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ABSTRACT. In this paper, we define the sequence spaces :
Co(My, AT p, q), c(My, A, p,q) and l(Mg, All,p,q), where for any sequence
x = (z,), the difference sequence Ax is given by Az = (Az,)>, = (v, —
Tn-1)p>,. We also examine some inclusion relations between these spaces and
discuss some properties and results related to them. These spaces will give as
a special cases the spaces defined and studied by Tripathy and Sarma in 2005
and some others before.

2000 Mathematics Subject Classification:40A05, 40C05, 46A45.

Keywords: Difference sequence spaces, a sequence of Orlicz functions.

1. INTRODUCTION AND DEFINITIONS

Let w,c,c, and [, denote the spaces of all, convergent, null and bounded
sequences respectively. Throughout this article p = (pg) is a sequence of
strictly positive real numbers and (p, ') will be denoted by (t).

A paranorm on a linear topological space X is a function g : X — R which
satisfies the following axioms :

for any x,y,xo € X and A\, \g € C,

(i) g(#) = 0, where 6 = (0,0,0,---), the zero sequence,

(i) g(z) = g(=2),

(iii) g(z +y) < g(x) + g(y) ( subadditivity ),

and

(iv) the scalar multiplication is continuous, that is,

A — Ao, & — o imply Az — A\gxg ;
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in other words,

| A—Xo |— 0,9(x —x0) — 0 imply g(Az — Aoxg) — 0.

A paranormed space is a linear space X with a paranorm ¢ and is written
(X, 9).

Any function g which satisfies all the conditions (i)-(iv) together with the
condition :

(v) g(z) = 0 if and only if z = 6,

is called a total paranorm on X, and the pair (X, g) is called a total para-
normed space, ( see Maddox [4] ).

An Orlicz function is a function M : [0,00) — [0, 00) which is continuous,
nondecreasing, and convex with M (0) = 0, M(z) > 0 for > 0 and M(z) —
00, as T — 00.

If convexity of M is replaced by M (x+vy) < M(x)+ M (y), then it is called
a modulus function, defined and studied by Nakano [6], Ruckle [7], Maddox
[5] and others.

An Orlicz function M is said to satisfy the As—condition for all values of
h, if there exist a constant K > 0 such that

M(2h) < KM(h) (h > 0).

It is easy to see that always K > 2. The Ay—condition is equivalent to the
satisfaction of the inequality

M(lh) < KIM(h),

for all values of h and for [ > 1.
Lindenstrauss and Tzafriri [2] used the idea of Orlicz function to construct the
Orlicz sequence space :

Iy = {x:(a:k)ZM(‘ l,: |) < 00, for some p > 0},
k=1

which is a Banach space with the norm :
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o ly=int(p >0: 3 a2y <1y,

k=1 P

If M(z)=2P,1 < p < oo, the space [, coincide with the classical sequence
space L.

Let (X, q) be a seminormed space seminormed by ¢. Then Tripathy and
Sarma [8] defined the sequence spaces ¢, (M, A, p, q),c(M, A, p,q) and loo(M, A, p, q).

Now, let M = (M}) be a sequence of Orlicz functions, n is a nonnegative
integer and u = (uy) is any sequence such that wu;, # 0 for each k, then we
define the following sequence spaces :

ATL
umk)]mtk — 0, as k — oo, for some p > 0},

CO<M/€’AZ’p> Q) = {ZE = (xk) : [Mk(q(

Az, —le
C(Mk7 A37p7 Q) - {CE - (Ik) : [Mk(Q(L)]pktk - 07
as k — oo, for some p > 0 and some [ € C },

and

A"x
loo (M, AL p,0) = { = (1) : sup[Mifa(= £

)Pty < 00, for some p > 0},

where e = (1,1,1,---) and
Adxy, = upay,
AilEk = UL — Up1Tk4-1,

Az = A(A" ),
so that

n - T n
Aty = A 2y = ;(—1) (T>uk+rxk+r.
If My = M for each k, n = 0 and u = e, then these gives the spaces of Tripathy
and Sarma [8].
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2. MAIN RESULTS

We need the following inequality ( see Tripathy and Sarma [8])
Let p = (px) be any sequence of strictly positive real numbers, H = sup, px
and D = max(1,2771), then
| ak + by, [P*< DI| ax [P + | by [P*].
Now, We prove the following theorems :

Theorem 1 For any sequence p = (py) of strictly positive real numbers, the

sequence spaces ¢,(My, Al p,q), c(Mg, A, p,q) and loo( My, AL, p,q) are linear
spaces over the set of complex numbers.

