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ON A SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS
DEFINED BY CONVOLUTION
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ABSTRACT. In this paper, we introduce and study a subclass of harmonic univa-
lent functions defined by convolution and integral convolution. Coeflicient bounds,
extreme points, distortion bounds, convolution conditions and convex combination
are determined for functions in this family.
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1. INTRODUCTION

A continuous function f is said to be a complex-valued harmonic function in a simply
connected domain D in complex plane C if both real part of f and imaginary part
of f are real harmonic in D. Such functions can be expressed as

f=h+g (1)

where h and g are analytic in D. We call h the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and
sense-preserving in D is that |h/(2)| > |¢'(2)| for all z in D, see [3].

Every harmonic function f = h + g is uniquely determined by the coefficients of
power series expansions in the unit disk U = {z : |z| < 1} given by

o0 oo
h(z) =2+ anz", g(z2) = bp2", z€U|b| <1, (2)
n=2 n=1
where a,, € C forn =2,3,4,... and b, € C for n = 1,2,3,.... For further informa-

tion about these mappings, one may refer to [1, 3, 5, 8, 10, 11].

In 1984, Clunie and Sheil-Small [3] studied the family Sy of all univalent sense-
preserving harmonic functions f of the form (1) in U, such that h and g are rep-
resented by (2). Note that Sy reduces to the well-known family S, the class of all
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normalized analytic univalent functions h given in (2), whenever the co-analytic part
g of f is zero. Let K and Ky denote the respective subclasses of S and Sy where
the images of f(U) are convex.

The convolution of two functions of the form

o0 oo
O(z)=z+ Z,unz” and ¥(z) =z+ Zvnz”, fns U > 0 (3)
n=2 n=2
is given by
o0
(PxU)(2) =P(2) *x¥(2) =2+ Z,ununz”
n=2

and the integral convolution is defined by

(@oW)(z) = B(z) o U(z) =2+ Y %zn
n=2

Towards the end of last century, Jahangiri [8], Frasin [7], Silverman [10], and
Silverman and Silvia [11] were amongst those who focused on the harmonic starlike
functions. Later Ozturk S. et. al [9] defined the class S}; (A, ) consisting of functions
f = h+ g such that h and g are of the form

h(z)=z= lanlz", g(z) =) |bal2" (4)
n=2 n=1

which satisfy the condition

>«

- 9

o { ' (x) =29 (2) _ }
A=W (2) = 29'(2)) + (1 = M) (h(2) + 9(2))
forsome 0 <a<1l, 0<A<1andforall z€U.

Let S3;(®, ¥, A, o) denote the subclass of Sy of functions of the form f = h+g €
Sy that satisfy the condition

e { _ h(2) £0(2) — g(5) < () - } > ar (5)
AA(z) # B(z) — g(2) * U(2)) + (1 = A)(h(2) 0 @(2) + g(2) 0 ¥(2))

where 0 < o < 1, 0 < A < 1 and &,V are as given in (3). We further let
TS5 (P, ¥, \, o) denote the subclass of S};(®, ¥, A, ) consisting of functions f =
h + g € Sy such that h and g are of the form (4). We note that the family
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TS5 (P, ¥, \, ) is of special interest because it contains various classes of well-
known harmonic univalent functions as well as many new ones. For different choice
of &, ¥ X\ and a we obtain following various classes introduced by other authors:

(1) TS}}(@, ﬁ, A, a) = TS5 (X a) (see Ozturk et al.[9]).

(ii) TSy (=L a) =TS} (a) (see Jahangiri [8]).

(iii) TS} ((1 5 a2 0 0) = T'S}; (see Silverman et al. [11]).

(iv) TS} ((1 % = Z)2,0 0) = T'S3Y (see Avci et al.[2] and Silverman [10]).

(v) TS} ((“1”;3, (‘i §)3,0 a) = Kj;(a) (see Jahangiri [8]).

(vi) TSH(('f*z)g, (§+§)3,0 0) = K3 (see Silverman [10]).

