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THE INFLUENCE OF PARTIALLY S-EMBEDDED SUBGROUPS
ON THE STRUCTURE OF A FINITE GROUP

T. Zuao, G. Lu

ABSTRACT. Let G be a finite group and H a subgroup of G, then H is said to
be s-permutable (respectively, s-semipermutable) in G if HP = PH hold for every
Sylow subgroup P (respectively, with (|P|,|H|) = 1) of G. Let Hsg be the subgroup
of H generated by all those subgroups which are s-semipermutable in G, then we
say that H is partially S-embedded in G if G has a normal subgroup 7T such that
HT is s-permutable in G and T'N H < Hs¢. In this paper, some new criteria about
the p-nilpotency and supersolvability of a finite group G are obtained. A series of
known results in the literature are unified and generalized.
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1. INTRODUCTION

In this paper, all groups considered are finite and G stands for a finite group. Let F
be a formation, U and N, denote the class of all supersolvable groups and p-nilpotent
groups, respectively. G7 stands for the F-residual of G, that is, the intersection of
all normal subgroups N; of G such that G/N; € F.

The relations between the generalized normal subgroups and the structure of a
group is always a question of particular interest. Following Kegel [12], a subgroup
H is said to be s-permutable (or s-quasinormal [4]) in G, if HP = PH for every
Sylow subgroup P of G. On the other hand, Wang in [20] introduced the concept
of c-normal subgroup from the idea of the supplement subgroup: a subgroup H
is said to be c-normal in G if G has a normal subgroup T such that G = HT
and H NT < Hg, where Hg is the normal core of H in (G. These two kind of
subgroups have been investigated extensively by many scholars. Recently, Guo et al
[8] integrated these two concepts and introduced that: a subgroup H is said to be S-
embedded in G if there exists a normal subgroup N such that HN is s-permutable
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in G and H NN < H,qg, where Hys is the largest s-permutable subgroup of G
contained in H. As another generation of the s-permutable subgroup, Chen in [3]
introduced that: a subgroup H of a group G is said to be s-semipermutable (or
s-seminormal) in G if PH = HP holds for every Sylow subgroup P of G with
(|P],|H]) = 1. By assuming that some subgroups of G satisfy the S-embedded
property or s-semipermutablity, many interesting results have been derived (see [8],
[9], [24], [25] etc.). Motivated by the above research, we now introduce the following
new concept, which can cover the s-permutable, s-semipermutable and S-embedded
subgroups properly.

Definition 1. A subgroup H of G is said to be partially S-embedded in G, if G has
a normal subgroup T such that HT is s-permutable in G and H N'T < Hgq, where
Hsq is generated by all those subgroups of H which are s-semipermutable in G.

It is easy to see that Hzg is an s-semipermutable subgroup of GG. Besides that,
from our Definition 1, we know every S-embedded subgroup and s-semipermutable
subgroup of G is partially S-embedded in G. In general, a partially S-embedded
subgroup of GG need not to be S-embedded or s-semipermutable in GG. For instance:

Example 1. Let G = S5 be the symmetric group of degree 5. Since H = Sy
permutes with every Sylow 5-subgroup of G, H is s-semipermutable and thus partially
S-embedded in G. Since H and H N As = Ay are not subnormal in G, they are not
s-permutable in G. Hence from the fact that the only nontrivial normal subgroups

of G are As and G itself, we know H = Sy is not S-embedded in G.

Example 2. Let G = S5, K = ((12)) and T = As. Since T IG, KT = G and
KNT =1 < Ksqg, K is partially S-embedded in G. But the fact K((12345)) #
((12345)) K implies that K is not s-semipermutable in G.

In this paper, some results about the influence of partially S-embedded subgroups
on the structure of a finite group are given, a series of known results are generalized.

2. PRELIMINARIES
Lemma 1. ([12]) Suppose that H is an s-permutable subgroup of G and N < G.
(1) If K < G, then HN K is s-permutable in K.
(2) HN and HN N are s-permutable in G, HN/N is s-permutable in G/N.
(8) H is subnormal in G.

(4) If H is a p-group for some prime p, then Ng(H) > OP(G).
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Lemma 2. ([25]) Let G be a group and H < K <G.
(1) 1If H is s-semipermutable in G, then H is s-semipermutable in K.

(2) Suppose that N is normal in G, and H is a p-group. If H is s-semipermutable
in G, then HN/N s s-semipermutable in G/N.

