
2 (T T, ... TyT3a?,
TT, ... TyTs2%,) }
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S (Tur Ty . .. T\ Tz, Tppo1Toes ... Ty Tha™)
< emax {d, (z",z7,),
S (2", Ty1Tps ... Ty Tha™),
S (27, Too1Tns ... T Tpz?y)
0 (Tphx", Tha'ly), 6o (ThTox™, Th Tyxy)
53 (I Ty Tpz™, TyTy Ty ) s . .
St (TpoTn_s ... TiTha",
TyoTps ... TyTpa™)}

(8)

Vol zl € Xy, 2223, € Xy and 23,23, € X3 and so on 2",z € X, where
0 <c<1then T, Ty—1... 1511 has a unique fived point ay € Xy, TiT, ... 1315
has a unique fixed point as € Xo, ToNT, ... TyT3 has a unique fized point as €
Xs,oo oy Tn1Ty—o ... ThVTy has a unique fized point o, € X,. Further Ti(ay) =
OAQ,TQ(CQ) = 043,T3(Ck3) = OQ4,... ,Tn_l(ozn_l) = Oén,Tn(Ozn) = Q1.

Proof. Let ' = z1 be an arbitrary point in X;. We define sequence {zl} €

X1, {22} € Xo, {23} € X35,...,{z"} € X,,. Now choose a point 2§ € Ty(x})
then a point x5 € Ty(x?), then a point xf € T3(x3), ...,z € T, (z]71).
In general having chosen z} € Xj,22 € Xo,...,2" € X,. Choose a point

xl, 1 € Tn(al,) then a point 22, € Ti(z},, ) and then a point 23, € Th(22,,,)
and continue like this z], | € Tn_l(x”m;ll). Form =1,2,3,...
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Applying in inequality (5), we get,

61 (T Tn-r ... ToThzyy, Ty Toe ... ToTh 24 1)

dy (x,ln+1;x}n+2) <
< cmax {dy (z,,, 23 11) 5

33 (ToTiag, To T2 0 1) - - -
S (Tn1Tn—z ... ToTiz,,,
To1Tps... T Thxy, 1)}
= cmax {d1 (x}n,x},ﬁl) ,
51 (s Thogt) s 01 (Tpits T - - ToThzp 1)
62 (T Ty ... Tox2, |, T ... Toxl,),

m—1>
63 (VT ... Taal,_, oW T, ... T ) ...

m—1

571 (Tn—l oo Tnga:”

m—1>

Tn_lTn_g . T2T1Tnx;l@)}
So we get,
dq (:1:},1“, :L‘,1n+2) < cmax {(51 (TnTn_l .. .TQlec,ln_l,
T,...ToTix,,)
6 (T, ... Toxt, 1, T\ T, ... Toal),

m—1>

63 (W Ty, ... Tsah,_, oA T, . .. Ty
) 6n (Tn—l e TQTll'?n_l,

Th1Tpn—o... TQTITanz)}
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Applying inequality (6), we obtain,

<0 (T, ... T3Toxr, i Ty, . .. TsToxs, )
< cmax {6, (xfn,:cglﬂ) ,
b (22, ThT,, ... Tox2,)
2 (22,41, T ... Toxt 1)
03 (Tgxfn, Tga:,2n+1) ,
o1 (T5Toat,, T3Tox2, 1) - - .
S (Tn-1Tn—2 ... Tox?,,
To-1Tn—s ... Tox2, 1)
6 (T Tner ... Tox2, T Ty ... Toal, ) }
< cmax {52 (x?n,TlTn .. .Tga:?n) ,
3 (T T, ... Tsah,_y, oA T, ... Ts))
o1 (TsTN T, . .. Ty, 1, TSN T, .. Ty,
on (Tn-1Tp—2 ... oI Thx_y,
TnrTpo... ToT Tpa™),
61 (T Tn-sz ... D112}y, T Ths ... ToThiy,) }

da (x$n+1v 553n+2)

So we get,

do (l’?n_H, m72n+2) < cmax {51 (Tn ... Tngzvqln_l, T, .. .TQTll'}ﬂ) ,
6 (VT ... Toxt, 1, AT, ... Th (32)),
3 (T, ... Taad,_q,
T, Ty ... Tsah,)
Oy (T Tyea . YT Tzl o,
Tp1Tps... ToT Tz )}
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Applying inequality (7), we get