(vii) TS} (®,V,0,a) =TS} (P, ¥, a) (see Dixit et al.[4]).
(viil) T'SH(®,¥,0,a) = HST (¢, x,0, ) (see El-Ashwah([6] and Dixit et al.[4])

In this paper, we obtain coefficient bounds for the subclasses S7;(®, ¥, A, o) and
TS5 (P, ¥, A, o), we also obtain distortion bounds, extreme points, convolution con-
ditions, and convex combination for functions in T'S};(®, ¥, A, ).

2. MAIN RESULTS

We begin with a sufficient condition for functions in S7(®, ¥, A, «).

Theorem 1. Let f = h+ g be of the form (2). Furthermore, let

I |an\+z”” (et D <1 @

n=2

where 0 < a < 1, 0 < A <1, n2(1 —a) < ppln — (L +a) (M — A+ 1)] <
Un[n — (1 + oz)()\n + A —1)] . Then f is sense-preserving harmonic univalent in U
andfor)\< o f€SH(®, VA ).
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Proof. We first note that f is sense-preserving in U. This is because

1(2)| = 1= nlag|lz]""" > 1= nlay|
n=2 n=2
i [(n—a—aX(n—1)
>1-y 2 "
- nZ:;n< l-« @]
> vp (n4a—al(n+1) Zvp (n4a—al(n+1) _1
> - by, — bnl||z]"
_nz:ln( 11—« >| ’>nZ:1n< 11—« bn 2]

9]
> nfballz" > g (2)],
n=1

where we have used hypothesis of the theorem.
Now to show that f is univalent in U , suppose z1, 29 € U so that z; # 2o, then

‘f(h) —fG2)| o |9(a) —g(z2)
h(zl) — h(ZQ) - h(Zl) — h(ZQ)
> bulzf — 2%)
-1— n=1
(21— 22) + 22 an (2] — 23)
E nby|
>1 n=l
1= 3" nlay|
n=2
3 () Il
>1- "=
_ pn (n—a—aX(n-1)
> 0.

Now, we show that f € S} (®,¥,\, ) . By using the fact that Re(w) > a if
and only if |1 — a4+ w| > |1 + o — w], it suffices to show that,

(1= a)B(2) + A(2)| = |(1 + a) B(z) — A(2)| > 0, (7)

where A(z) = h(z) * ®(z) — g(z) * ¥(2) and B(z) = MA(z) + (1 — N)(h(2) ¢ ®(2) +
9(2) 0 ¥ (2)).
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Substituting A(z) and B(z) in (7) as well as making use of (6) and \ < 1=

. TTa » We
obtain

[A(2) + (1 = a)B(2)| - [A(z) — (1 + @) B(2)]

= |1+ A1 = @)(h(2) * @(2) — 9(2) = T(=) + (1= a)(1 = A)((2) 0 B(2) + g(=) 0 U (=)
— =AU+ @) ((e) 5 B(2) — 9T H TE) — (1+ @) (1= N(A(z) 0 @(2) + 9(2) 0 U ()

— (2—@)2—{—2 [14—(1—04) <>\+1_n)\>] LG 2"

(where 11 = 1)
_oaz—i—i [1—(1+a) (A+ 1;A>]unan2"
—i[l—(1+a) (A—I;)‘ ]unbnzn

(o)
n—a—ain—1 _
D e i

(where v; = 1)

>0 from (6)

The coefficient bound (6) is sharp for the functions

o0 n 1—a n o n 11—« —n
f(Z)_Z—i_nz;Mn(n—a—a)\(n—l)>xnz +nz:1’/n<n+a_a/\(n+l)>ynz’

o0 o
where Y |zp]+ D |yn| = 1.

n=2 n=1
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Next, we show that the above sufficient condition is also necessary for functions
in TS5 (P, U, \ ).