(3) 1If H is an s-semipermutable and K a quasinormal subgroup of G, then HNK
is s-semipermutable in G.

Now, we prove that:

Lemma 3. Suppose that H is a partially S-embedded subgroup of G.
(1) If H < K < G, then H is partially S-embedded in K.

(2) Let H be a p-group and N QG. If N < H or (p,|N|) = 1, then HN/N s
partially S-embedded in G/N.

Proof. Suppose that T'< G, HT is s-permutable in G and H N'T' < Hzg.

(1) Clearly, KNT is a normal subgroup of K. By Lemmas 1 and 2, we know that
H(KNT)=KNHT is s-permutable in K and HN(KNT) = HNT < Hsq < Hsk.
Hence, H is partially S-embedded in K.

(2) It is easy to see that TN/N 4 G/N and (HN/N)(TN/N) = HTN/N is
s-permutable in G/N. If N < H, then H/NNTN/N = (HNT)N/N < Hs;cN/N.
If N is a p’-group, then

|H|- TN, _ [H]-|T],
|HNTN]| HTN], T, |HNT)|.
This implies that H NTN = H NT, we also conclude that (HN/N) N (I'N/N) =
(HNNTN)/N = (HNTN)N/N = (HNT)N/N < HsgN/N. By Lemma 2, we know
that HsgN/N is s-semipermutable in G/N. Hence, HN/N is partially S-embedded
in G/N in any case.

Lemma 4. (/25, Lemma 3]) Let H be a subnormal p-subgroup of G. If H is
s-semipermutable in G, then H is s-permutable in G.

The following result is well known

Lemma 5. Let G be a group and p a prime dividing |G| with (|G|,p—1) = 1. If
G has cyclic Sylow p-subgroup, then G is p-nilpotent.

Lemma 6. ([5, A, Lemma 1.2]) Let U,V and W be subgroups of a group G. Then
the following statements are equivalent:

(a) UNVW =(UNV)(UNW);
(b) UVAUW =U(VNW).
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3. MAIN RESULTS

Theorem 7. Let P be a Sylow p-subgroup of a group G, where p € ©(G) and
(|G|,p —1) = 1. Then G is p-nilpotent if and only if every mazimal subgroup of P
is partially S-embedded in G.

Proof. The necessity is obvious, we need to prove only the sufficiency. Suppose that
the result is false and let G be a counterexample of minimal order. Then we have:

(1) P is not cyclic and G is not a non-abelian simple group.

By Lemma 5, we may assume that P is not cyclic. Let P} be a maximal subgroup
of P, by hypothesis we know P; is partially S-embedded in G. Then there exists
a normal subgroup K; of G such that P; K is an s-permutable subgroup of G and
PrN Ky < (P)sg. If G is a non-abelian simple group, then K1 = 1 or G. First
assume that K7 = 1, in this case, P, = P K; is s-permutable in G. Hence P; is
a proper subnormal subgroup of G, which is a contradiction. Thus K; = G and
therefore P, = P N K7 = (Py)z¢ is s-semipermutable in G. The above statements
hold for every maximal subgroup of P. In other words, all maximal subgroups of P
are s-semipermutable in G.

Let H be any nontrivial subgroup of P, we consider Ng(H). Suppose that
S1 € Syl,(Ng(H)) and Q1 € Syly(Ng(H)) for any prime ¢ # p. Let @ be a Sylow
g-subgroup of G containing ()1, then every maximal subgroup of P is permutable
with (). Since P is not cyclic, P = P; P, for some maximal subgroups P; and P,
of P. Thus PQ = P P,Q = QP P, = QP is a proper Hall subgroup of G, as
PQ is solvable. It is easy to see that P() satisfies the hypothesis of the theorem.
Then the minimal choice of G implies that P(Q is p-nilpotent. Hence () < PQ and
Q1 =QNNpg(H) I Npg(H). We conclude that HQ1 = H x @ for any Sylow ¢-
subgroup Q1 of Ng(H) with ¢ # p. Hence Ng(H) is p-nilpotent. From the Frobenius
Theorem [10, IV, Theorem 5.8], we know G is p-nilpotent. This contradiction implies
that G is not a non-abelian simple group.

(2) G has a unique minimal normal subgroup N, G/N is p-nilpotent and ®(G) =
1.