3 (I T,, ... Taal,, oIV T, ... Thal, )

cmax{dg (mil, m+1) 53( L) §n+1)

dS( Lm+15T §n+2) <
<

TN T, ... Taxpy,_y, TSI T,
DT, . TuTad ),

05 (TyTs Ty T, ... T,y TyT5To T .. . Tsal),)
O (Tnt o WIS Ty
Tn_l...TlTn:r ),

61 (T Tt ... TWT3To T2

6 (T, ... Ty T3 T

m—1>

b1, Tn . TThz),)
T, ... TyTsTea?)}

m—1s
So we get,
ds (xf’n_H, xgﬂ_g) < cmax {53 (TngTn L Ta

m—1»
T, ... Tsl),
(51 (TnTn—l T2T1:L'

m—1
TnTn,l...Tngzn ) (11)
5o (TlT Dt T, ... Thal) ,
on (To—1... ThTpap, 1, Tno1 ... ThThay,) }

Continuously like this, using inequality (8), we get,

d (Zs 15 Tn) < 0n (Tne1Tn—z ... TiThal),,
Tn1Th—2... TiTyzy,)
<cmax{d (m, m+1) (T, Th-r... Thxy),
On (21 1 -+ T (T041)) »
61 (T Tnr ... o112y, T ... T}
63 (T Ty ... Taal,_y,
LT, Ty ... Tsad,) ...
o1 (Tpez .. . T Tpqal !

m—1

Tyog.. DT, T, 12" )}
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So we get,

dy (21,20 40) < emax {61 (T, Tn-1 ... ToTia,,_4,
T.To-1 ... ToThx),)
6 (T, ... Toxk, |, T\ Ty ... Toxl) (12)
O (T T . . W T,y
Th1Th—o... ThThx))}
So we get by using above inequality. It now follow easily by induction on using
inequalities (9), (10), (11) and (12).

dy (1:71714_1, :C,1n+2) < ™ ! max {51 (TnTn,l e Tngx%,
T ... ToTyx3),
6 (VT ... Toat, T T, ... Tha3)
03 (LT, ... Tsa, oA T, . .. Ty
O (T 1Tp—o .. . TyT Ty},
Tp1Tpso... ToT Tz)}
do (22,41, 75 10) < " Tmax {61 (T, Tn-1 ... T121, Ty ... Thzy)
5 (T\Ty ... Tox}, TN T, ... Tox3) ...,
On (Tp1Tp_s ... ToT\ Ty},
Tpo1... Ty Thxh)}

dp (T]415 Tpyo) < ™' max
{61 (TnTr .. . Thay, Ty ... Thy)
6 (T, ... Toxl, T\ T, ... Tox3) ...,
6n (Tn1Tp_ ... Th Tz,
Tp1Tpo... TiTpzH)}
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Then for r =1,2,... and arbitrary € > 0 we have,

di (2h1s Thirs1) <01 (T T ... T2k, Ty .. Th) )
<O (T T Thag, T Tt ... Tha), )
+ 61 (T T - .. Thwhyyy,s
T Ty ... Thixy, o) + -+
(51 (TnTn—l e Tlx}n—i—r—l?
ToToet ... Thay, )}
< (cm + Cm+1 4ot Cerrfl) (14)
X max {d1 (Tn .. .Tlx%, T, ... Tla:%) ,
5 (VT ... Toat, T Ty ... Tha3),
o3 (I Ty, ... Tsa?, Toh T, . . . Ts23)
5n (Tn—l c. TlTna:?, Tn—l e TlTn:IZg)}
<e€
For m greater than some N since ¢ < 1. The sequence {z} } is therefore a
Cauchy sequence in complete metric space X; and so it has limit a; € X7, In the
parallel manner, {2} has limit ag € Xo,..., {22} has limit a,, € X,.
Further inequality (14) gives,
61 (a1, TnThy - -T2T1$}n) < di (oo, 9611+1) +
61 (2141, TTn-1 ... ToThz),)
<di (ar,zlyy) + 61 (TnTh-r ... 2T},
T, T ... ToThay,)
<dy (al,xllﬂ) +e
For m,l > N, letting | — oo it follows that
51 (Oél, TnTn,1 ce TQTlﬂS'}ﬂ) <e
For m > N and so we get,
lim T, T, ... o1zl = {a1}
m—oQ
= lim T,T, ... T; (a7,) (15)
= Tp{an} = {a1}
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Since ¢ is arbitrary.

lim 1T, ... 3T (22,) = {as}

m—0o0
= lim T\T,...T323,
m—o0
lim T Ty, ... TyTszd, = {as}
m—0o0

= lim Ty T, ... Tyt
m—ro0

(16)
lim Tn_QTn_g e
m—0o0
DT T (2, ') = {an-1}
= 'rr%gnoo ThTh—2.. Tl( m+2)
Now using the continuity of 177,715,715 ...,7T,_1 we obtain,

lim xQ = lim T1:1: =Tia1 = ag
m—0o0 m—00
lim a:i;’n = lim Tgaz =Toag = a3
m—ro0 m—00
lim z), = lim T, 1(" 1)
m—ro0 m—00