Theorem 2. Let f = h + g be of the form (4). Then f € TS} (®,V,\ «) if and
only if

i@ (n—a;f)x(ﬂ—ﬂ) |an+§:1:<n+azf);(n+1)> bl <1, (8)

n (&%

n=2 n=1

where, 0 < a <1, 0 < A <1, n?2(1 —a) < pp[n— (1L +a)An - A+ 1)] <
vpn — (1 +a)(An+ X —1)].

Proof. The if part, follows from Theorem 1. To prove the only if part, let f €
TSH(®, ¥, A\ ) then from (5) we have

Re{ W) £ 0() —9(5) s U (3) - _a}
Mh(2) = 0(2) — g(2) * 0(2)) + (1 — N (h(2) 0 @(2) + g(2) 0 V()

(1 . a)z . § [in [n—a—aX(n—1)] ’an|zn . f Uy [n+a—aA(n+1)] ‘bn|5n
— Re n=2 " n=1 "
2= 3 pn [N+ (%)] lan|z™ + > vy [(%) — A [b, |27

> 0.

If we choose z to be real and z — 17, we get

(1 . Oé) . i Lin [n—a—a(n—1)] ’an| _ i v, [n+a—aA(n+1)] |bn|

n

n=2 n=1 > 07
1= 5 D 02 ol + 50 [(52) = 4]

or, equivalently,

> —a— -1 > — 1
Zﬂn[n a—al(n )]|an|+zyn[n+a al(n + )]|bn\§1—a,
—~ n n

n=1
which is the required condition (8).

In addition to the above main result, the following results are further properties
concerning the class T'S7;(®, ¥, A\, ). These results agree with previously obtained
ones by other authors.

256



G. Shelake, S. Joshi, S. Halim — Harmonic univalent mappings ...

Theorem 3. If f € TS (P, ¥, A\, ) and p2(2—a—al) < pp(n—a—ai(n—1)) <
vn(n+a—aX(n+1)) forn > 2. Then we have,

(1—-a) 1+ a—2a) 9
<(1 2 — = 1
PO @2 (e SO ) =<,
and
(1—a) 14+ a—2a) 9
> — — — =
112 0= =2 (e SO ) 2 =<,

Proof. We only prove the right hand inequality. The proof for the left hand inequal-
ity is similar and will be omitted.

@) < @+ [bal)r + D (Jan] + [ba] )"

n=2

< (L4 [al)r + ) (Jan] + [ba] )

n=2
21—0a) m2-a—a)
§(1+|b1|)r+u2(2_a_ax);2 2(1 -

oy ol + ol

21 — «)
(2 — a — al) .

i &n—a—a)\(n—1)|an‘+@n+a—a/\(n+1)|bn‘ 2
n 11—« n 1-—

< (L+ b))+

n=2

2(1 —«) 1+a—2a) 9
<(1 l-—
<@ Ut (1o I ),

(1—a) 14+ a—2a) 9
<(1+1b 2 - b .
< (L4 Jou)r + (u2(2—a—a)\) ,u2(2—oz—oz)\)yl| )T

The upper bound given for f € T'S};(®, ¥, \, ) is sharp and equality occurs for the
function

(1—a) 1+ a—2al 11—«

= > _ =2 <
f(2) z+|b1|z+2<m(2_a_a)\) M2(2_a_a)\)7/1|b1|>2, |b1] <
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The following covering result follows from the left hand inequality in Theorem
3.

Corollary 4. Let f € TS} (®, ¥, \, ), then

{w Cw| < %[A— (I—a)+ ((1+a—2aN) —A)|b1|]} C f(U),

where A = (2 —a — al).
Now we determine the extreme points of T'S};(®, U, A, a)

Theorem 5. Let

and

n l-«o n _
gn(2) —z+y—n (n—l—a—a)\(n—l—l)) z" (n=1,2...).

Then f € TS} (P, ¥, A, a) if and only if it can be expressed as

f(z) = Z Tnhn + Yngn,

n=1

oo
where x, > 0,y, > 0,21 = 1 — > xp+yn > 0,and y1 = 0. In particular, the
n=2

extreme points of TS5 (®, ¥, A, ) are hn and gy,.