Let N be a minimal normal subgroup of G and M /N a maximal subgroup of
PN/N. Tt is easy to see that M = P;N for some maximal subgroup P; of P and
PN N = PN N is a Sylow p-subgroup of N. Since P; is partially S-embedded
in GG, there exists a normal subgroup K of G such that P K is s-permutable in G
and P N K < (Py)sq. Clearly, KN/N is a normal subgroup of G/N and P;N/N -
KN/N = PIKN/N is s-permutable in G/N. Moreover, since P, N N is a Sylow
p-subgroup of N, |[(PLNN)(K NN)|, =|PiNN|=|N|,=|NnNP K|, and

PN, < DE Ny Ky N e A Ny AN
’ 1 ‘p/ - |P1KN| , - ‘KN‘ , _‘ ’p/ - ‘( 1 )( )‘
p p

/.
p
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This implies that (P N N)(K N N) = PLK N N. Thus by Lemma 6, we have
PINNKN = (PLNK)N. Then it follows from Lemma 2 that PLN/N N KN/N =
(PINK)N/N < (P1)saN/N < (PLN/N)sq/ny, and so M /N is partially S-embedded
in G/N. Therefore, G/N satisfies the hypothesis and so it is p-nilpotent by the
minimal choice of GG. Since the class of all p-nilpotent groups formed a saturated
formation, N is the unique minimal normal subgroup of G and ®(G) = 1.

(3) Op(G) = 0,(G) =1 and N is not p-nilpotent.

If Oy (G) # 1, then by (2) we know N < Op(G) and G/O,/(G) is p-nilpotent.
Hence G is p-nilpotent, a contradiction. If Op(G) # 1, then N < O,(G) is an
elementary abelian p-group. Since ®(G) = 1, G has a maximal subgroup M such
that G = M N and M NN = 1. From the unique minimal normality of N, we can
easily deduce that N = O,(G). Since P = N(PNM)and NNM =1, PN M is
a Sylow p-subgroup of M and there exists a maximal subgroup P; of P such that
PNM < Py and P = NP;. Since Pj is partially S-embedded in G, there exists some
normal subgroup T of G such that P;T is s-permutable in G and Py NT < (P})3zq-
If T'=1, then P, = P\T is s-permutable in G. It follows from Lemma 1(3) that
Py < 0,(G) =N and so P = PPN = N is a minimal normal subgroup of G. Since
Ng(P1) > OP(G) by Lemma 1(4) and P, < P, Pj is a proper normal subgroup of G
contained in P = O,(G), a contradiction. Thus, T' # 1 and so N < T'. In this case,
PiNT = (P1)sgNT is s-semipermutable in G. Therefore, for any Sylow g-subgroup
Q of G with ¢ # p, we have

NNP=NNPNT=NNPNT)QI(PANT)Q.

Hence Q < Ng(NNP;) and then OP(G) < Ng(NNP;). Since NNP; <P, it is normal
in G. Thus NNP; =1 and |[N| = p. Let C'/N be the normal p-complement of G/N,
then N is a cyclic Sylow p-subgroup of C. By Lemma 5, C' is p-nilpotent and the
normal p-complement of C' is also the normal p-complement of G, a contradiction.

If N is p-nilpotent, then N,y char N <G, so Ny < Op(G) = 1. Thus N is a
p-group and so N < O,(G) = 1, a contradiction too.

(4) G=PN.

By Lemma 3, we know PN satisfies the hypothesis of the theorem. Therefore,
PN is p-nilpotent if PN < G. It follows that N is p-nilpotent, which contradicts
with (3). Hence, we have G = PN and N = OP(G).

(5) The final contradiction.

Since N is non-solvable, N = S7; x Sy X --- x S} is a direct product of some
isomorphic non-abelian simple groups S;. By (1) and (4), we know N < G and
PN N < P. Thus there exists some maximal subgroup P; of P such that S, =
P NSy < P, where S, is a Sylow p-subgroup of S7. By hypothesis, there exists a
normal subgroup 7T of G such that P|T is s-permutable in G and Py NT < (P})zq-
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If T'= 1, then P; is s-permutable in G and so O,(G) # 1, this contradicts with
(3). Thus T # 1 and the uniqueness of N implies that N <T. If P, NT =1, then
|T|, < p. Hence by Lemma 5, we know 7" is p-nilpotent and so N is p-nilpotent. This
contradiction shows that PyNT # 1 and P,NT = (P;)s¢NT is s-semipermutable in
G. Then for any prime divisor ¢ of |G| different from p and any Sylow g-subgroup
Qof G, (PANT)Q =Q(PNT) is a subgroup of G. Since