= 1ipn—-1 (an—l) = Qp

and then we see that

Tn,1 (Tn,QTn,?) e TQTl) (041) = Qp (17)

Now show that «; fixed point of 71,7, _...15T}
Now applying inequality (5), we have,
di (T,Tn-1 ... ToThar, 7y,) < 61 (TnThor ... ToThven, T, . .. ToTh 7y,

<cm ax{d1 (al, }n 1)
01 a1, Ty 1. T2T1041)
51 l’,}n 15 T, Tn 1- TQTliL‘m 1)

(

(
2 (T (1), T (231))
(

(T,

W

3 T2T1Oé1,T2T1wm 1) seees
On (Tn1Ty—2. T2T1041,
Tn 1- T2T1$m 1)}
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Since 11,75, ..., T,—1 are continuous and m — oo and using (16),
N (T Th-1... ToTvon,a1) < cdy (a1 TpTh—1 ... 12T (aq))
Since 0 < ¢ < 1 so we have,
T, Th—1...ToT) (1) = o
So aq is a fixed point of T,,T;,_1...T5T1. So we have,
T.Th—1... 15T (o) =Ty () = 1
On using equation,

T\ T, ... T5Ts (a2) = TVT, . .. TsToThon
=Tio
= o
So T, ... T3T509 = g

Similarly,

TQTITn N T4T3 (043) = Q3
TgTQTITn PN T5T4 (044) = Oy

Th Ty —o...ThT, (an) =Ty 1Th .. TV Th 10p1
=Th1 (an—l)

:an

So we get «aq is fixed point of T, 15,1 ...T5T1, and a3 € X1, s is fixed point
of TvT,, ...T3T> and as € X9 and continuous like the we get «,, s fixed point of
Tno1Tp—o...ThT,.

Uniqueness

To prove the uniqueness of aq, let us suppose that
T, Tn—1 ... ToT has second fixed point o] such that oy # o and T,,T5,—1 ... ToTh o) =
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o). Now using inequality (5), we have,

di (on,0'1) =61 (TnTo-1 ... ToTvon, TpyTyo ... ToThay)
< cmax {d1 (al, 0/1) ,01 (o, Ty Ty—1 .. . ToThaq),
61 (1, TnTh1 ... ToT10'1) , 62 (Than, Tha'y)
63 (IhThon, ToTha'y) .. .,
On (Tn_l T o, T .. Tgo/l)}
= cmax {d2 (Tloq,Tlo/l) ,d3 (T2T1a1, T2T10/1) ,
cvln (Tt ... ToTvan, Ty ... ToTha'1) }

Next using inequality (6), we have

do (Tyon, The'v) = 62 (TV T, . .. T3ToTvan , Th T, . .. T3ToTh o)

< cmax {dQ (Tloq,Tlo/l) ,

do (Tyo, T\ T, ... TsToT0v)

dy (Tve'1, VT, .. . T3T2Th o)

d3 (ToTvon, ToT1o'v)

dy (TsToTio/ 1, T3 Tion) . . .,

dp (T 1Ty ... T3ToTi 0y,

Tn1Ths... T3ToTic'1) ,

di (TnTo1 ... ToTvan, TnTyq ... ToTic'1) }
= cmax {dg (TQTlO[l,TQTlaIl) ,

dy (T3ToTyon, T5ToTi0'v) . . .,

dp (T 1Ty ... T3ToThan,

Tn1Th—z... T3ToTi0/1) ,di (ou,0'1) }

Similarly by using (7), we get

d3 (ToTion, ToTio/1) < cmax {dy (T3ToThay, T3ToTia'y) ,
ds (W3 Tyon, Ty T3 T2 Tio'y) .
dp (T 1T ... T3ToTh 0y,
Tn1Tn—2... T35 Tial),

di (al,o/l) ,do (Tloq,Tlo/l)}
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Now using (8), we get

dn (Tp-1Tn—2 ... ToThon, Ty1Tn—2 ... ToTia)
< cmax{ah (oq,o/l) ,do (Tloq,Tlo/l) ,
d3 (ToTion, ToTio'y) ...,
dp—1 (Tn—2Tp—s ... ToTion, Tp—oTy—3... ToT1a/)}

It now follows from inequalities that, d; (a, @’1) = 0 proving that uniqueness of
1. The uniqueness of as, as, ..., a, follows similarly.
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