Proof. Suppose

f(Z) = Z Tphn + Yndn

n=1
_nzl n T n = b n—a—ain—-1),)""
. n 11—« n
+;Vn<n+a—a/\(n+1)>ynz'
Then
Oo@ n—a—aXn-1\ n 1-« .
n 11—« pn \n—a—aX(n—-1))""

n=2
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vy (n+a—aXn+1)\ n 1 -«
+nZ::1n( -« >Vn<n+oz—a)\(n+1)>yn

o o
zzanrZyn:l—xlél
n=2 n=1

and so f € TS (®,V, X\, «). Conversely, if f € T'S};(®, V¥, \, «), then

lan| < — L-o and [b,| < L-o
an_yn n—a—a\(n-—1) " vp \nt+a—aXn+1))"

Setting
fn (N —a—aXn—1)
n=— n =2,3...
R G R A

and

Up (n+a—aAn+1
Yn = < ( )> |bn] (n=1,2...).

n 11—«
Then note that by Theorem 2 0<z,<1(n=23.)and0<y,<1(n=1,2..).
o
We define z; = 1— Z Ty — Z Yn , by Theorem 2 we obtain f(2) = Y. zphn + Yngn

n=1

n=1
. This completes the proof of Theorem 5.

Next, we show that T'S};(®, ¥, \, a) is closed under convex combinations of its
members.

Theorem 6. The class T'ST;(®,V, \,«) is closed under convex combination.

Proof. Fori=1,2,3... let f; € TS} (®,V,\, «), where f; is given by

o0 o
2)=z— Z la;, |2" + Z i, |2".
n=2 n=1

Then by Theorem 2,

2 (n—a—aX(n—1) > vp (n4a—aX(n+1)
mn ) n | <
I e LT D ) NS RN )

n=2 n=1

(0.)
For > t; =1, 0<t; <1, the convex combination of f; may be written as
i=1

itifi(z) = Z_nzz (Zt a1n> z”+§: (Zt ]bzn|)
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Then by 6,

> fin —a—ai(n
Zn< l-a >

n=2

s (‘“Ii“if”‘”)az-wii"(”*“i“l(”“))'bin‘}

n=2 n=1

Zn|

Zyn n+a—ai(n+1
l—«

< 1Zti =1. from (9)

=1

o0
and so by Theorem 2, we have ) t;f;(2) € TS} (P, ¥, \, a).
i=1

Finally we show that the class T'S};(®, ¥, A\, o) is invariant under convolution.
For harmonic functions f(z) = 2z — > 2 oanz™ + Y .21 b,2" and F(z) = z —
Yool g Ap2™ 4+ >°0° | By z", we define the convolution of two harmonic functions f
and F' as

(f*F)(2)=f(z)x F(z) =2 =) anAn2" + Y byBnZ".
n=2 n=1

Theorem 7. If f € TS} (®, VY, \,a) and F € TS};(®,V,\ «) then fx F €
TS5 (D, U, ), a).

Proof. Let f(2) =z —> 005 |an|z™ + > oo |bn|Z"
and F(z) = 2 = 32020, [Anl2" + 3202 [ Bal2"

be in T'S};(®, ¥, A, ), Then by Theorem 2, we have

i [(n—a—a(n—1) Uy (n+a—al(n+1)
o Yy <1
n( 1—« lanl + n -« ba] < 1.

n=2 n=1

and
ZM(n—a—a)\(n—l)>|An|+Zun<n+a—a)\(n+1)>’Bn|§1'
= n l-« = n l1-a
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So for the coefficients of f * I we can write

2 i (1 —a—a(n—1) Zvp (n4a—aX(n+1)
— A — B
2.5 ( — ol + 3% R ba Bl

n=2

i [ —a—a(n—1) vy (n+a—arn+1)
< — — <1.
_;n< l1-a ‘an—’—;n 1-a bl <1

Thus f* F € TS} (P, ¥, \ «).
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