Qnpr =@l 10Ty _1QU1Tle _ 16 00— o py@n))

|QP1T‘q |QT|q

and (QNP)(QNT)CQNAT, QNPT =(QNP)(QNT). By Lemma 6, we have
QPLNQT =Q(PyNT). Therefore, NN PIQ=NN(PRNTQ)=NNPNT)Q.
This implies that S N (PyNT) =51 NP, = 5, is a Sylow p-subgroup and S1 N Q
is a Sylow g-subgroup of S;. Thus for any prime ¢ # p, S N (PLNT)Q is a Hall
{p, q}-subgroup of S;. Since N is non-abelian and (|N|,p — 1) = 1, p = 2. Then for
any prime divisor g # 2 of |S1|, the non-abelian simple group S; has a Hall {2, ¢}-
subgroup, which contradicts with [14, Lemma 2.6]. This contradiction completes
the proof of the theorem.

If we replace the condition that “(|G|,p — 1) = 1”7 with “Ng(P) is p-nilpotent”
in Theorem 7, we can also get the following similar result:

Theorem 8. Let p be a prime divisor and P a Sylow p-subgroup of G. If Ng(P)
is p-nilpotent and every mazimal subgroup of P is partially S-embedded in G, then
G is p-nilpotent.

Proof. If p = minm(G), then by Theorem 7 we know that G is p-nilpotent. Hence
we only need to consider the case that p # minn(G) (and so p is an odd prime).
Assume that the result is false and let G be a counterexample of minimal order.
Then we have:

(1) Every proper subgroup of G containing P is p-nilpotent.

Let M be a proper subgroup of G containing P. Since Nj;(P) < Ng(P) is
p-nilpotent, by Lemma 3 we know M satisfies the hypothesis of the theorem. Thus,
the minimal choice of G implies that M is p-nilpotent.

(2) Op/(G) =1.

Suppose that O, (G) # 1, then PO, (G)/O,(G) is a Sylow p-subgroup of
G/0,(G) and N(;/Op, @) (PO, (G)/0,(G)) = Na(P)O, (G)/O,(G) is p-nilpotent.
Let T/O,; (G) be a maximal subgroup of PO, (G)/O,(G), then T' = P,O,;(G) holds
for some maximal subgroup P, of P. By Lemma 3, we know P10, (G)/0,(G) is
partially S-embedded in G/O,/(G). This shows that G/O,/(G) satisfies the hypoth-
esis of the theorem. Then G/ Op/ (G) is p-nilpotent by induction, which implies that
G is also p-nilpotent, a contradiction. This contradiction shows that Op/ (G)=1.
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(3) G = PQ is solvable and 1 < Op(G) < P, where @ is a Sylow g-subgroup of
G with q # p.

Since G is not p-nilpotent, by Thompson’s theorem [17, Theorem 10.4.1], there
exists a nontrivial characteristic subgroup H of P such that Ng(H) is not p-
nilpotent. Since Ng(P) is p-nilpotent, we may choose H satisfying that Ng(H)
is not p-nilpotent, but Ng(K) is p-nilpotent for every characteristic subgroup K of
P containing H. Obviously, Ng(P) < Ng(H). Then by (1), Ng(H) = G. There-
fore, we have H < O,(G) < K. Now by the Thompson’s theorem again, we see
that G/O,(G) is p-nilpotent, and so G is p-solvable. By [6, VI, Theorem 3.5], there
exists a Sylow g-subgroup @ of G such that PQ is a subgroup of GG, where q is a
prime divisor of |G| which is different from p. If PQ < G, then PQ is p-nilpotent
by (1). This implies that @ < Cg(O,(G)) < O,(G), a contradiction. Thus G = PQ
and (3) holds.

(4) G has a unique minimal normal subgroup N such that G = [N]|M, where
M is a maximal subgroup of G and N = O,(G) = F(G).

Let N be a minimal normal subgroup of G. Then by (2) and (3), N is an
elementary abelian p-group and N < Op(G). It is easy to see that G/N satisfies
the hypothesis of the theorem. Then the minimal choice of G implies that G/N is
p-nilpotent. Since the class of all p-nilpotent groups formed a saturated formation,
N is the unique minimal normal subgroup of G and N £ ®(G). Thus, there exists
a maximal subgroup M of G such that G = MN. Since O,(G) < F(G) < Cg(N)
and Cq(N)NM <G, we can deduce that N = O,(G) = F(G).