Proof: We shall prove only for ¢,(My, A p,q). The others can be treated
similarly. Let x = (zx),y = (yx) € ¢,(My, AL, p,q) and «, 5 € C. Then there
exists some positive p; and p such that :

[Mk(q(AZ“)]pktk —0,as k — o0

P1
and [My(q(252)[et, — 0, as k — oo Define p = max(2 [ a | p1.2 | 8| pa).
Then we have

alAlxy, + BATYy

[ M (q( P a7
< [Mi(q( PRy o g(PBuYs ey
ALz ALYk 1o
< DR + (G
< g lMula(ZE) ¢ (S,
< DIM(a(BEE )ty + DM (g( g,

P1 P2
— 0as k — oo.

Hence ax + By € ¢, (M, A, p, q).

Theorem 2 The space (Mg, All,p,q) is a paranormed space with the para-
norm

Al -
wlhymy <1, p > 0},

. Px
9(x) = qlan) +inf{p - sup{ My (q(
where j = max(1, H), H = supy, pi.
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Proof:

g(—x) = q(—

= q(x) +inf{p"

= g(x).
Let x = (z1), y = (yk

p2 > 0 such that

q(0) + inf{p 7
0.

1) —i—inf{pka

: sup{ My (a(
k>1

s sup{ My (q(
k>1

DND

AZZEk

Al'(—x

k)

: i}ill){Mk( (—)t,:’“} <1,p>0}

)i} < 1,p 20}

1
I} < 1,020}

) € loo(Myg, A, p,q). Then there exists some p; > 0 and

Mi(q (Af’“)tp’“} < 1 and My(q( “y’“)tﬁk} <1
Let p = p; + p2. Then we have

sup{ M4 (q(

k>1

IN

k>1

IN

E>1
P1

p1+ P2
P1

<

<

sup{ My (q(

sup{ Mj(q(

p

Av(n + ALyr)

p

sup{ M (q(

k>1

AZa:k

) +a(—=

AZ.CEk

P2

Now, we have

g(r +y)

. Pk
+q(y1) +inf{py

+
pP1+ p2

pL+pe

q(x1 +y1) + inf{(p1 + p2) 7

p

N} sup(My(a(

DY+ 2 sup{Mi(a

q(z1) + inf{plp%

ANGTS

k>1

sup{My(a(—

g(x) +g(y).
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Finally, Let n € C. Then the continuity of the product follows from the
following inequality :

: PE Al o
glnr) = qlnm) +inf{ps : sup{My(g("=H)E) < 1.p > 0)
o Aty
= Lulate) +inf{(n | 1)% ssup{Mu(a(=22)0} < 1,52 0}

= |nlg(z),

where 1 = 11
T P

Theorem 3 Let p = (pr) be a bounded sequence. Then the sequence spaces
¢, (M, AL p,q), o( My, AL, p,q) and Lo(My, Al p,q) are complete paranormed
spaces paranormed by g given in Theorem 2 .

Proof: We prove it for the case loo(My, A, p, q). The others are similar.

Let (2°) be a Cauchy sequence in lo (Mg, A7, p,q), where (2%) = (z)32,, for

all i € N. Then g(2' — 27) — 0 as i,j — oo.

For a given € > 0, let r, uy and xy be fixed such that mzwo

Squzl(Ply)tk A

Now g(z' —a?) — 0 as i,j — oo implies that there exists mgy € N such that
gx' —a?)
Therefore we obtain that g(z} — 2]) <

> 0 and M;,(™5%) >

and

TUOTO

AP i A" 1
inf{pPT‘]c : sup{Mk(q(M)t”} <1l,p>0}<
E>1 P 7"uoilﬂo

Since g(2% — 7)) < raofor alld, j > mg, we get that (z7) is a Cauchy sequence
in C. This implies that (z}) is convergent in C.
Let lim; o 2} = 1, then we have lim; ., g(a} —27) <

which imply that

rTUQOTO

g(,’Lﬂi - :Cl) < ruzxo'

; S
But Mk(q(A“LM“)t"’“} < 1, then letting p = g(2* — 27), we see that

p
Angt —Ang?

M, (q(Zirh—ut e )t,ﬁ’“} < pt <

M;(™5™). Now q(Aga@i_ﬁj)x’“) < %0 yields that g(Allz), — Arzl) < g(a

g(at—al)
7\ ruoTo € Tupxo __ € N0\ 3 :
pl)rgre < e rgte — 5. Therefore (Ajay) is a Cauchy sequence in C for all

)tzf’“} < 1. This implies that M,(q (M
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k € N. This implies that (A”z%) is convergent in C. Now let lim; o, Az} =
Avxy, for all k € N. Then we have

n i n,Jd 1
Auxk B Auxk

lim sup{ My (¢ Sk} <1

Jj—00 k>1 p
which implies that

Azl — Ay, L
sup{ M, (q(—2—E——w=E )y < 1.

k>1 P

Let ¢ > myg. Then taking infimum of such p's, we have g(z' — z) < €.