(5) N is a cyclic group of order p.

Let M, be a Sylow p-subgroup of M, then P = NM, and NN M, = 1. Let
P be a maximal subgroup of P containing M,. If P; = 1, then |[N| = |P| = p.
Now suppose that P, # 1. By hypothesis, there exists some normal subgroup K
of G such that P K is s-permutable in G and P, N K < (Py)zg. If K = 1, then
Py = P K is s-permutable in G which implies that Py < O,(G) = N. Therefore, we
have P = NP, = N, which is contradict with (3). Thus, K # 1 and then N < K.
In this case, P, N K = (P))s¢ N K is s-semipermutable in G and

Hence, we conclude that @ < Ng(N N Pp). Since Py NN < P, it is normal in G.
Thus, the minimal normality of NV implies that Py " N =1 and so |N| = p.

(6) The final contradiction.

By (4) and (5), we know M = G/N = Ng(N)/Cg(N) is isomorphic with some
subgroup of Aut(P), which is a cyclic group of order p — 1. Hence M and in
particularly, @ is a cyclic group. It follows form [17, Theorem 10.1.9] that G is
g-nilpotent, in other words, P <G. Then by hypothesis, Ng(P) = G is p-nilpotent.
This contradiction completes the proof of the theorem.
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Next, by using the partially S-embedded properties of some subgroups, we give
out some new criteria for the supersolvability of a group G.

Theorem 9. Let F be a saturated formation containing the class of all supersolvable
groups U. Then a group G € F if and only if there exists a normal subgroup E of
G such that G/E € F and every mazimal subgroup of any noncyclic Sylow subgroup
of E is partially S-embedded in G.

Proof. The necessity is obvious, we need to prove only the sufficiency. Suppose that
the result is false and let G be a counterexample with |G||E| minimal. Then we
have:

(1) E is solvable and Q < G, where ¢ = mazn(E) and Q € Syl,(E).

Let p = minn(E) and P a Sylow p-subgroup of E. If P is cyclic, then F is
p-nilpotent by Lemma 5. Now suppose that P is not cyclic and P; is a maximal
subgroup of P. Then by hypothesis, P; is partially S-embedded in G. Thus it
is partially S-embedded in E by Lemma 3. From Theorem 7, we know F is p-
nilpotent. Let K be the normal p-complement of E. By hypothesis and Lemma 3,
we can deduce that every maximal subgroup of any non-cyclic Sylow subgroup of
K is partially S-embedded in K. Thus, we can conclude that E is a Sylow tower
group of supersolvable type and so it is solvable. Let ¢ be the largest prime divisor
and @ a Sylow g-subgroup of E. Since @) char E <G, @ is normal in G.

(2) There is a unique minimal normal subgroup N of G contained in E, G/N € F
and ®(G) = 1.

Let N be a minimal normal subgroup of GG contained in F. Since F is solvable, N
is an elementary abelian p-group, where p is a prime. Obviously, (G/N)/(E/N) =
G/E € F. Let T/N be a noncyclic Sylow r-subgroup of E/N and T} /N a maximal
subgroup of T'/N, where r is a prime divisor of |[E/N|. If r = p, then T is a
noncyclic Sylow p-subgroup of £ and T} is a maximal subgroup of T' containing N.
By hypothesis, T} is partially S-embedded in G. So T1/N is partially S-embedded
in G/N by Lemma 3. Now suppose that r # p. In this case there exists a Sylow
r-subgroup R of F such that T = RN. Let Ry = RN Ty, then Ry is a maximal
subgroup of R and T1 = R;N. Therefore, R; is partially S-embedded in G and so
T1/N is partially S-embedded in G/N. This shows that (G/N, E/N) satisfies the
hypothesis of the theorem. Then the minimal choice of G implies that G/N € F.
Since F is a saturated formation, N is the unique minimal normal subgroup of G
contained in £ and N £ ®(G). Therefore, ®(G) = 1.

(3) N =@ = F(F) is not a cyclic group, G = [N]M hold for some maximal
subgroup M of G.

Since ®(G) = 1, there exists a maximal subgroup M of G such that G = [N]M.
Since C = Cp(N) = Cq(N)NE<LG, (CNM)¢ = (CNM)NM = (CnM)M = CnM,
i.e., CN M is a normal subgroup of G. It follows that CNM =1 and C'= N. Since
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N < 04(F) < F(E)<F(G) <Cg(N), N=F(E) =Q. In view of (2), G/N € F.
By [18, Lemma 2.16], we may assume that N is not cyclic.

(4) The final contradiction.

Let M, be a Sylow g¢-subgroup of M and Gy = NM,. Since G = [N]M and
N is not cyclic, G4 is a noncyclic Sylow g-subgroup of G. Let @1 be a maximal
subgroup of G containing M, and Ny = N N Q1, then Ny < G,. Since [N : Ny| =
IN:NNQi| =|NQi: Q1] =|Gq: Q1] = ¢, Ny is a maximal subgroup of N. By
hypothesis, there exists a normal subgroup K of G such that N; K is s-permutable
in G and Ny N K < (N1)zg. In view of (2), we see that NN K =1or N < K. If
NNK =1, then N = Ni(NNK) = NnNN;K is s-permutable in G by Lemma
1(2). If N < K, then N; = Ny N K = (Ny)sg is s-semipermutable in G. By
Lemma 4, we also have that Nj is s-permutable in G. Consequently, by Lemma
1(4), Ng(N1) > O%(G). On the other hand, N; = N N Q1 < Gy. This implies that
N; <@G. Thus Ny =1 and |N| = ¢, which contradicts with (3). This contradiction
completes the proof of the theorem.

From our Theorem 9, when F = U we have:

Corollary 10. A group G is supersolvable if and only if there is a normal subgroup
E such that G/E is supersolvable, and every mazimal subgroup of any noncyclic
Sylow subgroup of E is partially S-embedded in G.

We use F*(G) to denote the generalized Fitting subgroup of G, i.e., F*(G) =
F(G)E(G), where F(G) is the Fitting subgroup and E(G) is the layer of G.

Theorem 11. Let F be a saturated formation containing U. Then G € F if and
only if G has a normal subgroup E such that G/E € F, and every maximal subgroup
of any non-cyclic Sylow subgroup of F*(E) is partially S-embedded in G.

Proof. The necessity is obvious, we need to prove only the sufficiency. Assume that
the result is false and let (G, E) be a counterexample with |G||E| minimal. Let
F = F(E) and F* = F*(E). We use p to denote the minimal prime divisor of
|F*(E)| and let P be a Sylow p-subgroup of F*(E).

If P is cyclic, then by [10, IV, Theorem 2.8], we know that F*(F) is p-nilpotent.
Now we assume that P is not cyclic, by hypothesis and Lemma 3, we have every
maximal subgroup of P is partially S-embedded in F*(E). By Corollary 10, we
can also deduce that F*(E) is p-nilpotent. Therefore, we know that F* = F' is
solvable. If F' = E, then G € F by Theorem 9, which contradict with the choice of
G. Hence we may assume that F* = F # E. Now by [11, X, Theorem 13.11], we
have Cg(F) = Cg(F*) < F. Since F* = F' is a solvable normal subgroup of G, by
hypothesis and Lemma 4 we can easily deduce that every maximal subgroup of any
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non-cyclic Sylow subgroup of F* is S-embedded in G. Now, from [8, Theorem D],
we can conclude that G € F, as required.

From the partially S-embedded properties of some subgroups, we can also char-
acterize the nilpotency of a finite group G:

Theorem 12. A group G is nilpotent if and only if for every prime p € 7(Q)
and every Sylow p-subgroup P of G, Ng(P)/Cq(P) is a p-group and every mazimal
subgroup of P is partially S-embedded in G.

Proof. The necessity is obvious, we need to prove only the sufficiency. By Corollary
10, we know G is supersolvable. Let ¢ be the largest prime divisor and @} a Sylow
g-subgroup of G, then clearly we have @ < G.