Hence x = 2 — (2 — 1) € loo(My, A", p, q) since loo( My, A", p, q) is a linear
space.

Therefore I (M, A, p,q) is complete.

Theorem 4 Let0 < py <1y forallk € N. Then c,(Mg, All,p,q) C c,(My, AL, 7, q).

Proof: Let x = (x1,) € ¢,(Myg, AL, p,q). Then there exists some p > 0 such
that limg_ o [Mk(q(%)]pktk = 0, and this implies that [Mk(q(%)]pktk <1,
for sufficiently large k since (M}) is a sequence of nondecresing Orlicz functions.
Therefore 1imy, oo [ M (g(Z42% )]t < limy o[ M (q(252) P4, = 0.

This proves that © = (xy) € ¢,(My, A, r,q) and completes the proof.

Theorem 5 (i) Let 0 < inf py, < pp < 1. Then c,(My, A, p,q) C c,(My, A, q).
(i) Let 1 < pp < suppg < 00.Then c,(My, A, q) C c,(My, A, p,q).

Proof: (i) Let x = (z) € ¢,(Mg, A, p,q). Then limy,_, [Mk(q(AZw’“)]pktk =

p

0.
This gives that
. Alx ) Alx
Jim [M(a(=27) )t < lim [Milg(=275)]" e = 0.

Hence x = (xy) € ¢, (Mg, AL, q).
(ii) Let p > 1 for all k , sup, pr < oo and let x = (x)) € ¢, (M, A, q).
Then for each (0 < £ < 1) there exists a positive integer N such that

An
lim [M (="

k—o00

)]tk§€< 1.
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Since 1 < pp < suppp < o0, we have

lim [Mk(q(AZxk )PEty, < lim [My(q(

k—o0 P k—o0

AZJIk

)]tk <e <l

Hence = = (xy) € ¢,(My, A, p,q).

Theorem 6 Letn > 1. Then for all0 <i < n, Z(My, A%, p,q) C Z(My, A", p, q),
where Z = l, ¢, c,.

Proof: We show that c,(My, A" p. q) C c,(My, A", p, q).

Let x = (x1,) € ¢,(My, A", p, q). Then we have

[Mk(q(AZ;lmk)]pktk — 0 as k — oo for some p > 0.

Since (M}) is a sequence of nondecreasing convex functions, we have

Ay Al — Anly
whyekg, = [My(g(F—E ;

Anfl Anfl
< [My(g(B x”p w Ty,

An—lx An—lx
< DIMu(g(= =)t + DIM(g(—— ==

[Mi.(g( Pt

)P,

— 0 as k — oo for some p > 0.

Therefore = = (zx) € ¢,(My, AL, p,q).
Hence the result follows by mathematical induction.

Theorem 7 Let M = (My) be a sequence of Orlicz functions such that M,
satisfies the Ag—condition for each k. Then c,(My, A", p,q) C c(My, A, p,q) C
loo(M/m AZJ?: Q>
Proof: Let © = (zy) € ¢,(My, A, p,q). Then z = (z) € ¢(My, A, p,q).
Let = (z) € ¢(My, AL, p,q). Then we have

n Altx, — 1 +1
[Mk(Q(Auxk)]p’“tk = [Mk(Q(%)]p’“tk, for some [ € C
Az, — 1 l
< D[My(q(==E"2) Pty + DM (g(=) Pt
p p
Ax, —
< D[Mk(Q(M)]pktk + D[,%K&‘le@]Htk,

where H = supj, px, D = max(1,2571).
Hence we get that = (z) € loo(My, A, p, q).
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Theorem 8 Let M = (My) be a sequence of Orlicz functions such that M,
satisfies the Ay—condition for each k. Then Z(AL,q) C Z(My, A, p,q), where
Z =ly,c andc,.

Proof: We prove it for the case I (AL, q) C loo( My, A, p, q).
Let = (x1) € loo(A?, q). Then there exists L > 0 such that ¢(Allzy) < L,
for all £ € N. Therefore

[MAq(AZx’“)}pktk < [Mké)]pktk

< [KhMg(L)], for all k € N, using Ay — condition.

Hence supk[Mk(q(%)]pktk < 00. Thus I (A, q) C loo(My, A p, q).
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