Let N be a minimal normal subgroup of G contained in @ and P a Sylow p-
subgroup of G = G/N, then there exists a Sylow p-subgroup P of G such that
P = PN/N. Obviously, Ng(P) = Ng(P)N/N and Cx(P) > Cq(P)N/N. Hence
N&(P)/Cg(P) is a p-group. Let Ry /N be a maximal subgroup of PN/N. If p = ¢,
then N < P and R; is a maximal subgroup of P. By hypothesis, R; is partially
S-embedded in G, so Ry/N is partially S-embedded in G/N. If p # ¢, then Ry =
RiNPN = (RN P)N and Ry N P is a maximal subgroup of P. By hypothesis,
R1NP is partially S-embedded in G, consequently Ry /N = (RiNP)N/N is partially
S-embedded in G/N by Lemma 3. This shows that G/N satisfies the hypothesis of
the theorem. Thus G/N is nilpotent by induction. Since the class of all nilpotent
groups formed a saturated formation, N is a unique minimal normal subgroup of G
contained in @) and ®(G) = 1. Hence there exists a maximal subgroup M such that
G = NM. Since G is solvable, N is an elementary abelian group and so NN M = 1.
Then we have @ = QN NM = N(Q@N M) and QN M < Q < F(G) < Cg(N).
Thus (Q N M) = (QN M)MN =Qn M, ie., QN M <G. Therefore, we conclude
that Q"M =1, N = @ and Q < Cg(Q). The condition Ng(Q)/Cq(Q) is a g-
group implies that N (Q) = C(Q) = G. Consequently, Q < Z(G). Since G/Q is
nilpotent, G is nilpotent as well, as required.

4. SOME APPLICATIONS

Our Theorems 7, 9 and 11 generalized main results of a large number of papers.
For example, since all s-permutable (or m-quasinormal) subgroups and c-normal
subgroups of G are partially S-embedded in G, by Theorems 9 and 11 we have

Corollary 13. (/19]) Let G be a finite group with the property that mazimal sub-
groups of Sylow subgroups are m-quasinormal in G for m = w(G). Then G is super-
solvable.
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Corollary 14. (/2]) If G/H is supersolvable and all mazimal subgroups of any
Sylow subgroup of H are w-quasinormal in G, then G is supersolvable.

Corollary 15. ([1]) Let F be a saturated formation containing U. Suppose that G
is a group with normal subgroup H such that G/H € F. If all maximal subgroups
of all Sylow subgroups of H are w-permutable in G, then G € F.

Corollary 16. ([16]) Assume that G is solvable and every mazimal subgroup of
the Sylow subgroups of F(G) is m-quasinormal in G. Then G is supersolvable.

Corollary 17. (/2]) Let G be a solvable group. If G/H is supersolvable and all
mazximal subgroups of any Sylow subgroup of F(H) are mw-quasinormal in G, then G
1s supersolvable.

Corollary 18. ([15]) Let F be a saturated formation containing U. Suppose that G
is a group with a normal subgroup H such that G/H € F, and all maximal subgroups
of any Sylow subgroup of F*(E) are m-quasinormal in G, then G € F.

Corollary 19. (/20]) Let G be a finite group. Suppose Py is c-normal in G for
every Sylow subgroup P of G and every mazimal subgroup Py of P. Then G is
supersolvable.

Corollary 20. ([13]) Let G be a solvable group. If H is a normal subgroup of G
such that G/H is supersolvable and all mazimal subgroups of any Sylow subgroup of
F(H) are c-nermal in G, then G is supersolvable.

Corollary 21. ([21]) Let F be a saturated formation containing U. Suppose that
G is a group with a solvable normal subgroup H such that G/H € F. If all mazimal
subgroups of all Sylow subgroups of F(E) are c-normal in G, then G € F.

Corollary 22. (/22]) Let F be a saturated formation containing U. Suppose that G
is a group with a normal subgroup H such that G/H € F. If all mazimal subgroups
of any Sylow subgroup of F*(E) are c-normal in G, then G € F.

Following [7], a subgroup H is said to be nearly s-normal in G, if there exists
a normal subgroup N of G such that HN < G and H N N < H,q, where Hyg
is the maximal s-permutable subgroup of G contained in H. From the definition
we know a nearly s-normal subgroup of G is S-embedded in G, then it is partially
S-embedded in G and we have

Corollary 23. ([7]) A group G is supersoluble if and only if there exists a normal
subgroup H of G such that G/H is supersoluble and every mazimal subgroup of every
noncyclic Sylow subgroup of H is nearly s-normal in G.
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Corollary 24. ([9]) A group G is supersoluble if and only if there exists a normal
subgroup H of G such that G/H is supersoluble and all mazimal subgroups of every
noncyclic Sylow subgroup of H are S-embedded in G.
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